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Abstract

Granular systems are very common in nature and have been applied widely in industry. Even
though granular systems have been studied for decades, the behavior of some granular material
systems has been rarely studied before, for example, soft, smooth grains.

To study the behaviors of granular material, discharging particles in a silo is one of the
experiments to characterize the statistical dynamics of granular systems. A silo is also an
important container for the storage of particles in industry. Shear cells are another important
experimental setup to study on rheology of granular systems, especially on shear banding.

In this thesis, we systematically study the statistical dynamics of granular systems, especially
soft, low-friction grains. The first chapter is about the introduction of granular systems and
the experimental methods to characterize granular behavior. The second chapter starts on the
intermittent flow of soft grains passing narrow orifices compared with hard beads. Then the
next chapter discusses mixtures of soft and hard grains in silo discharge and both of these two
chapters strongly demonstrate the influence of elasticity and friction of grains on silo discharge
and probabilities of clog formation. Continuing on the research of the factor of silo discharge
and clogging, we also present the effect of an obstacle in silo discharge with soft, low-friction
grains in the 4th chapter. Additionally, based on identical features of soft grains, the dynamics
of soft grains in a shear cell is presented in the 5th chapter. An MRI method is applied in this
chapter to track the shear flow of soft particles. In the end, the summary of soft granular systems
and the outlook of this research are given in the 6th chapter.

Keywords: soft elastic grain, granular flow, dynamics in granular systems
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Zusammenfassung

Granulares Systeme sind in der Natur weit verbreitet und werden in der Industrie vielseitig
angewendet. Obwohl granulare Systeme seit Jahrzehnten untersucht werden, ist das Verhal-
ten verschiedener granularer Systeme, beispielsweise weicher, glatter Körner, unzureichend
verstanden.

Um das Verhalten von granularem Material zu untersuchen, wird beispielsweise das Ausfließen
von Partikeln aus einem Silo in Experimenten angewendet, um die statistische Dynamik des
Schüttgutes zu charakterisieren. Silos sind wichtige Behälter für die Lagerung von Partikeln in
der Industrie. Scherzellen sind ein weiterer wichtiger experimenteller Aufbau zur Untersuchung
der Rheologie granularer Systeme, insbesondere von Scherbändern.

In dieser Arbeit untersuchen wir systematisch die statistische Dynamik granularer Systeme,
insbesondere aus weichen, reibungsarmen Partikeln. Das erste Kapitel befasst sich mit der
Einführung granularer Systeme und der experimentellen Methoden zur Charakterisierung des
granularen Verhaltens. Das zweite Kapitel beginnt mit dem intermittierenden Fluss weicher
Partikel, die eine enge Öffnung passieren, im Vergleich zu harten Kugeln. Dann, nach dem
nächsten Kapitel, wird die Mischung von weichen und harten Körnern bei der Siloentleerung
diskutiert, und beide Kapitel deuten stark auf den Einfluss der Elastizität und Reibung von
Körnern auf die Siloentleerung und die Wahrscheinlichkeit der Bildung von Verstopfungen hin.
Als Fortsetzung der Erforschung der Auswirkung auf Siloausfluss und Verstopfung stellen wir
im 4. Kapitel auch den Effekt von Hindernissen beim Siloausfluss von weichen, reibungsarmen
Körnern vor. Zusätzlich wird, basierend auf den gleichen Merkmalen der weichen Körper, die
Dynamik in Scherzellen im 5. Kapitel vorgestellt. Technisch wird in diesem Kapitel eine MRI-
Methode angewendet, um den Scherfluss von weichen Partikeln zu verfolgen. Abschließend
wird im 6. Kapitel die Zusammenfassung und der Ausblick dieser Forschung gegeben.

Schlüsselworte: Weiche elastischer granulare Partikel, granularer Fluss, Dynamik von Schüttgütern
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1 Introduction

1.1 Background

Granular materials consist of a collection of discrete particles. When external energy is trans-
ferred into granular systems, the collections of discrete particles, which would have fluid-like
behavior, are usually called granular flow. The granular flow exists widely in agriculture and
industry, e. g. grinding of grains, transportation of the crop, storage or unloading of the wheat,
presence in daily life e. g. pedestrian dynamics, and traffic flow [1]. It also exists in natural
environments, e. g. landslide, debris flow, and even the interaction or evolution of stars in the
universe.

Granular flow has been widely and actively studied for decades, which includes funnel
flow [2–4], ramp flow [5], shearing flow [6, 7] and so on. Granular flow is often classified
into three different regimes [8]: Three distinct regimes can be identified: a dense quasi-static
regime characterized by gradual deformations and frictional particle interactions, a gaseous
regime marked by rapid and dilute flow where particles interact through collisions, and an
intermediate liquid regime where the material remains dense yet flows akin to a liquid, with
particles interacting through both collisions and friction [9–11]. Moreover, the granular flow may
not only show up in one of the regimes as presented above but also transform between different
regimes, like dilute-dense flow or dense flow-jamming [12–14].

1.1.1 Silo flow

The storage and transfer of granular materials generally apply in silos which are containers with
outlets, usually at their bottom. Generally speaking, the systems allowing granular materials
to flow in or out could be treated as a silo, and the flow is correspondingly called silo flow. A
simple silo flow is the flow in an hourglass as a timer. Once grains are piled up over a certain
height, the outflow rate stabilizes, remaining constant and independent of the filling height. In
1895, H.A. Janssen [15,16] inferred the saturation of pressure with height from experiments with
corn and explained it by the mechanics that the walls carry part of the weight, the maximum
pressure exerted on the cell walls is proportional to the side length of the cell profile, which
is famous as Janssen effect. The Janssen effect continues to serve as a significant source of
inspiration for numerous researchers up to the present. The description is shown in Fig 1.1,
ps,max is the maximum pressure in the horizontal direction against the wall, µ is the friction
coefficient between corn and column walls, s is the side length of the quadratic cell profile, dh is
the height of a corn layer, ms is the specific weight of the corn.

The essential interaction in granular flow results from friction and elasticity because of
particles’ deformations. Particles in local regions can assemble into robust force chains, causing
granular systems with stability akin to crystals. Moreover, granular flow exhibits energy-
dissipative behavior and demonstrates local non-equilibrium attributes [17, 18]. The study of the
silo flow mainly involves granular dynamics at the orifices. In general, the flow through orifices
is primarily categorized into 3 patterns [19]: continuous flow, intermittent flow, and clogging.
When orifices are large enough, particles can continuously flow out. Otherwise, if orifices are
small enough, arches would be formed by particles above orifices and then block orifices. When
arches are not stable, they can autonomously dissolve, allowing particles to resume flowing, thus
constituting intermittent flow. When arches become persistent and only an external force can
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2 1.1 Background

ps,maxµ4sdh = mss2dh

ps,max =
mss
4µ

Figure 1.1: the sketch(on the left) and the formula(on the right) for describing the Janssen effect. The
image was taken from [16] with permission.

disrupt them, this phenomenon is known as clogging [19]. The granular dynamics at the orifices
is related to the shapes of the orifices. Some shapes of orifices are shown In Fig 1.2. Meanwhile,

Figure 1.2: examples of typical silos. (a)-(c) silos with flat bottom; (d)-(f) silos with inclined bottom.
The figure was taken from [20] with permission.

the shape of orifices and some other physical factors influence the characteristics of granular
flow, which will be discussed in detail in the next section.

Based on the geometry and dimension of silos, the Beverloo equation [21] has been raised
and widely developed as the standard for describing the flow rate of particles passing through
orifices.

Q =Cρ
√

g(D− kd)n+ 1
2 (1.1)

Q is the flow rate, ρ is granular bulk density, d is the diameter of particles, n = 1 is for quasi-2D
silo, and D is correspondingly the width of orifices, n = 2 is for 3D silo and D is the diameter
of the orifices, C and k are the dimensionless curve-fitting parameters which are related to the
shapes of particles. Usually, C is in the range of 0.55 ∼ 0.65 and k is 1 ∼ 2. The free-fall arch
model [22] was proposed to physically explain Beverloo equation (equation 1.1): supposing
an imaginary stable arch at the orifice, the particles above the arch move very slowly while the
particles under the arch freely fall, given by Newton’s second law, the velocity v of particles
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3

moving to the orifice in the quasi-2D silo will be v ∝
√

gD, and the relation of flow rate with
orifice size is Q ∝ ρDv, so Q ∝ ρ

√
gD

3
2 . With the empty annulus hypothesis [22], i. e. in the area

of d
2 from the outlet borders, the centroids of spherical particles cannot go through so the effective

size of the orifice could be D−kd, the final form of outflow rate Q comes to Q ∝ ρ
√

g(D−kd)
3
2 .

1.1.2 Shear flow
When talking about dense granular flows, it is related to six geometries shown in Fig 1.3 to
achieve shearing the material and measuring rheological properties. These geometries can be
categorized into two classes: confined (Fig 1.3(a)-(c)) and free surface flows (Fig 1.3(d)-(f)). In
the aim of studying flow rheology, the plane shear geometry (Fig 1.3(a)) is the simple geometry,
which configures two rough plates applying the motion to one of the plates, and the Couette cell
(Fig 1.3(b)) is another classical geometry, where the material is filled in between two cylinders
with annular shear by rotating the inner cylinder. For rigid particles, dimensional analysis

Figure 1.3: different flow configurations: (a) plane shear, (b) Couette cell, (c) silo, (d) flows down an
inclined plane, (e) flows on a pile (heap flow), (f)flows in a rotating drum. The figure was taken
from [23] with permission.

constrains the stress or shear rate relations. In large systems supposing no boundary effect, the
system is controlled by a dimensionless parameter called the inertial number:

I =
γ̇d√
p/ρ

(1.2)

where γ̇ is the shear rate, d the mean particle diameter, p the pressure and ρ the bulk density. This
parameter can be interpreted in terms of two kinds of time scales [24]: (a) a microscopic time
scale d√

p/ρ
, which represents the time for a particle falling in a hole of size d under the pressure p

or which indicates the time scale of rearrangements, (b) a macroscopic time scale 1
γ̇

related to the
bulk deformation. Small values of I reflect a quasi-static regime where bulk deformation is slow

3



4 1.2 The effects of physical factors on granular flow in silos

compared to microscopic rearrangement, whereas large values of I correspond to rapid flows.
By either increasing the shear rate γ̇ or decreasing the pressure p, it can induce the transition
from a quasi-static to an inertial regime. For rigid grains, the shear stress τ is proportional to the
pressure p with the effective friction coefficient µ , i. e. τ = Pµ(I) and the volume fraction Φ

being functions of I, i. e. Φ = Φ(I) [23]. I of soft particles is different from rigid particles, an
elastic time scale should be additionally introduced [25, 26], which is still under discussion.

Moreover, in the regime of slow flows, unlike local rapid flow, the inertial number I tends to
zero (e. g. in the range I < 10−3), and momentum transfer is dominated by contacts between
particles. The averaged stresses and flow profiles become independent of the flow rate in this slow
flow regime. Shear bands, localizing near the moving boundary of a container, are usually narrow,
which indicates steep strain gradients that are difficult to capture by a continuum theory [27].

Figure 1.4: the transition in flow structure from shallow to deep flows in the cylindrical split-bottom
geometry. In the dark grey region, the material moves together with the disk. The figure was taken
from [28] with permission.

Fortunately, split-bottom geometries can generate broad shear bands, which have been exten-
sively examined in numerous experiments, numerical simulations, and theoretical studies. The
split-bottom geometry is characterized by three parameters: the radius of the bottom disc Rs,
the thickness of the granular bed H, and its rotation angle Ω. As the disc rotates, propelling the
flow, the geometry and dimension of the shear zone depend on the ratio H

Rs
of the filling height H

and the radius Rs of the rotating bottom plate [27, 29–31]. Three regimes can be identified as
depicted in Fig 1.4. At low filling height (H < 0.6Rs), it was found for rigid, frictional spherical
grains that the shear zone traverses the granular bed vertically in its entirety and the inner part
of the granular material rotates synchronously with the rotating bottom. As the filling height
increases, the shear zone closes in, and at a sufficient height, it forms a closed dome above the
bottom disk.

1.2 The effects of physical factors on granular flow in silos
It remains a significant challenge to understand the mechanics of granular flow and establish a
relationship between the macroscopic dynamics of granular flow and the microscopic interactions
between particles. Therefore, it is significant to characterize granular flow by a wide range
of physical factors. Silo flow is the main topic of this thesis. Investigating the impact of
physical factors on silo flow contributes valuable insights into understanding granular kinetics,
establishing granular constitutive relations, and designing well industrial facilities.

1.2.1 Geometry of the silo
The Beverloo equation (Equation 1.1) can successfully predict the outflow rate for large orifices,
but it has some limitations: this equation is just valid for round orifices in 3D silo and rectangular
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orifices in 2D silo. The equation ignores interactions with gas flow, however, it cannot well
predict the cases of other shapes of orifices such as rectangle outlets and the cases of small
orifices. So shapes and sizes of orifices have obvious effects on granular flow in a silo: the
characteristics of granular flow through a flat-plate orifice have been investigated [32]. Granular
materials are stored in an upper container. The gate opens or shuts down granular flows from
the container. Below the gate is a flow controller to feed the tube with an orifice. The orifice
with a gauge at the end of the tube is to measure the normal stress of the orifice. When the flow
starts to run, the discharge rate increases with normal stress at the silo bottom, once the orifice
gets clogged, the discharge rate starts decreasing with further increasing normal stress at the
bottom, and then the discharge rate doesn’t change with normal stress at the bottom, see Fig 1.5.
Similarly, in the study of quasi-2D and 3D silo [33], it found that the negligible kinetic pressure
in an arch-like region, where a transition surface of velocities of particles is defined, is scaled
by the orifice diameter and located above the orifice. So the pressure in radial directions near
orifices is significant to consider designing silo outlets for the safe storage of particles. In another

Figure 1.5: (a)scheme of the experimental setup; (b)discharge rate as a function of normal stress on the
orifice plate for 3mm glass particles with various orifice sizes. The figure was taken from [32] with
permission.

study of a quasi-2D silo [34], the distributions in the radial direction of granular velocity and
granular packing fraction are measured, and they show correlations with the granular velocity:
as usual, the velocity profile at the orifice can be written as v(x) =

√
2gR

√
1− ( x

R)
2 considering

particles fall only by gravity, see in Fig 1.6. Correspondingly, the density profiles can be fitted
by using a fractional power of dimensionless radius (1− ( x

R)
2)

1
µ . Additionally, there is a critical

size of orifice Ac (Ac ≈ 4.5D) [35], when A > Ac, the outflow rate with little fluctuation following
a Gaussian distribution, when A < Ac, cloggings would happen and the transient flow rates are
with large fluctuation, see in Fig 1.7. In a study [12] of granular flows in a 2D channel placed on
an inclined plate, granular flows in the test section (D× l shown in Fig 1.8(a)) are initiated by
allowing the steel beads in the hopper to fall by gravity. The relation of the flow rate in transition
with the outlet size was proposed: at a given inclined angle and a given inflow rate, there is a

5



6 1.2 The effects of physical factors on granular flow in silos

Figure 1.6: (a) Velocity profiles for different outlet sizes (labels are in the (b) panel); (b) normalized
velocities and the black continuous line is a scaling function of velocity; (c) the velocity in the outlet
center as a function of R of the outlet. The solid line is the best fitting and the dotted vc =

√
2gR. The

figure was taken from [34] with permission.

Figure 1.7: (a) Density profiles for different outlet sizes (b) Collapsed profiles of the data displayed in
fig(a). The symbols are the same as in Fig 1.6 and the continuous line is the scaling function introduced
in the text. (c) Dependence of the volume fraction in the center of the orifice with R. The solid line is
the fitting function explained in the text. The figure was taken from [34] with permission.

critical size of outlet dc resulting in a sudden decrease of the outflow rate as shown in Fig 1.8(b),
which made the flow transit from dilute flow to dense flow. In a simulation study [13] of 2D
granular flow in a channel with a small exit, the authors obtained a relationship between the local
flow rate and the local packing fraction as shown in Fig 1.9, according to this result, four flow
states, i. e. stable dilute flow, metastable dilute flow, unstable dense flow, and stable dense flow,
are described at a given inflow rate according to this result.

