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1 | INTRODUCTION

In this article, we first examine the initial value problem of the system

X'(8) = —=px(t) = yx(0) + ko + ksy(t) + f (x()) y(0),

V' (0) = yx(t) = ksy(t) = f (x(D)) y(0), )
x(0) = xo,
¥(0) = yo
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of nonlinear first-order ordinary differential equations for Ca**-levels in renal vascular smooth muscle cells as depicted
by Layton and Edwards.! This model was first proposed by Somogyi and Stucki? to describe hormone-induced calcium
oscillations in liver cells. Here, f8, v, ko, and k; are positive constants as model parameters and the scalar-valued function
f ¢ [0,00) = [0,1] is a suitable model transfer rate function as defined in Section 2. We assume nonnegative initial
conditions xy and y,.

Additionally, we investigate the initial value problem of the system

(' = . x@y® g xz@)
(W) =+ lex® (k)3 prra
Jen _ Jt
YO = lox(® = ks 0+l
(1) = _ Z
Z(t) = kipx(t) — ki1 O @)
X(O) = Xp,
¥(0) = yo,
‘Z(O) =20

of nonlinear first-order ordinary differential equations for Ca?"-levels in liver cells as proposed by Kummer and
co-authors.? Here, k; for j € {1, ... ,12} are positive constants as model parameters. We assume nonnegative initial
conditions Xy, yo, and zo.

In both systems, we assume spatial homogeneity of signaling processes. For motivational purposes, we restrict our short
motivational introduction to System (1).

1.1 | Motivation

Modeling with differential equations is a versatile tool in all natural sciences with a traditional history.!"?? Especially
in pharmacokinetics or systems biology, one often uses the tool of compartmental models for modeling different types
of systems.?* From a compartmental model approach, System (1) is derived under certain assumptions by Layton and
Edwards.! We illustrate this compartmental approach for System (1) in Figure 1.

We follow the description by Layton and Edwards.! x denotes Ca**-concentration in the cytosol, and y denotes
Ca?*-concentration in the sarcoplasmic reticulum (SR). We abbreviate the plasma membrane Ca** pump by
PCMA (plasma membrane Ca?*) and the sarcoplasmic reticulum Ca** pump by SERCA (sarcoplasmic reticulum Ca?*).
We assume that the last two mentioned pumps pump Ca®" at linear rates f and y. At the same time, there are two passive
Ca’* fluxes into the cells of the cytosol. The one flux transports Ca®* at a linear rate k, from the extracellular compartment
into the cytosol, while the other flux transports Ca®* at a linear rate k, from the SR into the cytosol. At last, we assume
that receptor-mediated Ca** release into the cytosol is given by a transfer rate function f{x). For further details, we refer
the reader to the book by Layton and Edwards! or the work by Somogyi and Stucki.?

From a biological or medical viewpoint, transfer coefficients might be indicators of cell healthfulness. If some coeffi-
cients leave certain parameter ranges, medical scientists will be able to predict abnormalities that indicate need of medical

cytosol

Cﬁ|2+ SERCA extracellular
Y compartment
SR l

s . ko .
—— Ca’" —— Ca2t

PCMA

Ca*t Cat
ks |f (@)

FIGURE 1 A simplified representation of intracellular calcium
signaling described through System (1). This illustration is modified
from Figure 6.4 by Layton and Edwards !
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treatment. However, we restrict our work to mathematical aspects and discuss later some important implications which
can be drawn from our findings.

1.2 | Contributions and outline

We often answer the following mathematical questions when dealing with nonlinear systems of first-order ordinary
differential equations:

« Does there exist a solution locally? Is this solution locally unique? Are there special properties?

« Are we able to extend a local solution globally in time? Is this solution unique for all time? Can we prove some special
properties like nonnegativity?

« Are stationary points of the right-hand side vector field stable or unstable?

Hereafter, we are going to answer these questions as they were not addressed by Layton and Edwards! or by Somogyi
and Stucki.? Answers to these questions are important for applications as some properties like nonnegativity of solutions
are essential for meaningfulness of mathematical models. For that reason, we give detailed analysis to both systems which
we investigate in this work.

Our article is structured as follows. After our introduction in Section 1, we carry out a detailed analysis of System (1)
in Section 2. Afterwards, we give a thorough analysis of System (2) in Section 3. Finally, we draw some similarities and
differences between those two systems by numerical experiments. We summarize our findings, draw conclusions from
them, and provide some further research directions regarding dynamical systems in biological systems in Section 4.

2 | FIRST SYSTEM: Ca’" LEVELS IN RENAL VASCULAR SMOOTH MUSCLE
CELLS
2.1 | Mathematical preliminaries
Here, we recall Lipschitz continuity of a function.
Definition 1 (>* Pefinition1) T et (X, dx) and (Y, dy) be two metric spaces with corresponding metrics dx and dy on the
sets X and Y. We call a function h : X — Y Lipschitz continuous if there exists a real constant L > 0 such that
dy (h(a),h(x)) < Ldx (X1,X2) ©)
holds for all x;,x, € X. We refer to L as a Lipschitz constant for the function h. If there exists for every x€ X, a
neighborhood U of x such that h restricted to U is Lipschitz continuous, we call h locally Lipschitz continuous.

As we work on Euclidean spaces R? with d € N, we can restrict the aforementioned definition and inequality (3) to
this case.

Definition 2 (16-Subsection32) Tet d,, d, € N. If S ¢ R%, a function F : S — R® is called Lipschitz continuous on S if
there exists a nonnegative constant L > 0 such that

IFx) = F(y) llgs: <LIIx - yllra “)

holds for all x,y € S. Here, || - || denotes a suitable norm on the corresponding Euclidean space.
Let U ¢ R% be open, let F : U — R%. We shall call F locally Lipschitz continuous if for every point x, € U there
exists a neighborhood V of x, such that the restriction of F to V'is Lipschitz continuous on V.

2.2 | Model equations

As a reminder, our model equations read

X' () = —px(t) — yx(t) + ko + ksy(t) + f (x(1)) y(1),

V(1) = yx(t) = ksy(t) — f (x(D)) y(0), (5)
x(0) = Xy,

¥(0) = yo,
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where we seek two continuously differentiable functions x : [0,c0) — R and y : [0,0) — R. System (5) consists of
two first-order nonlinear ordinary differential equations. Investigating properties of this system's solutions, we must take
additional assumptions into account.

