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Abstract

The paper continues the authors’ work (Freise et al. The adaptive Wynn-algorithm in
generalized linear models with univariate response. arXiv:1907.02708, 2019) on the
adaptive Wynn algorithm in a nonlinear regression model. In the present paper the
asymptotics of adaptive least squares estimators under the adaptive Wynn algorithm
is studied. Strong consistency and asymptotic normality are derived for two classes
of nonlinear models: firstly, for the class of models satisfying a condition of ‘satu-
rated identifiability’, which was introduced by Pronzato (Metrika 71:219-238, 2010);
secondly, a class of generalized linear models. Further essential assumptions are com-
pactness of the experimental region and of the parameter space together with some
natural continuity assumptions. For asymptotic normality some further smoothness
assumptions and asymptotic homoscedasticity of random errors are needed and the
true parameter point is required to be an interior point of the parameter space.
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1 Introduction

The classical algorithm of Wynn (1970) for D-optimal design in linear regression
models has motivated a particular scheme for sequential adaptive design in nonlinear
regression models, see Freise (2016), Pronzato (2010) and Freise et al. (2019). We
refer to this scheme as ‘the adaptive Wynn algorithm’. In a previous paper (Freise
et al. 2019) of the authors the asymptotics of the sequences of designs and maximum
likelihood estimators under the adaptive Wynn algorithm was studied, for the important
class of generalized linear models with univariate response. In the present paper the
asymptotics of least squares estimators (LSEs) under the adaptive Wynn algorithm is
studied, firstly, for the class of nonlinear models satisfying a condition of ‘saturated
identifiability” and, secondly, for a class of generalized linear models. As a main result,
strong consistency of the adaptive LSEs is shown and, as a consequence, the asymptotic
D-optimality of the generated design sequence is obtained (almost surely). Here ‘D-
optimality’ means local D-optimality at the true parameter point. Moreover, asymptotic
normality of the adaptive LSEs is obtained, where the asymptotic covariance matrix is
given by the inverse of the locally D-optimal information matrix at the true parameter
point. This shows in particular, that compared to the nonadaptive LSEs under any
fixed design the adaptive LSEs from the adaptive Wynn algorithm are asymptotically
more efficient in the sense of a smaller determinant of the asymptotic covariance
matrix, unless of course, a fixed design is used which is locally D-optimal at the true
parameter point. However, the true parameter point is unknown, thus preventing the
use of that design. In contrast to the classical concept of a fixed design, the sequential
adaptive method provided by the adaptive Wynn algorithm is not affected by the
unknown parameter point: asymptotically the true parameter point can be identified and
the adaptive designs become D-optimal. Note that other, more practically motivated
adaptive procedures for design and estimation restrict to a finite number of adaptation
stages, e.g. only two stages as in Dette et al. (2013) and Lane et al. (2014). Those
papers addressed problems on asymptotic efficiency of adaptive maximum likelihood
estimators for particular two-stage adaptive procedures, when the sample sizes of the
stages go to infinity. However, the present paper is exclusively concerned with the
adaptive Wynn algorithm which is an infinite-stage adaptive procedure.

Next we give an outline of our framework and the adaptive Wynn algorithm. Sup-
pose a nonlinear regression model with a real valued mean response p(x, 6), x € X,
0 € ©, where X and ©@ are the experimental region and the parameter space, respec-
tively. Suppose that a family of R”-valued functions fy, 6 € @, defined on X has
been identified such that the p x p matrix fj(x) foT (x) is the elementary information
matrix of x € X at§ € @. Note that a vector a € R? is written as a column vector
and a” denotes its transposed which is thus a p-dimensional row vector. A design £ is
a probability measure on X with finite support. That is, £ is described by its support,
denoted by supp(&), which is a nonempty finite subset of X', and by its weights & (x)
for x € supp(§) which are positive real numbers with ), esupp(®) E(x) = 1. The
information matrix of a design & at 0 € @ is defined by

ME0) = Y W) falx) f (0, (1.1)

xesupp(§)
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which is a nonnegative definite p x p matrix.

In applications the family fy, 8 € ®, will be related to the mean response p(x, 9),
x € X,60 € ©. Usually, ® € R” and fy(x) is given by the gradient of w(x, 6)
w.r.t. 6 for each fixed x, or by a scalar multiple of that gradient where the scalar
factor is a function of 8 and x, cf. Atkinson et al. (2014), Lemma 1. For particular
classes of models described below, consistency of the adaptive LSEs will be achieved
without any relation between the family fy, 6 € ©, and the mean response u(x, 9),
x € X, 0 € ©, whereas asymptotic normality of the adaptive LSEs will require the
gradient relation with scalar factor equal to 1. Throughout we assume the following
basic conditions (B1)—(B4).

(B1) The experimental region X is a compact metric space.

(B2) The parameter space ® is a compact metric space.

(B3) The real-valued mean response function (x, 0) +— w(x, ), defined on the
Cartesian product space X x @, is continuous.

(B4) The family fy, 8 € ®, of R”-valued functions on A’ satisfies:

(i) for each 6 € ©® the image fp(X’) spans R?;

(ii) the function (x, ) — fp(x) is continuous on X x ®.

By N and Ny we denote the set of all positive integers and all nonnegative integers,
respectively. By 4, for any x € X we denote the one-point probability distribution
on X concentrated at the point x. The adaptive Wynn algorithm collects iteratively
design points x; € X, i € N, while adaptively estimating 0 on the basis of the current
design points and observed (real valued) responses at those points. In greater detail
the algorithm reads as follows.

Adaptive Wynn algorithm

(0) Initialization

A positive integer ng € N and design points xp, ..., x,, € X are chosen such that the
starting design &, = anl Z:’;‘l 8y, has positive definite information matrices, i.e., for
all & € ® the information matrix M (§,,, 0) is positive definite. Observed responses
Y1, ..., Yny € Rat the design points xi, ..., x,, are taken, and an initial parameter

estimate 6,, € @ is calculated,

Ong = Ong (X1, Y15 -+, Xng» Yny) € O.
(1) Iteration
Atstage n > ng the current data is given by the points x1, ..., x, € X which form the
design &, = % Z?:l 8y, , and by the observed responses y1, ..., y, € Ratxy, ..., x,,
respectively, along with a parameter estimate 6,, € ©,
On = Op(X1, Y1, ..., X, yn) € O. (1.2)
The iteration rule is given by

Ko = arg max fy () M~ 0n) fo, (¥). (1.3)
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Anobservation y,4+1 € Rofthe response at x,,1 is taken and a new parameter estimate
0,41 based on the augmented data is computed,

Ont1 = One1 (X1, Y1y -+ s Xny Yo Xng1s Y1) € O.