1.2.2 Properties of particles
The properties of particles, such as the friction of particles, shapes of particles, or the elasticity of
particles, etc, play an important role in silo discharge. Studies on the effect of friction are mainly
from simulations. In MD simulations of quasi-2D silos [36], it was found that the outflow rate
decreases with the increase of the coefficient of friction between particles. In another study [37]
of discharging particles in a submersed silo with liquid and a drained silo without liquid, the
outflow rate in the submersed cases decreases during the discharge, similar to the behavior of
the Newtonian fluid. Conversely, in dry and rough granular scenarios, the outflow rate remains
constant. In DEM simulations of a 3D conical hopper [38], the flow pattern changes from mass
flow to funnel flow with the increase of the coefficient of static friction of particle-wall. The
static friction of the particle wall also influences the velocity distribution at the wall. In other
DEM simulations of two-dimensional and three-dimensional hoppers [39], it was shown that the
wall frictions influenced force chain lengths and volume fractions (the statistical properties of

6



7

Figure 1.8: (a) Top and side views of the inclined channel. (b) A transition from dilute to dense occurs at
a critical opening size dc, and the outflow follows curve ABCDE. For a dense flow, as d increases the
flow follows curve DC and is extended to A with no abrupt change. For different Q0 (given inflow rate),
the transition occurs at different d, as shown by dashed lines. The curve BF determines the optimal
outflow rate at any given Q0. The figure referred to was taken from [12] with permission.

Figure 1.9: The relationship between flow rate and packing fraction. Qmax and Qd are respectively the
maximum flow rate and the flow rate of a stable dense flow state. The figure was taken from [13] with
permission.

7



8 1.2 The effects of physical factors on granular flow in silos

granular flows). In a study of the two-dimensional granular flow on an incline [40] shown in Fig

Figure 1.10: The inclined channel and the definition of the geometrical parameters W and D. The figure
was taken from [40] with permission.

1.10, the granular density distribution is sensitive to the roughness of the wall in an oscillatory
dilute-dense flow regime. The collision resistance at the boundary causes the dense areas to
decelerate. The high dissipation of collision may bring spheres into long-duration contacts,
which leads to temporary arching or rolling beads into a stagnant cluster sliding against the
bottom plate.

Actually in nature and industry, specifically in segregation processing, it is common that
the granular flow consists of a mixture of particles. It is more complex to study the flow of
mixtures compared with the homogeneous granular flow, especially considering the factors,
such as components of mixtures and size ratios of different particles in mixtures that may
have important effects on the bulk density. In the study [41] of binary granular mixture in a
flat-bottom 3D silo, it is discussed that the bulk volume fraction could be affected by the mass
concentration χ f of fine particles in binary mixtures. In another studies [42, 43] of mixtures of
fine and coarse particles with equal density in cylindrical and conical hoppers, a semi-empirical
model was proposed to determine static and flowing bulk densities of the mixtures by the mass
concentration of fine particles and the size ratio. The model indicates a coarse-particle-dominated
or fine-particle-dominated flow field explaining the segregation behavior.

In the research of transportation in silos like drug delivery, the shape of particles plays an
important role in silo flow. The alignment of contacting ellipse particles enhances the probability
of forming stable arches because of structural force chains [44,45] and further decreases the flow
rate and forms clogging. Among the researches, one study [46] experimentally and numerically
discussed the morphological and mechanical properties of non-spherical, convex particles in a
silo. The shapes of grains have a profound effect on the morphology in the arrangement and
the way of stress propagation. In another study [47, 48], ellipsoidal particles are used in DEM
simulations to investigate the shape effect on the granular flow in a cylindrical hopper, spheres
with unified aspect ratio have the highest flow rate but ellipses with the lower or higher aspect
ratio have lower flow rates.

8
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Furthermore, the elastic behavior of particles has been studied for the last decades but to a
low extent, which is mostly for modeling calibration. The elasticity of particles is essential
for discrete element modeling (DEM) which is used to investigate the granular dynamics by
simulation. The contact theory and continuum mechanics are developed to describe the contact
between particles. To consider the elastic part of a contact, which needs to be calibrated for soft
particles in the contact model of the simulation, either the contact stiffness, Young’s modulus, or
shear modulus is introduced in the contact model. The contact stiffness kn reflects the particle
overlap and resulting normal force. Young’s modulus E and shear modulus G are dependent on
each other through the Poisson ratio ν :

E = 2G(1+ν) (1.3)

In a study [49] of soft particles discharged from a silo with a flat bottom, the soft particles were
simulated with Young’s modulus of 70MPa and the hard particles with Young’s modulus of
70GPa. It was found that the system of soft particles discharged faster. This was explained by less
strong interaction between the particles due to higher deformation and greater energy dissipation.
It was also found that a minor reduced Young’s modulus of soft particles didn’t influence the
discharge rate but strongly affected the contact forces. Elastic particles are good models for
biological cells to exploit granular dynamics in biology. Different constitutive equations are
employed to model the mechanical behavior of deformable particles. There are three elastic
constitutive equations considered in the literature, namely the Hookean, neo-Hookean, and Gent
models. Hooke’s law states a linear relationship between stress and strain. The neo-Hooke
model [50] predicts a nonlinear relation between stress and strain at high deformation while it
is similar to Hooke’s law at low deformation. Further, the Gent model is another hyper-elastic
model and includes material stiffening at large deformation. Apart from the theoretical prediction,
some experiments are studied for contact model calibrations. They focus on the deformation of
an individual elastic particle in a liquid flow [51–53]. The dynamics of an individual particle are
related to shape-changing, particularly involving the particle’s surface in response to the liquid
flow. However, the behavior of a collection of elastic particles has not been calibrated widely,
which would be useful to provide proof for the corresponding constitutive relations of elastic
particles. It would be an interesting topic and show different dynamics from inelastic particles
like sand or beads based on the previous studies of individual soft particle mechanics. So the
flow of elastic, low-frictional particles will be the focus of this thesis, and the flow characteristics,
such as flow rate, bulk density, pressure, etc., will be studied in the following chapters.

1.2.3 External factors
To prevent clogging during silo discharge, one method is to vibrate the silo. In the investigation
[54] of the discharge of granular materials from a silo with vertical sinusoidal oscillations by
experiments and DEM simulations, it was found that the flow rate went down with vibrating
acceleration increasing when the frequency of vibration is lower than 50Hz as shown in Fig 1.11,
which was explained by a decrease of the bulk density of granular materials when the vibration
is applied. In another study [55] of a packed granular column with rotational shear discharging,
it was concluded that the flow rate increased in response to the applied shear as shown in Fig
1.12. It was also found that the flow rate under shearing is independent of the particle diameter,
inter-grain friction, and shearing geometries. In the study [56] of a quasi-2D hopper placed on a
vibrating inclined plane, the granular flow on the inclined plane could simulate different traffic
flows, and increasing the angle θ of the plane in granular flow can be interpreted as increasing
the driving force of the social force model. The granular flow would be intermittent flow with
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10 1.2 The effects of physical factors on granular flow in silos

Figure 1.11: The ratio of the mass discharge rate from an oscillating hopper W divided by the mass
discharge rate from a non-vibrating hopper W0, plotted as a function of the dimensionless oscillation
acceleration amplitude Γ = aω2/g. The figure was taken from [54] with permission.

Figure 1.12: Discharge flow rate against time (left) and particle trajectories during discharge (right) for
flat-based setup, comparing a stationary base and a base with angular rotation speed ω = 60rad/s. The
figure was taken from [55] with permission.

10
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small outlets, and if increasing the angle of the plane in this situation, the outflow rate slows
down, which performs the “Faster is Slower” effect. However, in the context of continuous
granular flow through large outlets, when increasing the angle of the plane, the outflow rate
correspondingly increases, demonstrating the “Faster is Faster” effect.

In another study [57] of a quasi-2D silo with an obstacle above the outlet, where the obstacle
can be seen as an external object to influence the flow. It is found that the clogging probability of
granular matter is lowest when the obstacle is placed four times of particle diameter away from
the orifice, which is explained by the simulation that the presence of the obstacle reduces the
pressure and further loosens the packing of particles above the orifice. In the next study [58] of

Figure 1.13: (a) Mean avalanche size vs obstacle height h for orifice sizes R=3.13mm, R=4.20mm, and
R=4.55mm. (b) The same data as in subfigure(a), but the mean avalanche size ⟨s⟩ is divided by the
mean avalanche size at h → ∞ corresponding to each value of R The figure was taken from [58] with
permission.

the obstacle effect, it was found that for large orifice (R = 4.55mm) of 2D-silo, no matter where
the obstacle is placed, it cannot help to speed up the flow rate. In another simulation study [59] of
the granular flow across a bottleneck, the results support that the flow rate increases if an obstacle
is optimally placed in front of the outlet. it was found that the peak flow rate corresponds to a
transition from free flow to congested flow, similar to the phase transition in traffic flow.
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1.3 A short guide of the thesis
This thesis is organized as follows:

• Based on the Introduction about the two types of granular flow and the effects of physical
factors on granular flows, the following chapters will be presented in the perspective of
these topics about the dynamics of soft, elastic, and low-friction particles.

• Chapter 2 investigates the basic but unique characteristics of soft, nearly frictionless
granular flow in silos passing through narrow orifices.

• Chapter 3 is to continue characterizing soft, frictionless granular flow. In this chapter, a
few rigid particles with roughness are introduced into the system. We aim to investigate
these mixtures and discern whether the frictional properties of the granular systems play a
pivotal role in influencing the pressure-dependent outflow rate within soft granular systems.

• Chapter 4 studies the effect of the obstacle on the silo discharge of soft granular material.
From the Introduction, it is learned that the pressure changes above the orifices because
of the presence of obstacles in front of the orifices in the silo flow and it helps granular
flow transform from intermittent flow to continuous flow. Since it has been known that the
outflow rate of a soft granular system is pressure-dependent, the effect of obstacles would
be peculiar and critical to improving the description of soft granular flow.

• Chapter 5 casts the perspective on the shear flow of soft particles. This work is only about
methodology and the beginning of the shear flow study. MRI technology was applied in
this study. We used CuSO4 with water instead of pure water for MRI to mark objects.
We successfully detected the marked particles and observed the shear zone with the MRI
technology.

• Chapter 6 contains the summary and outlook for this thesis. The thesis brings a lot of
interest to continue the investigations on soft hydrogel particles.

12



2 Intermittent flow and transient
congestion in a quasi-2D silo

Granular materials stored in containers have been in use for decades. One of the early scientific
studies describes the pressure conditions in granular beds within vertical cylinders, it observes that
the flow of grains is pressure independent [60]. Another finding predicts the pressure at the bottom
of silos changes with increasing fill levels from the study of wheat-filled silos. On the other hand,
the dynamics of hard particles discharging from silos is described in many researches [21,61–64]:
the grains flow freely when the orifice size is sufficiently large (about five times of particle
diameter or more); with smaller orifice sizes, the discharge rate decreases continuously, the
outflow rate is independent of filling height of containers and the pressure at the container bottom.
In some other studies, it is shown that non-adhesive colloidal particles in suspension flow across
constrictions in a similar way to dry non-cohesive granular materials [65, 66]. Otherwise, some
differences arise in the silo discharge of soft materials from hard grains. The low-friction
soft grains hardly clog, even when the orifice size is slightly more than twice the particle
diameter [67, 68]. Secondly, the low friction coefficient of hydrogel particles leads to the feature
of hydrostatic pressure, at least when the filling height is up to about 100 particle diameters. The
pressure in the quasi-2D hopper is linearly related to the filling height [68].

In this chapter, We load the quasi-2D silo with hydrogel particles and investigate the flow
of soft, low-friction grains through small orifices and discuss non-permanent congestions at
the outlet. Hydrogel spheres serve as elastic solids which are incompressible and moderately
deformed with the elastic modulus of the order of 10kPa to 100kPa [67–70]. We also filled it
with hard particles for comparison.

2.1 Experimental setup
The setup consists of a flat box of 80 cm in height and 40 cm in width, slightly thicker than the
diameter of the particles (6.5mm), with a flexible slider for adjusting the size of the orifice in the
center of the bottom plate [69]. A front view is shown in Fig 2.1. As shown in Fig 2.1, the side
edges are hidden by 3cm wide aluminum bars carrying the front and rear glass plates, so that
the optically accessible area in the frames is 34cm wide. Two symmetric sliders at the bottom
are applied to fix the orifice width W . They are in the shape of a right-angled trapezoid. Our
quasi-2D silo can contain around 9500 grains with a total weight of around 1.75kg when we fill
the silo up to the height of 80cm. But in this experiment, the initial filling height is around 60cm.

Hydrogel spheres (HGS is used in the following context) are from a commercial supplier
(Happy Store, Nanjing, shown in Fig2.2a) in dry form. They are immersed for at least 24 hours in
3.8g/L NaCL solution to swell into a bigger diameter of 6.5mm. What we used in the experiment
is monosized HGS particles with 6.5mm diameter, varying by approximately 3 %. The friction
coefficient is very low, of in the order of 0.01 or even lower (partially depending on wetness on
the surface). The elastic modulus is about 50kPa (Note that HGS particles in the experiment
are slightly softer in the outer shell layers than in their cores). The elastic modulus is measured
by contact diameters of the Hertz contact model displayed by pressing particles under given
weights.

The discharge is recorded with a commercial motion video camera (XiaoYi 4K+ Action
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14 2.1 Experimental setup

Figure 2.1: Image of the 2D silo filled with 6.5mm HGS particles, snapshot during discharge (33s after
initiation). Grains with different colors are equivalent. Colors are only used to trace individual grains
to monitor flow processes. The bottom images show expanded details of regions 1cm below the upper
layer (left) and 1 cm above the bottom (right). The orifice width is 12mm. The image is reproduced
from [71].

Figure 2.2: (a) Hydrogel spheres after swelling in salty water for more than 24 hours, with final diameter
d ≈ 6.5mm. (b) Airsoft bullets with diameter d = 6mm.
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Camera), and videos are taken with a frame rate of 60fps. Each frame of videos has a spatial
resolution of 0.327mm/pixel. Below the orifice, the flowing-out particles are collected in a box
placed on a balance. HGS grains are taken from the storage bath, then placed on tissue to remove
the excess water on the particles’ surface (in practicality, complete removal of water from the
surface is not achievable), and poured into the silo from above, while the orifice is closed. After
filling the silo to a certain height (on average 60 cm in our experiments), the orifice is opened
and we measure at the same time the weight of the discharged material and record the video of
the silo from the front side. Video and mass measurements can be synchronized better than 0.5s.

To describe the differences between the soft, low friction grains and hard frictional particles of
comparable size (diameter of approximately 6 mm) and similar density, we have performed some
other experiments with hard plastic ammunition (Airsoft bullets, ASB, shown in Fig 2.2(b)) for
comparison. The friction coefficient of ASB is approximately 0.3. The deformation of ASB is
too small in collisions during discharge. So it can be assumed that the deformation of ASB can
be neglected.

The experiments in this study are listed in Table 2.1. Free flow means uninterrupted discharge
where the flow rate is either constant or decreases with decreasing filling height. Fluctuating
flow means randomly varying flow rates. Intermittent flow is characterized by phases where flow
is completely interrupted. There is no clear distinction between intermittent and fluctuating flow.
Based on empirical observations, we establish a threshold time beyond which it becomes difficult
to perceive with the naked eye whether a particle is flowing out when it blocks the orifice.

Material Orifice D D/d Character of discharge
ASB 34 mm 5.7 free flow
HGS 18 mm 2.77 free flow
HGS 15 mm 2.30 free flow
HGS 12 mm 1.85 fluctuating flow, hc ≈ 4 cm
HGS 11 mm 1.69 intermittent flow, hc ≈ 11 cm
HGS 10 mm 1.55 intermittent flow, hc ≈ 23 cm

Table 2.1: Materials, orifice sizes, and the character of discharge. D/d is the ratio of orifice width (the
gap between the upper edge of the two sliders, see Fig 2.1) and particle diameters. In cases where the
system clogs permanently, hc is the average remaining height.

