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Kurzfassung

Kunststoffe werden im täglichen Leben der Menschen in großem Umfang verwendet, entweder
privat oder industriell. Eines der größten Probleme in diesem Zusammenhang ist die Umweltver-
schmutzung, die durch diese Materialien verursacht wird. Deshalb versucht die Industrie, z. B. die
Verpackungsindustrie, den Kunststoffverbrauch jeden Tag mehr zu reduzieren. Die Herstellung dünner
Kunststofffolien ist daher eine der Möglichkeiten, den Kunststoffverbrauch zu reduzieren. Je nach
Verwendungszweck sind Probleme mit der Haftung oder der Leistung eine der Herausforderungen.
Um die Haftfähigkeit der Folien zu gewährleisten, gibt es eine Vielzahl von Herstellungsverfahren, wie
z. B. die Koextrusion von Polymeren, die üblicherweise zur Herstellung selbstklebender Polymerfolien
verwendet wird.
Die Klebeleistung der Folien wird in der Regel anhand geeigneter Peel-Test Ergebnisse beurteilt,
obwohl ein Peel-Test allein keine ausreichenden Daten liefert, um die Produktleistung darauf zu
stützen. Zu diesem Zweck wird in der vorliegenden Arbeit eine neuartige Idee zur Modellierung
der Delaminierung von dünnen, flexiblen Polyethylenfolien mit Selbstklebefähigkeit untersucht. Die
allgemeine Idee dieses Modells besteht darin, einen inversen Weg einzuschlagen, indem man die
Delaminationskonfigurationen aus den Peel-Test entnimmt und daraus die traction-separation Kurve
erstellt. Danach werden diese traction-separation Kurven eingesetzt, um sie in den nicht-lokalen
Modellierungsverfahren anzuwenden und die unbekannten Materialparameter zu ermitteln.
Zu diesem Zweck wurden T-Peel-Tests an verschiedenen PE-Folienproben durchgeführt, die aus
zwei Schichten identischer Folie bestanden, die durch die Haftflächen miteinander verbunden waren,
gemäß der Norm ASTM 1876. Der Peel-Test wurde mit einer mikroskopischen Kamera aufgezeich-
net, um die digitalen Bilder der Folienkonfiguration aus einer Transversalebene zu extrahieren. Es
wurden verschiedene Digitalisierungsmethoden verwendet, um die beste Methode zur mathemati-
schen Definition der Folienkonfiguration zu finden. Diese Daten, die in Form von Koordinaten oder
Winkeln vorlagen, dienten als Grundlage für die Ermittlung der Wechselwirkungskräfte zwischen
den Filmen. Der Identifizierungsschritt wurde aus Gründen der Genauigkeit und zur Validierung mit
drei verschiedenen Ansätzen durchgeführt. Zwei der Ansätze wurden auf der Grundlage direkter
Verfahren und einer auf der Grundlage des Prinzips der komplementären Energie entwickelt, die in
dieser Studie als direkter, exponentieller bzw. komplementärer Energieansatz bezeichnet wurden. Die
Ansätze brachten korrekte Ergebnisse und waren auch in der Lage, Charakteristika der adhäsiven
Interaktion wie die Adhäsionsenergie, die maximale Kraft und die kritische Öffnungsverschiebung zu
liefern. Zusätzlich zu den individuell validierten Ergebnissen der Ansätze zeigten alle drei Ansätze ein
qualitativ ähnliches traction-separation verhalten, das der untersuchten Probe entsprach.
Der letzte Schritt dieser Arbeit beinhaltete die Modellierung der Wechselwirkungen zwischen den
Filmen, die vom nichtlokalen Typ waren. Die Modellierung wurde unter Verwendung der Ideen der
auf peridynamischen Bindungen basierenden Theorie erstellt. Die erforderlichen Eingabedaten für
diesen Schritt waren die identifizierten traction-separation Kurven, um die unbekannten Material-
parameter zu berechnen. Auf diese Weise wird das gesamte Delaminationsverhalten anhand der
Delaminationskonfiguration und der Materialeigenschaften modelliert.
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Abstract

Plastic materials are used vastly in people’s daily life, either personally or industrially. One of the major
concerns in this regard is the environmental pollution caused by these materials. Therefore, industries,
such as packaging, are trying to reduce plastic consumption more and more every day. Hence, going
in the direction of thin plastic films production is one of the ways of plastic usage reduction. However,
like any other product, these films face some challenges as well. According to their usage, adhesion
problems or performance is one of the challenges. In order to provide the adhesion ability in the films,
plenty of manufacturing methods are available such as polymer cling material coextrusion, which is
commonly used to produce self-adhesive polymer films.
The adhesion performance of the films is usually judged based on suitable peel test results, although
a peel test alone does not provide sufficient data to rely on the product performance on it. To this
end, the thesis at hand studies a novel idea to model the delamination of thin, flexible polyethylene
films with self-adhesive ability. The general idea of this model is to go from a reverse path of taking
the delamination configurations from the peel test specimens then provide the traction-separation
curve from them, which is the specific traction-separation curve to this material. Then take those
traction-separation curves into account, to apply in the non-local modeling procedures and define the
unknown material parameters.
Towards this goal, T-peel tests were performed on different PE film specimens, provided from two layers
of identical film, attached to one another by the cling surfaces, according to the standard ASTM 1876.
The peel test procedure was recorded with a microscopic camera, in order to extract the digital images
of the film configuration from a transverse view. Different methods of digitization were used to find the
best way of mathematically defining the film configuration. These data, which were in a coordinate
or angle form, were the input to identify interaction forces between the films. The identification step
was done by three different approaches for accuracy and validation purposes. Two of the approaches
were developed from direct procedures and one from the complementary energy principles, they
were called in this study the direct, exponential, and complementary energy approaches respectively.
The approaches performed correctly and were also able to provide characteristics of the adhesive
interaction such as the energy of adhesion, maximum force, and critical opening displacement.
In addition to the approaches individually validated results, all three of the approaches showed
qualitatively similar traction-separation behavior, corresponding to the evaluated specimen.
The final step of this framework contained modeling the interactions between the films, which were
from non-local type. The modeling was created using the ideas of peridynamic bond-based theory.
The required input data for this step was the identified traction-separation curves, in order to calculate
the unknown material parameters which completed the non-local model performance. This way, the
whole delamination behavior is modeled by taking the delamination configuration and the material
characteristics.
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Notation

Latin Symbols

A area
A integration constant
a material parameter
B area
B Integration constant
B bending stiffness
Bi control points
b diameter
b material parameter
C2H4 ethylene
CT tensile stiffness
Cp−m NURBS continuity factor
C constant
c constant
cs constant
∆c diameter
Di coefficient
Ds distance
d diameter
ds0 line element reference state
ds̃ element
E YOUNG’s modulus
eeey vertical unit vector
Fpeel peel force
F̃peel peel force
Fs long-range force
Fvw inter-atomic force
fi auxiliary matrix
fff force vector
fff R bond force density
g gravitational constant
H horizontal force component
h diameter
i index
j index
k index
l diameter
M bending moment
m upper limit

m mass
m knot multiplicity
N normal force
Ni,p B-spline basis function
n upper limit
n normal vector
P area
p B-spline degree
Q̃ area
Q shear force
q adhesive force distribution
R set of real numbers
Ri,k auxiliary matrix
r position vector amplitude
r̂rr connecting vector
ra material parameter
rb material parameter
rs position vector
r̃s position vector
rvw atomic distance
s diameter
s1 coordinate
s2 coordinate
t tangential vector
UE strain energy
Ufff force density potential
Ul thermal energy
Um weight potential energy
Up load potential
Uq adhesive force potential
UT total energy
u experimental displacement

value
V vertical force component
v atom 1
w atom 2
W strain energy density
Wadh work of adhesion
x coordinate
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xc coordinate
xl coordinate
y coordinate

yc coordinate
Z knot vector

Greek Symbols

α experimental material parameter
β experimental material parameter
γ transverse shear strain
δn normal separation
δt tangential separation
ε l engineering strain
ζi knots
ζ scalar variable
θ angle magnitude
Λ cosine function

λ local stretch
ξ scalar variable
σmax maximum traction
Υ adhesive energy
ϕ angle
χ local curvature
Ψ elliptic function
ψ angle
Ω complementary energy

Indices and Accents

�∗ critical opening value
�′ derivative
�eq equilibrium value
�−1 inverse value
�max maximum
�min minimum
�̃ normalized variable
�0 reference boundary state
×� times of multiplication
�̂ vector

�i w.r.t. the ith iteration step
�j w.r.t. the jth iteration step
�n w.r.t. the nth time step
�m w.r.t. the mth time step
�k w.r.t. the kth time step
�̇ 1st derivative w.r.t. the time
�̈ 2nd derivative w.r.t. the time...
� 3rd derivative w.r.t. the time....
� 4th derivative w.r.t. the time

Operators

∆� difference value
d� infinitesimal value
exp(�) exponential function
cos(�) cosine function

sin(�) sine function
tan(�) tangent function
∂� partial differentiation

Abbreviations

BoPA biaxially-oriented polyamide
BoPE biaxially-oriented polyethylene
CAD computer-aided design
CAM computer-aided manufacturing
CAE computer-aided engineering
CEA complementary energy

approach
CZM cohesive zone model
DA direct approach
DCB double cantilever beam
DIC digital image correlation

DVC digital volume correlations
EA exponential approach
ENF end-notch flexure
ESPI electronic speckle pattern

interferometry
LDPE Low density polyethylene
LEFM linear elastic fracture mechanics
LLDPE linear low density polyethylene
LVDTs Linear variable displacement

transducers
MMF mixed-mode flexure
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NURBS Non Uniform Rational B-Splines
PE polyethylene
PET polyethylene terephthalate
PP polypropylene

PVC polyvinyl chloride
SEM scanning electron microscope
VCM vinyl chloride monomer
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1 Introduction

1.1 Plastic Films

Plastic film is referred to a material which consists of a thin continuous polymeric substances.
The existence of a wide variety for these films created from either different manufacturing
methods or different polymer types, provided a vast range of application for such films.
Thereby, this variety provides also a wide range of properties compatible with many products.
These are the main reasons of why polymers are getting more and more popular for the
producers day by day. However, the impact of such plastic production and consumption
growth on the environment is one of the major concerns in the world. Therefore, utilizing kind
of polymers that have the potential to be produced as a considerably thin layer film in order to
reduce the plastic usage on one hand and finding the polymer type that can also be recycled
on the other hand will be a middle ground solution to satisfy the protecting environment as
well as using polymer products. Some of the primary polymers that are capable of being
used to produce plastic films are briefly mentioned as following:

• Polypropylene This polymer is produced by chain-growth polymerization of the monomer
propylene and was first demonstrated by two chemists called J. Paul Hogan and Robert
Banks in 1951. The crystallization temperature for PP long molecules is when the
molecules of propylene associate to one another since the point that temperature goes
below the melting point. At this temperature the molecules start to gather into a crystal
order and thereby the regions of ordered crystalline are created. For PP typically, the
onset of crystallization starts at ca. 110− 120◦C at a cooling rate of 10 K/min. Based
on the usage and processing technology applied, sheets and films can be produced
from PP in the thickness rage of 5 to 2000 µm. The most common processing type
in these films is casting with extrusion from a slit die onto a relatively cold roll. PP
is a thermoplastic polymer which is also the second-most widely produced plastic
commodity after polyethylene. Its properties are similar to polyethylene, but it is slightly
harder and more heat resistant with high chemical resistance [1, 2].

• Polyester-BoPE or in longer terms is called biaxially-oriented polyethylene tereph-
thalate. As it can be realized also from the naming it is a polyester film made from
stretched polyethylene terephthalate in bi-axial directions. Additionally, polyester it-
self is defined as all polymers that contain units of the ester group repeating in the
polymer chain. BoPE films were created for the first time in mid-1950s and they were
utilized because of their specific properties such as high tensile strength, chemical
and dimensional stability, transparency, reflectivity, gas and aroma barrier properties,
and electrical insulation. These properties come from the ability of its molecules that
not only the monomers can be added to the growing chains, but also single chains
can react with each other. The manufacturing procedures for this film begins with the
extrusion of a film of molten polyethylene terephthalate (PET) onto a chill roll, that
suppresses it into the formless state, then it is biaxially oriented by drawing [3–5].

• Nylon is the general form of the synthetic polymers produced from polyamides, mean-
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1 Introduction 1.1 Plastic Films

ing it contains repeating units linked by amide links, which provides thermoplastic
properties and therefore, can be processed by melting and shaped into fibers or films.
Nylon is the first commercially popular synthetic polymer. It was produced within a
project research of DuPont research facility in 1935 by Wallace Hume Carothers. There
is plenty of Nylon types available now but the first nylon was referred to as type 6,6.
This numbers is chosen because each of the two chemicals used in making this type
of nylon has six carbon atoms. Polyamide/Nylons can be processed as both blown or
cast film, and can be used for extrusion coating and the procution of biaxially oriented
film (BOPA). They melt at a relatively high temperatures, the melting temperature for
blown and cast film is 250◦C and 265◦C. Since nylon is also a semicrystalline material,
processes that rapidly cool the polyamide film will result in lower crystallinity and there-
fore provide more transparent, flexible, thermoformable film. Such films are able to be
mixed wtih a wide variety of additives. Regarding the environmental aspects, many
types of Nylons can be broken down in fire although by doing so they form hazardous
smoke, and toxic fumes or ash which usually contains hydrogen cyanide. Besides,
burning such materials need a high value of energy which makes it expensive. Typically
a discarded Nylon garbage takes approximately 30 - 40 years to break down and this
means polluting the nature such as the fishing nets left in the waters that contribute
debris in the ocean. Since the recycling process faces some challenges and is also
expensive, very few companies care to do it, and they mostly prefer to use cheaper
and newer plastics [6–10].

• Polyvinyl chloride also known as PVC, is the third most used polymer in the world, the
absolute value of PVC production annually is about 40 million tons which is potential
for many usages and shapes. This polymer is produced from polymerization of the
vinyl chloride monomer (VCM) and was discovered in 1872 by German chemist called
Eugen Baumann. It was produced inside a flask full of vinyl chloride that was left shelf
protected from sunlight for four weeks and appeared as a solid. Flexible PVC films have
decent sealant capability to oily substances but oxygen can pass through them. It is
not an expensive material to make products with and it has such wide variety of usage
that its versatility is almost unlimited. Typically, three types of processing are used
to make PVC products such as: suspension that provides 80% of world production,
emulsion 12% and mass 8%. If we compare PVC to other polymer, we can find out that
it needs less energy per unit weight to be produced. Moreover, the plastic products
are criticized for their long-lasting waste but in PVC only 12% of its products are used
for consumables and at least 64% are used for products with an expected useful life
of minimum 15 years. Therefore, they are not disposed immediately. Recycling PVC
materials are also not as challenging as the other polymers, they break down into
small chips and after removing the impurities the product can be refined to make pure
PVC one more time. PVC can be recycled roughly seven times and has a lifespan of
approximately 140 years [11–13].

• Polyethylene, abbreviated as PE, is the most popular polymer nowadays. According
to the statistics, since 2017 approximately 100 million tones of PE is produced annu-
ally, which is around 34% of the total polymer production market. This polymer was
synthesized for the first time by a German Chemist called Hans von Pechmann out of
his intentions in 1998. He discovered PE during the investigation of another material
and after his colleagues characterized the white and waxy substance that was created.
They realized it is made of long (C2H4)n chains, and it was the origin of Polyethylene
terminology. Until the present, Many types of PE materials are produced, that posses
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1 Introduction 1.1 Plastic Films

different types of density because of their internal chain bonds and orientations. It
can start from low-density and reach to high-density with manufacturing adjustments
such as the pressure od temperature during the extrusion. Mechanically, PE materials
show high ductility and low friction behavior. Most PEs, regardless of their density,
similar to most polymers, provide excellent resistance against chemicals such as strong
acids, or bases. This polymer as well as the others is not a biodegradable material
and managing PE waste is challenging if they are not recycled since, the absolute
value of PE products is significantly higher than the other polymers. But, it has two
advantages over the other ones in this regard, first, it’s life span is not as long as
the others in the nature and second, according to some new research achievements
in 2017, polyethylene garbage can be eaten by some specific types of caterpillars
so they can be used to remove the polyethylene waste. Moreover, based a recent
discovery the polyethylene plastic bags can get degraded up to 40% within six weeks by
Pseudomonas fluorescens with the help of Sphingomonas bacterias [14–16]. Hence,
according to the mentioned advantages and many other features, flexible polyethylene
films are widely used in different fields. For instance, in packaging industry like food
or pharmaceutical packaging [17, 18], in protection and transportation [19, 20], in
glass panels and photovoltaic modules as the laminating layer [18, 21–24], in devices
with flexible OLED and PLED like electronic health care patches for vital information
monitoring or drug delivery systems [25–29], etc. Among all these usages packaging
industry is considered as the major usage and more specifically flexible packaging
that in its variety of forms, has been the fastest growing direction of the packaging
industry since the 1970s. An important feature which is required in flexible packaging
is the ability to form thin, light, heat-seal ability and compact packages. Thereby,
Low density polyethylene, LDPE’s, good chemical and oil resistance, along with its
low cost and all other features mentioned above, makes it excellent for many flexible
packaging applications. LDPE and linear low density polyethylene (LLDPE) account
for the majority of plastics used in flexible packaging. For example, LDPE was the first
plastic to come into common commercial use in packaging, in the late 1940s [30].

Beside all the segments of a flexible film one of the useful and popular improvements is
to provide the film with adhesion ability to full fill the packaging purpose independent from
any other material being involved. Such segment can be created by different manufacturing
methods, some of those methods are explained briefly in the following subsection, which
also include the procedures of producing self-adhesive polymer films.

1.1.1 Design

Plastic films can be divided into two categories: monolithic structures, and those containing
two or more layers of other materials combined in one film. Multilayer film structure can
consist layers of single plastic only or different materials. In general, two major manufacturing
methods are used to produce either types of such films: they are called casting or blowing.
These methods are both continuous processes that start with extrusion. Choosing between
blown and cast film begins with examination of the unique needs of the product and process.
If the cast film production method is chosen, it starts by small plastic pellets called resin
getting melted by a heated screw barrel until they become molten, then it is continuously fed
to the extruder through a narrow slot die horizontally, creating a sheet of the fed substance.
The thickness and width of the stretch wrap is actually determined by the dimension of the
slot in the die. Afterwards, the resin is getting pinned to a highly polished chilled roller using
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1 Introduction 1.1 Plastic Films

an air curtain or vacuum box. This step solidifies and cools the film quickly before trimming
and rolling process, then with the help of tension rollers the film is minimally pre-stretched to
draw the wrap to the winding and trimming stations.

Resin inlet

Transverse draw

Draw direction

Figure 1.1: Cast film production schematic, after [31]

The blown film production method starts similar to the casting process until the molten plastic
preparation then it is fed to a circular and vertical extruder facing upward, and exits in a
continuous tubular form, therefore such films are sometimes also referred to as tubular films.
Afterwards, an air pressure is introduced through the center of the hot resin and expands
it, producing a tubular bubble.This way the resin is vertically blown upward and outward to
the desired diameter and meanwhile also slowly cools and solidifies the plastic before it is
flattened. Such slow cooling process is one of the reasons the wraps usually look hazy and
dull. The thickness of the film is controlled by the speed at which it is pulled from the die.
The width of the film is controlled by the amount of air inserted in the bubble. Once it reaches
to the very top of the tower the nip rollers flatten the material into a tube that can be reeled
for creating bags and pouches, or slit and then reeled as a flat sheet of film [30, 32, 33].
The differences of these two methods regarding the resulting films properties are shown
briefly in the following table:

Table 1.1: Blown film vs. Cast film properties [33]

Blown Film Cast Film

Cooling Slow Rapid

Resin Molecule Alignment Random (in all directions) Linear (in one direction)

Clarity Potentially Hazy Very clear

Puncture Resistance Very good Good

Stretch Resistance Higher Lower

Regardless of polymer film manufacturing process, the self adhesion feature can be provided
by some follow up procedures for the films. Such procedures are also chosen based on the
product usage. Nowadays, preparing adhesion ability for plastic films are in the interest of
plenty of industrial companies and scientific studies, therefore new methods are developing
day by day. Some recent studies called the investigation on gecko effect imply the state of the
art in self-adhesive plastic films production. The main idea behind this study is inspired by
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1 Introduction 1.1 Plastic Films

Extruder

Resin inlet

Air supply Winder

Thickness Controller

Polymer film

Film winder
Figure 1.2: Blown film, after [34]

the ability of tropical lizards called geckos that are able to climb walls and almost any surface
at amazing velocities, meaning, they can adhere to the surface and detach from it at will in a
millisecond time slot. By the investigation on such an interesting ability it has been realized
that, gecko toes have about 20 leaf-like layers of tissue, called scansors. Each scansor
contains thousands of angled arrays of branched and hair-like fibers called setae which are
consisted of stiff, hydrophobic keratin. For instance, in a type of gecko called toyko, each
single setae is been measured about 110 µm long and 4.2 µm wide, which are distributed
uniformly with a similar orientation and in grid-like pattern on the scansor. Furthermore, on
every setae there are hundreds of nano-arrays called spatulas that make intimate contact
with the surface. Every spatula is a thin stalk in an almost triangular cross-section shape.
At the beginning of the 20th century, Haase noted in [35] for the first time that geckos stick
by inter-molecular forces. Later on, several experiments were prepared to distinguish the
exact type of the intended adhesion force and since the van der Waals force is considered
as the only type that can attract to hydrophobic surfaces to adhere, it must be the sufficient
mechanism in gecko setae. The important point from this study is that van der Waals force
is highly independent of surface chemistry and depends on the distance between surfaces.
Therefore, it can be said that gecko adhesion depends on its feet geometry. This type of
construction that provides the possibility of simultaneously tilting and being peeled away with
a little effort, brings out the idea of increasing effective surface area for attraction in many
materials and it leads to the idea of manufacturing self-adhesive films by multi-patterning
the structure of film surfaces trying to simulate the gecko effect. Furthermore, an extra
unique feature discovered by gecko feet adhesion which makes it even more interesting is
that, gecko setae are both extremely adhesive and extremely anti-adhesive. This claim is
based on the studies showing that the gecko setae unlike any other adhesive tape, do not
adhere unexpectedly and spontaneously, instead they perform the adhesion on a mechanical
program of orientation, preload and drag. Therefore, if the setae are being pushed they won’t
necessarily perform a strong adhesion. Besides, setae do not stay dirty or get stained by
surface debris unlike for example the conventional adhesives. Hence, for the first time in
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history the performance of gecko setae are considered as self-cleaning adhesive [36, 37].
As mentioned earlier preparing the gecko like adhesion in the polymer films surface is still
the sate of the art and must be studied for many further details, but there are some other
methods available in this regard that manufacturers use it already as in mass production.
From these methods it can be implied to adhesive layer Coextrusion.
Coextrusion is the procedures of forming a film composed of more than one thermoplastic
layer. The main goal here is normally to produce a specific multilayer film structure in which
each layer contributes a key property to the overall product performance. This process can
also provide the polymer films with a thin adhesive polymer materiel coextruded on one
or both side of the film surface, weather being applied on a monolayer film or multilayer
of different materials. Such an action while using another method like lamination is also
possible but it requires some intermediate steps of first producing each film layer individually,
then being adhered to each other and it can not be done all at once as in coextrusion.