Assumption 1. Let g, y, ko, ks be positive real constants. Likewise, we assume X, o > 0 for our initial conditions. Let
the function f : [0, 00) — [0, 1] be a continuously differentiable function with f(0) = 0 and whose first derivative is
bounded, that is, there exists a positive real constant M > 0 such that

|f'@| <M (6)

holds for all z € [0, o).

If we follow Somogyi's work? or Problem 6.5 from Layton's book,! a suitable transfer rate function choice for fis

n

f :10,00) > [0,1], 2+ (7)

a +z"

for a positive real constant & > 0 and an arbitrary n € N. We summarize the following properties.

Lemma 1. The function defined in (7) fulfills Assumption 1.

Proof. By definition, we see f : [0, ) — R. Obviously, f(0) = 0 is satisfied. Additionally, we conclude that

z" z"
0< = <==1
<f@=—t—<X
holds for all z € [0, c0). This shows boundedness of f.
Finally, we prove that (6) is valid. We have
nanzn—l
fl@)=———
(a" + z")?

for the first derivative. This means that fis monotonically increasing for all z € [0, o) and for every n € N. The second
derivative dependsonn € N. If n = 1, we get

2a

@) =- ;<
(a+2)

for all z € [0, o). For n > 2, the second derivative reads

a2 (n-1a" — (n+ 17"

@y=" .
(a" + 27

for all z € [0, ). Thus, f’ is monotonically increasing on [O, 1/ Z—; a], whereas it is monotonically decreasing on

[,"/ :—: a, > It immediately follows for every n € N that there exists a real constant M(n) > 0 such that

|f'@| < M(n)

holds for all z € [0, co) which finishes our proof. O
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2.3 | Local unique solvability

In this section, proof of local unique existence is provided by Picard-Lindel6f 's Theorem. We consider the initial value
problem

Z/ (1) = G(z(1),
{Z®)=%, ®
where we define z(t) = (x(t), y(t)) and G (z(¢)) = (g1 (x(t), (1)) , &> (x(¢), y(¢))). Here, the functions
81,8 RZ >R
are given by
g1 (x(1), y(1)) = —Px(t) — yx(t) + ko + ks y(t) + [ (x(1)) y(£) )
and
8 (xX(1), y(1)) = yx(t) — ksy(t) — f (x(2)) y(2). (10)

System (8) is therefore a reformulation of System (5).
We state Picard-Lindeldf 's Theorem for proving local unique existence.

Theorem 1 (16 Theorem 321y Synnose that U C RY is open and it holds zo € U for our initial condition. Let G : (—¢,€) X
U — U be locally Lipschitz continuous. Then there exists a unique continuously differentiable function z : (—¢,€) — R¢

which satisfies

Z(t) =G(t,2),
{Z®)=%, (an

that is, satisfaction of our initial value problem in shortened notation.

We are now able to show that the initial value problem (8) has a unique local solution.

Lemma 2. We consider the initial value problem (8) with right-hand side functions (9) and (10). This initial value
problem possesses a unique local solution.

Proof. As our initial conditions Xy and y, are nonnegative by Assumption 1 and both functions
g :RxR?> >R in (9) and g : RxR? - R in (10)

are continuously differentiable as sums and products of continuously differentiable functions and locally Lipschitz
continuous by (16: Proposition 3.2.3) ‘\ye are able to apply Picard-Lindeldf 's Theorem 1 and this yields the unique local
existence. 0

2.4 | Boundedness and nonnegativity

We examine the behavior of System (8) with right-hand side functions (9) and (10), where Assumption 1 is fulfilled.
In order to provide boundedness, we have to state one variant of Gronwall's Lemma.

Theorem 2 (16-Lemma3 31y Totg : [0, T] — R be continuous and suppose that there are nonnegative real constants C

and K such that
t

gm<C +K/g(s)ds (12)
0
holds for all t € R with 0 < t < T. This then implies
g(t) < Cexp(Kr) (13)

forallt e Rwith0<t<T.
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Now, we prove a generalization of Gronwall's Lemma as it is only given as Exercise 8a in Subsection 3.5 of Schaeffer's
book.!¢

Lemma 3 (16> Subsection 3.5, Exercise 8a) T ot o+ [, T]— be continuous and suppose that there are nonnegative real constants

B, C, K such that
t

gt) < C+Bt+ K/g(s)ds (14)
0
holds forall t € R with 0 <t < T. Then it holds

g(1) < Cexp(Kt) + B% -

forallt e Rwith0<t<T.

Proof. Define the function h : [0,T] - R, t — g(t) + IE(. Obviously, this function is continuous. We have

t

B B
= =< -
h(t) =g + x= C+ Bt + K/g(s) ds +

0
t t

B B B
=C+K /g(s)+I—<ds +I_<= <C+I—<)+K/h(s)ds.

0 0

from application of inequality (14). By the aforementioned version of Gronwall's Lemma, we get
B B
- = < -
gt + X h(t) < <C + K> exp(Kt)

and this implies
exp(Kt) — 1
g(t) < Cexp(Kt) + B————

which shows our assertion of inequality (15). O

For boundedness, we need the following lemma. We consider the autonomous initial value problem

z/(t) = F(2(1)),
{ z(0) = z,. (16)
It is a consequence of the generalization of Gronwall's Lemma.

Lemma 4 (16-Theorem 421y 1ep - R4 5 R js [ocally Lipschitz continuous and if there exist nonnegative real constants B
and K such that
IF (2) llre < Kl||2||re + B 17)

holds for all z € RY, then the solution of the aforementioned initial value problem (16) exists for all time t € R and
moreover, it holds

B
Z(DlIre < 11Zollrs exp (K[£]) + 2 (exp (K [£]) = 1) (18)
forallt e R

Proof. As depicted in Theorem 4.2.1 of Schaeffer's book,!® this inequality is a direct consequence of Lemma 3. O

We introduce the concept of trapping regions from Section 4.2 of Schaeffer's book!® in order to provide an alternative
approach to boundedness.
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Definition 3. Consider an initial value problem

{ Z'(t) = G(z(1)),
z(0) = zo,

where the right-hand side function G : U — R¢ is defined on an open set U C R¢. Let K C U be a compact set with a
piecewise smooth boundary dK. Let x € 0K and N, be an inward pointing normal to 0K at x. We shall call K a trapping
region for the initial value problem if

(Nx, G (X))Rixre > 0

holds for all x € 0K. Here, (-, -)raxra denotes the inner product on Euclidean space R¢.