Replace n by n + 1 and repeat the iteration step (i). O

Of course, Eq. (1.3) requires the information matrix M (&,, 6,) to be positive definite
at each stage n > ng. In fact, this is ensured by the choice of the initial design &,
since, obviously, the sequence of designs &,, n > ng satisfies

n 1

§n+1 = n+l§n + n_i_l‘sxnﬂ’ (1.4)

MEny1,0) = H”?M(sn,e) +

1
= foGa) fi Garn), 0 €0,(15)

from which one concludes by induction that M (&, 9) is positive definite for alln > ng
and all & € ®. The existence of an initial design &, as required will be shown in Sec-
tion 2, Lemma 1. However, we have no general method or algorithm for constructing
an initial design according to ‘step (o)’ of the algorithm. For some important classes
of models there exists a saturated initial design (i.e., ngy = p) which can easily be
constructed, see Remark 1 in Sect. 2.

The algorithm uses, in particular, an observed response y; at each current design
point x;. So the generated sequence of design points, x;, i € N, and the corresponding
sequence of designs &, n > ng, are random sequences with a particular dependence
structure caused by Egs. (1.2) and (1.3). An appropriate stochastic model will be stated
in Sect. 3 which was used in Freise et al. (2019) and goes back to Lai and Wei (1982),
Lai (1994), and Chen et al. (1999). In particular, the generated sequence x;, i € N,
and the observed responses y;, are viewed as values of random variables X;, i € N,
and Y;, i € N, respectively, following a stochastic model which we call an ‘adaptive
regression model’. Our formulation of the adaptive Wynn algorithm is a description
of the paths of the stochastic process (X;, Y;),i € N.

The estimators 5,,, n > ng, employed by the algorithm to produce the estimates 6,
n > ng, in (1.2), may be any estimators of 6 such that their values are in ® and é\n is
a function of the data x1, yy, ..., x,, y, available at stage n. Such estimators will be
called adaptive estimators. Later, strong consistency of @,, n > ng, will be required.
'é*(”LS)

In Sect. 3 we focus on adaptive LSEs ,1.e.,

n

. 2

é}LLS)(xhyl,---axnvyn) = argggg E {yi —H(xz',@)} .
i=1

Note that when dealing with the adaptive LSEs we will not necessarily assume that the
estimators 6y, n > ng, employed by the algorithm are given by the LSEs. Below two
alternative conditions on the nonlinear model will be introduced. Either condition will
ensure strong consistency of the LSEs, irrespective which adaptive estimators @; are
used in the algorithm. One condition is that of ‘saturated identifiability’ (SI), which
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was introduced and employed by Pronzato (2010) in the case of a finite experimental
region X

(SD Ifzy, ..., zp € X are pairwise distinct design points then the R”-valued function
on ® givenby 6 — (u(z1,0), ..., u(zp, 9))T is an injection, i.e., if 0,0’ € ® and
w(zj,0) =pu(z;,0),1<j<p,thend =6

Recall that p is the dimension of the functions fy. As mentioned above, in many
applications one has ® C R? and fy(x) is given by the gradient of 1 (x, ) w.r.t. 6 for
all x € &. So, in these cases, p also coincides with the dimension of the parameter
vector 6.

The other (alternative) condition states that the model is essentially a generalized
linear model. We call this condition (GLM*) where the ‘star’ is to distinguish it from
a similar ‘condition (GLM)’ employed in Freise et al. (2019) which addressed only to
the family fp ignoring the mean response function u.

(GLM*) ® C R?”, u(x,0) = G(fT(x)Q),and fo(x) =¥ (x,0) f(x)forall (x,0) €
XxO,where f : XY — RPandy : X x® —> (0, 00) are continuous functions,
G : I — Ris a differentiable function on an open interval / € R with continuous
and positive derivative, G'(u) > 0 for all u € I, and I covers the values f7 (x) @ for
all (x,0) e X x ©.

Note that G is called the inverse link function. If the functions fy are assumed to be
the gradients (w. r. t. ) of u then the form of u assumed in (GLM™*) already implies
fo(x) = ¥ (x,0) f(x) with ¢ (x,0) = G/(fT(x)Q) forall (x,0) € X x ©.

Example 1 (cf. Pronzato 2010, Examples 2 and 3; Hu (1998), Examples 2 and 3) Let
p=2,60C(0, oo)z, X C (0, 00), and consider two regression models,

0
(@) p(x.0) = 92% (b) p(x,0) = 0 exp(—bx),

where 0 = (01, 62)T. Models (a) and (b) are called the ‘Michaelis-Menten model’ and
the ‘exponential decay model’, respectively. Both models (a) and (b) satisfy condition
(SI) which can be seen as follows. Consider model (a). Let z1,z2 € X with z; < 23
and 0 = (01,62)7,0" = (8],0))T € O suchthat01z;/(0> +z;) = 0]z;/ (0} +z,) for
j =1,2.Then
O Oh+zi O+
6 O+z O+

(1.6)

Since 8/9t {(6, + 1)/(05 + 1)} = () — 62) /(5 + 1) for t € (0, 00), the function
t+— (6 +1)/(6;5 + 1) on (0, co) is either increasing (if 6, < 6;) or decreasing (if
6, > 63) or constant (if 6, = 65). So, by z1 < z» and (1.6), one gets 6, = 6] and,
again by (1.6), 61 = 61, hence & = 6’. So (SI) holds for model (a). Consider model
(b). Let z1,z0 € X withz; < zpand 6 = (61,60)7,6" = (9],05)" € © such that
61 exp(—62z) = 0] exp(—65z;) for j = 1,2. Then

0
9_1 = exp{ (62 — 05)z1} = exp{(62 — 0))z2},
1
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and by z1 < z» this yields ) = 6,, and hence ] = 61. So 6’ = 6 and (SI) has been
verified for model (b). O

Example 2 generalized linear regression.

Let ® C R” and p(x,0) = G(f7(x)0) forall (x,0) € X x ©, where f : X —>
R? is a continuous function, and G : I — R is an increasing continuous function
on an interval / C R with {fT(x)9 D (x,0) e X x @} CIl. Letzy,...,zp € X
be pairwise distinct and 0, 0" € ©. Clearly, u(z;,0) = u(z;,0") forall j =1,...,p

is equivalent to fT(Zj) (@ —0)=0forall j =1,..., p.So, for the present model,
condition (SI) is equivalent to the following.
If0,0' € ©® and z1, ..., z, € X pairwise distinct such that 0 — 0’ is orthogonal to

the vectors f(z21), ..., f(zp), then 6 =6’

Assume that the parameter space @ is nondegenerate in the sense that there is no
hyperplane of R” covering ®. Then the set of differences {§ — 0’ : 6,0’ € @} spans
R?, and hence condition (SI) is equivalent to the following condition.

(Ch) Ifz1,...,2zp € X are pairwise distinct then the vectors f(z1), ..., f(zp) are
linearly independent.