Extruder A

Extruder B

Layer
Multipliers

Sheet or film

Resin inlet 1

Resin inlet 2

Polymer film

Coextrusion

Figure 1.3: Schematics of coextrusion procedures, after [38]

The other advantage of coextrusion over lamination is that it is pretty flexible regarding the
film thickness and provides the ability to produce extremely thin films which is the opposite
in lamination that thickness is limited. By doing so, coextrusion often permits considerable
cost savings when multilayer flexible materials are desired. Since in Coextruder container,
the plastic of each layer is melted in a separate extruder or even the films are produced
beforehand and then go through the coextrusion procedure. If they are prepared all at
once, the materials are delivered from the extruder to a manifold or directly to the die, and
combined in such a way that the resins do not blend together, That allows each layer to keep
its individual identity and characteristic properties. And as it is mentioned this method can be
used for both blown or cast films [30, 39].
One other significant step that shouldn’t be missed in any plastic film production process
is the careful surface preparation as in solvent cleaning, mechanical abrasion, or chemical
treatments which provides a good interfacial strength and a durable adhered joints [40].
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1.2 Advanced Measurements

The importance of a suitable test method whether for a safe and reliable design or quality
control purposes is vividly explored in the history of engineering world. Although, providing a
perfectly matching test method in order to generate the desired engineering data is a great
challenge in this regard. The procedures of this step starts from overweening the possible
test methods, then going through the availability of them, or checking if the standard methods
can serve the purpose or they need an innovation, and finally validation of the innovated
method to ensure the reliability of the results. The highlight outcome of such tests is to
predict the life expectancy and the performance of the product under mechanical tensions
as close as possible to the reality. To do so, one should possess a good understanding of
environmental factors and failure mechanisms.
In the case of this study, we are looking into the challenges that self-adhesive polymeric
films possibly face, and even more importantly, their performance upon those challenges. In
this regard, most of the available tests of adhesives, perform only qualitative measurements
which is not practical if engineering data is required. It means that, beside the developments
of new usages for adhesives, which brings out the requirement for new test methods and
accuracy expectancy, a limited number of tests are available to do the job [41].
Once the aim of the study and an overview of the input and output data is known, one can
decide between the suitable measurement options. Based on this strategy, the intention
of this study is to utilize optical displacement measurements of a mechanical test as an
input to the calculations of the mechanical model. To do so, there are some standard
measurement techniques of non-contact optical extensometers such as electronic speckle
pattern interferometry (ESPI) and, digital image correlation (DIC) already existing. Since there
is no contact with the damaged area in these techniques, they can be used until the failure
occurs without getting affected. However, optical extensometers are not suitable for small
displacement or small strain measurements, as there are plenty of other methods available
for such purpose. For instance, Strain gauges, Linear variable displacement transducers
(LVDTs), and etc.. Anyhow, unlike (DIC) and (ESPI), such contact extensometers are not in
the possible choices for this study, since the whole test procedure is needed as an optical
data.
Electronic speckle pattern interferometry (ESPI) is a technique to measure static or dynamic
strains field in a component. It does the measurements by using laser interference fringes
combined with video detection. The performance concept is based on speckle effect provided
by reflected rays from the surface roughness which is illuminated with a laser beam. In
fact, the microscopic roughness of the specimen surface creates a reference pattern which
enables the system to determine any displacements based on correlating the reference with
any further patterns. This techniques capabilities are measuring and monitoring full-field
non-uniform strain fields at high resolution, vibration mode analysis and nondestructive
testing. 3D strain distributions measurements for complex geometries are possible with this
technique as well [42, 43].
The digital image correlation also known as DIC is a strain measurement technique. The
usage of this technique have accelerated during the recent decade in the fields of material
science, mechanical engineering, civil engineering, geology, and etc. The idea behind this
technique is to compare two images of a component part before and after the test that causes
deformation. It means, the position of the pixel subsets in the original and deformed images
are correlated to one another in order to determine their displacements or strains. This
determination is mostly done based upon gray intensity level, by the means of using speckle
patterns namely black, white and gray sprayed on the specimen to build the required contrast.
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This way the strain mapping function regarding the images can be extracted. This technique
is applicable on different scales from micro to macro and the advancements over the past
years have truly improved the system resolution even reaching to nano-scale by combining
scanning electron microscope (SEM) with DIC. Although, as the resolution goes higher the
field of vision gets smaller and providing such high resolutions increases the processing time,
therefore they are more time consuming. Hence, an optimal point of setups among time,
resolution, and field of view should be chosen for the desired out come. However, there is
one additional factor that must be considered which is the camera and other devices pricing,
as a camera possessing super high resolution and going up to millions of frames per second
can be extremely expensive. Moreover, the 3D version of the system are capable of dynamic
3D displacement measurements which is called digital volume correlations (DVC) [42].
Accordingly, there are some factors out of the usual standards which are capable of affecting
the measurement. Considering all the suitable techniques for this study, among the mentioned
and not mentioned ones, and analyzing them based on different aspects of equipment
availability, requirements limits, and costs, non of the techniques mentioned above were
utilized. Although they were suitable and capable of fitting in the requirements limits pretty
well, they were neither available nor essential to this study. Because the required optical
input data were not being used to calculate any sort of strains and therefore a medium
quality digital microscopic camera with a typical frame rate could serve the purpose very
well. However, in order to improve the input data quality, the mentioned techniques above
are recommended.

1.3 Outline

The aim of this thesis is to develop a novel non-local modeling method that can perform an
analysis on the process of delamination for thin polymeric films and provide the information
such as traction-separation curve which is beyond a common test method outcome. To this
end, experiments in the form of T-peel test were designed and performed on self-adhesive,
thin, flexible polyethylene films. Then the evaluation model is applied on the test outcomes
in a reverse path leading us to the results ready to be inserted in the non-local model.
Furthermore, modeling procedures compromises of recording film configurations during the
peel test, digitizing the configuration and mathematically define them, identifying models to
insert the configuration and achieve the corresponding traction-separation curves and verify
each method by comparing the test and modeling results. Then finally match the results with
a non-local model to identify the unknown material parameters.
The thesis at hand is divided into six chapters starting from the current Introduction chapter
and followed by Chapter 2 that provides some background information about the experimental
an theoretical steps of this study. Chapter 2 starts by the topics related to the practical part
of the research and goes into details about the existing testing methods, material failure
types and possibilities. Then the investigation continues by connecting the experimental
observations and creating assumptions based on them in order to get familiarized with
material physical behavior. From this stage forward, digging into the theoretical backgrounds
and common methods in similar studies begins until the novelty of the proposed methods
are clarified. This chapter ends each section by the reason behind the chosen path, among
all the explained ones.
Chapter 3 contains graphical and theoretical details about test specimen preparation, peel
test setup and procedures step by step, test outcomes and the optical data transform meth-
ods. Moreover, in this chapter all aspects of the experimental procedures are mentioned as
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well as the utilized tools such as peel test machine, camera, standard test method, etc, plus
graphical, mathematical and analytical softwares like Rhino, CorelDRAW, Matlab, Origin Pro
and some more that were used point by point to prepare the input data for the identification
step of the next chapter.
In Chapter 4, as it can be realized from its title, is composed of different methods of identifi-
cation procedures to provide traction-separation curves based on the configuration of the
self-adhesive PE films under T-peel test. At first there will be explanations about the idea
behind the proposed novel method of the approaches as well as the mechanical theories
such as the governing equations base on the non-linear beam theory, constitutive equations
then follows up by the energy integral and the effective work of adhesion. The first two
models called the direct approach (DA) and the complementary energy approach (CEA),
are applicable on Cartesian-coordinates although, they go separate paths from the point of
considering necessary boundary condition assumptions, since DA runs directly by apply-
ing the assumptions and the film configuration coordinates, in contrast for CEA, variation
principles of strain energy density is taken into account and the concept of complementary
energy is introduced to run the model. By realizing that the whole idea is working correctly,
another method of traction-separation identification, called the exponential approach (EA),
based on exponential calculations is provided to increase the accuracy of the final results.
The differences of this model starts from the operation system of the calculations, that runs
on configuration angles to approximate the film shape with an exponential equation, not the
coordinates and polynomials.
As the identification approaches are covered, Chapter 5 continues with illustrating the results
achieved from each method, plus providing the discussion on all results one by one, high-
lighting the pros and cones of the used methods and materials, and finally for the purpose
of validation, a different method for each approach is provided that matches the results
calculated from the approach to it’s equivalent one from the experimental measurements.
From this step forward, a non-local model is introduced to model the delamination procedure.
This model operates based on modeling the notified long-range forces existing in the cohe-
sive area and by an analogy to the pridynamic theory. The calculated traction-separation
curves from the former approaches were used in this model to identify the unknown material
parameters. Then again the final results were compared to the equivalent one form previous
approach to check the accuracy.
Chapter 6, goes over the whole thesis, and briefly summaries the ideas and whole processes
and procedures leading to the successful results. Additionally, this chapter contains the ideas
to continue this study for the future by providing the direction and base requirements of the
further research and finally the conclusions explaining the main outcome of such study.
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2 Experimental and Theoretical
Background

This chapter will briefly go through the fundamental principles of the chosen experimental an
theoretical procedures of this study. Since comprehensively covering all the related topics is
beyond the scope of this chapter, only the most important aspects, starting from experimental
testings, through evaluations and modeling to result achievements are provided.

2.1 Types of Peel Tests and Systems

In this section some issues such as the the importance of testing adhesive strength, different
type of existing adhesion tests and their functionality is going to be pointed out and explained
briefly.
As a general rule to design every product, a pretest method should be prepared as the
material properties of the object needs to be greater than the real forces that are anticipated
to be applied during its use (i.e. geometry vs. loads, etc.). The engineering work should
provide a good model consisting of experimental and analytical procedures to evaluate the
intended material with useful and satisfying results. That means the material of interest of this
study is not an exception to this rule either. Hence a testing method suitable to self-adhesive
PE films is required. Additionally, the intended parameter of this study is mainly adhesion
modeling of the mentioned films. All these initial information and the literature investigations
in the following leads us to adhesion tests, either fracture tests or peel tests, as the required
testing method.

Figure 2.1: The apparatus and the adhesion testing method developed by Wittrock and
Swanson [44] in 1962
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Adhesion test is a simple mechanical technique used to measure the degree of adhesion
between a flexible-rigid, a flexible-flexible or a relatively rigid-rigid substrates [45, 46]. To this
end, to analyze the behavior of the adhesive systems various experimental techniques have
been developed and some of the earlier works can be found in [20, 40, 47–53]. Adhesive
joints testing possesses a long history [54], one of the earliest available pictures regarding
this issue is illustrated in Fig. 2.1.
Figure 2.1 shows one of the oldest taken photos of adhesion testing methods as a peel test,
which took place in 1962. The apparatus and the testing method was developed by Wittrock
and Swanson [44]. In this test a vise grip on a flexible coupling is attached to the spring of a
spring balance with 45 kg (100 lb) capacity. The test piece consisted of an aluminum strip or
a rod rigid enough to withstand a bending force of the order of 100 lb [55].
Adhesive joint testing is crucial for ensuring the reliability of any bonded system or component.
Tests are carried out for many different purposes, including materials selection, acquisition of
data for design, validation, environmental durability assessment and quality control. To do
so, many different test methods are available and it is important that the method used is a
suitable fit for the intended purpose and can be applied in a repeatable manner [41].
Before jumping in to the different types of tests and the further topics, it might be better to
have a brief review on the different modes of loading in fracture mechanics to clarify the
related mode to this study with the following images.

(a) (b) (c)

Figure 2.2: Schematics of three failure modes in fracture mechanics: (a) Mode I: opening,
(b) Mode II: in-plane shear, (c) Mode III: out-plane shear

The load on an adhesive joints or a crack can be arbitrary, in 1957 G. Irwin found, any state
could be reduced to a combination of three independent stress intensity factors:

• Mode I, also known as the opening mode, which refers to the applied tensile loading,
Fig. 2.2(a).

• Mode II, also known as the shear mode, which refers to the applied shear stress in the
in-plane direction, Fig. 2.2(b).

• Mode III, also known as the tearing mode, which refers to the applied shear stress out
of plane, Fig. 2.2(c).

The adhesive strength tests can be categorized to two groups of fracture and peel tests,
according to the substrate material properties which is being tested. Fracture tests are
performed on bulk adhesive specimens and on adhesive joints. As explained from the
beginning of this section, adhesive-joint tests are in the interest of this study. Therefore,
bulk adhesive tests are not going to be discussed. The major focus will be on fracture and
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peel tests of the adhesive-joint. The adhesive-joint fracture tests concern with joints formed
between substrates that deform in a linear-elastic manner during the loading of the joint such
that the concepts of linear-elastic fracture mechanics apply. Commonly, the substrate tested
in adhesive fracture type of tests is considerably stiffer in comparison to a thin polymeric film
but still flexible and not brittle. However, there is also a requirement to be able to measure
the performance of adhesive joints formed between substrates that are much more flexible
and may deform extensively during an adhesion test. Peel tests are typically performed at a
constant rate of peeling and the standards specify such details as the width, thickness, and
width–thickness ratio of the specimens.
Some of the most useful and popular Adhesive-joint tests are pointed out in the following by
the bullet points.

• The mode I fracture resistance of adhesive joints is most commonly determined using
the double cantilever beam (DCB) test and has been proven to be one of the most
reliable methods in determining the quality of an adhesive joint. The details about this
test was initially described in the ASTM standard (ASTM 1990) and has been developed
more recently in the British standard (BSI 2001) and the international standard (ISO
2009). The DCB adhesive-joint test specimen, as shown in Fig. 2.3, includes two
substrates (the double cantilevers) bonded together with a thin layer of adhesive to
form the joint. During joint fabrication, an initial crack is formed at one end of the joint.
The DCB test requires that the initial crack in the joint introduced by the presence of
the dis-bond or releasing film be extended by applying a vertical load to the substrates.
The load can be introduced via circular holes drilled through the end of the substrates,
or via circular holes through the center of metallic load blocks bonded to the ends
of each arm which is illustrated in Fig. 2.3 by dash lines. In the ASTM method, load
is applied until crack growth occurs, at which point the loading is stopped until the
crack length stabilizes. The load is then increased until the crack grows again and this
process is repeated a number of times. This test method is widely used in the aircraft
industry as the peel test characterizing the quality of the adhesive joint between two
composite adherents [40, 46].

Figure 2.3: Mode I loading (opening) on a double cantilever beam (DCB) adhesive-joint test
specimen; This figure is inspired by [40]

• The mode II fracture testing of adhesive joints is of course significantly more compli-
cated than mode I testing and is still being standardized. The most popular adhesive
joint test methods used In line with the mode II fracture have been the end-notch
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flexure (ENF) tests. In the ENF tests, the specimen is loaded in either simple 3-point
or 4-point bending. The schematics of the specimens and their loading is illustrated
in Fig. 2.4. As it is also clear from the naming of the test methods, 3-point ENF has the
loading in 3 points on the length of the specimen (two ends and one middle), to keep
the balance and symmetry of the loading it is important that the load points are chosen
in equal distances, and the load is applied in the opposite direction in the mid-point.
Similarly, 4-point ENF test operates with loading applied on 4 equally distanced points
along the specimen (two ends and two in the middle), the loading at the end points are
again in the opposite direction of the ones applied in the middle. In both specimens,
pretty similar to fabrication procedure of DCB specimens, a non-adhesive insert film
is placed in the center of the adhesive layer at one end of the specimen during the
manufacture of the joint and this, then acts as the crack starter in the subsequent
mode II test. The 3-point ENF test was used by Chai in his detailed study of mode II
fracture in adhesive joints (Chai 1986, 1988). The version of the ENF test using 4-point
loading was described by Martin and Davidson (1999) for composite delamination and
this has also been applied to adhesive joints. The schematics of both 3-point and
4-point ENF test are shown in Figs 2.4(a) and 2.4(b) respectively. The 4-ENF test
has the advantage that stable fracture is achieved, circumventing the limitation in the
conventional 3-ENF test [40].

(a)

(b)

Figure 2.4: Mode II loading providing in-plane shear effect on end-notch flexure (ENF)
adhesive-joint test specimens: (a) 3-point bending, (b) 4-point bending; These
figures are inspired by [40]

• In addition to pure modes I and II adhesive joint fracture testing, there is a considerable
interest in determining the fracture resistance of joints subject to mixed-mode (I/II)
loading. Since, the adhesive joints in engineering structures will frequently experience
such mixed-mode conditions in service. One of the most common test methods that
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includes the mixed-mode loading of I and II is mixed-mode flexure (MMF) test which
is also known as the single leg bend test. This test is now standardized by ASTM for
mixed-mode delamination testing (ASTM 2004b). The specimen fabricated for MMF
test consists of two substrates which are bonded to each other with a thin layer of
adhesive to provide the adhesive joint. The substrates have the same dimension except
one of them is some what longer than the other, which is design this way regarding to
loading method of this type of test. The schematics of the MMF test specimen and the
loading configuration of this method is illustrated in Fig. 2.5. The loading applied to
this specimen throughout the test, is same as it is in 3-point ENF. But what makes it
different and provides the mixed-mode (I/II) loading is that the loading at one of the
specimen ends, is applied only on the upper substrate. The load at this point creates
the mode I and the other two loads are responsible for mode II. Once more, similar to
the previous test specimens non-adhesive film is inserted in the center of the adhesive
layer at one end of the specimen during the manufacturing of the joint and this, then
acts as the crack starter. Assuming that the failure path remains essentially the same
(e.g., cohesive in the adhesive layer) it is usually observed that the fracture resistance
increases as the percentage of mode II increases [40].

Figure 2.5: Mode I and II loading on a mixed-mode flexure (MMF) or single leg bend adhesive-
joint test specimen; This figure is inspired by [40]

• In the so-called fixed-arm peel tests, the rigid substrate is fixed to a rigid base and
the flexible substrate is peeled by a tensile test machine at a defined applied peel
angle, which can vary according to the test protocols. The sketch of fixed-arm peel test
samples configurations under different angles are illustrated in Fig. 2.6. Figure 2.6(a)
shows a schematic of a fixed-arm peel test usual look and also more details of the
rigid substrate positioning and attachment to the base under a general angle. The rigid
base in such tests is attached to some wheels or a moving surface that enables the
rigid substrate move horizontally in an adjustable speed in order to set the intended
peel angel. Perhaps the most difficult experimental issue of the fixed-arm peel test is
"ensuring that the fixed arm is (and remains) rigidly attached to the base". Additionally,
the peel force is usually applied via the clamps of a tensile testing machine and the
base as mentioned is fixed to a linear bearing trolley, such that the specimen can slide
horizontally with minimum friction during the peeling of the flexible substrate. If the
fixed arm is attached to the base using an adhesives, it requires to be ensured that it
does not fail during the peel test. The usual technique of rigid substrate (fixed-arm)
and rigid base attachment is to screw them together. When screws are used, it is
necessary to position the screw holes in the fixed arm only at the peeling end of the
joint, and put it through both the flexible and rigid substrate at the other end. The
second screw is outside of the length of adhesive joint to be peeled in the test, in
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other words on one end the flexible substrate is not positioned in the screw, exactly
as illustrated in Fig.2.6(a). According to some standards it is also possible to use a
wider rigid substrate than the flexible substrate, such that the extra width of the rigid
substrate can be used to make more room for screwing down this arm to the sliding
base and provide more stable attachment. Standardized peel tests describe both 90°
and 180° fixed-arm peel tests (BSI 1993) as shown in Fig. 2.6(b) (first two pictures)
which are the most common ones in this direction. However, the peel angle can be
varied even from 45° to 180°. In the case of 180° peel test (ISO 8510-2, ASTM D 903)
requires a flexible adherend to be sufficiently flexible to bend back through 180° before
being peeled from a the rigid adherend at a constant peel rate.

