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Abstract

We investigate a quasilinear system consisting of the Westervelt equation from nonlin-
ear acoustics and Pennes bioheat equation, subject to Dirichlet or Neumann boundary
conditions. The concept of maximal regularity of type L,—L, is applied to prove
local and global well-posedness. Moreover, we show by a parameter trick that the
solutions regularize instantaneously. Finally, we compute the equilibria of the system
and investigate the long-time behaviour of solutions starting close to equilibria.

Keywords Non-isothermal Westervelt equation - Optimal regularity - Quasilinear
parabolic system - Exponential stability

1 Introduction
Thermo-acoustic lensing describes the effect of how the speed of acoustic waves and
the pressure of a region are influenced by the temperature of the underlying tissue.

A meanwhile well-accepted model which takes care of this effect consists of the
Westervelt equation [27]

U — c*(0)Au — b(O)Auy = k(©) (), (1.1)

describing the propagation of sound in fluidic media, coupled with the so-called bioheat
equation proposed by Pennes [20]

PaCaby — ka AO + ppCpW (0 — 64) = Q(uy). (1.2)

B Mathias Wilke
mathias.wilke @mathematik.uni-halle.de

I Institut fiir Mathematik, Martin-Luther-Universitit Halle-Wittenberg, Halle (Saale), Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-023-09987-z&domain=pdf
http://orcid.org/0000-0002-9845-8823

13 Page2of24 Applied Mathematics & Optimization (2023) 88:13

In (1.1), the function u = u(z, x) denotes the acoustic pressure fluctuation from an
ambient value at time ¢ and position x. Furthermore, c¢(#) > 0 denotes the speed of
sound, b(0) > 0 the diffusivity of sound and k(6) > O the parameter of nonlinearity.

The physical meaning of the parameters in (1.2) are as follows: p, > O and «x, > 0
denote the ambient density and thermal conductivity, respectively. C, > 0 is the
ambient heat capacity and 6, > 0 stands for the constant ambient temperature, pp > 0
is the density of blood, C,, > 0 is the heat capacity of blood and W denotes the
perfusion rate (cooling by blood flow).

The nonlinear function Q models the acoustic energy being absorbed by the sur-
rounding tissue and Q is typically of quadratic type, see Remark 1.2.

Considering (1.1)-(1.2) in a bounded framework, we have to equip these equa-
tions with suitable boundary conditions. In this article, we propose either Dirichlet or
Neumann boundary conditions on # and 6. Altogether, we end up with the following
system

Uy — O)Au — bO)Au; = k©)(w?),, in(0,T) x €,

PaCaby — kg AO + ppCpyW (0 — 0,) = Q(uy), in(0,7T) x €,
Biu=gj, %n (0, T) x 9%2, (13)
Be6 = hy, in (0,7) x 082,
(u(0), us (0)) = (ug, uy), in €2,
6(0) = 0y, in Q,

where (j, ¢) € {0, 1} x {0, 1},

e Bov = v|yq (Dirichlet boundary conditions),
e Bjv = 9,v (Neumann boundary conditions),

and ug, u1, 6y denote the initial conditions for u, u;, 0 att = 0.
We observe that as long as b(0) > 0, the term b(6) Au; renders (1.1) into a strongly
damped wave equation which is of parabolic type. Since

(uz)tt = 2upu + 2(“[)25

we see that parabolicity is preserved as long as |u| is sufficiently close to zero. It
follows that (1.3) represents a quasilinear parabolic system for the variables (u, u;, 6).
Therefore, it is reasonable to apply L ,—L-theory in order to solve (1.3).

The Westervelt equation (with constant temperature) has been subject to a variety
of articles over the last decades, see e.g. [4, 9-12, 14, 15, 25], which is just a selection.

To the best knowledge of the author, there is only the article [17] which provides
analytical results for (1.3) in case of homogeneous Dirichlet boundary conditions for
both # and 6 and provided that the diffusivity of sound b does not depend on 6. The
analysis in [17] is based on L»-theory and some (higher-order) energy estimates. To
this end, the authors have to equip the initial data with more regularity than is actually
needed.

Within the present article, we are interested in the existence and uniqueness of
strong solutions to (1.3) having maximal regularity of type L,—L,. In particular,
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we present optimal conditions on the initial data (uq, u1, 6p) and the boundary data
(gj, he), thereby improving the assumptions on (ug, u1, 6p) in [17] (for details, see
below). Additionally, we investigate the temporal regularity of the solutions to (1.3)
as well as their long-time behaviour.

Our article is structured as follows. In Sect. 2 we consider a suitable linearization of
(1.3) and we prove optimal regularity results of type L ,-L, for the resulting parabolic
problems. Section 3 is devoted to the proof of the following main-result concerning
well-posedness of (1.3) under optimal conditions on the data (ug, u1, 6o, g, he).

