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Zusammenfassung

Die Trocknung ist ein komplexer Prozess mit phasenwechsel, an dem verschie-
dene Transportprozesse wie z. B. die Kapillarströmung beteiligt sind, die von
unerwünschten mechanischen Effekten begleitet werden. Diese Effekte treten
häufig auf, sind aber ungenügend beschrieben und stellen ein grosses Problem
für die Trocknungsindustrie und eine Herausforderung für die Modellierung
und Simulation der Trocknung dar. Deshalb sind tiefergehende Untersuchun-
gen unentbehrlich, um die grundlegenden Ursachen für diese Effekte zu ver-
stehen und um Wege zu finden, sie zu kontrollieren, zu analysieren und, als
Ergebnis einer solchen Analyse, Trocknungsmethoden und -bedingungen zu
finden, die nicht nur die Produkt qualität während der Trockeng erhalten,
sondern sogar verbessern. Bekanntermaßen hängen während der Konvekti-
onstrocknung auftretende mechanische Effekte hauptsächlich von der Feuch-
tigkeitsverteilung ab, welche ihrerseits von den Trocknungsbedingungen und
von der porösen Struktur selbst beeinflusst wird. Hauptaspekte einer theo-
retischen Untersuchung müssen daher die strukturellen und mechanischen
Eigenschaften des Feststoffs sein, sowie die Mechanismen (hauptsächlich ka-
pillare und viskose Effekte), die den Flüssigkeitstransport kontrollieren und
die von den Prozessparametern abhängig sind.

Eine Möglichkeit zur Beschreibung mechanischer Effekte ist die Benut-
zung von Netzwerkmodellen auf der Porenebene. Sie fanden in den letz-
ten Jahren vermehrte Anwendung als wertvolles Werkzeug zur Studie von
Transportphänomenen in porösen Medien im Allgemeinen und insbesonde-
re in der Trocknung. In diesen Modellen wird die komplizierte Porenraum-
Geometrie zu einem Netzwerk von Knoten vereinfacht (z. B. quadratisch
(2D) oder kubisch (3D)), die über Poren miteinander verbunden sind. In die-
ser vereinfachten Geometrie können Transportmechanismen explizit auf der
Porenebene beschrieben werden. Trotz des besseren Verständnisses durch
die Porennetzwerk-Trocknungsmodelle sind noch Fragen offen. So beinhalten
diese Netzwerkmodelle z. B. nicht die Geometrie der festen Phase, sondern
nur den Porenraum. Deswegen können lokale Effekte wie Brüche im Material
nicht beschrieben werden. Solche Effekte rühren von Kapillarkräften her, die
Spannungen auf die feste Phase ausüben und Schäden oder Verformungen im
Feststoff verursachen können.

In dieser Arbeit wird ein neuer Ansatz zur Untersuchung des Einflus-
ses der Flüssigkeitsverteilung auf mechanische Beschädigungen von porösen
Materialien während der Konvektionstrocknung angewendet. Dabei wird die
feste Phase des porösen Materials in drei Raumdimensionen durch eine ku-
bische Packung kugelförmiger Partikel gleicher Grösse, die an den Kontakt-
stellen miteinander verbunden sind, beschrieben. Das mechanische Verhalten
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dieses Aggregats wird mit der Diskreten-Elemente-Methode (DEM) simu-
liert. Flüssigkeitsverteilungen im Porenraum werden aus isothermen Trock-
nungssimulationen für ein komplementäres Porennetzwerk berechnet. In ei-
nem Einweg-Kopplungs-Ansatz werden Kapillarkräfte über die Zeit aus dem
Füllstand der Poren berechnet und als äussere Belastungen auf jedes Partikel
in der DEM angewendet. Zur Berechnung der interpartikulären Kräfte wird
ein nichtlineares Bindungsmodell verwendet. Mehrere Simulationen für un-
terschiedliche Trocknungsbedingungen und für Aggregate mit verschiedenen
mechanischen Eigenschaften durchgeführt. In diesen Simulation werden in
steifen Materialien Mikrorisse, bedingt durch Bindungsbrüche, beobachtet,
während weiche Materialien dazu tendieren, reversibel und ohne Schäden zu
schrumpfen.

Als nächsten Schritt wird ein irreguläres Porennetzwerkmodell zur Trock-
nung von Aggregaten entwickelt. Die Netzwerkstruktur wird aus einer Voronoi-
Zerlegung des Aggregats vorgestellt, das aus Primärpartikeln gleicher Grösse
besteht, wobei den Kanten der Zerlegung mitereinander verbundene, zylin-
drische Poren zugewiesen werden. Die Porenradien werden aus dem Abstand
jeder Kante zu ihren Nachbarpartikeln berechnet. Die zur Konstruktion von
irregulären 2D- und 3D-Netzwerken entwickelten Strategien werden einge-
hend erklärt und mit Beispielen illustriert. Die dadurch entstandene irre-
guläre Struktur erfasst viele der Grundzüge des realen Porenraums von Ag-
gregaten, wie z. B. irreguläre Knotenpositionen, räumlich verteilte Koordina-
tionszahlen, zufällig etablierte Porenverbindungen sowie die räumliche Kor-
relation von Porenradien.

Des Weiteren wird ein isothermes Porennetzwerk-Trocknungsmodell auf
die neue, irreguläre Struktur verallgemeinert, das auf Invasions-Perkolation-
Konzepten basiert, und damit werden Trocknungssimulationen durchgeführt.
Numerische Berechnungen ergeben Phasenverteilungen, Feuchtigkeitsprofile
und Trocknungskurven. Kapillarkräfte über der Zeit werden aus der Poren-
netzwerkgeometrie und aus dem Füllstand der Poren berechnet, und ihre zeit-
liche Entwicklung unter verschiedenen Trocknungsbedingungen verglichen.

Das gegenwärtige Modell mit seiner Einweg-Kopplung von DEM und Po-
rennetzwerkmodel kann weiter verbessert werden. Allgemeiner gültige Re-
sultate werden erwartet, wenn die Schrumpfung als Volumenänderung im
Porennetzwerk mit berücksichtigt wird. Ein weiterer wichtiger Effekt ist der
Druckgradient in der Flüssigkeit, der differenzielle Spannungen im Feststoffs
erzeugt und zu nicht gleichmässiger Schrumpfung des Feststoffes führt. Eine
Modellerweiterung unter Einbezug von makroskopischen Flüssigkeitsdruck-
Differenzen wird die Simulation von differenziellen Spannungen im Feststoff
und von (sich fortpflanzenden) Makro-Rissen erlauben. Eine realistischere
Modellierung – betreffend Materialgeometrie und -eigenschaften, sowie die
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Zweiwege-Kopplung von Partikel- und Porennetzwerk – wird es in Zukunft
ermöglichen, eine Vielzahl von Materialien und Trocknungsbedingungen zu
untersuchen.
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Abstract

Drying is a complex process with liquid-vapor phase change involving var-
ious transport processes such as capillary flow, which are accompanied by
undesired mechanical effects. These effects – widely encountered but poorly
understood – are a major problem in drying industry and present a chal-
lenge for modeling and simulation of drying. Therefore, a profound study
is essential to learn about the fundamental reasons of these effects and to
find ways to control them, to analyze them, and to develop, as the result
of such analysis, methods and conditions of drying which would lead not
only to a preservation of product quality during drying, or even its improve-
ment. It is known that convective-drying induced mechanical effects mainly
depend upon moisture distribution which is influenced by drying conditions
and the porous strcuture itself. As major aspects, a theoretical investigation
should consider structural and mechanical properties of the solid as well as
the mechanisms controlling liquid flow (mainly capillary and viscous effects)
that depend on process parameters.

One way to describe the mechanical effects is to use pore-scale network
models. These models have gained popularity in recent years as a valuable
tool for the study of transport phenomena in porous media in general and of
drying in particular. In these models, the complicated pore space geometry is
simplified to a network of nodes (e.g., 2D square or 3D cubic grids) which are
interconnected by pores. In the simplified geometry, transport mechanisms
can be described explicitly at the pore level. Despite significant advances in
pore network drying models, there are still open issues. For instance, these
network models do not include solid phase geometry explicitly, but only the
pore space. Therefore, local effects such as cracks can not be described. Such
effects are due to capillary forces which exert stresses on the solid phase and
may cause damage and/or deformation.

A new approach is proposed to investigate the influence of liquid phase
distributions on damage and deformation of porous materials during convec-
tive drying. The solid phase of the porous material is represented in 3D by a
cubic packing of mono-sized spherical particles that are bonded together at
their contact points; the mechanical behavior of this aggregate is simulated
by Discrete Element Method (DEM). Liquid phase distributions in the void
space are obtained from isothermal drying simulations for a complementary
pore network. In a one-way coupling approach, capillary forces are computed
over time from the filling state of pores and applied as loads on each particle
in DEM. A non-linear bond model is used to compute inter-particular forces.
Simulations are conducted for various drying conditions and for aggregates
with different mechanical properties. Micro-cracks induced by bond breakage
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are observed in stiff material whereas soft material tends to shrink reversibly
without damage.

As a next step, an irregular pore network model for drying of aggregates
is introduced. The aggregates consisting of mono-sized primary particles
are produced by gravitational deposition technique. The network structure
is then generated by Voronoi tessellation of the aggregate and by desig-
nating the Voronoi edges as interconnected cylindrical pores; pore radii are
computed from the distance of each edge to its neighboring particles. The
strategies, which are developed for the construction of both 2D and 3D irreg-
ular networks are explained in detail and illustrated by a few examples. The
obtained irregular structure captures many essential features of the real pore
space of aggregates such as irregular node locations, distributed coordination
number of nodes, randomly established pore connections as well as random
spatial correlations of pore radius.

Moreover, generalization of isothermal pore network drying model, which
is based on invasion percolation concepts, to the new irregular structure is
done and thus drying simulations are carried out. Results are given as phase
distributions, moisture profiles and drying rate curves. Capillary forces over
time are computed from the pore network geometry and from the filling
state of pores, and compare their temporal evolution for different drying
conditions.

The current model version with its one-way coupling of DEM and pore
network model can still be improved. More general results are expected when
shrinkage is considered as pore volume changes in the network. Another
major effect is the pressure gradient in the liquid which causes differential
stress and leads to non-uniform shrinkage of the solid. A model extension
accounting for macroscopic liquid pressure differences is expected to allow for
the simulation of differential stress in the solid, and of (propagating) macro-
cracks. More realistic modeling – concerning material geometry, material
properties, two-way coupling of particle and pore networks – will allow the
study of mechanical effects for a wide range of materials and drying conditions
in the future.
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Notation

A cross section area m2

c damping coefficient N s/m
d distance between particle center coordinates m
E Young’s modulus Pa
F force N
F parallel bond force N
G elastic shear modulus Pa
I moment of inertia of bond disk cross-section m4

J polar moment of inertia of bond disk cross-section m4

K contact stiffness N/m
k thermal conductivity Km/W
k particle stiffness N/m

k stiffness of parallel bond N/m3

L pore length m
M parallel bond moment m2/s
M angular momentum kg m2/s

Ṁ mass flow rate kg/s

M̃ molar mass kg/kmol
m mass kg
n unit normal vector -
n solid normal vector -
P pressure Pa
Q evaporation flux kg/s
R particle radius m
R radius of parallel bond m

R̃ universal gas constant J/kmol K
R particle radius m
r pore radius m
r0 mean pore radius m
S saturation -
s strength Pa
T temperature K or ◦C
t time s
t solid tangential vector -
U overlap between particles m
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V contact velocity m/s
V liquid volume -
v vertex coordinates -
v velocity m/s
W liquid content -
w film thickness m
X moisture content -
x position m
ẋ translational velocity m/s
ẍ translational acceleration m/s2

σ normal strength of parallel bond N/m2

τ c shear strength of parallel bond N/m2

ω̇ angular velocity rad/s
ω̈ angular acceleration rad/s2

Θ moment of inertia kg m2

ζ damping ratio -
ν Poisson ratio -
µ friction coefficient -

Greek symbols

α prescribed multiplier −
β mass transfer coefficient m/s
ζ contact angle -
σ surface tension N/m
δ vapour diffusivity m2/s
ε strain m
ε boundary layer thickness m
ζ dimensionless height -
η dynamic viscosity Pa s
ν kinematic viscosity m2/s
ρ density kg/m3

σ0 standard deviation m
σ tensile stress of parallel bond N/m2

τ shear stress of parallel bond N/m2

Subscripts/superscripts
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c capillary
cr critical
d damping
` liquid
g gas
m moisture
n normal direction
p particle
s solid
s shear direction
v vapour
w water
x, y, z space variables
∗ equilibrium
∞ convective air

Dimensionless Numbers

Re Reynolds number uLn/ν
Sc Schmidt number δ/ν
Sh Sherwood number βLn/δ

Matrices

cf cell neighbor face
E edge coordinates
ev edge neighbor vertex
fc face neighbor cell
fv face neighbor vertex
nn node neighbor node
np node neighbor pore
pn pore neighbor node
V vertex coordinates

Abbreviations

avg average
cr critical
CRP constant rate period
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dec decalin
eq equilibrium
ext external
FRP falling rate period
int internal
max maximum
mcf mean contact force
muf mean unbalance force
RFP receding front period
rot rotation
tran translational
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Chapter 1

Introduction

1.1 Background

Despite being common in everyday experience, the theory of drying of porous
material is poorly understood from theoretical standpoints. This is because
even in a controlled situation the dry material exhibits surprisingly complex
behavior, which is due to several simultaneous transport mechanisms that oc-
cur inside the material as well as at the interface with the surrounding atmo-
sphere. This also makes the drying process a big energy and time consumer.
The last fifteen years have seen a resurgence of interest from the scientific
and engineering community to reduce the drying time while avoiding nega-
tive effects like damage and deformation of dried material. Drying of highly
deformable, soft material (e. g. gels) requires a particular effort, since these
have a tendency to shrink and crack easily. Hence, a proper design of drying
processes for porous material should consider both economic and product
quality aspects. A theoretical investigation of drying processes may enable
the design of optimized drying processes which are both energy-saving and
quality-preserving. Classical models describe the global behavior of a porous
medium during drying by spatially averaged quantities, which do not provide
proper insight into the micro-scale phenomena inside the medium. In fact,
such models involve phenomenological parameters bearing no direct relation
with the local interactions or the microstructures. For instance, one reason
why certain material is damaged during drying is that liquid-gas interfaces
develop in small pores, which leads to very large capillary forces that may
collapse the pore. To describe local structural information and fluid flow
mechanisms, the pore network model is seen to be a proper tool.
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1.2. Porous Media

1.2 Porous Media

A porous medium consists of a solid matrix and of an interconnected network
of closed and open pores filled with fluids (liquid, gas); the three phases
(solid, liquid, gas) share common interfaces and three-phase contact lines
(see Fig. 1.1). Porous material ranges from natural to man-made and to
computer-generated material such as wood, consolidated rock, solid foam,
ceramics, packed beds, granular material, fibrous material and membranes
as shown in Fig. 1.2. Attention is focused here on the construction and
characterization of the complicated pore structure by parameters such as
pore size distribution, coordination number and porosity, which is nowadays
one of the most challenging topics in view by the researcher in porous media.

In principle, for given positions and sizes of particles in a random ag-
gregate, the actual pore structure can be computed. However, this poses
an extremely difficult, if not impossible, problem in practice, both mathe-
matically and computationally. Consequently, the problem has to be solved
approximately. The approximation operates at three different stages: first,
the actual pores are modeled by some geometrically well-defined shapes, the
simplest and oldest of which are cylindrical tubes. More sophisticated models
use converging-diverging constricted tubes [1], tetrahedrons [2] and rectan-
gular tubes [3] to represent the pores.

Second, networks of pores with cylindrical shapes are used to model the
void space in the aggregate. Both two-dimensional and three-dimensional
pore networks have been employed by various researchers [4]. However, all
the networks have been built upon a regular lattice, typically a square (two-
dimensional) or a cubic (three-dimensional), although there are variations as
to whether to consider explicitly the finite volume of nodes in the network
[3] or not [5]. In a third and final stage, the fluid transport mechanisms have
to be described in the established network structure.

A disadvantage common to all network models mentioned above is that
the size distribution of pores and the porosity of the network must be pre-
scribed a priori. Since this information has to be obtained elsewhere (either
by experimental techniques such as helium adsorption, mercury porosimetry
and nitrogen sorption or by statistical methods such as normal volume dis-
tribution, log normal and uniform distributions), those network models are
not truly self-sufficient from simulation point of view. Moreover, it is well
understood that the topology as well as geometry of a network affects the
liquid distribution in the network. A key parameter describing the topology
of a network is the coordination number, which is constant throughout a
regular network. A more realistic network model is presented in this thesis
which is a self-sufficient irregular network obtained from a tessellation of a

2



1.2. Porous Media

random particle packing.

g

`

s

sg

s`g

`g

sg

s`g

Figure 1.1: Partially saturated porous medium: top – pore space filled with
liquid and gas; bottom – detail with interfaces and three-phase contact lines
(s stands for solid, ` liquid and g gas).

Figure 1.2: Computer models of porous media.
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1.3. Drying Kinetics

1.3 Drying Kinetics

To study the drying of deformable porous material on a theoretical level,
it is essential to understand the practical behavior of such material during
drying experiments. Experimental results are typically presented by drying
curves, which show the drying rate vs. the moisture content during the
process. These curves show the characteristic drying periods: the critical
point separating the first drying period (also called the constant rate drying
period) from the second, and the drying rate and its alteration in controlled
drying conditions.

The drying process starts with a warm-up period during which the heat
supplied by the drying air evaporates the liquid, and also increases the tem-
perature of the dry material. After this period, the first drying period begins.
This period is characterized by a constant drying rate. At the critical mois-
ture content, the drying rate starts to decrease and the second drying period
begins. Depending on whether the material is hygroscopic or not, the second
period may be divided into two sub-periods.

During the first drying period free liquid water is removed from the sur-
face and from macro capillaries. The temperature of the dry material stays
constant and equal to the wet bulb temperature. The surface of the material
stays wet until the critical point of drying, because water is supplied from the
interior of the material, mainly by capillary forces. The rate of drying within
this period depends only on the external flow conditions (i.e. temperature,
pressure, relative humidity and kinematic viscosity). Once the free water is
removed and there are not enough capillary forces to supply the liquid to the
surface, this period ends up. In terms of mechanical effects, the first drying
period is characterized by a considerable shrinkage, as for example in ceramic
material [6] or gels [7]. However, other material such as wood does not shrink
during this first period but rather during the later stages of drying [8].

In the second drying period, liquid/gas menisci recede into the body.
Initially, this involves larger capillaries and gradually also the capillaries of
smaller sizes. Thus, the drying rate decreases constantly until the end of
drying. Note that the drying rate in the second period is sensitive to the
internal structure of the material. Also, from a mechanical point of view,
there is large stress and high probability of damage of material like gels
in this period [7]. All these macroscopic informations are necessary in the
modeling of mechanical effects during drying; however, they are not sufficient.
Or more precisely, the drying induced stresses do not depend only on the
average moisture content but also on the local liquid distribution, which is
not provided with this information.
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1.4. Drying Model Approaches

1.4 Drying Model Approaches

Once a porous medium is exposed to drying, the interfaces between the
solid, liquid and gas phases arouse complex interactions between the phases.
Furthermore, the pore structure of the medium has a complicated geome-
try in general. These facts make a micro-mechanical description of porous
media rather difficult. Traditionally, a substitute continuous model at a
larger length scale is used, where the interacting constituents are assumed
to fill the entire control volume. This distribution is obtained by homog-
enization/averaging procedures. The substitute continua are treated with
the methods of continuum mechanics. Two strategies are generally used to
arrive at the description of the behavior of these substitute continua: In
the first strategy, a Representative Elementary Volume (REV) is selected,
which may contain many pores, and macroscopic equations for each phase
are derived from the standard heat, mass and momentum conservation laws
[9]. As an advanced strategy, the macroscopic equations are derived for each
phase from microscopic balance equations by virtue of volume averaging the-
ory [10]. The major difficulty of these models is to find effective transport
parameters, which are averages of corresponding microscopic properties of
the REV. Several attempts have been made to derive these parameters from
the micro-structure of the medium – for example, see [11]. To overcome the
above limitations and utilize the development in statistical physics, compu-
tation and image analysis, the discrete approach by pore network modeling
has been the topic of many research studies for a decade, and still is. In
these models, the pore space geometry is described explicitly and drying
mechanisms are also tracked pore by pore. In the following subsections, the
principal modeling steps in both approaches are discussed.

1.4.1 Continuum Models

As already explained in this section, classical continuum approaches are based
on macroscopic equations. These equations are inherently coupled, but nu-
merical limitation requires subdivision of the model into two distinct parts:
(1) the heat, mass and momentum equations for each phase except for the
momentum equation of the solid phase are solved on a rigid body – involving
effective parameters, which themselves depend on one or more physically in-
dependent variables. From the solution of these equations, time-dependent
temperature and moisture content fields are predicted and in a one-way cou-
pling approach the rheological behavior such as elasticity, viscoelasticity and
plasticity is tackled to predict stress and strain fields. This type of coupling is
less accurate but rather cheap. (2) The influence of the previously computed

5



1.4. Drying Model Approaches

stress and strain fields on the transport equations is considered (two-way
coupling approach). With this approach, higher accuracy of the stresses and
strains can be obtained but the computational cost is extremely demanding.
Despite the strengths and extensive applications of these models, they are
phenomenological and primarily concerned with the mathematical modeling
of the observed phenomena, without detailed attention to their fundamental
physical significance such as transport phenomena and direct interactions
between solid and liquid phases.

