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Abstract

This work focuses on the numerical approximations and analysis of time-dependent
convection-diffusion-reaction and population balance equations.

The local projection stabilization method in space and discontinuous Galerkin method in
time are proposed for the finite element discretization of the time-dependent convection-
diffusion-reaction equations. Error estimates for the semi discrete and fully discrete prob-
lems are discussed.

In population balance equations, the distribution of the entities depends not only on space
and time but also on its own properties referred to as internal coordinates. An operator
splitting and at alternating direction method are developed for the numerical solution
of population balance equations. In particular, the operator splitting method transforms
the original time-dependent problem into two subproblems: a time-dependent convection-
diffusion problem and a transient transport problem with pure advection. The backward
Euler time stepping scheme is used to discretize subproblems in time. In addition, the
operator splitting method allows to use different type of discretization techniques to solve
the subproblems. Since the first subproblem is convection-dominated, stabilization tech-
niques in particular local projection and Streamline-Upwind Petrov-Galerkin methods are
used.

First the local projection stabilization method in space with discontinuous Galerkin
method in the internal coordinate are used for the finite element discretization of the sub-
problems. The unconditional stability and convergence analysis for the two-step method
are discussed comprehensively.

Second the Streamline-Upwind Petrov-Galerkin method in space together with the dis-
continuous Galerkin method in the internal coordinate are used. The formulation is
strongly consistent in the sense that the time derivative is included in the stabilization
term. The stability estimates of the two-step method are proved under the condition
that the stabilization parameters depend on the length of the time step. Based on the
choice of stabilization parameters, error estimates with the standard order of conver-
gence are derived. Furthermore, the numerical results obtained by Streamline-Upwind
Petrov-Galerkin method in space are compared with those computed using local projec-
tion stabilization method in space.

The aim in alternating direction scheme is the same as in the operator splitting method,
i.e., reducing the high dimensional problem into a set of lower ones. First the problem is
discretized in space and internal coordinate using local projection stabilization and discon-
tinuous Galerkin method, respectively. Then the backward Euler time stepping method is
used to obtain a fully discrete scheme. The matrices in the fully discrete scheme are tensor
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products of the space and internal coordinate direction. Therefore it is possible to derive
a two-step alternating direction method. Based on an equivalent one step formulation the
stability and convergence of the method are discussed.
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Zusammenfassung

Schwerpunkt der vorliegenden Arbeit ist die numerische Approximation und Analysis der
zeitabhangigen Konvektions-Diffusions-Reaktions- sowie Populationsbilanzgleichungen.

Fiir die Finite Elemente Diskretisierung der zeitabhangigen Konvektions-Diffusions-Re-
aktions-Gleichungen werden die Methode der lokalen Projektion fiir die raumliche und
das unstetige Galerkin-Verfahren fiir die zeitliche Diskretisierung verwendet. Es werden
Fehlerabschatzungen fiir das semidiskrete und das vollstandig diskrete Probleme behan-

delt.

Bei Populationsbilanzgleichungen héngt die Verteilung der Spezies nicht nur vom Raum
und von der Zeit, sondern auch von deren Eigenschaften ab, welche als Eigenschaftskoordi-
nate bezeichnet werden. Zur numerischen Losung von Populationsbilanzgleichungen wird
eine Operator-Splitting-Methode und eine Methode der alternierenden Richtungen en-
twickelt. Die Operator-Splitting-Methode transformiert das zeitabhangige Problem durch
ein zeitabhangiges Konvektions-Diffusions-Problem und durch ein transientes Transport-
problem mit reiner Advektion. Zur Diskretisierung der beiden Teilprobleme wird das
implizite Euler-Verfahren verwendet. Dartiber hinaus erlaubt die Operator-Splitting-
Methode die Verwendung verschiedener Diskretisierungstechniken, um die beiden Teil-
probleme zu losen. Da im ersten Teilproblem die Konvektion dominiert, muss eine Sta-
bilisierungsmethode verwendet werden. Dafiir wird die Methode der lokalen Projektion
und die Streamline-Upwind Petrov-Galerkin Methode verwendet.

Zunachst wird fiir die Finite Elemente Diskretisierung der Teilprobleme die lokale Pro-
jektionsmethode im Raum mit der unstetigen Galerkinmethode fiir die Eigenschaftsko-
ordinate kombiniert. Die unbedingte Stabilitidt sowie eine Konvergenzanalyse werden
ausfithrlich fiir eine Zwei-Schritt Methode behandelt.

Anschliefend wird die Streamline-Upwind Petrov-Galerkin Methode im Raum zusammen
mit der unstetigen Galerkinmethode fiir die Eigenschaftskoordinate verwendet. Die For-
mulierung ist stark konsistent, in dem Sinne, dass die Zeitableitung im Stabilisierungsterm
enthalten ist. Die Stabilitatsabschatzungen der Zwei-Schritt Methode sind unter der Vo-
raussetzung bewiesen, dass die Stabilisierungsparameter von der Lange des Zeitschritts
abhéngen. Basierend auf der Wahl der Stabilisierungsparameter, wird eine Fehlerab-
schatzung mit der Standardkonvergenzordnung abgeleitet. Dariiber hinaus werden nu-
merische Ergebnisse der Streamline-Upwind Petrov-Galerkin Methode mit Resultaten der
Methode der lokalen Projektion verglichen.

Das Ziel der Methode der alternierenden Richtungen besteht, wie auch bei der Operator-
Splitting-Methode, in der Reduktion eines hoher dimensionalen Problems durch Systeme
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niedrigerer Dimension. Zunachst wird das Problem raumlich und in der Eigenschaftsko-
ordinate diskretisiert, wobei die LPS-bzw. dG-Methode verwendet werden. Im Anschluss
wird das implizite Euler Verfahren angewendet, um eine vollstandige Diskretisierung
des Systems zu erhalten. Dabei lassen sich die Matrizen des vollstandigen diskreten
Systems als Tensorprodukte der Systeme aus der rdumlichen Diskretisierung und der
Diskretisierung in der Eigenschaftskoordinate darstellen. Daher ist es moglich, eine
Zwei-Schritt-Methode der alternierenden Richtungen abzuleiten. Basierend auf einer
aquivalenten Ein-Schritt-Formulierung wird schlief$lich die Stabilitat und Konvergenz dieser
Methode untersucht.
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Chapter 1

Introduction

The modeling of many technical and physical processes leads to descriptions which contain
time-dependent convection-diffusion-reaction equations as subproblems. Many engineer-
ing problems are governed by these type of equations. A special example is the precipita-
tion process, which involves chemical reaction in a flow field. Such processes are modeled
by a population balance system [40], consisting of equations describing the flow field
by the Navier-Stokes equations, the chemical reactions by convection-diffusion-reaction
equations and the particle size distributions by transport equations. These equations are
strongly coupled such that the inaccuracies in the concentration of one species directly
effect the concentrations of all other species. These equations are convection dominated in
the case that the size of diffusion is smaller by several order of magnitude compare to the
flow field and are reaction dominated because of strong chemical reactions. The numer-
ical methods in such situation often produce solutions which contain spurious oscillations.

Therefore, the accurate and efficient solution of time-dependent convection-diffusion-
reaction equations is critical for accuracy and efficiency of the whole process. The first
objective of this thesis is to address the numerical analysis of algorithms for solving such
problems.

In addition to the strong coupling of the equations in population balance systems, the
other difficulty in the simulation is that the population balance equation (PBE) depends
not only on space and time but also on its own properties referred to as internal coor-
dinates. Consequently, the dimension of the PBE is higher than the other equations in
the system. Because of the high dimensionality of the PBE, the numerical simulation of
coupled system with standard numerical scheme is a challenge from computational point
of view. Thus, a second goal of this thesis is the development and analysis of new efficient
numerical methods for the population balance equations which have not been considered
in the literature before.

Let Q be a domain in R? (d = 1,2,3), with polyhedral boundary 9Q and T > 0 is
the final time. We consider the scalar convection-diffusion-reaction equation:
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Find u: (0,7) x Q@ — R:

%—sAqub-Vquau:f i (0,7) x 2,

u(0,) =up in (1.1)
u=0 on (0,7] x 09,

where € > 0 is the diffusion coefficient, b is the convection field with V - b = 0, o is the
non-negative reaction coefficient, f is the source function, and wug is the initial data.

Population balance equations have many applications in various branches of engineering
and science. These equations are widely used in chemical engineering to model processes
involving one or more particulate phase. For example, they are used to study crystal-
lization, precipitation, pharmaceutical manufacturing, particle size distribution, aerosol
formation, emulsion process and dispersed phase distribution of multiphase flows. A pop-
ulation balance equation describing the particle size distribution z is defined as follows:
Find z: (0,7) x Q x 2, — R

%‘thr (Gz) —eA,z+b-Voz=f in (0,T] x Q x Q,
2(0,-) =20 in QxQ, z=g on (0,7]x 08 x €y, (1.2)

z = on  (0,T] x Qp x 08y,

Here, ¢ represents the variable in internal coordinates and x in space (external coordinates)
which represents the position of the particle in the physical space. Furthermore, € > 0 is
the diffusion coefficient, A, and V, represents the Laplacian and gradient with respect
to the variable x, respectively, and V, the gradient with respect to the variable ¢. The
physical domain €, C R? d = 2,3, and internal coordinate domain Q, C R®, e > 1.
The vector functions b is a given d-dimensional velocity field and growth rate G > 0,
e-dimensional function. The internal coordinates ¢, often referred to as size, is typically
the characteristics length, volume or mass, but it can also represent age, composition and
other characteristic of entities in a distribution. The growth rate G can be a function of
size and other variables such as temperature and concentration of chemical species in the
solution but is independent of space variable x. For more detail, we refer to the book of
Ramkrishna [74] where a comprehensive review of the subject of PBE in terms of PBE
formulation, application and solution has been discussed.

1.1 Overview

In applications, typically the convection terms are dominant in convection-diffusion or
incompressible flow problems and characteristic solutions have sharp layers. In this case,
standard finite element methods will lead to solutions which contain global unphysical os-
cillations. Also standard discretization techniques will not produce an accurate solution
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on quasi-uniform meshes due to the presence of interior and boundary layers. In order to
prevent these difficulties, a-priori choices of meshes and several stabilization techniques
were introduced in the literature.

One of the first layer adapted meshes were proposed by Bakhvalov [4]. In 1969, Bakhvalov
solved boundary value problems for ordinary differential equations with a small parameter
multiplying the second derivative. Solutions to such problems involve boundary layers.
The solution was achieved by applying nonuniform grids (Bakhvalov grids) condensing
in the boundary layer. A-priori adapted meshes can be used if sufficient information of
the structure of the solution is available. The piecewise uniform Shishkin meshes were
originally proposed for finite difference methods in [71]. The first analysis of finite element
methods on Shishkin meshes is studied in [82]. For more details about the properties and
uses of these kinds of meshes, we refer to [76].

As mentioned in [61, 84], the standard discretization methods lack the stability even on
the layer-adapted meshes, a stabilization term are added to standard discretization [65].

Several different methods have been devised for the solution of the above mentioned
difficulties. Ome popular method for stabilizing the convection-dominated convection-
diffusion-reaction problems is the Streamline-Upwind Petrov-Galerkin method (SUPG)
(also known as streamline-diffusion finite element method (SDFEM)). It was introduced
by Hughes and Brooks [36] for steady problems. This method provides good stability
properties and highly accurate solutions outside the interior and boundary layers. The
SUPG method was investigated by many author’s, see [23, [44], [45]. The SUPG with
higher order finite elements applied to convection-diffusion problems on Shishkin meshes
was studied by Stynes and Tobiska [83]. However, the main drawback of the SUPG method
is the fact that several additional terms which includes the second order derivatives have
to be assembled in order to ensure the strong consistency of the method. In particular,
the assembling of the latter ones is time consuming on non-affine meshes. Moreover, the
strong consistency requirement leads to a wide (and generally unphysical) coupling of the
unknowns.

Alternatives to SUPG are symmetric stabilization methods such as the continuous in-
terior penalty method (CIP) [13], the local projection stabilization (LPS) [6, &, [67], the
subgrid scale modeling (SGS) [31],59], and others. These methods have been investigated
during the last decades.

The idea in the continuous interior penalty method is to add a least squares penaliza-
tion on the gradient jump between the neighboring elements. Moreover, the Dirichlet
boundary conditions are imposed weakly in the discrete problem, unlike all other sta-
bilization methods in which the boundary conditions are incorporated into the finite
element space. There exists a huge amount of literature on CIP stabilization method
for convection-diffusion problems. Starting from [12] the pure transport problem or
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convection-dominated problems, which is the extension of interior penalty method pro-
posed by Douglas and Dupont [22], the method was extended to generalized Stokes prob-
lem in [I4], to the Oseen problem in [II]. The CIP method on Shishkin meshes for
convection-diffusion problems with characteristic layers has been analyzed in [28].

The stabilization term of the local projection method is based on a projection 7, : V;, —
Dy, of the finite element space V), which approximates the solution into a discontinuous
space Dj,. Originally proposed for Stokes problem [5], the local projection method was
extended to transport problems in [6]. The application of local projection methods to
Oseen problems are studied in [, [67] and for convection-diffusion-reaction problem with
mixed boundary condition in [6§]. The local projection method on layer adapted meshes
for convection-diffusion problems with exponential boundary layer was studied in [65] [66].
The local projection method provides additional control over the fluctuations of the gra-
dient or parts of it. Although, the method is weakly consistent only, the consistency
error can be bounded by choosing the projection spaces rich enough and optimal order of
convergence is maintained.

The local projection method was originally proposed as two-level approach where the
projection space Dy, is defined on a coarser mesh [5] [0, §]. In this case, standard finite
element spaces can be used for both the approximation space and the projection space.
The stabilization terms of CIP and the two-level LPS methods introduce additional cou-
plings between degrees of freedoms which do not belong to the same finite element cell.
Hence the sparsity of the element matrices decreases and one needs appropriate data
structures for an efficient implementation into a given computer code. The general ap-
proach presented in [67] allows us to construct a method based on local projection such
that the resulting discretization stencil does not increase compared to standard Galerkin
or SUPG method. This is done by an enrichment of finite element space compared to
the standard finite element space. In this case the enriched and the projection spaces
live on the same grid. Although the system looks larger at the first glance. However, the
additional degrees of freedom which occur due to the enrichment can be eliminated locally
by static condensation. In this way, one can work with the same number of degrees of
freedom which are needed to achieve the appropriate approximation order. Furthermore,
neither time derivative nor second order derivatives have to be assembled for the stabi-
lization term of LPS method. Recently also exponential enrichment have been considered
see [46]. Here we consider the classical one-level LPS method with polynomial enrichment.

The subgrid scale modeling was first applied to a scalar transport problem [31]. This
method based on the scale separation of the finite element space Vj, = Vi @ V2| where
Vi represents the space of large scales and V' the space of small scales. The standard
Galerkin finite element method is stabilized by adding terms which gives a weighted con-
trol on the gradient of fluctuations id — Py where Py : Vj, — Vg C Vj, is a suitable
projection operator. Similar to LPS, the scale separation can also be treated as one- and
two-level approaches. The difference of SGS to LPS is that in SGS the stabilization term
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uses gradients of fluctuations while in LPS fluctuations of gradients. For more details and
a relation between the stabilizing terms of SGS and LPS, we refer to [76].

The discontinuous Galerkin (dG) method has recently received significant attention and
is applied to a wide range of hyperbolic and parabolic problems. The method was first
introduced by Reed and Hills [75] for neutron transport problem and analyzed for ordi-
nary differential equation by Dekfour, Hager and Trochu in [19]. The analysis of the dG
method for partial differential equation starts with the works of Lesaint & Raviart [58]
and Johnson & Pitkéranta [43]. The first work in the context of parabolic problems
was done by Eriksson, Johnson & Thomée [24] and Larsson, Thomée & Wahblin [57].
An hp a priori error analysis of the dG time stepping method for initial value problems
was studied by Schotzau and Schwab [78] and for hp-version of the dG finite element
method for parabolic problems in [79]. The dG method for the spatial discretization of
different types of partial differential equation have been investigated by Cockburn and his
co-workers [2]. For more details about the dG method we refer to the survey article [16]
and the books [17), 85].

In comparison with other numerical methods, e.g. finite element or finite volume meth-
ods, the discontinuous Galerkin method has both advantages and disadvantages. This
method uses discontinuous piecewise polynomial spaces to approximate the sought so-
lution of partial differential equation on a finite element mesh without any requirement
on the continuity between the neighboring element. Like SUPG and other stabilization
methods, the dG method is more stable than the standard Galerkin method, when applied
to convection-diffusion problems. On the other hand, the construction of the bilinear form
in dG finite element formulation is very different from the other finite element methods.
The essential boundary conditions are imposed weakly to the weak formulation of the
problem without using multipliers and therefore can be applied to domain decomposi-
tion. Despite all these advantages, dG methods have not yet made a significant impact
for practical applications. Since the bases functions are discontinuous across the element
boundaries, the number of unknowns are large. The computational cost associated with
discontinuous Galerkin method is larger when compared to continuous finite element or
finite volume methods. Recently, the hybridizable discontinuous Galerkin method was
introduce to handle this issue, see [72] and their references.

There are several approaches for discretizing time-dependent convection-diffusion-reaction
problems by finite element methods. Firstly, space-time elements combined with some
stabilization could be used [42] [88]. This results into (d+ 1)-dimensional problems in each
space-time slab which are more difficult to handle than the corresponding d-dimensional
problems in space. Secondly, semidiscretization as intermediate steps can be used. Here,
we distinguish between horizontal and vertical methods of lines. The vertical method of
lines discretizes first in space and then in time while the horizontal method of lines (or
Rothe’s method) applies first a time discretization which is followed by a discretization in
space. Stabilization parameters play a critical role in the success of the stabilized meth-
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ods. The main difficulty in the analysis of SUPG method for time-dependent problems
comes from the fact that the time derivative has to be added into the stabilization term
and this adds a non-symmetric term that cannot be easily bounded by using standard
energy argument.

Stabilized finite element methods for time-dependent convection-diffusion-reaction prob-
lems have been investigated by several authors. The stability property of consistent
stabilization methods in the small time step limit have been discussed in [7, B5]. The
approach in these studies was to discretize the problem in space first with a stabilized
method, choose the stabilization parameters for the semi-discrete problem, and then dis-
cretize in time. This results in stabilization parameters that depends only on mesh width
in space, because the temporal discretization is performed after the choice of stabiliza-
tion parameters. The stability and convergence properties of the SUPG method in space
combined with backward Euler, the Crank-Nicolson or the second order backward differ-
entiation formula in time for transient transport problems are studied in [9]. The error
bounds in the L? norm and in the norm of material derivative are obtained under a regu-
larity conditions on data and the stabilization parameters depend only on the mesh size
in space variable. For non-smooth data, the bounds are valid under the condition that
the stabilization parameters depend on the length of the time step. Numerical studies of
the different stabilization techniques including SUPG can be found in [I8], 62].

On the other hand, if the problem is discretized in space and time first, see [39, 41],
and then choosing the stabilization parameters. This gives stabilization parameters
which depends on the length of the time step. The stability and error estimates for
SUPG method combined with backward Euler time stepping scheme for time-dependent
convection-diffusion-reaction problems are discussed in [39]. In particular, two different
choices of stabilization parameters are derived. The first choice is to choose the stabi-
lization parameters proportional to the time step length and the second one proportional
to some function of time step length. Moreover, the time continuous limit is analyzed
under certain conditions on the coefficients of the equation. Numerical studies presented
in [39, 41] show that this approach leads to a solution which contains unphysical oscilla-
tions for small time steps compared to the approach from [7, [35]. However, the numerical
results in time continuous limit case in [39] also suggest that the stabilization parameters
can be chosen independent of the length of the time step.

The symmetric stabilization’s in space combined with the #-method and the second order
backward differentiation formula in time have been investigated in [10]. In particular,
they show that the contribution from stabilization leads to an extended matrix pattern
which can be extrapolated from the previous time step. The details of the stability and
error estimates are given only for the CIP method due to the same structure of sym-
metric stabilization methods. The coupling of other stabilization techniques in the one
dimensional case with the finite difference time integration in particular the vertical and
horizontal method of lines have been discussed in [3]. The standard Galerkin method
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in space but on a layer adapted Shishkin mesh and different time discretization have
been studied in [48]. Besides the finite difference methods, we consider the so-called dG
method, based on using a finite element formulation in time with piecewise polynomial of
degree ¢. In the case ¢ = 0, i.e., when the approximation functions are piecewise constant
in time, the method reduces to the backward Euler scheme with modified right-hand side.
One of the advantages of dG finite element method in time is that the method is based on
variational formulation, which is useful in the analysis of time discretization error. The
dG method has been analyzed in space [20, 27] and in space and time [26]. A numerical
study of SUPG applied to time-dependent convection diffusion problems with small dif-
fusion parameter can be found in [41]. Details about the dG time stepping method can
be found in book [85].

In population balance equations, the distribution of entities depends not only on space and
time but also on their own properties referred to as internal coordinates. Consequently,
the PBE given in high dimensional domain is therefore challenging from computational
point of view. For example in [40)], precipitation processes are modeled by a population
balance system consisting of equations describing the flow field by the Navier-Stokes equa-
tions, the chemical reaction by convection-diffusion-reaction equations and the particle
size distribution by transport equations. In addition to the coupling of these equations
the main difficulty in the simulation is the PBE because the dimension of the PBE is
higher than the other equations in the system. In recent years several numerical methods
have been introduced for the numerical solution of population balance equations. For ex-
ample, method of moments and its variant, method of characteristics, finite difference etc.

The method of moments, a special class of method of weighted residuals, is applied as
a model reduction for the solution of population balance equations, see [63], 81]. This
method reduces the population balance equation to a set of ordinary differential equa-
tions (ODEs) which can be solved by any ODE solver. However, the resulting model
have several drawbacks. The reconstruction of the density function from moments is dif-
ficult [37], since the inverse problem is ill-posed. In addition, the use of size dependent
functions violate the closure condition. The method of characteristics, in which the spa-
tial discretization is no longer required, was suggested by Kumara and Ramkrishna [77].
This method also transforms the PBE into a system of ODEs that is then solved along the
pathline of the particles (characteristic curves). However, in this method the numerical
dissipation error caused by the discretization of growth term can be avoided. Most of
these and other methods are restricted to only internal coordinates. In addition, these
methods are not efficient and cannot be applied to combined processes and multidimen-
sional population balance equations. Hence, it is motivated to find a computationally
efficient numerical scheme for solving multidimensional population balance equations.

In order to handle the curse of dimensionality associated with the population balance
equations, an operator splitting or alternating direction methods are introduced in [30]
where the Streamline-Upwind Petrov-Galerkin method has been combined with the stan-
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dard Galerkin method. Operator splitting methods can be applied in different context
(splitting in coordinates or directions, splitting with respect to physics i.e., diffusion, con-
vection). These methods are widely used for time integration of unsteady problems. The
basic theory of operator splitting for one-dimensional problems can be found in [80), [86].
The concept of operator splitting for time-dependent problems is to decompose the spa-
tial operator into a sum of two or more operators. For example in [64], the decomposi-
tion of convection-diffusion-reaction problem into pure convection and diffusion-reaction
problems was studied. For more details about operator splitting methods for linear and
non-linear convection-diffusion problems, see [47, 49, 50, 51, [56]. The main advantage of
such splitting is that each of the subproblems can be discretized and stabilized separately
by the best suitable method independent of the other subproblem(s). A detailed analysis
of an alternating direction implicit (or operator-splitting) scheme is demonstrated in [52]
for the Fokker-Planck equation. The basic idea in [52] is to split the high dimensional
problem into two low dimensional problems corresponding to the configuration and the
physical spaces. The solution of the convection-diffusion type problem in configuration
space is obtained by a Galerkin spectral method at each quadrature point corresponding
to the physical domain. Furthermore, a type of L? projection is used to update the right-
hand side vector at the second stage where the solution of advection equation in physical
space is approximated by a finite element method.

1.2 Objectives

This thesis is concerned with the study of the stability and convergence of time-dependent
problems. We begin with a brief description of the nature of convection and/or reaction
dominated problems. In particular, we are interested in the case when the diffusion coef-
ficient in (L)) and (L2) is small e.g 0 < ¢ < 1 (the process is convection and/or reaction
dominant). The smallness of the diffusion coefficient € reduces the stability for standard
numerical methods. We handle this difficulty by using the SUPG and LPS methods.

We start with the time dependent convection-diffusion-reaction problem (II]) where we
combine the local projection stabilization method in space with the discontinuous Galerkin
method in time. First we derive the error estimate for the semi-discrete problem after
discretizing the problem in space by finite element methods with local projection stabiliza-
tion. Then, we discretize the problem in time by using a discontinuous Galerkin method.
The stability and error estimates for the fully discrete scheme are derived. Theoretical
results are confirmed with some numerical tests for smooth solution and we also present
the numerical studies for non-smooth data.

A precise review of the literature shows that the error estimates for this kind of local pro-
jection stabilization method for time-dependent convection-diffusion-reaction equations
are not yet available. Furthermore, the method is unconditionally stable and conver-
gence estimates are half order better than the other finite difference schemes compared
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to [39, 0]

The population balance equation ([2)) is defined on the domain €, x €, which is of
Cartesian product structure. The main idea is to decouple a complex equation into two
simpler equations and to solve them by best suitable methods. For this we introduce an
operator splitting and alternating direction methods. The basic idea in both methods is
the same, i.e., reducing the high dimensional problem into a set of lower ones. In operator
splitting method, we split the continuous problem first and then discretizes the subprob-
lems in space and internal coordinate. On the other hand, alternating direction method
is used after having the fully discrete scheme.

Let N > 0 be a given positive integer and consider 0 =15 < t; < ... <ty =T be a uni-
form partition of (0,7") with the time step size 7 = T'/N. Then starting with u(t°) = z,
two subproblems are sequentially solved on the sub-intervals (t";¢" "], n =0,1,..., N —1:

1. Q,-direction: Given u(t") find @ : (t";t"*'] — R such that:

% +L,a =f in (£ " x Qp x Q,
@ =0 on (", "] x Q x 0Q, (1.3)
a(t™) = u(t").

2. Q-direction: Find w : (t",t""!] x Qy x Q, — R such that

% +Liu =0 in (t”,t”"’l] x Q x Q,
u|€min - Zmin on (tn7t’l’b+1] X Q:l‘ (14)
u(thr) — a(thrl)7

where
Liz=V,- - (Gz), L,z=—eA,z+b-V,2.
This two-step operator splitting scheme defines u(t"), n = 1,..., N, as an approximation
of z(t").