2.2 Results and analysis

2.2.1 Flow inside the silo
The structure of the flow field is visualized by averaging subsequent images in the recorded
videos. Fig 2.3 shows averaged flow fields of superimposing 1000 frames of ASB and HGS
individually. In the case of ASB, there is a pronounced flow along the trigonal lattice planes,
ray-like lines. Two stagnant zones are identified by their stationary hexagonal lattices. However,
in the case of HGS, the flow is slower in the corners, but there is no stagnant zone. From another
perspective, it can be observed that the local packing fraction changes considerably after the start
of flows when the silo is filled with HGS. In the silo filled with hard grains, the local packing
fraction changes only in the sheared regions near the edges of the flowing zone and in the area
directly above the orifice.

Fig 2.4 shows the space-time plot of consistent vertical cuts along the central vertical symmetry
axis of the silo and the orifice. As shown in Fig 2.4(a) about the case of ASB, the positions of all
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16 2.2 Results and analysis

Figure 2.3: Superimposed 1000 images (≈ 16s) of the 2D silo filled with (a) 6mm ASB and (b) 6.5mm
HGS particles during the discharge. The orifice size is 34mm for the ASB, and 18 mm for the HGS.
The image is reproduced from [71].

grains stacked along this direction start to move down immediately after the orifice is opened,
shown in Fig 2.4 at time zero. Fig 2.4(b)-(d) shows the cases of soft, low-friction grains. The
flow initially starts near the orifice, while the positions of the upper grains remain unchanged.
The front of the flowing material rises at a speed of approximately 10cm/s. After some amount of
material has flown out, in our experiments roughly 150g or 1000 spheres, the silo has sufficiently
diluted and the filling height has reached 50cm (the upper edge of the frames). Then, the HGS
spheres move down synchronously along the central axis. The downward flow accelerates within
10cm above the orifice, where the flow rate is lower at the sides.

2.2.2 Outflow rate and fluctuation

In this part, we will discuss the differences in the outflow rate and fluctuation between hard
and soft grains. Fig 2.5 shows the outflow rate changing with the time of ASB (orifice size =
34mm, in Fig 2.5(a)) and HGS (orifice size = 18mm, 10mm, in Fig 2.5(b)-(c)). When the silo
contains hard grains, the outflow rate decelerates as the silo approaches near-empty conditions;
otherwise, the outflow rate remains relatively consistent. The stagnant zones gradually diminish
from the top until they reach the static angle of repose. The stagnant zones erode from the top
until the static angle of repose is reached. For smaller orifice sizes, the same features are found,
but smaller orifice sizes lead to persistent clogs that prevent further flow. When the silo with a
large orifice is filled with HGS (shown in Fig 2.5(b)), the situation is similar to hard grains at
the beginning after opening the orifice. When the orifice is approximately 3 times of particle
diameter wide, there is still continuous outflow. But later the outflow rate becomes dependent
on the pressure. This becomes more evident with smaller orifice size at 10mm as shown in Fig
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Figure 2.4: Space-time plots of a vertical cut at the central symmetry axis of the silo, (a) ASB, 34mm
orifice width, (b) HGS, 18mm orifice width, (c) HGS, 11mm orifice width, (d) HGS, 15mm orifice
width. In the hard particle system, the flow reaches the upper edge of the selected region within
approximately 100ms. In the soft material, it takes 4.5s after the orifice was opened for the flow to
reach the upper region shown in the plot. This is even more pronounced at lower orifice widths because
of the lower flow rates. The image of (a) and (b) is reproduced from [71].

2.5(c). The outflow starts to fluctuate. Not only does the initial flow rate respective to 18 mm
orifice size reduce by one order of magnitude shown in Fig 2.5(b), but the discharge curve also
shows plateaus where the outflow stops for several seconds.

The details from the same data as in Fig 2.5 are shown in Fig 2.6. The discharge rate of hard
grains (Fig 2.5(a)) is linear of time changing. Small platforms in the curves are artifacts of
the measurement technique, resulting from the time resolution of recording of the balance: the
balance is set to update its value every 0.214s, while the computer samples this data every 0.1s,
thus every data from the balance is regularly read out twice. The 18mm orifice curve (Fig 2.5(b))
is straight and smooth regardless of the artifact of reading data.

Fig 2.7 illustrates the variation in outflow rates depending on the remaining filling height, as
demonstrated in Fig 2.5-2.6 during discharges, provides evidence that the primary determinant
of the outflow rate is the pressure at the bottom of the container. To smoothen these data, we
averaged them over the period when the filling height dropped by 5cm. The surface of the
flowing granular bed is v-shaped instead of flat, we calculate the mean height from the same
volume in the silo during discharge. The arrows in the figure indicate where the tip of v has
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18 2.2 Results and analysis

(a) (b) (c)

Figure 2.5: Discharged mass (a) in the ASB-filled silo with 34mm orifice width, D/d = 5.7, (b) in the
HGS-filled silo with 18mm orifice width, D/d = 2.77, and (c) in the HGS-filled silo with 10mm orifice
width, D/d = 1.55. Apart from the very different time scales caused by the different orifice widths, it
is evident that the flow of the hard ASB grains is practically constant until the very bottom of the silo is
reached. In the HGS-filled silo of the 18mm orifice, the discharge slows down with a sinking fill level.
This is even more pronounced in the 10mm orifice silo where strong flow rate fluctuations occur even
when the silo is still well-filled. Different colors distinguish individual runs of the experiment. The
image is reproduced from [71].

(a) (b)(a) (c)

Figure 2.6: Zoomed-in details of the three graphs shown in Fig 2.5(a)-(c). All graphs show periods ending
approximately 100g before the discharge stops (empty silos in (a) and (b), the permanent clog in (c)).
The small step-like undulations in graphs (a,b) are a beating artifact of the sampling frequency of the
balance (4.66 Hz) and the poll frequency of the computer (10 Hz). Note the different scales of time
axes. The image is reproduced from [71].
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reached the orifice and the granular bed splits into two parts on the left and right side, from
which particles slide down. It can be seen that all outflow rates are strongly dependent on filling
levels. For narrow orifices, the outflow rates sensitively depend on the different situations of the
samples. For instance, despite drying the HGS surfaces with tissue before introducing them into
the silo, fluctuations in moisture on the HGS surfaces could potentially impact the cohesion of
spheres through capillary bridges, thereby potentially influencing the magnitude of the outflow
rate.

Figure 2.7: Mean outflow rates of HGS for different orifice sizes as a function of the instantaneous fill
level. All rates are averaged over a 5cm height difference. The solid curves represent the averages of
curves belonging to one set of experiments at fixed orifice sizes. Arrows indicate where the tip of the
v-shaped surface of the granular bed reaches the outlet. The image is reproduced from [71].

Next, we analyze the temporal fluctuations of the outflow. To be mentioned, Kirsten Harth,
one of the co-authors from this published paper [71], contributed Fig 2.8 and 2.9 in the parts
of temporal fluctuations and non-permanent congestion. The variations in the outflow rate can
be characterized by the Fourier transform of the discharge rates, obtained from balance data.
We set the scanning window at a low-frequency range below 0.6Hz, ensuring that artifacts
from the balance at 2/3Hz are omitted from the observed frequency range. Fig 2.8 shows
four different frequency spectra. All spectra are normalized with the corresponding maximum
Fourier amplitude Amax at zero frequency and clipped the low-frequency part of the spectrum
at 0.1Amax. At 15mm orifice (Fig 2.8(a)), we can see slight fluctuations with amplitudes of
around 0.04Amax, at orifice 12mm (Fig 2.8(b)), the fluctuation becomes more pronounced as the
discharge progresses towards the end of discharge. However, at the 11mm orifice, the fluctuation
is with the amplitude of 0.1Amax, even at the beginning of the discharge. In the case of the
smallest orifice of 10mm in our measurements (Fig 2.8(d)), the amplitude of fluctuations reaches
more than 0.4Amax, and some interruptions extend over the full width of the scanning window
longer than 15s.
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20 2.2 Results and analysis

(a) (b)

(c) (d)

Figure 2.8: Windowed Fourier Transforms (Hamming window width 15s) of the HGS outflow rates for
different orifice sizes, (a) 15mm, (b) 12mm, (c) 11mm, and (d) 10mm. The peaks are scaled with the
maximum Fourier amplitude Amax and clipped at 0.1Amax. Note the different color scales on the right
hand in each group figure. The image is reproduced from [71].

2.2.3 Non-permanent congestions

Fig 2.9 is constructed as space-time plots by horizontally cutting below the orifice in the video
frames for ASB at 34 mm orifice and HGS at 10 mm orifice. ASB particles pass the orifice
continuously. The final phase of ASB discharge in Fig 2.9(b) shows that the outflow rate is not
reduced compared with Fig 2.9(a). Instead, particles do not jump through the gap completely,
only pass the lateral sides of the orifice. However, the way of the passage of soft, low-friction
grains through a small orifice becomes different. Its outflow rate changes and fluctuates after
some interruptions. In Fig 2.9(c), it is shown that the orifice is temporarily blocked. The length
of the figure represents the time length, indicating the block can last for seconds and dissolve
spontaneously.

The phenomenon of spontaneous non-permanent cloggings has been described for active
matter like pedestrians and animals or thermal systems like colloids [72]. In the case of a soft
granular system, there are transient clogs, with the majority of these temporary clogs formed by
arches of 4 particles in the present 2D geometry. In Fig 2.9(c)-(d), the orifice is locked by a pair
of particles that have partially occupied the bottleneck, exhibiting a bell-shaped signature in the
space-time plot. Particles blocking the orifice experience continuous compression within the
bottleneck until they suddenly drop down.

Fig 2.10 presents the distribution and cumulative distribution of the ‘clog duration’ for a 10mm
orifice silo filled with HGS. We assess the temporal gap in mass variation. The number n of
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(a) (b) (c) (d) (e)

Figure 2.9: Space-time plots of cross sections directly below the outlet, time runs from top to bottom,
each plot covers a time interval of 6s. The discharges started at time t0. (a) ASB, ρ = 5.7, (t0 −0.3s) to
(t0 +5.7s), (b) ASB, ρ = 5.7, (t0 +23s) to (t0 +29s), (c) HGS at ρ = 1.55, t0 to (t0 +6s), (d) HGS at
ρ = 1.55, (t0 +480s) to (t0 +486s). The cuts (a,b) are 36mm wide, and those in (c,d) are 12.5mm wide.
e) shows the positions of the cross sections at the orifice. The image is reproduced from [71].

‘clog duration’ (up to about 3s) follows approximately a power law n(τt) ∝ τα
t with exponent

α =−1.85. The graphs do not indicate that the system can be declared clogged, so we suggest
the term ‘congestion’ to describe the phase of stopping outflow and then getting self-dissolving
spontaneously. In Fig 2.10(a), the red scattered plot is for the time when the outflow mass is up
to the first 400g of granular material, and the blue scattered plot is for the discharge after the
first 400g of granular material have flown out. From this, the duration of congestions tends to
be longer at lower filling heights, but the exponent is practically identical. Congestions lasting
longer than 10s can also be supported by the cumulative distribution N(τt) of intervals longer
than τt (see in Fig 2.10). In the power law N(τt) ∝ τ

β

t , the exponent β = −0.85 is consistent
with β = α +1. If β ≥−1, N(τt) would diverge when the distribution follows this power law
for all τt . However, the exponent β

′ ≈−1.8 (see solid line in Fig 2.10(b)) is below −1, so there
always exists a mean congestion duration in the part of curve fitted in solid line, but there doesn’t
exist a finite limit for the ‘clog duration’ under the power law.

We take an HGS-filled silo with 10 mm orifice as an example and plot the space-time cut along
the vertical central axis of the silo in Fig 2.11. As depicted in the figure, within 35 seconds, the
flow stops after 3.5s, resulting in a zero outflow rate for the subsequent 21 seconds. Then the flow
starts again. In the vertical cross-section, it is evident that the upper particles continue to move
down when the outflow rate is zero, while the particles surrounding the orifice remain stationary.
It is clearly shown that the HGS material entity never attains an equilibrium configuration within
the silo, even in the presence of an arch above the orifice blocking the discharge. When the
particles near the orifice form a stable arch, the structure within the granular bed undergoes
further rearrangement. The distributions of particles and the force network could persist even
when the flow halts. They can occur at any point and ultimately alleviate the congested state.
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Figure 2.10: (a) Number n(τt) of plateaus of durations (τt −0.1s) . . .(τt +0.1s) in the discharged mass
curves, averaged over 12 discharges, 10mm orifice width. Red circles: clogs during the discharge of the
first 400g (approximately 1/3 of the silo content), blue circles: clogs during the remaining discharge.
(b) Cumulative plots of the same data, number of clogs N(τt) of plateaus with duration longer than τt .
Solid circles represent the sum of both data sets: the dashed lines reflect power laws N(τt) ∝ τ

β

t , the
solid line marks N(τt) ∝ τ

β ′

t . The image is reproduced from [71].

0 mm

430 mm

21 s

Figure 2.11: Rearrangement of the inner packing structure in the silo with 10mm orifice shown in a
space-time plot. The interruption indicated by vertical dashed lines, lasts for 21s. While the particles
at the bottom are immobile, one can see that the HGS spheres in the upper layers still move down.
For better visibility of the downshifts, two dashed horizontal lines mark fixed heights. The image is
reproduced from [71].
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2.3 Discussion
In this chapter of the thesis, we analyzed the intermittent flow of soft, low-friction HGS spheres
in a quasi-2D silo with a narrow orifice. The outflow rate, fluctuation, and packing reorganization
were also discussed in this chapter. We also discussed the stability of the ‘clogging’ structure
and the duration of congestions.

We find that fluctuations in a relatively broad range are related to the slow propagation of
the packing fraction. Local flow in upper regions is with considerable retardation (see in Fig
2.4), so the inhomogeneous density or flow divergence is not compensated rapidly. This causes
large fluctuations in the packing fraction and in the force networks, especially when the orifice is
narrow, less than two particles wide. Then, the system can build up considerable pressure near
the orifice when the flow suddenly stops, and the pressure gets relieved when the flow restarts.

One consequence is that the stress builds up after the orifice gets clogged, and the internal
rearrangements of grains during ‘clogging’ can help to restart the outflow from the silo without
external force. This is a qualitatively new observation, similar to other cases of intermittent flow
found in hard particles in vibrated containers [73–75], in silos with oscillating bottom [76], or
flocks of animals passing a gate [77]. It is supposed that the clogs dissolve by particles passing
through packing gaps of the arch above the orifice. We will present this study in chapter 4.

On the other hand, a theoretical study [78] predicts that there is self-organization in a 2D
hopper filled with frictionless disks when clogs occur, leading to intermittent flow. In experiments
with hard particles, it is hard to observe because the systems quickly reach overall equilibrium
and flow continues. Alternatively, in our experiments involving soft, frictionless particles, we
observe that the structures within silos rearrange and ‘clogs’ can spontaneously dissolve. This
leads us to speculate that friction may influence silo discharge, which will be discussed in the
following chapter.
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3 Silo discharge of mixtures of soft
particles and hard grains

In the last chapter, we worked with pure monodispersed hydrogel spheres ensembles. The
viscoelastic properties of HGS are supposed to be a significant feature that causes peculiar
discharging characteristics through narrow orifices. But it remains unexplained whether the
elastic modulus of the particles (of the order of dozens kPa), the low friction coefficient (of the
order of 10−2), or a combination of both factors causes this peculiar feature of discharge.

From the perspective of clogging, which is a fundamental challenge in the storage of grains
within silos and hoppers, particles can form stable arches in 2D silos or domes in 3D silos above
the orifice and block further outflow. Through large enough orifices, hard grains flow at constant
rates given by geometrical and physical parameters, which can be derived from theoretical
models [21, 61–63]. When the orifice size is smaller than about five-particle diameters [79, 80],
hard spheres tend to form clogs and block further outflow until the clogs are destroyed by shaking
the container, or by applying air flushes. Besides, homogeneous granular ensembles are often
idealized. People usually deal with materials that vary in terms of size, shape, friction, elasticity,
or other properties.

Thus it motivates us to study mixtures of soft and hard particles and their silo discharge
behavior, such as flow rates and clogging. When small portions of hard particles are mixed with
soft particles, the ensembles differ in frictional properties. This chapter describes an experimental
study with the help of a numerical analysis of the mixture of soft and hard particles (10% hard
particles in the mixture). It also discusses the silo discharge of this mixture in 3 aspects: (1) the
effect of doping on silo discharge characteristics; (2) the concentration xASB of hard grains in the
composition of the blocking arches; (3) the outflow rate during the discharge of the mixtures, the
different flow rates between mixed and pure ensembles.

