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Abstract. We consider a smooth, compact and embedded hypersurface ¥ without boundary and show that the corresponding
(shifted) surface Stokes operator admits a bounded H°°-calculus with angle smaller than 7 /2. As an application, we consider
critical spaces for the Navier—Stokes equations on the surface X. In case X is two-dimensional, we show that any solution
with a divergence-free initial value in Lo (X, TX) exists globally and converges exponentially fast to an equilibrium, that is,
to a Killing field.
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1. Introduction

Suppose ¥ is a smooth, compact, connected, embedded hypersurface in R4+! without boundary. We then
consider the motion of an incompressible viscous fluid that completely covers 3 and flows along . The
motion can be modeled by the surface Navier—Stokes equations for an incompressible viscous fluid

g(@tu + PE(U . VEU)) — PE dng TE =0 on X
divsu=0 on X (1.1)
u(0) =up on X.

Here, the density p is a positive constant, Ts; = 24Dy (u) — 7Ps, and
1
Dg(u) = 5732 (Vgu + [VEU]T) Ps:

is the surface rate-of-strain tensor, with u the fluid velocity and 7 the pressure. Moreover, Ps. denotes the
orthogonal projection onto the tangent bundle TX. of X, divy, the surface divergence, and Vy the surface
gradient. We refer to Chapter 2 in [22] and the Appendix in [24] for more information concerning these
objects.

The formulation (1.1) coincides with [12, formula (3.2)]. In that paper, the equations were derived
from fundamental continuum mechanical principles. The same equations were also derived in [14, formula
(4.4)], based on global energy principles. We mention that the authors of [12,14] also consider material
surfaces that may evolve in time.

Existence and uniqueness of solutions to the surface Navier-Stokes equations (1.1) was established in
[24]. Tt was shown that the set of equilibria consists of all Killing vector fields on X, and that all of these
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are normally stable. Moreover, it was shown that (1.1) can be reformulated as
Q(@tu + Ps(u- Vzu)) — ps(As + Ricg)u+Vgr =0 on X
divsu=0 on ¥ (1.2)
u(0) =up on X,

where Ay, is the (negative) Bochner-Laplacian and Ricy, the Ricci tensor. To be more precise, in slight
abuse of the usual convention, we interpret Ricy here as the (1,1)-tensor given in local coordinates by
Rici = g”Rik. We remind that in case d = 2, Ricxu = Kyu, with Ky, being the Gaussian curvature of 3.

The formulation (1.2) shows that the surface Navier—Stokes equations can be formulated by intrinsic
quantities that only depend on the geometry of the surface 3, but not on the ambient space. In an
intrinsic formulation, the surface Navier Stokes equations (1.2) can be stated as

0(0u+ Vyu) — psAsu — psRics u + gradm =0 on ¥
divu =0 on % (1.3)
u(0) =up on X,

where V is the covariant derivative (induced by the Levi-Civita connection of ¥), and gradm = Vgm.
An inspection of the proofs then shows that all the results in [24], and the results of this paper, are also
valid for (1.3) for any smooth Riemannian manifold ¥ without boundary. We remind that the Bochner
Laplacian Ay is related to the Hodge Laplacian by the formula Ay = Apg + Ricg, with the usual
identification of vector fields and one-forms by means of lowering or rising indices.

We would like to point out that several formulations for the surface Navier-Stokes equations have
been considered in the literature, see [6] for a comprehensive discussion, and also [12, Section 3.2]. It has
been advocated in [8, Note added to Proof], and also in the more recent publications [6,30], that the
surface Navier—Stokes equations on a Riemannian manifold ought to be modeled by the system (1.3).

In Theorem 3.1, we show that the surface Stokes operator

Asju = —ZNSPHZ’szdiVZ'Dg(u) = —,UJSPHJJ (AE + RiCE),

with Ps g being the surface Helmholtz projection, has the property that (w + Ags) admits a bounded
H%-calculus in Ly (3, TX) with H*-angle ¢, . < 7/2, provided w is larger than the spectral bound
of —Ag s and 1 < ¢ < o0. ’

For the Stokes operator on domains in Euclidean space under various boundary conditions, the exis-
tence of an H*-calculus (or the related property of bounded imaginary powers) has been obtained by
Giga [10], Abels [1], Noll and Saal [17], Saal [29], Priiss and Wilke [26], and Priiss [20]. We also refer to
the survey article by Hieber and Saal [11] for additional references and information concerning the Stokes
operator on domains in FEuclidean space.

Having established the existence of a bounded H“°-calculus allows us to employ the results in Priiss,
Simonett, and Wilke [23,25] to establish existence and uniqueness of solutions to the system (1.1), or
(1.3), for initial values ug in the critical spaces B%%ﬁl(Z, TY), see Theorem 4.1 and Theorem 4.3.

In particular, our results imply existence and uniqueness of solutions for initial values ug € Lq - (3, TX)
for ¢ = d, see Corollary 4.4. Hence, the celebrated result of Kato [13] is also valid for the surface Navier—
Stokes equations.

For d = 2, we show in Theorem 4.9 that any solution to (1.1) with initial value ug € L2 (2, TY) exists
globally and converges exponentially fast to an equilibrium, that is, to a Killing field. The proof is based
on an abstract result in [23], Korn’s inequality (established in Theorem A.3), and an energy estimate.
Moreover, in Remark 4.10 we show that in case d > 3, any global solution converges to an equilibrium.

We refer to [23,26] for background information on critical spaces and for a discussion of the existing
literature concerning critical spaces for the Navier—Stokes equations (and other equations) for domains
in Euclidean space.

We would now like to briefly compare the results of this paper with previous results by other authors.
Existence and uniqueness of solutions for the Navier—Stokes equations (1.3) for initial data in Morrey
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and Besov-Morrey spaces was established by Taylor [32] and Mazzucato [16], respectively; see also [6]
for a comprehensive list of references. The authors in [16,32] employ techniques of pseudo-differential
operators and they make use of the property that the Hodge Laplacian commutes with the Helmholtz
projection. In case d = 2, global existence is proved in [32, Proposition 6.5], but that result does not
establish convergence of solutions.

The Boussinesq-Scriven surface stress tensor 7y has also been employed in the situation where two
incompressible fluids which are separated by a free surface, where surface viscosity (accounting for internal
friction within the interface) is included in the model, see for instance [5,22]. Finally, we mention [12,18,
27,28] and the references contained therein for interesting numerical investigations.

Notation: We now introduce some notation and some auxiliary results that will be used in the sequel. It
follows from the considerations in [24, Lemma A.1 and Remarks A.3] that

(PsVsu)' =Vu and Ps(u-Vsgv) = Vo (1.4)

for tangential vector fields u, v, where V denotes the covariant derivative (or the Levi-Civita connection)
on Y. In the following, we will occasionally take the liberty to use the shorter notation V,v and Vu
mentioned in (1.4). We recall that for sufficiently smooth vectors fields u, say u € C*(X, TX), one has
Vu € C(3,TiY), the space of all (1,1)-tensors on X. As the Levi-Civita connection V is a metric
connection, we have

Vo (ulv) = (Vyulv) + (u]Vyu) (1.5)

for tangential vector fields u, v, w on ¥, where (u|v) := g(u,v) is the Riemannian metric (induced by the
Euclidean inner product of R! in case ¥ is embedded in R4*1). Occasionally, we also write grad ¢ in
lieu of Vg for scalar functions ¢.

We use the notation

(ulv)s :/E(u\v) dx,

whenever the right hand side exists, say for v € L,(X, TX) and v € Ly (X, TX), where 1/¢+ 1/¢ = 1.
For k € N and ¢ € (1,00), the space H(f(Z, TY) is defined as the completion of C*° (X, TX), the space of
all smooth vector fields, in L joc(2, TE) with respect to the norm

k l/q
|u|H§(§:) = (2% VZU|qu(z)> .