The first subproblem (L.3]) is a time-dependent convection-diffusion equation and the sec-
ond subproblem (I4]) is a transport problem with pure advection. Note that on each time
interval the solution of (L3]) is obtained by solving a d-dimensional problem parametrized
by variable ¢ € €),. Similarly, the evaluation of 1 is given by solving e-dimensional prob-
lem (L4) parametrized by = € €,. Then the operator splitting scheme is based on spatial
and temporal discretization of (IL3]) and (L.4)).

Since the splitting leads to a sequence of d- and e-dimensional solves at each time step in-
stead of d+ e-dimensional solve, the curse of dimensionality associated with the numerical
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solution of population balance equation (L.2]) is improved. The same kind of splitting has
been considered in [30], where the standard Galerkin method was combined with SUPG
method in space and internal coordinate, respectively. The stability and error bounds
were derived using an equivalent one-step formulation. Note that, the fully discrete form
of operator splitting scheme is equivalent only in the case that stabilization parameters
are proportional to the length of the time step, i.e., § = O(7) where § and 7 are the sta-
bilization parameter and time step length, respectively. The same choice of stabilization
parameter have been considered in [39] for evolutionary equations. On the other hand, if
d = O(y/7h) the second choice of stabilization parameter in [39], the fully discrete form
of operator splitting method is not equivalent to one-step formulation. These conditions
arise in the stability bounds from the stabilization term with the discretization of time
derivative.

In this work we have considered one internal coordinate. Since in our splitting, the
first subproblem is convection-dominated, we use Streamline-Upwind Petrov-Galerkin to
stabilize the space discretization. The second subproblem is a transport problem with
pure advection, one suitable choice is a discontinuous Galerkin method for the discretiza-
tion with respect to the internal coordinate. Here, we prove that the two-step method is
unconditionally stable. Optimal error estimates are obtained for two-step method.

The second goal is to consider SUPG method for space discretization together with dG
method in internal coordinate. We have consider the two different choices of stabilization
parameters discussed in [39] to derive the stability and convergence results for the two-
step method. The numerical results obtained are also compared with those of the LPS
method in space.

Finally, we have considered the alternating direction approach for the numerical solu-
tion of population balance equation (I2)). We derive the semi-discrete error bounds using
LPS method in space and dG method in internal coordinate. Then the alternating direc-
tion scheme is established after discretization in time by backward Euler time stepping
scheme. Based on an equivalent one-step formulation we derive the unconditional stability
and convergence estimates of the method.

1.3 Outline

The contents of the thesis are organized as follows:
In Chapter [2 we present the mathematical notations and functions spaces that will be

used throughout the thesis. Further, we explain the one-level variant of local projection
stabilization method and the discontinuous Galerkin finite element method for time dis-

10
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cretization.

Chapter [3] concerns with the time-dependent convection-diffusion-reaction problem. We
combine the local projection stabilization method in space with discontinuous Galerkin
method in time. After discretization in space by local projection stabilization method, we
give the error estimates for semi-discrete problem. Stability and convergence estimates
will then be given by discretizing the semidiscrete problem in time by the discontinuous
Galerkin method. Finally, the theoretical results are confirmed by numerical tests.

Chapter [4] deals with the operator splitting method for the population balance equation
with one internal coordinate given on high-dimensional domain. The operator splitting
method decomposes the original problem into two subproblems. The first subproblem
(L3) is a time-dependent convection-diffusion equation while the second one (7)) is a
transport problem with pure advection. We provide the unconditional stability of the
two-step method after discretizing the subproblems in time using the backward Euler
time stepping scheme. The fully discrete stabilized scheme is then obtain by applying the
local projection stabilization method in space and discontinuous Galerkin finite element
method in internal coordinate. Furthermore, based on the unconditional stability of the
fully discrete two-step scheme error estimates are proved.

The goal of Chapter[d]is to analyze the SUPG method based on the conditions on the sta-
bilization parameters discussed in [39] for time-dependent convection-diffusion problems.
This chapter starts with the SUPG in space and dG method in internal coordinate for
the finite element discretization of the two-step method introduced in Chapter dl After
having the fully discrete two-step scheme, the stability estimates based on two different
choices of stabilizing parameters are given. Error bounds for the method are obtained
under that conditions. Finally, we give a numerical comparison of the results with the
results obtained by LPS method in space.

In Chapter [6, we consider the alternating direction Galerkin method for the numerical
solution of PBE (LZ). The original work on alternating direction method for the solu-
tion of parabolic and elliptic partial differential equation is by Douglas and Dupont [21].
The chapter starts with the discretization in space and internal coordinate using LPS
and dG finite element method, respectively. Then we derive the error estimates for the
semi-discrete problem. The fully discrete scheme is obtained using the backward Euler
method in time. The matrices in the fully discrete scheme are tensor products of the space
and internal coordinate direction. Therefore we are able to derive two steps alternating
direction method. Based on an equivalent one step formulation we discuss the stability
and convergence of the method.

11



Chapter 2

Preliminaries

The aim of this chapter is to collect several tools that will be needed later. The common
link between all results in this chapter is that they are preparatory for the main results
in the following chapters.

In Section 2.1] the basic notations and function spaces are summarized. The key idea
behind the local projection stabilization method is introduced in Section 2.2 Further-
more, the one-level approach is discussed in detail with some appropriate examples. In
Section 2.3 we develop the time discontinuous Galerkin finite element method in a general
framework and derive some frequently used properties. Finally, we will state some useful
inequalities.

2.1 Function spaces

In this section, we lay down some useful notation for various spaces and their corre-
sponding norms. More details about these spaces can be found in text books about finite
element method for partial differential equations and functional analysis [I]. We use the
standard notation of function spaces. Let 2 be a bounded domain, we denote by (-, -) the
inner product in L?(2) and by |[|-|| the associated norm. Let H™(2) denote the Sobolev
space of functions with derivatives up to order m in L?(2). The norm in H™((Q) is defined
as

1/2
ol = { D 1D%]?
|a|<m
where oo = (o, (g, + -+, (yg) is @ multi-index. Since in this work time-dependent problems

are considered, we define certain Bochner spaces, for details we refer to [87]. Let X be a

12
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Banach space equipped with norm ||-||x and seminorm |-|x. Then we define the following
C’(O,T; X) = {U [0,T] — X, w continuous},
T
POTX) = {v: 0.1 = X, [ o)l <o},
&

H™(0,T; X) = {v € (0,T:X) : 55 € L(0,T5X), 1 gjgm},

where the derivatives @’v/dt/ are understood in the sense of distributions on (0, 7).
Throughout the thesis we will use the short notation

Y(X):=Y(0,T;X).

The norms and seminorms in the above defined spaces are given by

T 1/2
[vllec) = sup [v(t)]|x, [vllz2x) = /||U Wxdt |
te[0,T
1/2 T 1/2

8]

ol D llamen = / ol ar
8tm o ot

0

2.2 Local projection stabilization (LPS)

It is well known that in convection-dominated convection-diffusion problems the standard
finite element methods will lead to solutions which contain global unphysical oscillations.
In order to prevent this, stabilization techniques are applied. In this section, we discuss
in detail the stabilization method based on local projection.

Let us consider a shape regular triangulation {7} of € into d-simplices quadrilaterals
or hexahedra. The diameter of the cell K will be denoted by hx and the mesh size
parameter h is defined by h := maxger, hre. Assume that Vj, € H'(Q) denotes the ap-
proximation space of continuous, piecewise polynomials of degree r, r > 1, defined over
T,. Let Dy, denotes a finite element space of discontinuous, piecewise polynomials of de-
gree 7 — 1 with » > 1 and let Dy(K) = {qn|x : qn € Dy} be the local projection space.
Let g : L*(K) — Dp(K) be the local L?-projection into Dy (K), which generates the
global L?-projection 7, : L*(Q) — D}, defined by

(WhU)’K = 7TK<U|K) VK € 77“ Yv € LZ(Q)

The fluctuation operator kj, is given by &y, := id — 7, where id : L*(Q) — L?*() is the
identity mapping on L?(€2).

13
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Then, the stabilizing term denoted by Sy (vp, wy,) is defined as

Sh(vp,wp) = Z 5% (/{h(Vvh),/ih(th)>K (2.1)

KeT,

with user defined non-negative constant py, K € 7,. The optimal mesh dependent choice
of the parameter will follow from the error analysis of the methods in the upcoming chap-
ters.

The stabilization S), gives an additional L?-control over the fluctuations x; of the gra-
dients. Note that one can replace the gradient Vv, by the derivative in the streamline
direction b - Vv [68]. Then the stabilization term looks like

Sp(vp, wp) = Z LK (/@h(b - Vup), kn(b - th)) (2.2)

K
KeT,

which represents the fluctuation of the derivative in the streamline direction or even more
better ([53, 54]) by by - Vv where by is a piecewise constant approximation of b, which
leads to similar results.

Stability and convergence properties of LPS methods are based on the following assump-
tions with respect to the pair (V4, D) [67 [68].

Assumption A1: There is an interpolation operator ij, : H*(2) — V}, such that

1k < Chk i YK € Ty, ve H(K), 2<1<r+1. (2.3)

v —invllox + hilv —ipv

Assumption A2: The fluctuation operator ky, satisfies the following approximation prop-
erty

ok < Chllglix VK € T,¥q € H(Q),0<1<r. (2.4)

|Kng

The most important factor in the error analysis of the the LPS method is the existence
of an interpolant j, : H*(Q) — V} with the error v — j,v being L2?-orthogonal to the
discontinuous projection space Dy, without loosing the standard approximation properties.
Assumption A3: There exists a constant §; > 0 such that for all A > 0

. (Uha Qh)K
inf sup
an€D(K) v, evy (k) 1Vnllo.x llgnllo,x

>8>0 VK €T, (2.5)

is satisfied where Vj,(K) = {vp|x : vn € Vi, v, =0 in Q\K}.

Note that the Assumptions Al and A3 guarantee the existence of a interpolant with
the usual interpolation properties (2.3]) and the orthogonality v — j,v L Dj,. Assumption

14



2.2. LOCAL PROJECTION STABILIZATION (LPS)

A2 is needed to bound the consistency error [67, 68, [76]. For example, in one-level LPS
Assumption Al and A2 are satisfied if we choose (Vj,, Dy,) = (P, P35¢), i.e., continuous
and discontinuous piecewise polynomials of degree r and r — 1, respectively. In order
to guarantee also the Assumption A3, the approximation space V}, is enriched locally by
suitable bubble functions. For details see [67].

Theorem 2.2.1. Let the Assumption A1 and A3 be satisfied. Then there is an interpo-
lation operator j, : H*(2) — Vj, satisfying the approzimation

v — jnvllox + hilv — javhix < Chl|lvllix YK € Tp, Yo € H(Q), 2 <1 <r+1 (2.6)
and orthogonality property
(v —Jpv,w) =0 Y, € Dy, Yo € H*(Q). (2.7)

Proof. The proof of the theorem can be found in [67, [76]. O

In the following we give explicit examples satisfying the assumptions A1-A3. We use
mapped finite element spaces [I5] where on the reference cell K the enriched spaces are
given by

Here, ba and b are the cubic bubble on the reference triangle and biquadratic bubble
on the reference square, respectively, which vanish on the element boundary. The nu-
merical tests are performed in this thesis using for (Vj, Dy) the pairs (QPUPPle) Pdisc) and
(pbubble pdisc) ipy two dimensional case with r = 1, and 7 = 2. An overview of different
variants in two dimensional case for r = 1 and r = 2 are illustrated in figures 2.1l and 2.2

Figure 2.1: Approximation and projection spaces on quadrilaterals (one-level approach).

15
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Figure 2.2: Approximation and projection spaces on triangles (one-level approach).

2.3 Discontinuous Galerkin (dG) method

In the following, we will introduce the key idea behind the discontinuous Galerkin (dG)
finite element method for time discretization of the initial value problem

ur+ Lu=f, u(0) =1ug (2.8)

where L : V — V is a bounded operator, independent of time and not necessarily self
adjoint. Let us denote by (-,-) the inner product in V' and formulate the discontinuous
Galerkin method for (2.8). Note that the exact solution of (2.8) satisfies

/OT{(UQU) + (Lu,v)}dt - /OT(f,v)

u(0) = uyg, (2.9)

for sufficiently smooth v. In what follows, we shall denote by f’, f”, and f@ the first,
second and ¢-th order time derivative of f, respectively. Integrating by parts the first
term with respect to ¢, we get

/0 {—(u,v’)—l—(Lu,v)}dt—i—(u(T),v(T)):(u(O),v(O))+/O (f,o)dt.  (2.10)

The idea behind the time discretization by the dG method is to consider a partition

of the interval [0,7] into N subintervals 0 =tq < t; < --- <ty =T, J, = (tn_1,t,] with

time step length k, = t, — t,_1 and kK = maxk,. For a given nonnegative integer ¢, we
n

define the following space
q .
SY = {v 0,T) = Vvl =3 oyt with v, € v} (2.11)
§=0

i.e., on each subinterval J,,, we are looking for an approximation of (Z8)) of degree less
than or equal to ¢ having values in V. Notice that, by convention, the functions in S} are
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allowed to be discontinuous at the nodes t,,, n =0,..., N — 1. For discontinuous in time
functions we use the notation

+ _ = _ 1
o = p(ty) = lim o(t). (2.12)

Then the jumps at the end points of J,, are defined as

[lm =@ — oo, m € {n —1,n}. (2.13)

Let us introduce the bilinear form B as

B(u,v) = i /n {(u’,v) + (Lu,’u)} dt + NZ_I([u]n,UTJ{) + (ug, vg). (2.14)

Then the discrete formulation of (ZI0) reads:
Given ug, find U € S} such that

B(U,X) = (uo, X3 +/T(f, X)dt VX e S (2.15)
0

Lemma 2.3.1. The bilinear form B can be expressed as

N N-1
Blu,v) = Z/ { — (u,') + (Lu, U)} dt =" (uy [o]a) + (uy, o). (2.16)
n=1 n n=1
Proof. Integrating by parts the first term in (2I4) we get
N N N
Z/ (u',v) dt = Z(u, V)i - Z/ (u,v") dt
n=1 n n=1 n=1 n
N N
=Y (o) = )} = Y [
n=1 n=1 n

Substituting into (2.14))

B(u.v) = i/ { = @v)+(Luv)fdt+ S {(00) = (v}

+30 { id) — D) |+ (0 49)

il N-1
- Z/ { = o) (L) 4 30— )+ (v = vy)
n=1
which is equivalent to (2.I6). This completes the proof. =
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Lemma 2.3.2. The following holds
N ] e )
B(v,v) = Z/ (Lv,0)dt + Slog|I* + 5 > llal® + sllonll® (2.17)
n=1 n n=1
Proof. Replacing u by v in (2I4) and (ZI0]), we get

B(v,v) :ZN:/ {(v’,v)—l—(Lv,v)}dH—NZI([U]n,v:)—|—(U(J{,Uar),

N N-1
B(v,v) = Z/ { — (v,0") + (Lv,v)} dt — Z(v;, [v]n) + (vy, vy)-
n=1v4Jn n=1
Adding them together and dividing by 2, we get
N e | N2 1 1
Bow) =3 [ @uoyde 3 Y (o) = 5 S o) + 5 (0vm) + 508 0)
n=1 n n=1 n=1
N e 1 1
=32 [ ot STl )+ 500505 + 5008
This completes the proof. n

Gronwall’s inequalities are important in the error analysis of time-dependent problems. In
this thesis we use continuous as well as discrete versions of the Gronwall’s inequality [34].

Lemma 2.3.3 (Continuous Gronwall inequality). Let f, g, y are piecewise continuous
functions defined on (to,t). Suppose that g is a non-decreasing function and that there
exists a constant o independent of t such that

y(t) + () < g(t) + o / y(s)ds it € (to.1).

Then,
y(t) + F() < exp (alt — 1)) g(t) VL€ (to, 1), (2.18)

Lemma 2.3.4 (Discrete Gronwall’s inequality). Let k, B, and G, by, Cmy Y, for integer
m > 0, be nonnegative number such that

an+kzn:bm§kzn:’ymam+kzn:cm+3 forn > 0.

m=0 m=0 m=0

Suppose that kv, < 1, for all m, and set o,, = (1 — k)"t Then,
an—i-kmegeXp (kZ’ymam> {chm—i—B} forn > 0. (2.19)
m=0 m=0 m=0
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Important tools in the derivation of the error estimates are inverse inequalities.

Lemma 2.3.5 (Inverse inequality). Let {7} be a shape reqular family of affine meshes
in R with h < 1. Let 0 < m <l and 1 < p,q < oo, then there exists a constant C
independent of h, K, p and q such that (see [25])

m—l4d(: -1

1
wlipie < b Tl e, VK € T, Y € Vi (2.20)
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Chapter 3

Convection-diffusion-reaction
problem

This chapter concerns with the numerical solution of time-dependent convection-diffusion-
reaction equations. We apply the vertical method of lines. The aim is to combine the
local projection stabilization in space with the discontinuous Galerkin in time, which are
discussed in detail in Chapter 2l First we discretize the model problem in space only and
investigate the error estimates for the semi-discrete problem. Then the error bounds for
the fully discrete scheme are obtained after discretization of the semi-discrete problem in
time.

The chapter is organized as follows. Section B.Il introduces the problem under consid-
eration and derives the weak formulation of the problem. The semi-discretization in
space and the local projection stabilization are introduced in Section 3.2l Furthermore,
an optimal error estimate for the semi-discretized problems is given. Section presents
the error analysis for the fully discrete problem after a time discretization by a discontinu-
ous Galerkin method. Finally, numerical results which confirm the theoretical predictions
are given in Section [3.4l

3.1 Model problem

Let © C R? be a bounded polygonal for d = 2 or polyhedral for d = 3 domain with
Lipschitz continuous boundary I' = 9Q and T' > 0. We set Q1 := Q x (0,T") and consider
the following time-dependent convection-diffusion-reaction problem:

Find u : Q7 — R such that

u —eAu+b-Vu+ou=f in Qr,
u=0 on 082 x (0,7, (3.1)
u(+,0) = g in (),

where € > 0 is a given positive constant, b is a given velocity field, f is a source function
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and ug is the initial data. We assume that b, and o are independent on time ¢, whereas
f may depend on t. Furthermore, let the data b, o, ug and f are sufficiently smooth on
Q and Q x (0,7), respectively. By the transformation u(x,t) = eftv(x,t) with a suitable
large constant K one obtains always a system for v of the form (B.]) such that

1
o — édiv b>o0y>0 in . (3.2)
Let us introduce the space V = HJ(Q), its dual space H~*(€2), and (-,-) for the duality

product between these two spaces. Then, a function u is a weak solution of problem (B1I),
if

we LAHY), o e LX(H™Y), (3.3)
and for almost all ¢ € (0,7),
{ (u'(t),v) + a(u(ti,(gg z i];(t), vy YwevV, (3.4)

Here the bilinear form a is given by
a(u,v) :=e(Vu, Vo) + (b - Vu,v) + (ou, v).

Note that (8.3) implies the continuity of u as a mapping of [0, 7] — L?*(2) such that the
initial condition u(0) = ug is well-defined.

3.2 Semi-discrete problem

Since we are interested in convection-dominated convection-diffusion-reaction problems,
standard finite element methods will lead to solutions which contain global unphysical
oscillations. In order to prevent this, we will consider the one-level local projection stabi-
lization method in which the approximation and projection spaces live on the same mesh.

Based on the finite element discretization in Section 22 the stabilization term
Sh(un,vy) is given by

Slun,vn) == 3 prc (o (Von), i (Tun) (3.5)

K
KeTy,

with user chosen non-negative constants ugx, K € 7;,. Now, the stabilized semi-discrete
problem reads:

For all t € (0,T), find uy(t) € Vj, such that

{(%(t)avh)Jrah(uh(t)avh) = (f(t),on) Vun € Vi,
up(+,0) = upp,
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where the stabilized bilinear form ay, is given by

ap(up, vy) == alup, vy) + Sp(un, vp) (3.7)

and uy, o € Vj, is a suitable approximation of uy € L*(Q).

Lemma 3.2.1 (Coercivity). The stabilized bilinear form ay(-,-) is coercive
an(vn, vn) = [[onll]” (3.8)
with respect to the mesh dependent norm
enlll = {elonl? + oolloall® + Sn(en, va)} . (3.9)
Proof. Setting u;, = v, in (3.7)), we obtain

an(vp,vp) = a(vn, vy) + Sp(vn, vn)
= €(VU}L, VU}L) + (b : Vvh, Uh) + O'(Uh, Uh) -+ Sh(vh, Uh)

Integrating by parts the second term and using the inequality (B.2), we get

an(vn, vn) = elvp)? + ool|vnl|* + Sk(va, vs)
> |[|vnl| P

This completes the proof. O]

In order to analyze the semi-discrete error, we define the Ritz-projection Ry, : V — V},
associated with the stabilized bilinear form a; as Ryw € V}, such that

ap(Rpw,vp) = a(w, vy) Yoy, € V. (3.10)
For the stationary problem associated with ([3.I]) we have

Theorem 3.2.2. Suppose A1-A3 defined in Chapter[d, T ~ hy for all K € Ty, and let
the data of the problem be sufficiently smooth. Then, there exists a positive constant C,
independent of € and h, such that

11 Bywll] < Cllwl Yw € H'(Q) (3.11)
and

[lw = Ruwl]| < C(e"? + h'2)R |[w]| 4 (3.12)

for allw € Hy () N H(Q).
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Proof. From (3.8) and (B:10) we have

| Rhw|||* < an(Ryw, Ryw) = a(w, Ryw)
< Cllwlly |[|Rpwl]],

from which (BI1]) follows. For (8:12), see [76, Theorem 3.74]. O
The next theorem states the main result of this section.

Theorem 3.2.3. Let u(t) and uy(t) be the solutions of the continuous problem ([B.4]) and
the semi-discrete problem (B.0)), respectively. Let the assumptions A1-A3 be fulfilled and
ug € HYQ), w € HY(H™1). If g ~ hg for all K € Ty, then there exists a positive
constant C independent of t, e, and h, such that for all t € [0,T]

fun(®) = 0] < o = vl + 7+ 00 el + Rt} 219

and
[ lhnts) w1 s
< 0o i+ e (ol + [ () + 612 d - @y

Proof. We split the error into two parts
up(t) — u(t) = un(t) — Rpu(t) + Rpu(t) —u(t) = &(t) +n(t)

where
& :=up — Ryu N = Rpu — u.

The estimate for the projection error 7(t) follows from (B.13))
In@)ll = [ Ryu(t) — u(®)]| < OB (2 + hY2) u(#) [+

t
< Ch' (V2 + /%) {HUOHTJrI +/ HU’(S)HmdS} (3.15)
0

where we used in the second step

t
wwmﬂswmﬁ+/wM@Mm&
0

In order to bound &(t), we use (B4), (3.4), the definition ([B.I0) of the Ritz-projection

operator Ry, and the fact that R;, commutes with time derivative to get
(§'(t), vn) + an(€(t), vn) = (up(t) — (Ruw)'(t), va) + an(un(t) — Ryu(t), vs)
= (f(t),vn) — an(Rpu(t), vn) — ((Rnu)'(t), vn)

( "(t) — (Rnu)'(t), vn)
(77 (t) ) Yo, € V).
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Setting v, = £(t) and taking into consideration the non-negativity of the bilinear form ay,
we obtain

2dt||£( P < (€'#),8(1) + an(§(t),£(1)) = —( (1), £(1)) < ' DI €D

A usual regularization trick to avoid problems with the differentiability of ¢ — ||£(¢)]|
when ¢ = 0 and integration over time from 0 to ¢ yields

Ll < ol
eI < 1O+ [ Il ds.

The terms on the right hand side can be estimated as follows

€O < Jun(0) = w(O)]| + [[u(0) — Rru(0)]]

< |luno = uoll + CH"(? + h'72) [uol+1
I ()| = llw'(s) = Butd' ()]

< Ch (Y2 + W) () |1

Thus, for the error to the Ritz-projection we have
t
IO < o — uoll + CH' (€72 + 1V2) {||U0||r+1 + [ ||u'<s>||r+1ds} .
0

Combining this with (B.13]), we get (313).

Above we used only the non-negativity of a,(&(t),£(t)) instead of the stronger coercivity
estimate

an(&(1),€(1) = [[IE@II.

Now starting with

MIIS( WP+ DN < I @IHIE@)I,

applying arithmetic-geometric inequality in the right-hand side

I @O NED < %Hf(t)\!2 + %ﬂ)!ln’(?ﬁw

where oy from (3.2) and integrating over ¢, we obtain
e+ [ I ds < e+ [ f(s)17ds,
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3.3. FULLY DISCRETE PROBLEM

Using again the estimates for ||£(0)]| and [|7/(s)|| above, we have
t
€11 +/0 1161 ds < Clluno — uoll?

+o<g+h>h2r{|u()||r+l+ /||u I, ds }

Finally, we use (3.12) and the triangle inequality to get (B.14)). H

Compared to standard Galerkin finite element method, where ux = 0 for all K € 7,
the local projection method provides additional control over the fluctuation of gradients
because of the definition of the triple norm. The additional stabilization term yields
improved stability properties. In the special case, when ¢ = 1, b = 0 and ¢ = 0, the
corresponding error estimates (3.13]) and (8.14) are the same as in [85, Theorem 1.2,1.3].

3.3 Fully discrete problem
For getting a fully discrete version of (3.1]) we apply the discontinuous Galerkin method

to problem ([B.6). Let 0 =ty < t; < --+ < txy = T be a partition of the time interval
0,7, Jn = (tn-1,tn], kn = t, — tn—1, and k = max k,. For a given non-negative integer

q, we define the semi-discrete space as in (2.11))

q
SY= {v [0, 7] =V : v|Jn(t) = Zvjtj with v; € V}

=0

and the fully discrete space

q
Sio={o: 0TI = Vol ) =3 uf wihy e} (@16)

J=0

where V}, consists of elements of order 7.

The fully discrete problem reads: Given an approximation uyo of ug, find U; € S,Z:(,i
such that

T
B(Un, X) = (uno, Xi) + / (f,X)dt, VX € S}, (3.17)
0

where the bilinear form is defined by

P A CERR TES WM NI
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and integration by parts with respect to t gives

Blu,v) = i / { — (u, ') + anlu, v)} dt — Ni (s, [0]n) + (uy, vy)- (3.19)

The jump terms in the bilinear forms are stabilizing operators and have an effect of up-
winding information with respect to time.

