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Abstrakt 

Die vorliegende Arbeit soll einen Beitrag zum besseren Verständnis der präparativen 

Batch-Flüssigkeits-Chromatographie leisten. Es wird die Verwendung eines anderen 

Lösungsmittels für die Injektion als für die Elution in dieser Arbeit untersucht – die 

Gradienteninjektion. Besonderes Augenmerk gilt dabei einer in der 

pharmazeutischen Industrie weit verbreiteten Methode, der Nutzung eines stärkeren 

Lösungsmittels für die Injektionen. 

In einer theoretischen Untersuchung der Gradienteninjektion wurden Lösungen der 

Gleichgewichtstheorie für die Gradienteninjektion angewandt und erweitert. Dadurch 

konnten prinzipielle Effekte einer solchen Verfahrensführung abgeleitet werden. Die 

theoretisch ermittelten Resultate wurden in zwei experimentellen Studien bestätigt. 

Anhand einer experimentellen Fallstudie wurde eine einfache und effiziente Methode 

vorgeschlagen, anhand derer das Potential einer Prozessintensivierung durch den 

Einsatz der Gradienteninjektion überprüft werden kann. Es konnte gezeigt werden, 

dass die Gradienteninjektion Potential zur Verbesserung der Batch-Chromatographie 

besitzt. Randbedingen, lohnende Einsatzgebiete und Grenzen der Gradienten-

injektion wurden identifiziert 

 

Abstract 

This work is meant as a contribution to increase the understanding of preparative 

batch liquid chromatography. It investigates on the use of a different sample solvent 

for injection than for the elution – the gradient injection. The use of a stronger sam-

ple solvent for injection, as often used in pharmaceutical industry, has been given 

special consideration. 

For theoretical investigation of the gradient injection, solutions of the equilibrium 

theory have been applied and extended. This led to identification and derivation of 

general elution effects of such an injection method. The theoretical results have been 

verified in two experimental studies. Based on a experimental case study a rather 

simple and effective methodology has been suggested, suitable for process design 

and evaluation. It has been shown, that gradient injections have potential for process 

intensification. Suitable application areas and limits of the gradient injection have 

been identified. 
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It is very instructive to observe the adsorption during filtration through a powder. First a 

colourless, then a yellow (carotene) liquid flows out from the bottom of the funnel, while a 

bright green ring forms at the top of the inulin column, below which a yellow ring soon 

appears. On subsequent washing of the inulin column with pure ligroin, both rings, the green 

and the yellow, are considerably widened and move down the column. 

M.S. Tswett, Tr. Varshav. Obshch. Estestvoispyt., Otd. Biol. 14 (1903) 20 

 

1. Introduction 

Separation technology plays a crucial role in drug manufacture and life science in-

dustry, where the product specifications involve a high purity. Among several tech-

niques, preparative chromatography – production scale chromatography – has 

evolved as a versatile yet expensive method. In the last years, chromatographic 

methods have been increasingly applied for the preparative separation of isomers, 

enantiomers, oligosaccharides and proteins. Efforts have been made to increase the 

productivity of such separation processes. These involve process intensification, as it 

is the case for sophisticated continuous simulated moving bed arrangements, e.g. [14, 

22, 108, 119, 125, 155, 156], or the less complicated but still efficient steady state 

recycling with periodic injections to internal concentration profiles [56-58, 99, 138, 

195]. Other works of process intensification concentrated on the coupling of the 

rather cost intensive chromatographic separation with a less costly crystallization 

step in order to yield an overall more efficient separation scheme, especially for the 

separation of stereoisomers [12, 39, 40, 43, 87, 93-96, 106, 107, 124, 162, 178]. 

However, batch elution chromatography is still a major method of choice to produce 

the first grams to kilograms of a new pharmaceutical product. 

The application of chromatography in a large scale requires optimization of operating 

conditions, which should assure minimal cost of the separation. Columns are usually 

overloaded in preparative batch chromatography to achieve that goal. It is well 
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known that concentration overloading is superior to volume overloading [64, 98]. 

Hereby a typical restriction is given by limited solubility of the samples in the mobile 

phase applied to achieve good separations. A possibility to increase the column load 

is to use for the injection a solvent in which the sample has a higher solubility. The 

elution strength of such solvents is usually larger than that of the mobile phases. The 

use of an extra-solvent to dissolve the feed components is common in industrial prac-

tice for systems with low solubility of the samples in the mobile phase [114]. Jandera 

and Guiochon [80] reported resulting deformations and splitting of elution profiles at 

the column outlet for the example of non-aqueous reversed-phase chromatography. 

Feng et al. [33] observed similar phenomena for hydrophobic interaction chromatog-

raphy of proteins. An additional obstacle of this technique is that the injection of very 

concentrated samples brings the risk of triggering undesired crystallization effects, 

which may reduce the permeability of the chromatographic system due to blocking 

phenomena. 

The aim of this work was to bring further insight in the application of a stronger sol-

vent for injection than that for the elution. This injection method is referred to as 

gradient injection throughout this work – since it represents in essence a solvent step 

gradient, which is immediately applied after the injection. 

Fundamental background on preparative chromatography is summarized in Chap-

ter 2. Thereby a focus is set on the so-called equilibrium theory.  

A theoretical backbone for the application of the injection in a different solvent is 

derived in Chapter 3 by the consequent application of the equilibrium theory. Here 

typical phenomena, purely based on thermodynamic adsorption equilibria, are stud-

ied and explained for several isotherm combinations. 

Some of the phenomena described theoretically are experimentally studied in Chap-

ter 4. The experimental research has been performed in the following stages: a) 

chromatographic experiments under strongly overloaded conditions, b) analysis the 

influence of the mobile phase composition on the adsorption equilibrium of the com-

ponent studied and c) development and validation of a simplified mathematical 

model. Another goal of Chapter 4 was to check if there exist extreme conditions, 

where precipitation within the chromatographic system occurs. In order to study sys-
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tematically the overloading effect, a chromatographic system was chosen, which 

consisted of just one solute with reasonable retention in the mobile phase. 

Finally in Chapter 5, the application of the injection in a strong solvent for separation 

is discussed for a specific example. For this a chromatographic system was chosen, 

which consisted of two solutes to be separated. The experimental strategy for deter-

mination of the necessary physical interactions (developed and tested in chapter 4) 

was extended further for the use of a two solute system. With a simplified, yet effi-

cient, mathematical description, accounting for the retention of the strong solvent and 

the dependence of the adsorption isotherms of the solutes on the modifier concentra-

tion, process optimization was performed by numerical simulation. The obtained 

optimized results were verified experimentally. 

The results of this work are summarized in chapter 6.  





 

 

The fundamental problems of nonlinear chromatography and the theory of preparative 

chromatography have been the topic of intense activity by chromatographers and chemical 

engineers. Each community has largely overlooked the activities, as well as the preoccupations 

and viewpoints, of the other one. Theoretical problems in nonlinear chromatography have been 

discussed in the literature for more than 50 years and some are still today. Some of these works 

have been quite influential in some circles, while others were completely ignored in others. 

G. Guiochon, A. Fellinger, D.G. Shirazi, A.M. Katti, Fundamentals of Preparative and 

Nonlinear Chromatography, 2.
nd

 edition 

 

2. Background 

2.1. Literature Survey 

Chromatography is a thermal separation technique, where the samples to be sepa-

rated are transported in with a carrier fluid (gas/liquid) parallel to a stationary phase 

(solid). The separation is achieved by the different strength of interactions of the 

samples with the stationary phase. Giddings showed clearly that these interactions 

(i.e. chemical potential discontinuities) are perpendicular to the flow direction, mag-

nifying the result (a good separation) even for small degrees of separation [45, 65].  

The history of liquid chromatography is summarized extensively in the works of 

George Guiochon [64-66]. The author strongly recommends the interested newcomer 

to preparative chromatography and its mathematical modelling to start its literature 

survey with the comprehensive review from 2002 [65]. 

The first reported use of chromatography has been in 1903 for preparative purposes 

by Tswett for the separation of extracted plant pigments [74]. Being more or less 

ignored for about 30 years the high selectivity of chromatography was utilized for the 

isolation of oxides of rare earth elements by ion exchange displacement chromatog-

raphy in the frame work of the Manhattan Project mainly by Spedding et al. [168-
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176]. In the early fifties the American Petroleum Institute used displacement chroma-

tography to fractionate samples of crude oil and distillates to determine the content of 

paraffin’s, naphthenes, olefins and aromatics [17, 110-113]. Another mile stone of 

the development of chromatography was in the early 1960’s the patent by Union Oil 

based on the principle of a simulated moving bed (SMB) [14, 15]. This process was 

developed for the continuous large-scale separation of various petroleum distillates, 

e.g. p-xylene, o-xylene and ethyl-benzene. Today also a number of large scale sepa-

rations in the food industry (e.g. fructose-glucose-sucrose [101], betaine separation 

from beet molasses [67], sucrose from molasses [189]) with more than 500.000 

tons/anno are performed by SMB and SMB like processes. Ruthven and Ching wrote 

an excellent review [147] about the development of continuous counter current sepa-

ration processes. Another, though less successful development of continuous chro-

matography has been the annular chromatography [77] in which the column is rotat-

ing around a fixed axis and the inlets and outlets are at fixed column positions. While 

a continuous chromatographic process sounds intriguing, such an arrangement repre-

sents NOT a process intensification (contrary to simulated moving bed arrange-

ments). Kniep and Heuer [75, 102] showed mathematically that such an arrangement 

is in principle the same as a conventional batch system (though much more compli-

cated to realize), only that the time coordinate is exchanged by an annular coordinate. 

Even Guiochon and Co-Workers did not buy into that idea, as the following suggests 

‘It seems that this solution is still looking for the problems it can solve’ [66].  

Over the last 20 years, the use of semi preparative and preparative chromatography 

has been significantly increased. This is mainly due to the pharmaceutical industry, 

where chromatography is now an important general-purpose separation method [66]. 

The main reason is that the amounts of products required here are relatively easy to 

achieve with columns of only a few centimeters in inner diameter. The purification 

of enantiomers, peptides and proteins are the main focus of published applications, 

though many others have been reported also [66]. There are a number of reviews 

dealing with the application of chromatography for fine chemicals and pharmaceuti-

cals for both analytical and preparative applications [36-38, 158, 184]. 

Besides the technical development of stationary phases and equipment, also the 

achieved theoretical understanding of the phenomena tremendously pushed the ac-

ceptance of chromatography. Especially the pioneering works on solutions of the 
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ideal model of chromatography (referred to as equilibrium theory) must be men-

tioned. Glueckauf [19, 48, 49] was the first who solved the ideal model of chroma-

tography with competitive Langmuir isotherms. However, this solution remained 

rather unnoticed [63]. The development of solutions of the ideal model was driven in 

the late 1960s by the work of Helfferich (concept of coherence and h-transform) [69] 

and the works of Rhee, Aris and Amundson (entropy condition, ω -transform and 

method of characteristics) [142, 143], that led to a better understanding of the role of 

thermodynamics (i.e. the shape of the adsorption isotherm) on the peak profiles and 

the achievable separation. Guiochon and Co-workers made these solutions so popular 

and applicable for the interested user, that they where even credited for the solution 

of the ideal model for binary competitive Langmuir isotherms [53, 54]. This led to 

their interesting review on the history of the ideal model and its solutions [63]. The 

main results of the equilibrium theory for elution chromatography, such as self 

sharpening effects, band broadening and displacement are comprehensively reviewed 

in [70-73] and explained in detail in the books by Rhee et al. [142, 143] and Guio-

chon et al. [64, 66]. 

The methods of solving the ideal model were also applied to continuous countercur-

rent adsorption processes. The combined work of Morbidelli, Storti, Mazzotti and 

their co-workers was of the uttermost importance for the speed with which in the past 

20 years simulated moving bed has been accepted as a separation technique. They 

provided easy to use design criteria for this complicated process, just based on ad-

sorption isotherms. The rigorous derivation of these criteria for nonlinear isotherms 

is explained in [115, 116, 118, 123, 177], while user-friendly descriptions are given 

here [117, 122]. 

Another important aspect for the success of chromatography is the still increasing 

computing power, which makes it in our days rather easy to solve numerically more 

realistic models of chromatography. Among the most successfully applied models, I 

want to highlight the equilibrium dispersive model, which was initially derived by 

Wicke [192, 193]. It represents a trade off between the more realistic models includ-

ing mass transfer between the fluid and the solid phase and the ideal model in which 

all mass transfer effects are neglected. The modeling of chromatography is treated in 

a number of reviews e.g. [55, 65] and books e.g. [64, 66, 159]. Again, I recommend 
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for a start the wonderful review by Guiochon summarizing 60 years of experience in 

chromatography [65]. 

With the previously mentioned works on the modeling and experimental verification 

it turns out that the most crucial information needed for quantitative descriptions are 

the adsorption equilibria – usually described by the adsorption isotherms. These 

functions are relationships between the concentrations of each compound in the two-

phase system at constant temperature. Gas-solid equilibria have been studied over 

200 years. Fontana showed that activated charcoal adsorbs gases and vapors [66]. 

The Gibbs isotherm [44] and the multilayer adsorption theory of Brunnauer, Emmet 

and Teller [16] provide valuable theoretical understanding for gas-solid equilibria. 

However, for liquid-solid equilibria, the situation is more complex. As a conse-

quence, the understanding of liquid-solid equilibria remains more empirical [66]. In 

their excellent books Oscik [129] and Ruthven [146] provide comprehensive sum-

mary on adsorption and adsorption isotherms for both liquid-solid and gas-solid equi-

libria.  

Besides the recent success of SMB and SMB like processes, elution chromatography 

is still the main method of chromatography used in practice. It is in our days more or 

less realized, that (among elution chromatography) isocratic elution (constant elution 

strength throughout the process)– whenever possible – leads to similar [167] or even 

larger production rates, higher recovery yields and easier operation compared to dis-

placement and gradient chromatography [66]. Biochemicals on the other hand, can-

not be extracted and purified by isocratic elution. Here, gradient elution, that is the 

progressive or step wise change of the elution strength of the carrier fluid throughout 

the elution, has to be applied [66]. 

Efficient preparative batch chromatography requires working under close to optimal 

conditions in terms of flow rate, column length and amount injected. It is well known 

that concentration overloading typically performs better than volume overloading for 

one to one mixtures of the solutes to be separated [55], i.e. where the tag along effect 

is not dominating. For such mixtures it has been shown that both injection concentra-

tion and injection volume need to be optimized. However, the optimal injection con-

centrations tend to be the maximal applicable. Often the problem is met that the sol-

utes to be separated exhibit a limited solubility in the mobile phase suitable for sepa-

ration. In order to introduce concentrated samples a stronger solvent could be used 
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for the sample injection. However, this methodology may cause undesired effects, 

such as band splitting [9, 33, 41, 76, 80, 100, 180-182, 186, 187, 191] or crystallisa-

tion in the capillaries [41] or the column [183], albeit the latter phenomena is less 

frequently reported. If crystallisation problems can be ruled out, the injection in a 

stronger solvent is an often-used method in industrial chromatography [114]. 

Ströhlein et al. [179, 181, 182] studied single solute-solvent interactions in bio-

chromatography based on the equilibrium theory. This analysis included linear and 

Langmuir isotherms for the solvent (modifier) and linear isotherms of the solute (as a 

function of the modifier concentration). The authors have shown, that, depending on 

the migration velocities of the modifier and the solute, several phenomena can be 

observed, such as on-column concentration or dilution of the sample in case of in-

jecting the sample in a weaker or a stronger solvent (compared to the elution strength 

of the mobile phase), respectively. Conditions where peak splitting can be observed 

were also shown. These effects could be described and experimentally verified with 

models just based on adsorption isotherms, in contrast to the qualitative descriptions 

of band splitting, done in [80, 183], where crystallisation and dissolution processes 

were included in the mathematical model. 

Jandera et al. [85] performed an optimization of gradient-elution for reversed-phase 

liquid chromatography (RPLC). For a certain case study (separation of phenol and o-

cresol on a C18 material) the injection of long pulses in a weak solvent was found to 

be beneficial due to on-column concentration. Virtually the same result was reported 

in [104]. However, for both examples studied the possibility of injecting very con-

centrated samples was apparently not considered thoroughly. The injection of wide 

pulses of diluted samples dissolved in a weak solvent represents the opposite of the 

practice applied in industry, were often the solutes to be separated are injected in a 

narrow pulse of high concentration. 

2.2. Definitions 

In the following section, basic definitions and assumptions for liquid chromatogra-

phy are listed. Lets start with a sketch of a chromatographic column. 
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Figure 2.1: Scheme of a chromatographic column 

 

A chromatographic column consists of the solid stationary and the fluid mobile 

phase. The fluid volume consists of the fluid around the particles (extra or inter parti-

cle liquid) and the (stagnant) fluid inside the pores of the particles. However, for 

most models, except the general rate model [11, 66, 121, 131, 146] the use of a total 

fluid volume 0V  is sufficient. The total porosity ε  is thus defined as: 

 0

c

V

V
ε =  (2-1) 

Note that the volume of the liquid phase is often called dead volume of the chroma-

tographic column (thus the subscript 0 ). Where cV  is total volume of the empty col-

umn, which can be calculated from its dimensions, e.g. for a cylindrical column of 

diameter d  and length L  (or cross sectional area of the column cA ) 

 
2

4
c cV d L A L

π
= =  (2-2) 

The total volume of the fluid phase in the column can be determined from the reten-

tion time of an unretained tracer, which enters also the stagnant pore space. The 

tracer is injected at the beginning of the column and the mean retention time is meas-
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ured with a suitable detector at the column outlet. The retention time of such an unre-

tained tracer is called dead time of the chromatographic column 0t . The relation be-

tween the dead time, the porosity and the dead volume is: 

 0 c 0V V t Qε= =  (2-3) 

Q  is the volumetric flow rate of the mobile phase. It is often difficult to find a tracer 

that is completely unretained and at the same time enters the pore space. Usually, a 

substance is used which retention time is sufficiently small. The porosity obtained 

from these experiments is used a reference value. Fornstedt and Co-Workers have 

shown that even though deviations in the real porosity yield erroneous adsorption 

isotherm models [149] it is still possible to correctly predict experimental band pro-

files [150], sufficient for engineering purposes. 

Besides the porosity, also the phase ratio F  of the solid phase volume SV  and the 

liquid phase volume 0V  is used. 

 S

0

V 1
F

V

ε
ε
−

= =  (2-4) 

Also of importance is the linear mobile phase velocity u , the velocity, with which 

the mobile phase is traveling through the column. This velocity is defined as: 

 

c

Q
u

Aε
=  (2-5) 

A measure for band-broadening effects such as axial diffusion and mass transfer re-

sistances is the number of theoretical plates of a column, NTP , which can be ob-

tained from the mean retention time ( µ , the first absolute moment) and the variance 

(σ , the second relative moment) of a chromatographic peak: 

 

2

2
NTP

µ
σ

=  (2-6) 
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Ideally, if adsorption occurs in the linear range of the adsorption isotherm and if 

band-broadening effects are symmetrical, peaks are characterized by a Gaussian dis-

tribution and NTP  can be calculated with [188] 

 

2

1 / 2

5.54 RtNTP
w

 
=  

 
 (2-7) 

Where 
1 / 2

w  is the peak width at half the peak height and Rt  ( µ= ) is the retention 

time of the peak maximum. 

2.3. Modelling Batch Chromatography 

Chromatography is a complex process where the components involved are subject to 

various physical phenomena. The mobile phase is percolating through the packed 

bed. It carries components that interact in different strength with the stationary phase. 

The components diffuse through the stagnant layer around the particles to the particle 

surface. Here, they are transported by diffusion into the pore space of the particles 

and from there to the particle surface. There, the components are subject to molecular 

interactions with the surface. Eventually, the reverse steps are happening and the 

components are swept out of the column [66]. Provided the components are not sub-

ject to chemical reaction, the mass balance for each component is conserved for any 

injected amount into the column. This should be the prerequisite for any preparative 

separation [66]. 

The outcome of the separation depends on the fluid dynamics, the mass transfer phe-

nomena and to a large extend on the thermodynamic equilibrium. For liquid phase 

preparative chromatography without chemical reaction isothermal mass balance 

models (without the energy balance) have been found to sufficiently describe the 

phenomena involved [66]. This is due to the relatively small heat of adsorption and 

the large heat capacity of the liquid and the solid phases. In liquid chromatography 

the following assumptions can be used: 

• negligible compression of the liquid phase, i.e. density and flow rate are con-

stant along the column and independent of pressure and degree of adsorption, 

• partial volumes of the samples are the same in both phases, 
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• radially homogeneous, 

• no thermal effects, i.e. heats of adsorption, friction and mixing are negligi-

ble�isothermal, 

• thermodynamic equilibria are not influenced by pressure, 

• viscosity is constant and not affected by the feed. 

These assumptions (plus a few more specific ones) lead to the development of sev-

eral models of different accuracy for preparative chromatography (or better, for the 

description of the transport through a packed bed). In the following, I will introduce 

selected models and their assumptions, relevant to this work. 

2.3.1. Equilibrium Loadings – Adsorption Isotherms 

In the previous sections we have - and the following sections we will see - that ad-

sorption equilibria are of the uttermost importance for the success of a separation and 

the elution profiles (in the case of large sample amounts). In principle for chroma-

tographic processes, where the mass transfer is not very slow (due to small particle 

sizes), thermodynamics control the shape of the band profiles, thus separation, re-

covery yield and productivity. The equilibrium concentration iq  on the solid surface 

of component i  depends on the concentrations of all components in the fluid phase, 

cccc , and the temperature. These equilibria are typically measured at constant tempera-

ture and are referred as adsorption isotherms. 

Here, a short introduction to adsorption and its definitions is given. The theoretical 

approach to the investigation of liquid-solid equilibria is much less advanced and 

much more complex than for gas-solid equilibria. The methods and approaches of 

gas-solid equilibria were empirically extended to liquid-solid equilibria [66]. Com-

prehensive standard text books on adsorption are e.g. Ruthven [146] and Oscik [129]. 

Lets start with a few definitions, which are comprised by the International Union of 

Pure and Applied Chemistry (IUPAC). “Adsorption is the enrichment of one or more 

components in an interfacial layer.”[27]. The material in the adsorbed state is called 

adsorbate while the one in the bulk phase is called adsorptive. For those adsorption 

processes which occur on solid/fluid interfaces the solid is referred to as the adsorb-

ent, while the fluid may be named adsorbens. For liquid chromatography or better 
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for solid/liquid adsorption, the terms adsorbens and adsorptive are referred to as sol-

vent and solute. 

The most prominent adsorption isotherm model is the Langmuir equation which can 

be obtained from several starting points (e.g. chapter 3 in [66]) including statistical 

thermodynamics, Gibbs-Isotherm and the classical method of an established kinetic 

equilibrium between an adsorption and a desorption process [103]. It assumes an 

energetically homogeneous adsorbent surface, monolayer adsorption and no interac-

tion between the adsorbed molecules on the adsorbent surface. 

 

,
1

1

i i
i s i

i i

i i

i i

b c
q q

b c

H c

b c

=
+

=
+

 (2-8) 

,s iq , ib  and iH  are the saturation capacity of the adsorbent, the equilibrium con-

stant and the Henry coefficient (or constant), respectively. For dilute conditions, 

where 1i ib c ≪ , Eq. (2-8) reduces to the linear isotherm,  

 i i iq H c=  (2-9) 

Which in analogy to gas absorption is called Henry isotherm. Linear isotherms are 

typically applicable for small concentrations and have been proven very useful in the 

field of ion-exchange adsorbers (e.g. sugar purification) – even though the isotherms 

are not really linear [127, 128]. The Henry coefficient is also referred to as the initial 

slope of the isotherm.  

Thermodynamically consistent competitive isotherms can be obtained from the sin-

gle component isotherms and the application of the famous ideal adsorbed solution 

theory [139]. If the saturation capacities of all adsorbable components are equal 

(
, , ,

...
Cs 1 s 2 s N sq q q q= = = = ), the single component Langmuir model can be ther-

modynamic consistently extended to account for multi-component adsorption 
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(2-10) 

Often the Langmuir model is to simple to account for the manifold interactions really 

happening at the complex adsorbent surface. Especially the assumptions of energeti-

cally homogeneous surfaces and monolayer adsorption are often not fulfilled. One 

method to account for energetically heterogeneous surfaces is the extension by an-

other Langmuirian adsorption center leading to the multi-bi-Langmuir isotherm: 
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(2-11) 

If the equilibrium constant of the second adsorption center is rather small (i.e. 

2,
1i ib c ≪ ) Eq. (2-9) simplifies to 
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2,

1
C

i i

i i iN

j j

j

a c
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+ ∑
 

(2-12) 

This modified Langmuir equation has been successfully used in a number of applica-

tions (e.g. [81])
1
. Jandera et al. [86] derived Eq. (2-12) for multi-layer adsorption 

with a kinetic approach, similar to the derivation of the simple Langmuir model. 

Gritti and Guiochon [60] derived with the application of the adsorbed solution theory 

thermodynamically consistent competitive isotherms where one solute is adsorbed by 

Brunnauer-Emmet-Teller (BET [16]) isotherm and the other is adsorbed by Lang-

muir isotherms. 

Isotherm models are functions used to fit experimental equilibrium data for the pur-

pose of representing this data for further process calculations and process design. A 

good fit of the simplified yet versatile models does not mean, that the models reflect 

                                                 

1
 for a conservative design of a separation process the linear center should be unselective i.e. 

a2,1=a2,2=…=a2 
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the real molecular interactions. However, the use of thermodynamically consistent 

models (even if they do not represent the real molecular interactions) has been 

proven very successfully for process predictions and process optimizations. 

2.3.2. Ideal Model of Chromatography 

The simplest model of chromatography was formulated first by Wicke [193]. In addi-

tion to the assumptions stated above it neglects all mass transfer resistances and back 

mixing effects. It assumes that both phases are always in equilibrium with each other, 

leading to the following mass balance for a component i : 

 0i i ic q c
F u

t t z

∂ ∂ ∂
+ + =

∂ ∂ ∂
  1, Ci N=  (2-13) 

ic  and iq  are the concentrations of component i  in the fluid and on the solid sur-

face respectively. Since both phases are constantly in equilibrium, the concentration 

on the solid surface iq  is a function of the liquid phase concentration of all compo-

nents CN  present: 

 ( , , , , , )
Ci i i Nq q c c c c= 1 2 … …  , Ci 1 N=  (2-14) 

This model despite its simplifications is of the uttermost importance for the under-

standing of the basic effects in chromatography, which I will explain in the follow-

ing. It has been solved and studied extensively by several researches for nonlinear 

adsorption isotherms. After some initial work of Wicke [193] and Wilson [194], 

DeVault [23] demonstrated in 1943 that the solution of Eq. (2-13) carries a diffuse 

boundary at the rear of a profile if the isotherm is convex upward (e.g. Langmuir) 

and on the front of the profile when the istherm is convex downward (anti-

Langmuir). Glueckauf [46-48, 50] measured for the single component problems ad-

sorption isotherms and showed experimentally and theoretically the development of 

concentration profiles for convex upward, downward and sigmoidal shaped iso-

therms. Glueckauf’s solution was derived without the mathematical methods avail-

able and was neglected in the community [66]. Solutions with a given amount of 

physical insight were obtained by Helfferich [68, 69] for displacement chromatogra-

phy. Rhee et al. [140] provided rigorous solutions for single solutes and multi-
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component mixtures with a sound mathematical background. Golshan-Shirazi and 

Guiochon [51] derived an easier to use equation for the shock location of a single 

solute for any isotherm without inflection point. Solutions of the ideal model (also 

known under the name equilibrium theory) were also used to gain physical insight in 

the performance of counter-current adsorbers and simulated moving bed arrange-

ments [115-118, 123, 141, 177]. Grüner et al. and Vu et al. extended the equilibrium 

model by reaction and obtained insight for useful combinations of integrated reac-

tions and separations [61, 62, 190]. Recently, Kaspereit et al. and Sainio extended 

the use of the equilibrium theory to derive design conditions for reduced purity con-

ditions for SMB [97] and steady state recycling [148]. Helfferich and co-authors 

wrote an interesting series of articles on the solution of the ideal model [71-73]. In 

the following, I will sketch the main features for the derivation of solutions of 

Eq. (2-13) with the appropriate initial and boundary conditions appropriate for batch 

chromatography. 