Theorem 1.1 Letd € N, T € (0, 00), @ C R be a bounded domain with boundary
9Q € C? and suppose that ¢, b, k € C'(R) withb(t) > by > 0 forall t € R. Assume
furthermore that p, q,r,s € (1, 00) such that

d 2 d
-<2, —4+-<2
q ros

and
0 & C (Wy((0, T); Lq() N Ly((0, T): WHR): Lo (0. T); Ly())

with Q(0) =0. Let 1 — j/2—1/2g #1/pand 1 — €/2 — 1/2s # 1/r.
Then there exists 6 = 8(T) > 0 such that for all
o € W2(Q). ur € By (). 6 € By (),

2—j/2—1)2 2—j—1
g € Fpg P70, T): Ly (02) N W0, T): Wy /79 (99) =: ¥;0. T,

he € BN P70, T); Ly09) N L (0, T); W™ a9,

with
o Bjug = g;(0),

o Bjuy =0g;0)if1—j/2—1/2q > 1/p,
o Bibly=he(0)if1 — /2 —1/2s > 1/r,

and
luollwze + luill g2-2r ) + 187 llv;0.7) = 9.
there exists a unique solution

w € Wo((0,T); Lg(2)) N W, (0, T); Wy ()
6 € W0, T); Ls(R) N L (0, T); W (R)

of (1.3). Moreover, the solution (u, 9) is C' with respect to the data (gj,uo, u1, he, 0o).
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Remark 1.2 The nonlinear function Q can for instance be modeled by

Qus) = C - (u)?

or

C T
Q) = — fo (u)*dt

for some constant C > 0, see e.g. [6, 7, 19]. In these cases it can be readily checked
that Q(0) = 0 and

0 € C' (Wh((0, T): Ly() N Ly((0, T); W2RD); Lr((0,T): Ly(R)

provided that

2 d 1 d
-4+ - <24 -+ —.
P q ro2s

For the proof of Theorem 1.1 we employ the implicit function theorem and the results
on optimal regularity of the linearization from Sect. 2. In order to compare our results
in Theorem 1.1 with [17, Theorem 4.1], we consider the very special cased € {1, 2, 3},
p=gq=s=2and g; = hy =0in Theorem 1.1.

Corollary 1.3 Let T € (0,00), d € {1,2,3}, @ C R? be a bounded domain with
boundary 32 € C? and suppose that ¢, b,k € C'(R) with b(t) > by > 0 for all
T € R. Assume furthermore that r € (1, 0c0) such that

2 d
-+ =<2
r+2<

and
0 € C" (W30, 7% La(R)) N La((0, T): W3 (R): L, (0. T; L2(R2)))

with Q(0) = 0. Let3/4 — /2 # 1/r.
Then there exists 8 = 8(T) > 0 such that for all

uo € WAQ), ur e WhQ). 6 e B2 "),

with

° ijto:(),
o Bjuy =0if3/4—j/2>1/2
o By =0if3/4— /2> 1/r,
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and
||u0||W22(Q) + ”ul”Wz](Q) <3,
there exists a unique solution

u € WZ((0, T); La(2)) N W, (0, T); W (S2))
0 € W0, T); La(2)) N L, (0, T); W5(S2))

of (1.3)withgj =hg =0.

Let us compare the well-posedness result [17, Theorem 4.1] concerning (1.3) with
homogeneous Dirichlet boundary conditions with our result. In [17], the authors
assume that

up € W5(Q), u1,0 € Wi (),

(plus compatibility conditions on 9€2). Since

2-2
W3(Q) = B%(Q) < B3.(Q) — B, 7" (Q)

for any r > 2, we were able to reduce the regularity of the initial data (ug, u1, 6p).
Moreover, a crucial assumption in [17] is that the mapping [t + b(7)] is constant
and furthermore, only homogeneous Dirichlet boundary conditions for # and 6 are
considered in [17]. In summary, Theorem 1.1 generalizes [17, Theorem 4.1] consid-
erably.

In Sect. 4 we study the regularity of the solution with respect to the temporal variable
t. We use a parameter trick which goes back to Angenent [3], combined with the
implicit function theorem to prove that the solution enjoys higher regularity with
respect to ¢ as soon as ¢t > 0, see Theorem 4.1. This result reflects the parabolic
regularization effect.

Finally, in Sect.5, we compute the equilibria of the system (1.3) if g; = 0 and
hy = (1 — £)6, and investigate the long-time behaviour of solutions starting close to
equilibria. For the case of Dirichlet boundary conditions for u, we prove in Theorem 5.1
that the corresponding equilibria are exponentially stable. Since our assumptions on
the initial data (ug, u1, 6p) as well as on the nonlinearities are less restrictive compared
to [18], Theorem 5.1 may be understood of a generalization of [18, Theorems 2.2 and
2.3].

The definitions and basic properties of the functions spaces being used in the anal-
ysis of (1.3) are provided in the Appendix A.
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2 Maximal Regularity of a Linearization

Let us consider the two linear problems

0aCabr — kqAO + ppCp WO = f1, in(0,T) x Q,
Bib =hy, in(0,T) x 09, 2.1)
6(0) =6y, ingQ,

and
uy —ar(t, x)Au; — ax(t, x)Au = f, in(0,7T) x €,
Bju=gj, in (0, T) x 092, 2.2)
(@(0), u;(0)) = (ug, u1), in Q.
Here p,, Cy4, pp, Cp, kg, W are positive parameters, aj, az, f, g, uo, U1, 8o are given
functions and (j, £) € {0, 1} x {0, 1}, where

e Bov = v|3q (Dirichlet boundary conditions) or
e Bjv = 9,v (Neumann boundary conditions).