The exact solution satisfies (B.IT) since [u], = 0, n = 1,..., N — 1. Since the func-
tions in the fully discrete space S,’;’f,]c are allowed to be discontinuous at the nodes t,,

n=20,...,N —1, we can choose v to vanish outside the time interval .J,,. Therefore, the
fully discrete scheme (B.I7) becomes

| (@0 + an(On o)) de+ Ufsod) = Wi + [ (R0t o
n '-]”’L
(3.20)

for 1 <n < N, where U, ; = upp.

Special case: In the case ¢ = 0, the approximation functions are piecewise constants in
time on each interval, and in particular we have U; = 0 and Uy, = U, ,j ._1- Therefore, the
fully discrete scheme ([B3:20) reduces to backward Euler method with modified right-hand
side, i.e., forallv eV, and 1 <n < N

(Unn,v) + knan(Upn,v) = (Upp-1,v) + / (f,v)dt,

— _ 1
<%v) + ap(Unpv) = k—/ (f,v) dt.

n

We consider two mesh-dependent norms given by

N ) 1/2
ol = (Z / loll[2dt + 5||v;V||2) (3.21)
n=1 n

N N-1 1/2
]‘ 2 ]‘ 2 ]‘ — 112
[v]ls = <Z/J o] |[*dt + §Hvo+|! + 52 Ifelall” + Sllvnl ) : (3.22)
n=1 n n=1

Here, and in the following we assume the regularity of v needed such that B and || - ||s
are well defined.

Lemma 3.3.1. The bilinear form B is coercive with respect to the strong norm || -||s, i.e.

B(v,v) > ||v||% (3.23)
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3.3. FULLY DISCRETE PROBLEM

Proof. Setting v = v in (3.18)) and (3.19) and adding them together to get

25(0.0) =23 [ (o) Y (W ola) + (o) + )

Using the coercivity of aj, with respect to ||| - ||| and dividing by two, we get

N 1 N-1 1 1
2 _
B(v,v) > HollPdt+ 5 > (|la]™ + Sllog 1P+ Sloxll® = lloll3-
r 2 2 2
n=1 n n=1

The next lemma gives the stability of the fully discrete scheme (B17]).

Lemma 3.3.2. The solution Uy, of the fully discrete problem ([B1T) is uniquely determined
and satisfies the stability estimate

1Ulls < C (lunoll + 1£]l2(z2)) - (3.24)

Proof. Setting X = U}, in (B17) and using the coercivity of B, (8.24)) follows by means of
Cauchy-Schwarz type inequalities

T
[0l < ol [02] +/0 £ 11T | dt

< Juoall U3 + ( / ' ||f||2dt) ( / T HUhllzdt)

< C(Jluonll + 1l 2ceo) )|l
[l

For analyzing the error of the discontinuous Galerkin method, we define an interpolant
u € S{ of the exact solution u(t) of (B1]) defined by

a(t,) =u(t,),n=1,...,N (3.25)

/ (a(t) —u(t)) t'dt = 0, 1=0,1,....g—1, n=1,...,N (3.26)
i.e., @ interpolates at the nodal points, and the interpolation error is L2-orthogonal to
the space of polynomials of degree ¢ — 1 on J,,. Note that u is on each .J,, a polynomial
in ¢t with values in V. For this type of interpolation, we have for 7,7 = 0,1 the error
estimates [73].

sup [u(t) —a(t)]; < Ck™ sup [u@D(1)], (3.27)
0<t<tny 0<t<tn
’ u®(t) — a® (t)|? dt < Ok ’ |l ()2 dt, (3.28)
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CHAPTER 3. CONVECTION-DIFFUSION-REACTION PROBLEM

Lemma 3.3.3. Suppose A1-A8, and 1 ~ hyg for all K € T,. Let U, and u be the
solutions of the fully discrete problem [BIT) and the continuous problem [B1I). Moreover,
let ug € H™(Q) and w € H'(H™"). Then, the following estimates hold true

|Un — Ryiills < C'||Juno — Ruugd || + (2 + Y3 BTl g ey + || oy |

(3.29)
Proof. For & = Uy, — Ryt € S, we have from the coercivity (3.23)) of B
€12 = |Un — Ruiil|2 < B(Uy — Ry@i, Uy — Ryi)
< B(Up — Ryu, &) + B(Ryu — Ry, §) (3.30)

Having in mind that U, and u are the solutions of the fully discrete and continuous
problem, respectively, and that the Ritz-projection commutes with the time derivative.

From (317, B4) and (EI0), we have
B = (&) + [ (1000
= (o &)+ [ {09 +atu. o)}
= (uno,&3) + ,ﬁ; . {(W,&) + an(Ryu, )} dt.

The regularity assumption u € H'(H"') ensures the continuity of the mapping t
Rypu(t). Hence, [Ryu], = 0 for n = 1,..., N — 1. Adding and subtracting the terms

/tN(Rhul,f) and (Rpug, &), we get
0
N N-—1
B(Un&) =Y / (B ©) + an(Row, ©) b dt + 37 (Rl €6) + (R, &)
n=1 n n=1

N
+ Z/ (u' = Ryu', §) dt + (upno — Ruug &)
n=1 n
From (B.I8), we get
N
B(Un,§) = B(Rpu, §) + Z/ (u' = Ry, §) dt + (upo — Raug, &g )-
n=1 n
Hence for the first term in (3.30), we have the relation

N
B(Uy — Rpu, &) = Z/ (u' — Ry, &) dt + (upo — Rpug , &)
n=1 n
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3.3. FULLY DISCRETE PROBLEM

Now, applying Cauchy-Schwarz’s inequality and ([B.12), we conclude

N N
Bl ~ R §) < || [ = R S [ et + uno — R 5]
n=1"Jn n=1"Jn

N
< C(e? + W) \/ / /()12 dsy | D ; 1€]12 ds
n=1 n

+ lluno — Ruug [HIE ] (3.31)

For the second term in (3:30), we have from the second representation (3.19) of bilinear
form B

(Rhu—Rhuf Z/ Rh u—u£)+ah(Rh(u—ﬁ),§)}dt

3 (R = 06 [6) + (Ralu = 0)(0).65).

Taking into consideration that w(t,) = @(t,), n = 1,..., N and using the second repre-
sentation of the bilinear form B, we get

B(Ryu — Ry, €) = Z/ — (Rpu — Ry, €) +ah(Rh(u—ﬂ),§)}dt

:;/nau—~

The first term vanishes. Indeed, from
ap, (Rh(u — 1), vh) = a(u — @, vy) Yo, € Vi,

we obtain after multiplying by an arbitrary polynomial p of degree less than or equal to
q — 1 and integration over .J,, the relation

/n an (pRa(u — @), vn) dt = / a(p(u— @), v,) dt.

Applying Fubini’s theorem, we get

a (/ pRy(u —ﬂ)dt,vh) =a (/ p(u —ﬂ),vh) dt =0 Vv, €V,

due to the orthogonality (3.20). Therefore, for all polynomials p of degree ¢ — 1 we have

/ pRy(u—u)dt =0

n
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which implies

/ (Ru(u — @), &) dt = 0.

n

By means of the interpolation error estimate (8.28]), we conclude

B(Rpu — Ry, 5) Z/ lu— @2 dt Z/ an(€,€)

<0kq+1\// us+1(s)|2 ds Z 1€]]]2 ds. (3.32)

J’!L

Substituting the estimates (B:31]) and (3.32)) into (3.30)

lellz < C(

<C

<C

1 2
—_ <
ez <c

From this the

N
RIS \/ / l ()2 dsy | S / |12 ds
n=1 n

+ qu“\// |uatt(s Z/ IEN ds + [Juno — Ruug || 1€ |

0o

1 g o
L ey / ()2, ds + 02 / e ds
0
T

+ 2l — R I? + S5 I + CR2+? / ™ (s)]1 ds
0

|
2
+ - E d

(2 + W22 R | (5) |32 rin) + lumo — Baug 12 + K272l foi oy

L 3 -
+ ZHin

(€2 + RV (5) 3o gy + luno — Buugd 12 + K272 w300 1y |

required estimate (3.29)) follows. O

Lemma 3.3.4. Suppose A1-A3, and T ~ hg for all K € Tp,. Let ug € H™(Q) and

= Hl(HrJrl)

be the solution of problem ([B.4). Then, we have following estimates

| Rt — Ryulls < CE2ul gav gy, (3.33)
[Rnt — Ryullw < CET ful gosa (), (3.34)
HRhu - UHS S C(€1/2 + hl/z)hr (||u||L2(H’"+1) + HUHC(HrH)) . (335)
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3.3. FULLY DISCRETE PROBLEM

Proof. From (B.18), we have for the Ritz-projection of the interpolation error 7 := Ryt —
Rhu = Rh(ﬁ — ’LL)
N-1

Z_(n;, M) + (s ) -

=1

Inll2 < B(n,n) = i/ [— (n,n') + ah(n,n)} dt —

3

The interpolation 4 satisfies a(t;) = u(t,), n = 1,..., N, thus the last two terms vanishes
and for the first two terms applying Cauchy-Schwarz inequality and coercivity of the
bilinear form a; gives

N
o2 <>~ [ [l + 7]
n=1 n

N
<> [ il i =+ - ul?] ae
n=1 n

Here, we used the stability of the Ritz-projection ([BI1]). We conclude the estimate (3.33)
by using the interpolation error estimates (3.28)

Inll? < O uliea gy

For the improved error estimate with respect to the weak norm, we have

N ) 12
Il = (32 [ Wil at+ )
n=1 n

Note that @y = wu(ty), therefore the second term vanishes. Using again the stability
estimate of the Ritz-projection (BI1]) and the interpolation estimates ([B.27)) to get

N 1/2
Inlle <C (Z/ I — UH%) < CRT ul grovi (),
n=1 Jn
which is (3.34)).

Now we estimate the projection error for which the jump terms [Rpu — u], vanishes
forn=1,..., N, we have from (3.22)

T 1 1 1/2
= all = ([t = wllPas 4 Gl Rw = 03 1P + S — w517
We conclude the final estimate ([B.35) by using (3.12)
T
R Vi A S MO A ey MR e ey
0

< 0(51/2 + h1/2)hr<||u||L2(Hr+l) + ||u||C(Hr+1)>

which completes the proof of the lemma. [l
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Theorem 3.3.5. Suppose A1-A3, and 7 ~ hy for all K € T;,. Let U, and u be the
solutions of fully discrete problem (BIT) and the continuous problem (Bl), respectively.
Moreover, let ug € H™(Q) and uw € H'(H"™). Then, there exists a positive constant C
independent of h, k and €, such that the following error estimates

HUh — u||s S HRhua_ — uh,oH + qu+1/2|U‘Hq+1(H1)

+ CEV2 + WA (Jull g ey + [l o) (3.36)
and
1Uh = ullw < |Rpug — unoll + CE | gav
+ (€2 + RAR (lull g ey + Nullogarey) (3.37)
hold true.

Proof. The proof follows from the triangle inequality applied to the splitting
U, —u= (Uh — Rhfb) + (Rhﬁ — Rhu) + (Rhu — u)
and using Lemmas [3.3.3] and .34 O

Applying discontinuous Galerkin method to ordinary differential equations one gets the
error estimates of order O(k9*1). In (3.37) we got the same convergence order in time for
weaker norm.

3.4 Numerical results

In this section, we will present some numerical results for the discontinuous Galerkin
and LPS methods applied to time dependent convection-diffusion-reaction problems. All
numerical calculations were performed with the finite element package MooNMD [38].
Appropriate finite element spaces which fulfill the assumptions A1-A3 are given in [67].
In our numerical computations we use mapped finite element spaces [I5] where on the
reference cell K the enriched spaces are given by

P;oubble(f?) _ ps(f() + BAPs_l(lA()
qubble([?) _ QS([?) + Span{BDi’f_17 7= 1,2}.

Here, bx and by are the cubic bubble on the reference triangle and biquadratic bubble on

the reference square, respectively.
The numerical tests are performed using for (V},, Dy,) the pairs (PpPuPble) pdisc) - pbubble ® pdisc)
(QPubble pdisc) and (Q5ubPle, pdisc)  The stabilization parameters 7x have been chosen as

Tk = Tohxy VK €T,
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where 7y denotes a constant which is given further for each of the test calculation. We
used up o := jpup as discrete initial condition. In order to compare our results with those
in the literature, the first example is taken from [10] and the second from [41].

Due to the enrichment of the approximation spaces by bubble functions, quadrature
formulas with higher order accuracy have to be applied to calculate the entries of the
system matrix, the mass matrix, and the right-hand side vector. Since QPP € ), ,; on
quadrilaterals, the order of Gaussian formula has to be increased just by 1. On simplicial
meshes, the inclusion PP""Pe C P, ; holds true. For assembling the mass matrix the use
of quadrature formulas which are exact for polynomials of degree r+d on each element
can be avoided by computing the mass matrix on the reference cell and transforming it
to the current element.

Example 1. In this example, we consider a pure transport problem in two dimension
givenbye=0=f=0,b=(—y,2)", Q= {(z,y) € R?: 2% +y? < 1} with a Gaussian
initial condition centered at (0.3,0.3) given by

UO@?y) _ 6710[(x70.3)2+(y70.3)2].
The calculations have been performed on triangular meshes which are obtained from an

initial triangulation by successive refinement with boundary adaption due to the curved
boundary. The initial mesh (level 0) and the mesh on level 3 are shown in Fig. Bl

%
§A

N
N
Ny
R

Figure 3.1: Triangular meshes for Example 1: coarsest mesh (left) and mesh after three
refinement steps (right).

To find the errors in space and time, we use the standard strategy, i.e., consider the
time-step size small enough to find the convergence order in space and vice versa. In
Tables B.IH3.4, we show the convergence results in the strong and weak norms || - ||s and
|| - ||, respectively, defined in Section 3.3l For the time discretization, the discontinuous
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Galerkin methods of first and second order are used with the final time 7" = 27. Table[3.1]
shows the error in space in the strong and weak norms with stabilizing parameter 7 = 0.1
and time step length k = 27 x 1073 for (PPuPPe, Pdisc) and dG(1) in time. In Table B2
the convergence results for (PPUPPle] pdisc) and dG(2) in time are listed. We see that the
expected convergence orders are obtained.

Table 3.1: Errors and convergence orders in space for (PPPPle, pdise) "qG(1), k = 2r-1073
and 7 = 0.1 hg.

level lu — unlls [l — wp||w

1 6.024193e-01 3.866296e-01

2 2.060501e-01  1.5478 1.453955e-01 1.4110
3 5.706335e-02 1.8524 4.562678e-02 1.6720
4 1.695608e-02  1.7507 1.495364e-02 1.6094
5 5.535004e-03 1.6152 5.151535e-03 1.5374

Table 3.2: Errors and convergence orders in space for (PyuPble, pdise) "G (2), k = 2x-1071
and 7 = 0.1 hg.

level lu — unlls [l — wpl|w

1 1.070935e-01 7.581427e-02

2 1.677886e-02 2.67415 1.263272e-02  2.5853
3 3.046522¢-03  2.46141 2.425352e¢-03 2.3809
4 5.709154e-04 2.41582 4.790734e-04 2.3399
5 1.109878e-04 2.36288 9.813064e-05 2.2875

The numerical errors and convergence orders in time are listed in Table with 7 = 0.1
for dG(1) and (PpuPPle; Pdise) on level 7. The error for dG(2) in time with (Pyubble, pdisc)
on level 7 are presented in Table 3.4l We see from the results of weaker norm in Table 3.3
that the expected rates of convergence are achieved for the two largest time step lengths.
For smaller time step length the order starts decreasing. This is because the error in space
dominates, i.e., the mesh size h is not small enough so that one can see the corresponding
convergence rate in time.

Example 2. The second example is the three body rotation used as a test case for
advection problem from [4I]. We choose = (0,1)? and the coefficients e = 10729,
b= (0.5—1y,2 —0.5)7, c= f = 0. The initial condition consists of three disjoint bodies:
a slotted cylinder, a cone and smooth hump, see Fig. B.2l The position of each body is
given by its center (xg,yo). Each of the bodies lie within a circle of radius ro = 0.15 with
center (xg,yo). The initial condition is zero outside the three bodies. Let

r(z,y) = %m "t 0wl

34



3.4. NUMERICAL RESULTS

Table 3.3: Errors and convergence orders in time for dG(1) and (PPuPPle) Pdisc) on level
= 7 with TK — OlhK

R Tu—unlls [u—unll
27T/10 2.006905e-01 4.650374e-02

27 /20 9.357820e-02 1.1007 1.198127e-02 1.9565
27r/40 3.614780e-02 1.3723 2.614460e-03 2.1962
27T/80 1.337951e-02 1.4338 8.423330e-04 1.6341
27r/160 4.956802e-03 1.4325 6.429738e-04 0.3897

Table 3.4: Errors and convergence orders in time for dG(2) and (P PPle) Pisc) on level

k llu — unlls
27/10 4.230334e-02

271‘/20 8.815594e-03 2.2627
27 /40 1.669538e-03  2.4006
27/80 4.142938e-04 2.0107
27/160 1.589712e-04 1.3819

Y
Y
AN,

© o o0

Al
e
i /II,I '::".:‘0.:““:“\\\\\\\

i)

Figure 3.2: Initial condition for rotating body problem.

The center of the slotted cylinder is in (xg, y9) = (0.5,0.75) and its geometry is given by

1 ifr(z,y) <1, |z —x0| > 0.0225
uo(x,y) = or y > 0.85,
0 else.

The conical body at the bottom side is described by its center (xg,yo) = (0.5,0.25) and
UJO(‘Ta y) =1- T(I,y).
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Finally, the hump at the left side is given by (z¢,yo) = (0.25,0.5) and

uo(z,y) = %(1 + cos(mmin{r(x,y), 1})).

The rotation of the body occurs counter-clockwise and the first full revolution takes
place at 7' = 27 which is considered as final time. In the original example [60], the
pure transport problem was considered and after each revolution one obtains the initial
condition. In our numerical studies, we have used the case of very small diffusion (¢ =
1072%). Hence, the results obtained by our method are very closed to the initial condition.
The numerical solutions were compared with the initial condition ug. We present ||[U —
u||L2(L2) and

var(t) := (ggl,?gg Un(t;z,y) — (mII;;lelg Un(t; z,y),

where the maximum and the minimum were computed in the vertices’s of the mesh
cells. The values ||Uj — u|z2(12) give some indication of the accuracy of the method and
the smearing in the numerical solution whereas var(t) measures the size of the spurious
oscillations. The optimal value is var(t) = 1 for all ¢ € [0, T].

We have used triangular and quadrilateral meshes which are generated by successive
refinement starting from the coarsest meshes (level 0) which are shown in Fig. B.3

Figure 3.3: Meshes on level 0 for Example 2.

The results computed for the dG(1) in time with time step length k¥ = 27 x 107 and the
pairs (QPuPPle / pdisc) and (PPubble / pdisc) on level 7 are listed in Tables B.5 and B.6 and are
plotted in Fig. 3.4
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Table 3.5: Body rotation (Q}PPle/Pdisc)  Table 3.6: Body rotation (PPubble/pdisc),

T0 ||U*’LL||L2(L2) V&I‘(Q?T) To HU*UHLZ(LZ) Var(27r)
0.01 0.131808 1.71336 0.01 0.193271 1.88889
0.05 0.121924 1.54572 0.05 0.161097 1.45071
0.1  0.123186 1.42281 0.1 0.148976 1.29564
0.5 0.136054 1.36074 0.5  0.140925 1.33735
1.0 0.141408 1.37894 1.0 0.144971 1.4265

2.0 0.14594 1.37086 2.0  0.150848 1.49369
5.0  0.152682 1.30647 5.0  0.15909 1.59402
10.0 0.161308 1.23874 10.0 0.164467 1.6663

Note that the same meshes were used in [41]. For the higher order methods (Q5Ple / Pisc)
or (Q5PPle/ Pdise) with dG(2) using k = 87 x 1073 we list the results in Table 3.7 and B.§]
and plot them in Fig. 3.5

Table 3.7: Body rotation (Q5uPPle/Pdisc) Table 3.8: Body rotation (PPubPle/pdisc),

T U —ullg2r2y  var(2m) T U —ullg2r2y var(2m)
0.01 0.118006 1.41489 0.01 0.11584 1.30134
0.05 0.119446 1.32256 0.05 0.116975 1.29865
0.1 0.121823 1.33089 0.1 0.118591 1.33371
0.5  0.128382 1.38688 0.5 0.119912 1.40233
1.0  0.132182 1.40098 1.0 0.119735 1.41362
2.0  0.136541 1.37409 2.0 0.120005 1.40841
5.0 0.142882 1.35463 5.0 0.121273 1.41464
10.0 0.147771 1.34645 10.0 0.12278 1.42961

From Tables 3.5l and B.6l for the first order discretization, we see that the L2-error decreased
initially since the oscillations becomes smaller. However, increasing 7, further, L2-error
increases due to smearing. The results concerning the variations differ on the underlying
meshes. On quadrilateral, the variations are decreasing by increasing 7y, see Table
and the second picture in Fig. B4 On triangles, an increase of 7y causes an increase of
the variations, see Table and last picture in Fig. 3.4l

In the second order discretization, the L2-errors are increasing when 7 becomes larger,
see Tables B.7 and and Fig. 3.8 The reduction of variation for increasing 7, which
has been observed on quadrilateral meshes but not on triangular ones is less visible for
higher order approximations.
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3.4. NUMERICAL RESULTS
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Chapter 4

PBE, LPS method in space and dG
in internal coordinate

The goal of this chapter is to overcome the curse of dimensionality associated with the
numerical solution of population balance equation (L2]). For this, we apply an operator
splitting method in the context of finite element methods.

The application of operator splitting method reduces the original high-dimensional prob-
lem into a collection of two or more low-dimensional unsteady subproblems of smaller
complexity. The first subproblem is a time-dependent convection-diffusion problem while
the second one is a transport problem with pure advection. The main advantage of such
a splitting is that each of the subproblems can be discretized and stabilized separately by
the best suitable method independently of the other subproblem(s). Since in our split-
ting, the first subproblem is convection-dominated, we use in this chapter the stabilization
method based on local projection. In Chapter Bl the SUPG method is considered. The
second subproblem in our splitting is a transport problem with pure advection, one suit-
able choice is the discontinuous Galerkin finite element method for the discretization with
respect to internal coordinate. For temporal discretization, we use backward Euler time
stepping scheme.

The format of the chapter is as follows: Section 1] introduces the model problem un-
der consideration and defines the basic notations. In Section 4.2 the operator splitting
technique is applied to decompose the problem into two simpler ones. We shall formu-
late the backward Euler discretization and derive the weak form of the two subproblems.
Further, we derive the unconditional stability of the two-step method. We then discretize
the subproblems in space and internal coordinate using local projection stabilization and
discontinuous Galerkin methods, respectively, in Section 4.3 We show the unconditional
stability of the fully discrete two-step method. Section K.4] presents the error analysis
of the fully discrete two-step scheme. Some implementation issues of the method are
discussed in Section Finally, we present in Section some computational results
supporting our theoretical results.
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4.1. MODEL PROBLEM

4.1 Model problem

Let Q, be a domain in R? (d = 2or3) with boundary 0., Q = [lmin, lmax] C R and
T > 0. The state of individual particle in population balance equations consists of the
external coordinate z, referring to its position in the physical space, and the internal
coordinate ¢, representing the properties of particles, such as size, temperature, volume
etc. A population balance for a solid process such as crystallization with one internal
coordinate can be described by the following partial differential equation:

Find z: (0,7T) x Q; x 2, — R such that

(

% + 8(8622) — ez +b(x) - Vez=f in (0,7] x Q x Q,

Z(O, ) = 20 in Qg X Qx, (41)
2o = Zmin on (0,7] x Q,,
(z=10 on (0,7] x Q x 0,

where the diffusion coefficient € > 0 is a given constant, A, and V, represent the Lapla-
cian and gradient with respect to x, respectively, b is a given velocity field satisfying
V. b =0, and f is a source function. Here GG > 0 represents the growth rate of the parti-
cles that depends on ¢ but is independent of x and ¢, we also assume that 9,G > 0 [69] [70].
Furthermore, let us consider the data of the problem G, b, f, zy and z;, to be sufficiently
smooth functions.

Here and in the next chapters we denote by (-, -) the L*inner product in L*(, x ,) and
by || - |lo the corresponding L?*norm defined by

(v,w) = / vwdldr  and 0|2 = (v,v).
QZXQZ

Furthermore, to distinguish the inner products and corresponding norms in space and in-
ternal coordinate, let us denote by (-,-)¢ and ||-||12(q,) the L*-inner product and associated
norm in €, respectively, and by (-,-), and || - || 2(0,) the L*-inner product and the associ-
ated norm in €2,. The Bochner spaces defined in Chapter 2] are used for €y = [(min, lmax],
ie.,

C(QyX) = {v Q- X, w continuous},

L*(Q X) = {v 1y — X, lv()||5dl < oo},
9]
v
m . _ 2 . . 2 . ;
H™(Q; X) = {v € (i X): 5z € Q6 X), 1<) gm},

where the derivatives &’v/0f? are understood in the sense of distribution on ,. For
spaces X and Y we use the short notation Y (X) := Y ({y; X). The norms in the above
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CHAPTER 4. PBE, LPS METHOD IN SPACE AND DG IN INTERNAL
COORDINATE

defined spaces are given as follows

[lle) = = sup lo@lx,  lollex

ol ( /| Z\ )

4.2 Operator splitting method

1/2
( Hv(@\&dﬁ) |
Q,

A
ol

The numerical method for solving ([1]) in d + 1 variable is based on an operator splitting
with respect to (¢,t) and (z,t) in Q, and Q, direction, respectively. We consider a uniform
partition of the time interval (0,7] i.e. t" = n, n = 1,..., N, with time step length
7 =T/N. Then starting with u(t°) = 2y, two subproblems are sequentially solved on the
sub-intervals (¢",t"*1], n=0,1,...,N — 1:
Given u(t") find @ : (t",t" "] x Qy x Q, — R such that
o1 _ L
a—l—[ju =f in (" "] x Qp x Q,
@ =0 on (", t"M] x Q x 9, (42)
a(t"™) = wu(t").

Find w: (¢",t""] x Q x Q, — R such that
ou
L =0 in (7,47 x Qp x Q,

ot
U =2 on (7,8 x (4.3)
u(tn-‘r) :a(tTH_l)’

where
(G
Lz = <8£Z)’ L,z=—eA,z+b-V,z. (4.4)
This two-steps operator splitting scheme defines u(t"), n = 1,..., N, as an approximation
of z(t").

In the framework of PBE, the first subproblem (£2) is a time-dependent convection-
diffusion equation posed on €2, parametrized by the variable ¢ in internal coordinate and
the second subproblem (4.3]) is a one-dimensional transport problem on (2, parametrized
by the space variable x.