3.1 Introduction of the experiments
The quasi-2D setup (80cm height, 40cm width but only 34cm width are visible in the captured
images, slightly more than 6mm depth) with one layer of particles between two vertical glass
plates is used as in the last chapter, see in detail the section of describing the experimental setup
of chapter 2.

The material to fill the silo is a mixture of soft, low-friction hydrogel spheres (HGS) and hard
frictional plastic airsoft bullets (ASB). The concentration of ASB plastic grains is low, typically
5% or 10%. We define the aspect ratio D/d as the value of the orifice size D divided by the
particle diameter d. In this study, this ratio is in the range of 1.7 < D/d < 2.2. Note that a pure
sample of ASB grains would immediately clog at such small orifices. At large orifice sizes
(D/d > 3), the dynamics of the mixtures in our case is practically identical to the pure hydrogel
samples.

The hydrogel spheres and airsoft bullets applied in this study are the same as we used in
chapter 2 (also see the part of the experimental setup). To be mentioned, these two types of
particles have nearly the same density of approximately 1020kg ·m−3. The friction coefficient of
the ASB grains is 0.3. They are incompressible and can be considered rigid. The mass of HGS
particles after swelling in salted water is about 0.15g. The final diameter is about 6.5mm, and
the elastic modulus is in the range of approximately 50kPa to 100kPa.
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3.2 Experimental results

3.2.1 Avalanches and clogging probabilities

The mean number of grains flowing out during an avalanche is directly related to the probability
that a particle becomes one of the components for blocking structures around the orifice. The
statistics of the avalanche size distribution [81] for hard grain samples can be described as
follows, see equation 3.1. It is postulated that the probability P remains constant upon the
formation of a clog after the Sth particle falls out. Then, the probability PS of the clog blocking
an avalanche of size S is

PS = (1−P)S−1P = Pe[−
S−1
S0

] (3.1)

with S0 =−1/ln(1−P) (if only one particle passes through the orifice and then gets clogged,
the probability P would be 1). The mean avalanche size ⟨S⟩(see equation 3.2) can be counted as
follow:

⟨S⟩=
∞

∑
S=1

SPS =
1
P

(3.2)

⟨S⟩ is a characteristic parameter used to describe silo discharge statistics. In practical situations
(i. e. ⟨S⟩ ≫ 1), ⟨S⟩ and S0 can be considered equal. In experiments, it is usually used to
evaluate the cumulative probability Π(S) of avalanches having particles more than S (following
in equation 3.3):

Π(S) = (1−P)S (3.3)

S is how many particles have passed the orifice with probability (1−P). The avalanche statistics

is found by a fit into the exponential relation Π(S) = e−
S

S0 . One can assign different clogging
probabilities PASB and PHGS to the corresponding components.

Fig 3.1 shows the discharge mass curve of a mixture of hard and soft spheres in a silo with a
narrow orifice. Plateaus in the curve either represent non-permanent clogging dissolved or clogs
destroyed by air flushing (marked with arrows). In our experiments, with an aspect ratio D/d of
around 2, the clogs are formed by very few grains, four on average. Thus, the experiments provide
favorable conditions to observe the statistics on the particle scope level around the orifice. On the
other hand, the soft hydrogel material guarantees the formation of comparably large avalanches
for reasonable statistics at these small aspect ratios D/d. To be mentioned, some plateaus in Fig
3.1 include non-permanent clogs or congestion which dissolve spontaneously (and also found
in a previous study [71]). Yet, there is no distinct criterion capable of distinguishing between
the end of an avalanche and the beginning of non-permanent congestion. In this study, we
introduce an ad hoc criterion to extract different avalanches: a clog lasting for at least one second.
However, the arbitrary selection of a threshold may influence the statistics considerably [72].
Fig 3.2 shows the distribution of the cumulative probability of avalanche size S. The avalanche
counted is followed by clogging lasting one second for non-permanent congestions and long
clogs destroyed by air flush (the ad hoc criterion). Technically, from Fig 3.2 we can see that the
component of HGS or a small amount of ASB affects the avalanche sizes. The more ASBs were
introduced, the smaller the avalanche sizes. Strangely, 95% HGS + 5% ASB samples, only in
this case, the probability of avalanche sizes is also influenced by the orifice size. Additionally, in
the cases of an orifice around 13mm, the probability of avalanche sizes in the range of 0 ∼ 100
is similar for the samples of pure HGS and 95% HGS.
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Figure 3.1: A partly measured time dependence m(t) of the mass of granular material discharged from
a quasi-2D silo. The mixture contained 10% rigid air soft balls with 90 % hydrogel spheres, both
with 6mm diameter. The orifice size was 11mm. Some clogs (plateaus) dissolved spontaneously, and
clogs labeled by arrows were destroyed by an air flush through the orifice. The image is reproduced
from [82].

Figure 3.2: Cumulative probability of Π(S) of avalanche sizes larger than S. Note that the mass of each
sphere is about 0.15g. The number of particles of avalanches can be calculated from the differences in
the outflown mass. Avalanche size (a) in the range of 0 ∼ 600 (b) in the range of 0 ∼ 100, these two
subfigures are from the same dataset. The solid line represents 90% HGS + 10% ASB, the dashed line
represents 95% HGS + 5% ASB, and the dotted line represents 100% HGS. Different orifice sizes are
marked with different colors in each figure. The red color is for the orifice of 11.2mm, the green line is
for the orifice of around 12mm, and the blue line is for the orifice of around 13mm.
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3.2.2 Pressure characteristics
In the last chapter, it was concluded that the low-frictional hydrogel shows close hydrostatic
characteristics of the pressure p at the bottom of a quasi-2D silo filled up to height h [69]. On
the other hand, hard frictional grains display pressure saturation at the bottom of silos when a
certain height is reached [15, 69]. Fig 3.3 shows that the pressure characteristics of the pure
hydrogel sample are significantly changed by an additional small amount xASB (10%) of ASB
spheres. The data is recorded by measuring the normal force on a 4cm horizontal bar with a load
cell which is used to replace part of the bottom container border. The weight of the material
at the upper layers is partially transferred to the container walls. The packing fraction φ of the

Figure 3.3: Pressure at the bottom of the container at the position of the outlet for 100% hydrogel system
(open circles), and three independent measurements of a mixture with 10% ASB spheres (filled circles).
The image is reproduced from [82].

silo with hydrogel particles increases toward the bottom. The densest packing of spheres with
diameter d = 6.5 mm in a quasi-2D hexagonal lattice within a layer of thickness d = 6.5 mm
is φmax =

πr2

3r2tan60◦ =
π√
27

≈ 0.604. This is the mean packing fraction of pure hydrogel spheres
since they form a nearly defect-free hexagonal lattice at the depth of the granular bed. At the
bottom, the packing fraction even reaches up to 0.65 where the hydrogels are squeezed and
deformed. In the very top layers, it might drop down to around 0.5.

3.2.3 Flow rate and clog duration
This part collaborated with Bo Fan, one of the co-authors from the published paper [82], who
studies at WIGNER Institute in the Caliper project. He was in charge of analyzing the flow rate,
such as Fig 3.4, 3.5, and 3.8. Fig 3.4(a) shows how the outflow rate is altered by changing the
size of the orifice for a given mixture, similar to the case of 100% hydrogel particles where the
orifice size is one of the determining factors to influence the outflow rate [21, 83]. First, we can
see that with a 13mm orifice, the ensemble flows smoothly at the beginning until the filling level
is lower than 20∼25cm. In the silo with a 12mm orifice, clogs occur after avalanches of the
order of 100g (around 1000 particles). A small fraction of ASB particles influences the statistics
of clogs no matter whether clogs are permanent or not, and also impacts the flow rate between
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clogs. In Fig 3.4(b) for 3 cases with different amounts of ASB spheres, the orifice sizes D are
≈ 11.5 mm. Fig 3.4(c) is trimmed from Fig 3.4(b) by removing all clogs longer than 1s. The

Figure 3.4: (a) Time dependence of the discharged mass for a sample containing 5% hard frictional
spheres of airsoft bullets (ASB) for 3 values of the orifice width D. It is evident that the probability of
clogging increases strongly with lower ratios of orifice width to particle diameter. (b) Time evolution
of the discharged mass for 3 different samples: pure hydrogel, and mixtures containing 5% or 10%
ASB spheres. The orifice size D is indicated in the figure. The horizontal sections correspond to the
clogs. (c) Same data as panel (b) but with clogs longer than 1s trimmed. The flow rate is measured as
the local slope of these trimmed curves. The image is reproduced from [82].

slope of Fig 3.4 at every moment gives the instantaneous discharge rate as a function of filing
height h(the height is according to timeline) which is shown in Fig 3.5(a). For the sample of
5% ASB gains, the dependence of the flow rate is much lower, while for the sample of 10%
ASB grains, the dependence has essentially vanished. Thus, adding a small amount of frictional
hard beads to the hydrogel-particle ensemble exerts a significant influence on the discharge
rate. When increasing the concentration of ASB grains (take as an example among our cases,
10% ASB spheres), the systems show the characteristics of height independence of the flow
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rate in the dynamics of hard granular materials. The low friction coefficient of the hydrogel
can play a role in the outflow rate [83, 84]. Fig 3.5(b) presents how the flow rate depends on
the orifice size D in different components of mixture samples in the range of filling height 40
∼ 45cm. The outflow rate decreases with orifice size and an increasing concentration of hard
grains reduces the flow rate. As predicted by Beverloo’s model in a quasi-2D silo, the flow
rate is Q =CφρpH

√
g(D− kd)1.5, with grain diameter d, density ρp of grains, packing fraction

φ , cell thickness H ≈ d and adjustable constants k and C. If the data in Fig 3.5 are fitted to
Beverloo’s equation, it can be found that k ≈ 1.4 ∼ 1.6 and C would be in the range from 3.6 for
the 90% HGS sample to around 6 for the 100% HGS sample (see the fitting data in Fig 3.6). To
be mentioned, the constant C partially relates to the silo geometry which can involve the instant
filling height as presented in Fig 3.5(a). This is also evident in Fig 3.5(c) that the flow rate of
100% HGS samples changes with height during discharge at different orifice sizes.

Figure 3.5: (a) Flow rate as a function of the bed height h for pure hydrogel and for mixtures with 5%
and 10 % ASB spheres. (b) Flow rate as a function of the orifice size D for all 3 samples for a bed
height of 40cm < h < 45cm and for (c) pure hydrogel samples at various bed heights h. Small open
symbols represent individual experiments, and largely filled symbols show averages of the respective
data sets (on average 4 experiments). The image is reproduced from [82].

Then we want to see the influence of the number of ASB grains near the orifice on the flow
rate, see Fig 3.7. The region considered to count ASB grains around the orifice is the area of a
half circle with a radius of 5d above the orifice. When the filling height h > 37.5cm, the flow rate
decreases with more than 3 hard grains in this region. For h < 37.5cm, the flow rate fluctuates
instead of decreasing with more ASB grains in the region. It can be explained that when the silo
is filled up to 40cm high, the pressure is approximately 3kPa, and the pressure can make the
soft particles get deformed at the bottom, but when the filling height gets lower, the deformation
would be less intense and it shows the characteristics of low friction and inelastic particles.

Non-permanent congestion also appears in the mixture system, as shown in Fig 3.1, similar
to previous observations of pure hydrogel sphere ensembles [71]. The plateaus without arrows
marked in Fig 3.1 demonstrate that the congestion at the orifice ends spontaneously without
external interference by air flush. Fig 3.8(a) with a bent dashed line describes the delay of flow
when the grains start to flow locally at the orifice. The particles still reorganize slowly in the
upper regions during the congestion period of 1.75 seconds as shown in Fig 3.8(b) compared
with the positions of particles immediately after the outflow stops which are re-plotted behind
the white gap. Compared to the pure hydrogel samples in the previous study (see chapter 2),
the addition of a few percent of hard grains could slightly extend the delay duration. Then we
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Figure 3.6: Averaged flow rate as a function of orifice size D for all 3 samples for a bed height of 40 cm
< h < 45 cm, fitting to the Beverloo’s equation. The scattered data is taken from the averaged flow
rates in Fig 3.5(b).

Figure 3.7: Flow rate as a function of the number of ASB grains in the proximity (5 particle diameters)
of the orifice of 11.4mm. Data taken for 30cm< h < 80cm. Data points represent 18 measurements on
average, error bars stand for fluctuations in different measurements. The image is reproduced from [82].
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Figure 3.8: Space-time plots of a vertical cross-section of the silo in the central axis above the orifice
(D = 12mm). (a) Mixture with 5% ASB spheres. The grains start to flow only locally at the orifice after
it is opened (vertical dashed line). The reaction of the material in the upper part is delayed considerably
(bent dashed line). (b) After the orifice at the bottom clogs (dashed line), the material (with 10% ASB
spheres) in the upper part still reorganizes for several seconds. The state immediately after the outflow
stopped is re-plotted behind the white gap, to visualize the changes during the clogged state. The image
is reproduced from [82].

would analyze how the duration of clogs (all kinds of clogs, dissolved by external air flush or
dissolving spontaneously) depends on the number of ASB spheres. As shown in Fig 3.9(a), the
clog duration increases with the number of ASB spheres increasing. Hard frictional beads in the
first and second layers affect the clog duration but the first layer gives more influence. In Fig
3.9(b), it is about the probability that the clog is longer than the time interval τ in the log-log
scale. It can be seen that the clog duration in the pure hydrogel sample is very close to the clog
duration in the situation that there are no ASB spheres in the first 2-layer shells for a mixture
with 5% ASB spheres. However, the clog duration extends considerably in the mixture when
ASB spheres show up in the first 2 layers above the orifice.

3.2.4 Arch structure analysis

A few types of clog structures are formed in the quasi-2D silo with narrow orifices. The most
frequently encountered structure in all 3 orifice sizes of our experiments is the closely symmetric
4-particle arch. Also, nearly symmetric 2-particle clogs are encountered when the orifice width
is two times of particle diameter. These typical structures are shown in Fig 3.10.

Fig 3.11 shows the statistics of clog structures grouped by the number of particles in the arches
in three orifice-size (11mm, 12mm, 13mm) systems and two species components (5% ASB, 10%
ASB) of mixtures. Here, we examine clogs lasting over 1.5s without distinguishing temporary
congestion and permanent clogs that have to be destroyed by air flushes. Three-particle and
five-particle arches are found more often in systems with larger orifices. Four-particle arches
appear around 80% ∼ 90% among all arch structures. Therefore, we focus on the four-particle
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Figure 3.9: (a) Clog duration as a function of the number of high friction (ASB) spheres in the vicinity of
the orifice of 11.4mm. The data sets correspond to cases when only the first layer or the first 2 layers
are considered. Data points represent 13 clogs on average, error bars stand for the standard deviation.
(b) Probability of non-permanent clogs longer than τ as a function of τ on a log-log scale. The image is
reproduced from [82].

Figure 3.10: Typical structures of blocking arches. The 2- and 4-particle arches were taken from snapshots
of clogged states of the 11mm orifice videos, and the 3- and 6-particle arches from 13mm orifice videos.
The image is reproduced from [82].
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arches in the following analysis.

Figure 3.11: Number of particles forming the blocking arches at the orifice for two mixture compositions
and three orifice sizes. It is seen that neither the composition of the mixtures nor the variation of the
orifice width influences the dominance of 4-particle clogs. Clogs consisting of 2 particles are much less
probable in the larger orifices. The image is reproduced from [82].

Moreover, Fig 3.12(a) shows the relative amount XASB of hard grains in the first layer of
arch structures. White numbers are the total number of arches with respective types among all
evaluated experiments. Horizontal dash lines marked crossing each bar indicate the percentage
xASB of hard grains in the mixture. The result is that hard grains appear in the arches nearly two
times more often than the concentration in the sample. In arches with non-4-particle structure of
the arch, the relative amount of ASB grains is over-represented, yet the statistical error is larger
because of the smaller number of non-4-particle arches.