General angle 

(a)

90° peel 180° peel Climbing drum
(b)

Figure 2.6: Different positioning of fixed-arm peel test specimens: (a) Detailed configuration
of the specimen under a General angle with the lower arm fixed on a rolling base
enabling the horizontal movement to synchronize with the peeling speed, (b)
Schematics of three most common fixed-arm peel test positioning that provided
the different angels; These figures are inspired by [40, 41]

Another configuration regarding the fixed-arm peel test is the floating roller test method
as in the climbing drum peel test. This method enables constant angle of peel to be
provided during the peel test and can be adjusted to vary the peel angle as intended.
The apparatus used to control the peel angle is described in many standards such as
(ISO 14676, ISO 4578, ASTM D 3167, ASTM D 1781). For instance, by attaching the
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flexible substrate to a cylinder mounted on bearings which is then rotated to run the
peel test. A floating roller or a climbing drum apparatus are also specified in two tests
that have been standardized by ASTM (2004, 2006). The schematics of such test is
illustrated in Fig. 2.6(b) (specified by the name climbing drum).
The fixed-arm peel test method is favored for non-structural adhesives, for example
pressure sensitive adhesives and tapes. The climbing drum peel test, is used in
the aerospace industry to determine the bonding of flexible skins to rigid sandwich
structures, [40, 41].

• Probably, the most widely used peel test for the peeling of two flexible substrates is the
T-peel test. In a T-peel test, the two flexible substrates are bonded over a part of their
length. The not bonded ends are attached to the grips of a tensile or peel test machine,
these two ends are positioned in a way that they provide the angel of 180° to one
another. A typical T-peel test specimen and its configuration is illustrated schematically
in Fig. 2.7. In this case, the substrates are peeled by the vertical movement of the
testing machine upper grip, in a constant speed (providing quasi static situation) to
form a separation. Preparing T-peel test specimens is simpler than that of the fixed-arm
peel specimens since there is no need to attach one substrate to a fixed base and no
need for a linear bearing trolley to accommodate the specimen sliding both substrates
are attached to the peeling grips quite equally [40].

Peel force

(a)

Peel force

(b)

Figure 2.7: T-peel test specimens configurations during a peel test (from the transverse view):
(a) Both layers of the specimen provided from one material resulting a symmetric
configuration, (b) Specimen provided from different materials (different bending
stiffness) resulting in asymmetric configuration; These figures are inspired by [40]

The substrates subjected to a T-peel test may or may not be of the same material.
If the substrates of the peel test specimens are prepared from the same material,
because of having the same bending stiffness in both layers, the loading during the
peel test remains symmetric therefore the test configurations will be symmetric and
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forming a "T" shape, exactly as shown in Fig.2.7(a). Otherwise, by having two different
materials of different stiffness as the substrates of the specimen subjected to a peel
test, the configuration of the specimen during the peel test will happen in asymmetric
form and has a tendency to bend more toward the less stiffer layer, as illustrated
in Fig. 2.7(b). Symmetric peeling test is a useful test configuration to evaluate the
environmental durability of adhesively bonded systems. Like any other test methods,
T-peel test and it’s specimen preparation procedures are described in detail by (ASTM
D1876) standard. Furthermore, according to the protocol (Moore and Williams 2007),
loading should be performed at a constant and in a specific range of speed. The peel
strength of adhesive joints is measured by a load-cell attached to the peeling grip of
the testing machine. When the peel test is finalized, the measurement system provides
a set of data consisting of measured peel forces at the specific values of separation
(movement distance of the grip). This data can be displayed in a graph form of peel
force vs. displacement. Although, the recorded peel force from the load-cell typically
shows some fluctuations in a specific range. Therefore, the average value of all these
fluctuated data will be considered as the average peel force.

The failure of a product, very much depends on the opening mode of its adhesive joint. This
opening mode, as described earlier, can take place based on single loading mode or the
mixture of the modes [45, 46]. In order to chose a compatible test method, many aspects
according to many parameters specially the type of the material, opening modes and further
specific parameters of interest for the study are taken in to account. Therefore, in the case
of this study it is known that, the adhesion properties of some self-adhesive PE films are
going to be modeled. If at least one of the substrates is flexible the separation of layers in the
form of a peel test is considerably easier, as only a restricted region of the adhesive is under
tension at any given time [36]. The term ‘flexible’ refers to the ability of the adherend to bend
through 90° without breaking or cracking [41]. Now based on the mentioned previous studies
it can be said that, the most suitable test for an adhesive joint that includes two flexible
substrates form the same kind of material such as laminated plastic films or two layers of
self-adhesive films is a T-peel test [45].
The analysis of peeling of adhesive joints has a long history because peeling is important in
many industrial processes and products. The evaluation of adhesive performance via the use
of peel tests is a complementary extension of these tests and the analysis of such tests is
highly developed. One of the major attractions of peel tests is their practical simplicity. This is
generally borne out in practice but, in both testing and data interpretation, attention to detail
is important if reliable and useful results are to be obtained [54]. Regarding the experimental
data evaluations and theoretical backgrounds of this study there are brief explanations in the
following sections.

2.2 Adhesion vs. Cohesion

Adhesives have been used for nearly 70 years to serve many purposes. Applications related
to adhesive bonding are today very diverse and can be found in all types of industries as
an alternative to mechanical joints. For instance, in engineering applications, since they
provide many advantages over conventional mechanical fasteners. One of the most desired
advantage is that they provide a more uniform stress distribution along the bonded area,
which enables the joint to have a higher stiffness and load transmission, reducing the weight
and thus the cost [40].
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For better understanding the provided information about the testing material in this study,
it is essential to briefly imply the fundamental differences between adhesion and cohesion.
It is clear that scientifically these two terms refer to quite different issues and they cannot
be used instead of one another. However, it is now common to use the word "adhesive" or
"adhesion" in a more general sense to refer to any clinging property (for example, glues and
tapes can be called adhesives). Therefore, these matters are going to be simply clarified in
the following.
Adhesion is the attraction between two separate substances, different or alike, resulting from
intermolecular forces which is established between them. This concept is different from
that of cohesion, which only involves intermolecular forces inside one substance such as
the adherend or adhesive bulk layer. The intermolecular forces that exist in adhesion and
cohesion are mainly van der Waals type forces , which will be addressed in the following
subsection [56]. Kinloch imply to the concept of adhesion more simply as: "An adhesive
may be defined as a material which, when applied to surfaces of materials can join them
together and resist separation" [57]. Figure 2.8 shows the schematics of a basic adhesive
joint, which is consisted of at least tree layers. That means, two layers of so called adherends
(substances that are desired to be adhered to one another, either from two different materials
or the same) and one layer of adhesive in between the adherends to perform the adhesion.

Adherend I

Adherend II

Adhesive

Figure 2.8: Schematics of a basic adhesive joint system, consisting of three layers of ad-
herends and and adhesive in between

As explained before an adhesive joint is a joint of different materials that can resist mechanical
loading. However, failure can happen in any product or joint under different circumstances
with different outcomes. Adhesive testing has a long history and traditionally joint testing has
emphasized two issues, first, the failure load (e.g. ultimate load or continuous peeling load)
which was discussed in the previous section and second, the mode of failure that results in
various degrees of adhesive or cohesive failure as the key parameters [41].
Regarding the adhesive joint failures there are few possible scenarios that can happen during
fracture or a peel test. The important issue here is whether some adhesive material remain
on the substrate after the separation is complete (which is referred as the cohesive failure) or
the adhesive film separates entirely from the adherend and recovers its integrity being ready
for further use with almost unchanged performance (which is referred as adhesive failure).
In other words, if the separation occurs within one of the layers or through combination of
the layers of adhesive joint, it means that, the bond between the adherends and adhesive
layer happened to be stronger than the molecular bond with in the adhesive film (so-called
the layers cohesion is affected), otherwise if the separation takes place at the interface
with one of the substrates it is understood that, the adhesion was weaker than that of the
cohesion. The joint system may choose between different separation mechanisms (interfacial
or cohesive, with further choice in a layered system). At first, it usually chooses the weakest
mechanism in terms of force since it triggers separation first and thereby relieves the stress
on the other possible mechanisms. Nevertheless, there is no guarantee that the fracture
path will be along the interface. Stress distributions depend significantly on local geometrical
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features such as crack sharpness and peel angle [36, 41].
Figure 2.9 illustrates the different possibilities of adhesive and cohesive failures in schematic
forms. As it is clarified by a pink line in the pictures adherends bonded with adhesives or
sealants break by adhesion, cohesion, or a combination of the two. Figure 2.9(a) shows the
adhesive or interfacial failure that can happen in both interfaces. Cohesive failure, unlike that
of the adhesive, can happen in different forms(according to mechanical properties of each
involving substrate), such as:

• An entire cohesive failure within only the adhesive layer or one of the adherends (The
adhesive strengths of some adhesives are great enough that the cohesive strength of
the layers fails before the adhesive bond), as illustrated in Figs 2.9(b) and 2.9(c).

• Cohesive failure happening through all layers and moving forward with no specific
pattern during separation, in this scenario the existence of adhesive failure in some
parts of the joint is also possible as illustrated in Fig. 2.9(d).

Adherend I

Adherend II

Adhesive
Adhesive or
interfacial
failure

(a)

Adherend I

Adherend II

Adhesive
Cohesive
failure in 
the adhesive

(b)

Adherend II

Adhesive

Adherend I
Cohesive
failure in 
the adherend

(c)

Adherend I

Adherend II

Adhesive
Mixed failure
in both
substances

(d)

Figure 2.9: Schematics of four common ways that adhesive system failure takes place
(pink line shows the separation path): (a) Adhesive failure happening in the
adhesive-adherend interface, (b) Cohesive failure happening within the adhesive,
(c) Cohesive failure happening within the adherend, (d) Cohesive-adhesive mixed
failure happening through the whole specimen

In the case of this study, as explained in the introduction chapter, the tested material were
fabricated from polyethylene substance with the self-adhesive properties which resulted in an
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adhesive failure during the peel tests. For further and deeper information on adhesives and
adhesion, many books such as those of [40, 57–62] and several articles from international
journals (International Journal of Adhesion and Adhesives, The Journal of Adhesion and
Journal of Adhesion Science and Technology) dealing with this subject can be mentioned.

2.2.1 Local vs. Non-local Interactions

In general terms, it is believed that the interactions within a material are always non-local,
if we consider them in an atomic and molecular level. This argument is basically true due
to the fact that atoms have a finite distance from one another. However, the interatomic
distances are much smaller than the geometrical features of a larger scale problem, therefore,
locality becomes an excellent approximation. Even though, local approximation faces some
limits [63].
In order to comprehend the local and non-local interactions concept, an overview of attractive
bonds within the materials in detail is required. In this regard, it is beneficial to know that the
bond existing between the particles to bring them to each other, are divided into five main
types of the Van der Waals bond, the ionic bond, the covalent bond, the metallic bond and
the hydrogen bond. They certainly act in different strength because of some explainable
material characteristics [64].
Moreover, adhesion or cohesion can be also categorized by the type of the bonding namely
physical or chemical which can mean existence of local or non-local interactions over the
interfacial area. The mentioned five main bond types can also fit in to these two categories.
The chemical bonding includes the covalent and metallic bond, while the physical bonding
consists of the ionic and Van der Waals bonding with or without permanent electrostatic
moments [65]. These bonding types are present within the adherend or adhesive and also
can occur between the two, at their interfaces. In the concept of adhesion, the focus is mostly
on the bonding at the interface. The comparison in the following parts might provide adequate
information to have a better understanding about the differences of these types [66].
To be more specific with the definition of interface it can be said that in this scientific direction,
this term is used when one of the materials, in a liquid state (the adhesive), is brought into
contact with the other solid one (the adherend) and then solidifies. In other words, interface
is where two solid materials (with or without adhesive in between them) stick together [56].
Although the chemical bonds is quite strong especially in comparison to the others, it is pretty
difficult to be produced in a dense manner across an interface. In the daily life there are
plenty of chemical bonding created between the substrates. For instance, in the cohesion
of gold to gold an interface is created at first but it disappears essentially by the bond of
all atoms in the interface. However, for some other systems of unlike substrates such as
metal-ceramic or polymer-polymer interfaces, the chemical bonding is much more tricky and
may end up with very limited bonding and much lower strength [66, 67].
In some cases pure chemical bonding occurs and in some others physical, but this doesn’t
mean that the mixture of bondings cannot exist in an adhesion. For example, the existence
of electrostatic or Van der Waals forces that develop between molecules hold the substances
together in most of the adhesive systems. However, the additionally existence of surface
chemical bonds may enhance the strength of the bond between the substrate-adhesive
significantly [36, 37, 56].
To consider the majority, the intermolecular interactions existing in an adhesion or cohesion
are mostly from Van der Waals type bonds [40]. This bond is generally very weak but it is
always present. Therefore, there is often a significant contribution of stronger bond present
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at the interface in addition to Van der Waals such as those from permanent dipoles [66].
Van der Waals forces are also basically from dipole type, but not permanent. It is formed
when the electron cloud surround the nucleus which is never rigidly attached in place and
is displaced slightly off-center from the nucleus. In this situation a non-zero electric dipole
moment is created whose external electric field is no longer zero. Therefore, this temporary
produced field by the first atom can couple with the nearby atoms in a way to produce a
weak, mutually attractive force. The pairwise potential energy of this force can vary inversely
with the separation [64]. Plenty of detailed discussions regarding this subject can be found
by Gutowski and Good et al. [68, 69].
Based on the former brief clarifications about the bonding force kinds, it is time to focus
on local and non-local topic. The direct interaction of physical objects that are in proximity
implies the simplest definition for local interaction, and exactly in opposite, if a material point
interacts with a point further (in a finite radius) than its immediate points it is from non-local
type. The validity of locality can become questionable in many situations, especially if small
features and micro-structures influence the entire macro-structure, then local assumptions
should be avoided.
Non-local theories were of interest from the past. Formerly Eringen et al. in 1977 tired to
provide non-local constitutive relations while keeping the equilibrium and kinematic equations
in the local form in order to stay in a simplified form. In other words, they applied their
non-local continuum theory on the modeling of a Griffith crack (local theory). This way they
were able to predict a physically meaningful finite stress field at the crack tip, while the
local theory predicts infinite stresses at the crack tip. Hence, it has become more common
in non-local theories to provide the non-locality by constitutive relations. Either through
integral-type models in continuum mechanicsor gradient-type models including high order
derivatives [70].This type of non-local continuum theory has the advantages of capturing
macroscale effects as well as the effects of molecular and atomic scales by the means of
taking the long-range effects into account [71].
In principle non-locality arises from the existence of a concept called long-range forces
within a material or between the interface of adhered ones. It can be claimed that the forces
involved in chemical bonding are assumed short-range and mainly attractive which are
considered as local interactions. In contrast, long-range attractive forces can be created
through physical bonds of both electrostatic forces (coming from permanent dipoles) or van
der Waals forces which can interact with the particle not only near by [72]. Additionally, by
having the suitable circumstances in the problem, even the short-range forces can combine
and turn into long-range ones if many particles are taken together and modeled as a unified
structure. By doing so they are capable of creating the effect of long-range forces. Bobaru
et al. supports this idea by mentioning a simple example in his book [63], which is brought
briefly in the following.
They believe that the quantum mechanical forces as in Van der Waals, between two atoms
in space can be calculated by Fvw = cr−7

vw , where r−7
vw is the separation distance and c is

a constant. If non-locality arise as explained earlier by combining many atoms and taking
long-range forces instead of short-range forces, it results the force value to become a
function of distance from one surface to the other. This leads to Fs = csD−2

s suggested
by Israelachvili [37] to calculate the net force between the surfaces with the distance value
of D. The increase in the exponent of the distance factor, is also because of the idea of
combination to create long-range forces. Theoretically, it is possible to model each atom
individually based on the first idea, but considering the number of atoms in each materials,
it would be an inefficient method. Therefore, the idea of considering long-range forces in
continuum-like model seems to be the better choice [63]. In fact this type of non-locality
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arises from the modeling decision for the system, illustrating that in some cases it is possible
to choose non-local modeling regardless of underlying physical interactions in the system.
However, many non-local models tend to fail when there is a discontinuity in the system. This
problem occurs in the models which include spatial derivative in their equations. In order
to avoid such problems, in the year 2000 a scientist called Silling represented a specific
non-local theory that did not include spatial derivatives, which was called the peridynamic
theory[73].
To do so, the peridynamic formulations take displacements instead of their derivatives into
account. Since the aim of this theory was to be applicable on discontinuities such as a
crack, it utilizes spatial integral equations based on reformulated equation of motion in solid
mechanics. In this regards, the governing equations of this theory can be defined at the
fracture surfaces and the damage is considered as a part of its constitutive laws. Such
feature of peridynamic theory allows the modeling of crack initiation as well as its propagation
choose an arbitrary path. As an other highlight feature of peridynamic theory we can point
to its ability of linking different length scales providing the possibility of multi-scale failure
prediction. As a general statement on this method it can be said that, internal forces are
considered as non-local interactions between material points in a continuous body and the
constructive model contains damage as well [74].
Like many other theories, peridynamic theory has also been going trough evolution in different
directions based on the requirements of the study cases. As mentioned earlier, the original
peridynamic theory was formulated by Silling in 2000 [73]. The main assumption of this
theory was taking the pairwise forces in an equal magnitude which resulted in a disadvantage
of limiting the property range of the material that are supposed to be modeled. For instance,
the the Poisson’s ratio of the material had to be quarter of the isotropic materials. Moreover,
this model does not perform properly on capturing incompressibility condition, since, it is not
able to differentiate volumetric deformations from distortional. However, the “bond based
peridynamic theory” was later provided based on this method. In 2007 [75], Gerstle et al.
introduced a "micropolar peridynamic model" to overcome the material properties limitation
of the former approach. The idea behind this method was to add the pairwise moments to
the interactions mentioned in "bond-based peridynamics". This way the limitation for material
properties regarding isotropic materials was successfully solved, yet, the performance of this
model on capture the incompressibility condition is not clear. Hence, Silling et al. [76], on
the same year (2007), came up with a more general formulation that resulted in producing
"state-based" peridynamic theory. This time they were able to develop the theory in a way
that could solve the limits facing the "bond-based" theory. As it is also mentioned in its name,
it contains peridynamic states of infinite dimensional arrays caring peridynamic interactions
data. Three years later (2010), in order to explain the influence of indirect forces between
the material points, Silling extended the former theory (state-based) and succeeded to
present the "double state" peridynamic theory [77]. On 2011, the momentum and energy
conservation laws of peridynamic theory were derived by Lehoucq and Sears [78]. By doing
so, they were able to show that non-local interaction concept is inherent to the continuum
conservation laws. Meanwhile, Silling extended his former peridynamic theory as well [79].
This extension was performed in the direction of bridging different length scales based on a
method called "coarse-graining". This method functions by reflecting the structural properties
at a lower scale to its upper scale utilizing a mathematically consistent technique.
Based on former studies on peridynamic theory, it is shown that it can predict the behavior
of vast material types such as linear elastic, nonlinear elastic, plastic, viscoelastic, and
viscoplastic [76, 80–83]. It’s been also used for damage modeling from so many aspect of
different length scales, including macro to nano. The highlight performance of peridynamic
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theory, regarding this study, is the additional term to the peridynamic response function that
represents van der Waals forces included by Silling and Bobaru [80]. There are numerous
references as journals articles and books available in peridynamic theory field and the origins
of the this theory was explained briefly in this section, however going through the details of
the whole development procedures and reviewing all methods is not in the concern of this
study.
In the case of this study there is no sign of chemical bond or adhesion between the layers
of the self-adhesive polymer films. According to the peel force measurement results, which
will be presented in the following chapters, it can be seen that the adhesive force between
the films is from physical and therefore the van der Waals type. It is also noticeable that, by
bringing the layers closer to each other during sample preparation from one point forward
they started to attract one another, which brings us again to the long-range forces and
non-local interactions.

2.3 Effective Work of Adhesion Approaches

In the present section the previous works and backgrounds on the subject of "effective work
of adhesion" will be briefly implied.
Initially it is better to provide a simple and clear definition of the phrase "The effective work of
adhesion". "The work of adhesion is the amount of work that is done when two adherent
surfaces are parted and removed to a large distance from each other. This quantity, Wadh
may be either positive or negative; if positive the two surfaces will bond and the higher the
value of Wadh the stronger the bond. Conversely, if it is negative, no bonding will occur" so
is defined in [84].
Commonly the standard approach in processing of a peel test results is to determine the
effective work of adhesion regarding the specimens. Such analysis of peel test was performed
for the first time by Rivlin in 1944 (reprinted in Rivlin, 1997). In this article he referred to
the adhesion properties of a surface by "the tacky characteristics". Since, separation of an
object from such surfaces is associated with the relatively high amount of work that has to
be done, and he believed that the tackiness may be associated with a high effective work of
adhesion [50, 85].
In this regard, he performed some experiments with adhesive tapes (used as surgery
plaster), in which the variation of the effective work of adhesion is measured as a function
of detachment speed of the adhesive from the adherend. The experiments carried out by
rolling the mentioned adhesive tape onto a polished stainless steel plate which was placed
approximately vertical, meanwhile, a weight was attached to the upper end of the tape so
that the tape peeled off slowly from the stainless steel plate as the weight fell down in a
quasi-static situation. He proposed the following equations to calculate the effective work
of adhesion. If the attached mass to the end of the tape is m and the stainless steel plate
is positioned vertically forming the angle θ, then the potential energy lost by the weight, in
stripping off a length l of the tape, could be found by:

Um = mgl(1 + cos θ)

He claimed that, the potential energy of Um is equal to the work necessary to strip off a
length l of the tape at the speed from gravity acceleration. Therefore, the effective work of
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adhesion per unit area is obtained by mg
b (1 + cos θ), where b is the width of the tape [85].