For the linear problems (2.1) and (2.2) we have the following results.

Lemma2.1 Letr,s € (1,00), @ C R? be a bounded C*-domain and let T € (0, c0).
Suppose that 1 — £/2 — 1/2s £ 1/r.
Then there exists a unique solution

0 € W0, T); Ls(2) N Lr((0, T); W2(R)

of (2.1) if and only if

(1) fi € L,((0, T): Ly());
) hg € By P70, T): Lo(09) N L0, T); Wy ™7 (09));
3) 6o € By 7" (Q)

4) By =he(0)if 1 —€/2—1/2s > 1/r.
Proof The proof follows from [5, Theorem 2.3]. O

Lemma 2.2 Letp,q € (1,00), Q2 C R? be a bounded C*-domain and let T € (0, 00).
Suppose furthermore that a;,a, € C([0, T] x Q) and a1 (t,x) > o > 0 for all
(t,x) €[0, T x Q. Assume that 1 — j/2 — 1/2q # 1/p.

Then there exists a unique solution

€ W0, T); Lg(R) N W, (0, T); W ()

of (2.2) if and only if

(1) f2 € Ly((0.T); Lg(); |
@) gj € Fpy 77290, T): L) n W0, T): Wy~ (0));
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(3) up € W2(R), u1 € By, /" ()
4) Bjup =g;(0) forall p,q € (1, 00) and
(5) Bjur = dg;(0) if 1 — j/2—1/2g > 1/p.

Proof We start with the necessity part. If
€ Wa((0,T); Lg(2)) N W, (0, T); W ()

is a solution of (2.2), then clearly f € L,((0, T; L,(2)) by the assumptions on a;
and by the first equation in (2.2). Furthermore,

W2 ((0, T); Ly(2) N W, (0, T); W, ()
> W0, T); W; () < C([0, T]; W, ()

see e.g. [2, Theorem VII.2.6.6 (ii)], hence g = u(0) € Wg(Q). Since

diu € W ((0, T); Lg()) N Ly((0, T); W, (),

it follows that u; = 0,u(0) € B;;z/p(Q), see e.g. [22, Theorem 3.4.8].

Concerning the boundary data g;, note that Bju € WI],((O, T); qu_j_l/q (02))
and

Bjou € Fp /71290, T): L,02) N L, (0, T); Wy~ a)),

see e.g. [2, Chapter VIII], [5, Section 6] or [22, Section 6.2].
From (A.1), (A.2) and [2, Theorem VII.5.2.3 (iv)] we obtain the embedding

W, T): W, 71 @Q) > Fpg /271290, T): Ly (09).
This readily implies
g5, 0igj € Fpg/P7V21((0, T); Le@2) N L,y((0, T); Wy 79 3,
hence
g € Fpg 271100, T); Ly @2) N WO, T); Wy '~ (a)),

by [2, Theorem VIL.5.5.1]. '
Since Bju = g; € Wh((0, T); W, /=4 (32)) and

WL, T); Wy~ 4@a9) < (0. 71 wg '~ (a%)),
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([2, Theorem VII.2.6.6 (ii)]) we necessarily have B;ug = g;(0) forall p, g € (1, 00).
Furthermore,

Bjou =g € Fpg'*7121((0, T); Ly (92) N L, (0, T); Wy ™/~ (92))
and
Fpg 712100, T); Ly (99) = €10, T1; Ly ()
by [16, Proposition 7.4], provided 1 — j/2 — 1/2g > 1/p, which readily implies
Bjul = 3;gj(0).
We now prove that the conditions in Lemma 2.2 are also sufficient. To this end, we

first consider the problem

v —ay(t, x)Av = f3, in(0,T) x 2,
Bjv=2d;g;, in(,T)x 9, 2.3)
v(0) = uy, in Q.

By [5, Theorem 2.3] there exists a unique solution
v e WH(0, T): Ly() N L,y (0, T); WA(S)

of (2.3). Define

t
u(t,x) = up(x) —I—/ v(s,x)ds, tel0,T].
0

Then
€ Wp((0, T); Ly(2) N W((0, T); Wi (),

u(0,x) = uo(x), Bju(t,x) = g;(t,x) (by the compatibility condition on ) and
atku(t, X)) = 8tkflv(t, x) for k € {1, 2}. Consequently, the function u is the unique
solution of the problem

up —ai(t, x)Auy = fa, in (0,7) x €,
Bju=g;, in (0, T) x 0%, 2.4)
(u(0), ur(0)) = (uo, u1), in€2.

Uniqueness can be seen as follows. If u; and u, are two solutions of (2.4), then
u1 — up solves (2.4) with (f2, g, uo, u1) = 0 and therefore, d;(u1 — uz) solves (2.3)
with (f2, gj, u1) = 0, wherefore 9, (u; —uz) = 0. Since (#1 — u2)(0) = 0, it follows
that u; — uy = 0, hence u| = us.
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Next, we consider the problem

wy —ay(t, X)Aw;, — ax(t, x)Aw = f, in(0,7) x Q,
Bjw =0 in (0, T) x 02, (2.5)
(w(0), w(0)) = (0,0), in€Q,

for given fz € L,((0,T); Ly(£2)). Note that for a sufficiently smooth solution, it
holds that Bjw; = 0in (0, T) x 92. We reformulate (2.5) as a first order system. To

this end, let z = (z1, z2) = (w, wy) and F = (0, fz). Then

0 1 0 0
u= <0 al(t,x)A>Z+ <a2(t,x)A 0)Z+F’ 26)

with the initial condition z(0) = 0 in © and the boundary condition B;jz = 0 in
(0, T) x 0Q2. Let

D(Aj) = {w e W;(Q) | Bjw = 0ondQ}

and define Xo = D(Aj) x Ly(2) as well as X1 = D(A;) x D(A}). Furthermore,
let

0 1 0 0
A(r) = (0 alt, )A) and Ax(t) = ((,12(1‘, HA O) .