Let us consider the spaces V = H}(€,) and W = H'(€,). We introduce the space
P= {v € L2(Q x Q) s v € LA(Q: W) N L2 V)}. (4.5)
A variational form of (£2) and (&3] reads as follows:
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4.2. OPERATOR SPLITTING METHOD

First step: Find @ : (t", "] — P with a(t"") = u(t") such that

/Qe (e, v), + /Qe a(t,v) = /Qe (fv), WweP, (4.6)

where the bilinear form a is defined as

a(u,v) =e(Vyu, Vyv), + (b - Vau,v),.
Second step: Find u: (t",t""] — P with u(¢"") = a(t"*!) such that

/Q (ue, ), +b(w,0) = ((G2)min, V(luin)), Vv €P, (4.7)

where wyin = w(lmin) and the bilinear form b is defined as

b, v) = /Q <a<§£“),v)m+ ((G) () i)

xT

Note that we have imposed the boundary condition (u = Zmin) in ¢-direction in weak

Sense.

Zmin

After discretizing in time by the backward Euler method, the first order accurate im-
plicit scheme is considered as two-step method:

First step: Given u" € P, find @"*! € P such that

/gh(M’”)JM + /Q a(@"!,v) = /Q (o, (4.8)

for all v € P.

Second step: Update @™ from the first step and find the solution u"*! € P such that

un+1 _ ,ﬁn—i—l
/ <—,v> +b(u"tt v) = <Gmmz§$11, v(ﬁmin)> (4.9)
Q T T
for all v € P, where 2™ = 2 5, (£71)).

The next paragraph gives the stability of the two-step method (A8 and (4.9]).

Lemma 4.2.1. Assume that ", u" , n = 1,2..., N, is the solution obtained from the
two-step algorithm ([{.8) and [-9). If 9,G > 0 and 7 < %, then the following stability

estimate holds

N-1
o7 32 [ {2 i+ 00 o, }
< exp(3T/2) {HUOHO + TZ (2“fn+1“0 + |G ﬁﬁlHLzmxﬂ} : (4.10)
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Proof. Setting v = 4" in (X)), yields

/ (ﬂn—l—l _un n+1) —f-T/ ( n+1,an+1) — 7_/ (fn+1,an+1)m-
Qy Qp Qp

Using the relation 2(a — b)a = a® — b* + (a — b)?, one can write

1 1
@ -, = Sl - Sl gl -
Qg

Integrating by parts with respect to = the second term in the bilinear form a(-,-), one

obtains
[ @ ay =< [
Q

since @™ vanishes on the boundary 92, and V,-b = 0. Hence by using Cauchy-Schwarz
inequality for the right-hand side, we have for the first step

S = a5 + @™+ — u™[§ + 27e ||~"“H2 0.)

< TIIf"“HoJrTIIﬂ”“H%- (4.11)

Substituting v = «™*! in the second step ([£9) gives

xT

/ (unJrl _ gt n+1> + 7b(u e+l n+1) IT(GmmZﬁ;l,UnH(fmmD . (4.12)
Q
Starting from

a(Gun-H)
b un+l’un+1 :/ —7un+1 + CTYminunJrl gmin 7un+1 gmin
( )= (Frgr ™)+ (Gt (). ™ (i)

T

an integration by parts twice with respect to ¢ gives

max

b0+ = [ 9, + IR s,

_HGl/z n+1(€min) HLQ(Q$)'

where Gax = G(lmax)- Cauchy—Schwarz inequality gives for the right-hand side in (£12))

_HGl/z n-&-l(gmin)Hig

mln

250

min mlIl

n+l , n+l 1/2 n+1
<Gm1nzmm ,U (gmm ) HG (Qz)

Combining these two results in (£.I2) and using the same relation 2(a — b)a = a® — b* +
(a — b)? for first term, we get for second step

e R I L

HG1/2 n+1

min mlIl

\LQ(QI). (4.13)
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4.3. FULLY DISCRETE METHOD

Adding (@TT) and (AI3]), neglecting some contribution of positive terms, and summing
overn=20,...,N — 1, we obtain

N—-1
ol 3 {2 i + 0T i )
N-1

< [[uflg+7 Z Ul + ezt o} +7 20 a2

n=0

From ({.II)) we have

a2 < == 1 + Hu lo: (4.14)

Using (£I4) in the above inequality, we get

N-1
HUNH§+TZ/Q {2e)l@ 3 ) + OGN0 g, }
n=0 £
4r 2 "
o} 5 2 Il
n=0

where we have used 1/(1 —7) < 4/3 for 7 < 1/4. We conclude the statement by applying
Gronwall’s lemma. This completes the proof. O

N-1
< o)+ 3 {3 +
n=0

The critical issue of the operator splitting method is the overall accuracy of the two-step
method. Using Taylor series expansions first order accuracy of the two-step method (£.2)
and ([A3]) can be shown. A detail error analysis for the first order Lie operator splitting
of the sum of two elliptic operators can be found in [32, [33]. Unfortunately, we can’t use
these results due to the hyperbolic nature of the operator L,.

4.3 Fully discrete method

In view of different properties of operator L, and L,, the operator splitting technique
allows us to use different types of discretization methods to solve the problems in €2, and
. Since the first subproblem (7)) is convection-dominated, we use the local projection
method to stabilize the space discretization. While the second subproblem (49) is a
transport problem with pure advection, one suitable choice is the discontinuous Galerkin
method for the discretization with respect to the internal coordinate.

4.3.1 LPS in space

In this subsection, we discretize the subproblem in space. For this, let us denote by {7,} a
family of shape regular decompositions of €2, into d-simplices, quadrilateral or hexahedra.
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The diameter of a cell K € 7, is denoted by hx and h describes the maximum diameter
of cells K. Let V;, C V denote the standard finite element space of continuous, piecewise
polynomials of degree r. The Galerkin discretization of the problem (£7) is generally
unstable due to dominating advection when the diffusion coefficient is very small ¢ < 1.
We handle this difficulty by adding a stabilizing term based on local projection. Details
of the local projection stabilization method are given in Chapter 2.

The stabilized bilinear form is then defined as
ap(u,v) = a(u,v) + Sp(u,v). (4.15)
where
Sp(u,v) = Z LK <mh(un),/£h(Vzv)>K
KeT,

and ug, for all K € 7y, denote user defined parameters. The bilinear form ay, is coercive
on Vj, with respect to the mesh dependent norm

1/2
el = (eloBrgon + D arlrn(Tao)lBa ) (4.16)
KeTy,

that is ay(vy, vn) > |||va|||? for all vy, € Vj,.

4.3.2 Discontinuous Galerkin method in internal coordinate

To discretize (A7) and (A9)) in internal coordinate ¢, we apply a discontinuous Galerkin
method. Let M > 0 be a given positive integer and £l = lg < {1 < -+ < lpr = lax 1S A
partition of ;. Here and in the next chapters we denote by I; = (¢;_1,4;], ki = ; — {;_1,
and k = max k; with respect to the internal coordinate. Also as in (ZI1]), we denote by S

the function space of discontinuous piecewise polynomials of degree ¢ > 1 and is defined
as

g
St = {U:Qg—ﬁR:v\h(ﬁ) :Zvjfj with v, ER,j:O,...,q}.
=0

Then we give the fully discrete space S} as follows

Sph=Va® S|

q
R0 =" vl with UjEVh,j:O,...,q}. (4.17)

J=0

:{U:QgXQx—)RZU

The functions in these spaces are allowed to be discontinuous at the nodes /¢;, i =
1,...,M — 1. The jumps across the nodes are defined by [¢]; = ¢({;") — ¢({; ), where
ey 1
Pm = ¢(ly) = lim o(0).
In the next paragraph, we define the fully discrete scheme based on the two-step method.
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4.3. FULLY DISCRETE METHOD

First step: For given uj, € S;%, find @) }' € Spf such that

Uy — Up
/(“—X) +/ an (@, X ):/ (/™ X)), (4.18)
Q T x Q Q

for all X € S;% where uj , is a suitable approximation of zy in ;4.

Second step: Update the solution @' from [I8) and find uy}' € Spf such that

T T

un+1 - unJrl
/ (=0 ) 4 B X) = (Gl X)) (4.19)
Q x

n+1

for all X € S;"}, where 2 Hh € S;% is an approximation of 2. and the bilinear form B

min
is defined as

B(u,v):é/}i<a(§;)w>x+ﬂ§([(GU)L,U(E;F)>I+ (Gmmu(fg),v(fg)) . (4.20)

x

Integrating by parts with respect to ¢

d(Gu) _ - - + + v
/ (S520) = ((Cu)e)v) = ((Gu) ). veiy) - / (Gu5r).
leads to the representation
M-1
Z/ (0w 22) =3 (ute), [(Gv)),)
i=1
We introduce the mesh dependent norm on S;%

M
Ivllie =2 /OZGIIUH%Q(QZWHan/iv(f@HQLz( +ZII (G0 20,

+Gzate

)

+ (Gmaxu<e;4),v<@)) . (4.21)

x x

(4.22)

Lemma 4.3.1. The bilinear form B is coercive with respect to the mesh dependent norm
I lla, e,

B(Uh, Uh) th”dG VU}L € SZ:Z;. (423)

Proof. Setting v = v in (£20)) and in (4.21]) to get

G
Uh,Uh Z/ Uh Uh + Z th +))z + (Gminvh(gg)avh(gg))x

Blon,v) =Y /] | —(th, %)x - Z (0n(€7), [(Gon)].) . + (Grmaxtn (), vn(E3p))..

=1
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Adding them together and dividing by two, we get the statement of lemma

M-1
1
B(vn, vp) Z/ (U, vn)e + 2 Z ([Glﬁvh]z‘, [Gl/th]z’)x

1
+ 5 (Gamun( ), () +

5 (Gir{fxvh(gh)a Uh(gj&))

x T

—_

> 5 llonllic:

[\)

O
The next Lemma gives the stability result of the fully discrete method (£I8]) and (£.19).

Lemma 4.3.2. Let 9,G > 0 and 7 < 1/2, then the solution Uy and up ., mn=1,2,... N,
of (4-18) and (4.19),respectively, satisfies

Huhkuowz / Nzl P +Tzuu:: o

< exp(37/2) {||uhk||0+rz< 1F7 12 + 2 (G2t Him))}. (4.24)

Proof. The proof of the stability estimate for the fully discrete method are obtained
following the same steps as in the proof of Lemma [£.2.1l That is, we start by setting
X = ap! in (@I8) and using the equality 2(a — b)a = a® — b* + (a — b)?, to get for the
first term

/Q (UZJIZI Up gy U szl)x ||~n+1||o HquHS +5 ||7-LZJ1;1 - quH(Q)

13

From the coercivity of the bilinear form a;, we obtain for the second term in (Z.I8])
| antait = [ e
Q

Combining these estimates and using Cauchy-Schwarz for the right-hand side to get

a3 16 — Ik 15 + 1R st — b llg + 2 |H~”“IH2
< LG+ ||~”“Ho (4.25)

Similarly setting X = uj ! in (@IJ), we get for first term
/Q (k' = iUk e = —H up i 116 — H~”+1|fo —HU”Jr1 iy 1 116-
14
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For the second term in ([@I9]), the coercivity property (£23) of the bilinear form B gives
1 1
B(“ZJIZ 7“241; ) > ||Uh e

Cauchy-Schwarz inequality and Young’s inequality gives for the right-hand side

(Guineitti b (69)) < G2t o, + IO G g
< ||Grinziiinl |z —|| kNl

Combining these results and contributing the dG-norm with the left hand side, we get

it o = Nt llg + urcit = aitllo + S lluii o < 27l Galmuit ¢

H Up _H Up i min hk 0)HL2(QQC)' (426)

Adding ([£27)) and ([£26) and summing over n =0,..., N — 1, we arrives at

HuthoHTZ/ 511+ 5 ZHZ e

< Huh kHO +TZ {2HGrlr{31 Z—Zl HLQ(Q ) + an+1H0 + HNn—HH }

We conclude the statement of the lemma using (£I4)) and Gronwall’s Lemma 2.34] in a
same fashion as in Lemma [L.2.] O

The operator splitting based on an equivalent one-step method is studied in [30], wherein
SUPG method in internal coordinates is combined with standard Galerkin finite element
method in space. This method is conditionally stable because of the time derivative,
which needs to add into the stabilization terms in order to ensure the consistency of
the method. On the other hand, the dG method includes a natural upwinding that is
equivalent to some stabilization and therefore need no extra stabilization. The two-step
method presented here is unconditionally stable.

4.4 Error estimates

In this section, we derive the error estimates of the fully discrete two-step scheme (L.I8])
and (£19). First we define a special interpolant [T w(t, -, z) € S{ of a function w(t, ¢, x)
by

Hyw(l;) = w(l; ), i=1,...,M—1, (4.27)

/(ka —w)l*dl =0, s<qg-—1,i>1, (4.28)

I;
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e., IIw interpolates at the nodal points and the interpolation error is orthogonal to
the space of polynomials of degree ¢ — 1 on I;. For this type of interpolant we have the
following error estimates

sup [w(l) —w(); < K™ sup [ (O, =01, (429

0<e<lps 0<e<lpr
/I ™ () — w(0)[F de < CRHa1=) / W@t (0)de, s, j=0,1,  (4.30)

see [73, 85]. We denote by P the projection operator which maps onto the tensor
product space S,:’f}c and for sufficiently smooth function w is defined by

Ph,kw = ]thw = ijhw, (431)

where jj, is the special interpolant in space satisfying assumption A1 and Il is the special
interpolant with respect to the internal coordinate. In addition, we have the stability
property of interpolant II; given by

., e

since II; acts in /-direction and the norms are with respect to the space direction.

2
Hr+1(Qy) < C/Q HUH%TH(QQC) (4.32)
4

Let us consider n" := u(t") — Pypu(t") and " = Pypu(t”) — up,. We also denote
" = a(t") — Pyya(t®) and €% = Py pa(t") — iy, 1, then the error u(t") — uj, can be
decomposed as follows
" =ul") —uhy =n"+£"

where @}, , and uj , are the solution for fully discrete scheme (LIS) and (£I9) and a(t")
and u(t") is the solution of (2) and (A3), respectively. Furthermore, to obtain the
separate estimates in space and internal coordinate we use the following decomposition
of errors

Pprw—w = (Ph,kw — ka) + (ka — w) =9+ . (4.33)

Assumption A4: Let u, ug, wy, U, U, Uy, Zmin and zo satisfy the following regularity
conditions

u, € H'(L*(H™))nH' (HY(H")), w, 4 € L*(L*(H™)) N L*(HT(L?)),
uy, Uy € L*(L*(L?)), 20 € L*(Qo HH(Q,)) N HTH Qs LP(Q)),
Zmin € H'(0,T; HH(Qy)).
Lemma 4.4.1. Let the assumptions A1-A4 be fulfilled. Then for all t € (0,T], we have
the following estimates for the interpolation error

[P geun(t) = Myu(t) lGg < Ch?’"“’{ a2y + Hu(t)”ZC’(HTJrl)}a (4.34)

IMeu(t) — u(®)lie < C R 2wl 12). (4.35)
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Proof. For simplicity we skip the dependency t within the proof. From ({22) we get

1 M
30l <3 [ G0Nz + I GHIE ) + IGHEIE
1=1 i

The jump terms [jou—ul;, i = 1,..., M —1, vanishes due to the continuity of interpolation
jnu in internal coordinate. The interpolation estimates (2.0]) and condition (£32) gives

M—1
[9]lGc < Ch*+2 (Z /I 0|2, + T (€5) [0y + ”Hku(gM)H%?(Qw))
i=1 7L

< Ch2r+2{||u||%2(m+1) + HUH%‘(H’"‘H)}'

Using (@21), Mu(l;) =w(l; ), i=1..., M, (£29) and (£30), we get
M
Oy
aa < — ~ =£
lellio < Bloe) =3 [ ~(Ge. 7).

M
<y / 1G] 2o 10l 2o
=1 i

< C Bl Fes1 12y
which completes the proof of the lemma. n

Lemma 4.4.2. Let the assumptions A1-Aj be fulfilled and T ~ hy. Then for all t €
(0,T], the following estimates hold

1/2
/Q ah((Ph,ku — H]ﬂb)(lf),f(if)) <(C (51/2 + hl/Z)hTHu(t)HLQ(HrH) (/g; H|£(t)|||2)

+ CH )y IO o, (4.30)
1/2
[ (@ @) 60) < € €24 0 R ( [ l0IP)
+ CR ) o IO o, (4.37)

B((Prpu — Mpu)(t),6(8)) < Ch’”“{||u(t)|yH1(Hr+1)Hg(t)||0

+ Hu(t)Hc(HM)Hf(t)Hdc}, (4.38)

B((Myu — u)(t), £(t)) < Ok Ju(t)l|zrav122) 1€ () o- (4.39)

Proof. For simplicity of the presentation we again skip the dependency of the time within
the proof. From the definition of the bilinear form as, we have for ¥ = P ju — Izu

/Q[ah(ﬁ,ff) ze/m (vxﬁ,vxg)ﬁ/m (b'vﬁ’g)ﬁ/(zzsh(ﬁf)

=L+ L+ 1. (4.40)
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We start by estimating the first term on the right-hand side. Using Cauchy-Schwarz
inequality, (2.6) and (432, it follows that

L] < 8/Q 9]l €] a1 0 < Cé?l/W/Q [Tl s [[[E]]]
14 14

1/2 1/2
gOsl/ZhT( ||uu§ml) ( / |||£|||2)
97 Q
1/2
< I e ( / msuﬁ) |
1

Integrating I in (4.40]) by parts with respect to the space variable x, using the orthogo-
nality property (27) and Cauchy-Schwarz inequality, we get

wl=| [ v =] [ 0659,

(79; ’fh<b ’ vxﬁ))x

< [ 3 Wl ab - Vo e

¢ KeTy,

Let b be the L>-projection of b in the space of piecewise constant functions with respect
to 7p,. Using the L?-stability of the fluctuation operator kj, inverse inequality and ry,(b -
V.)€ =b-kp(ViE), we get in a same fashion as in [67] the following estimate

(b~ )€l asey < Clbluse llellzzgr + Bllosos [0 (Vo) oy (441)

Thus inserting this in the previous estimate, using (2.6)), pux ~ hx, and (4£32) to get

L] < C/ > Iblusesc Pl 2o 1€l 22y

Qe KeTy,

e / > Bl z2(00) | 5078 | e

ZKETh

1/2 1/2
¢ \KeT, KeT,
1/2 12
+C/Q <Z —1h27~+2||HW‘ HrL (K ) (Z HKHKJ}L(fo)H%Q(K))
¢

KeTh KETh

< Ohr+1/2{h1/2||5||0 + </Q |H5|H }Huum(mﬂ).
74
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For I3, the Cauchy-Schwarz inequality and interpolation error estimates give

1/2

B =] [ 09| < [ si0.0) si(.0

< Coprhre / [ p——all
14

1/2 1/2
<o ([ ulfe) ([ e
Qp Qy

1/2
< CH 2| e, ( / mgw) .
4

Combining 7, I and I3, we get the desired estimate

1/2
| an(0.9) < 0@+ 1) s ( / |||5\||2>
Qp Qy

+ C R Jull g2y 1€ ] o

Next, we find the estimates in internal coordinate. From the definition of the bilinear
form ay, we have for ¢ = [lyu — u

[atee=: [ F9.8,+ [ 0:5.09,+ [ siee

:I4+[5+[6'

Then by using the Cauchy-Schwarz inequality, the stability property of the fluctuation
operator Ky, the approximation properties ({29 of interpolant II; and the parameter
choice px ~ hg, we get for Iy, I5, and I the following estimates

Ll<e / MM — s €l 1)
9]

<& [ Mt = ulgo, il
7

<e( [ -l (] el

Q

E

< ce s fulosnn ([ 11€1P)"
Qg

<

1< [ IVt Iy < O™ ooy o
L
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and

16| < Z “KH“h (g — ) ||L2(K)Hﬁh(vwg)||L2(K)
Y ke,

<O / IV = )| g €N
14

/
< R o ([ )
Qg
Hence, combining these estimates we get the second statement of the lemma

1/2 1/2\ 1.g+1 2 1/2
[ an(.) < O+ BV Rl ([ 11ENP)
14 4

+ C R lullgrasa iy 1€ o

To obtain the last two estimates, we use the two different representations (4.20) and
(#21) of B. Note that the jump terms [jou — ul;, i = 1,..., M — 1, vanishes due to the
continuity of the interpolant jju in ¢-direction. From (4.20), (2.6), and (£32)), we get for
9 = Pthu — Hku

B, §) = i/ (%, ) + (Gmmﬁ(fo*),f(%))

<Z S 1G] el + G

< Ch?"“{uuummnfuo ; r|uuc<m+1>usude}.

x

1/2
min

Q)

The interpolation Il u satisfies Hyu(¢; ) = u(l;),i=1,..., M. Thus, from (L2I]), we get
for p = Iju — u

BW):é/J

Let IToG be the L2-projection of G in a space of piecewise constant functions in /-direction.
Using the orthogonality (A28)) of the interpolant I, we get

B(.6) = Z/ G- 16) %)
< Z / lellzae

S CkQ+1||u||Hq+1(L2)||€||0. (4.42)

(G~ ToG)OhE]| o

Here, we used the Cauchy-Schwarz inequality, the inverse inequality and the interpolation
error estimates (4.29)). This complete the proof. O
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Theorem 4.4.3. Let ("), u(t") and uy, ., uj, ., be the solutions of two-step method ({£.2),
(4-3) and (Z.18), ({-19), respectively. Under the assumptions A1-A4 and px ~ hg there
holds for &" = Py pu(t™) — ujy ), and §" = P pu(t™) — up

N||2 — Fn+1|]]2 ZN_I n+1]|2
leo+7 > [ eI +5 2 16 e
n=0 Q n=0
< C,e7? [HP,L,kzO —ud |2+ 72+ (e +h) BT+ k2q+2] (4.43)

and for e" = u(t") — up , and €" = u(t") — uy ,

) N-1 ) - N-1 )
el +7 Z/ e 7+ 5 2 e e
n=0 Q 2 n=0
< C,e7? {HP;%ZO —u |2+ 72 (e h) BT+ kzq“] (4.44)

where C,, depends on u, Uy, Uy, U, Uz, Uy GNA Zypin -

Note that the error to the interpolant P, ju is superclose with respect to the internal
coordinate (order k + 1 instead of k + 1/2).

Proof. From the result of the Lemma [L.3.2, we can write for " = P, yu(t") — uj

1 1 N-1 _ - N-1 §
31V = 3111l +TZ/Q NE I +5 216 flag < T+ T (4.45)
n=0 L n=0
where
N-1 cn+l _ en ~ _ _
Th=r / {(u,g’”l) + ah(§"+1,§”+1)}, (4.46)
n=0 7 T *
N-1 gl _ gntl
Ihy=r {/ (—T ,5”“) +B(§”+1,§”+1)}. (4.47)
n=0 Q *

We first consider T3. Using (4I8)) to get

N-1 _
Py a(t"t) — Phpu(t") - ~
T1=T§ / {( ) = P )aan) + ap (P ga(t"), &)
n=0 Q

T x
ﬂﬁcl — Up
5 s cn+1 ~ 1 fn+1
(B ) [ e
Qy

N-1 -
Py (") — Py gu(t™) - >
:Tz/m{( it ) et ),fnﬂ) +ah<Ph,kﬁ<tn+1)a n+1)
n=0

T x

. (fn—l-l’ én—l—l)x}‘
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Using (£8) at t = ¢t"*! for the last term on the right-hand side, we obtain

P (") — Py pu(t” ~
T =1 Z/ ok U ok U(E") _ ﬂt<tn+1)7§n+1)

T x

+7—Z/ a Phku thrl)—T](thrl é +7_Z/ Sh Phku tn+1) én+1)

Ph ku tn+ Phﬁku(t”) ~ n n
72/ - — (), E)

N—-1
+¢Z/ ap Pyt (t™h) — a(tmth), &) +¢Z/ a(mth), &t
n=0 v {2

= T2+ Tis+Tis (4.48)

We treat the contribution of the terms on the right-hand side of ({.48]) separately. For
the first term, using Cauchy-Schwarz inequality, the Young’s inequality and the initial
condition @(t") = wu(t") for first step

Ph ku thrl Ph7ku(t”)
T

— @ (t") Hgn—HHL?(Qx)
L2(Q)

2

2

Ph ku thrl) — thku(t")
T

T cn
+7 Z / I
n=0 Q

N—-1 ~ ~
Py p(t") — P pu(t”
<7 Z kU ) — Py pt(t")

T
n=0

o at (thrl)

[\

L2(2)

2

_ Ph,kat (tn+1)

0

N—1

+ 7Y || P () — @ (Y| + Z 1€ (4.49)
0

n—=

For the first term, applying Taylor’s theorem with integral remainder term and for second
term the approximation properties of interpolant j, and Il and condition (£32]) yields

tn+1

/ (t —t") Pty dt
t

n

Py (") — Py () 2

T

!