The notation ‘Ch’ stands for Chebyshev since, as it can easily be seen, condition
(Ch) holds if and only if the (real-valued) component functions fi, ..., fp, say, of
f constitute a Chebyshev system, i.e., every linear combination Zf: 1 ¢j fj(x), with
coefficients ¢; € R (1 < j < p) not all equal to zero, has at most p — 1 distinct
zeros on X, cf. Karlin (1968), p. 24. Usually, Chebyshev systems are considered to be
functions of one real variable defined on an interval of the real line. The most prominent
example is given by the monomials 1, x, ..., x” —1 on some interval. For example,
condition (Ch) or (SI), respectively, does not hold for generalized first order regression
in two variables on a rectangle X = [ay, b1] X [a2, b2], where f(x) = (1, x1, x)T
for all x = (x1,x2) € X. In this example we have p = 3. Let 2D @ 0 cx
be pairwise distinct. One easily verifies that the vectors f(z1), f(z?), f(z®) are
linearly independent if and only if the three points (1, z® | z® do not lie on a common
line. So (Ch) and hence (SI) do not hold. As a consequence from the present Example
2 one may guess that the class of models satisfying condition (SI) is not very large.
In particular, generalized linear regression models with more than one regressors will
usually not be members of that class. However, such models will be included in our
derivations by the class given by condition (GLM™). O

The employed stochastic model for the adaptive Wynn algorithm includes a mar-
tingale difference scheme for the error variables, see Sect. 3. Limit theorems for
martingales can be applied: a Strong Law of Large Numbers and a Central Limit
Theorem to prove strong consistency and asymptotic normality, respectively, of the
adaptive LSEs, see Theorems 1 and 2. Some auxiliary results are the content of Sect. 2.
The proofs of the results of Sects. 2 and 3 are presented in the Appendix.
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2 Auxiliary results

Throughout we assume (B1)—(B4) as introduced in the previous section. Note, how-
ever, that (B3) will not play a role in this section. Firstly, we give a proof of the
existence of an initial design as required in the algorithm.

Lemma 1 Thereexistanng € Nanddesignpointsxi, ..., x,, € X suchthatforevery
0 € O the vectors fo(x1), ..., fo(xn,) span RP. Hence, for such x;, 1 <i < ng,
the design &, = n%l 2721 8y; has the property that its information matrix M (&, , 0)

is positive definite for all 0 € ©.

Remark 1 Some popular nonlinear regression models, preferably those with a scalar
regressor variable x, i.e., ¥ C R, enjoy a further ‘Chebyshev property’ (Ch*), which
was essentially assumed by Pronzato (2010) as condition H y- (iv). It states that con-
dition (Ch) from Example 2 holds for each function fj:

(Ch*) If z1,...,2p € X are pairwise distinct and & € © then the vectors
fo(z1), ..., fo(zp) are linearly independent.

If (Ch*) holds then a suitable initial design for the algorithm is provided by any
saturated design, i.e., choose ng = p and pairwise distinct design points xi, ..., X, €
X. Note also that in the proof of the lemma, assuming (Ch*), one has U(#) = &
for all & € @ and hence r = 1 and ny = p. As an example consider the regression
models from Example 1, (a) and (b), together with the assumption that fy is given by
the gradient of u(x, 0) w.r. t. 8, for all (x,0) € X x @, which yields:

91)6
O +x" (6 +x)?

@ fow) = ( )" ® g = exp(—2) (1. —61%)"

forallx € X € (0, co) and 6 = (61,6,)T € ©® C (0, o0)?. In either case (a) or
(b), it is straightforward to show that for any given 8 € @ and x,x’ € X, x < x/, the
two vectors fy(x), fg(x') are linearly independent and hence both models (a) and (b)
satisfy (Ch*).

In general, however, Lemma 1 and its proof does not give a practical way of finding
a value of r and thus of ng = rp, or even an upper bound on them. Another condition
ensuring the existence of an initial design with ng, = p is condition (GLM) considered
in Freise et al. (2019) which is the second half of condition (GLM™*) from Sect. 1.
(GLM) fo(x) = ¢¥(x,0) f(x) forall (x,0) e X x O, where y : X x ® —
(0, o0) and f : X —> RP are continuous functions.
In fact, (GLM) together with our basic assumption (B4) (i) implies that the image
f(X) spans RP. So one can find p points xi,...,x, € X such that the vectors
f(x1), ..., f(xp) are linearly independent, and by (GLM) for every 6 € ® the vectors
Jo(x1), ..., fo(x)) are linearly independent. So the saturated design &, = % le Ox;
is an appropriate initial design for the algorithm. O

Let any path of the adaptive Wynn algorithm be given as described in the previous
section. In particular, x;, i € N, is the sequence of design points and &, = % Z?:l Oy,
n > ng, is the corresponding sequence of designs. For the following two lemmas
no assumption on the employed adaptive estimators @;,, n > ng, is needed. In other
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words, the sequence 6,,, n > ng, of parameter estimates appearing in the path may be
arbitrary.

We denote the distance function in the compact metric space X by dx(x, z), x, z €
X.If §1 and $; are nonempty subsets of X’ then the distance d y (S1, S2) of S and S
is defined by dx (S1, S2) = inf{dy(x,z) : x € S1, z € S2}. In case that S| = {x}
is a singleton we write d y (x, S») instead of dy ({x}, S2). If S is a nonempty subset of
X then the diameter of S is defined by diam(S) = sup{dx(x,z) : x,z € S}.

Lemma 2 Suppose p > 2. Let ¢ > 0 be given. Then there existd > 0 and ny > ng
such that

1
£,(8) < ; +¢& forall® # S C X with diam(S) < d and all n > ny.

Lemma 3 Suppose p > 2. There exist ng > ng, mg > 0, and dy > 0 such that the
following holds.

For each n > ng there are p subsets S1,,, S2.n, - .., Sp.n of X such that

§n(Sjn) =z mo, 1 = j < p, diam(S;,) <do, 1 <j < p, and

dx(Sjns Skn) 2do, 1 < j <k < p.

Remark 2 In the case that X is finite it is easily seen that in Lemma 3 the subsets
St,ns-+.»Spn can be chosen to be singletons for all n > ng. So, in this case, the
lemma yields the result of Lemma 2 of Pronzato (2010). O

3 Convergence of least squares estimators

For an analysis of the adaptive Wynn algorithm, the generated sequence x;, i € N,
of design points and the observed (real valued) responses y;, are viewed as values of
random variables X;, i € N, and Y;, i € N, respectively, whose dependence structure
is described by the following two assumptions (A1) and (A2), see Lai and Wei (1982),
Lai (1994) and Chen et al. (1999), see also (Freise et al. 2019), The model thereby
stated might be called an ‘adaptive regression model’. By 6 we denote the true point
of the parameter space @ governing the data. All the random variables appearing in
this section are thought to be defined on a common probability space (£2, F, Py),
where §2 is a nonempty set, F is a sigma-field of subsets of §2, and IP5 is a probability
measure on F corresponding to the true parameter point 6. We assume, as before, the
basic conditions (B1)-(B4), and now additionally the following conditions (A1) and
(A2) constituting the adaptive regression model.

