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Abstract

In this thesis, we extend the locally modified finite element method, which is introduced
in [47], to second order in two space dimensions. The method is based on a fixed patch
mesh, which is then refined into sub-elements, to resolve an interface locally. The splitting
into sub-elements is slightly different from the one presented in [47] and leads in general

to a better bound for the maximal angles within the triangles.

We begin in the stationary case by analysing a locally modified second order finite
element method applied to elliptic interface problems. We prove some auxiliary estimates
in order to control the mismatch between continuous and discrete bilinear forms and then

show an optimal a priori error estimates in the L?-norm and in the discrete energy norm.

Furthermore, we study two-phase flow problems and show stability. For the discretization
of the stationary Stokes interface problem, we apply a locally modified second order finite
element scheme for the velocity and piecewise constant elements for the pressure. The
technique used to check the inf-sup stability is a macroelement technique, which is tested
by checking local stability and a relatively simple global stability. For that we use a
two-level family of meshes, i.e. micro- and macrotriangulation. First, we show the stability
locally for each macroelement by constructing a Fortin operator. There is only one rare
case, where the macroelement is not stable and we must add further stabilization terms.
Second, we define a subspace by introducing an appropriate projection and show the
stability of the subspace. With the macroelement approach, we prove a discrete inf-sup
condition for the Py — Py element and present optimal error estimations. Moreover, we
consider Stokes interface problems with surface tension. In the variational formulation
of these problems, we use a linear functional which describes the surface tension force.
This functional depends on the location and the curvature of the interface. To handle the
curvature, we apply a Laplace-Beltrami operator. Compared to one-phase flows, two-phase
flows with a surface tension force have very high numerical complexity. Thus, we use the
Rothe method. For time discretization, we use the implicit Euler method for the unsteady
Stokes problem combined with a semi-implicit time integration of the surface tension force.

For spatial discretization, we use the locally modified second order finite element method.

In the final part of the thesis, we study a fluid-structure-interaction problem. We
consider a rigid body model for falling particles and an unsteady Stokes problem for the
fluid model. For spatial discretization, we use the locally modified finite element scheme
and the implicit Euler method for time discretization. To evaluate the solution on the

new spatial mesh, we use the discrete Stokes projection.

We present detailed numerical studies for all three applications including a numerical

convergence analysis.
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Zusammenfassung

In dieser Arbeit erweitern wir die in [47] eingefithrte lokal modifizierte Finite-Elemente-
Methode auf die zweite Ordnung in zwei Raumdimensionen. Die Methode basiert auf
einem fest strukturierten groben Gitter, das dann in Unterelemente verfeinert wird, um
das Interface lokal aufzulosen. Die Aufteilung in Unterelemente unterscheidet sich von der
in [47] vorgestellten und das fiithrt zu einer besseren Begrenzung fiir der maximale Winkel

des Dreiecks.

Zunéchst betrachten wir den stationdren Fall und analysieren eine lokal modifizierte
Finite-Elemente-Methode zweiter Ordnung fiir elliptische Interface-Problems. Wir beweisen
einige Hilfs-Abschatzungen, um den Unterschied zwischen kontinuierlichen und diskreten
bilinearen Formen zu kontrollieren. Dann zeigen wir optimale a priori-Fehlerschiatzungen

in der L2-Norm und in der diskreten Energie-Norm.

Weiterhin untersuchen wir Zweiphasenstromungsprobleme und zeigen die Stabilitat. Fir
die Diskretisierung des stationdren Stokes-Interface-Problems verwenden wir lokal modi-
fizierte Finite-Elemente-Schemata zweiter Ordnung fiir die Geschwindigkeit und stiickweise
konstante Elemente fiir den Druck. Um die inf-sup Stabilitat zu tiberpriifen, verwenden wir
die Makroelementtechnik, die durch die lokale Stabilitdt und eine relativ einfache globale
Stabilitdt getestet wird. Dafiir verwenden wir eine zweistufige Familie von Gittern, d.h.
eine Mikro- und Makrotriangulation. Zunéachst zeigen wir die lokale Stabilitat fiir jedes
Makroelement durch Konstruktion des Fortin-Operators. Es gibt nur einen seltenen Fall, in
dem das Makroelement nicht stabil ist. Wir miissen in diesem Fall einen Stabilisierungsterm
hinzuftigen. Zweitens definieren wir einen Unterraum durch eine geeignete Projektion und
zeigen die Stabilitat des Unterraums. Mit Hilfe der Makroelementtechnik beweisen wir
die diskrete Inf-Sup-Bedingung fiir die P, — Py-Elemente und prasentieren die optimalen
Fehlerschétzungen. Dariiber hinaus betrachten wir die Stokes-Interface-Probleme mit der
Oberflachenspannung. Bei der Variationsformulierung dieser Probleme verwenden wir ein
lineares Funktional, das die Oberflichenspannungskraft beschreibt. Dieses Funktional
hédngt von dem Ort und der Kriimmung des Interfaces ab. Daher wenden wir einen
Laplace-Beltrami-Operator an, um die Kriimmungsterm zu behandeln. Im Vergleich zu
Einphasenstromungen haben Zweiphasenstromungen mit Oberflichenspannungskréften
eine sehr hohe numerische Komplexitat. Deswegen wenden wir die Rothe-Methode an.
Fir die Zeitdiskretisierung verwenden wir die implizite Euler-Methode fiir das insta-
tiondre Stokes-Problem in Kombination mit einer semi-impliziten Zeitintegration der
Oberflaichenspannungskraft. Fiir die rdumliche Diskretisierung verwenden wir die lokal

modifizierte Finite-Elemente-Methode zweiter Ordnung.

Im letzten Teil dieser Arbeit betrachten wir ein Fluid-Struktur-Interaktionsproblem.

Wir betrachten ein Starrkérpermodell fiir fallende Partikel und ein instationéares Stokes-
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Problem fiir das Fluidmodel. Fiir die ortliche Diskretisierung verwenden wir das lokal
modifizierte Finite-Elemente-Schema zweiter Ordnung und fiir die Zeitdiskretisierung das
implizite Euler-Verfahren. Um die Losung auf dem neuen rdumlichen Gitter zu bewerten,

entwickeln wir die diskrete Stokes-Projektion.

Wir prasentieren detaillierte numerische Studien fiir alle drei Anwendungen, einschliellich

einer numerischen Konvergenzanalyse.
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Chapter 1: Introduction

In this thesis, we investigate interface problems, where the normal derivative of the solution
may have a jump over an interior interface.

Examples of such interface problems are ubiquitous in technology, industry, science and
medicine. Some of the most prominent examples include fluid-structure interactions [17,83]
or multiphase flows [58]. Fluid-structure interactions arise in aerodynamical applications
like flow around the airplanes or parachutes [88], in the biomedical problems such as
a blood flow through the cardiovascular system [43,81,94] or the airflow within the
respiratory system [98] and even in the tribological applications [71]. Multiphase problems
include gas-liquid and particle-laden gas flows [33}/60,/69], rising bubbles [67], droplets in
microfluidic devices [31] or simulations of tumor growth [57]. Another field of application
are shape or topology optimization problems including multi-component structures [30,/56].
The simplest possible setting, which is the scope of this thesis, is a diffusion problem where

the diffusion coefficient is discontinuous across an interior interface.

1.1 Motivation

The aim of this thesis is to develop accurate discretization techniques for interface problems.
We assume that the domain  C R? is divided into Q = Q; UT' U Q, with an interior
interface I' := 0y N 9€)y. Let v > 0 be a discontinuous diffusion coefficient across I'. In
order to simplify the analysis, we will assume that the domain 2 is a two-dimensional

convex domain with polygonal boundary. We consider the equations for i = 1,2

—V - (v;Vu)=f on Q
[u]l =0, [vO,u] =0 on T,

where V|, := v; > 0,1 = 1,2 and n is the unit normal at the interface which is pointing from
2y into 25. The jump operator across the interface is denoted by [w] := (w|a,)|r — (w|q,)|r-
This interface problem is intensively discussed in the literature. Babuska [8] shows that a
standard finite element ansatz has low accuracy, regardless of the polynomial degree of

the finite element space

[l = unlla = O(h),  [|V(u—un)lle = O(h'?).
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To improve the accuracy, the interface needs to be resolved within the discretization. Frei
and Richter [47] presented a locally modified finite element method based on first-order
polynomials with a first-order accuracy in the energy norm and a second order in the

L?-norm such that
lu—upllo = Oh?), ||V(u—un)lla = O(h).

The method is based on a fixed coarse patch mesh consisting of quadrilaterals, which is
independent of the position of the interface. The patch elements are then divided into
sub-elements, such that the interface is locally resolved.

Due to the fixed background patch mesh this approach is particularly suitable for problems
involving moving interfaces, where functions wuy(t,_1) and wuy(t,) defined on different
sub-meshes need to be integrated against each other within a time-stepping scheme [49].
Due to the implicit adaption of the finite element spaces within the locally modified
finite element method, a costly re-meshing procedure is avoided. Similarly, the locally
modified finite element method might be useful in shape or topology optimization problems,
where problems need to be solved for different interface and boundary positions, while
approaching the solution [304/56].

The discretization is based on piecewise linear finite elements which have a natural extension
to second order finite element spaces in two space dimensions. We were able to show
optimal-order estimates of order two in the discrete energy norm and almost of order three
(up to a logarithmic term) in the L*-norm.

Furthermore, we study the Stokes interface problems. The motivation for considering and
analysing the Stokes interface problems comes from two-phase incompressible flows. In
order to guarantee the stability of mixed finite elements, the approximating spaces must
satisfy the well-known discrete inf — sup condition. In this thesis, we prove that the
discrete in f — sup constant does not depend on the mesh size and the interface position. To
show the stability of the Py — Py elements, we use a macroelements technique. Moreover,
we prove optimal error estimates in the L?-norm and energy norm for Stokes interface
problems. Also we present numerical examples to substantiate the analytical results.
Moreover, we investigate stationary and time dependent Stokes interface problems in
which a localized force at the interface describes the effect of surface tension. The location
of the interface I'(¢) is in general unknown and is coupled to the local flow field which
transports the interface. The variational formulation of these problems include a linear
functional which describes the surface tension force. In this work, we use a Laplace-
Beltrami approximation for the surface tension force. For temporal discretization of the
time depend problems, we use semi-implicit time integration for surface tension force.
Finally, we consider fluid-structure-interaction problems, namely, a single rigid solid

particle falling freely in a viscous fluid. For rigid body motion, most numerical studies
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are interpreted qualitatively or compared to artificial, analytically derived solutions. The
forces acting on the solid are evaluated by means of the Babuska-Miller Trick, see [11]
and [83]. For time discretization of the time-dependent Stokes system we apply the implicit
Euler method. Dynamically changing meshes require a projection of the discrete soultion
at the old time level onto a different spatial mesh at the new time step. The mesh changes,
especially when the mesh topology is also changed, may yield serious convergence problems.
Dupont in [38] considered the problem for the heat equation in one dimension and has
shown that the frequent and rapid mesh changes introduce an artificial dissipation to damp
the numerical solution to zero, whereas the exact solution is nonvanishing. In computing
incompressible flows, the solenoidal condition has to be taken into account. We use the

discrete Stokes projection to evaluate the old solution on the new spatial mesh.

1.2 The organization of this thesis

After this introduction, we introduce our model problems for two-phase flows and fluid-
structure problems and review known existence and uniqueness results of solutions in
Chapter [2l In Chapter 3] we describe a locally modified second order finite element scheme
for spatial discretization of interface problems. We analyse this scheme in detail for elliptic
interface problems and show convergence results of optimal order and the findings are
substantiated by means of numerical results in Chapter [d Chapter [5] presents the main
results for Stokes interface problems. To prove the discrete inf-sup condition, we use the
macroelement technique. Furthermore, we use the Laplace-Beltrami approximation to
handle a curvature. In Section [5.3] we use Rothe method for time depend Stokes interface
problem with moving interfaces and the semi-implicit time integration for the surface
tension force. We combine the discretization and Stokes projection techniques in the
context of fluid-structure interaction problems in Chapter [6] The conclusion of our work
and future work follows in Chapter [7]




Chapter 2: Mathematical Modelling

In this chapter, we introduce model problems of two-phase flow and fluid-structure-

interaction problems and review known existence and uniqueness results of solutions.

2.1 Elliptic interface problems

2.1.1 Problem setting

We assume that the domain ©Q C R? is divided into Q = Q; UT U Q, with an interior
interface I' := 0€; N 02y and a discontinuous diffusion coefficient v > 0 across I' and

consider the equations

-V -(Vu)=f onfy, i=1,2,

[u]l =0, [vO,u] =0 onT, (2.1.1)
u=0 on S,
where v|q, := 14, ¢ = 1,2. The unit normal n at the interface is pointing from €; into Q.

The jump operator across the interface is denoted by [w] := (w|q,)|r — (w|q,)|r. For the

notations see Figure [2.1]

9]

Figure 2.1: Geometry and notations of the interface problems, 2 = €y UT U €.
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The corresponding variational formulation of the problem ({2.1.1)) is given by
2
u € Hy(S) : > (iVu, Vo) = (f,p) Vo€ H3(Q). (2.1.2)
i=1

2.1.2 Existence and uniqueness

We define the following space
V= HY Q)N H*(Q) N H*(Q)

and a norm

[ullv == [[ullzr@) + [Jull a2 + |[ulla2@), Yu € V.

Theorem 2.1.1. Let f € L*(Q2). Then the problem has a unique solution u € V

and u satisfies the a priori estimate

[ully < C|fllL2@)-

Proof. The proof is given in Babuska [8] or Kellogg [70]. O

2.2 Incompressible flow problems

In this section, we consider the Stokes problem and show the existence and uniqueness

results.

2.2.1 Stokes problem

Problem setting

Let © C R? be an open bounded set with a boundary 9. We denote a velocity of the
fluid by u € C*(Q2) N C(Q) and a scalar function p € C'(Q) as pressure, and a constant
v > 0 as a diffusion coefficient. The pair (u,p) is defined in Q and satisfies the following

equation and Dirichlet or Neumann boundary conditions:

—vAu+Vp=f in €

(2.2.1)
V-u=0 in €.

For simplicity, we consider the problem (2.2.1)) with homogeneous Dirichlet boundary
condition on 9. By denoting V := [H}(Q)]? and L := L*(Q)\R the corresponding

variational formulation of the problem ([2.2.1)) is given by

(u,p) eV xL:

(2.2.2)
(WVu, Ve)a — (p, V- pla+ (V- u,d)o = (f,p)a V(p,¢) €V x L.
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2.2.2 Existence and uniqueness

We start with the theorem of existence and uniqueness for the velocity solution of the

Stokes problem. We define the divergence free space as follows:
Viyvi={ueV: (V-u,¢p)q=0 VoelL}CV

Then, we can restrict the variational formulation (2.2.2)) to the divergence free space. We

obtain
u € Vdiv . (I/V’U,,VQO)Q = (f, QO)Q \V/QO € Vdiv- (223)

Lemma 2.2.1. Let f € [H'(2)]2. Then the problem has a unique solution
u €V, CV and u satisfies the following estimate with the constant c, it holds

[IVul| < cl|fl]-1.

Proof. The vector space Vg, C V is a Hilbert space. With a scalar product defined as
(Vv,Vv)q. Using the Lax-Milgram theorem, it can be easily shown that there exists the
unique solution u € V;, of the problem (the continuity of the solution results
from the Cauchy-Schwarz inequality, and the coercivity from the Poincaré inequality) and

further gives the error estimate. O

Now, we show the existence and uniqueness of the pressure. For that, we will need

results of next two theorems. We define the space which is the subspace of H ™! as follows:
Vie={feH": flp)=0 VpeVu}CH"'

Theorem 2.2.2. Let g € H™'. If and only if g € V', then there exist a unique solution
p € L such that

-Vp=g,

where —V : L — V. is the weak gradient operator.
Proof. For the proof see, e.g. [34]. O

Theorem 2.2.3. Let domain 2 with Lipschitz boundary be bounded. The gradient of
the pressure solution p € L of the problem should be from H™(Q) such that
Vpe H Q). Then, the neat estimation holds

C) llplle < [IVpll-,

here the constant C depends only on the domain €.
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Proof. The proof of this theorem is given in the literature, e.g. [92]. H
We now determine the pressure p € L with the velocity u € Vg, C V as follows:
peEL: (V- -pla=g(p),

here g € H™' is a linear functional defined by

9(p) = (f.p)a— (¥Vu,Ve)o Ve V.

We can reformulate this variational equation in operator notation as follows:

—(Vp,p) = (g9,p) VoeV.

The next theorem shows the equivalence with the theorem [2.2.3]
Theorem 2.2.4. The theorem is equivalent with next properties:
o The weak gradient operator —V : L — V. is an isomorphism;

o The inf-sup condition holds with a constant 3 sucht that

(¢, V-9

inf sup > .
vel pev (0] [Veell ||V<P||
Proof. The proof of this theorem is given in [92] or [77]. O

Lemma 2.2.5. The following inequalities hold
IV-ull < VA|Vull  vue [H(Q) (d=2,3)
IV ul < [Vul  Vue [H(Q)] ([d=2,3).

Proof. The proof of these inequalities follows with help of Young’s inequality. For the
second inequality first we use the integration by parts of the mixed terms and then Young’s

inequality. O
The next theorem gives us the existence and uniqueness of the Stokes problem ([2.2.2)).

Theorem 2.2.6. Let the domain Q be have a Lipschitz boundary. For every f € H™' the
problem has a unique solution pair (w,p) € V' x L. It holds

IVul| + Bllpll < e[ £l

where ¢ > 0 is the constant.
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Proof. The existence and uniqueness of the velocity solution uw € Vg, is shown in
Lemma 2.2.11 With Lemma [2.2.1] it holds

IVul] < cl[f]l-1.

The functional g defined above as

9(p) = (f, ) — (vVu, V)

is bound in H~'(f2). Further, it holds that g € VY,,. By the Theorem there exists a

unique pressure solution p € L of the equation

-Vp=g.

By using the inf-sup inequality and then an a priori estimate for the velocity from Lemma

and Lemma we get

(p, V- ) (f, ) — (¥Vu,Ve)
Bllpll < sup —=—— = sup
e A i N

< NSl + IVl < 2¢f[fll-a

]

Theorem 2.2.7. Let domain Q2 be a convex polygonal domain and f € [L*(2)]¢. Then
the solution of the Stokes equation is bounded. It holds

IV2ull + Vol < ellfll.

here ¢ > 0 is the stability constant.
If Q C R? is a domain with smooth C'*? - boundary for 1 >0 and f € H'(Q) it holds

1wl g2y + Pl < el fllao):

with a constant ¢ > 0.

Proof. The proof of this theorem is given in the literature, e.g. [92]. O

2.3 Two-phase flow problems

In this section, we consider stationary and time dependent Stokes interface problems. A
motivation for considering of this comes from two-phase incompressible flows. We analyse
the inf-sup property for the variational Stokes interface problem in two subdomains. Here

we follow the results given in the paper [79).

10
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2.3.1 Stokes interface problem and well-posedness results

Problem setting

We present the Stokes interface problem on Lipschitz domain € C R?, such that the Stokes
equation in 2 = Q; UI' U )y with a discontinuous coefficients v, 5 > 0 across an interface
I' := 00, N0y is given as

-V Vu)+Vp=§f in Q
V-u=0 in Q, i=12

[u] =0 on T, (2.3.1)
[(vVu—-pl)n]=7Kn on T,
u=0 on 09,

where v; = 2u;, © = 1,2 with the viscosity of the respective liquids p; and s, 7 the surface
tension coefficient, /C the curvature of I', and n the unit normal at the interface I' pointing
from €2y to s, for notations see Figure The jump operator across the interface is
denoted by [w] := (wla,)|r — (w]a,)|r-

Definition of the spaces and variational form
For the velocity field we use space V' = [H}|? with the scalar product on V as (vV-, V-).

Then we define an induced norm for any u € V as follows:
IVul, == (vVu, Vu)2
For the pressure, we define the space as follows:
L, := {qE L*(9Q) /Ql/_lqu:()}.

The scalar product and an induced norm in L, are denoted by:

(P, @) = /Qv‘lpq dz = (v''p.q) Vp.q€ L,

R o=

and ||p[|, := (p, p)
In the analysis on the product space V' x L,, we use the norms depending of v such that

(17l + Ipli2)

The corresponding variational formulation of the problem (2.3.1)) without curvature term

11
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given by

(u,p) e V x L, :

(2.3.2)
Vu, Ve)o — (0, V-pla+ (V- u,d)o = (f,p)o V(p.¢) €V X L,

Well-posedness results
Now we show the well-posedness of the problem ([2.3.2)). By definition, we have ellipticity
and continuity of the bilinear form (¢vVu, Vu) in the space V' with the norm ||ul|,. The

following Lemma shows continuity of the bilinear form (V - u, p).