A consequence of this introduced concept is the following theorem.

Theorem 3 (16 Theorem42.3) gynnose that G : U — R? is continuously differentiable on a domain U c R? and that
Kc Uis a compact region with a piecewise smooth boundary such that

(Nx, G (X))R2xr2 = 0

holds for all x € K that are regular points. If the initial data lie in the interior of K, then the solution x(t) to the initial
value problem x'(t) = G (x(t)) , X(0) = X, exists for all nonnegative time and remains in K.

2.4.1 | Nonnegativity

As nonnegativity is an important feature of biological systems such as in epidemiology?"?> or population dynamics,** we
want to demonstrate that solutions to System (8) never leave the first quadrant, that is, that solutions are nonnegative.

Theorem 4. We consider system (8) under Assumption 1. If we have a solution in regard of Lemma 2, this solution
remains nonnegative.

Proof. Let us assume that there is a time 7 > 0 such that x () = 0 or y () = 0. We have to distinguish three different

cases.

Case 1:

Case 2:

Let x (f) = 0and y (f) = 0. This yields

X (3) == px(t) —yx (1) + ko + ksy () + £ (x (7)) ¥ (7)
=ko
>0

and
V(1) =rx(l) —ky (1) - f (x (1)) » (7)
=0.
Continuity of X’ implies that there exists a positive constant §, > 0 such that x(f) >0 forall t € Rwith 7 < ¢ <
t + 6;. By the following, we are also going to notice that y(¢) is positive.
Letx () > 0and y (f) = 0. This implies

¥ (1) = = pe () - v ()
t t

I
|
=
=
—_
~
|
~
=
—~
~

and

Continuity of X' and )’ yields that there exists a positive constant 5, > 0 such that x(t) > 0 and y(t) > 0 for all
teRwithi<t<i+6,.
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Case 3: Letx (f) = 0and y (%) > 0. This gives

X (1) = = Bx (1) —yx (2) + ko + key (1) + £ (x (7)) ¥ ()
:k0+ksy(?)
>0

and
() = e (1) ko ()~ 7 (x(1) ¥ ()
= ko (?)
<0.

From continuity of X' and y’, we conclude that there exists a positive constant §; > 0 such that x(¢) > 0 and y(¢) >0
forallt e Rwithf <t <t+6s. O

2.4.2 | First approach to boundedness: Gronwall-type arguments
We start with local Lipschitz continuity of G defined in (8) by (9) and (10).

Lemma 5. The function G defined in (8) by (9) and (10) is locally Lipschitz on every compact set K with K C [0, o0) X
[0, c0).

Proof. G : [0, 00)x[0, c0) — R? is continuously differentiable for every open set U C [0, 00) X [0, 00). Thus, G is locally
Lipschitz continuous on every compact set K with K C U by application of Proposition 3.2.2 from Schaeffer's book.'®

O
Additionally, we state that G fulfills the assumed inequality in Lemma 4.
Lemma 6. The function G defined in (8) by (9) and (10) fulfills
IG ZM) llo <X+ B+7 + ko) ll2(D)]l + ko 19

forallz € R? and for all t € R. Here, || - || denotes the maximum norm.

Proof. Denote z(t) = (x(t), y(t)). We remind ourselves that G is defined by (9) and (10) and the maximum norm is
given by

Il Ce(®), y() lloo 1= max {|x()], |¥(®)]} .

Consequently, we investigate
IG (x(8), ¥(0) |l = max {|g1 (x(©), ()], |82 (X(1), YD) } -
By applying the triangle inequality, we get

81 (Z(D)] = 181 (e(1), ¥(D))]
= |=Px(t) = yx(O) + ko + ksy(8) + f (x(1) y(D)|
SB IO+ 7 1X(O] + ko + ks [y(D] + | ¥(D)]
S @+ p+7y+k) [l @), y(D) lleo + Ko
=1+p+7r+k)llz(0)lle + ko
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and
182 (z(D)] = |82 (x(1), ¥(D))]
= |yx(®) — ksy() — f (x()) y(0)
Sy O] + ks [yO] + [y
S @47y +k) [ x(®), y(0) lloo
SA+F+7y+k)lIzOlleo + ko
Thus, we conclude
IG (z(0) llo = IG (e(8), ¥(O) lloo < A+ B+ 7 + k) 12Dl + ko
and this proves our assertion of inequality (19). O
Finally, we are able to state our boundedness result.
Theorem 5. Solutions of system (8) are bounded for all times t € R and fulfill the inequality
ko(exp(Q+p+y+kolt])—1)
120l < zolle - exP (L + B+ + ko) 1] + 2 AL 20)

A+p+y+k)

forall timest € R.

Proof. By Lemmas 5 and 6, we know that all assumptions of Lemma 4 are fulfilled. This implies that

ko(exp(A+A+y+k)lth -1

1zl < llZollew exp (1 + B+ 7 + ko) [t]) + A+ ft7+k)

holds for all t € R which proves our assertion of (20). O

2.4.3 | Second approach to boundedness: Trapping regions
Alternatively, we can use the concept of trapping regions.

Theorem 6. Define the domain boundary

oK = {(x,y)EIRiZ : OSXSN% <1+2k1> ,y=0}

U{(x,y)eR2 :x=0,0§y§2N£—k2}

)

kO )/k()
Ud (x.y) € R? : OstN—,y:ZN_}
{ =g

ko Y kO kO Y
U G,y eR? : x+ =N—<1+2—>,N—§x§N—<1+2—>}
{( Y Y= k)" B B 2

=0K; UJdK, U0dK3 U 0dKy

for an arbitrary N € N. It follows that K is a trapping region for system (8).

Proof. By construction, K is compact. The domain K and an example of an inward pointing normal vector N, are
shown in Figure 2. We have to check that

<NX’ G (X)>R2><R2 > 0

holds for all x € 9K. Thus, we distinguish four cases.
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FIGURE 2 A sketch of the trapping region K y

ko - ko 8
V.2 N. 2. 2. L
N 3 3 1+ k.

Case1: Letx € 0K;. It holds

ovemee(1)-(5)).

=y'(t)
= yx(1)
Z 05

which proves our assertion in this case.