1.4.2 Pore-scale Models

As a more fundamental approach to drying modeling, discrete pore-scale
models based on percolation theory, fractal concepts and scaling theory have
been adopted more recently by scientists. These models describe the pore
space by a network of interconnected pores which have a prescribed geometry
but random size providing the disorderness of the real pore space. Such a
description of the void space ensures that no effect is lost or masked during
up-scaling to the product scale. Once the microstructure is accounted for,
mass transfer is greatly simplified to that of individual phases contained in
a pore. This feature allows to describe the transport at the pore scale by
applying well-known transport equations [12] for continuous phases as well
as for the interfaces in a partially saturated porous medium. As a result, for
example, immiscible displacement of the interfaces leads to the formation of
clusters which can not be captured in classical approaches. Nevertheless, the
pore-scale models are computationally demanding for transport simulations
in real-size pore structures.

So far, investigations of the drying process with pore network models
have predominately considered the influence of physical effects and struc-
tural properties on drying kinetics. Concerning physical effects, viscosity is
either completely neglected [13], accounted for in the liquid phase only [14]
or in both liquid and gas phase [15]. A stabilization of the drying front has
been observed by considering gravity and liquid viscosity [16, 17]. Further
model extensions include film effects [18, 13], heat transfer [19, 20, 21] and
also experiments [22, 23]. Apart from physical effects, some studies focus on
the influence of structural properties such as pore shape [24, 25] and pore
size distribution (mono- and bimodal), spatial correlation of pore size, and
coordination number of the regular network [26]. To the best of our knowl-
edge, the solid phase has not yet been accounted for in pore network drying
models so that mechanical effects such as cracks and shrinkage have not been
reported.
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(a) (b)

Figure 1.3: Spatial fluid distribution for a pore network at saturation 0.86;
(a) non-viscous and (b) viscous case (white lines represent gas pores, black
is for liquid pores and blue for partially liquid pores). (figures adapted from
[27])

1.5 Motivation

In the context of pore-scale drying models, many attempts have been taken
to model the porous medium as a network with nodes and pores and some
parameters prescribed to the network a priori, for instance, size distribution
of pores and coordination number of the nodes. However, in real porous
media such features are not randomly distributed (for example, see [28])
and are difficult to measure. Such networks have been then used to study
the influence of physical effects as well as structural properties on drying
kinetics (for a comprehensive review, see [29]). The predictive aptitudes
of these networks are inappropriately limited by the presence of prescribed
parameters. As an example, for a network structure with a monomodal
pore size distribution, the drying process has a long first drying period if the
prescribed size distribution of pores is broad. The approach considered in this
thesis is similarly devoted to the pore network modeling of the drying, but it
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differs significantly from the previous pore network models. The motivation
was to construct a credible representation of the actual pore space geometry
of aggregates through network of pores. One natural way to partition the
pore space into discrete elements is a Voronoi tessellation of the particle
centers. The algorithm to perform a 2D tessellation is as following: for
a given distribution of particle center coordinates, the Voronoi tessellation
creates polygonal cells containing one particle each and enclosing the whole
area closest to its particle. The cells consist of vertices and edges. Each
vertex and edge of a cell corresponds to a node and a pore, respectively.
Thus, an irregular network is built which captures many essential features of
the real pore space such as randomness in locations of nodes and pores.

Moreover, it is known that during drying of porous materials, spatial dis-
tributions of liquid (see Fig. 1.3) may lead to undesired structural changes.
To investigate this effect, the solid phase geometry needs to be included ex-
plicitly in the pore network. By this, descriptions of local capillary effects on
the solid phase (such as cracks) are made possible. In principle, these effects
are due to capillary forces which induce stress on the solid phase causing
displacement. As a solid phase model, dense particle aggregates composed of
mono-sized spherical particles are considered. Indeed, such particle packings
are close to the natural structure of many real porous materials. Capillary
forces obtained from pore network models are applied to these particles, and
their mechanical response is computed by Discrete Element Method (DEM).

In this method, the solid phase consists of distinct particles with basic
constitutive laws at interparticle contacts. Such a description allows getting
microscopic response of the particles and their contacts to different loading
conditions, which are difficult to obtain using traditional continuum meth-
ods. DEM can provide direct information about the initiation of crack and
its propagation within an aggregate. Thus, the DEM is seen an efficient
and realistic tool to apply for modeling of cracks in this study. In fact,
this method overcomes most of the difficulties that are found when cracking
is modeled with a finite element approach. Moreover, particle aggregates
required for construction of irregular networks are prepared by DEM simula-
tion. However, the method is computationally expensive so that simulations
are usually carried out on a limited number of spherical particles (instead of
more complex geometries).
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1.6 The Contributions of This Thesis

Our first contribution is the investigation of the influence of liquid phase
distribution on structural changes of porous aggregates by a coupling of pore
and particle networks. Our second contribution is the generalization of the
model to account for an arbitrary packing of equally sized spherical particles
by employing the Voronoi diagram to construct an irregular complementary
pore network (in 2D and 3D). The remainder of this thesis is structured as
follows:

In Chapter 2, various representations of the pore space by pore network
models are discussed. In this regard, existing pore network drying models,
in which the influence of pore structure, pore connectivity, boundary layer
and pore shape on drying behavior have been investigated, are reviewed.
The strategies undertaken to model and simulate capillary forces for various
shapes of liquid are summarized. Particular attention is paid on mechanical
effects during drying: how they can be established in a dried body, which
approaches have already been developed with emphasis on their strengths and
merits. An overview of new applications of modern imaging techniques, such
as reconstruction of pore space by a network of pores, liquid distribution in
a wet granular pile and crack patterns in a colloid, is also provided to outline
areas of future work.

In Chapter 3, an irregular pore network model for convective drying of
aggregates are presented. First, an overview of available techniques to gen-
erate particle packings with their merits and shortcomings is given. Next,
geometrical tools to extract networks from given particle positions are dis-
cussed, with an emphasis on Voronoi tessellation. That method is then used
to generate the network structure of the aggregate, which is composed of
mono-sized primary particles, and the Voronoi edges are designated as in-
terconnected cylindrical pores; pore radii are computed from the distance
to neighboring particles. Since the Voronoi algorithm generates unbounded
cells, two strategies are developed to construct bounded irregular networks
both in 2D and 3D: in the truncation strategy the network is intersected
with a bounding box, while in the elimination strategy unbounded cells are
simply removed from the network. The developed strategies are explained in
detail and illustrated by several examples. The irregular structures obtained
capture many essential features of the real pore space of particle aggregates
such as irregular node locations, distributed coordination number of nodes,
randomly established pore connections as well as random spatial correlations
of pore radius. As a next step, an isothermal pore network drying model,
which uses invasion percolation concepts, is generalized to the new irregular
structures, and drying simulations are carried out. Results are discussed on
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the basis of phase distributions, moisture profiles and drying rate curves.
Furthermore, capillary forces are computed over time from the pore network
geometry and from the filling state of pores, and their evolution over time in
various drying conditions is compared.

Literature reviews, theoretical backgrounds and numerical properties on
DEM are described in Chapter 4.

In Chapter 5, a new discrete modeling approach is introduced to investi-
gate the influence of liquid phase distributions on deformation and damage of
porous material. In order to achieve this, the solid phase of the porous ma-
terial is represented by a cubic packing of mono-sized spherical particles that
are bonded together at their contact points; the mechanical behavior of this
aggregate is simulated by Discrete Element Method (DEM). Liquid phase
distributions in the void space are obtained from isothermal drying simula-
tions with a complementary pore network. In a one-way coupling, capillary
forces computed from the filling state of pores are applied as external loads
on particles. Bonds may break, resulting in micro cracks, if the load exceeds
the bond strength. Shrinkage can be modeled but is not yet accounted for in
the complementary pore network. Simulations are conducted for aggregates
with different mechanical properties. For stiff aggregates, the formation of
micro cracks is dominant (their number depending on the drying conditions).
For soft aggregates, however, reversible shrinkage with no cracks is observed.
Additionally, the evolution of contact forces in time and space is presented.

Several assumptions are made that are not inherent to the modeling ap-
proach and can be eliminated by model extensions. The isothermal drying
condition is assumed in all simulations which is meaningful for certain con-
ditions: if drying air temperature is close to wet bulb temperature, solid
temperature remains nearly constant during the first and second drying pe-
riod, examples being the asymptotic behavior in a concurrent belt dryer, or
soft drying of wood. And also during slow drying, no significant temper-
ature gradient develops [30], but the product temperature rises uniformly
during the second drying period. Therefore, in literature, several isothermal
modeling approaches to drying can be found, both continuous (e. g., the dif-
fusion model for moisture transport [31], or the model of mass transfer and
mechanical stresses [7]) and discrete [13]. Furthermore, macroscopic stresses
due to liquid pressure gradients are not yet accounted for. Both effects can
be included as has been done for pure pore network modeling.

Chapter 7 includes the summary and conclusions obtained from the study
and also some future recommendations.
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Chapter 2

Literature Review

2.1 Description of Pore Space Structure

A collection of capillary tubes, which all are perfectly connected vertically
and not connected horizontally, was used as an idealization of the pore space.
However, these models are not representative enough to incorporate, for ex-
ample, the interconnectivity of the pore space. To provide more realistic
description of the pore space, Fatt [32] was the first to develop two- and
three-dimensional pore networks, in which capillary tubes (pores) are linked
to other tubes by connections (node). After the pioneering study of Fatt, use
of pore network models became more popular in the fields of chemical engi-
neering, petroleum engineering and hydrology to study a wide range of single
and multiphase flow processes. Applications include relative permeability
[33, 34], hydraulic conductivity [35], investigation of functional relationship
between capillary pressure, saturation and interfacial areas [36], prediction
of permeabilities and residence time distributions for mechanical dispersion
in packed beds [37], prediction of drainage and imbibition [38], phase distri-
butions, interfacial areas and mass transfer [39] and pore-scale evaporation
processes [13, 40].

Traditionally, regular network models with a fixed coordination number
of six or less were used. However, in real porous media, the interconnectivity
can be larger than six and follows distributed coordination number [41]. To
provide more realistic description of the medium, various representations of
pore network models have been suggested. The most common methods for
introducing randomness into the regular structure are to use Voronoi and
Delaunay tessellations [42, 43, 44, 45]. In this regard, various architectures
used to decorate a network geometry are described in the following:

Blunt and King [33, 34] used random networks, which were generated in
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2D by Delaunay triangulation and in 3D by Voronoi tessellation, to represent
the void space. Points are randomly placed in a give domain and used as gen-
erators to create the network. Points represent pores of equally volume and
nodes are cylindrical tubes with distributed radii. The generated networks
were used to identify the physical properties that effect relative permeability.

Jerauld and Salter [46] generated regular and random Voronoi networks
consisting of cylindrical pores connected by spherical nodes. Both pore and
node sizes are distributed randomly such that they match with the porosity
of the system. Coordination number ranges from 3 to 12 with an average of
6. The pore networks were used to investigate the effect of pore structure on
relative permeability and capillary pressure in porous media.

Lowry and Miller [45] generated a random network in a non-overlapping
pattern. Cylindrical pores are connected according to a distribution of coor-
dination numbers; pore radii are assigned with respect to a specific probabil-
ity distribution. The influence of geometrical factors on residual non-aqueous
liquid distribution in capillary dominated region was investigated.

Reeves and Celia [36] introduced a regular pore network model with con-
stant pore length and fixed coordination number. The elements of the net-
work are biconical pores with a fixed radius at the point of contact with
spherical nodes. The model was used to investigate the functional relation-
ship between capillary pressure, saturation and fluid-fluid interfacial areas
and to simulate drainage and imbibition.

Fenwick and Blunt [47] developed a 3D regular pore network, in which
pores and nodes are cubs. Pore and node sizes are sampled from Weibull
distribution. The network was used to model capillary pressure, relative
permeability, drainage and imbibition of a three-phase system.

Dillard and Blunt [39] proposed a 3D regular network of rectangular
pores connected by cubs. Pore length and radius are assigned from a van
Genuchten-type cumulative distribution function. Node radii are assumed to
be equal to the greater of either the largest neighboring tube radius. The net-
work was used to investigate relative permeability and hydraulic conductivity
of nonaqueous phase liquid.

An alternative tool to computer-generated pore networks is non-destructive
direct imaging techniques such as X-ray microtomography (µ-CT). This tech-
nique provides a detailed and unique description of the pore space geometry
of materials, which can be partitioned into network elements [48, 49]. For par-
ticulate materials, network extraction is based on two steps: (1) identification
of individual particles (rather fast and insensitive to image resolution) and
(2) network extraction using packing structure as a template (see Fig. 2.1).
Nevertheless, it should be bear in mind that the computer-generated tech-
niques can rapidly create pore networks with arbitrary and widely varying
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a c(a) (b) (c)

Figure 2.1: Pore network extraction by X-ray microtomography; (a) random
packing of mono-sized spherical particles, (b) medial axis and (c) location
of pore nodes (with volume) and pore throats (without volume). (figures
adapted from [48])

properties.
Geometrical structure of the liquid inside an aggregate of spherical glass

beads was also obtained by X-ray microtomography [50]. Glass beads of
particle with radii 140 ± 10 µm were considered. MilliporeTM water as the
wetting liquid and ZnI2 as additive to obtain a higher contrast between the
liquid phase and the glass beads were used. It was found that liquid forms
a network of distributed capillary bridges having different morphologies. In
Figure 2.2a, each single point, which was obtained from a microtomography
image, indicates a single liquid cluster at liquid content W = 3.5 × 10−2.
Depending on the surface area S to the liquid volume V, these data points
classified into different regions. At small surface areas and small liquid vol-
umes, a dense group of data points represents isolated capillary bridges, but
larger liquid clusters are formed at higher value of S and V. The inset of the
Figure 2.2a shows the cluster morphologies assigned to the corresponding
clouds of data points. For numerical simulations, the Surface Evolver [51] is
used to compute interface shapes. This code uses an explicit representation
of the interface such that the liquid-gas interface is modeled as a mesh of
small triangle spanning between neighboring nodes. Figure 2.2b shows that
most of the void space between particles is filled with liquid, but not with air.
Note that after post-processing of the microtomogram images, information
such as the volume and surface area of individual liquid clusters, the angular
distance of bead contact points, the number of capillary bridges and liquid
clusters in contact to a bead were also obtained.
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(a) (b)

Figure 2.2: (a) Distributions of liquid clusters obtained from microtomogra-
phy images; each single point represent a single liquid cluster; insets: compar-
ison of liquid shapes obtained from numerical simulations with experimental
measurements and (b) liquid cluster at a liquid content of W ∼ 0.11, W is
defined with respect to the entire aggregate volume. (figures taken from [50])

2.2 Influence of Pore Structure on Drying Ki-

netics

Metzger and coworkers [26] have explored the influence of pore structure and
pore connectivity on drying behavior of 2D as well as 3D regular networks
under isothermal drying conditions. Mono- and bimodal pore networks were
generated by using different spatial correlations of micro (40 ± 2 µm) and
macro (100 ± 5 µm) pore size distributions. Figure 2.3 shows the mono-
and bimodal pore structures and their corresponding normalized drying rate
curves that are obtained through Monte-Carlo simulations (to have a fair
comparison); in these simulations only capillary effects are considered while
viscous and gravity effects are neglected. Simulation results indicate that
pore space connectivity has an influence on drying kinetics: networks with
lower coordination number (and smaller pore length) exhibit more favorable
drying behavior. A long first drying period is observed during which the
macropores (with lower capillary pressure) empty, and liquid is pumped to
the surface by micropores keeping the surface wet for longer time. Necessity
of discritized boundary layer, which allows vapor diffusion in lateral direction,
in capturing a first drying period in both mono- and bimodal networks was
investigated. Results reflect that lateral vapor transfer has only a major
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Figure 2.3: Upper row – regular 2D pore structures for coordination numbers:
(a) 3, (b) 4 and (c) 6 with mono-modal pore size distribution and, (d) 3 and
(e) 6 with bimodal pore size distribution – left; corresponding normalized
drying rate versus network saturation – right. Lower row – regular 3D pore
structures for coordination numbers: (a) 4, (b) 6 and (c) 8 with mono-modal
pore size distribution and, (d) 6 and (e) 8 with bimodal pore size distribution
– left; corresponding normalized drying rate versus network saturation –
right. (figures adapted from [26])
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effect on drying dynamics, not on phase distributions (i.e. order of pore
emptying).

All in all, this work describes suitably the influence of pore structure and
connectivity on drying behavior; however, it is limited to regular networks,
in which pore lengths are constant, pore radii are distributed randomly and
coordination number is fixed in a network. These essential properties of a
real porous medium are achieved in irregular pore networks.

Several researchers have investigated the role of film flows on drying be-
havior by networks of different pore shapes. Yiotis et al [52] considered 2D
networks with nodes of spherical shape connected by cylindrical pores (with-
out volume). The effect of wetting liquid films in the isothermal drying of
porous media was investigated. From the simulation results, three phase
distribution regions are identified: the dry region in which transport is only
governed by diffusion, the film region where transport is due to (thick) film
flows, and the liquid region where capillary pumping controls liquid flows.
Prat [24] considered pores of triangular, square and hexagonal cross sections
and found that drying rates can be affected as a result of capillary flows in
the corners of such pore shapes. But, the results from this work were only
presented in an average and qualitative manner. As a continuation of this
work, Chauvet et al [53] elaborately quantified the film flow effect in a single
square capillary tube by getting the idea from pioneering experiments of Ste-
fan [54] for circular tubes. The 10 cm long tube made of borosilicate glass is
considered (see Fig. 2.4). The tube internal side length d and wall thickness
are 1 and 0.2 mm, respectively. The internal curvature radius r0 is measured
by magnification of images of tube cross section and is about r0 ≈ 100 µm.
The tube is kept vertically and filled with the heptane (as a perfectly wet-
ting fluid). The top face is exposed to drying at ambient temperature and
pressure. Bulk meniscus position z0 is recorded during drying by means of
CCD cameras. The camera is aligned on the tube diagonal axis (shown as a
dashed line in Fig. 2.4b). Figure 2.4a shows how thick liquid films lies along
the four corners while the bulk meniscus recedes into the tube during evap-
oration process. The liquid saturation is given as S = (z0max − z0) /z0max,
where z0max is the farthest position reached by the bulk meniscus in the ex-
periment; the small amount of liquid along the corners is neglected. The
evaporation flux is defined from the mass balance

Q = ρ`d
2 (1− A∗

c)
dz0

dt
, (2.1)

where ρ` is the liquid density and A∗
c = 4λ

3.772 with λ = 1− π/4. Evaporation
flux Q versus saturation S is shown in Figure 2.5. One can see that the
evaporation rate decreases smoothly during the constant rate period (CRP).
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(a)

(b) (c)

Figure 2.4: (a) Experimental measurement of corner liquid films, (b) illus-
tration of tube cross section and (c) shape of liquid-gas interface in the tube
obtained numerically. (figure taken from [53])

Figure 2.5: Drying kinetics of a square capillary tube; red circles from
smoothing while solid line from fits of (t,z0) – for more details see [53]. (figure
taken from [53])
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θ

rk

req

β

Figure 2.6: Representation of a biconical pore.

This is accompanied by a decrease in the film thickness w. During this, the
liquid is transported within the liquid films up to the tube entrance by the
capillary forces. For explanations regarding further drying periods, we refer
to [53].

Nowicki et al [14] considered a network of pores with biconical shapes.
Figure 2.6 shows a biconical pore which has a converging-diverging property.
This property dictates the changing of meniscus curvature as a function of
its position in the pore (i.e. the meniscus moves continuously along the pore
without jumping from one side of the pore to the other). Capillary pressure
pc = 2σ/rk (with surface tension σ) in a pore depends on the curvature radius
rk, which is defined by rk = req |cos (θ + β)|. Here, req denotes meniscus ra-
dius, θ and β are contact and cone angle, respectively. The network was used
to compute effective transport parameters relevant in drying of porous me-
dia, such as relative permeability, capillary pressure, and effective diffusivity
as function of saturation.

2.3 Capillary Force Formulation

Capillary forces are commonly encountered in nature [55] during processes
like evaporation and condensation leading to the formation of a liquid bridge
with menisci at the liquid-gas interfaces. Most often, the presence of capillary
forces by condensation plays a pivotal role in forming undesirable events such
as an increase in the strength of granules, which leads to flow problem and/or
caking of powder samples. Also, capillary forces induced by evaporation are
responsible for high tensile stresses, which lead to damage and destruction of
highly porous materials. There is a class of models dealing with the capillary
force formulation but the scope of each class is limited to a particular shape
of liquid at equilibrium state. Such models range form binary systems, for
instance, sphere-sphere [56] to an arbitrarily shaped granular medium (mul-
tiple systems) [57]. In the bindary models the liquid bridge takes a complex
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axially symmetrical shape described by the Young-Laplace equation

∆p

σ

(
1 + ẏ2 (x)

)3/2
+

1 + ẏ2 (x)

y (x)
− ÿ (x) = 0. (2.2)

In Eq. (2.2), x and y are the axial and radial coordinates, respectively, of
the liquid-gas interface and ẏ and ÿ are the first and second derivatives,
respectively, of y with respect to x. ∆p is the capillary pressure across the
liquid-gas interface and σ is the surface tension of the liquid. This equation
states that the liquid bridge surface must have a constant curvature at all
points. For a given particle seperation distance with a fixed volume liquid
bridge, Eq. (2.2) can be solved by numerical integeration to get the liquid
bridge shape [58]. An alternative method to approximate the liquid bridge
shape is based on assumptions of toroidal or parabolic shape of the liquid
bridge and on the geometrical characteristics of the liquid bridge such as the
filing angle or the internal or external curvature radii [59, 60]. The total
capillary force exerted through the bridge on a sphere consists of two parts:
the surface tension force σ which resides in the meniscus, and the capillary
pressure force ∆p which is transmitted by the liquid but originates in the
curvature of the meniscus

F = 2πyσ + πy2∆p. (2.3)

The significance of the capillary force components between a particle and flat
surface shows that the capillary force has a strong dependence on particle size.
The surface tension force is negligible with 1 µm radius spherical particles,
but for particles with a 15 nm radius it can be a larger component of the
total capillary force than the capillary pressure force [61].