Lemma 2.3.1. The following inequality holds
(V- p)l < [[Vull, [pll, V(w,p) eV XLy,

Proof. The proof of these inequality is straightforward and it follows with help of Cauchy
inequality and Lemma [2.2.5, In our case, the second inequality of Lemma is as
follows:

VeV -ul < |Vul, VYueV.
O
We derive now the inf-sup condition to problem ({2.3.2)). For that, we recall the Necas
inequality from Theorem [2.2.3] It holds with Cg > 0

V - u,
Ca bl < 971 = sup Vowp) o 2anR. (2.3.3)

v [Vl

Further, we will need an equivalent form of Necas inequality (2.3.3]):
For any p € L*(Q2)\R there exist u € V such that

Ipll> = (V- u,p) and Cq|Vau| < |lpl|. (2.3.4)

Theorem 2.3.2. There exists a positive constant o independent of v such that

(V-u,p)
sup ———2L > o llpll,  Vp € L, 2.3.5
S S, 2 ]| D (2.3.5)

Proof. The proof of this theorem is given in [80]. O

12
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2.3.2 Two-phase Stokes problem and well-posedness

Two phase Stokes problem
In this section we give a mathematical model of the time dependent Stokes interface

problem. We denote a space-time domain as Q and define it as follows:
Q:={(t,Q)), t€[0,T]} CRxR? Qt)=Q(t) UT(t) UQu(t)

The space-time domain is split into two space-time domains Q; and Qs by an interface G,
such that:
Q=0 UGUQ,, G:={(T{),tel0,T]}CcRxR

The Figure [2.2| shows us the sketch of the domain. We define our model problem for given

uo and with p = p(t, z), u = u(t, x) as follows:

piOu; — V- (1; D(w))+Vp=f inQ,;, i=1,2,
Veou,=0 inQ;, i=1,2
[u] =0 on T(t),
[(vD(u) —pl) n]=—-7Kn on I(t), (2.3.6)
ur=u-n on I(t),
u=up on 0Nt),

u(0,2) =uy in Q(0),

where the the density and viscosity, p; and v;, i = 1,2, are assumed to be constant in each
phase. The force term is defined as f = p; g, where p; is the density in the subdomain
Q;(t), i = 1,2, and g is an external gravity force. In our case we assume that p; = ps.
D(u) := $(Vu + Vu”) is the symmetric gradient, 7 is the surface tension coefficient, K is
the unknown curvature of I'(¢). In general, the location of the interface I'(¢) is unknown
and is determined by the local flow field, which transports the interface. For two immiscible
fluids this transport of the interface is modeled by a kinematic interface condition by the
fifth equation of , where ur is the normal velocity of the interface, and n is the unit
normal at the interface which is pointing from ; into {2s.

The jump operator across the interface is denoted by [w] = (wl|q,)|r — (w|q,)|r. To
formulate problem as a well-posed problem, we need to assume suitable initial and
boundary conditions for w and I'. Due to the coupling of the interface dynamics and the
fluid dynamics in the two phases, this is very a komplex problem. There is a wide variety
of literature on the existence of solutions and well-posedness of different formulations of
this problem. In publications [36], [35], [87], and [86] on this topics the authors study quite
regular solutions in Holder spaces and deal with well-posedness locally in time existence of

solutions close to equilibrium states.
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2 Mathematical Modelling

Figure 2.2: Geometry and notations of the problem (2.3.6). The space-time domain:
Q = QUG U Qy. The interface I'(t) might move and the outer boundary
0€(t) does not move in time.

Existence and uniqueness
First, we consider problem (2.3.6) with the assumption that v € L>(£2). We define the
operator 7 as the trace mapping from H'(Q) onto H'/?(Q2). We assume that the initial

value u is the trace of some divergence free function i, belonging to H'(Q) such that
Ug =T ('l](]) , Uy € Hl(Q), div ('&0) =0. (237)

The assumption (2.3.7)) was introduced by Temam in [92] for obtaining the existence and

uniqueness result for the Stokes problem.

Theorem 2.3.3. Let the initial value ug satisfy (2.3.7)) for some divergence free function
wy and let v € L*>®(Q) be a bounded function such that 0 < v < v(z) < v, < co. Then

there exists a unique solution pair (w,p) of the time dependent Stokes problem. Moreover,
Uy
|l o) <2C(Q) ?z ol m1(g)

where C(§2) is a Poincaré constant.

Proof. The proof of this theorem is given in [78]. The authors used a Schauder fixed point

theorem and the concept of renormalized solutions introduced in [37]. ]

Next, we follow [96] to show the well-posedness of (2.3.6). As usually done in the

analysis of Stokes equations, we also restrict to a suitable subspace of divergence free

14
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velocity fields. We introduce the spaces:
Vaw = {v € [H} ()| divo = 0}, Xa = L*(I; V),

Wi {v € X [p0w € Xo ), [0l = ol + 000l .
Vi, = {v € Vi |v(0) = 0}.

Theorem 2.3.4. Let a(-,-) be a continuous bilinear form on 'V g, X V 4, that does not

depend on time. For every F' € X/dm there exists a unique solution w € VY, such that

(00 8) + [ alult), p(0)d = Fo) Vi € X

Moreover, it holds

lullva, < ellFlly
where ¢ is a constant independent of F.

Proof. The proof is based on a standard Galerkin technique known in literature, e.g. [39)

and is given in [96]. O

2.4 Fluid-structure interaction problems

2.4.1 Model problem

In this section we consider a linear fluid-structure interaction problem such that a time
dependent Stokes equation is coupled with a solid structure equation.

Let Q € R? be a bounded domain and I = [0,7] be a finite time interval. Further, we
denote the time dependent domain as 2 := Q(t). We split this domain into a fluid domain
and a solid domain which is described by Q, := {(z — 20)? + (y — y0)* < r?} with the
middle point (zg,yo) and a radius r of the rigid body and there is an interface between

these domains, such that Q = Q, UT'; UQy, see Figure[2.3

Pr ath—V'O'(Uf,pf) =0 in Qf,
V"U,fZO in Qf,
d

—uy - mg = £ in

dt (2.4.1)

ur=u, on IT,
ur =20 on I'wUI'p,
o(ur,pr)n =0 on I'r,

with the stress tensor

o(ug,ps) = pVuy — pyl. (2.4.2)
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2 Mathematical Modelling

We denote by us the fluid and u, the solid velocities, py is the fluid pressures, p is the
dynamic viscosity and p; is the density of the fluid, m, is the mass of the solid body, f; is
the force acting on the rigid body

£, = 0 (2.4.3)
msg — ‘/spfg+Fdrag

m
where V, = — is the volume of the solid body and g is a gravitational acceleration and it

is given const;nt g=—9,817%. The drag force F 4, is defined as follows

Fdrag:/r‘ O'(Uf,pf)’l’LEQdS, (244)

I

where es is the unit vector in vertical direction.

I'r

I'y

b

S

I's

Figure 2.3: Geometry and notations of the fsi problem, 2 = Q, U Tt U Q.

2.4.2 Existence and uniqueness results

The analysis of the well-posedness of problem (2.4.1)) is nowadays an active topic in
research. The existence and uniqueness of the coupled fluid-structure interaction problems
are shown by Coutand and Shkoller in [32].

Theorem 2.4.1 ( [32]). Let Q € R and Q, C Q be bounded domains of class H*, such
that Q = Q.U Q. Let f € H™(I, H*(Q), for m = 0,1,2,3 with £(0),0; £(0) € H*().

Let assume that the initial velocity satisfies u® € HY. Furthermore, let uf € H(Q4(1))
with V - uf = 0, u) € HS(Q,(t)). We assume as mentioned in [32] the compatibility

conditions for the data corresponding to the interface condition are hold. Then, there exists
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a time t € I and a unique solution of in I =[0,t] with the following regularities:

u; € H™ (i; H4—"(Qf(t))) . m=0,1,2,3,4
t N
/ u,dt € H™ (I, H"(,(1))), m=0,1,2,3,4
0
pr € H™ (I; H"(Qu()), m=0,1,2.
In the article [68] the global existence in time was shown. The authors study in this

article the coupling between the incompressible Navier-Stokes equations and a wave

equation.
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Chapter 3: A locally modified finite element method

The locally modified finite element method introduced by Frei and Richter in [47], [83]
and [44], is a simple fitted finite element method that is able to resolve weak discontinuities
in interface problems. The method is based on a fixed structured coarse mesh, which is
then refined into sub-elements to resolve an interior interface. In this work, we extend the
locally modified finite element method in two space dimensions to second order using an
isoparametric approach in the interface elements. Therewith we need to take care that the
resulting curved edges in the second order elements do not lead to degenerate sub-elements.
The splitting into subelements that we propose in this work is slightly different from the
one presented in |47] and leads in general to a better bound for the maximal angles within

the triangles.

3.1 A locally modified first order finite element method

Let Qp be a fully shape-regular quadrilateral mesh of convex domain €2 with polygonal
boundary. We call the elements P € Q2p the patches and these do not necessarily resolve
the partitioning. The interface I' may cut the patches, but I' M 9Q = (). In this case we

make the next assumption:

Assumption 3.1.1. 1. Each patch P € Qp is either cut PNT # () or not cut PNT = {).
If it is cut, then it is cut in ezactly two points on the boundary, see Figure|3.1] (top).

2. The interface can not cut the same edge multiple times and may not enter and leave
the patch at the same edge, see Figure (bottom).

N\
\ | <

/

Figure 3.1: Patches with possible configurations (top), and not allowed configurations
(bottom).
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3 A locally modified finite element method

Given a smooth interface I', this assumption is fulfilled after sufficient refinement. The
patch mesh Qp is the fixed background mesh used in the parametric finite element method
described below. We will introduce a further local refinement of the mesh, denoted 2,
where the interface is resolved. However, this refined mesh is only for illustrative purpose.
The numerical realization is based on the fixed mesh Q2p and the "refinement" is in fact
only included in a parametric way within the reference map for each patch P € Qp.

If the interface is matched by one of the edges of the patch, then the patch is considered
as not cut. We will split such patches into four quadrilaterals. If the interface cuts the
patch, then the patch splits either in eight triangles or in four quadrilaterals. In both
cases, the patch P is first split into four quadrilaterals, which are then possibly refined

into two triangles each. This two-step procedure will simplify the following proofs.

3.1.1 Moaodification of the finite element space

We define the isoparametric finite element space V;, C Hj(€2) on the triangulation Qp
Vi ={o e COQNH(Q)|(poKp') e Qp for all P € Qp}, (3.1.1)

where Kp € [Qp]2 is the mapping between the reference patch and the patch from Qp
such that:
Kp(Z;) = x;, 1=1,...,9,

here x1, ..., xg are the nodes of the patch, see Figure (3.2

Qp is the piecewise first order polynomial space. The reference space Qp will depend

Ty g Zg
M
1
1

A 1
7R TEE . SEEEET Xon - .

1 . W
1 -~
1 > . 'o'
. e ‘

T1 To T3

Figure 3.2: Left: Reference patch P = (0,1)% with four elements. Right: Splitting the
patch elements into two triangles.

on whether a patch P is cut or not cut by the interface. There are two possibilities of

choosing the reference element:

o For the patches which are not cut by the interface, we choose the reference space
Op as the standard space of piecewise bilinear functions. In this case, we divide the

reference patch into four quadrilaterals Qi, 1 =1,...,4 and define

Q:={peC(P), dlg, € span{l,z,y, zy}, QieP,i=1,.,4}
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3 A locally modified finite element method

o For the patches which are cut by the interface, we choose the reference space Op
as a modified space. In this case we divide the reference patch into eight triangles

T.,i=1,...,8 and define a modified space as follows
Orod := {¢ € C’(p), oy, € span{l, z,y}, T.eP,i=1, ., 8}

Depending on the position of the interface I' in the patch 15, we consider different types
of the reference configurations by splitting the quadrilaterals into two triangles via the
largest angle.

We note here, that the the functions in Q and Qmod are all piecewise linear on the edges
of the patch ]5, such that mixing different element types does not affect the continuity of
the global finite element space. We denote by gzgi, 1 =1,...,9 the standard Lagrange basis

of O or Qoq With qu(xj) = §;;. The transformation Kp is given as follows
9 A
k=1

In order to show optimal-order error estimates, the finite element mesh needs to fulfill a
maximum angle condition in a fitted finite element method. We first analyse the maximum
angles of the subtriangles for a Cartesian patch grid 2p. A bound for a general regular

patch mesh can be obtained by using the regularity of the patch mesh.

3.1.2 Linear interface approximation and maximum angle condition

We distinguish between five different types of interface cuts, depending on how the interface
intersects a patch, see Figure [3.3] We denote the relative cut positions on an edge e by
r,s € (0,1). in the case of adjacent edges, we distinguish further between the case that
r < % and s > % and the case that one of these inequalities is violated. In all cases the
patch element is split in four large quadrilaterals @1, ..., Q4 first, which are then divided
into two sub-triangles 77, ..., Ty, if the interface cuts through the patch.

We consider the following five cases, see Figure (3.3
o Configuration A: The patch is cut in two opposite nodes.
o Configuration B: The patch is cut at the interior of one edge and in one node.
o Configuration C: The patch is cut at the interior of two opposite edges.

o Configuration D: The patch is cut at the interior of two adjacent edges with
re(0,3), se (5 1).

o Configuration E: The patch is cut at the interior of two adjacent edges with

—re(0,1)and s € (0,3)
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3 A locally modified finite element method
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Figure 3.3: Different configurations and splitting into four large quadrilaterals @1, ..., Q4.
The red dashed line shows a linear approximation of the interface. Triangles
Ty and T, are taken from dividing the quadrilateral by the interface. In
quadrilaterals that are not split by the interface, we divide in such a way into
subtriangles, that the largest angle is split.

—re(3,1)andse(0,1)

The subdivisions can be anisotropic with the parameters r, s € (0, 1) in the configurations
B, C, D and E. These parameters describe the relative position of the intersection points
with the interface on the edges. We denote by e; € R, i = 1,2, 3,4, the vertices on the
edges. When the interface intersects an edge, then we move the corresponding point e;,
i = 1,...,4 on the intersected edge to the point of the intersection (see Figure . If
an edge is not intersected by the interface then we take e; as midpoint of this edge. By
T, € R? we denote the midpoint of the patch, which has different positions depending
on the configurations. We choose the midpoint as the intersection of the line connecting
e; and ez with the line connecting e and ey4 for the configurations A, C' and E. For the
configuration B we choose the midpoint as the intersection of the line connecting e; and
e3 with the line connecting x; and e;. The midpoint for the configuration D is chosen as
the midpoint of the line segment é7e,.

The patch is first divided into four quadrilaterals in all configurations, see Figure [3.3]
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3 A locally modified finite element method

Depending on the configuration, we will get different types of the quadrilaterals. We
note that each quadrilateral @)y, ...,Q4 in the patch has at least one right angle. The
quadrilaterals in configuration A are squares. There are right-angled trapezoids in the
configurations B and C. Furthermore, there are one quadrilateral with a large interior
angle 180° and one quadrilateral with two large interior angles between (90°, 180°) in the
configuration D and F, respectively. We split all types of quadrilaterals into sub-triangles
by dividing the largest interior angle of the quadrilaterals. Considering arbitrary interface
positions, anisotropic elements can arise, when the relative cut position r, s € (0,1) on an
edge e tends to 0 or 1 (see Figure . We can not guarantee a minimum angle condition
for the sub-triangles, but we can ensure that the maximum angles remain bounded away
from 180°.

Lemma 3.1.1 (Linear approximation of the interface). All interior angles of the Cartesian
patch elements shown in Figure are bounded by 127° independently of the parameters
r,s € (0,1).

Proof. First, the patch is split into four sub-quadrilaterals @1, ...,Q4, and some of the
quadrilaterals are already divided into two triangles by the interface. Other quadrilaterals
which are not divided by the interface, we split in such a way that the largest angle of Q;
is divided.

We consider exemplary configurations A, B, C, D, E as shown in Figure separately.
We note that in all cases the angles at the vertices z;,7 = 1, ...,4 are exactly 90°.

In configuration A we have two squares and four right-angled triangles. This case is
obvious and the maximum angle of the sub-triangles is 90°.

In configuration B and C' each quadrilateral @; (i = 1, ...,4) has two right angles, as the
positions of e; and e3, or ey and ey, respectively, are fixed. In the configuration B, there
are two triangles 77, Ty and three right-angled trapezoids in the patch, see Figure (b).
Here, Ty is the right-angled triangle and all interior angles of the triangle T} less than or
equal to 90°. Then we note that all right-angled trapezoids in the configurations B and C'
have one possible largest interior angle, see Figure (b) and (c). In the configuration
B, first, we show that the largest interior angle of all three quadrilaterals which are not
divided by the interface is bounded by 135°. It holds:

(a:4—e4)~(xm—e4): (0,1/2)-(1/2,s/2 —1/2)
|wa = eal |rm —eal 172\ /(1/2)2 + (s/2 - 1/2)2

B s—1 1
_\/1+(s—1)2 © <_\/§’O)

cos(Lrse4Ty) =
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3 A locally modified finite element method

such that Zxyeqx,, € (90°,135°). By denoting Zeyx,,e9 = Zrpeaxs = afwz we obtain:

By (e1—e3)-(e2—w1) (0,—1)-(1,s)

o ler—es|les—xi] 0 VIt s2
— 1
el
1+ 52 V2

cos(a

such that oZ, € (90°,135°).

max

Now, we show that the largest interior angle for all quadrilaterals of the configuration C' is
bounded also by 135°. It holds:

1—s5— 1 1
cos(al,) =+ i € (— ,>
\/1—1-(1—5—7“)2

such that af € (45°, 135°).
The largest interior angle for the right-angled trapezoids of the configurations B and C'is
aBC = 135°. Then we split all these trapezoids into two triangles by dividing the largest
interior angle which is equal to 135°. Then the largest interior angle of the sub-triangles

are less than or equal to 90°. It holds:

cos(aa)(or cos(fa)) € (O’ \}E)

such that aa(orfa) € (45°,90°). We showed that all interior angles of the triangles
bounded by 90° for the configurations B and C.

In the configurations D and E could have two kind of quadrilaterals as mentioned above.
First, we consider the quadrilaterals in configuration D. As shown in Figure (d), we
have one quadrilateral with largest interior angle equal to 180°. In this case, we divide

this angle into two angles by connecting x,, and xs. In this case it holds:

(€1 = @m) - (ra —@m) _ ((r=1),=s)- (1 =7), =)

Ze1Tm = =
COS< €1T 1’2) ’61_Q3m"|x2_$m’ (1—7’)2+82
_—(1—r)2+52€< 33)
(1—7)2+s2 55

such that Zejz,,xo € (53°,127°).
All other quadrilaterals could have one or two largest angles between 90° and 180°. It
holds:

cos(Lzreres) = (r1—e1)-(e2—e1)  (=7,0)-(1—r,s)

(-
[T1—e|-lea—e| . 24+ (1—r)?
2

- 52 —T—?ll— r)? © <_ \/57_\}5>
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3 A locally modified finite element method

such that Zziejey € (117°,153°),

and 1 .
COS(4€162£L'3) = (61 _ 62> i ($3 — 62) _ (T -5 _S) ) ( y L — S)
’61_€2|-’$3—€2‘ 82+(1_T>2'(1_8>

_ =3 c (_ 2 _1)
2+ (1—r)? Vs Vb

such that Zejeqzs € (117°,153°),
and

(4 —€q) - (¥m —€a) _ (0,1/2) - ((r+1)/2,(s — 1)/2)
T4 — €4l - [ — €4 1/4-1/(r +1)2+ (s — 1)2
B s—1 . (_1 1 )

Jorpr -2\ VE VI

such that Zzyeqz,, € (108°,117°).

Then, by dividing the largest angle of the quadrilateral we obtain two triangles and one of

cos(Lxylegz,,) =

them is the right-angled triangle. It holds for not right-angled triangles:
(es—e)-(e2—er)) (=1, 1/2)-(1—1,5)
|4 — ea] - [e2 — e \/7“2+1/4-\/32+(1—7“)2
r(r—1)+s/2 1
- =(0- %)
\/r2+1/4-\/32+(1—r)2 V2

such that Zeyejes € (45°,90°).

cos(Zeseie9) =

(e1—ez)-(e3—ex)  (r—1,—5)-(=1/2,1—5)
ler — ea| - |es — eq] _\/32—|- r—1)2 \/1/4+ (1—s)?
_ (I—=r)/24s(s—1) c <0’1>
\/32+ r—1)32 \/1/4—1— (1—5)2 V2
such that Zeyeiey € (45°,90°).
We note that the right-angled triangle Aejz4e3 has two equal sides and, therefore, we have
117° — 45° = 72° and 108° — 45° = 63°, then ZLegeyx,, € (63°,72°). Our results show that
all interior angles of the triangles bounded by 127° for configuration D.