Eq. (2-13) describes a set of homogeneous first order partial differential equations. 

Its solutions can be constructed using the method of characteristics (for details see 

section 2.4 below, or chapter 5 in [143]). These solutions may contain discontinuities 

and are better represented by wave phenomena [72, 143]. Utilizing  

 i i i

i

q dq c

t dc t

∂ ∂
=

∂ ∂
 

 with 

1

CN

i i k

i k ik

dq q c

dc c c=

∂ ∂
=

∂ ∂∑  

(2-15) 

and inserting it into Eq. (2-13) leads to the wave equation: 

 0
1 i

i

i i

dq

dc

c cu

t zF

∂ ∂
+ =

∂ ∂+
  1, Ci N=  

(2-16) 

If we introduce the migration or traveling velocity cu of a constant concentration, we 

obtain: 
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(2-17) 

From Eq. (2-17) it is obvious that the migration velocity of a certain concentration 

depends on the local slope of the isotherm function. This well known fact is visual-

ized in Figure 2.2 adopted from [66]. 
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Figure 2.2: Relationship between the shape of the equilibrium isotherm (1
st
 row), its 

derivative (2
nd

 row), the corresponding migration velocity cu  (3
rd

 row) and concentra-

tion profile (last row) at the column outlet for single components.  
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For linear isotherms (i.e. constant slope) the migration velocity remains independent 

on the concentration of the solute. Thus, a rectangular injection of an injection con-

centration injc  migrates unchanged through the column (as long as no mass transfer 

effects are present). For Langmuirian isotherms the slope of the isotherm decreases 

with increasing concentration – larger concentrations of the solute are less strongly 

adsorbed than smaller ones, thus less retained: i.e. larger concentrations have a 

higher velocity than smaller concentrations. In contrast, for anti-Langmuir type iso-

therms larger concentrations are stronger adsorbed and more retained than smaller 

concentrations. 

z

c

uc(c)

t1 t2 t3 t4

z

c
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t1 t2 t3 t4cR

cL cR
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Figure 2.3: Development of an initial concentration profile (solid lines) on its course 

through a chromatographic column.  

left: development of a shock, right: development of a spreading wave. 

 

Consider now a concentration profile as shown in the left diagram of Figure 2.3. Ini-

tially, we have a concentration profile where downstream the column is empty (no 

concentration of the solute). High concentrations travel faster than smaller concentra-

tions, thus the profile sharpens until the point where all smaller concentrations are 

overtaken by the largest concentration. At this point a discontinuity forms. The 

propagation speed of the discontinuity can be derived from a mass balance around it 

(for details see Rhee at al. section 5.4 in [143]). 
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(2-18) 
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So, the propagation speed is proportional to the slope of the chord connecting two 

points on the isotherm. With other words, spreading waves (simple waves, Figure 2.3 

right) propagate proportional to the slope of the isotherm, Eq. (2-17), while compres-

sive waves (shocks, Figure 2.3 left) propagate proportional to the chord of the iso-

therm, Eq. (2-18). 

Seidel-Morgenstern [160, 198] introduced the picture of a “rubber band” to explain 

when the chord, 
q

c

∆
∆

, and when the derivative, 
dq

dc
, of the isotherm determine the 

traveling velocity of a concentration. For adsorption, the “rubber band”, which repre-

sents an operating line (dotted lines in Figure 2.4) spans from below the isotherm in 

the q-c diagram. For desorption the “rubber band” spans from above the isotherm. 

The “rubber band” always yields the shortest connection between the initial and the 

feed state and shows whether the propagation velocity is proportional to the chord or 

the derivative of the isotherm. 

c

q ∆ q/∆ c

dq/dc

Adsorption

Desorption

c

q ∆ q/∆ c

dq/dc

Adsorption

Desorption

 

Figure 2.4: Visualization of the “rubber band” (dotted lines) to identify when to use the 

chord and when to use the derivative of the isotherm to obtain the retention time of a 

concentration, left for Langmuir-type isotherms and right for anti-Langmuir type iso-

therms 

2.3.3. Models with Mass Transfer Effects 

Comprehensive overviews on the modeling of preparative chromatography are given 

in e.g. [55, 65, 66]. The most successful and often used extension of the equilibrium 

model is the equilibrium dispersive model (ED). It is applicable, when the mass 

transfer kinetics are fast, but finite (e.g. section 2.2.2 in [66]). All contributions of 
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mass transfer resistances are lumped into in this model into one apparent dispersion 

coefficient 
,app iD  and Eq. (2-13) becomes: 

 ( )
2

, 2
1i i i i

app i

c q c c
u D

t t z z

∂ ∂ ∂ ∂
ε ε

∂ ∂ ∂ ∂
+ − + =  (2-19) 

with the apparent dispersion coefficient for efficient columns being related to the 

number of transfer units (Eq. (2-7)) by: 

 
,

2
app i

i

uL
D

NTP
=  (2-20) 

It is further assumed, that the dispersion coefficient is independent of the concentra-

tions of the components. This assumption is valid since the concentrations of compo-

nents to be separated are usually smaller than 10 wt.% (typically not applicable for 

sugar, polymer and protein separations). This model is very versatile and usually 

applicable in industrial preparative chromatography as long as the plate numbers are 

above a few hundred and the molecules to be separated are small. This model has 

been validated with experimental results in numerous publications (see e.g. [55, 65] 

and references therein). Eq. (2-19) is solved by numerical integration with the simpli-

fied boundary conditions for single column batch chromatography: 

 ( , 0) ( )
F

i ic t z c t= =  

 

,

0i

t z L

c

z =

∂
=

∂
 

(2-21) 

Among the numerical methods available, finite differences are the most prominent 

ones due to their fast solution. The Rouchon algorithm [144] is often used to solve 

Eq. (2-19) due to its numerical efficiency. In this case, Eq. (2-19) is replaced by 

Eq. (2-13) and the numerical dispersion is tuned so that it matches the physical dis-

persion. The direct backward in time (index k ), forward in space (index n ) finite 

difference scheme is usually applied. The unknown concentrations, cccc , can be ob-

tained from the known concentrations and loadings at previous time and space posi-

tions: 
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The time and space increments are obtained from the apparent axial dispersion (ex-

pressed by the plate number) and the migration velocities of the components at the 

equilibrium conditions defined by cccc : 
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(2-23) 

In the above z∆  and t∆  are the space and time increments of the finite difference 

scheme. The courant number, coua , is related to a numerical stability criteria and has 

to be coua 1>  (recommendation coua 2= ) for Eqs. (2-22), (2-23). 

For more details see e.g. [66, 159]. Even though the solutions obtained from 

Eq. (2-22), (2-23), carry a certain error for nonlinear isotherms since the numerical 

dispersion is a function of the local migration velocity of a component, this error is 

usually negligible [21, 109]. Pitfalls of the Rouchon method and corresponding 

modifications are reported here [21, 88, 89]. For those cases where the Rouchon 

method is not applicable to solve Eq. (2-19), in principle three major alternative nu-

merical methods have been shown to overcome the problem: 

Orthogonal collocation on finite elements (OCFE see e.g. [11, 90, 109]) – this nu-

merical routine yields the most accurate solution of partial differential equations of 

the type above. This routine is rather time consuming and thus not often used. It 

reaches a degree of accuracy, which is seldom needed especially for process optimi-

zations. 

Cell-models like the Craig model (see e.g. [59, 102, 159, 166]) are usually used when 

the Rouchon method fails, especially for the modelling of gradient elution [59]. Here 

the formula Eq. (2-22) becomes implicit and needs to be solved by iteration, which is 

more time consuming than the Rouchon method but faster than the OCFE. It has 

been shown, that solutions of the Craig model are often closer to those solutions ob-
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tained from OCFE, compared to those obtained from the finite difference scheme 

defined by Eq. (2-22), (2-23).  

The extension of the equilibrium dispersive model Eq. (2-19) to the Lumped Kinetic 

Model by the introduction of an apparent transport term yields an additional equa-

tion. 

 ( )*
( )i

i i

i

q
k q q

c

∂
= −

∂
cccc  (2-24) 

The index 
*
 denotes the loadings in equilibrium with the fluid phase concentrations 

cccc . For large enough values of the transport coefficient k  (typically k>50 s
-1

), the 

same results are obtained as for the equilibrium dispersive model solved by the 

OCFE method (see e.g. section 2.2.3 in [66]). The transport term stabilizes the finite 

difference scheme defined by Eq. (2-22) and is introduced for numerical reasons 

only. Kaczmarski and Antos [91] applied this scheme to utilize the fast Rouchon 

algorithm for implicit isotherms. The time increments are now obtained from: 

 
1

t
3 k

∆ =  (2-25) 

2.3.4. Modelling Gradient Elution 

The application of gradients, that is to change / influence the adsorption equilibria by 

modifying certain process conditions during the process is commonly used to en-

hance the performance of liquid chromatography (LC), especially for analytical pur-

poses. In LC, this usually means to change the elution strength of the mobile phase 

by modifying the mobile phase composition. Other gradients such as temperature 

gradients are of less importance for liquid preparative chromatography. 

For the modelling of gradient elution, two approaches are used to describe the inter-

actions between the components to be separated and the mobile phase constituents. 

In one approach competition between all adsorbable components in the system is 

accounted for, i.e. the isotherms of all components (solutes and mobile phase con-

stituents) are connected. The loading of the strong eluent (in the case of binary mo-

bile phases containing an adsorbed strong eluent and an inert weak eluent) should be 
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modelled by excess loadings iΓ , since their concentrations, ix , range from 0-

100 mole.% [66]. 

 
CN

i i i j

j

q x qΓ = − ∑  (2-26) 

Excess quantities and their application are comprehensively reviewed by e.g. Oscik 

[129], Schay [154] and Everett [29]. The loading of the solutes on the other hand are 

sufficiently modelled by equilibrium loadings (since ix  are small) (see e.g. chapter 

3 in [66]). The single component isotherms are coupled via the adsorbed solution 

theory [139] to obtain the individual loadings of multi component mixtures. This 

approach is explained and impressively applied in [132-136]. 

The other (traditional) approach is to model the influence of the strong eluent on the 

loading of the solutes by an apparent isotherm. In this approach, the isotherm coeffi-

cients correspond to the local distribution of the modifier concentration calculated by 

the use of a dynamic model. For the description of the dependence of the solute load-

ings on the modifier concentration typically empirical [161] or semi-empirical mod-

els [79] are used, such as the Snyder- Soczewinski equation derived for normal phase 

chromatography:  

 
' '

0 mod

mk k c −= , (2-27) 

or the popular linear solvent strength model derived for reversed phase chromatogra-

phy [24, 164]:  

 ( ) ( )' '

0 mod
log logk k m c= − ⋅ . (2-28) 

Golshan-Shirazi et al. [52] have shown for multi-Langmuir isotherms that both ap-

proaches (competitive loadings and apparent isotherm parameters) are somewhat 

similar: 
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The result is basically the Scott-Kucera equation (see e.g. [165] and references  

therein). All of the functions above are often empirically expanded to yield flexible 

expressions capable to cope for a large range of modifier concentrations. Basically, 

this approach neglects influence of the solutes on the strong eluent, which is reason-

able since the strong eluent is usually present at a much higher concentration. For 

those cases where the modifier is an additive present at small concentration, this ap-

proach is not valid. For those cases where the strong eluent is part of a binary mobile 

phase, containing both an adsorbable strong eluent and an inert weak eluent, this ap-

proach is valid and has been successfully applied to optimize discontinuous [20, 59, 

82-85] and continuous preparative gradient processes (see [3, 4, 161] and references 

therein). 

2.3.5. Determination of Adsorption Isotherms 

The adsorption equilibria have to be determined experimentally in liquid chromatog-

raphy. The steps for the determination are: 

1. system characterization (volume of the connecting capillaries, porosity of the 

column) 

2. Analytical and overloaded injections: 

• determination of initial slope of the isotherms � important for fitting of 

model parameters 

• observation of the peak shape for a pre-choice of suitable adsorption iso-

therm models  

3. Actual experiments to determine adsorption isotherms 
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4. Fitting of appropriate models (based on first principles) with as few free pa-

rameters as possible  

Methods to measure adsorption isotherms are comprehensively reviewed here [66, 

160]. In our days typically dynamic methods are state of the art. I briefly review the 

three methods used in this work, while details will be given at their application in 

chapters 4 and 5. 

2.3.5.1. Frontal Analysis 

This dynamic method is regarded as the most precise method to obtain adsorption 

isotherms. A concentration step is introduced at the column entrance so long until 

this concentration step is observed at the column outlet. Frontal analysis (FA) is in-

dependent on mass transfer kinetics and type of isotherm, since it is based on an 

overall mass balance. For a single component the integral mass balance becomes: 
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FA can also be used to determine competitive loadings. The necessary theoretical 

frame work was described by Lisec et al. [105]. However, competition results in the 

development of intermediate plateaus which concentrations need to be determined, 

either by selective detectors or by sampling and offline analysis. For strong competi-

tion, these intermediate plateaus may become unidentifiable. FA is rather material 

and labor intensive. The latter disadvantage is somewhat relaxed in our days, given 

the automization of state-of-the-art chromatographic equipment. It biggest advantage 

is that the loadings are obtained directly and suitable isotherm model can be chosen 

based on the observed shape of the equilibrium loading. 

2.3.5.2. Perturbation Method 

The perturbation method is a dynamic method, where the equilibrium at different 

concentration levels is disturbed by tiny injections and the resulting system responses 

(peaks at the column outlet) can be related to the slope of the isotherms of the com-
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ponents involved. It bases in principle on Eq. (2-17) or rather on (2-37), which can 

be related to the retention time by 

 0
, 0 0

1 ( )i
R k k

c c i

t u dqL
t t F t

u u dc
λ

 
= = = + =  

 cccc

cccc  

  with 1.. ck N=  

(2-31) 

cccc  is the vector of adsorbable components of the length cN  (without the inert mobile 

phase). A tiny perturbation of an equilibrium state defined by cccc  yields cN  charac-

teristic responses for each component present in the system. The characteristic times 

of these responses are synchronized via Eq. (2-31). In this expression, the first de-

rivatives of the adsorption isotherms are included (see e.g. below λ  Eq. (2-40) for a 

binary mixture). The measured retention times for a series of perturbation experi-

ments equilibrated at different concentrations yields the derivatives of the adsorption 

isotherms at these concentrations. The parameters of appropriate models may be fit-

ted to the experimental data. The perturbation method for zero equilibrium concen-

tration should be always used to determine the initial slopes of the adsorption iso-

therms. 

Tondeur et al. [185] explained the theory for the area of the perturbation peaks, while 

Blümel et al. [13] presented it for the evaluation of retention times, which is much 

more practical since the characteristic times can be obtained from simple (unselec-

tive) detector responses without calibration. Peak area determination methods require 

calibrated, substance selective detectors, which must distinguish tiny differences in 

the concentrations in the presence of large equilibrium concentrations, which is a 

tough task and seldom applicable in liquid chromatography. For higher equilibrium 

concentrations and for more pronounced nonlinearity often the problem is met, that 

the characteristic system responses cancel each other out. This can be overcome with 

ideal disturbance concentrations as suggested by Forssen et al. [34] for binary mix-

tures. This method was successfully applied by Zhang et al. [197]. Even with these 

improvements, this method lacks applicability for small separation factors (below 2), 

since the characteristic response times become indistinguishable. The perturbation 

method has, to my knowledge, not yet been applied to mixtures of more than two 

components. 
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2.3.5.3. Inverse Method 

The so-called inverse method (IM) is a peak fitting method. It consists of matching 

experimental concentration profiles with proper solutions of an appropriate column 

model. This is typically the equilibrium dispersive model Eq. (2-19). The advantages 

of this dynamic method are highly condensed information with ( )c t , which result in 

just a few experiments (1-3) necessary. The reduced effort of laboratory time has to 

be compensated by an increased effort of computer time. This is often more than 

acceptable, since much less material is needed and competitive isotherms – suitable 

for process optimization – can be extracted directly. A major drawback of this 

method is, that appropriate adsorption isotherm models have to be chosen indirectly 

based on peak shapes, which can only give the information whether the isotherms are 

convex upward, downward or sigmoidal. A further limitation is that a column model 

must be provided, which has to be validated also. 

Since the first reported use of this method [25] it has been successfully applied in a 

number of applications (e.g. [2, 3, 7, 31, 32, 199, 200]). It has been proven for the 

IM-method to result in similar isotherms as those obtained from frontal analysis in 

the concentration range of the elution profiles [1, 8, 18, 78]. Especially competitive 

isotherms can be extracted in concentration ranges where FA or perturbation meth-

ods may fail since the important intermediate plateaus / retention times become in-

distinguishable. For the determination of competitive isotherms, elution profiles of 

all components should overlap, only than competitions occur. This is the opposite of 

the recommendation in [196], but is – besides common sense – in agreement with 

findings by the other cited resources. Arnell et al. [8] recommends the use of the IM 

on preloaded columns, i.e. utilizing the whole information of a perturbation experi-

ment rather than just the characteristic times. A detailed and practical procedure for 

the computer implementation of the IM is given by Forssen et al. [35]. Some warn-

ings have been given by Kaczmarski [92] for non-Langmuir type isotherms and the 

use of the Rouchon method [144] for solving the equilibrium dispersive model 

Eq. (2-19). 
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2.4. Introduction to Solutions of the Ideal Model and the Hodograph 

Space 

A comprehensive solution of the ideal model based on methods of characteristics is 

derived in detail in [142, 143]. However, the explanations in these original sources 

are not easy to understand. I will try to compress the main features of the solution of 

the ideal model in the following paragraphs. While not always mathematically per-

fect it may serve the interested reader as a hands-on-solution – ready to be used for 

specific examples. This section is mainly a derivation of the well-known equations 

(2-17) and (2-18). 

In order to simplify the discussion, commonly a normalization is introduced by de-

fining a dimensionless time τ  and a dimensionless column length ζ . 

 
ut

L
τ =     

z

L
ζ =  (2-32) 

Typically the characteristic length L  of the column is its actual length. Sometimes 

people do not fix the definition to remain flexible. Inserting Eq. (2-32) into (2-13) 

yields an expression which can be formulated in the following way (see also page 82 

in [142]): 

 

0
τ ζ

∂ ∂
+ =

∂ ∂
c cc cc cc c

AAAA

 
(2-33) 

Where AAAA  and cccc  are a matrix and a vector, respectively. The matrix AAAA  is referred to 

as process matrix or process function, defined as: 

 

1 1

1

1

1

1

C

C C

C

N

N N

N

q q
F F

c c

q q
F F

c c

 ∂ ∂
+ ∂ ∂ 

 =
 

∂ ∂ 
+ 

∂ ∂  

AAAA

⋯

⋮ ⋱ ⋮

⋯

 

 i.e. 

(2-34) 
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for , , 1..

1 for 1..

i
ij C

j

j

jj C

j

q
A F i j i j N

c

q
A F j N

c

∂
= ≠ =

∂

∂
= + =

∂

 

For the sake of simplification, the partial derivatives of the loading q  are denoted as: 

 for , 1..i
ij C

j

q
q i j N

c

∂
= =

∂
 

(2-35) 

The characteristic directions (or the slope) of the concentrations in the τ ζ−  plane 

are the eigenvalues, λλλλ , of the process function AAAA : 

 ( )det 0− =A IA IA IA Iλλλλ   
d

d

τ
λ

ζ
≡

cccc

 (2-36) 

where IIII  is the identity matrix. Since λλλλ  represents the slope in the time-space plane 

it is reciprocal to the migration velocity of a set of concentrations. 

 ζ⋅τ λτ λτ λτ λ∼  (2-37) 

with ττττ  being a vector of characteristic times. Depending on the number of adsorb-

able components present in the system, λλλλ  and ττττ  are CN -dimensional vectors
2
. In 

[140, 141] directions are already associated to the eigenvalues λλλλ . I will not do that 

here – rather I will unambitiously number the individual eigenvalues from 1 CN… 3
. 

This principle is applied in Example 2-1 to a single solute, which adsorbs in a linear 

fashion to the solid phase. This example visualizes the important fact of contact dis-

continuities. These discontinuities are introduced by the boundary conditions and 

travel on a characteristic.  

                                                 

2
 the mobile phase is regarded as an inert component, so the actual number of components in the 

system is NC+1 

3
 Note, although the same indices as for the individual components are used, the index of a 

characteristic has nothing to do with the index of a component 
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Example 2-1: Propagation of a single solute - linear isotherm - through an initially 

unloaded column 

q Hc=  A 1 FH= +   det( )1 FH 0 1 FHλ λ+ − = ⇒ = +  

The slopes in the τ ζ−  plane are constant and are unambitiously sketched. The column is initially 

equilibrated with solvent, which is treated as an inert (typical for such applications). Between 0 and 

injτ  a rectangular plug of the solute is introduced at the entrance of the column (ζ = 0 , grey re-

gion in the figure). Afterwards only pure solvent is applied to the column. The corresponding initial 

and boundary conditions of this so-called Riemann problem are thus: 

( )
( )
( )

0 0 [0,1]

0 0

0 0

F

inj

inj

c

c c

c

ζ τ τ ζ

ζ τ τ τ ζ

ζ τ τ τ ζ

, = < =

, = ≤ ≤ =

, = > =

 

Note that 2 discontinuities are introduced to the system. Both discontinuities travel along the (con-

stant) characteristics and are called contact discontinuities. All characteristics are independent of the 

solute concentration – another important property of this example. Contact discontinuities are prone 

to dispersion and often indicate the limitation of the accuracy of the ideal model. 

Typical visualizations are time-space (or space-time), concentration-space and concen-

tration-time profiles. 
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Other typical phenomena are covered in Example 2-2. Here (centered) compressive 

and spreading (expansive) waves are displayed among the formation of shocks. For 

details see section ‘Discontinuities in Solutions’ in Rhee’s et al. book [143]. In all 

my discussions, I will concentrate on centered waves – a phenomenon which is typi-

cally met in chromatography due to the nature of how samples are introduced to the 

column (as a plug – mathematically this translates to two consecutive Riemann-

problems). 

 In Example 2-1 and Example 2-2 always two state changes were considered (from 

the initial state to the feed state and back from the feed state to the initial state) – i.e. 

a complete chromatographic cycle. So far interactions between the adsorption and 

the desorption side of the feed plug were disregarded. For such chromatographic cy-

cles, the speed of the state change at one side of the injection plug will be propor-

tional to the derivative of the isotherm and on the opposite side it will be proportional 

to the chord of the isotherm. For all nonlinear isotherms it is true: 

 
q dq

c dc

∆
≠

∆
 (2-38) 

Thus, if the column is long enough or the feed plug small enough at one point inter-

actions between the two state changes will occur. This is sketched in Example 2-3, 

which is in principle the same as Example 2-2, except that here interactions are hap-

pening between the adsorption and the desorption side of the feed plug. The solution 

of the shockpath for centered waves is described exemplarily in Example 2-3. 
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Example 2-2: Propagation of a single solute - Langmuir isotherm - through an initially 

unloaded column 

1

ac
q

bc
=

+
  

( )2
1

1

a
A F

bc
= +

+
  

( )2
( ) 1

1

a
c F

bc
λ λ= = +

+
 

The same boundary conditions as in Example 2-1 apply. Here, the characteristic slopes in the τ ζ−  

plane are dependent on the concentration of the solute. This is sketched in the figure below.  

Prior to the injection, the whole column is in the state where 0c = . Thus, the characteristic slopes are 

1 Fa+ . At the beginning of the injection the concentration jumps in an infinitesimal small amount of 

time from 0 to 
Fc , covering in that time frame all concentrations between 0 and 

Fc . The character-

istic slopes, 

( )2
( ) 1

1

a
c F

bc
λ = +

+
, decrease in that point with increasing concentrations. i.e. 

higher concentrations travel faster than smaller concentrations and eventually overtake them – at this 

point we find a centered compressive wave – a shock. The inverted shock velocity of the adsorption 

front with 
Fc  is, according to Eq. (2-18), proportional to the chord of the isotherm between the initial 

(zero for a not preloaded column) and the feed concentration: 

�
( ) ( )

( , ) 1

F 0

F 0
q c q c

c c Fλ
−

= +

0

F 0c c

=

−
0

1
1

F

a
F

bc=
= +

+
 

Now, at the end of the injected feed plug the concentrations are changing from the highest concentra-

tion 
Fc  to 0. This time the characteristic slopes change from the smallest to the highest value. Thus, 

the higher concentrations, already faster than the smaller ones, travel ahead of the smaller concentra-

tions. The distance between the smaller and higher concentrations increase as they propagate through 

the column, i.e. a spreading (expansive) wave centered at the column entrance forms.  
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Example 2-3: Propagation of a single solute - Langmuir isotherm - through an initially 

unloaded column with interactions between the adsorption and the desorption side of 

the feed state 

The same definitions, boundary and initial conditions apply as for Example 2-2. But here the injection 

is small enough to fulfill (with the dimensionless column length being 1 at the end of the column): 

� ( , ) ( )
F 0 F

inj c c cτ λ λ< −   

At the beginning of the column, the same phenomena as described in Example 2-2 are observed. At 

*ζ  overtake the faster concentrations of the desorption side ( ( )inj cτ τ λ ζ= + ) the shock of the 

adsorption ( � ( , )
F 0c cτ λ ζ= ). The interaction of the adsorption and desorption front happen for this 

specific example at: 

�

�

�

�

* *

* *

( , ) ( )

( , )

( , ) ( ) ( , ) ( )

F 0 F

inj

F 0
inj

injF 0 F F 0 F

c c c

c c

c c c c c c

λ ζ τ λ ζ

τ λ
ζ τ τ

λ λ λ λ

= +

⇒ = =
− −

 

Note that the equation above is specific for this example (single component and the given boundary 

and initial conditions), and may have to be modified for another application (e.g. for different number 

of components, different boundary conditions, etc.). The starting point is always where the character-

istics intersect. 

c0 cFcmax

c

τ   

ζ 
 0 ζ

1 ζ* ζ
2

∼ λ(c
F ,c

0 )λ(c
F )

λ(c
0 )

shockpath
f(c)     at ζ

1
 

at ζ
2
 

 

From this point on the shock decelerates as the concentrations decrease. The following describes the 

derivation of the solution for the shockpath on this example. 

 

Solution of the shockpath: 

The slope of the shockpath is still �( , )
0d

c c
d

τ
λ

ζ
= . 