(A1) There is a given nondecreasing sequence of sub-sigma-fields of 7, Fo C F; C
. C F, C ...such that for each i € N the random variable X; is F;_j-measurable
and the random variable Y; is F;-measurable.
(A2) Y; = u(X;,0) + e; with real-valued square integrable random errors e; such
that E(ei |.7-"i,1) =0 as.foralli € N, and sup;y E(ei2 | .7-"1-,1) < 00 as.
As before, 6,, n > ng, are the adaptive estimators employed by the algorithm,
now viewed as random variables, @1 = @(X 1, Y1,...,X,,Y,). Of course, a desirable
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property of these estimators would be strong consistency, i.e., almost sure convergence
to § (as n — 00), for short 9, —3 9.

Remark 3 As shown in our previous paper (Freise et al. 2019), Corollary 3.2, if the
estimators 0, are strongly consistent, then the sequence &,, n > ng, of (random)

designs generated by the algorithm is almost surely asymptotically D-optimal, in the
sense that M(&,, 0p) —> M (& ), where £ is a locally D-optimal design at 0.
In fact, the conclusion of that corollary is stronger: if the estimators 5,, are strongly
consistent then M (§,, 5,,) iy ¥ (f;‘g, ) holds for every strongly consistent sequence

of ®@-valued estimators 5n. O

The next result yields strong consistency of the adaptive LSEs é\(nLS) for any adaptive
estimators 8, employed by the algorithm, provided that condition (SI) or condition
(GLM*) holds.

Theorem 1 Assume that condition (SI) or condition (GLM*) is satisfied. Then, irre-
spective of the employed sequence of adaptive estimators 0, in the algorithm, the
sequence of adaptive LSEs /9\(,11‘5) is strongly consistent: /9\(an) 25 9.

Remark 4 A crucial point in the proof of Theorem 1 is the result of ‘Step 2’ stating
thatinfy G o) Dn (0, ) goes to infinity at least as fast as n a. s. when n — o0o. This
is due to the adaptive Wynn algorithm, while the results of ‘Step 1’ and ‘Step 3’ only
use the model assumptions (A1) and (A2). More general adaptive sampling schemes
modeled by (A1) and (A2) were addressed to in Pronzato (2009). By Theorem 1 of
that paper, in case of a finite design space, strong consistency of adaptive LSEs already
holds if the adaptive scheme is such that

inf  D,(0,0) /Jogn)’ =5 oo
0eC(@,8)

for all &€ > 0, for some p > 1. In Theorem 1 of Pronzato (2010), see also Remark 1
in Pronzato (2009), it was claimed that in case of i. i. d. error variables ¢;, i € N, and
for a finite design space the condition may be weakened to

inf  D,(0,0) /(oglogn) =5 oo.
0eC@®,s)

However, the proof of the latter in Pronzato (2010), pp. 210-211, is doubtful since the
classical Law of Iterated Logarithm is applied to random subsequences of the error
variables. A proof should rather use a martingale structure and, in particular, a Law of
Iterated Logarithm for martigales. Unfortunately, we have not found the appropriate
arguments. O

For deriving asymptotic normality of the adaptive least squares estimators fur-
ther assumptions are needed. Firstly, the ‘gradient condition’ (B5) on the family of
functions fy, 6 € @, and the mean response p is added to conditions (B1)-(B4).
Secondly, two additional conditions (L) and (AH) on the error variables in (A1)-(A2)
are imposed, where ‘L’ stands for ‘Lindeberg’ and ‘AH’ for ‘asymptotic homoscedas-
ticity’.
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(B5) ® C R? (endowed with the usual Euclidean metric), int(®) # @, where
int(®) denotes the interior of ® as a subset of R?, the function 6 +— u(x,0) is
twice differentiable on int(®) for each fixed x € X, with gradients and Hessian

T
matrices denoted by Vi (x, ) = (E’%lu(x, 0),..., %p,u(x, 9)) and Vz,u(x, 0) =

(%M(x, 9))1<_ . respectively, for 6 = (6q, ..., Ql,)T € int(®) and x € X.
<i,j<p

It is assumed that the functions (x,0) — Vu(x,6) and (x,0) — Vzu(x, 6) are

continuous on X’ x int(®) and

fo(x) = Vu(x,6) forallx € Xand all € int(®).

For a subset A C 2 we denote by 1(A) the function on §2 which is constantly
equal to 1 on A and is constantly equal to O on 2\ A.

(OFDY E<ei21(|€i| > &y/n) ‘-7'_1'—1) 2% 0 foralle > 0.

(AH) E(e2|Fu—1) 2% 42(®) for some positive real constant o (8).

The following two conditions (L’) and (L) are less technical than the Lindeberg
condition (L), and each of them implies (L).
() sup;cy E(|el-|°‘|.7-'i_1) < oo a.s. for some real o > 2.
(L) The random variables e;, i € N, are identically distributed, and ¢;, F;_1 are
independent for each i € N.

In fact, from (L’), observing the trivial inequality el.2 1 (|e,-| > sﬁ) <
lei 1% /(e/m)®~2, it follows that

| 1
3 (e el > eV |Fic1) = oy swpE (| 7)o

From (L) it follows for all i € N
E(eizl(|el~| > sﬁ) |}",~_1> = E(elgl(|ei| > 8@) = E(e%1(|el| > sﬁ)) a.s.

Hence

n

l ZE(el-zl(|ei| > 8\/ﬁ) ‘fi_l) = E(e%l(lell > eﬁ)) a.s.

nx
i=1

and the expectation on the rh.s. converges to zero as n — o0. Note also that (L")
implies E(ei2|]-"i_1) = E(e%) = o2(0), say. Excluding the trivial case a2(0) =0, we
see that condition (L) also implies condition (AH).

Remark 5 Condition (L’) was employed by Lai and Wei (1982), Theorem 1 of that
paper, and by Chen et al. (1999), condition (C4) on p. 1161 of that paper. Condition
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(L) meets the assumption of i.i.d. error variables of Pronzato (2010) for a particular
choice of the sequence of sub-sigma-fields F;, i € Np. O

The k-dimensional normal distribution with expectation O and covariance matrix
C is denoted by N(0, C), where C is a positive definite k x k matrix. In particular,
N(O, Ir) is the k-dimensional standard normal distribution, where I; denotes the k x k
identity matrix. For a sequence W, of R¥-valued random variables, convergence in
distribution of W,, (as n — 00) to a k-dimensional normal distribution N (0, C) is
abbreviated by W, LN N(0, C). In the following theorem asymptotic normality of
the adaptive least squares estimators E,ELS) is established. To some extent our proof is
similar to that of Theorem 2 in Pronzato (2009), though the assumptions are different.
Note that, by our Theorem 1, the assumptions of strong consistency of the adaptive
estimators 6, employed by the algorithm and of strong consistency of the adaptive
LSEs é:ELS) are met if @1 = 5(,}5), n > ng, and if one of the conditions (SI) and
(GLM*) holds.