Case 2: Letx € 0dK,. We get
_ 1 x'(t)
(N 6 00 = < < 0 > ’ ( y® > >R2><R2

=x'(1)

=ko + ksy(t)
> ko

>0,

which finishes this case's proof.
Case 3: Let x € 0K;. This implies

(Nx, G (X))R2xR2

0 x'(t)
“1)2\YO ) [ g

=-)y@®
= —yx(t) + ksy(@) + f (@) ¥(6)
> — yx(t) + ks y(b)
ko rko
> —yN— + 2k,N—
=N TS
ko
=Ny=
"B
>0

from which we conclude our assertion in this case.
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(Nx, G (X))Rexr2 = <( :} > ’ <);/Eg > >R R

= =x'(t) = y'(9)

Case 4: Let x € 0K,. This yields

= px(t) — ko
ZﬁN@ —ko

p
=(N -1k
>0,

and our final case is proved. 0

As N € N in our aforementioned theorem can be any arbitrary natural number, we are always able to define trapping
regions K for arbitrary nonnegative initial values x; and y,.
2.5 | Global unique solvability
All our foregoing results can be summarized in our main Theorem.

Theorem 7. We consider the initial value problem (8) where the functions g1,g, : R? — R are given by (9) and (10).
Then, this initial value problem has a unique nonnegative solution which exists for all t > 0 and is bounded above
according to (20).

2.6 | Stability analysis

Again, we consider the initial value problem

o (RO =B = yx(0) + ko +ky(®) + £ @) 30\ _ (8 60, 30) ) _
z(0) = (y’(t)> = < yx() — k() — ] (x(0) 9(0) ) = <g2 (x(0). y(t))) =G @ 1)

with initial conditions

_(x0)) _ (%

%(0) = <y(0)> a <yo > ‘ 22)
Now, we are interested in stationary points of the vector field G. This means that we want to find z* = (x*, y*) such

that ( N *>

0
G(z¥)= (81" >=<> 23
( ) <g2 (x*,y*) 0 ( )
holds.

Lemma 7. A stationary point of the vector field G is given by

ko

X, B
Z; = <yz > = vk . (24)

oar ()

Proof. We have to investigate the nonlinear system

—fXs — yXs + ko + ksys + f (X)) ys = 0,
rxs—ksys— f(x)ys= 0

of equations from (23). The second equation implies
ksys + f (xs) ys = vXs

and plugging this result into our first equation yields
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ko - ﬂxs =0.
Thus, we infer
ook
B
As it holds
o= 15
ks + f ()
from our second equation, we conclude that
rko
WE ST
pies+ o1 (%)
is valid. This proves (24). O

We further follow the lines of Layton's book! on pages 133-135. LetJ denote the Jacobian of our system and I the identity
matrix. As the oscillatory behavior of the system depends on the eigenvalues 4 of the Jacobian J at stationary points, we
consider the characteristic equation

det(J — AI) = 0.
Thus, we compute the Jacobian

0g;(x,y) 0g;(x.y)

J= ap Az |\ _ ox ay
= \ay an ) T\ cn 9cEy

ox dy
_(P-r+ S0y kst f(0)
y=r' @y —ks— fx)

and evaluating the Jacobian at (x;, ys) leads to

=+ (3) sy b+ (%)

J, =
=1 (%) sy /(%)

Consequently, the matrix J; — 4 - I reads

hor+ s %)—m(%o) —i ks (%)

Pks+Bf

We get



WILEY— &

WACKER aND SCHLUTER

= s (3) sy 4 ks (%)

det (J, — AI) = det
e o) e (5) -

e ) o8-
DT g+ s (%) ¢
k
1 ) sy |t (5))
pis+ o1 (%)

Summarizing all terms, we end up with the characteristic equation

det(Jy—AD=A*+ A ﬁ+7’+ks+f<%>—f’<%> J/ko(k)
Pks+Bf =
B
ko
ks =
+<ﬂ +ﬁf<ﬂ>>
:/12_/1 f’<%>y—k0k_ﬂ—7—ks—f<%>
pies+ 01 (%) (25)
S
ko
ks =
+<l3 +ﬂf<ﬂ>>
=1 -Jb+c
The solutions for the eigenvalues A read
A:bi b2—4c'
2

As ¢> 0 in all cases, we have to distinguish the two cases b* < 4c and b? > 4c.

« If b? < 4c, we have a pair of complex conjugates. Its real part equals 15) and thus, the system is stable if b < 0 and unstable

iftb>0.
« If b2 > 4¢, both solutions are real and have the same sign as b. Again, the system is stable if b <0 and unstable if b > 0.

Finally, we can state our main Theorem regarding stability.

Theorem 8. The nonlinear system is stable if b < 0 and is unstable if b > 0.

2.7 | Numerical experiments

We apply the function 0DE15s of GNU Octave Version 5.1.0.26 For further information on ODE15s, we refer the reader to
the work of Shampine and Reichelt.?” Our short computation code reads
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1 |% Computation of System of Nonlinear First —Order Differential

2 |% Equations for Ca”2+-Levels in Renal Vascular Smooth Muscle Cells
3 |% as presented in our work on Qualitative Analysis on those

4 1% Systems

5

6 |% Definition of Parameters and ODE System

7

8 | function r = renal_ode (t,z)

9 alpha = 1.0;

10 beta = 1.0;

11 gamma = 1.0;

12 k_0 = 1.0;

13 k_s = 1.0;

14 n = 2.0;

15

16 |% For presentational purpose, the first ODE is here split up into
17 |% two lines of code

18

19 r = [—betaxz(l)—gammaxz(1)+k_0+

20 k_s*xz(2)+((z(1))*n)/(alpha?n+(z(1))" n)xz(2)

21 gammaxz(l)—k_s*xz(2)—((z(1))*n)/(alpha”n+(z(1))*n)*xz(2)];
22 | endfunction

23

24 |% Solution of system

25

26 |[t,z] = odel5s(@renal_ode, [0, 50], [10; 2]);

and is given for completeness of presentation.