COS(461€263) =

Now, we consider the configuration E. In this case, we have two triangles which are divided
by the interface, see Figure (e) and (f). The triangle T5 is a right-angled triangle. We
need only to show how the largest interior angle of the triangle T} is bounded. It holds:

(61—63)'(62—64): (T—1/2 —1) (1 3—1/2)
ler —esl-lez —eal 14 (r—1/2)2 1+ (s — 1/2)2

cos(Zeijxy,es) =

r—s

\/1+ (r—1/2)2- 1+ (s —1/2)2 ( \/_5>
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3 A locally modified finite element method

such that Zejxes € (36°,117°).
In configuration E, the angles in eq,...,e4 are all between 63° and 117°. It holds for

example:
(x1—e1) - (e3 —e1) _ (—=r,0)-(1/2 —=1r,1)
or—eilJes —ell p o 14 (17212

cos(ZLxieres) =

r—1/2 ¢ < 1 1 )
\/ 1+ (1/2 —r)? VEIRVE]
such that Zziejes € (63°,117°). A bound on the angles of the quadrilaterals at z,, is
therefore given by 360° — 2 - 63° — 90° = 144°. This maximum is attained for r — 1,5 — 0

(cf. Figure (f)).
The largest interior angle for quadrilaterals in configuration FE is equal to 144°. By dividing

the largest angle of the quadrilateral we obtain two triangles. All interior angles of all

triangles are bounded by 117° in configuration F. O

Theorem 3.1.2. We assume that the patch grid Qp is Cartesian. For all types of the
interface cuts (see Figure , the interior angles of all subelements are bounded by 127°
independently of the parameters r,s € (0,1).

Proof. By means of Lemma all interior angles on the reference patch are bounded by

127°. As all cells are Cartesian, the same bound holds for the elements in 2p . n

Remark 3.1.1. We have assumed for simplicity that the underlying patch mesh is fully
Cartesian. This assumption can, however, easily be weakened. Allowing more general form-
and shape-reqular patch meshes a geometric transformation of each patch to the unit patch

will give a bound a < aumax < 180° for the interior angles a (with auay larger than 127°).

3.2 Extension to second order finite element method

In this section, we extend the first order approach discussed in the previous section to a
second order discretization.
3.2.1 Modified finite element spaces

We define the isoparametric finite element space Vj, C Hj ()
Vi i={p e C(Q)|(poT) € Pp(K) for K € Ty},

where

A QT(IA( ), K is a quadrilateral,

r([%), K is a triangle,
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3 A locally modified finite element method

and T' € P}}(K ) is a transformation from the reference element K to K. The space V}, is

continuous, as the restriction of a function in Q,(K) to a line e C K is in P,(e).

3.2.2 Quadratic interface approximation

In this section, we define a quadratic approximation of the interface. In each of the
sub-triangles obtained in the previous paragraph, we consider 6 degrees of freedom that
lie on the vertices and edge midpints of the triangles (see the dots in Figure [3.4). In order

b o [} ° ¢ ° ]
p-@- - @=mnmnnnn { XEELE TEEEY TETRY TPRNY )
b ) 4 ° ® ° b

Figure 3.4: Mesh consisting of four patches, three of which are cut by the interface.

to guarantee a higher-order interface approximation those that lie on the discrete interface

I';, need to be moved.

Lemma 3.2.1. (Quadratic elements) All interior angles of the triangles under certain

assumptions are also bounded by 127° independently of the parameters r,s € (0, 1).

Proof. The proof of this lemma follows by the Lemma [3.1.1] For the elements with curved

boundaries we consider two kinds of interfaces:

1. Second order finite elements for the interface given by first order functions. In this
case, we use Lemma and properties of a middle segments of the triangles.
We get also easily that all interior angles of the triangles are bounded by 127°
independently of the parameters r, s € (0,1).

2. In the case when the interface is given by second order functions, we need to ensure
that all elements are allowed in the sense of Assumption [3.1.1] (see also Figure [3.1])

and that the maximum angle condition shown above remains valid.

We need to move certain points to the interface in order to obtain a second-order interface
approximation, for the details see also Section [3.2.3] This is possible if the following
criteria are satisfied. Otherwise, we leave them in their original positions and obtain a
first-order interface approximation in the respective element. By ax we denote the largest

angle in a triangle.
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3 A locally modified finite element method

In the first step, we move the midpoint of the patch. If this is possible, we shift the

other corresponding points in a second step (if possible). We use the following criteria for

each configuration.

First step: Move the midpoints

Configuration A: the midpoint of the patch can be moved along the normal line n
(see Figure ) if apn < Qae < 180°.

Configuration B: the midpoint of the patch can be moved along the line segment
eres, if the relative length d = 2= of the line ez, (see Figure ) satisfies

lea—ex]

e<d<l—cand an < e < 180°.

Configuration C': the midpoint of the patch can be moved along the line segment
esey, if the parameter d (see Figure [3.3k) satisfies e < d < 1 —e.

Configuration D: the midpoint of the patch can be moved along the normal line
n (see Figure ) if an < ae < 180°.

Configuration F: in this configuration we do not need to move the midpoint of

the patch (see Figures [3.3p), and [3.3[).

Second step: Move other points

In the second step, we investigate the other two points that need to be moved in
order to obtain a second-order interface approximation. These are the points between
the midpoint of the patch and the points where exterior edges are intersected. In all
configurations, we obtain triangles with one curved edge. It can happen that this
curved edge intersects other edges of the element 7. Thus, we shift the corresponding
points along the normal line to the interface, if and only if the curved edge of the

triangle does not cut any other edges and ap < e < 180°.

In certain “pathological” situations we can not guarantee that the angle conditions
imposed above are fulfilled. This is due to the fact that the curved edges that
correspond to a quadratic interface approximation might intersect other edges, see
Figure for an example.

In this case, we use a linear approximation of the interface in the affected patch.
We will see in the numerical examples below that this happens rarely. Moreover,
it is reasonable to assume that the maximum number of such patches remains
bounded under refinement independently of h. We give a heuristic argument for this
assumption. Let us consider the situation sketched in Figure In the configuration
on the right the quadratic interface approximation lies slightly outside of the triangle.

On the other hand, the linear approximation of the interface (i.e. the lower edge) will
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3 A locally modified finite element method

never leave the patch by definition. The maximum distance between a linear and a
quadratic interface approximation is bounded by O(h%). In relation to the patch
size O(hp) this means that -considering arbitrary interface positions- the probability
that the quadratic interface approximation leaves the patch is bounded by O(hp).
The number of interface patches, on the other hand, grows like O(hp'). Hence it
is reasonable to assume that the number of affected patches behaves like O(1) for
hp — 0. We will denote the maximum number of patches with a linear interface

approximation by n;.

A

Figure 3.5: The interface I' needs to be approximated quadratically on all triangles. To
achieve this, the midpoint of the edge that corresponds to the interface is
pulled onto the curve. Left: This is a valid configuration where a quadratic
approximation is possible. Right: In some configurations a fully quadratic
interface approximation would result in a degenerate element with an interface
that is leaving triangle (see the mark on the bottom edge). Such triangles are
approximated linearly, which results in n; > 0.

3.2.3 Implementation

The locally modified finite element method is based on a patch-wise parametric approach.
Let €2, be the triangulation. We denote by P € ()}, the patches, which are quadrilaterals
with 25 degrees of freedom. Depending on the location of the interface, we have two kinds

of patches:

o If the patch is not cut by the interface, then the patch is split into four quadrilaterals
@1, ..., Q4. In this case we take the standard space of piecewise biquadratic functions

as follows:

Q:={peC(P), dlg, € span{l,x,y, 2% xy, y?, vy?, 2%y, 2*y*}, i =1, ..., 4},
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3 A locally modified finite element method

where P is the reference patch on the unit square (0,1)? consisting of the four
quadrilaterals Ql, e Q4.

o If the patch is cut by the interface, then the patch is split into eight triangles
T1, ... ,Ts. Here we define the space of piecewise quadratic functions as follows:
Qmod = {¢ € C(P) ) ¢‘Tl € span{l,:my,:vQ,xy,yQ}, 1= 17 "'a8}7
where the reference patch P consists of triangles Tl, T3
Ty €3 T3 Ty €3
‘ 1
e
[ ] [ ] [ ] “
o
€1 @ €4 |
" e,
[ ] [ BN ]
& [
©n e T2 Ty €

T2

(c) shifting other points

(d) points on the interface

Figure 3.6: Rearrangement of the Lagrangian points on the interface.

In both cases, we have locally 25 basis functions in each patch (see Figure

Q(P) := span{¢;}, ¢; = ioTp', i

i =1,...,25,

where T is the reference patch map, which is defined in an isoparametric way as follows

25
j=1
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3 A locally modified finite element method

Definining the patch type and movement of mesh nodes

We assume that the interface is given as zero set of an implicit level-set function v(x)
Y(z) =0 & xel.

The patch type and the edges that are cut can then be easily determined by computing
7(x;) for the exterior vertices z1, ..., z4, see Figure[3.6] An edge e is cut, if y(z1) -y(z2) < 0
for its two end points x1, 5. The intersection of the interface with the edge can the be

found by applying locally a Newton’s method to find the zero r of
fy(xl +r(zy — x1)> =0, (3.2.1)

see Figure (a). The edge midpoints e; and e; will be moved to the respective position
x1 + r(xe — x1). Next, we define a preliminary coordinate for the midpoint of the patch
T, as the midpoint of a segment ejes, see Figure (b). For a second-order interface
approximation, it is necessary to move z,, to the interface I' in the configurations A to
D. We use again Newton’s method to move x,, to the interface along a normal line,
see Figure (¢). Second, we also move the midpoints of the segments ez, and z,,es
analogously, see Figure (d). Finally, we need to specify criteria to ensure that the
resulting sub-triangles with curved boundaries fulfill a maximum angle condition. For the
details see the proof of Lemma [3.2.3]

Remark 3.2.1. A disadvantage of the modified second order finite element method described
above is that the stiffness matriz can be ill-conditioned for certain anisotropies. In particular,
the condition number depends not only on the mesh size, but also on how the interface
intersects the triangulation (e.g., s,r — 0). In section we consider two examples, where
the condition number of the stiffness matriz is not bounded. For this reason a hierarchical
finite element basis was introduced in (47] for the linear finite elements and it was shown
that the stiffness matriz satisfies the usual bound O(hp?) with a constant that does not
depend on the position of the interface. We extend this approach to the second order
finite element method in Chapter[f] We will see that the condition number for a scaled
hierarchical basis is reduced significantly, although we can not guarantee the optimal bound

for the method presented here.
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Chapter 4: Discretization of elliptic interface problems

In this chapter, we study the interface Laplace equation . We consider the model
problem
—V-(Vu)=f onfy, i=1,2,
[u]l =0, [vO,u] =0 onT, (4.0.1)
u=0 on 0f,

For the discretization of this problem we use the locally modified second order finite element
method introduced in Chapter [3l We prove optimal a priori error estimates in the L?-norm
and in the discrete energy norm. Finally, we present numerical examples to substantiate

the theoretical findings.

Literature review

The locally modified finite element method has been used by the authors and co-workers [44,
50H52], and by Langer & Yang [72] for fluid-structure interaction (FSI) problems, including
the transition from FSI to solid-solid contact |27,28,48]. Holm et al. [65] and Gangl &
Langer [56] used a corresponding approach based on triangular patches, the latter work
being motivated by a topology optimization problem. A pressure stabilization technique for
flow problems has been developed in [45] and a suitable (second-order) time discretization
scheme in [49]. Details of the implementation in deal.ii and the corresponding source code
have been published in [53}/54]. Extensions to three space dimensions have been developed
by Langer & Yang [72], where hexahedral coarse cells are divided into sub-elements
consisting of hexahedra and tetrahedra, and by Hollbacher & Wittum, where a coarse mesh
consisting of tetrahedra is sub-divided into hexahedrons, prisms and pyramids [66,/95].
Alternative approaches are unfitted methods, where the mesh is fixed and does not resolve
the interface. Prominent examples are the extended finite element method (XFEM [76]),
the generalized finite element (GFEM [10]) and Cut Finite Elements [29,/61] including
unfitted DG methods [59]. For Cut Finite Elements a higher order unfitted finite element
method has been developed and analyzed by Lehrenfeld and Reusken (see [73H75]).

For further fitted finite element methods, we refer to [9,(15,25,42,97]. Some works are similar
to the locally modified finite element methods in the sense that only mesh elements close
to the interface are altered [23],100]. A fitted method with a higher order approximation
has been developed by Fang [41].
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4 Discretization of elliptic interface problems

4.1 Discrete variational formulation

We use the space V}, defined as in Chapter
Vi i={peC(Q)|(poT™) e PL(K) for K € Q},

where the map T resolves the interface with order r in all but n; elements, where the
approximation is only linear. The polynomial order of the trial functions ¢ o 71 is r
independent of the interface approximation. We consider a C3- parameterized interface
I', which is not matched by the triangulation €2,. The triangulation induces a discrete
interface 'y, which is a quadratic and in some special cases a linear approximation to I'.
The discrete interface splits the triangulation in two sub-domains 2} and Q3, such that
each triangle K € €, is either completely included in ©} or in Q3.

We consider the following discrete variational formulation: Find u, € Vj, such that

an(un, on) = (fn, on)o  Vén € Vi (4.1.1)

By reason of §2; # Qi we set fh|Q;L = fi,1=1,2. We note that f; is a smooth extension

of flo, to Q. The bilinear form is given by

an(un; ¢n) == (VaVun, Von)a,
where v}, is defined by

vV, € Q}ll
Vp =
vy, T € Q3.

4.2 A priori error analysis

Let hp be the maximum size of a patch element P € Qp of the regular patch grid. We
will denote the mismatch between Q) and Q' by S}, i = 1,2 (see Figure

S}IL :Q}L\QIZQQ\Q%“

Moreover, we denote the set of elements T' € €, that contain parts of Si by
= {T €| TNS; #0}, Sr = SLU Sz,

with a linear approximation of the interface and

Further, we split Sj, into linear parts S, ;;,

quadratic parts Siiz,qu with a quadratic approximation of the interface. Similarly, we split
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4 Discretization of elliptic interface problems

the set of triangles S% that are affected by the interface into parts 5%7 if the triangle

lin
(patch) contains a linear approximation of the interface and S%,qu if the approximation
is fully quadratic. The union of S, and S, is denoted by Stq, and analogously for

ST,lin-

Si= Q8 \ Q

Figure 4.1: Mismatch S} between Q' and Q}, i = 1,2 at two elements along the curved
interface.

4.2.1 Auxiliary estimates

First, we need to prove some auxiliary estimates in order to control the mismatch between
continuous and discrete bilinear forms. For that we need the following Sobolev imbedding

estimation for 2 < p < oo

1
[ull o) < ep?||ullm (o), (4.2.1)

which is valid with a constant ¢ independent of p, see [91]. We start with the following

technical result.

Lemma 4.2.1. Let « € N, h € Ry and J(p) := \/ph~ . It holds that

min _J(p) < c\ln(h)\%.
PE[2,00]
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4 Discretization of elliptic interface problems

Proof. We start with the necessary condition for a local minimum: J'(p) = 0. It holds:

J'(p) = 2\1/]3 “5 4+ 1% In(h) p‘\"/ﬁ —hTrpe (; +1In(h) Z)
; + In(h) ;‘ ~0
p= —2aln(h).
The minimum value is
J(=2an(h)) = \/—2aIn(h) h~ T2 = v2ae|In(h)|?.

The fact that lim J(p) = oo and J(2) > J(—2a/In(h)) show that the local minimum is in

p—o0

fact a global one. [

For the estimation of the mismatch between continuous and discrete bilinear forms, we

need to prove the following geometry approximation lemma.

Lemma 4.2.2. Let T € St and let s be the local approzimation order of the interface, i.e.
dist (T, NT;TNT) < chy™. (4.2.2)

If the number of elements with a linear interface approximation is bounded by n;, it holds

for the areas of the regions Spim and Sp q, that
’Sh,lin‘ < nlh?])% ’Sh,qu‘ < h:]‘)s' (423)

Foru € H'(Q UQy) and ¢y, € V), we have the bounds

IV énlls,nr < chp||Vonr (4.2.4)
st1
llulls,nr < chp® ||ullrar + Ch5p+1||vu||shmT- (4.2.5)

Moreover, we have for u € H* (2, Uy) and v € H*(Qq U Q)
3
||u||5h,zm < ChP||u||H1(Q1UQ2)7 ”uHSh,qu < Ch}23||u||H1(Q1UQ2) (426>
and
13 12 13
||U’||Sh,lin < Cn12 h}2:’| ln(h)| ||u||H1(Q1U92)’ ||U||Sh,1m < Cnl2 h123||v||H2(Q1U92)' (427)

For functions u € H}(Q2) the H'-norm on the right-hand side of (4.2.6) and (4.2.7) can

be replaced by the H'-seminorm.
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4 Discretization of elliptic interface problems

Proof. Estimates (4.2.3)-(4.2.5)) have been shown in [83]. (4.2.3)) follows from (4.2.2)) and
simple geometric arguments. For (4.2.4) and (4.2.5) a Poincaré-type estimate is used,

see [83, Lemma 4.34]
[ull$,nz < chBHIullE, o + chE 2V Ull, oo (4.2.8)

Summation over all elements in Sty, and St q,, respectively, and a global trace inequality
for the interface terms yields (4.2.6). To show (4.2.7)), we use a Holder inequality for
p € [2,00]

1_1
HuHSh,lm < ‘Sh,linP p”u”LP(Sh,lin)' (4'2'9>

Due to |Shin| < cnyh? and the Sobolev imbedding (4.2.1)) for Q = Q; we have for arbitrary
p € [2,00)

, 1 3.3
||u||5h,zm S CpQTlehi) p||u“H1(Q1UQz)' (4210>

Using Lemma [4.2.1] we obtain the first estimate in (4.2.7)).
If v e H*(Qy U Qy) we can use (4.2.9) for p = oo due to the Sobolev imbedding H?(€);) C
L*>(Q;) and we obtain

13
HUHSh,lin S CnZQh]%HUHHQ(QlLJQz)' (4211)

Finally, the norms on the right-hand side can be substituted by the H'-seminorm for

u € H} () by means of the Poincaré inequality. O]

The continuous solution u is regular in ;, ¢ = 1, 2, but its normal derivative has a jump
across the interface. Discrete functions have non-regularities only at the boundaries of
cells T'. This means that a discrete function can only resemble a similar discontinuity
across the discrete interface. Therefore, we need some technicalities in the estimates.

We consider a map m : H3*(Q; U Qy) — H3*(Q} UQ2). Let uw € H3(; U Qy) and
o, € H3(£;). Due to smooth interface I" we can use smooth extensions @; € H3(Q)
(1 =1,2) to the full domain €, e.g. see the textbook of Wloka [99], such that

U; = U

By using these extensions we define a function 7u € H?(Q}, U Q3):

W, x €0,
u=1{ h (4.2.13)
Uy, T E Q}%
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4 Discretization of elliptic interface problems

We note that that mu can be discontinuous across I'y,.

Lemma 4.2.3. Let u € H3*( U Qq) and mu € H3(Q}, U Q2) the function defined by
(4.2.13)). It holds that

IV (u = mw)le < chp (m" + 1) [ull 220,00 (4.2.14)
IV = mu)llo < ehf (m" + 1) l[ull o0 (4.2.15)

where n; is the maximum number of elements with a linear interface approximation.

Proof. In the small strip S;, around the interface v and 7u are defined differently. Using
the Sobolev embedding H?3(£2;) € W1*°(€;) and the continuity of the extensions (4.2.12)
it holds for u € H3(;):

1
IV —7u)lo = [V(u—7u)ls, < [Shl? (| Vulle@ + | Vrull @)

1
< C|Sh| 2 ||u||H3(91U92)'

Then by applying we get .

To show , we note that v — mu vanishes in cells T' € T, \ Sp. Thus, let T € Sy
and let s € {1,2} be the local approximation order of the interface in 7. We use
and the fact that s > 1 to get

14s
IV(u=7mu)lly = IV(u = 7u)lls,ar < chp’ [V (u = 7u)llear + chp™ [V (u — 7u)||s,nr

< chp (|Vullror + [IVrullvar) + b (1V2ullgyor + V2 7ulls,r) |

where the derivatives on I' need to be seen from Sj,.
After summation over all cells T' € €2, a global trace inequality and (4.2.12)) yield

IV(u—mu)llo < chp (||u||H2(Qlu92) + ||7TUHH2(91UQQ)) < chp|lulln2@.u0)-

4.2.2 Interpolation

In this subsection, we will derive interpolation estimates for a Lagrangian interpolant
I,. Let L1 be the set of Lagrange points that belong to a cell T' € €2;,. In the case of a
linear interface approximation, it can happen that some of these lie on I'},, but not on I'.
This means that there are elements with Lagrange points x; € Lr, that lie in different
sub-domains 2; and €25, see Figure Defining the interpolant as lyu = Y, u(;)
would lead to a poor approximation order (O(hp) in the H'-norm), due to the discontinuity

of Vu across I'. Each such point z; lies, however, on a line between two points z7 and
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4 Discretization of elliptic interface problems

xy on I'. We use a linear interpolation of the values u(z}) and u(x}) in order to define
Tyu(z;) = 3 (u(x}) + u(x})), see also [44] and Fig. (right). We have the following

*
Lo

)

7

Figure 4.2: Interpolation operator at the interface I'. Left: For second order interface
approximations we use the standard nodal interpolation for the interface. Right:
For linear interface approximations we replace the node z; in the middle of
the interface edge by the mean of the two adjacent corner nodes x] and z3.

approximation properties for this modified Lagrangian interpolant.