Theorem 2 Assume conditions (B5), (L), and (AH). Moreover, assume that 0 € int(©)
and the sequences @1 and ’é\(nLS) of adaptive estimators employed by the algorithm and
adaptive LSEs, respectively, are strongly consistent, i.e., ﬁn 2% Dand 5‘,}5) 2% 9.
Then, denoting by My (0) = M (Sg, 0) the information matrix of a locally D-optimal

design at 0, one has

Vi (@8 —7) - N(0,020) M @)

For illustration of the achieved convergence results, we present some simulations
for the Michaelis-Menten model from Example 1, case (a). For the exponemtial decay
model of part (b) of Example 1 we obtained similar simulation results which will not
be reported here.

Example 3: Simulation. Assume the Michaelis-Menton model with p = 2 parameters,

91)6
92—|—x’

fox) = Vi, 0) = (

n(x,0) =

X O1x )T
h+x"  (6r+x)?

forx € X and 6 = (01,92)T € . Let the experimental region be given by the
interval X = [0.5, 5] and the parameter space be the square ® = [0.1, 10 ]2. The
true parameter point is chosen to be 6 = (1, I)T. The error variables ¢;, i € N, in
(A1) are assumed to be i.i.d normally distributed with expectation zero and variance
o2(8) = 0.04. By simulations, S=10,000 (pieces of) paths X'”, ¥, 1 < i < 500,
where s = 1,..., S, of the adaptive Wynn algorithm were generated, where the
employed adaptive estimators 6, were chosen to be the adaptive LSEs: O = @,LS) for
all n. The computation of the paths of adaptive LSEs was done by using R Core Team
(2020). A fixed initial design &, was used: The three-point design with equal weights

@ Springer



862 F. Freise et al.

on the boundary points and the mid-point of the experimental interval, that is, ng = 3
and x; = 0.5, xo = 2.75, x3 = 5. Figure 1 illustrates the (almost sure) asymptotic
D-optimality of the design sequence generated by the adaptive Wynn algorithm, which
is ensured by Theorem 1 and Remark 3. The simulated paths g,&”, 3 < n <500, where
s=1,...,8,yield D-efficiencies

eff (£ = {det(M &, 0))/ det(M,(0)) } 1/2,

where M*(0) = M (Eg*, 9) is the information matrix of the locally D-optimal design

at 6 which is the two-point design giving equal weights 1/2 to the points 5/7 and 5,
see Bates and Watts (1988), pp. 125-126, and hence

_ 1 5 5 1 _
M.@) = 3 Fr ) 1 )+ 5 /5SS = [ 0T 0o |-

For each n € {3, ..., 500}, particular quantiles of the ‘data’ eff(é,gs)), 1<s <8,
are reported in Fig. 1: minimum, 10%-quantile, 25%-quantile, median, 75%-quantile,
90%-quantile, and maximum. For example, the 10%-quantile curve shows that after
less than 50 iterations more than 90% of the simulated paths yield efficiencies at
least 0.9. The asymptotic normality of the adaptive LSEs ensured by Theorem 2
suggests that n-times the mean squared error matrix of é\(nLS) at 6 should converge
to the asymptotic covasriance matrix 02(5) M 1(). In fact, this was observed for
n-times the simulated mean squared error matrix. Figure 2 shows a plot of the (2, 2)-
entry of that matrix, that is, n-times the simulated mean squared error of the second
component 52(%15) of @ILS). The (2, 2)-entry of the asymptotic covariance matrix is
approximately 3.32, indicated by the horizontal line in the figure. Finally, by Fig. 3
the approximate normal distribution of 9;515) is visualized at n = 250 via a suitable
histogram of the simulated estimates (along with a fitted normal density) and a normal

. . . . . LS
qq-plot. The simulation yielded similar graphics for the first component of /9\(,1 ),

4 Discussion

The adaptive Wynn algorithm for nonlinear regression provides a particular adaptive
sampling scheme which has been motivated by the classical iterative procedure estab-
lished by Wynn (1970) for generating D-optimal designs under a linear model. In
the nonlinear situation the strong consistency of the adaptive estimators employed by
the algorithm is crucial for ensuring that the generated adaptive design sequence is
asymptotically D-optimal in the sense of local D-optimality at the true parameter point
(which, of course, is unknown). Note that choosing a locally optimal design would be
the best if the true parameter point was known. The focus of the present paper is on
adaptive least squares estimators (LSEs), and their strong consistency has been proved
for two relevant classes of nonlinear (univariate) regression models: those which have
the property of ‘saturated identifiability’ (SI) and, secondly, those which satisfy a con-

@ Springer



Convergence of least squares estimators in the adaptive... 863
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Fig. 1 Quantile curves of the simulated D-efficiencies. From bottom to top: minimum (dots and dashes),
10%-quantile (dotted), 25%-quantile (dashed), median (solid), 75%-quantile (dashed), 90%-quantile (dot-
ted), maximum (dots and dashes)
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Fig.2 Plot of n-times the simulated variance of 921"15). The horizontal line indicates the asymptotic variance

(~3.32)

dition (GLM*) including the class of generalized linear models. Condition (SI) seems
to be restricted to models with a real valued regressor variable as the examples in
Sect. 1 have shown. Generalized linear models (GLMs) constitute a great and impor-
tant class of models. However, for a GLM, maximum likelihood or weighted least
squares will usually be preferable to ordinary (unweighted) least squares as studied
in the present paper. We note that adaptive maximum likelihood estimation in GLMs
under the adaptive Wynn algorithm was studied in our previous paper (Freise et al.
2019). A challenging question for future research is to find extensions to other classes
of models than just the (SI) class and, with regard to GLMs, to include weighted least
squares estimation.

On the basis of strong consistency of adaptive LSEs their asymptotic normality
has been established, under further suitable assumptions. The asymptotic covariance
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Fig. 3 Step n = 250: histogram estimate and fitted normal density (left) and normal QQ-plot (right) of

é;l;f), from the simulation

matrix is given by the inverse information matrix of the locally D-optimal design at
the true parameter point. Thus, when measuring the size of a (nonsingular) covariance
matrix by its determinant, the result implies the asymptotic efficiency of the adap-
tive LSEs. Two assumptions may be restrictive: firstly, the information matrices are
built by a local first order Taylor expansion of the response (locally at a parameter
point), without any scaling adjustment for possible variance heterogeneity. Secondly,
a condition of ‘asymptotic homoscedasticity’ (AH) on the random errors has been
imposed, that is, their (conditional) variances are assumed to become asymptotically
constant, where the asymptotic variance may depend on the true parameter point.
Both assumptions correspond to ordinary (unweighted) least squares employed by
the adaptive LSEs under consideration. Again, extensions of the results are desirable
which employ weaker assumptions to include models with variance heterogeneity as
the majority of GLMs.