2.7.1 | Example of a stable solution
In this example, our parameters are set by « = 1.0, # = 1.0, y = 1.0, kg = 1.0, k; = 1.0, and n = 2 with initial conditions
Xo = 10 and yo = 2. Our final simulation time T is T = 50. We use the transfer rate function as defined in (7). The

corresponding vector field is plotted in Figure 3. The resulting solution can be seen in Figure 4.
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FIGURE 3 A plot of the vector field G for the example in
Section 2.7.1 [Colour figure can be viewed at wileyonlinelibrary.com]
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First component of solution Second component of solution FIGURE 4 A plot of the stable solution components for the
12 ‘ ‘ ‘ 3 ‘ ‘ ‘ example in Section 2.7.1 [Colour figure can be viewed at
wileyonlinelibrary.com]
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As the constant b in our characteristic Equation (25) is b = -5 < 0, we expect the solution to be stable as shown in
Figure 4.

2.7.2 | Example of an oscillatory solution
In this example, our parameters are set by a = 2.5, f = 1.0, y = 2.0, ko = 1.0, ks = 0.01, and n = 2 with initial conditions
Xo = 1 and yo = 1. Our final simulation time T is T = 100. We use the transfer rate function as defined in (7). The
corresponding vector field is plotted in Figure 5. The resulting solution can be seen in Figure 6.

As the constant b in our characteristic Equation (25) is b = 0.0673 > 0, we expect an oscillatory solution as depicted in
Figure 6. Under a given trapping region K for nonnegative initial values x, and y,, we can deduce by Bendixson's Theorem

that K must contain a closed orbit.


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

4612 WACKER AND SCHLUTER
WILEY

FIGURE 6 A plot of the unstable solution components for the First component of solution Second component of solution
example in Section 2.7.2 [Colour figure can be viewed at 6 ‘ ‘ ; ‘ 20
wileyonlinelibrary.com]|

51

4l

<3

ol

! W

0 S 0 S

0 20 40 60 80 100 0 20 40 60 80 100

3 | SECOND SYSTEM: Ca* LEVELS IN LIVER CELLS

3.1 | Model equations

Our model equations read

x(D)y(t) x(0)z(1)
() = ki + kox () — k - ,
X0 =k kXt — ks e T %0 + ke
3]
'(6) = kyx(t) — kg — ( ,
y(® 7x(t) 8y(t)+k9
z(t)
3 20 = kiox(t) — kyp ——, (26)
(&) = k1ox(?) n e
x(0) = xo,
¥(0) = yo,
z(0) = zo,
where we seek three continuously differentiable functions x, y, z : [0, o) — R with positive model parameters k;, ... , k12

and nonnegative initial conditions xy, o, Zo. Here, x denotes concentration of a certain G-protein, y represents concentra-
tion of phospholipase C (GLC), and z stands for Ca**-concentrations. For further details, we refer interested readers to
Kummer's work.>

3.2 | Local unique solvability

We define a vector-valued function H : R3 — R3 by
x(t) hy (), y(1), (1))
z(t) hs (x(t), (1), z(t))

XO¥) X0

with right-hand side functions

A (0,50, 2(0) = o+ hax() = o 20 — ks OO @7)
i (0, Y00, 2(0)) = () — kg 20—, 28)

W0+ ks
s (X0, (0, 2(0) = Knox(t) — kg —2 29)

() + ki
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As our model parameters ki, ... ,k;; are all positive and our initial conditions are nonnegative, there exists a small
neighborhood around the zero vector such that our vector-valued right-hand side function H restricted to this neighbor-
hood is locally Lipschitz continuous as a product and sum of continuously differentiable functions. As a result, we get
local unique solvability by Picard-Lindelof 's Theorem.

Lemma 8. There exists a neighborhood around the zero vector such that H restricted to this neighborhood is locally
Lipschitz continuous. By Picard-Lindelof s Theorem, this yields local unique solvability of system (26).

3.3 | Nonnegativity and boundedness

3.3.1 | Nonnegativity
Analogously to Theorem 4, we achieve nonnegativity of solutions.

Theorem 9. Consider (26) under nonnegative initial values x, yo, Zo and positive constants k; forall j € {1,2, ... ,12}.
With respect to Lemma 8, this solution remains nonnegative.

Proof. We have to distinguish three cases.

Case 1: Letx(0) = 0 and 0 < y(0),z(0) < co. This yields

x'(O) =k; >0,

’ _ y(0)

e z(0)
zZ(0) = kuz—(O) e

and we get a small time & > 0 such that x(t), y(¢), z(t) remain nonnegative by continuously differentiability of
these functions for all t € [0, ].
Case 2: Let y(0) = 0 and 0 < x(0),z(0) < co. This implies

s . x(0)z(0)
x'(0) =k + k2x(0) — ks O+ ke’
¥ (0) = ksx(0) > 0,

s B z(0)

Z/(0) = kiox(0) — k11 01k,

which results in the existence of a small time € > 0 such that x(¢), y(¢), z(¢) remain nonnegative by continuously
differentiability of these functions for all t € [0, €].
Case 3: Let z(0) = 0 and 0 < x(0), y(0) < co. We have

o _ . X(0)y(0)
X'(0) = ky + k>x(0) — k3 FOFTS
1y _ y(0)
¥'(0) = k7x(0) — kg FOTS

Z/(0) = kyox(0) > 0.

We conclude the existence of a small time & >0 such that x(t),y(t),z(t) remain nonnegative by continuously
differentiability of these functions for all t € [0, ].

Hence, we conclude that these arguments can be established on sequent time intervals such that solutions remain
nonnegative for all times ¢ > 0. This finishes our proof. O

We infer that the nonnegative orthant is a positively invariant set for system (26).
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3.3.2 | Boundedness
We follow the lines of Lemma 6.
Lemma 9. The function H defined in (27)-(29) fulfills
(IH (z(?)) |l < max {ky + k3 + ks; k7 kio} [|Z(6)||o + max {ki; kg; ki1 } (30)

forall z € ([0, ®))* and for all t € R. Here, || - ||« denotes the maximum norm.

Proof. Denote z(t) = (x(t), y(t), z(t)). We remind ourselves that H is defined by (27)-(29), and the maximum norm is
given by

Il Ce(®), y(), 2(1)) lloo 2= max {|x(D)], [y, [2(®)]} .