Lemma 4.2.4 (Interpolation). Let u € U := [H&(Q) N H3(Q UQ)] and @ = Tu €
H3(Q}, U Q) the function resulting from the map w defined in (4.2.13)). Moreover, we
assume that T is a smooth interface with C®-parametrization and that the interface is
approximated with second order in all elements T € )y, except for at most n; elements,
where the interface approximation is linear. It holds for the Lagrangian interpolation
operator I, :U — V), that

IV~ Tl < e ™ lullwe@yony, m = 0,1 (4.2.16)
IV (@ — Lau)lla < (cmy[n(R)] Y2 + c) Bbllull 0,00, (4.2.17)

where ¢; and ¢, are generic constants that correspond to patches with a linear and a

quadratic interface approzimation, respectively. For u € W2(Q, U Qy) we have further
IV (@ — Lalla < (am” + ¢g) B lullwe.@uun,)- (4.2.18)

Proof. For the prove of this Lemma see [46]. O
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4 Discretization of elliptic interface problems

4.2.3 A priori error estimate

We are now ready to prove the main result of this section. To this end, we introduce the

discrete energy norm as follows:

- - 1/2
Il = unll = (12 V (@1 = wh) B + 12V (@2 — up)[22)

where ; are smooth extensions of u; = u|q, to Q% and u} := uy|q: for i =1, 2.
3 Q h h Qh Y

Theorem 4.2.5 (A priori estimate). Let Q C R? be a convexr domain with polygonal
boundary, which is resolved (exactly) by the family of triangulations Q. We assume a
splitting Q = Q; UT U Qy, where T is a smooth interface with C3-parametrization and that
the solution u to belongs to H3(2, U Q). Moreover, we denote by n; the maximum
number of elements K € y,, where the interface is approxrimated linearly. For the locally

modified finite element solution u, € Vj, to (4.1.1)) it holds
1
llw = wnll < (coni | 10(R) 2 + ) Bl s (4.2.19)
|u — upllo < (cmz\ In(h)|/2 + cq> Al w3 01 u0s) - (4.2.20)

where ¢; and ¢, are generic constants that correspond to patches with a linear and a
quadratic interface approxvimation, respectively. If additionally u € W (Q UQy) we have
further

1
llw = unll < <cmf + Cq> hp (||U||H3(91u92) + ||U||W2’°°(Qlu92)) : (4.2.21)

Proof. (i) First, we have the following perturbed Galerkin orthogonality by subtracting

fom
a(u, on) — ap(un, ¢n) = (f — fr, 0n)a  Vou € Vi, (4.2.22)

We estimate the right-hand side in (4.2.22)). The difference f — f;, vanishes everywhere
besides on S;,. We have

(f = Jns o) = (f = fus On)s, < ([Nlls, + 1 2lls,) [|0nlls,

where f; denotes a smooth extension of f|g, to Q,i=1,2.

We split the region Sj into parts with a quadratic interface approximation S, 4, and
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4 Discretization of elliptic interface problems

parts with a linear approximation S, ;. (4.2.6) and (4.2.7)) yield

I fill s + I fill S < chpll fllauuan) < chpllullms@iua,)

and

3 13
1 Fllsnan + 1l < (e o+ cnf B2 )l 010

3 13
< <ch1% +centhpl ln(h)|1/2> || 3 (0, 00)-

(4.2.23)

The second estimate yields

(f = Fusén)a < ch (10 1I(0)]2) [ullsonon 161 5,

(77) For the energy norm estimate, we start by splitting into an interpolatory and a discrete
part
e = wnlll < 1>V (@ = L) o + [V (T = up) o (4.2.24)

The interpolatory part has already been estimated in Lemma [4.2.4. For the second term

in (4.2.24]), we use the perturbed Galerkin orthogonality (4.2.22)) with o) = Iu — uy,

2V (Inu — un) |3 = (nV (I — un), V{(Lyu — up))q,
= (VhVIhU - I/Vu, V(Ihu - Uh))Q + (f - f;“ Ihu - uh)Q. (4225)

We split the first part in (4.2.25)) further

(v VIyu — vNVu, V(Iyu —up))g = (WpV(Lu — ), V(Iu —u))qg

(4.2.26)
+ (i Va — vVu, V(Iu —up))g -

For the first part, we use (4.2.17)) to get

NI

(VI = ), V(I = )y < b (nf | 1) + 1) s, |47 (e = ) o
(4.2.27)

The integrand in the second term on the right-hand side of (4.2.26)) vanishes everywhere
besides on S;. We obtain by the Sobolev imbedding H?3(2;) C W1(Q;), the continuity
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4 Discretization of elliptic interface problems

of the extension (4.2.12)) and (4.2.4)) and (4.2.3) from Lemma

(Vi — vVu, V(Ihu — up))g = (vn Vi — vVu, V(Ihu — up))g,
<c(IVallg, + [Vulls, ) 4>V (Inu = )5,
< clSul 2 lullwr. (R0 U Q) [0V (Lt = s,
< ch (" + 1) lull s egon 1V (T — up) o
(4.2.28)
For the second term in (4.2.25)), we use and (4.2.6)

(f = fos Inu — up)o < chpllull gs,u0.) [ Inw — unl|s,

< ch||ull g vom |[va >V (In — un) ||ayu0,-

Combining the estimates, we obtain

This completes the proof of (4.2.19)). The proof of (4.2.21]) follows exactly the same lines,
with the only difference that we use (4.2.18)) instead of (4.2.17)) in (4.2.27)) to get

1
VﬁVUhu - uh)Hﬁluﬂg < Ch2P||u||H3(QlU92)

1
(U (I — @), V(Ipu — up))g < ch? <n; + 1) allw2.gyoom 172V (It — w) o
(4.2.29)

(iii) To estimate the L? - norm error, we define the following adjoint problem. Let

z € H}(€) be the solution of
vV, Vz) = [len] " (en, v)a Ve € Hy(9).
The solution z lies in in Hy(Q) N H?(Qy U Q) and satisfies
2] rr2(0,00,) < Cs-

By choosing ¢ = u — uj, = e, and adding and subtracting v, Vu;,, we have

lenll = (vVen, V2)g = (wWVu — v,Vuy, Vz)g + (v — v)Vuy, V2)a. (4.2.30)
For the second term in , we have

(vh = V)Vup, Vz)o = ((vh = v)Vup, Vz)s, < C([[taVun|s,[[V2]]s,) (4.2.31)

We split the first term on the right-hand side further and use the bound for the energy
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4 Discretization of elliptic interface problems

norm error as well as (4.2.7) (Lemma [4.2.2)

lvaVunlls, < [vaV(un —u)lls, + [vVuls,

< ¢ (nf +1) K ulluscacn
For the last term in (4.2.31)), we obtain from (4.2.6) and (4.2.7))
3 (.3 1/2 3(,3 1/2
1920501, < el (102 4 1) 2l o) < chp (g [ ()] /2 1)),
3 3
19205000 < chbl2lori0m < ch.
Altogether, we obtain for the second term in (4.2.30))
((vy — v)Vup, Vz)g < ch (nl| In(h)|/? + 1) ]| £r3 (2, 00) (4.2.32)

Concerning the first term in (4.2.30]), we add and subtract the interpolant VI, z, as well

as Tt

(vVu — v, Vuy, Vz)g = (WNVu — Vi, V(z — In2)o + (v V(a — up), V(z — 12))q
+ (I/Vu — thuh, VI}LZ)Q
(4.2.33)

For the first term on the right-hand side, we obtain as in (4.2.28))
(V= Vi, V(e = Ii2))a < chif” (m" +1) ull e 14V (2 = n2)lls,

We estimate the latter norm using (4.2.6), (4.2.7) and (4.2.16])

1232V (2 = L2)|s, < chil® (n* | In(W)[2 +1) ||z = Inz] w20, 000)
< ch3? (nll/2| In(h)|"? + 1) :

The second term in (4.2.31)) is easily estimated with the bound for the energy norm and
the interpolation error (4.2.16)

(4 (@ = ), V(2 = i) < ¢ (nf + 1) bl o,n.
For the third term in (4.2.33]), we use the perturbed Galerkin orthogonality (4.2.22))

(qu — thuh, VIhZ>Q = (f — fh, ]hZ)Sh

(4.2.34)
< Hfl - f2H5h,zm

IhZHSh,zm + ||f1 - f2HSh,qu||IhZ||5h,qu'
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For the first part in both terms, we use (4.2.6) and (4.2.7)), respectively

3 1
11 = allsns + 1 = Follsn < e (nf I + 1) 1f 1 000

3 1
< ch} (n; | ln(h)|1/2 + 1) ||| &3 (02, U02,) -

For the remaining terms in (4.2.34]), it is sufficient to consider the smallness of |Sy|, a
Sobolev imbedding and the continuity of the extension ({4.2.12))

1 1 3 1 3 1 3
110215y 1 < |Shtinl 2[[ In2]| L) < enfhpllz||Le@) < enfhpllz||lm2@u0,) < enfhp
1 3
11125 00 < |Shgqul? [ 102 Lo (@) < chp.

Altogether this yields the following estimate for the term in (4.2.33)), which completes the

proof of the L?-norm estimate
(vVu — v, Vuy, V2)g < chy, (nl| In(h)|"? + 1) ||| #3023 002,) -

O

Remark 4.2.1. (Energy norm) There are different possibilities to choose the energy norm
in Theorem . The result (4.2.19) could also be shown in the corresponding norm

defined on the continuous sub-domains Q1 and

- _ 1/2
e = unllly == (2 V (= @RI, + 2V (w2 — @)[3,) (4.2.35)

where u; = u|q, and U}, denote the canonical extensions of ul := uplg: to Q. If one would
: h h Qi

consider the norm
Il = wnlly = llvs">V (1 — un) (4.2.36)

a reduced order of convergence, namely (’)(h%) would result, even for a fully quadratic
interface approximation (ny = 0). The reason is that Vu shows a discontinuity across
I', while Vuy, is discontinuous across the discrete interface I'y,. Hence, the error in the
gradient is O(1) in the strip Sy, between the interfaces, which is of size |Sp|"/? = O(h?l’gﬂ).
This bound is already optimal in the estimate for ||V (u — wu)|lq in (4.2.17).

We have chosen the discrete energy norm ||u — up|| in Theorem as this is the

only norm, which can be easily evaluated by numerical quadrature. A quadrature formula

that evaluates the norms (4.2.35) or (4.2.36) accurately would need to resolve the strip S,

which is non-trivial. Any standard approzimation, such as a summed midpoint rule would

lead to an additional quadrature error of O(h:]gg/z), which would dominate the overall error.
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4 Discretization of elliptic interface problems

Remark 4.2.2. (Regularity) We have assumed the regularity u € H*(Qy U Qy) (resp.u €
W2(Qy U Qy)) in Theorem . This is quaranteed if both sub-domains 1 and
are smooth (precisely W3> ) and the right-hand side has regularity f € H(; U Qy)
(resp. f € L®(Q UQy)). In this work, the overall domain ) is assumed polygonal in
order to avoid additional technicalities associated with the approximation of exterior curved
boundaries. For the latter, we refer to the literature, for example .

4.3 Numerical examples

The second order parametric finite element method is based on the finite element framework
Gascoigne 3d . The source code is freely available at https://www.gascoigne.de
and published as zenodo repository [24]. For reproducibility of the numerical results,

the following two configurations are implemented and described in a separate zenodo

repository [84].

Example 1

We consider a square domain = (0,2)2. The domain is split into two domains ; and €,
by the interface I'. The interface is defined as I'{(z,y) € Q|l(z,y) = 0} with the level-set
function I(z,y) = y — 2(x + dh)? + 0.5, where § € [0, 1] and h is the mesh size. We take

11 = 4 and vy = 1 and choose the exact solution as follows

u% sin(l), in €y,

712 sin(l), in o,

u(r,y) =

and define a right-hand side f; = —1;Au and Dirichlet boundary data. We vary ¢ € [0, 1],
such that this example includes different configurations with arbitrary anisotropies. The

configuration and the exact solution for this example are shown in Figure [£.3] In this

Q1
Q>

\—|
s
‘ag

N

SN

A,,.'li &
VK

Figure 4.3: Left: Configuration of the test problem. Right: Sketch of the exact solution

example the interface could be resolved with second order on all refinement levels and for
all § € [0,1] (n; = 0). Table [4.1| shows the discrete energy norm error |||u — uy/| and the
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L?-norm error as well as estimated convergence orders on several levels of global mesh
refinement for the fixed parameter 6 = 0. According to the a priori error estimate in
Theorem [£.2.5, we observe fully quadratic convergence in the discrete energy norm and
fully cubic convergence in the L? - norm. In Figure [4.4] we plot the L?norm error for

h L? - error | EOC | energy error | EOC
1/32 | 3.43-1074 - 4.19-1072 -
1/64 | 4.24-107° | 3.014 | 1.04-107% | 2.002
1/128 | 5.28-107% | 3.005 | 2.61-107* | 2.001
1/256 | 6.59-107 | 3.003 | 6.52-107% | 2.001

Table 4.1: Example 1. Errors in the L? - norm and the discrete energy - norm, including
an estimated order of convergence which is computed from two consecutive
values in each row for Example 1 and § = 0.

5 € [0,1] and the discrete energy norm error on several levels of global mesh refinement
and observe that the error is bounded independently of 4.

In Figure , we show how the condition number depends on the parameter ¢ € [0, 1]
by moving the interface. We get the largest condition numbers at 6 ~ 0.84. Furthermore,
we show a zoom-in of the numbers for ¢ € [0.83;0.85] in Figure [4.5] right. We see that the
condition number is reduced by a factor of 100 using a scaled hierarchical basis, but that

is not necessarily bounded for arbitrary anisotropies.

h:% [lu — up| o1 [l|uw—up |||
3.40-04 | ; 1 42002 | 22
4.3¢-05 | o 1 1.0e-02 | %
h=- h =
5.3¢-06 | 2 2.6e-03 | 2
0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.4: Example 1. L? - norm and discrete energy - norm errors for Example 1 with
r =10+ dh and § € [0, 1].
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4 Discretization of elliptic interface problems

1x 106 1x10° F !
100000 i L basi ‘ ] Lx10ty
3 agrange basis | 3 1 % 107 7L - ;
10000 | ] 1 % 106 7 agrange basis ]
1000 7 Hierarchical scaled basis ] 100000 - Hierarchical scaled basis :
| ] 10000 & 4

100 L I I I I I L 1000 L I I I
0 0.2 04 0.6 0.7 084 1 0.83 0.84  0.842 0.85

Figure 4.5: Condition number of the stiffness matrix depending on the position of the inter-
face 6. Comparison of the standard Lagrangian basis and a scaled hierarchical
basis for h = 1/32. Left: 6 € [0,1]. Right: Zoom-in for ¢ € [0.83,0.85].

Example 2

We consider a square domain = (0, 2)? that is split into a ball Q; = B,.(zg, yo) with r = 0.3
and (xo,y0) = (14 6h,1.2), where § € [0,1], and Qy = Q\ Q;. We take the exact solution
as in example 1, with the level set function replaced by l(z,y) = (z — x¢)? + (y — yo)? — r%.
In Figure we show the configuration and the exact solution for this example. For
different 6 € [0, 1], this example includes all configurations A-E with different anisotropies.
The L?—norm and the discrete energy norm errors are shown in Figure and Figure ,

o

Sl

Figure 4.6: Left: Configuration of the test problem. Right: Sketch of the exact solution

respectively, for 6 € [0,1] on several levels of global mesh refinement. We observe
convergence in both norms for all § € [0, 1]. The errors vary slightly depending on 4. Its
magnitude depends mainly on the number of linearly approximated elements (n;): We
have n; = 0 for 6 = 0 on all mesh levels, while n; > 0 for all other values of §. The errors
increase from 6 = 0 to 6 = 0.01, as n; increases from 0 to 8. Moreover, the number of
linearly approximated elements increases once more from n;, = 8 to n; = 16 for h = 1/64
and h = 1/256 in the range § € [0.74,0.81] resp. § € [0.8,0.81]. Again, we observe
a slight increase in the magnitude of the error within this range. This indicates that
the constant cmll/ 2 corresponding to the linearly approximated part in is larger
than the constant ¢, arising from the quadratically approximated elements. Table
Table and Table show the L%-norm and the discrete energy norm errors obtained
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1 e — |
h=g5
2.1e-05 |
7.6e-06 | j-
4.1e-06 L h=41
2.7¢-06 | - I
8.2¢-07 © j 1
h=-L
3.60-07 | o
9.4e-08 | / h= L
7.1e-08 | ~ 256 n
4.7e-08 -
1.1e-08 | /
0 0.2 0.4 0.6 0.8 1

Figure 4.7: Example 2: L?-norm error depending on z = 1.0 + dh with § € [0, 1].

] w—up |||
h=%
2.0e-03 | 32
15003 | ¢
h=L1
T — :
36004 |
h= 15
1.1e-04
8.8¢-05 - 4
_ 1
3.1e-05 h= 55 .
2.66—05 /
2.1e-05
0 0.2 0.4 0.6 0.8 1

Figure 4.8: Example 2: Discrete energy-norm error depending on x = 1.0 + dh with
d €[0,1].

on several levels of global mesh refinement for the fixed positions zo = 1.0 + g—i of the
midpoint, with d§y € {0, 0.01, 0.8}, which results in three different cases (n, = 0,n; = 8
and n; = 16) for h = 1/64. In Table (69 = 0) we observe fully quadratic (resp. cubic)
convergence in the discrete energy norm (resp. the L?-norm) as shown in Theorem m,

as no linearly approximated elements are present. This changes slightly for the other
values of dy, see Table and Table [4.4] In Table (0p = 0.01), we see that 8 linearly
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4 Discretization of elliptic interface problems

h L? - error | EFOC | energy error | EOC
1/32 | 7.61- 106 - 1.54-1073 -
1/64 | 8.18-1077 | 3.217 | 3.63-10~* | 2.089
1/128 | 9.41-10°% | 3.119 | 8.83-107° | 2.039
1/256 | 1.12- 1078 | 3.064 | 2.17-107° | 2.021

Table 4.2: Example 2. L? - norm and discrete energy - norm errors, and convergence order
for 6p = 0 (n, = 0).

approximated elements were required on all mesh levels. The convergence order in the
discrete energy norm seems to be fully quadratic (according to ), while in the
L?mnorm error the logarithmic factor In(|h])!/? leads to a slightly reduced convergence, as
predicted in Theorem [4.2.5] For d; = 0.8, the number n,; varies between 8 and 16, see

h L? - error | EOC | energy error | EOC | PN | n;
1/32 | 2.10-107° - 1.80-1073 - 18
1/64 | 2.73-107% | 2.942 | 4.29-107* | 2.066 | 36
1/128 | 3.61-1077 | 2.919 | 1.05-107% | 2.028 | 76
1/256 | 4.78 -107% | 2.919 | 2.60-107° | 2.015 | 154

8
8
8
8

Table 4.3: Example 2. L2- and discrete energy - norm errors for d, = 0.01, including
estimated convergence orders obtained from two consecutive values. PN denotes
the number of patches which are cut by the interface and n; the number of
linearly approximated elements.

Table [4.4] This is again reflected in the magnitude of the error: The reduction factor

lies below 4 in the energy norm, and below 8 in the L?-norm error when n; increases and

1/2

above 4 resp. 8 when n; decreases. This shows again that the term lel/ *In(|h)*/2 in front

of the linearly approximated part is larger than the constant ¢, in front of the quadratic

counterpart. For g = 0.8 and hp = 3%, we show the resulting finite element mesh in Figure

h L? - error | EOC | energy error | EFOC | PN | ny
1/32 | 2.15-107° - 1.83-1073 - 18 | 8
1/64 | 4.14-107% | 2.377 | 5.14-107* | 1.833 | 36 | 16
1/128 | 3.74-1077 | 3.465 | 1.09-107% | 2.233 | 76 | 8
1/256 | 7.17-107% | 2.384 | 3.16-107° | 1.790 | 152 | 16

Table 4.4: Example 2. L? and discrete energy - norm errors, including an estimated
convergence order for § = 0.8.

4.9, where in 8 of the 18 patches, which are cut by the interface, a linear approximation

was required, including a zoom around one linearly approximated patch on the right. In
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—1 f— <
>
W
NVAN) \

[
l

Figure 4.9: Example 2. Left: Illustration of the sub-elements for h = 1/32 and § = 0.8.
Right: Zoom of the upper part with linearly approximated elements (top right).

Figure we show how the condition numbers depend on the parameter § € [0, 1] when
moving the interface. We get the largest condition numbers at § ~ 0.04 for h = 1/32 and
at d = 0.07 for h = 1/64, respectively. The condition numbers are again reduced by a

factor of approx. 100 for the scaled hierarchical basis compared to the standard Lagrangian

basis.
1x 108 b 1 1x10° [
1x107 b ] 1x107 L | Lagrange basis ]
1 x 10° 1% 106 [
100000 — * 100000 — ‘ Hierarchical scaled basis —
10000 ;| 1 10000 | ‘_[\A\ .
1000 ¢ = ‘ ‘ ‘ ‘ E 1000 £, | ‘ ‘ ‘ ‘ E
00.04 0.2 0.4 0.6 0.8 1 0 0.07 0. 0.4 0.6 0.8 1

Figure 4.10: Example 2. Condition number of the stiffness matrix depending on the
displacement of the circle. Comparison of the Lagrange and hierarchical

scaled basis for h = 1/32 (left) and h = 1/64 (right).
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Chapter 5: Discretization of two-phase flow problems

5.1 Stokes interface problem and stability analysis

In this section, we analyze a stationary Stokes interface problem (2.3.1)) without surface

tension. We consider the following linear Stokes model problem

V- (v;Vu)+Vp=Ff, V-u=0 in Q, i1=1,2,
[u] =0, [(vVu—pl)n]=0 on I, (5.1.1)
u=20 on 0,

where [w] := (w|q,)|r — (w|g,)|r and a discontinuous viscosity coefficient v is defined as

follows:

v, in Ql
V=

Vo, in QQ.