While for the retention time of the desorption side the following still holds: 

( )inj cτ τ λ ζ= +  

Differentiating this with respect to c  



2.4 INTRODUCTION TO SOLUTIONS OF THE IDEAL MODEL AND THE HODOGRAPH SPACE 
35

( )
( )

d d c d
0 c

dc dc dc

τ λ ζ
ζ λ= + +  and rearranging yields 

( )
( )

d d c
c

d d

τ λ
ζ λ

ζ ζ
= +  

Now replacing 
d

d

τ
ζ

 by the slope of the shockpath: 

� ( )
( , ) ( )

0 d c
c c c

d

λ
λ ζ λ

ζ
= +  

Splitting of the variables: 

�

( )

( , ) ( )
0

d d c

c c c

ζ λ
ζ λ λ

=
−

 

and replacement 
( )

( )
d c

d c dc
dc

λ
λ =  yields 

�
*

( )

( , ) ( )F

c

0

c

d 1 d c
dc

dcc c c

ζ

ζ

ζ λ
ζ λ λ

=
−∫ ∫   

The equation above has to be integrated using the specific isotherm expressions, here: 

� ( )

( )( )

( ) ( )
,

F 0
F 0

F 0

F 0

q c q c
c c 1 F

c c

a
1 F

1 bc 1 bc

λ
−
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−

= +
+ +

   and  

( )
( )

2

a
c 1 F

1 bc
λ = +

+
 

For the single component Langmuir isotherm this results in the shockpath: 

�

2

* ( ) ( )
( )

( ) ( )

F 0

F 0

1 bc c c
c

1 bc c c
ζ ζ

 + −
=  

+ − 
 with 

( )( )2
*

0 F

inj

F 0

1 bc 1 bc

F a b c c

τ
ζ

+ +
=

⋅ ⋅ −
 

Usually one is interested in the concentration profile at a given space position or at a given time. In-

serting the expression for 
*ζ  into the solution for the shockpath and solving the resulting expression 

for c  yields an equation for the maximal concentration at a given space position. The resulting solu-

tion for the concentration is rather complicated with: 

( )

2

2

1 2 3

2 2 1 3

1

C c C c C 0

C C 4C C
c

2C

+ + =

± −
= −

  and  

( )

2

2

( - )( ) -

( - )( )

( - )( ) -

F 0 0

1 inj

F 0 0 0

2 inj

F 0 0 0

3 inj

C c c 1 bc b F a b

C c c 1 bc 2 b 2c F a b

C c c 1 bc c F a b

τ ζ

τ ζ

τ ζ

= + ⋅ ⋅ ⋅

= + ⋅ + ⋅ ⋅

= + ⋅ ⋅

 

The unknown concentration is the positive root of the equation above.  
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In the above, we have seen how we can analyze typical phenomena from the charac-

teristics in the time-space-plane. For multi-component mixtures (more precisely bi-

nary mixtures) these phenomena might be easier understood in the hodograph space, 

here the concentration-space. The characteristic directions in the hodograph can be 

obtained from the Eigenvectors ( )iλrrrr , which are tangent to it [142]. I will explain 

this methodology on the example of a binary mixture, for which the fully equipped 

process matrix is: 

 
11 12

21 22

1 Fq Fq

Fq 1 Fq

+ 
=  + 

AAAA  (2-39) 

With the definition of the Eigenvalues, Eq. (2-36), we obtain the characteristic direc-

tions in the time-space plane 

( ) ( )( )
( ) ( )( )

22

22

-

( )

-

1 11 22 11 22 12 21

11 22 11 22 12 212

1
1 F q q F q q 4q q

2
f

1
1 F q q F q q 4q q

2

λ

λ

  + + + +    
    = = =      + + − +   
  

ccccλλλλ  (2-40) 

With the definition of the Eigenvectors ( )iλrrrr  

 ( ) - 0i iλ λ =Ar rAr rAr rAr r  (2-41) 

two Eigenvectors are obtained for the binary system: 

( ) ( ) ( )( )22
/ -11 22 11 22 12 21 1

2

21

1 2 F q q F q q 4q q dc

dc
Fq

λ1

  + − +    = ≡        

rrrr  (2-42) 

( ) ( ) ( )( )22
/ -11 22 11 22 12 21 1

2

2

21

1 2 F q q F q q 4q q dc

dc
Fq

λ
  − − +    = ≡        

rrrr  (2-43) 
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Since the direction of the vectors remain constant if one divides them by an expres-

sion, the eigenvectors can be rewritten as
4
: 

 

( )
( )

( )

2

*

/

/

1

11 22 11 22 12 21
2

21 2

2

1

121

2
2

11 22 11 22 12 21

1

dc
1 2 q q q q 4q q

dc

q dc

1 dc

dc1

dcq

dc
1 2 q q q q 4q q

dc

λ1

   − + − +        = ≡
  
     

  
  
  = ≡
   − + − +        

rrrr

 (2-44) 
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2 1
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2
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1 / 2 4

1

1

1 / 2 4

dc
q q q q q q

dc

q dc

dc

dc

dcq

dc
q q q q q q

dc

λ

   − − − +        = ≡
  
     

  
  
  = ≡
   − − − +        

rrrr

 (2-45) 

The Eigenvectors are tangent to the characteristic directions in the hodograph 

space. If the Eigenvectors are formulated as depicted in Eq. (2-44), (2-45), integra-

tion along one (suited
5
) concentration yield the concentrations pathways ( )iR λ .  

*
( ) : ( )i iR r dcλ λ∫

cccc

 
(2-46) 

The beauty of this method is that it provides immediate inside sight how the concen-

trations of interest behave.  

                                                 

4
 F can be removed from the root, since per definition F is always positive 

5
 Attention with the choice of the denominator, consider that it may become zero! 
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In principle the application of the equilibrium theory to batch elution chromatogra-

phy can be summarized as follows: 

1. Formulate the process matrix AAAA , Eq. (2-34) 

2. Solve for Eigenvalues λλλλ  � characteristic directions in the time-space-plane 

3. Solve for Eigenvectors ( )iλrrrr  � tangent to the directions of the concentra-

tions in the hodograph space (corresponds to
j

i

dc

dc
) 

4. Integrate ( )iλrrrr  with a suited concentration as a running parameter and plot 

the resulting concentration pathways ( )iR λ  in the hodograph 

5. In the hodograph space: mark initial and feed state and follow ( )R λ , con-

nected to the smallest Eigenvalue iλ , from the initial state the until it inter-

sects with the pathway connected to the next larger Eigenvalue and so forth 

until the feed state is reached. Now we know if: 

• Eigenvalue iλ  increases in the direction of ( )iR λ  � (simple) spreading 

waves form 

• Eigenvalue iλ  decreases in the direction of ( )iR λ  � compressive 

waves or shocks form – note that the concentration pathway of a shock 

only overlaps with the characteristic directions ( )iR λ  for straight lines 

in the hodograph (e.g. for Langmuir – Isotherms) 

• Eigenvalue iλ  remains constant in the direction of ( )iR λ  � contact 

discontinuities form 

This methodology is depicted in Example 2-4 for competitive binary interactions, 

which can be described by Multi-Langmuir isotherms. 
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Example 2-4: Propagation of a binary mixture - Langmuir isotherms - through an ini-

tially preloaded column 

C

i i
i N

j j

j 1

a c
q

1 b c
=

=

+ ∑
 

( )2
i j i

ij

1 1 2 2

a b c
q

1 b c b c
= −

+ +
 

( )2
( )i j j

ii

1 1 2 2

a 1 b c
q

1 b c b c

+
=

+ +
  

 with , ,i j 1 2=   1a 1= , 2a 2= , .1b 0 1= , .2b 0 2=  

 initial condition: 
0 0

1 2c c 1= =   feed condition: 
F F

1 2c c 5= =  

Inserting these expressions into the expressions for the eigenvectors rrrr  (2-44), (2-45) and integrating 

them for a set of concentrations yields the concentration pathways in the hodograph (concentration 

space), depicted in the picture below.  
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• thin lines: sets of concentration pathways 

R(λi) 

• thick lines: complete chromatographic cycle 

• 0 and F: initial and feed state 

• I1 and I2: intermediate states 

• properties of the transitions are described 

in the table below 

 

state 1λ  2λ  comment consequence 

0 3.17 1.56 
0 0

1 2λ λ>  

start with ( )2R λ  to receive the state 

changes 

0 I1

I2 F

2

2

1 1

λ

λ λ

λ

→

↑ ↓

←

 

I1 2.39 1.23 
0 I1

2 2λ λ>  
state change from 0 I1→  happens 

with a shock 

F 1.54 1.14 
I1 F

1 1λ λ>  
state change from I1 F→  happens 

with a shock 

I2 1.85 1.35 

F I2

2 2λ λ<  

I2 0

1 1λ λ<  

state change from F I2→  happens 

with spreading waves 

state change from I2 0→  happens 

with spreading waves 
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inverted shock velocity from 0�I1: �
I1 0 I1 0

I1 0 I1 00 I1

1 1 2 2

1 1 2 2

q q q q
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c c c c
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inverted shock velocity from I1�F:  �
F I1 F I1

F I1 F I1I1 F

1 1 2 2

1 1 2 2

q q q q
1 F 1 F

c c c c
λ
→

− −
= + = +

− −
 

wave from F�I2:   start: ( )F F
,2 1 2c cλ  end: ( )I2 I2

,2 1 2c cλ  

wave from I2�0:   start: ( )I2 I2
,1 1 2c cλ  end: ( )0 0

,1 1 2c cλ  
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I2c

2
I1 c

2
F

state 0

state I1

transition I2 → 0

state F

transition F → I2

state I2

state 0

 

 

 

With Example 2-4, I conclude this section. The methodology to analyze the equilib-

rium model has been introduced in a simplified manner. Based on this methodology 

key properties of adsorption processes can be analyzed. It has been shown for four 

examples of increasing complexity that for adsorption processes the shape of the 

equilibrium loading on the fluid phase concentration has an enormous impact on the 

shape of elution profiles. Simple changes of the feed conditions may yield rather 

complicated elution profiles. These elution profiles are caused sole by the shape of 

the equilibrium function and are not due to mass transfer resistances. 

 



 

 

Simple as a simple wave 

Tuomo Sainio, Personal Communication, 2007 

 

 

3. Application of Equilibrium Theory for 

the Analysis of Solvent-Solute Interactions 

during Gradient Injection  

In this chapter, I apply analytical solutions of the ideal model (equilibrium theory) to 

analyze general solvent-solute interactions of a gradient injection on their course 

through the chromatographic column. This should give insight on general effects of 

gradient injection method, such as dilution, concentration and band splitting of the 

solutes, as experimentally observed for injections in a different mobile phase. I clas-

sify this by the nature of the adsorption isotherms. For each type of adsorption iso-

therm combination I will start with the binary solvent-solute system. For the first 

isotherm combination the discussion will be extended to ternary solvent-solute-solute 

systems and the actual impact on the separation. In all cases, I will assume that the 

solutes have negligible effect on the adsorption of the solvent. This assumption is 

reasonable, since the solvent is typically present at much larger concentrations com-

pared to the solute.  

All solutions of the equilibrium theory presented here were implemented into Matlab 

scripts (Matlab R13, The Mathworks Inc.) to obtain the schematic figures of this 

chapter. In that respect, the solutions were also tested by checking the mass balances. 

The outlet profiles constructed resulted in very small deviations from the mass bal-

ance of typically less than 0.1%. In addition, the solutions were qualitatively com-
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pared to well-established numerical solutions of column models for gradient elution. 

Discussion of the results will be typically made from a methodological point of view 

and be repeated from a more phenomenological point of view. 

I will start with the formulation of the general process matrix, the corresponding ei-

genvalues and eigenvectors for the binary and the ternary system, respectively. We 

have already seen that the analysis of the interactions in the time-space domain or in 

the hodograph plane can be obtained from the solution of the process matrix AAAA , 

which holds for a binary mixture as: 

 
11 12

21 22

1 Fq Fq

Fq 1 Fq

+ 
=  + 

AAAA  (3-1) 

Since we neglect influence of the solute (index 2) on the modifier (index 1) holds 

12q 0= . Thus, Eq. (3-1) simplifies to 

 
11

21 22

1 Fq 0

Fq 1 Fq

+ 
=  + 

AAAA  (3-2) 

The eigenvalues λ  of the process matrix AAAA  (i.e. the characteristic directions of the 

concentrations in the τ ζ−  plane ) are therefore: 

 
1 11 11

2 22 22

1 Fq q
1 F

1 Fq q

λ
λ

+     
= = = +     +     

λλλλ  (3-3) 

The corresponding eigenvectors (tangents of the characteristic directions in the 

1 2c c−  hodograph space) are: 

* *

( ) ( )

-

( )  or ( )

-
1 1

1 111 22

2 121
1 1

212 2

11 222 1

dc dcq q
1

dc dcq

qdc dc
1 q qdc dc

λ λ

λ λ

      
      
      = = = =
      
            

r rr rr rr r  
(3-4) 
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*

( )

( )

2

1

2

2

2

2

dc
0dc

dc
1

dc
λ

λ

       = =          

rrrr  
(3-5) 

Note that it might be more appropriate to express 
1

( )λrrrr  with respect to 
1

dc  since 

21
q  can be become zero. 

Consider now a ternary mixture consisting of the modifier (index 1) and two solutes 

(indices 2, 3). Lets use the assumption again that the solutes have no influence on the 

adsorption of the modifier, i.e. 12 13q q 0= = . Using this assumption, the process 

matrix AAAA  becomes: 

 

11

21 22 23

31 32 33

1 Fq 0 0

Fq 1 Fq Fq

Fq Fq 1 Fq

+ 
 = + 
 + 

AAAA  (3-6) 

The corresponding eigenvalues of Eq. (3-6) can then be derived: 

 ( )

( )

2

2

1 11

2 33 22 33 22 23 32

33 22 33 22 23 323

q

1
1 F q q q q 4q q

2

1
q q q q 4q q

2

λ

λ

λ

           = = + + − − +            + + − +        

λλλλ  (3-7) 

This in turn delivers the following eigenvector corresponding to 1λ : 

 

( )

( - )( - ) -

( ) ( - )

( - )
1

1 11 22 11 33 32 23

1 2 21 11 33 31 23

3 31 11 22 21 32

dc q q q q q q

dc q q q q q

dc q q q q q
λ

λ
   
   = = +   
   +   

rrrr  
(3-8) 

Here it is convenient to express 
2

dc  and 
3

dc  with respect to 
1

dc . 

The eigenvectors corresponding to 
2

λ  and 
3

λ  become:  
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 ( )2

( )

( ) - - ( - )

2

1

2 2 22 33 22 33 32 23

3
32

0dc

dc 1 2 q q q q 4q q

dc
qλ

λ

       = = +        

rrrr  (3-9) 

 ( )2

( )

( ) - ( - )

3

1

3 2 22 33 22 33 32 23

3
32

0dc

dc 1 2 q q q q 4q q

dc
qλ

λ

       = = + +        

rrrr  (3-10) 

The expressions given above can be used for any isotherm combination which holds 

12 13q q 0= = . 

3.1. Analysis of Systems with Linear - Linear Isotherms 

In the case of linear isotherms for both, the modifier (index 1) and the solute (index 

2), the isotherms and their derivatives are quite simple. However, the Henry coeffi-

cient of the solute ( 2H ) depends on the concentration of the modifier ( 1c ): 

 1 1 1q H c=  (3-11) 

 
1

(c )2 2 2q H c=   (3-12) 

 11 1q H=   12q 0=  (3-13) 

 1
(c )2

21 2

1

dH
q c

dc
=  

1
(c )22 2q H=  (3-14) 

Substituting these expressions into the equations for the eigenvalues Eq. (3-3) yields: 

 
1

(c )

1 1

2 2

H
1 F

H

λ
λ

   
= = +   

   
λλλλ  (3-15) 

The corresponding eigenvectors Eqs. (3-4) and (3-5) in turn become: 
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*

1

1
( )

(c )

- (c )
1

1

1

2 22

1 2 11

dc
1

dc

c dHdc

H H dcdc
λ

λ

   
   
   = =
   
     

1111
r ( )r ( )r ( )r ( )  

(3-16) 

 
*

( )2

1

2

2

2

dc
0

dc

dc
1

dc
λ

λ

   
   
 = =  
   
     

2222
r ( )r ( )r ( )r ( )  

(3-17) 

It is now obvious that 
1

constantλ = , thus resulting in contact discontinuities for the 

concentrations in the τ ζ− -plane along the characteristics belonging to 
1

λ . On the 

other hand, the trajectory of the concentrations in the 
1 2
c c− -hodograph plane 

(
1

( )λrrrr , Eq. (3-16)) is a curve which shape depends on the usually strong nonlinear 

dependence of the Henry coefficient of the solute on the modifier concentration 

(
1

(c )2H ).  

1
(c )2 fλ =  is changing with the modifier concentration. However, the trajectories in 

the hodograph plane (
2

( )λrrrr , Eq. (3-17)) are just parallel to the axis of the solute 

concentration, i.e. 
1
c constant=  thus 2 constantλ = . Again, contact discontinuities 

are present, since the eigenvalues 2λ  are constant along its trajectory in the hodo-

graph plane. 

The actual solution depends heavily on the dependence of the Henry coefficient of 

the solute on the modifier concentration, 
1

(c )2H . The Henry coefficient typically 

decreases with increasing modifier concentration in a strong nonlinear manner. Thus, 

the derivative of the Henry coefficient is smaller than zero. For the mathematical 

description of that functional relation typically a number of different empirical equa-

tions are applied for the description of gradient elution [66]. Among the most promi-

nent ones is the logarithmic-linear function often used in reversed-phase gradient 

chromatography. Power laws are also often used, e.g. in [66, 79]. Exemplary, I will 

use a flexible expansion of the Snyder-Soczewinski function (Eq. (2-27)), which will 

be used also for the experimental system, discussed in chapter 5:  
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 2p

2 1 1 3H p c p
−= +   with 

(- - )
- 2p 12

1 2 1

1

dH
p p c

dc
=  (3-18) 

It holds 2

1

dH
0

dc
< , since in the equation above 1p 0>  and 2p 0> , i.e. decreasing 

adsorption of the solute with increasing modifier concentration. 

3.1.1. Binary System – General Effects for a Single Solute 

A equilibrium theory based discussion of the effects for a single solute for linear-

linear isotherms was independently done also by Ströhlein et al. [180-182]. I will 

exemplary summarize the most important parts of the analysis here. Although I 

mainly discuss the injection in a stronger solvent in this work, I will also consider the 

injection in a weaker solvent. A couple of scenarios are possible for such systems. 

The general effects on the peak shape will depend on: 

• the elution order of the modifier and the solute,  

• whether a stronger or a weaker solvent is used for the injection. 

c
1
*

H
1

c
1

H
2

H
2
>H

1

H
2
<H

1

 

Figure 3.1: Typical dependence of the Henry coefficient of the solute on the modifier 

concentration. 
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Typical dependence of the Henry coefficient on the modifier concentration is shown 

in Figure 3.1. There may exist a modifier concentration 
*

1
c , which indicates the 

change of the elution order. Below 
*

1
c  the solute is the stronger adsorbed component 

and above 
*

1c  the solute is the less adsorbed component. Based on these the follow-

ing cases are possible: 

case a) The modifier is always the least retained component: (c )2 1 1H H> , 

*

1 1c c< . I regard this case to be the most relevant one for preparative 

chromatography, where the modifier is part of a mixed binary solvent 

mixture. 

case b) The modifier is always the strongest retained component: 
1

(c )2 1H H< , 

*

1 1c c> . Though this happens, e.g. in displacement chromatography and 

biochromatography, it seams a less frequent case compared to case a). 

case c) Mixed elution order: 
1 1

(c ) (c )2 1 2H H H≤ ≤ , 
* *

1 1 1c c c≤ ≤ . Solute has 

smaller and larger retentions than the solute, depending on the modifier 

concentration. Such a case can be observed, however it has to be avoided, 

since it will make such a system unsuitable for separation of more com-

ponent systems.  

These three cases will be discussed below. 

3.1.1.1. Modifier is the Least Retained Component - Case a) 

This case is applicable if 
*

1 1c c<  (Figure 3.1). Let us consider a column of an arbi-

trary length ζ . In that case we can study injections large enough to reach the feed 

state and injections small enough to capture the interactions between the adsorption 

branch and the desorption branch of an injection plug in the same diagram. We will 

consider a column that is equilibrated initially with a uniform concentration of the 

modifier and the solute. The following discussion will be limited to initially not pre-

load columns with respect to the solute (
0

2c 0= ), although the applied methodology 

is capable of analyzing preloaded columns. The initial concentration of the modifier 

on the other hand is usually not unity (
0

1c 0≠ ). This is the typical initial state of a 
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batch chromatographic process. Thus, the injection of a finite plug is defined by the 

following initial and boundary conditions: 

 

: .. : ( ) ( )

: : ( ) ( )

: : ( ) ( )

0 0

1 1 2 2

F F

inj 1 1 2 2

0 0

inj 1 1 2 2

0 0 end c c c c

0 0 c c c c

0 c c c c

τ ζ ζ ζ

τ τ ζ ζ ζ

τ τ ζ ζ ζ

< = = =

≤ < = = =

< = = =

 (3-19) 

The two characteristic curves R  in the hodograph plane 
1

( )R λ  and 
2

( )R λ are 

obtained from integration of 
1

( )λrrrr  (Eq. (3-16)) and 
2

( )λrrrr  ((3-17)). 

 

*

1

*

2

( ) : ( )

( ) : ( )

1

2

1

c

2

c

R dc

R dc

λ λ

λ λ

1

2

∫

∫

rrrr

rrrr
 (3-20) 

 

Figure 3.2: Trajectories of the concentrations in the hodograph plane for case a). Lin-

ear isotherms of the modifier and the solute, modifier is always the less adsorbed com-

ponent. 

 

An exemplary result of the trajectories is shown in Figure 3.2. The dotted lines in 

Figure 3.2 are the characteristic curves belonging to 1λ  while the solid lines are the 
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characteristics belonging to 2λ . It is an interesting feature of such systems that the 

eigenvalues λ  remain constant along their trajectories in the hodograph plane. While 

1λ  is constant by definition, 2λ  is a function of the modifier concentration 

(Eq. (3-15)). However, the modifier concentration 1c  remains constant along the 

characteristics belonging to 
2

λ , and so does 
2

λ . All concentration changes are there-

fore happening as contact discontinuities. 

Lets discuss now the case that the solute is injected in a modifier surplus (
F 0

1 1c c> ). 

The trajectories are shown in Figure 3.3. The initial and the feed state are indicated 

by 0  and F . These states are steady states, while the intermediate states I , which 

will be simply numbered, are dynamic states.  

The pathway of the chromatographic cycle starts at the initial point. From here we 

have to follow the characteristic belonging to the smallest eigenvalue λ  to the first 

intermediate state I1 . In the case that the modifier is always the least retained com-

ponent this is in general 
1

(c )1 1 2 21 FH 1 FHλ λ= + < = + . To complete the ad-

sorption pathway we follow the 
2

( )R λ  characteristic from state I1  to the feed state 

F . The solution has now reached the new steady state F . For desorption we follow 

again at first the characteristic curve belonging to the smallest eigenvalue, i.e. 
1

λ , 

from the feed state to the intermediate state I2 , which has a smaller concentration of 

the solute than the feed. The chromatographic cycle is summarized with: 

• 0 I1→   along  
1

( )R constλ = →  contact discontinuity 

• I1 F→   along  
2

( )R constλ = →  contact discontinuity 

• F I2→   along  
1

( )R constλ = →  contact discontinuity 

• I2 0→   along  
2

( )R constλ = →  contact discontinuity 
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Figure 3.3: Hodograph of a gradient injection with a modifier surplus for linear-linear 

isotherms, when the modifier is always the least retained component (left). Right pic-

ture shows the construction of the characteristics in the space-time domain. The dashed 

lines correspond to the modifier, while the solid lines correspond to the solute. 

 

Lets now translate the results into the space-time domain. From the hodograph plane 

we now know that all concentration changes happen with contact discontinuities. We 

also know the characteristic slopes in the ζ τ− -plane, which are just the eigenvalues 

λ  of the process matrix. At the very beginning of the injection the column is equili-

brated with the modifier concentration 
0

1c . Since the modifier is the least retained 

component it starts to travel ahead of the solute with the velocity characteristic to the 

modifier, i.e. 1 11 FHλ = + . Thus, the solute on the adsorption side of the injection 

is in contact only with the modifier concentration of the injection 
F

1c . Therefore, the 

solute on the adsorption side of the injection travels initially with the velocity 

F

1
(c )2 21 FHλ = + . On the desorption side of the injection, starting at injτ , the 

modifier travels again with the velocity according to 1 11 FHλ = + . The solute on 

the rear end of the injection is slower and immediately leaves the modifier plug. It 

enters a region of the column in which the modifier concentration is equal to the ini-

tial state of the column. The rear part of the injection of the solute travels now with a 

velocity corresponding to reciprocal of the slope 
0

1
(c )2 21 FHλ = + . The rear part 

of the modifier plug travels with a higher velocity (a smaller slope in the ζ τ−  
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plane) than the adsorption side of the solute and overtakes the adsorption branch of 

the solute at 
*ζ . The following equalities hold for this point of interaction: 

 ( ) ( )* F *

1
(c )inj 1 21 FH 1 FHτ ζ ζ+ + = +  (3-21) 

 
*

F

1
(c )

inj

2 1FH FH

τ
ζ =

−
 (3-22) 

 
* * F *

1
( ) ( (c ))inj 1 21 FH 1 FHτ τ ζ ζ= + + = +  (3-23) 

Beyond this dimensionless length 
*ζ  interactions of the desorption and the adsorp-

tion branch of the chromatographic cycle are present and the feed state is not reached 

anymore. At this space position, where the solute leaves the modifier feed plug, the 

concentration of the solute drops instantaneously from the feed state 
F

2c  to a inter-

mediate state 
I2

2c , while the concentration of the modifier at I2  is equal to the initial 

state 0  (
I2 0

1 1c c= ). The concentration of the solute 
I2

2c can be calculated by an inte-

gration of the trajectory in the hodograph plane (Eq. (3-16)) from the feed state F  to 

state I2 : 

 

( )

I2 0

F F

0I2

F F

1

1

1

1

1

F
I2 F 1

0

1

(c )

- (c )

(c )

- (c )

ln ln (c )

(c )

(c )

2 1

2 1

12

2 1

2 2 2

1 1 2 1

c c

2
2 1

2 1 1 2c c

cc

2 1 2c c

1 2
2 2

1 2

dc c dH

dc H H dc

dH1 1
dc dc

c dc H H

c H H

H H
c c

H H

=

=

= − −

−
⇒ =

−

∫ ∫

 

(3-24) 

During the elution of the solute a dilution is happening. This dilution is due to the 

different migration velocities of the modifier and the solute. The moment the solute 

leaves the high modifier concentration it is diluted below the feed concentration. This 

is visualized in Figure 3.4, where the characteristic plot of the space-time domain is 

shown again as well as the extracted concentration-time plots (left diagram) and con-
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centration-space plots (bottom diagram). Drop lines are shown in grey to visualize 

the connection of these diagrams. 

The concentration-time plots are shown at two different space positions 1ζ  and 2ζ . 

One space position 
*

1ζ ζ<  is before the adsorption and the desorption characteris-

tics start to interact (solid lines). Thus, in the concentration profiles all four states 

(0, I1, F, I2 ) can be observed. At first elutes the modifier with its feed concentra-

tion. Then, within this elution plug, elutes the solute also with its feed concentration. 

The moment the concentration of the modifier goes back to its initial value, the con-

centration of the solute drops to 
I2

2c . The elution time is larger than the injection 

time, which indicates already, that the solute must be diluted compared to the feed 

concentration.  
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Figure 3.4: Plot of the characteristics in the space-time domain. Extracted concentra-

tion-time profiles of the modifier and the solute at two space positions 1ζ  (solid lines) 

and 2ζ  (dotted lines) are shown right, while concentration-space profiles at two differ-

ent times 1τ  (solid lines) and 2τ  (dotted lines) are shown in the bottom diagram. 
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The dotted lines in the same diagram (Figure 3.4, left) depict the concentration pro-

files at a column length 
*

2ζ ζ> . In that case interactions between the adsorption 

and the desorption characteristics have taken place, resulting in complete separation 

of the solute and the modifier and in erosion of the feed state of the solute. The solute 

elutes now only with the concentration of state I2 . In principle, the same results are 

shown over the column length at two specific times in the bottom diagram of Figure 

3.4. The characteristic times for the construction of a chromatogram at a given col-

umn length are defined in  

Table 3.1. This information can be easily rearranged for the construction of a chro-

matogram at a given time.  

 

Table 3.1: Construction of a chromatogram for case a) and an initially not preloaded 

column. Linear-linear isotherms and modifier is the fastest component  

(
1 1

1 FHλ = +  and 
2 1 2 1
( ) 1 ( )c FH cλ = + ) 

 modifier  solute  

 τ  1c  τ  2c  

start 1λ ζ  F

1c  ( )
F *

1

F * 0 * *

1 1

(c ) for 

(c ) (c ) for 

2

2 2

λ ζ ζ ζ

λ ζ λ ζ ζ ζ ζ

 <


+ − >
 

F

I2

2

2

c

c





 

int. - - 
*

for inj 1τ λ ζ ζ ζ+ <  I2

2c  

end inj 1τ λ ζ+  0

1c  
0

1
(c )inj 2τ λ ζ+  0

2c  

*

F

1
(c )

inj

2 1

τ
ζ

λ λ
=

−
 

( )* F

1
(c )inj 2 1τ λ λ ζ= −  

 

Let us now discuss the gradient injection of a solute dissolved in solvent with less 

modifier (
F 0

1 1c c< ). The corresponding hodograph and characteristic plot are shown 

in Figure 3.5. In the hodograph plane we start at the initial state 0  and follow the 
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characteristic with the smallest eigenvalue to the intermediate state I1 . The corre-

sponding characteristic ( )R λ  is again the one connected to 
1

λ , since the modifier is 

the least retained component. The concentration of the solute 
I1

2c  remains at its ini-

tial value for the initially not preloaded column, i.e. 
I1 0

2 2c c=  if 
0

2c 0= . From the 

intermediate state I1  we follow the characteristic 
F

1
( (c ))2R λ  towards the feed 

state. For the desorption we have to follow alternatively the characteristic ( )1R λ  to 

the intermediate state I2 . The initial concentration of the modifier is already reached 

at this state. The concentration of the solute on the other hand is larger than the feed 

concentration 
F

2c . This time an on-column concentrating effect of the solute is ob-

served, contrary to the case discussed above, i.e. the injection of a modifier surplus, 

where an on-column diluting effect is happening. From state I2  the concentrations 

return to the initial state along the 
0

1
( (c ))2R λ  characteristic. The concentration 

I2

2c  

can be calculated with Eq. (3-24) also. 