To interpret that over-presentation, one can make a simple assumption that XASB and xASB are
related by approximation as follows:

XASB =
xASBPASB

xASBPASB +(1− xASB)PHGS
(3.4)

From this equation 3.4, we can get a rough estimate of the ratio of arch component probabilities
PASB
PHGS

of hard and soft components of the mixture:

PASB

PHGS
=

XASB(1− xASB)

xASB(1−XASB)
(3.5)

Taking the values of xASB and an approximated factor from the previous analysis (see in Fig
3.12(a)) of XASB ≈ 2xASB, we can estimate PASB

PHGS
≈ 2.2. Hard grains, compared to hydrogel

particles, are nearly twice as likely to get stuck in an arch structure, regardless of the orifice
width D in our study. Fig 3.12(b) is to check how often ASB grains appear in the second layer
of grains above the orifice. As expected, the occurrence of ASB spheres is not significantly
enhanced compared to results in Fig 3.12(a) in all kinds of clogs, the slight deviation from xASB
is within the statistical error.
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Figure 3.12: Statistics of the occurrence of ASB spheres in the blocking arches in the experiments. The
white numbers indicate the number of events compiled in the column. a) Composition of the arch,
viz. the first coordination shell above the orifice; fractions XASB of hard beads compared to the bulk
concentrations xASB (dashed lines). The left section includes all clogs of at least 1.5s duration. In
the middle, the statistics for 4-sphere arches are shown. On the right, data from 2-sphere arches are
collected. b) Concentration of ASB spheres in the second coordination shell, averaged over all clogs.
The image is reproduced from [82].

3.3 Numerical analysis

This section collaborated with Tivadar Pongó, one of the co-authors in the same published paper
[82], who graduated from the University of Navarra in the CALIPER project. He was responsible
for conducting DEM simulations and processing the numerical data from the simulations. The
numerical simulations are carried out with the open-source Discrete Element Method granular
simulation software LIGGGHTS [85]. For the calculation of the inter-particle force Fi j, a Hertz
contact model was chosen [86], including normal and tangential components, which are both
modeled as short-range spring dashpot interactions. The elastic and damping particle-particle
interaction coefficients are well reproduced by several input parameters given in the contact
model, i. e. Young’s modulus Y , the restitution coefficient en, and the friction coefficient µ .
The Coulomb friction constraint is applied. The tangential force is cut off when F t

i j < µFn
i j

is satisfied. When soft particles are densely packed, a multi-contact force model can capture
the experimental response [87]. Nonetheless, we assumed the contacts between particles were
mutually independent, employing the upper limit of Young’s modulus for densely packed soft
particles.

The numerical geometry is the same as the experimental setup, i. e. the width of the flat silo is
40cm, and the depth of the silo is 6.12mm, slightly larger than the particle diameter d = 6mm.
The density is set as ρ = 1000kg ·m−3. The mass of each particle is around 0.12g, slightly
lighter than it measured in the experiments. The contact coefficients such as Young’s modulus
and friction coefficient are also similar to the real airsoft bullet and hydrogel particle employed
in the experiments. For the contact between soft low-friction spheres, Young’s modulus was
set as 100kPa, and the friction coefficient of hydrogel particles µHGS−HGS as 0.02, which are
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consistent with the earlier study [88]. Young’s modulus was set at 50MPa and friction coefficient
0.6 for the contact between hard frictional spheres. Besides, ball bouncing experiments led
to a rough estimation of the restitution coefficient, for hydrogel spheres en = 0.5, and airsoft
bullets en = 0.3. The friction with the walls was set equal to the particle-particle friction i. e.
µASB−wall = µASB−ASB and µHGS−wall = µHGS−HGS.

The used sets of orifice widths were D = 11,12,13,14mm corresponding to aspect ratios
of D/d = 1.83,2.0,2.17,2.33. The simulation can replicate the clogging and intermittent flow
observed in the experiments within the same flow geometry. A simple procedure is implemented
to resolve clogs: the number of particles in the silo is compared every second with the number of
particles in the silo at the previous second, in case the difference is found to be zero, if the center
of a particle is located in the region of a half circle from the center of the orifice with a radius of
5mm, the particle in this vicinity of the orifice would be moved up with force of 0.0001N only in
vertical direction for 0.1s, imitating air flush. Simulations for each case are run for 4 times with
different random initial packing configurations.

3.3.1 Flow rate
Fig 3.13 displays systems containing only HGS, HGS with 5% ASB particles, and HGS with
10% ASB particles. Fig 3.13(b) is about the discharged mass with time changing, but removes
the period when the flow rate is zero. As noticed, the addition of even a small number of ASB
grains leads to a clear reduction of mass flow rate.

Figure 3.13: Discharge characteristics calculated numerically for D = 11mm, µHGS−ASB = 0.2. The top
graph shows the original data, the bottom graph presents the same data adjusted by trimming the phases
of stopped outflow. The image is reproduced from [82].

Fig 3.14 summarizes the mass flow dm
dt as a function of height h. The mean bed height h(t)
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is obtained by sampling ten equally sized vertical slices and locating the highest particle hk in
each of them, and then the value of h(t) is calculated as the average of that ten-slice set. We
assume the friction coefficient between the two kinds of particles as µHGS−ASB and apply this
parameter to varying compositions of systems in simulations. Take the case of one orifice size
D = 12 mm, Fig 3.14(a)-(c) illustrate outcomes corresponding to µHGS−ASB = 2.5µHGS−HGS,
µHGS−ASB = 10µHGS−HGS, µHGS−ASB = 15µHGS−HGS. First, the numerical model reproduces
that the mass flow rates of mixtures, and pure HGS particles decrease with the filling height
decreasing. Secondly, with the rise in the concentration of ASB particles, reflected by the impact
of friction coefficient µHGS−ASB in the system, the flow rates tend to be constant, resembling a
mass flow that is becoming less dependent on height.

Figure 3.14: Numerically calculated flow rate as a function of bed height for different mixture ratios and
an orifice size of D = 12 mm. The interspecies friction i.e. the friction between the ASB and the soft,
low-friction particles, reflected in µHGS−ASB, is different in the subfigures. The image is reproduced
from [82].

In addition, Fig 3.15 is obtained by flow rates changing with different orifice sizes. The flow
rates are averaged over various time intervals, each corresponding to different ranges of filling
height. As expected, we find that the mass flow rate increases with increasing orifice size and the
flow rate is linearly changing with orifice size, which is similar to the experimental results in the
front section. The friction coefficient between particles of different types strongly influences the
outflow rate, specifically, the flow rate is reduced with µHGS−ASB increasing.

Figure 3.15: Average flow rate in a small range of bed height (40 cm < h < 50 cm) as a function of
orifice size. In these numerical simulations, the inter-species friction is increased from the left figure to
the right µHGS−ASB = 0.05; 0.2; 0.3. The image is reproduced from [82].
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3.3.2 Structure of arches

Fig 3.16 presents the probability distribution p(δ t) with different compositions for comparison.
δ t is the statistical time interval between two consecutive particles passing through the orifice.
Similar to the experimental trend of the clogging statistics. The distribution shows a well-defined
peak at td ≈ 0.006 s, correspondingly the most probable vertical velocity of particles crossing

the orifice is vd ≈ 0.5 m·s−1, significantly larger than the free fall value
√

2gD
2 (D is the orifice

width). This indicates that the pressure gradient at the orifice in the up-down direction is an
important factor of affecting the outflow velocity. Moreover, it also suggests two consecutive
particles flow out within a vertical distance of D

2 on average.

Figure 3.16: Probability density of the elapsed time between two particles passing in log-log representa-
tion. In these numerical simulations, the inter-species friction was µHGS−ASB = 0.2, while the orifice
size was D = 12 mm. The inset shows the same data but in a smaller region with linear axes. The
image is reproduced from [82].

Then we practically define an infinite passing time over δ t = 1s: when δ t is above 1s, the
system is considered permanently clogged in a stable blocking arch. Fig 3.17 presents the
statistics of the occurrence of ASB spheres in the blocking arches. This shows the closest match
to the experimental results for all clogs with an inter-species friction µHGS−ASB. The fraction
of ASB particles forming arches is higher than their bulk fraction, indicated by the horizontal
dashed line. The increasing inter-species friction also enhances the occurrence of ASB spheres
considering all clogging states. Moreover, if we select arches composed of only two particles,
we find that in this case, the arches are always made up of two ASB spheres. Additionally,
increasing the inter-species friction decreases the occurrence of ASB particles in arches. The
increasing inter-species friction enables arches formed by a combination of one hard and one
soft sphere to be as probable as those formed by two hard particles.
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Figure 3.17: Statistics of the fraction of ASB spheres in the blocking arches in clogged states in numerical
simulations. The bars represent the mean fraction of ASB spheres in the arches compared to the bulk
concentration (dashed horizontal lines). At the right of the vertical dashed line, the clogs composed
of only 2 spheres are considered, while on the left all occurrences are included. Under each bar, the
percentage of ASB spheres in the silo and the orifice size are indicated. The inter-species friction
µHGS−ASB is shown. The white numbers indicate the number of events compiled in the column. The
image is reproduced from [82].

3.4 Discussion
In this chapter of the thesis, we discussed that an ensemble of soft, low-friction spheres with a
small percentage of hard frictional grains has obvious consequences of flowing through a narrow
orifice and clogging statistics in a quasi-2D silo.

The addition of a few percent of hard spheres restores the pressure-independent outflow
characteristics predicted by Beverloo’s equation. When increasing the concentration of ASB
grains, the systems show the characteristics of height independence of the flow rate in the
dynamics of hard granular materials, which can be explained by the lower importance of the
elasticity of HGS particles on the discharge rate. However, at a large filling height of the silo,
like 40cm height (pressure approximately 3kPa), the outflow rate is around 2.5 times larger
for the pure hydrogel sample than for the 90% hydrogel mixture. It can be explained that the
high pressure at the bottom can deform the soft grains and squeeze them out other than the low
friction of hydrogel resulting in velocity differences in samples with different concentrations of
hard particles.

On the other hand, the probability that a hard frictional particle is involved in the formation of
the blocking arch is twice as large as the probability for soft hydrogel spheres in the mixture.
This can be found both in experiments and simulations. Besides, in numerical simulations, the
inter-species friction has an impact on the outflow rate.

For further investigations of granular flow dynamics, it would be interesting to investigate the
evolution of the force chains and contact force network during the silo discharge.
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4 The effect of an obstacle on silo discharge

In chapter 2, we find that soft grain ensembles exhibit quite different characteristics in silo
discharge compared with hard particles. In that chapter, the temporary clogging or congestion
can be dissolved spontaneously. One of the reasonable assumptions is that particles might pass
through gaps of blocking arches above the orifice. An obstacle in front of the orifice can create
that kind of gap.

Hard particles can form permanent clogs when the outlet of a silo is smaller than a certain size,
which for spheres is approximately five times of sphere diameter [89, 90]. There are plenty of
studies focusing on reducing the probability of clogging, such as expanding the orifice size [35],
adjusting the number of outlets and distances between outlets [91, 92], or applying external
vibration [93]. Another effective method of decreasing the probability of clogging is to place an
obstacle inside the silo. The mechanics behind assume the reduction of pressure in the region of
arch formation [57, 58]. The packing fraction at the orifice decreases when putting an obstacle in
front of the outlet [94].

From another perspective, pedestrian motion in narrow passages at high population density
shows some similarities with granular dynamics [95], such as intermittent dynamics when passing
a bottleneck. Although all pedestrians have individual trajectories and destinations, their motion
is principally influenced by repulsive interactions with other individuals at high population
densities. This can lead to self-organized dynamics [96]. At very high density, pedestrians can
organize in lanes, similar to segregation in granular media [97]. The behavior of pedestrians
passing bottlenecks such as corridors or doors is in some respect analogous to granular flow in
an hourglass [98]. Density is used as a critical parameter, closely related to pedestrian dynamics,
but kinetic stress, i. e. the product of packing density and velocity fluctuations, is considered as
another decisive factor leading to velocity changes towards the bottleneck [99]. If pedestrians
stay in a confined, not too wide space, the density at a bottleneck will surprisingly reduce [100].
If there is an obstacle in front of the door, it can help alleviate the pressure in the area near the
exit and decrease the probability of blocking the passage [101, 102]. However, an obstacle does
not necessarily alter the pedestrian flow rate [103].

Soft granular materials combine the features of hard granular matter (such as clogging) and
animate objects (such as deformability but incompressibility and high density of compaction).
For hard granular material or pedestrians, an obstacle in front of the outlet has a more or less
positive effect on outflow dynamics. So in this chapter, we explore the effect of an obstacle
placed in front of a container outlet for soft, low-frictional hydrogel spheres and extract flow
fields, local packing fraction, and the distribution of kinetic stress related to pressure in the
vicinity of the outlet.

4.1 Experiments

The setup is the same as we used in chapter 2 and chapter 3. A setup sketch is shown in Fig
4.1. The obstacle is realized by a flat cylindrical magnet of 25mm diameter and 3mm thickness
which is suspended inside the bin. It is held in place by a second magnet outside the bin. In
this way, we avoid a suspension wire inside the silo but still keep the opportunity to change the
obstacle position straightforwardly. The magnets are set above the center of the orifice. The
height is defined by H labeled in Fig 4.1(b) describing the geometry near the obstacle with an
outlet of the silo. D0 is the diameter of the circular obstacle, d is the diameter of the spherical
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(a)

(b)

(d)

(e)(c)

camera 1
(front low)

camera 2
(behind high)

Figure 4.1: Sketch of the experimental setup. Two cameras in front of the setup capture the discharge
process. Camera 2, sketched on the right, monitors the height change during the discharge with 60fps,
and (d) shows one typical frame. Camera 1 is placed closer to the container and at a lower height
to record a detailed view of the region near the outlet, (e) is a typical frame recorded with the faster
camera 1. The white rectangle sketches the 768 × 512 pixel2 area of interest, cropped from the original
1920×1080 pixel2 frame. (b) sketches the geometry near the obstacle above the orifice. (c) shows
the particles: the top ones are hydrogel spheres (HGS) with 7mm diameter, and below are the airsoft
bullets (ASB) with 6mm diameter. Scale bars are 10mm. The image is reproduced from [104].

particles, and D is the width of the orifice in the silo. H is the height position of the obstacle.
The width of the gaps between the obstacle and the edges of the orifice is given by

H ′ = ρ
′d =

√
H2 +

(
D
2

)2

− D0

2
. (4.1)

The process of silo discharge is recorded by two commercial cameras, see Fig 4.1(a). The front
camera (XiaoYi 4K+ Action) focuses on the bottom area around the obstacle and captures videos
with a frame rate of 120fps with a spatial resolution of 0.2mm per pixel. The second camera
(Canon EOS 600D) is placed behind and above the front one and captures videos with a frame
rate of 60fps to monitor the height changes in the silo during discharge. The white rectangle area
will be the field of interest in our work.

The HGS particles used in this chapter are from a different manufacturer. The mean diameter
of these HGS is 7mm, which varies by approximately 3%, and the elastic modulus of the particles
is roughly 30kPa. In comparison, we used the same airsoft bullets(ASB) of d = 6mm diameter
and a friction coefficient of approximately 0.3. The experimental parameters are listed in Tab
4.1.
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4.2 Methods and results
The optimal way to extract the information on the outflow dynamics is to perform an instance
segmentation of consecutive images of the particles in a silo, i. e. to find the shape of the region
occupied by each particle. The positions of particles (their respective region centers) can then
be tracked in time and assembled into trajectories, provided that the frame rate is sufficiently
high and particles can only move in a short distance in two consecutive frames. Furthermore,
the particle regions can provide additional information, e. g., the pressure field [105]. The Mask
R-CNN artificial neural network is employed for instance segmentation in this study. This type
of network is used in multiple applications where detection accuracy is required, especially for
particles with complex shapes [106, 107]. For building up the training dataset, approximately
30 frames were manually annotated. Each frame contains 300 to 400 particles. Then the neural
network of Mask R-CNN pre-trained on MS COCO image dataset [108] is trained by around
100 epochs on the augmented images.

As expected, even with a relatively small amount of training data, Mask R-CNN is good at
detecting hard and soft round particles, shown in Fig. 4.2. This is due to the relative simplicity
of the frames, where clear borders between the objects are present. The background is clean and
the image contains only a low amount of visual noise.