For the velocity field we use the space V' = H{(2)? and for the pressure, we define the

space
L:= {q € L*(Q) : /Qz/_lqda: = O} .

The corresponding norms for any w € V and p € L as follows:
1 _ 1
IVull, = @Vu,Vu)2,  pll, == (v""p,p)>.

The weak form of the Stokes interface problem (5.1.1)) reads:
Find (u,p) € V x L such that

Alu,p)(p) = (o) VYeeV

5.1.2
(V- u,¢)=0 VoelL (51.2)

where

A(u,p)(p) == (¥Vu, Vo) — (V- ¢,p).

For the discretization, we apply locally modified second order finite elements for velocity,
which are introduced in chapter |3| and piecewise constant finite elements for pressure.
First, we prove the stability of the locally modified finite element pair P, — Py for the
Stokes interface problem. The technique used to check the stability is a macroelement

technique. In other words, the stability is tested by checking local stability and a relatively
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5 Discretization of two-phase flow problems

simple global stability. Furthermore, we prove optimal error estimates in the L?-norm and
sub-optimal estimations in an energy norm for the Stokes interface problems. Also, we

present numerical examples to substantiate the analytical results.

Literature review

Finite element pairs, which satisfy the discrete inf-sup condition for the discrete Stokes
problem are known for isotropic meshes, see, e.g., [40] and [93]. Reusken and Olshanskii
in |79] analyzed a Stokes interface problem and showed the inf-sup result for the discrete
problem that is uniform with respect to the jump in the viscosity coefficient. Moreover,
the authors derived a robust estimate for the discretization error. Lehrenfeld in [73]
presented a higher order unfitted finite element method, which is based on a Taylor-Hood
Py — Py velocity-pressure pair for the Stokes interface problem and used a ghost penalty
stabilization to obtain the inf-sup stability. Hansbo and others in [62] used a cut FEM for
the Stokes interface problems and they proposed to use a Nitsche formulation to allow
discontinuities along the interface.

The stability of the mixed finite element method for incompressible flow on meshes
containing anisotropically refined elements has attracted considerable attention in the
literature. Many authors intensively discussed such kind of problems with non-conforming
and conforming methods. Some results on stability of velocity-pressure pairs on anisotropic
meshes for non-conforming methods are given by Apel et al. in [4,6,7] and by Rannacher
and Turek in [82]. The stability proof for the element pair P} — Pj_; is given by Apel
and Matthies in [6].

Some of the first results for conforming methods start with Becker and Rannacher
in [19]. In this paper, the authors introduced stabilized Q; — Py and Q; — Q; elements
on anisotropic meshes and proved the inf-sup condition with a constant independent
of the aspect ratio. Schétzau, Schwab and Stenberg in [85] consider Q — Qp 2 and
Pr — Pr_a2, k > 2 elements for the hp-version of the finite element method, in particular
Qs — Py rectangular element. They showed that for boundary layer patches the inf-sup
constant does not depend on aspect ratio, but only on a polynomial order. The case for
the corner patch has to be treated carefully. Therefore, in this case, the authors advised
to use geometric tensor product meshes near corners and proved the stability for this.
Another related study is presented by Apel and Nicaise in [90], where they proved the
inf-sup condition for Bernardi/Raugel elements on anisotropic meshes. Furthermore, a
pressure stabilization on anisotropic meshes has been studied for the pressure-stabilized
Petrov-Galerkin method by Apel et al. [5]. In [14], Barrenechea and Wachtel proved a
uniform inf-sup condition for the lowest-order Taylor-Hood pairs Qs — Q; and Py — P4
on a family of affine anisotropic meshes.

These results were refined in a paper [2] by Ainsworth and Coggings. They considered

the finite element pair with smaller velocity space such that Qg imax {uk,13,6 — Pr—1, With
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5 Discretization of two-phase flow problems

a fixed constant p € [0, 1]. It was shown that the stability constant depends only of the
polynomial order and p. They did not consider a geometric tensor product mesh in the
corner patch. The mesh is constructed by using layer and corner macroelements for a
general polygonal domain €. Moreover, Ainsworth and others in [1] presented Qg1 — Pr_1
mixed finite elements and showed how to suppress the spurious pressure modes in order to
restore the stability and presented two results. In the first result it was shown that the
approximation properties of the constrained pressure space and the unconstrained pressure
space are essentially identical. Thus, it gave the minimal constraints on the pressure space
needed to restore stability with respect to aspect ratio. The second result showed that the

stabilized finite element scheme is robust with respect to the aspect ratio of the elements.

5.1.1 Locally modified finite element spaces and discrete weak form

Let Tp be a fully structured quadrilateral patch mesh. Each patch P C 7p is split into
either 4 smaller quadrilaterals (when P is not cut by the interface) or into 8 triangles,
according to the type of the cut, see Figure 5.1, We call P € Tp the patches, K € P the
elements of 7, which is the mesh consisting of all triangles. For each K € 7T, we denote by
Ak : K — K the reference map, where K is the unit triangle.

On 7, we define V', C V for the discrete velocities, L, C L?(f2) for the discrete pressure

as follows:

Vi={pc[CQP|(poA) e [PL(K)?for K € Tp, ¢ = 0on 00},

(5.1.3)
Ly :={¢ € L}(Q) | ¢ € Pr(K) for K € Ty}
Moreover, we define
Vi ={peCQ)|(poAt)ec[PL(K)?for K €T @ =0ondN}, (5.1.4)

a space that will also be used later. We distinguish five configurations for the patches
which are cut by the interface, see Figure Note that depending on the parameters
r,s € (0, hp) the patches can include highly anisotropic triangles.

ol
RN . ;“ RERES ,'r\
N ¥ ~ [ BREN
¢ ~ . . . ] ~ .
. ~ N L . . N AT Y e 1 .
1
‘ b -~ L] . ’ * ¢ 1 h$
* [] E -~ ’ L} ’ -
. * ¥ . P * * ]
] . . ' * N A
|.~ ' ‘, 0----.‘;----; 1}__. e [ . kN
~en? . "ty \ ~~-a’ \ - .
~* S . RS [y - S [y ! =
. ~ Ay L - ‘ * N v ! P
PAETRES . @ . . . . * S
* ~ - A P A .
. ] -~ A N ‘e -~ Woe®
hd Py hd 3 - b/ o>
r r r

Figure 5.1: Illustration of patches P cut by interface. The red dashed line is the interface.
The parameters r and s can take all values between 0 and hp.
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5 Discretization of two-phase flow problems

Lemma 5.1.1 (Maximum-angle condition). We assume that the patch grid Tp is Cartesian,
consisting of patches with size hp x hp. For all types of the interface cuts, the interior

angles of all subelements are bounded by 127° independently of the parameters r,s € (0, hp).

Proof. The proof is given in Chapter [3| see Theorem [3.1.2] O

This maximum angle condition allows us to define robust Lagrangian interpolation

operators [yu : H*(K) N C(K) — V), with accurate error estimates

ot = Tyullic < 1 e 1772, (5.1.5)

HV(’U;—I}LU)HK S C2 hK,maXHvzuuK- (516)

where ¢y, ¢y are positive constants and hg max is the maximum diameter of a triangle
K € P (sec e.g. [3]). The interpolation error estimates are robust with respect to the
maximum diameter hg max =~ hp that is of the same order as the diameter of the patches
P.

Discrete weak form
The discrete formulation reads: Find (wp,pp) € Vi, X L, C V' x L such that

An(un, pn) (@) = (Fropn) Ve, €V,

(5.1.7)
(V~uh,¢h):0 nghELh

where fh|Q;'L = f,,i=1,2 and f, is a smooth extension of f|q, to Q.

The bilinear form is given by

An(un, pr) () == WVup, Ve,,) + 6v (Vur, Vg )g, — (V- @p:pn)
where Sj, = S} U S7, S is the mismatch between Qf and Q' i = 1,2 (see Figure

Sfll :Q}l\leQQ\Q%,

and 0v defined as follows

V1 — UV, XE S,%
ov =
Vo — V1, XTE S}QL

5.1.2 Macroelement technique

The aim of the macroelement approach consists in reducing the global proof of the discrete

inf-sup condition to the proof of a local version of it. The idea behind localizing the
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5 Discretization of two-phase flow problems

discrete stability condition was introduced by Boland and Nicolaides and Stenberg .
In this work, we use the approach of Boland and Nicolaides and follow and .
For that we use a two-level family of meshes, i.e. micro- and macrotriangulation. The
macrotriangulation Ty is a splitting of the domain into quadrilateral macroelements.
Further, we assume that macroelements are isotropic. The microtriangulation 7y, is the
splitting of the domain into triangular elements that has been introduced above. Each
macroelement M € Ty, is a collection of triangles K C Tp4 such that M is isotropic. We
define a two-level family of meshes as shown in Figure [5.2]

e The micro-triangulation 7p,:

o The macro-triangulation 7T, :

Figure 5.2: Left (microtriangulation): Mesh consisting of four patches, three of which are
cut by the interface (red line). Right (macrotriangulation): Macroelement
partitions of the patches which are cut or not cut by the interface.

For each macroelement M € T,; we define the spaces

Vh(M) = {uhth cup, =0 in Q\M},

' (5.1.8)
La(M) := {py € Ly, : /Mphd:c:O, =0 in Q\ M}

5.1.3 Types of the macroelements

We distinguish seven configurations A - G for the patches and corresponding types of
macroelements. We note that depending on the interface-cut, the patches can include
highly anisotropic triangles.

Depending on the configuration we determine two different ways for splitting a patch
P € Tp into macroelements M € Ty

o« Macroelements: A, B, F, G. The patch P is not split, therefore the macroelement

is the entire patch M = P. In the configurations A and B the macroelement consists
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5 Discretization of two-phase flow problems

of isotropic triangles T" € 7T, only, see Figure [5.3l But in cases F and G, the

macroelement might contain anisotropic triangles.

e Macroelements: C, D, E. The patch P is split into two or three isotropic
quadrilaterals. In cases C and D from Figure [5.3| we split the patch P into two
rectangular macroelements M, M, so that the new inner edge e,, = OM; N IM,
meets the boundary of P only in P’s edges that are not intersected by the interface,
see Figure (bottom). The case E is split into three isotropic macroelements as
shown in Figure [5.3| (bottom).

Th

Tm

Figure 5.3: Illustration of configurations A - G. The upper row shows the microtriangu-
lation 7}, depending on the interface location and the lower row the splitting
into macroelements used for inf-sup stability. The red line is the interface.

Depending on the configuration, the macroelements can include isotropic and anisotropic
triangular elements, see Figures [5.1] and [5.3]

Macroelements of isotropic elements. In the following two cases we observe macroelements

with isotropic elements only:

o All macroelements which are not cut by interface, configuration A in Figure [5.3] see

also Figure |5.2

o Configuration B from the Figure [5.3]

Macroelements of anisotropic elements. The configurations C - G in Figure [5.3 which
depend on the parameters r and s can include anisotropic elements, see Figures and

.0} Hence, we need to be carefully by defining the macroelements.

Lemma 5.1.2 (Macroelement). The macroelements mesh Ty has the following properties:
For each M € Ty of type A-F

o M is an union of at least two triangles T € Ty, that share a common edge

o If M contains an anisotropic triangle T' € M, its shortest edge is on the boundary of

M
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5 Discretization of two-phase flow problems

o If T € M is anisotropic with dimensions hpyin X Rmaz, where hpin < ez, the

complete triangle is close, O(hpmin), to the boundary of the macroelement.

Proof. We present in Figure the macroelements C - F which contain the anisotropic
elements depending on the interface. As we see, all shortest edges of the anisotropic
triangles lie on the boundary of the macroelement. Moreover, as shown in the first and
third macroelements in Figure there are some anisotropic triangles with two long
edges which are not on the boundary of the macroelement. However, these anisotropic

triangles lie close to the boundary of the macroelement. O]

| DA
/]

C:s—=0 C:s — hp D:r— hp,s -0 D:r,s >0 E:r - 0,s >hp F.r—0,s—0

Figure 5.4: Illustration of macroelements C - F which are included the anisotropic elements
(red filled).

Remark 5.1.1 (A special case for macroelement G). In Figure we see the macroele-
ment G which is the entire patch. The macroelement G contains one anisotropic triangle
whose shortest edge lies on the boundary of the macroelement. However, there are two
anisotropic triangles whose shortest edges v1 and 7, do not lie on the boundary of the
macroelement. In this case we use an edge stabilisation on these edges. For further details
see also Remark[5. 1.3 and Lemma[5. 1.3,

Y2

"/

G r— hp,s—0

Figure 5.5: Illustration of macroelement G which is included the anisotropic elements (red

filled).
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5 Discretization of two-phase flow problems

5.1.4 Local stability

We show the stability locally for each macroelement. We denote a local parametrization of
the interface on the patch by v and its linear approximation by ;. Furthermore, o and
are the angle and maximum distance between the interface and linear approximation of the
interface, respectively. For the notations see Figure As we mentioned in Section [3.2.2),
the maximum distance § between the interface and the linear interface approximation is
bounded by O(h%).

Remark 5.1.2. As the interface satisfies v € C* and § = O(h%), we observe that § — 0
and o — 0 when h — 0. It holds

7/(0)] < hmax |7 < h .,

where C. is the constant. Thus, we can use for the stability proof the illustration from
Figure where the patch is cut by the straight line as an interface.

T * ® oy {
'o : '-.... .
R > ”)/(hlp) =0
. Q: p
[ ] " // ® "O
< (]
o" (\@ G:j‘ 'o’
8, . e
< ."'-0-..&/ i ®
o
RN
[ ) ’.' ‘ Q.~
. 1 .
= @ ® ® ® L
7(0) =0
hp

Figure 5.6: Illustration of the patch with the size hp x hp. The local parametrization of
the interface y (green line) and its linear approximation ~;, (dashed red line).

On the macroelement M € T, we consider the local spaces V(M) and L,(M),
see ((5.1.8)). Furthermore, we define on M € T, the local space of piecewise linear functions

as follows
V(M) ={ucV, :u=0 in Q\M}

where V} is the space of linear velocities, see (5.1.4). To show the stability in the
macroelements A - F, we construct for each macroelement a Fortin operator. For each

macroelement M we define V(M) = H}(M)?.

Definition 5.1.1 (A possible construction of a Fortin Operator). We construct a linear

Fortin operator Iy, : V(M) — V(M) with help of two linear operators
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5 Discretization of two-phase flow problems

Cuy : V(M) — VY, (M) which maps into the space of piecewise linear functions, and
Ey V(M) — V(M) satisfying the following conditions:

IVCyully < e ||Vully Yue V(M) (5.1.9)
(V- (w— Ey), pr)y =0 Vpn € Li(M), Yu € V(M), (5.1.11)

where c1,co > 0 are constants independent of the mesh size. Then the Fortin operator is
defined by
Iyu = Cyu+ Ey(u — Cyu). (5.1.12)

The construction of the operators C'y; and F); will be given in the following. First, we

show that II,; is indeed a Fortin operator.

Lemma 5.1.3 (A Property of the Operator (5.1.12))). The operator Iy : V(M) — V1, (M)
defined in (5.1.12)) satisfies the Fortin criterion

IV ully < c||Vully YueV(M), (5.1.13)
(V-Iyw, pr)y = (V-u,pr)y,  Von € (M), Yu € V(M). (5.1.14)

Thus, the local set of spaces V(M) — Ly(M) is stable.

Proof. (i) The estimation ([5.1.13)) is obtained by applying the triangle inequality and
using (5.1.9) and ((5.1.10])

IV Iy ully <[V Oy ular+ | Ex(u — Cuu)lln < e [[Vully + 2 [[Vullu = || Vul|ar,

with ¢ = ¢; + ¢s.

(77) It is easy to check that (5.1.14) holds. Using (5.1.11]) we have

(V -y, pr)y = (V-Cuu, pr)y + (V- Ey(u — Cyw), pr)y
= (V- Cnu, pn)y + (V- (u—Cyu), pr)y
= (v tu, ph)M :

]

Only the macroelements A, B, F and G have one inner corner point of a triangle.
Hence, for types C, D, E it holds
C MU = 0

for all u € V(M) as Cpyu € V(M) is linear.
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5 Discretization of two-phase flow problems

The remaining case A, B, F and G have one inner node only. In the following we will
call it z,, € M and w := {K € M | x,, € 0K} is the patch of elements containing this

point.

Definition 5.1.2 (Construction of the Clément Interpolation). Let w € V(M). We define
the Clément type operator Cy : V(M) — V(M)

v = mo(u) g, To(u) = |w|_1/udx, (5.1.15)

where @, is the basis function of the degree of freedom x,,, for the notations see Figurel[5.7.

Figure 5.7: Illustration of the notation for the patch w.

Definition 5.1.3 (Construction of the operator Eys). Let w € V(M). We define the
linear operator Ey - V(M) — V(M) by the conditions

B ulr(zi) = 0, / Evu-nids= [ w-nids, VT €M, (5.1.16)

[oF

where x; and o; fori=1,2,3 are the vertices and the edges of the triangle T', respectively.

For the notations see Figure[5.8. Then we can construct the operator Ey as follows

3 1
Eyu= xi(uw) pin;,  xi(u) = / u - n,;ds, 5.1.17
=3 ) wW=1m |, (5.1.17)

with the Lagrange basis functions p; attached to the three edges o;.

€

02
o
x3 l: )
no

Figure 5.8: Illustration of the notation for one triangle T'€ M
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5 Discretization of two-phase flow problems

Stability of Macroelements

We show the stability for the different types of macroelements from Figure separately.
Macroelements (A, B). In this case, the patch P is not split. The macroelement of

type A, B is the entire patch M = P.

Lemma 5.1.4 (Local inf-sup stability in macroelements of type A, B). Let M be any
macroelement of configurations (A, B). Then the operator 11y is the Fortin type operator
and well defined for w € V (M), we have

IVIIyully < c||Vu|y Yue V(M), (5.1.18)

(V- (u—Tyw), pn)y =0 Ypu € Ly(M), Yu € V(M). (5.1.19)

Thus, the local set of spaces V(M) — Ly(M) for all M of the configurations (A, B) is
stable.

Proof. Since all elements of the macroelement types A, B are isotropic, the stability
results in this case are well known, see, e.g. [93]. The idea is to construct a Fortin operator

by using the Clément interpolation to treat nodal values. O]

Macroelements (C, D, E). We denote by M € T one of the macroelements
corresponding to the configurations C, D or E in Figure [5.3] We note that all non-
vanishing velocity degrees of feedom of a function u;, € V(M) are on inner edges o that
belong to triangles 0 € 9T making up the macroelement M. All corner points lie on the
boundary of the macroelement where u = 0 and thus Cy;u = 0. Then we construct an
interpolation operator IT,; from definition only with the Ej; operator in as
follows:

Iy u=FEyu, (5.1.20)

where the operator F), is defined in definition [5.1.3]

Lemma 5.1.5 (Local inf-sup stability in macroelements of type C, D, E). Let M be any
macroelement of the configurations (C, D, E). Then the operator Ey; is the Fortin type
operator and well defined for u € V (M), we have

IV Exrallar < ||Vl Yue V(M), (5.1.21)

(V-(u—Eyu),pp)y =0 Vp, € Lp(M), Vu e V(M). (5.1.22)

Thus, the local set of spaces V(M) — Lp(M) for all M of the configurations (C, D, E)

1s stable.

Proof. (i) By noting that pj, is the pieceweise constant and using the construction of Ey,
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5 Discretization of two-phase flow problems

in (5.1.16[), we can easily show the orthogonality condition:

(V- (u— Eyu), ph)M = Z —(u — Eyu, Vpp)r + (n - (uw — Eyu), pr)or| =0
TeM e

=0 =0

for all w € V(M) and p,, € L,(M).

(77) Tt remains to show the stability estimate (5.1.21)). For this, we use the interpolation
operator E); from Definition such that

> 1

=1

Here, we only discuss the case of anisotropic triangles, they are filled in red in Figure [5.4
For the isotropic triangles it can be shown with standard technique from the literature,
i.e. [93].

g3

Figure 5.9: Illustration of the notation for the anisotropic triangle T, with two edges o9, o3
that lie on the boundary of the macroelement.