0 1000 2000 3000

0.4

0.6

0.8

1

c
2

c 1

R(λ
1
)

R(λ
2
)I1 

I2 0 

F 

ζ

τ

ζ*

τ
inj

λ 2
=1+FH 2

(c1
0 )

modifier
solute

λ 1
=1+FH 1

I1 F 

0 
I2 

0 

0 

λ 1
=1+FH 1

λ 2
=1

+F
H 2

(c 1
F )

.

 

Figure 3.5: Hodograph of a gradient injection with a modifier deficit for linear-linear 

isotherms, when the modifier is always the least retained component (left). Right pic-

ture shows the construction of the characteristics in the space-time domain. The dashed 

lines correspond to the modifier, while the solid lines correspond to the solute. 

 

The corresponding characteristics in the physical plane are shown in the left diagram 

of Figure 3.5. The characteristics of the modifier are again those with the smallest 

slope (dotted lines). The modifier travels as a retained plug through the column, 

which is neither concentrated nor diluted. Thus, the elution time of the modifier is 
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equal to the injection time. The solute on the other hand has a higher slope in the 

smaller modifier concentration of the injection, compared to the slope in the modifier 

concentration of the initial state, thus the solute gets concentrated in the initial part of 

the column. On the desorption side (starting at injτ ) the solute immediately leaves 

the injection plug with the lower modifier concentration, thus the solute travels with 

a velocity connected to the initial modifier concentration. The modifier characteristic 

of the desorption branch (starting at injτ ) has a smaller slope than the solute charac-

teristic of the adsorption branch (origin at 0 ). As it was the case for the injection of a 

modifier surplus, both characteristics intercept at 
*ζ (Eq. (3-22)). From this point on, 

the concentration of the solute is 
I2

2c . The elution time of the solute is smaller com-

pared to the injection time injτ , already indicating the on-column concentrating ef-

fect.  

The construction of the chromatogram can be done for both types of injection with 

the equations given in  

Table 3.1. The injection of the solute in a modifier deficit compared to the initial 

state will result in the elution of more concentrated solutes compared to the injection, 

while the injection in a modifier surplus will result in the elution of more diluted 

samples at the column outlet. In addition, double peaks can be observed if the col-

umn length ζ  is smaller than a critical length 
*ζ . This is the case when the injection 

time exceeds: 

 ( )F
( )inj 2 1 1H c Hτ ζ> −  (3-25) 

3.1.1.2. Modifier is the Strongest Retained Component - Case b) 

This second case results if 
*

1 1c c>  (Figure 3.1). Let us follow the same procedure as 

used for case a). Now the solute is always the least retained component in the system, 

i.e. 
1

(c )1 2H H>  and 
1 1

(c ) (c )2 2 1 11 FH 1 FHλ λ= + < = + . Thus, we have to 

follow first the characteristic curves 
2

( )R λ  in the hodograph space. An example of 

the characteristic curves is given in Figure 3.6. 
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Figure 3.6: Trajectories of the concentrations in the hodograph plane for case b). Lin-

ear isotherms of the modifier and the solute, modifier is always the strongest adsorbed 

component. 

 

In principle the same properties apply to case b) as to case a). All concentration 

changes happen instantaneously with contact discontinuities. Let us start the discus-

sion with the solute being dissolved in a modifier surplus compared to the initial 

modifier concentration, i.e. 
F 0

1 1c c> . 

As already mentioned we have to follow at first the 
2

( )R λ  characteristics. Thus, the 

following chromatographic cycle develops: 

• 0 I1→   along  
2

( )R constλ = →  contact discontinuity 

• I1 F→   along  
1

( )R constλ = →  contact discontinuity 

• F I2→   along  
2

( )R constλ = →  contact discontinuity 

• I2 0→   along  
1

( )R constλ = →  contact discontinuity 
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Figure 3.7: Hodograph of a gradient injection with a modifier surplus for linear-linear 

isotherms, when the modifier is always the most retained component (right). Left pic-

ture shows the construction of the characteristics in the space-time domain. The dashed 

lines correspond to the modifier, while the solid lines correspond to the solute. 

 

It can be deducted from the hodograph in Figure 3.7 that the concentration of the 

solute on the intermediate state I1  on the adsorption branch is larger than the feed 

concentration, while the modifier concentration remains constant here. This concen-

tration increase is indirectly visible in the left diagram of Figure 3.7. The elution time 

of the solute is markedly smaller compared to the injection time. In order to fulfill 

the mass balance, the elution concentration of the solute, i.e. 
I1

2c , has to be larger 

than the injection concentration. 

This on-column concentrating effect can be explained with the characteristics in the 

physical ζ τ−  plane (Figure 3.7, right). The solute travels always faster than the 

modifier. The solute injected at the origin will immediately separate from the modi-

fier injection plug and enter a region of the column in which the initial (smaller) 

modifier concentration is present. Since the solute possesses a larger Henry coeffi-

cient at smaller modifier concentrations, its traveling velocity will decelerate (larger 

slope in ζ τ−  plane). Thus, the solute is transported slower away from a certain 

spot, than it arrives there, resulting in a concentration increase. 

The concentration of the solute at I1  can be obtained from an integration of 

Eq. (3-16) from the feed state F  to state I1  (a procedure similar to the one shown 

above in more detail for Eq. (3-24)). The results is: 
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1 2
2 2
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H H
c c

H H

−
=

−
 (3-26) 

Note that this result is identical with the result obtained for 
I2

2c  for case a), when the 

modifier is always the least retained component. The construction rule for case b), 

summarized in Table 3.2 is somewhat the opposite of the rule given in  

Table 3.1.  

Table 3.2: Construction of a chromatogram for case b) and an initially not preloaded 

column. Linear-linear isotherms and modifier is the strongest retained component 

(
1 1

1 FHλ = +  and 
2 1 2 1
( ) 1 ( )c FH cλ = + ) 

 modifier  solute  

 τ  1c  τ  2c  

start 1λ ζ  F

1c  
0

( )2 1cλ ζ  
I1

2c  

int. - - *
for 1λ ζ ζ ζ<  

F

2c  

end inj 1τ λ ζ+  0

1c  ( )
F *

1

F * 0 * *

1 1

(c ) for 

(c ) (c ) for 

2

inj

2 2

λ ζ ζ ζ
τ

λ ζ λ ζ ζ ζ ζ

 <
+ 

+ − >
 0

2c  

 

The injection of the solute dissolved in a modifier deficit is depicted in Figure 3.8. 

As expected, we observe here an on-column dilution effect. 

Concluding this section, we have seen for case b) that the injection in a weak solvent 

leads to an on-column dilution and the injection in a strong solvent causes an on-

column concentrating effect. This is contrary to case a), where the opposite behavior 

is encountered. 
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Figure 3.8: Hodograph of a gradient injection with a modifier deficit for linear-linear 

isotherms, when the modifier is always the strongest retained component (right). Left 

picture shows the construction of the characteristics in the space-time domain. The 

dashed lines correspond to the modifier, while the solid lines correspond to the solute. 

 

3.1.1.3. Mixed Elution Order - Case c) 

Finally, let us consider the scenario, where the modifier concentration of the feed and 

the initial states lay on opposite sides of the critical modifier concentration 
*

1
c  de-

picted in Figure 3.1. Again two sub scenarios are possible, either 
F * 0

1 1 1c c c> >  or 

F * 0

1 1 1c c c< < . The first case would result in 
F 0

1 1
(c ) (c )2 1 2H H H< < , meaning 

that the solute in the injection media travels faster than the modifier, while the solute 

in the initial modifier concentration travels slower then the modifier. In the latter 

case holds 
F 0

1 1
(c ) (c )2 1 2H H H> > , thus the solute travels slower than the modi-

fier in the injection plug, while it travels faster than the modifier in the initial modi-

fier concentration. 

The hodograph plot for such a system is depicted in Figure 3.9. The dashed line indi-

cates the critical modifier concentration 
*

1
c . At this concentration the order of the 

characteristics change. This situation corresponds to the water shed point introduced 

in [143]. In the previous examples the order of the eigenvalues remained constant, 

i.e. 2 1λ λ>  in for case a) and 2 1λ λ<  for case b). In this example, the elution order 

changes during the process. In the upper part of the hodograph in Figure 3.9 the sol-
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ute is less retained than the modifier, i.e. ( )2 1 1cλ λ< . So the concentrations should 

start changing along the 
2

( )R λ  characteristic. More precisely, at the critical concen-

tration we have 
*

2 1 1
( )cλ λ=  and the order of the characteristics changes. In the bot-

tom part of the hodograph in Figure 3.9 holds 
2 1 1
( )cλ λ>  and the opposite behavior 

should be observed. However, the characteristics above and below the critical modi-

fier concentration never intercept. The consequences of that specific property are 

explained below. 

 

Figure 3.9: Hodograph for linear-linear isotherms case c). The critical modifier concen-

tration 
*

1c  indicating the change of the elution order is depicted by the dashed line. 

Above this concentration, the modifier is the strongest adsorbed component. Below this 

concentration, the modifier is the least adsorbed component.  
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Figure 3.10: Plot of the characteristics for a gradient injection of the solute in a modi-

fier deficit in the τ ζ−  physical plane (left). The corresponding concentration profiles 

at two length positions ζ  are shown in the cτ −  diagram (right). 

 

Let us start the discussion this time in the physical plane. To construct the character-

istics, we start at the origin and draw two lines with the slopes of 1λ  and 
F

1
(c )2λ . 

The traveling velocity of the solute in the low modifier concentration of the injection 

plug is smaller than the one of the modifier. The solute on the adsorption branch is 

eventually overtaken by the desorption branch of the modifier (at 
*ζ ), which starts 

at injτ  and has also the slope of 1λ . Up to the critical column length 
*ζ , we will 

observe the feed state. The solute on the desorption branch travels also faster than the 

modifier, so it immediately leaves the injection plug of the low modifier concentra-

tion and enters a region with a high modifier concentration. But, the traveling veloc-

ity of solute in this modifier concentration is larger than the one of the modifier it-

self. Thus, the solute enters again the plug with the low modifier concentration. In 

that manner the solute gets focused on the rear flank of the modifier plug. A double 

peak will be observed if the column length is below the critical column length (i.e. 

*ζ ζ<  or 
*

inj injτ τ> ). This double peak consists of the feed concentration of the 

solute at the front of the peak (Figure 3.10, right, solid lines) and an infinite concen-

tration of the solute at the rear flank of the solute peak. For columns with a larger 

column length than the critical length or for shorter injections, the feed state vanishes 
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completely and the solute elutes as an infinite short and infinite high peak at the rear 

end of the modifier plug (Figure 3.10, right, dotted lines). 

 

Figure 3.11: Plot of the characteristics in the hodograph plane for gradient injections of 

the solute in a modifier deficit. 

 

Figure 3.11 shows the corresponding hodograph plot for the gradient injection in a 

modifier deficit. From the initial state 0  we should follow the characteristic belong-

ing to the smaller eigenvalue, 
2

( )R λ , since 0

1(c )2 1λ λ< . This characteristic no-

where intersects with a 
1

( )R λ  characteristic connecting it to the feed state. Thus, let 

us follow the 
1

( )R λ  characteristic until it intersects a 
2

( )R λ  characteristic at state 

I1  that connects it to the feed state F . For the desorption cycle we start at the feed 

state and follow the 
1

( )R λ . Along this trajectory the concentration of the solute 

increases up to infinity. At the same time it asymptotically closes to the characteristic 

at which 
1 2

( ) ( )R Rλ λ= . From infinity we follow the trajectory 
1 2

( ) ( )R Rλ λ=  

towards the point J . From there we follow the 
1

( )R λ  characteristic towards the 

initial state 0 .  

The injection of a modifier plus results in the opposite behavior, as depicted for the 

physical plane in Figure 3.12. The solute in the modifier rich injection travels faster 
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than the modifier itself. Thus, the front of the solute plug leaves the modifier rich 

solution and enters a region in the column where the initial modifier concentration is 

present. Here, the traveling velocity of the solute is smaller than the one of the modi-

fier, thus it enters again the modifier rich injection plug. In that manner the solute 

gets concentrated at the front of the modifier injection plug (as depicted in the right 

plot of Figure 3.12). The solute on the desorption branch is initially traveling also 

with a velocity larger than the modifier migration velocity. It overtakes the adsorp-

tion branch of the modifier at 
*ζ . If the actual column length is smaller than this 

critical length, a split peak of the solute will appear, with an infinite concentration 

eluting at the same time as the modifier followed by the feed  concentration (solid 

lines in Figure 3.12, right). If the column length is larger than the critical column 

length only one infinite high and short peak of the solute will be observed (dotted 

lines in Figure 3.12, right).  
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Figure 3.12: Plot of the characteristics for a gradient injection of the solute in a modi-

fier surplus in the τ ζ−  physical plane (left). The corresponding concentration pro-

files at two length positions ζ  are shown in the cτ −  diagram (right). 

3.1.1.4. Summary of Binary Systems with Linear - Linear Isotherms 

We have seen that gradient injection can result in strong dilution of the solute or in 

strong concentration increases, depending on the elution order and the elution 

strength of the injection solvent. The following table summarizes the interesting ef-

fects for the two relevant cases a) and b), i.e. where the elution order of the modifier 
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and the solute does not change throughout the elution. Depending on the size of the 

injection, split or distorted peaks of the solute may be observed. 

Table 3.3: Summarizing the essential effects of a solute during the elution if it was in-

jected in a different solvent than used for elution (gradient injection).  

elution strength of the  

injection solvent 

elution order  

of the modifier  

compared to the solute 

stronger than eluent weaker than eluent 

modifier is the least retained 

component, case a) 
on-column dilution 

on-column  

concentration 

modifier is the most retained 

component, case b) 

on-column  

concentration 
on-column dilution 

 

It can be deducted that the injection of a solute dissolved in a stronger solvent, with 

an injection concentration higher than the solubility in the solvent used for elution 

will most likely be applicable a system where the modifier is the least retained com-

ponent. Here, the solute is injected at a concentration larger than the solubility in the 

mobile phase. However, the moment the solute leaves the high modifier concentra-

tion, its concentration decreases strongly (maybe even below the solubility limit in 

the mobile phase), thus reducing the level of super saturation with respect to the mo-

bile phase. On the other hand, in a system where the modifier is the strongest re-

tained component, the injection concentration (already above the solubility in the 

mobile phase) will further increase during the elution. Thus, it will be largely above 

the solubility limit the instant the solutes enter the in the mobile phase used for elu-

tion. Thus, crystallization in the column or in the connecting pipes may occur. This 

discussion leaves the scenario where the modifier is the least retained component as 

suitable for the injection in a different solvent, for cases where such gradients injec-

tions should be used to overcome solubility problems. For the rest of this work I will 

primarily concentrate on the most relevant case that the modifier always possesses 

the highest migration velocity, i.e. case a). 

An attractive injection method seems to be also the injection in a weak solvent and 

the elution with a stronger solvent, if the modifier is the least retained component, 

since in that case the solute can be collected with a higher concentration, than it was 

applied. A drawback of that method is that the injection concentration is limited by 
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the solubility in the weak solvent, which is typically low. Thus, it remains to be seen 

for specific cases if the injection in a weak solvent is really a good option. This as-

pect will be discussed also in the following where the concept of gradient injection is 

applied to the separation of two solutes. 

3.1.2. Ternary System – Application of Gradient Injections to Separa-

tion 

In the section above we have learned that the injection in a different mobile phase 

gives rise to the interesting phenomena of on-column dilution and on-column con-

centration. It is obvious from different scenarios discussed above, that only those 

cases where the elution order does not change throughout the experiment (cases a) 

and b)) are suitable for separation. In case c), no or only incomplete separation for 

the solutes to be separated is achievable. Another reason of not following this path is 

the danger of precipitation if the concentration of the solutes is increased that much. 

However, case b), where the modifier is the strongest retained component, is also not 

suitable for the injection with a stronger solvent to overcome limited solubility of the 

solute in the mobile phase. In this case, the concentration is also further increased 

during the elution, increasing the possibility of solubility/precipitation problems. 

Table 3.4: Isotherm equations and their derivatives for the ternary system of linear–

linear isotherms. 

 
modifier  

(index 1) 

less retained solute 

(index 2) 

stronger retained solute 

(index 3) 

iq  1 1H c  
1

(c )2 2H c  
1

(c )3 3H c  

i
i 1

1

dq
q

dc
=  

1H  
1

(c )2
2

1

dH
c

dc
 1

(c )3
3

1

dH
c

dc
 

i
i 2

2

dq
q

dc
=  0  ( )2 1H c  0  

i
i 3

3

dq
q

dc
=  0  0  1

(c )3H  



3 APPLICATION OF EQUILIBRIUM THEORY FOR THE ANALYSIS OF SOLVENT-SOLUTE INTERACTIONS 

DURING GRADIENT INJECTION 
66

The indications less and stronger retained solute in Table 3.4 refer only to the elution 

order of the solutes. The modifier may be stronger or less adsorbed then the solutes. 

It can be further deducted from the partial derivatives that the solutes are assumed 

not to interact with each other. Therefore, the elution profiles can be obtained from 

two individual applications of the equilibrium theory for the two binary modifier–

solute systems 1-2 and 1-3, with the same procedures as explained in section 3.1.1. 

In addition, we could apply the expressions in Table 3.4 to the equations of the equi-

librium theory of the ternary system (Eqs. (3-5)-(3-10)). This involves expanding the 

hodograph space to a third dimension. This is shown in Appendix B 1 on page 149. 

Let us define some criteria to evaluate the possibility of performing the injection in 

the same, a stronger or a weaker solvent than used for the elution. Let us further as-

sume we have one chromatographic column of fixed dimensions, packed with a cer-

tain amount of stationary phase. Finally, we assume that there are no significant vis-

cosity effects limiting the flow rate or the causing back mixing due to viscous finger-

ing. It is our goal to separate perfectly the two solutes from each other. Perfect means 

with a purity of 100 % and a recovery of 100% (note the purely theoretical values). 

The ideal amount injected for a 100% purity and 100% recovery is, when there is no 

time lag between the desorption front of the first eluting compound and the adsorp-

tion front of the later elution compound (i.e. touching band separation [66]), which 

results in: 

 
( )( )

( )
0 0 F

0

3 2 3 1des ads opt
2 3 inj

3 1

λ λ λ λ
τ τ τ

λ λ

− −
= ⇒ =

−
 (3-27) 

Fulfilling the condition given in (3-27) the goal of the separation is reached in an 

optimized manner. Since in chromatography typically more than one injection is per-

formed, we need to specify the cycle time ( cτ ) after which we perform the next in-

jection. This time should be decreased in order to increase the productivity, which is 

proportional to: 

 
inj inj

i i

c

PR c
τ

τ
∼  (3-28) 
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In order to leave out interactions of consecutive injections the minimal cycle time is 

obtained in the following way. 

 ( ) ( )max min
des ads

c i iτ τ τ= −   1,2,3i =  (3-29) 

Another method to define the cycle time is explained in appendix A 2 on page 134. 

There, interactions between consecutive injections are allowed. However, that 

method described there results in the same general results only with much more 

lengthy expressions and is thus omitted here. 

Let us now compare three scenarios: 

i. the injection in a weaker solvent (modifier deficit),  

ii. the isocratic injection, and  

iii. the injection in a stronger solvent (modifier surplus).  

Figure 3.13 shows the general trends for the separation of two solutes. The injection 

in a weaker solvent (Figure 3.13, left) results in a concentration of the solutes to be 

separated, as expected from the results for the binary system. The solutes are mainly 

separated in the weak solvent used for injection. After the solutes leave the injection 

plug of the modifier, the mobile phase, which has here a higher elution strength, 

quickly transports the solutes towards the column outlet. The cycle time cτ  is domi-

nated by the injection time injτ . 

During an isocratic injection (Figure 3.13, middle), the samples are continuously 

separated as they migrate through the column. Since the injection concentration of 

the modifier is equal to the concentration of the mobile phase, no injection band of 

the modifier is present. Thus, the cycle time is just two times the optimal injection 

time (for a two solute system). 

The injection in a stronger solvent (Figure 3.13, right) results in strong dilution of the 

solutes. Only a very narrow band of the solutes can be injected, while the elution 

band is rather broad. The solutes migrate more or less unseparated (depending on the 

separation factor in the strong solvent) in the injection band of the modifier. After the 

solutes leave the injection plug, they enter the weaker mobile phase, where the sol-
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utes are finally separated. The cycle time is dominated by the time needed for elu-

tion. 
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Figure 3.13: Schematic representation of the chromatographic batch separation of two 

solutes (2 solid lines, 3 dashed lines) with three different injection concentrations of the 

modifier. The injection plug of the modifier is shown in grey. Injection of i) modifier 

deficit (left), ii) isocratic injection (middle) and iii) injection of a modifier surplus 

(right). 

 

From this perspective, the injection in a strong solvent seems to be the least efficient 

method to separate two solutes, since the ratio of injection time over cycle time 

/inj cτ τ  is the smallest. The injection in a weak solvent with the highest ratio of 

/inj cτ τ  seems more efficient. However, the injection concentration has not been 

considered so far. If we include the maximal possible injection concentration (de-

pendent on the solubility), the picture may reverse, depending on the specific solubil-

ity functions. For a given example, each of the three injection methods might be the 

optimal one. If we set the isocratic injection as a reference, we obtain the following 

condition for a gradient injection to be more efficient than the isocratic injection: 

 
F Finj inj

grad iso

c cgrad iso

c c
τ τ

τ τ
>  (3-30) 

This expression is made under the assumption of a constant mobile phase velocity. In 

this study we do not take into account effects of: 

• viscosity changes with the modifier content in the mobile phase (resulting in 

possible changes of the applicable mobile phase velocity)  

• viscosity effects due to the high solute concentrations in the feed solution 

(viscous fingering) 
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The injection time and the cycle time are functions of the separation factors between 

the modifier and the nearest solute and the separation factors between the solutes. 

For the gradient injections we need a certain separation factor (larger than 1) of the 

solutes and the modifier. However, these separation factors should not be too large 

since this would increase corresponding the cycle time unduly. All separation factors 

are functions depending on the modifier concentration. There are too many possibili-

ties of diverging, constant or increasing separation factors with increasing modifier 

concentration, to be covered in a systematic parametric study. I discuss below for the 

sake of illustration an example that covers the interplay of the solubility function and 

the productivity. For this I will vary for an example the dependence of the solubility 

on the modifier concentration. The solubility shall increase by a factor of 150 be-

tween the minimal and the maximal modifier concentration applicable. The solubility 

shall increase in one case exponentially and in another case linearly with increasing 

modifier concentration. The separation factors of the solutes realistically decrease 

with increasing modifier concentration. The separation factor is maximal (2) at the 

minimal modifier concentration applicable (
min

1c ), while it is minimal (1, thus no 

separation) at the maximal applicable modifier concentration 
max

1c . For the depend-

ence of the Henry coefficients on the modifier concentration of the less adsorbed 

solute I use exemplary the values for phenol found in [85]. The Henry coefficients of 

the stronger adsorbed component are calculated according to the separation factor. 

Details on the physical data are given in Appendix A 1.  

Figure 3.14 and Table 3.5 summarize for this example the relevant physical data 

(Henry coefficients, separation factor, solubility), the ratio of optimal injection time 

over cycle time and the resulting productivity for the three injection methods. As 

mentioned above, the ratio /inj cτ τ  is increasing for the injection in the weak solvent 

with increasing modifier content. Eventually it overtakes the constant ratio for iso-

cratic injections. The ratio /inj cτ τ  for the injection in a stronger solvent is always 

the smallest, but it is also increasing with increasing modifier content in the mobile 

phase.  
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Figure 3.14: Henry coefficients of the solutes (upper left) and the corresponding 

separation factor and applicable feed concentration (solibility) (upper right) for linear 

dependence and an exponential dependence on the modifier concentration. Ratio of 

injection time over cycle time (bottom left) and the corresponding productivity (bottom 

right) for the three injection methods. The productivity of the isocratic injection is 

shown for a linear dependence of the solubility on the modifier concentration (solid 

lines, no symbols) and for an exponential dependence (solid lines, circles). 
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Table 3.5: Summary of optimal injection time and optimal cycle time for the separation 

of two solutes using gradient injection in a weak solvent, isocratic injection and gradi-

ent injection in a strong solvent. The separation factor is increasing from 1 to 2. The 

solubility is increasing by a factor of 150 over the range of modifier concentrations 

F

1c 0=  & 
Fc 1=  

F 0

1 1c c=  & 
F

1
( )c f c= (1)

 
F

1c 1=  & 
Fc 150=  

0

1
c  injτ  

cτ  
inj

c

τ

τ
 

inj F

c

c
τ

τ
 injτ

 cτ
 

inj

c

τ

τ
 Fc  

inj F

c

c
τ

τ
 injτ

 cτ
 

inj

c

τ

τ
 

inj F

c

c
τ

τ
 

0.0 1.91 5.74 0.33 0.33 1.91 3.83 0.50 1 (1) 0.5 (0.5) 0.093 3.92 0.024 3.6 

0.1 1.81 4.69 0.39 0.39 1.36 2.73 0.50 1.7 (16) 0.8 (8.0) 0.089 2.97 0.030 4.5 

0.2 1.70 3.86 0.44 0.44 0.96 1.92 0.50 2.7 (31) 1.4 (15.4) 0.083 2.25 0.037 5.5 

0.3 1.58 3.19 0.49 0.49 0.67 1.33 0.50 4.5 (46) 2.2 (22.9) 0.077 1.70 0.045 6.8 

0.4 1.44 2.64 0.54 0.54 0.45 0.91 0.50 7.4 (61) 3.7 (30.3) 0.070 1.28 0.055 8.2 

0.5 1.28 2.17 0.59 0.59 0.30 0.60 0.50 12.3 (76) 6.1 (37.8) 0.062 0.96 0.065 9.7 

0.6 1.09 1.76 0.62 0.62 0.19 0.38 0.50 20.2 (90) 10.1 (45.2) 0.053 0.72 0.074 11.2 

0.7 0.88 1.37 0.64 0.64 0.11 0.23 0.50 33.4 (105) 16.7 (52.7) 0.043 0.53 0.081 12.2 

0.8 0.64 1.00 0.64 0.64 0.06 0.12 0.50 55.1 (120) 27.5 (60.1) 0.031 0.39 0.080 12.0 

0.9 0.35 0.61 0.57 0.57 0.02 0.05 0.50 90.9 (135) 45.4 (67.6) 0.017 0.28 0.061 9.2 

1.0 0.00 0.19   - -  - - - - - - 

(1) The injection concentration is calculated based on an exponential increase between the minimal 

solubility at 
1 0
Fc =  and the maximal solubility at 

1
1

Fc =  (Eq. (A-3) on page 134). In brackets a 

linearly dependent solubility (Eq. (A-4)) and the corresponding productivity to that solubility is 

shown.  

 

For isocratic injections both the injection time and the cycle time decrease with in-

creasing modifier due to the decreasing retention. The productivity of such an ideal-

ized manner depends solely on the injection concentration, since the ratio of /inj cτ τ  

remains constant at 0.5. The productivity of the isocratic injection is thus continu-

ously increasing with increasing modifier concentration
6
. 

For the injections in the weak solvent it can be observed, even though the ratio 

/inj cτ τ  is larger at a certain point compared to the isocratic injections, its productiv-

ity is not. Only very small concentrations of the solutes to be separated can be proc-

                                                 

6
 In reality, there would be an optimal modifier concentration since back mixing would severely di-

minish separation for those very narrow bands (Table 3.5) obtained for high modifier concentrations. 
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essed here. At best, the ratio of inj cτ τ/  approaches one, i.e. twice the value of the 

isocratic injection.  

The gradient injection in a strong solvent outperforms (for this example) up to a 

modifier concentration of about 0.6 the isocratic injection, if the solubility follows an 

exponential dependency. Note, that this is possible even though the solutes are not 

separated at all in the modifier injection concentration ( 1
Fα = ). If the solubility is 

linearly dependent on the mobile phase composition, the isocratic injection outper-

forms over a large range of modifier concentrations the injection in a strong solvent.  