By simpler means, in this study Rivlin ignored the deformations of a peeled film and that
provides us with the relationship between the effective work of adhesion and the peel force
derived for inextensible films with the peel angle of 90° to the horizon as follows:

Fpeel = bΥ

Kendall extended the mentioned approach of Rivlin in [86–88] by taking into account the
elastic strain energy, but restricted the analysis to small deformations. In this regard, he also
admitted that adhesion and surface energy are related, implying the definitions of adhesion
and surface energy, which are the force required to separate two surfaces and the work
required to separate them respectively. However, considering only these two parameters,
wasn’t realistic. Therefore, based on the previous works of Griffith [89] regarding the fracture
of rigid bodies, Kendall believed that fracture of solids depends not only on surface energy
but also on the geometry and elastic properties of the materials. Hence, a theory of adhesion
must also take the elastic and geometric effects into account. He derived the theory of peel
strength from an energy balance approach. The total energy UT in the system is the sum of
several energy terms, consisting the following principal components of the surface energy
US, the strain energy UE, the potential of the load UP and the thermal energy UL. From the
principle of energy conservation, this sum does not change when a small linear strain is
applied, meaning:

UT = US + UE + UP + UL,
dUT

ds
= 0

He added that, by Imagining an elastic film with the thickness of d and Young’s modulus of E,
involving a length of ∆cl in the peeling film between the arbitrary points of A and B, being
peeled at an angle of θ from a rigid substrate under a constant force Fpeel, the mentioned
components of the total energy contributed to the energy changes as in the following:
A surface energy term −bΥ∆cl due to the creation of new surfaces (Υ being the adhesive
energy, that is the experimental energy required to fracture unit area of interface or in other
words the work of adhesion), a potential of the load term Fpeel(1− cos θ)∆cl due to the
movement of the rigid glass plate applied force, and an elastic term due to extension of the
film in the direction of the applied force.
The elastic term, which is the result of the region AB being stressed, has two components:
a component−F2

peel∆cl/bdE which is the work done at constant force in stretching the region

between A and B, and a component −F2
peel∆cl/2bdE which is the amount of recoverable

strain energy stored in the stretched element. The material is assumed to undergo small,
linear elastic strains in this instance. In the cases with no thermal energy changes the value
of UL can be avoided from the consideration. Adding up all these energy changes and
assuming energy conservation gives

− bΥ∆cl + Fpeel(1− cos θ)∆cl +
F2

peel∆cl

2bdE
= 0
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Dividing all terms by b and ∆cl yields

(Fpeel

b

)2 1
2dE

+

(Fpeel

b

)
(1− cos θ)−Υ = 0

This equation, quadratic in F/b, shows how the three terms, elastic, potential and surface,
interact. In order to simplify and achieve more clear equation, the terms can get organized
and the final equation of Kendall [88, 90] takes the following form

Fpeel +
1
2

F2
peel

CT
= Υb

where CT = Ebd.
These assumptions of Kendall are quite similar to the case of this study, and therefore
this method was the suitable choice to calculate the surface energy and to be used as a
verification method for the results which is going to be illustrated in the Chapter 4.
In the cases of stronger adhesion (if the bending stresses imposed by the peel force are
sufficiently large) that can cause plastic yield of the adherend during the peel test, and
we can refer to the work of Gent and Hamed in 1977 [91]. Clearly, an ideal elastic-plastic
solid follows a linear stress-strain relation until the yield stress, and yield strain are attained.
Hence, they implied that the energy dissipation mechanism provided by plastic yielding
requires higher total peel force than that of without yielding. For this purpose, the magnitude
of this additional energy dissipation was determined experimentally by them for a simple
elastic-plastic strip adhered to a rigid substrate. Moreover, they calculated the peel force
required to propagate a bend in an elastic-plastic strip, using elementary bending theory. At
last, they concluded from their study that the value of which these forces contribute to the
total peel force in a peeling experiment is governed by the strength of adhesion, relative to
the thickness, deformability of the adhesive and yield stress of the adherend. In addition to
this study, the dissipation of energy was taken into account by Kinloch et al. in 1994 [49] and
Hadavinia et al. in 2006 [92] in processing results of peel tests for elasto-plastic materials.
Further works in this regard is devoted to transverse shear strains of the peeled film that are
additionally taken into account by Thouless and Yang in 2008 [93].

2.4 Cohesive Zone Model

The cohesive zone model, usually abbreviated as CZM, is a concept in fracture mechanics
where defines the fracture as a gradual phenomenon. One of the noticeable advantages of
this model is that, it is not limited to modeling a single crack tip and is able to provide the
description of crack nucleation and growth through different times and length scales.
In CZM the crack surfaces separate across an extended crack tip or cohesive zone, although
cohesive tractions resist against this separation. One of the fundamental matters in the
simulation of system with CZM is the definition of cohesive interactions along fracture
surfaces. Generally speaking, these cohesive interactions are a function of displacement,
or in better words, separation during a fracture or peeling. If the fracture surfaces separate
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greater than a specific characteristic length, complete failure will happen. This aspect in
CZM is called the traction-separation relationship of the fracture surfaces [94].
The concept of the cohesive zone model has been widely used to investigate and analyze
the process of delamination or the various material failure phenomena, such as fatigue
crack growth [95–99], crack growth along adhesive bond joints [100–103], discrete fracture
processes of homogeneous and inhomogeneous material systems [104], etc.
Cohesive zone models are usually presented as a function of both normal and tangential
tractions in terms of separation. Mostly the general behavior of the traction-separation
relationship is in a way that with increasing the opening displacement (separation), the
traction over the interface rises until a maximum amount called σmax, afterwards it decreases
until it vanishes (or it has so low value that considered as vanished).In the point that traction
is vanished a complete separation is occurred and is called the opening displacement point
δn or δt for normal and tangential separation respectively [105].
The traction-separation relationships behave globally similar. Therefore, it is believed by
many scientists that two independent parameters of the cohesive energy and one of the
traction or separation are sufficient to model a cohesive zone, which means the form of the
traction-separation relation is not important. Although, it is proved by a lot of researchers that
the form of the traction–separation relations for CZMs plays a very critical role in determining
the macroscopic mechanical response of systems [104]. Hence, there is a great variety
in traction-separation laws which are caused by some number of factors which affect the
resulting failure behavior and the form of the curves. The description of the traction-separation
forms are presented by Chandra et al. in 2002 [104] which is summarized in the following
table to have an overview on this topic.

Table 2.1: Various traction-separation relationships in the order of exploration year, this table
is extracted from Chandra et al. in 2002 [104]

Author (year) Proposed model Comment

Barenblatt
(1959, 1962)



The first to propose
the cohesive zone
concept

Dugdale
(1960) 

δ

Cohesive stress
equated to yield
stress of material

Table 2.1: Continued on next page
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Author (year) Proposed model Comment

Needleman
(1987)


-

-

+

+ Phenomenological
model; predicts
normal separation

Rice and
Wang (1989)



δ

σ Phenomenological
model; predicts
normal separation

Needleman
(1990a)

-

-

+

+



Predicts normal
separation

Needleman
(1990b)

-

-

+

+



+

-

-1.0 -0.5 0.0 0.5 1.0 1.5

Periodic shear
traction to model
Pieriels shear
stress due to slip

Tvergaard
(1990)

 
-

-

+

+ +

+

-

-

Quadratic model

Table 2.1: Continued on next page
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Author (year) Proposed model Comment

Tvergaard
and
Hutchinson
(1992)

Γ0

( )δ

δ1 δ2 δc δ0

Claims shape of
separation law are
relatively
unimportant

Xu and
Needleman
(1993)

 ff

fD D

+

+

+

+-

-

-

-

Claims shape of
separation law are
relatively
unimportant

Camacho and
Ortiz (1996) 

0

1

δ
δ1 δcr

0

δτ

τ
τ0

τ1

δτ1 δτcr

-τ0

-τ1

-

- τ1δ- τcrδ-

Uses additional
fracture criterion;
predicts failure by
both shear and
normal separation
in tension and by
shear separation in
compression

Geubelle and
Baylor (1998)



0.0
0.0 0.5

0.5

1.0

1.0δmax δn

τ

δmax δt

0.0

0.5

1.0

0.5

1.0

-1.0 1.0

Bilinear model;
ascending curve
can be matched to
initial stiffness of
the material

By doing a brief research on CZMs, it can be realized that there are already several con-
stitutive relationships developed in this regard. As mentioned earlier, the effective traction
vs. separation define various cohesive relations respect to the shape of the curves, such as
polynomial [106, 107], trapezoidal [108], exponential [109], bilinear [110], etc. as shown in
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the figures of Table 2.1 [94]. The most popular proposed CZMs are illustrated in Table 2.1 in
the order of their exploration year, including the name of the scientist who invented them.

• Barenblatt, Basically CZMs were presented as a possible alternative to the concept
of fracture mechanics in perfectly brittle materials [104, 111]. The concept of the
the cohesive surface formulation or CZM was originally proposed by the pioneering
contributions of Barenblatt [112, 113] in 1959 and 1962 which was focused on finite
strength of perfectly brittle materials. Barenblatt proposed the first CZM as a distribution
of cohesive forces in the region ahead of a tensile crack which increases to a finite limit
to the opening traction as opposed to the infinite opening traction of the linear elastic
solution for a mathematically sharp crack. In [112, 113] Barenblatt focused on his work
on brittle or quasi-brittle failure, where deviations from linear elasticity are bounded to
a region close to the crack tip. [111].

• Dugdale, Later, if one traces CZMs back to the work of Dugdale [114] in 1960, he or
she will face the extended version of this concept to perfectly plastic materials [94].
Dugdalee [114] introduced a similar cohesive zone model as well, to investigate yielding
at a crack tip and size of the plastic zone. In his model the traction in the cohesive
zone was assumed to be constant and equated to the yield stress of the material when
the separation was smaller than a critical value. The aim of this study was to directly
calculate the gauge of yielding of thin ideal elastic–plastic steel sheets containing slits
as a function of the applied load [94, 111].

• Needleman, Ulike Dugdale, one of the first people who used polynomial or exponential
traction-separation relations to study the debonding which happened in metal matrices
was Needleman since 1987 [66, 107, 109] see Table 2.1 for parts Needleman, 1987,
1990a, 1990b. Later on since 1993, Needleman and Xu used the previous models to
provide newer method studding the void nucleation and dynamic fast growing cracks at
the interface. In this regards, Needleman himself implies that "his contributions were
the introduction of cohesive surfaces into initial/boundary value formulations without
any initial crack so that crack nucleation can be modeled and the introduction of a
formulation (with X.-P. Xu) of multiple cohesive surfaces allowing for shear as well as
tensile decohesion [111, 115]".

• Rice and Wang, This model was introduced in 1989 and it assumes that the interfacial
region is a two joined elastic continua that interact with each other as in adhesion
type. For this sort of interaction, they implied that stress vs. separation are related like
σ = σ(δ), which provides the corresponding curve in Table 2.1. It is also assumed
that these two solids separate without dislocation or any other in elastic processes and
there is no shear happening parallel to the interface [116].

• Tvergaard, In 1990 a quadratic traction-separation relation was introduced by Tver-
gaard which was used to describe the interfaces of whisker reinforced metal matrix
composites. Two years later, in 1992 Tvergaard and Hutchinson [117] used a traction-
separation model in the shape of trapezoidal to calculate the resistance of a crack
growth in a elasto-plastic material, as well as in the peeling of adhesive joints [104].

• Camacho and Oritz, As it is illustrated in Table 2.1, in 1996, these two scientists used
a linear traction-separation formulation. By adding a fracture criterion, this model was
utilized to simulate the propagation of multiple cracks along arbitrary paths in brittle
materials [118].

• Geubelle and Baylor, A bilinear traction-separation model was introduced by them in
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1998 to simulate a spontaneous crack or delamination initiation and propagation in thin
composite plates under low-velocity impact [110].

In most of the CZMs except Dugdale’s and Camacho et al.’s model; see Table 2.1, the
traction–separation graphs are as described earlier, increasing interfacial separation the
traction across the interface reaches a maximum, then decreases and eventually vanishes
leading to a complete failure or delamination. It is believed by many scientists that the
main difference between the various CZMs lies in the shape or the constants that describe
the shape of the model. Moreover, generally speaking, the exponential model by Xu and
Needleman (1994), as it is also observable in Table 2.1, provides smooth traction-separation
curves and therefore is believed to be more stable than discontinuous models, such as the
bilinear model of Guebelle and Baylor [104].
The usual or standard method in processing/simulating the result of mechanical tests such as
peel test, fracture, etc. is to use a local traction-separation law. The procedure which is used
the most in this regard, is to assume a specific idealized shape of the traction–separation
curve, like the ones introduced already in Table 2.1, to simulate the test and to identify
parameters in the traction-separation law. For instance, parameters such as energy of
adhesion (area below the traction–separation curve), critical opening displacement, etc.
Such a method is applicable if the type of the traction-separation law is provided by using
theoretical, experimental and computational methods. For example, for a double cantilever
beam specimen a traction-separation relation was calculated based on the J-integral or if
the physical properties of the adhesive joint are well-defined, its interaction potentials are
applicable using Lennard-Jones potential to compute the local traction–separation curve
numerically [50, 94, 119–121].
In the case of this study, the critical point is the identification of the traction-separation curves,
specifically calculated for the materials chosen for our tests, from the results of their peeling
experiments. Therefore, unlike the usual procedures of CZMs, in this study the shape of
the interfaces during the separation is taken into account and by extracting the required
parameters from the peel tests, the corresponding traction-separation curve were obtained
by going in a reverse procedure.

2.5 NURBS

As it is already mentioned in previous section, the procedure of this study goes in a reverse
path therefore in order to complete the identification step the configuration and shape of the
film during the separation is required in a digital form. One of the most precise ways to do,
so is to use NURBS and extract the required data. The details of this step will be explained
in Chapter 3. In the following we briefly review the background of the NURBS and how it can
be created.
If we go some years back in a time before the computers existed, people such as engineers,
architects, artists, etc., basically who required to design something like device parts, roads,
bridges and so on, had to do their job on paper and use various rulers and tools based on the
design. For instance, in order to draw straight lines and circles or circular arcs, tools like rulers,
T-square, and compasses were used respectively. Obviously without computers, design
world faced a lot of challenges such as not being able to draw major amount of interesting
shapes which are not just circles or ellipses. Such problems took place specifically in ship
building. Therefore in this case, the designers could use a long, thin and flexible stripe
of wood, plastic or even metal as a drawing tool which was called "spline". Figure 2.10
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illustrates a spline, this tool was held in place with nails or lead weights. The outcome of
such a design was a smooth curve with possibly various curvatures because of the nails
positions. The elasticity of the spline material provided it to take the shape that minimized
the energy of bending.. Therefore, it could create the smoothest possible shape between the
nails. Afterwards, when computers were invented and were also used as designing tools, the
mathematical behaviour of such curves were investigated so that they can be applicable by
computer aided design tools [122].

Figure 2.10: The sckematics of a spline which is held in place by some nails at a number of
predetermined points [122]

Since 1946, spline shape attracted the attention of mathematicians to study and define
them mathematically. By investigating so, piecewise polynomial equations were derived
and a scientist named I. J. Schoenberg called them spline curve or spline function after the
mechanical spline tool. The pioneer work in this regard, was started by the parallel work of
Renault engineer Pierre Bézier, and Citroën’s physicist and mathematician Paul de Casteljau
but since Bézier published his results earlier the curves were named after him [123].
Non Uniform Rational B-Splines, or in a short form called NURBS, grew out of the mentioned
pioneer work of Pierre Bézier. As it is also clear from the name, NURBS is a mathematical
model that uses basis splines, or B-splines. Nowadays B-splines are widely used in computer
graphics in order to draw curves and surfaces which provides a great flexibility and precision.
By using the rational and nonuniform rational type of the B-spline, this precision and flexibility
grows even much higher. Therefore, a modeling system can use NURBS for wide range
of curves and surfaces from straight lines and flat planes to precise circles and spheres
as well as intricate piecewise sculptured and conic surfaces. This makes NURBS unique
and the best choice to be used in computer-aided design (CAD), manufacturing (CAM), and
engineering (CAE), in order to design or model automobiles, aircraft, ships, shoes, shower
shampoo bottles, etc., or for an animated character or computer game, or even as the motion
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path for that character [123, 124].
To get familiar with the terminology and definition of NURBS we need to know what does
each word of Non Uniform Rational B-Splines stands for. Starting from spline, which is
mentioned earlier and is representing a piecewise polynomial function with a desired order.
The term B-splines refers to the basis spline functions, that can be defined through a number
of ways such as divided differences of truncated power functions by Curry 1947 [125] and
Schoenberg 1946 [126], blossoming by Ramshaw 1987 [127], or a recurrence formula by
Cox 1972 [128] and de Boor 1972, 1978 [129, 130]. In this study the recurrence formula is
used, since it is the most useful method also for computer algorithms. This method defines
the basis functions by two parameters called Knot vector and control points. A knot vector
is a non-decreasing sequence of real numbers showing coordinates in the parameter space
and is written as Z = {ζ1, ζ2, ..., ζn+p+1}, where ζi ∈ R is called the ith knot, ζ is the knot
vector, i is the knot index, i = 1, 2, ..., n + p + 1, and p is the polynomial order, n is the
number of basis functions which is used to build the B-spline curve. If the knot vector is
known, the B-spline basis function of p-degree (order p + 1) which is denoted by Ni,p(ζ) can
be defined by the following relations [131, 132].

Ni,0(ζ) =

{
1, if ζi ≤ ζ < ζi+1,
0, otherwise.

For p = 1, 2, 3, ..., the basis functions will be defined differently based on the next equation

Ni,p(ζ) =
ζ − ζi

ζi+p − ζi
Ni,p−1(ζ) +

ζi+p+1 − ζ

ζi+p+1 − ζi+1
Ni+1,p−1(ζ)

Knot vectors may or may not be uniform. They are categorized in this way that, if the knots
are equally spaced in the parameter space they are considered as uniform, and reciprocally
when the knots are unequally spaced, the knot vector is non-uniform. The values of
knots can be repeated although for limited amount of times. These multiplicities are limited,
because they imply important information about the properties of the basis function. A knot
vector is considered to be open if the first and last knot in the group is repeated p + 1 times,
and this is the maximum amount of times that a knot can be repeated (can’t go higher
than the polynomial order). This brings us to the continuity concept in NURBS which has
multiple different levels. The continuity level in each joint of NURBS can be calculated from
the multiplicity of the corresponding knot by Cp−m, where m is the single knot multiplicity
value. As implied earlier, starting from the open ends of a NURBS curve, it will give us
Cp−(p+1) = C−1 that means there is no continuity in those points of staring or ending of a
curve. Now if we go one step further to positional continuity Cp−p = C0 it means that the
ending posits of two piece of curves or surfaces are attached, however, they may still meet at
an angle or make a sharp corner. The third would be the tangential continuity achieved by
Cp−(p−1) = C1 meaning, the first derivative of the left and right limit at the joint are coincide.
The highest level of continuity with considering the curve-degree is achieved at the points
where their corresponding knot is not repeated and there is only one number for that knot
available in the knot-vector, providing us with Cp−1 [131, 132].
By providing the basis functions based on the knot vectors and polynomial order, B-spline
curves can be constructed with a linear combination of the basis functions.To this end, as
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mentioned earlier, another parameter called the control point is also needed, which is the
vector-valued coefficient of the basis functions or in other words they are the coordinates
denoted to the location of the points shaping the curve [131, 132]. The B-spline curve of
degree-p is defined as the following:

C(ζ) =
n∑

i=1

Ni,p(ζ)Bi

where Bi ∈ R are the control points corresponding to the basis function of Ni,p(ζ), i =
1, 2, ..., n.
Clearly, in this subject, if one likes to dig into the details there is a vast area of research
available with also a lot of challenges which is required to be solved. However, going deeply
into this subject is out of the intentions of this study. Since NURBS were utilized to precisely
digitize the deformed shape of the polymer films during the peel test, providing more and
complicated details about NURBS is considered unnecessary.
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3 Materials and Experiments

3.1 Materials

The polymeric films tested in this study were fabricated of linear low density polyethylene
(LLDPE) with the thicknesses of less than 23 µm. Figure 3.1(a) illustrates the schematic
view of the constituent layers of the films, which includes a bulk layer of transparent flexible
polyethylene films and one layer of very thin polymeric cling material co-extruded to the bulk
layer. They were produced by POLIFILM company in different thicknesses for different using
purposes. Figure 3.1(b) shows the actual picture of a two-layer specimen of the mentioned
films with the thickness of 23 µm subjected to T-peel test, positioned in between the clamps
of a tensile testing machine, from an angled view.
The films exhibit self-adhesive behavior because of the mono-layer co-extruded polymeric
cling material. Therefore, this study deals with pure adhesive interactions, which leads to
smooth cling surface on the films after the peel test performance. The cling surfaces didn’t
show any loss of adherence quality or sign of any extra particle like micro-crazes or fibrils
remaining from the other cling layer after being peeled from one another. Hence, it is safe
to say that, no cohesive failure mechanisms was observed during peeling. The differences
between the Cohesive and Adhesive interactions and failures are discussed in detail in
chapter 2.