We denote the smallest edge of the anisotropic triangle by |oa| = hyui, and observe

IVeillz < i/ 1T

man

First, we only consider the anisotropic triangles, where o5 and o3 lie on M with u = 0,

see Figure [5.9) The remaining case, appearing in configurations C and D is discussed
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5 Discretization of two-phase flow problems

below. It holds

1

HVEM’U/||T<h L ds| =

m'm

< hmin V ’T| ’0—1|_1

u-mn;ds

/u-nlds+/ u-n2d3+/ u - n3 ds
o1 oo S—~— o3 —~—

<h T —1/ nds| < bt T —1/v-d
min | ||01| 8Tu nds min | ||01| T udr
Then with |T'| = O(|o1| - hmin) We obtain
IV Ea ul|r < — . AT |Vullr < c||Vul|r. (5.1.23)

mzn

As shown in Figure [5.10] the macroelement belonging to configurations C or D can contain
two anisotropic elements 77 and 7T,. The anisotropic triangle 77 is treated as above. We
note that the anisotropic triangle 7T, consists of two long edges ¢, and o3 which do not
lie on the boundary of the macroelement, see Figure [5.10] the triangle T5. In this case,
we can still use the above estimate by noting that the shortest edge oy of the anisotropic

triangle T5 lies on OM where u = 0.

Figure 5.10: Macroelement with two anisotropic elements 7T and T5.
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5 Discretization of two-phase flow problems

It holds

3

1
Zw/mu-nids

i=1

IV Err ullz, < hepin/ 12

min

<h! < u-nyds| + u-n ds)
17 mm{!Ul! |os[} ' s
1
< T/ T /u ny ds| + h, b/ [ To| —
\/‘T' m1n{]<71| o3} ' T min{|oy|, o3|}
X / u-nyds+ u-ny ds+ u-ns3ds — u-n;ds
g1 o9 TN g3 o1
< h i/ |Ts ! /u~n1ds
= "min min{’0'1|,’0'3|} o1
1
+ kot AT — ( u-nds|+ u~n1ds)
min{|oy|, |os|} \[Jom o1
1
min{|oy|, [os[} \ |/, o
1
< ht | T < V- -udzx| + V udaz)
mm{]aﬂ los| } 8

< T 2,/ |11 .
< bt 1] e (VB 19wl + \/ IVl )

It holds with |T3| = O(humin - hmaz) = |T1| and min{|oy], |o3]|} = O(hmaz)

||
IV Eyull, < ———— - 2y/|To| ([|Vullg, + [|Vullr, ) < c||[Vul|r,. (5.1.24)

hmin ' hmam
With estimates (5.1.23]) and ((5.1.24]) the inf-sup stability of cases C, D, E follows. n

Macroelement (F). For patches of type F a splitting into isotropic macroelements is
not possible such that the complete patch P € Tp is considered as macroelement M. In
constrast to cases C, D, E, this macroelement has an inner degree of freedom x,, where
u(x,,) # 0, see Figure Thus, we use the Definition for defining the interpolation
operator II,; such that

Myu = Cyu + Epy(u — Cyu).

The interpolation operators Cy; and E); are defined in the Definitions [5.1.2| and [5.1.3]

respectively. First, we show the interpolation estimations for the Clément operator.
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5 Discretization of two-phase flow problems

Figure 5.11: Macroelement of the configuration F for the case r, s — 0. The red line is the
interface. The red filled elements are anisotropic elements. The black points
are the nodes which are contained on the boundary of the macroelement and
the green points are the nodes which are located inside of the macroelements.
T, is the vertex of the element. w is a isotropic support of x,,.

Lemma 5.1.6. Let T' € M, then it holds for all uw € V(M)

HU—CM'LLHT < ChT HVU’HM7 (5125)
IV(u — Cyu)|lr < c||Vu||u, (5.1.26)

with hy = diam(T'). Further,
IVCyul|lr < c||Vulla. (5.1.27)

Proof. (i) First, we consider T' € M with T' € M \ w here it holds
Cyulr = 0.
With Poincarés inequality
lu = Cyullr = |[ullr < hrl[Vullr < hel|Val|a,

and, naturally,
[VCuullr =0 < c[[Vu| .

(ii) Next, T' € w C M. Two nodes of T" are on the boundary dM and only one inner node

x,, exists, such that

Cyulr = @ - m,(uw).

All T € w are isotropic and it holds
hM S C1 hT, diam(w) S Co hT (5128)

with a constants ¢;, ¢; > 0 independent of M, w and T" and hy; = diam(M). Further, with
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5 Discretization of two-phase flow problems

Poincaré inequality (the version for average-zero functions)
lw = 7o (u)llr < [lu =7 (u)ll, < cdiam(w) |V (u = 7mo(w)) llo < ¢ hrl[ V|, (5.1.29)

and

_ _1 _1
|7 (w)] < |l 1/ T (w)] dz < |w] 72 fJullr2w) < [w| 2 [lullczon
; (5.1.30)

< |w|72 har [Vl < ¢ ||V .

(7ii) As o1 + @2 + @ = 1 it holds with |¢;| <1 fori=1,2,m

2 2
lw = Cyullr < Y llgiullr + lom(w = mo(u)llr < D ulr + u— m(u)lr
i=1 1=1
< 2 Juflm + flu = mo(u)ly

with (5.1.29) we obtain

(iv) Now, we show (5.1.27)). It holds
IVCyullr < ||V (mw(w)em)llr < |mo(w)] Vel
Using ||Vm|lr < ¢ (since T' € w is isotropic triangle) and we get
IVCyullr < ¢ ||Vl
(v) Next, we show the estimation (5.1.26)). It holds by triangle inequality and
IV(u = Cru)llp < |[Vulp + [[VCyully < ¢[Vulu

]

Lemma 5.1.7 (Local inf-sup stability in macroelement of type F). Let M be any macroele-
ment of configuration (F). Then the operator Iy, defined as in is the Fortin type
operator and well defined for uw € V(M), since the operators Cy; : V(M) — V(M) and
Ey : V(M) — V(M) satisfy the following conditions:

(V- (u— Eyu), pr)y, =0 Vpp € Lu(M), Yu € V(M), (5.1.33)

where cq, co are the constants independent of the mesh size.
Thus, the local set of spaces V(M) — Ly(M) for all M of the configuration (F) is stable.
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5 Discretization of two-phase flow problems

Proof. (i) The stability estimate ({5.1.31)) follows from Lemma [5.1.6
(i) We show the stability estimate ((5.1.32)). For this by denoting w := u — C7 u we show

the stability of the Epw. As shown in Figure [5.11] the macroelement of configuration
F contains isotropic and anisotropic triangles. For the isotropic triangles Ey;w can be
estimate by standard techniques from the literature, i.e. [93]. For the anisotropic trian-
gles (filled in red in Figure , the stability of Eyw is treated as in the proof of the
Lemma m Then with estimate , we get the assertion.

(iii) The orthogonality condition (5.1.33) is shown in Lemma [5.1.5] O

Remark 5.1.3 (Instability of macroelement G). The configuration G can contain one
small triangle Ty where all three sides are short and two anisotropic triangles Ty and Tb,
see Figure[5.14 We will demonstrate numerically that this configuration is not inf-sup
stable, when the triangle Ty is getting smaller. We observe the instability of the pressure
in Example 1 from section[5.1.8, see Figure[5.15. If the triangle Ty from Figure s
getting smaller, the spurious discrete pressure is growing. This is shown in Table (Left)

via the maximum norm of the pressure error.

Figure 5.12: Macroelement of the configuration G. The smallest edges of the anisotropic
elements T and 75 are denoted by 7, and 79, respectively. The black points
are the nodes which are contained on the boundary of the macroelement and
the green points are the inner nodes of the macroelement.

Remark 5.1.4. We have omitted the case G with anisotropic triangles. Here, the element
is not stable and we must add further stabilization terms. This is described in (1] and we
refer also to Example 1 in section[5.1.8.

Remark 5.1.5 (Inf-sup stability of the stabilized macroelement G). As mentioned in
Remark[5.1.4], the instability from Remark[5.1.3 was corrected numerically by using the

following stabilzation term:

A(p, &) = ol /%_upn []ds i=1,2, (5.1.34)

65



5 Discretization of two-phase flow problems

where a > 0 is the stabilization parameter, v, and 7o are the small edges of the anisotropic
triangles Ty and Ty from Figure (red filled triangles). We get local inf-sup stability for
the macroelement G, if we enrich the variational formulation with an additional pressure
stabilization term (5.1.34). For further details, see [1].

Finally, by combining Lemma [5.1.4] Lemma [5.1.5] Lemma [5.1.7] and Remark [5.1.5] we

obtain local inf-sup stability in all macroelements from Figure [5.3]

Corollary 5.1.1 (Local inf-sup condition). Let M be any macroelement from Figure

except type G, then there exists a constant vy > 0, independent of the mesh size, such that

. (P, V- up)
inf sup > Y, 5.1.35
mebn() w,evaon [Vnlallpnllar = ™ ( )
for all M € Tyy.

Remark 5.1.6. The inf-sup condition (5.1.35)) can be written in another useful way,
namely for each py, € Ly(M) there exists a u, € V(M) such that:

(pn: V- wn) = llonllie, 1Vl < vaf lowlac-

5.1.5 Stability of subspace

In this section, we show the stability of the subspace. For that we have to define a subspace
Vi, by using an appropriate projection, see [90]. First, we define the global velocity and
pressure spaces for micro- and macrotriangulations. For the microtriangulation 7, we use

the standard finite element spaces

Vi={ueV ulreP® VT €T}

(5.1.36)
Ly:={peL§(Q) : plr € P* VT €Ty}
and for the macrotriangulation 7y,
Vu={ueV ulye@® VYMEeT,
w=A e v (5.1.37)

Ly ={pe L) :ply €P’ VM e Ty}

where Q? is the standard space of piecewise biquadratic functions.

The macrotriangulation is isotropic and therefore the pair (V s, L) satisfies the inf-sup
condition with a constant independent of the diameter h,; of the patch M. But in our
case Vs is not a subset of V.

For the definition of the subspace we follow closely Apel and Nicaise [90]. For that we

define the space of the Bernardi-Fortin-Raugel elements which is introduced in [93] as
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5 Discretization of two-phase flow problems

follows:
VBIR . —fu eV 1 u|p € [P ® span{n' s, n’ XAy, nP N} VT € Th),

where n' = (n},n%)T i = 1,2,3 are the corresponding outward unit normals and ); are the

affine nodal basis functions in barycentric coordinates, for illustration see Figure To

X3

Zy

Figure 5.13: Illustration of the notation for triangular element 7.

define a subspace, we introduce a projection Pl : Vi, — VPR c V), This projection

operator is defined locally on each triangle T' of each macroelement
PJ\};[ |T = PT,

where
Pru(z;) = u(z), / (Pru—u)-ni=0, i=1,2,3.

Then, we can define the subspace V', C V7, as follows:
Vi =Pl V.

To show the stability of the subspace, first, we need to prove two Lemmas. We start with
the stability estimate for Pr. For that we can use the interpolation results for anisotropic

elements from Lemma 2.1 in [3]
IV (wrr = Nruag) [l < 0" [ V2unllr 0= 0,1,2, (5.1.38)

where hr = diam(T).

Lemma 5.1.8 (Stability of Pr). Let M € Ty is an arbitrary macroelement. For any

function wy € Vyy, the following stability estimate holds
IVPrunllr < ¢ (IVunlr + he [[Vunllr) V7T €M, (5.1.39)

where hr is the diameter of the triangle.

The Lemma corresponds to the Lemma 3 in [90]. For the proof see Section 5

in [90]. We project on V¥ which is a subspace of V.
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5 Discretization of two-phase flow problems

Lemma 5.1.9 ( Stability of P}, ). The operator P, is the Fortin type operator for any
uy € Vo, such that
IV Py unll < C IV un (5.1.40)

(V- (urr — Plyun),pu) =0 Ypur € L. (5.1.41)

Proof. The stability estimate (5.1.40)) follows using Lemma and the inverse inequality
on the patch M. Here, we use the fact that the function w,; is from the finite dimensional

space. Moreover, if hy; < C is small enough, it holds
IV P warllar < e (IVarllar + has [ V2uarlar) < C [ V]|

The orthogonality condition (5.1.41]) is obtained easily by using the fact that py, is constant
in each M. By choosing py; =1 on M and py, = 0 elsewhere we get

(V-(uM—P]@uM),pM):/MV-(UM—PA’}UM)d:U: > /TV-(uM—PTuM)da:

TeM

= Z /BT’I’I,(’LLM—ETUM)dSZO

TeM
[l

We note that the pair (V'y;, L) is stable, since the macrotriangulation is an isotropic
mesh. Therefore, there exists a Fortin type operator II;; : V. — V3, with the following
properties:

IV u|| <c||Vu|| YVue V, (5.1.42)

(V-(u—Tyu), py)=0 Vpy € Ly, Vu € V. (5.1.43)

Now, we define the operator IT, : V' — V, by
I, := P! 11y, (5.1.44)

Lemma 5.1.10 (Stability of subspace V'},). The pair of subspaces (V i, Las) C (Vi, Ly)
is stable. Then by Fortin lemma there exists an operator I, : V — V), with

IVILul <c|Vu| YueV, (5.1.45)

(V . (’U,— Hh'u,), pM) =0 VpM € Ly, Yu € V. (5146)
Proof. Using the stability estimates (5.1.40) and (5.1.42)) we get easily (5.1.45)), it holds

IV 1T, w|| < V(P Ty w)| < e[V ITy ull < |V ull.

For all piecewise constant functions py; € Ly and for all w € V using the orthogonality
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estimations ([5.1.41)) and ((5.1.43)) we easily get the orthogonality estimate (5.1.46]), it holds
= (V- (u— Ty u), pu) + (V- (Myw — Py Ty ), pa) = 0.
O
Now we are able to prove the stability of the pair (V'1,, Ly) by using the macroelement
technique [93].
5.1.6 Main result

Theorem 5.1.11. Let the local inf-sup condition be satisfied with a positive
constant vy independent of the mesh size. If there exists a subspace V', of V', such that
the element pair (Vh, Lyy) is inf-sup stable with a positive constant 7y, independent of the

mesh size, then there exists a constant v, > 0 such that the discrete inf-sup condition

inf sup (pn, V- up) > v (5.1.47)

PRELR(Q) w),eV,(Q) ||V'U'h|| ||ph|| N

is satisfied for (V,, Ly) independently of the mesh size.

Proof. For the proof we follow [22], see also [93]. We start with the derivation of the
orthogonal decomposition of @, (M) from the definitions (5.1.8]) such that

Qn(M) = Lp(M) ® R.
Let p, € Lj, be arbitrary but fixed. Then we can split p, € Ly as
Ph = Dn + Dh, (5.1.48)
where pj, € Ly is the L?(Q2)-projection of py, into Ly, i.e.
P |= M| /Mphdx-

It holds
Prlyv = prlv — Drlm € Lin(M) VM € T,

and
Ipnlle = 1Bl + 1255 (5.1.49)

Using Lemma and Remark for each pas := pply € Lp(M) there exists a function
Uy = Vp, |M€ Vh(M) such that

(B V- an) y = 15allirs V@l < 9 15wl (5.1.50)
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Since the pair (Vh, L) satisfies there exists a function ), € V', such that
(Prs V- un)g = Ionlla: [1Vanlle < 85 1Balle- (5.1.51)
Now, we propose to associate with p, in the function u; € V7, by defining
upy = @, + Ay, (5.1.52)
with some constant A > 0. Then with and we have
(P V- 0)) = (B, V- @) + (n, V- @n) + A (B, V- @) + A (P, V- ).

We estimate each component on the right hand side separately. Using ({5.1.50)) and ([5.1.51])

we have

(Prs V- @) = [|Pnll?:

(Pn, V - up,) = 0 since wy, vanishes on OM,

Vd

_ _ _ _ d, . _
(Pn, V - up) < Vd |DrllallVan|la < E Dl |80

(Pny V- @n) = [|pn][?-

Then we obtain
) _ vd
(pr, V- ) > [15nll + M lpnlE — A B 12l 1P |-
By Young’s inequality with arbitrary e > 0 we get

. _ . I, -
Brlle 1nlle < €llnlle + o lIPnlla:

It holds

Wd d
(V) > (1 - < f) AR (1 - 4?) A

2
Fn and A = & we have

22/ d d

By choosing € =

(1A
(ph, V- uﬁ) > min (2, 2) [FSlES (5.1.53)

Finally, applying ((5.1.49), (5.1.50)) and (5.1.51)) we have

IVuzlle < [Vaulle + AIVarlae < 73/ 1Bulle + A8 palle < ¢ llpalle. (5.1.54)
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where ¢ = (/737 + A2 53,2

Last two inequalities ((5.1.53)) and (5.1.54)) give us the stability of the space (V,, Ly,). O

5.1.7 Error estimations
Lemma 5.1.12. Let w € V and S, = S} U S3, where S}, := Qi \ Q is the mismatch
between Qb and QF, i = 1,2 (see Figure . It holds
lulls, < ch? fulm)
Further, let w, € V,. It holds

unllares,y < ehllunllmgr), k=01

Moreover, let Iyu € V', be the interpolation and w € H3(Q)?. It holds

3
IV(u = Lhyu)lls, < ch? |lullmq).

Proof. The proofs are given in [83], see Sections 4.2.3 and 4.5.1, where this argument is

given for first order. O
Now, we are ready to prove the best approximation error estimate.

Lemma 5.1.13 (Best approximation). Let Q € C' and f € H'(Q)?. Let the mesh be
such that no elements of type G exist. Then it holds for (u,p) € H3(Q)* x HY(Q) and
(up,pn) € Vi, X Ly, where Vi, x L, CV x L is an inf-sup stable finite element spaces.

972 9 (= wi)| + lp = gl < (g IV = @)l + mip o= dw)] ) + 2 [Vl
©nEVH drELR
(5.1.55)
where ¢ > 0 is the constant depending only on the diffusion coefficient v and on the discrete
inf-sup constant .

Furthermore,
lw — wn|l < ch ( min [[V(u — ;)| + min |p — ¢h)u> el ||VPul. (5.1.56)
PLEV ), ¢rELR

Proof. We define e, = u —u;, € V and e, = p — p, € L. By subtracting (5.1.7)) from
(5.1.2) we have the perturbed Galerkin orthogonality

(vVeu, V) = (V- gy, ep) = v (Vur, Voo )g, + (f = fr. 1) Vo, €V

5.1.57
(V-eu,,&)=0 V& € Ly ( )
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5 Discretization of two-phase flow problems

(7) First, we show the energy norm estimate for the velocity:
1012 Ve, |? = (v Ve, Ve,) — (V- e, e,) + (V- e, ep).
By the perturbed Galerkin orthogonality ([5.1.57)), we get for arbitrary ¢, € Vi, &, € Ly

1172 Veu|* =(v Ve, Viu— @) = (V- (u—p4),6) + (V- €w,p— &)
+ 0v (Vun, V(e —un))s, + (f — Froon —un).

The difference f — f;, vanishes everywhere besides on Sy:

(f = Fropn —un)a = (F — Fu, o — un)s,-
It holds

112 Ve | < 12 Veu| 1112 V(u — @) | + 1V (w = @)l |
+ (W)l Vel Ip — &ll
+0v [[Vuplls, [[V(en —un)lls, + 1 = Fulls.llon — wnlls,.
where ¢(v) is the constant depending on v. Using Lemma [5.1.12| and Poincaré inequality

we get
ln = unlls, < chllen = unlla < ch[[V(p), —un)lle,

(5.1.58)
V(e = un)lls, < ch|[Vie, —un)llo-
By picking ¢;, = I)u and inserting u we obtain
IV e = )| < ¥ = )| + VD) 5150
< c(v) [V Ve, || + ch? | Viul.
Similar to the discussions in Section 4 (the proof of the Theorem 4.2.5), we have
If = Frlls, < chllu]ms@u): (5.1.60)

By inserting the solution +w and £/7,u and then using Lemma |5.1.12| and with (5.1.59))

we obtain

[Vunls, < [[Vuls, + IV(u = Lw)lls, + [[V(Ihw —un)ls,
< B ull 2oy + ¢ b ullus@) + e h [V (T — w)llo
< B |ul|gs) + c(v) h [V Ve || + ch? || Viu|
< c(v) h ||V Ve, | + ch¥? || V3ul.

(5.1.61)
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5 Discretization of two-phase flow problems

It holds with estimations ([5.1.58))-(5.1.61)) and Young’s inequality

1
202 Ve | < 5 2 Ve P +2 v V(u - @)
1
+E el + 5 IV (e — @)l
1
F2e0) Ip = &P + 5 02 Ve, |

1
+e(h+8) [ Veu|” + (c+ 2) b [Viulf?,
€
where the constants € > 0 and € > 0 come from Young’s inequality. Then we obtain

112 Ve, || <c(v,e) |V (w— @)l + & lp — &l + €l

(5.1.62)
+ c(v, &) h* || V3ul|.

(i7) Next, we estimate the pressure error. Let &, € Lj, be arbitrary and p — &, € L, then
we get
1P = pull < llp = &l + llpn — &nll- (5.1.63)

For py, — &, € L we use the discrete inf-sup inequality and we get

— &,V -
llpn =Gl < sup LSV 21
PREVH ||V90h||
(5.1.64)
< (€0, V- 1) (P =8V - ®)
< sup —V——— + su )
PReEV) ||v§0h|| PrEV ||V‘Ph||

On the first part we use ((5.1.57)) to replace the pressure error by the velocity error. It
holds with Lemma [5.1.12

(6p7 A (ph> o v (veua Vsoh) —ov (V'U;h, chh)Sh - (f - fh’ Lph)
sup 2 — T — sup
enevi IVl PrEVH Vel
1/2
< /o ap WVl IV
eneVh Vel
L+ gup CPOVIVunlls, + 1F = Fulls,) [Vl
<p;L€Vh ||v(ph||

<V Ve, | + c()R? ||V Ve, || + ¢ B2 ||V3ul| + co B2 || Viu|
<e)|[v 2 Ve, || + é(v) h?||Viul|.