Generalized it can be stated for a two solute system: i) The gradient injection in a 

weaker solvent can only outperform the isocratic injection if the solubility does not 

increase over the range of modifier concentrations above a factor of 2. ii) The gradi-

ent injection in a strong solvent can outperform isocratic injections depending on the 

solubility function. The statements made here are also valid for different separation 

factors and more sophisticated production methods. See Appendix A 3 for more ex-

amples. 

3.2. Analysis of Systems with Linear - Langmuir Isotherms 

The discussion in this section is expanded to nonlinear isotherms of the solute. The 

isotherm of the modifier remains linear, while the solute isotherm is described by the 

Langmuir equation. The discussion will be limited to binary systems with a single 

solute. 

3.2.1. Binary System - General Effects for a Single Solute 

For the dependence of the isotherm of the solute on the modifier concentration we 

assume that the modifier just influences the adsorption constant ( )2 2 1b b c=  of the 

solute, while the saturation capacity 
, , 1

(c )s 2 s 2q q≠  shall not be affected by the 

modifier. For the dependence of the Henry coefficient, 
1

(c )2 2H H= , of the solute 

on the modifier we use the same exponentially decreasing expression already used 

for the linear-linear system (Eq. (3-18) on page 46). With the adsorption constant 

defined as:  
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 1
1

,

(c )
(c ) 2

2

s 2

H
b

q
=  

(3-31) 

the Langmuir isotherm equation of the solute can be formulated as stated in Table 

3.6. Here, all isotherm equations and their derivatives are listed for a binary system 

consisting of a modifier – adsorbed linearly – and a solute – adsorbed according to a 

Langmuir type isotherm.  

Table 3.6: Isotherm equations and their derivatives for a binary system of linear–

Langmuir isotherms. 

 modifier (index 1) solute (index 2) 

iq  1 1H c  

1

1

(c )

(c )
2 2

2
2

s

H c

H
1 c

q
+

 

i
i 1

1

dq
q

dc
=  

1H  

1

1

(c )

(c )

2
2

1

2

2
2

s

dH
c

dc

H
1 c

q

 
+ 

 

 

i
i 2

2

dq
q

dc
=  0  

1

1

(c )

(c )

2

2

2
2

s

H

H
1 c

q

 
+ 

 

 

 

Now we apply the expressions of Table 3.6 into the equations for the eigenvalues λλλλ  

(Eq. (3-3) on page 42) and the corresponding eigenvectors rrrr  (Eqs. (3-4)-(3-5) on 

page 42). Let us first check the dependence of the eigenvalues on the concentrations: 

 

( )
1

1

(c )

(c )

11

2

s 2
2 2

s 2 2

H

q H1 F

q H c

λ

λ

  
  = = +   
   +   

λλλλ  (3-32) 
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The eigenvalues 1λ  are independent on the modifier and solute concentrations (thus 

constant), while 2λ  (
2 1 2

( , )f c cλ = ) decreases with increasing solute concentration 

2
c  and with increasing modifier concentration 1c . Integration of the eigenvectors  

 
*

1

1 1

( ) (c )

( (c ) ) (c )

2
1 2 2 s 2

2 2
1 1 1 s 2 2 s 2

11

dc dH q c

dc dc H q H c q H

λ

  
  = =   
   + −   

rrrr  (3-33) 

and 

 
*
( )

1

22

dc
0

dc
1

1

λ
 

  = =       

rrrr  (3-34) 

yields the concentration trajectories, ( )1 2
( , )iR c cλ , in the 1 2c c−  hodograph plane. 

They are depicted in Figure 3.15. Again we have to make a case distinction. The lo-

cal derivative of the adsorption isotherm of the solute may be larger or smaller than 

that of the modifier as the solute migrates through the column. Contrary to the linear-

linear case, where this just depends on the modifier concentration, here both concen-

trations influence the trajectories: 

• 
1 2

(c ,c )1 2λ λ< , is fulfilled for 
*

1 1c c<  and 
*

1
(c )2 2c c<  

• 
1 2

(c ,c )1 2λ λ> . This case is always fulfilled for 
*

1 1c c>  

Inserting the expressions for the eigenvalues (Eq. (3-32)) into the inequalities results 

in an expression for a critical concentration 
*

1
(c )2c  at which the relative size of the 

eigenvalues change, i.e. 1 2λ λ= . 

 
( )

1

*

1

*

1 1

(c )

(c )

( )
(c ) (c )

2

s 2
1 2

s 2 2

2 1 s

2 1 2

q H
H

q H c

1 1
c c q

H H H

=
+

 
⇒ = − ±  

 

 (3-35) 
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Hereby, only the positive root is the physically relevant solution.  

 

Figure 3.15: Schematic of a typical hodograph for a binary linear-Langmuir system. 

The fat dashed line encloses the region (calculated with Eq. (3-35)) where the modifier 

is always the fastest migrating component. 

 

The hodograph looks in principle not much different compared to those obtained for 

the binary linear-linear system (Figure 3.9). Thus, the solutions will feature the same 

phenomena as observed for the strictly linear isotherms, i.e. on-column dilution and 

on-column concentrating effects. Given the nature of the nonlinear isotherm of the 

solute more complicated elution shapes can be expected this time, as well as nonlin-

ear phenomena such as shocks and spreading waves. 

Again, numerous combinations could be discussed.  

case a) modifier is always the least retained component: 
1 2

(c ,c )2 1λ λ>  for 

*

1 1c c<  and 
*

2c c2 <  (inside the dashed region in Figure 3.15).  

case b) modifier is always the strongest retained component: 
1 2

(c ,c )2 1λ λ<  

for 
*

1 1
c c>  and 

*

2 2
c c>  (outside the dashed region in Figure 3.15).  
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case c) mixed elution order: 
1 2 1 2

(c ,c ) (c ,c )2 1 2λ λ λ≤ ≤  for 
* *

1 1 1c c c≤ ≤  

and/or 
* *

2 2 2c c c≤ ≤ . Solute is less and more retained than the modifier, 

depending on the modifier and/or solute concentration. Such a case is 

possible but it should be avoided, since this will make such a system un-

suitable for separation of more component systems. 

Contrary to the linear-linear interaction, we will discuss below only the relevant 

cases a) and b). Each case will be discussed for gradient injections of: 

• modifier deficit, 
F 0

1 1c c<  

• modifier surplus, 
F 0

1 1c c>  

The effect of the solute concentration will be mainly disregarded for the sake of a 

focused discussion. 

Analytical solutions will not be provided here since they strongly depend on the 

function used to describe the dependence of the isotherm parameters on the mobile 

phase composition. 

3.2.1.1. Modifier is the Least Retained Component - Case a) 

This case is applicable in the range when the modifier and the solute concentrations 

are both below the critical concentrations 
*

1c  and 
*

1
(c )2c . Remember that the critical 

solute concentration, Eq. (3-35), is a function of the modifier concentration. Lets 

apply now the same procedure as shown above for the binary linear-linear system 

and start with the gradient injection in a surplus of modifier. The corresponding 

hodograph plots will typically look like the one sketched in Figure 3.16.  

Note, that the hodograph above looks in principle like the one for linear-linear iso-

therms (Figure 3.3 on page 50). The only difference is, that here the eigenvalue 
2

λ  is 

also function of the solute concentration, i.e. 
1 2

(c ,c )2 2λ λ= . Since the eigenvalue 

1λ  is always smaller than 2λ  we have to start at the initial state, 0 , and follow the 

concentration pathway belonging to 1λ . This pathway is parallel to the 1c -axis for a 

not preloaded column with respect to the solute (
0

2c 0= ). The corresponding eigen-

value remains constant along 
1

( )R λ . At the intersection of the concentration path-
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way (
1

( )R λ ) through the initial state with the concentration pathway (
2

( )R λ ) 

through the feed state, an intermediate state I1  is observed. From here we follow 

2
( )R λ  towards the feed state. The transition from I1  to F  happens with a shock, 

since the eigenvalues 
1 2

(c ,c )2λ  decrease with increasing solute concentration. The 

chromatographic cycle is completed from the feed state along the concentration 

pathway belonging to 
1

λ  towards the intermediate state I2  and from there back to 

the initial state 0  along 
2

( )R λ . 

 

Figure 3.16: Hodograph of the injection of a modifier surplus for linear-Langmuir iso-

therms, when the modifier is always the least retained component. 

 

The chromatographic cycle is summarized with: 

• 0 I1→   along 
1

( )R constλ = →   contact discontinuity 

• I1 F→   along ( )2
R λ ↓  →  shock 

• F I2→   along 
1

( )R constλ = →  contact discontinuity 

• I2 0→   along ( )2
R λ ↑  →  spreading wave 
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The unknown concentrations I1  respectively I2  are the intersections of the two 

concentration pathways through the feed state and the initial state. On the other hand, 

we know from the special properties, the initial and final modifier concentrations of 

the intermediate states. Thus, the intermediate states can be obtained from an integra-

tion of ( )*

1
λrrrr  over the modifier concentration, 

1
c : 

 ( )
2 1

12

*

1 2 1 1
( ) :

final final

start start

c c

c c

R dc dcλ λ=∫ ∫ rrrr  (3-36) 

 here with: 
0 0 1 1

2 2 1 1 2 2 1 1 1
, , , 

start start end I end I Fc c c c c c c c c= = = = =  

 or   
2 2 0

2 2 1 1 2 2 1 1 1
, , , 

start F start F end I end Ic c c c c c c c c= = = = =  

Inserting the specific interactions defined by Eq. (3-31) and Table 3.6 into Eq. (3-33) 

and integrating the resulting expression yields for the unknown concentration of the 

solute: 

( ) ( )

( ) ( )

( ) ( )

start

1

end start end
1 1 1

end

1

end start

1 1

(c )
...

(c ) (c ) (c )

(c )...

(c ) (c )

... ...

2 2start start

2 1 2 S 1 S 2end
2 1 s start

1 2 s 2 2 2

2 2

1 s s 1 2

22 start start

s 1 2 s s 1 2 2 1 2

st
s 2

c H H q H q c1
c H q

2H H q c H H

H q 4 q H H

2q H H q q H c c H H

q c

 + +
= − +

 +  

−

 + +  + +
+

( ) ( )

start

1

start end

1 1

start

1

...
(c )

(c ) (c )

... ...

(c )

art
2

2
2 22 start start

s s 1 2 2 1 2 2

2
start

s 2 2

H

q q H c c H H H

q c H











   + +     +  +   

 

(3-37) 

The usefulness of the expression above is limited, since it represents a solution only 

for those solvent-solute interactions defined by Eq. (3-31) and Table 3.6. This is one 

of the algebraic solutions, where it may be more expedient just to settle for a numeri-

cal evaluation of Eq. (3-36). 

Let us now translate the results from the hodograph into the time-space domain 

(Figure 3.17). The modifier travels always faster than the solute. If the initial concen-
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tration of the solute is not zero (
0

2c 0≠  i.e. a preloaded column) solute will be de-

sorbed at the boundary between the initial state and the feed state of the modifier, 

since 
0 0 F 0

1 2 1 2
(c ,c ) (c ,c )2q q> . A preloaded column with respect to the solute is not 

common for preparative batch chromatography, thus, we will disregard this in the 

further discussion and will concentrate on the case where 
0

2c 0= , thus 
I1 0

2 2c c 0= = . 

The concentrations of the solute increase within the injection plug of the modifier 

from 
I1

2
c  to the feed concentration 

F

2
c . Since the traveling velocity of the solute de-

creases with increasing solute concentration, 2c , a shock forms at the beginning of 

the injection, with the inverse velocity proportional to:  

 �
F F F I 1

1 2 1 2

F I1
I1 F

(c ,c ) (c ,c )2 2

2 2

q q
1 F

c c
λ
→

−
= +

−
 (3-38) 

ζ* ζ**

I2→
0

λ
1

λ 2
(c 1
0 ,c 2

0 )

λ 2
(c 1
0 ,c 2

I2 )

λ∼
I1→F

τ

ζ

∼λ0→I2

0

0

0

F

I2
I1

shockpath 

c
1
Fc

1
0

c
2
Fc

2
0=0=c

2
I1 c

2
I2

τ

ζ<ζ*

ζ*<ζ<ζ**

ζ**<ζ

 c  

Figure 3.17: Characteristics in the space-time domain for a gradient injection of a 

modifier surplus for linear-Langmuir isotherms, when the modifier is always the least 

retained component (left). Right figure shows the corresponding concentration-time 

profiles for a not preloaded column at three different space positions.  

 

On the rear side of the injection, the modifier plug travels uninterrupted by the solute 

(due to the linear isotherm of the modifier) through the column with the inverse ve-

locity proportional to 1λ . All solute concentrations propagate slower than the modi-

fier, thus they immediately leave the higher modifier concentration of the injection 

plug. Within the injection plug, the solute is transported faster away from a certain 
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space position, compared to outside the injection media. Thus, a dilution of the solute 

happens at the boundary of the modifier between the feed and the initial state in form 

of a contact discontinuity from 
F I2

2 2c c→ . After that the solute is in media with the 

modifier concentration of 
0

1c  and the solute concentrations decrease from 
I2 0

2 2c c→  

in form of a spreading wave with 
0

1 2
(c ,c )2λ . This is the complete cycle as observed 

in the hodograph in Figure 3.16, as long as interactions between the front and the rear 

of the injection plug are not present. 

The shock from the intermediate state I1  to the feed state F  travels slower than the 

modifier. At a certain space position, let us denote it by 
*ζ , this shock will interact 

with the rear part of the injection plug (the modifier). 

 

�

�

* *

I1 F

*

I1 F

inj 1

inj

1

τ λ ζ λ ζ

τ
ζ

λ λ

→

→

+ =

⇒ =
−

 (3-39) 

Beyond this point 
*ζ  the feed state, 

2

Fc , is not reached anymore. The solute concen-

tration will drop at the rear end of the modifier injection plug to the initial state, 
0

2
c , 

with a contact discontinuity. The front of the intermediate state I2 with its origin at 

injτ  has also reached that space position 
*ζ  and another shock forms proportional 

to: 

 �
0 I 2 0 0

1 2 1 2

I2 0
0 I2

(c ,c ) (c ,c )2 2

2 2

q q
1 F

c c
λ
→

−
= +

−
 (3-40) 

This shock propagates slower through the column than the fastest wave of 

0 I 2

1 2
(c ,c )2λ  (origin at , inj0ζ τ τ= = ). The shock will be overtaken at a certain 

space position, let us denote it by 
**ζ : 
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( ) � � ( )
�( )

�( ) � ( )( )

0 I 2 ** * ** *

1 2
I1 F 0 I2

** 0 I2

0 I 2

1 2
I1 F 0 I2

c ,c

c ,c

inj 2

inj 1

1 2

τ λ ζ λ ζ λ ζ ζ

τ λ λ
ζ

λ λ λ λ

→ →

→

→ →

+ = + −

−
⇒ =

− −

 (3-41) 

From this point on the solute concentration of the shock decreases and the shock de-

celerates as described in Example 2-3 on page 34. The shockpath �ζ  is in principle 

the same as the one derived for the Langmuir example, only the start points have to 

be adopted (i.e. starting concentrations, initial space position). 

 �
( )
( )

( )
( )

0 I2 0

1**

0 I2 0

1

(c )
(c)

(c )

2

2 2 2

2 2 2

1 b c c c

1 b c c c
ζ ζ

 + −
 =
 + − 

 (3-42) 

Inserting Eqs. (3-32), (3-38), (3-40), (3-41) into Eq. (3-42) and solving it with re-

spect to 
2
c  - typically unknown at a given space position - yields the following 

lengthy algebraic expression for the maximum concentration of the shockpath at a 

certain space position, ζ : 

 ( )

2

1 2 2 2 3

2

2 2 1 3

2

1

C c C c C 0

C C 4C C
c

2C

+ + =

± −
= −

 ( ) ( ) ( )** 0 I2 0 0 I2

1 1
(c ) - (c )

2 2 2

1 2 2 2 2 2C b c c 1 b cζ ζ= − +  

 ( ) ( )** 0 I2 0 0 I2 0

1 1
(c ) - (c )

2 2

2 2 2 2 2 2 2C 2b c c 2 1 b c cζ ζ= + +  

 ( ) ( ) ( )** I2 0 0 I2 0

1
- - (c )

2 2 2

3 2 2 2 2 2C c c 1 b c cζ ζ= +  

(3-43) 

The same phenomena in terms of on-column dilution of the feed state, as observed 

for the completely linear case, are present here in the case of linear – Langmuir inter-

actions of solvent and solute and a gradient injection in a modifier surplus.  

The injection of a modifier deficit results, as we would expect from the linear-linear 

interaction, in an on-column concentrating effect (Figure 3.18). The chromatographic 
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cycle is identical with the one described on page 77 (contact discontinuity, shock, 

contact discontinuity, spreading wave), only the concentration of the intermediate 

desorption state I2 is this time larger than the feed concentration. The complete 

chromatographic cycle is sketched in Figure 3.19. 

c
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Figure 3.18: Hodograph for an injection of a modifier absence for linear-Langmuir 

isotherms, when the modifier is always the least retained component.  
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Figure 3.19: Characteristics in the space-time domain for a injection of a modifier ab-

sence for linear-Langmuir isotherms, when the modifier is always the least retained 

component (left). Right figure shows the corresponding concentration-time profiles at 

three different space positions. 
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3.2.1.2. Modifier is the Strongest Retained Component - Case b) 

This scenario is valid outside the dotted region in Figure 3.15. We will only discuss it 

here for 
*

1 1c c>  since this work concentrates on batch chromatography, where typi-

cally the initial concentration of the solute is zero. The consideration of effects of 

preloaded columns (with respect to the solute), though interesting and applicable 

especially for isotherm determination (frontal analysis, perturbation method, fre-

quency response, etc. ) and continuous chromatographic processes, would unneces-

sarily complicate the discussion below. 

The corresponding part of the hodograph of Figure 3.15 above 
*

1c  is sketched in 

Figure 3.20. The eigenvalues 2λ  are always smaller than 1λ . Thus, the concentra-

tions propagate from the initial state 0  along the ( )2R λ  characteristic to the inter-

mediate state I1 . Along this characteristic, the concentration of the modifier remains 

constant at its initial value 
0

1c . The state change happens with a shock , since the 

eigenvalues 2λ  decrease between 0 and I1,. The state transitions along the ( )1R λ  

characteristics from I2 to F and from I2 back to the initial state happen as contact 

discontinuities (since 
1

constλ = ).  

 

Figure 3.20: Hodograph of a gradient injection of a modifier surplus (left) and a modi-

fier deficit (right) for Linear – Langmuir Isotherms when the modifier is always the 

strongest retained component – case b). 
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The chromatographic cycle is summarized with: 

• 0 I1→   along ( )2R λ ↓    →  shock 

• I1 F→   along ( )1R constλ =  →  contact discontinuity 

• F I2→   along ( )2R λ ↑   →  spreading wave 

• I2 0→   along ( )1R constλ =  →  contact discontinuity 

In the case of the injection of a modifier surplus (Figure 3.20, left) a concentration 

above the feed concentration is observed. For the gradient injection of a modifier 

deficit a dilution of the solute occurs, as expected from the results for the linear – 

linear case.  

The unknown intermediate concentrations 
I1

2c  and 
I2

2c  can be calculated from the 

solution of Eq. (3-36) with the following boundaries: 

• for 
I1

2
c : 

F F I1 I1 0
, , , 

start start end end

2 2 1 1 2 2 1 1 1c c c c c c c c c= = = = =  

• for 
I2

2
c : 

0 0 I2 I2 F
, , , 

start start end end

2 2 1 1 2 2 1 1 1c c c c c c c c c= = = = =  

Let us now do the same discussion from the physical point of view. The migration 

velocity of the solute is here always larger than the one of the solvent. Thus, the sol-

ute leaves the injection media immediately at the beginning of the feed plug. In the 

case of the injection of a modifier surplus, the traveling velocity of solute outside the 

injection media is smaller compared to inside the injection plug. Thus, the solute is 

transported faster to a certain position, than it is transported away – the concentrating 

effect beyond the feed concentration of the solute occurs (and vice versa for the in-

jection of a modifier deficit). Additionally, all concentrations between the initial state 

of the solute and the intermediate state are present. This results (as we know for 

Langmuir type isotherms) in a shock with the velocity corresponding to: 

 �
0 I 1 0 0

1 2 1 2

I1 0
0 I1

(c ,c ) (c ,c )2 2

2 2

q q
1 F

c c
λ
→

−
= +

−
 (3-44) 

The concentrations of the components jump from the state I1 to the feed state F at the 

boundary of the injection plug, which migrates through the column with the inverse 
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velocity proportional to 1λ . At the rear end of the injection, the solute takes all val-

ues between the feed state and the intermediate state, I2, and forms a spreading wave 

bounded by 
F F

1 2
(c ,c )2λ  and 

F I 2

1 2
(c ,c )2λ  (Figure 3.21, left). For a not preloaded col-

umn is 
2 0

2 2

Ic c= . For a preloaded column the modifier acts as a displacer resulting in 

a smaller concentration than the feed concentration of the solute for the injection of a 

modifier plus (solute is transported slower to the interface outside the injection me-

dia, than it is transported away inside) and vice versa for the injection of a modifier 

deficit. Finally, the modifier drops to its initial value. This summarizes the complete 

chromatographic cycle in the physical plane, if no interactions between the adsorp-

tion and desorption side of the injection are present . 

These interactions shall start at column length 
*ζ , where the characteristic 1λ  is 

overtaken by the faster characteristic 
F F

1 2
(c ,c )2λ  with its origin at injτ . 

 

* F F *

1 2
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λ λ
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 (3-45) 

Beyond this space position (dashed line Figure 3.21, right) the feed state is not ob-

served anymore. The concentrations of the solute within the injection plug decrease 

further until the transition from the feed state F to the intermediate state I2 has com-

pletely vanished (dotted line in Figure 3.21) and leaves only the state I2, which is 

from there on transported through the column and bounded by the characteristics 1λ . 

This space position is arbitrarily called 
***ζ  and fulfills the condition: 

 

*** 2 ***

1 2 1 2

***

0

1 2 1 2

( , )

( , )

F I

inj

inj

F

c c

c c

λ ζ τ λ ζ

τ
ζ

λ λ

= +

⇒ =
−

 (3-46) 

The corresponding concentration of the solute left and right of I2 is the initial con-

centration 
0

2c . Note that 
** ***ζ ζ>  or 

** ***ζ ζ< , depending on the isotherm pa-

rameters, feed and initial conditions. 
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Figure 3.21: Characteristics in the space-time domain for a injection of a modifier sur-

plus for linear-Langmuir isotherms, when the modifier is always the strongest retained 

component (left). Right figure shows the corresponding concentration-time profiles for 

a not preloaded column at four different space positions. 

The concentration of the solute jumps with a contact discontinuity from 
2

Fc �
1

2

Ic  at 

the interface (solid lines in Figure 3.21, right). Beyond this point, this concentration 

of the solute migrates further in the initial mobile phase proportional to 
0 1

2 1 2
( , )

Ic cλ  

(Figure 3.21, left). The slope of this characteristic is smaller than the corresponding 

slope of the shock �
0 1I

λ
→

, and it will overtake it at a space position arbitrary called 

**ζ  (to remain consistent with the previous section).  
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 (3-47) 

From this point on the shock decelerates (dash-dotted line in Figure 3.21). Here, the 

decelerating concentrations are not centered as it is so well known from the Lang-

muir Example 2-3 on page 34 and for case a) in the previous section. Each decelerat-

ing concentration leaves the injection plug at a different space position, in principle 

2

*

2
| ( )

in

c f cζ = , where the superscript ‘in’ denotes the concentration within the injec-

tion media. At the boundary of the injection media and the initial solvent, the con-
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centrations of the solute jump in form of a contact discontinuity from 
2

inc  to 
2

outc , 

with the superscript ‘out’ denoting the corresponding concentration of the solute out-

side the injection media (see enlarged region in Figure 3.21). Both concentrations are 

connected via Eq. (3-33). All concentrations decelerating the shock have a different 

origin at the interface of the injection media and the original mobile phase, which 

makes the derivation of the shockpath somewhat complicated. This time, no useful 

algebraic solution for the shockpath can be found. The application of the procedure 

for the derivation of the shockpath is explained in detail for the interested user in 

Appendix B 2 on page 151. 

Figure 3.22 presents the corresponding figures for the gradient injection of a modifier 

deficit. The same phenomena described for the gradient injection of a modifier sur-

plus are of course also present. Only that here the feed state represents the highest 

concentration. 

  

Figure 3.22: Characteristics in the space-time domain for a gradient injection of a 

modifier deficit for linear-Langmuir isotherms, when the modifier is always the strong-

est retained component (left). Right figure shows the corresponding concentration-time 

profiles for a not preloaded column at four different space positions. 

 

3.2.2. Summary of Binary Systems with Linear - Langmuir Isotherms 

It can be concluded that the same essential effects in terms of on-column dilution and 

on-column concentration as summarized in Table 3.3 on page 64 for the linear – lin-

ear case can be also expected for non-linear isotherms of the solutes. Additional ef-

fects, due to the non-linearity of the solute isotherms, such as shocks and disperse 
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boundaries are now also present. However, those are in principle the same effects as 

already known for nonlinear isocratic injections. 

3.3. Summary 

The equilibrium theory was applied to extract and analyze general effects of gradient 

injections of solutes in a different mobile phase than used for the elution. The study 

was performed exemplary for different isotherm combinations for the modifier and 

the solutes (linear – linear and linear – Langmuir). Both isotherm combinations re-

sulted in the same general effects for the peak profiles. 

It can be deducted, just based on the variation of the adsorption isotherms with the 

mobile phase composition, that on-column dilution, on-column concentration and 

split/distorted peaks of the solutes can be expected for such a gradient injection. If 

the column is long enough or the injection small enough, the band profile of the sol-

ute may be mistaken with the one for an isocratic injection. On-column dilution and 

on-column concentrating effects depend on the elution strength of the injection sol-

vent and its relative retention compared to the solutes. This is summarized in Table 

3.3 on page 64. 

The gradient injection is only applicable to overcome solubility issues of the mobile 

phase, if the modifier is the least retained component. The general assumption behind 

this finding is that with increasing modifier concentration, both, the solubility of the 

solutes as well as the elution strength increase. If, in such a case, the modifier would 

be stronger retained compared to the solutes, than the concentration of the solutes 

would increase even above the injection concentration and may trigger undesired 

precipitation. Such a combination of a stronger injection eluent and a stronger reten-

tion of the former may make sense for certain applications, where the desired solute 

is very diluted and needs to be concentrated. 

The dependence of the solubility on the modifier concentration is of the uttermost 

importance for the productivity. The most productive injection method depends on 

the function of the solubility of the solutes on the modifier concentration. A positive 

effect for a gradient injection can be expected only for strong nonlinear dependences 

of the solubility on the modifier concentration. The isocratic injection is the better 

choice if this strong nonlinear increase is not observed. The injection in a weaker 

solvent may be only desirable if the solubility of the components to be separated is 
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not an issue and posses markedly different elution times (large separation coeffi-

cient). This injection method corresponds then to a typical gradient operation, where 

the elution strength of the mobile phase is immediately increased after the injection. 

This work could be extended towards nonlinear isotherms of the solutes for ternary 

systems. Another extension should be the incorporation of nonlinear isotherms for 

solvent components. Here, the consequent application of the adsorbed solution the-

ory for the prediction of loadings of the solutes as a function of the solvent composi-

tion could enhance the state-of-the-art. The analysis could also be extended to pre-

loaded columns, for the determination of characteristic effects due to the solute con-

centrations, as they might be observed for perturbation experiments. 

 





 

 

To understand gradient elution, one must begin with a good picture of isocratic elution. 

L.R. Snyder, in High performance Liquid Chromatography - Advances and Perspectives, 

C. Horváth, Editor. 1980, Academic Press: New York. p. 207-216. 

 

4. Gradient Injection and the Effect of Sol-

vent-Solute Interactions – 1
st
 Case Study  

In this chapter, solvent-solute interactions during gradient injection are experimen-

tally tested on the example of overloading a chromatographic column with a com-

pound possessing low solubility in the mobile phase. In order to increase the concen-

tration of injection a strong solvent for dissolving the feed was used. From the theo-

retical results of the previous chapter, it is known that the modifier should travel 

faster through the column than the solute to avoid that the concentration of the solute 

increases even more above the local solubility. The example studied corresponds in 

principle to the cases a) of chapter 3. The injection of such concentrated samples 

brings the risk of triggering undesired crystallization processes. 