While the adaptive Wynn algorithm collects one point at each step and was therefore
called ‘one-step-ahead algorithm’ by Pronzato (2010), an alternative approach is to
collect more points at each step. For a special model, a related concept of ‘batch
sequential design’ was employed by Miiller and Potscher (1992). In a forthcoming
paper (Freise et al. 2020) we study a sequential adaptive algorithm for D-optimal
design which we have called a ‘p-step-ahead algorithm’, since p design points are
collected at each step. An idea of that algorithm was sketched by Ford et al. (1992) in
the introduction of their paper, p. 570.
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A Proofs

Proofof Lemma 1 By (B4)-(i), for each 6 € © there exist p design points
21(0), ..., zp(0) € X such that the vectors fy(z1(9)). ..., fo(zp()) are linearly
independent. By (B2) and (B4) (ii), for each 6 € ©® the set

U@ = [reo : det[fi(21®)..... fr(z, )] # 0]

is an open set in the (compact) metric space @, and 8 € U (0). Hence, trivially,
e = Uge@ U (0), and by (B2) there is an r € N and points 61, ..., 6, € @ such that
e = U;:l U(0;). Denote x;; = z;(0;),1 <i < p, 1 < j < r. Then, for every
T € O the set of vectors

{fe(xij) 1 1<i<p, 1<j<r]

spans R”. In fact, for any given T € © there is some jo € {1,...,r} witht € U(6},)

hence det [f, X1jg)s s fo (xpjo)] # 0, i.e., the vectors fr(x1jy), ..., fr(xpj,) con-
stitute a basis of R”. So, for ngy = pr and x1, ..., x,, being a relabelled family of the
points x;;,1 <i < p,1 < j <r,thevectors fz(xy), ..., fr(xs,) span R”, and hence

the information matrix M (§,, 7) = % 7;‘1 fr(x) fTT (x;) is positive definite. O

Proof of Lemma 2 Without loss of generality we may assume ¢ < 1 — p~!. In Freise
et al. (2019) we introduced the positive real constants

= su X and « = inf max {v7 £y (x 2, A.l
Y xex,ge(ﬁ)llfe( | L XGX{ fo(x)} (A.1)

and Lemma 2.3 of that paper stated the following.

IfOo<n<l1-— p_l/z, n > ng, and § € Xare given such that

Il fo, () = fo, (@Il < nc/y forall x,z € Sand &,(S) > (1 —n)2p~ ",
then x,+1 ¢ S. (A2)

Choose n:=1— (1 + pe/2)71/2. Then0 <y <1—p~ " 2and (1 —n)2p~! =
p_1 + ¢/2. By (Bl), (B2), and (B4) the function (x,0) +— fp(x) is uniformly
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continuous on its compact domain X x @. So there exists a d > 0 such that
ifx,ze Xanddy(x,z) <dthen ||fo(x) — fo()||l <nx/y VO eB. (A.3)

We show that d fulfills the requirement of the lemma. Let J # § C X with diam(S) <
d.By (A.3) and (A.2) the sequence &, (S), n > ng, has the property that foralln > ng,

S) = n S) ifE(S 1 &
Enr1(S) = m%'n( ) if &,(S) > ; + >
1 1
Eu11(5) = 60(S) + - i 6,(5) = ;+§,

An application of Lemma~2.1 in Freise et al. (2019) to the sequence B, = &,(S),
n>ng, and B := % +5.B8:= % + & yields that

£.(5) < % + ¢ foralln > ng := [(% + ;)*]1 -max{ng, [2/¢1}.

where [a], for a € R, denotes the smallest integer greater than or equal to a. Since ng
does not depend on the particular set S the result follows. O

Proof of Lemma 3 Fix an ¢ with 0 < ¢ < {p(p — 1)}~!. Choose d > 0 and ng > ng

according to Lemma 2. By compactness of X there is a positive integer ¢ and nonempty
subsets Ry, ..., R, of X such that

q
X = UR@ and diam(Ry) <d/3 forall{ =1,...,q.
(=1

We show that ng, o := {p~! — (p — 1)e}/q, and do := d/3 satisfy the requirements

of the assertion. To this end let n > ng be given. We construct inductively subsets
Sjn. 1 <Jj < p,asrequired.

j = 1: Clearly, ZZ:] £,(R¢) = 1. Choose ¢, € {l,...,q} achieving the max-
imum value of §,(R;), 1 < £ < ¢, and set Sy, := Ry, Then §,(S1,) =
maxi<¢<q & (Re) > 1/q > mp and diam(S7 ;) = diam(Ry,) < dp.

Induction step: Letanr € {1, ..., p—1} be given along with subsets Sy, ..., S, , of
X suchthat&,(S; ,) > mo and diam(S; ;) < dp,1 < j <r,anddx(S; n, Sk.n) > do,
1<j<k< r.LetEj,,, = {x edX 1 dy(x,Sjn) < do}, 1 <j <r.Asitis easily
seen, diam(gj,n) < 3dp = d and hence Sn(gj,n) < % +¢.Sofor 7, := U;=1 Ej,n

one has &,(T,.,) <r (% + ¢), and hence

1 1
En(X\T, ) =1 —r (; +e> >1—(p— 1)(; +e)=p ' —(p—De.
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Observing that X\T;, = JI_,(R¢\T} ) one gets

q
p_l —(p—De < ZSH(R(Z\Tr,n)~

=1

Choose ¢, € {1,..., q} which achieves the maximum value of &,(R/\7; ), 1 <
< q, and set Sr+1,n = RKH\Tr,n‘ Then Sn(Sr+l,n) = MmaXj<¢<q é,-:n(RK\Tr,n) =
{p~! = (p — De}/q = mo and diam(S,+1,,) < diam(Ry,) < dp. Moreover for each
j=1,...,r,since Sy41., N Ej,n = {J,one has dy(x, §j ) > dp forall x € S,41,
and hence dx (Sy 41,1, Sj,n) = do. So we have subsets Sy ., ..., Sy n, Sr41,, such that

£,(Sjn) = mo and diam(S;j ) <dop, 1 <j<r+1,
dX(Sj,na Sk,n) = dO, 1 = J <k =r+ L.