Apart from simulations of the capillary force in monodisperse packings
[56, 62, 63, 64, 65, 66], the capillary force has also expressed explicitly in
the form of force-displacement relationship used in DEM [67]. In this for-
mulation, the capillary force is a function of local geometrical and physical
parameters. The relevant parameters are the radii of the particles, the in-
terparticle distance, the volume of the liquid bridge, the contact angle, and
the liquid-gas surface tension. The set of equations (2.2) and (2.3) is supple-
mented with geometrical equations describing the interparticle distance, the
volume of the liquid bridge and the boundary conditions at the solid-liquid
interface on the particles. This system is numerically solved for various liquid
bridge and particle configurations and after fitting for the set of solutions,
the one which is consistent with the experimental results has chosen.

Other authers do not assume a specific shape of the liquid-gas interface
but compute them numerically by using, for example, computational fluid
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dynamics [68] or geometrical approaches such as mean curvature flow [57, 69].
In the latter approach, in order to allow for a pore space changing over
time, the whole porous material (including solid phase) is discretized with a
uniform, stationary grid of cubic cells, and phase distributions are described
using cell volume fractions in a volume-of-fluid approach. Then, capillary
forces at equilibrium liquid distribution are computed as following: capillary
pressure component is computed by integration of capillary pressure, which is
determined from mean curvature, of each cluster over the solid-liquid surface.
By integration of surface tension along three-phase contact lines, capillary
surface tension is calculated. Both components are summed up to obtain
capillary forces on each particle. Note that if topology of the system changes
in the course of simulation, this approach seems to be more efficient due to an
implicit representation of the interface (as a level set of the volume fraction
function).

2.4 Mechanical Effects

A wide literature deal with modeling of mechanical effects (cracks, shrinkage)
induced during drying of porous materials. Starting from continuum models:
Lewis approach [70] is based on two well-defined parts, where first the dis-
tribution of the thermal and of moisture potential fields are determined and
then an elastic constitutive behavior is assumed for the whole body to find
the stress filed inspired by the drying process. In the first stage, non-linear
heat and mass transfer equations, which are based on Luikov’s theory [71],
are coupled

ρCq
∂T

∂t
= kq∇2t + ελρCm

∂u

∂t
, (2.4)

ρCm
∂u

∂t
= kmδ∇2t + km∇2u, (2.5)

where T and u denote heat- and mass-transfer potentials, respectively. Coef-
ficnets are ρ the dry body density, Cq heat capacity, kq thermal conductivity,
ε heat sink due to internal evaporation, λ heat of phase change, Cm mois-
ture capacity, km moisture conductivity and δ thermo-diffusion. From the
solution of equations (2.4) and (2.5) in two dimensions, the temperature and
moisture potential fields are obtained. Then the values of temperature and
moisture potential, T = T (x, y, t) and u = u (x, y, t), are used to evaluate the
deformations caused by the drying process. The axial strains are assumed to
be equal and defined as a linear superposition of temperature and moisture
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potentials while shear strains set to zero

εxx = εyy = att + auu(= εzz), (2.6)

εxy = 0 (= εyz = εzx) , (2.7)

where at and au are linear expansion coefficients for the temperature and
moisture variations, respectively. It is also assumed that only moisture po-
tential distributions have a significant influence on induced stresses during
drying, att ¿ auu. Then the determination of the stresses τxx in the porous
body is made by assuming a linear elastic model, εxx = Eτxx where E de-
notes Young’s modulus. As an example, distributions of moisture potential
and axial stresses of timber planks, which is treated as a brittle material, at
specific time are shown in Fig. 2.7. The moisture potential distribution at
time 1200 s indicate that the drying process is still superficial at this time
so that the bulk of the timber has higher moisture potential. Since timber is
not an isotropic material, its damage under drying depends on the magnitude
of both the tangential and radial distibution of stresses. One can see from
Figs. 2.7c-d that the corner region is most likely to crack during the drying
process. Although, this approach is capable of predicting the potential zones
for cracking, it requires a few effective parameters that must be obtained ex-
perimentally. Within this framework, the characteristic deformation of clay
during drying in ceramic production was fundamentally analyzed [6]. A large
tensional stress, which may generate a crack, is observed initially around the
surface. It is also found that in case of vicoleastic model the time history of
the volume change of the clay is drastically affected by the drying conditions
and drying rate. A review of the works on strain and stress in materials
during drying can be found in Hasatani and Itaya [72]. Kowalski [73] pro-
posed a thermo-mechanical approach to shrinkage and cracking phenomena,
which is based on thermo-dynamics of irreversible processes and continuum
mechanics of porous media. Also, different strategies used in literature to
model shrinkage during drying are summarized by Katekawa and Silva [74].

In the last decay, strong research efforts focused on development of both
modeling and experimental techniques for drying of soft materials. Alumina
gel is one of these materials used as a precursor in the preparation of porous
ceramic catalyst supports. The crucial step in the preparation is drying
during which micro-cracks are unavoidable. Pourcel and coworkers [75] in-
troduced a crack initiation criterion to predict crack initiation during drying.
The model is a thermo-hydro-elastic written in the region of ideal shrinkage,
i.e. the liquid lost due to drying is compensated by volume reduction of the
solid matrix.

An experimental study of a 20×20×80 mm parallelepiped rod of alumina
gel indicated two crack initiation types. Figure 2.8a shows the time for
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(a)

(b)

(c)

(d)

Figure 2.7: (a) Cross-section of timber board, (b) distribution of moisture
potential at t = 1200 s, (c) distribution of tangential stresses τxx at t = 1200
s and (d) distribution of radial stresses τyy at t = 1200 s. (figure adapted
from [70])
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(a) (b)

Figure 2.8: (a) Evolution of average moisture content and crack apparition
during first drying period and (b) comparison between experimental and
simulated tensile stress evolution (drying rate: B>E). (figures adapted from
[75])

crack initiation and the average moisture content versus mass flux during
the constant rate period. Two regions can be seen: in the first region, crack
initiation starts at time > 103 s due to the differential shrinkage generated
by the moisture content gradients. The second initiation of cracks start at
time > 105 s, when the gel surface dries out completely. The contribution of
local capillary forces to macroscopic stresses is not negligible in this period.

Further, the simulated drying stresses were compared with measured ten-
sile strength to give a criterion for crack initiation. The first crack appears at
the point, where the strength curve crosses the simulated tensile stress curve.
As shown in Figure 2.8b, short crack initiation times is predicted pretty well,
while long crack initiation times are understimated. This is due to fact that
viscoelastic stresses are delayed and higher at the end of drying than elastic
ones used in this study.

Besides the process parameters, internal structure (such as pore size dis-
tribution and connectivity) of gels play an important role, which is obscured
in this method. So that impact of local effects on crack initiation can not be
handled. Nevertheless, the proposed methodology can be applied on indus-
trial scale to produce crack-free catalyst supports.

In the classical continuum drying models, finite element method has often
been used to solve conservation equations. Cracking models have already
been introduced in some finite element models: the smeared crack model
[76], in which the cracked material is assumed to remain a continuum; the
discrete cracking model [77], which uses element boundary for cracks, and X-
FEM [78], which introduces an additional degree of freedom to the elements
in order to track the advance of the crack. In these models, the localization of
cracking is artificially introduced in advance in order to produce the essential
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Figure 2.9: Spring-back shrinkage of highly-porous xerogel during convective
drying. (figure taken from [79])

features of crack pattern in a particular direction. Neither of these models
has been used in the course of drying because in the case of dried materials
the loading, which constitutes the internal stresses, can not be determined a
priori and thus introduced to the model.

Shrinkage and spring-back behavior of soft materials during drying also
present considerable challenges. In general, shrinkage is induced by the cap-
illary forces within the drying material due to the presence of pores, and is
resisted by the bulk modulus of the gel. The shrinkage of the material gen-
erally increases during the first drying period. Shortly after this period, the
dimensions of the gel begin to stabilize and become relatively constant. If
shrinkage in this period is such that the material can undergo elastic defor-
mation, most of the contracted body will recover; this is called spring-back
phenomena (see Fig. 2.9). Otherwise, significant plastic deformation due to
micro-cracks would lead to irreversible shrinkage. Traditionally, shrinkage
has been overcome by supercritical drying where, in fact, capillary forces are
absent. However, this method is expensive (batch-limited) and also danger-
ous (due to high pressure).

Now, let us turn to pore-level investigations: few notable works have been
published on the understanding of mechanical effects arising during drying
from pore level effects. Brinker and Scherer [7] have done comprehensive in-
vestigations on the driving forces causing shrinkage and crack during drying
of gels. Surface deformation of solids has also been analyzed [80] as due to
capillary forces. X-ray microtomography was used to monitor shrinkage and
cracks of drying carbon aerogel under different drying conditions [81]. Met-
zger and coauthors [82] recently provided an extensive overview of traditional
and modern drying approaches as well as experimental tools for gels. A par-
ticular effort has been devoted to understanding and modeling of micro- and
macro-mechanisms involved during drying of gels.

Very recently, drying dynamics in 3D colloidal suspensions were studied
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t = 0 s t = 0.07 s

Figure 2.10: Liquid redistribution before and after an abrupt air invasion –
the first image is before the invasion and the second one is after. Displace-
ment of liquid from a larger pore to a smaller one is also indicated by arrows.
The last picture illustrates the air-liquid interface of the two images – the
dotted curve is before the invasion and the solid one is after. (images adapted
from [83])

with confocal microscopy [83]. This technique allows obtaining valuable in-
formation of drying such as the flow pattern, the structure of invaded zones,
the liquid redistribution and crack patterns. The colloidal suspensions com-
posed of fluorescently labeled PMMA particles (density ρPMMA = 1.19 g/cm3

and index of refraction nPMMA = 1.49) and decalin suspension (ρdec = 0.897
g/cm3, ndec = 1.48). Liquid redistribution at pore level during one invasion
percolation event is shown in Figure 2.10. In the first picture of Figure 2.10,
the system is in equilibrium while in the second gas invades the sample from
the bottom and subsequently liquid is redistributed by pumping from the big
pores to smaller one.

The influence of particle size on crack formation of colloids under dry-
ing has also been investigated in this study. Two colloids with particles of
d = 0.22 µm and d = 2 µm are considered (see Fig. 2.11). The elegant
experimental results show that the damage is very severe in the colloid with
smaller particles, whereas, the colloid with bigger particles leads to crack-free
colloid after drying process. Indeed, this finding is consistent with the fact
that capillary pressure dominates the drying process.

Such studies are very promising in understanding of drying that may
provide a tool to eliminate undesired effects such as cracking and shrink-
age of materials during drying process. Nevertheless, the samples have not
characterized at regular intervals to track changes in sample volume (i.e.
shrinkage) and surface. It was not explained, for example, the occurrence of
micro-cracks with the colloid having small particles might have been avoided
if the drying rate had been reduced considerably. Propagation of cracks over
time and mechanisms causing cracking have not been discussed in detail.
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d = 0.22 µm d = 2 µm

Figure 2.11: Distribution of cracks at the end of drying of colloidal suspen-
sions composed of small particles (d = 0.22 µm, left) and of large particles
(d = 2 µm, right). Many cracks in the colloid with small particles, whereas,
the crack-free colloid with larger particles. (images adapted from [83])
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Figure 2.12: Drying behavior of networks with and without shrinkage; (a)
2D network and (b) 3D network. (figures adapted from [84])

Segura and Toledo [84] studied the influence of shrinkage on drying kinet-
ics using 2D and 3D networks (see Figure 2.12). In this study, shrinkage is
simply introduced by capillary pressure difference between two pores, which
lead to the reduction of pore radius and consequently porosity of the net-
work. This reduction affects the network permeability and as a result drying
rate drops. In other words, in this case, the liquid can not be delivered to
the network surface and the pores dry out rapidly.

As conclusion, in the above-mentioned work, driving force for cracking
and shrinkage is understood but never quantified at the micro-level. The
present work sets out to explore these effects by means of discrete networks
of pores and particles, respectively.
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Chapter 3

Pore Network Models for
Irregular Aggregates

An irregular pore network model for convective drying of aggregates is intro-
duced in this chapter. First, an overview of available techniques to gener-
ate particle packings with their strengths and shortcomings is given. Next,
geometrical tools to extract networks from given particle positions are dis-
cussed, with an emphasis on Voronoi tessellation. That method is then used
to generate the network structure of the aggregate, which is composed of
mono-sized primary particles, and the Voronoi edges are designated as in-
terconnected cylindrical pores; pore radii are computed from the distance
to neighboring particles. Since the Voronoi algorithm generates unbounded
cells, two strategies are developed to construct bounded irregular networks
both in 2D and 3D: in the truncation strategy the network is intersected
with a bounding box, while in the elimination strategy unbounded cells are
simply removed from the network. The developed strategies are explained in
detail and illustrated by a few examples. The irregular structures obtained
capture many essential features of the real pore space of particle aggregates
such as irregular node locations, distributed coordination number of nodes,
randomly established pore connections as well as random spatial correlations
of pore radius. As a next step, an isothermal pore network drying model,
which uses invasion percolation concepts, is generalized to the new irregular
structures, and drying simulations are carried out. Results are discussed on
the basis of phase distributions, moisture profiles and drying rate curves.
Furthermore, capillary forces are computed over time from the pore network
geometry and from the filling state of pores, and their evolution over time in
various drying conditions is compared.
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3.1. Packing of Particles

3.1 Packing of Particles

Extensive research on packing of particles has been carried out by both ex-
periments and theoreticians from diverse disciplines, because of its ability
to be rapidly generated, arbitrarily arranged and widely assigned varying
properties to the particles. Numerous methods exist for generating pack-
ings of (mostly spherical) particles. These methods are classified into two
main categories: dynamic techniques and constructive methods. Techniques
in the first category need to simulate the motion of each particle with the
DEM code during the packing process and hence more related to the packing
of particles in reality; these preparation methods require a huge amount of
calculations. Methods in the second category are based on the purely geo-
metrical calculations, without simulating the dynamics of particle motions.
A review of these methods is provided in the following subsections.

3.1.1 Dynamic Techniques

Radius Expansion and Domain Contraction In the first technique,
the required number of particles (with radii much smaller than their final
sizes) are placed into a predefined domain of interest; then their radii are
gradually incremented until a dense arrangement is obtained. In the domain
contraction technique, having specified the final particle radii a priori, they
can be placed into a large domain whose walls are moved slowly inwards until
the required porosity is reached. Both methods involve multiple interactions
of particles during densification process, until the particles push each other
into an evenly dense arrangement. Detailed studies of these techniques are
given in [85, 86].

Gravitational Deposition Particles with a given size distribution are
generated homogeneously (without overlap) above the container as shown
in Figure 3.1. Then, the particles are allowed to settle down under gravity
filed and during this densification process, they may colloid with neighbor-
ing particles and bounce upward or downward. This dynamic process ended
when all particles reach their stable positions with an essentially zero velocity
as a result of the damping effect for energy dissipation (see Chapter 4) [85].
This process is analogous to a physical operation to switch over a fluidized
bed to a fixed bed by stopping gas flow. In the thesis, this technique is used
to prepare irregular particle aggregates, which will be later considered as
generators. Indeed, this is the preliminary step in construction of irregular
pore networks from a Voronoi algorithm (see Sec. 3.2.1).
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Figure 3.1: Illustration of gravitational deposition method.

Explosive Repulsion Particles are generated randomly one by one at
their final radii and the porosity is calculated after each one is proposed.
Since the particles are randomly placed in the given volume, large overlaps
may be induced leading to large repulsive forces. Thereafter, after each
particle creation a few mechanical steps are used to reach equilibrium state
[87].

Filling of Complex Shapes The methods described above may be gen-
eralized to the filling of regions of any shape. However, with complicated
boundaries, it may be necessary to employ several stages. For example, par-
ticles may be created to fill large volume and then deleted within an internal
volume if there are to be internal boundaries. Or, walls may be used to
constrain the extent of particle creation and then deleted. For more details
see [87].

3.1.2 Constuctive Methods

In these methods, an aggregate is generated purely from geometrical in-
formation without considering the dynamics of particle motions. In this
context several methods such as Stienen, Lily-pond, simple sequential in-
hibition, Metropolis-Hastings, sedimentation, collective rearrangement tech-
niques, dropping method, closed front method (outwards spiral method) and
inwards spiral method are proposed [88]. In our work, since it is desirable
to generate aggregates having uniform particle arrangement at the top face
(for creating a boundary layer), the inwards spiral method, which can provide
this requirement, is explained.

The main principle of this method is based on the following steps: a
particle is generated using a random number generator, according to the
predefined particle size distribution. Then, the particle is placed to a position
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(a) (b) (c)

Figure 3.2: Illustration of steps in the inwards packing method: (a) front
growth, (b) initial front and (c) densification.

which is determined completely from geometrical calculation; so that the
particle would touch the boundary walls or the previously placed particles
at least in two points (see Fig. 3.2a). In this way, the edges of the domain
are filled up with a closed chain of particles so-called the initial front (see
Fig. 3.2b). Later, when a new particle is generated, it is attached to two
existing particles in the front. Finally, the domain is filled up with the
particles (see Fig. 3.2c). Further densification can also be done if requested
by the user, provided that there are enough voids in the assembly.

Special Case: Simple Square and Cubic Packing To generate these
particle packings, the particle centers are placed on an integer grid and set
the particle radii to half of the grid size. From this procedure, we obtain a
simple packing of touching particles in 2D and 3D (see Fig.3.3).

Comparison between two approaches for aggregate generation shows:

• Dynamic techniques are time-consuming and generate aggregates with
significant overlap between primary particles (repulsion of particles in
a box can not always eliminate overlap completely), whereas

• Constructive techniques are mathematically complicated, immediate
and generate overlap-free aggregates (i.e. optimized place of particles)
with low porosity and high particle coordination number.

3.2 Space Partitioning: Tessellation

The procedure of dividing the space occupied by the particles in a granular
medium into adjacent cells is called tessellation (like mosaics in two dimen-

30



3.2. Space Partitioning: Tessellation

(a) (b)

Figure 3.3: Illustration of simple particle packings; (a) square and (b) cubic.
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Figure 3.4: Three different tessellation rules; (a) Voronoi |x2 − x| = |x1 − x|,
(b) Dirichlet |y2 − x| = |y1 − x| and (c) Radical |z2 − x| = |z1 − x|.

sions, foam in three dimensions). In this section, the most common tessel-
lation rules and their properties as illustrated in Fig. 3.4 are described. At-
tention is here focused on Voronoi tessellation, which is a very important ge-
ometric structure in computational geometry named after G.F.Voronoi [89].
The computation of Voronoi cells, their mathematical properties and their
generalizations was and still is a well-studied problem, particularly in the
computer science literature [90].

3.2.1 Voronoi Tessellation

We consider a set of points (or generators) xk with k ∈ {1, ..., N}; this
could be the collection of particle centers, for example. The Voronoi cell Cn
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vertex

edge

generator

cell

Figure 3.5: Illustration of 2D Voronoi diagram.

attributed to the point xn is the polygonal domain defined by the nearest x
of xn:

x ∈ Cn if |x− xn| < |x− xm| ∀m 6= n. (3.1)

That means, within each cell all constituent points are closer to its generator
than to any other generators. This dictates that the edge separating two
adjacent cells must be equidistant to the generators of the two cells.

The Voronoi tessellation is only suitable for the case of monodisperse
particles, and each cell will contain only one particle (see Fig. 3.5). In the
current example, the Voronoi cells would be regular hexagons. As an anal-
ogy, a Voronoi diagram may be imagined to be induced by simultaneous
growth of all the generators at a uniform rate into circles, and the circles
then continuing to grow by deformation along the line equidistance to the
centers of the touching circles. The two-dimensional Voronoi tessellation can
be extended to three-dimensional space as shown in Figure 3.6. Similarly, a
set of generators can be imagined to grow at uniform rate into spheres, and
the spheres are then allowed to continue to expand along surfaces of contact
until the whole space is tessellated; then a three-dimensional Voronoi tes-
sellation will be produced. In a three-dimensional Voronoi tessellation, cells
become irregular convex polyhedra, and it is the face of the polyhedron that
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edge

cell

generator

face

vertex

Figure 3.6: Illustration of 3D Voronoi diagram.

infinite cell

semi-finite cell

finite cell

Figure 3.7: Voronoi cell types after bounding (the cells are all convex poly-
gon).
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Figure 3.8: Steps during the construction of a Voronoi tessellation; (a) half-
space H12 associated to x1, x2, (b) intersection of half-spaces H12 and H13

and (c) the Voronoi cell C1 associated to x1.

is equidistant to the generators of the two adjacent cells.
For a given generators in a box, Voronoi algorithm generates three type

of cells (see Fig 3.7): finite cell with edges lying inside the box; semi-finite
cell with converging edges lying out of the box; infinite cell with diverging
edges lying out of the box.