                 Coextruded 
           cling layer

Polyethylene 

Film thickness

(a) (b)

Figure 3.1: (a) Schematic structure of the mono-layer co-extruded polyethylene film used for
the experiments of this study; (b) Two layers of the identical polyethylene films
under T-peel test after being adhered to each other

The basic information about the films such as the sample name, thickness, etc. is illustrated
in table 3.1. As mentioned earlier, polyethylene films were tested in four different thicknesses
of 12, 17, 20 and 23µm. According to the total thickness of the films, the cling layers were
co-extruded in two different percentage of 14% and 17%. As it is observable in table 3.1 the
samples were named based on their total film thickness and cling layer percentage. Although
the cling layers were co-extruded in only two different percentages, it is obvious that as the
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Table 3.1: Basic information of the polyethylene films used for the experiments of this study

Sample name Film thickness Cling layer
thickness

Cling layer
percentage

Cling material

12/14 12 µm 1.68 µm 14% CL1

17/14 17 µm 2.38 µm 14% CL1

23/14 23 µm 3.22 µm 14% CL1

12/17 12 µm 2.04 µm 17% CL1

20/17-CL2 20 µm 3.4 µm 17% CL2

film thickness changes, the absolute value of the cling layer thickness would change too.
All the samples were made of identical materials for the film. But the polymeric cling
material co-extruded to sample 20/17 − CL2 was different than the others. The exact
information about the co-extruded cling material and what are they made of, were confidential
to POLIFILM company and was not allowed be revealed. Therefore, CL1 and CL2 were
assigned to the cling materials so that the differences can be distinguishable. Because, the
final results of traction-separation behavior of the films is considered as a property of the
cling material. It means, the traction-separation behavior changes if the cling material is
changed, like in the case of sample 20/17− CL2. But as long as the cling material are the
same, it is expected that variations in the thicknesses of the films do not affect this behavior
in the other four samples.

3.2 T-Peel Extension

As the details about the existing peel test methods were explained fully in Chapter 2, it
can be realized that among all of them, T-peel test is the most suitable peel test method
for performing experiments on two layers of identical flexible, thin films with self adhesive
properties. Therefore, the T-peel tests were performed according to the ASTM 1876 standard
as well as the sample preparation.
The schematics for the experimental procedure is presented in Fig. 3.2. According to the
mentioned standard, the dimension of the samples were 25 mm to 65 mm for the width and
the length respectively. For sample preparation, two layers of similar polymer films were cut
with the mentioned dimensions, then they were laid on top of another while the cling surface
of both films came together and were pressed to each other by a roll with the mass of 1 kg.
This rolling and compression process of the layers were not necessary for the whole area of
the films, it had to be done only on the area which was supposed to be peeled by the testing
machine. Since the cling surfaces of the films had the tendency to absorb dust or humidity,
to reduce adherence possibility of extra particle on them, the samples were prepared in a
closed and clean environment with a relatively steady air flow. In order to provide statistically
reliable results in the further steps, five samples were prepared for each polymer film.
To perform the T-Peel test, the ends of each layer of the samples, which were not adhered to
each other, were put in between the top and bottom clamps of a tensile testing machine. As it
is illustrated in ”T-peel test” part of Fig. 3.2, the yellow pieces embedded in the right grips of
both top and bottom clamps represent a rubber material which provided perfect grip on thin
layers such as our tested polymer films in between the clamps. These clamps were installed
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Peel Force

Mass of 1 kg roll 
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Sample preparation T-peel test Camera output

1,00 mm
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Figure 3.2: Schematic sketch of the experimental procedure starting with preparing the
samples form identical layers of polyethylene film (left); Then the T-peel test
which is recorded from the transverse view by a microscopic camera (middle);
Picture of the deformed shape of the film from transverse view as the camera
output (right)

exactly in front of each other, in the same vertical line, to provide a symmetric and equal peel
force on both ends of the sample. Again, based on the mentioned standard of ASTM 1876,
the initial distance between the clamps of the tensile-testing machine was 60 mm with the
steady peel rate of 100 mm/min to provide the quasi static situation during the peel test.
The length of peeled part of each layer of films by the machine was 10 mm. Each sample
had two layers and only the upper grip of the machine did the movement to peel the layers.
Therefore, the displacement of the upper grip was minimum 20 mm so that it could complete
the peeling procedure and totally separate the layers until the end.
The force which is required to peel the layers from one another can be measured by the
load-cell attached to the end of the top clamp on tensile testing machine. But the measured
peel force values do not provide the adequate data for further evaluation steps. Therefore,
the other required additional data here is the deformation shape of the films during the
peel test which can be provided from the T-Peel test experiments. Regarding the extraction
of this information from the experiments, a USB digital microscopic camera was located
perpendicular to the transverse view of the samples and grips, during the peel test, as
illustrated in middle step of Fig. 3.2. So that it could record the the whole Peel test performed
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on each sample from the transverse view. From which, the bending shape of the films during
the peel test could be extracted later as an image. In the final step of Fig. 3.2 an image is
shown as an actual example of camera output. As it was mentioned in the sample preparation
explanations, in order to have statistically reliable experimental results five samples were
prepared to be tested from each polyethylene film variety. Hence, there were five recorded
peel test videos available for each film type which is 25 videos overall by the end of the
experiments. These videos provided the configuration of the films in the whole peel test
duration.

Figure 3.3: Extracted picture from the T-peel test recorded video (left); Magnified 5 to 8 times
with respect to the original photo to feature the deformed shape of the films in
the delamination zone vector, black lines are drawn by B-spline technique in
Coreldraw (middle and right)

In order to have better imagination of the extracted deformed shape of the films from the
recorded peel test videos, Fig. 3.3 is provided in three different magnitudes. As mentioned
earlier the polymer films were originally transparent, but because of light reflection they
appeared in white color in pictures. Such picture as Fig. 3.3 (left) is the camera view
during the peel test. Then if we zoom in to the first picture with the magnitude of five, we
see Fig. 3.3 (middle), which shows the delamination area more clear. The black lines in
Fig. 3.3 (middle and right) are vector lines drawn on the shape of the films to make us able to
process the deformed shape of the film in evaluations, which will be explained in detail in the
following parts. Finally, by taking an even closer look at the delamination area (separation
area of the films), the zone of adhesive interactions, which is indeed in the interest of this
study, is visible in Fig. 3.3 (right). According to the symmetric essence of T-peel tests, only
the deformed line of one layer was taken into account for further evaluations. Because the
other layer possesses the same interacting forces and behavior but in the opposite direction.

3.2.1 T-peel Test Equipment

Such a digital microscopic camera as illustrated in Fig. 3.4(a) was used to record the whole
T-peel test. Although it was not a high worthy or super professional camera, it had high
microscopic magnification ability. There were eight LEDs around the camera lens with
adjustable light power, which could provide an optimal and clear lighting for the recording
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(a) (b)

(c) (d)

Figure 3.4: (a) Digital USB microscopic camera, used to record the film configuration during
T-peel tests [133]; (b)-(d) T-peel test-setup, camera position with respect to the
transverse view of the clamps from three different angles of view

object. T-peel tests were recorded in ×30 zoom in magnification with the frame rate of
10 frames/s. Overall it can be said that, for such transparent thin film the camera showed a
pretty satisfying performance.
The actual test-setup is shown from three different angles of view in Figures. 3.4(b)–(d). The
position of camera with respect to the tensile testing machine is visible in the pictures. The
camera had the ability to get as close as 3mm to the objects and zoom in even more than
×50 but in this study the best distance between this camera and the recorded object was
about 20− 30cm. Because during the peel test the top clamp moves vertically and upward, it
moves the delamination area of the films in the same direction. So if the camera was placed
too close it wouldn’t be able to fit the delamination area during the peel test in the same
frame from the beginning until the end. In addition, the camera had to be placed exactly
perpendicular to the clamps in order to record the best transverse view of the films.
Figures 3.5 represents the actual picture of tensile-testing machine and the load-cell attached
to it. This was the devise used for the T-peel test experiments. Both the tensile-testing
machine and the load-cell were produced by Zwick/Roell company that is the world’s leading
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Figure 3.5: Tensile testing machine used to perform the T-peel tests and the load-cell attached
to the machine to measure the peel force both from Zwick/Roell company [134]

supplier of testing machines for materials. Since the required force measurement range
was in "mN" scale, a very sensitive load-cell had to be used. Therefore, from the Xforce HP
models of the load-cells the one with the 5 N nominal force could Measure the intended range
of peel force. The outcome of such load-cells are the the measured peel force in specific
time steps vs. the displacement of the top clamp. Since the sensitivity of the load-cells are
high, there is always some small range of fluctuations in the measured peel force values.
These data can be represented as a graph which is showed in Fig. 3.6 with more details.
In fact, the measured peel force is the common output of such test. Figure. 3.6 shows the
Idealized force vs opening diagram beside schematics of the films subjected to the vertical
forces of the clamps. Since the fluctuations of peel force in measurements were caused
because of load-cell sensitivity, they could be neglected and Fpeel was determined as follows:

Fpeel =
F0.2 + F0.8

2
(3.1)

where F0.2 and F0.8 are force values corresponding to displacement values of 0.2× u and
and 0.8× u, respectively, u is the displacement of top clamp of the testing machine, and b is
the width of the sample. Any median or average line corresponding the measured values
are also valid. The important point to keep in mind is that peel force values corresponding
to the beginning and ending parts of the peel test which behaves like a linear line with high
slope, shouldn’t be considered in the calculations. This measured Fpeel is normally used to
calculate the work of adhesion which can be computed for in-extensible or linear-elastic films
based on the presented methods by Rivlin and Kendal respectively, which are explained in 2.
However, the peel force measurement alone doesn’t provide enough input data to evaluate
the delamination procedure and analyze the behavior of adhesive systems. Therefore, the
actual configuration of the films during peeling was needed for further evaluations and the
measured peel forces were used at the final step to verify the calculation methods.
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Figure 3.6: Schematic sketch of symmetric configuration of the sample during T-peel test
(left); Idealized peel force as F vs. displacement of the top clamps as u diagram
for peel force evaluation (right)

3.3 Procedure for Process of the Images

In the following chapters it will be fully explained that why the exact configuration of the
films during the peel tests were essential to calculate their corresponding traction-separation
curves. These configurations can be mathematically defined by estimating their Cartesian
coordinates or the angles that define the actual orientation of the deformed films. To this end,
the extracted images of the peel tests were processed based on the following procedures.

1,00 mm

Vector line creation by B-spline 
technique in Coreldraw

Vector line inserted in Rhino and the 
corresponding identical NURBS rebuilded

Figure 3.7: Digitization procedure of the film configuration: Vector line corresponding to the
deformed film drawn in Coreldraw software (left); The line inserted in Rhino
software environment to provide its identical NURBS and extract the illustrated
control points (right)

In order to provide digital form of the film configuration from the pictures, a vector line was
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drawn on the film deformation in CorelDraw software, using the B-spline technique as it
is illustrated in the left part of the Fig. 3.7. Afterwards the vector line was inserted into
Rhino software to build the NURBS (Non-uniform rational B-spline) identical to the vector
line. Curve estimation method by NURBS has a complicated but accurate procedure, which
is explained in detail in chapter 2. Right part of the Fig. 3.7 shows the mentioned rebuild
NURBS corresponding to the vector line of deformed film, in Rhino software environment
and if we take a closer look, its corresponding control points are visible. By building the
NURBS in Rhino, the mathematical information about the line such as the knot vector, control
points, order of the line, etc. can be extracted. The amount of these values are modifiable as
wanted, but under consideration of some accuracy factors. For instance, the NURBS won’t
be accurately identical to the actual deformation if its order is too low, or the control points
are too few. Going in the opposite direction is also not a good idea, over-increasing these
factors do not always mean NURBS will match the original line better. They have to be in an
optimum ratio that the consumed time for the further evaluations and calculations on the line
be worthy of those factors increase amount. Because from a point forward increasing the
control points, the order, or the knot vectors do not show significant effect on the NURBS
matching accuracy, and it only increases the evaluation time consumption.
Now applying all the necessary mathematical operation of this study on NURBS is an unnec-
essarily complicated and time consuming work in our case. Furthermore, by transforming
the NURBS to another data types that are insertable in the evaluation model of the following
chapters, the evaluation duration is significantly decreased meanwhile the final results are
still in the same accuracy level. The further calculations of the model are programmed
in MATLAB software. As mentioned before, from this step forward the mathematical data
corresponding to the deformed shape of the films can be used in different forms, such as by
estimated polynomial equation, estimated exponential equation using Cartesian-coordinates
or angles of the deformed line respectively as shown in schematic Fig. 3.10 and 3.8.

3.3.1 Numerical
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Figure 3.8: Digitized data corresponding to the film configuration extracted as Cartesian-
coordinates from the NURBS

As it is already mentioned to avoid all the unnecessary complications with the pure NURBS
data calculations, they were evaluated in MATLAB to provide their corresponding digitized
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data as Cartesian-coordinates. Extracted numerical values from BURBS as Cartesian-
coordinates, were a quite accurate method in line digitization. Because infinite numbers of
coordinates can be generated from NURBS. However, to use the numerical values shown in
Fig. 3.8 as they were, all the further calculations of traction-separation curve identification
had to be modified to numerical methods. Such as "Gaussian quadrature" for integration or
"Complex Step Differentiation" needed to be involved to proceed the identification step. In
the numerical methods, one can go deeply in to the details and increase the calculations
accuracy as much as needed by increasing the numbers without any limits, but that doesn’t
always happen to be true. Since, increasing the numbers in numerical methods will generally
bring out higher time consumption, or increase the errors too. These Cartesian coordinates
corresponding to the film configuration were extracted from the NURBS in the numbers
of 1, 10 and, 100 thousand points. Due to the presence of high order differentiation for
identification of traction-separation curve in chapter 4 using the numerical methods were not
the best choice.

3.3.2 Polynomial
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Figure 3.9: Polynomial fitted to the Cartesian-coordinates corresponding to the film con-
figuration during T-peel test (left); Incorrect behavior of the fitted polynomial in
delamination area (top right); Corrected fitted polynomial in delamination area
(bottom right)

Another alternative to mathematically define the deformed shape of the film would be using
the Cartesian-coordinates to estimate their corresponding polynomial equation. It is certain
that all of these methods to define the line have small but in some cases neglect-able
drawbacks in accuracy factor. The polynomial estimation of the film configuration method
was not an exception either. For instance, it is not always possible to get a perfectly fitted
polynomial equation. If we take a very close look at the beginning of the delamination area
estimated by polynomials in Fig. 3.9 (left), it is mathematically possible that the approximated
polynomial line shows such a behavior as Fig. 3.9 (top right). But from the physics point of
view this behavior is practically wrong. Since the action of the experiment is to separate the
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layers and the peel force is upward, so the "y" values shouldn’t be decreasing in any stage of
the experiment. However, this problem can be fairly solved by not using the automatic fitting
commands of the softwares, instead finding the polynomial coefficients by the least-square
method, where some conditions can be applied on the coefficients approximating procedure
to prevent such problem as in Fig. 3.9 (top right) from happening. One simple condition
in this direction is to add dy/dx > 0 to the fitting polynomial, this way the approximation
will show such behavior as shown in Fig. 3.9 (bottom right). In addition, different orders
of the polynomials were tested in [50] and it was proven that increasing the order doesn’t
necessarily lead to better accuracy and there is an optimum value for the order if using
polynomials is chosen.
Hence, by taking the optimum value of the polynomial order into account, the best fitting
polynomial equation to the lines were estimated. Eventually, based on the identification steps,
the corresponding traction-separation curves with acceptable behavior could be calculated.
They are both explained in detail in chapter 4.

3.3.3 Angles

The last but not the least, was another alternative procedure to describe the deformed
centerline of the film which was the approximation of the deformed shape of the films based
on the angles representing orientation of line as shown in Fig. 3.10. If we zoom in to the
film configuration vector line it can be seen that ϕ represents the angle between the tangent
of deformed line and the hypothetical x-axis. In this method of line description, the further
calculations to identify the traction-separation curve needed to be modified. Therefore, an
approximate analytical solution to the equations of the non-linear beam theory was derived
and utilized to fit the deformation curves from experiments. However the main theory remains
the same, unlike using a polynomial the calculations can’t be followed based on x and y
variables or Cartesian-coordinates. Although, in the first step, to provide the intended angles
the Cartesian-coordinates corresponding to the line were needed.

φ1

φ2

Figure 3.10: Angles of tangent to the line orientation defining the configuration the digitized
vector line

The angles extracted from this step were used to estimate an exponential equation fitting
the data in very close range of approximation and the intended delamination area. Then
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the exponential equation could be inserted directly into the identification model to provide
the traction-separation curves. In this model, which is explained with all the details in the
following chapter, all the results are based on ϕ and as a function of y.
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4 Identification

This identification chapter is primarily based on [50], where further information and details can
be found. In the modeling methods that are related to traction-separation curves, normally
they are planed as following. Regarding the subject of a study, experimental, and modeling
procedure, a traction-separation law is chosen. Then based on the equations of that law
the missing parameters of the study can be obtained. But in the case of this study the
problem is solved in a reverse path which is the novelty about the provided model. Thus
the traction-separation behavior of a self-adhesive polymeric films were identified from their
deformation configuration during the T-peel test. Now, with the idea behind this method the
traction-separation curves special for the wanted case can be generated by performing their
related modifications on the model.
In this section the governing equations are presented to describe the equilibrium config-
urations of a thin flexible polyethylene film for the given forces Fpeel and q. To this end
the non-linear theory of beams [135–137] will be applied. Furthermore, the the energy
integral is derived and classified as Eshelby-type conservation law [138]. Finally the traction
separation curves are presented based on three different approaches of: direct approach,
complementary energy approach and exponential approach.
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Figure 4.1: The procedure representing modeling traction-separation curves identification
and model validation based on the identified and measured results comparison

Figure 4.1 represents an overview of the modeling procedure to identify the Intended traction-
separation curve. This procedure takes the experimental outputs as an input in different
directions until they are used, to be matched in the validation step. At first the digitized
form of the film configurations during the peel test is taken into account to be inserted in to
the identification model. The inverse model is run, using the film configuration data. The
modeling output is the traction-separation curve corresponding to the inserted configuration.
By an integration along the traction-separation curve with respect to the length of the curved
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4 Identification 4.1 Non-linear Beam Theory

film, the peel force (Fpeel) can be obtained. Now the second output of the experiments which
is the measured peel force from the test is used to validate the calculated peel force. The
validation step can be done either by peel force comparison or in the case of direct approach
by the surface energy comparison, which is also related to the peel force values. The whole
procedure will be explained in detail in further sections.

4.1 Non-linear Beam Theory

(a) (b)

Figure 4.2: Schematics of deformed configuration of flexible films in a T-peel test [50]. (a)
Loading and deformed shape of film, (b) force distribution within the zone of
adhesive interaction q(s), Arc-length parameter s and corresponding Cartesian
coordinates

Figures 4.2(a) and 4.2(b) illustrate the schematics of two layers of flexible films subjected to
T-peel loading and a distributed force q of adhesive interaction between two films respectively.
The clamps of the tensile testing machine attached to the two ends of the films have vertical
displacement during the T-peel test and both layers of the peeling films are from the same
material. Hence, it can be realized that, the the deformed configuration of the of the films
is symmetric. From the symmetry of the deformed configuration it is obvious that, the
horizontal component of the interaction force is zero and only the vertical (peel) force has
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4 Identification 4.1 Non-linear Beam Theory

to be considered for further identification steps. It means, under the assumption of slow
quasi-static peeling the resultant force of q is in equilibrium with the applied peel force F.