4.2.1 Velocity
As all particles within every frame have been identified using a trained Mask R-CNN network, we
utilize the Python trackpy package [109] to label and track all particles. From the trajectories of
particles appearing in the image sequences, the displacement of each particle between successive
frames can be determined. The time interval between the frames is the reciprocal 1

f of the frame
rate f . The velocity of particle i at position x⃗i(t) is given by the equation of motion

v⃗i(t) =
d⃗xi(t)

dt
(4.2)

Fig 4.3 shows trajectories of 12 selected particles as examples. White circle markers correspond
to the initial positions of these particles. The colored lines are their paths toward the orifice of
the silo. The main consequence of an obstacle in the global outflow dynamics is shown in Fig

Material Orifice width W ρ ρ ′ Height H
HGS 14 mm 2.0 0.9 17.5 mm
HGS 14 mm 2.0 2.3 27.5 mm
HGS 14 mm 2.0 3.7 37.5 mm
HGS 14 mm 2.0 - -
HGS 21 mm 3.0 1.1 17.5 mm
HGS 21 mm 3.0 2.4 27.5 mm
HGS 21 mm 3.0 3.8 37.5 mm
HGS 21 mm 3.0 - -
ASB 35 mm 5.8 4.8 37.5 mm
ASB 35 mm 5.8 - -

Table 4.1: Experimental conditions: Materials, orifice widths W , ratio ρ = W/d, ratio ρ ′ = H ′/d and
height H (H is the distance from the bottom edge of the obstacle to the orifice). Note: H ′ is the gap
width
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(a) (b)

Figure 4.2: Examples of automatic particle detection by our MASK R-CNN trained model: Detection of
(a) all soft particles, and (b) all hard particles in typical frames, by the same network. The image is
reproduced from [104].
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Figure 4.3: Trajectories of selected HGS particles. The image is reproduced from [104].
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4.4. It compares the mass discharge rate of silos with two different orifice widths W and different
heights H. All silos start with closely the same initial masses of about 1.5kg (60cm filling height).
It is seen that placing an obstacle in front of the orifice has significant consequences when it
is placed closer to the orifice. Two effects have to be considered: First, when the gap width ρ ′

becomes small enough, it forms a bottleneck for the discharge. Second, for the soft grains, a
lower pressure near the orifice retards the discharge and leads to clogging at the orifice. When
the obstacle is close enough, directly above the orifice, the pressure below the obstacle is reduced
and the behavior of particles tends to be like rigid particles, thus discharging more slowly and
clogging often. The silo does not empty in the end. This is indicated by Fig 4.4 at different
plateau levels in the graph. Here, 100g material corresponds to an average filling height of 4cm.
Note that the experiments are stopped when clogs last for more than 30s.

(a) (b)

Figure 4.4: (a) HGS Mass remaining in the silo with (a) W = 14mm and (b) W = 21mm orifice widths.
Some graphs reach plateaus when the silo discharge stops before it is emptied. Initially, the silos are
filled to a height of approximately 60cm. The image is reproduced from [104].

At the lowest position, where ρ
′
is around 1 (or even lower than the original particle diameter),

the outflow still goes on as long as the filling height is sufficient. The pressure squeezes the
particles through the gaps even when ρ

′
< 1. This is remarkable because when ρ is well below 2

in a silo without obstacles, clogging would be set much earlier at the bottom. In the presence of
the obstacle near the orifice, when the silo is partially empty where the pressure at the bottom
drops, particles get clogged at the lateral gaps, and the area below the orifice is then free of
material, see Fig 4.5(a),(b). When the obstacle is placed further away from the orifice, and ρ ′ is
comparable to or larger than ρ , it can be seen in Fig 4.5(c) that the nearly spherical appearance
of HGS below the obstacle is exposed to small forces only, in contrast to the particles at orifice
left and right sides of the outlet.

Fig 4.6(a) and (b) show the velocity field for soft HGS in the region near the orifices of
different widths, in the case of the obstacle at a fixed height of H = 37.5mm (ρ ′ ≈ 3.7). For
comparison, Fig 4.6(c) shows the velocity field of an ensemble of hard ASB, with a much wider
orifice width. We can observe triangular areas at both bottom corners, where the hard frictional
ASB particles hardly move. Directly above the obstacle, particles slow down and almost come
to rest. It is impossible to directly compare the hard and soft sphere experiments because of
the different orifice sizes. When hard grains are observed with smaller orifice widths, there is
no continuous flow because of frequent clogging. When soft grains are observed with larger
orifice sizes, the packing fraction is no longer uniform. Empty holes are formed and propagate
upward while particles are in free fall in these regions. The reduced flow rate for soft grains
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46 4.2 Methods and results

Figure 4.5: Long lasting (or possibly permanent) clogged states of HGS in presence of an obstacle above
the orifice, (a) D = 14mm (ρ = 2), H = 17.5mm (ρ ′ = 0.9), (b) D = 21mm (ρ = 3), D = 17.5mm
(ρ ′ = 1.1), and (c) D = 14mm (ρ = 2), D = 27.5mm (ρ ′ = 2.3). The image is reproduced from [104].

near the obstacle, compared to hard grains, can be attributed to the narrower orifice that acts as
a bottleneck for the outflow. Since the orifice width D is much larger for ASB, the bottleneck
effect is much less pronounced.

Fig 4.7 shows the velocity field in the silo with orifice D = 2d = 14mm and the obstacle at
different heights above the orifice. Compared with the case of no obstacle shown in Fig 4.7(d),
the velocities near the orifice are systematically lower with an obstacle. When the obstacle height
reaches 37.5mm (Fig 4.7(c), ρ ′ ≈3.7), the velocity directly above the orifice has practically
reached the same value no matter if there is an obstacle present or not. With obstacles, the flow
profile is broadened and extends more toward the side walls. Fig 4.8 presents the velocity map in
the silo with orifice D = 21mm (D = 3d) and the obstacle placed at different heights. In general,
when the orifice is wider (by one particle diameter, as shown in Fig 4.7), particles can flow out
more smoothly, leading to a maximum velocity. Even at the lowest obstacle height of 17.5mm,
the outflow through a larger orifice is faster because of the slightly larger gap width ρ

′
(compare

Fig 4.7(a) and Fig 4.8(a)).
The mean vertical velocity of particles leaving the silo is plotted in Fig 4.9. It demonstrates
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Figure 4.6: Velocity fields in a silo with an obstacle at height H = 37.5mm. (a) HGS, orifice width
W = 14mm, (b) HGS, D = 21mm, (c) ASB D = 35mm (D ≈ 5.8d). The velocity fields are averaged
over a time when the silo empties from half to quarter filling. Color bars represent the velocity in units
of cm/s. The image is reproduced from [104].
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Figure 4.7: Velocity fields of HGS in the silo at D = 14mm orifice width with an obstacle at height of (a)
H = 17.5mm, (b) H = 27.5mm and (c) H = 37.5mm. (d) shows the velocity field in the absence of
an obstacle. The velocities are time averaged over time where the silo discharges from half-filled to
quarter-filled. Color bars indicate the velocities (in units of cm/s). The image is reproduced from [104].
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Figure 4.8: Velocity fields of HGS in the silo at D = 21mm orifice width with an obstacle at height of (a)
H = 17.5mm, (b) H = 27.5mm and (c) H = 37.5mm. (d) shows the velocity field in the absence of
an obstacle. The velocities are time averaged over time when the silo discharges from half-filled to
quarter-filled. Color bars indicate the velocities (in units of cm/s). The image is reproduced from [104].
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that the outflow rates are the same with different orifice sizes when the obstacle is in the highest
position (ρ ′ ≈ 3.7) above the orifice. In the case of lower positions of the obstacle, the outflow
velocity of the soft grains is affected significantly, especially for the obstacle height of 27.5mm
where the gap width ρ ′ of the two other orifice sizes is still larger than the orifice at the bottom.
The primary cause for the reduced outflow velocity is a lower pressure on the spheres.

Figure 4.9: Time-averaged velocity of particles leaving the orifice in the center (±6mm). The rightmost
symbols were measured in the absence of an obstacle. The image is reproduced from [104].

4.2.2 Escape time
The escape time map measures the expected time for a particle initially positioned in a location
(x,y) to reach the orifice. We restrict the period between half and quarter filling of the container
while the view captures focus in the region of the bottom of the silo (see white rectangle in Fig
4.1(e)). We distinguish 2 types of grains: those that reach the orifice in the evaluation period
and others that do not. For the former ones, it is straightforward to construct an escape time
map, because their initial position and the time until the particle exits the container can be
directly measured. However, if only these particles were considered, the number of particles
contributing to an average escape time decreases with increasing distance to the outlet, increasing
the statistical error. Thus, we adopt a two-step procedure to calculate the full escape time map.

First, we augment the particle trajectories with additional information: We first retrieve
information from each trajectory of particles: the time until the end of the trajectory, the distance
to the midpoint of the orifice, the distance of the trajectory, and the time of the last point of
the trajectory. Then, we sort out particles that reach the orifice. Here, the escape time at each
point for particles is immediately known by counting the frames of each trajectory. For the other
particles that don’t reach the orifice during that time, we calculate an expected evacuation time
based on the statistics of the previous data: we define a small range of distances for searching
particles reaching the orifice that is close to the ending points (xe,ye) of these particles not
reaching the orifice. The extended time is averaged from those particles reaching the orifice,
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50 4.2 Methods and results

Figure 4.10: Flowchart for the calculation of the escape time. The image is reproduced from [104].

giving a value te(xe,ye). To obtain the completed time for those particles not reaching the exit,
we add te to the duration of trajectories of those particles not reaching the exit. The flowchart of
this calculation is shown in Fig 4.10.

The spatial distribution of escape times can be a decisive parameter in silo discharge. Averaged
escape times of particles in a given starting position are presented in Fig 4.11 for different orifice
widths and materials at a fixed obstacle position. In Fig 4.11(c), the two bottom corners in red
indicate the transition to the stagnant zones of hard particles. In all cases, the escape times of
particles starting behind the obstacle are retarded concerning particles at the same height above
the obstacle. To be noted, the retardation is much more pronounced for the hard grains (see in
Fig 4.11(c)) than for the soft grains (see in Fig 4.11(a),(b)).

Fig 4.12 and Fig 4.13 visualize the influence of the obstacle position. Compared to the
situation without an obstacle shown in subfigure (d), the obstacle in the highest position (c)
supports a faster escape of particles at the two sides, by blocking the central downflow. It thus
leads to smaller escape time gradients along the width of the silo. It can be speculated that this
effect of smoothing out the distribution of the escape time by a relative distance from the obstacle
could be beneficial for the escape dynamics: even if the average escape time does not decrease
in the presence of the obstacle, there are no particular ‘danger zones’ from which they would
not escape in time, even if their initial distance to the orifice is similar to the others. However,
placing the obstacle near the orifice leads to an overall increase in the escape time (note the
different scales in Fig 4.12 and Fig 4.13).
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Figure 4.11: Distribution of escape times in a silo with an obstacle at a height of 37.5 mm. (a) HGS with
D = 14mm, (b) HGS with D = 21mm, (c) ASB with D = 35mm. Escape times were averaged over the
period where the silo emptied from half to quarter filling. The color bars give time in seconds. The
image is reproduced from [104].
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Figure 4.12: Distribution of escape times of HGS in the silo of D = 14mm orifice width with an obstacle
at heights of (a) H = 17.5mm, (b) 27.5mm, and (c) 37.5mm. (d) shows the escape times when the
obstacle is absent. The escape times are averaged over the period where the silo was emptied from
one-half to one-quarter. The color bar gives the time in seconds. The image is reproduced from [104].
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Figure 4.13: Distribution of escape times of HGS in the silo of D = 21mm orifice width with an obstacle
at heights of (a) H = 17.5mm, (b) 27.5mm, and (c) 37.5mm. (d) shows the escape times when the
obstacle is absent. The escape times are averaged over the period where the silo was emptied from
one-half to one-quarter. The color bar gives the time in seconds. The image is reproduced from [104].
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4.2.3 Local packing fraction
The method of Voronoi diagrams [110] has been adopted to quantify the local packing fraction of
soft particles. In our case, we have determined the centers of each particle in each frame shown
in Fig 4.14(a) as seeds. Voronoi cells are calculated correspondingly as shown in Fig 4.14(b).
Since the depth of the silo is fixed, given by the diameter d of particles, the Voronoi cell volume
is defined as the area of a Voronoi cell AV multiplied by the silo depth W . The volume of each
particle is πd3

6 . Then, the local 3D packing fraction in the cell is given by

φ =
6AV

πd2 . (4.3)

(a) (b)

Figure 4.14: (a) location of centers of each particle in one frame randomly selected. (b) Voronoi cell for
each particle in the corresponding frame. The image is reproduced from [104].

Local packing fractions are shown in Fig 4.15 for a fixed obstacle height of 37.5mm. In all
these plots, the packing fraction appears to be reduced in the first bottom layer. Indeed, the
packing fraction at the borders decreases continuously toward the walls because the first layer
leaves gaps at the bottom, see Fig 4.16. Also because our bottom boundary is flat and the Voronoi
cells at the bottom are mostly pentagons instead of hexagons, enlarging the areas of Voronoi
cells is unavoidable even if the particles at the bottom suffer a lot of deformation. Because the
soft spheres can be deformed to a more or less hexagonal cross-section in the cell plane, their
local packing can be much more efficient than that of the ASB. This causes the denser packing
in Fig 4.15(a), (b). Towards the opening of the silo, a crescent-shaped zone of reduced packing
fraction is seen in all figures.

Figs 4.16 and 4.17 present the local packing fractions in the silos with 14mm and 21mm
orifice width, respectively. The packing of the region directly above the orifice is nearly identical
whether there is an obstacle at a height of H = 37.5mm or there isn’t an obstacle. However,
when the obstacle is placed at lower heights, it influences the packing fraction above the orifice.
Together with the reduced pressure above the orifice, this leads to lower discharge rates(seen in
Fig 4.3 and 4.4). Note that the packing fraction in the whole container increases systematically
when the obstacle is placed very close to the orifice.
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Figure 4.15: Local 3D packing fractions of HGS for (a) D = 14mm and (b) D = 21mm. (c) local packing
fraction of ASB at W = 35mm. The obstacle is at height H = 37.5mm. Data is time averaged over a
period from half-filled to quarter-filled silo. The image is reproduced from [104].
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Figure 4.16: Zoomed bottom layer of HGS for D = 14mm and H = 37.5mm. The image is reproduced
from [104].
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Figure 4.17: Local packing fractions of HGS in the silo of D = 14mm orifice with the obstacles at
heights (a) 17.5mm (b) 27.5mm and (c) 37.5mm, (d) shows the situation without obstacle. Packing is
averaged over a discharge period from the half-filled to the quarter-filled silo. The image is reproduced
from [104].
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Figure 4.18: Local packing fractions of HGS in the silo of D = 21mm orifice with the obstacles at
heights (a) 17.5mm (b) 27.5mm and (c) 37.5mm, (d) shows the situation without obstacle. Packing is
averaged over a discharge period from the half-filled to the quarter-filled silo. The image is reproduced
from [104].

4.2.4 Kinetic stress
The decrease of the local packing fraction near the orifice with the presence of the obstacle leads
to the question of whether an obstacle induces a reduction in the magnitude of pressure at the
bottom and stress between the particles. With the present setup, we are unable to measure the
pressure directly. But we can observe a clear pressure reduction below the obstacle: the particle
shapes are rather spherical, indicating little or no external stress.

Previous studies [111–113] use the kinetic stress as a meaningful measurement of the transient
“crowd pressure” in the dense flow, which can be directly extracted from the particle trajectories
and packing fractions. It is attributed to the stress tensor related to the local averaged fluctuation
in the velocity and the local packing fraction. We deal with the dense flow in our experiments,
but we can’t get enough information from the experiments of instant stresses on each particle.
Thus, traditional transient kinetic stress is not practical in our case. Instead, a time-averaged
kinetic stress σk at position x was computed by

σk(x) = φ(x, t) · [v(x, t)−U(x)]2 (4.4)

where the second factor represents the variance of the velocity, and U(x) is the local time-
averaged velocity. Time averaging is performed over a period where the flow can be considered
quasi-stationary. Since the first factor is constant in time, averaging over several frames was
simply used to minimize the statistical error. In our case, fluctuations of the particle velocities can
reflect collisions between particles especially near the orifice because of less density. However,
in denser regions, the fluctuations usually result from dynamic rearrangements in the packing.