The Bessel potential spaces H; (%, TX) and the Besov spaces B;,(X, TX) can then be defined through
interpolation, see for instance [3, Section 7]. It is well-known that these spaces can be given equivalent
norms by means of local coordinates, see for instance [3, Theorem 7.3] (for the more general context of
singular and uniformly regular manifolds).

2. The Surface Stokes Operator

In [24, Corollary 3.4] we showed that there exists a number wy > 0 such that for w > wy, the system

Ou + wu — 2uPedivsDy(u) + Ver = f  on X
divyu=0 on ¥ (2.1)
u(0) =up on X
admits a unique solution

we Hy ,(Ry; Lo(3,TY) N Ly (R HZ (B, TX)), 7€ Ly u(Ry H;(z)),
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if and only if
f € LpuRi; Ly(S,TX)), up € BL?/P(£,TS) and  divsug = 0.

Moreover, the solution (u, ) depends continuously on the given data (f,ug) in the corresponding spaces.
Let Py s denote the surface Helmholtz projection, defined by

Pysv:=v—Vxt,, veELETY),
where Vs, € Ly(3, TX) is the unique solution of
(Vsth|Vsd)s = (v|Vsd)s, ¢ € Hy(S),

see Lemma A.1. We note that (Py su|v)s = (u|Pu sv)s for all u € Ly(X, TX), v € Ly (X, TE), which fol-
lows directly from the definition of Py 5, (and for smooth functions from the surface divergence theorem).
Indeed,

(Prsulv)s = (u— Vetu|v)s = (ulv)s — (Vetu|v)s
= (ulv)s — (Vstu|Vsthu)s
= (ulv)s = (ulVei)s
= (ulv = Veth)s = (u|Phsv)s,
as Yy, € H;(E), Py € H;,(Z). Let
Xo:=Lgo(3,TE) := PyxLy(S,TY), Xy:=H (S, TE) = H;(%,TE) N Xo.
The surface Stokes operator is defined by
Agyu = —2usPy »PsdivyDx(u), uwe D(Asy) = Xi. (2.2)
Making use of the projection Py x, (2.1) with divy f = 0 is equivalent to the equation
Ou+twu+Assu=f, t>0, u(0)=uop. (2.3)

Indeed, if (u,7) is a solution to (2.1), then v = Py x;u solves (2.3) as can be seen by applying Py x to
the first equation in (2.1). Conversely, let u be a solution of (2.3). Then, by definition of Py s,

Assu = =24, Py s PsdivsDx(u) = —2u,PsdivsDs(u) + 2115 Vsthy,
where ¥, € H}(X) solves

(Vst|Vsd)s = (v|Vse)s, ¢ € Hy(%),

with v := PxdivyDx(u) € Ly(X). Defining 7 := 24,1, we see that (u,7) is a solution of (2.1).

In particular, the operator Ag s has Ly-maximal regularity, hence —(w + Ag x) generates an analytic
Co-semigroup in Xy (see for instance [22, Proposition 3.5.2]) which is exponentially stable provided
w > s(—Agyx), where s(-) denotes the spectral bound of —Agy. This readily implies that the operator
w + Ag s is sectorial with spectral angle ¢ a5y < 7/2.

3. H*°-calculus

In this section, we are going to prove the following result.

Theorem 3.1. Let q € (1,00) and ¥ be a smooth, compact, connected, embedded hypersurface in R
without boundary. Let Agx be the surface Stokes operator in Lq (X, TX) defined in (2.2).

Then w + Asy, admits a bounded H> -calculus with H>-angle ¢, . < m/2 for each w > s(—Asx),
the spectral bound of —Ag s.
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Remark 8.2. Let € denote the set of equilibria. We have shown in [24], Proposition 4.1, that s(—Agx) =0
provided € # {0} und s(—Agy) < 0 if & = {0}.

Therefore, it follows from Theorem 3.1 that for each w > 0 the operator w + Ag s; admits a bounded
H*-calculus with H*>-angle ¢, < /2. In case £ = {0} one may set w = 0.

3.1. Resolvent and Pressure Estimates

We consider the following resolvent problem
M+ (w—2usPedivsDy)u+ Ver = f on ¥ a1
divgu=0 on 3, (3.1)

where w > s(—Agx) and A € Xr_g, ¢ > ¢uyag . By sectoriality of the operator w + Ag s (and since
0 € p(w+ Agsx)), it follows that for given f € Ly(X, TX) there exists a unique solution

we HS,TS), weH (%)
of (3.1) and there is a constant C' > 0 such that
(A + Dulz, ) + lulmzs) + 1V, < ClflL, ), (3.2)

for all A € ¥;_4. Note that without loss of generality, we may assume that Pym = 7, where

1
Pov::v——/vdZ
2] Js

for v € L1(X). Furthermore, if divy f = 0, the pressure 7 satisfies the estimate
ITlL,=) < Clulmy(s) (3.3)

for some constant C' > 0. The proof of estimate (3.3) follows exactly the lines of the proof of [24,
Proposition 3.3].

3.2. Localization

By compactness of ¥, there exists a family of charts {(Uy,px) : k € {1,...,N}} such that {Uy}i_,
is an open covering of X. Let {1#,3}{37:1 C C*(%) be a partition of unity subordinate to the open cov-
ering {Uy}_,. Note that without loss of generality, we may assume that ¢ (Uy) = Bgra(0,7). We call
{(Uk, ok, ¥r) : k € {1,...,N}} a localization system for .

Let {7, (p)};-l:1 denote a local basis of the tangent space T,X of ¥ at p € U, and denote by

{r (Jk) (p)};vi:1 the corresponding dual basis of the cotangent space T;¥ at p € Uy. Accordingly, we define
gzi) = (T(ik)|7'(jk)) and g(x)i; is defined in a very similar way, see the Appendix in [24]. Then, with u =
uop, ', =mop, ! and so on, the system (3.1) with respect to the local charts (U, %), k € {1,..., N},
reads as follows.

)‘ﬁfk) +(w - “Sga)aiaj)ﬂfk) + gfi)aﬁ(k) = ffk) + F(Ek) (@,7) in R?

4 _ (3.4)
81-11@) = H(k)(ﬂ) mn Rd,
where
ﬂfk) = (ﬁﬁl_fk\f(ek))a T(ky = Tk,
Floy = (Fonlilyy), Flo(@,7) = 7600 0tk + (B ulmhy ),
e {l,...,d}, By collects all terms of order at most one and

Hy (@) = @0yt — W (7057 ).
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Here, upon translation and rotation, gfi) (0) = 6; and the coefficients have been extended in such a way

that géi) € W2 (R%) and \géi) —(5;- L. (rey < 7, where 7 > 0 can be made as small as we wish, by decreasing

the radius r > 0 of the ball Bga(0,7).
In order to handle system (3.4), we define vectors in R? as follows:

a(k) = (ﬂ%k),,ﬂ?k)), fT(k) = (_fT(lk)7...7fT(dk))
and
Fuy (@, 7) i= (Fly (@, 7), ..., Fjy (@, 7).
Moreover, we define the matrix Gy = (ngc))f j=1 € R With these notations, system (3.4) reads as
Ay + (W — ps (G VIV)) gy + Gy VT = f(k) + Fiy(w,7)  in RY (3.5)
div agy = H (@) in R '

Let us remove the term H (), since it is not of lower order. For that purpose, we solve the equation
div(G ) V) = Hry(u) by Lemma A.2 to obtain a unique solution V¢ € HZ(R?)? with

Vol 2 ray < C1H k) (@) 1 ra), (3.6)
where C' is a positive constant. For this, observe that H(@) is compactly supported and we have

Jga Hgy(w)dz = 0. Therefore, Hy(u) induces a functional on H;,(]Rd) with norm bounded by

C|H ()L, raey- To see this, choose R > 0 such that supp(H(u)) C B(0, R) and let ¢ € H;, (R9).
Then we have

Hy(u)pdz = / Hy (@) (¢ — ¢) do,

R4 B(0,R)

where ¢ = |B(0, R)|~! fB(O,R) ¢ dz. By the Poincaré-Wirtinger inequality,

| Hy (0)(¢ — ¢) da| < C|Hy(0)|1,IVlL, (5(0.r))
B(0,R)
< ClH ) (@)L, IVelL,, rae)-
Let
Ug) = Uk) — G(k)V@g and 7)) = T(x) + A+ w)p.