_ Ph,k:/at (tn+1>

2
o T 0

1 g+l 1/2 1 1/2
< —2< (/ (t — t”)zdt> (/ \\Ph,kattHf)dt> )
T mn n

tn+1

< cT/ e
tTL
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| Proptte (2"1) — @ (1) |2 < || Proatie (071Y) — Ty () ||2 4 [T (2710 — @, (6" )7
< Ch2r+2HHkUt(tn+1)Hiz(mﬂ + OR?72 || ay(7+) ||Hq+1(L2)

< Ch2r+2||at<tn+1)H;(HTH) + Ck2q+2Hut tn+1 HHq+1(L2)'
Combining them together in (£49), we get

2«:n+1

ma <t S [ a5 X e
s [hwuu () g, + K2t IIZW@Q)} S 4a)
n=0

To find the estimates for T} 5 in (£48), we use the decomposition ([£33) of errors into
space and internal coordinate and get

N-1
T1,2 =T Z {ah (énﬂaénﬂ) + ap (¢n+17§frn+1) }
n=0

Then from the results (£.36]) and ([4.37) of Lemma [4.4.2] we obtain

N—-1
1Ty < C (4 h) TZ [hQ"Ha(t”“)HiQ(HTH) +k2q+2||a(t”+1)H;H(Hl)}

N-1
Cr Z h2r+2Ha<tn+1)||i2(HT+l) + k2q+2}|a(tn+l)Hi]qul(Hl)]
—1

2

N—-1
2 [ eI+ S 30 (451)
e n=0

=0

The estimate for 7} 3 in (£.48)) follows from the approximation properties of the fluctuation
operator kj and the choice of the stabilizing parameter px ~ hx. We obtain

n n T n n
|T13|<TZ/ a(t"th), arth) +4Z/95h§+1§+1
SMMIZH”“MWM+XZAHWﬂH (1.52)
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Inserting (£50)-(A52)) into (£48), we obtain
¢+l ) 7_Nfl ~ ) N-1 ~ )
mwz / el at+ 5 3= [ I+ 3 [
n=0 £ n=0

N-1

+Ch¥r Z {(E +h) “ﬂ(tn+1)||iz(1{r+2) + hQHth(th)”iz(H”l)}
n=0

N-—1
+ C k2 1 Z {(8 +h+1) Ha(tnﬂ)”?{qﬂ([{l) + Hﬂt(th)Hi{qH(B)} : (4.53)
n=0

Now we estimate the second term T3 in (£47). Using ([AI9) we get

N-— ~ N-1
Ph ku tn—i—l) _ Ph ku<tn+1) +1>
— > n B(P tn—l—l n+1
z/ ( - )7 S B(Far )

N-1
- T Z <Gm1nZ;LlJ1;1hv §n+1<€3-)> .
n=0

T

and ([@7) at t = t"! gives

P tn+ 2 tn+1
Ty =1 Z / h, kU ( hE (") _ ut<tn+1)7€n+1>

T

+7 Z B P, u(thrl) (tn+1),§n+1)

n=0
— T Z ( mng:;l mlnzg:;lh7 £n+1 (€g>)x
=15+ T2,2 +Th3. (4.54)

Following the same steps as in (£.49), we get for 15,

. Pmku(t"“) — Ph,kﬂ,(tn—"_l) 2

Nf

Ty, | < TZ
n=0

N-1

+TZ|IPM:U (") = () g + leé“”“||o

- _ Ph,kut (thrl)

0

t"+1

T n
<7 z / e+ 5 e
n=0
— 2 2
CT§ :|:h2T+2“ut(tn+1)HLQ(HTJrl)+k2q+2Hut(tn+1)||Hq+1(L2) ) (455)
n=0
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Note that in above estimates we have used the initial condition u(¢") = a(¢t"™') from
(#3). The bounds for Ty 5 in ([£54) are obtained by using the error decomposition (£.33))

and the estimates (£38) and (Z39)

N—
Tyo| = Z {B(ﬁnﬂ ntl) 4 B(¢n+17£n+l)}‘
h N-1 , )
< Cprt2y Z {”u tn+1>HH1(H’"+1) + ||u(tn+1>HC(H""“)]
n=0 B 2 _ N_1 ) - N-1 9
£ ORI S+ § I X e e (050
n=0 n=0 n=0

Applying Cauchy-Schwarz inequality and Young’s inequality for 75 3 leads to

T4 <’7‘Z |G 2 (1) — Gzt

min mm min mlnhHLQ

e

ARl (9] N

Qaz)

N-1
OISy femn(t™ o, + 5 Z e+ a6 (4.57)

n=0

Substituting (4.53)-(Z57)) into (454 we get for T,

gnt1 , N-1 TNfl 5
T3] < 72 Z / Jellp e+ 7 D03+ 23 e
n=0 n=0
N-—1

+ Crh2r+2 Z |:Hu(tn+1)Hi]1(Hr+1) + Hzmin<t”+1)Hir+1(Qx) + Hut(tn-i-l)Hig(H'rJrl)
n=0

+ ||U(tn+1) HZ(HTJH):|
N—-1

+ Ok Z |:Hu(tn+1)||§{q+l([,2) + Hut(tn+1)||12ﬁ1q+1(m)} : (4.58)
n=0

Inserting (£.53) and ([A.58) in (£.45)), adding the triple norm and the dG norm contributions
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in the left-hand side and using ([£14]), we get
Lyony2 _ Lyeo2 « Fnt1] |2 T n+1]|2
SV = 31l + 7 2 P + 5 S e
2 2 n=0 Q 2 n=0

N—1 n+1 ) N—-1 ) N-1 )
<o [ e e el 20 3 1
n=0 vt n=0 n=0

N-1
WIEESY {% 1) ™ s gy + B e g
n=0

2

i) iy + [

N-1
+ Ok [(a + b+ DfJu™ )| sy + H“t(t"H)HiIﬁl(L%}

n=0

where 79 = 2, yw = 1l and v, = 3, n = 1,..., N — 1. We conclude by applying the
Gronwall’s Lemma in the same fashion as in Lemma [4.2.1]. O

Consider the standard Galerkin finite element method in space, ux = 0 for all K € 7y,
and set € = 1. The error estimates ([£44]) is then of O(7% + k%" 4+ h?"). We see that,
the same rate of convergence can be derived without using any extra stabilization with
respect to internal coordinate as compared to the estimates in [30].

4.5 Implementation of numerical method

This section indicates the implementation of the operator splitting method in the context
of finite element methods.
Using the bases

Vi =span{¢;}, 1 <i < N,, S} =span{yy}, 1 <k <N,
the tensor product space Sy is defined as follows

N, N
S;L”(]ZC = {’U = ZZO&Z]C¢1($)¢]€(€), ok € R, 1< < Nx, 1<Ek< Ng} .

i=1 k=1

The finite element functions are represented as

N, Ny Nz Ny
upe =Y Gri@n(0), X =33 zugi(@)hi(0).
i=1 k=1 j=1 1=1
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We define the matrices M,, Ty, Dy, S, € RNe*Ne by

(My)ij = (0i(), ¢5(x)),, (D2)ij = £(Vai(2), Vair;(2))
(Ty)i; = (b Vadi(z), ¢5(2)) (S)ij = Sn(di(x), ¢5(x)).

Similarly we define the matrices M, T, € RNexNe a5

(Mo = (9u(0), 62(0))

(To)w = i (@(G%( ), (¢ > + Z GUr(O)]: i(6) + Gow(€5) ().

i=1

For the ease of presentation let us consider (1) with source term f = 0. Then the
algorithm for the operator splitting method described in (£I8) and (@9 is as follows:
Within each time interval (¢*,t""1], we begin with the z-direction step where we are
looking for the solution of the time-dependent convection-diffusion equation (LI8). We
compute 77"+1 RN= j=1,..., Ny, by solving the linear systems

(Mg + 7Dy 4 7T, + 75,)7 " = My}, j=1,...,N,.

With obtaining the solutions 77”“ jg=1,..., Ny, the x-direction step is completed. Then,
we continue with the /- dlrectlon step where we update the solution from the first step and
compute the solution of the one-dimensional transport problem (£I9]) by a discontinuous
Galerkin method. In this step we solve the linear systems

(Mg + TTp)n; ntl — Mn”“, j=1,...,N,,

and the obtained solutions 77”“, 7 =1,..., N, are used as input for the time interval
(tn-l—l tn—i—l]

4.6 Numerical tests

We report in this section the numerical computations illustrating the theoretical results
obtained in the previous section. The two-step method (AI8]) and (£I9) in the context of
finite element method in space and discontinuous Galerkin method in internal coordinate
is implemented in the finite element package MooNMD [3§].

The tests are made in two plus one dimensions, i.e, we consider Q, = (0,1) x (0,1)
as two dimensional domain in space and €2, = (0,1) as one dimensional domain in the
internal coordinate. We consider the velocity field b as b, = by = 0.1, the growth rate
G(¢) = 1 and two different choices of diffusion coefficient £, ¢ = 1 and ¢ < 1. The source
term f, the boundary and initial conditions are chosen such that the analytical solution
of the problem (1)) is

2(t, 0, z,y) = e " sin(rl) cos(mx) cos(my).
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Let e := 2(t") — uj ,, where z is the exact solution of ([AI))and the numerical solution
uj, ;. is obtained by two-step method (LI8) and (£I9). We use the following notations

N N 1/2
lello={ 7> lle"lZaey +7 > _lle"lia |
(L?)

n=1 n=1
N N 1/2
lelly = {7 le™Fa0m + 7 HenHﬁe) ,
n=1 n=1
N N 1/2
2

lellpe = TZ/ ][]} +TZ||€"H<21G> :

n=1" Sk n=1

In order to illustrate the convergence order in time, internal coordinate and space, we use
the well known strategy, i.e., the convergence order in time can be obtained by assuming
that the mesh sizes k and h are small enough compared to the time-step size 7. In the
numerical computations, we have used triangular and quadrilateral meshes which are gen-
erated by successive refinement starting from coarsest meshes (level 0) as in Fig. B3 for
two-dimensional domain €2, and a line divided into two cells for one-dimensional domain
Q.

Case ¢ = 1: In this case, the Galerkin finite element method in space is combined
with a discontinuous Galerkin method in internal coordinate. For time discretization, the
backward Euler time stepping scheme is used with final time 7" = 1. One can expect a
convergence for || - ||o-norm of order O(h"*!) and for || - ||;-norms of order O(h") using Q.
and P, finite elements in space with sufficiently small time step length 7 and mesh size k.

The results are presented in Tables E.THA4l

Tables E.1] and show the second order convergence in the || - ||p-norm and first or-
der convergence in the || - ||;-norm for both @; and P finite elements in space with dG(1)

in internal coordinate. The length of the time step was set to be 7 = 1072 and mesh size
to k = 1/64. For Q)3 and P, finite elements in space with dG(2) in internal coordinate, the
time step length was set to 7 = 10™* and mesh size k = 1/64. The results of Tables
and[@.4lshow third order convergence for the ||-||o-norm and second order for the ||-||;-norm.

In Tables and .6 the errors and convergence orders for internal coordinate and
time are listed. We expect a convergence of order O(k?+'/2) in the internal coordinate
and a convergence of O(7) in time. The errors for dG(1) in internal coordinate with Q)
on level 7 and time step length 7 = 2.5 - 107* are presented in Table L5l We see that
the expected orders of convergence are achieved. The numerical errors and convergence
orders in time are listed in Table for dG(1) with & = 1/32 and @, on level 6. The
theoretically predicted convergence order is achieved.
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Table 4.1: Errors and rate of convergence in space for ; and dG(1), ¥ = 1/64 and
T=1073.

Level lello llella

error order error order
0 1.719554e-01 1.006185  —
1 4.746460e-02  1.8571 4.892384e-01  1.0403
2 1.206219e-02 1.9764 2.412003e-01  1.0203
3 3.167958e-03 1.9289 1.201483e-01 1.0054

Table 4.2: Errors and rate of convergence in space for P, and dG(1), k = 1/64 and
T=1073

Level llello lelly

error order error order
0 2.353104e-01 1.432599 —_—
1 7.412177e-02  1.6666  7.996426e-01  0.8413
2 1.981996e-02  1.9029  4.113880e-01  0.9589
3 5.144843e-03  1.9458  2.072235e-01  0.9893

Table 4.3: Errors and rate of convergence in space for ()3 and dG(2), k£ = 1/64 and
T=10"%

Level llello lellx

error order error order
0 1.916287e-02 2.396151e-01 ——
1 2.599528e-03  2.8820  6.137457e-02  1.9650
2 3.354662e-04  2.9540  1.561139e-02  1.9750

Table 4.4: Errors and rate of convergence in space for P» and dG(2), k = 1/64 and
T=1073

Level llello lellx

error order error order
0 3.511498e-02 5.583590e-01 ——
4.796648¢-03  2.8720  1.526520e-01  1.8710
6.138514e-04  2.9661  3.929766e-02  1.9577

[N R

Case ¢ = 107%: In the case of convection-dominated convection-diffusion, we consider
local projection as stabilization in space. Discontinuous Galerkin methods of first and
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Table 4.5: Errors and rate of convergence in internal coordinate for dG(1), @, on level 6
and 7 =2.5-107%

klello

1/2 6.696513e-02 ——
1/4  1.829413¢-02 1.7398
1/8  6.521805e-03  1.4880

Table 4.6: Errors and rate of convergence in time for ¢); and dG(1) on level = 6 and

k=1/32.

T llello llellx

error order error order
1/10  1.815303e-01 4.027364
1/20 9.577853e-02 0.9224 2.170105 0.8921
1/40  4.983170e-02 0.9427 1.141479 0.9269

1/80 2.567753e-02 0.9566 5.869174e-01  0.9597

second order are used for the discretization in internal coordinate. For time discretization,
the backward Euler time stepping scheme is used. The numerical tests are performed using
for (Vh; Dh) the pairs (Plbubble, Podisc)7 (szubble’ Pldisc)’ (Qlfubble’ PSHSC), and (QlQoubble’ Pldisc).
The stabilization parameters px have been chosen as

pr = pohx VK €T,

where 19 denotes a constant which will be given for each of the test calculations.

In Tables A1 and .8 we show the convergence results for space in norm || - ||pg. Ta-
ble .7] shows the error in space with stabilizing parameter pg = 5, time step length
7 = 1072 and mesh size k = 1/64 for (QY"*P°, Py) and (PP™*Pe, Py)) with dG(1) in internal
coordinate. In Table 8] the convergence results for (Q5UPPle) Pisc) and (ppubble pdisc)
with dG(2) in internal coordinate with g = 5, k = 1/64 and 7 = 10™* are listed. We
see that the expected orders of convergence O(h'*'/?) are achieved for quadrangles. For
smaller mesh size h, the convergence order starts to decrease for triangles. This is because
the influence of the error in internal coordinate increases, i.e., the mesh size k is not small
enough that one can see the corresponding convergence rate in space for higher order
elements.

The numerical errors and convergence orders in internal coordinate are listed in Table
for dG(1) and (Q}"PPe. Py) with g = 5 on level 7 and 7 = 2.5 - 10~%. The convergence
order starts to decrease for small mesh size k since the errors in space have increasing
influence.

Finally, Table shows the errors and convergence orders in time for (Q}"*"° Fy) on
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Table 4.7: Errors and rate of convergence in space for (Q"e, Py) and (PP ) and
dG(1), k =1/64, 7 = 1073 and pux = Hhx.

(Q]i)ubble ) P0>

(PPubble ) PO)

Level |[e"[|pc " Ipc

0 1.756772 — 1.93314 —

1 6.394630e-01 1.4580 7.247844e-01 1.4153
2 2.280495e-01 1.4875 2.661525e-01  1.4453
3 8.245890e-02 1.4678 1.086554e-01 1.2925

Table 4.8: Errors and rate of convergence in space for (Q5PPle, Pdisc) and (Ppubble pdisc)
and dG(2), k = 1/64, 7 = 107* and ux = Shg.

(Q’Subble , Pldisc)

(PQbubble’ Pldlsc)

Level |[e"[|pc le"Ipc

0 1.272972 — 1.234504 —

1 2.558153e-01 2.3151 2.352103e-01 2.3919
2 4.700162¢-02 2.4443  5.094834e-02 2.2069
3 8.010563e-03 2.5527  1.222369e-02 2.0593

Table 4.9: Errors and rate of convergence in internal coordinate for dG(1) and (Q}"P°, )
on level 7 with g = 5hyg and 7 =2.5- 1074

k [e" e

1/2 2.493607e-01 — —
1/4  9.283060e-02 1.4256
1/8  3.425394e-02 1.4383
1/16  1.446166e-02 1.2441

level 6 with pp = 2.5 and dG(1) with £ = 1/32. We see that the time stepping scheme is

of first order convergent.

Table 4.10: Errors and rate of convergence in time for dG(1) and (Q®""P° Py) on level
with ug = 2.5hk and k = 1/32.

e [lpg

1/10
1/20
1/40
1/80

8.017623e-01
4.318566e-01
2.270064e-01
1.166372e-01

0.8926
0.9278
0.9607
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Chapter 5

PBE, SUPG method in space and
dG in internal coordinate

This chapter concentrates on the SUPG method as spatial discretization of the two-step
method introduced in Chapter @ for the population balance equations (41]). For discretiza-
tion in internal coordinate and time, dG and backward Euler methods, respectively, are
used. The main focus of this chapter is to explore the conditions on the stabilization
parameters discussed in [39] for the population balance equations based on an operator
splitting method.

The structure of this chapter is as follows. In Section 5.l we address the full discretization
of the subproblems (Z.6]) and (A7) by considering the SUPG and dG methods in space and
internal coordinate, respectively. Stability bounds are derived assuming 6 = O(7) and
0= O(\/?h) in Section [5.2] where ¢ is the stabilization parameter and 7 the time step
length. In Section B.3] we use the stability estimates to derive convergence results. Fur-
thermore, we give a comparison of SUPG with LPS method in space. Numerical results
illustrating the theory are reported in Section [5.4]

5.1 The SUPG and dG method

Let 73, be a family of an admissible and shape regular triangulations of the polyhedral do-
main €2,. Let V}, C V denote the underlying finite element space of piecewise polynomials
of order r > 1. The stabilized bilinear form in the SUPG scheme is defined as follows

as(u,v) = a(u,v) + Z dx(—eAu+b-Vyu,b-V,0)k. (5.1)
KeTy,

Here, K € 7, denotes a mesh cell of the triangulation and dx are the local stabilizing
parameters which have to be chosen appropriately.

To discretize the subproblems in internal coordinates €y, let lpn =l < U1 < - < Uy =
gmax be a partition of Qg, with Il = (g’i—17 61], l{iz = El — gi—l and k = IIlZaX I{JZ As in m,
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the fully discrete space S} is defined as follows

q
S;;’i = Vh X SZ = {1} : Qx X Qg — R: U|IZ<€) = Zngj with Vj S Vh} (52)

J=0

Then, the fully discrete two-step method reads:

First step: For given u}, € S;%, find ﬁﬁgl € 5% such that

n+1 n ~n+1 ~n41 n
/ (uh E Unk X)x +T7 / as uh ) X / E 6K uh E T Unko b- VxX)
Q Qp Q K

t KeTy,
/ ") +7 [ D 6k(f" b Vax) (5.3)
& KeT,
for all x € Sy} where uj , is a suitable approximation of z in Sy§

Second step: Update the solution @ }" from (5.3) and find uj}! € Sy} such that

| (3 = %)+ B ) = 7 (G X)), (54)
14

for all x € Sh 1> Where Z”J;lh is an approximation of z

of the bilinear form B are given in ({20) and (@2I).

n+1

1. Two different representations

Assume that for u € H™(£,) there exists an interpolation operator m, : V. — V,
satisfying the following approximation property [15]

|u— ﬂ—huHHm(K) < CRE™ul g (xy for m =0,1,2 (5.5)
for all K € 7,,.
Lemma 5.1.1 (Coercivity of ag). If we choose the SUPG parameter dk such that

2

h
ox < 28;; VK €T, (5.6)

inv

then the bilinear form as(-,-) satisfies

1
as(Vn, Vn) = —||UhHs (5.7)
with
1/2
[vnlls == <5|Uhﬁp(gz) + Y kb VWhH%Q(x)) : (5.8)
KeTy,
Proof. See [0, Lemma 3.25]. O
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5.2 Stability of the two-step method

This section studies the stability analysis of the two-step method. We will consider the
two different choices of stabilization parameters discussed in [39]. These conditions arises
in the stability bounds from the stabilization term with the discretization of the time
derivative. In the next lemma, we give the stability of the two-step method based on
stabilization parameter proportional to the length of the time step.

Lemma 5.2.1. Let (5.0) be satisfied and 0,G > 0. With the condition

o < and 1< VK € 7, (5.9)

P
A~ =

the solution uy}! of the two-step algorithm (53) and (B4) satisfies

n—1

m T m

ol 5 3 / I + 5 3 it
m=0
4
<l e 5 {0 ol L 610
m=0

Proof. The proof starts in the usual way by setting y = u”Jrl in (B.3). This gives

n+1 ~n+1 n+l ~n+1
/Q (aptt —up g, ap i) +T/Q ag(ap ', aptt)
4 4

— 7_/ (fn—l-l7 NZ—]E;I —|—T/ n+1 b vmw}z—zl)K
Q Q KeT,
/ > bk (it = up b Vaiipth) (5.11)
Q KeT,

The identity 2(a — b)a = a® — b* + (a — b)? yields
/Q (@ = i @), —||~"+1||o HUZ,kH(Q) +3 Hﬂ%l il
44
Using this and (&.7) in (5I00), we get

ST = Sl Sl = el + /II”‘“IIS

S 7_/ (fn—l-l uz-l];l n+17b'v az—;l)K
Q2 Qe KeT
/ 25K a;zHl;l Up b - VJZ??)K ‘ (5.12)
Qe KeTy,
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5.2. STABILITY OF THE TWO-STEP METHOD

The first two terms on the right-hand side are estimated by using Cauchy-Schwarz in-
equality followed by Young’s inequality

< T/ ||fn+1HL2(Qx)
Q

B3 gy < I+ Sl S
hk lL2(Q,) = 9 o 0

1 S
()

Q

and

n—l—l ~n+1
/ ,b * vmuh7k_ )K
Q KeT,

<1 [ Sl g I T

/KET

<2 [ Sl g+ 5 [ 3 dwlb Vi g
ZKET EKeT

<o [ S ol i + g TG
ZKET

The estimate for the last term on the right hand side of (5.I1) is obtained by using
Cauchy-Schwarz inequality, the Young’s inequality and condition (5.9) on the stabilization
parameters

/25K uhk UZ,kab'Vaﬁl)
Q

¢ KeTy
< [ 3 ottt = el I T e

ZKeTh
<2 [ ol =il + 5 [ 30 ol Ve g,
ZKET @KeT

< gl =l § [ I (5.3

Substituting these estimates in (5.12)) and contributing the || - ||s-norm in the left-hand
side gives

a5k llg = ekl + / il < r o) [ g+ rllait (5.14)

Here we have used the condition (5.9]) once more. From (5.14]) we have

. T(L+7) || m
e < =~ 2 TP el (5.15)
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Next, we consider the second step and setting x = u"+1 in (54) to get

n+1 ~n+1 n+1 n+1 n+1 n+1 n+1l/p+
/Q (uhk —Upg o Up g )w +TB(uhk » Up ke ) T(Gmmzmmhauhk (4o ))
14

xT

Using again the identity 2(a — b)a = a®> — b* + (a — b)? and the coercivity ([E23) of the
bilinear form B, we obtain

—|| Z“IIO——HN”“HO —Hu}?f—ﬂ%l\\o Sl e

= |F (Gt 3 ), |

Then applying Cauchy-Schwarz inequality together with Young’s inequality to right hand
side gives

iﬁ“%l HL2(Q )

R (AN ol

n+l |, nt+l/p+ 1/2 n+1
T‘(Gmlnzmlnwuhk g ’ < ||Gm1n m1nh||L2 Q)

1/2 _n+1
< 7-||Gm1n m1nh||L2

Q)

< T”Grlxﬁ rﬁalh”LZ () _H hJ/rledG
Hence, we have for the second step
ezt e = Nt + i 5 < 27l Guinzmntull (5.16)

Adding (5.14)) and (B.16]), summing over m = 0,...,n — 1 and using the relation (.15,
we get

ol + 53 / a2+ ZH g

-1

n—1
or S |G g

7
< Hu?zkH?) + HL2(Q$)

m=0
4 n—1
< Jlufally + 5 @) D[l + 2 Z ([exisiney S

m=0

-1

A7
Ty Z [ e
Finally, the statement follows by applying Gronwall’s lemma. O]
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The stability estimate of Lemma holds for the stabilization parameter dx = 7/4. The
stabilization becomes small for small time step size when the grid in space variable is
fixed and vanishes in time continuous limit case. This behavior has been discussed in
more detail in [39].

Lemma 5.2.2. Let 0,G > 0 and (58) hold. With the additional condition

h
5= 2O ke winh 0<o(r) <

and T <
||bH0,oo,KCinv B

, (5.17)

A~ =
DN | —

where o(7) is a function to be specified later, the solution of two-step algorithm (B3) and

B4 satisfies

n |2 T — ~m+1]|2 T — m+1]|2
Huh,kHﬁgZ [ Hs+§z [ e
m=0 " §2¢ m=0

n—1
< (14202 + 27 + dro2(r) " {Hug,kuz ror S G2 P,
m=0

n—1 n—1
JFQTZHJ””“||(2)+472/Q Z(SKHfm“HiQ(K)]. (5.18)
m=0 m=0

£ KETh

Proof. In order to proof the stability estimate (5.I8]), we follow the same procedure as
in [39, Theorem 3.2] for the first step. The proof starts exactly as the proof of Lemma
B.2.1 till (512). The bounds for the first two terms on the right hand side of (5.12]) are
obtained by Cauchy-Schwarz and Young’s inequalities

[ ] < G+ Sl
Q

T/ S Sk (f7 b Vgt ST/Q ZdKHf"“HiQ(K)Jr%/QZHQZ?HQ

U ke, ¢ KeT,
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The bounds for the last term in (5.12]) are obtained by using inverse inequality (2:20])

~n+1 ~n+1
/ §:5K Up i uhk:vb V.t hk:) ‘
Q

¢ KeTy,

/Q Z(SK u;zH/;l Up - Va (uZTf—uhk))K

¢ KeTy,
/ 25K uhk — Uy, b Vuhk)
Q[KGTh
b . -
/ Zé H HochmvH n+1_uz,kHiQ(K / Z}luzzl uﬁk”;(m
L geT;, & KeT,
[ 3 bl T tal e
QL geT,

‘bHOO Cinv 1 n n
< [, 2 (e ) It = il
KeT,

|3 bl Vil

Y geT,
The first term can be hidden in the left hand side of (5.12) if the following holds

1 1 hk
Z == < —mmMm—.
K hK 4 = 2 K= 4||b||oo,KCinv

Setting the stabilization parameter (5.17)) in above equation, we get

/ > ok (it = upy b Vi) ‘ < ‘Hﬁﬂl —upills + o ()il
2 KeT,

Substituting all the estimates in (5.12) leads to following

il el + 5 I
< el [ all g, + rlae - 2Ol 619
ffKeTh

From this equation, we have the following relation

Jarh = 12 | (1 22 el ol 2 [ el |

Qe KeT,

(5.20)
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Adding (5.16]) and (5.19) and using the relation (5.20), we get

[ Y R A [ T
el SN T T
S DL Vil

ZKGT}L

<2027H“hk“o 1—<1+2‘7 >||“th0+2 [[extean
T il Rl D DR A [

ZKeTh
Hence, 1/(1 — 1) < 2 gives
[ e A e e

< <1+20 (7) + 27 + 470%( >Hutho+2 HGiﬁ gq;thLz(Qm) +27an+1H§

4 / S 8kl (5.21)

Q2 KeT,

Now, one obtains by induction

il + 5 I+ s

< (12720 40) ol
er3 (12 ear ) e e [ S ol
fKeTh
+ 2 Gt |

< (1+2a (1) + 27 + 4702(r ) [HuthoJrTZ {2||fm+1Ho

v Sl s 2l || 62

Qe KeT,
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Summing (5.21)) over m =0,...,n — 1 gives

n—1
sl 5 3 [ W 15 3 el
m:O

n—2
< (20%(7) + 27 + 470 (7)) Z e llo + (14 20%(7) + 27 + 470%(7) ) [uf o5

e S [ Sl g G

fKeT

Inserting (5.22)) in the equation above to get

el + Zﬂwm zwme

n—

< (20 + 2+ 470%(r)) 3 (14200 + 27+ 400%() "

=0

K\D

3

+ (1 +20%(7) + 27 + 410%( 7')) Huhk”o

n—2 m—1
+ (202(7')—1-27'—1—4702(7)) Z (1—1—20 (1) + 27 + 470%(T ) T [2“]”“”3
m=0 7=0

H/ZMWM+W%$mq

’ZKE'T;

+2TZHf”1Ho+4TZ/ D x| +QTZIIG¥§1 At [

Qe KeT,

a .
, one obtains

n n+l
. i a
Using E a' =
; a —
=1

n

(202(7') + 27 + 47’02(7')> Z (1 +20%(7) + 27 + 47'02(7'))m

m=1

+ (1+20%(7) + 27+ 470%(7) ) = (1+20%(r) + 27 + 4702(r))n+1,
(202(7') + 27 + 47’02(7')> i <1 +20%(7) + 27 + 47'02(7')>m +1

= <1 +20%(7) + 27 + 4702(7)>n+1 — <202(7') + 27+ 47‘02(7')>

n+1
< <1 +20%(T) + 27 + 47'02(7')> :
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Hence, we get

n—1
ol + 5 3 / a5+ 5 32

< <1+20 (1 )+2T+4TU ) UuthO_'—QTZ HG1/2 m+1

min mm h HL2(Q$)

+2fzufm+1uo+4 Z / 3 0l o |

2 KeT,

O

Consider a finite time interval [0,7] and a fixed time step length. The above estimate
blows up for o(7) = const in time continuous limit case. This estimate will not blow up in

time continuous limit if (1 + 20%(7) + 27 + 47'02(7'))n+1 is bounded uniformly. A possible
choice is o(7) = 0¢+/T to give the stabilizing parameter

VThg
Ok = o, (5.23)
B loo, i Cine
where dy has to be chosen such that dg/7 < 1/4. With this choice of o(7) we can get

1+n 1+T/7
(1 + 27 4 270°%(T) + 47‘0‘2(7')> = <1 + 27 + 270%(7) + 47‘02(7')>

< (1 + 27 + 270°(T) + 47’02(7')> el

The following corollary states the stability bounds of the fully discrete two-step algorithm

B3) and (B.4).