Then we get together with the second part of ((5.1.64))

W llpn — &nll < €W)llv'? Veu|| + &(v) B[ VPul| + [lp — &ll.
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5 Discretization of two-phase flow problems

With (5.1.63)), we get the estimate for ||e,||

lepll < 3 'ew) [V Vel + (1+75") lIp = &ll + e, v) B [|VPul . (5.1.65)

(77i) By inserting estimate ({5.1.65)) into ([5.1.62)), using € = %, we obtain
v/ Vel < e (IV =@l + Ip =&l ) + ch? [ VulL

which is the best-approximation estimate ([5.1.55)) since ¢, and &, are arbitrary.

(iv) Now we derive the Lo estimation for velocity. We define an adjoint problem
Ve, Vz) = (V2,8 + (V-9,0) = e (ew. ) Voo € [Hy ()], V¢ € Lo().
If the domain has a convex or smooth boundary then by Lemma 2.46 in [83] it holds
12l 21002 + lallm@iuen < e lllleu]l ™ eull = .
We get

(e, ey)
e

lew]l = = (WVey, Vz) = (V- 2z,6) + (V- ey, q).

By using the perturbed Galerkin orthogonality and inserting the interpolants I,z € V,
and I,q € L;, and with (5.1.60) and (5.1.61)) it follows

leu|| =(¥Ve,, Vz)— (V- z,e,) + (V-eyq)
=(vVe,, V(z—1yz)) — (V- (z — Iyz),e,) + (V- ey, (¢ — I1nq))
+ ov(Vuy, VIRz)s, + (f — fr, In2)
<V Ve, || [|V(z = Inz)| + llep|| IV (2 — In2)|
+ [IVeul I(g = Ing)|
+ (c) h |2 Veu|| + ch? [ VPul ) |V Inzlls,.

Using the adjoint interpolation (5.1.6) by adding and subtracting z and with Lemma
E.1.120 it follows

IVInzlls, < IV2lls, + IV(z — In2)||s, < ch?||V2z2|| +ch2|| V32| < chz||V3z].
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5 Discretization of two-phase flow problems

Using (5.1.55)) and the interpolation estimates (5.1.5)) and (5.1.6), we obtain

leull <) b (172 Veull + llyl ) (92211 + Va1l
+ (cw) 2102 Ve + e IVPul ) (V221 + V4]
<c(v)eoh ( min V(= @)l + min p = o)) +c(w) e, b [ Vul.
[l

Theorem 5.1.14 (A priori estimate). Let uw € H*()? and p € H'(Q) be solutions of the
Stokes interface problem . Let the mesh be such that no elements of type G exist.
For the locally parametric Py — Py solution u, € V', and p, € Ly, it holds

12V (w —up)|| + ||p— pu|| < ch (||V3“|| + ||Vp|!>

Ju = wnll < ch? (V%] + Vo],

where ¢ > 0 is the constant depending only on the diffusion coefficient v and on the discrete

inf-sup constant .

Proof. By Lemma [5.1.13| we have

9729 (= wn)ll + lp = pull < ¢ (I = D) |+ llp = Tupll) + b [Vl
= wnll < ch (I = L) |+ llp = Tpl) + <1 V.

where Iu € V', and I,p € L;, are the nodal interpolations. By interpolation estimates

(5.1.5) and ([5.1.6) and with given sufficient regularity it holds
IV (u— L)l < eh® [Viull,  [lp— Lupll < ¢h ||V
The last inequalities complete the a priori error estimates. O

5.1.8 Numerical examples

We consider a square domain 2. The domain is split into two domains 2; and §2, by the
interface I'. The interface is defined as I' = {(z,y) € Q|l(z,y) = 0} with the level-set
function [(z,y). In Figure we show the configuration for our numerical examples.

Example 1.
In this example, we show instability of type G. We compare the maximum-norm for
pressure error in the coarse mesh before and after the stabilization.

Let 2 = [—1,1]? be a square domain. We consider Stokes problem with v = 1 and a
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5 Discretization of two-phase flow problems

—
B

(o

Figure 5.14: Configuration of the test problems with Q = UT U Q.

do-nothing condition on the left and Dirichlet boundary condition on the right, upper and

lower. An analytical solution is given by

ui(x,y) = sin(mwz) - cos(my),
us(x,y) = — cos(mz) - sin(my),

p(z,y) = 27 cos(mx) - cos(my),

and define a right-hand side as f = —vAu + Vp and Dirichlet boundary data. We define
the the level-set function I(x,y) = 2 + y* — r?, with a given radius 7.

Figure [5.15 shows us the discrete pressure profile in the coarse mesh with the circle radius
r = 1073. We observe the instability of the pressure. As shown in Table (Left) the
maximum-norms of the pressure error grows very quickly when r < 1073, which means
that there are some spurious pressures in the discrete solution. This is the reason for
instability. This instability was corrected numerically by stabilising of the small edges v
and 7, with . In the Table [5.1] we show the maximum-norms of the pressure error

before and after the stabilization.

r | llp = palles r | llp = palles
1071 | 2.40484 1071 | 2.40484
1072 | 2.40484 1072 | 2.40484
1072 | 11.5363 1073 | 5.44222
107* | 84.3159 107* | 5.46533
107° | 102.416 107° | 5.78036
1075 | 102.645 1075 | 5.78100
1077 | 102.648 1077 | 5.78101

Table 5.1: Maximum-norm for pressure error in the coarse mesh. Left: before stabilization.
Right: after stabilization
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5 Discretization of two-phase flow problems

Figure 5.15: The circle with radius r = 1073. Left: pressure in the coarse mesh. Right:
zoom of the middle cells.

Example 2.

In this example, we show the robustness of the interface discretization. Thus we consider
the Stokes problem with constant viscosity coefficients in each subdomain.

Let Q = [—1,1]? be a square domain. We consider the Stokes problem with v; = v, = 1
and a do-nothing condition on the right and Dirichlet boundary condition on the left,

upper and lower boundaries. Analytical solutions are given as follows

uy (x,y) = 4z, y)(x —1)*(y — o),
us(z,y) = —4l(z,y)(x — 1)*(x — x9) — 3l(x,y)*(x — 1)%,
p(z,y) = 8(x — o) (z — 1)*(y — yo) + 120z, y)(z — 1)*(y — vo),

where [(z,y) = (x — x0)* + (y — yo)* — r? is the level-set function. We set (z¢,40) = (0,0)
and r = 0.4. We define a right-hand side f = —vAu + Vp and Dirichlet boundary data
on the left, upper and lower.

According to the a priori error estimate in Lemma [5.1.14] we observe first order in the
energy norm and quadratic convergence in the L?-norm for velocity and first order conver-
gence in the L?-norm for pressure, see Table

Example 3.
Let 2 = (—1,1)? be a square domain. We consider the Stokes interface problem with

v = 0.5 and vy = 20 and Dirichlet boundary condition on the boundary. The level-set

7



5 Discretization of two-phase flow problems

h | [Ju—wup|2 | EOC | ||V(u—up)|2 | EOC | |lp— pnllLz | EOC
1/16 | 8.48-107° - 4.36-1071 - 1.22-10° -
1/32 ] 2.20-1073 | 1.94 2.20-1071 0.98 | 6.07-10" | 1.00
1/64 | 5.60-107% | 1.97 1.11-1071 0.99 | 3.03-1071 | 1.00

Table 5.2: Errors in the L? norm of pressure and w and energy norm and order of conver-
gence.

function defined as I(z,y) = (z — x0)* + (y — yo)* — r* with (zg,40) = (0,0) and r = 1//7.

We choose the exact solutions as follows:

ey [V g,
V1 ?
—x
u(z,y) =
l({L‘,y) ]
o in €,
—x

plz,y) =y* —2°

The error norms and experimental rates are shown in Table 5.3l According to the Lemma
5.1.14] we observe first order in the energy norm and quadratic convergence in the L?-norm

for velocity and first order convergence in the L?-norm for pressure.

h | lu—wup|zz | EOC | VY2V (u—uy)|2 | EOC | |lp — pullz2 | EOC
1/16 | 1.44-1071 - 7.01-1073 - 4.92-1072 -
1/32 | 5.09-107° | 1.50 3.78 1073 0.89 | 2.44-107% | 1.01
1/64 | 1.05-107° 2.26 1.78 1073 1.08 | 1.21-1072 | 1.00

Table 5.3: Errors in the L? norm of pressure and u and energy norm. Also the order of
convergence.

Furthermore, we will show that the errors ||u — w22, [|[v*/2 V(u — up,)|| 2 and ||p — pa|| 2
are independent of v. For that we compute the errors experimentally, with fixed 14 = 0.5
and increasing values of vy = 200, 2000, 20000. The numerical results for the errors with
fixed mesh size h = 0.03125 are summarized in Table [5.4] From Table [5.4] we observe that

remain unchanged for a fixed mesh when v, increases.

Example 4.
Let Q = (—1,1)? be a square domain. We consider the Stokes interface problem with
vy = 1 and 1, = 10 and Dirichlet boundary condition on the boundary. The level-set

function is defined as I(z,y) = (x — x¢)* + (y — yo)* — r with (zg, yo) = (0,0) and r = 0.1.
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5 Discretization of two-phase flow problems

ve | [lw—wnllze | v V(w — i)l | [P = pallr
200 | 5.11-107° 3.32-107° 2.44- 102
2000 | 5.11-107° 3.32-107° 2.44-102
20000 | 5.11-107° 3.32-107° 2.44-10 2

Table 5.4: Errors are shown for a fixed mesh A = 0.03125 and fixed value v; = 0.5 and
increasing values of vs.

We choose the exact solutions as follows:

sin(l(z.y)) | Y in
v1 3 7
—x
u(z,y) =
3
sin(l(x,y)) in
V2 3 ’
—x
_ 1B
p(x,y)— 10-($ Y )

As shown in Table (top), we observe for this example almost second order in energy
norm and almost third order convergence in the L?-norm for velocity and first order
convergence in the L?-norm for pressure. Furthermore, we consider this example by setting
p = 0. As shown in Table |5.5( (bottom), we observe in this case almost second order in

energy norm and a bit more than cubic convergence in the L?-norm for velocity.

h | |lu—wuplrz | EOC | |[vV2V(u — )|z | EOC | |lp — pullrz | EOC
1/16 | 9.60-107° - 2.87-1073 - [ 3151073 -
1/32 | 3.37-107% | 1.50 8.09-107* 1.82 [ 1.59-107% | 0.98
1/64 | 4.38-1077 | 2.94 2.14-107* 1.91 | 7.92-107* | 1.00

h | |lu—wup|z | EOC | [vY2V(u —uy)||2 | EOC
1/16 | 8.87-107° - 2.84-1073 -
1/32 ] 2.97-107% | 1.57 7.82-107% 1.863
1/64 | 2.88-107" | 3.367 1.90-107° 2.041

Table 5.5: Top: Errors in the L? - and energy-norm of velocity and the errors in the
L2-norm of pressure. Bottom: Errors in the L? - and energy-norm errors of
velocity for the case when p = 0. Also the order of convergence.

Example 5.

In this example, we show the robustness of the interface discretization by moving the
middle point of the circle horizontally.

Let Q = (—1,1)? be a square domain. We consider the Stokes interface problem with

79



5 Discretization of two-phase flow problems

vy = 1 and vy = 10 and Dirichlet boundary condition on the boundary. The level-set
function defined as I(z,y) = 7? — (z — x0)* + (y — yo)* with r = /0.3 and (¢, y0) = (eh, 0),

where € € [0,1] and h is the mesh size. We choose the exact solutions as follows:

I(z.y)? Yy

” in Q,

To— T

u(z,y) =

in QQ,
To— X

pey) = 1o (0~ o)

We vary e € [0, 1], such that this example includes different configurations with arbitrary

anisotropies. According to the Lemma [5.1.14] we observe first order in the energy -norm
and quadratic convergence in the L?-norm for velocity and first order in the L?-norm for

pressure. We show these for the case when € = 0 in Table [5.6]

h | u—wus|2 | EOC | |v2V(u—wup)l|2 | EOC | |lp—pallr2 | EOC
1/16 | 1.37-107* - 1.30-1072 - 6.38 - 1073 -
1/32] 2.49 - 10—° 2.46 3.76 - 1073 1.79 | 3.17-1073 | 1.00
1/64 | 5.56 - 106 2.16 1.34-1073 1.48 | 1.58-1073 | 1.00

Table 5.6: The errors and the convergence orders for the case when € = 0.

Moreover, we consider this example with the exact pressure solution as p = 0. In this case
we observe second order in the energy norm and cubic convergence in the L?-norm for

velocity, see Table
Furthermore, in Figures [5.16| and [5.17, we plot the L?- and energy norm errors for

ho | lu—upl2 | EOC | |[v2V(u— w2 | EOC
1/16 | 1.09 - 1074 - 1.22-1072 -
1/32 | 1.35-107° | 3.019 3.05-1073 2.006
1/64 | 1.70-10°° | 2.992 7.64-1077 1.997

Table 5.7: The errors and the convergence orders for the case when € = 0 and p = 0.

€ € [0,1] on several levels of global mesh refinement and observe that the errors are

bounded independently of e.
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1 e =l AV (= )|
h=15 h=L
1.4e-04 | ] 1.3¢-02 | S
1
2.46-05 N =5
Ao ] 3.8¢-03 | 22
h=21 h=4
5.8¢-06 L o | 1.8¢-03 | i
0 02 04 06 08 1 0 02 04 06 08 1

Figure 5.16: L? and energy - norm errors for velocity with z = e¢h and € € [0, 1].

[lp — pall

h=—
6.4¢-03 L 1
h=1
3.2¢-03 | 32
h=2L1
1.6e-03 L 8

0 02 04 06 08 1
Figure 5.17: L? - norm error for pressure with z = e¢h and € € [0, 1].
5.2 Stokes interface problem with surface tension

In this section, we investigate the Stokes interface problem ([2.3.1]) with surface tension.

We consider the following model problem

-V - (v;Vu)+Vp=f, V-u=0 in Q, i1=1,2
[u] =0, [(vVu—-pIl)n]=7Kn on T, (5.2.1)
u=20 on €,

where [w] := (wl|q,)|r — (w|q,)|r and 7 is the surface tension coefficient, K is the curvature
of ', and m is the unit normal at the interface I' pointing from €2; to €2s.

We define the spaces as follows:
V= H(Q)?, L= {q c12@): [ vigds = 0} .
Q
The weak form is: find (u,p) € V' x L such that

(¥Vu,Ve)g — (V-@,p)g + (V-u,0)g = (f,¢)q + (TKn,¢)p

(5.2.2)
V(p,¢) €V x L.
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5 Discretization of two-phase flow problems

5.2.1 The effects of different curvature handling
CASE I: The curvature is known

For simplicity we take f = 0 in (5.2.2)). Then we get the following weak form:

Find (u,p) € V x L such that

(vVu,Veolg = (V-e,p)g + (V- u,¢)g — 7 (K,n-)p =0

(5.2.3)
V(p,¢) €V x L.

For discretization, we use the locally modified finite element pair Py — Py and get the

following discrete problem:

Find (up,pp) € V" x L such that

(V vuha chh)Qh - (v ’ Soiwph)Qh + (v * Up, ¢h>Qh -7 <ICh7 n: Soh>1"h =0

5.2.4
‘v’(cph,qﬁh) S Vhx Lk ( )

CASE II: The curvature is unknown
In this case, we use the technique which is introduced by Dziuk, i.e. integration by part of
the Laplace-Beltrami operator. The advantage of using this approach is that there is no

need to compute the curvature. We will use the identity
AF idp = VF : (VF ldp) = IC’I’L,

where idp : I' — I is the identity mapping on I'. Ar is the Laplace-Beltrami operator and

Vr is the tangential derivative. We note that a normal defined as follows

Vi(z,y)

n= =77
IV i(z,y)ll

where [(z,y) is the level-set function. With an orthogonal projection
P:=1—-nn’,

the tangential derivative, for a sufficiently smooth function 1 : U — R? with open subset

U which containes I', can be written as follows:

Vrn =1 —-nn")Vn="PVn. (5.2.5)
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Since I' is closed, we can use the integration by parts and we get

(TKn,@)p =7(Vr- (Vridr), ¢)r = =7 (Vridr, Vre)p.

Then the weak form of ([5.2.1)) is:
Find (u,p) € V x L such that

(V VU, VLP)Q - (V ’ ‘p7p)ﬂ + (v ' uv(b)ﬂ =T <VFidF, VF‘P>F

(5.2.6)
V(p,¢) €V x L.
We can rewrite the right hand side by using as:
—7(Vridr, Vre)r = —7 (P Vidr, Vre)r
After discretising in V" x L" we get a discrete problem:
Find (ws, pn) € V" x L" such that
(v Vur, Veop)on — (V@p.pn)gn + (V-un, ¢n)gn = =7 (PpVidr,, Vr, @), (527)

v(‘loha(bh) € Vh X Lh7

where the identity idr, is the coordinate vector on I'y,. P, is a discrete analogue of the of

the orthogonal projection P and it is defined as
IPh =1- ny ’I’I,Z,

here ny, is the pieceweise constant outward unit normal on I',.
In this case, the curvature term is unknown, therefore, the source for the velocity error is
the approximation of the pressure and the curvature, see (5.2.8]).

5.2.2 Numerical experiment

This example was taken from [55]. Let Q = (—2,2)? C R? and the interface ' := {(z,y) €
Q: l(x,y) =0}, and Qy := Q\ (2, UT). In the calculations we use 7 =1, v; = 1p = 1,
f = 0. The exact solutions of (2.3.1)) are known as follows:

U, = 0 in €,

16— in Q,

Pex =

16 mn QQ .
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We define the interface as follows:
Di={(z,y) €Q : (x—20)*+ (y—yo)> —r* =0}

The curvature of circle is a constant function, I = % We take (z9,v0) = (0,0) and r = 1.

For our numerical example we have the error bound

. Kn, o -m) — (K, -1
HV”QVUhHJer—thSC(HHD [p = énll + sup & w11 = A, oy 1)
PrEQR PrEVY “V(Ph“

) (5.2.8)

We see from [5.2.8] that the size of the non-physical or spurious velocities depends on the
approximation of the pressure and the curvature.

In this case, the curvature term is handled exactly, therefore, the only source for the
velocity error is the approximation of the pressure, see ((5.2.8]).

With the locally modified finite element method we observe that the numerical solution of
the velocity is zero, i.e., no spurious velocities (or very small) are generated, see Figure
As shown in the Table the pressure error is very small, i.e. our discretization gives
the best result which is almost exact. Moreover, we consider [*°-norm errors of pressure,
see Table[5.8] We observe that there is no spurious pressure in numerical solution.

velocity pressure
39200369 280 -lef 0 1e9 29 369 3009 -80s01-07 06 05 04 03 02 01 0 0.1 20e01

- s '

Figure 5.18: The velocity(left) and pressure(right) profiles
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h 1P — pullzz | llp — palli
1/8 | 3.86-107% | 1.94-1076
1/16 | 5.04-1077 | 2.67-1077
1/32 | 4.36-107% | 3.80- 1078
1/64 | 1.68-107% | 2.14-1078

Table 5.8: Errors in the L? - and [®-norm errors of pressure

5.3 Two-phase Stokes problem

Compared to one-phase flows, two-phase flows with a surface tension forces have very high

numerical complexity. Among them are:
o due to the unknown interface the flow problem is nonlinear;
» the surface tension force is localized at the interface which is unknown;
o the pressure and viscosity have a jump across the interface.

To handle these issues, we need a special numerical method. As mentioned above, we
use the numerical method which combines an Eulerian approach with semi-implicit time
integration of the surface tension force. We will use the Rothe method. Because of
the third issure the pressure is discontinuous across the interface, in a finite element
discretization for the Stokes problem we should use a pressure finite element space that
is time dependent. Therefore, the Rothe approach is more natural than the method of
lines. There is an alternative approach which is based on a space-time finite element
method in literature, e.g. [13]. For time discretization, we use implicit Euler method for
unsteady Stokes problem combined with a semi-implicit time integration of the surface
tension force which has been developed in [12]. For space discretization, we use the locally
modified finite element pair P, — Py. We consider the model two phase Stokes problem
on a fixed domain Q := [0,7] x € where only the interior interface I'(#) moves and the
outer boundary 0f2 is fixed, for notations see Figure

pi0u —V - (v;Vu)+Vp=f, V-u=0 in Q;, 1=1,2
ul =0, vVu—pl)n]=-—7Kn, ur=u-n on I'(t),
[u] [T —p1) n] : 0 s
u=20 on 0,
u(0, ) = uy in €,

where ur is the normal velocity of the interface, and n is the unit normal at the interface

which is pointing from €2; into €),.
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5 Discretization of two-phase flow problems

5.3.1 Space-time variational vormulation
We introduce the following spaces for velocity and pressure, respectively as follows:

V.={ve H(Q)?|v=00n0Q},
LI:{CIE L2<Q) | (pvl)ﬂ :0}7

and
X:={v: 9= R*|vec*I;V), gve L*(I;V},
Y :=L*I; L),

with a time interval I.