Consequently, we investigate

IH (x(8), ¥(0), 2(D)) |0 = max {|hy Ce(t), y(6), Z(O)] , [h2 e(8), y(6), 2], [h3 (x(B), ¥(0), 2(D)]} -

By applying the triangle inequality, we get

[hy ()] = |hy x(8), y(8), 2(D))|
x()y(t) x(£)z(t)
ko kX (D) = ks e s i+ ke
<k 4k |x(O)] + k3 |y@®)] + ks |z(B)],
|ha (2(D)| = [hy (x(), y(D),2(1))]

()
&“”_“ﬂo+@‘

<k7 - |x(®)] + kg

and
|3 (z(8)| = |hs (x(8), y(2), 2())]

Z(t)
k1ox(t) — ki m

<k - [x@®)] + k1.

Thus, we conclude

[[H (z()) llo £ max {k, + ks + ks; k7;kio} ||12(0)|| oo + max {ki; kg; k11 }

and this finishes our assertion. O

A direction consequence of this result is the following theorem on global boundedness by application of Gronwall's
Lemma.

Theorem 10. Solutions of system (26) are bounded according to the inequality

max {ki; kg; k11 } (exp (max {k; + ks + ks; k7; kio} [£]) — 1)
e < © ky+ ks + ks ko k t . (31
lz@®ll 1ol €Xp (max {ky + k3 + ks; k75 k1o } |£]) + max (K, + ks + ke kyi ko) (31)

3.4 | Global unique solvability

By applying Theorems 9 and 10, we conclude the following result.
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Theorem 11. We consider the initial value problem (26)

z'(t) = H(z(t)),
z(0) = z¢

and define z(t) = (x(t), y(t), 2(t)) and H (z(t)) = (h1 (x(2), y(£), 2(1)) , ha (x(t), ¥(1), 2(1)) , h3 (x(2), (1), z(1))). Here, the func-
tions hy, hy, hs : R3 — R are given by (27)-(29). Assume nonnegative initial values Xy, yo, 2o and positive constants k; for
all j € {1,2, ... ,12}. Then, this initial value problem has a unique nonnegative solution which exists for all t > 0.

3.5 | Some results on stability analysis

We want to remark that stability analysis for higher-dimensional dynamical system becomes more delicate. We begin
with existence of equilibrium states of our system (26) with nonnegative initial values xo, Yo, Zo and positive constants k;
forallj € {1,2, ... ,12}.

3.5.1 | Existence and uniqueness of equilibrium states
We denote equilibrium states by z; = (x;, ys, Zs)- For these stationary points of our system (26), we obtain the system

kl + kzxs - k3 Lobs _ k5 Xk = 0,

xs+k4 Xs;'kG
kixs —ks—— =0
7Xs 8y3-2k9 ) (32)
kioxs — k =0
10Xs e

of nonlinear equations. From the last two equations, we conclude

ke ko
_ 33
Vs Ks — ko, ( )
and
kioki2xs
=— (34)
* k11 = kiox;
Plugging these results (33) and (34) into the first equation of (32), we have to investigate
kskokox? kskqoki2x?
k1+k2xs— 3RTRQA _ 5R10R12A¢ :0
(s + ka) (ks — k7xs) (%6 + ko) (ku1 — kioXs)
We define the function
ks ki } k3k7k9x32 kskwklzxs2
' R —, —= >R, x; - ki + koxg — — . (35)
1 \ { k7" ko ’ ! > (s + ka) (ks — koxg) (6 + ke) (ki — kioxs)
Theorem 12. Let all constants k; be positive for all j € (1,2, ... ,12} and all initial values xo, yo, Zo be nonnegative.
Then all equilibrium states of our system (26) can be written as
Xs
Xs kokox,
zZ; = <ys > =\ ks—kyx (36)
s kygkypXg
kyy—kyox;

=~

with x, € (O, min { -, Ii})
k7 klO
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Proof. As our initial values are nonnegative, Theorem 9 implies nonnegativity of solutions for all times ¢t > 0 and we

conclude that x; > 0 follows. Furthermore, it must hold x; < min { t—j, % } If we assume x; > min { ];—j, i—; }, we then
obtain y; <0 or Z; < 0 by (33) and (34). Hence, we conclude that all interesting equilibrium states for our system (26)
need to have x; € <0, min { ';—j % } ) Finally, we prove that at least one x; € (O, min I;—j Z—i; exists such that
we obtain an equilibrium state of type (36). We consider our function g defined by (35). On the one hand, it holds
q(0) = k; > 0. On the other hand, by denoting E : = min { :—j ];—: } in this proof, we notice that

)}Si_r)r}g q(x) =—o0

is valid. By continuity of our function q defined by (35) and application of the intermediate value theorem, we conclude

existence of at least one x; € <0, min { 5, I;i } ) such that the first equation of (32) is fulfilled. Hence, this proves our

k7 10

assertion. O

Furthermore, we can establish a sufficient condition for uniqueness of equilibrium states.

Theorem 13. Let all constants k; be positive for all j € {1,2, ... ,12} and all initial values Xy, yo, Zo be nonnegative.
Then our system (26) has a unique equilibrium point.

Proof. Consider

Ky + Koy — X, { k3 k7koxs + kskioki2x; } ~ 0.

(s + ka) (ks — koxs) (s + ko) (k11 — k1oXs)

which is equivalent to

(37

ky + ks = X, { ksk7kox; kskioki2s } )

(s + k) (ks — kaxs) (s + ko) (ki1 — k1oXs)

We define

. ks ki }) ksk7koxg kskiokioxs
r: |0,min{ —, — >R, r(xg) = + .
[ { O = k) (s — o) T %+ o) (ks — Ko

Obviously, #(0) = 0 and it holds lir% r(x) = +oo for E := min { ks K } Differentiation of this function yields
X—

' (%) = kKo (6 + ka) (ks — kyxe)) ™ + Kskokoxs (=1) {(Ks — krs) = k7 (s + Ka) } (065 + ka) (Ks — krts)) ™
+ kskiok12((Gs + ko) (ki — knoxy)) ™ + kskioknaxs (—1) {(knn — kaoXs) — ko (%5 + k) } (G5 + ko) (kny — knoxy))
_ ksksko {6 + ka) (ks — kyxs) + (2kox2 + kakoxs — ksx; ) }
- (s + ka)* (s — ko)
N kskiokyz { (X + ko) (k11 — k1oXs) + (2k10XZ + kekioxs — ki1x) }
(s + k) (k11 — kioxs)?
_ ksk7ky (k7x32 + k4k8) + kskioki2 (kloxs2 + keku)