This completes the inductive construction and the proof of the lemma. O

Proof of Theorem 1 Define for all n € N and § € ® random variables

Su(0) = Y Y —u(Xi. ) and D, (0.0) = Y {n(X;.0) — u(X;.0)}’.

i=1 i=1

The proof is divided into three steps. For ¢ > 0 we denote C(6, &) := {9 IS
de (0, 0) > ¢}, where dg denotes the distance function in ©.

Step 1. Show that for all ¢ > 0 with C(8, £) # ¥,

a.s.
— 0.

1 _ 1 _
—{ inf  S,(0) —Sn(e)} — — inf D,(6,0)
n 19eC@,s) n peC,e)

Step 2. Show that for all ¢ > 0 with C(0, &) # ¢,

1 _
liminf{— inf D,,(G,@)} > 0 a.s.

=00 |1 9geC@,e)

Step 3. Conclude from the results of Step 1 and Step 2 that forall ¢ > O with C(@, &) #
®$

inf  $,0) — S,®) = oo (A.4)
0eC(0,¢e)

From (A.4), applying Lemma 1 of Wu (1981), one gets ’é,ELS) asog
Ad Step 1. As in Pronzato (2010), p. 230, one calculates

$n(0) — $4(6) = Dy(60,0) + 2W,(6,6), where
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n

Wa(6,0) := Y (1(Xi,0) — n(Xi, 0)) ;.
i=1

It follows that

1 _ 1 _ 2 _
—{ inf  S,(0) —S,0)p — — inf D,(0,0)| < = sup |W,(6,0)].
n loec@®,e) ngeC,e) n pee

Applying Lemma 3.1, part (c), in Freise et al. (2019) with h(x, 0) = u(x, 0) —u(x,0),
(x,0) € X x O, the result of Step 1 follows.

Ad Step 2 in case that condition (SI) holds.

Consider any path x;, y;, i € N, and 6,,, n > ng of the sequences X;, ¥;,i € N, and
5,,, n > ng. Firstly, consider the simple case p = 1. Then condition (SI) implies that
w(x,0) # u(x,0) forall @ € C(@, ¢), and hence by (B3)

{u(x, 0) — /JL()c,g)}2 > 0.

ce = inf
xeX

It follows that % inf, C@.¢) D, (0,0) > ¢, forall n and, in particular, its limit inferior
is positive. Now let p > 2. According to Lemma 3, choose ng > ng, o > 0,dp > 0,

and subsets Sy ,, ..., S, , S X forall n > ng. Define a subset of the p-fold product
space X'? by
A=z, 2p) € XP D dx(zj, ) = do, 1<) <k <p}.

By (SD, >0 (1e(z;, 6) _M(Zj,g))z > 0 for all (_zl, ...,2p) € Aandall 6 # 6. By
(B1) the set A is compact and by (B2) the set C (6, ¢) is compact. So, together with
(B3), one concludes that the following infimum c¢; is positive,

p
. — 2 —
ce := inf E {n@zj,0) —n(zj,0)} < (z1,....2p) € A, € CO,¢)
=1

For all n > ng and all permutations o of {1, ..., p} the Cartesian product S :=
So(1),n X Se@),n X - .. X S (p),n is a subset of A, hence R, := U, S7 € A. Note that
S? NSF = ¢ for any two different permutations o and 7. Consider the p-fold product
measure £, . Then, for all o and all n > ng one has £ (S9) = H;’zl E1(So(jyn) = 7§

and hence &,(R,) > p!7[. So

p
— 12
/ > {u(zj. 0) = n(zj. )} A&l 1o zp)
xr i
> ¢ p!my foralln > ngand 6 € C(6, e).
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The integral on the L.h.s. of that inequality is equal to

e @) = 2 S Mt 0) — nix. B
p /X{M(Z,O)—u(z, 0)} d&.(z) = p D i, 0) — p(xi, 0)) .

i=1

It follows that

1 . =
— inf 3w 0) — nGe, )

n 9eC@.e) =

> ¢ (p—D!nf Vn=no,

which implies that the limit inferior of the L.h.s. of that inequality is positive.

Ad Step 2 in case that condition (GLM*) holds.

Again, consider any path x;, y;, i € N, and 6,, n > ng of the sequences X;, Y;,
i € N, and é;, n > ng. By continuity of f and compactness of X x @, there
is a compact subinterval J C I such that {fT(x)6 : (x,0) € X x ®} C J.
Since G is differentiable on I with continuous and positive derivative G’, one gets
from the mean value theorem that |G (#) — G(v)| > b|lu — v| for all u, v € J with
b := minyey G'(w) > 0.So, foralli € Nandall® € C(8, ¢),

|n(xi, ) — u(xi, 0| = |G(fTx)0) = G(fTx)0)| = b|f (xi) (6 —0)|.
From this we get for all & € C(0, ¢), denoting ag = (8 — 0)/]|0 — 0],

n
— -2
D, (0.0) =Y {n(xi,0) — pu(xi. 0)}
i=1
n
= 52 Y[ wal = v [ (FTwwldw. @)
: X
i=1
By Theorem 2.6 and Lemma 2.5 of Freise et al. (2019) there exist ng > ng, p > 0,
anda € (0, 1) such that forall n > ng and all normalized coefficient vectors a € R?,

lall =1, one has &, ({x € X : | £} (x)al < p}) < @. From fp, (x) = ¥ (x,6,) f(x)
one gets

fxeX 1ffwal>p) € [reX : IfTWal > p/Ym).

where Y¥max := max( gyexxo ¥ (x, 0) which is positive and finite. Note that

én({x e X : |fT(x)a| > p/tpmax}> > 1—q« foralln > ng.
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From this and from (A.5) it follows that for all n > ng and all @ € C(@, ¢),

Dy(8,8) > b*e’n (p/Yrmax)* (1 — @),

and hence

1 . _
— inf  D,(8,0) > b*&*(p/Yma)*(1 — @),
ngeC@,e)

and the result of Step 2 follows.

Ad Step 3. By the results of Step 1 and Step 2,

=00 N 9eC(0,e) =0 N geC(@,e)

1 — 1 —
lim inf — inf  S,(0) — Sn(Q)} = liminf — inf D,(0,0) >0 as.