It follows from (3.5) that the functions (i), 7(x)) then solve the system

)\ﬂ(k) + (w— uS(G(k)V|V))ﬂ(k) + G(k)Vfr(k) = JF(k) + F(k) (a,7) in R
p (3.7)

div a(k) =0 in R 5
where F(k)(ﬂ, ) i= Fuy (@, 7) 4+ ps(GayVIV)(G ) V). In order to remove the pressure term in (3.7)
we introduce the projections PZ, defined by
PEvi=v— Gy VP, ve Ly(RY).

Here, V®;, € Ly(R?) is the unique solution of div(G ) V®;) = divv in Hq_l(]Rd), established in Lemma

A.2. Tt is readily seen that PSv = v if dive = 0 and PkG(G(k)VTT(k)) = 0. Applying the projection PF to
equation (3.7) leads to

)\ﬁ(k) + (w — MSPE(G(MV|V))1~L(;€) = PkG(fT(k) + F(k)(ﬂ, 7_1')) in Rd. (3.8)

We claim that each of the operators w + Ag’k = w — us P (G)V|V) in (3.8) admits a bounded H>-
calculus in PELy(R?) = L, »(R?Y), provided w is sufficiently large. To see this, we write

—AG u=—Asu+ ps((Gay — DVIV)u — p1,G 1) Vi,
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Wherde Ags = —pus PpAu = —psAu is the Stokes operator in Lq,g(Rd) and Py is the Helmholtz projection
" I%{e.call that each matrix Gy is a perturbation of the identity in R4 Therefore,
ls((Gey = DVIV)ulr,may < nlul gz ra)y,
where we may choose n > 0 as small as we wish. Furthermore,
|Gy VrilL,®e) < ClG)VIV)u = Aulp, ey < n|ulgzra),
by Lemma A.2, since
div(G ) V@) = div (G VIV)u = div (G (1) V|V)u — div Au

as div Au = Adivu = 0 in R%. As before, we may choose 1 > 0 as small as we wish.

Note that the shifted Stokes operator w + Ag admits a bounded H*°-calculus in Lg » (RY) with angle
%X, < /2, see e.g. [22, Theorem 7.1.2]. By the abstract perturbation result [7, Theorem 3.2] (see also [20,
Section 3]), there exists wy > 0 such that each of the operators w + Ag , admits a bounded H°°-calculus
in Lq,U(Rd) if w > wp. Moreover, for any given ¢o > ¢, we may assume ¢Z°gk < ¢o, provided that
|G (k) — I|oo is sufficiently small. ,

This yields the following representation of the resolvent u = (A +w + Ag )~ f.

N N
w=Pgx Y Piu=Purs > r(U{Tre) o ok

k=1 k=1
N N

= Pgx Z U ((Twylee)Trye) © pr + Prx Z Ui ((G oy Vorlee) Taye) © ¢
k=1 k=1

=Tu+ S\ f+ R\,

where {e,}%_, is the standard basis in R? and

N
Tu:= Pyyx Zwk((G(k)VéﬁHee)f(k)e) ° Yy,
k=1

N
SIS 2= Pus Y k(A +w + AG ) T PE fuglee) Twye) © i
k=1

N
RO = Pux Y tn(((A 4w+ AG ) T PEFiy (a(f), 7 (f))lee) Txye) © on-
k=1
In a next step, we will estimate the term R(\)f in L, (X, TX). To this end, observe that the operators
Py s and P¢ are bounded in L, (X, TY) and L,(R?), respectively. This, together with (3.2), (3.3), (3.6)
and the fact that each of the operators w + Ag . is sectorial in L, ,(R?) for w sufficiently large, yields the
estimate

C
R(A <—7—r= 3.9
IR fle, =) < FEE |flz, =) (3.9)
for some constant C' > 0. Indeed, by (3.2), (3.3), (3.6), we obtain
|Fy (0, 7)1, (rey < C (|F(k) (@, )|, ra) + |V¢k\Hg(Rd))

<C (|W|Lq(2> + |“|H3<E>)
< Clulmys)
< COA+ )TV A+ ADJul ) + [ul r2es)
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<C(1+ |)\|)_1/2\f|Lq(2)-

Here we have also used complex interpolation Hj(X) = [Lq(X), HZ (X))]1 /2.
Next, observe that T': Ly (X, TX) — H} (X, TX) N Lg o (3, TE), since Gy € WZ (R4 and V¢, €
H; (R4)? for each k € {1,..., N}, hence T is compact in L, (3%, TY). Consequently, I — T is a Fredholm

operator with index 0. In particular, ker(I — T') is finite dimensional and the range ran(I — T') is closed
in Ly(X). Let {v1,...,v,} be an orthonormal basis of ker(I — T') and define

Q:Lyo(E,TE) = ker(I —T)
by

m

Qu = Z(U|Uk)zvk-

k=1

Then it can be readily checked that @ is a projection onto ker(I —7') and it is continuous in L, ,(XZ, TX)
for any q € (1,00), since vy, € H;(E, TY) for any g € (1,00) (using a bootstrap argument). Consequently,
the operator

I-T:ran(I — Q) —»ran(l —T)

is invertible with bounded inverse.
We use the resolvent representation

(I =T)u= SN+ RN,
to conclude that the right hand side belongs to ran(I — T'), hence
(I =Qu=(I=T)"" (SN +RMNJ).
Let ¢o € (¢%,,7/2) such that gbffgk < ¢¢ for each k € {1,...,N}. For h € Hy(Xy), ¢ € (¢o,7/2), we

then obtain

(I =Qh(w+ Asz)f =T -T)" (PH > Zwk (w+ AG 1) PE Fuled)Tye) © ox

+ L h(—A)R(A)fdA) ,

2w Jr
with T' = (00, 0le= =9 U [0, 00)e! (™9, § € (¢¢, $). Estimate (3.9) then yields
(I — Q)h(w+ As »)|B(L,(x) < Clhlo,

since each of the operators w + Ag’ & has a bounded H°-calculus. The remaining part Qh(w + Ag s;) may
be treated as follows.

Qb+ Asz)f = Qg [ MDA+ +w+ Ass) S

)\—i—w

1 dA\
= Qh(w)f - Q*/h MNAszd+w+dsz)” 1f)\+)\w

For the last integral, we employ the definition of the pI"Q]GCthIl Q from above to obtain

1
— | h(=)\A A 1
6»22m./F (=MNAss(A+w+ Ass)” f)\+w
1 & d\
= — h(=X)(A4 A 1
2mkz_:1vk/r (Ass(A+w+Agx)” f|vk)2/\+w
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dA
A4 w

1 m
=g Do /F B(=N)(Do(A+w+ Asx) ™ f : Vvy)

By (3.2), we therefore obtain
|Qh(w + As )8z, =) < Clh|so,

for some constant C' > 0. Consequently, the operator w + Agy admits a bounded H*-calculus in
Ly (%, TY) with angle ¢, . < m/2 provided w > 0 is large enough. An application of [22, Corol-
lary 3.3.15] finally yields that it is enough to require w > s(—Ag, 5 ). This completes the proof of Theorem
3.1.

4. Critical Spaces
4.1. Strong Setting

We consider the abstract system
Ou+ Asyu = Fx(u), t>0, u(0)=up, (4.1)
where Fx(u) == =Py sPs(u-Vsu) = =Py sV,u. Let g € (1, 00),
Xo:=Lgo(X,TE) and X;:=D(Agx)=H; (X, TE).