Then, we have A € C([0, T]; L(X1, Xo)) and A, € C([0, T]; L(Xy, Xo)). More-
over, A () has the property of L ,-maximal regularity in X for any ¢ € [0, T'].
By [21, Theorem 3.1] there exists a unique solution

2 € W,y ((0, T); Xo) N L,((0, T); X1)

of Eq. (2.6) subject to the initial condition z(0) = 0. This in turn yields the existence
and uniqueness of a solution

w € Wo((0, T); Ly(R) N W, (0, T); Wj(R)),

of (2.5). Finally, we solve (2.4) to obtain a solution
ii € Wy((0,T); Ly() N W, (0, T); W ().

Then, we solve (2.5) with fg :=aAu € L,((0,T); L;(2)) to obtain a solution
W € Wi((0, T): Lg(R) N W, ((0, T); W, ().

It is readily checked that the sum

=i+ e Wi((0,T); Ly(R) N W,((0,T); W) ()
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is the unique solution of (2.2). O

Finally, let us consider the following coupled linear problem

U —ay(t, x)Au; —ax(t, x)Au = f3, in(0,T) x ,
PaCaly — ke AO + ppCpy WO + Bu, = fi, in(0,7) x €,
Biu=g;, in (0,7T) x 0€2,
ju =g, in (0,7) 2.7)
Beb = hy, in (0, T) x 02,
(@(0), ur(0)) = (up, uy), ing2,
6(0) = 0y, in Q.

Lemma2.3 Let @ C RY be a bounded C*-domain, T € (0, 00) and let p,q,r,s €
(1, 00) such that

B : Wy ((0, T): Lg(R) N Lp((0, T); W()) — Ly ((0, T); Ls(R))

is linear and bounded. Supposef_urthermore thatay, ap € C(]0, T]xﬁ) anday(t, x) >
a > 0forall (t,x) € [0,T] x Q. Assume that 1 — j/2 —1/2qg # 1/pand 1 —£/2 —
1/2s # 1/r.

Then there exists a unique solution

€ Wy((0, T); Ly(R) N W0, T); Wi (),
6 € W, (0, T); Ly(2) N L, ((0, T); W} ()

of (2.7) if and only if

(D) fi € Ly (0, T); Ly();

@) f2 € Lp((0.T); Lg(); |

() gj € Fpg /27120, T); Ly @2) N W0, Ty: Wy 7V (a));
1—€/2—1/2s 2—0—1/s

4) he € Frs (0, T); Ls(0€2)) N L, ((0, T); Wi (0€2));
(5) o € WA(Q), us € By, /" (Q);
2-2/r

(6) 6o € By ™ (2);

(7) Bjup =g;(0) forall p,q € (1, 00);

®) Bjur = 08, (0) if 1 — j/2—1/2q > 1/p;
©9) BBy =he(0)if 1 —€/2—1/2s > 1/r.

Proof Necessity of the conditions follows as in the proofs of Lemmas 2.1 and 2.2.
To prove sufficiency, one first solves (2.7)1,3,5 for u by Lemma 2.2. Then, by

the assumption on B, it follows that Bu; € L,((0, T); Ly(2)) is a given function.

Therefore, we may solve (2.7)2.4,6 by Lemma 2.1 to obtain 6. O
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3 Proof of Theorem 1.1

We will prove Theorem 1.1 by means of the implicit function theorem. To this end,
for fixed but arbitrary 7 > 0, let us first introduce the function spaces

El = L,((0,T); Ly(R), Ef:=L,((0,T); Ls(Q)),

Ef := W7((0, T); Lg(R)) N W, (0, T); W (),

EY := W!((0, T); Ly(2)) N L, (0, T); W2(R)),

Y! = Fp /2712000, T): Ly (092) n Wh((0. T): wy ™~V (o)),

1—¢/2—1/2s 2—0—1/s
Y = FL VR0, T): Ly02) N L0, T); Wi 09,

2-2 2-2
X" = W2(Q) x By, (@), X} =B (@),

and

Y= {(8), Gio, i) € Y x X% : Byity = 0,8, (0)if 1 — j/2 = 1/2 > 1/p, Bjiig = §;(0)},
Y] = {(he, 00) € Y] x X8 : By = he(0) if 1 — €/2 = 1/2s > 1/r}.