3.2.2 Construction of Voronoi Diagrams

The construction of Voronoi diagram is illustrated by intersection of half
spaces: For a given pair of points, (x1, x2), the space is divided into two
half-spaces by a plane, E12 (see Fig. 3.8a). Of these two half-spaces the one
which contains x1 is denoted by H12. We proceed in a similar way for the
pair (x1,x3) to obtain H13 (see Fig. 3.8b). This procedure is repeated for
all generators xk, k 6= 1 and the resulting half-spaces H1k are intersected
to obtain C1 (see Fig. 3.8c and [91] for details). Let us note that in this
constuction process it is sufficient to consider only nearest neighbors of x1.
These can be found, for example, from a Delaunay triangulation [92, 93]
of the set of generators {x1, ..., xN}. This triangulation can be formed by
joining all neighboring generators; by “neighboring” we mean pairs of gener-
ators whose cells in the Voronoi tessellation share an edge. The tessellation
resulting from this construction is the Delaunay triangulation. The cells of
a 2D Delaunay tessellation are triangular. It is of interest to note that the
Delaunay tessellation is the gometric dual of the Voronoi tessellation. Note
that like Voronoi tessellation, the definition of Delaunay tessellation applies
not only to R2, but to general spaces.

Several methods are readily available to compute Voronoi cells and one
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Figure 3.9: Voronoi/Delaunay tessellation in 2D space; Voronoi tessellation
– blue line, Delaunay tessellation – red line.

which we use is built into the mathematical package Matlab, which makes use
of the dual Delaunay triangulation, computed via Qhull [92]. Qhull is a big
package written in C++ with many options and is one of the fastest available.
It constructs convex hulls, Delaunay triangulations, halfspace intersections
about a point, and Voronoi diagrams of a set of points of two-dimensions or
higher.

3.2.3 Dirichlet Tessellation

In polydisperse particle packings, Voronoi tessellation can still be used but
it leads to the peneteration of edges into particles (see Fig. 3.10). In this
case, a general tessellation scheme has been formulated, which, instead of a
perpendicular bisector, uses an intersecting plane given by [94]

(x2 − x1) · x = |x2|2 −R2
2 − (∣∣x1

2
∣∣−R1

2
)

(3.2)

to draw the boundary between one particle with center coordinates x1 and
radius R1, and another particle with center coordinates x2 and radius R2.
Thus, this tessellation scheme has the following useful features:

• For a given set of particles, the tessellation is uniquely defined. Each
particle is enclosed by a cell for which its edges are defined as the locus
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Figure 3.10: A polydiperse packing for which the Voronoi algorithm generates
cells which do not neccessarily enclose each particle.

of points that have equal tangents to the two considered partilces; see
Figure 3.4. If the particles are of the same size (R1 = R2), the structure
is identical to the Voronoi tessellation.

• It can be used for both circular and spherical particle packing, with
no restrictions on the packing density, whether the particles overlap
with each other, and whether the particles are distributed randomly or
arranged regularly.

• Similar to the Voronoi diagram, it may also be imagined as growth
process for which the growth rate is different for each particle (see
Fig. 3.11a).

3.2.4 Radical Tessellation

In the case of arbitrarily shaped particles, modified version of Voronoi tes-
sellation so-called Radical tessellation may be used. For conected sets Gk,
k ∈ {1, ..., N}, and distance functions d(·, Gk), the cell Cn assigned to the
generator Gn is defined by the set of points x such that

d (x, Gn) < d (x, Gm) . (3.3)

It is interesting to point out that if we apply this definition to polydis-
perse particles, the boundaries of the cells are portions of hyperbola (see
Fig. 3.11b). For polygonal particles, the boundaries are lines and portions of
parabola. Finally, in arbitrarily shaped particles, the shape of the boundaries
depend on the particle shape [95].
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(a) (b)

Figure 3.11: Tessellation of seven particles: (a) Dirichlet cell and (b) Radical
cell.

3.3 Generation of Pore Network

Until now, it has been explained how to generate random particle aggregates
and how to partition the particle domain into Voronoi cells. It is recognized
that the Voronoi generates cells with different properties. To construct a
pore network in a bounded domain, it is essential to develop strategies to ei-
ther limit the unbounded cells or remove them completely from the domain.
Thereafter, the network geometry shall be described by corresponding adja-
cency matrices. In the following parts, routes to obtain bounded networks
are described and hence network geometry and data structures are elucidated
by examples. Then, steps to create boundary layers, which are required for
drying simulations, are presented. Finally, pore radius computation and node
merging algorithm are described.

3.3.1 Truncation Strategy

As a first step, a particle aggregate is generated by means of gravitational
deposition technique (cf. Sec 3.1.1 and see Fig. 3.12a). Then the center co-
ordinates of particles are feeded to the Voronoi algorithm (see Fig. 3.12b).
The resulting tessellation is intersected with a box to eliminate unbounded
cells (see Fig. 3.12c). The final network consists of bounded cells with ad-
ditional edges to ensure connection with the box boundary (see Fig. 3.12d).
The algorithm steps are as following:

1. Input particle center coordinates to the Voronoi algorithm
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(a) (b) (c) (d)

Figure 3.12: 2D network construction steps in truncation strategy ; (a) particle
aggregate, (b) Voronoi tessellation, (c) truncation of unbounded cells and (d)
vertices and edges.

2. Output: Voronoi tessellation, consisting of

• vertex coordinates, vi i = 1, . . . , Nv

• edge matrix, E, which contains coordinates of endpoints of each
edge

3. Intersect edges of semi-infinite cells with box boundaries and append
obtained vertices to v and E

4. Each row Ei· = (vj,vk) represents an edge of the network. For all i
compare Ei· with V = (v1, . . . , vNv) to find the values of j and k

5. Define i-th row of pn: pni· = (j, k)

3.3.2 Periodic Network

In order to simulate larger networks and to avoid border effects, the previous
algorithm is extended to include periodic boundary conditions in horizontal
direction. It is perhaps worth mentioning, that the drying simulations of
regular networks with periodic boundaries have shown a longer period of
constant drying [40]. The construction steps, as illustrated in Fig. 3.13, are
as following:

1. Generate a particle packing; continue periodically to get auxiliary par-
ticles

2. Input all particle center coordinates to the Voronoi algorithm
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(a)

(b)

(c)

Figure 3.13: Construction steps of periodic network ; (a) periodic extension,
(b) Voronoi tessellation and (c) vertices and edges (vertices identified by
periodicity are labeled).
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3. Output: Voronoi tessellation, consisting of

• vertex coordinates, vi i = 1, . . . , Nv

• edge matrix, E, which contains coordinates of endpoints of each
edge

4. Remove edges for which both endpoints lie outside of periodic bound-
aries

5. Intersect edges of semi-infinite cells with box boundaries and append
obtained vertices to v and E

6. For edges whose one endpoint lies outside of periodic boundary, find
the corresponding vertex which lies inside (by exploiting periodicity).
Replace the previously found endpoint in E with this one

7. Each row Ei· = (vj,vk) represents an edge of the network. For all i
compare Ei· with V = (v1, . . . , vNv) to find the values of j and k

8. Define i-th row of pn: pni· = (j, k).

3.3.3 Elimination Strategy

Contrary to the truncation strategy, the edges of semi-infinite cells are not
intersected with the box boundaries (see Fig. 3.14). Instead, their vertex
coordinates and indices are removed from data sets. Then, information of
remaining cells and vertices are transformed using the following algorithm
to obtain, for each cell, neighboring vertices of edges, i.e. ev array (see
Fig. 3.15). The algorithm is based on the following steps:

1. Input particle center coordinates to the Voronoi algorithm

2. Output: Voronoi tessellation, consisting of

• vertex coordinates, vi i = 1, . . . , Nv

• vertex indices of each cell (fv)

3. Eliminate semi-infinite cells and corresponding generators (only bounded
cells are left)

4. For each cell compute the convex hull of its set of vertices (ev), this
gives edges

5. Collect all edges in pn
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(a) (b)

Figure 3.14: 2D network construction steps in elimination strategy ; (a)
Voronoi cells (unbounded cells with dashed lines) and (b) vertices and edges.

cells (2D)

fv

""
edges

ev

BBvertices

Figure 3.15: Hierarchy of 2D data structures; the objects in black are ob-
tained from the Voronoi algorithm and processed to get objects in red ((f)
stands for face (2D cell), (e) edge, (v) vertex).

The elimination strategy is extended to 3D networks desribed in Sec-
tion 3.7. Although, in this algorithm some steps are common with 2D, they
are kept for the sake of self-sufficient.

3.3.4 Network Geometry and Data Structures

The network geometry is described by nodes (vertices) and pores (edges)
where the sizes, locations, and orientations of the pores varied in the net-
work. The best way to describe the network geometry is through an illus-
trative example. For easier readability, a small network of 19 nodes and 20
pores is considered (see Fig. 3.16a). In this work, nodes are without volume;
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(a) (b)

Figure 3.16: An irregular pore network showing (a) the connectivities of
pores and (b) the labeling of nodes and pores.

whereas pores connecting these nodes shall contain the entire void volume
and are cylinder with circular cross section. Pores have different lengths and
the number of pores connected to a given node (i.e. coordination number) is
spatially distributed throughout the network. The length of a pore is com-
puted from the coordinates of its nodes leading to an overlap that we have
not yet considered it. The pore radius is computed from the distance of each
edge to its neighboring particles.

The pores have two functions. They serve as conductors in the network,
carrying mass flows due to vapor or pressure differences between the nodes
and they have the role of capillary barriers due to their disorder in pore radii.

The connectivity of these nodes and pores is described through appropri-
ate data structures. Data arrays contain positions of nodes, pore connections
and neighboring relationships between pores and nodes. Such data are very
useful to have an efficient drying algorithm. These data structures are il-
lustrated by the example of Fig. 3.16b. The positions of nodes and their
connectivities are obtained by employing the algorithms explained in the
previous subsections. For each pore, the neighboring nodes are stored in a
row of pn array (the order of pores is arbitrary). In fact, this defines the net-
work geometry completely and additional arrays describing the neighboring
relationships are only defined for convenience in the drying algorithm:
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pn =




11 15
6 16
10 3
...

...
4 6
18 8
14 12




. (3.4)

For each node, its neighboring nodes are stored in nn and the neighboring
nodes connecting it to these pores in np. In the following, one index will
denote nodes, and two indices pores (connecting the indicated nodes).

np =




8 17 6
17 0 0
3 0 0
...

...
...

10 0 0
16 19 15
5 0 0




,nn =




8 2 6 0
1 0 0 0
10 0 0 0
...

...
...

15 0 0 0
15 13 8 0
16 0 0 0




. (3.5)

3.3.5 Boundary-layer Modeling

In convective drying, air-flow over network surface forms a mass-boundary
layer through which vapor diffuses from the surface to the bulk of drying
air. Correlations are available to describe this vapor diffusion in the bound-
ary layer [96]. Since we assume laminar air flow (with kinematic viscosity
ν and velocity u), mass transfer coefficient β can be determined from the
dimensionless Sherwood number

Sh =
βLn

δ
= 0.664Re1/2Sc1/3, (3.6)

with Reynolds number Re = uLn/ν and Schmit number Sc = δ/ν. Here, δ
and Ln denote vapor diffusivity and network length, respectively. Note that
Eq. (3.6) is derived for a plat at uniform partial pressure [96, 97], which is
not necessarily fulfilled for drying porous medium – see [98].

In pore networks, boundary layer is modeled in a discretized way by ex-
tending surface nodes into the gas phase. These nodes are connected by
pores, which are characterized by their cross-sectional area Aij and length
L = 2R (with particle radius R ). For 2D (or 3D) networks, the cross-
sectional area is Aij = L2, except for horizontal pores along the network
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3.3. Generation of Pore Network

surface where half of this value is taken. The number of nodes in the bound-
ary layer is given by its thickness ε = δ/β and the distance between the
nodes L. In general, it is not straightforward to build boundary layer for
irregular networks. Two techniques are proposed to create the boundary
layer: (1) as shown in Figure 3.17, one layer of particles is generated at the
network surface. By this, auxiliary nodes are created and their coordinates
are found. The nodes are then extended in horizontal direction to create the
boundary layer. (2) Surface nodes obtained from the network construction
are extended in horizontal direction (see Figure 3.18). Such a description
allows for lateral diffusion within the boundary layer which leads to an ex-
tended constant drying rate [99, 100]. Note that film flow in gas-filled pores
that can transport liquid to the network surface is another reason in captur-
ing constant rate; however this effect is insignificant for pores having circular
cross-section area.
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(a) (b) (c)

Figure 3.17: Steps to create a boundary layer for the network obtained by
elimination algorithm; (a) pore and particle networks, (b) the networks with
auxiliary particles (in dark-gray) and (c) the networks with the boundary
layer.
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Figure 3.18: Steps to create a boundary layer for the network obtained by
truncation algorithm; (a) pore and particle networks and (b) the networks
with the boundary layer.

3.3.6 Pore-radius Computation

The radius of each pore rij is computed from the distance to the neighboring
particle centers and radii (see Fig. 3.19). The distance dij of a pore to its
neighboring particle centers is given by

dij =
‖(vj − vi)× (xk − vi)‖

‖vj − vi‖ . (3.7)

The numerator of Eq. (3.7) gives the area of the parallelogram spanned by the
two vectors vj−vi and xk−vi, where vi,vj denote the nodes of pore ij and
where xk denotes the center of (neighboring) particle k. The denominator
gives the base length of that parallelogram such that the quotient dij gives
its height, which is the shortest distance from the particle center to the pore.
Note that this distance is the same for all neighboring particles of pore ij, by
definition of the Voronoi tessellation. Thus the pore radius can be determined
by subtracting the particle radius from dij:

rij = dij −R. (3.8)

Pore radius in 2D aggregates is computed as following: for a given particle
center coordinates, the Voronoi generates vertices which lie on the same plane
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dij

R

rij

xk

vi

vj

Figure 3.19: Illustration of pore and particle for radius computation.

Figure 3.20: Reduction to a two-dimensional aggregate, which is periodic in
the third direction: staggered pore and particle networks.

as particle center coordinates. First particles are shifted in the third direction
and then Eqs. (3.7) and (3.8) are used to compute pore radii. This is done
by assuming periodicity in the third direction as shown in Figure 3.20.

3.3.7 Node-merging Algorithm

Certain generator distributions lead to Voronoi cells with very short edges. In
this case, the pores associated to these edges may overlap significantly, which
is not desirable in this study. Therefore, the following algorithm (illustrated
in Fig. 3.21) is used to remove short edges after the Voronoi tessellation:

1. edge lengths Lij := ‖vj − vi‖ are computed from vertex positions, and
the shortest edge is selected to be removed in this step.

2. the edge ij is removed by merging its two endpoints, i. e. the vertex vj

is removed and all other edges with vj as an endpoint are remapped to
the remaining vertex vi. This involves a search through the ev array:
wherever the entry j is found, it is replaced by i.
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1 12 2 2

4 4 4

6 6 6

7 7 7

11 11 11
20 20 20

(a) (b) (c)

Figure 3.21: Merging steps comprising; (a) edge detection, (b) edge elimina-
tion and (c) node merging.

3. steps 1 and 2 are repeated until a given stopping criterion is satisfied.
For example, until a certain number of edges has been removed or until
the shortest edge is longer than a prescribed tolerance. Note that if
too many nodes are merged, the approximation of the pore space will
deteriorate (see Fig. 3.22).

The node merging procedure changes the number of nodes in the network
(see Fig. 3.23), and also the coordination numbers (see Fig. 3.24) and pore
lengths (see Fig. 3.25). In the next section we explain whether it is reasonable
to assume that the new network exhibits similar transport properties as the
old one.
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(a) (b)

(c) (d)

Figure 3.22: Pore networks obtained for various pore removal thresholds; (a)
for low threshold undesired small pores remain, (b) these can be removed
by choosing a higher threshhold. (c), (d) If too many nodes are merged,
however, the approximation of the pore space deteriorates.
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(a) (b)

(c) (d)

Figure 3.23: Spatial distribution of coordination number; (a) without merg-
ing, (b) 6%, (c) 13% and (d) 28% of edges are removed.
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(a) (b) (c) (d)

Figure 3.24: Relative frequency versus coordination number of networks
shown in Figure 3.23.

(a) (b)

(c) (d)

Figure 3.25: Pore length distibutions; (a) without elimination of (small)
pores, (b) 6%, (c) 13% and (d) 28% of pores removed.

50



3.4. Pore Network Drying Description

full pore

partially filled pores
with one/two menisci

empty pore

liquid node
gas node (at p∗v)
gas node (unknown pv)

Figure 3.26: Partially saturated pore network illustrating filling states of
nodes and pores. Liquid pores and nodes are in black; gas ones in white.

3.4 Pore Network Drying Description

Pore network drying model of Prat, who elucidated the drying phenomenon
as an invasion percolation driven by evaporation, is used here. Transport
mechanisms are described by using some local rules straightly at the pore
level. The isothermal pore network model is based on the following elements
and rules.

3.4.1 Saturation of Nodes and Pores

Figure 3.26 shows a partially filled network in which pores and nodes with
given saturation states are drawn seperately. The pores can either be empty
Sij = 0, partially filled, when they contain one or two menisci (0 < Sij < 1),
or completely full (Sij = 1). The node saturations can only take discrete
valuses: saturation Si = 0 is a gas node and Si = 1 a liquid node.

Depending on pore saturation, transport mechanisms are different. In
empty pores, vapor diffusion can occur due to difference in vapor pressure;
in full pores, liquid can be pumped due to differences in liquid pressure. In
partially filled pores, liquid may evaporate at the menisci and/or flow due to
liquid pressure differences. In the following subsections transport rules are
explained in detail.
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3.4.2 Mass Transfer Rules

Mass transfer in the network is controlled by vapor diffusion in the gas-
filled region and liquid flow in the liquid-filled part of the network by taking
into account the following assumptions. Liquid films and adsorption are not
modeled; porous media are considered as capillary with only free water and
perfect wetting. Gravity deliberately is set to zero but could be included if
larger pores and large objects shall be studied; and viscosity in gas phase is
not modeled (reasonable for moderate drying conditions) so that gas pressure
is constant. Both Kelvin and Knudsen effects are neglected. Initially, the
network is completely saturated with water. Its top surface is open for evap-
oration, however, the bottom is closed and the other surfaces are impervious
to fluids (see Fig. 3.27).

Vapor Transport To compute the vapor diffusion, quasi-steady mass bal-
ances are set up for any gas node i by (regardless of its position in the network
or in the boundary layer)

∑
j

Ṁv,ij =
∑

j

Aij
δ

Lij

pgM̃v

R̃T
· ln

(
pg − pv,i

pg − pv,j

)
= 0, (3.9)

where Lij is distance between nodes ij, Aij exchange area (πr2
ij for network,

L2 for boundary layer with L = 2R), δ vapor diffusivity, M̃v molar vapor
mass, R̃ universal gas constant, pg gas pressure, T absolute temperature and
pv,i vapor pressure. The system of equations (3.9) is solved for unknown va-
por pressures by applying the vapor pressure of drying air at the top edge of
the boundary layer and saturation vapor pressure next to the gas-filled inter-
face. In the liquid domain, if viscosity is neglected, the following algorithm
is implemented. 1) Every liquid cluster is identified. 2) According to the in-
vasion percolation rule, the pore connected to the gas-invaded region which
has lowest capillary pressure is identified for each cluster. 3) The evaporation
flux at the boundary of each cluster is computed. 4) For each cluster, the
mass loss corresponding to this evaporation flux is assigned to the invasion
pore. 5) The pore of all clusters that empties first sets the time step since
liquid connectivity as well as the set of equations (3.9) for vapor diffusion
may change. 6) The phase distribution within the network is updated and
the above-described procedure is repeated.
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Figure 3.27: Partially saturated pore network including diffusive boundary
layer. Liquid pores and nodes are in black; gas ones in white; gray nodes are
at saturation vapor pressure. Vapor diffusion is shown as gray arrows; its
boundary conditions are illustrated. For partially filled pores, liquid flow is
shown as white arrows.

Liquid Transport In order to compute liquid flow rates for the viscous
case, liquid mass balance in any liquid node is expressed by

∑
j

Ṁw,ij =
∑

j

πr4
ij

νwLij

(pw,i − pw,j) = 0, (3.10)

where νw is kinematic viscosity of water and Lij liquid-filled length of pore.
The linear system of equations (3.10) must be solved for unknown liquid
pressures. Boundary conditions to equations (3.10) are given at the liquid-
gas interface. For a stationary meniscus, i.e. when capillary pressure can
provide liquid water at the local evaporation rate, the second type boundary
condition Ṁw,ij = Ṁv,ij is applied. For a moving meniscus, i.e. evaporation
takes place at a higher rate than capillary flow (or for any partially filled
pore), the boundary condition of first kind pw,j = pg − 2σ/rij (with surface
tension σ) is used. Since boundary conditions on the flow problem depend on
meniscus states themselves, an iterative procedure is used to find the states
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of the menisi [26]. For correct boundary conditions, the motion of menisci
is obtained as the difference between evaporation flow rate and liquid flow
rate. In the viscous case, several menisci per cluster may move. Depending on
meniscus motion, pores may empty and partially saturated pores may refill
again. Time stepping is imposed by the complete emptying (or refilling)
of a meniscus pore; then, vapor and liquid flow problems must be solved
for new boundary conditions. Further details on the pore network drying
algorithm can be found in [40]. This algorithm has been employed for drying
simulations throughout this thesis.