Furthermore, let X3 = [Xo, X1]g for some 5 € (0,1), where [-,-]g denotes the complex interpolation
functor. Then, by Theorem 3.1, it holds that X5 = D((w + Agx)”) for w > s(—Agyx). In [24, Section
3.5], we determined the real and complex interpolation spaces (Xo, X1)q,p and [Xo, X1]q as
[XO;Xl]a = quz-(zaTEL
(X0, X1)ap = B2y ,(2,TS),
for @ € (0,1) and p € (1,00), where Hy (X, TY) := H: (5, TY) N Ly (X, TE) and Bj, (¥, TY) =
B, (5, TE) N Ly o (5, TS) for s € (0,2).

By Holder’s inequality, the estimate
[Fe ()L, ) < Clulr,,,s)luluz, =)
holds. We choose r,r" € (1,00), 1/r 4+ 1/r' =1, in such a way that

d d . d 1 d
1——=——, orequivalently, — =_[1+—-],
qr qr qr 2

which is feasible if g € (1,d). Next, by Sobolev embedding, we have
(X0, X1]p C HP(,TE) & H (S, TE) N Ly (S, TE),
provided

d d 1/d
23— —=1——, orequivalently, (= - < + 1) .
q qr 4 \q

The condition 8 < 1 requires ¢ > d/3, hence ¢ € (d/3,d). For q € (d/3,d) we define the critical weight

by
1/d 1
()L
2 \¢ D

with 2/p 4+ d/q < 3, so that u. € (1/p,1]. We consider now the problem
O+ wu+ Asxu = Fx(u) +wu, >0, u(0)=ug, (4.2)

T Birkhauser
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where w > s(—Agx). It is clear that u is a solution of (4.1) if and only if u is a solution to (4.2). Note
that for each w > s(—Ag x), the operator w+ Ag s, admits a bounded H*-calculus in Xy with H>-angle
X, .. < /2. We may therefore apply [23, Theorem 1.2] to (4.2) which yields the following result.

Theorem 4.1. Let p € (1,00), ¢ € (d/3,d) such that % + % < 3. Then for any initial value ug €
B%,qg_l(E,TE) there exists a unique strong solution
u€ Hy, ((0,0); Lgo (5, TE)) N Ly, (0, a); Hy (3, TE))

of (4.1) for some a = a(ug) > 0, with p. = 1/p+ d/(2q) — 1/2. The solution ezxists on a mazimal time
interval [0,t4(ug)) and depends continuously on ug. In addition, we have

we C([0,t4); BHLH (S, T) N C((0,14); By, 2/P(,TE))
which means that the solution reqularizes instantaneously if 2/p + d/q < 3.

Remark 4.2. Note that in case d = 3 and p = ¢ = 2, the initial value belongs to
Byhp(E,TS) = Hyl/(£,TS),

Hence, the celebrated result of Fujita & Kato [9] holds true for the surface Navier—Stokes equations.

4.2. Weak Setting

In order to cover the case ¢ > d, we proceed as follows. Let Ag = w + Agx, w > s(—Agyx) and recall
that Xo = Ly - (2, T). By [2, Theorems V.1.5.1 & V.1.5.4], the pair (X, Ag) generates an interpolation-
extrapolation scale (X,, Ay), @ € R, with respect to the complex interpolation functor. Note that for
a € (0,1), Ay is the X, -realization of Ay (the restriction of Ag to X,) and

Xo = D(AF) = [Xo, X1]a = H}%(2,TE),
since Ag admits a bounded H*°-calculus.
Let X} := (Xo) and A} := (4q) with D(A%) =: X! Then (X}, A}) generates an interpolation-
extrapolation scale (X£, A%), the dual scale, and by [2, Theorem V.1.5.12], it holds that
(X,) =X, and (A,) =A%
for & € R. Choosing o = 1/2 in the scale (X,, A, ), we obtain an operator
A—1/2 : X1/2 - X—1/2,
where X_;/p = (Xij /2)’ (by reflexivity) and, since also Ag has a bounded H *°-calculus,

Xﬁ

1/2 = D((Ag)1/2) = [XgﬂXii]l/? =H, (EvTZ)a

q'0
with p’ = p/(p — 1) being the conjugate exponent to p € (1,00). Moreover, we have A_;/, = (Aﬁ/Q)’ and
Ag/z is the restriction of Ag to Xf/z. Thus, the operator A_;/5 : X1/5 — X_; /5 inherits the property of
a bounded H*°-calculus with H°-angle ¢?40—1/2 < /2 from the operator Ap.

Since A_y/5 is the closure of Ag in X_; /5 it follows that A_;ou = Agu for u € Xy = D(4g) =

H? (%, TY) and thus, for all v € Xf/g, it holds that

(A_1j2u,v) = (Aoulv)s = Q,LLS/EDE(U) : Dx(v) dE + w(u|v)s,

where we made use of the surface divergence theorem. Using that X; is dense in X5, we obtain the
identity

(A_1j3u,0) = QMS/EDZ(U) Doy (0) A5 + w(ulv)s,

) Birkhauser
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valid for all (u,v) € X5 x Xf/z. We call the operator Ay, := A_y/» — w the weak surface Stokes
operator, given by its representation

<Ag72u,v> = ZMS/EDE(U) :De(v)dy, (u,v) € Xq/5 X Xlﬁ/Q.

Multiplying (4.1) by a function ¢ € Xf/g = H;,’U(E,TZ) and using the surface divergence theorem, we
obtain the weak formulation

Opu+ Ag syu = F¥(u), u(0) = uo, (4.3)
in X_y/5, where
(F5 (u), 9) := (Vuglu)s.
Note that u is a solution of (4.3) if and only if u solves
Oru + wu + Ag su = F5Y(u) +wu, u(0) = up, (4.4)
in X_; /5. We will apply Theorem 1.2 in [23] to (4.4) with the choice
Xy =X_1 and XY =X,

For that purpose, we will first characterize some relevant interpolation spaces. Let

H;(E,TE)HLQJ(Z,TE), 0<s< 1,
H;’U(E,TZ) = s ,
(H,* (2,T%)) “1<s<0,
4.5
B:,(3,TS) N Ly o(S,TS), 0<s<1, (45)
B, o (3, TY) == ¢ (X0, X1)1/2,, , 5 =0,
(B;;,VJ(E,TE)) , -1<s<0.
By similar arguments as in [26, Section 2.3] we obtain
[(X_1)2, X1p2le = HZ7H(S,TY), 0 € (0,1), (4.6)

(X_1/2, X1/2)0,p = BEHE, TY), 6 < (0,1).

qp,o

Next we show that the nonlinearity Fy : Xj — Xy is well defined, where Xj denotes the complex
interpolation space, that is, X} = [Xy', X{'|s for 8 € (1/2,1). By (4.5), (4.6) and Sobolev embedding,
we have

XY — H27H(S,TS) & Loy(8,TY), (4.7)

provided that 26 —1 > 2%. From now on, we assume 20 — 1 = 2%, which means ¢ > d/2 as 3 < 1. Then,
by Hélder’s inequality and (4.7), we obtain

|(F¥ (u), 9)| < |U‘%2q(2)|¢|H3,(2) < C‘ufxg |¢\H;,(2)a
showing that
Y XE — Xg o with  [F(u)|xy < Clulky.
For 26—1 = d/2q, the critical weight u. € (1/p, 1] is given by p. := p¥¥ = 1/p+d/2q and the corresponding
critical trace space in the weak setting reads
X“\?l,uc = (X7, X‘lN)uc—l/zw = B(%,‘{;l(&TE).

Note that in case g € (d/2,d), the critical spaces in the weak and strong setting coincide.
The existence and uniqueness result for (4.3) in critical spaces reads as follows.