Next, we define a function

<I>:E”1‘x]E?xY?xY?%]ngngY?xYﬁ,

by
e — c2(O)Au — b(0) Auy — k(©) W)y
PaCabt — kg AO + ppCpyW (0 — 0,) — Q(uy)
Bju — gj
D, 0,gj,uo,ut, he, 6p) = u(0) — uop
u; (0) — uy
B — hy
0(0) — 6y
Note that

W) = 2uyr - u + 2(up)?
for each u € E{. Since (by assumption) d/q < 2, it holds that
Ef < W,((0, T): Wg(Q) = C([0, T]; Wg () = C([0, T]; C()),
hence
lare - ullgy < C - Nl
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for some constant C > 0. Let
2= W, ((0, T); Lg(2) N Ly((0, T); Wj(R).
Then,
Ef <> Lp((0, T); Lag ()
provided 1/p + d/2q < 2, which is satisfied, since d /g < 2 and p > 1. Therefore
@) lzy < Cllurlgy < Clluly,
for some constant C > 0. Finally, note that
EY < C([0, T1; C(Q))

since (by assumption) 2/r + d /s < 2. It follows that

k@) W?)iellig < 1O oo (.7 Loo(@) 10 ee Iy < CIKO Lo 0.7: Lo ey
as well as
160) Aurligy < 16O Lo (0,7); Lov@)) | AUt Y < CHIDO)| Lo ((0,7); Loo(2)) ]l
for some constant C > 0, since b, k € C(R). Similarly, we obtain
@) Aullgs < Clle O Lo (0. 7): Loo(y 1212 -
In summary, the mapping ® is well-defined and
® e C'(BY x Ef x Y4 x Y{; Bf x B x Y4 x Y9),

by the assumptions on b, ¢, k and Q.
Let (h},05) € Y(Z be given and denote by 0* € IE? the unique solution of

PaCal — ko AO* + pCLW(O* —0,) =0, in(0,T) x ,
Bif* =h¥, in(0,T) x 0, 3.1)
0*(0) =6, inQ,
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which exists thanks to Lemma 2.1. Then, obviously, ® (0, 6*, 0, 0, 0, h’g, 63) = O0and

Uy — (0% AL — b(O*) Al
PaCaly — kg A + ppC, WA — Q' (0)il,
A Bjil
D,6)® (0, 6*,0,0,0, hjg 65)(&, 0) = 1(0) R
it (0)
Beo
0(0)

where D, ¢y® denotes the total derivative of ® with respect to (1, 6). By Lemma 2.3,
the linear operator

Du.6y®(0,6%,0,0,0, k7, 65) : BY x Ef — Ef x Ej x Y% x Y¥§

is invertible. Hence, the implicit function theorem yields some § > 0 and the existence
of a C!-function

¥t By (0,0,0, 4, 65), 8) > Ef x EY
such that (0, 0*) = ¥ (0, 0, 0, h7, 67) and
D (Y (g, uo, ui, he, o), (g, uo, u1, he, 6p)) =0
for all

(g]7 up, uy, hl? 90) € ]BYI;XY?Z ((07 05 07 h?a 9(;)1 8)'

This completes the proof of Theorem 1.1.

Remark 3.1 (1) It is possible to generalize (1.3) to the case where the nonlinearities
¢, b or k in (1.3) depend not only on 6 but also on V8. In this case, the condition

2 d
-+ -<2
ros

in Theorem 1.1 has to be replaced by the stronger condition

2 d

-4+ —-<1,

ros
since in this case Bszr—z/ "(Q) < C'(Q). Then all assertions of Theorem 1.1 remain
valid provided ¢, b, k € C'(R x R%).

(2) The nonlinearity (u?);; in (1.3) can be replaced by the more general formulation

(f(u)ur)s, where f € C 2(R) with f(0) = 0. This kind of nonlinearity has been
derived in [13]. If f(s) = 2s, we are in the situation of (1.3).
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4 Higher Regularity

We intend to prove that the solution (u, #) in Theorem 1.1 enjoys more time regularity
assoonast > 0.

Let (us, 0) € Ef x E? be the unique solution to (1.3) with g; = hy = 0 on
the interval [0, 7] which exists thanks to Theorem 1.1. For fixed ¢ € (0, 1) and
tel0, T/(0+e)],A € (1—¢,14¢), wedefine uy (t) := u,.(At) and 6, (t) := 0, (A1).
Then (u,, 6,) is a solution of

3wz — A2 (0) Ay, — Ab () Adjuy, = k(0))(u3)y,  in (0, Te) x Q,
0aCadi0s — Mca A + 2ppCoW (05 — 6,) = 2O duy), in (0, T,) x 2,

Bju; =0, in (0, Tg) x 092,
B, =0, in (0, Ty) x 32,
(u.(0), 9;ux(0)) = (ug, Auy), in 2,
0,.(0) = 0o, in Q,
“.1)

where T, := T /(1 + &), (uo, u1) € X, 6y € X with
Bjuy =0if 1 — j/2—1/2q > 1/p, Bjug =0

and B¢6y = 0if 1 — £/2 — 1/2s > 1/r. For those fixed initial data, we define a
function