Corollary 5.2.3. Let 0,G > 0, (5.6) and ([5.23) hold, then the solution of two-step
algorithm (5.3) and (5.4) satisfies

n—1
ol + 532 [ ot 5 5 et

n—1
4T[Huhkuo+272||eiﬁ il +2r 3 70

m=0

S [ S ol g |

Qe KeTy,

(5.24)

Compared with the stability results of an equivalent one-step formulation studied in [30],
it is apparent that this two-step scheme provides us flexibility to relax the conditions on
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stabilization parameters. The main difficulty in the analysis of an equivalent one-step
method are the following terms

/ Z(SK (0:(Gz),b-V,v),. and TZ(SK< mmzmin,b-vxv(@))K
Q

¢ KeT, KeT,

These terms can be combined with the perturbation term of order 72 if dx ~ 7. If
dx ~ +/Thy, then one can see that these terms can not be combined with perturbation
terms. This means that the one-step formulation is not equivalent to the fully discrete
scheme of the original problem.

5.3 Error analysis
Since the stability bounds derived in Lemma [5.2.1] and Corollary are similar except
with the factor in front of right hand sides of (5.I8) and (5.24) are different. The detailed

analysis for the error estimates is presented here only for the first case which was discussed

in Lemma (.2.7]
For the solution u(t") of (A2) and ([3) and uj,, of (B.3)) and (2.4)), we define

" = (u(t") = Pugu(t")) + (Pogu(t™) —up,)) == n" +&" (5.25)
Note that, here we mean by P}, a projection operator which is defined through the
interpolation 7, and II; in space and internal coordinate, respectively, and is defined in
a similar fashion as in (431, i.e.,
Ph,kw = Wthw = Hkﬂ'hw, (526)
where 7, satisfies (B.50]).

Since &" € Sp4, we use "1 = Pypa(t"™!) — wlt! in the first step of splitting (5.3)
to get

/Q <5n+1 _ é&n,én—‘rl)m i 7_/Q ah(gn—&-l,gn-&-l)

:/ (Ph’ka(tn-‘rl) - Ph,ku(tn)fml)x +7_/Q ah(PMﬂ(th)’gnﬂ) _ 7_/Q (fn+17§n+1)

— 7—/Q Z O fn+1 b- fon-&-l _/Q Z Sk (az-zl uz,k?b . vxgn-i-l)K’

¢ KeT, ¢ KeTy,
where the terms containing @)t and uy, ;. are replaced by the right hand side of (5.3).
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Then using (£6) and (£2) at t = t"™, we get

| Er—enen) or [ a@nen

- / (Prai ) = Pugu(t") =7 (t+4),8) 4 / a(Poa(t™h) = a(e+), &)
Q
/Q Z 5K< Phk - ) (thrl), b- ngn+1 /S; n+1 é—n’ b- vzénJrl)K

¢ KeTy, ¢ KeTy
/ > ok Ph KA = Pgu(t") — i, ("), b - vwgnﬂ)
QZ KETh K

Hence, we get

1 cn 1 n 1 cn n cn
16 - el e -l 5 e

~an+1Y n ~ ~
7‘/9[ <Ph,kU(t + )T Ph,k;u(t ) . ﬂt(tn+1),€n+1> + 7_/ (Ph kﬂ(t”“) o a(tn—&—l)’gn—i—l)

/ Z (5K( Phk _ ) (1), b - vxgn—&-l / gl _gn . vzgn—i-l)
Q Q2 geT, K

¢ KeTy,

Q T

t KeTy,

<

The convective term in the bilinear form ag(-, -) can be split into two terms, the first term
corresponding to the error term in space and the second one in internal coordinate. Then
the first term is integrated by parts with respect to = to get

(b- V(P = ).,
_ (b Vo (P Hka),é”“)x + (b Vo (Mgt — a),é”“)

_ <Ph ki — i, b - Vxén“) + (b -V (Mgt — ﬂ)’gm)w

:_Z(sK(P’”““ bV (b V(M — @), )

KeT, v

xT

Using this and rearranging the terms on the right hand side of above equation, we get the
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following error inequality for first step
Lz 1 n 1 en n T cn
Sl = Slerls+ e - el g [ e

< \T/Q (1.6, + |er /Q (T2, V"), | + ‘T/Q > k(T Va) |

éKETh
“n+1 n cn+1

+’/Q DOk (€ =€ b VL) L (5:27)

¢ KeTy,

where

Py gt(t"!) = Py ju(t”

T, = { il = Pral®) g 1) 1. Vo (Hea(t" ) _f‘(tn+l))}’
T

T, = vi(Ph,ka(t"“) _ a(t““)),

Ty = {Lx (thk - I)a(tn—&—l)} n {Ph,kfb(tnﬂ) — P pu(t™) B ﬂt(t”H)}

T

{Ph,kﬁ(tn—ﬂ) _ Hka(tn—i-l) }

+ .
O

We consider the terms on the right hand side of (5.27)) separately. For first three terms,
Cauchy-Schwarz inequality and Young’s inequality gives

o[ @ < [T e,
Q Q,

< slmllo+ M€
)57/ (T%ngnﬂ)x’ < 78/ HT2HL2(QI)HvxénJrlHLQ(Qz)
Q Q

T cn
<2er|mfo+ g [l
14

&M e

and
]T

/Q Z 0K (T37b ' vx£n+1)L2(K)‘

t KeTy,
<1 [ 0Tl gy I T

¢ KeTy,

< [ Sl t 7 [ Ykl Vi g
QZKeTh QZKeTh

<2 3k || T2 +Z/ et |2

<2 [ 5 dcltllgg + 5 f, 167
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For the last term, we use the same procedure as in (5.13))

‘ /Q > k(& —¢" b vxé"“)Lz(K)(

¢ KeTy,
< [ S 0l = €l 1D Vo

QZKETh
<2 D e T S|[b - v,
=7 KH§ § HL2(K)+8 Z KH +Vab HL2(K)
QfKeTh QZKeTh

IN

1 n n g n
e el g [ ek
Inserting these estimates in (5.27)) yields

en n T en
lells = lerllo + 5 [ E1ls
4
Q
2

< Tl + erl Tl a7 [ X el Tl + N G29)

€ KET]—L

Now consider the second step. Applying £" to (5.4)

/ <£n+1 _ £n+1’€n+1> FrB(emHL gnthy
Q% ©

_ / (Ph’ku(thrl) _ PhJ{a(thrl),gnJrl) + 7B (P gu(t™th), &)
Q

T

(G €16))

T

where the terms um;l and 7124,;1 are replaced by the right-hand side of (5.4]). Then (4.3)
at t = t"*! gives

/Q <£n+1 . én+1’£n+1>z LT B(EmH et

= / (P}Lku(tn_‘—l) — Ph,ka(t”“) — Tut(tn+1>7 fn—H) —+ TB (Ph,ku(tn-i_l) — u(t"“), fn—H)
Q

_ T<G(zmin<tn+l) _ ot ),£n+1(£0+)) (5.29)

min,h
T

Using the error decomposition into space and internal coordinate, we can write the bilinear
form B(-,-) as

B(thku(tn—ﬂ) . u(tn—i-l)’ gn-&-l)
= B(Pppu(t™™) = u(t"™), &) + B(ILu (") — u(t™), "), (5.30)

79



CHAPTER 5. PBE, SUPG METHOD IN SPACE AND DG IN
INTERNAL COORDINATE

Then for the first term on the right hand side, we use (£20) to get
B(Ppu(t"™) = Tpu(t"),£71)
[ (0
=3 [ (5GPl ~ G ). )
i=1 i

- (Guin (Pt ) = Tt 6)), €7 (6) )

T

xT

Here the jump terms vanishes due to the continuity of 7u in ¢ direction.

Note that the interpolant I u satisfies (A27]), therefore using the second representation
(#21)) of the bilinear form B, we get for the second term on the right hand side of (5.30)

xT

M
B(u(t™) — u(tm ), &) = — Z/ (Hku(thrl) — (Y, Ga£§n+1) _
i=1 71
Substituting this in (5.30) and combining with (5.29), we get
/ <5n+1 _ gl §n+1) +rB(eT et
Qy x

M
oy [{e,+ mooen), o (nahen ).
i=1 71

xT

where

{Ph ku(tn+1) _ Ph ka(thrl)
T4 — E i

T
T5 = Ipu(t™) — u(t"™)

Ty = { Goin (Prpu(t™+, ) = W™ 60)) b+ { GIL2 (zin (1) = 200 |-

- ut(t"H)} + {%(GPh,kU(t”“) - GHkU(t"“))}

Hence, we have
1 n 1 cn Tl ¢n
S o = 31l + e e

< ‘T%/I (T47€"+1)m‘+‘7i/l (T5aG3e€”+l)z)+‘(T6>Gi{ii§"“(fo+)>
i=1 v 1i i=1 v "

(5.31)

xT

For first and last terms on the right hand side, the Cauchy-Schwarz inequality and Young’s
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inequality gives

M M
w3 [ @e), | <o 3 [T,
=1 z =1 Z

M
T n
<3 [Tl + 5l
=1 i

(15, Gl e), | < 7T

& HLQ(QI)

/2

min

G

HL2(Qx) )HL2(Qx)

2 Tl en+1)|2
= THTGHB(QE) + ZH€ HdG'
In order to bound the second term, let IIyG be the L2-projection of G in a space of piece-

wise constant functions in internal coordinate, using the orthogonality property (4.28)) of
1, the Cauchy-Schwarz inequality and the inverse inequality to get

M M
‘TZ/I (T57G84§n+1)x‘ < ‘TZ/I (T5, (G—HOG)aegnH)gc
=1 i=1 Y 1i
M
= TZ/I |T5 ]| 201G = TG ETH|E] 2 )
i—1 V1

M
T n
<0r > [Tl + Tl
i=1 /i
Inserting all estimates in (5.31]) leads to

~ T
el = e llo + 51" e

M
= TZ/I {QHT‘lHiQ(Qx) + CHT5Hi2(Qx)} + 2T||T6||L2(Qm) + THémHH(? (5.32)
i—1 /i

Adding (5.28)) and (5.32)), summing over n = 0,..., N — 1, using (5.I5]) and applying
Gronwall’s Lemma [2.3.4] in the same fashion as in Lemma [5.2.1] to get

2+ Y [ e
° 4n:0 Q i n=0 a¢

N-1
< eTlell+emr S (Inll + 4l + 4 5 ol Tl
n=0

¢ KeTy,

M
+Z/j {2HT4H;(QZ)+CHT5H;(QZ)} +2HT6H;(QZ)}. (5.33)
=1 %

In the following, the arising terms on the right hand side of above equation have to be
bounded by the norms of the continuous solution of (4.2]) and (Z.3)).
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Using triangle inequality, we get

2

_ at (tn—i—l)

H Ph7kﬂ(tn+1) — Ph,ku(t")
T

0
2

P it(t™) — P gu(t") + 2| Pt (£ — @ (¢
0

- _ Ph,kat (tn+l)

|

The estimates of first term uses the initial condition @ (") = w(t") from first step in (£2),
Taylor’s theorem with integral remainder term, commutation and stability property of
projection Py, gives

(1 1

2
<o Imsndi<or [l
0 tn

n

— Pty (")

H Py pa(t" ) — Py pu(t™)
T

Using the splitting (£33)), interpolation error estimates of (5.5), (£30) and condition
#32]) we get for the second term

thvkﬂt(tn-‘rl) . ﬂt(th)Hi

<2 ., Hﬁhﬂkﬂt(th) - Hkﬂt(tn+1)“i2(9x) +2 /Ql Hﬂkﬂt(th) - fbt(tn“)”iz(gm)

S Ch2r+2 Hat (tn+1 + Ok2q+2 Hat (tn+1

M iagarsy Wiresszoy

Similarly the estimates for the other terms can be obtained as follows

HPh,kﬂ(th) . ﬂ(tn—i-l)”i

<2 . | Py tt(t™) — Hka(tnﬂ)H;(Qx) +2 /m |agett) - Hkﬁ(tmrl)“izmx)

< Ch2r+2‘a(tn+1)HiQ(HTH) + CkquHﬂ(th)||Zq+1(Lzy
Hb Vo (Pogii(t" ) — ﬂ(tn-l—l)H(z) < QHbH(Q),oo/Q va(nkwha(tnﬂ) — Hkﬂ(tmi—l)”;(gz)
14

2

il [P ) = ) g,

S Ch2rHa<tn+l + Ck2q+2Ha(tn+1

)||iz(H7"+1) )”i]qul(Hl)-

The estimates for the stabilizing terms can be obtained by using the local approximation
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properties

/Q Z 5K{ HgA Phk - I)a(tn+1)“iz([() + ||b : v:}c(Ph,k - I)ﬂ(tn+1)"i2([()}

tKeTy,

< 2( max o) / {gzuAm(ph,k—m)a(tw)yﬁz(m+52HAr<nk—n E )
Q

KeT,

+ b Vo(Pry — Hk)ﬁ(t”“)HiQ(K) + b Vo (i — I)ﬁ(t"“)”iz(m}
< C(;I?ea%f 5K> {€2h2r2\\11('5”“)“;(%1) 4 €2k2q+2Ha(th)”i{wl(m)

) sy + K0 s -

The initial condition 4" = u(¢") from the second step and Taylor theorem with integral
remainder term gives
2 tn+1 g+l

| o R LT Ly A
0 tn tn

and the approximation properties of m;, and II; gives

thku(t"“) — Phyku(t")
T

- Ph,kut (tn+1>

|| Bt (871 — a0y (871 |2 < 2| Pt (741) — Ty (841 |2 4 2| W (£741) — (841 |2

< C’h2’"+2||ut(t"+1)H;(H,,H) + Ck2q+2Hut(t”“)H;H(Lz),

M M
S 0= Dl [, < 823 [,
i=1 vt i=1 v

< Ck2q+1||u<tn+1)H§{q+l(L2)

and

HG1/2 (P — p)u (tn—i_l’é(—)i_)Hi?(Qx) < C’h2r+2“Hku(t”+1

min ’ga_)HH“Fl(Qx)

2942 n+1y |2
< CR 2w ) || ey
Finally, the bounds for the boundary condition in internal coordinate are obtained as

HGmin(zmin<tn+1> - Zn_ﬁ_l ) 2

min,h HLQ(Q < Ch2T+2||Zm1n tn—H)

Hr1(Q,)"

Therefore, we have the following optimal error bounds for the terms on the right hand
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side of (5.33)

t"+1

Il <l [l + 12 e,
| R+ (“ (1) HZQH(LQ) + Ha(tnu)Hiqﬂ(m)) }

I7all; < € ey + 52 |

|3 ol

Qe KeTy,

< 0 (i) [ (40 2) ol gy + 1220

tn+1

+7'/
tn

+ C’(}(neaT}; 5K> 2a+2 {(62 + 1) ||ﬂ(tn+1)H2q+l(H2) i Hﬂt(th)Hinl(p)] ’

M 2
> [ 15, <c|r [
i=1 V1i ¢

n

+ k?2q+2 ||Ut(tn+1) Hi{q+1(L2):| )

M
S ATl < CEF ) 1
i=1 Y1

HT6HL2 Q) = < ChZTﬁH Zmin ( th ||12&V+1(Q1)'

Substituting these bounds in (5.33)), applying the triangle inequality and using the inter-
polation error estimates leads to the following error estimates.

-1
) + i 30) 22506 g

tn+1

ol + 242 (e ) ey + e s )

Theorem 5.3.1. Let a(t"), u(t") and iy ,, uy, be the solution of ([@AZ), [@A3I) and

E3), (54). Let the stabilization parameter 6 > 0 satisfies (0.6) and (59) for all K € Ty.
Under the reqularity Assumption A4 there holds

n—1
e =l 7 3 [ ) g w5 e = o
m=0"*"¢

1
< CET LB (= 6 )+ B 25(% 4 et )+ 2 (min o)

KeTy,

+ R GR22 ||z — u?,,,ka)] , (5.34)
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where § = (Ir?a?g( 5K> and C' is a constant, independent of €, h and k, depends only on u,
€7p

W, U, Up, Uy and Ty.

Using the same procedure as above, we end up with (5.33)) with factor e*’ on the right
hand side. The same analysis as in the proof of Theorem [£.3.1] gives the following error
estimates.

Theorem 5.3.2. Let a(t"), u(t") and uy,, up, be the solution of ([E2), [A3I) and

G3), &4). Let the stabilization parameter §x > 0 satisfies (B.6) and (5.23) for all
K € T,,. Under the reqularity Assumption A4 there holds

n—1 n—1
Hu(t”) — quHE +7 Z / Hﬂ(tmﬂ) — &Zl,jl||§ +7 Z Hu(th) — u’,ﬁlezG
m=0" m=0

<Ce| TP AR (e+ 6+ h%) + R T(2+ h+ h7) + h””( min 5K)_1

KETh

4 f20Hl 4 §p20t2 4 HPh,kZO _ ungi] : (5.35)

where § = (}IPEL;_{ 5K> and C' is a constant, independent of €, h and k, depends only on u,
€7p

W, Ug, Up, Uy and Ty.

In order to get only one asymptotic order of convergence for the mesh width h and time
step length 7 in the error estimates (5.34)), (5.35]) and (£44]), we have to assume that the
mesh size k in internal coordinate is small enough. Then, the optimal scaling of mesh
width h and time step length 7 can be derived from these estimates. Similarly, the opti-
mal scaling for 7 and k is obtained by assuming that the mesh width h small.

In SUPG method, the stabilization parameters dx depends upon the length of time
step, see (B.9) and (523). These conditions come from the fact that, in addition to
second order derivatives and source term, the time derivative has to be added to the
stabilizing term in order to ensures the consistency. This adds a non-symmetric term
that can not be easily bounded using standard estimates. Under the assumptions of
Lemma [5:2.1] and Corollary B.2.3] the stabilization parameters are set to 0 = § = 7/4
and dx = /Thi/(4]|bllo.c), respectively. For fixed mesh width % in internal coordinate,
the optimal scaling in convection-dominated regime ¢ < h is obtained by balancing the
terms O(7) and O(7~/2h™*1) in the error estimates (5.34). In the estimate (5.37), the
terms O(7) and O(7~/4h"*1/2) have to be balanced to get an optimal scaling.

Similarly, the terms O(7) and O(7Y/2k%"!) have to be balanced for fixed mesh width
h in (5.34) and (5.35). In this case we obtain 7 = O(k??*?) as optimal choice. For fixed

mesh width A, the number of time steps is too large to get the convergence orders for
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dG(2). Furthermore, the stabilization vanishes in the time-continuous limit.

On the other hand, the LPS method is unconditionally stable, i.e., the stabilization pa-
rameters pux do not depend on the length of time step. This is because neither time
derivatives nor second order derivatives have to be added to the stabilizing terms.

In one-level LPS, the discretization stencil does not increase compared to standard Galerkin
or SUPG approach since the approximation and projection spaces live on the same mesh.
Although the system looks larger due to the enrichment of the finite element space, the
additional degrees of freedom can be eliminated locally by static condensation. In this
way, one can work with the same number of degrees of freedom which are needed to
achieve the appropriate approximation order.

In convection-dominated regime, the optimal scaling for (£44)) are obtained by balancing
the terms O(7) and O(h™+'/2) by assuming k fixed. While keeping h fixed, the terms
O(7) and O(k?*'/2) have to be balanced. With this scaling the time step length is larger
than in SUPG case and optimal order of convergence in internal coordinate can easily be
obtained.

5.4 Numerical studies and comparison

This section presents some numerical results for the Streamline-Upwind Petrov-Galerkin,
local projection stabilization and discontinuous Galerkin methods applied to population
balance equation. All numerical calculations were performed with the finite element pack-
age MooNMD [38].

For the numerical tests, Q1, Q2 in SUPG method and for (V;,, D) the pairs (Q¥"PPle) Py)
and (Q5uPPle) Pdisc) in LPS method are used. For discretization in internal coordinate,
discontinuous Galerkin method of first and second order are used. The stabilization pa-
rameter for the LPS method have been chosen as

pi = Holk VK €T,

where 119 denotes a constant which is specified in the different test calculations. In order
to support the theoretical results presented in the previous Sections, the first example is
the generalization of an example in [39] and the second one is from [29].

Test example 1: Consider (L1) with Q, = (0,1)2, Q, = [0,1], T = 1, G = 1, two
different choices of ¢, b = (1, —1) and the right-hand side is chosen such that
sin(27t)

z2(t, b,z y) =€ sin(27/) sin(27x) sin(27y)

is the solution of (41]). In convection-dominated regime the simulation were performed
with e = 107® and in diffusion-dominated regime with € = 1. In space, uniform quadrilat-
eral grid is used with coarsest grid (level 0) obtained by dividing the unit square into four
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small quadrilaterals and the initial grid in internal coordinate contains two line segments.
The mesh widths h and k are defined by dividing the diameters of the mesh cells by /2.

In order to get only one asymptotic order of convergence for the the mesh width h and
time step length 7 for the error estimates (5.34]) and (5.35)), one have to assume that the
mesh size k in internal coordinate is small enough. Then, the optimal scaling of mesh
width A and the time step length 7 can be derived from these estimates. Similarly, the
optimal scaling for 7 and k are obtained by assuming that the mesh width A is small.

The stabilization parameter for the estimates (5.34]) under the assumptions of Lemmal[5.2.1]
is set to 0x = 0 = 7/4. In the convection-dominated regime ¢ < h, the terms O(7) and
O(h™+177Y2) have to be balanced to obtain an optimal estimate (5.34)). This leads to
the scaling 7 = O(h2*+1Y/3) when the mesh size k is very small. In diffusion-dominated
regime h < ¢, the terms O(7), O(h"'er!/2) and O(7~/2h™+1) have to be balanced. This
gives the optimal choice of time step length 7 = O(h2+V/3) or 7 = O(h%/e). On the
other hand, the local projection stabilization method is unconditionally stable, i.e., the
stabilization parameter p; does not depends on the length of the time step. In convection-
dominated regime ¢ < h, the terms O(7) and O(h"/2) have to be balanced to obtain
an optimal estimate (Z44)). This leads to the scaling 7 = O(h"*'/2), when the mesh
size k assumed to be small enough. The optimal scaling in diffusion-dominated regime is

T=0(h").

In convection-dominated regime (¢ < h), the errors and rate of convergence are listed
in Tables 5.1 in space for @; and for (Q}"PP'°, Py) with stabilizing parameter yy = 2.5
and dG(1) in internal coordinate with & = 1/32 for the estimates (5.34)) and (£.44), re-
spectively. In Table 5.2 the convergence results for Qq, (Q5"PP° Pdis¢) and dG(2) in
internal coordinate are presented with k& = 1/64 and stabilizing parameter py = 2.5.
We see that the expected convergence rate O(h%/3), O(h?) for the estimates (5.34) and
O(h32), O(h*/?) for ([@4)) can be obtained. In diffusion-dominated regime h < ¢, the
errors and convergence rates are given in Tables and 5.4l For r = 1, only first order
convergence can be expected due to the presence of term (h"e'/?). The convergence re-
sults in Table are calculated in space for Qy, (Q"PP', Py) with stabilization parameter
po = 2.5 and dG(1) in internal coordinate on mesh size £ = 1/64 and in Table [5.4] for Qs,
(Q5ubble pdisc) and dG(2) in internal coordinate.

Concerning the convergence rate in internal coordinate, the mesh size h is chosen
small enough, the stabilizing parameter according to the stability Lemma [5.2.1] are set
to dx = 0 = 7/4. In both convection- and diffusion-dominated regime, the terms O(7)
and O(k?+16~1/2) in the estimates (5.34)), the terms O(7) and O(k%"1/2) in (EZ4) have
to be balanced. Then the optimal scalings are O(7) = O(k*9*V)) and O(7) = O(k?+1/2).
In both regime the expected convergence orders for dG(1) and dG(2) are of O(k%?) and
O(k>?) for the error estimates (5.34) and (&44)), respectively. The corresponding results
in Tables 5.5 and B.7 are computed for dG(1), Q; and (Q}"™*") ) and in Tables 5.6 and
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Table 5.1: Errors and convergence orders in space for (5.34) and (E44): ¢ = 1078, dG(1)
with k = 1/32: @, for SUPG, (Q%"*'  Py) for LPS with o = 2.5.