3.5 Simulation Results

In this section, drying simulations of two-dimensional aggregates are pre-
sented. The solid phase is represented by a network of primary particles and
void space is represented by a complementary network of cylindrical pores.
In order to generalize the drying algorithm to irregular networks, first simu-
lation is performed for an aggregate in which pore network is generated by
truncation strategy and pore radii are distributed randomly. Next, a more
self-sustained simulation is carried out, for which pore network is created by
elimination strategy and pore radii are computed. Then, liquid viscosity is
systematically varied to investigate its effect on the phase distribution. Due
to huge computational cost, five Monte-Carlo simulations for bigger aggre-
gates have been run and results are presented as drying curves and average
moisture profile. In this simulation, phase distributions of five aggregates are
also presented to explore how internal structure influences the drying behav-
ior. All simulations start with fully saturated networks at room temperature
(20◦C) and atmospheric pressure (1 bar); the chosen physical properties are
indicated in Table 3.1. Liquid evaporation occurs only at the top of ag-
gregate; the remaining faces are impervious to fluids. For visualizations by
cylinders, light gray space (inside pores) represents the air and vapor phase,
while dark blue stands for liquid. For visualizations by lines, black, blue and
white lines, respectively, stands for liquid, partially filled and empty pores.

The first simulation is conducted for an aggregate consisting of 267 pri-
mary particles with radii of 250 nm and porosity of 0.42. Complementary
pore network, which is generated by truncation strategy, is composed of 744
pores. The pore radius is chosen independently according to a normal prob-
ability density function

f(r) =
1√

2πσ0

exp

[
−(r − r0)

2

2σ2
0

]
, (3.11)
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(a)

(b)
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(c)

(d)

Figure 3.28: Phase distributions during drying of a truncated network for
overal saturations; (a) full, (b) 0.7, (c) 0.5 and (d) 0.3 (liquid in dark blue).
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property value
Bulk vapor pressure, pv,∞ (Pa) 0.0
Equilibrium vapor pressure, p∗v (Pa) 2339
Kinematic viscosity of water, νw (m2/s) 10−6

Molar vapor mass, M̃v (kg/kmol) 18.02
Surface tension between water and air, σ (N/m) 0.07274

Universal gas constant, R̃ (j/kmolK) 8314.5
Vapor diffusivity, δ (m2/s) 2.5685 · 10−5

Table 3.1: Physical properties of fluids at T = 293.15 K and p = 1 bar.

with mean r0 = 50 nm and standard deviation σ0 = 1 nm; the pore length,
which is computed from positions of nodes, has average length of Lavg = 0.31
µm. The mass trasnfer coefficient is β = 5.1 m/s.

Figure 3.28 shows phase distributions of the aggregate at the indicated
network saturations. Regarding network topology, most of the pores located
on the borders (except the top border) are orthogonal to the corresponding
faces (see Fig. 3.28a); nodes in the upper center of the aggregate have coor-
dination number of three or four, while, lower part of the aggregate contains
subregions of regular hexagons. During drying process liquid is removed con-
tinuously via evaporation and gas invades into pores from the surface. Due
to uncorrelated radius distribution, capillary pumping is a random process.
The large pores are invaded first; this process can initially be described by
invasion percolation rules. Pores located in the upper center are invaded first
due to higher coordination number (three or four) of corresponding nodes.
Whereas, pores located on the sides stay full for longer. With time, liquid-
gas phases develop that extend far into the aggregate. As a consequence,
besides the main liquid cluster, numerous small disconnected liquid clusters
form along the center of aggregate (see Fig. 3.28b). Once evaporation front
recedes, the disconnected trapped clusters are dried out completely as shown
in Figs. 3.28c-d.

As a next simulation, a bigger aggregate consisting of 4161 particles with
radii of 250 nm is considered. Complementary pore network with 12602
pores is generated by elimination strategy. The pore radius is computed
from the distance to the neighboring particles. Pores have a very narrow
radius distribution (mean r0 = 100 nm and standard deviation σ0 = 14 nm);
the pore length is also computed from corresponding nodes with average
length of Lavg = 0.29 µm.

Liquid viscosity is systematically varied to investigate how viscous and
capillary forces affect the phase distribution during drying. Figure 3.29 shows
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(a) (b) (c)

Figure 3.29: Phase distributions during drying for various liquid viscosity;
(a) negligible, (b) water and (c) immobile water case (for overal saturations
S=0.9,0.7,0.5,0.3).

simulated liquid phase distributions for three variants of viscosity: (1) neg-
ligible viscosity, initially, capillary pumping dominates viscous forces and
keeps the network surface wet. A short time after, due to very narrow pore
size distribution, capillary pumping is interrupted by vapor resistance in gas-
filled network regions and boundary layer. The drying front is stabilized, i.e.
of finite width, and recedes into the aggregate. (2) Water viscosity, since
pores are small with very narrow size distribution, viscous forces dominate
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capillary forces. The drying front is stabilized and gradually widens up as it
recedes into the aggregate. The reason is the reduction of evaporation rate
with increased mass transfer resistance. Drying rate curves are not shown
here, but it is clear that viscous stabilization drastically reduces the duration
of the first drying period. (3) Immobile water, from the start of evaporation,
capillary pumping is completely surpassed by viscous forces and a sharp dry-
ing front recedes into the aggregate. Liquid stays in one cluster and drying
rate drops dramatically. It should be noted that the pore size distribution
decides on the kind of drying behavior: for narrower pore size distributions,
the available capillary pressure gradients are insufficient and as a result the
stabilizing effect of liquid viscosity is considerably increased.

3.5.1 Influence of Network Structure

Being interested in the role of internal structure on drying behavior, drying
of five aggregates with similar porosity 0.46 is simulated. All networks are
built up by elimination strategy; pore radii are computed from the distance
to the neighboring particles. Pores in all networks have very narrow radius
distributions. Viscous effects are considered in all simulations.

Figure 3.30 displays phase distributions during drying and corresponding
drying rate curves are depicted in Figure 3.48a. By slice-averaging, phase
distributions are converted into one-dimensional saturation profiles as plotted
in Figure 3.48b.

Due to narrow distributions of pore radii, capillary pumping experiences
significant constraint by viscous forces so that all pores at the aggregate
surface dry out (see Figs. 3.30a-b). The drying behavior forms a receding
front, during which capillary pumping plays a role only for each cluster; and
breakthrough (i.e., the point at which air reaches the bottom of the network)
occurs during subsequent drying (S=0.3). As a consequence, vapor diffusion
suffers an additional resistance leading to a reduction in evaporation rate as
shown in Fig. 3.48a. Whereas, figures 3.30c-e show aggregates which stay
saturated to the network surface until S=0.9. During this period, viscous
effects play no major role and capillary pumping delivers liquid to the pores
at the network surface; corresponding drying curves show quasi constant
drying rate. But, as flow distances become longer and surface saturation
decreases, differences in capillary pressure are not enough to supply liquid
at the high local evaporation rates (even enhanced by lateral diffusion in the
boundary layer). Therefore, all surface pores dry out and a narrow drying
front recedes into the aggregate (see Fig. 3.48b). As evaporation continues,
the receding front widens up gradually and breakthrough occurs on further
drying.
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In this regard, the influence of pore structure based on the spatial cor-
relations are presented in literature for regular networks [26]. It would be
interesting to compare them with the results presented here.

(a)

(b)

(c)

(d)

(e)

S=0.9 S=0.7 S=0.5 S=0.3

Figure 3.30: Drying behavior of five aggregates (porosity=0.46).
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.

(a) (b)

Figure 3.31: (a) Normalized drying rate versus saturation for five aggregates
and (b) slice-averaged saturation versus normalized network depth ζ as the
average of five MC runs, for multiples of 0.1 in network saturation.

3.6 Capillary Force Computation

Once the equilibrium position of the liquid-gas interface is found (Fig. 3.32a),
the total capillary force F between solid s, liquid ` and gas g phase can be
calculated by

F = F s` + F s`g. (3.12)

The first contribution F s` is from the capillary pressure pc inside the liquid,
which acts in the direction normal to the liquid-solid interface and pulls the
solid (see Fig. 3.32b). It is calculated by integration over the wet area

F s` =

∫

s`

pcns, (3.13)

where ns denotes the solid normal vector.
The second contribution F s`g is the direct action of the liquid surface ten-

sion σ, which pulls the three-phase contact line in the direction tangential to
the liquid-gas interface. The surface tension components on the three-phase
contact line element d` with the equilibrium contact angle θ (see Fig. 3.32c)
are given by

dF s` = σs`td`, (3.14)

dF sg = −σsgtd`, (3.15)

dF `g = (σ cos θt + σ sin θns)d`, (3.16)
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where t denotes solid tangential vector, which is orthogonal to the three-
phase contact line and to the solid normal vector. It can be expressed as a
function of solid normal vector, contact angle and liquid normal vector n`,

t =
n` − ns cos θ√

1− cos2 θ
. (3.17)

The first two components (dF s`, dF sg) induce advancing and receding
of the three-phase contact line (i.e. tangential motion of the three-phase
contact line); and only the dF `g accelerates the solid phase. Thus, F s`g can
be computed by integration along the contact line,

F s`g :=

∫

s`g

(σ cos θt + σ sin θns)d`. (3.18)

ns

n`

θ

s

`

g

F s`g

F s`

s

`

g

(a) (b)

s

` g

dF sg

dF `g

dF s` θ

ns

t

(c)

Figure 3.32: Illustrations of (a) geometry near the three-phase contact line,
(b) capillary force components and (c) surface tension components (three-
phase contact line is orthogonal to the plane of the drawing).

Since perfect wetting θ = 0 is assumed in this work, F s`g has only tan-
gential component, which will always cancel out. The capillary force depends
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(a) (b)

Figure 3.33: schematic pictures of (a) weighting of wetted area with respect
to pore saturation and (b) direction of surface tension force, F s`g in pores
with cylinderical shapes.

on effective wet area, which is weighted by pore saturation S,

Aw = 2πrLw = 2πrLS. (3.19)

For simplicity, wet area fractions are assumed to be proportional to pore
saturation Aw ∝ Sr (see Fig. 3.33). Thus, time dependent capillary force on
each particle is computed as a weighted sum of pore contributions

F c(xp, t) ∝
∑

j

Sj(t)nj. (3.20)

In (3.20), Sj(t) denotes the saturation of neighbor pore j at time t and xp is
particle center coordinate. The edge normals nj are defined by

nj :=

∫

Cj

n(x) dx =

∫ θj+1

θj

(
cos(θ)
sin(θ)

)
dθ =

(
sin(θj+1)− sin(θj)
cos(θj)− cos(θj+1)

)
, (3.21)

where n denotes the unit normal vector field on the unit circle C. By cen-
tral projection of polygon vertices onto unit circle, we obtain a segmenta-
tion C =

⋃
j Cj, Cj ∩ Ck = ∅, j 6= k. θj, θj+1 denote the angles of the

two endpoints of pore j in a suitably chosen polar coordinate system (see
Fig. 3.34b). Thus, vj and vj+1 are expressed in this coordinate system by
vj = (rj cos θj, rj sin θj) and vj+1 = (rj+1 cos θj+1, rj+1 sin θj+1), respectively.
We summarize the properties of nj in the following: The sum of all nj in a
cell is given by

∑
j

nj =
∑

j

∫

Cj

n(x) dx =

∫

C

n(x) dx = 0. (3.22)
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(3.22) implies that the force in (3.20) vanishes if all pores are full which is
physically correct for a completely wet particle.

C

R = 1
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x
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(a) (b)

Figure 3.34: Construction of edge normals; (a) a cell with inscribed unit
circle and central projection of vertices and (b) an edge with corresponding
circle segment, unit normal vector field and bounding angles.

Figure 3.35 shows the capillary force evolution on a particle during dry-
ing. Initially, the pores are fully saturated and the net capillary force on the
particle is zero. As the pores empty, the capillary force changes its direction
and magnitude. Eventually, the pore saturations sum up to zero and thus
the capillary force vanishes. In the next section, we discuss how capillary
forces evolve in aggregates being under different drying conditions.

3.6.1 Evolution of Capillary Forces

Dynamic simulations are run to see evolution of capillary forces during dry-
ing. To do so, the aforementioned drying model is applied to the same pore
network (1) for the case of negligible liquid viscosity and (2) in the highly
viscous limit of immobile water. These two limiting cases may be interpreted
as caused by different drying conditions, namely very slow and very fast dry-
ing. The respective drying rate curves in dimensionless form are shown in
Figure 3.38. Since we intent to observe the capillary force evolution in the
entire system, relatively small networks consist of 283 particles with diame-
ter 500 nm are set up. The boundary layer is 5 µm thin, corresponding to a
mass transfer coefficient of 5.1 m/s. Pore radius is computed from pore and
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t1 t2

t3 t4

t5 t6

Figure 3.35: Evolution of capillary force (red cone) and pore saturations
(liquid in blue) during drying.
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particle positions with distribution of (110 ± 30 nm). For the system, typi-
cal capillary pressure is of the order of 1.3 MPa, and net capillary forces as
shown in Fig. 3.35 are in the range of 0.2 mN. Pore network saturations and
capillary forces during the drying process are depicted in Figure 3.36 for neg-
ligible liquid viscosity, whereas the result of the immobile water simulation
is presented in Figure 3.37.

In the following, the capillary force evolution in these two conditions is
discussed: in the non-viscous case, one can see from Figure 3.36a that in
the fully saturated network, capillary forces appear on the aggregate surface,
which is open to drying while being zero inside the aggregate. As drying
continues, sufficient liquid does not move to the network surface so that gas
penetrates and hollows out the network gas channels (Fig. 3.36b). Further
evaporation, splits up the liquid into small disconnected clusters (Fig. 3.36b-
d). Thereby, capillary forces get less organized such that they are still com-
pressive for individual clusters whereas at the local level tension forces can
develop. Globally, capillary forces progress downwards and eventually vanish
at the network bottom by the end of drying. While in the high viscous limit,
liquid stays in a single cluster and a sharp drying front propagates through
the network, accompanied by a capillary force front that keeps the wet re-
gion under compression (Fig 3.37); therefore, the force gradient is rather
significant in this case.

Evolution of capillary forces is also shown in a small square network (i.e.
special case of irregular pore networks, see Fig. 3.39), in which pore radii are
randomly distributed with respect to a normal density function; empty pores
are imposed on lateral sides and top face is open to drying.

In total, the evolution of capillary forces depends strongly on drying con-
ditions. In the next chapter, coupling of pore and particle networks through
capillary forces will be presented. From the contact forces obtained by dis-
crete element method, it will be determined whether the bonds will break.

To investigate the influence of aggregate topology on the direction of
capillary forces, two aggregates with almost the same size (∼ 100 particles)
are generated, as shown in Figure 3.40. In the first aggregate, pore radii
are distributed randomly, however, the pore radii are computed in the other
one. Similar drying conditions are applied to both aggregates. Results show
that in the square aggregate, capillary forces point to the same direction
leading to discrete level of forces, while, these states are less pronounced in
the irregular aggregate. All in all, the discrepancy is insignificant and this is
due to the fact that a 2D irregular aggregate contains regular subregions of
hexagons.
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(a)

(b)
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(c)

(d)

Figure 3.36: Evolution of capillary forces for negligible liquid viscosity at (a)
full saturation and at network saturations (b) 0.85, (c) 0.55 and (d) 0.3; dark
spheres stand for particles; blue cylinders represent liquid; capillary forces
are presented by red cones, and cone size scales with force magnitude. The
network is subjected to evaporation at the top.

68



3.6. Capillary Force Computation

(a)

(b)

Figure 3.37: Evolution of capillary forces for immobile water at network
saturations (a) 0.55 and (b) 0.3; dark blue cylinders represent liquid; capillary
forces are presented by red cones, and cone size scales with force magnitude.
The network is subjected to evaporation at the top.
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Figure 3.38: Normalized drying rate versus network saturation for the sim-
ulations depicted in Figs. 3.36 and 3.37, as well as for the case of water
viscosity.

Figure 3.39: Various states of capillary forces and pore saturations in a small
square network.
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(a) (b)

Figure 3.40: Direction of capillary forces in 2D networks; (a) square and (b)
irregular.

3.7 Three-dimensional Bounded Network

The aforementioned studies are extended to three-dimensional aggregates. In
three-dimensions, limitations of uniform subregions and narrow pore radius
distribution are overcome. Aggregates are composed of mono-sized spherical
particles and interconnected cylindrical pores. Such a 3D pore network pro-
vides more flow paths and cross section areas at the network surface. First,
elimination strategy is employed to generate bounded networks. Then, steps
to build a boundary layer being responsible for lateral vapor transport are
elucidated by an example. Drying simulations are carried out for the ob-
tained networks, in which viscous effects have been accounted for. Due to
computational limitations, only few simulations are reported in this section.
Results are given as phase distributions, dimensionless drying rate curve and
moisture profile.

Elimination Strategy Figure 3.42 displays steps, which are used to gen-
erate an irregular pore network structure. As a first step, particle aggregates
are prepared using gravitational deposition technique (see Sec 3.1.1) and
the center coordinates of primary particles are considered as generators for
Voronoi tessellation. After tessellating the given space by Voronoi cells, un-
bounded cells are removed. In order to build the pore network from the
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3.7. Three-dimensional Bounded Network

obtained information, the following algorithm is used:

1. Input particle center coordinates to the Voronoi algorithm

2. Output (see Fig. 3.41): Voronoi tessellation, consisting of

• vertex coordinates, vi i = 1, . . . , Nv

• for each cell face

– two neighboring cells (fc)

– vertex indices (fv)

3. Compute faces for each cell (cf) by inversion of fc and remove un-
bounded cells and corrosponding faces (this modifies fv)

4. Compute ev, which contains indices of neighboring vertices for each
edge: For each face

• choose local numbering of vertices, 1 . . . n

• this induces a local numbering of edges, (1, 2), (2, 3),. . . , (n−1, n),
(n, 1)

• append corresponding global vertex indices (from fv) to ev

5. Build pore network: nodes=vertices, pores=edges

We note that the extension is achieved by adding a fourth object (cells) and
the necessary mappings (cf and fc).

cells

cf

DDfaces

fc

¥¥

fv

!!
edges

ev

BBvertices

Figure 3.41: Hierarchy of 3D data structures; the objects in black are ob-
tained from the Voronoi algorithm and processed to get objects in red.

Boundary-layer Modeling As discussed earlier in this chapter, one fur-
ther step in preparing a network for drying is to introduce a boundary layer.
To this aim, initially the network body is generated. In general it is not
trival to find coordinates of nodes located at the top face of the network (see
Fig. 3.43a). To find these coordinates, one layer of particles is additionally
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(a) (b)

(c) (d)

Figure 3.42: 3D network construction process; (a) generators, (b), (c) Voronoi
cells before and after elimination of unbounded cells and (d) pores.
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Figure 3.43: Steps to build up a boundary layer; (a) main networks, (b) the
networks with auxiliary particles (in dark gray) and (c) the networks with
the boundary layer.
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Figure 3.44: Cross-sectional areas for vapor diffusion in the boundary layer
of Figure 3.43c.

introduced to the main aggregate (see Fig. 3.43b). By this, the node co-
ordinates can be found easily and then they are extended in the horizontal
direction to create the full boundary layer (see Fig. 3.43c). Cross-sectional
areas for vapor diffusion in the boundary layer is shown in Figure 3.44.

3.7.1 Drying Simulations

To demonstrate structure and drying behavior of an aggregate, a relatively
small aggregate is considered. The aggregate consists of 223 particles with
radii 250 nm and 3511 pores with a radius distribution (100 ± 45 nm) and
mean length 220 nm. Boundary layer is 5 µm thin corresponding to a mass
transfer coefficient of β = 5.1 m/s. One can see that large pores at the aggre-
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gate surface, which represent surface water, rapidly dry out and drying front
receded into the aggregate. More analyses on drying behavior is provided in
the proceeding part.

(a) (b)

(c) (d)

Figure 3.45: Phase distribution at network saturations; (a) full, (b) 0.7, (c)
0.4 and (d) 0.2; liquid is plotted in dark blue, gas in light gray; the aggregate
dries from the top.

Drying simulation of a relatively big aggregate with 1220 primary par-
ticles is conducted here. Pore network consists of 16866 pores, with pore
radius distribution (92± 40 nm). Boundary layer has 10 vertical nodes cor-
responding to a mass transfer coefficient of β = 5.1 m/s. Spatial distribution
of coordination number for the network is given in Figure 3.46.

The simulation results obtained are presented as following: phase distri-
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Figure 3.46: Spatial distribution of coordination number for the network
shown in Figure 3.47.

bution during drying is shown in Figure 3.47; drying rate curve is displaced
in Figure 3.48a; saturation profile, which corresponds to successive steps of
10 percent decrease of global saturation is given in Figure 3.48b.

At the beginning of drying, surface water evaporates from the aggregate
surface, and drying rate drops gradually (dimensionless drying period drops
to ν̇ ≈ 0.6). Then, gas penetrates into the depth of the network, while keep-
ing the main liquid cluster connected to the network surface (breakthrough
occurs at around network saturation S=0.8). Since pores located in corners
have larger radii, gas preferentially penetrates from there (see Figure 3.47c
and Figure 3.49). With further evaporation, a long first drying period is ob-
served during which liquid is pumped to the surface mainly by inner pores.
Once surface saturation decreases, differences in capillary pressure are not
sufficient to afford high local evaporation rates. As a consequence, all surface
pores dry out (Figure 3.47e) and evaporation front recedes into the aggregate,
while sweeping away all disconnected liquid clusters.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.47: Phase distributions of an aggregate for water case at network
saturations; (a) 0.9, (b) 0.8, (c) 0.75, (d) 0.65, (e) 0.45, (f) 0.3, (g) 0.2, (h)
0.15 and (i) 0.1. The top face is open to drying. Only empty pores (with
white lines) and partially saturated pores (with blue lines) are plotted.
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.