Cb:(l—s,l—}—s)xE‘fxE?—)]ngngY?sz
by

Uy — A22(O)Au — AbO)Auy — k(0) (w3,
PaCabi — Akca AO + AppCoW (0 — 0,) — AQ (A uy)
Bju
DA, u,b) = u(0) —ug
u: (0) — Auy
Beo
6(0) — 6
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Under the conditions of Theorem 1.1, the mapping ® is C'. Furthermore, we observe
O(1, uy,6y) =0and

iy — 62(9*)AALA4 - b(e*)Aﬁt - Al(ll*, 9*)é — Az (ux, 9*)ﬁ
PaCabs — ka A + ppCy WO — Q' ((u)1)is
Bji
Duoy®(1, uy, 0:) (i, 6) = i(0)
i (0)
B,o
6(0)

where
A1 (i, 02)0 = [2¢ 02)c(02) Aty + B (0) A1) + k' (0:) (1) H)1110

and Ao (uy, 0,)it = 2k(0s) (Usid)sr-
A Neumann series argument implies that

Doy ®(1, us, 6;) : BY x B — Bl x Ej x Y4 x Y9

is invertible provided that the norm |z, | EY is sufficiently small, which follows readily
by decreasing || (uo, u1)||X$, if necessary. Note that then also ||6, — 6* ”E‘f is small,
where 6* solves (3.1) with hj = 0 and 65 = 6p.

Therefore, by the implicit function theorem, there exists » € (0, £) and a unique
mapping ¢ € C'((1 —r, 14 r); EY x EY) such that (i, p(1)) = 0 for all 1 €
(1 —r,14+r)and ¢(1) = (uy, 0;). By uniqueness, it holds that (uy, 6,) = ¢ (1),
hence

A= (ux, 001 € CH(1 —r, 1 +r); EY x EY).
Since 9 (uy (1), 6;,(t))|x=1 = t0; (ux, 6+), we obtain
[t > 18, (us (1), 0,(1))] € B x Ef.
In particular, this yields

s € Wo((r, T); Lg(Q) N W, (x, T); W (Q)),
0 € W2((x, T); Ly(2)) N W, ((x, T); W (Q)),
foreach t € (0, T), as ¢ € (0, 1) was arbitrary.

Moreover, if all nonlinearities ¢, b, k and Q are C"-mappings, where m € N, then
alsogp € C"((1 —r, 1 +r); Ef x E?) by the implicit function theorem. Inductively,
this yields

[t > ™" (us (1), 0:(1))] € EY x Ef
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and therefore

s € Wy ((x, T); Lg(Q) N Wyt (x, T); W, (Q)),
0. € W ((z, T); Ly(Q) N W ((z, T); W]()).

We have thus proven the following result.

Theorem 4.1 Let the conditions of Theorem 1.1 be satisfied. Then the unique solution

u € Wy((0, T); Ly(R) N Wy((0, T); Wi(R)
0 € W0, T); Ly(R2)) N Ly ((0, T); W2(R2))

of (1.3) with g; = hy = 0 satisfies

u € Wo((z, T); Lg() N W, ((x, T); Wi(R),
0 € W((z, T); Ly(Q) N W ((z, T); W (),

foreacht € (0, 7).
If, in addition, c, b, k and Q are C™-mappings, it holds that

ue WitA((r, T): Ly() N Wit (2, T): W),
0 € W' ((z, T); Ly(Q) N W ((x, T); WEHS).
foreacht € (0, 7).
Remark 4.2 Under the conditions of Theorem 4.1 one can also prove joint time—space

regularity by an application of the parameter trick in [22, Section 9.4]. We refrain from
giving the details.

5 Equilibria and Long-Time Behaviour

The equilibria (uy, 6,) of (1.3) with g; = 0 and h, = (1 — £)0, are determined by
the equations

—c2(0)Au, =0, in Q,
—Kkq AOy + ppCp W (05 — 6,) = 0(0), in Q, 5.1)
Bju, =0, on 992, '

Beby = (1 — £)6,, onadf.

Let us assume that ¢2(t) > ¢ > 0 for all T € R. It follows that u, = 0 if j = 0 or
Uy 1s an arbitrary constant if j = 1.

Concerning 6, we observe that if Q(0) = 0, then 6, = 6, is the unique solution
of (5.1)2,4. We will show that in case j = 0, the equilibrium (u,, 8;) = (0, 6,) is
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exponentially stable (in the sense of Lyapunov). In a first step, we define § := 6 — 6,
so that we may consider the problem

Uy — O Au— b©O)Au; = k@)W, in(0,T) x Q,

PaCaby — ka A + ppCLWO = Q(uy), in (0,7) x Q,
u=20, in(0,T) x 082,
_ (5.2)
By =0, in (0, T) x 02,
(M(O)sut(o)) = (u()a ul)v in 99
6(0) = 6y, in Q,

where 6y := 6y — 0, and f(v) := f(t +6,) for f € {c, b, k}. Observe that
b€ BN (Q) = G eBI (@

as 6, is constant and €2 is bounded.
We define the function spaces

Ef(Ry) = LRy Lg(Q), E§(R4) := L, (Ry: Ly(Q)),
Ef(Ry) = {u € Wi (Ry: Ly(R) N W)y ([Ry: W) :u = 0on 9L},