Level L%, 0, SUPG, Q1 L2, (QP"PPle py)  LPS,(QYUPPe Py)
error order error order error order error order

0 1.0364+0 2.7363+0 7.1411-1 3.35694-0
1 4.9411-1 1.07 9.9410-1 1.46 4.0592-1 0.82 1.1168+0 1.59
2 3.2324-1 0.61 4.7248-1 1.07 1.5716-1 1.37 3.9051-1 1.52
3 1.8328-1  0.82 2.2358-1 1.08 6.0867-2 1.37  1.4058-1 1.48
4 8.9178-2  1.04 1.0071-1 1.15 2.8353-2 1.10 5.3124-2 1.40

Table 5.2: Errors and convergence orders in space for (5.34)) and (£44): ¢ = 1078, dG(2)
with k = 1/64: Q, for SUPG, (Q5PPe) Piisc) for LPS with pg = 2.5.

Level L2, Q2 SUPG, Q2 L2, (qubble’ Pldisc) LPS,(QBUbee, Pldisc)
error order error order error order error order
0 5.7266-1 1.38684-0 8.5782-1 4.56154-0
1 3.6078-1 0.67  5.2445-1 1.40 2.9045-1 2.86 1.68184-0 1.44
2 1.4570-1  1.31 1.6769-1 1.65  6.9940-2 2.06 3.2138-1 2.39
3 4.3851-2 1.73 4.7272-2 1.83  1.4017-2 2.32 5.5968-2 2.52
4 1.1602-2  1.92 1.2314-2 1.94  2.5580-3 2.45 9.3766-3 2.58

for dG(2), Q2 and (Q5PPe, PEis) on level 6 with stabilization parameter o = 2.5.
The results match well with theoretical prediction.

Table 5.3: Errors and convergence orders in space for (5.34)) and ([@L44)): ¢ = 1, dG(1)
with k = 1/64: Q, for SUPG, (Q>"*' Py for LPS with o = 2.5.

Lovel  L%Q, SUPG, Qy L7 (QF™, Py)  LPS,(QF™F, Fy)
error order error order error order error order

2 3.3991-1 2.65624-0 2.5507-1 1915340 ——
3 1.5663-1 1.12 1.2543+0 1.08 9.9371-2 1.36 7.2879-1 1.39

4 6.4892-2  1.27 5.6043-1 1.16 3.6532-2 1.44  2.8186-1 1.37
5 2.6657-2  1.28 2.5227-1 1.15  1.4092-2 1.37 1.1382-1 1.31
6 1.1884-2 1.17 1.1603-1 1.12  7.3250-3 0.95  4.9044-2 1.22

According to the stability Lemma £.2.2] the stabilizing parameters in error estimates
(B30) are set to 6 = TZ”%”K. In convection- and diffusion-dominated regime, the terms
O(1) and O(h™+Y/2771/4) gives the optimal scaling 7 = O(h*"+1/2/%) In Tables
and B.I0) the errors and convergence orders in space for ()7 and )y are given. The
convergence orders are obtained for @, Q2 and dG(1), dG(2) with k = 1/32, k = 1/64,
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Table 5.4: Errors and convergence orders in space for (5.34) and ([E44): ¢ = 1, dG(2)
with k = 1/64: Q, for SUPG, (Q5uPPle, Pdisc) for LPS with p = 2.5.

Level LQ, Q2 SUPG7 Q2 LZ7 (qubble7 Pldlsc) LPS,(QBubee, Pldlsc>
error order error order error order error order
0 7.5123-1 6.2969+0 6.9867-1 6.7706+4-0
1 3.7996-1 0.98  2.7509+0 1.20  2.1229-1 1.72 1.847340 1.87
2 1.1103-1 1.78 7.8478-1 1.81  4.0235-2 2.40 3.2928-1 2.49
3 2.8503-2 1.96 2.0129-1 1.96 7.1660-3 2.49 5.9642-2 2.47
4 7.1778-3  1.99 5.0638-2 1.99 1.2702-3 2.50 1.1430-2 2.38

Table 5.5: Errors and convergence orders in internal coordinate dG(1) for (£.34]) and
EAD): e = 1078, Q, for SUPG, (QbuPPle) ) for LPS with pg = 2.5 on level 6.

F N0 SUPG,Q; L% (Qy™F, By)  LPS,(QF, Fy)
error order error order error order error order

1/2 1.191340 1.2111+0 1.0283+0 1.0209+0
1/4  4.0470-1 1.56  3.9885-1 1.60  4.0804-1 1.33  4.0259-1 1.34
1/8 1.5196-1 1.42 1.5039-1 1.41 1.5248-1 1.42 1.5212-1 1.40

Table 5.6: Errors and convergence orders in internal coordinate dG(2) for (5.34) and
[@E): ¢ = 1078, Qy for SUPG, (Q5Ple, pdise) for LPS with gy = 2.5 on level 6.

k L27 QQ SUPG, QQ L27 (6212)ubble7 Pl) LPS,(QS“bble, Pl)
error order error order error order error order
1/2 1.8438-1 2.0790-1 4.2743-1 4.0093-1
1/4  8.6508-2 1.09 9.1876-2 1.19 1.4034-1 1.61 1.4273-1 1.49
1/8 2.3084-2 1.91 2.4970-2 1.88 2.8987-2 2.28 3.0517-2 2.23
1/16 6.7152-3 1.78 7.3340-3 1.77 5.2873-3 246 5.6203-3 2.44

Table 5.7: Errors and convergence orders in internal coordinate dG(1) for (5.34]) and
@EAd): e =1, Q, for SUPG, (QbePPe) Py) for LPS with pg = 2.5 on level 6.

L L2, Ql SUPG, Ql LQ7 (C2ll)ubb1e7 PO) LPS,(Q?ubble, PO)
error order error order error order error order

1/2 1.02944-0 1.1930+0 7.3781-1 2.9389+-0
1/4 1.8345-1 2.49 2.7112-1 2.13  2.3739-1 1.64 6.9701-1 2.08
1/8  6.3522-2 1.53 1.3564-1 1.00 6.9069-2 1.78 1.3693-1 2.35

respectively. From (5.35), the expected rate of convergence for Q; and Q; are of O(h%/?)
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Table 5.8: Errors and convergence orders in internal coordinate dG(2) for (£.34]) and
EAD): e =1, Q, for SUPG, (Q5ubPle) pdisc) for LPS with o = 2.5 on level 6.

k L27 QQ SUPG, Q2 LQ7 (qubb1e7 Pldlsc) LPS7(Q5ubble7 Pldlsc)
error order error order error order error order
1/2 1.9402-1 9.6722-1 4.9673-1 3.1413+0

1/4 6.1087-2 1.67 2.9147-1 1.73 1.0851-1 2.20 6.5335-1 2.27
1/8 1.5912-2 1.94 8.9782-2 1.70  1.9656-2 2.47 1.1814-1 2.47
1/16 4.4133-3 1.85 2.8066-2 1.68  3.4666-3 2.50 2.1018-2 2.49

and O(h?), respectively.

Table 5.9: Errors and rate of convergence in space for the estimates (5.35), ¢ = 1078,
dG(1) and dG(2) with £ = 1/32 and k = 1/64: @)1 and @, for SUPG.

Level L% Qs SUPG, @ Level L% Q- SUPG, Q-
error order error order error order error order
2 3.8370-1 4.6284-1 0 5.7265-1 1.38684-0
3 2.3993-1 0.68 2.4910-1 0.89 1 3.6077-1 0.67  5.2443-1 1.40
4 1.3123-1 0.87 1.3316-1 0.90 2 1.4570-1 1.31 1.6769-1 1.65
5 6.4660-2 1.02 6.6503-2 1.00 3 4.3849-2 1.73  4.7270-2 1.83
6 3.0378-2 1.09 3.1699-2 1.07 4 1.1595-2  1.92 1.2308-2 1.94

Table 5.10: Errors and rate of convergence in space for the estimates (0.353)), ¢ = 1, dG(1)
and dG(2) with £ =1/32 and k = 1/64: (); and @5 for SUPG.

Level L?.0Q SUPG, Q4 Level L2, Q- SUPG, Q-
error order error order error order error order
3 2.1458-1 1.5424+0 0 7.5120-1 6.2966-+0
4 9.9923-2 1.10  7.3057-1 1.08 1 3.7995-1 0.98 2.75084+0 1.20
5 4.4678-2 1.16 3.3605-1 1.12 2 1.1102-1 1.78 7.8476-1 1.81
6 2.0283-2 1.14  1.5437-1 1.12 3 2.8490-2 2.00  2.0128-1 1.96
7 1.0265-2 0.98  7.1537-2 1.11 4 7.1628-3 2.00 5.0614-2  1.99

Test example 2: In this example we show numerical experiment for the finite element
discretization of population balance equation ([.1l). Let us consider (A1) in the domain
Q, =[0,1] x[0,1] and ©, = [0, 1] with homogeneous boundary conditions. We take G = 1,
e =107%, b, = by = 1, the source term f = 1, the initial condition zy = 0 and the final
time 7' = 1.
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In the numerical simulation a uniform grid of 16384 quadrilateral cells for the triangulation
7y, and 32 line segments for €2, were used. This results in 16 641 degrees of freedom for )4
finite elements, 33025 for QPP elements including the Dirichlet nodes and 64 degrees
of freedom for dG(1). The computational results are obtained with dx = 0 for Galerkin
finite element method and for SUPG method with 05 = 7/4 and 6x = 7'/2hg /4 for all
K € 7,. In LPS method the stabilization parameters are set to ux = pohg for all K € 7j,.

The obtained numerical results for Q; and (Q}"°, Py) with 1o = 0.1 at £ = 0.0066
and final time 7" = 1 are plotted in Fig 5.1l To show the effect of the local projection
stabilization, the second figure from left to right is generated using only the linear part
(Q1) of the solution. The numerical solution, obtained by two different choice of stabiliza-
tion parameters dx for SUPG method, possess some interior layers. This is because the
stabilization effect becomes less for small time steps. In LPS method, the stabilization pa-
rameter can be chosen independent of the time step length. Therefore, for suitable choice
of stabilization parameter one can remove the unphysical oscillations. Summarizing our
numerical studies, one can conclude that the LPS method help to reduce the spurious
oscillations in the numerical solution of population balance equation.
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CHAPTER 5. PBE, SUPG METHOD IN SPACE AND DG IN
INTERNAL COORDINATE

z
2.0175 1.0013

¥2

F
Eo

-0.3338
(a) Galerkin finite element method (b) LPS with ux = 0.1hg

| 67;3 5
E'.l o 1.9122

k1.6

-1.2 ;
Eo.s EO' o
E0-4 EOA

0 0

(c) SUPG with dx = 7/4 (d) SUPG with 6k = /Thi /4

Figure 5.1: Computed solutions for different methods and parameters applied to popula-
tion balance equation (Z.1).
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Chapter 6

ADI type methods based on an
equivalent one-step formulation

This chapter is concerned with the alternating direction method for the solution of popu-
lation balance equation (A.1]). Alternating direction scheme uses the same principle as the
operator splitting method, i.e., it reduces the high dimensional problem into a set of lower
ones. At first, LPS and dG methods are used to discretize the whole problem in space
and internal coordinate, respectively. Applying backward Euler time stepping method
then gives us the fully discrete scheme. The matrices in the fully discrete scheme are
tensor product of the space and internal coordinate directions. We discuss the stability
and convergence of the method using an equivalent one-step formulation.

This chapter is organized as follows: In Section we derive the weak form of the pop-
ulation balance equation. The semi-discretization in space and internal coordinate based
on local projection stabilization and discontinuous Galerkin method are introduced. Fur-
thermore, an optimal error estimate for the semi-discretized problem is given. We then
introduce Alternating direction Galerkin procedure in Section and derive equivalent
one-step formulation. In Section we derive the stability results and then establish the
convergence estimates in Section [6.5

6.1 Weak and semi-discrete formulation
To derive the weak formulation of problem (4.1]), we use the notations and function spaces

that were already defined in Chapter @l Let z € L?(0,T;P) and 2 € L?(0,T;P’), where
P’ is the dual space of P. Then the variational formulation of (AT reads:

Find 2 € L*(0,T;P) with z; € L?(0,T;P’) such that for all v € P

/Q <%’U>x + B(z,v) = <Gminzmin,v(€min)>x +/Q (f,v)s (6.1)
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with z(0,¢,z) = 2o(¢, ). Recalling that
P= {v € L2(Q x Q) : v e LA(Q: W) N Lz(Qg;V)}.

Here the bilinear form B(-,-) is given by

B(u,v) = /Q Z {(8(;“),v)x+a(u,v)} + (Gmmz(emin>,v(emm)> . (6.2)

xT

After discretizing in space and internal coordinate using LPS and dG, the semi-discrete
problem is defined as follows: For all ¢ € (0,7), find 2,x(t) € 5,7 such that for all
X eSSy

/Q <8t2h,k,X>x + Bp(znp, X) = <Gmin2min,h,X(£8r))x —i—/ﬂ (f, X)a, (6.3)

where zp,;(0) and 2z n are suitable approximations of zy and 2z, respectively. Here the
stabilized bilinear form B}, is given by

By (u,v) = ;/Jﬁ(aK}u

+ (Guint(5).0(65) ) (6.4)

T

)71))9: + ah(u,v)} + Z ([(Gu)L,v(ﬁf})

1=

xT

and the bilinear form a;, is the same as in ([AI5]). Integration by parts with respect to ¢
gives the second representation of the bilinear form B,

N-1

(u,v) == Z/{ (Gu a£> —I—ah(uv} ( [(GU)L)JC

i=1

+ (u(@), Gv(em) . (6.5)

xT

Let us introduce the mesh dependent norm

HUHDG—{Z [ (G Wl + 2007 + ZH (G20 s,

1/2
G2 e + 1620 mn;mz)} | (6.6)
where ||| - ||| is defined in (EI0]).

Lemma 6.1.1. The bilinear form By, is coercive with respect to the mesh dependent norm

|| : ||DG; i.e.,
1 "
By (vn, vp) = _thHDG7 Yup € Sy (6.7)

Proof. The statement of the lemma follows by adding the two representations of B,
setting u;, = vy, and using the coercivity of a; with respect to the triple norm. [l

94
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6.2 Semidiscrete error estimates

Let z(t) be the solution of the continuous problem (6.1)) and z,x(t) be the solution of
semidiscrete problem (6.3]). As in Section [4.4] we define

2(t) — zn(t) = 2(t) — Popz(t) + Porz(t) — zni(t) = n(t) + £(1), (6.8)

where 7 := z— Pz, £ := Pprz—zpk. Asin (L3), the projection operator Py is defined
for sufficiently smooth function w by

Py pw = jpllw = I jrw.

Furthermore, the separate errors in space and in internal coordinate are decomposed as
follows

Phpz(t) = 2(t) = Prpa(t) — pz(t) + Iz (t) — 2(¢) = 9(t) + () (6.9)
where ¥ := Py 2z — Iz and ¢ 1= Iz — 2.

Theorem 6.2.1. Suppose the data of the problem be sufficiently smooth. Let assumptions
A1-A8 defined in Chapter[d be fulfilled. If pux ~ hg for all K € 7Ty, then there exists a
constant C', independent of € and h, such that

1w = wlll < C (2 + h2) B [ wl| 10 (6.10)
for all w e Hg () N H™ ().
Proof. For proof see [70, Theorem 3.74]. O

The next Lemma states the approximation results based on the interpolation error esti-

mates (2.6]) and (4.27)-(4.30).

Lemma 6.2.2. Suppose A1-A4, if ux ~ hx for all K € Ty, then for all t € (0,T] we
have the following estimates for the interpolation errors

HPh kz sz HDG < 0(51/2 + hl/z)hT{“Z@)HLQ(H’“H) + HZ(t)HC(HT"Fl)}7 (6.11)

HHkZ(t) < CRY2 20| gowr ). (6.12)

Dllpe

Proof. For the sake of simplicity, we drop the dependency over ¢t within the proof. From
([©4), we have for ¥ = Py, pz — Uiz = i (jnz — 2)

M-1
e < 3 [ (0010 + IOIP) + X 1@ 0
=1
+||Giﬁ )220 + GG 2y
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Note that the interpolation jj,z is continuous in ¢-direction, thus the jump terms [j,z — z];
vanish for i =1,..., M — 1. Hence

L1913 = Z [ (G + 2D ) + NG gy + NI s,

. A=
i=1 /1
We conclude the estimate (6.11)) by using the results (£34), (6.I10) and condition (Z32)
| Prju — Myulpe < C(e'? + hl/z)]f{ /Q <h1/2HuHH’“+1(Qz) + ”“HHW(QI))
’
D i + ()l
<C(EV?+ h1/2)hr{|’zHL2(Hr+1) + HzHC(HM)}.

From the second representation (6.5) of the bilinear form By, and using I1,2(¢;) = z(¢; ),
t=1,...,M — 1, we have for ¢ = I}z — 2

el < Bl ) - fj [{-(e0%) s} -3 (w6 [0,

i=1 v

+ (ol3), G (657)) —||so||dG+Z [ ek

Then, the L2-stability of the fluctuation operator x; and the parameter choice ux ~ hg
gives for the second term on the right-hand side

el = el Ve oy + D scllmnVe
KeTy,

<C(e+h) HVMH;(QQC)'

Incorporating this bound in the above equation, we conclude the second statement of

lemma using (£30) and (35])
M
lellibe = llelldc + (e +h) Z/I lellzn .
i=1 71

2
< Ck2q+1||2|’12qq+1(L2) + O<€ + h) k2q+2 /I H'Z(q—H)“Hl(Q
< C(ek + hk + 1) k*at! HZHJQLHH(HU-

This completes the proof. O
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Lemma 6.2.3. Suppose A1-A4 and g ~ hg for all K € Ty,. For the solution zj, ,(t) of
the semidiscrete problem ([63)) the following estimates hold true for allt € [0,T]

Bu((Poiz = Te2) (8),€(1)) < C 74! [Hz(t)HHl(HTH) + Hz(t)HLz(HM)] &)l

O 1)y + 1 s | 16O o
(6.13)
Bi (= = 2)(1), £(1)) < C ket [||z<t>||Hq+1<H1> T ||z<t>||Hq+1(Lz>] l&®)lo
F O B (O IED Ibe: (6.14)

Proof. For notation simplicity, we again drop the dependency of t. From (6.4]), we have
for ¥ = Ph,kz — HkZ

N-1

5,06 -3 [ {(252.) +uin9}+ Y (1G], &0)).

i=1

+ (Gund(€5). 6(6))

M
— B(9,) + Z/I an(9,9).
i=1 71
Hence, from (£36) and (£3]), we get the first statement of the lemma
Bu(9.6) < O [zl + alars | el
+Ch" |:(61/2 + h1/2)||z||L2(Hr+1) + h”Z”C(HM»I)} ||§HDG

Similarly from the second representation (6.0) of bilinear form Bj,, we have for ¢ = Iz —z

Buly:€) = fj / |- (Gw, %) +an(p,€)] - NZ (o), [(GE)],) + (03 Cuaé(031))

SEICOED Y RAE)

Hence, the second statement follows from (£37)) and (£39)
Bu(w,€) < C (2 + hY2) k|2 rava o) €] Ipe

+ C’qurl{HZHle(Hl) + ||Z||Hq+1(L2)}||§“0'
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The next theorem states the main results of this section.

Theorem 6.2.4. Let z(t) and z, ;(t) be the solution of the continuous problem (6.1)) and
the semi-discrete problem (6.3)), respectively. If ux ~ hg, for all K € 7Ty, then there
exists a positive constant C' independent of t, €, h, and k such that for all t € [0, T

1 t
Z(t) — Znk ot 5 z(t) — zpk(l)|lpg = Ce hEZ0 — Zhk ot
[0 =z ®llg+ 5 | 10 = 2naDlipe < Ce' ||| P ()]l
t
(e h>h27{||20||;(m+1) + / (EIC] P EO S EO! }]

0o e+ (g + 1)

Proof. Since § € S}, we apply ([6.3) to § = Pz — 2nx, using (G.1) and the fact that the
projection operator P, j; commutes with the time derivative to get

/Q (& vn), + Br(& vn)

-],
J
J,

+

(Phi2)t — Or2n s Uh) + Bh(Ph,kZ = Zhks Uh)

Ptht,Uh +Bh(Ph,kZ;Uh)_ <Gmin2min,hyvh(£6r)) —/ (f,vn)a
x Q

2

14

D

Q

((
(
(Ph k2t — 2t vh> + By (Pryz — z,08) + / Sh(z,vp)
(

Gmm Zmln Zmin,h>7 Uh, (K(J]r)) .

x

Setting vy, = £, and using (6.7]), we obtain

3t + 3lelbe < | (P = 2.6) o+ Bu(Pasz = 2.6) + / 51z
+ (G (i — ). €(6))

=h+L+ 13+ 1. (6.15)

In the next paragraphs we analyze the terms [;, i« = 1,...,4. Using Cauchy-Schwarz
inequality, splitting (6.9), interpolation error estimates (2.0), (£30) and condition (£32),
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we get for [
|I1| = ’/ <Ph,k2’t - Zt,f) ‘ < HPh,th - Zt||L2(QI)||§HL2(Q )
Qg B Qé
< / {||Ph,kzt Mzl + Mz — 2l oo, }ugnm
Qy

<ci [ el +OR [ o lEle)
14

Qg

< {67 el | I€]o
For I5, the error decomposition (6.9) and the results of Lemma yield
L] = ‘Bh(Ph,kz _ 2 g)‘ — ‘Bh(Ph,kz —THyz, €) + By (T2 — 2, 5)‘
<c {hm (W=l areny + zllgzgresny ) + K5 (oo + ||z||Hq+1(L2)>} l€llo

+C {hT ((51/2 + h1/2)||Z||L2(H'r+1) +h ||Z||C(Hr+l)>

S L Pty Y

The approximation properties of the fluctuation operator k; give for I3

L= [ s / Si(2,2) 2 5 (6,€)" <Oh”+1/2/ ell s €11
Q
< ChTH/zHUHL?(HM) 1€llpe-

Applying the Cauchy-Schwarz inequality and using the approximation results, we get for
I

|]4| - ’ <Gmin (Zmin - Zmin,h)7 5(68—)>$‘ S ||Grlr{§1 (me Zmin,h) ||L2(Qx) HGrlr{ig €+ HL2 Qx)
S C hr+1 ||Zmin|

HT+1(QI)||€”DG'

Combining Iy, I, I3 and I, in (6.15), we get

5 dtHfHo “SHQDG <C {hHl(HZtHL?(HT“) + 2l e ey + 20 2 ey + | 2min HT+1(QI)>

+ qu(HZtHHqH(Lz) + |2l gasr ey + HZHH‘1+1(L2)>} 1€l
+ C {hr ((51/2 + h1/2>HZHL2(Hr+1) —+ h ||ZHC(H’"+1))

T S L I Y
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Young’s inequality and integration over 0 to T gives

1 T
lello+5 [ el

T
<C / {hQHQ(Hth%?(mH) + 2l ey + D207 201y + || 2min
0

HT+1(QE))

+ /{?2q+2<||2’t“%{q+1(L2) + ||Z||12L1q+1(H1) + ||Z||12LIQ+1(L2)>}
T
‘C / el (GO E AP Iy
0

T
2
+(e+h) kzq”llle?{qH(Hl)} + H€(0)||O+/0 lE115.

Applying continuous version of Gronwall’s Lemma 2.3.3, we get

Hamﬁ+§£rm%csaha®%+0@+hM”AHd@ﬁmmﬂ

t
+ Ch2r+2/0 <HZt(S)H%2(Hr+1) + HZH%(HTH) + ||Zmin(8)|

2
HT+1

t
+ R / (e + b 1) 1120 rars oy + ||Zt<s>||?ﬂ+l<w)] |

The statement follows by using triangle inequality and interpolation error estimates. [

6.3 Fully discrete problem

In this section, we give a fully discrete scheme. We start with discussing a time discretiza-
tion of (€3] using backward Euler scheme. Equivalent one-step method is then shown for
the two-step of alternating direction method. Then we give some useful properties which
are used in the stability and error estimates in the upcoming sections.

Let N > 0 be a given positive integer. We consider a uniform partition of time in-
terval [0, 7] with time step size 7 = T//N. Further, let 23, € Sy be the approximation

of z(t"). Then the backward-Euler time discretization of (6.3)) reads as follows:
For given 2!, find z}f,gl € Sy, forn=0,--- N —1 such that

LGM$J%+&%ﬁX%{@M$mMWL+Awmxn (6.16)
11 )
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for all X € Syt where 0.2t = 71z — 2 4).-

For deriving the alternating direction scheme, we use the bases functions and matrices
defined in Section L5l The fully discrete scheme (6.16]) in algebraic form can be expressed

as follows: Let
N. Ny

A=Y i) (0) € Sy,

=1 s=1
where
€ =, &Ny 751@1N6}T € RN,
Find £€""! € RY=*Ne guch that
gt ¢ 1
(M, ® M) (3——==) + M, © T1) ¢
+ (To + Dy + S,) @ M) €™ = MM @ I, + F™T, (6.17)

min

where the tensor product of matrices is defined as follows

mnMg mlgMg ce mlnMg

mleg mggMg v mgnMg
M, ® M, = i .

mmlMg mmgMg s mmnMg

Since the matrices in (GI7) are tensor product of the z- and ¢-direction discretization
matrices, we can approximate (G.17) using the following two-step method

{Mx ® M, + T<Dx YT+ Sx> ® Mg}é”“ = (M, ® My) €" + rF"*! (6.18)
My ® (Me+1)€ = (M, @ MOE™ + M€ @ L. (619)
These two equations define the fully discrete alternating direction Galerkin formulation

of problem (T]). Note that, if we write (I8) and (4I9) in algebraic form we get the
(6.I8) and (6.19)), respectively. The next step is to derive the one-step formulation.