4.1.1 Governing Equations for Thin Films in a T-peel Test

Figure 4.3: Basic kinematical characteristics in a schematic cross-section of film configuration
with the coordinate

In the following equations s is the arc-length parameter in the deformed state characterizing
positions of cross sections of the deformed film and [x, y] represent the Cartesian coordinates
corresponding to the mentioned configuration, Fig. 4.2.

xc = x− h
2

sin ψ, yc = y− h
2

cos ψ (4.1)

As illustrated in Fig. 4.3, the actual orientation of a cross section is described by the angle
ψ(s), while ϕ(s) is the angle between the tangent to the deformed line and the x-axis. The
tangent and the normal unit vectors to the deformed center-line are specified by t and n,
respectively. For a cross section with [x, y] coordinates and the rotation angle ψ, the lower
point of the cling layer is defined by xc and yc coordinates as they are derived in the following
relations of Eq. (4.1)

dy
ds

= sin ϕ,
dx
ds

= cos ϕ, y′ = tan ϕ, (...)′ =
d(...)

dx
(4.2)

Figure 4.4 (a and b) illustrates the schematic deformed configuration of the flexible film under
T-peel test and the free body diagram for the zone of adhesive interaction respectively. In
Fig. 4.4(a) the distributed interaction force q and the point B, where the interaction force
takes zero value and changes the sign is also shown. The curvilinear coordinate of this point
is specified by seq with the corresponding Cartesian coordinate of xeq and yeq. From the
equilibrium conditions for the moments it follows, that the interaction force q must change the
sign. Indeed, for the beam shown in Fig. 4.4(a) the equilibrium condition for the moment with
A as the reference point yields
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s∗�

seq

q+(l − x)ds−
seq�

0

q−(l − x)ds = 0

where s∗ represents the curvilinear coordinate of a point where q approaches to zero (x∗
and y∗ are the corresponding Cartesian coordinates). It is obvious that if q− is zero, then the
equilibrium condition is not satisfied.
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Figure 4.4: Free-body diagram inside the zone of adhesive interaction defining the param-
eters of governing equations for (a) the whole film (b) a part of the film with
coordinates s1 and s2

Figure 4.4(b) illustrates a free-body diagram for a part of the thin film defined by the co-
ordinates s1 and s2 within the zone of adhesive interaction. The mechanical interactions
between the cross sections are characterized by the normal force N, the shear force Q and
the bending moment M. With the balance of forces and moments for the line element with
arbitrary coordinates s1 and s2 the following equilibrium conditions can be derived

dH
ds

= 0,
dV
ds

= −q,
dM
ds

= Q +
h
2

q sin ψ (4.3)

where H is the horizontal and V the vertical component of the force vector, respectively.
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4 Identification 4.1 Non-linear Beam Theory

Integrating Eq. (4.3)1 provides H = const, and the integration constant is zero since the
force F is applied in the vertical direction. With H = 0 both the normal and the shear force
can be related to the vertical force and the angle ϕ as follows:

N = −V sin ϕ, Q = V cos ϕ (4.4)

For the forces and the bending moment the following constitutive equations can be formulated

N =
∂W
∂λ

, λ =
ds
ds0

,

M =
∂W

∂(λχ)
, χ =

dψ

ds
,

Q =
1
λ

∂W
∂γ

, γ = ψ− ϕ, (4.5)

where W is the strain energy density per unit length of the undeformed film, ds0 is a line
element in the reference state, λ is the local stretch, χ is the local curvature and, γ is the
transverse shear strain. Specifying the strain energy density, Eqs. (4.2) – (4.5) together with
boundary conditions can be applied to find the deformed configuration of the rod for the given
force F and the distributed force q. Vice versa, if y, λ, and ψ are given then one may find the
distributed adhesive force q applying Eqs. (4.2) – (4.5).

4.1.2 Energy Integral and Effective Work of Adhesion

For the interaction force q it can be assumed that a potential Uq exists such that

q =
1
λ

dUq

dy
(4.6)

The strain energy density is a function of three arguments: λ, λχ, γ and, y. Taking the
derivative of the strain energy density W with respect to the coordinate s and applying
constitutive equations (4.5) it is obtained

dW
ds

= N
dλ

ds
+ λQ

dγ

ds
+ M

d(λχ)

ds
(4.7)

With Eqs. (4.3) – (4.5), Eq. (4.7) takes the following form

d
ds

(W −Mχλ) = −qλ
dyc

ds
(4.8)
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4 Identification 4.1 Non-linear Beam Theory

Equation (4.8) is the conservation law for the non-linear beam theory. Within the tree-
dimensional theory of elasticity similar Eshelby-type conservation laws are discussed in [138,
139]. By taking Eq. (4.6) into account, the following integral of Eq. (4.8) can be derived,

W + Uq −Mλχ− Nλ = C (4.9)

where C is an integration constant. For inextensible films with λ = 1, Eq. (4.8) is known
as the energy integral of Euler’s elastica [136]. In [50] it is shown that, by analogy to the
J-integral in fracture mechanics the quantity Γ = Mλχ + Nλ −W provides the energy
release rate for T-peeling of flexible films. For s = l we observe that Γ(l) = Fλ(l)−W(l)
and W depends only on the stretch λ(l). Therefore, the following relationship between the
peel force Fpeel and the specific energy of adhesion Υ can be obtained [50].

Fpeelλl −W(λl) = Υb, λl = λ(l), (4.10)

Where b is the width of the film samples. The relationship (4.10) is derived in [140] based
on the energy balance equation for flexible hyperelastic films. For an inextensible film the
Rivlin’s formula follows from Eq. (4.10)

Fpeel = Υb (4.11)

Assuming small elastic strain of the peel arm such that λl = 1 + ε l, ε l � 1 where ε l is the
engineering strain, and with the linear-elastic law N = CTε l, where CT is the tensile stiffness
of the peel arm we obtain

W(l) =
1
2

Fpeelε l =
1
2

F2
peel

CT
(4.12)

Equation (4.10) takes the form

Fpeel +
1
2

F2
peel

CT
= Υb (4.13)

With CT = Ebh, where E is the Young’s modulus and h is the total thickness of the one layer
film, Eq. (4.13) is the Kendall’s relationship between the peel force and the effective work of
adhesion [88].
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4.1.3 Variational Principles

Taking the first variation of the strain energy density and applying constitutive Eqs.(4.5) it is
obtained

δW = Nδλ + λQδ(ψ− ϕ) + Mδ(λχ) (4.14)

With Eqs. (4.3)–(4.5) and (4.7), Eq. (4.14) can be transformed to

δ(W + Uq) = λ
d
ds

(Mδψ−Vδy) (4.15)

Integration of Eq. (4.15) provides

s2�

s1

δ(W + Uq)
1
λ

ds =
[
Mδψ−Vδy

]s2
s1

(4.16)

where s1 and s2 > s1 are arbitrary coordinates of the cross sections. The variational
equation (4.16) includes the strain energy density and the potential of the distributed force
q. With a direct variational method applied to Eq. (4.16) one may compute equilibrium
configurations of the film for the given forces. Such a procedure would be efficient if the
traction-separation law q(y) is known a priori.
To analyze the inverse problem, let us introduce the complementary energy Ω by the
Legendre transformation

Ω = Nλ + λQ(ψ− ϕ) + M(λχ)−W (4.17)

With Ω the following constitutive equations can be formulated:

λ =
∂Ω

∂N
, λ(ψ− ϕ) =

∂Ω

(∂λQ)
, λχ =

∂Ω

∂M
(4.18)

Taking the first variation of Ω and applying Eqs. (4.3)–(4.5) it is obtained

δ(Ω + λQϕ) = −yδ(λq) + λ
d
ds

(ψδM− yδV) (4.19)

The integration provides the following complementary energy type variational equation:
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s2�

s1

[δ(Ω + λQϕ) + yδ(λq)]λ−1ds =
[
ϕδM− yδV]s2

s1 (4.20)

4.2 Assumptions

In order to formulate the identification procedure let us simplify the initial constitutive
Eqs. (4.2)–(4.5) applying the following assumptions:

• The deformed lines show that the thickness of the films is much less than the length of
them within the zone of non-zero curvature. Furthermore, for the considered T-peeling
samples we expect that the transverse shear deformation is negligible. Therefore, in
this study we apply the shear-rigid model, by setting γ = 0 which results in ψ = ϕ.

• Based on the experimental data it is concluded that the axial strains of the peel arm
are small such that λ = 1 + ε and ε� 1.

By setting ψ = ϕ and applying Eq. (4.2) the local curvature can be expressed as follows

χ =
dϕ

ds
=

dϕ

dx
cos ϕ = − y′′

(1 + y′2)
3
2

(4.21)

From Eqs. (4.3) and (4.4) the membrane force can be computed as

N = −M′
y′

(1 + y′2)
1
2

(4.22)

Assuming the linear-elastic response of the peel arm the bending moment is proportional to
the curvature

M = Bχ (4.23)

where B is the bending stiffness Eqs. (4.21) and (4.22) yield

N
B

=
y′

(1 + y′2)3 [3y′′2y′ − y′′′(1 + y′2)] (4.24)
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4.2.1 Direct Approach

With the assumed small strain ε and the linear-elastic response of the peel arm, interacting
force potential of Uq is obtained from Eq. (4.9) as the following

Uq =
1
2

Bχ2 + N (4.25)

With Eqs. (4.21) and (4.24), Eq. (4.25) takes the following form:

Uq

B
=

1
(1 + y′2)3

[
1
2

y′′2 + 3y′′2y′2 − y′′′y′(1 + y′2)
]

(4.26)

Eq. (4.26) can be used to calculate the potential Uq of the adhesive force for the digitized
configuration of the tested films y(x). Since the approach based on Eq. (4.26) is achieved
directly from the constitutive equations and the effective work of adhesion is related to the
deformed shape of the film, it will be called direct approach (DA). The challenge with this
approach is that in Eq. (4.25) three derivatives of y(x) are required. Even though a relatively
high quality images are used for digitizing the film configuration with vector lines, interpolation
errors are unavoidable in mathematically defining the line and higher derivatives may be
inaccurate leading to non-stable identification.
The force of adhesive interaction q can be evaluated as follows:

q(x) =
U′q
y′

(4.27)

In this case, the fourth derivative of the function y(x) is required, which would lead to loss of
accuracy in evaluating q.
Despite the fact that, a high order of derivation of the deformed film configuration is included
in evaluations, we still can expect qualitatively reasonable results if y(x) is not too sensitive
to derivatives. Furthermore, the accuracy level of the Direct Approach results can be checked
by comparing the energy of adhesion calculated from two methods. First from the maximum
value of the potential Uqmax calculated in Eq. 4.25, which can be computed as follows:

Υ =
Uqmax

b
(4.28)

And second from the Kendall formula mentioned in Eq. 4.13 by inserting the average value
of measured peel force during the experiments, tensile stiffness and , the width of the tested
samples in the following equation.

Υ =
F
b
+

1
2

F2

CTb
(4.29)
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4.2.2 Complementary Energy Approach

As mentioned before, an alternative solution to avoid the high number of derivatives is the
use of the Complementary Energy (CE) variational principle (4.20). With the assumption of
shear rigidity and the small axial strain Eq. (4.24) can be simplified as follows:

s2�

s1

[
δ

(
M2

2B
+ Qϕ + N

)
+ yδq

]
ds =

[
ϕδM− yδV

]s2

s1

(4.30)

Considering y(x) and y′(x) as the functions that describe the deformed film configurations
and can be identified from experimental results, the variational Eq. (4.30) can be formulated
as follows based on the mentioned assumptions:

x2�

x1

[
(1 + y′2)

1
2 δ

(
M2

2B

)
+ (tan−1 y′ − y′)δV + y(1 + y′2)

1
2 δq
]

dx =

[
ϕδM− yδV

]x2

x1

(4.31)

According to Ritz Method for the bending moment M, the vertical force V and the adhesive
force q the following polynomial series approximations are applied:

M(x)
B

=
m∑

i=0

Dixi+2,

V(x)
B

=
m∑

i=0

Di(i + 2)xi+1,

q(x)
B

(1 + y′2)
1
2 = −

m∑
i=0

Di(i + 2)(i + 1)xi (4.32)

With Eq. (4.32) the equilibrium conditions of Eq. (4.3) are exactly satisfied. By inserting
Eq. (4.32) into Eq. (4.31) and performing some transformations the following system of linear
algebraic equations with respect to unknown coefficients Dk are obtained:

m∑
k=0

RikDk = fi, i = 0, ..., m, (4.33)

where
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Rik =

x2�

x1

(1 + y′2)
1
2 xi+2xk+2dx

fi =

x2�

x1

[
(y′ − arctan y′)(i + 2)xi+1 + y(i + 2)(i + 1)xi

]
dx

+

[
arctan y′xi+2 − y(i + 2)xi+1

]x2

x1

(4.34)

To estimate the accuracy of the presented approach, the peel force can be determined from
the distributed adhesive force q(s) as follows

F =

s∗�

0

q(s)ds (4.35)

Where s∗ is the curvilinear coordinate corresponding to the critical opening displacement.
With ds = (1 + y′2)

1
2 dx and Eq. (4.27) the peel force Fpeel can be computed from the

deformed film configuration.

F =

x∗�

0

(1 + y′)
1
2 q(x)dx = −B

m∑
i=0

Di(i + 2)xi+1
∗ (4.36)

Now with Eq. 4.36 which is defined as a function of x the peel force corresponding the
evaluated film configuration can be obtained to be compared with the measured one from
the experiments.
The potential of the adhesive force distribution can be obtained with respect to Eq. 4.27, and
therefore by applying the following formula

Uq(x) =

x�

0

q(ζ)y′(ζ)dζ (4.37)

4.2.3 Exponential Approach

The third option to obtain the traction-separation curves, is to change the defining method of
film configurations. As mentioned earlier in this approach the deformed film configuration
is defined by angle ϕ and exponential equations instead of approximating it polynomials.
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Therefore, the further calculations should be modified to match the inserting data too.
An important feature of this approach is that it satisfies kinematic and static boundary
conditions for the T-peeling. Furthermore, the obtained interaction forces satisfies equilibrium
conditions. In order to formulate the robust identification procedure of exponential approach,
Eqs (4.2)-(4.5) are simplified applying the assumptions mentioned in section 4.2. Therefore,
by setting ϕ = ψ and applying Eq. (4.2), the local curvature can be expressed as follows

χ =
dϕ

ds
=

d(sin ϕ)

dx
= −d cos ϕ

dy
(4.38)

Assuming the linear-elastic response of the peel arm the bending moment is proportional to
the curvature as in Eq. (4.23) and negligible transverse shear deformation, Eq. (4.9) yields

Uq −
1
2

Mχ− N = C (4.39)

Applying the boundary conditions N = 0, M = 0 and setting U = 0 for the left free edge of
the film it is obtained C = 0, therefore

Uq =
1
2

Mχ + N (4.40)

Specifying Λ = cos ϕ the following expressions can be derived from Eqs. (4.2)-(4.6) and
(4.23)

M = −BΛ•, N = B
1−Λ2

Λ
Λ••,

V = −B

√
1−Λ2

Λ
Λ••,

Uq = B
[

1
2

Λ•2 +
1−Λ2

Λ
Λ••

]
, (4.41)

where

(...)• =
d(...)

dy

In order to compute the interaction force distribution q(y) it is needed to approximate the
function Λ(y) from the deformed configuration of the beam centerline. High quality vector
images of the deformed films and B-spline approximations provide both the deformed line
y(x) and its first derivative y′(x) with satisfactory accuracy. However, the experimental
curves generated from images usually have a scatter of the order of magnitude of the film
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thickness. This leads to the loss of accuracy by computing the higher derivatives. As shown
in [50], non-physical oscillations are observed for the curvature, if the deformed centerline is
approximated by polynomials.
Another alternative procedure could be to approximate the deformed line based on the
equations of the beam theory. However, closed-form solutions to Eqs (4.2)-(4.6) are only
available for the geometrically-linear case (small strains and cross section rotations) and
special types of the traction-separation laws, e.g. linear, triangular or piecewise linear
laws [141, 142].
To derive a suitable approximation for the function Λ(y) it is assumed that for a part of beam
the interaction force is negligible. By setting q = 0, Eq. (4.3)2 can be integrated providing
V = const. With the boundary conditions for s = l we obtain the vertical force V = −Fpeel.
The normal force is computed from Eq. (4.4)1 as follows

N = Fpeel sin ϕ (4.42)

For q = 0 the force potential takes the constant value Uq = U0. The energy integral (4.40)
takes the form

U0 =
1
2

Mχ + Fpeel sin ϕ (4.43)

With the boundary condition M = 0 for s = l and ϕ = π/2 we obtain U0 = Fpeel. Taking
into account Eq. (4.23) the energy integral (4.43) can be formulated as follows

1
2

Bχ2 = Fpeel(1− sin ϕ) (4.44)

Let us note that Eq. (4.44) is known as the energy integral of Euler’s elastica, as mentioned
in [136]. It can be used to compute the function Λ for a part of the film. Indeed from Eq. (4.44)
it is obtained

1
2

BΛ•2 = Fpeel(1−
√

1−Λ2) (4.45)

Taking into account that Λ is a decreasing function it is obtained

Λ• = −
√

2F̃peel(1−
√

1−Λ2)1/2, F̃ =
Fpeel

B
(4.46)

By integration, the following relation between Λ and y is derived
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Ψ(Λ) =
√

2F̃peel(y− y0), Ψ(Λ) =

Λ�

Λ0

dξ

(1−
√

1− ξ2)1/2
, Λ0 = cos ϕ0 (4.47)

where y0 and ϕ0 are the opening and the corresponding angle of rotation for a point of
the beam with the coordinate s0. The integral in Ψ(Λ) can be formulated in a closed
analytical form in terms of elliptic functions. For the purpose of the identification, it is useful
to approximate the solution (4.47) by the use of elementary functions. Indeed the solution
(4.47) is only valid for a part of the beam where the interaction forces are negligible. For this
part the angle of rotation is close to π/2 and we can assume Λ2 � Λ < 1. In this case, the
differential Eq. (4.47) takes the simplified form

Λ• = −
√

F̃peelΛ, (4.48)

with the solution

Λ(y) = A exp(−αy), α =
√

F̃peel (4.49)

where A is the integration constant. The function (4.49) approximates the cross-sectional
rotation only for a part of the beam and satisfies the boundary condition N = Fpeel for the top
right edge. To improve the accuracy, the following two-terms of approximation are assumed

Λ(y) = A exp(−αy) + B exp(−βy), β > α (4.50)

Applying the boundary conditions for the left edge of the beam Λ(0) = 1 and Λ•(0) = 0 it is
obtained

A =
β

β− α
, B =

α

β− α
(4.51)

To find β the least-squares method can be applied.
As explained in section 3, for the identification the centerline of the film was digitized from a
photograph inserting into Rhino® software. With the B-spline approximations of y(x) the first
derivative y′(x) and the function (4.52) were evaluated numerically.

cos ϕ =
1√

1 + y′2
(4.52)

With the proposed functions Λ(y) the distributed interaction force q can be now computed
as follows
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q = B
[
− 1

Λ2 Λ••Λ• +
1−Λ2

Λ
Λ•••

]
(4.53)

Equation (4.53) provides q as a function of the separation y. In order to compute the force
distribution along the arc-length parameter s, the function s(y) is required. From Eq. (4.2)1
the following differential equation is derived

s• =
1

sin ϕ
=

1√
1−Λ2

(4.54)

After the integration it is obtained

s(y) =

y�

0

dξ√
1−Λ2(ξ)

The interaction forces identified with the exponential sum (4.49) satisfy the equilibrium
conditions. Indeed the equilibrium condition for the forces can be formulated as follows

l�

0

q(s)ds = Fpeel (4.55)

With Eqs (4.3) and (4.41) we obtain

l�

0

q(s)ds = −
l�

0

dV
ds

ds = V(0)−V(l) = B

√
1−Λ2

Λ
Λ••

∣∣∣y=ymax

y=0

For y = 0 we have Λ = 1, while for βy� 1

Λ(y) =
β

β− α
exp(−αy), ⇒ Λ••

Λ
= α2 = F̃peel

Consequently for y = ymax

√
1−Λ2

Λ
Λ•• = F̃peel,

and Eq. (4.55) is satisfied. On the other hand taking the top right point of the beam as the
reference point, the equilibrium condition for the moments takes the form
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l�

0

q(s)(xl − x)ds = Fpeel
h
2

, (4.56)

where xl is the x-coordinate of the right top point of the beam. With Eqs (4.3) and (4.41) and
by integration by parts we obtain

l�

0

q(s)(xl − x)ds = V(0)xl −
xl�

0

Vdx = V(0)xl −M(xl) + M(0) +
h
2

ymax�

0

qdy

With dyc = (1 + χh/2)dy ≈ dy and

ymax�

0

qdy =

ymax�

0

dUq

dyc
dy ≈ Uq(ymax)−Uq(0) = Fpeel

we finally obtain

l�

0

q(s)(xl − x)ds− Fpeel
h
2
= V(0)xl −M(xl) + M(0) (4.57)

For the two-terms exponential sum (4.50) the boundary conditions V(0) = 0, M(0) = 0 and
M(ymax) = 0 are satisfied. Therefore the derived interaction force q satisfies the equilibrium
condition (4.56).
Equations (4.49) and (4.50) are special cases of the exponential sum which can be applied
to approximate a function f (x) as follows

f (x) =
n∑

k=1

Ak exp(µkx) (4.58)

Applications of exponential sums in various physics and engineering problems as well as
algorithms to compute coefficients Ak and exponents µk are discussed in [143–145], among
others. For the problem considered in this section, the two-terms sum (4.50) is applied and
the adding of an additional exponential term does not lead to an improvement of approxi-
mation. Indeed, to identify constants in higher-order exponential terms photographs within
the process zone of peeling with higher resolution are required. Furthermore, the applied
shear-rigid beam theory may lead to inaccurate results as the length of the analyzed process
zone becomes comparable with the film thickness.
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5 Identification results and Non-Local
Modeling

5.1 Results and Discussion

To have an overview of the procedures done so far: By performing the experiments and
evaluating the film configuration pictures from transverse view, their corresponding digitized
data of the deformed films was found in the form of polynomial or exponential equations. The
polynomials were inserted into identification models of direct and complementary energy
approaches explained in sections 4.2.1 and 4.2.2, and the angles into exponential approach
form section 4.2.3. Eventually, the following results were provided from each Approach.
In order to verify the main idea of the modeling and provide higher reliability, 125 pictures
were evaluate with direct and complementary energy approaches. Although the results from
these approaches were correct and satisfying, the accuracy is always better to be increased.
Therefore, the exponential approach was taken into account. Now that the functionality of
the main idea behind the modellings is proven with high statistical results and since it was a
pretty time consuming procedure to evaluate all these pictures, for the exponential approach
and the non-local model, explained in Chapter 6 only one picture was taken into account
and its result was compared to the same one from CEA and EA receptively. The details are
explained in the following sections.