In this chapter a model system has been investigated with ethanol-water as the mo-

bile phase and DL-threonine as the sample dissolved in the strong solvent (pure wa-

ter). Under extreme overloaded conditions band splitting was observed, as expected 

from the previous chapter 3. Measurements of the adsorption isotherms and system-

atic solubility studies have been carried out. For the process analysis, a simplified 

mathematical model as it is often used for the description of gradient chromatogra-

phy was applied. The simulations of the band profiles were compared with the ex-

perimental data. A detailed description of this work has been published in [41]. The 

results will be summarized below.  
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4.1. Chemicals and Experimental Procedures 

A summary of the chromatographic system chosen for the investigation is given in 

Table 4.1. Ethanol was of HPLC grade (Merck, Darmstadt, Germany). Deionized 

water was used and further purified using a Milli-Q-Gradient system (Millipore, Bil-

lerica, MA, U.S.A.). DL-threonine (>99%) was obtained from Merck (Darmstadt, 

Germany). Lichroprep NH2 25-40 µm (Merck, Darmstadt, Germany) was used as 

achiral stationary phase capable to retain DL-threonine. The column was packed in 

our laboratory by subsequent filling and compression (due to slight thumping on the 

column) of dry stationary phase. 

The solubility of DL-threonine in solvents of different water contents was measured 

in our laboratory in the framework of an independent study. The results are published 

in detail by Sapoundjiev et al. in [151, 152]. In a series of experiments, a surplus of 

DL-threonine was equilibrated with solvent at 20°C for 24 h. The temperature of the 

stirred suspension was controlled (+/-0.1 K) with a Polystat CC3 thermostat (Peter 

Huber Kältemaschinenbau, Offenburg, Germany). Samples of 10 to 20 ml of the liq-

uid were taken after equilibration. The liquid was completely evaporated and the 

threonine content was determined gravimetrically [151]. The masses of the samples 

before and after evaporation were measured (+/-0.1 mg) with a microbalance AT261 

by Mettler Toledo (Giessen, Germany). 

Table 4.1: Summary of the experimental system 

solute mobile phase feed solvent stationary phase and column 

DL-threonine 

water:ethanol 

of various com-

positions 

water 

LiChroprep NH2, 

24-40µm, 

0.46x25cm, ε=0.792 

 

For the chromatographic elution experiments, a conventional HPLC system was 

used, consisting of a Waters 600E quaternary low-pressure gradient pump (Waters, 

Milford, MA, U.S.A.) and a UV-detector (Knauer, Berlin, Germany). The detection 

was done at a wavelength of 215 nm. The temperature of the column and the manual 

injection valve (integrated in the thermostat) was controlled at 20°C (Jetstream II, 

Knauer, Berlin, Germany). Only full loop injections were performed with sample 

loops of 10, 100, 1000 and 2000 µl, respectively. Each experiment was repeated at 

least twice.  
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The experimental chromatographic setup is sketched in Figure 4.1 below. The addi-

tional 6-port / 2-way valve with the bypass allows for extremely sharp step changes 

of the feed for frontal analysis experiments. 

Frontal analysis experiments of consecutive breakthroughs (20 steps) were carried 

out at nine different volume fractions of water in the mobile phase (i.e. g=0.2-1). The 

maximum concentrations of these experiments were close to the solubility limit of 

threonine in the mobile phase. These experiments have been performed using the 

low-pressure gradient of the pump and were used also to calibrate the detector at 

different water contents. The flow rate in all experiments was 1.97 ml/min as perma-

nently verified with a flow meter (Phase Separations, Deeside, U.K.). 

programmable 

low-pressure-gradient

HPLC pump

mixing chamber

UVF

Bypass

thermostat insulationwaste

solvent

solute 

+

solvent

 

Figure 4.1: Schematic of the experimental setup for the chromatographic experiments. 

 

4.2. Results 

4.2.1. Solubility of DL-threonine in the Mobile phases and in the In-

jection Media  

Figure 4.2 shows the solubility of DL-threonine at 20°C for different water contents 

in the solution. The constant injection concentration applied in the chromatographic 

experiments is also depicted. The solubility was approximated with an empirical 
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function fitted to the experimental data using a nonlinear curve fit (see Table 4.2 for 

details, correlation coefficient r
2
=0.998).  

 
,

. *exp( . )S DL H 2Oc 0 77 6 01 y=  (4-1) 

,S DLc  and H 2Oy  are the saturation concentration of DL-threonine in g/l and the 

volume fraction of water in the solution at T=20°C, respectively. 

Table 4.2: Solubility of DL-threonine in ethanol/water mixtures at T=20°C.  

H2O:EtOHv/v yH2O cS,DL
exp

 cS,DL 

calc. with 

Eq. (4-1) 

20:80 0.20 2.4 2.6 

40:60 0.40 10.3 8.5 

60:40 0.59 29.3 26.7 

80:20 0.76 78.2 74.2 

100:0 0.89 165.7 162.0 

 

Figure 4.2: Solubility of DL-threonine at 20°C in ethanol-water mixtures. Symbols: 

experimental data points, line: empirical function (Eq. (4-1)). The arrows indicate the 

water content of the mobile phases at which elution experiments were performed, while 

the horizontal line depicts the injection concentration in water. 
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4.2.2. Elution Profiles 

The mobile phase compositions of the overloaded elution experiments were 

H 2Og = 0.1, 0.2, 0.3 and 0.4 volume fraction of water and the corresponding solubil-

ity (Eq. (4-1)) in the mobile phase were 
,S DLc = 1.4, 2.5, 4.6 and 8.4 g/l, respec-

tively. The injection solvent was water and the injection concentration of DL-

threonine was 143 g/l for all experiments. Note that this injection concentration was 

much higher than the solubility of DL-threonine in the mobile phase. Significant pre-

cipitation or at least crystallisation of threonine large enough to reduce the perme-

ability of the column (thus increasing the pressure drop) was not observed during 

these experiments. This was surprising, since broad injections were performed up to 

60 % of column fluid volume (3.29 ml). Due to the large surface area provided by the 

stationary phase, crystallisation can be expected to occur instantaneously once a su-

per saturation is present with the system. Nevertheless, our results of an absence of 

this effect are in agreement with the observations reported earlier by Szanya et al. 

[183] for the separation of two steroids, where the displacement of the less adsorbed 

component by the stronger adsorbed component caused precipitation of the former 

one within the column. However, for this system blocking has not been reported ei-

ther. 

Figure 4.3 shows the evolution of the elution profiles of threonine with increased 

injection volume. At the chosen wavelength of 215 nm the signal of threonine was 

independent of the water content in the mobile phase (see also Appendix A 4). Blank 

injections of water (without threonine) resulted in negligible detector responses. The 

retention of the sample increased with decreased amount of the strong solvent water 

(evident especially for 100 µl injections, Figure 4.3-a to d, left plot). The sample 

elutes as a single peak for 100 µl injections. For larger injection volumes a part of the 

sample travels faster with the injection solvent water resulting in a peak splitting, 

which becomes more pronounced for decreased water contents in the mobile phase 

(see Figure 4.3 a-d, middle and right plots). Note that the enantiomers of DL-

threonine are not separated in this achiral chromatographic system. In this environ-

ment the enantiomers behave as a single component. 

This band splitting phenomenon is in agreement with results reported by Jandera and 

Guiochon [80] for non-aqueous reversed-phase chromatography and by Feng et al. 
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[33] for hydrophobic interaction chromatography of proteins. Note, that this system 

corresponds in principle to case a) explained in the previous chapter 3 –The experi-

mental results (especially for the largest injections) demonstrate clearly the phenom-

ena expected from chapter 3 for the gradient injection of a solute in a less retained, 

stronger eluent (here water): 

• breakthrough of the feed state,  

• sudden decrease of the solute concentration, 

• constant intermediate state,  

• elution of a dispersed rear part of the peak 

• for smaller injections peak profiles are observed like a isocratic injections 

 

 

 

 

Figure 4.3: Evolution of experimental elution profiles of threonine with increasing in-

jection volume (cinj=143 g/l) and for decreasing water contents in the mobile phase  

(a-d). cS,DL denotes the saturation concentration of DL-threonine in the applied mobile 

phase calculated with Eq. (4-1). 

 

b) volume fraction of H2O gH2O=0.3, 

cS,DL=4.6 g/l 

c) volume fraction of H2O gH2O=0.2, 

cS,DL=2.5 g/l 

d) volume fraction of H2O gH2O=0.1, 

cS=1.4 g/l 

a) volume fraction of H2O gH2O=0.4, 

cS,DL=8.4 g/l 
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4.2.3. Determination of Adsorption Isotherm  

To gain further insight in the phenomena observed we determined the adsorption 

isotherms of the sample at nine different water contents in the mobile phase. The 

loading of water could be neglected since pulse experiments at different water con-

tents in the mobile phases investigated (i.e., 0.2-0.9 volume fraction of water in the 

mobile phase) showed no retention. During the experiments, the mobile phase com-

ponent water was found to deactivate progressively the adsorbent and to reduce the 

adsorption capacity of the polar adsorbent (although the manufacturer recommends 

water as a mobile phase for this stationary phase). Nevertheless, for the purpose of 

this study this system was found to be a good example for studying possible crystal-

lisation because of high solubility of the sample in water and reasonable retention 

times in the ethanol-water mobile phases.  

Frontal analysis required a number of experiments involving equilibration of the ad-

sorbent with the water-rich mobile phases and could, due to the mentioned deactiva-

tion, not be successfully used to determine the adsorption equilibria on the stationary 

phase precisely. These FA experiments were utilized to obtain initial information on 

the shape of the isotherms at different water contents in the mobile phase. 

Three parameter modified Langmuir equation Eq. (2-12) was found to be sufficient 

to correlate the concentration of the sample in the mobile and the solid phase. The 

model assumes adsorption mechanism on the heterogeneous surface containing two 

energetically different adsorption sites: site “1” with high adsorption energy ac-

counted for by a larger equilibrium constant 1b  and site “2” with a low adsorption 

energy and a negligible equilibrium constant 2b , resulting in the following simplified 

expression of the Bi-Langmuir equation: 

 
( )

( ) ( )1 H 2O DL

DL 2 H 2O DL

H 2O DL

a g c
q a g c

1 b g c
= +

+
 (4-2) 

where: DLc  is the concentration of the sample in the mobile phase, DLq  is the con-

centration in the solid phase at equilibrium with DLc . Further, H 2Og  is the volume 

fraction of water in the mobile phase. a  corresponds to retention of the solute on site 

1 or 2 and b  corresponds to the equilibrium constant for site 1. 
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For a multi-component mobile phase (here ethanol-water) the isotherm coefficients 

can be considered as apparent factors lumping the contributions of all constituents of 

the mobile phase to the adsorption equilibrium. These coefficients are functions of 

the mobile phase composition, in our case expressed as a function of the water 

content H 2Og . 

After accomplishing the frontal analysis experiments, the retention time of small 

pulses of the sample were measured again in a second set of experiments for various 

mobile phase compositions. Due to the adsorbent deactivation, mentioned above, 

some differences in retention have been found for the pulses recorded before and 

after frontal analysis (see also Figure A.10 in Appendix A 4). Therefore, finally for 

evaluation of the isotherm coefficients a peak fitting method (e.g. James et al. [78]) 

evaluating the shapes chromatograms registered before frontal analysis experiments 

was employed. For peak fitting overloaded chromatograms registered at different 

water contents were selected, for which solvent and sample were well separated at 

the column outlet, i.e., interactions between sample and solvent could be neglected. 

The overloaded band profiles exhibited strong peak tailing (see e.g., Fig. 2,4) charac-

teristic for heterogeneous adsorption mechanism. Such a peak shape was not repro-

duced correctly by the use of the Langmuir model, while the three parameter bi-

Langmuir model (Eq. (4-2) was found to be sufficiently accurate. 

The isotherm coefficients of Eq. (4-2) were determined by the use of a standard op-

timization tool (Levenberg-Marquardt optimization routine [137]), for each volume 

fraction of water in the mobile phase. The following empirical extension of the Sny-

der-Soczewinski equation functions were fitted to the obtained isotherm parameters 

of threonine. 

 a 1m

1 a 1 H 2O a 1a p g r
−= +  

 a 2m

2 a 2 H 2O a 2a p g r
−= +  

 bm

b H 2O bb p g r
−= +  

(4-3) 

The coefficients of these functions are shown in Table 4.3 and the resulting iso-

therms are depicted in Figure 4.4. 
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Table 4.3: Coefficients of Eq. (4-3) correlating the isotherm parameters of threonine 

(Eq. (4-2)) with the water content in the solution  

isotherm parameter 

Eq. (4-2) 
p m r 

a1, [-] 1.302 1.278 -1.202 

b [l/g] 0.101 1.482 -0.092 

a2, [-] 0.359 1.702 -0.339 

 

 

Figure 4.4: Isotherms of threonine at 20°C as calculated (Eqs. (4-2) and (4-3)) based on 

the results of the peak fitting method. Parameters as listed in Table 4.3. Isotherms are 

extrapolated up to the specific solubility limits in the mobile phase. 

 

4.2.4. Column model 

The well-known equilibrium dispersive model, Eq. (2-19), already used for the peak 

fitting method has been used to simulate a larger amount of elution profiles of the 

solute and the strong solvent water. The required apparent dispersion coefficients of 

the strong solvent water and the solute threonine were estimated from the plate num-

bers and Eq. (2-20). The number of theoretical plates has been determined experi-

mentally and was 250 for water and 90 for threonine. This model coupled with ade-

quate initial and boundary conditions, Eq. (2-21), was discretized by the use of the 

method of orthogonal collocation on fixed elements and solved with the VODE pro-

cedure (procedure available in http://www.netlib.org), which automatically chooses 
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the time increment in order to guarantee the required accuracy of the solution. The 

number of collocations points was high enough to assure numerical convergence of 

the solution. Details of the discretization method of orthogonal collocation used in 

this work can be found elsewhere [90, 91].  

4.3. Discussion 

The band profiles of threonine as well as the injection solvent water were calculated 

(numerical solution of Eqs. (4-2)-(4)) and are depicted for selected examples in 

Figure 4.5 and Figure 4.6.  

Directly after injection the front part of DL-threonine travels with a velocity corre-

sponding to the retention behavior of DL-threonine in water. If the sample volume is 

large enough, that non-retained water and DL-threonine do not separate, then some 

amount of DL-threonine elutes together with water (see Figure 4.6). The rear part of 

the sample separates from the injection solvent (as it is the case also for small injec-

tion volumes, Figure 4.5) and travels then with a lower velocity corresponding to the 

adsorption isotherm valid for the mobile phase composition. These different traveling 

velocities cause the observed band splitting (see Figure 4.3 and Figure 4.6).  

The agreement between the calculated and the experimental elution profiles is satis-

factory, considering that the isotherm parameters reflect just a ‘snapshot’ of the men-

tioned complex transient adsorption behavior (due to the aforementioned temporal 

degradation of the stationary phase). The agreement for 100 µl injections (Figure 4.5) 

is better than the agreement for the larger 2000 µl injection volumes (Figure 4.6), 

because the 100 µl injections were used the estimation of the isotherm parameters for 

the peak fitting method. Apparently, the mathematical strategy, applied already for 

prediction of gradient elution [2, 6] is capable to account for the band splitting ob-

served for large injection volumes. In our model precipitation was not taken into ac-

count, contrary to Jandera and Guiochon [80], who used a similar model. These au-

thors reported qualitative agreement of the model predictions with their experimen-

tally determined elution profiles, once the model also accounts for precipitation (for 

details see [80]). The incorporation of this additional effect was not necessary in our 

case, where already band profiles predicted with the fitted isotherm data and without 

a limitation of a maximal fluid phase concentration showed qualitative similar shapes 

like the experimental elution profiles. 
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Figure 4.5: Experimental (symbols) and simulated (solid line) elution profile of 

threonine at the column outlet for 100 µl injections. Solubility of threonine (dashed 

line) calculated with Eq. (4-1) corresponding to the simulated elution profile of water 

(dotted line, right axis). 

a) at yH2O=0.4 vol.-fr. in the mobile phase 

b) at yH2O=0.1 vol.-fr. in the mobile phase 

 

 

b) 

 a) 



4 GRADIENT INJECTION AND THE EFFECT OF SOLVENT-SOLUTE INTERACTIONS – 1ST CASE STUDY 
102

 

Figure 4.6: Experimental (symbols) and simulated (solid line) elution profile of 

threonine at the column outlet for 2000 µl injections. Solubility of threonine (dashed 

line) calculated with Eq. (4-1) corresponding to the simulated elution profile of water 

(dotted line, right axis). 

a) at yH2O=0.4 vol.-fr. of water in the mobile phase 

b) at yH2O=0.1 vol.-fr. of water in the mobile phase 

 

b) 

a) 
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Figure 4.5 and Figure 4.6 show, besides a comparison of the experimental and the 

simulated elution profiles of threonine, also the water content simulated at the col-

umn outlet and the corresponding solubility of threonine (calculated with Eq. (4-1)). 

The solubility limit is not exceeded at the column outlet only for the 100 µl injection 

with a mobile phase composition gH2O=0.4 (Figure 4.5a). However, the concentra-

tions of DL-threonine exceeded to a large extent the solubility of DL-threonine for 

all other experiments (Figure 4.5b and Figure 4.6). 

Figure 4.7 depicts an example of concentration profiles calculated within the column 

and the local solubility (related to the local water concentration) for two different 

times after injection. The development of the band splitting is clearly visible, as well 

as the spreading of the sample over almost the entire length of the column. Concen-

trations of threonine above the local solubility limit indicate the danger of precipita-

tion in the column (Figure 4.7) and at the column outlet (Figure 4.5b and Figure 

4.6a, b). Even though we observed no blocking of the column, threonine precipitated 

during one experiment (yH2O=0.1, Vinj=2000 µl) in the tubing after the detector 

(which actually caused a damage of the detector cell). A reason could be, that even if 

crystals form in the column due to local super saturation (as it seemed to be the case 

in [6, 9]), these would be too small to result in local reduction of permeability of the 

column. On the other hand, the cross sectional area of the tubing is much smaller 

than that of the column. Precipitation in the tubing will therefore more likely result in 

blocking of the flow path. 

In order to predict crystallisation phenomena properly, one needs to determine in 

detail kinetics of nucleation, growth and dissolution in presence of the heterogeneous 

surface provided by the stationary phase. Macro-kinetic isothermal 

growth/dissolution experiments in the presence of stationary phase may be possible, 

but the determination of heterogeneous nucleation rates remains a challenging future 

task, since the nuclei will contain just a few molecules [120]. Although different 

theories exist to predict heterogeneous nucleation rates [120, 126, 157], the author 

did not feel confident enough to apply these methods here without experimental 

proof. 
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Figure 4.7: Simulated concentration (solid lines) and solubility (dotted lines) distribu-

tion of threonine in the column 50 sec (thick lines) and 100 sec (thin lines) after injec-

tion (gH2O=0.2 and Vinj=1000 µl). 

 

The 1000 and 2000 µl injections represent rather unrealistic large sample volumes 

for such a small column. Note, that by applying water as a feed solvent rather than 

the mobile phase, the amount injected was increased by factors of about 17, 31, 57 

and 95 compared to the amount applicable in the mobile phase (using the same injec-

tion volume). This states the potential of applying a different solvent for the injec-

tion. Of course some other aspects have to be accounted for. The injection solvent 

must separate quickly from the sample, such that band splitting is suppressed and to 

exploit better the separation properties of the mobile phase. For “safety” reasons the 

concentration of band profiles at the column outlet should exceed the solubility limits 

only slightly. 

4.4. Summary 

The evolution of significantly overloaded elution profiles of threonine, injected in 

water on a NH2-column at a much higher concentration than the solubility limit in 

the mobile phase, has been illustrated for mobile phase compositions containing 0.1-

0.4 vol.-fr. of water. Significant band splitting was observed for larger sample 

amounts. A simplified mathematical model as it is often used to predict gradient elu-
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tion was applied. Measurements of the adsorption equilibria and solubility measure-

ments for mobile phases containing varying concentration of the feed solvent have 

been performed. The resulting adsorption data have been used for correlating the 

isotherm coefficients of the equilibrium function of the sample with the local concen-

tration of the strong solvent within the column. The solubility measurements have 

been exploited for calculation of the local solubility limits related to the correspond-

ing local mobile phase compositions. These relationships have been included as 

model parameters into the model of the column dynamics, which allowed calculating 

concentration profiles for the sample as well as for the strong solvent water. The 

model qualitatively reproduced the change of peak shapes as an effect of the differ-

ences in the adsorption of the sample in the feed solvent and in the solution. 

This experimental study exemplifies the potential of gradient injection as a method to 

overcome solubility limitations in the mobile phase. Given the injection solvent trav-

els ahead of the solutes to be separated, an on-column dilution of the solutes will 

happen due to the adsorption equilibria. This on-column dilution already decreases 

the risk of undesired crystallization within the column, which would diminish separa-

tion of the solutes to be separated. Secondly, comparison of the internal concentra-

tion and solubility profiles have shown, that supersaturation of the solutes within the 

column will be spread over the column length. This decreases further the danger of 

blocking the flow path within the column, even if crystallization would happen, since 

the forming crystals would be simply too small.  

 





 

 

In most cases, however, concentration overload is a far more economical approach. 

G. Guiochon, A. Fellinger, D.G. Shirazi, A.M. Katti, Fundamentals of Preparative and 

Nonlinear Chromatorgaphy, 2.
nd

 edition 

 

5. Effect of Gradient Injection on Separa-

tion – 2
nd

 Case Study 

The separation of compounds possessing low solubility in the mobile phase could be 

improved by applying stronger solvents for dissolving the feed. In this chapter, we 

discuss quantitatively the effect of gradient injection on the separation of a binary 

mixture. That is the injection of the solutes to be separated in a different solvent than 

used for the elution. We will compare on an experimental example the performance 

of the gradient injection with the performance of the isocratic injection. Special at-

tention will be turned toward to the maximal applicable injection concentration of the 

isocratic injection based on the corresponding solubility in the mobile phase consid-

ered. The results of this work were published in detail in [42]. 

As a sample system, we considered the separation of the enantiomers of threonine on 

a Chirobiotic-T column in ethanol-water mixtures, where water and ethanol represent 

the strong and the weak solvents, respectively. For this solvent-solute system it was 

already shown in the previous chapter and in [41], that crystallisation in the column 

is unlikely to happen.  

We will present a methodology allowing to specify optimal separation conditions 

with a low amount of experimental effort. In particular, we will determine the ad-

sorption isotherms of the solutes as function of the modifier concentration by means 

of a peak fitting method [25, 78]. The adsorption isotherm of the modifier will be 

estimated applying a perturbation method [64, 160]. Using a suitable column model 
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we will find optimal conditions for the separation by a limited number of numerical 

simulations. Finally, the optimal conditions predicted for this case study are experi-

mentally verified. 

5.1. Theoretical Methods Applied 

Here we list the models and assumptions used in this chapter. We apply only stan-

dard methods and numerical tools that were derived in detail elsewhere (see section 

2.3 as an introduction). It is attempted to yield a flexible mathematical description of 

the processes, suitable for process prediction and optimization. Although these mod-

els capture the main features of the experimental observation and the physical phe-

nomena, they do not necessarily reflect completely the real chemical-physical inter-

actions. 

5.1.1. Process model  

The modelling of elution chromatography, where the solvent composition is chang-

ing during the process is the main objective in modelling gradient elution. Concepts 

and models can be found e.g. in [26, 52, 166]. Hereby, reliable models need to ac-

count for the elution of both the mobile phase constituents and the solutes. The 

lumped kinetic model Eqs. (2-19), (2-24) and the numerical solution as proposed in 

[91] is used here. 

The initial and boundary conditions for a mixture of two enantiomers (L  and D ) 

and aqueous injection solutions and mobile phases are: 

 

,

, ,

,

; , : ;

; : ;

; : ;

0

L D H 2O H 2O

inj inj
inj L D L D H 2O H 2O

0

inj L D H 2O H 2O

t 0 z 0 L c 0 x x

0 t t z 0 c c x x

t t z 0 c 0 x x

< = = =

< < = = =

< = = =

 (5-1) 

with 0
2H Ox  and 2

inj
H Ox  being the molar fraction of the strong solvent water in the mo-

bile phase and the injection solvent, respectively. Since the solvent constituents, here 

water (H 2O ) and ethanol (EtOH ) are present at large concentrations it is expedi-

ent to express Eq. (2-19) for these two components in terms of molar fractions ix  

and excess loadings iΓ  (Eq. (2-26), e.g. [153]). The differential mass balance, Eq.  

(2-19), then becomes: 
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  for ,i EtOH H 2O=  

(5-2) 

In the above ( )M M x= is the molecular weight of the mobile phase and 

( )xρ ρ=  is the density of the mobile phase. For a binary mixture holds: 

 EtOH H 2Ox 1 x= −  (5-3) 

Eqs. (2-19) and (5-2) alone can be solved efficiently with the backward-in-space–

forward-in-time finite difference scheme, Eq. (2-22) initially applied by 

Rouchon et al. [144]. However, the Rouchon algorithm fails for gradient elution, 

where the retention behavior varies throughout the elution process [5]. Therefore, the 

transport term of Eq. (2-24) was implemented mainly for numerical reasons, since 

the combined application of Eq. (2-24) with Eq. (2-19) stabilizes finite difference 

schemes [3, 5]. In the calculations discussed below the transport coefficient k  was 

set to a value so large that local equilibrium was established and Eq. (2-24) did not 

contribute to the band broadening. Details on the numerical the solution of the equa-

tions are given in [3, 5]. This process model was coupled with the corresponding 

isotherm functions of the mobile phase constituents (
*
( )i xΓ ) and the solutes 

( ( )*
,iq c x )

7
. 

5.1.2. Adsorption Isotherm of the Solvent 

For the example discussed here, the mobile phases consist of ethanol-water mixtures 

while pure water - the strong solvent - is used as the injection solvent for the gradient 

injections. Excess isotherms instead of loading isotherms should be used if large 

concentration ranges are covered [64], as it is the case for the mobile phase constitu-

ents considered. Here the definition of the excess according to Everett [28] was used 

(with reference to the volume rather than the surface of the solid phase). The individ-

ual loadings iq  in Eqs. (2-19) and (2-24) can be related to excess concentrations iΓ , 

                                                 

7
 The equilibrium loading and the actual loading have to be distinguished, due to usage of the mass 

transfer term Eq. (2-24). Thus, the equilibrium loading will be denoted by * in this chapter.  
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Eq. (2-26), as shown in detail by Oscik [129]. For the binary mixture considered 

Eq. (2-26) becomes:  

 
* * * *

( )i i EtOH H 2O iq q q xΓ = − +  ,i EtOH H 2O=  (5-4) 

A displacement-adsorption mechanism incorporating activity coefficients iγ  to take 

real phase behavior into account (e.g. [129, 134]) was used in this work to describe 

the equilibrium loadings of the mobile phase components: 

 
,*

,
( )

d i i i

i i s s

j i i d i i j i

K x
q q

1 x K x

γ

γ γ γ γ
∞=

− +
 

 with: , ,i j EtOH H 2O=   and 
, ,

/d i d jK 1 K=  

(5-5) 

For the equation above the following simplifying assumptions are used below: 

• H 2O EtOHq q q∞ ∞ ∞= = ,
8
 

• surface activity coefficients are unity (
S

i 1γ = ) 

These assumptions provide for Eq. (5-5) the following expression of the equilibrium 

loadings: 

 
,*

,
( )

d i i i

i

j i d i i i

K x
q q

1 x K x

γ

γ γ
∝=

− +
 

  with , ,i j EtOH H 2O=  and 
, ,

1 /d i d jK K=  

(5-6) 

5.1.3. Adsorption Isotherm of the Solutes 

Adsorption isotherms of the solutes can be described in a simplified manner taking in 

the adsorption isotherm model only the competition between the solutes into ac-

count [52]. The parameters of the adsorption isotherm are functions of the mobile 

phase composition. Here, the Langmuir equation, Eq. (2-10), was used to model the 

competitive adsorption isotherms of the two solutes considered (D- and L-threonine): 

                                                 

8
 Although physically improbable, this assumption was found in the course of the work to be 

sufficient for the description of the experimental observations. See discussion in section 5.3.2. 
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  ,i L D=  

(5-7) 

In the above ib , Sq  and i S ia q b=  are the equilibrium constants, the saturation ca-

pacity and the Henry coefficients, respectively. It is assumed in Eq. (5-7) that the 

mobile phase composition only influences the equilibrium constants and does not 

influence the saturation capacity. The equilibrium constants ( ib ) are difficult to 

measure, contrary to the Henry coefficients ( ia ), which can be directly obtained 

from simple pulse experiments with the chromatographic column. Although the 

model presented is quite simple considering the manifold of interactions occurring on 

a chiral stationary phase, it captures essential features of the distribution equilibria. 