- (6 + ko)’ (ks — koxs)> (% + ko) (ka1 — KioXs)”
>0




WACKER AND SCHLUTER WIL EY—lﬂ

for all x; € (O, min { :—j, i—i; } ) At first, the second derivative of r reads
1 (%) = kkrko (2knxs) (% + ka) ™ (ks — koty) ™
+ kaksky (kpx? + kaks) (=2) G + Ka) ™ (ks — k7)™
+ kskko (ksxZ + kaks) (¢ + ka) > (2k7) (ks — k7)™
+ kskiokiz (2k1oXs) (%s + ko) (k11 — k1oXs) ™
+ kskiokiz (kiox? + ksk11) (=2) (s + k) > (k11 — kiox;) ™2
+ kskiokiz (kiox? + kek1) (s + ke) ™ (2kno) (kny — kioxs) ™
= 2kakrko (s + ka) ks — ko)™ {kys (06 + Ka) (ks = kos)
— (ko3 + kaks) (ks — kaxs) + k7 (koxg + kaks) (X + ka) }
+ 2kskiokia (% + ke) " (kny — kaoXs) ™ {kioxXs (s + ki) (ki1 — Kioxs)

— (knoX3 + koki1) (k1 — kioxs) + k1o (knoXs + kek1) (s + ko) } -
Some manipulations show

kzxs (X + kg) (ks — kaxs) — (koxg + kaks) (ks — koxy) + k7 (k7x3 + kaks) (s + ka)
= kik7k3 + k%xg + 3kakskgxs — k4k§

and

k1oXs (s + k) (kny — kioxs) — (Kioxs + kek) (ki1 — kaoXs) + ko (kioxs + keka1) (s + ko)
= kéklokn + kfoxs + 3kgkiok11xs — kﬁkil'

Both results are confirmed by Mathematica through SIMPLIFY. Hence, we obtain

r" (xs) = 2kskoko(xs + ka) 7> (ks — kyxs) ™ (K2krks + kax3 + 3kakyksxs — kaky )
+ 2kskiokia (s + ke) " (kny — kaoxs) ™ (kZkiokny + kiox; + 3kekiokiiXs — kek3, ) -

Now, we define

v [O,min{ﬁ,@}> - R, v(xg) = xer (Xs) .
k7" kio

It holds

V() =21 (35) + x1"” ()
= 2kskyky (ko2 + kaks) (s + ka) (ks — kyxs) ™
+ 2kskiokia (K10X3 + keki1) (% + ke) (k11 — k1oX) ™
+ 2xskskrko (s + k) (ks — koxg) ™ (k2ksks + k22 + 3kaksksxs — kak?)
+ 2xkskokia (s + ko) (ki1 — knoxy) ™ (Kknoknn + k2x2 + 3kskiokiixs — kek?, )
= 2kskako(xs + ka) 7 (ks — kyxg) ™ { (ko2 + kaks) (s + ka) (ks — kyxs)
+x (k2ksks + k2x; + 3kakoksxs — kak?) }
+ 2kskiok12(xs + ke) > (k1 — knoxy) ™ { (kuox? + kekar ) (s + ko) (knr — kaoXy)
+%; (k2kioki1 + k2gx2 + 3keknokinxs — kek?) } -
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Again, some manipulations show

(k7x32 + k4kg) (x5 + k4) (kg - k7xs) + X (kik7kg + k%xg + 3kskskgxs — k4k§)
= K2K2 + koks? + kakox2(3ks — ko)
— ——

>0
and

(klox_? + k6k11) (x5 + ké) (ku - kloxs) + X (kékloku + k%oxs?’ + 3k6k10k11xs - k6k%1)

= kékfl + kiok1133 + kekioxZ(3k11 — kioXs)
——

>0

ky Ky
ky” Ky
ks ki

V" (x5) > 0is valid for all x; € (0, min { o }) This implies that the left-hand side function and right-hand side
7 10

as kg — k;x; > 0and kq; — kyox; > 0 hold due tox; € (0, min { } > by applying SIMPLIFY from Mathematica. Thus,

function of (37) only intersect once on (0, min { % ’;ﬁ }) due to convexity of v. Hence, our assertion is proven.  []
7 10

3.5.2 | Computational stability analysis

Now, we consider our right-hand side function H of our system (26) which is defined by (27)-(29). For abbreviation, we
neglect time dependence of x(t), y(¢), z(t) and simply write x, y, z. The Jacobian of H reads

I (. y.2) o (. y.2) o (6, y.2)
Tu(x, y,2) =| 5206,5,2) (%, .2) 32X, ,2)

oy %y oy
o 6 12) (X 9,2) (X ,2)

Lo ok kkg ex ks (38)
(etky)’ (etke)’ x+k, x+kg
- ks — ks 0
(y+kg)2 ok
k 0 LSTLSP!
10 (Z+k12)2

We seek eigenvalues of (38) at stationary points of type (36) computationally because it is difficult to prove or disprove
the hypothesis of negative real parts for all eigenvalues analytically. Our applied GNU Octave-code reads
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1 |% Computational Code for Stationary Point of Autonomous ODE
2 |% System and Eigenvalues of Jacobian Matrix

3

4 |% Step 1: Defining All Constant Coefficients

5

6 |% Just an example, one has to change values accordingly

7

8 |kO1 = 1.0;

9 k02 = 1.0;

10 [ k03 = 1.0;

11 | k04 = 1.0;

12 | k05 = 1.0;

13 | k06 = 1.0;

14 | k07 = 1.0;

15 | k08 = 1.0;

16 | k09 = 1.0;

17 | k10 = 1.0;

18 | k11 = 1.0;

19 [k12 = 1.0;

20

21 |% Step 2: Equilibrium States (Newton—Type Method for

22 |% x_s — for that reason, a local starting point is needed)
23

24 |% For presentational purpose, the code for x_s is split up
25 |% into different lines

26

27 | x_s = fzero(@(x) k01 + kO02xx

28 — (k03xk07xk09xx"2)/((x+k04)x*(k08-k07xx))

29 — (kO5xk10xk12xx72)/((x+k06)*(kl11-k10x*x)),

30 0.75+min (k08 /k07 ,k11/k10));

31 |y_s = (k07+k09+x_s)/(k08-k07%x_s);

32 |z_s = (k10xk12xx_s)/(kll-kl10*xx_s);