Hence infycg o) Sa(0) — $u(0) —> oo. o

Proof of Theorem 2 Choose a compact ball B centered at # and such that B C int(®).
By the strong consistency of the sequence of adaptive LSEs there is a random variable
N with values in N U {oco} such that N < oo a.s. and @ELS) € Bon {N < n} for
all integers n > ng. Note that, since N is almost surely finite, 1(N < n) 2%

as n — oo. Recall our notation introduced earlier: S,(6) = Y 1 1{ — n(Xi, 9)}
n > ng, 0 € ©. For the gradients of S, (0) w.r.t. 6 one obtains, using (BS),

VSi(0) = =23 Vi — u(Xi. 0)} Viu(X;. 0). 6 € int(6). (A.6)
i=l1

On {N < n} the gradient at é\(nLS) is equal to zero, and hence V S, (éTLS)) WA (5) =
—VS,(6). That equation yields, inserting from (A.6) and ¥; = u(X;,0) + ¢; from
(A2), along with some

n

e VX, 0) = Y {u(Xi, 05 — (X, 0)} VX, 6)
i=1 i=1

- Ze, Vi(Xi, ) = Vu(Xi, )} on (N <n). (A7)
We firstly show that
n d
n 2o @) M2 @)Y eiVi(Xi.8) — N I,). (A.8)

i=1
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To this end, according to the Cramér-Wold device, let v € R?, vIv =1, be given.
Denote Z; := o1 (@) v M, 1/2(6?)V,u(X,,§) and ¢; :=e¢;Z;,i € N. Abbreviating
the random variables on the Lh.s. of (A.8) by W,,, one has vIw, = n=1/2 Zl 1 €.

The random variable Z; is F;_j-measurable for all i € N, and the Z;, i € N, are
uniformly bounded: |Z;| < c foralli € N for some positive real constant c. Hence the
sequence of partial sums ) ;_, ¢;, is a martingale w.r.t. 7,,, n € N, and we can apply
Corollary 3.1 of Hall and Heyde (1980) which states that the following two conditions

(a)and (b) together imply the distributional convergence n —1/2 Y LN N(, 1).

n

1 D (i~ 5.
(a) - ZE 2| Fry) 250, (b);ZE(e§1(|ei| >s¢ﬁ)}fi_1) 250 for
i=1
alle > 0. ’
Condition (b) follows from condition (L) since

E(@1(@1 > evin) | Fi1) = PE(e21(1leil > (e/e)v/n) | Fima).

To verify (a) we write

n

e 1
- ZE(eﬂfifl) = > E(e|Fia) 2z

i=1

= _Z | Fist) —a2@)) 22 + o)~ Zzz

i=1

By (AH) and |Z,| < c forall n € N one has [E(e2|F,—1) — 02(®)] Z? 2% 0and
hence 1 IS {E(eF|Fizt) — 02 @)} ZF 2% 0. By the definition of Z;, i € N, and
by (B )

02@)%22?: u @) ZW(X,,mvTu(Xhe)}M @) v

”2<9)M(sn,e)M*1/2(e>v A%

where the final convergence is implied by M (§,,, 0) 25 M,(0), see Remark 3 above.
This proves (a) and hence (A.8). Next we show that

n
n 2 (X 0 — w(Xi, 0)) V(X 01
i=1

= {ME.G) + A} {n 26 - 5)}.
with a sequenceA;, n > ng, of random p x p matrices such that A, 2% 00.

(A.9)
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By the mean value theorem, for each n there are (random) points 5,3,,, 1 <i<n,on
the line segment joining /6\( %) and 9 such that

w(Xi, 685 — w(X:,0) = VI u(X:, 0 0) (O - 0).

So we can write, again using (BS),
‘1/22 w(Xi, 085)) — u(Xi, 0)} Viu(Xi, 6)
=n"! ZW(X,,A}}S))VT (Xi, Gr) {02 (B - 9)}

1 ¢ - ,
= [M@. ) + -3 VR G VX B = V(X 08
i=1
(n12@LS 7)),

L ~ L) T .
For A, = %Z?:l V,LL(X,‘,/O\,L( S)) {V/L(Xi, Oin) — VM(X,-,/Q\(,, S))} we get, using
the Frobenius norm in the space of p x p matrices, i.e., | Al = [trace(AAT)]l/z,

1 ~
1Anlle < =37 |V 089 {Vi(X:, ) = Vi Xe )
i=1

1 « ~
= 3 VRGBS | - | VR ) — V(X 8]
i=1
where we have used that ”va HF = |Jv]| - Jw| for v, w € R”. By compactness of
X x B and uniform continuity of Vuu(x, 8) on X x ‘B, one has

C = sup ||V,u(x,9)|| < Q.
peB, xeX

From maxi<;<, ||§,ELS) - 52,,,” < ||/9\,(lLS) -9 2500 (as n — 0) and, again, by the

uniform continuity of Vuu(x, #) on X' x B, one gets
lAnlle =€ max |Va(Xi, 8.0 = VX, G-)] = 0

iUy

which proves (A.9). Next we show that

o2 Z (Vi Xi, 0 = VX, 0)) = B, {n 2@ =)}, (A.10)
with a sequence B, of p x p random matrices such that B, 2% 0.
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Let v € R? be arbitrarily given. We can write, applying the mean value theorem,

o[ ”ZZ V(X ) = Yk, 0))

=n—1/22e " VX, o) — v VX, )
n

=pn 12 ZeivTVZM(Xi, é,n(v)) (@\(an) —5)

i=1

n
%ZeivTV2M(Xi,e~y,,,(u)) [n12(81S —8)}, (A.11)

where V2 u(x, 0) denotes the Heisian matrix (matrix of second partial derivatives) of
n w.rt. 6 for fixed x € X, and 6; ,(v), | < i < n, are suitable (random) points on

the line segment joining 1> and 0. Let by (v) := % Y eiViu(Xi, 5,-‘,,(1))) v and
write b, (v) = b,(,l)(v) + b,(,z)(v), where

| — _
bV (v) := - Ze,-v%(x,-,e)u and b'? (v)
i=1

1 & ~ _
b (v) := - > e{VAu(Xi, () v — V2 (X, 0) v},
i=1

Applying Lemma 3.1 (b) in Freise et al. (2019) to each component of b(l)(v)
one gets b 1)(v) 2% 0. The uniform continuity of (x, 9) — V2 u(x,0)v
on X x B and maxj<j<, [6.,(v) — 0| < ||A(LS> o] 5 0 imply that
maxi<;<p HV /,L(X,, 9,,,,(v)) v— Vzp,(X,, 0) v|| 2500, ByLemma3.1 (a) in Freise
et al. (2019), limsup,,_, % Z?:l lei] < oo a.s., and hence

18,7 @ = max [V (X, Bin @) v = V2u(Xi, ) o] —Zm = 0.
i=1

Observing (A.11) we have thus obtained that for every v € R”
o 0112 Z VX ) = a0} | = bl ) (1 2@ - 9)},

where b, (v) 2% 00. Specializing to the elementary unit vectors v, 1 < £ < p, and
taking the matrix B, with rows bl (v(®)), 1 < £ < p, one gets (A.10). So, by (A.7),
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(A.8), (A.9), and (A.10) one gets

o @ M2 @) (M EL O + Ay — B} {(VA(E —8)) -5 N, 1),

wher_e An 2% 0and B, 2% 0. According to Remark 3 one has M (§,, @;ELS) ) A%
M. (0), and using standard properties of convergence in distribution one gets

V(@™ —8) -5 N0, 02@) M @)).
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