Lemma 6.3.1. The two-step method ([6.18) and (6.19) is equivalent to the following fully
discrete one-step formulation:

Gven z, € S;’%, for eachn=20,--- N —1, find z,ﬁ”,;l € S,Z’f,’g satisfying
/ (872,?7};1, X> + By (z,’fj;l, X> + 717K (z}f};l, X>
Q x

_ (Gminzg;{h,xwg))x+ /Q l (f"“,X)x+mh(Gminzg;{h,X(eo+)) (6.20)
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for all X € S,:f,i, where K = K| + Ky + K3 with

Kl(u,v)zsﬁz /1 | (amvxu),vxv) e (VI[(Gu)L,VxU(EZF)L

+5<Gmmv w(lE), v U(ﬁ))x (6.21)
Ko(u,v) = Zl /I (2(GD- Vo)) M_: (b V.[(Gu], (&)
+ <Gminb-VIu(€+),v(£ ))x, (6.22)
(u, ) Z/ S ag Gu), +AjzllSh<[(Gu)L,v(€j)>
+ p (Guina(6), 0(6)). (6.23)

Proof. To obtain the one step fully discrete formulation, we multiply (6.19) by I, ® (M, +
7D, + 7T, + 75,)M; ! and get
{(Mm ® M,) + T((Mx ®Ty) + (Dy @ My) + (T, @ My) + (S, ® Mg)>
+7° ((Dx RTy) + (T ®Tp) + (S ® Tg)> }g"“

~n+1

— {(Mx@;Mg) +r<(DI ® M) + (T, @ M) + (Sx®Mz)> }5

+TMEMH T, + 7 (Dx + T, + Sx> M 1,. (6.24)

Equating the left-hand side of (G.I8]) with the right-hand side of (6.24]) we obtain

{(Mx ® M) + T((Mm @ T) + (Do @ M) + (To @ My) + (S, M4)>

+ 72 <(Dx RTy) + (T, @Ty) + (S, ® T@) }5"*1

= (M, ® M)&" + TM,&0f @1, +7° <Dx + T, + Sx)s’;j,} L, + TF™.
(6.25)

102



6.3. FULLY DISCRETE PROBLEM

Let us describe separately the cross terms in (6.25)

(D,®Ty)€"
:szse(vm(x),vmj(x))m{é / & (@0 +A§Gws o 65)
G660
—f[j &1, (v g7(Gouta)n.(6). V(s 00(0) )
e, Y (VG I ACHETA G

(
Ve (Guiniz >ws<e+>),vx<¢j<x>wp<€+>>)x
"2 [ ((G80)73)) o3 (a0 wxe)

Y (Gmmvxz;;(eg), va(eg))
- Kl(zg,ka X)

xT

xT

Similarly
(T 9 TE" = Kol X), (Se©T)€" = Kalef, X),
and
(Dy + T+ S2)€min @ Lo = an(GrminZimin i X (05))-

Using these expressions, one can write (6.25)) in inner product form (6:20). Note that,
the one-step formulation ([6.20) is equivalent to the fully discrete form (6.16]) except the
perturbation term of O(7%) which is presented in (6.20). O

Properties of K

Here we illustrate some basic properties of the bilinear forms K, Ky and K3 defined in

©21), [6.22) and ([6.23]) respectively.
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Lemma 6.3.2. The bilinear forms K1, Ky and K3 can be expressed as

Ki(u,v) = 5%/ —(vau,éwxv) - EMZl (qu(é;),vx[(Gv)}J

T

+a(Gmavau(£ ), Vol ) (6.26)
(u,) Z/ Gb V.u aw) —Aj_: (b-vzu(e;), [(GU)LL
<Gmaxb Vou(ly,), v(ly, ) (6.27)
2(u,0) Z/ sh G, Do +Aj_zlsh( (), [(Gv)}i)) +sh<Gu(e;4),v(e;4)).
(6.28)

Proof. Integrating by parts the first term in (6.21]), (6:22]) and (6.23) with respect to ¢ we
get the required results. O

Consider the mesh dependent norm

2
o]l = lIvll, + vl

with K1(v,v) > [Jvll%,, Ks(v,v) = [v]l%, and

M M-1
loll, =2 / QG| +2 D UG20)], i, +EllChmo ) [ ey
=1 i =1

+ el |G (e )H;(Qz), (6.29)
v]l%, =2 Z /I QG |[[v]|* + Z Su([(GV)],; [v]i) + Sh(Guinv(€5),v(65))
+ Sh(Gmaxv(yy), () - (6.30)

The next lemma gives the positivity of the form K.

Lemma 6.3.3. Assume that G > 0 and 0,G > 0, then the bilinear form K is coercive
corresponding to the norm |||k, i.e.

K(v,0) > 2 oll% (6.31)

Proof. First we show that Ks(v,v) = 0. Setting v = v in (6.22) and (6.27) and then
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adding them together, we get

2K5(v,v) Z/{ Og Gb -V v) > (Gb-va,ﬁw>x}
+ Z (b-v.[(G"20)],, [(G20)],)

+ (Gmaxb ' vmv(g]T/[% U(g&)>
:]1+IQ+I3+]4-

The velocity field b does not depend on ¢, also the growth rate GG is independent of space
variable x, thus using the fact that V, and 0, commute, we can write I; as

I = i/j {(b - VJ)AGU),U)I . <Gb - vxv,aw)x}
:é/li{(%G(b-va,v>x+G<b-V$8gv,v>z—G(b-vaﬁgv)x}.

Since V, - b = 0, it follows that
2(b-Vov,v), == (Vo-b,0?) =0,

L= /Q {G(b V. (0).v) ~G(b- Vr”’aﬂ’)x}

=11 — Iy

Next, we show that the two terms on the right-hand side of this equation are the same.

I = /QZG<b.Vm(8@v),v)x - /szwb.vx@aw)v: /{ux%gbia%(c:%)v

d

= 0 a<¢w) . d e o
R /QZXQI izz;biaxi <G ot )@/) a /ngﬂz ;bia_%gbG@
N Z/Qexfl X_:biaxi o0 a0 W

where ¢ = ¢;(x), 1 < j < N, and ¢ = y(¢), 1 <1 < N, are the bases functions defined
in Section .5l Similarly

v o
1172:/KMG(b-VIv,(“)w)z:/QZXQIG<b-V$v,c‘)gv>zd£:/Qemzizlb e

d
0p? _on?
/Q,_;xﬂx g w Qe xQy ; 8&:1 ol
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T

hence we have




CHAPTER 6. ADI TYPE METHODS BASED ON AN EQUIVALENT
ONE-STEP FORMULATION

We deduce from the last two results that

I - /Q {G (b-V.(00),0), — G (b va,agv)x} 0.

For the terms I, I3 and I, integrating by parts with respect to x and using V, -b =0
we get

M-1 M—

Z (b-V [(G1/2 )] [(G1/2 )

=0 =0

Gb - Vu(£D), (ég)) —0,

,_n

L (Vo b, ([(GM20)])*) =0,

T

l\')l»—l

/N 77N

Gb - V,u( U(EJT/I)) = 0.

Hence Ks(v,v) = 0. The required result is obtained by adding the two different represen-
tations of the bilinear forms K; and K3 and then dividing by two. O

6.4 Stability

In this section, we address the stability of the method based on an equivalent one-step

scheme (6.20).

Theorem 6.4.1. Let 2, n=1,..., N, be the solution of ©20). Assume that G > 0
and 0,G > 0 then we have the following estimate

n—1 9 n—1
lialls + Z =t = zimello + 5 Z [zt ne + 5 D2 llar I
m=0

<ol Sofrab 1) oo
where
T (5ih) = Gl sy + 47 (= + 1B o ) | Gl s
+ 4rSp (Grinid 21553, )-
Proof. Set X = 2! in the one-step formulation (6.20) to get
G i), + B )+ PR )
,

=7 (Guinzmn 2n (), + 7 /Q (0 2 + 72an (G2l 20 (60)) - (6.33)
4

106



6.4. STABILITY

Applying the identity 2(a — b)a = (a* — b?) + (a — b)?, we obtain for the first term
[ G s, = Sl M M -l o

Using Cauchy-Schwarz inequality and Young’s inequality with J; (for any 6; > 0), i =
1,2,..., we get for the first two terms on the right-hand side of (6.33))

(Gamihoarten) + | (e,

xT

G e
< g IO Sledane i —Hf’"“Hi e
< gl i S o+ gl Sl e

From the definition of the bilinear form ay,, we write the third term on the right-hand side
of ([6.33))
ran (Gumeih, 0 (65)
— m(Gminv it m+1<£+))z + T(Gminb V2t m+1(e+))
+ 78, (Gmngﬁg, z,T+1(£+)) .

T

Then, Cauchy-Schwarz inequality and Young’s inequality give

m+1 m+1/p+
Tap <Gm1n"7’m1n h» Zh (g )>

1/2 m+1
S € 7—HG’lenvfC mm h||L2(Qw

GI/QV m+1 g-&- ||L2(Q)

min

1/2 Ll

+7]|GY2b - v, minzh )| 20

min z? mlnhHL2 (Qz)

m+1 m+1 1/2 m~+1/p+ m~+1/p+ 1/2
+ 7_’S(h Gmmzmm ho me h Sh Gmmzh (f )’ Zh (EO )

1/2 v, il 87—53

< gHGmln x mthL2(Q )

min

||G1/2V m+1 g+ HL2 o)

HbHoOollG”Q in,

min ¥ 2% mthLZ (Q)

HGiﬁ AN ED] P

4 T%Sh(emmzm, ) + T—%Sh(GmmZ? ). A )

515 o0 m
’7'(55

+—Sh(G m il m+1)+L55

mlnzmln h» mm h

m+1 TO3 || i1
H loe + 51z M,
|2 hz;”HK3 (6.36)
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Hence from ([6.7)), (631)) and (633)-(636]), we have
=il = ettiellg + afme™ = #itellg + 7l lpe + 72l I

< Sz o, + 7 (88125 g

m m D000\ 11 2t
Fellm s el e+ (5 + 5 ) 16 @) g,

o+ 7205 (Gt 20t ) + 7205 + 85) |27

Setting 0, = &4 = 1/4, d = 1 and 03 = 5 = 1/4, multiplying by 7 and summing over
m=0,1,...,n—1, we get

!zhknﬁznzmﬂ zhkllowznzmmw Zuzh e
< thkuﬁmz |Gz +TZ [Faasl®

b a7 (e+||b||0w)2}|Gi(i et 47 ZSh( i e Z0ie)

-1
T m m
SIS g + Z H h,:luwz a2

m=0

3

Absorbing || - |[pg and || - ||k norm contributions in the left-hand side and applying the
Gronwall’s Lemma 23] we get

lefalls + ZHzm“HDG ZH S

n—1
< apilly+ e 3 (UG  + 11

m=0
n—1
#4672 3 | (e 00BNl + 50 (G i) |
m=0

This completes the proof. n

6.5 Convergence analysis

In this section, we use the equivalent one-step formulation ([6.20) and the stability Lemma[6.4.]]
to derive the convergence estimates. Define

2(t") = zpp = (2(t") — Pagz(t")) + (Ph,kz(t") — zgk) ="+ ", (6.37)
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where z(t") is the solution of continuous problem (4.]) and 2}, is the solution of equivalent
one-step problem (6.20).

Theorem 6.5.1. Suppose A1-A4 and px ~ hy for all K € T,. Let z(t") and zj;,, be

the solution of the continuous problem ([@Il) and the equivalent one-step problem (6.20).
Then for e™ = 2(t") — zj;,, there holds

n—1

n T m m
el + 3 5 fllem i + ol

m=0
< Ce” |:HPh,kZO — 20l T2 (e 4+ )R kB
where C only depends on z, z;, 29 and Zmin-

Proof. We start by applying the equivalent one-step formulation ([6.20) to ™ = z(t™) —
zit — " and setting X = ™ to get

§m+1 - é'm
[ () By rK (€ g
Q T T

_ / <Z(tm+1)7__ Z(tm) : 5,m_t,_l) + Bh (Z(tm+1), Sm—‘,-l) + TK(Z(tm+1), gm-‘rl)
Qy z
- (Gmlnz?nlltlll’ €m+1 (63))1 B /S; (fm+l’ €m+1)x — Tan (Gmmzrﬁglha ferl (63))

U 1 +1 1 1 1
[ ), - B ) = R (),
14

where the terms containing zm“ and 2, are replaced by the right-hand side of (G.20).
Then using the weak form (IZED) at t = t™" we get

fm—l—l - gm m+1 m+1 em+1 = m+1 sm+1
[ () s (et )

4 TK(Z(thrl), §m+1) - Bh (nm+1’€m+1) _ / Sh (Z(thrl)7 §m+1)x
Qg

= rap (Guinziith €1 () )

— (G (258, = 2o (7)), m“(@*))

In above we have used the continuity of z. It follows from the coercivity of bilinear forms
B, and K (Lemma [6.1.1] and [6.3.3)) that

n—1

1€ = SN+ 5 3 el + rllem i } < z (6.35)

m=0
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where T}, j = 1,...,7, are given as follows
m+1 m
T, = Z / ( t (t ) - Zt(th)ame) )
Q X
n—1 m—+1 m
n —-n m+1
Ty=— T_—T de,
=2, < ),
n—1
3 72{K<z<tm+1>,sm+l> -~ an(Gumaciithe € 6)
m=0
n—1
T4 = - Z TBh (77m+1> £m+1)7 Z / tm+1 m+1)m,
m=0 Qp
n—1
TG - _ Z TQK(nm+1, fm—‘,—l)
m=0
n—1
T = 3 (G = ), €(E))
m=0 z

In the following ¢;, (i = 1...) are arbitrary positive constants to be fixed later. The
estimates for the first term are standard, using Cauchy-Schwarz inequality and Taylor’s
theorem with remainder term we get

n—1

i 2 51 m+1]|2
T < 07 Z / a2 ds + 5 " rllem (6.39)

m=0

For Ty, the Cauchy-Schwarz inequality, the Young’s inequality and the error decomposition

(A33) yield

1 n—1 7]m+1—7]m 9 (5 n—1 . )
& ég—azz(;uf +5 Sl
¢m+1 ) 52 n—1 )
<352 5 / ool e+ 5 el
tm+1 ) n—1 )
<HY [ il o} > sl

Then the approximation properties (2.6) and (4.30) and the condition ([£32]) give

—1 tm+1
L S I ] e a2
=0
-1

92
+2 5 e (640

=0

110



6.5. CONVERGENCE ANALYSIS

For the third term T3, we use the definitions (6.21)-(623)) of K, K>, and K3, respectively.
The jump terms are zero due to the continuity of z(t™!). We obtain

n—1
=Y TZ{Kl (21,41 ) 4 B (2,67 ) o+ K (74, 67 )
m=0
- G € 5) |
n—1

xT

3 /I { (0:(GV.2(" ), V.™4) + (0u(Gb - Voa(t™H)) 7 )

m=

T

+ S (Bu(Gam ), g } +e Z 2 ((Giin Ve zin (1), V(1))

Zl ?(Guinb - Vazin ("), €7((5) ) +ZTQS,L( minzmin (£, €716

m=

0
m+1 m+1 -+
— ap, < mlnzmm h) é ))

Then from the weak form (6.1), we get

T

n—1
Ty = 72 Zo/m (8({Gfm+1 _ Gzt(tmﬂ) _ Gag(GZ(tm+l))},€m+l>

Sh (ag (G(tm+1)), gmﬂ)

Qg

+ Z T ah( mm Zmln(tm—H) - Z$$}h)75m+l (f[—)i_)> . (641)

The bounds for the first term are obtained by applying the Cauchy-Schwarz inequality
and the Young’s inequality

7_2 nZ/Q <a£{Gfm+1 . Gzt(th) _ G@g(GZ(tm+l))},fm+l>
m=0 £

T

n—1
<73 [ N5 = Gadtn ) = GOUGEE ) o I s
()

9 n—1

(5
=%, 203 Z/ |GF™H = Gz (™) — GO (Gz(t™*)) Hi{l @) 3T Z €™+ 2

n—1 5
<07 X [ sy + I Wy 1 iy +

m=0

||fm+1||o]
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For the second term we use the fact that V, and 9, commute. Then by Cauchy-Schwarz
inequality, the Young’s inequality, and the approximation properties of fluctuation oper-
ator kp, we obtain

j [ si(orcsm e

<7 ([ si(ceemnaicemm)) ([ semen)

14

973 L2 - 5 §
<225 [ ot = 2 5 [ e
m=0
n—1
s m 5 .
< C p*tt 32 H " +1 HHl(HTJrl L% Z Hf HHDG
m=0 0

For the third term in (6.41]) using the definition of bilinear form a;, and following the same
steps as in (£40), we get

n—1

7-2 CLh( min Zmln tm+1) - ernniz,lha €m+1(€8_))

m=0
n—1
= 3 72 (G (o)~ 2, V26" 6))
m=0

n—1

# 307 (Gob - Va7 = 5313 €7 6)

T
n—1

2Sh (Gmin (Zmin (thrl) - Z;ln;q}ha £m+1 (gar)>

m=0
n—1
<C(re+7h+h) 7Y 2w )| e o + 70 Z e e
m=0

7205 — 2
m—+1
+50 Z I5
Inserting these bounds into ([6:4:[]), we get for Ty

n—1

15 < 0 3 {1 o+ Il + Hz(tm“w;(p)}
m=0
0
[ Z el

5 5
7 ZHWIHDG 5 leém“HK (6.42)

+C (7’5 +7h+ h) hZrr Z Hzmm tmﬂ)
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For Ty, the error decomposition ([£33)), results of Lemma (.23 and Young’s inequality
give

- nzl { (ﬁerl’ €m+1> + B, (SOerl’ §m+1> }

=0

n—l n—1
< O et ht B S [ ) gy T S [
m=0 m=0
e+h — m 70 .
+C (256 > Z H (#™) HHqul(Hl - Z Hf +1H0
)
7”ZMW%G (6.43)

The approximation properties of fluctuation operator x;, and the choice of stabilizing
parameter ux ~ hy give for Ty

n—1 S n—1
< 0 S e gy + 2 S e (640
m=0 m=0

In order to find the bounds for T, we write it as

Te = 72 Z { ™ M) b Ky (™t M) Kg(nm—&-l’gm—&-l)}' (6.45)

Then Cauchy-Schwarz inequality and error decomposition ([£33]) give for the first term
on the right-hand side

n—1 -1

3 25 25
TQZKl(nm—&-l,Sm-&-l ) < T Z m+1||i(l T QZHSm—HHI(l
m=0 m=0
37’25 —

< 0 S L, + e} + 22 5 e

From Lemma [6.3.3] the coercivity of the bilinear form K, the continuity of j,z in /-
direction and the interpolation error estimates, we get

3

H19m+1H§(1 S Kl(ﬁerl,l?erl)
_ . / (ag(vaﬁm“),vxﬁm“) +5<Gminvxﬁm+l(fg),vwﬁm“(eg))
Q x

T

< 0 et oy + 1 |
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Using Hz(¢;) = 2(¢;),i=1,2,..., M, (6.20) and ([£30), we obtain
M
o™ 1%, < Ky (o™ ™) = 52/ (va@m“,ag(vxgomﬂn
i=1 71 v
< CeR (™) |2

Inserting these two yields

n—1 n—1

37K (e < Ceh¥ Ty {Hz@m“)\ﬁp(w) + Hz(tm“)Hz(Hm)}
m=0 m=0
n—1 5
+ Ok Y [ sy + Z e
m=0

Similarly for Kz(n™*t ¢m+l)

ne1 i - -1 " 5 n—1 .
S (o) < B S 8 S ey
n—1
< 012 S e ey + Il
m=0
2g+1 2n_1 NG 0 12
+Ck o+ Z Hz(tm+ >HHq+1(H1) + T Z Hngr HK
m=0 m=0

Next, we bound the second term on the right-hand side of (6.45]) as follows. Using the
error decomposition ([£33), we get

n—1

72 "Z_f Ky (nm+1, §m+1> =72 { (19m+1 §m+1> + Ko (@mHa §m+1> } (6.46)
m=0

m=0

Then, from ([6.22]) and continuity of j,z in internal coordinate, we get for the first term

n—1 n—1
QK ,L9m+l’ m—41 — 2/ a Gb-VxﬁmH, m+41
7;)7 2( 3 ) T;)T m(ﬁ( ),§ )x
n—1
5 (G v, e )
m=0 a:
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Using the same approach as for I in ({40), we get

n—1
2 Z K, <19m+1’ £m+1)
m=0
n—1

< € (e 1) S0 L ey [ e

m=0

LT 26, m a0 m T "
QZHﬁ I+ IOZHf Iy + HZM lpe:

The interpolation Iz satisfies [Ixz(¢;) = z(¢; ), i = 1,2,..., M, thus the last two terms
in ([6.27) vanish. Following the same steps as in (£.42) we get

‘ :LZ:)T?KQ (c,oerl7 §m+1> — ‘ — 72 :%Zil/h <b V" Gaggm“)
n—1 )

< OS2 l) py + T S €7

m=0 m=

Combining these two estimates, we get for the second term in (6.45])

n—1
22[(2( m+17£m+1> < O(Th+ )h2r+1 22 {H (#m+1) HHl ety H (£ +1) HCH+1)

25
+ ORI 32\\ (™) s gy QZHém“HK

m=0

0. 0
+5 Z e e+ Z ™ line

Inserting the estimates K7, Ky and K3 into (€.43]), we get for Tg

N——

n—1

To| < C(e+h+7h?) B> ) {Hz(th)Hi{l(HTH) - HZ(tm“)HQC(HTH)}

m=0

n—1

+ C (€+ h) k2q+2 2 Z H tm—i—l ||Hq+1 A1) T 59 Z H§m+1”K

m=0

o )
g Z e e+ Z le™ 5

Finally for the last term 7%, we obtain

n—1

0
T| < C R 27 Z HZmin(th)Her Q) + o2 Z ||§m+1|lDG

m=0
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Hence, inserting the estimates T, ..., Ty into ([638]), and chose §;, i = 1,...,12, such that

1
54:57:58:511:612:57

(55:59:%, and51:52:53:56:510:%
we get
Ly a2 Lyjeo2 T m+1||2 m+1]|2
3160 = 3110 + 3 D {116 g + 7l1E™ 1
m=0
n—1 ¢m+l
< L Nl i+ 7l i+ 7 i

m=0

n—1
+ (5 +h+(1+ T)hz) Caks Z {Hz(tmﬂ)”i{l(mﬂ) + Hz<tm+l)||2c(Hr+1)}
m=0

n—1
+ (J(T(g +h)+h+ h2> W73 || 2min ()
m=0

H’I‘+1(Qx)

I {/m Hzt(s)HiIﬁl(LQﬁ (€+h+1>||Z(tm+1)HiIQ+I(H1)}
m=0

n—

n—1
T m m T m
23 e+ ol b+ 3 3 el
m=0

m=0

We conclude by absorbing the || - |[pg- and || - || x-norms contribution in the left-hand
side, applying the Gronwall’s Lemma 2.3.4] in the same fashion as in the Theorem [6.4.1]
triangle inequality and interpolation error estimates. O]

116



Chapter 7

Conclusion

In this thesis, we have considered stability and convergence results for the numerical
solution of time-dependent convection-diffusion-reaction problems (LI)) and population
balance equations (I.2)). We have mainly focused on the finite element method in space
with local projection or Streamline-Upwind Petrov-Galerkin stabilization discretization,
discontinuous Galerkin in internal variables and backward Euler time stepping methods.
We concentrated on the one-level enrichment approach of the local projection stabilization
methods.

First of all, we have analyzed a stabilized finite element method for the numerical so-
lution of time-dependent convection-diffusion-reaction equations. We have derived the
optimal estimates in the strong and weak norms for the error of the approximate solution
by local projection stabilization method in space and discontinuous Galerkin method
in time. Using polynomial of degree r in space and ¢ in time, the errors of order
O((e¥? + h'*)h" + k771/2) in strong norm and of order O((e'/? + A/2)h" + k4H1) in
weak norm have been obtained. Computational results indicate that the error estimates
are optimal in strong and weak norms. Furthermore, we observed from our numerical
studies that the parameters of LPS lead to different influences on first and second order
schemes. First order schemes are more sensitive with respect to changes of LPS parame-
ters than second order schemes.

Then, we have been concerned with the numerical solution of the population balance equa-
tion with one internal coordinate posed on domain €2, x §2,, where (), was d-dimensional
and €2, one-dimensional domain. We have considered an operator splitting method which
decomposes the original problem into two subproblems. The first subproblem is a time-
dependent convection-diffusion problem in physical space parametrized by the variable
in internal coordinate and the second one is a transport problem with pure advection in
internal coordinate parametrized by the variable in physical space. The method combines
the continuous finite element method (and local projection stabilization) in space with
discontinuous Galerkin method in internal coordinate. We have considered first order
backward Euler time stepping scheme. Under a certain regularity of exact solution, we
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have derived error estimates for the two-step method, i.e., using polynomials of degree r
in space and of degree ¢ in internal coordinate the errors of order O(7 4 h'1/2 4 k1+1/2)
when e < 1 and O(7 + A" + k9t1/2) when ¢ = 1 have been obtained.

Since the operator splitting method allows us to use different techniques to discretize
the subproblems in space and internal coordinate. We have used the Streamline-Upwind
Petrov-Galerkin method to discretize the two subproblems in space and discontinuous
Galerkin method in internal coordinate. The stability and error estimates have been de-
rived for two-step method under the conditions that the stabilization parameters depends
on the length of the time step. The mathematical and numerical results have been com-
pared with those obtained by local projection stabilization method in space. Furthermore,
the numerical results have been presented for a test problem with known smooth solu-
tion. The optimal order of convergence has been obtained for first and second order finite
elements in space and first order in internal coordinate. It should be pointed out that for
fixed mesh width in space, the optimal scaling in SUPG method gave large numbers of
time step, therefore we have only computed the convergence order for dG(1) in internal
coordinate. Moreover, it has been shown that the LPS method in space helps to reduce
the spurious oscillations which still remains in SUPG method.

Finally, we have considered the alternating direction Galerkin method to derive the sta-
bility and convergence estimate for the population balance equation. Local projection
stabilization method in space and dG methods in internal coordinate have been used to
obtain the semi-discrete error estimates. For the fully discrete problem backward Euler
temporal discretization has been considered. Similar error estimates have been proved
(as in two-step operator splitting method) for fully discrete scheme based on equivalent
one-step formulation.

Note that the resulting fully discrete two-step method obtained using the alternating di-
rection method was similar to that one obtained from the operator splitting method. The
difference from the operator splitting method was that the stability and error estimates
were derived by using the equivalent one-step formulation obtained from the two-steps
alternating direction Galerkin formulation. Whereas in operator splitting scheme we fol-
lowed the two-step method.

From the analysis and methods presented here in this thesis one can see that further
modifications and generalizations are possible, which are as follows

e The operator splitting and alternating direction methods can be used for more than
one internal coordinate.

e The method can be extended to higher-order time discretization schemes, for exam-
ple Crank-Nicolson and discontinuous Galerkin method.

e The presented algorithm can be used to solve coupled multidimensional population
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balance systems [40] with suitable numerical methods.

e The operator splitting method facilitate different kind of discretization techniques
in space and internal coordinate.

e [t is possible to use the present algorithm for the source terms like aggregation and
breakage. These terms have to be treated explicitly, where the efficient evaluation
of the non-local integral operators are needed [55].
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