(a) (b)

Figure 3.48: (a) Normalized drying rate vs. network saturation and (b) slice-
averaged saturation profile vs. normalized network depth for the network
sketched in Figure 3.47.

(a) (b)

Figure 3.49: Distribution of (a) pore radii and (b) pore lengths for the net-
work of Figure 3.47c. The pore radii and lengths are normalized by particle
radius.
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Chapter 4

Discrete Element Method

4.1 Background

The discrete element method (DEM) is an alternative to the classical con-
tinuum mechanics approach which has originally been developed for rock
mechanics. Unlike traditional numerical methods, this mesh-free technique
treats the solid phase as an assembly of discrete elements, starting with basic
constitutive laws at inter-particle contacts and tracking microscopic interac-
tions of the particles and their contacts under different loading conditions.
The DEM provides quantitative information such as velocity, displacement,
orientation, forces, moments and stresses on each particle at any time during
the simulation. Indeed, such microscopic information may not only be sig-
nificant for a better understanding of the phenomenon under consideration,
but also opens up possibilities for micro-structural material design. However,
computational requirements in DEM simulations are inevitably demanding:
the number of equations governing the system depends on the number of
particles used to capture the microstructure so that simulations are usually
carried out on a limited number of spherical particles (instead of more com-
plex particle geometries).

History of DEM The discrete element method originated from early
molecular dynamics algorithms [101]. The first DEM algorithms were pro-
posed in the late 1970s and early 1980s for the analysis of rock-mechanics and
granular material [102, 103]. The following definition of a discrete element
method is given in [104]:

• allows finite displacement and rotations of discrete entities, including
complete detachment.

• automatic detection of new contacts as the calculation proceeds.
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4.1. Background

The early algorithms were limited to two-dimensional circular disks. They
presented mathematically an easy way to detect contact points between the
particles, although circular disks could not fully represent a real system.
Since the method was published, the fundamental solution procedure for
DEM has not changed. However, the algorithm has evolved over the last
thirty years and has become much more sophisticated. Initially, the parti-
cles were more or less treated as ball bearings with only particle-to-particle
and particle-to-boundary forces considered. Over time, contact models have
been refined to include cohesion and adhesion forces and even fluid dynam-
ics to model air/water resistance. The evolution from 2D to 3D has also
contributed to the attraction of DEM. Nowadays, modern commercial codes
such as PFC3D or EDEM are available which can simulate a wide range of
mechanical phenomena in granular media.

Fields of Application DEM has become widely used in various engineer-
ing areas. Such as soil and rock mechanics [103], mining industry [105], food
handling [106], chemical [107], environmental sciences [108] and pharmaceu-
tical industry [109]. Interestingly, novel DEM models can already be found
in disciplines that seem to be very far away from particle engineering, such as
biomechanics [110], psychology [111]. DEM is also used to simulate particle
packings for subsequent investigation of their liquid permeability [112]. Re-
cent applications include fundamental investigations on breakage processes
and strength of individual dry agglomerates [113, 114, 115] as well as wet
granular materials wherein the liquid phase has pendular shape [116, 117].
In these models, capillary force has been expressed as a function of inter-
particle distance, water bridge volume, contact angle and surface tension.
To date little report of DEM applications in drying is found in literature
[118].

Principal rules of DEM There are three fundamental processes of DEM
that are applied to each particle in each time step:

1. Contact Detection – determine whether a particle is in contact with its
immediate neighbors and/or boundaries.

2. Force-Displacement Law – determine the forces and moments acting on
a particle from the influence of boundaries and immediate neighbors.

3. Law of Motion – update the accelerations and velocities on a particle.

Basically, the method alternates between updating particle velocities and
positions from a law of motion and by updating forces and moments by a
force displacement law.
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4.1. Background

In this study, the Particle Flow Code, which is a commercial DEM soft-
ware developed by Itasca is used as the simulation platform for aggregate
generation and computation of particle motion (PFC2D for two-dimensional
and PFC3D for three-dimensional simulations). The purpose of this chapter
is to give a thorough insight into most aspects of the DEM used in PFC3D.
This chapter does not however, cover any material on how to use the software
– we refer to the manual [87] for that purpose.

4.1.1 Law of Motion

As already mentioned, the method works with “particles” that are (usually
simple shaped) rigid bodies. The i-th particle position is given by the position
of its center of mass, xi. Its motion is decomposed into a translational motion
of the center of mass, ẋi, and an angular motion, ωi. DEM is a time-stepping
method, where for a given time step ∆t, the new position (for each particle,
therefore dropping the index i) is computed by

x(t + ∆t) = x(t) + ẋ(t + ∆t/2)∆t. (4.1)

The velocity of the center of mass ẋ and the angular velocity ω are computed
with centered finite differences:

ẋ(t + ∆t/2) = ẋ(t−∆t/2) + ẍ(t)∆t, (4.2)

ω(t + ∆t/2) = ω(t−∆t/2) + ω̇(t)∆t. (4.3)

Here, the acceleration of the center of mass ẍ and angular acceleration ω̇ are
given by the laws of motion

mẍ = F and Θω̇ = M , (4.4)

where m denotes the mass and Θ the inertial moment of the particle. For a
homogeneous sphere we have Θ = II. Further, F (t) denotes the total force
acting on the particle. It includes internal forces F int such as contact, friction
and attractive forces (bond forces), damping forces as well as external forces
F ext such as gravitational force and in general the far-field tractions; in our
case F ext will describe capillary forces from the fluid phase. Likewise, M(t) is
the total moment involving internal M int and external M ext moment acting
on the particle. In our case, M ext is set to zero, no moment being induced
by capillary forces. Then, Eqs. (4.2) and (4.3) can be written in the form

ẋ(t + ∆t/2) = ẋ(t−∆t/2) +
1

m
F (t)∆t, (4.5)

ω(t + ∆t/2) = ω(t−∆t/2) +
1

I
M (t)∆t. (4.6)
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4.1.2 Force-Displacement Law

All the modeling work goes in the force-displacement law, which computes
F (t+∆t) and M(t+∆t) from x(t+∆t), ẋ(t+∆t), and ω(t+∆t/2). Forces
are either acting on contacts or they are global external forces, like gravity,
but there are no forces between particles which are not in contact. This
is also the reason why the method is feasible: the number of inter-particle
contacts is usually linear in N , where N À 1 denotes the number of particles.
The force-displacement law is applied to particles which are in contact. We
consider two particles at positions xi and xj, i 6= j, with radii Ri, Rj > 0.
We define the unit normal vector of the contact plane as

nij :=
xj − xi

dij

, dij := |xj − xi|. (4.7)

Particles are assumed to have soft boundaries, and therefore, overlap may
occur. It is computed by

Un
ij := Ri + Rj − dij (4.8)

(the index n stands for “normal direction”). If Un
ij > 0, the particles i and

j overlap, if Un
ij = 0, they touch, and if Un

ij < 0, there is no contact (see
Fig. 4.1). Any pair (i, j) with Un

ij ≥ 0 is stored in the set of contacts, and
the contact point xij is computed by

xij := xi +

(
Ri −

Un
ij

2

)
nij. (4.9)

The contact force F ij is defined for every pair (i, j) in the set of contacts,
and is expressed as

F ij = F n
ij + F s

ij, (4.10)

where F n
ij is the normal force and F s

ij the shear force (directions with respect
to the contact plane). The normal contact force is computed by

F n
ij = Kn

ijU
n
ijnij, (4.11)

and is thus defined by particle positions and properties only (no update from
past values). The value of the normal contact stiffness Kn

ij is defined in the
contact constitutive model (Sec 4.2).

The shear force is initialized to F s
ij := 0 when a contact is formed, and

updated by
F s

ij = {F s,old
ij }rot.2 + ∆F s

ij. (4.12)
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xi xj

nij

Ri

Rj

dij

contact plane

Un
ij

xij

Figure 4.1: Notation used to describe the particle-particle contact.

{F s,old
ij }rot.2 is obtained from {F s,old

ij }rot.1 by a rotation in the current contact

plane (rotation axis nij), while {F s,old
ij }rot.1 is obtained from the value at the

previous time step F s,old
ij , by a rotation in the plane common to both the

current and the old normal vector (rotation axis nold
ij ×nij). In other words,

the old value of shear force needs to be rotated to account for rotation of
particles with respect to each other. The rotations are defined by

{F s,old
ij }rot.2 := {F s,old

ij }rot.1 − {F s,old
ij }rot.1 × 〈ωij〉∆t, (4.13)

{F s,old
ij }rot.1 := F s,old

ij − F s,old
ij × (nold

ij × nij), (4.14)

where nold
ij denotes the unit normal vector of the contact plane from the

previous time step, and where 〈ωij〉 is the (normal component of the) average
angular velocity of the two particles in contact, given by

〈ωij〉 :=
1

2
((ωi + ωj) · nij) nij. (4.15)

Both |nold
ij × nij| and |〈ωij〉|∆t have to be small for Eqs. (4.13) and (4.14)

to be correct. In that case we have {F s,old
ij }rot.2 · nij = {F s,old

ij }rot.1 · nij ' 0,

which means that the vector {F s,old
ij }rot.2 lies in the new contact plane, given

by nij.
The increment for the shear force is expressed by

∆F s
ij = −Ks

ijV
s
ij∆t, (4.16)

where ks
ij is the shear stiffness of the contact (cf. contact constitutive model,

Sec 4.2), and V s
ij := V ij−(V ij ·nij)nij is the shear component of the relative

velocity of the two balls at the contact point, which is given by

V ij = (ẋj + ωj × (xij − xj))− (ẋi + ωi × (xij − xi)) . (4.17)
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i

F i

M i

Figure 4.2: Total force and moment acting on particle i. (4.18), (4.21)

The total force acting on particle i is computed by

F i = −
Nc∑

j:(i,j)
contact

F ij + F ext
i , (4.18)

where Nc denotes the number of contacts (see Fig. 4.2).
Theoretically, an aggregate consisting of Np primary particles is in equi-

librium if
Np∑
i

|F i| = 0. (4.19)

However, this condition can not be used from numerical point of view. So
that, in PFC, in order to establish a limiting condition to indicate the equi-
librium, the ratio of mean unbalance force (muf) to mean contact force (mcf)
is used

muf

mcf
:=

1
Np

∑
i |F i|

1
Nc

∑
ij |F ij|

. (4.20)

If the ratio approaches a very small value, this indicates that an equilibrium
state has been reached. We should note that this ratio is used to assess the
equilibrium state if the particle aggregate is sufficiently packed to let finit
contact forces develop.

The moments for each particle are computed by

M i = −
∑
j:(i,j)
contact

(xij − xi)× F ij. (4.21)
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4.1.3 The Algorithm

The DEM algorithm as shown in Fig. 4.3 is based on the follwoing steps:
with time steps tk := k∆t, k ≥ 0,

1. contact detection: set of contacts := ∅, for i = 1, . . . , N

• for j = 1, . . . , N

– compute overlap Un
ij from xk

i , xk
j , ri and rj, Eq. (4.8)

– if Un
ij ≥ 0: add (i, j) to the set of contacts, compute nk

ij and
xij Eqs. (4.7) and (4.9)

– if Un
ij < 0: if the bond breaks (cf. Sec 4.2), remove (i, j) from

the set of contacts

Note: this is the only step in the algorithm where we really run over
all N2 particles. In PFC3D, a much more efficient neighbour search
method is used, with run time O(N) only.

2. compute contact forces: for all (i, j) in the set of contacts

• compute F n
ij from Un

ij and nk
ij, Eq. (4.11)

• compute {F s
ij}rot.1 from F s,k−1

ij , nk−1
ij and nk

ij, Eq. (4.14)

• compute 〈ωij〉 from ω
k−1/2
i , ω

k−1/2
j and nk

ij, Eq. (4.15)

• compute {F s
ij}rot.2 from {F s

ij}rot.1 and 〈ωij〉, Eq. (4.13)

• compute V ij from xk
i , xk

j , xij, ẋ
k−1/2
i , ẋ

k−1/2
j , ω

k−1/2
i and ω

k−1/2
j ,

Eq. (4.17)

• compute V s
ij and ∆F s

ij, Eq. (4.16)

• compute F s,k
ij from {F s

ij}rot.2 and ∆F s
ij, Eq. (4.12)

• compute F ij from F n
ij and F s,k

ij , Eq. (4.10)

3. update particle forces and moments: for i = 1, . . . , N

• compute F k
i from F ij, j : (i, j) is in the set of contacts, Eq. (4.18)

• compute M k
i from xk

i and F ij, xij, j : (i, j) is in the set of con-
tacts, Eq. (4.21)

4. update velocities and positions: for i = 1, . . . , N

• compute ẋ
k+1/2
i from ẋ

k−1/2
i , mi, and F k

i , Eq. (4.5)

• compute ω
k+1/2
i from ω̇

k−1/2
i , Ii, and M k

i , Eq. (4.6)
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initialize particle positions and velocities
(pre-processing)

1. detect contacts

2. compute contact forces (contact constitutive model)

3. update particle forces and
moments (external forces may be

included)

4. update velocities and positions

5. equilibrium
condition satisfied?

post-processingNoYes

Figure 4.3: DEM flowchart.

• compute xk+1
i from xk

i and ẋ
k+1/2
i , Eq. (4.1)

5. check equilibrium condition by Eq. (4.20), then k 7→ k +1, return to 1.

The length ∆t of the (global) time step is determined by a stability condition
on the finite difference scheme. Another method available in the PFC3D
software is differential scaling, where the inertial mass of each particle is
modified after each time step, such that the stability criterion is satisfied by
a time step of length 1. Since the time step depends on particle sizes and
particle properties, this method should be used if there are large differences
in particle sizes and/or there are large stiffness differences present and a rapid
convergence to static equilibrium is required. For instance, this method can
be used to prepare particle aggregates in a relatively short time for later use.
In the preparation stage, only the final solution is valid; states in between do
not represent true dynamic behavior of the aggregate.
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i j
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ij
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µij
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ij

Figure 4.4: Illustration of linear contact model in the form of spring, dashpot
and slider; left – normal direction, right – shear direction.

4.2 Contact Constitutive Models

Various models for material behavior are available. They are given by con-
stitutive laws on the contacts. There are four different types of models: a
stiffness model; a slip model; a damping model; and a bonding model. In
fact, the contact model is fully specified by the first three models. The first
three models are always present to allow numerical integration of the laws of
motion. The bonding model is optional. All four models shall be presented
in this section. Figure 4.4 represents a stiffness and a slip model by springs
and slider, respectively. Contact damping is shown by dashpots which act in
parallel to the contact spring elements to dissipate energy [87].

Contact Stiffness Models

The contact stiffness relates the contact force to the displacement (Eqs. (4.11)
and (4.16)). PFC3D provides two stiffness models, however, one can still
define any complicated stiffness models.

linear contact Every particle has parameters kn and ks to describe its
normal and shear stiffness, respectively. In the linear contact model, contact
stiffnesses are given by harmonic means of particle stiffnesses, as follows:

Kn
ij :=

kn
i kn

j

kn
i + kn

j

, Ks
ij :=

ks
i k

s
j

ks
i + ks

j

. (4.22)
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Hertz-Mindlin contact In this contact model, the forces and relative
displacements are nonlinearly related to the non-constant stiffness, which is
a function of the geometric and material properties of the two contacting balls
as well as the current value of the normal force. The material parameters are
the elastic shear modulus G and the Poisson ratio ν. The contact stiffnesses
are then defined by

Kn
ij :=

(
2〈Gij〉

√
2Rij

3(1− 〈νij〉)

) √
Un

ij, Ks
ij :=

(
2 (〈Gij〉23(1− 〈νij〉)Rij)

1/3

2− 〈νij〉

)
|F n

ij|1/3,

(4.23)
with average values

Rij :=
2RiRj

Ri + Rj

, 〈Gij〉 :=
1

2
(Gi + Gj) , 〈νij〉 :=

1

2
(νi + νj) . (4.24)

Note that the Hertz-Mindlin contact model is only appropriate when mod-
eling particle aggregates having no bonds, since it is not defined for tensile
forces for which Un

ij < 0; experiencing small strain conditions and exclusively
compressive stresses. Moreover, contact between a particle with the linear
model and a particle with the Hertz-Mindlin model is not allowed, since the
behavior is undefined.

Slip Model

This model is active between unbonded objects in contact or between bonded
objects (see below) when their bond breaks. The parameter µ is given for
each particle, and the friction coefficient for a contact (i, j) is defined by
µij := min{µi, µj}. The maximum shear force is then given by Coulomb’s
friction law as

F s
ij,max = µij|F n

ij|. (4.25)

If the shear force computed by (4.12) satisfies |F s
ij| > F s

ij,max, then F s
ij will

be replaced by

F s
ij

F s
ij,max

|F s
ij|

. (4.26)

Damping Model

The damping forces used in this work are modeled by dashpots in the normal
and shear directions as shown in Fig. 4.4. The damping force F n,s

ij,d in the
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4.2. Contact Constitutive Models

normal and shear directions (see Eq. 4.17) is proportional to the respective
velocity,

F n,s
ij,d = −cn,s

ij V n,s
ij , (4.27)

where cn,s
ij denotes the viscous damping coefficient and V n,s

ij the relative veloc-
ity in the normal and shear directions (4.17). The minus sign indicates that
the damping force acts to oppose the relative motion between two particles
in order to reach mechanical equilibrium quickly. The damping coefficient is
not specified directly, but is expressed as

cn,s
ij = ζcn,s

ij,cr, (4.28)

where ζ denotes the damping ratio and the critical damping coefficient is
defined by

cn,s
ij,cr =

√
4mijK

n,s
ij (4.29)

Here, for contacts between two particles, the mass mij is expressed by

mij =
mimj

mi + mj

. (4.30)

Bonding Models

When modeling aggregates, one may need to describe fracture in the solid
phase and/or to increase the strength of the whole system. This can be done
by bonding every particle to its proximate neighbor; the resulting assembly
can be regarded as a “solid” with elastic properties and capable of “frac-
turing” when bonds break in a progressive manner. Two different bonding
models so-called contact and parallel bond are available in PFC [87].

contact bond The contact bond can be envisioned as a pair of elastic
springs at a point of glue. Since it acts over a vanishingly small area, it does
not resist bending moments [87]. This means that it has no resistance to
rolling of a particle bonded adjacent to it if no third body exists to restrain
the motion. In fact, as shown in Fig. 4.5, this model extends the linear
contact response to particle configurations with negative overlap (Un

ij < 0)
for which transmision of tensile force between particles is made possible.
This is achieved by a simple continuation of the response curve: the contact
force is computed by Eq. (4.11) even for negative values of Un

ij, up to a
predefined maximum force F n

ij,max beyond which the bond breaks and contact
force is set to zero and the contact removed. This “breakage of the bond”
is interpreted as a normal crack. In shear direction, if the magnitude of
the contact force computed by Eq. (4.26) equals or exceeds a prescribed
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4.2. Contact Constitutive Models

maximum shear contact force F s
ij,max, the bond breaks, and the contact force

is set to the friction limit in Eq. (4.25). We have used the contact bond
model which allows for tensile force transmition between successive particle
layers during shrinkage of soft particle aggregates (see Chapter 5).

parallel bond A parallel bond can be envisioned as a set of elastic springs
uniformly distributed over a circular cross-section lying on the contact plane
and centered at the contact point. Parallel bonds establish an elastic inter-
action between particles that acts in parallel to the particle-based portion of
the force-displacement behavior. Thus, the existence of a parallel bond does
not totally prevent slip. The material properties of a parallel bond are the
normal and shear stiffnesses kn and ks and the normal and shear strength
σc and τ c. The radius of the cylinder Rij between particles i and j (see
Fig. 4.6) is computed by Rij := α min{ri, rj}, where ri, rj are the ball radii
and α ∈ (0, 1) is a prescribed multiplier. Forces and moments associated with
the bond between (i, j) are written as F ij = F n

ij+F s
ij and M ij = Mn

ij+M s
ij,

respectively. When the bond is formed, these values are initialized to 0, and
they are subsequently updated by increments ∆F ij and ∆M ij. These incre-
ments depend on the displacement and rotation increments ∆U ij and ∆θij,
which are defined by

∆U ij = V ij∆t, ∆θij = (ωj − ωi)∆t. (4.31)

Here, ωi and ωj denote angular velocities and V ij the contact velocity, given
by Eq. (4.17). The normal and shear components of the force and moment
increments are defined by

∆F
n

ij = −knAij(∆U ij · nij)nij, (4.32)

∆F
s

ij = −ksAij(∆U ij − (∆U ij · nij)nij), (4.33)

∆M
n

ij = −ksJij(∆θij · nij)nij, (4.34)

∆M
s

ij = −knIij(∆θij − (∆θij · nij)nij), (4.35)

where Aij denotes the area of the bond cross-section and Jij, Iij denote
moment of inertia and polar moment of inertia of the bond disk cross-section,
respectively. These values are computed from the bond disk radius Rij by

Aij := πR
2

ij, Jij :=
1

2
πR

4

ij, Iij :=
1

4
πR

4

ij. (4.36)
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Un
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F n
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F n
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bond breaks

normal bond
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Kn
ij
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(a)

U s
ij

F s
ij

F s
ij,max

bond breaks

shear bond
strength

frictional strength

Ks
ij

1

if Un
ij > 0

(b)

Figure 4.5: Constitutive behavior for contact occurring at a point; (a) normal
component of contact force and (b) shear component of contact force.