In Fig 4.19, immediately below the obstacle, the kinetic stress of soft particles is not as strong
as for the hard grains. The lower kinetic stress is in the regions towards the bottom corners due
to the lack of particle motion. The kinetic stress is lowered for both types of material directly
above the obstacle where the flow is nearly stopped.
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Figure 4.19: Kinetic stress of HGS in the silo with the obstacle at height 37.5mm for (a) D = 14mm and
(b) D = 21mm orifice width. (c) Same for ASB at D = 35mm orifice width. Data are averaged over the
discharge from one-half to one-quarter filling. Color bars give the kinetic stress in (cm/s)2. The image
is reproduced from [104].
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Figure 4.20: Kinetic stress distribution of HGS in a silo with fixed D = 14mm orifice width and an
obstacle at heights (a) H = 17.5mm, (b) HGS and H = 27.5mm, and (c) HGS and H = 37.5mm. (d)
shows the situation without obstacles. The kinetic stress is time averaged over the discharge from the
half-filled to the quarter-filled silo, units are (cm/s)2. The image is reproduced from [104].

In all cases analyzed in the study, the kinetic stress is largest in the vicinity of the orifice.
Packing densities are very low here, and velocity fluctuations resulting from the actual outflow
velocities of individual particles are affected by collisions and by their dynamics upon leaving
more dense regions. The magnitude of kinetic stress increases with increasing discharge rate
when the obstacle is placed in a higher position(see Fig 4.20(c) and Fig 4.21(c)) or when the
orifice size is increased (see Fig 4.19(a) and (b)). The local packing fraction is lowest there (Fig
4.15). Thus, the data reflect mainly the second factor of velocity fluctuations in Equation 4.4.
Also in Fig 4.20 and 4.21, the gradient of the kinetic stress distribution resembles that of the
distribution of escape time but points in the opposite direction.
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Figure 4.21: Kinetic stress distribution of HGS in a silo with fixed D = 21mm orifice width and an
obstacle at heights (a) H = 17.5mm, (b) HGS and H = 27.5mm, and (c) HGS and H = 37.5mm. (d)
shows the situation without obstacles. The kinetic stress is time averaged over the discharge from the
half-filled to the quarter-filled silo, units are (cm/s)2. The image is reproduced from [104].

4.3 Discussions
In this chapter of the thesis, we discussed the effect of an obstacle in front of the orifice on
the silo discharge of elastic frictionless spheres. It has been systematically analyzed regarding
principle effects on velocities, escape times, granular packing fractions, and kinetic stresses.
First, no ’faster-is-slower’ effect of obstacles is observed in this study. In contrast, an obstacle
slows down the velocities of particles to flow out because the pressure surrounding the obstacle
near the orifice is reduced compared with the bottom orifice region without the obstacle. When
the obstacle is close enough to the orifice, it reduces the discharge rate of the particles. Besides,
the obstacle can induce clogging where it would not occur in the absence of an obstacle. 2 effects
can lead to clogging when the obstacle is present: first, when the gaps between the obstacle
borders and the edges of the orifice become smaller than the orifice width, clogs can form in
these gaps, blocking the outflow completely. However, if just one of the gaps is blocked, the clog
may resolve when the outflow continues going through the opposite gap. Thus, in these cases,
one can always find long-persistent but non-permanent clogs (lasting at least several seconds or
even longer). Second, if the gap between the obstacle and outlet edge is larger than the orifice
width D and D = 2d, clogs are found at the orifice even though they might not be expected
without an obstacle. The obstacle screens the particles below, at least partially, which can be
seen in Fig 4.5. HGS particles below the obstacle appear nearly circular while they are squeezed
to near hexagons in the regions above the obstacle. This reflects the idea in previous chapters
that the discharge of soft elastic grains is pressure-dependent. Interestingly, one minor effect is
observed that the particles at corners possibly flow out because the escape time in the region at
corners near the bottom deduces when the center of an obstacle is placed at about 4 times the
diameter of the particle higher than the orifice.
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5 Detection of the shear zones in soft grain
beds with an MRI method

The behavior resulting from the shear stress of granular matter is different from the liquid. The
shear in Newtonian fluids is uniformly distributed. However, granular matter develops shear
bands. The geometry of shear bands depends on the granular properties. Thus, it would be
interesting to characterize the grain displacements inside a sheared granular bed because it tends
to reduce the packing fraction in shear zones, which is described by Reynolds [114]. To obtain
the complete displacement profile by locating the positions of the particles when shearing the
sample, a tomographic imaging method plus a method of labeling particles in the sample can
be applied. For transparent material, one can use optical fluorescence, which is affordable and
simpler, imaging with a laser sheet [115, 116]. The material has to be submersed in a refractive
index matching fluid, and this may influence the bulk shear characteristics. Another imaging
technique is X-ray Computed Tomography (CT). Scanners are available with different spatial
resolutions from micrometer sizes to centimeters [68,117,118]. Even if one chooses tracers with
the same size as the background material, because of different X-ray absorption, one usually has
to deal with tracers of different densities and sedimentation may become an issue. A possible
solution can be finding hollow particles as tracers with the same weight and outer diameter in
a granular bed. An alternative method is Magnetic Resonance Imaging (MRI). MRI is a non-
invasive tomographic imaging technique. It allows tracers for nuclear magnetization detection in
a granular bed with the same physical properties. This can be achieved either by solid particles
immersed in MRI-visible fluid or by doping an amount of MRI-visible tracers as in the following
experiments of this chapter. Since soft grains in our study are moisture-containing liquids, we
applied an MRI technique to detect the inner structure of a granular bed. To be mentioned,
real-time imaging tomography is impossible because MRI takes time to receive signals during
scanning and reconstructing the tomogram.

In this chapter, we start the rheology study of soft grains by analyzing displacements of grains
in the shear cell and introduce an MRI technique [119–121] to detect the geometry of shear
zones of soft granular materials. The time to record one tomogram is about one minute. During
the data acquisition, the granular ensemble has to be at rest. Thus, the sample is sheared step by
step, and MRI tomographs are recorded at each step in the static sample. The shear rate can be
considered to be almost zero, based on the inertial number I introduced in Chapter 1. The flow
regime can be thought of as quasi-static flow.

5.1 Introduction of MRI technology

In this section, we first introduce the principle of MRI technology. Protons and neutrons in
atomic nuclei have their spins. The magnetization of nuclei is from the spin of nuclei and the
spin of nuclei is from the superposition of angular momentum of protons and neutrons in the
nuclei. The nucleus 1H is studied in the greatest number of MRI papers because the nucleus 1H
has only one proton with high natural abundance and high resonance frequency. The tomography
for 1H is mostly done in the phase of liquid. However, the liquid material is magnetically neutral
because of the random orientations of the protons in the material. When the liquid material is
exposed to an external magnetic field B0, the protons precess around the field. The precession
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frequency f can be described by the Larmor equation,

f =
γB0

2π
(5.1)

γ is the gyromagnetic ratio which is one of the properties of a specific nucleus or element. The
frequency of spins depends on the strength of the external magnetic field. In a macroscopic body,
consider a small enough volume element with volume V containing a large number of protons,
magnetization M is introduced to describe the local magnetic moment per unit volume. For a
clear description of macroscopic magnetization, if the liquid material is of two million spins,
about 999999 with high energy precess opposite to the field direction, about 1000001 with low
energy precess towards the field. So the macroscopic magnetization M is normally towards the
direction of the external magnetic field and can be modeled by the Bloch equation,

Mx = |M|sinαcos(2π f t) (5.2)
My = |M|sinαsin(2π f t) (5.3)
Mz = |M|cosα (5.4)

α is the angle between the magnetization and the direction of the external magnetic field. The
parallel or “longitudinal” component of the magnetization is M⃗∥ = Mz⃗z and the transverse
component M⃗⊥ = Mx⃗x+My⃗y.

The magnetization can be disrupted by using an external radio frequency(RF) pulse. Then the
protons, which absorb the energy, are knocked down into an alternate plane and precess together
in phase, which changes the longitudinal magnetization. The knocking-down angle depends on
the strength and duration of the RF pulse. After the temporary excitation, the protons recover to
their original state of orientation with the magnetic field.

Specifically, the spin echo sequence includes two RF pulses: a π

2 -pulse followed by a π-pulse.
First, the magnetization of a sample is flipped immediately by the first pulse and the longitudinal
magnetization M∥ is eliminated, and the transverse magnetization M⊥ is generated with the
protons’ precession synchronizing. After the first pulse, the longitudinal magnetization increases,
and the transverse magnetization decreases, the component magnetization vector would involve
a spiral curve. During this recovery process, an electrical signal is induced which is called
Free Induction Decay (FID). The time when the subsequent regrowth of M∥ reaches 63% (M∥)0,
which is the longitudinal magnetization before the RF pulse or the initial magnetization, is T1
and this process is called T1 relaxation. At the same time, the transverse magnetization decays
from maximum after the RF pulse because the spins become dephased given variable local fields,
which are combined with the applied field and the fields of their neighbors. The time when the
decreasing of M⊥ approaches 37% (M⊥)max, which is the maximum transverse magnetization
after the RF pulse, is T2 and this process is called T2 relaxation. T1 is longer than T2 and T1, T2
depend upon material and environment.

So far, we only give a π

2 -pulse once and receive the FID signal which decays rapidly. The
external magnetic field can often be inhomogeneous. So the protons do not precess at the same
frequency and after the RF pulse, they produce additional suppression of the FID signal, which
is called T ∗

2 effect. The decay time T ∗
2 represents a combination of external field-induced and

thermodynamic effects. To refocus the precessions, a second RF signal of a π- pulse is followed
at time τ . The spins are flipped by angle π to the opposite way instantly. After another time
τ , an echo signal would be received. The duration from the decayed signal till the consecutive
echo signal received is called the echo time defined by TE = 2τ . Multiple π-pulse after a single
π

2 -pulse would be applied until the signal dies out. The spin-echo RF sequence is repeated after
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Figure 5.1: A sketch map of spin-echo RF. A π

2 -pulse is applied at t=0 and a π-pulse at t=τ to invert the
phase from the result of different spins. The spins rephase then, producing an echo. The signal strength
is limited by the T2 envelope at the echo time TE=2τ . After multiple π-pulses until the signal dies out,
another excitation from the second π

2 -pulse is applied at repeated time TR.

time TR for another excitation from the π

2 -pulse in the last spin-echo RF. The time TR is called
repetition time. However, this is a way to measure the T2 relaxation time and T ∗

2 decay time. The
progress is sketched in Fig 5.1.

Next, to obtain reconstructed tomography from the signals, the fundamentals are field gradients
to locate spins at a certain position by their frequencies. A linear gradient in the magnetic field,
denoted as G⃗′, modifies the local Larmor frequency fL (see Eq. 5.1) to:

fL =
γ

2π
(B0 + G⃗′ · r⃗) (5.5)

The frequencies along one coordinate can be used to infer the locations of spins. To obtain a
3D resolution of the tomography, the position information is encoded sequentially with three
orthogonal gradients. In summary, magnetic field gradients can detect locations of spins and
produce gradient echoes in the signal. References [121–127] contain more information on
orthogonal field gradients for 3D imaging and reconstruction.

CuSO4 solution has been achieved as MRI-visible fluid helping reduce the longitudinal
relaxation time T1 substantially [128], which can produce a strong MRI signal further because
the FID signal can be reproduced more times in the same time set. In our MRI scanning, the
repetition time TR is set to 7.5ms, and the echo time TE is set to 3.2ms. The recording of a single
tomography lasts around 1∼2min.

5.2 Experiments
In this section, we calibrate the shear zone in the bulk of soft particles. As we discussed in
the Introduction chapter about different geometries for shear of granular materials, two basic
geometries are generally studied: linear shear cells and rotating shear cells. The linear shear
shear limits the displacement of granular materials and is applicable for oscillatory shear [129].
In continuous shear experiments, plate-plate or cone-plate geometries in closed rotating plates
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are suitable for the shear rate dependence of the material [130, 131]. To investigate shear zones
in transient and asymptotic states, a split-bottom cylinder shear cell, which has been proved
reasonable [29,30,132], is used in the scanning. The dimension of this shear cell should be fitted
to be placed in the MRI scanner. Fig 5.2 is a sketch of the shear cell in our experiments. The
diameter of the outer plate (as a fixed bottom plate in Fig 5.2) is 150mm and the cell can be filled
up to 80mm. It is manufactured from acrylic glass which is invisible for MRI. The inner disk can
be rotated by hand from the top through the rod that connects to the bottom disk. The rotation
speed can not be specifically controlled. It is of the order of ≈ 30◦/s and not faster than it. The
shear rate is considered almost zero to be in the regime of quasi-static flow which is justified by
the inertia number I (see Equation 1.2).

The rotation angle is measured by a goniometer fixed on the top sealed cover of the shear cell.
In addition, two holes are drilled at the edge of the inner disk and filled with marker liquid to
serve as MRI-visible tracers to retrieve the position and rotation state of the container from the
MRI tomograms. The inner diameter of the container is D0 = 2R0 = 150mm and the diameter of
the rotating plate is Ds = 2Rs = 95mm.

The MRI scanner used is a 3 Tesla Siemens MAGNETOM Skyra in the STIMULATE
Forschungscampus Magdeburg with a 70cm bore inside and a short magnet. The tomograms
have a voxel resolution of 0.75×0.75×0.7mm3. Recording a single tomogram takes about 1
minute since the setup is static during the recording. The acquisition time τ is in the range of a
few milliseconds(ms), which is very short compared to the transversal relaxation time T2 > 1s of
pure water. T1 of water is about 3s.

Figure 5.2: Sketch of the experimental setup: Grey parts are fixed in the MRI scanner, while the bottom
disk and central rod sketched in light blue can be rotated about a vertical axis by well-defined steps.
The granular material in the outer parts remains static and fixed to the outer container, while in the axial
part, it rotates with the bottom disk. The bottom surface was roughened to prevent the first layer from
sliding relative to the borders. The dashed lines sketch the boundaries of the shear zone. The image is
reproduced from [133].

The soft, low-frictional material used in this chapter is hydrogel spheres. Two sizes of hydrogel
spheres are used, small ones (mean diameter 2.5mm, mean weight 8mg) and large ones (mean

64



65

diameter 6.5mm, mean weight 180mg). The dry powder of the small HGS was received from
JRM Chemical, Cleveland, USA in a polydisperse mixture with diameters from a few micrometers
to about 0.5mm. The dry grains were sieved to obtain a narrow size distribution between 0.3mm
and 0.355mm. After swelling in distilled water, the grains reached diameters between 2mm
and 3mm. In the case of large ones, the dry particles were obtained from Happy Store, Nanjing,
China, which is the same material as that used in Chapter 2. They were swollen in NaCl solution.
The final diameter of hydrogel is around 6.5mm under a 3.8g/L salt concentration. The diameter
of particles after swelling is with a variance of about 5%.

The swollen hydrogel spheres contain water and can emit a 1H MR signal during MRI scanning.
However, because of the fast repeating rate of scans, the recovery of the nuclear magnetization
between subsequent scans is small and the signal is weak due to long T1. Since we want to
keep the experiment time short and strengthen the signals and brightness of tomograms, we use
specially prepared tracers. The tracers are hydrogel articles that are swollen with an 8mMol
aqueous solution CuSO4 and the same NaCl concentration to control the same swollen size. The
copper sulfate reduces the longitudinal relaxation time T1 of nuclear magnetization by a value of
10% [128]. On average, our ensembles consist of approximately 30% doped hydrogel spheres
(mean diameter 6.5mm), and 50% doped hydrogel spheres (mean diameter 2.5mm), each used
individually. After particles were put into the shear cell, the samples were stirred to some extent
to achieve a good distribution.

Figure 5.3: Left: Horizontal slice of the tomogram of a four-compartment cylindrical plastic container
(50 mm inner diameter) with large (6.5 mm) hydrogel spheres. The top sector is empty. The left sector
contains non-doped spheres, swollen in NaCl solution. The bottom sector contains spheres doped with
copper sulfate, and the right sector is filled with the same spheres submerged in distilled water. Middle:
strongly contrast-enhanced image of the same slice, which also shows the signal from non-doped HGS
(in the left sector). Right: Same sample but doped in CuSO4 for 5 months. The CuSO4 doped spheres
are now completely visible, they appear as solid spheres in the tomograms, not as shells. The image is
reproduced from [133].