T Birkhauser
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Theorem 4.3. Let p € (1,00) and q € (d/2,00) such that % + g < 2. Then for any initial value ug €
B%,qg_l(E,TE) there exists a unique solution

u€ Hy, ((0,a); Hy o (5, TX)) N Ly, (0, a); Hy o (3, TE))

of (4.8) for some a = a(ug) > 0, with pu. = 1/p + d/2q. The solution exists on a mazimal time interval

[0,t4(up)) and depends continuously on ug. Moreover,

we C([0,ty); BYTH(2, TE)).

ap,o
Suppose p > 2 and q > d. Then each solution with ug € B%L{;l(Z TZ) satisfies in addition
w € Hp1o0((0,7); Ly,o (3, TE)) 0 Lp,ioc((0,¢7); H (2, TE)).

Hence, in this case, each solution reqularizes instantaneously and becomes a strong solution.

Proof. Since A_; /5 = w + Agﬁz admits a bounded H*-calculus in X_ /5 with H*>-angle ¢7°

—1/2 < 7T/27

the first assertion follows readily from [23, Theorem 1.2].
Suppose that p > 2 and ¢ > d. Then p. = 1/p + d/2q¢ < 1 and [23, Theorem 1.2] yields u €
C((0,t4); B;;g/p(E,TZ)). Therefore,

u(t) € X1 = (X_1/2, X1/2)1-1/pp = BL 2/P(2,TY),

qp,o

for t € (0,t4(up)). Noting that for u € (1/p, 1/2] we have the embedding
BlL2/P(2,TS) — B2 2/P(2, T)

qp,o

at our disposal, we may now solve (4.1) by [24, Theorem 3.5] with initial value u(to), to € (0, ¢4 (ug)),
to obtain a strong solution. The assertion of the theorem follows now from uniqueness, see [15, Theorem
3.4(c)]. O

Corollary 4.4. Suppose d > 2. Then equation (4.3) has for each initial value ug € Lq» (3, TE) a unique
solution which enjoys the regularity properties of Theorem 4.3 with q = d for each fixed p with p > 2 and
p>d.

Proof. Suppose p > 2 and p > d. Then the embedding L, »(X, TE) — ng(z, TX) holds, see for instance
[4, Theorem 6.2.4 and Theorem 6.4.4]. The assertion follows now from Theorem 4.3 with ¢ = d. (I

We now consider the limiting case p = ¢ = d = 2. In this case, we have y. = 1 and the corresponding
critical trace space is given by
XY= (X1, Xuy2)122 = [X 172, Xuj2)1/2 = L2, (5, TY),

see for example [33, Remark 1.18.10.3].
We may now also extend each weak solution to a strong solution. To this end, observe that

XY= (X 12, X1y2)1722 = (X172, X1/2)1/2,

for any r € (2, 00). Then we solve (4.3) by Theorem 4.3 with ug € (X_1/2, X1/2)1/2,» and pe = 1/r +1/2
(choosing p = r and ¢ = d = 2). This yields

we HY, ((0,0): X3) 1 Ly, ((0,a); X)

with Xy = Hj (£, TS) and X = H; }(%, TE). Since now u(t) € By 2" (2, TE) for ¢ € (0,a), we may

2r,o
argue as above to conclude that the weak solution regularizes to a strong solution

u € HT 100((07 CL); L2,0(27 TZ)) N LT"JOC((O’ a); H22,0'(E7 TE))
Moreover,

u(t) € (Lo (S, TE), H2 (S, TE))1 1nr = By 2/ "(S,TS) — B2, 2/7(5,TS)

2r,0

) Birkhauser
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for t € (0,a), provided ¢ > 2, p >rand 2 —2/r —d/2 > 2u—2/p —d/q. For d = 2 this means
w<1/2+1/p+1/q—1/r.
We now solve (4.1) with initial value u(tq) € Bgﬁ;z/ P(¥,TX) by [24, Theorem 3.5] to obtain a solution
veH, ((0,a); Lgo(S,TE)) N Ly, ((0,a); H ,(3,TX)).

pb
As in the proof of [15, Theorem 3.4(c)] we conclude that uniqueness holds, that is, v(t) = u(ty +t). As
to can be chosen arbitrarily small, this implies that u shares the regularity properties of v for ¢t > 0. We
have shown the following result.

Theorem 4.5. Let d = 2. Then for any uy € Lo (X, TX), problem (4.3) admits a unique solution
u e HY(0,0), Hy 2(5,T)) 1 Ly((0, 0); H} (5, T%))
for some a = a(ug) > 0. The solution ezists on a mazimal time interval [0,t% (ug)). In addition, we have
u € C[0,t7); Lo o (X, TX)). (4.8)
Furthermore, each solution satisfies
W€ H (0,9 Lo (5, TS)) 0 Ly e (0, £7); HZ2,, (2, T5)
for any fized ¢ € (1,00) and any fixzed p € (2,00). Therefore, any solution with initial value uy €

Ly o(2, TE) regularizes instantaneously and becomes a strong Ly-Lg solution.

Proof. According to the considerations preceding the Theorem, the assertions hold true for a fixed ¢ > 2
and p € (2,00). The case ¢ € (1,2) follows readily from the result in the Ls-case and the embedding
Ly(E,TE) — L, (X, TY). |

4.3. Energy Estimates and Global Existence

In [24] we showed that the set of equilibria € for (1.1), respectively (4.1), consists exactly of the Killing
vector fields on X, that is,
E={uelC>®(,TY) | Ds(u) = 0}.

We recall that the condition Dx(u) = 0 implies that w is divergence free (which follows from the relation
divs u = tr Dy (u)). Moreover, one can show that any vector field v € H} (X, TE) satisfying Dx(u) = 0
is already smooth, see for instance [19, Lemma 3]. Lastly, we recall that £ is a finite dimensional vector
space. If fact, dim & < d(d+1)/2, with equal sign for the case where ¥ is isometric to a Euclidean sphere,
see for instance the remarks in Section 4.1 of [24].

Let us define the space

Vi(D) = {ve H} (3, TY) | (vz)s =0forall z€ £}, je{0,1}. (4.9)

Note that V3 (%) is a closed subspace of Hg)U(Z, TY), and hence is a Banach space. Moreover, HiU(Z7 TY) =

£ ® VJ (D), see Remark 4.10(a).

From now on we assume that d = 2, and we show that any solution of (4.3) with initial value
vo € Lo »(X) being orthogonal to £ will remain orthogonal for all later times. Moreover, we establish an
energy estimate for such solutions.

Proposition 4.6. Let d = 2. Suppose vy € V3 () and let v be the solution of (4.3) established in Theo-
rem 4.5. Then

(a) v(t) € V(Z) fort € [0,tT(vg)) and v(t) € ViH(X) for t € (0,7 (v)).

(b) There exists a universal constant M > 0 such that

t
W@&@+AW®%@%SMM&®,tHMWW)
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Proof. (a) According to Theorem 4.5, we know that
V€ Hy1oe((0,t7): L2, (8, TE)) N Ly 1oc((0,47); H , (2, TE))
for p > 2. Pick any z € £. Then
d
dt
where the time derivative exists for almost all ¢ € (0,%%(vg)). For the last equal sign we employed the

property that Agy is symmetric on Lo ,(X) and N(Agsx) = &, see [24, Proposition 4.1]. In a next step
we show that

(v(t)]2)s = = (Vymyv(t)|2)s — (Assv(t)|2)s = —(Vupyv(t)]2)s,

(Vovlz)s =0 forall ve Hj, (%)

Indeed, this follows from
(Vyvlz)s = /Z(Vvv|z) d¥ = /2 (Vo(v]2) = (v|Vy2)) dE
= / ((v|grad(v|z)) - (U|sz)> d¥ =0,
b

where we used (1.5), the surface divergence theorem and the property that z is a Killing vector field, (which
implies (V,z|v) + (v|V,2z) = 0). Hence, we have shown that %(v(t)|z)g = 0 for almost all t € (0,tT(vg)).
(4.8) now implies

(v(t)|2)s = (vo|z)s =0 forall t€ [0, (vg)).
(b) Similarly as in part (a), one shows (suppressing the variable ¢) that

d1

%§|v(t)|i2(2) = 7/2 (Vyv|v) + (Agzolv)) dS = —2p, /E |Ds;(v)|? d.
The assertion in part (a) and Korn’s inequality (A. 2) readily imply

d

alv(f)liz(m +alo(t)[fys) <0, te (0,t%(v)), (4.10)
with an appropriate constant « > 0. Integration yields the assertion in (b), as \v|%2(2) is absolutely

continuous on [0, ¢ (vp)). O

Proposition 4.7. Suppose that d = 2 and vy € V3 ().