We will introduce observed dependencies of the Henry coefficients on the mobile 

phase composition in section 5.3.3 on page 115. 

5.2. Chemicals and Experimental Procedures 

5.2.1. Chemicals and Apparatus 

A Chirobiotic-T stationary phase (Astec, USA) with a mean particle diameter of 

16 µm was used. It was packed into 15x1 cm columns by Muder&Wochele (VDS-

Optilab, Berlin, Germany). The mobile phase consisted of HPLC-grade ethanol 

(Merck, Darmstadt, Germany) and deionized water further purified with a Milli-Q-

system (Millipore, Molsheim, France). The binary mobile phases were prepared 

volumetrically and the mixture compositions were checked with density measure-

ments. D- (2R,3S), L- (2S,3R) and DL-threonine (Sigma-Aldrich, Steinheim, Ger-

many) were used as the solutes and were of reagent grade (>98%). 

Chromatograms were recorded at 20°C on analytical and preparative Dionex HPLC 

systems (Dionex, Idstein, Germany). These systems consisted of quaternary low-

pressure gradient and binary high-pressure gradient pumps, an autosampler (up to 

2 ml injections) and a column oven. Detection of threonine was done with an UV-

spectrometer at appropriate wavelengths (205, 220, 230 and 240 nm, depending on 

the outlet concentrations). The linearity of the detector signals was verified by plot-
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ting the peak areas vs. the amounts injected. A third HPLC system was utilized for 

additional measurements of the excess isotherms of the mobile phase constituents. 

Here, a LaChrom system (Merck, Darmstadt, Germany) with a refractive index de-

tector was used. 

5.2.2. Experimental Procedures 

Chromatograms of DL-threonine were recorded at eight different mobile phase com-

positions. The water content in the mobile phase was varied between H 2Og =0.2-

1 v/v (corresponding molar fraction H 2Ox = 44-100 mol%). For each mobile phase 

composition, a solution was prepared with a concentration close to the corresponding 

solubility limit in the mobile phase. The injection concentrations were kept at a value 

of about 90 % of the measured/interpolated solubility in the mobile phase. The solu-

bility data were taken from [151]. Injections of 1 up to 240 µl were performed. De-

tails of the experimental conditions are given in Table 5.1. Of the experiments car-

ried out, those belonging to the largest injections in each mobile phase composition 

were selected for the peak fitting.  

Excess loadings of the two mobile phase constituents were determined by means of a 

perturbation method [13]. The equilibrated column was perturbed at various mobile 

phase compositions by 20 µl injections of pure water or pure ethanol. 

Table 5.1: Experimental conditions (mobile phase compositions H 2Og  resp. H 2Ox , 

injection concentrations .
inj inj inj

D L totalc c 0 5 c= = , injection volumes injV  and wave 

lengths used for detection) of the data used for peak fitting and the corresponding solu-

bility of the racemate of DL-threonine 
,S DLc  in the respective solvent composition (re-

calculated from [151]). 

H 2Og , v/v H 2Ox , mol% inj

totalc , g/l ,S DLc , g/l injV , µl wavelength, nm 

1.0 100.0  150 165.7 80 230 

0.8 92.8  70 78.2 240 230 

0.7 88.3  45  200 230 

0.6 82.9  28 29.3 240 230 

0.5 76.4  16  200 220 

0.4 68.3  9 10.3 200 220 

0.3 58.1  4  200 220 

0.2 44.7  2 2.4 200 215 
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5.3. Results and Discussion 

5.3.1. Analysis of the Experimental Data 

In order to optimize conditions for the separation of the two threonine enantiomers 

the mathematical model described above was used. This mathematical model con-

sists of a process model (Eqs. (2-19) resp. (5-2) and (2-24)) in combination with de-

scriptions of the adsorption isotherms of the components present in the system, i.e. 

the mobile phase constituents (Eqs. (5-4) and (5-6)) and the solutes to be separated 

(Eq. (5-7)). At first, with the a peak fitting method (or inverse method e.g. [25, 78]) 

was applied to estimate the adsorption isotherms of the enantiomers for different 

mobile phase compositions. 

5.3.2. Adsorption Isotherm of the Solvent 

For the mean retention volume of a small perturbation holds for small deviations 

from the equilibrium state 
*

H 2Ox  (quasi constant density and molecular weight of 

the mobile phase): 
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  (5-8) 

An integration of Eq. (5-8) yields the excess equilibrium loading of water (using for 

the binary mixture considered H 2O EtOHΓ Γ= − ): 
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 (5-9) 

Eq. (5-9) can be also used to calculate the total porosity of the column, since excess 

loadings are zero for pure components [145]. However, integration of Eq. (5-9) can 

be inaccurate due to the approximation of the integral by a sum and its sensitivity to 

small deviations of the retention volumes. In this work, we attempted to reproduce 

correctly the retention of the solutes, thus the parameters of the equilibrium excess 
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loading (Eq. (5-5)) were fitted directly to the retention volumes (Eq. (5-8)) using the 

following objective function. 

 
2

* *

,exp, , , , 2

1

min ( , )
ndata

R k R calc k d H O

n

OF V V K q∞

=

 = − ∑  (5-10) 

For the fitting the built-in “Microsoft Excel Solver” was applied. Initially, different 

saturation capacities were applied for ethanol and water. This fitting (results omitted 

here) did not result in significantly reduced error residuals (OF ), compared to a 

fitting with the same saturation capacity for both ethanol and water 

(
2EtOH H Oq q q∞ ∞ ∞= = ). Although physically questionable, this simplification was 

found to be sufficient for the description of the experimental observations.  

Table 5.2: Comparison of the experimentally determined and theoretically predicted 

retention volumes of small pulses of pure water (or pure ethanol) on a Chirobiotic T 

column in equilibrium with the mobile phase compositions depicted in the first column. 

The measured retention volumes were corrected by the dead volume of the connecting 

capillaries.  

xH2O, mol% 
*
,expRV , ml

,

*

R calc
V , ml 

100.0 10.58 9.83 

99.7 10.03 9.78 

99.4 9.82 9.73 

99.1 9.68 9.68 

98.7 9.56 9.64 

98.4 9.46 9.60 

97.7 9.35 9.52 

96.7 9.23 9.41 

92.8 9.09 9.12 

88.3 8.88 8.91 

82.9 8.51 8.76 
*
76.4 8.25 8.64 

*
68.3 8.26 8.55 

*
58.1 8.43 8.50 

*
44.7 8.93 8.54 

*
26.5 9.47 8.90 

22.0 9.58 9.08 

14.6 9.75 9.51 

6.2 10.01 10.24 

0.0 9.58 10.99 
*
mobile phase compositions given in bold are suitable for separation (see text) 
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To apply Eq. (5-5) the dependence of the liquid phase activity coefficients iγ , the 

densities ρ  and the molecular weights M  on the mobile phase composition must be 

known. These values can be extracted from literature information and are listed in 

appendix A 5.  

Table 5.2 shows the experimentally determined and the calculated retention volumes 

(Eq. (5-8) with the parameters given in Table 5.3). A reasonable separation of the 

solutes (D,L-threonine) is achieved for solvent compositions between 

H 2Ox 26 76= −  mol%. The agreement between predicted and determined retention 

times as results of mobile phase perturbations is quite good in that range and appears 

to be sufficient to carry out useful predictions of gradient elution. For a simplified 

description one could roughly set the adsorption of the mobile phase components to 

zero. 

Table 5.3: Parameters determined with the experimental data given in Table 5.2. 

ε  ,d H 2OK , H 2O

MP

mol

mol
 

(Eq. (5-6)) 

q∞
, 
mol

ml
 

(Eq. (5-6)) 

0.758 1.328 0.0064 

 

5.3.3. Adsorption isotherms of D- and L-threonine 

Based on overloaded chromatograms of D- and L-threonine a peak fitting method 

was used to approximate isotherm parameters to model the elution of D- and L-

threonine as a function of the mobile phase composition in the range 

.H 2Ox 44 7 100 mol%= − . From analytical injections for a certain mobile phase 

compositions the initial slopes (Henry coefficients) of the isotherms can be obtained 

from the measured retention volumes using the well-known relation (rearranged 

Eq. (2-17)): 
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= = −  −  

   

 ,i D L=  

(5-11) 

The experimentally determined apparent Henry coefficients of D,L-threonine in 

ethanol water mixtures are shown in Figure 5.1. The L-enantiomer is the less retained 
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component. Figure 5.2 depicts the solubility of the racemate (
,S DLc ) [151] and the 

separation factor ( /D La aα = ) as a function of the solvent composition. The solu-

bility is increasing with increasing amount of the strong solvent water from 2.4 g/l at 

44.7H 2Ox =  mol% to 165.7 g/l at 100H 2Ox =  mol%. The separation factor α  

decreases from 1.7 to 1.1 between 44.7H 2Ox =  mol% and pure water 

( 100H 2Ox =  mol%). The retention (and ia ) decreases continuously with increasing 

water content between 44.7-92.8H 2Ox =  mol% (
2

0.2 0.8H Og = −  v/v). Afterwards 

a small increase of the retention is found in the direction to pure water. In this range 

of mobile phase compositions 92.8-100H 2Ox =  mol%, no separation is obtained. 

For the modelling of the retention as a function of the mobile phase composition, this 

small increase of the retention was neglected. The dependence of the isotherm pa-

rameters ia  was approximated using the following empirical function, which is an 

empirical extension of the Snyder-Soczewinski relation developed for normal phase 

chromatography (e.g. [79]). 
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Figure 5.1: Henry coefficients ( iH ) of D- and L-threonine isotherms on a Chirobiotic T 

column as a function of the water content in the mobile phase (in mol%, upper axis and 

as v/v, bottom axis). The symbols correspond to the initial slopes of the isotherms as 

obtained from experimental data. The lines are calculated with Eq. (5-12) and the pa-

rameters shown in Table 5.4. 
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Figure 5.2: Solubility  (
,S DLc , left axis) and separation factor (α , right axis) of D,L-

threonine as a function of the water content of the solvent. Solubility data (open circles, 

the dotted line is guide to the eye) were taken from [151]. Separation factors were cal-

culated with the experimental Henry coefficients shown in Figure 5.1 (solid squares) 

and with the calculated Henry coefficients (solid line) using Eq. (5-12) and the parame-

ters in Table 5.4. 

 

 
2

1 2 3

p i

i i H O ia p x p= +                    ,i L D=  (5-12) 

Hereby, the classical logarithmic-linear dependence did not apply over the broad 

scale range of mobile phase compositions considered, as pointed out also in [64]. The 

mean plate numbers ( / / appNTP Lu 2 D= ) were extracted from analytical injec-

tions and were found to vary between 1400-2100 (for 100-44.7H 2Ox =  mol%) at a 

flow rate of 1 ml/min. 

The seven parameters of Eq. (5-7) ( sq ) and Eq. (5-12) ( , ,1 i 2 i 3 ip p p , ,i L D= ) 

were obtained by simultaneously fitting one chromatogram per mobile phase compo-

sition, corresponding to the largest injection of D- and L-threonine. The best-fit pa-

rameters of Eq. (5-12) to the experimentally and independently determined initial 

slopes of the isotherms (Figure 5.1) were used as initial values for a Nelder-Mead-

simplex algorithm applied to minimize the objective function given by Eq. (5-13) 

below. All chromatograms were normalized with respect to the maximal peak 

heights, since, depending on the mobile phase composition the applied amount, re-
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tention and dilution, thus, the outlet concentrations were very different. In particular, 

the same amount injected would yield much larger outlet concentrations for those 

mobile phase compositions with little retention compared to those mobile phase 

compositions, where the retention is much stronger. Any other normalization, such as 

amount injected would yield an over pronunciation of the mobile phases with little 

retention. Due to the normalization, all experimental data had similar importance for 

the parameter estimation. Also, small outlet concentrations which specify the initial 

slope of the isotherm contribute in this regard significantly to the parameter estima-

tion. 
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(5-13) 

In the equation above k  is the index of the mobile phase composition and datan  

denotes the number of data points in an experimental chromatogram. Further, c  is 

the total concentration ( D Lc c+ ) as obtained from the nonselective UV-detection. 

To avoid pronunciation of one experiment on the fitting, the same number of data 

points was used for each mobile phase composition. The simulated concentrations, 

typically not obtained at the exact same time as the experiment, were linearly ap-

proximated to the time of the experiment. The resulting parameters of the fitting are 

summarized in Table 5.4. The chromatograms in Figure 5.3 show simulated and ex-

perimentally determined elution profiles for the isocratic conditions given in Table 

5.1. The agreement between simulated and experimentally determined chroma-

tograms is satisfactory, considering the simplicity of the model applied. Apparently, 

the nonlinearity of the isotherm of the later eluting D-enantiomer is underestimated 

for small water contents by the simple Langmuir isotherm model. Improvements 

could be obtained by using more sophisticated column and isotherm models (ac-

counting e.g. for surface heterogeneity). However, the general agreement is accept-

able and a mathematical description of the elution of D- and L-threonine on a Chiro-

biotic-T column is possible in a broad range of mobile phase compositions. 
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Table 5.4: Parameters of Eqs. (5-7) and (5-12) as obtained from the peak fitting method 

by simultaneously fitting one chromatogram per mobile phase composition. 

 L D 

P1i, [-] 0.3796  0.5819  

P2i, [-] -3.0031  -3.1618  

P3i, [-] -0.0082  -0.1866  

qs, [g/l] 14.2 
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Figure 5.3: Comparison of experimentally determined and simulated chromatograms 

using Eqs. (2-19),(2-24), (2-25), (5-7), (5-12) and the parameters in Table 5.4. The ex-

perimental and simulation conditions are depicted above the chromatograms. 
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5.3.4. Reproducibility 

An observation made during the experiments should be mentioned here. For the col-

umns used, a change of the pressure drop was observed with lifetime. The investiga-

tion of the reason for this increase is beyond the scope of this work. It might be due 

to some fine particles traveling through the column and blocking gradually the outlet 

frit. Changing the flow direction decreased the pressure drop. However, this flow 

reversal affected negatively column efficiency. 

 

Figure 5.4: Experiments @ 2H Ox =44.7 mol%: all dotted lines first experiments 

(05.08.2005); all solid lines repetition (02.09.2005); in between experiments were per-

formed @ 2H Ox = 68.4, 76.4, 82.9, 88.3, 100, 51.9, 44.7 mol%, consuming approx. 8 l of 

mobile phases. Injection conditions: 200; 80; 40; 5 µl; cinj=9 g/l; flow rate 1 ml/min 

 

Besides the increase of the pressure drop, also slight changes of the retention times 

were observed (see Figure 5.4), which cannot be described by the model applied. 

Note, that the quality of the separation remained relatively constant during the whole 

period. Bechtold et al. [10] made similar observations for a Chirobiotic TAG station-

ary phase. Such changes in the retention times can be counterbalanced in preparative 

elution chromatography by detector-signal controlled fractionations of the peaks. 

5.3.5. Estimation of Optimal Conditions 

Extended Systematic calculations were performed to discuss the effect of injecting a 

sample in a different solvent. For the sake of clarity, the influence of flow rate and 
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column length was not considered in this study. There is enough insight regarding 

these effects (e.g. [64]). We rather concentrated on a given configuration, i.e. a con-

stant column length and a constant flow rate. The flow rate through columns of the 

size used for the experiments is set to 5 ml/min, resulting in column efficiencies be-

tween 600 900NTP = − , depending on the mobile phase composition. 

Below isocratic injection denotes the case were the composition of the injection sol-

vent is equal to the one used for the mobile phase, while gradient injection shall de-

note the case, where the injection is performed in the strong solvent, i.e. in water. 

Values close to the solubility limit of threonine in the injection solvent were used for 

the injection concentrations (see Table 5.1). 

 

Figure 5.5: Determination of cut times taking into account interactions between con-

secutive injections. The transient of the predicted solvent composition is shown in the 

bottom chromatogram. Injections were performed every 10.5 ml of elution volume with 

65injV =  µl and 150injc =  g/l. Adsorption isotherm parameters as in Table 5.3 and 

Table 5.4. 

 

In order to evaluate the performance of the separation always three consecutive in-

jections were simulated. An example of a gradient injection is given in Figure 5.5. 

The chromatogram in the middle was used to determine the optimal cut 

times/volumes for a specific purity, based on an algorithm presented by Shan and 

Seidel-Morgenstern [163]. This algorithm finds the optimal cut points to collect the 

maximal amount of a substance from a cN -component mixture for a given purity. 

Interactions between consecutive injections are regarded for. The upper diagram of 
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Figure 5.5 depicts the concentration profile of the two solutes D- and L-threonine. 

The solvent composition is shown in the bottom chromatogram. The pulse of the 

strong solvent water from the second injection elutes together with the retained sol-

utes of the first injection, causing the additional bump in the concentration profile of 

the second eluting component (D-threonine). The cycle volume ( cycleV ) is the impor-

tant adjustable parameter of the simulation and the free parameter for process opti-

mization. A cycle consists of an injection step ( injV ), during which the solutes to be 

separated are introduced, and a wash step ( washV ), lasting until the next injection is 

performed. Therefore, injection volumes and wash volumes need to be determined 

for a process optimization. The cycle time is: 

 
( )inj wash

cycle

V V
t

Q

+
=  (5-14) 

Besides the injection and the wash volume also the two relevant mobile phase com-

positions (
0

H 2Ox  and 
inj

H 2Ox ) of the corresponding steps are parameters to be opti-

mized. The mobile phase composition of the injection is either equal to the mobile 

phase composition of the wash step (isocratic injection, 
inj 0

H 2O H 2Ox x= ), or the in-

jection solvent consists completely of the strong solvent water (gradient injection, 

2
1

inj

H Ox = ). The injection concentration of the racemic 1:1 mixture of DL-threonine 

corresponds to a value close to the solubility limit of the respective injection solvent 

composition (see Table 5.1). A large number of forward simulations at different in-

jection volumes were performed systematically for each mobile phase composition, 

to estimate optimal operating conditions (injection volume, cycle volume) for a pu-

rity of 99% of both individual enantiomers. 

Of course, an optimization routine could have been used rather than systematic for-

ward calculations to determine for a given objective function the optimal process 

conditions. These optimized conditions would have been somewhat anonymous and 

hard to interpret. Another advantage of systematic forward calculation is the inde-

pendence of a given objective function, since any objective function can be extracted 

from the results obtained. 
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5.3.6. Objective Functions 

Several objective functions are possible to evaluate the separation process, depending 

on the goal of the separation. Each optimization goal can be formulated with respect 

to one target component (indicated by the subscript i ) or with respect to both enanti-

omers (no index). An often-used objective function evaluates the productivity: 

 
,i col

i

cycle

m
PR

t
=   ,i L D=  or     

 
, ~ , ~L col D col

cycle

m m
PR

t

+
=  

without index denotes the combined collection of both components to be separated 

(5-15) 

The recovery of the individual components is defined as: 

 
,

,

100%
i col

i

i inj

m
REC

m
= ⋅  ,i L D=  (5-16) 

Combined objective functions [30] yield a trade-off between recovery and productiv-

ity: 

 i i iPR REC PR REC× = i   ,i L D=  

or  
~ ~ ~ ~L L D DPR REC PR REC PR REC× = +i i  

(5-17) 

Optimal values for combined collection are typically not optimal for the production 

of a specific single enantiomer. For the same chromatogram different cut times may 

need to be applied depending on the desired component.  

5.3.7. Results of Systematic Calculations 

Selected results obtained for the gradient injection in water and the isocratic injection 

in the mobile phase are given in Table 5.5 and Table 5.6, respectively. For both in-

jection methods (gradient and isocratic) the same optimal mobile phase composition 

of H 2Ox = 52.4 mol% was found, regardless of the desired objective function. This 

optimal mobile phase composition depends of course on the column length. A longer 

column possessing a higher efficiency would result in a different optimal mobile 

phase composition, i.e. one with a larger water content causing smaller retention and 
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resolution. In turn, a less efficient column would require a smaller water content in 

the mobile phase causing larger retention and resolution.  

Table 5.5: Best injection conditions of the gradient injection with water as the injection 

solvent as found with the systematic forward calculations for a variety of objective 

functions. The injection concentrations were 75inj inj
L Dc c= = g/l. The optimal conditions 

for a specific objective function are bold faced. 
0
H2Ox  minj Vinj Vwash PR PRxREC PRL PRD PRLxRECL PRDxRECD RECL RECD 

mol% mg µL ml mg/min mg/min mg/min mg/min mg/min mg/min % % 

optimal PR 

68.3 4.2 28 4.8 1.4 0.5 0.6 0.8 0.2 0.3 29 38 

63.1 5.6 37 5.9 2.3 1.1 1.1 1.2 0.5 0.6 47 51 

58.1 6.6 44 7.3 2.7 1.7 1.4 1.4 0.9 0.8 62 61 

52.3 8.1 54 10.1 2.8 2.0 1.5 1.3 1.1 0.9 74 67 

44.7 11.4 76 17.1 2.4 1.7 1.3 1.1 1.0 0.7 78 65 
optimal PRxREC 

68.3 2.7 18 4.7 1.3 0.6 0.6 0.7 0.2 0.4 42 49 

63.1 3.2 21 5.7 2.0 1.4 1.0 1.0 0.7 0.7 68 71 

58.1 4.4 29 7.0 2.5 2.0 1.2 1.3 1.0 1.0 80 80 

52.3 5.7 38 9.7 2.6 2.3 1.3 1.3 1.2 1.1 89 89 

44.7 7.4 49 16.5 2.1 2.0 1.1 1.1 1.0 1.0 96 94 

optimal PRL 

68.3 4.2 28 4.9 1.4 0.5 0.6 0.8 0.2 0.3 31 37 

63.1 5.5 37 6.1 2.3 1.1 1.1 1.1 0.5 0.6 49 51 

58.1 7.3 49 7.6 2.7 1.6 1.4 1.3 0.8 0.7 59 55 

*52.3 9.8 65 10.9 2.8 1.7 1.5 1.3 1.0 0.7 68 57 

44.7 12.3 82 17.8 2.3 1.6 1.3 1.0 1.0 0.6 76 60 

optimal PRD 

68.3 7.2 48 4.5 0.0 0.0 0.0 0.9 0.0 0.2 0 23 

63.1 6.0 40 5.1 0.0 0.0 0.0 1.3 0.0 0.6 0 43 

58.1 6.6 44 5.9 0.0 0.0 0.0 1.5 0.0 0.8 0 54 

*52.3 6.5 43 7.5 0.0 0.0 0.0 1.5 0.0 1.1 0 71 

44.7 7.4 49 11.9 0.0 0.0 0.0 1.3 0.0 1.0 0 82 
optimal PRLxRECL 

68.3 2.3 15 4.8 1.2 0.6 0.5 0.6 0.3 0.3 47 54 

63.1 3.8 25 6.1 2.0 1.3 1.0 1.0 0.7 0.7 65 66 

58.1 5.1 34 7.3 2.6 2.0 1.3 1.3 1.0 1.0 76 74 

52.3 6.5 43 10.1 2.7 2.2 1.4 1.3 1.2 1.1 86 82 

44.7 9.3 62 17.1 2.3 1.9 1.2 1.1 1.1 0.8 90 78 
optimal PRDxRECD 

68.3 2.7 18 4.3 1.3 0.6 0.6 0.7 0.2 0.4 36 48 

63.1 3.2 21 5.1 1.9 1.2 0.9 1.1 0.5 0.7 54 69 

58.1 4.4 29 6.2 2.1 1.4 0.8 1.4 0.3 1.0 44 77 

52.3 5.7 38 8.4 1.8 1.3 0.4 1.4 0.1 1.2 23 85 

44.7 7.4 49 13.9 1.7 1.3 0.5 1.2 0.2 1.1 38 90 

*commented in text  

 

Gradient injections in the stronger solvent yield about 15-30% larger objective func-

tion values compared to isocratic injections in the mobile phase. This will be illus-

trated below for two examples, focusing on the optimal productivities LPR  and 

DPR . The largest optimal injection volume of the gradient injection is about 65 µl 

(Table 5.5, optimal LPR , H 2Ox =52.3 mol%), i.e. a loading of 9.8 mg (results in 
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,maxLPR =1.5 mg/min). For the same objective function and mobile phase composi-

tion the corresponding injection volume of isocratic elution (see Table 5.6) is much 

larger (2776 µl), while the amount injected is smaller (8.3 mg), resulting in a 19% 

reduced productivity of the first eluting L-enantiomer (
,maxLPR =1.3 mg/min).  

Table 5.6: Best injection conditions of the isocratic injection as found with the system-

atic forward calculations for a variety of objective functions. The injection concentra-

tions of DL-threonine were 
F

totc =9, 7, 4, 3, 2 g/l for 
2

F

H Ox = 68.3, 63.1, 58.1, 52.3, 44.7 

mol%, respectively. The optimal conditions for a specific objective function are bold 

faced. 
0
H2Ox minj Vinj Vwash PRPRxREC PRL PRD PRLxRECLPRDxRECD RECL RECD

mol% mg µL ml mg/min mg/min mg/min mg/min mg/min mg/min % %

optimal PR 

68.3 4.3 476 4.5 1.4 0.5 0.6 0.8 0.2 0.3 30 35

63.1 5.3 759 5.3 2.1 1.0 1.1 1.0 0.6 0.5 50 47

58.1 5.6 1407 6.1 2.3 1.5 1.3 1.1 0.8 0.6 67 57

52.3 7.2 2397 8.1 2.3 1.6 1.3 1.0 0.9 0.6 74 60

44.7 8.2 4079 12.6 1.8 1.4 1.0 0.8 0.8 0.6 82 69
optimal PRxREC 

68.3 2.4 269 4.5 1.2 0.6 0.6 0.7 0.3 0.3 45 52

63.1 3.1 448 5.3 1.9 1.3 0.9 1.0 0.6 0.7 68 70

58.1 3.6 912 6.1 2.1 1.7 1.1 1.1 0.9 0.9 82 81

52.3 4.9 1638 8.1 2.2 1.9 1.1 1.1 1.0 0.9 88 85

44.7 5.8 2924 13.2 1.7 1.6 0.9 0.9 0.8 0.8 96 94

optimal PRL 

68.3 4.0 441 4.5 1.4 0.5 0.7 0.8 0.2 0.3 33 37

63.1 5.7 821 5.5 2.1 1.0 1.1 1.0 0.5 0.4 49 44

58.1 6.9 1736 6.4 2.3 1.2 1.3 1.0 0.8 0.5 60 47

*52.3 8.3 2776 8.1 2.3 1.4 1.3 1.0 0.9 0.5 67 52

44.7 10.0 5003 13.2 1.8 1.2 1.0 0.8 0.8 0.4 75 56

optimal PRD 

68.3 4.3 476 3.9 0.0 0.0 0.0 0.8 0.0 0.3 0 33

63.1 4.4 634 4.3 0.0 0.0 0.0 1.1 0.0 0.6 0 51

58.1 4.3 1077 4.9 0.0 0.0 0.0 1.2 0.0 0.8 0 65

*52.3 4.9 1638 6.3 0.0 0.0 0.0 1.2 0.0 0.9 0 76

44.7 5.8 2924 10.0 0.0 0.0 0.0 1.0 0.0 0.8 0 85
optimal PRLxRECL 

68.3 2.4 269 4.7 1.2 0.6 0.6 0.6 0.3 0.3 46 52

63.1 3.6 510 5.5 2.0 1.3 1.0 1.0 0.7 0.6 66 66

58.1 4.6 1159 6.4 2.2 1.6 1.2 1.1 0.9 0.7 77 69

52.3 6.1 2017 8.6 2.2 1.7 1.2 1.0 1.0 0.7 84 71

44.7 7.2 3617 13.2 1.8 1.5 1.0 0.8 0.9 0.7 90 78
optimal PRDxRECD 

68.3 2.4 269 4.1 1.2 0.5 0.5 0.7 0.2 0.3 37 50

63.1 3.1 448 4.6 1.7 1.0 0.7 1.0 0.3 0.7 45 67

58.1 3.3 830 5.5 1.9 1.4 0.9 1.1 0.6 0.9 65 82

52.3 4.3 1448 7.2 1.9 1.4 0.8 1.1 0.5 1.0 61 88

44.7 5.4 2693 11.3 1.4 1.1 0.5 0.9 0.3 0.8 54 94

*commented in text  
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About the same amounts of mobile phase are used with inj washV V+ =11.0 and 

10.9 ml for the gradient and the isocratic injections, respectively.  