Fig 5.3 shows a slice of a test tomogram recorded with large hydrogel grains. The view
is a horizontal cross-section of a cylindrical container with 4 compartments. The sector on
the left is filled with 6.5mm HGS swollen in NaCl solution. The NMR signal is very weak
because T1 is much larger than the repeating rate of the scans (7.5ms per scan) so the nuclear
magnetization does not recover between the scans. After the image gets contrast-enhanced, its
weak signal is seen. In the bottom sector of the figure, 6.5mm HGS swollen in copper sulfate
can be captured by the NMR receiver. The outer shells(about 1-2mm) of spheres in the bottom
sector are visible while the inside of spheres remain invisible in the tomograms. The selected
slice cuts the hydrogel spheres at different cross sections, therefore the rings seen in the slice
have different diameters.
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Figure 5.4: Nearly cube-shaped hydrogel blocks freshly swelled in 8 mM copper sulfate solution. (a)
all hydrogel blocks labeled with CuSO4, (b) only 30% of the blocks labeled. From left to right we
show a central 2D horizontal slice, a 2D central vertical slice, a 3D rendering, and a 3D rendering with
water outside the cubes removed. Red to white regions label thin surface regions of the particles. Blue
regions (low NMR signal) are further inside the blocks or non-doped liquid around them. The container
is a cylinder of 100 mm diameter, filled to a height of ≈ 95 mm. MRI intensities are scaled by the
maximum value. The image is reproduced from [133].

This shell-type pattern of single spheres remained even after one week. Note that, since HGS
in the bottom compartment were surrounded by air, the spheres appear to have broken, rocky, and
uneven surfaces that are artifacts because the air has a different magnetic susceptibility from the
water, resulting in the inhomogeneous magnetic field at the surfaces of the spheres. In the right
sector, the same doped spheres were submersed in distilled water without the kind of artifacts
shown in the bottom sector because the magnetic susceptibility of the spheres is nearly identical
to that of the surrounding water resulting in a homogeneous field. Each grain can be identified
in the tomography. The copper sulfate diffuses inside after several weeks. As seen in the right
image in Fig 5.3, the same sample is doped in copper sulfate for several months, the signals
reflected in MRI show the spheres that are now fully marked with copper sulfate.

Before we describe our shear experiments with hydrogel spheres, we want to demonstrate this
detection method which CuSO4 slowly diffuses into hydrogel particle cores during the swelling
process. We scanned centimeter-sized irregular but nearly cube-shaped hydrogel blocks (GB-740,
Educational Innovation, Bethel CT, USA). The swelling process took 24 hours and the MRI
scans were performed after swelling for 5 days. The 2D cross sections of tomograms in Fig 5.4
confirm that CuSO4 decorates the zones only at the surface of blocks, in a similar way as the
spherical hydrogel in Fig 5.3. This makes the individual blocks visible in the tomograms. If
the complete hydrogel material would be NMR visible, blocks lying side by side would hardly
be distinguished. When we decreased the share of doped particles in the packing, from 100%
(Fig 5.3(a)) to 30% (Fig 5.3(b)), we could track the doped blocks by segmenting the doped
cubes which are visible through edges. So this detection method can be extended to any shape of
hydrogel particles.
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5.3 Results

5.3.1 PTV and PIV analysis

Particle tracking velocimetry(PTV) and particle image velocimetry(PIV) are methods for vol-
umetric velocity measurements by imaging the motion of particles. PTV tracks the motion of
individual particles, while PIV measures the mean displacement of clusters of particles in the
interrogation window. PIV is a well-established technique and has well-developed software
for solutions. It invokes statistical methods to track the displacements of particles. The basic
approach is to divide the entire field-to-view into smaller regions which are called interrogation
areas. Fourier Transform would help to find the most correlated parts by cross-correlating the
interrogation areas at two consecutive time steps, the displacement information between two
subsequent images. The accuracy of PIV is impacted by the size of the interrogation region. PTV
is the alternative method beginning with the recognition of particles and the estimation of their
centroids. The simplest method for the detection of individual particles from the image intensity
distribution is to set a threshold for binarization in a binarized image. This is very suitable for
low-density flows where the edge of each particle can be identified. However, in dense granular
flows, particles tend to overlap resulting in no sharp edges and particles move randomly creating
a non-homogeneous distribution of the intensity matrix of brightness in particle images. Of
course, there are also many other methods for particle detection, such as Hough Circle Transform,
particle-mask correlation, watershed segmentation, etc. However, for the PTV method, no matter
what way to detect the individual particles, the disadvantages always arise from the particle
centroid uncertainties and the linear approximation of particle trajectories, though it can extract
velocity information and trajectories of each particle and more information, such as deformation,
contacting points and so on, of each particle from images with desirable resolution.

We have applied both methods in processing MR images from the experiments. The method
of PTV was applied for large grains of 6.5mm diameter. Fig 5.5 was constructed from horizontal
slices of tomograms at a 20mm height layer of the shear cell. After filling the container with
HGS, the first tomogram was taken and then the inner rotating disk was rotated roughly by 30◦,
and another tomogram was recorded. We assumed that the ratio of the angular displacement of a
tracer (prepared by doping in CuSO4) rθπ/180◦

rθ0π/180◦ =
θ

θ0
(θ0 ≈ 30◦ where 30◦ is the angle for each

rotation) at a given radius r and height h is equal to the ratio of angular velocities ω

ω0
(ω0 is the

angular velocity of the rotating axis) because of quasi-static shear flow.
Fig 5.5(a) and (b) show the overlay of two different slices in pseudocolor: the green color

plane of one slice is replaced by the green color plane of the same slice in the second tomogram,
while red and blue color planes remain unchanged. White spots in Fig 5.5 are for tracers that
have not changed their positions, dark grey spots represent the background of non-doped spheres
and green or magenta spots are particles that have been displaced. The tracers in the 0◦ appear in
the color of magenta and those in the 27◦ appear in green. In Fig 5.5(a), the outer grains stay
at their original positions while the grains in the center have rotated with the bottom disk. The
arrows in Fig 5.5 represent the displacement. The slices shown are located at h = 10mm above
the bottom which is in the middle of the granular bed. Fig 5.5(b) is the result of digitally rotating
the second tomogram backward, so the tracers in white stand for particles rotating with the
bottom inner plate. The tracers in green and magenta color moved as the bottom disk moved. Fig
5.5(c) and (d) are the overlays with tomograms recorded at 210◦ and 240◦ rotation angles. Fig
5.5 confirms that all tracers located at similar heights and radii are displaced by approximately
the same angle.

The PIV method is used for small grains of 2-3mm diameter. For small grains, the PTV
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Figure 5.5: Displacement of large HGS during ≈ 30◦ rotations of the bottom plate. A horizontal slice at
10 mm height within a 20 mm high granular layer was selected. The dashed lines mark the inner of the
container wall and the border of the rotating bottom disk. (a) shows in white the immobile tracers, in
magenta the tracer positions after filling in the shear cell, and in green the displaced positions after
rotation of the plate. Arrows indicate examples of selected displacements of individual tracers. (b)
shows the differences in the frame of the rotating disk (disk rotation compensated by appropriate digital
rotation of the slice), white tracers moved with the disk, magenta and green are tracers in the 0◦ and
27◦ tomograms. (c),(d) respectively present the same operations with the same slice between the 210◦

and 240◦ rotations of the bottom plate.

method in principle can also be used but much smaller shear steps (of the order of 5◦) are needed
for a correct mapping of such small individual grains. Even though PIV can be less accurate
compared with the PTV method, PIV can be still useful for small grains in one small moving
step of 10◦ rotations. The mean displacements of the ring zones (h,r) (and h = 2πr) can be
calculated by cross-correlation of voxels and averaging over the whole ring zone.

5.3.2 Flow profiles
As the PTV and PIV methods in the last section, stationary shear zones have been determined.
The angles corresponding to displacements at a specific height and radius are scaled by the
rotation angle of the bottom disk. It can be extrapolated to the effect of a continuous rotation.
So it can be assumed that the ratio of rotation angles to the rotation angle of markers fixed
at the rotating bottom disk is equal to the ratio of rotation speeds in a given (h,r) zone to
the rotation frequency ω0 of the bottom disk. In Fig 5.6(a), the top figure is for a bed height
H ≈ 20mm( H

Rs
= 0.42), the middle figure for H ≈ 40mm( H

Rs
= 0.84) and the bottom figure for

H ≈ 50mm( H
Rs

= 1.05). The first layer of grains above the bottom disk rotates with the disk
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in all cases. In the shallow granular bed (H ≈ 20mm), the shear gradient is almost horizontal
everywhere, with a slight widening of the shear zone towards the top. With increasing bed
height, the shear zone bends inwards. For the largest bed height studied in our MRI experiments,
the shear gradient is nearly vertical everywhere but is confined to the first layer of HGS at the
bottom.

Figure 5.6: Flow profiles, a) for large HGS (without immersion fluid), b) for small HGS (without
immersion fluid), and c) for small HGS (grains immersed in water) in beds of different heights. Grey
circles sketch the typical bead sizes. The angular velocity ω(r,h) was normalized by the bottom disk
angular velocity ω0. The shear zone where the angular velocity ranges between 0 and ω0 is visible as a
bright band separating the grains at rest (outside) and co-rotating with the disk (center). The yellow
bars in each figure show the positions of the central rod and the rotating inner plate. The image is
reproduced from [133].

For small grains, we set two situations: One is called a drained environment in which the
voids between spheres are surrounded almost completely by air. Some excess water attached
to spheres is still there but in small quantities. The shear zones constructed in this situation
are shown in Fig 5.6(b); the other one is called the submersed environment in which the voids
between HGS are filled with water, the shear zones in this situation are shown in Fig 5.6(c). As
shown in Fig 5.6(b), at low filling height, the shear zone reaches the top surface and is almost
vertical. Above a certain filling height e. g. 46mm or 50mm, the shear zone closes. These results
are qualitatively similar to the results with rigid, frictional grains in earlier studies. In Fig 5.6(c),
the shear zone is much broader for all filling heights. With increasing bed height, the shear zone
does not close like the dome above the disk. Even when the bed height H is comparable to the
disk radius, the top layers react to the bottom rotation. This is somehow counter-intuitive since a
reduced effective weight leads to lower vertical contact forces so that the transmission of shear
forces in the vertical direction is reduced.

5.4 discussion
In this chapter of the thesis, we characterized the shear profiles for soft particle ensembles and
introduced the method of Magnetic Resonance Imaging for detecting the shear profiles. The
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displacement of particles is determined from differences in tomograms after stepwise rotation of
the bottom disk in a split-bottom container. The tracers for MRI detection can be separated in
the constructed tomograms and the tracers are also HGS with the same physical properties as
the other non-marked part of particles in the ensembles. In addition, CuSO4 solution as a tracer
substantially reduces the recording time of the spectra.

Since there is little difference in the shear profiles of different particle sizes, shown in Fig
5.6(a) and (b), liquid capillary bridges, forming at the contact between HGS, do not influence
the shear behavior. In drained and submerged environments, the shear profiles for HGS exhibit
considerable differences. Since the effect of capillary forces has been excluded, the differences
can be attributed to the shear of water between the particle voids. The system of low-frictional
HGS immersed within water behaves more liquid-like, i. e. the shear zone tends to spread across
the cell. Shear forces on a macroscopic scale can be used to calibrate particle-particle contacts.
Moreover, for low-frictional HGS, the internal friction with liquid may have a comparable
influence as the particle-particle contact. The internal friction between different phases can result
in the distinct shear profile of HGS immersed in water. It is suggested to measure the dependence
of this frictional force on shear rates in the following work.
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6 Summary

In conclusion, this thesis has investigated the statistical dynamics of soft grains in different flow
types, especially in silo discharge. The behavior of soft grains has been observed, which is not
the same as the behavior of widely studied hard grains. The main results of the thesis are:

• The intermittent flow of pure soft hydrogel spheres passing through a narrow orifice
of quasi-2D silo is pressure-dependent and when hydrogel spheres stop flowing out, the
particles in the silo still rearrange their positions. This demonstrates that the systems, where
the orifice size was very small around 2 particle diameters, do not reach the equilibrium
even the particles stop flowing out of the silo.

• The mixtures of soft hydrogel and hard frictional spheres discharging from the quasi-2D
silo recover to be pressure-independent. The statistics of the concentration of hard spheres
in clogging structures and the results of the simulations, both support that the particle
friction properties of the ensemble for discharge influence the discharging characteristics.

• The effect of an obstacle near the orifice on discharging soft grains from a quasi-2D silo
doesn’t show the phenomenon of ‘slower is faster’. On the contrary, the obstacle makes
the outflow rate of particles slow down the outflow rate of particles passing through the
orifices. It can be explained by this: the obstacle alleviates the pressure in front of the
orifice, and the discharge of the soft sphere depends on the pressure, which aligns with the
earlier conclusion.

• An MRI method is introduced to detect the shear band of soft grains in a cyclic shear
cell. CuSO4 added by a very small amount of the NaCl solution for swelling the hydrogel
spheres reduces the longitudinal relaxation time T1 of the nuclear magnetization compared
with that of pure water. This allows us to create reconstructed images with labeled particles
in a short time.

• We investigated the shear zone geometry of soft grains submersed in water and drained
ensembles. In the drained case, the shear zone reaches the top and is almost vertical at
a low filling height. However, the shear zone closes when the shear cell is filled above a
certain height. But in the immersed case, the shear zone is much broader for all cases of
filling heights.

These systematic studies explore the dynamic characteristics of soft spherical particles. These
soft particles are elastic and smooth. They reveal that friction is one of the essential properties to
differentiate the dynamics of our soft particles from hard frictional particles. During the PhD
study, the results were published in several international physical journals. The following papers
were published about the topics treated in this thesis:

(1) K. Harth, J. Wang, T. Börzsönyi, et al. Intermittent flow and transient congestions of soft
spheres passing narrow orifices. Soft Matter, 2020, 16(34): 8013-8023. [71]

(2) J. Wang, B. Fan, T. Pongó, et al. Silo discharge of mixtures of soft and rigid grains[J]. Soft
Matter, 2021, 17(16): 4282-4295. [82]

(3) J. Wang, K. Harth, R. Stannarius, B. Fan, T. Börzsönyi. Discharge of soft and hard grains
and their mixtures from 2D silos. EPJ Web Conf. Powders & Grains, 2021, 249. [134]
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(4) Wang J, Harth K, Puzyrev D, et al. The effect of obstacles near a silo outlet on the discharge
of soft spheres[J]. New Journal of Physics, 2022, 24(9): 093010. [104]

(5) J. Wang, Z. Farmani, J. A. Dijksman, et al. Characterization of shear zones in soft granular
beds employing a novel magnetic resonance imaging technique. Granular Matter 24, 103
(2022). [133]

In the following work, it would be interesting to measure the drag force during discharge from
a silo when there is an intruder inside, in order to check the interaction between soft particles
because the frictional force becomes an important factor during discharge based on Chapter
3. In shear cells, it would also be significant to study the characteristics of shear bands when
the ensembles suffer some different compressing force on the surface. It is thought-provoking
to check the effect of particle contact force measured by the shear-rate-dependent torque in
rheology experiments.
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Appendix: Symbols

p pressure

µ friction coefficient

s side length of square

h height of one layer in silos

ms the weight of the layer at height h in silos

Q flow rate in weight per length per second

ρ granular bulk density

ρp density of particle material

d the diameter of one spherical particle

r the radius of one spherical particle

D the width of the general orifice

R the radius of the round orifice

g gravity acceleration

v the velocity of particles passing through the orifice

I inertial number

γ̇ shear rate

τ shear stress

Φ volume fraction

φ packing fraction of the bulk

H the thickness of granular beds in the split-bottom shear cell

Rs the radius of the bottom disk of the split-bottom shear cell

Ω the rotation angle of split-bottom shear cells
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ω the angular rotation speed

χ the mass concentration of mixtures

x the volume concentration of mixtures

X the number fraction in an arch structure

E Young’s modulus

G shear modulus

ν Poisson ratio

τt ‘clog duration’

P the probability of forming a clog

S an avalanche size

f the precession frequency

γ the gyromagnetic ratio

B0 the external magnetic field

M magnetization

µi the magnetic moment of one spin

T1,T2 relaxation time

G′ a linear magnetic field gradient
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