Then problem (4.3) admits a unique global solution v enjoying the regularity properties stated in
Theorem (4.5), with t*(vy) = oo.

Moreover, there exists a constant o > 0 such that

|U(t)|L2(E) S Giat|’Uo|L2(Z), t 2 O (411)

Proof. By the abstract result [23, Theorem 2.4] on global-in-time existence, the maximal time of existence
t4 (ug) satisfies the following property:

ty(ug) <oo = u ¢ Lp((0,t4); [Xg', XV, ).
Observe that in case p = ¢ = d = 2, it holds p. = 1/p + d/(2¢) = 1, hence if
u € LQ((Oat+);H21(ZaTE))a

then the weak solution exists globally in time. Proposition 4.6 guarantees that any solution v with initial
value vy € V3 (X) satisfies

v € Ly((0,tF(vg)), Hy (2, TY))

) Birkhauser
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and, hence, global existence of the weak solution follows. Since we know that the weak solution in this
case regularizes to a strong solution, we obtain global in time existence of strong solutions for ¢ = d = 2
as well.

Finally, we conclude from (4.10) that % |v(t) %2(2) + |v(t)|%2(2) < 0 for any ¢ > 0 and this implies
the estimate in (4.11). O

Remark 4.8. Suppose u, € £ and vy € V3 (X). Then the assertions of Theorem 4.1, Theorem 4.5 as well
as Propositions 4.6 and 4.7 hold true for solutions of

O+ Assv = —Pps(Vyv + Vi, v+ Vyu,), v(0) =g, (4.12)
respectively its weak formulation
O + Agxv =I5 (v), v(0) = vo, (4.13)
where (F¥(v),¢) = (v|Vyd)s + (V| Vu, @)z + (us|Vy@)s for ¢ € H} (3, T).

In particular, each solution of(4.13) with initial value vy € V3 (X) exists globally and there exists a
positive constant « such that

[0 La(m) < € volLy(s), >0

Proof. One readily verifies that the assertions of Theorems 4.1 and 4.5 remain valid for problem (4.12)
and (4.13), respectively. In fact, one only needs to verify that the terms on the right hand side can be
estimated in the same way as in the proof of Theorems 4.1 and 4.5.
Next we show that v(t) € V3 (X) for t € [0,¢T(vg)). Let z € €. Following the proof of Proposition 4.6(a),

we obtain

d

%(v(tﬂz)g = —(Vumv(t) + Vo, v(t) + Vypyusl2z)s, te (0,17 (vo)).
According to the proof of Proposition 4.6(a), (V,v|z) = 0 and it remains to show that (V,, v+V,u.|z)s =
0 for any v € Hy (3, TX). This follows from

(Vu, v+ Voui2)s = /E (vu* (v]2) + Vo (uilz) = (us|Voz) = (vlvu*z)) =0

where we used (1.5), the surface divergence theorem and the property that z is a Killing vector field. The
same arguments as in the proof of Propositions 4.6 and 4.7 yield the remaining assertions. O

Theorem 4.9 (Global existence). Suppose d = 2.

Then any solution of (4.3) with initial value ug € Lo (X, TE) exists globally, has the reqularity properties
listed in Theorem 4.5, and converges at an exponential rate to the equilibrium u, = Peug in the topology
of Hg (3, TX) for any fized q € (1,00), where Pg is the orthogonal projection of ug onto € with respect to
the Lo (3, TY) inner product.

Proof. Let ug € Ly (3, TX) be given. Then there exist unique elements u, € £ and vy € V7 (%) such
that ug = ux + vo. Let v be the unique (global) solution of problem (4.13), respectively (4.12), whose
existence has been asserted in Remark 4.8 Then

u(t) == u. +ov(t), t>0,

yields a (unique) global solution of (4.1), respectively (4.3), with initial value ug. For this, we just need
to observe that

Oty + Ag sty = —Ppr 5V, Us.

Indeed, this follows from the relations N(Ag;x) = € and V,, u. = grad(u|u,), with the latter assertion
implying Py »V,,, u. = 0. It follows readily that u(t) — . as t — oo at an exponential rate in Ly (3, TE).
To prove convergence in the stronger topology H, 3(2, TY), we proceed as follows.
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(i) First, we note that Ly(2, TX) — B9 (3, TY) for any fixed r > 2. For fixed, but arbitrary ¢; > 0, we
solve (4.3) with initial value uy := u(t;) € BY, (3, TY). Choosing p. = 1/r + 1/2, it follows from [23,

2r,o
Theorem 1.2] that there exist positive numbers 7 = 7(u.), € = e(us) and C; = C1(u.) such that

(-, dn) = u(,ua)lg, ,, 0.2r) < Cilln — ualpg (v) (4.14)

for all 41 € BS, (%, TY) with |a; — ux|py (z) <€, where

2r,c

E1u.(0,27) = Hy , ((0,27); Hy 5 (5, T)) N Ly, ((0,27); Hy 1 (3, TE)).

T e

It should be observed here that w(t,u.) = us, as u, is an equilibrium.
By following the arguments in [22, page 228] and employing

XY = (X, X 11y = (Hy o(5,TE), Hy (2, TS))1-1/rr = Bi2m(s, Ty,

2r,o

see (4.6), we conclude with (4.14) that there is a constant Co = Ca(u,) such that
(-, ) — u(, u*)|c([7727],gé;i/r(g)) < Golin — U*|Bgr(2)-

Letting C3 be the embedding constant of Lo(X, TY) < BY,.(3, TY) we choose ¢ large enough such that
|u(t1) — us|p,(z) < €/Cs. Setting ty = 7, we may deduce from the estimates above that

[u(te,ur) — u*|B;;2/r(E) < Cluy — Uy, (x), (4.15)

with C' = C(u.) = C2C3. Here we have also used the uniqueness of solutions, cf. [15, Theorem 3.4(c)].

(ii) For fixed, but arbitrary r > 2, we now choose a weight p € (%, %] so that

By Y"(2,Tx) — B ¥"(2,TR).

Solving (4.1) with initial value ug := u(t2,u1) € Bgﬁ;wr

the ‘strong’ spaces (Xp, X1), we obtain the estimate

(X, TY) and repeating the above procedure in

|U(t3,U2) - u*‘Bgr_Q/r(Z) S C|U2 - (416)

Uel pyar ()
for some t3 = t3(u.) > 0.
(iif) Next, we use the Sobolev embedding

B, *(2.T8) — B (2, TR),
valid for s > 2 and p € (£,1 + 1]. Choosing t; > 0 from above sufficiently large, we infer from (4.16)
that wu(ts,us) is close to u, in the topology of B?ﬂfwr(E,TE). Solving (4.1) with initial value ug :=

u(ts, ug) € B?ﬁf;z/r (X, TX) and repeating the above procedure in the ‘strong’ spaces (Xg, X1), we obtain
the estimate

|u(ty, usg) — u*\Bzr_z/r(E) < Clus — u*\Bgr_z/r(E), (4.17)
for some t4 = t4(u.) > 0.
(iv) We will now consider (4.1) in the spaces

(X1j2, X14172) = (H, ,(3,TE), H] (2, T%)),

where (X4, Ay ) is the interpolation-extrapolation scale with respect to the complex interpolation functor,
based on Xo = L (X, TX), s € (1,00), introduced at the beginning of Section 4.2. We note that A s,
the realization of A9 = w+ Agx in X /o, has exactly the same properties as Ag. For 3 = 1/2 we obtain