5.1.1 Film Configuration

According to the digitized data corresponding the shape of the films during the peel tests
such a graph as in Fig. 5.1 is provided. It should be mentioned that, from each polyethylene
films 5 samples were tested and from each test 5 pictures were randomly chosen to be
evaluated. It means 25 pictures of configuration per material were evaluated. Therefore, the
final results are statistically reliable. Figure 5.1 illustrates the variations in the configuration of
the films during the peel test for each material as the shaded areas and the lines represent
their corresponding average deformation shape.
The variations in the graphs show that, the configurations were not constant neither during
the peel test of the samples from the same material, nor during a single peel test. These
configuration variations occurred the least and the most in samples 17/14 and 12/17 respec-
tively. Additionally, the radius of deformed films during delamination (in the case of having
the same cling material) has a direct relationship with the thickness of the films, which is
reasonable regarding their bending stiffness. It means, as the thickness increases, the radius
of curved shape of the film increases too. The sequence of these deformations satisfies the
expectations, as their corresponding average line is changing with respect to the thickness
variations from sample 12/14 to 23/14. However, a traction-separation curve is the property
of the cling material and shouldn’t be affected by the thickness variations.
In the case of films 12/17 and 12/14 it was expected to see approximately a similar con-
figuration range during the delamination, since they had identical cling material and the
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Figure 5.1: Digitized configuration of the films during the peel test, the line represents the

average configuration of 25 picture frame extracted from the test videos; The light
color range is the configuration variations of each sample

thickness of 12µm overall. But the experimental and evaluated data such as the average
peel force values, delamination configurations, traction-separation behavior, etc. (which
will be illustrated in the following pages) showed different results. Although their average
configuration lines were pretty close to each other, the variation range in film 12/17 was
much higher than that of 12/14. This wide range of configuration variation affected the
final average results too. Hence, the different behavior of film 12/17 were assumed as a
result of manufacturing faults such as non-homogeneous cling layer co-extrusion. Because,
even-though its configuration varied so much, the verification step of the model was still
valid, the Fpeel and surface energy values from both experiments and model were in a good
accordance.
Film 20/17 CL2 was co-extruded with a cling material different from the other films. Therefore,
the results relating this film, such as the configuration or its corresponding traction-separation
behavior can not be compared with the others. But the final results of all the films were
verified based on Eqs. (4.28, 4.29) and (4.33) for both Direct and Complementary Energy
approaches respectively.

5.1.2 Direct Approach

To analyze the accuracy of the results, regarding the configuration approximation, different
orders of polynomials defining the film configuration line, were compared by Nase et al.,
2016 in [50]. To this end, different approximations with different number of terms in the
polynomial series were generated applying the least-square method. The results in [50]
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show that for n > 4, where n is the order of the approximated polynomial representing the
film configuration, the increase of n has a negligible influence on the curve y(x). However,
the derivatives of y are sensitive with respect to the number of terms in the polynomial.
Therefore, according to the results showed in [50] to avoid inaccuracy in applying the direct
approach on polynomials, values of higher than 6 for n is not recommended.
According to Eq. (4.27) calculating the traction-separation curves based on direct approach,
requires the fourth derivative of the film configurations during the peel tests. Beside all the
possible errors in experimental and digitization procedures, when the fourth derivative of the
configuration line is included in the calculations, providing error free results is clearly pretty
challenging. Therefore, the accuracy expectations from the final results of this method is
relatively low. So as long as the traction-separation curves of this approach can qualitatively
match that of the complementary energy approach and the verification step of surface energy
examining is valid based on Eqs (4.28) and (4.29), it can be claimed that the model produces
satisfying results.
As it was mentioned earlier 25 pictures were evaluated for each film and therefore 25
distributed adhesive force q graphs as a function of x-coordinate were obtained for each
polyethylene film by the direct approach. In Fig. 5.2 each line represents the average values
of all q vs. x graphs, corresponding each film.
As it was expected, the maximum distributed adhesive force values qmax were similar and in
a close range for the films with the same cling material, that means the first four samples
showed in Fig. 5.2.
Of course because of the different configuration of the samples during the peel tests, if we
consider they have similar traction-separation behavior, the corresponding x-coordinate at
the same separation values y of the samples would be different as explained in the following.
Figure 5.3 is extracted from Fig. 5.1. According to this figure, which is focused on the
configuration lines of the films in the delamination area, it is clearly visible that for a specific
amount of separation y, the corresponding value of x-coordinate increases as the films
get thicker, from 12/14 to 23/14 (for the films with the same cling material). The vertical
rectangles in Fig. 5.3 represent the variation in x-coordinate of each film corresponding to a
specific amount of separation or in other words y (for instance for y = 0.2), which occurred
during the peel tests.
As mentioned before, films 12/17 and 17/14 showed the highest and lowest x-coordinate
variation range respectively. The last film (20/17−CL2) is not considered in the comparison,
because its co-extruded cling material was different. Therefore, its behavior can not be
compared with the other films. Now by taking Fig. 5.3 into consideration and checking
Fig. 5.2, it can be claimed that beside getting similar qmax values, the length of the lines on
the x-axis increases in an expected sequence apart from film 12/17. Thus, as the films get
thicker the average distributed adhesive force gets longer with respect to x-axis. The results
of film 12/17 did show the similar traction-separation behavior as other samples with the
same cling material in some single evaluations, but as it was also visible in Fig. 5.1 this film
had a wide range of configuration variation. Therefore, many of the evaluated pictures didn’t
show the expected behavior, which leaded it’s corresponding average Traction-Separation
graph to be slightly different than the others.
If we omit the x-coordinate from the graph of Fig. 5.2 and represent the average distributed
adhesive force q vs. y-coordinates, the graph called traction-separation curve is achieved.
The average traction-separation curves which were identified by DA method are illustrated
in Fig. 5.4. In the films with 14% of cling material co-extrusion, the average qmax values
varied slightly from 0.2 mN to 0.3 mN. As mentioned earlier this modeling method requires
the forth derivative of the film configuration line which highly affects the tr-sp curves accuracy.
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Figure 5.2: Average distributed adhesive force q of each sample as a functions of x-
coordinate, identified by direct approach

Figure 5.3: Average distributed adhesive force q of each sample vs. y coordinates identified
by DA, which is known as traction–separation curves

However, the results are still in a good match with each other and showed pretty similar
behavior specially the curves from film 17/14 and 23/14. Apart from the physical reasons
which might have been affecting the configuration variations and therefore tr-sp curves on
film 12/17, digitizing both samples with 12µm thickness was a difficult procedure. Because
of their sharp curvature in the configurations, providing a perfectly fitting polynomial equation
to them was not the only challenge. In order to get such a sharp bending polynomial which
also matches the other circumstances, the polynomial coefficients were calculated in a
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Figure 5.4: Average distributed adhesive force q of each sample vs. y coordinates identified
by Direct Approach (DA), which is known as traction–separation curves

significantly higher range of value (not lower than three digits numbers) in comparison to the
other samples. Although the polynomials could match the vector lines with a high accuracy
but because of the high value coefficients they were more sensitive to derivations than the
polynomials fitting sample 17/14 and 23/14. Hence, that was considered as one of the
reasons why the tr-sp curves of samples 12/14 and 12/17 showed slightly different behavior
than the others.
Once more, it is not expected that sample 20/17− CL2 shows the same tr-sp behavior as
the others (because of its different cling material). But anyway this sample has also shown a
perfectly reasonable behavior.
Figure 5.5 represents box charts containing Maximum values of the distributed adhesive
force qmax, separation values in the equilibrium position yeq, and in the critical opening
displacement position y∗. As explained in section 4.1.1, the equilibrium and critical opening
displacement positions are the points in which the distributed adhesive force q is zero before
and after achieving to qmax point respectively. Clearly in the concept of exponential traction-
separation curves the traction values do not become zero after reaching the maximum value
as they behave like an exponential function. But here we took a point as a limit that if
the distributed adhesive force value goes lower than that limit it is considered as zero and
vanishes or in other word the critical opening displacement point.
Each of the diamonds illustrated in Fig. 5.5 is for representing the corresponding calculated
value to a film configuration picture. As it is shown, the boxes of qmax values for samples
with the same cling material (the firs four samples) are approximately in a similar range of
distribution which is a perfectly reasonable behavior. Except in sample 12/17 that had some
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Figure 5.5: Comparison of qmax, yeq, and y∗ values, obtained from 25 evaluated pictures per
sample, based on Direct Approach (DA)

qmax values significantly further from the median range. Such a separate results of some
pictures that are the reason of different tr-sp behavior in this sample. One of the interesting
information that can be taken out from this graph is by taking another look at Fig. 5.1 and
comparing the distribution range of qmax values with the film configuration variations. They
show a direct relationship, as the film configuration variations is wider, the qmax values are
distributed in a wider range too.
As it is illustrated in Fig. 5.5, values of yeq are quite similar. They even seem to behave
regardless of the change of cling material in samples. But of course it is not the case, since
yeq parameter deals with pretty small values in comparison to the others, variations of it are
also not so wide and visible as the others.
As the last parameter compared in Fig. 5.5, y∗ values for each sample, which also represent
the maximum separation, are not so distributed as qmax, but are not as dense as yeq either.
According to the box charts, again y∗ values for the samples of 12/14 to 12/17 showed
approximately the same range which was expected. Although, the variation range of sample
17/14 is slightly smaller than the others. It is believed that, this is also related to the
configuration distribution range from Fig. 5.1.
As mentioned earlier, according to different type of cling material co-extruded in sample
20/17− CL2 it can be clearly seen that, the calculated values for both qmax and y∗ are in a
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close range. But the variation range in these two parameters of this sample is not matching
that of the other samples, which was also expected and reasonable behavior.
The last step in a modelling procedure, which also reveals the model value, is the result
verification. That means to claim the functionality of theoretical model, the model results
should be in accordance with the experimental ones. This way, it can be checked that the
model works for actual experimental data or not.
Figure 5.6 illustrates two sets of box charts, showing differently calculated surface energy
values of each sample side by side. In order to verify the results obtained from direct
approach, these values were compared to each other. The black boxes represent the
surface energy values for linear-elastic films calculated by Kendall Equation of (4.29). This
equation uses the measured peel force values Fpeel to get the surface energy of each sample.
Therefore, the output values are related to the experimental data that includes five samples
per PE film type that were peeled by the tensile testing machine. Five measured Fpeel values
provided five surface energy per PE film type.
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Figure 5.6: Surface energy comparison obtained directly from measured peel force values
by Kendall equation of (4.29), and from the potential of maximum identified
distributed adhesive force Uqmax based on Eq. (4.28) to verify Direct Approach

The blue boxes in Fig. 5.6 represent surface energy values obtained from the maximum
value of the potential Uqmax identified by Direct Approach. The potential was calculated for
each evaluated film configuration picture by Eq. (4.26). By inserting the maximum value of
the potential in Eq. (4.28) the surface energy values were obtained this time from the model.
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Unlike the surface energy values showed by the black boxes these blue boxes contained 25
calculated values per each PE film type. Because 25 pictures were evaluated for each PE
film type.
Despite all the sensitivities and inaccuracy factors of the direct approach the final values of
surface energy calculated by both methods are in a good accordance. Apart from matching
values of surface energy in each PE film, these values are in a similar range for all the
films with the same cling material which was expected because of having the same surface
properties. Once again the distribution in the black box values is in a direct relation with the
film configuration variation, as the least and most distributed values belong to films 17/14
and 12/17 respectively. This relation is quite reasonable, because if the configuration of a
film during the peel test varies widely, it means the force which is required to separate the
layers Fpeel changes widely too. Additionally, the basic input for Kendall Equation of (4.29)
was Fpeel which transfers the changes to the surface energy values. But another fact in
this case is that, generally high fluctuations in measured Fpeel values can be the result of
non-homogeneous surface co-extrusions of cling material, which is believed to be the case
of film 12/17.
The horizontal line in middle of each box represents the median of all values in that box. The
median of calculated surface energies from both methods are also in a close range for each
PE film type. For instance, the identified values, which means the blue box, in film 23/14
showed higher distribution than its values of the back box, but the concentration of both
values (median) are pretty close to each other. Additionally, there is something that all films
have in common about the median line, that is, the median line in all blue boxes have slightly
lower value than that of the black boxes, which is considered as a result of inaccuracies of
DA identification method.
Film 20/17− CL2 is not being compared to the other ones. But since its corresponding
surface energy values obtained from both methods are in close range to each other too, it
can be realized that, in spite of all the mentioned drawbacks, the DA method worked properly
and provided reasonable results in the case of all these PE films.

5.1.3 Complementary Energy Approach

In this section the traction-separation curves from the complementary energy approach are
presented. Same as the results from DA, 25 pictures of film configurations per material
were evaluated based on this approach (CEA) and again each line in the following graphs
represents the average line of 25 evaluated tr-sp curves. As it was mentioned, the film
configurations as an input of DA and CEA models, were all defined by polynomial series with
the power of n = 5. According to Eqs (4.33) and (4.34) CEA method includes only the first
derivative of the film configuration y′(x) which makes this method less sensitive to slight
fluctuations of film configuration. Therefore, more accurate and stable results are expected
from this approach.
Figure 5.7 illustrates the average lines for the distributed adhesive force q of each PE film as
a function of x-coordinates. If we compare this graph with the same one from DA (Fig. 5.2),
we can see that the lines are qualitatively in the same sequence and range of values.
For instance, average qmax value for films with the same cling material (all films except
20/17− CL2) calculated by both methods of DA and CEA varies between 0.2 to 0.3 mN
approximately. However, in Fig. 5.7 the variation range of qmax among the same films is much
lower than that of in DA and satisfies the expectations better, which means CEA results are
more accurate. Moreover, this method is not as sensitive to the sharp bending configurations
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Figure 5.7: Average distributed adhesive force q of each PE film as a functions of x-
coordinate, identified by Complementary Energy Approach (CE)

of films 12/14 and 12/17 as DA. According to CEA results film 12/17 still shows slightly
different behavior though. Which again leads us to idea of having manufacturing fault of
in-homogeneity in the cling layer co-extrusion. Because both models have run multiple times
on each film configuration to be statistically reliable and have provided the expected results
for all films, except for film 12/17. This only concludes the existence of a physical problem
by this film.
Once more, the sequential x∗ values of the films are pretty reasonable considering the similar
separation values and their corresponding x-coordinate based on Fig. 5.3.
Although there was no other films with the same cling material as in film 20/17− CL2 to be
compared to each other, the results from both approaches can be taken into account. It can
be seen that, the curve corresponding to this film in Fig. 5.7 is also in a good accordance
with the same one calculated by DA.
The average traction-separation curves identified by CEA is illustrated in Fig. 5.8. The first
three films show a perfectly matching behavior as it is expected because of having the same
cling material. They have similar values in all factors of qmax, yeq and y∗. Since these factors
have such close values on average lines, their individual values and variation ranges must
be pretty close too.
The different behavior is still observable in case of film 12/17. In the individual curves of
some evaluated pictures of this film, similarity to the other curves were observed in both DA
and CEA. But the problem is the wide variation range of the results by this film and it was
decided from the beginning to keep all the results involved in the average line. Therefore,the
not matching curves can’t be omitted or otherwise the results cant be statistically reliable
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Figure 5.8: Average distributed adhesive force q of each sample vs. y coordinates iden-
tified by Complementary Energy Approach (CEA), which is known as trac-
tion–separation curves

anymore. Furthermore, The corresponding curves of the other three films (12/14, 17/14
and 23/14) are matching also in the average form and they don’t vary from one sample to
another that much.
The average tr-sp curve of film 20/17− CL2 in Fig. 5.8 has a similar behavior to the same
curve from DA, which is illustrated in Fig. 5.4. Although slight differences are visible between
them, their variation ranges of all the evaluated results were not so wide and different.
According to the values illustrated in Fig. 5.9 , the factors of qmax, yeq, and y∗ are compared
once more for CEA results. The first three films of 12/14, 17/14 and 23/14 have perfectly
matching values and range of variations in all factors and satisfied the expectations. The
less sensitivity of CEA method to the sharp bendings of the film 12/14 configuration made it
possible for the curves of this film to match the others, and provided the better results.
As explained earlier the tr-sp curves of film 12/17 show similar behavior to the others in
some individual configuration cases, this is also visible on Fig. 5.9. For instance, qmax values
are spread pretty widely from 0.1 to 0.6 mN approximately for film 12/17, while this factor
varies for the other three films from 0.15 to 0.35 mN approximately. This gives us the variation
range of qmax for film 12/17 more than two times higher than the others.
On Fig. 5.9 it can be seen that, some of these values are exactly in the range of matching
the others, but the majority and therefore the median line is much higher. More over, the
same situation is observable for y∗ too. The majority of the y∗ values are below the average
of the other films, which brings the median line lower than average of others and makes the
average distributed area of the force q significantly lower than the others for film 12/17.
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Figure 5.9: Comparison of qmax, yeq, and y∗ values, obtained from 25 evaluated pictures per
sample, based on Complementary Energy Approach (CE)

The calculated values for film 20/17−CL2 from CEA and DA which are presented in Figs 5.9
and 5.5 respectively, are also in a good accordance with each other. Despite seeing some
minor differences in distribution ranges of qmax and y∗ factors, their corresponding median
lines have very close values.
Now that tr-sp results are provided successfully based on CEA and they show satisfying
behavior, it is time to perform the last step of method validation. In addition to the fact that
CEA results could match that of the DA, their accuracy is checked by the comparison of peel
force values in Fig. 5.10. There are two sets of box charts illustrated in Fig 5.10, the black
ones represent the directly measured peel force values from the experiments of peel tests,
which were 5 values per film type, and the red ones that are the values calculated from the
identified distributed adhesive force q by CEA based on Eq. (4.36), which were 25 values per
film type (according to the 25 evaluated film configuration pictures of each film).
According to the illustrated box charts of Fig. 5.10 both of the measured and calculated
values of Fpeel are in a good accordance to each other. By taking a look at every peel force
value of each material individually which are illustrated in the red and black boxes it can be
seen that, all films show matching values and they have some areas of variation ranges in
common. However, we take the concentration of values (the median line) in to consideration.
The comparison of the median lines of black an red boxes for each film provides us with
the maximum and minimum amount of differences between them, which is approximately
3.5 and 0.5 mN respectively. These differences of the median lines might seem high in the
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Figure 5.10: Peel force comparison obtained from direct measurements and calculated from
the identified distributed force q based on Eqs (4.35) and more specifically (4.36)

graph but in reality they are super small values which can be neglected and considered as
some minor errors in calculations or experiments.
Much like the values illustrated in Fig. 5.6, the least and the most dispersed Fpeel values
here also belong to film 17/14 and 12/17 respectively. This again confirms the idea of
existence of manufacturing faults in film 12/17. The wider configuration varies, the higher
Fpeel dispersion will be. However, the positive thing is that despite this dispersion in the
values, the black and red boxes still match each other in all films.
In the case of film 20/17− CL2 the calculated values of Fpeel show wide dispersion in com-
parison to that of the measured values. Although, the median line of both boxes have pretty
close values and are in quiet good accordance. Such a harmony between the experimental
and calculated results of this film reminds us that, despite not having another film with the
same cling material as this film to compare the result with, both out come of DA and CEA
model are correct and validated.
According to this graph it can be concluded that the validation step for CEA is done perfectly.
This means the tr-sp curves corresponding to all films are provided correctly.
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5.1.4 Exponential Approach

In this section the tr-sp curve generated by the Exponential Approach (explained in sec-
tion 4.2.3) is presented. The idea behind all these approaches which is going in reverse
path and generating the tr-sp curves of self-adhesive PE films based on their configurations
durign the T-peel tests is tested and verified for 125 configuration pictures by each of CEA
and DA approaches. Therefore, it was unnecessary to apply the time consuming procedure
of evaluating this many configuration pictures by Exponential Approach too. Hence, in the
EA approach the strategy of the calculations and validation is different than that of the others.
In this model only one configuration picture from film 23/14 was chosen randomly, then
evaluated and its final result of tr-sp curve was compared with the equivalent one from CEA
for validation.
As explained in section 4.2.3, in order to apply EA approach on the film configurations,
their formerly extracted Cartesian-coordinates or the approximated polynomial series can
not be used directly. Instead, the input data to the calculations in this approach, should
be the angles extracted from the Cartesian-coordinates ready to provide the exponential
approximations and the angle that could define the film position in each point is angel ϕ.
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Figure 5.11: Digitized form of the film centerline configuration represented as functions of
x(y) and cos ϕ(y) identified from digital images, related to film 23/14

Since the intended final result is the tr-sp curve and separation is defined as the y-coordinate,
the x-coordinate was omitted and all the further calculations are related to y directly. To this
end, the y-coordinates of digitized film configuration was used to provide its corresponding
cos ϕ, according to Eq. (4.52).
Figure. 5.11 illustrates the digitized data of film configurations in the form of x-coordinates
and its corresponding cos ϕ (calculated from Eq. (4.52)) as a function of y by the pink and
blue line respectively.
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centerline, and its corresponding approximated lines by Eqs 4.47 and 4.49