A variational formulation of (5.3.1)) is given by:
Find (u,p) € X x Y such that for all (¢,¢) € (X,Y) it holds

Orw, p)g + W VU, Ve)g = (V-9,p)g + (w(0),¢(0))g
= (f,#)g + (10, 0(0))q + 7(=Kn,¢)q

(V-u,9)g=0 (5.3.2)
u(0) = ug
Uur =u-n,

where (v, w)g = [y (v(t),w(t))qdt and (v,w) = i (v(t),w(t))r(t) dt.

Remark 5.3.1. We note that the last term (a curvature term) in the right hand-side of
first equation of corresponds to a force that acts only on the space-time interface G.
Due to this, the pressure has a jump across the evolving interface I'(t). To approzimate

the curvature term in moving interface problems we need some accurate technique.

Now, we replace the curvature term —Kn by the Laplace - Beltrami operator and then

integrate by parts
- lC-d:/A‘d-d:—/V'd . Vi pds, 5.3.3
/F(t) n-pds @ rldrg) - e ds @) rldr) redas ( )
where the identity mapping idrg) : R* — R? is the restriction onto interface I'(¢).

5.3.2 Temporal discretization and handling the curvature term

Let 0 =ty < t; < .. <ty =T be a decomposition of the time interval I = [0,7] with

a time-step k,, = te1 — tm, 0 < m < M — 1. We use the notations for time dependent

m—+1

subdomains w = W(tmyi1), @ = 1,2, and time dependent interface I = T'({,,,1).

Note that the outer boundary 9€2(t,,41) is fixed and therefore for all times ¢ we have that
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5 Discretization of two-phase flow problems

Q(t) = Q. For the discretization in time, we use an implicit Euler scheme.

Find (u™*, p™™) € V x L for given u™ € V such that for all (¢, $) € V x L it holds

1 m m m m
E (u Tou ’90)9 + (V Vu +1’VSO)Q B (V PP +1)Q (5.3.4)
+ (v ) uerla (b)Q = (fm+17 QD)Q — 7 (Vridpm+1, Vr 90>1“m+1

As mentioned in Remark [5.3.1) we need here to handle the curvature term, which is the
last term in . The curvature term can be treated as fully explicit, semi-implicit or
fully implicit in time. Numerical experiments in [12] show us that the explicit form is only
conditionally stable and the fully implicit form with unknown subdomains W™ = w(t,,11),
i = 1,2, is too complicated. Therefore we use the semi-implicit time discretization as
proposed in [12]. The idea of this approach based on the fact that the fifth equation in
(2.3.6) can be solved directly by using implicit Euler scheme. Then we can describe the

new position ™! as follows:
2™ =™ 4k, w™ (5.3.5)

where u™*! is the unknown velocity at the new time step. After plugging (5.3.5)) in the
curvature term we obtain
(Vridpot, Vi @)pn & (Ve (idps + ki w™) | Vi go>Fm

rm

The last term is unknown, but it is symmetric in the unknowns and positive semi - definite.
Therefore we will shift it to the left hand side of the equation.

Find (u™, p™*1) € V x L for given u™ € V such that for all (¢, $) € V x L it holds

1 m+1 m m+1 m-+1

a(u - ,cp)Q—i—(VVu ,ch))Q N (V-go,p )Q
+ (v . um+17¢)Q + km <Vfum+1, VF 90>Fm (536)
= (f™* ), — 7 (Vridem, Vo @)

In [20] the unknown term defined as the known function u™**(z™) and to get a new

position we just use ([5.3.5)).

5.3.3 Spatial discretization

For space discretization, we use the locally modified finite element pair P, — Pj.
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5 Discretization of two-phase flow problems

Find (u}"™, p™) € V', x Ly, for given u* € V, such that for all (o, ®) € Vj, x Ly, it
holds

lin (u;‘nﬂ — SO)Q T (V VU?H’ VQO)Q N (V ' ‘P’pZLH)Q
+ (V-upt,0)  + k (Veup™, Vi) (5.3.7)
h

— ( ZL-H,QO)Q - T <Vridp;ln, VF 90>

e
5.3.4 Numerical Results

In this section, we consider time dependent Stokes problem with a pressure solution that

is discontinuous across a interface.

Example 1

In the first example, we present time dependent Stokes problem with a pressure solution
that is discontinuous across a stationary interface I". We consider the problem on
the domain Q = [—2, 2] with Dirichlet boundary condition on the boundary 9. On the
interface we have the surface tension force with 7 = 1. The viscosities and densities on (2

are constant and equal to one. The analytical solutions are as follows

—y (1 — e t) e~ @+y?)
uex(t,a:) _ ( y( e )e ’

z(1—et) e @+

L —1 in €,
Pea(t,x) =2 (1 —e )+ 16 '
116 in QQ,

where QO = {z € Q : I(z) < 0}, Q = Q\Q, I = {z € Q : l(x) = 0} with
[(x) = z*> + y* — 1. The right hand-side f is adjusted to the prescribed analytical
solution.

In Figures are shown the solutions which are compared with analytical solutions
with mesh size h = 1/128 and time step k = 1/10. As shown in the diagram on the right
of Figures [6.2] [6.3] the exact and numerical values for the first component of velocity and

pressure agree well. We observe that our method gives the excellent results which are

almost exact.
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5 Discretization of two-phase flow problems

Exact velocity

2, :

('Ij?g 01 018 :EI);T:(':;;,MIO"
0.1 0.16
-~ 005 0.14
o 0.12
-~ -0.05 oo
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-19e-01 0%
0.02
Velocity 0
2.7e-01 -0.02
0.2 -0.04.
g,}s -0.06
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005 o
— -0.05 0.12
—-0.1 0.14
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Figure 5.19: Comparison of numerical and exact solutions for the first component of
velocity at ¢ = 1. Left: Profile of the first component of velocity . Right: Plot
over the line.
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Figure 5.20: Comparison of numerical and exact solutions for pressure at ¢ = 1. Left:
Pressure profile. Right: Plot over the line.

Example 2
We take Q = [—2,2]> C R? and consider a time dependent interface I'(¢) which is a moving

circle as follows
L(t):={(z,y) €Q : (x —t)*+9*—1=0}.

On the interface we have the surface tension force with 7 = 1. The viscosities and
densities on (2 are equal to one. We take f = 0 and non-homogeneous Dirichlet boundary

condition with up = (1,1)7 on the upper and bottom boundaries. Other boundaries have
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5 Discretization of two-phase flow problems

a do-nothing condition. The analytical solutions are given as follows:

1 in Ql,
0 in QQ.

w=(1,1)" in Q, p =

The computed discrete velocity magnitude and pressure for ¢ = é, 1 =0,...,8 are shown

h | g =l | lph = pllze@y | 125 — Pl
1/32 0.019 0.145 0.059
1/64 0.004 0.164 0.183
1/128 0.002 0.146 0.209

Table 5.9: The maximum norm for velocity and pressure in different mesh sizes with fixed
time step t = 0.5.

in Figure [6.2] We observe that the first component of discrete velocity and pressure

values in different time steps with fixed mesh size are close to the exact solutions.
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5 Discretization of two-phase flow problems

Velocity Velocity Velocity
106400 1.0002 100015 1.0001 1.00005 1.0e+00 106400 1015 101 1005 1 095 099 98¢0 106400 1015 101 1.005 1 0995 099 98601
1 | h I I

Velocity Velocity Velocity
1.0e+00 1.015 .01 1.005 1 0.995 099 9.8e-01 10e+00 1015 1.01 1.005 1 0.995 0.99 9.8e-01 1.0e+00 1.015 101 1.008 1

L [ U le— — ! 1 | b > L L

Velocity
1.005 1

Velocity Velocity
1.0e+00 1.015 101 0.995 099 9.8e-01 10e+00 1.015 1.01 1.005 1 0.995 099 9.8e-01 1.0e+00 1.015 1.01 1.005 1 0.995 099 99e-01

¢ L b — — ] L U — — d L ’

Figure 5.21: The computed the first component of velocity magnitude for ¢t = é, 1=0,...,8
with mesh size 1/32. The all discrete velocities are very close to 1.
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5 Discretization of two-phase flow problems

Plessule Pmssule

1 Ze 38 le-38 Ee 39 ée o Ae 39 2939 0.06+00 1 2eoGD 1 5 0e-01 1 19‘00 1 5 9e-02
Prmure Prsssule Pressure
1 2e+00 1 50e 01 1 We+00 1 b 0e-02 1. Zeooo 1 5 1601
Plossulo Plessule Pmssule
1 19400 1 n -1.46-01 eroan 1 suem l?eooﬂ 1 n -1.46-01

Figure 5.22: Pressure for ¢t = é, i = 0,...,8 with mesh size 1/32. The discrete pressure
values are close to 1 in €2; and close to 0 in €25.
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Chapter 6: Discretization of fluid-structure interaction

problems

In this chapter, we study a model problem of a fluid-rigid body interaction problem ({2.4.1]).
The model problem is constructed by taking only the drag force, which is acting on the

rigid body in the vertical direction such that

pfOuy —V-o(up,p;) =0, V-u;=0 in Qy,

—u, - m, = £ in €,

dt
ur=u, on IT, (6.0.1)
uy =0 on ['wUTI%,
o(us,pr)n=0 on I'r,
with the stress tensor
o(ug,pr) = pVur —prl (6.0.2)

Here, f; is the force acting on the rigid body

0
£, = (6.0.3)
msg — ‘/Spfg_{—Fdrag

where V; = Ms and g = —9,81%. The drag force F4,,, is defined as follows

Firag = /FI o(us,pr) nexds, (6.0.4)

where es is the unit vector in vertical direction.

6.1 Solid equation

We consider the solid equation of the problem (6.0.1]) as the movement of the solid and
it is governed by Newton’s second law of motion. We assume that the solid material is

relatively hard and has a spherical form. Since we will take only vertical movement of the
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6 Discretization of fluid-structure interaction problems

I'r

I'y

b

S

I's

Figure 6.1: Geometry and notations of the fsi problem, 2 = Q, U Tt U Qy.

solid, we get a scalar ODE as follows:

d Pf 1

) =(1-% Firao: 6.1.1

s = (1= 70) 9+ 5 Fur (6.1.1)
where wu,(t) = S¢, is the solid velocity with the center of mass ¢, of the solid €.

The solid body equation is coupled with fluid equations through the boundary conditions

at the interface I'y as follows:
d

€ (6.1.2)

Iu’f‘FI =Us =

6.1.1 Evaluation of the surface integral.

Surface integrals (6.1.3) are evaluated by using the Babuska — Miller trick, see Remark
8.17 of the book [83] or [11]. We show first the derivation for the drag functional. For
that, we define a test function £€ € H'(Q(t))? with a vanishing first component &. We

define the second component & as follows:

It holds
deg:/r a(uf,pf)nest:/F o(us,pr)néds.
I

I

Now we use the divergence theorem on 2y and we obtain
Firoy = /r o(us,pr)néds = /Q (a(uf,pf)VE +V -o(uy,py) 5) dx.
I f
After using the first equation of (2.4.1)), we get

Farag = (U(uf>Pf)7 V«S)Qf + (Pf atuf>£)9f- (6.1.3)
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6 Discretization of fluid-structure interaction problems

Now, (6.1.3)) is exactly the bilinear form that we have to evaluate when we set up the

right-hand side and the system matrix.

6.2 Discretization and Implementation

For spatial discretization, we apply the locally modified finite element scheme introduced
in chapter |p| For time discretization, we use implicit Euler method for the unsteady Stokes

equation and explicit Euler method for solid ODE.

Solid ODE
We discretize the scalar ODE (6.1.1)) with given u?, u%,p} and for all k =0,1,...,n — 1. It
holds with time step 7:

k+1 _ o0k
S

S = (1= ) 0 Pl (i €)
wit i (1= 2 g Pl (k€))7

likewise the center of mass (6.1.2)) of the rigid body with given 2 and for all k = 0,1, ..., n—1,
it holds
k+1

c :c’j+u

k+1
s s T.

Unsteady Stokes equation
We discretize the time dependent Stokes equation in (2.4.1) with given 'u,g)c and for all
k=0,1,....,n — 1. It holds with time step 7

~ V.o pit) =0 (6.2.1)

6.2.1 Handling of dynamic meshes

In the numerical approximation , the velocity approximation u’} at time ¢; that has
been computed on the domain €(¢,) has to be evaluated on the new domain Q¢ (t;41) at
time txy1. The velocity ufe is divergence-free with respect to the test space corresponding
to the domain €2¢(¢;), but this condition no longer holds on the new spatial domain at time
tx+1. Thus, in the spatial discrete case, the loss of the discrete divergence-free condition
gives us nonphysical osculation, in particular, in the discrete solution for pressure. Many
authors studied this problem by assuming static finite element mesh, e.g Temam [92],
Girault and Raviart [93], Heywood and Rannacher [63], [64], Bause [16]. Error estimates
for finite element approximations of the Stokes system on dynamic meshes have been

established in [26]. We follow here [26] and use the discrete Stokes projection to evaluate
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6 Discretization of fluid-structure interaction problems

the solution at time ; on the new domain at time #5;.

Divergence-free Stokes projection: After computing (u,p%)" € V(Q(tx)) x L((t1))
we first compute a projection @§ of uf into V/(Q(ty11)) which is divergence-free with
respect to the test function in V' (Q2(tx+1)) and use this projection as initial values for the

next time step. The projection '&’Jﬁ is determined by:

(va’;,vw) — (ﬁfﬂ : w) = (Vu’}7V90) Vo € V(Qtrt1))

6.2.2
(V-af,¢) =0 V¢ € L(Q(tr+1)) 022

Then we apply the projection 11'} in (6.2.1) and for all k =0,1,...,n — 1 it holds with time
step 7:

k+1  ~k

<u7 cp) + (Vu’;+17VQ0) — (p’;“,v : <p) =0 Ve V(Qtp))

- (6.2.3)
(V . ul}+17§) =0 VE€ L(Qtp1))

Implementation
The described algorithm and equations above have been implemented in the finite element

library Gascoigne3d.

6.2.2 Numerical experiment

In our numerical example we study the convergence rates of the locally modified finite
element approximation of the fluid-structure problem. We consider the falling ball example
of the problem ([6.0.1)) with Q :=[—2,2]* and rigid body Q, on the time interval [0,2]. At
t = 0 the rigid body domain is described by Q,(0) := {x = (z,y)’ € R?|2? +y* <r} for
a given circle radius r = 0.5. A material parameters densities and viscosity are given as
pr =1, ps =10 and p = 1. Boundary conditions: on the interface I'; between the fluid and
solid, the Dirichlet boundary condition is given by the continuity of the velocity .
On the wall and bottom boundaries Iy U I'p we take homogeneous Dirichlet boundary
and do-nothing condition on the top boundary, for the notations see Figure The y
component for velocity and pressure profiles are shown in Figures[6.2] at the beginning
and the end of time. In Figures and (left) we compare the approximate solutions
for the velocity in y-direction, rigid body motion and the drag functional with mesh
size h = 0.03125 and time step 7 = 0.02 before and after using divergence-free Stokes
projection . We also investigate the velocity in y-direction, rigid body motion and
the drag functional for different mesh sizes with fixed time step 7 = 0.02, and for different
time steps with fixed mesh size h = 0.03125, see Figures and The convergence
orders for velocity in y-direction, rigid body motion and Drag functional in each iteration

and their mean values are plotted in Figures [6.9] and [6.11] respectively. We have
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6 Discretization of fluid-structure interaction problems

observed that the mean values of the convergence orders are for velocity in y-direction
O(7 + h?), rigid body motion O(7 4 h?) and drag functional O(r + hz). The Stokes
projection is used for evaluating the velocity approximation on the new meshes. Our
observation is that if the configuration of the patch is changed in the new time step the
Stokes projection is capable of preventing a loss in the rate of convergence. Moreover, the
drag functional depends on pressure which is unstable. These could be reasons why the
mean value of the convergence of order of the drag functional is O(7 + h%), see Figure m
(left). Next, we investigate the convergence for the drag functional by neglecting the
pressure component. In Figure (right), we show the behavior of the drag functional
without pressure component. The convergence orders in each iteration and the mean value
of the convergence orders for the drag functional without pressure component is plotted
in Figure and we observe that the mean value of convergence orders for the drag

functional without pressure component has O(7 + h?).

Velocity Velocity
0.0e+00 2e-39 4e-39 be-39 8e-39 le-38 1.2e-38 -2.8e+00 -2 -1.5 -1 -0.5 0 05 1 1.6e+00
‘ ‘ ‘ — ! ‘ ‘ ‘ ‘

Figure 6.2: Second component of the velocity at time ¢ = 0 (left) and ¢ = 1 (right).
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Pressure Pressure
0.0e+00  2e-39 4e-39 be-39 8e-39 le-38  1.2e-38 -6.5e+00 20 40 60 80 100 120 1.4e+02
| | | | | | |

Figure 6.3: Pressure profile at time ¢t = 0 (left) and ¢ = 1 (right).
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0 0.5 1 1.5 2 0 0.5 1 1.5 2
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Figure 6.4: Comparison the results for velocity and motion before and after using Stokes
projection with mesh size h = 0.03125 and time step 7 = 0.02.
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Figure 6.5: Left: Comparison the results for drag before and after using Stokes projection
with mesh size h = 0.03125 and time step 7 = 0.02. Right: Behavior of the
drag without pressure component.
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—0.01 —0.02
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Figure 6.6: Velocity in y-direction with fixed time step 7 = 0.02 and different mesh sizes
(left) and with fixed mesh size h = 1/32 and different time steps (right).
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Figure 6.7: Rigid body motion with fixed time step 7 = 0.02 and different mesh sizes (left)
and with fixed mesh size h = 1/32 and different time steps (right).
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Figure 6.8: Drag functional with fixed time step 7 = 0.02 and different mesh sizes (left)
and with fixed mesh size h = 1/32 and different time steps (right).
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6 ‘ ‘ 5 ‘ ‘
Convergence orders —e— Convergence orders —e—
51 Mean Value = 2.28 —— | 4+ Mean Value = 1.08 —— 1
31
4 21
1 -
3 ,
e Or
2 "'\"\/ P ]
1L
0 ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2

time step time step

Figure 6.9: Convergence order for the velocity in y-direction and their mean value with
fixed time step 7 = 0.02 and different mesh sizes (left) and with fixed mesh
size h = 1/32 and different time steps (right).
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Figure 6.10: Convergence order for the rigid body motion and their mean value with fixed
time step 7 = 0.02 and different mesh sizes (left) and with fixed mesh size
h =1/32 and different time steps (right).
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Figure 6.11: Convergence order for the drag functional and their mean value with fixed
time step 7 = 0.02 and different mesh sizes (left) and with fixed mesh size
h =1/32 and different time steps (right).
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12 + ‘ Convergence orders —e—
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Figure 6.12: Convergence orders for the drag functional without pressure component and
their mean value with different mesh sizes and fixed time step ¢ = 0.02.
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Chapter 7: Conclusion and Future work

Elliptic interface problems

We have presented an extension of the locally modified finite element method for interface
problem that was introduced in [47], to second order. We were able to show optimal-order
error estimates of order 3 — € in the L?norm and 2 — ¢ in the discrete energy norm. In
the standard H'-norm, the convergence order is reduced to 1.5, due to the mismatch of
continuous and discrete interface. Finally, we have presented different numerical examples

that illustrate the convergence behaviour and the performance of the method.

Tho-phase flow problems

First, we analyzed a stationary Stokes interface problem. For the discretization, we applied
locally modified finite elements for the velocity combined with piecewise constant elements
for the pressure. We proved the discrete inf-sup condition for the P, — Py elements. We
presented optimal error estimates in the L?-norm and sub-optimal estimates in the energy
norm for the Stokes interface problem. Moreover, we considered stationary and time
dependent Stokes interface problems with surface tension. In the variational formulation
of these problems, a linear functional which describes the surface tension force occurs
and it depends on the location and the curvature of the interface. Thus, we used a
Laplace-Beltrami operator to handle the curvature term and for time dependent problem

we applied the semi-implicit time integration of the surface tension force.

Fluid-structure problems

We investigated a fluid-structure-interaction problems. In the numerical simulations we
took a rigid body model for the falling particles. We studied locally modified finite element
approximations of the time dependent Stokes system, which prescribed the fluid model, on
dynamically changing meshes. We applied the implicit Euler method for time discretization

and used the discrete Stokes projection.

Future work

For the future, we have some ideas to apply our method for advanced problems.

— Apply the inf-sup stable Py, — Py elements for the discretization of interface problems
including Navier-Stokes equations.

— Extend the rigid body to elastic solids in the fluid-structure-interaction problems.

— The Py — Py elements is not optimal since the pressure is 2 orders lower. Thus, we
prefer to use a parametric finite element method for a balanced approach such as Py — Py

elements.
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