[X1/2, X141/2ls = [Hy o (5, TE), HS (3, TE)] 12 = HI (2, TS).
It is easy to see that the nonlinearity

Fy: H? (S,TS) x H: ((3,T) — H} ,(%,T%)
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is bilinear and bounded. We can employ [23, Theorem 1.2 or 2.1] for problem (4.1) to obtain a solution

u(+, uq) with initial value uy = u(ty, uz) € B?,TQ/T(Z, TX). To do so, we choose = 1/2 and verify that
Xy = (X1y2, Xig1/2)1/2-1)r0 = BZ Y2, TY),

sr,o

Xon = (X120, Xig1/2)1-1/rr = B2 (5, TY).

sr,o

Noting that the numbers p = 1/2 and 3 = 1/2 satisfy the assumptions of [23] Theorem 1.2 or 2.1, we
can once more repeat the procedure outlined in step (i) to obtain

|U(t5, U4) - u*‘ngz/r(Z) S C|U4 - u*‘Bzgz/r(E), (418)

for some t5 = t5(us) > 0, provided ¢; is chosen sufficiently large. Combining the estimates (4.15)—(4.18)
and using the semiflow property, we obtain the estimate

|u(ts +ta + ts + t2 + t1,up) — “*'BE;”T(E) < Clu(ty, uo) — U] Lo (5)-
Since [u(t1,u0) — u«|r,(xy) — 0 at an exponential rate as t; — oo, we conclude that u(t,ug) converges to

u, at an exponential rate in the topology of Bgﬁg/T(E, TX) as well, as t — oo.

(iv) Finally, given ¢ € (1, 00), the embedding Bor2/" (2, TS) — H? (%, TY), being valid for sufficiently
large parameters s and r, yields the last assertion of the theorem. O
Remarks 4.10. (a) Let d > 2 and let §°(X) denote any of the spaces
H; (X, TY), By, ,(3,TY), wheres € R, 1 <p,q < c0.

Then we have

FE)=¢Ea{veF (X)) : (v,2)s =0, z€ &} (4.19)
Here, (v, 2)x := (v]2)y if s > 0. In case s <0,

(s 8 x ()4 (0) — B
denotes the duality pairing, induced by (+|-)x, where
(§)°(%) e {H} ,(2,T%), B}, (X, TE)}.

Since we can identify £ C C*°(3, TX) as a subspace of F*(X), the expression (v, z)x. is defined for every
(v,2) € F°(X) x € and (4.19) is, therefore, meaningful.

Proof. We will provide a proof of (4.19). As & is finite dimensional, we can find a basis {z1,..., 2y} for
& which has the property that (z;|z;)x = d;;. With this at hand, we define the projection

m

P 3 (X)) — €&, Piv:= Z(U,zj>zj, (4.20)

j=1

onto €. This yields the direct topological decomposition §*(X) = EGV*(X), where V*(X) = (I-P§)F*(X).
In order to justify (4.19), it suffices to show that

VEE) =V ={veF )| (vz2)x =0, z€&}.
Suppose v € V*(X). Then v = (I — P§)v and we obtain
<U,Zj>z; = <(I — Pg)U,Zj>Z = <1},Zj>g — <P§U,Zj>g = 0, j = 1, e,y

showing that v € V*(X). Suppose now that v € V*(£). Since () = £ ® V¥(X), there are unique
elements (z,w) € £ x V*(X) such that v = z + w. Then, by the first step,

0= (v,2)s = (z+w,2)s = (2,2)x = |2l],(n),

hence z = 0 and therefore v = w € V¥(%). (]
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(b) It is interesting to note that the assertions of Propositions 4.6 and 4.7 remain valid in case d > 2,
with the following modifications:

Let p > 2 and ¢ > d > 2. Suppose vy € B%ﬁ;l(Z,TE) satisfies (vg,z)s, = 0 for every z € &, where
(vo, z)x, has the same meaning as in (a). Let v be the unique solution of (4.3) with initial value vg.
Then there exists a constant o > 0 such that

Wt)|os) < e ()| ym)s tE [Tt (v)), (4.21)

for fixed 7 € [0,¢%(vo)), where 7 € (0,¢T (vg)) in case vy & Lo (3, TE).
Proof. According to Theorem 4.3, there exists a unique solution v to problem (4.3) with regularity

veH,, ((0,a); Hy o(S,TE) N Ly, ((0,a); Hy (5, TE))

1 + + 2 (422)
n Hp,loc((ov t )7 L‘LU(E? TZ)) n LP,IOC((()?t ); Hq,a(zﬂ TE))

for each fixed a € (0,¢T). For z € £ we obtain, as in the proof of Theorem 4.6,

4

dt
for all t € (0,t"(vp)). Therefore, (v(:),2z)s € Hy , (0,a) and &(v(t)|]z)s = 0 for ¢ € (0,¢%(vo)). By
21, Lemma 2.1(b)], or [22, Lemma 3.2.5(b)], we infer that (v(-),z)s € H{,.([0,a]) for any fixed a €
(0,t" (vg)). We can now conclude from the fundamental theorem that

(W(t),2)s = =(Voyv(t)|2)s — (Assv(t)]2)s = = (Vo o(t)|z)s =0,

(v(t),2)s =0, tel0,tT(vo)). (4.23)

Let 7 € (0, (vg)) be fixed. As p,q > 2, we conclude from (4.22) and (4.23) that v(t) € V3'(3) = {u €
HI(E,TY) | (u2)s =0, z € €} for any t € [r,tF(vg)). Hence, Korn’s inequality (A. 2) holds true for
v(t) with ¢t € [1,t%(vg)), and we can now follow the proof of Propositions 4.6(b) and 4.7 to obtain the
assertion in (4.21). O

(¢) Suppose d > 2 and ¢ > d. Then (4.21) holds true with 7 = 0 for initial values vy € Bty */?(S, TS)
satisfying the assumptions of [24, Theorem 3.5(b)] and (vg|z)s = 0 for all z € £.

(d) Suppose p > 2 and ¢ > d > 2. Then every global solution of (4.3), respectively (4.1), converges
exponentially fast to an equilibrium, namely to Pgug (where Pg is the projection defined in (4.20)),
provided the initial value ug satisfies the assumptions of Theorem 4.3 or [24, Theorem 3.5(b)].

Proof. This follows by similar arguments as in the proof of Remark 4.8 and Theorem 4.9. O

(e) According to Theorem 4.3 in [24], any solution with initial value wug sufficiently close to an equi-
librium exists globally and, hence, converges to Psuy at an exponential rate.
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Appendix A
A.1. Auxilliary Results

We first consider a weak elliptic problem on compact manifolds without boundary.

Lemma A.1. Let 1 < g < co. For each v € Ly(X,TX) there exists a unique solution Vi € Ly(X,TY)
of
(V2| Vso)s = (0|Ved)s, ¢ € Hy ().
Proof. For A > 0,let Ay := A—Ay in X = Ly(2) with domain X, = HZ(X). By [2, Theorem V.1.5.1], the
pair (Xo, Ap) generates an interpolation-extrapolation scale (X4, Ay ), @ € R, with respect to the complex
interpolation functor [, ]g, 0 € (0,1). Let X§ = (Xo) = Ly/(%) and denote by A the dual operator of
A in X} with domain X7 := HZ (). We write (X%, A%), a € R, for the dual interpolation-extrapolation
scale generated by (Xg, Ag). Then, A_y/3 : Xy/2 — X_1/5 is a linear isomorphism, where
X1/2 = [Xo, X1]1/2 = Hy (%)
and
!/ / ’ _
Xoap=(x1) = (X8 Xhe) = (Hy(®) = H (D).
We claim

(A0, 6) = / (Vsu|Vs6) dS + A(ulé)s,

for all (u, ) € X;/9 x Xf/z. Indeed, for u € X1, it holds that A_; ou = Agu, hence
(A_1)0u,¢) = (Aould)s = —(Asulg)s + A(u|d)s.
The surface divergence theorem as well as the density of Xy in X/ yield the claim.