If the later eluting D-threonine would be the sole product ( DPR ), then we would 

find significantly reduced injection and wash volumes for both injection methods. 

Here only 43 or 1638 µl should be applied for the gradient or the isocratic injection. 

The mobile phase cycle volumes are 7.5 ml and 7.9 ml compared to 11.0 and 10.9 ml 

(for optimal LPR ), resulting in almost the same productivity ( DPR =1.5 resp. 

1.2 mg/min) as for the first eluting L-enantiomer. Here the productivity could be im-

proved using the gradient injection by 25%. This is the order of magnitude (15-30%) 

achievable for all objective functions at the best mobile phase composition for the 

studied examples (see also Figure 5.6). The achievable recoveries are about the same 

for both injection methods. 
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Figure 5.6: Comparison of the optimal productivity PR (Eq. (5-15)) and of the optimal 

product PRxREC (Eq. (5-17)) for both threonine enantiomers using gradient and iso-

cratic injection for different mobile phase compositions. The injection concentration of 

DL-threonine was 150 g/L for the injection in pure water while the injection concentra-

tions were 2, 3, 4, 7, 9, 16 g/l for 0
2 2

inj
H O H Ox x= =44.7, 52.3, 58.1, 63.1, 68.3, 76.4 mol% 

(bold numbers represent the optimum). 

 

The main reason for the better performance of the gradient injection is the fact that 

considerably smaller injection volumes can be applied for injections in the stronger 

solvent compared to the injections in the mobile phase. Of course, the method is only 

applicable when the samples have a retention in the strong solvent (here, the enanti-
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omers of threonine, 
,

0.3D La ≈ ), which is different from the retention of the strong 

solvent itself (here water 0≈ ). More precisely, the solutes to be separated need to 

have a different retention than the solvent used for injection. The larger these differ-

ences the earlier leave the solutes within the column the pulse of the strong solvent 

and enter a region where the weak solvent with its better separation potential is pre-

sent. Thus, this difference should be large, in order to exploit the separation potential 

of the mobile phase.  

5.3.8. Experimental Verification 

In order to verify the results obtained, the optimal conditions predicted for PR REC×  

were experimentally realized for both injection methods (see Table 5.7 for details of 

the performed experiments). Three consecutive injections were performed. depicts 

both, the observed experimental chromatograms and the simulation results. Note, that 

for the mobile phase composition of 52.3H 2Ox =  mol% no preliminary experi-

ments were performed in order to determine model parameters. The simulated and 

the experimental elution profiles show a relatively good qualitative agreement. How-

ever, the elution volumes observed are slightly shifted compared to the predictions. 

This could be essentially attributed to the aforementioned shift of the retention times 

with increasing use of the chiral stationary phase and inaccuracies in the description 

of the adsorption equilibria. 

Table 5.7: Experimental and simulation conditions for the verification of the simulation 

results. Optimal conditions for PRxREC (Table 5.5 and Table 5.6). 

 gradient injection 

(in water) 

isocratic injection 

(in mobile phase) 

mobile phase composition 
2H Ox =52.3 mol% (

2H Og =0.25 v/v) 

inj

totalc  [g/l] 150 3 

injV  [ml] 0.038 1.638 

injm  [mg] 5.7 4.9 

washV  [ml] 9.7 8.1 

cycleV  [ml] 9.7 9.7 
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Figure 5.7: Experimental verification of the optimization results. Experimental (sym-

bols) and simulation (lines) conditions for the gradient injection (left) and the isocratic 

injection (right) are listed in Table 5.7. 
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5.4. Summary 

Based on a case study we have presented a relatively simple and fast method to 

evaluate the application of injecting the sample in a different solvent than used for 

the elution (gradient injection). The method is based on an estimation of the adsorp-

tion isotherms as a function of mobile phase composition using the inverse or peak 

fitting method. To determine optimal separation conditions optimization calculations 

can be performed with standard column models using the estimated adsorption iso-

therms, including the dependence of the solubility on the mobile phase composition.  

For the example studied, the separation of the racemic mixture of DL-threonine on a 

Chirobiotic-T column using ethanol water mixtures as the mobile phase, optimal 

separation conditions were identified. The gradient injections in a stronger solvent 

(here pure water) resulted in 15-30% larger objective function values compared to 

the corresponding isocratic injections. This improvement is due to the fact, that sig-

nificantly smaller injection volumes can be used to load the column, confirming 

again the well-known rule that concentration overloading is better than volume over-

loading. It should be noted that the method of injecting the sample in a different sol-

vent is only applicable if the solutes possess a different migration velocity in the in-

jection solvent than the injection solvent itself.  

 



 

6. Summary and Conclusions 

In preparative chromatography, it is the goal to obtain the products at a desired purity 

in an efficient manner. One of the concepts for batch chromatography to reach this 

goal is the use of a different solvent for the injection than for the elution – gradient 

injection. The concept of using a stronger solvent for the injection than for the elu-

tion is often applied in pharmaceutical industry to overcome solubility limitations of 

the solutes in the mobile phase. The current work attempts to contribute to the under-

standing, applicability and limitations of gradient injections. It has been shown both 

theoretically and experimentally, that the application of gradient injections has poten-

tial to increase efficiency of a separation. Methods and rules for process design and 

evaluation are given. 

The equilibrium theory was applied to extract general effects for gradient injections. 

It was performed exemplary for different isotherm combinations of the solvent and 

the solute, linear-linear and linear-Langmuir. Both isotherm combinations result in 

the same general effects for the elution profiles. It can be deducted, just based on the 

variation of the adsorption isotherms with the mobile phase composition, that on-

column dilution, on-column concentration and split / distorted peaks of the solutes 

can be expected for such an injection method. On-column concentration and on-

column dilution depend on the elution strength of the injection solvent and its rela-

tive retention compared to the solutes. The theoretically extracted general effects 

could be verified in an experimental study.  

Based on these results it has been deducted that the injection in a strong solvent is 

only applicable to overcome solubility issues of the mobile phase, if the modifier is 

the least retained component. The general assumption behind this finding is that with 

increasing modifier concentration, both, the solubility of the solutes as well as the 

elution strength increase. In this case, an on-column dilution of the solutes occurs as 

soon as they leave the modifier plug, thus minimizing supersaturation in the mobile 
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phase and reducing the danger of undesired crystallisation of the solutes in the chro-

matographic system. If the modifier would be stronger retained compared to the sol-

utes, than the concentration of the solutes would increase even above the injection 

concentration and may trigger undesired precipitation. Such a combination of a 

stronger injection eluent and a stronger retention of the former are applicable, if the 

desired solute is much diluted and needs to be concentrated. The injection in a 

weaker solvent may be only desirable if the solubility of the components to be sepa-

rated is not an issue and the solutes to be separated posses markedly different elution 

times (large separation coefficients). This injection method corresponds then to a 

typical gradient operation, where the elution strength of the mobile phase is immedi-

ately increased after the injection. 

A limitation of gradient injections is that it is only applicable if the solutes possess a 

different migration velocity in the injection solvent than the injection solvent itself.  

In another experimental study, a relatively simple and fast method to evaluate the 

application of injecting the sample in a different solvent than used for the elution has 

been proposed and experimentally verified. It is based on an estimation of the ad-

sorption isotherms as a function of mobile phase composition using the inverse 

method. To determine optimal separation conditions optimization calculations can be 

performed with standard column models using the estimated adsorption isotherms, 

including the dependence of the solubility on the mobile phase composition. 

The potential of improved efficiency of the separation process of gradient injections 

compared to the optimized isocratic elution has been the order of magnitude of 15-

50% for a parametric study (linear isotherms) and an experimental study (non-linear 

isotherms). This improvement is due to the fact, that significantly smaller injection 

volumes can be used to load the column, confirming again the well-known rule that 

concentration overloading is better than volume overloading. The dependence of the 

solubility on the modifier concentration is of the uttermost importance for the pro-

ductivity. The most productive injection method depends on the solubility depend-

ence of the solutes on the modifier concentration. A positive effect for a gradient 

injection can be expected for strong nonlinear dependence of the solubility on the 

modifier concentration. The isocratic injection is the better choice if this strong 

nonlinear increase is not observed.  



 

Appendix A Data 

A 1 Data Used for the Example Shown in Section 3.1.2 

Jandera used the logarithmic-linear relation to describe the dependence of the Henry 

coefficients of phenol and o-cresol on the methanol concentration (expressed in vol-

ume-fractions) [85]. 

 ( ) 1 2 1
ln i i iH p p c= −  (A-1) 

Table A.1: Parameters of Eq. (A-1) for phenol and o-cresol for methanol-water mix-

tures on a reversed phase column (methanol=modifier, corresponds to component 1).  

Data taken from [85]. 

 
1

p  
2

p  

phenol (index 2) 1.404 1.899 

o-cresol (index 3) -2.326 -2.739 

 

The dependence of the Henry coefficients on the modifier concentration is shown in 

Figure A.1. To be more flexible for a parametric study I use a fictive system where I 

only apply the data of Jandera et al. for the Henry coefficient of one of the solutes. 

The Henry coefficient of the other solute is calculated with a fictive separation fac-

tor. The separation factor is assumed as linearly dependent on the modifier concen-

tration: 

 ( ) ( ) ( ) ( )
min max

1 1min min

1 1 1min max

1 1

c c
c c c

c c

α α
α α

−
= − −

−
 (A-2) 

The Henry coefficient of the modifier is set to zero. This is not a special case, it is 

just an example where the modifier is always the least retained component. 
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The solubility of the feed mixture of the solutes is increasing with increasing modi-

fier concentration. I apply two dependencies here, once a typical exponential de-

pendency  

 [ ] ( )
( ) ( )

( )
min max

1 1min min

1 1 1min max

1 1

ln ln
ln ln

s s

s s

c c c c
c c c c c

c c

   −    = − −  −
 (A-3) 

and a linearly dependent solubility on the modifier concentration 

 ( ) ( ) ( ) ( )
min max

1 1min min

1 1 1min max

1 1

s s

s s

c c c c
c c c c c

c c

−
= − −

−
. (A-4) 

In the above, sc  is the solubility of the feed mixture of the solutes. 
min

1
c  and 

max

1
c  

are the minimal and the maximal modifier concentration applicable. An injection 

with a weak solvent corresponds to the minimal modifier concentration and an injec-

tion with a strong solvent corresponds to the maximum modifier concentration. 

 

Figure A.1: Dependence of the Henry coefficients of phenol and o-cresol on the metha-

nol concentration. Henry coefficients calculated with Eq. (A-1) and the parameters 

given in Table A.1. Data taken from [85]. 

 

A 2 Cycle Time for Interactions between Consecutive Injections 

The optimal injection and cycle time were determined for two scenarios: a) no inter-

action between consecutive injections as described in section 3.1.2 on page 65, and 
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b) interactions between consecutive injections are allowed. For the latter scenario the 

same goal of the separation should be assured, i.e. touching band separation of the 

solutes with 100% purity and recovery. Thus, only interactions of the modifier with 

the solute plug of previous and ensuing injections were allowed. This yields the fol-

lowing 2 necessary conditions: 

 
2 3

2 3
1

des ads

k k

ads des

k k

τ τ

τ τ
−

=

≥
 (A-5) 

as well as 1 limiting condition: 

 
3 1

2

des ads

k k
τ τ

+
≤  (A-6) 

k  is the count of the injection. This results for the productivity in a set of 2 lengthy 

equations which was maximized by varying injection and cycle time for a given 

modifier concentration in the feed and in the mobile phase. The optimization was 

performed with the non-linear solver implemented in Microsoft Excel 2002. The 

spreadsheets are available on a CD upon request. For the isocratic injection the same 

results as for scenario a) are obtained. Typical profiles in the physical plane and in 

the concentration time domain are shown for the injection of a modifier absence 

(Figure A.2, left) and for the injection of a modifier plus (Figure A.2, right). Notice 

the severe interactions of the solutes with modifier plugs of consecutive injections. 

The solutes are overtaken on their course through the column by the modifier of the 

next injection. In the example presented they elute in the modifier plug and in the 

mobile phase, thus the peak shape of the solutes is distorted. For the injection of a 

modifier absence we observe the concentration of the effluent above the feed concen-

tration (Figure A.2, bottom left). The cycle time is dominated by the injection time 

(in principle the grey modifier plugs). The injection in the strong solvent results 

again in the diluted peaks, which are also distorted (Figure A.2, bottom right). Here 

the injection time is still much smaller compared to the cycle time. The touching 

band separation is now also achieved between the solutes of consecutive injections. 

We still achieve touching band separation, however, the cycle times are much shorter 

than the cycle times for the injection method without interactions of consecutive in-

jections. So the productivity for the former injection method is larger. The additional 
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degree of freedom results in increases by 20-300% for the examples covered in the 

parametric study below.  

 

 

Figure A.2: Separation of two solutes (2, 3) with interactions of consecutive injections 

when the modifier is always the strongest retained component. left for the injection in a 

weak solvent and right for the injection in a strong solvent. Upper diagrams show 

characteristics of the solutes in the physical plane ( )τ ζ . The modifier of the injection 

plug is depicted in grey. The bottom diagram show the corresponding ( )c τ  diagrams 

at the column outlet. The lines corresponding to the solutes of the second injection are 

bold faced. 
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A 3 Results of the Productivity for Several Examples  

This section is a continuation of the results presented for one example in section 

3.1.2. In this section I list a number of theoretical results obtained for the separation 

of two solutes with linear isotherms. The modifier also adsorbs linearly. I start with a 

small parametric study based on the dependence of the Henry coefficients of phenol 

and o-cresol on the methanol concentration. Here I apply both, an increasing and a 

decreasing separation factor with increasing modifier concentration. The increasing 

separation factor (case 1) is rather exotic case and is only treated once. For the more 

realistically decreasing separation factor of the solutes I span two ranges: once it de-

creases from 2 to 1 (case 2) and once it decreases from 10 to 1 (case 3) over the 

range of modifier concentrations applicable. Using once the less adsorbed solute and 

once the stronger adsorbed solute as the reference component accounts for another 

two scenarios. In the first scenario span the Henry coefficients a rather large window, 

thus resulting in larger cycle times. In the latter case the opposite is true. This is 

visualized in Figure A.3. 

  

Figure A.3: Henry coefficients for the parametric study presented below. The separa-

tion factor is increasing from 1 to 2 (case 1) and decreasing from 2 to 1 (case 2) and 

decreasing from 10 to 1 (case 3). 

left: The less adsorbed phenol is the reference component (bold line). 

right: The stronger adsorbed o-cresol is the reference component (bold line). 

 

In the following figures are the separation factors and the corresponding Henry coef-

ficients shown above the ratio of the injection time over the cycle time and the corre-
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sponding productivity. All results were produced with and without interactions of 

consecutive injections. 

The productivity of the isocratic injection depends on the form of the solubility 

function of the solutes to be separated. In neither case outperforms the injection in a 

weak solvent the isocratic injection. Note that the injection in a weak solvent 

corresponds to typical gradient elution, where the gradient starts some time after the 

injection. The injection in a strong solvent has the potential to outperform the 

isocratic injection only if the solubility function is strongly nonlinear. 
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A 3.1 Phenol as the Reference Component 

 

without interactions of consecutive injections 

  

with interactions of consecutive injections 

 

Figure A.4: Case 1 with Phenol as reference component. Separation factor increases 

from 1 to 2. Henry coefficients of the solutes (upper left) and the corresponding separa-

tion factor and solubility (upper right) for a linear dependence (solid line, no symbols) 

and an exponential dependence on the modifier concentration (solid line, circles). Ratio 

of injection time over cycle time (bottom left) and the corresponding productivity (bot-

tom right) for the three injection methods. The productivity of the isocratic injection is 

shown for a linear dependence on the modifier concentration (solid lines, no symbols) 

and for an exponential dependence (solid lines, circles).  
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important parameters 

 

without interactions of consecutive injections 

  

with interactions of consecutive injections 

 

Figure A.5: Case 2 with Phenol as reference component. Separation factor decreases 

from 2 to 1. Description see Figure A.4. 
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important parameters 

 

without interactions of consecutive injections 

 

with interactions of consecutive injections 

 

Figure A.6: Case 3 with Phenol as reference component. Separation factor decreases 

from 10 to1. Description see Figure A.4. 
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A 3.2 o-Cresol as the Reference Component 

 

without interactions of consecutive injections 

 

with interactions of consecutive injections 

  

Figure A.7: Case 2 with o-Cresol (3) as reference component. Separation factor de-

creases from 2 to 1. Description see Figure A.4. 
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without interactions of consecutive injections 

  

with interactions of consecutive injections 

 

Figure A.8: Case 3 with o-Cresol (3) as reference component. Separation factor de-

creases from 10 to 1. Description see Figure A.4. 
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without interactions of consecutive injections 

 

with interactions of consecutive injections 

 
Figure A.9: o-Cresol (3) as reference component. Separation factor increases from 1 to 

2. Description see Figure A.4. 
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A 3.3 Threonine  

Here the parameters of threonine were used. 

 

without interactions of consecutive injections 

 

with interactions of consecutive injections 
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A 4 Data of the Experimental System Used in Chapter 4 

The deactiviation of the LiChoprep-NH4 stationary phase is visualized below.  
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Figure A.10: Initial slope of the isotherms of DL-threonine. Development with 

experiments and its dependence on the applied amount of water. 
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Figure A.11: Independence of the DL-threonine concentration on the water content in 

the mobile phase 
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A 5 Data for Ethanol Water Mixtures 

The dependence of the liquid phase activity coefficients iγ , the density ρ  and the 

molecular weight M  on the mobile phase composition must be known for the use of 

Eq. (5-5). The liquid phase activity coefficients were calculated using Margules 

equation [130]. The interaction parameters are listed in Table A.2. 

Table A.2: Interaction parameters of the Margules equation (A-7) of the ethanol/water 

system at 20°C (1=ethanol, 2=water) [130]. 

 Λ12 Λ21 

Margules 1.6022 0.7947 

 

[ ]
[ ]

ln ( )

ln ( )

2
1 12 21 12 1 2

2
2 21 12 21 2 1

2 x x

2 x x

γ Λ Λ Λ

γ Λ Λ Λ

= + −

= + −
  with 1=ethanol, 2=water (A-7)  

The density of the mobile phase at 20°C was approximated using the following forth 

order polynomial fitted through the data given in [130] page 2-113. 

- .   .  

 .   .   .

4 3

H 2O H 2O

2

H 2O H 2O

0 0559 x 0 1292 x

0 0164 x 0 1177 x 0 7894

ρ = + +

+ +

…
 

 ρ in g/ml; x in molH2O/molMP;  

(A-8)  

The molecular weight of the mobile phase was calculated with: 

 ( )MP H 2O EtOH H 2O H 2OM 1 x M x M= − +  (A-9)  

 





 

Appendix B Special Solutions of the 

Equilibrium Theory 

B 1 Solution for Linear-Linear-Linear Interactions 

Inserting the expressions of Table 3.4 in the process matrix AAAA  result in: 

 1
1

1
1

(c )
(c )

(c )
(c )

1

2
2 2

1

3
3

1

1 FH 0 0

dH
F c 1 FH 0

dc

dH
F 0 1 FH

dc

 
 

+ 
 

= + 
 
 

+ 
  

AAAA  (B-1) 

The corresponding eigenvalues of AAAA  are: 

 
1

1

(c )

(c )

1

2 2

3 3

H

1 F H

H

λ
λ
λ

1   
   = = +   
      

λλλλ  (B-2) 

While the eigenvectors become:  
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To obtain the trajectories in the hodograph space, we have to integrate Eqs. (B-2)-

(B-5). Due to the nonzero denominator it is appropriate to integrate the trajectories 

( )1R λ  along 
1
c , ( )2R λ  along 2c  and ( )3R λ  along 

3
c : 

 

*
( ) : ( )

( ) : ( )

( ) : ( )

1

2

3

1 1 1

c

2 2 2

c

2 3 3

c

R dc

R dc

R dc

λ λ

λ λ

λ λ

∫

∫

∫

rrrr

rrrr

rrrr

 
(B-6) 

B 2 Solution of the Shockpath for Linear-Langmuir Interactions, 

Case b) 

The slope of the shock is: 

 �
out
20 c

d

d

τ
λ

ζ →
=  (B-7) 

with 
2

outc  as the actual concentration of the shock outside the injection media. The 

slope of the shock is: 

 �
0 out 0 0

1 2 1 2
(c ,c ) (c ,c )

out
2

2 2

out 0
0 c

2 2

q q
1 F

c c
λ

→

−
= +

−
 (B-8) 

The actual retention time of a certain concentration on the disperse end of the shock 

is obtained from: 

 
* * 0 out

1 2
(c ,c )

in in
2 2

1 2
c c

τ λ ζ ζ ζ λ = + −  
 (B-9) 

Differentiating Eq. (B-9) with respect to 
out

2c  yields: 
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In the above 
out

2

d

dc

τ
 is replaced by 

out

2

d d

d dc

τ ζ
ζ

 and combined with Eq. (B-7). This 

yields the ODE: 
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 (B-11) 

*

in
2c

ζ  denotes the position, where a concentration of the solute 
in

2c , with its origin at 

the column entrance ( 0ζ = ) and the end of the injection ( injτ τ= ), leaves the injec-

tion media. Each solute concentration leaves the modifier at a different space posi-

tion. This position is obtained in a similar manner like Eq. (3-45) on page 85.  

 
*

F in

1 2
(c ,c )

in
2

inj

c
1 2

τ
ζ

λ λ
=

−
 (B-12) 

At this position, i.e. the boundary between the injection media and the initial solvent, 

the concentration 
in

2c  jumps with a contact discontinuity to 
out

2c  (see enlarged region 

in Figure 3.21 on page 86). Both concentrations are connected via Eq. (3-37) (shown 

again here for the sake of readability).  
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(3-37) 

 

in

2c  in Eq. (B-12) is replaced by Eq. (3-37), with 
start out

2 2c c= , 
0start

1 1c c= , 
Fend

1 1c c=  

and 
end in

2 2c c= . The resulting expression for 
*

in
cc

ζ  (omitted here) is differentiated 

with respect to 
out

2c  and inserted into the ODE Eq. (B-11). This ODE can now be 

integrated (by a numerical solver) between 
I 1

2c  and 
out

2c , with the corresponding 

initial condition of 
*ζ  (according to Eq. (3-45), since 

I 1

2c  and 
F

2c  are the coupled 

concentrations of the solute outside and inside the injection media). The result of this 

routine is the shockpath � ( )
out

2f cζ = . The ODE in Eq. (B-11) could be rearranged to 

obtain the concentration of the shock as a function of the space position. However, 

this is even more exhausting, compared to the method presented here. I rather rec-

ommend using this solution with the shockpath as a function of the solute concentra-

tion and scanning for the concentration at a desired space position. 

 





 

Nomenclature  

Matrices and vectors are printed in bold face (e.g. AAAA ), while its elements are defined 

as ijA  resp. iA . 

Ac, (cm
2
) cross sectional area of a column, Eqs. (2-2), (2-5) 

A, (-) process matrix or process function, Eqs. (2-33), (2-34) 

a or H , (-) Henry coefficient, Eqs. (2-8), (2-9), (2-12), (5-7), (5-12) 

acou, (-) courant number / numerical stability criteria, Eq. (2-23) 

b, ml/mg or ml/mol equilibrium constant of an isotherm, Eqs. (2-8), (2-10), (2-12), (5-7) 

c, mg/ml or mol/ml concentration in the fluid phase, Eqs. (2-13), (2-19) 

cS, mg/ml solubility, Eqs. (4-1), (A-3), (A-4) 

d, cm inner diameter of a cylindrical column, Eq. (2-2)  

Dapp, cm
2
/s apparent axial dispersion coefficient, Eqs. (2-19), (2-20), (2-23) 

F, (-) phase ratio between volume of solid and liquid phase in a column, Eq. (2-4) 

g, v/v modifier based solvent composition, defined as mod

mod inert

V
g

V V
=

+
 

I, (-) Unit matrix, Eq. (2-36)  

K, (-) equilibrium constant of displacement adsorption isotherm, Eq. (5-5)  

k, 1/s apparent mass transfer coefficient, Eqs. (2-1), (2-25)  

k
’
, (-) retention factor, 

'k F H= × , Eqs. (2-27), (2-28) 

L, cm length of the column, Eq. (2-2) 
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m, g mass 

M, g/mol molecular weight 

n, mol amount of substance 

NC, (-) number of adsorbable components in the system, Eq. (2-13) 

NTP, (-) number of theoretical stages, Eqs. (2-6), (2-7)  

OF objective function, Eqs. (5-10), (5-13) 

p, (-) parameters in Eq. (5-12) 

PR, mg/min productivity, Eq. (5-15) 

Q, ml/min volumetric flow rate, Eq. (2-3) 

q, mg/ml or mol/ml 
concentration on the surface of the solid phase, Eqs. (2-8)-(2-12), (2-13), 

(2-19), (2-29)  

q
∞
, mol/ml  saturation constant of displacement adsorption isotherm, Eq. (5-6) 

qS, mg/ml saturation constant of the Langmuir isotherm, Eqs. (2-8), (2-11), (5-7) 

REC, (-) recovery, Eq. (5-16) 

t, s or min time, Eqs. (2-13), (2-19) 

tR, s or min retention time Eqs. (2-7)(2-17) 

t0, s or min dead time, Eq. (2-3) 

u, cm/s linear velocity of the mobile phase, Eq. (2-5) 

uc, cm/s propagation / wave velocity of a certain concentration, Eq. (2-17) 

uz, cm/s propagation velocity of a shock, Eq. (2-18)  

Vc, ml volume of an empty column, Eq. (2-2) 

VS, ml volume of the solid phase within a column, Eq. (2-4) 

V0, ml volume of the liquid phase within a column / dead volume, Eqs. (2-1), (2-3)  
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x, mol% 
concentration / solvent composition defined as mod

mod

mod inert

n
x

n n
=

+
, 

Eqs. (2-26), (5-2), (5-3), (5-7) 

y,  volume fraction in the solution defined as i
i

solution

V
y

V
=  

z, cm axial space coordinate, Eqs. (2-13), (2-19) 

Sub- and superscripts 

* equilibrium, Eq. (2-24), (5-7) 

0 initial condition / initial state 

calc calculated 

EtOH ethanol 

exp experimental 

F feed condition / feed state 

H2O water 

I1 intermediate state on the transition from the initial to the feed state 

I2 intermediate state on the transition from the feed to the initial state 

inert inert component of the mobile phase 

inj injection 

k index of time increment, (2-22) 

MeOH Methanol 

mod modifier component of the mobile phase 

n index of space increment, Eq. (2-22) 



APPENDIX B SPECIAL SOLUTIONS OF THE EQUILIBRIUM THEORY 
158

Greek 

α, (−) separation factor defined as ,2
2 1

1

H
H H

H
α = > , Eq. (A-2) 

Γ, mol/ml excess loading, Eqs. (2-26), (5-4), (5-9) 

ε, (−) overall column porosity, Eq. (2-1) 

γ, (−) activity coefficient, Eqs. (5-5), (A-7) 

ρ, g/ml density, Eqs. (5-2), (A-8) 

ζ, (−) dimensionless space variable, Eqs. (2-32), (2-33) 

λλλλ, (−) vector of Eigenvalues of the process matrix A, Eq. (2-36)  

Λ, (−) interaction parameters of the Margules equation, Eq. (A-7)  

µ, (−) first absolute moment, Eq. (2-6) 

σ, (−) second relative moment, Eq. (2-6) 

τ, (−) dimensionless time variable, Eqs. (2-32), (2-33) 
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