91



4.2. Contact Constitutive Models

The update of bond forces and moments is then as follows:

F n
ij = (F n,old

ij · nold
ij )nij + ∆F n

ij, (4.37)

F s
ij = {F s,old

ij }rot.2 + ∆F s
ij, (4.38)

Mn
ij = (Mn,old

ij · nold
ij )nij + ∆M s

ij, (4.39)

M s
ij = {M s,old

ij }rot.2 + ∆M s
ij, (4.40)

where the rotations to account for the movement of the contact plane are
defined in (4.13), (4.14). From the updated forces and moments, stresses in
the parallel bond are computed by

σij,max = −F n
ij · nij

Aij

+
|M s

ij|
Iij

Rij, (4.41)

τij,max =
|F s

ij|
Aij

+
|Mn

ij · nij|
Jij

Rij. (4.42)

The bond breaks if one of the following conditions is true

1. σij,max ≥ σc,

2. τij,max ≥ τ c.

If the bond holds, bond forces are added to the forces for each particle i as

F i = F i −
∑
j:(i,j)
contact

F ij, (4.43)

M i = M i −
∑
j:(i,j)
contact

(
(xij − xi)× F ij + M ij

)
. (4.44)

We have used the parallel bond model to describe cracks in stiff material
(see Chapter 5).

In this chapter, we have described a linear contact model; however, de-
pending on the material to be described, the contact law may be different.
Indeed, any type of internal force relationship that can be numerically mod-
eled can be implemented in PFC. Nevertheless, we should always be aware
of the fact that reliability and applicability of a contact law depends on
complexity of a considered system.
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4.3. Micro-mechanical Parameters

Figure 4.6: Schematic illustration of (external) forces on the particles (red
cones) and resultant cracks of the parallel bond, normal (in dark blue) or
shear (in yellow).

4.3 Micro-mechanical Parameters

It is worth mentioning that one crucial prerequisite for DEM simulations
are the model parameters. In general, it is difficult to choose parameters
such that the behavior of the resulting synthetic material resembles that of
an intended physical material. In this regard, two possibilities are proposed
[87]: for the general case of arbitrary packings of arbitrarily sized particles,
model parameters are found by means of a calibration process, in which a
particular instance of a model with a particular packing arrangement and
set of model parameters is used to simulate a set of material tests (e.g., un-
confined compression test, three-point bend test, Brazilian test, etc.). The
model parameters are then varied until the model reproduces the relevant
material behavior as measured in such tests. For simple packing arrange-
ments however, the relation between model parameters and commonly mea-
sured material properties is known a priori [87]. For example, the apparent
Young’s modulus E of a cubic array of particles is given in terms of the
normal contact stiffness Kn and the particle radius R by

E =
Kn

4R
. (4.45)

Similarly, the strength of such packing s with bonded particles is given with
respect to the contact strength F n

max by

s =
F n

max

4R2
. (4.46)

Although Eqs. (4.45) and (4.46) are derived for very simple packings, they
illustrate some general relations. First, the overall modulus of an assembly is
inversely proportional to particle radii. Thus, if two models containing dif-
ferent particle sizes are to exhibit the same modulus, contact stiffnesses must
be scaled directly with particle radii. Second, for assemblies that use contact
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bonding, the strength contribution of the bonding is inversely proportional to
the square of the mean particle radius. Thus, for constant sample strength,
bond strength must be scaled with the square of particle radii.

Currently, a growing research activity can also be observed to supply
DEM models with parameters obtained from advanced micro-scale experi-
ments, e.g. atomic force microscopy or nanoindentation [119, 120], which
investigate directly particle-particle interactions.

In this work, Eq. (4.45) has been used to get model parameters that are
needed for the simulation of shrinkage in Chapter 5.

4.4 Time step

PFC uses an explicit time-stepping scheme (cf. Sec 4.1.3). In order to
maintain numerical stability, the time step must be small enough such that
numerical errors are damped and do not accumulate over time. An estimate
for the critical time step, ∆tcri, can be found by

∆tcri = 2

√
m

Ktran

(4.47)

where m denotes the smallest mass in the particle aggregate and Ktran is
the maximum spring constant in translational direction. This estimate is
based on the natural frequency of two particles connected by a spring [87].
However, since it is very likely that a particle will be in contact with more
than one particle during a time step, the actual natural frequency of the
particle aggregate would be higher which results in a lower value of the
critical time step. A safety factor ∼ 0.1 is commonly included in the time
step estimation in order to account for this fact.

4.5 Periodic Particle Aggregates

In a particle aggregate with periodic boundaries, particles that leave on the
left-hand side appear on the right-hand side, and vice versa. Similarly, par-
ticles disappear at the lower boundary and appear at the upper boundary.
While in transit across the periodic boundaries, a particle and its twin may
exist simultaneously – these multiple instances of the same particle in PFC
are termed “controller” and “slave”, depending on where they are located in
relation to the periodic cell (defined in 2D by the four periodic boundaries).
Thus, a particle that overlaps a cell boundary, with its centroid within the
cell, is termed a controller; the controller spawns one or more slaves on op-
posite sides of the cell. The centroid of a slave lies outside the cell, but its
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Figure 4.7: Operation of periodic space in 2D; regular particles are colored
white-gray, controllers and slaves are colored light and dark gray, respectively;
periodic cell in yellow.

5 6 7 8 5

9 10 11 12 9

13 14 15 16 13

Figure 4.8: 2D particle aggregate with periodicity only in the horizontal
direction.

motion is identical to that of its controller. A single controller may spawn one
or more slaves, depending on its proximity to a corner of the periodic cell. As
shown in Fig. 4.7, a controller in the lower, left-hand corner of the periodic
cell may have three slaves, when it overlaps two boundaries simultaneously.
In PFC, in order to create an aggregate having periodic boundary only in
horizontal direction (see Fig. 4.8), the following technique can be used: the
aggregate is generated in fully periodic space; then, one layer of particles in
horizontal direction is removed. What remains is the aggregate with periodic
boundary only in the horizontal direction. Similor definition of periodicity
is used in 3D aggregates. To create an aggregate with periodicity only on
the sides, one layer of particles is removed from the top of the aggregate (see
Figs. 4.9 and 4.10).
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Figure 4.9: Operation of periodic space in 3D; regular particles are colored
white-gray, controllers and slaves are colored light and dark gray, respectively.
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Figure 4.10: 3D particle aggregate with periodicity only on the lateral sides.
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Chapter 5

Coupling of Pore Network
Model with DEM

In this chapter, a discrete approach is presented to model and simulate the
mechanical effects as a result of liquid phase evolution during convective dry-
ing of porous materials. The goal is to gain a better understanding of the
origins and causes of these effects and eventually predict and quantify them
in light of this advanced approach. For practical reasons, several assump-
tions are made that are not inherent to the modeling approach and can be
eliminated by future model extensions. Specifically, the considered particle
aggregates are regular cubic networks; heat transfer is not modeled so that
thermal stresses can not be assessed; and macroscopic stresses due to liquid
pressure gradients are not yet accounted for. The present model addresses the
local effect of capillary forces due to different filling state of individual pores.
The porous structure is encoded into discrete phases using pore network and
DEM approaches. On this basis, a one-way coupling of pore and particle
networks is introduced by describing capillary forces as a function of pore
saturations. The model is consecutively applied to particle aggregate under
different drying conditions. Two limiting cases are considered which can be
interpreted as (1) slow and fast drying or as (2) two pore liquids with very
different ratios of surface tension to viscosity. Simulation of the two cases
leads to different capillary force distributions in the particle network. The re-
spective mechanical response is captured by tracking contact forces between
the primary particles and, for stiff aggregates, simulating and analyzing the
resulting cracks. The influence of material properties on cracks formation
is addressed. For specific material properties, reversible shrinkage without
cracks can be observed; here, contact force distributions are presented and
spring-back to the original size is simulated.
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5.1. Representation of Porous Structure

5.1 Representation of Porous Structure

The solid phase is encoded into a cubic packing of mono-sized particles
bonded at their contact points (see Fig. 5.1a). Complementarily, the void
space is represented by a cubic network of cylindrical pores with randomized
radius. Figure 5.1b shows such a network that is partially saturated with
a single-component liquid. After these descriptions, the pore and particle
networks are combined together as shown in Figure. 5.1c. Throughout this
chapter, light gray space (inside pores) represents the air and vapor phase,
while dark blue stands for liquid. All simulations start with fully saturated
networks at room temperature (20◦C) and atmospheric pressure (1 bar).
Solely the top face of the network is exposed to evaporation; the remaining
faces are impervious to fluids.

5.2 Model Coupling Scheme

As illustrated by the flowchart in Figure 5.2, the pore network and discrete
element models are coupled via capillary forces on the particles, which de-
pend on liquid saturation in the pore network and thus change over time. For
such a coupled simulation, we compute in a first pass the evolution of pore
saturations in a given pore network and the capillary forces as described in
the next section. These forces are stored over time in a capillary force pro-
tocol. Due to the adaptive time-stepping in the drying algorithm, computed
capillary forces are distributed non-uniformly in time. We interpolate the
force values to uniformely distributed time steps (see Fig. 5.3). In the sec-
ond pass, the capillary forces are consecutively applied to the complementary
particle network to compute its response using DEM. For each drying time
step, a sufficiently large (constant) number of DEM cycles (five hundred)
was computed in our simulations to reach the new (and only slightly differ-
ent) quasi-static equilibrium state; this was checked by monitoring the ratio
of the mean unbalanced force to the mean contact force on the aggregate
(see Chapter 4, Eq. (4.20) for details). After five hundred cycles, the mean
unbalanced force reaches a value four orders of magnitude smaller than the
mean contact force (see Fig. 5.4). Inter-particle bond breakage is recorded
during simulations to obtain spatial and temporal information on cracks and
contact forces.
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5.2. Model Coupling Scheme

(a) (b)

(c)

Figure 5.1: Model porous medium; (a) shows the solid phase (bonds between
the primary particles are represented as lines), (b) the complementary, par-
tially saturated pore network (liquid is plotted in dark blue, gas in light
gray; the random variation in pore radius is scaled exponentially) and (c)
both networks (pore radii are identical and plotted to scale, as for truely
complementary networks).
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capillary force protocol from pore network simulation

capillary force for current time

discrete element method

mechanical equilibrium? tm+1 = tm + ∆tm

saturation > 0? td+1 = td + ∆td

post-processing: plot cracks, contact forces, etc. NoYesYesNo

Figure 5.2: One-way coupling of pore and particle network simulations.

Figure 5.3: Original and interpolated time steps for drying simulation (527
original, 550 interpolated).
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5.3. Capillary Forces on Particle Network

Figure 5.4: Convergence to mechanical equilibrium for 6 drying time steps.

5.3 Capillary Forces on Particle Network

The capillary force on the particle depicted in Fig. 5.5 depends on the effective
wet area, Aw, i.e. the projection of the wetted area onto a plane perpendicular
to the force as well as on capillary pressure, assumed to be uniformly Pc =
2σ/r, in all full pores. For perfect wetting and use of cylindrical pores,
the force contribution from the contact line has no component normal to the
particle. To approximate the capillary force from pore network geometry and
from pore saturations, Sj, the following approach is used: force contributions
from all twelve neighboring pores are summed up, where contribution from
each pore is a vector directed from the particle centre to the pore centre. For
the sake of simplicity, wet area fractions are assumed to be proportional to
pore saturations Aw ∝ Sr. Thus, for the time-dependent capillary force on
each particle, we obtain

F c(xp, t) ∝
12∑

j=1

Sj(t)
xj − xp

|xj − xp| , (5.1)

where Sj is the saturation of neighbor pore j, xp and xj are coordinates
of the particle centre and the central position of the pore, respectively. In
subsequent simulations, the proportionality factor in (5.1) is chosen such that
capillary pressure in a given network assumes a realistic value and F c has
the unit of force.
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t1 t2 t3

Figure 5.5: One selected cell of the network with a particle, its neighboring
pores and resulting capillary force vector (red cone) as it evolves with pore
saturations (liquid in blue) during drying.

5.4 Evolution of Capillary Forces

Dynamic simulations are run to see the evolution of capillary forces during
drying. To do so, the drying model (see Chapter 3 for drying algorithm)
is applied to the same pore network for two limiting drying conditions: (1)
very slow drying, for which capillary liquid flow is not affected by friction
and liquid viscosity may be considered as negligible, and (2) very fast drying,
for which liquid viscosity suppresses capillary flow completely so that pore
liquid is considered as immobile. (It shall be noted that in the first case,
temperature of the material remains constant or rises uniformely; and that
in the second case, the evolving temperature gradients will not affect the
liquid phase distribution [19, 21]. Therefore, neglecting heat transfer in the
model does not significantly affect the order of pore emptying, but only
the respective time scale.) Being interested to observe the capillary force
evolution in the whole system, relatively small networks (5×5×10) as shown
in Fig. 5.6 with particle diameter (and pore length) 500 nm are generated.
The boundary layer is 5 µm thin, corresponding to a mass transfer coefficient
of 5.1 m/s. Pore radii are normally distributed with a mean value of 103 nm
and a standard deviation of 1 nm. For the studied system, typical capillary
pressure is of the order of 1 MPa, and net capillary forces as shown in Fig. 5.8
are in the range of 0.1 mN. The width of the pore size distribution determines
the ratio of capillary to viscous effects and therefore plays no major role in
the two limiting cases. For drying conditions between the two discussed
limits, intermediate behavior is observed as shown in Fig. 5.7 for the case of
water (drying rate curves in dimensionless form). Pore network saturations
and capillary forces during the drying process are depicted in Figure 5.8 for
negligible liquid viscosity, whereas the result of the immobile water simulation
is presented in Figure 5.9.
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Figure 5.6: Initial state of capillary forces; gray cylinders represent imposed
empty pores, dark blue is for liquid pores. The network is open for evapora-
tion at the top.
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Figure 5.7: Normalized drying rate versus network saturation for the simula-
tions depicted in Figs. 5.8 and 5.9, as well as for the case of water viscosity.

Now, let us discuss the capillary force evolution in these two conditions,
starting from the non-viscous case. One can see from Figure 5.8a that in
the fully saturated network, capillary forces appear on the top surface which
is open to drying, as well as on the other surfaces (on which empty pores
have been imposed). In this initial state, the compressive capillary forces
are symmetric and the net capillary force on inner particles is zero. Upon
evaporation, the liquid phase gradually splits up into small disconnected
clusters (Fig. 5.8b-c). Accordingly, capillary forces get less organized such
that they are still compressive for the individual clusters whereas, at the local
level, tension forces can develop. Globally, capillary forces decline downwards
and eventually vanish at the bottom of the network by the end of drying.
However, in the high viscosity limit, liquid stays in a single cluster and a sharp
drying front propagates through the network, accompanied by a capillary
force front that keeps the wet region under compression (Fig. 5.9); therefore,
the force gradient is rather significant in this case. At the bottom of the
network, the local capillary forces stay constant until this region eventually
dries out at the end of the process. In conclusion, it shall be stressed that
– depending on drying conditions – capillary forces evolve in different ways.
Now, the question arises whether these capillary interactions may promote
mechanical effects and whether these depend on drying conditions; this will
be discussed in the following sections.

Figure 5.10 shows the discrete directions of capillary forces occurring in
the whole particle network during drying (note that the frequency of indi-
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(a) (b)

(c) (d)

Figure 5.8: Evolution of capillary forces for negligible liquid viscosity at (a)
0.9 (b) 0.75, (c) 0.6 and (d) 0.3; gray cylinders represent empty pores, and
dark blue is for liquid; capillary forces are presented by red cones; and cone
volume scales with force magnitude. The network is subjected to evaporation
at the top. (For better visualization of differences in pore radii, they are
scaled exponentially.)
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(a) (b)

(c) (d)

Figure 5.9: Evolution of capillary forces for immobile water at network sat-
urations (a) 0.9, (b) 0.75, (c) 0.6 and (d) 0.3; gray cylinders represent empty
pores, and dark blue is for liquid; capillary forces are presented by red cones;
and cone volume scales with force magnitude. The network is subjected to
evaporation at the top. (For better visualization of differences in pore radii,
they are scaled exponentially.)
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(a) (b)

Figure 5.10: Representation of all occuring capillary force directions in the
drying particle network for (a) negligible liquid viscosity and (b) immobile
water limit.

vidual directions is not shown). Since drying starts from the network surface
and evolves towards bottom, majority of variation seems to be downwards.
This discrete behavior may vanish in irregular networks or even in regular
networks of bigger sizes.

5.5 Evolution of Contact Forces Distribution

The influence of local capillary force evolution during drying on the global
bond network is described in this section. This is demonstrated by a net-
work of contact forces and cracks. Figure 5.11 represents inter-particle con-
tact forces for the above particle network with 625 bonds (with material
parameters as in Table 5.1). These contact forces are computed by DEM
from the capillary forces of the previous section (for the high viscous limit)
in Eqs. 4.11 to 4.16. If capillary forces are comparable to bond strength,
micro-cracks may occur. Figure 5.11a illustrates the situation in the early
stage of drying (saturation 0.6), where 4% of the network bonds have broken.
One can see that the contact forces are less pronounced in the dried network
region since bond failures allow the particles to reorganize and thus relieve
the tensile forces in the contact points. As drying progresses at network sat-
uration 0.3, cracks (8% of bonds) propagate downwards leaving behind a dry
part of the network which is practically free of tensile forces.
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(a) (b)

Figure 5.11: Contact force distributions and crack developments for network
of Figure 5.9 at saturations (a) 0.6 and (b) 0.3. Compressive and tensile
contact forces are represented by green and red cylinders, respectively (ra-
dius indicating force magnitude, orientation accounting for normal and shear
components). Normal and shear cracks are visualized by dark blue and yellow
discs, respectively.

It should be noted that the simulation results presented here are in qual-
itative accord with numerical results [75, 7] as well as experimental [121]
observations. Scherer argued that cracking is most likely to occur at the end
of constant rate period, because of the stress difference between the wet and
dry part of a particulate body as the drying front moves toward the interior
of the body. Following this argument, spectrometry measurements of Silica
films demonstrated the appearance of cracks and, consequently, the loss of
transparency as air entered the pores at the critical point as the end of the
constant period of drying [122].

To provide a detailed insight into how a micro-crack initiates, we have
analyzed a normal contact force evolution while applying the capillary forces
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Figure 5.12: Evolution of normal contact forces at one specific contact in
non-viscous and highly viscous limit.

in two different drying conditions. In fact, we assume in our model that
the history of the contact force is not involved in crack formation. Despite
the crack being only a result of the current state of the contact force, this
force is a result of the emptying order of pores; therefore the drying condi-
tions are crucial. Simulations start with a fully saturated network where the
capillary forces are pronounced; and the particles are in mechanical equilib-
rium state. Figure 5.12 shows an example of normal contact force evolutions
in one specific (vertical) bond near the center of the network for the two
limiting drying conditions (see Table 5.1 for material parameters). Initially,
capillary forces cause compression of the particles (positive values of con-
tact force). When the drying front passes the bond, the action changes into
tension (negative value of contact force) which may eventually result in the
breakage of the bond if the current force reaches bond strength (in the given
example, −10.8 ·10−10N). In the highly viscous limit, the capillary force field
in the wet part is rather uniform in lateral directions with a sharp change
near the drying front (see Figure 5.11). In this case, the gas invasion takes
time to reach the pores in the neighborhood of the bond and the bond ex-
periences strong local compression for longer. In the non-viscous case, pores
are invaded throughout the network leading to a disordered capillary force
field, and a weakening of normal compressive contact force in the partially
saturated region (at saturation 0.88). Global analysis of these two different
behaviors is done in the next section.
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characteristic value
Particle radius (m) 250 · 10−9

Particle density (kg/m3) 3230
Friction coefficient between particles 0.5
Damping coefficient of particles 0.7
Normal/shear stiffness of particles (N/m) 3 · 104

Normal/shear stiffness of parallel bonds (N/m3) 8 · 1014

Normal/shear strength of parallel bonds (N/m2) 1.6 · 104

Bond radius (fraction of particle radius) 0.5858

Table 5.1: Micro parameters of stiff particle networks.

5.6 Simulation of Cracks for Stiff Aggregate

In practice, material damage due to cracks occurs more likely during drying
of stiff materials (with high elastic modulus) whereas shrinkage is the main
effect when soft materials (with low elastic modulus) are dried. In the DEM
approach, the terms “stiff” and “soft” are translated into the behavior of pri-
mary particle contacts, e.g., soft particles can have significant virtual overlap.
(Our analysis is restricted to elastic behavior, which is no general constraint
to the method.) In the following, numerical results are presented for different
drying conditions as well as for both types of materials in order to illustrate
these phenomena. Such simulations may be used to find criteria for mate-
rial properties and drying conditions to preserve the solid structure. Such
simulations may be used to find criteria for material properties and drying
conditions to preserve the solid structure. At first, we use a relatively small
network for qualitative discussion of phenomena; later on, larger networks
tempt to give representative results.

5.6.1 Influence of Drying Conditions

In this subsection, it is shown how the dynamics of crack formation in stiff
particle aggregates is influenced by the drying conditions. To this purpose,
micro parameters have been chosen for a rather dense porous agglomerate,
namely activated alumina γ-Al2O3 (as used in [114]); since particle radii are
about two orders of magnitude smaller in our work, we have scaled parallel
bond stiffness accordingly (to get similar values in units N/m). For simplicity,
a uniform bond radius has been used, which is computed from inter-particle
distances and mean pore radius.