Define an operator B : X5 — X_1/5 by Bu = A_; ou — Au. Since the embedding X/, — X_; /5 is
compact, the spectrum o(B) consists solely of eigenvalues with finite multiplicity. Furthermore, o(B) is
invariant with respect to ¢ and for each eigenfunction u of B it holds that u € H}(X) for any r € (1,00).

We show that ;1 = 0 is a semi-simple eigenvalue of B. The equation Bu = 0 in X_; /5 is equivalent to

OZ/E(VZU|VE¢)dZ

for all ¢ € Xf/z = qu/(E). Choosing ¢ = u, we obtain Vyu = 0, hence u is constant. This shows

N(B)=A{ue H;(E) | u is constant}.
We show N(B?) = N(B). For that purpose, let u € N(B?) and define v := Bu. Then v € N(B), hence
v is constant. For A > 0 we have

A_1jou = A+ Bu = Au+v € Ly(¥).
Solve Agw = Au + v to obtain a unique solution w € Hg (¥). Since Agw = A_;jow, this yields A_; pu =
A_1jow and therefore v = w by injectivity of A_;/,. This proves u € HS(Z) which in turn yields
Agu = Au + v or equivalently —Ayu = v. Integrating the last equation over X, yields v = 0 as v is
constant. This shows u € N(B), hence N(B?) C N(B). Since the converse inclusion is obvious, we obtain

the assertion.
We have shown so far that 4 = 0 is a semi-simple eigenvalue of B. In particular, this implies

Consequently, the restricted operator B : X;,5 N R(B) — R(B) is invertible. Note that
R(B)={feX_ 1,0](f,1)=0}.
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For v € Ly(TX), define f € X_y,5 by (f,¢) = (v|V=¢)s. Then obviously f € R(B), hence there exists a
unique solution u € X/, N R(B) of the equation Bu = f. The proof is completed. O

Next we study existence and uniqueness as well as regularity properties of solutions to some second
order differential equations on R?.
For that purpose, we set

(Fpo)i= [ fods, oeCx®),
for functions f € L,(RY). For A > 0, k € {—1,0,1} we then define the function spaces
H, (R k=-1
Py = (F% | ), B o= g o0 B L ’
{f e Hi(RY) | Fy € H (R}, Kk e€{0,1},
k+2
EI)C\::(Ekv"hE’;)a EF := nHé(Rd)’
j=1
equipped with the parameter-dependent norms
|f‘ﬁ<‘;1 C= |f|H;1(Rd)a
k
| flex = Z)\(k_])/Q\VJﬂLq(Rd) + )\(k+l)/2|Ff|H;1(Rd)a k€ {0,1}
j=0
k+2

Julgy = = AEPZD2VI0) gy, ke {-1,0,1}.
j=1

We are ready to prove the following result.
Lemma A.2. Let1 < q<oo, k€ {-1,0,1} and G € WL*(R?) X4 Then there exist n, \g > 0 such that
div(GV-) : B — F%

is an isomorphism, provided |G — I|;__(rey <1 and A > Xo.
Moreover, in this case there exists a constant c¢(Ag) > 0 such that the unique solution of div (GVu) = f
satisfies the estimate

IVl gy < Q) flees b€ {-1,0,1}, A= Ao, (A 1)
for any f € F¥.
Proof. (i) We start with the case k = —1. For u € E;' we write
(div (GVu), ¢) = (Au, ¢) + (div((G — I)Vu), ¢),
where

(div v, @) :z—/ v-Vodx
R

for (v, ¢) € Ly(RY)? x HL(R?).

It is known that the operator A : E;l — IF)_\l is an isomorphism, see for instance [34], Theorem
5.2.3.1(1) and the remarks in Section 5.2.5 concerning duality, or [31, Lemma 3.3]. Furthermore, the
estimate

({div((G = I)Vu), §)] < nlul g1 (ra)| Pl 1, (ra

holds. A Neumann series argument yields that the operator div(GV-) : E;\l — F;l is an isomorphism
as well, provided 7 € (0, 1).
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(ii) Let k = 0. Then we have
div(GVu) = Au+ div((G — I)Vu).

Also in this case, A : ]Eg)\ — ]Fg is an isomorphism. Furthermore, there exists a constant C' > 0 such
that |A*1f|Eg < C|flgy forall f € FQ and all A € (0,00). To see this, note that

|V(A71Ff)|Lq(Rd) < C|Ff|Hq—1(]Rd)

and
VAT )z, @) < CIf|L, &e)-
The definition of the norms in E{ and F{ yields the claim. We then estimate as follows
| div((G — [)VU)|LQ(W) < |G|W;C(Rd)|vu|Lq(Rd) +1]G - I|Lw(Rd)|v2u|Lq(Rd)
< COTY2 4 ) ulgg
Furthermore, as in the case k = —1, we have

)\1/2| div((G — I)VU)|H L(Rrd) = 7]|U|1E0

Once again, a Neumann series argument shows that div(GV-) : E§ — F{ is an isomorphism, provided
n and A\~/2 are chosen sufficiently small.
(iii) The proof for the remaining case k = 1 follows literally the same strategy and is therefore omitted.
(iv) The assertion in (A. 1) follows from the steps above and the definition of the norm of E}. O

A.2. Korn’s Inequality

We will establish an appropriate version of Korn’s inequality for compact surfaces ¥ without boundary.
For this, we use the notation from Section 4.3.

Theorem A.3 (Korn’s inequality). There exists a constant C' > 0 such that
0lays) < CIPs(0)|Lym)  for allv € V3 (%). (A.2)

Proof. Let Lu := 2PsdivyDx (u) for u € H3 (X, TE). We know from Proposition A.2 in [24] that
Lu = Asu + Ricx u,

where Ay is the Bochner (the connection) Laplacian and Rics w is the Ricci (1, 1)-tensor, given in local
coordinates by (Rics)f = g*Rii., so that Rics u = RfuF7,. It is well-known that (Agulu)s = 7|Vu|2L2(Z)

for u € H3 (%, TY), see for instance [30, Lemma 3.5]. Let u € H3 , (X, TX). Then

/ Dy (u)[2 dS = —/(Lu|u) s = f/ ((Agu\u)+(Rich\u)> s
b b
— /E |Vu|?d — /E(Ricz ulu) dS > |Vul7, 5 — Cilul?, x)-
Here we used that on the compact surface 3, the Ricci tensor Ricy can be bounded uniformly, yielding
/E(Rng ulu) d¥ < C’1|u|%2(2)
with an appropriate positive constant C;. By density of the space H227U(E, TX) in H. 21,0(2, TX) we obtain

[ulfs () < C2<|DE(U)|%2(2) + |U|2L2(z))a u € Hy (3, TY), (A.3)

for an appropriate constant Cy. The assertion in (A. 2) now follows from the Petree-Tartar Lemma. For
the readers’ convenience, we include the proof here.
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Suppose (A. 2) does not hold. Then there exists a sequence (v,,)nen in V4 (X)), see (4.9), such that
[onlpysy = 1 for n € N and [Ds(vn)|p,m) — 0 as n — oo. Since Hy (X, TY) is compactly embedded
in Ly(X, TY), there exists a subsequence, still denoted by (vy,)nen, which converges to an element v €
Lo(3, TY). From (A. 3) follows that (v,)nen is a Cauchy sequence in Vi'(X). Completeness of Vi (X)
shows that v € V3}(X) and v, — v in V3}(X). Consequently, Ds(v,) — Dx(v) as well as Ds(v,) — 0 in
Lo(3, T1Y). This implies Ds(v) = 0, and then v € €N V3 (X) = {0}, in contradiction to the assumption
Vs = 1. O

Remark A.4. Korn’s inequality for embedded surfaces has also been established in [12, Lemma 4.1]. The
proof given here is considerably shorter.
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