EY(Ry) == {6 € W' (Ry; Ly(R) N L, (Ry; WA(R)) : Beb = 0 0n 92},
X = {(uo, 1) € W2 x By P(Q) turlpe = 0if 1 — 1/2¢ > 1/p. uglag = 0},

and
X0 = (B € By /(@) : Befy = 0 on 9Qif 1/2 — 1/25 > 1/r}.
For IF € {Ej, Ef, Eg, ]E(lg} we define furthermore
vee “FRy) = [t e v()] eFR,), >0,
and a mapping
®: e UEY(Ry) x ¢ “E](Ry) x XY x X — ¢ “E§(Ry) x e “E§[R) x X x X
by

wir = E0) Au — b(O) Auy — k(O) )y
paCaly = ka0 + ppCHWE — Q(ur)

®(u, 6, up, u, 6o) = u(0) — ug
u (0) — uy
6(0) — 6y
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Note that the mapping ® is well defined and
®ec! (]E7(R+) x Ef(Ry) x X x X0 E4(Ry) x Ej(Ry) x XY x Xf;)
provided that
Qe C! (B Ry e “EfRY)).
where
Ef(Ry) = W) (Ry: Lg(Q) N LRy W, ().
Moreover, ®(0, 0,0, 0, 0) = 0 and
iy — 20)AL — b0) A,
) paCabs — 1a AO + ppCr WO — Q' (0)il
D(u’é)CD(O, 0,0,0,0)(u,0) = 12(0)
i/ (0)
6(0)
Let us recall that the Dirichlet- as well as the Neumann—Laplacian A,,, m € {D, N}
has the property of L,-maximal regularity in L(£2), see e.g. [22, Section 6]. Since for
any « > 0, the spectral bound of the operator (A,, —«[) in Ls(£2) is strictly negative,
it generates an exponentially stable analytic semigroup in L (€2) with L,-maximal
regularity. N
We note furthermore, that ¢(0) = c(6,) and b(0) = b(6,) are positive constants.
Hence, [15, Theorem 2.5] in combination with the exponential stability of the semi-

group, generated by (A, —al) in L (2), implies that there is some wg > 0 such that
for all w € [0, wp), the operator

Dy, 5,®(0,0,0,0,0) : e °EY(R,) x e “Ed (R, )

— e Ef(Ry) x e “EJ(Ry) x XY x X
is invertible. By the implicit function theorem, there exists some § > 0 and a mapping
v eC! (Bx;xxrj ((0,0,0), 8); e “EY(R) x e “E? (R+)>
such that (0, 0, 0) = (0, 0) and

(Y (uo, u1, ), (o, u1,60)) =0

forall (ug, u, ON()) € IB%XM P (0,0, 0), 6).Since (0, 0, 0) = 0 and ¥ is continuously
Y Y
differentiable, it follows that for each r € (0, §), there exists a constant C = C(r) > 0
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such that
1 (o, w1, 00)| o ey weomd 4y = €005 415 00) gy o0

holds for all (ug, uy, 6p) € IB%X5 xxfj ((0,0,0), r).

For the solution (u, é) = ¥ (ug, u1, 50) of (5.2), this implies the estimate

wt N
e (I lwze + Ntr Ol 2 210 g + 16O 220 g )
= C (luollwaee + el 2.2 gy + 1800l 22 g ) (5:3)

for all # > 0. We summarize these considerations in

Theorem 5.1 Let @ C RY be a bounded domain with boundary 32 € C? and suppose
that ¢, b,k € C'(R) with b(t) > by > 0 and ¢*(t) > ¢y > 0 for all T € R. Assume
furthermore that p, q,r,s € (1, 00) such that

d 2 d

—-—<2, —+-<2

q ros

and
0 € C! (T W) Re: Ly() N Ly R W (R0)): € Ly (R Li(®)).

with Q(0) = 0. Assume that 1 — 1/2q # 1/pand 1 —€/2 — 1/2s # 1/r.
Then there are § > 0 and wg > 0 such that for all w € [0, wyp),

2-2 2-2
uo € WA(Q), u1 € By, (). 6 € By (),

with

e uglype =0,
e uilpe =0if1—-1/2g > 1/p,
o Bobo=(1— )0 on dQif 1 — /2 —1/25 > 1/r

and
luollwz ey + il g2-2/0 g + 100 — Oall p2-2r ) <9,
there exists a unique global solution (u, 9) of (1.3) with

u € "Wy R Lg(R) N Wy (Ras Wa ()
0 — 0, € e (W} (Ry: Ly(Q) N LRy W)

Moreover, there exists a constant C > 0 such that the estimate
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@)l ) + e Ol 2200 ) + 16) = ball g2-21r ) <

<Ce™® (Iluollqum) + lluill g2-2rm g + 1160 = 9a||BS2r—2/r(Q)>

holds for all t > 0.

Remark 5.2 In [18], the authors proved Theorem 5.1 for the case p = ¢ = s = 2,
d € {2, 3} under more restrictive assumptions on the initial data (ug, u1, 6y) as well
as on the nonlinearities ¢, k, Q by means of higher order energy methods/estimates.
Furthermore, in [18] it is assumed that the function b is constant. Thus, Theorem 5.1
may be understood as a generalization of the results in [18].

Remark 5.3 In case j = 1 (Neumann boundary conditions for i), one has to deal with
a family of equilibria (u, 6,), where u,, = r € R is constant and 6, = 6,,. In this case,
one can use the same strategy as in [25] to show that each equilibrium (r, 6,), with
r € R being close to zero, is normally stable. We refrain from giving the details and
refer the interested reader to [23] and [25].
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Appendix A

In this section, we collect the definitions and some properties of the function spaces,
being used in this paper.