This graph illustrates the coordinates for the whole film deformation. The adhesive interac-
tions take place only in the delamination area. Therefore, it is not necessary to consider
mathematically defining the whole deformed shape of the film. Hence, to provide the data
regarding the area of interest for this study, as an input to the calculations, we need to zoom
in to the area that 0 mm < y < 0.04 mm and define the configuration of that area properly.
Figure 5.12 illustrates the approximations according to the closed-form analytical solu-
tion (4.47) for the beam part without the interaction forces, where Λ is assumed to be
Λ2 � Λ < 1. By defining the boundary values for a part of the beam which is out of
the zone of interaction, and with the normalized peel force F̃peel = 3.23 and by setting
y0 = 2.6 mm, Λ0 = 0.03 the closed-form solution (4.47) agrees well with the experimental
data (provided from centerline digitization by B-spline) for the right part of the beam having
the opening within the range 1.6 mm < y < 2.6 mm.
For the same closed-form solution (4.47) and the same peel force value if we set the
boundary values this time as y0 = 0.02 mm, Λ0 = 0.98 the solution meets well the exper-
imental data for the right edge of the beam as well as for the openings within the range
0.02 mm < y < 0.04 mm, as it is illustrated in Fig. 5.13. Zooming into the zone of interaction
(beginning of the delamination area) as shown in Fig. 5.13 provides us with the details of
the approximated lines toward the experimental data. Plots of the exponential approximation
based on Eq. (4.49) with the same peel force as the previous two approximated lines, and
considering the coefficient A = 1.013 are also presented in both Figs 5.12 and 5.13. Equa-
tion (4.49) approximates the cross section rotation only for a part of the beam as a single-term
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exponential. According to Fig. 5.12 it is observable that the exponential approximation almost
coincides with the closed-form solution for y0 = 0.02 mm and W0 = 0.98. It should be noted
that both the closed form solution and the single-term approximation are able to describe
the function cos ϕ for a clamped cantilever beam which are without adhesive interaction.
However, these approximations do not agree with experimental data for the left part of the
beam as shown in Fig. 5.13, which is the tended area of approximation. Therefore, the
approximation accuracy is increased by applying the two-terms exponential sum of Eq. (4.50),
and the boundary conditions for the left edge of the beam are successfully satisfied. With
β = 127 the function Λ = cos ϕ for a wide range of openings y is well approximated, the
purple line in Fig. 5.13.
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Figure 5.13: Experimental data as the function cos ϕ(y) identified from digital images of

centerline in a close look visualizing the delamination are, and the approximated
matching lines by Eqs 4.49 and 4.50

Now that the approximation based on Eqs (4.50) and (4.49) are done, it is time to insert
them in EA model to see the tr-sp results. Figure 5.14 illustrates the results of identification
applying the single-term and two-term exponential approximations. As expected, the single
term approximation (4.49) leads to the negligible interaction forces for the whole beam
and doesn’t cover the interacting that are same as it didn’t approximate the shape either.
It matches the ending part of tr-sp curve though. In contrast the two-term exponential
approximation of Eq. (4.50) provides the physically correct distribution of q vs. y or in other
terms traction-separation curve which is of course in an exponential form too.
By going into the details of the results shown in Fig. 5.14, it can be seen that, both the
maximum force qmax/B = 72 1/mm3 (which is the normalized value divided by bending
stiffness) and the critical opening y∗ ≈ 0.075 mm are identified by the purple line. The tr-sp
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Figure 5.14: Interaction distributed forces q vs opening y evaluated different approaches

curve of the same configuration calculated by CEA is also provided with pink dashed line in
this graph for comparison purpose. As explained before, in this method the distributed force q
was approximated by the power series with respect to the x-coordinate and the coefficients in
the series were computed from the complementary energy variational functional by the Ritz
method. Considering that the tr-sp curves are calculated from different type of mathematical
equations (one is polynomial and one exponential), they exhibit a pretty cloth match for all
three parameters of the maximum force qmax, equilibrium yeq and the critical opening y∗. The
existence of the maximum value of the adhesive force qmax in such distance of separation
value y achieved by both methods, indicates that self-adhesive polymeric films act by a
relatively long range interaction forces. Long-range force interactions were also identified in
[50, 146] for similar cling materials which is explained in detail by the next section.
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5.2 Non-Local Modeling

In order to provide the non-local model for the notified long-range interactions which are
present in adhesion system of our study, the principles of "bond-based" peridynamic theory
were taken into account. As it was briefly explained in section 2.2.1, the original form of this
theory was first presented by Silling [73] in 2000, the details of its basic theory was published
az a book by Madenci, et al., [74] in 2013, and recently the related techniques to model
materials were brought in a book by Bobaru et al., [63] which had Silling as a member of its
editing group as well.
The suggested procedures in the "bond-based" peridynamic theory is to consider two
separate and arbitrary points, each in a small element as part of a continuous body and
assume there is a force denoted from one to the other point, called a pairwise bond force
density. An integration on this force density, along the material length in our case, gives the
force vector. However, the intention here is only the vertical components of the force vector
to achieve the traction-separation curve of the film.

F

F

F

s

s̃

P

P

Q̃

Q̃

rrr(s)
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Figure 5.15: Schematics of deformed configuration of flexible films in a T-peel test, showing
the coordinates and position vectors of points P and Q̃
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The value of force density is supposed to be determined based on relations with the material
properties. In this regards, general interatomic potentials of Morse [37] is taken into account
to be the force density potential. To calculate the unknown parameters defining the material
properties in this equation, the identified potential results from the previous section (comple-
mentary energy approach result) are used. By applying the least square method for these
two potentials, the unknown parameters are identified and can be inserted in force density
equation. The detaiels of this approach is provided in the followings.

Figure 5.16: Free body diagram for an arbitrary part of the film within the delamination area
illustrating non-local force density and its vertical projection as q(s)

Until this point of this study, it is indicated that the interaction forces between the adhesive
layer of polymer films are of long-range and acting outside the contact zone. To this end,
the modeling can be initiated by defining the film configuration. According to the schematics
shown in Fig. 5.15, in order to define the film shape, s is the coordinate parameter and rrr(s)
the position vector of an arbitrary point P on the top film. As the same way, the coordinate
and the position vector of a arbitrary point Q̃ on the bottom film is specified by s̃ and r̃rr(s̃),
respectively. The vector connecting the points P and Q̃ is specified by r̂rr(s̃, s) = r̃rr(s̃)− rrr(s).
Figure 5.16 illustrates free-body diagram for a part of the film defined by the coordinate s
in a range s1 ≤ s ≤ s2. The force vector acting on the point P from an element ds̃ in the
neighborhood of the point Q̃ is specified by fff (s̃, s)ds̃. By analogy to peridynamics [63], the
vector fff can be termed as the mentioned bond force density.
The resultant force vector acting on the point P can be computed as follows

fff R(s) =

l�

0

fff (s̃, s)ds̃ (5.1)

Considering Eq. (5.1), the vertical projection q(s) = − fff R(s) ··· eeey is shown in Fig. 5.16. We
assume that the force density potential U f exists such that the force density is defined as
follows
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fff =
∂U f

∂r̂rr
=

dU f

dr
r̂rr
r

, r = |r̂rr| (5.2)

For the force potential the following exponential expression is assumed

U f (r) = −a exp
(
− r

ra

)
+ b exp

(
− r

rb

)
, (5.3)

where a, b, ra and rb are material parameters. Which can be calculated by applying the least
square method on the identified equivalent force potential of the same configuration, using
the complementary energy approach provided in the former section. Leading us the following
values of the parameters.

ra = 0.018mm, rb = 6.84 · 10−3mm, a/B = 101.84mm−3, b/B = 116.56mm−3
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Figure 5.17: Force potential vs x-coordinate curves identified from experimental data based
on former approach and non-local approximation

Figure 5.17 illustrates the matching values of the force potential from CEA and its equivalent
value from non-local approximations, using the identified material parameters. The potential
values show perfectly similar behavior to one another as expected.
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With the force potential Eq. (5.3) the force density Eq. (5.2) is defined as follows

fff (r) =
[

a
ra

exp
(
− r

ra

)
− b

rb
exp

(
− r

rb

)]
r̂rr
r

(5.4)

Indeed, from Eq. (5.1) we obtain

q(s) = −
l�

0

[
a
ra

exp
(
− r

ra

)
− b

rb
exp

(
− r

rb

)]
ỹ(s̃) + y(s)

r
ds̃ (5.5)

By changing the integration variable to y, Eq. (5.5) can be rewritten as follows

q(y) = −
ymax�

0

[
a
ra

exp
(
− r

ra

)
− b

rb
exp

(
− r

rb

)]
ỹ + y

r sin ϕ(ỹ)
dỹ, (5.6)

r(y, ỹ) =
√

x(y)− x(ỹ)2 + (y + ỹ)2
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Figure 5.18: Traction-separation curves identified from experimental data based on former
approach and non-local approximation
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For the function q(y) which is obtained from experimental data of the film configurations
with Eq. (4.53) and approximation Eq. (4.50) as well as the deformed line x(y), Eq. (5.6)
is applied to match the values of material parameters in the non-local model. Figure 5.18
illustrates the results with the calculated material parameters.
As it is observable from Fig. 5.18 and 5.17, both values of force potential and traction-
separation curve obtained by non-local model, behaved in a perfect accordance to their
equivalent values of the same configuration from former approach.
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6.1 Summary

This thesis documents a novel idea to model the delamination of thin and flexible self-
adhesive polyethylene films. The uniqueness of the idea behind this research, lies beneath
going from a reverse path to solve the problem. In this study reverse means not following
the usual path like using a CZM and FEM, for instance, to simulate the delamination path
and configuration, but instead using the delamination configuration and trying to identify the
matching traction-separation curve to the experiments.
To this end, experiments were done in the format of T-peel test, since this test is considered
to be the most suitable test for flexible thin film adhered to one another like our choice of
material for this study. As it can be realized from the naming, T-peel test is a test that peels
two layers of material by vertically mounted clamps and if the testing specimen is provided
from two layers of identical material it provides a symmetrical T shape. In this study, 5
types of differently manufactured polyethylene foils were tested and evaluated. The details
about the individual properties of each foil is provided in Table 3.1, they were transparent,
flexible, thin in µm scale for the thickness and because of coextrusion technology, possessing
self-adhesive ability. The test specimens were provided from these films based on ASTM
1876 standard of T-peel tests. This standard contains the specimen size, procedures to
make them and the T-peel test adjustments. The peel test was performed by a tensile testing
machine made in Zwick-Roell company. For the purpose of providing statistically reliable
experimental results, the T-peel test was repeated 5 times for each material which means 5
specimens were testes per material that comes to 25 specimens tested overall.
The usual output of such tests is the peel force measured by the load-cell attached to the
upper clamp of the tensile machine which is used to calculate the work of adhesion. The
measured peel force alone is not the only interest of this research since it is only the resultant
value of the more important distributed forces between the films. The evaluation of these
non-local forces directly from the peel test results is more challenging and , was the aim of
this work. Hence, the important output of the tests which is also the input of the modeling
procedure, would be configuration of the films during the peel test in the delamination zone.
In order to provide this configurations a microscopic camera was installed perpendicularly
to the transverse view of the films to record the whole peel test. By extracting the captured
frames of the camera the intended configurations could be achieved in the form of pictures
which are pixel based and what we needed was to convert them all to a smooth vector line
only. In simpler words, these configurations were useful in case they were digitized and
their mathematical information as the Cartesian-coordinates or the angles, defining the line
orientation could be extracted. This need, leads us to process the images of peel tests. To
this end, the extracted frames were inserted into a graphical software named CorelDRAW,
by the help of B-spline drawing technique in this software, the vector line equivalent to the
film configuration was provided. Once again to follow the statistical reliability of the results
in modeling, 5 picture frames from each test video was chosen randomly to extract the
vector image, now by considering that there was 5 times testing per material, and 5 different
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materials, bring us to 125 pictures needing be processed overall. Now vector image itself
doesn’t have any mathematical data of our interest such as coordinates of the configuration.
Therefore, the processing needs to go to the next step: vector images are imported into to
Rhino software that has the ability to rebuild the configuration line with an actual B-spline
curve and extract the required mathematical info to draw such a curve. Operating directly on
a B-spline is a challenging and time consuming procedure, and all that was needed in this
stage was Cartesian-coordinates corresponding to the film configurations. Hence, with using
an algorithm in Matlab the Cartesian-coordinates of B-splines equivalent to film configuration
were extracted. After testing plenty of softwares and methods of digitizing we found this
procedure the most accurate to provide the digitized mathematical data presenting the film
configurations. From this stage forward, this study entered the modeling stage.
Coordinate data are the input of identification step, however they were not inserted into
the models directly. Three different approaches were introduced in this study, two of them
operated on the polynomial equations fitted to the coordinates and the last one used the
angles defining the configuration based the coordinates. Although, all these approaches
followed the same goal and main idea. Therefore, they all shared the stages of basic
kinematic characterization, free body diagram to define the governing equations parameters,
and the constitutive equations. From these stages forward, each of the approaches went in
different directions which is explained individually in the following.

• Direct Approach (DA) used the energy integral and the effective work of adhesion
principles based on the defined constitutive equations. It started with defining a
potential energy for the distributed force which is taken as the traction. Then it went
forward by introducing the conservation law for the non-linear beam theory containing
the strain energy density, force potential, bending moment, and the normal force. Since
the strain energy density was only dependent on the local stretch, in the case of this
study, and by an analogy to the J-integral in fracture mechanics, the relations between
peel force and adhesion energy was derived. Which used later as a validation step by
comparing the measured and calculated surface energy. As it is also clear from the
naming this approach used the film configuration data defined as polynomial equation
directly. Based on assumptions made specifically for the choice of material and defining
some boundary conditions the constitutive equations were rewritten as a function of film
configuration fitting polynomial. By the insertion of the polynomial in to these equations
the intended force distributions were achieve. However, at the end the calculations
had to go through four time derivations of the polynomial which leaded to some minor
instabilities in the final results. Apart from this, the results achieved by this approach
were qualitatively in a satisfying level.

• Complementary Energy Approach (CEA) introduced the complementary energy
by the Legendre transformations to the strain energy density equation. By doing
so, it provided a new form for the constitutive relations causing of which, containing
complementary energy parameter in definition of the local stretch and curvature. The
first variation of the complementary energy while applying integration over two arbitrary
points defining the film configuration, resulted in the complementary energy type
variational equation. Once again, the boundary conditions and assumption suitable to
this study were applied to the calculations and the relations parameters were replaced
to be as a function of film configuration polynomial based on the initial equilibrium
conditions. In order to define three parameters of the bending moment, and the
adhesive force distribution (traction) polynomial series were assumed according to
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Ritz method. The so called polynomial series contained an unknown coefficient which
could be determined by a linear algebraic equation on the transformed form of the
formerly defined variational equation. But this time, the calculations only contained
the first derivation of the polynomial, therefore, providing more accurate results. The
accuracy of this method was estimated by the comparison between two peel force
values, one being determined by an integration over the calculated adhesive force
distribution, and the other being measured by the tensile testing machine. The final
results of the traction-separation curves and the accuracy estimations were all done
successfully. The outcome of this method showed more accuracy than that of DA, and
because of containing only one derivation of the configuration polynomial, it was less
sensitive to the minor polynomial fitting errors.

• Exponential Approach (EA) was the third applied option to obtain the traction-
separation curve. This method was tried because both of the former methods, although
working properly, had to pass a polynomial fitting procedures to the experimental data
defining the film configuration. Going through such procedure increased the chance of
accuracy reduction, simply by not providing the perfectly fitting equation to the actual
experimental data. Which means, if the input data of the calculations is not accurate
then the final result couldn’t be perfectly accurate either. To prevent such problem
from happening, the film configuration center line was defined by the angle between
the tangent to the deformed line and the x-axis. Meaning, each of the Cartesian-
coordinates defining the center line of the film were positioned in a specific angle
toward the previous coordinate, the angles between these points leaded to the idea
of an exponential approximation defining the film shape. In this regard, the boundary
conditions of film configurations and the free body diagram illustrating the applied forces
and moment resulted in two exponential approximations, which the first contained one
constant and the second two constants needing to be calculated. Both approximations
were able to match the experimental data partially, which was not a problem since the
whole configurations was not necessary for the further calculations. However, the one
with the two constant could match the correct and intended part of the film perfectly.
The important issue was that they were a function of y-coordinate, or in other words
the separations. It means, they could directly provide the traction as a function of
separation with out any other variable in between such as the x-coordinate. In order
to insert the approximations in the constitutions equations and further calculations,
some transformations were done to make them adaptive with the inserted coordinate
type. This approach resulted in a perfectly matching deformed line approximations for
the intended area and providing a reliable and accurate result. The validation of this
approach was performed by the comparison of equivalent traction-separation curve
obtained from CEA, which showed a good accordance toward one another.

By this stage of the study, that the idea of going in a reverse path and providing the tr-sp
curves of a sample using its configurations by mentioned former methods worked properly,
the non-local modeling procedures were started. Since the interaction between the adhesive
surfaces of the films were from Van der Waals type, they were considered to be as non-local
interactions. One of the suggested methods to model non-local interactions which was
discovered in the recent decades were peridynamic theory. This theory has developed
until the present time and is consists of different directions fitting different material types or
usages. By analogy to the "bond-based" peridynamic theory the bond force density vector
was defined in section 5.2, which is the resultant force vector acting on an arbitrary point
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on one layer from another arbitrary point on the other layer. The vertical projection of this
bond force density along the film length provided us with the traction as a function of film
shape coordinate parameter. Hence, by a change of parameter to separation the intended
traction-separation could be computed if the force density equation was available. However,
by taking the general interatomic potential of Morse, the force potential is assumed to be as
an exponential function of material and configuration coordinate parameters. The material
parameters were calculated by performing the least square procedure over the force potential
equation and its equivalent calculated potential by the identification approaches. By having
the force potential and the material parameters at hand, eventually the force density as well
as vertical force distribution (tr-sp curve) were calculated. This curve was compared to its
equivalent value from CEA to check the result accuracy and they matched perfectly.

6.2 Outlook

Future studies can be performed to take this study to some next levels from different aspects
such as experimentally, mathematically and modeling.

• To experimentally improve this study, one may go in different directions. For instance,
taking use of more advanced test devices (including the test machine or more sensitive
load-cell), camera, or even test setup and environment. The reason that we used
the existing test equipment or an ordinary microscopic camera for experiments, was
to fit into the available project budget, and make sure if the idea of the study works
before investing on high pricing devices. Now that the study reached up to this level
of improvement, it is safe to say that the experiments could be done on a better level
of accuracy. The test environment as well as the sample preparation environment
could change to an highly equipped clean room to decrease the chance of any external
particle or moist existence and provide an ideal like adhesion in the specimens and test
procedure. An upgrade for the tensile testing machine can be applied to act smoother
or provided with movable grips in both up and down direction in a symmetric situation
to keep the delamination area constant and not moving, or otherwise, a movable arm
attached to the machine clamp for the camera, to keep the view in a constant and
direct position. The camera itself can be replaced by a higher resolution and shutter
speed or even change to a digital image correlation system. The lightning or any other
aspect can be adjusted to provide a more accurate film configuration. Even the peel
test method can be changed to the other available ones although, different test requires
different calculations.

• Mathematical improvements are partially related to the output data accuracy of the
tests, so if the peel test results (i.e. images quality) gets better, it automatically helps
the mathematical procedures. However, apart from the experimental results effect,
any procedure that can help to improve defining the film configuration mathematically
is recommended to be checked. Three different methods (numerical, polynomial,
exponential) are applied until now, there are still plenty available. For instance, NURBS
were only used to provide the numerical data here, but it is applicable on the whole
identification and modeling steps, although can be complicated and time consuming.

• Regarding the modeling step, future studies can go further with the non-local formula-
tions of the traction-separation law, describing the adhesive force interactions. Since,
with a developed traction-separation law and the help of finite element method, the
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peeling process can be simulated. The recently discussed examples, regarding the
peridynamics modeling of layered systems, in [147] might be a helpful source in this
procedure.

6.3 Conclusions

Traction-separation behavior identification in the layered systems, is considered as one of the
important steps to analyze the adhesive performance in contact with tensions of the real life.
To this end, a traction-separation law which is specific for the material of interest, identified
from experimental data seems to be essential.
Based on the successful performance of the identification methods of DA, CEA, and EA
and their final results, we can claim that the idea behind this study served the purpose
properly, since each approach was validated individually and the procedures were repeated
for statistical assurance. Although each approach faced specific challenges regarding its
unique feature, each challenge directed the path to satisfying results. Now base on the
achievements of this study, it can be concluded that:
two main conclusions can be made:

• The idea of going on a reverse path to provide the traction-separation curves, specific
to the test material, worked properly under some conditions, such as the accurate
approximation of the deformed peel-arm centerline. In order to do so, the function
approximation the film configuration must be differentiable smoothly and as long as
it satisfies kinematic and static boundary conditions as well as equilibrium conditions
both for the forces and moments, useful results could be generated.

• Within the identified traction-separation curves of all the investigated approaches it is
clearly showed that distributed force continues to outside of the contact zone. This
indicates and supports the idea of non-local adhesive force interaction existence be-
tween the adhered layers of the film. Therefore, the non-local modeling was performed
correctly and can be continued as further studies.
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