33

34 |% Step 3: Computation of Jacobian’s Eigenvalues

35

36 |% Step 3.1: Definition of Jacobian

37

38 |% For presentational purpose, our Jacobian Matrix is split up
39 |% into different lines

40

41 |J = [k02—(k03xk04xy_s)/((x_s+k04)72) —(k05xk06xz_s )/ (( x_s+k06)"2),
42 —(k03xx_s)/(x_s+k04), —(kO5*x_s)/(x_s+k06);

43 k07, —(k08xk09)/((y_s+k09)72), O;

44 k10, 0, —(kllxkl12)/((z_s+k12)"2)];

45

46 |% Step 3.2: Compuation of Eigenvalues

47

48 |lambda = eig(J);

and is given for completeness of presentation.
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3.6 | Numerical experiments

After computing the unique equilibrium state and all eigenvalues of the Jacobian, we apply the function ODE15S of GNU
Octave Version 5.1.0% to solve our system (26). For further information on ODE15S, we refer the reader to the work of
Shampine and Reichelt.?” Our short computation code reads

1 |% Computation of System of Nonlinear First—-Order Differential
2 |% Equations for Ca™2+—Levels in Liver Cells

3 (% as presented in our work on Qualitative Analysis on those
4 1% Systems

5

6 |% Definition of Parameters and ODE System

7

8 | function r = liver_ode (t,z)

9 k01 1.0;

10 k02 = 1.0;

11 k03 = 1.0;

12 k04 = 1.0;

13 k05 = 1.0;

14 k06 = 1.0;

15 k07 = 1.0;

16 k08 = 1.0;

17 k09 = 1.0;

18 k10 = 1.0;

19 k1l = 1.0;

20 k12 = 1.0;

21

22 |% For presentational purpose, the first ODE is here split up into
23 |% three lines of code

24

25 r = [kO14+k02%z(1)—=k03x(z(1)*xz(2))/(z(1)+k04)—k05%x(z(1)*xz(3))/(z(1)+k06)
26 k07xz(1)—k08%(z(2))/(z(2)+k09)

27 k10xz(1)-k11%(z(3))/(z(3)+kl12)];

28 | endfunction

29

30 |% Solution of system

31

32 |[t,z] = odel5s(@liver_ode, [0, 50], [0.1; 0.0; 0.0]);

and is given for completeness of presentation.

3.6.1 | Example with bounded solution for all time

In this example, our parameters are set by k; = 1.0 for all j € {1, ... ,12} with initial conditions x, = 0.1, yo = 0.0

and z(0) = 0.0. Our final simulation time T is T = 50. The starting point for our root finding function FZERO reads

0.8 min { %; Il% } We obtain stationary coordinates x; = 0.6751, ys ~ 2.0782 and z; ~ 2.0782. Additionally, all real parts of
7 10

the Jacobian's eigenvalues are negative. The resulting solution can be seen in Figure 7.

This setting yields a solution which converges to a bounded equilibrium point.

3.6.2 | Example with periodic orbit solution

In this example, our parameters are set by k; = 1.0, k, = 2.25and k; = 1.0 for all j € {3, ... ,12} with initial conditions

Xo = 0.1, yo = 0.0 and z(0) = 0.0. Our final simulation time T is T = 400. The starting point for our root finding function
FZERO reads 0.8 min { k—"; Ky
k7 klO

solution can be seen in Figure 8.
This setting seems to give us a solution with a periodic orbit.

}. We obtain stationary coordinates x; ~0.7583, ys~3.1375 and z; ~ 3.1375. The resulting
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3.6.3 | Example with unbounded solution as time approaches infinity

In this example, our parameters are set by k; = 1.0, k, = 5.0 and k; = 1.0 for all j € {3, ... , 12} with initial conditions

Xo = 0.1, yo = 0.0 and z(0) = 0.0. Our final simulation time T is T = 5. The starting point for our root finding function

FZERO reads 0.8 min { :—"; EJ } We obtain stationary coordinates x; ~0.8511, ys~5.7152 and z,~ 5.7152. The resulting
7 10

solution can be seen in Figure 9.
This setting results in an unbounded solution as t - +o0. This example indicates that convergence to stationary points
seems to hold only locally for this dynamical system.
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FIGURE9 A plot of the unbounded solution First component  Second component  Third component
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4 | CONCLUSIONS AND OUTLOOK

4.1 | Conclusions

Asnoted in Section 1.2, we first established global unique existence of nonnegative solutions to our system (1) of first-order
nonlinear ordinary differential equations in time for Ca?*-concentrations in renal smooth muscle cells. We additionally
provided a stability analysis to predict stability of stationary points which depends on the sign of the constant b from
the characteristic equation. Finally, we gave two numerical examples which strengthen our theoretical findings from our
analytical observations as we investigated one stable and one oscillatory solution for system (1).

Later, we investigated System (26) and proved global unique existence of nonnegative solutions as well. However, as this
system is higher-dimensional in contrast to (1) system, we could also demonstrate by numerical examples that unbounded
solutions are possible as depicted in Section 3.6.3.

Summarizing our results, we state that a thorough detailed analysis of biological dynamical systems is of importance to
predict different solutions' behaviors. These findings further show that we need to careful choose our transfer parameters
in dynamical systems as a small change might lead to totally different solutions. If we want to estimate parameters for
those systems by experimental observations, this fact needs to be taken into consideration. For further details on parameter
estimation of dynamical systems, we refer interested readers to the book by Schittkowski.?8

4.2 | Outlook

Regarding our analytical findings, it might be of interest to investigate the behavior of our system (26) in further detail.
Especially, we think that a thorough analysis of stability points might give us insight into the system's dynamics. This can
be regarded as an interesting future research direction. In addition to that, higher-order time-stepping schemes might be
of practical interest as well.?

We further stress that an adaption of this system to fractional derivates would lead to a different analysis and might
provide further insight into the adapted system's dynamics.”133%3! If we examine different numerical methods for our
nonlinear system or a variant with fractional derivates, this will eventually be a research topic in its own right.

Additionally, coupling our systems’ dynamics with partial differential operators adds different effects like diffusion
through Laplacian operators or its fractional operators can introduce spatial inhomogeneities to these dynamics.

Concluding our remarks, investigations with respect to numerical methods might be an interesting research direction
in its own right as especially high-dimensional dynamical systems lack analytical results. Numerical observations might
help giving insights into systems and stimulate ideas for future analytical findings.
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