Definitions
We follow [2, 16, 24]. Let X a Banach space and S (Rd; X) the X-valued Schwartz

functions. Let S'(R%; X) the X-valued tempered distributions and f = Ff the
Fourier transform of f € &' (R?; X).
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For m € Ny and p € [1, oo], the Sobolev space Wzl (Rd; X) is defined to be the
completion of S(R?; X) with respect to the norm

— o
I lwp@dxy = D 1D Il @ x)-

o] <m

We note that Wg(Rd ; X)=1L [,(Rd; X) is the X-valued Lebesgue space.
Choose a sequence (¢x)k>0 C S (R?; R) with the properties

Go=9, §15)=9GE/D)— 4. q®) =n e, k=2,
and with a generating function ¢ € S(R?; R) satisfying
. R . N . 3
0=¢E =1, EeR), gE) =1iflEl <1, ¢E) =0if g > 3.

For p,q € [1, o0], s € R, the Besov space B;q (Rd; X) is defined to be the space of
all f € S'(RY; X) such that

< Q.
£q(LpRY; X))

£ gy, e x) = H (2'” (¢ * f))

k>0

For p € [1,00), g € [1,00], s € R, the Triebel-Lizorkin space Flﬁq(Rd; X) is
defined to be the space of all f € S’ (R?; X) such that

< Q.
Lp(RY:64(X))

1A s, e x) = H (2]” (P * f))

k>0
It follows directly from the definitions of B}, and F,,, that
s d. s d.
BPP(R ) X) - Fpp(R ’ X)

fors €e Rand p € [1, 00).
For p € [1, oo], we define the Sobolev-Slobodecki spaces by

B;p(Rd;X) ,5€R, s>0, s ¢N,

WS(R?: X) =
»( ) {W;,"(Rd;X) , s =m € Np.

For s € R and p € (1, c0), the Bessel potential space H; (Rd; X) is defined to be
the space of all f € S’(R?; X) such that
1 ety ey 2= IF LA+ - P 2F f1 L ) < 00

All these function spaces are Banach spaces with respect to the norms defined above,
see [2, Chapter VII].
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Selected Embeddings
The preceeding definitions imply the elementary embeddings

Bye@®?: X) < B, (RY: X). p.qo.q1 €1, 00],

Fyre R X) — Fy, (R X), pell,00), go.q1 €ll,00l, (Al

and

B, (R X) <> BS, (R X), pell oo, 1 <gp<qi < oo,

Fyo R X) > F3 (R X), pello0), 1<q0<qi <00,

valid for all s € R and ¢ > 0. Furthermore, for all p € [1,00),q € [1,o0]ands € R
it holds that

BS

d. d. K d.
pmin{p,q}(R P X) = F;q(R P X) = Bf;max{p,q}(R : X)

see e.g. [16, Proposition 3.11].

For general Banach spaces X, the Sobolev and Bessel potential spaces are related
to the B- and F-scale via the following sandwich theorems (see e.g. [2, Chapter VII]
or [24, Proposition 2]).

AL RY X) > Hy R X) > AL (R X),  seR, pe(l, o),

AL RY X) > WERY: X) > AF R X),  keNy, pe(loo), (A2)

where A € {B, F}.

UMD Spaces

It follows from [2, Theorem VII.4.3.2] or [24, Remark 4] that for k € N, p € (1, 00)
it holds that

WyRY: X) = Hy (R X)

if one assumes in addition that X is a UMD space, which by definition means that the
Hilbert transform is bounded in L ,(R; X) for some p € (1, 00). We list some facts
on UMD spaces (cf. [1, Section I11.4] or [8, Chapter 4]).

e Every Hilbert space is a UMD space.
e Closed subspaces and the dual of UMD spaces are UMD spaces.
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e If X is a UMD space, then L,,(Rd; X) is a UMD space for p € (1, 00).

e If p,g € (1,00),s € Rand X = R, then the scalar versions H?, B;q, F;q of the
spaces introduced above are UMD spaces.

e Every UMD space is reflexive.

By [24, Remark 5], for s € R and p € (1, 00), the identity
F,(RY: X) = HY(RY; X)
holds if and only if X can be renormed as a Hilbert space. If this is the case, then
WER?: X) = Hy (R X) = F,(RY; X)

for any k € Ny, p € (1, 00), since every Hilbert space X is of class UMD and in
particular it follows that

Hy (R X) = F3,(R%; X) = By, RY; X) = W3 (RY; X)
for any s € R provided X is a Hilbert space.

Restricted Spaces

For open D C RY and FF € {Bls,q, F;q, H;, W;,"}, we define

F(D; X) :={f € D'(D; X) | 3g e FR'; X) : g1, = f)

and

I e x) == inf{liglpmwa. x) | &1, = [}

Here, D' (D; X) is the set of all X-valued distributions on D, see [1, Chapter III].

Finally, if M is an embedded compact hypersurface in R? (for example M = 9
and Q is a smooth bounded domain in R9), the spaces B‘; q (M) and F ; q (M) are defined
via local charts, see e.g. [26, Section 3.2.2].
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