First, the mechanisms of liquid flow and splitting of the liquid into dis-
connected clusters during drying of a network are analyzed if liquid viscosity
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is negligible. In the liquid filled region of the network, capillary pumping is a
result of the random spatial distribution of pore radii and leads to a random
emptying of pores; consequently, many liquid clusters can form during dry-
ing. In this case, capillary pressure differences fully control water flow within
each cluster so that at any time the largest of all communicating meniscus
pores will be invaded by gas. As a consequence, pores may empty in the
whole network from the beginning. However, capillary flow is interrupted
when the liquid phase splits up into clusters. Both effects can be seen from
the liquid phase distributions depicted in Fig. 5.13.

In a second simulation step, the capillary forces corresponding to these
phase distributions have been applied to the stiff particle aggregate; the re-
sulting normal and shear cracks of bonds are shown in Fig. 5.14. At high
network saturations, when the network as a whole loses liquid but stays
partially saturated to the surface (first drying period), the particle network
remains under compression due to capillary forces. During this period, only
shear cracks are observed, their number rising with drying time. At later
stages of drying, the drying front recedes and a completely dry region devel-
ops (second drying period). This dry region is no longer under compression
due to the absence of capillary forces. Therefore, normal cracks may also oc-
cur. In this second period, normal cracks gradually appear as the dry region
moves into the network; and also more shear cracks occur in the vicinity of
the drying front. At the end of drying, 66 shear cracks and 15 normal cracks
are counted, i.e. 81 out of 625 bonds have been broken. These cracks are not
uniformly distributed in space: the decrease of cracks from top to bottom
of the sample is attributed to the non-symmetric force load on the different
regions.

If liquid viscosity is dominant and differences in capillary pressure negligi-
ble, the liquid is immobile. This corresponds to the limit of very high drying
rate. In this case, all surface pores dry out immediately and a sharp drying
front recedes into the pore network as shown in Fig. 5.15. The mechanical
response of the solid network is illustrated in Fig. 5.16. At the beginning,
the bottom of the network stays completely saturated and therefore experi-
ences no changes in capillary forces, no cracks are observed in that region.
Cracks occur only in the vicinity of the receding phase front, cracks occur.
As argued for the non-viscous case, normal cracks may only occur in the
dry region where the network is no longer under compression. In this way,
together with the propagating drying front, a crack front moves towards the
bottom of the network, resulting in a total of 42 shear cracks and 12 normal
cracks. This means that 54 out of 625 bonds have failed during the drying
process. These final numbers are quite similar to those of the non-viscous
case. The main difference seems to be in the time-dependence of crack ap-
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pearance, since cracks only occur in the neighborhood of local changes in
liquid saturation.

(a) (b)

(c) (d)

Figure 5.13: Pore saturations (liquid in dark blue) for negligible liquid viscos-
ity at network saturations (a) 0.9, (b) 0.6, (c) 0.45 and (d) 0.3. The network
dries from the top.
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(a) (b)

(c) (d)

Figure 5.14: Distribution of micro-cracks for negligible liquid viscosity at net-
work saturations (a) 0.9, (b) 0.6 and (c) 0.3 as well as (d) for the completely
dried aggregate. Dark blue and yellow cylinders stand for normal and shear
cracks, respectively (for better readability, only the bond network is shown).
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(a) (b)

(c) (d)

Figure 5.15: Pore saturations (liquid in dark blue) for immobile liquid at
network saturations (a) 0.9, (b) 0.6, (c) 0.45 and (d) 0.3. The network is
subjected to evaporation at the top.
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(a) (b)

(c) (d)

Figure 5.16: Distribution of micro-cracks for immobile liquid at network
saturations (a) 0.9, (b) 0.6 and (c) 0.3 as well as (d) for the completely dry
aggregate. Dark blue and yellow cylinders stand for normal and shear cracks,
respectively.
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(a) (b) (c) (d)
Normal and shear bond strength (104N/m2) 0.4 0.8 1.6 2

Number of cracks during
1st drying period

shear 52 23 13 10
normal 13 14 2 0
total 65 37 15 10

Number of cracks during
2nd drying period

shear 290 197 53 26
normal 162 90 13 3
total 452 287 66 29

Total number of cracks 517 324 81 39

Table 5.2: Stiff aggregate behavior for varying bond strength.

5.6.2 Influence of Bond Strength

In further numerical experiments, bond strength is systematically varied in
order to determine its influence on crack formation and distribution. To
this purpose, a non-viscous drying simulation has been used with the same
pore and particle network parameters as before (see Table 5.1). As shown in
Fig. 5.17 and Table 5.2, the total number of cracks is reduced with increas-
ing bond strength. This is natural since the bonds more easily withstand
the capillary forces occurring during drying. A second effect is on the type
of cracks: shear cracks are clearly dominate for strong bonds, whereas the
numbers of normal and shear cracks become comparable for weak bonds.
Moreover, influence of the bond strength on the number of cracks is stronger
in the second drying period than in the first. The time-dependency of the
process can also be observed. In the first drying period, when liquid is re-
moved from the whole network, mainly shear cracks may occur. In the second
period, when the drying front recedes (here at network saturation < 0.75),
still intact bonds may be broken by additional shear cracks and also normal
cracks. This means that cracks occur to a great extend in the second drying
period.

5.7 Monte-Carlo Simulations

In the previous sections, only a single realization of the network structure was
considered for the two limiting drying conditions; simulation results showed
slightly more cracks for the non-viscous limit of drying. To push the analysis
further and being aware of the fact that randomness of network generation
may lead to a range of different liquid distributions and accordingly varied
mechanical responses, Monte-Carlo simulations have been run. Present com-
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(a) (b)

(c) (d)

Figure 5.17: Cracks at the end of drying of stiff aggregates for different bond
strengths when liquid viscosity is neglected (see Table 5.2 for numbers).
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Figure 5.18: Evolution of normal contact forces at one specific contact in
non-viscous (nv) and highly viscous limit (v).

putational cost and memory limitations impose a relatively small particle
network size (10× 10× 20, corresponding to 5500 inter-particle bonds) and
a limited number of ten MC simulations for each drying condition. Simula-
tions are carried out with the same pore and particle parameters as above
(see Table 5.1). Simulation results, shown in Fig. 5.18 as averaged num-
bers of cracks with respective statistical standard deviations, indicate that
more normal cracks occur in the viscous case than in the non-viscous. Since
capillary forces in the viscous case disappear layer-wise, particles that have
already been compressed start to rebound in the absence of capillary forces
resulting in normal cracks. On the other hand, capillary forces in the non-
viscous case are less organized, which may prevent movement of particle in
normal direction, leading to less normal cracks. Regarding shear cracks, ow-
ing to more degrees of freedom of capillary force in case of non-viscous drying,
there are more cracks as compared to the viscous case. These two opposing
distributions of cracks compensate each other and the discrepancy in total
number of cracks is not significant. In other words, in the two cases, the or-
der of emptying the pores is different, but a representative bond experiences
– sooner or later in the drying process – similar local tensions, which mainly
occur when its direct-neighbor pores are emptied.

In reality, the liquid pressure in the pores has a gradient that depends
on drying rate; this gradient is expected to be negligible in the non-viscous
limit and pronounced in the viscous limit. As discussed in literature [7],
the pressure gradient leads to tensile forces near the evaporating surface and
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the combination of macroscopic tension and local “switching off” of capillary
forces is expected to result in macroscopic cracks. The differences in liquid
pressures are not yet included in the modeling of forces, so that cracks are
only described on a “local” basis.

5.8 Correlation Between Crack Distributions

and Moisture Profiles

Being interested to get a better insight into the dynamics of spatio-temporal
evolution of network saturation and crack distribution, as well as their cor-
relation, Monte Carlo averages are more closely analyzed. To this purpose,
averaged saturation profiles and associated numbers of cracks (averages for
20 horizontal network slices of equal thickness), and over all MC runs) are
plotted in Fig. 5.19. In the non-viscous limit, saturation level drops more or
less uniformly throughout the network before a drying front recedes, whereas
in the viscous limit, the sharp front is receding from the start of the drying.
The cracks resulting from the different protocols of capillary forces also show
slightly different time evolutions. In both cases, cracks occur when the drying
front passes by or – during the first drying period – at the surface. But, in
the viscous limit, they seem to be more strictly confined to the neighborhood
of the sharp front (best seen in profiles for saturations 0.5-0.8). Once a region
is dry, the number of cracks does not change significantly anymore. Overall
we observe that, in both limits, an almost constant crack level is established
throughout the medium as the (partially) wet region is eroded. Figure 5.20
shows crack patterns of one MC run. One can see that the crack pattern in
the non-viscous case is more irregular, as is the phase boundary in this case.

5.9 Simulations with Periodic Networks

In this section, the aforementioned simulations are extended to networks with
periodic boundary conditions in horizontal direction. Figure 5.21a shows an
aggregate, in which the particles are bonded together at their contacts (for
more details on periodic particle network see Chapter 4) and pores on the side
borders are connected in horizontal direction. Capillary forces are computed
from the filling states of pores and network geometry (see Fig. 5.21b); note
that how capillary forces are pointing in the periodic cells. In order to prevent
particle movement in vertical direction during loading of capillary forces, one
wall is kept underneath the aggregate.

Drying conditions and geometrical parameters are identical to simulations
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Figure 5.19: Profiles of slice-averaged saturation (dashed lines) and cracks
(solid lines) for (a) non-viscous and (b) viscous limit over all Monte-Carlo
simulations (for multiples of 0.1 in global saturation).
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(a) (b)

Figure 5.20: Final crack patterns for (a) non-viscous and (b) viscous limit
for one MC run (blue: normal crack; yellow: shear crack).

with non-periodic boundary conditions (see Sec.5.4). Stiff aggregates are
considered with micro-mechanical parameters as used in [114]. However,
bond strengths are scaled in order to find an interesting region (in which
some bonds break) and meanwhile avoid trivial cases (all/no cracks) (see
Table 5.3). Two limiting drying conditions are studied, namely very slow and
very fast drying. Pore network saturations and capillary forces during the
drying process are shown in Figure 5.22 for negligible liquid viscosity, whereas
the simulation results of the immobile water is depicted in Figure 5.23.

The capillary force evolution is discussed in these two drying conditions:
in the non-viscous case, initially the network is fully saturated and cap-
illary forces appear only on the network surface, which is open to drying
(Fig. 5.22a). As evaporation proceeds, gas penetrates the network from the
top surface and gradually spans throughout the network (many menisci may
develop). Consequently, capillary forces develop faster and get more disor-
ganized in this case compare to the simulation with non-periodic boundaries
(Fig. 5.22b). On the contrary, in the high viscosity limit, gas only invades
from the network surface so that liquid stays in a single cluster and a sharp
drying front recedes through the network, accompanied by a very organized
capillary force front that propagates through the network and keeps the wet
region under compression. The evolution of forces in this case is very similar
to one with non-periodic boundary conditions.
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As a next step, the capillary forces corresponding to these drying condi-
tions have been applied to the stiff particle aggregates; the resulting normal
and shear cracks of bonds at the end of drying are shown in Fig. 5.24. Cracks
develop in both drying conditions with similar tendency from top to bottom.
For more discussion, we refer to Section 5.6.

(a)

(b)

Figure 5.21: (a) Pore and bonded-particle networks and (b) an example illus-
trating evolution of pore saturations and capillary forces. (periodic boundary
conditions are applied in horizontal directions; the bottom face is impervious
to fluids and the top one is open to drying.)
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(a) (b)

(c) (d)

Figure 5.22: Evolution of pore saturations and capillary forces during drying
at network saturations; (a) 0.9, (b) 0.6, (c) 0.45 and (d) 0.3 (case of negligible
liquid viscosity).
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(a) (b)

(c) (d)

Figure 5.23: Evolution of pore saturations and capillary forces during drying
at network saturations; (a) full saturation, (b) 0.9, (c) 0.6 and (d) 0.3 (case
of immobile water).
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characteristic value
Particle radius (m) 250 · 10−9

Particle density (kg/m3) 3230
Friction coefficient between particles 0.5
Damping coefficient of particles 0.7
Normal/shear stiffness of particles (N/m) 3 · 104

Normal/shear stiffness of parallel bonds (N/m3) 8 · 1010

Normal/shear strength of parallel bonds (N/m2) 1
Bond radius (fraction of particle radius) 0.5858

Table 5.3: Micro parameters of stiff particle networks.

(a) (b)

Figure 5.24: Final distribution of cracks for stiff aggregates; (a) negligible
liquid viscosity (5 normal cracks; 91 shear cracks) and (b) immobile water (5
normal cracks; 82 shear cracks).
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5.10 Simulation of Shrinkage for Soft Aggre-

gate

Soft materials such as gels show considerable – and sometimes reversible –
shrinkage during drying. To our knowledge, no DEM simulation of such ma-
terials has yet been performed, so that in the lack of literature parameters
the simple linear contact bond model with parameters (see Table 5.4) that
correspond to typical macroscopic moduli is used. Also, the contact bond
model allows for tensile force transmission between successive particle lay-
ers. It is not evident that the mechanisms during elastic compaction of a
gel matrix, i.e. the reversible folding of solid filaments, can be approximated
by overlapping of soft discrete particles. (Indeed, the particles in DEM sim-
ulation rather represent small portions of solid material than real primary
particles, and the liquid distribution in the pore network is an averaged one.)
Nevertheless, as it is shown in the following subsection, qualitative effects can
be correctly reproduced by the chosen DEM approach .

5.10.1 Spring-back Shrinkage

Shrinkage is simulated as a result of large overlap between particles with soft
contacts. The chosen mechanical properties are indicated in Table 5.4, which
correspond to typical macroscopic property of silica aerogel with Young’s
modulus E = 107 Pa. Schematic representation of modeling steps, which are
considered and those which are not yet included in the current model, are
illustrated in Fig. 5.25. Contact force distribution during shrinkage is shown
in Fig. 5.26 for a 10 × 5 × 5 network. Initially, the aggregate is in mechan-
ical equilibrium and capillary forces are not yet applied (Fig. 5.26a). Then,
in one step, the full capillary forces are applied to the aggregate leading to
a new equilibrium between attractive capillary and repulsive contact forces
with considerable shrinkage (Fig. 5.26b). In fact, this single step corresponds
to a complete first drying period during which liquid removal is compensated
by ideal shrinkage, i.e. all pores remain fully saturated but reduce their size.
The kinetics of this period are not yet modeled; specifically, volume change of
pores is not accounted for and viscous effects leading to non-uniform shrink-
age (or even a “premature” end of the first drying period by emptying of
pores) are not yet addressed. Therefore, this study is restricted to the non-
viscous limit, where uniform shrinkage can be assumed. As evaporation
continues in the second drying period, capillary forces gradually disappear
from the top and repulsive contact forces bring the particles back to their
initial positions (see Fig. 5.26c). Such a spring back phenomenon is known
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to occur for certain gels [123, 79]. Eventually, the mechanical equilibrium
for the dried aggregate will be reached, without cracks having occured. A
near-equilibrium state is shown in Fig. 5.26d. In the second drying period,
the results are meaningful even if pore volume change is neglected, because
it concerns gas pores which play a minor role in transport phenomena. In
other words, in this period, only diffusion rate is affected not emptying order
of pores.

characteristic value
Particle radius (m) 250 · 10−9

Particle density (kg/m3) 2000
Friction coefficient between particles 0.5
Normal/shear stiffness of particles (N/m) 10
Normal/shear contact bond strength/capillary force 2

Table 5.4: Micro parameters of soft particle networks.
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Figure 5.25: Modeling steps of spring-back shrinkage; (a) completely wet
aggregate, (b) appearance of capillary forces (represented by red arrows), (c)
wet equilibrium state, (d) expansion and (e) dry equilibrium state; from (b)
drying starts at the top.

127



5.10. Simulation of Shrinkage for Soft Aggregate

(a)

(b)

(c)

(d)

Figure 5.26: Volumetric shrinkage and contact force distribution of a soft ag-
gregate at four different times during drying (line thickness indicates relative
force; black color means compression and white tension).
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Chapter 6

Conclusions and Future
Research Work

6.1 Conclusions

The pore network model (PNM) of drying initially conceived as a model for
heat and mass transport, but in this thesis, we have shown that it has a
much wider applicability. Coupled with discrete element method (DEM),
it can be used as the basis of mechanical effects of porous materials during
drying. It is completely new type of model, and it has provided a point of
view of mechanical effects which is unique among the current literature.

Although the study of mechanical effects has been considered by many
authors, this work represents the first micro-scale model of these effects, and
it has opened up the possibility for asking completely new questions about the
nature of mechanical effects. The simulations suggest that in rather dense
porous agglomerates, liquid phase distribution plays a role, and it seems
that any general theory should account for it. One of the failings of classical
drying approaches may originate in their continuum formulation, which does
not take into account the way in which local damages occur. The notion
of micro-crack during drying process is explicitly shown in this work. Using
this, it was made possible to directly show continuum hypotheses about crack
formation and its propagation within an aggregate during drying. This was
one of the underlying principles of the discrete description of porous media,
which was explicitly shown in this thesis.

In evaluating the successes of discrete modeling approache, it is helpful to
view them as comprised of two modeling tools: the solid phase is represented
by a particle network, the void space by a complementary pore network.
Local capillary forces are computed from pore saturations as obtained from
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a pore network drying algorithm and then applied to the particle network by
use of DEM. For soft materials, spring-back of a material, which has shrunken
during the first drying period, has been described. For stiff materials, the
role of liquid distributions on mechanical damages during drying has been
investigated. To this aim, two liquid distributions – corresponding to the
limits of possible behavior – caused by different drying conditions have been
considered: slow drying during which capillary flow is slow and not affected
by friction; liquid viscosity is negligible. Fast drying during which viscous
forces suppress capillary flow and liquid is immobile. Our results suggest
that the fact that faster drying leads to greater material damage cannot
be explained by the different spatial distributions of liquid and resulting
capillary forces during drying. Instead, our simulations seem to support the
hypothesis that only the combination of local forces and macroscopic stress
leads to this damage. Moreover, for stiff materials the influence of material
properties (here, bond strength) on material response (i.e. the occurrence
of cracks) during drying has been studied. Results indicate that influence of
the bond strength on the number of cracks is stronger in the second drying
period than in the first.

First simulations were carried out for regular structures (cubic aggregates
comprising of mono-sized spherical particles and randomized pore sizes). As
a next step, the model has been generalized to account for an arbitrary pack-
ing of equally sized spherical particles by employing the Voronoi diagram to
construct the complementary pore network (in 2D and 3D). Such a descrip-
tion resulted in irregular node locations, distributed coordination number
of nodes, pores of variable length. The pore radii were computed from the
distance of each edge to its neighboring particles. Two-dimensional networks
which are typically built up by regular subregions had a rather broad distribu-
tion of coordination number and a narrow pore size distribution. Moreover,
drying algorithm was generalized to the new irregular structure. Since the
pores and the difference between pore radii were small, viscous effects domi-
nated capillary forces leading to quasi constant drying period. The capillary
force computation has also been revised to account for irregular networks.
Such formulation of capillary force should be viewed as surprising that a
model motivated entirely by geometry provides an easier description of such
a complicated phenomenon. Modeling approach was also extended to 3D
arbitrary aggregates. Modeling approach was also extended to 3D arbitrary
aggregates. Then, drying of a 3D network consisting of 8398 nodes and 16866
pores has been simulated and favorable drying behavior, i.e. showing a long
first period, observed.

In conclusion, the presented technique is seen as a new powerful tool
to analyze interactions between fluid and solid phases during drying at the
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pore level. In this approach, since microscopic behavior can be directly in-
vestigated, truly local information is available from simulations (as opposed
to continuous models). Indeed, such modeling efforts are undertaken in the
belief that discrete approaches to classical problems can help for a fundamen-
tal understanding and that more refined model versions will allow studying
mechanical effects for a wide range of materials and drying conditions.

6.2 Future Research Work

The discrete modeling approach presented here represents a new technique
for simulating of mechanical effects induced during drying, and as such there
are a great number of possibilities for developing this work further. The
following works might be subjects for future research:

• The one-way PNM/DEM coupling approach is limited. An advanced
model version should use two-way coupling, where the purpose of the
coupling is to take into account geometric or even topological changes
of the pore network due to particle displacements.

• Since the tools to extract irregular networks are developed in this the-
sis, it will be a promising direction to model and simulate capillary
forces and mechanical effects of 3D irregular structures. Being aware
of the fact that most real aggregate materials such as gels involve a
more or less broad distribution of particle diameters, this polydisper-
sity (particle size distribution) should also be accounted for.

• Advanced micro-scale experiments will allow parameterization of the
DEM model, and analysis of damaged dry material will help assess
simulation results for cracks in a more rigorous way. DEM offers the
possibility to use more complex contact and particle properties. As dis-
cussed in Chapter 4, one necessary prerequisite for DEM simulations is
model parameters, which should be defined by calibration process. So
that it would deserve to calibrate the model by experimental measure-
ments.

• In order to study correlations between macroscopic structural proper-
ties and drying behavior of random aggregates that are independent
of aggregate generation, Monte-Carlo simulations on larger networks
with a more efficient algorithm will be needed.

• Another major effect is the pressure gradient in the liquid, which causes
differential stress and non-uniform shrinkage of the solid. A model
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extension accounting for exact liquid pressures is expected to allow the
simulation of differential stress in the solid, and of propagating macro-
cracks (fragmentation of the solid).

• Further, the approach may be extended to non-isothermal effects, which
are already included in pore network models.
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