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Abstract

In this work we investigate the problem of characterizing optimal experimental designs for a wide
class of multivariate statistical models. In particular, we consider SUR models of seemingly unrelated
regression, which describe models for multivariate observations, where the components do not seem
to have anything in common at a first sight. However these observations are indirectly related to
each other by a correlation structure between the components. These SUR models were originally
introduced in economic applications, but may nowadays also be used in other practical problems for
example in the biosciences, when several processes like pharmacokinetics and pharmacodynamics may
be measured at different time points at the same individuals. For the control variables (e.g. measure-
ment times) of the observations the settings of the single components (processes) may vary across the
components within each individual. The aim of our investigation is now to determine the best settings
for each component within each individual, if the correlation structure between the components is
incorporated in the statistical analysis.

In contrast to a primary guess experimental conditions according to a MANOVA structure of multi-
variate regression, for which the settings coincide for all components, are optimal only in the case of
uncorrelated observations. In all other cases under mild regularity conditions product type designs
turn out to be better, which contain all possible combination of those settings, which are optimal in
the corresponding univariate models.

For a more detailed characterization we first introduce the basics of optimal design theory for univari-
ate linear models and specify the SUR models considered. It is then shown that product type designs
are optimal with regard to the D-criterion of minimizing the determinant of the variance covariance
matrix or to the IMSE-criterion of minimizing the mean expected quadratic deviation of the estimated
response function, as long as the marginal models contain an intercept. This result will be extended
to more general SUR models containing nested multiplicative or additive structures.

Additionally different variants are proposed for a G-criterion of minimizing the maximal expected de-
viation of the estimated response function and are investigated for MANOVA and SUR models. Also
the efficiency of the OLS estimator is compared with the optimal Gauf-Markov estimator, if product
type designs are used.

Finally, a consideration of univariate marginal models without intercepts yields the unexpected result
that product type designs retain their optimality only for small to moderate correlations, whereas
they may lose their optimality in the presence of larger correlations.with depended components and
individuals to the corresponding problem for univariate models with correlated observations.



Zusammenfassung

In dieser Arbeit untersuchen wir das Problem der Charakterisierung optimaler Versuchspline fiir
eine weite Klasse von multivariaten statistischen Beobachtungsmodellen. Speziell betrachten wir Mod-
elle fiir scheinbar unverbundene Regression, d.h. fiir multivariate Beobachtungen, die auf den ersten
Blick nichts mit einander zu tun haben, aber durch in denen die Beobachtungen durch eine Korre-
lationsstruktur miteinander verbunden sind. Diese sogenannten SUR-Modelle wurden urspriinglich
in 6konomischen Anwendungen eingefiihrt, konnen aber auch in anderen praktischen Problemen z.B.
in den Biowissenschaften eingesetzt werden, wenn mehrere Prozesse wie Pharmakokinetik und Phar-
makodynamik zu unterschiedlichen Zeitpunkten an denselben Individuen beobachtet werden kénnen.
Die Kontrollvariablen (z.B. Messzeitpunkte) fiir die Beobachtungen der verschiedenen Komponenten
(Prozesse) konnen dabei innerhalb eines Individuums von Komponente zu Komponente variieren. Ziel
ist es nun, die besten Einstellungen fiir die einzelnen Komponenten zu bestimmen, wobei bei der Anal-
yse der Beobachtungen die Korrelation zwischen den Beobachtungen ausgenutzt werden soll.
Entgegen einer ersten Vermutung sind Versuchseinstellungen mit einer MANOVA-Struktur der mul-
tivariaten Regression, bei denen die Finstellungen fiir alle Komponenten iibereinstimmen, nur bei
Unkorreliertheit der Komponenten optimal. In allen anderen Fillen erweisen sich unter Regularittsvo-
raussetzungen an die Modelle sogenannte produktartige Versuchseinstellungen als besser, bei denen alle
Versuchseinstellungen von Designs, die optimal in den zugehorigen univariaten Marginalmodellen sind,
miteinander kombiniert werden.

Um dies genauer zu charakterisieren, werden zuerst die Grundlagen der Theorie optimaler Versuch-
splanung fiir univariate lineare Modelle vorgestellt und die betrachteten multivariaten SUR-Modelle
spezifiziert. Es wird dann generell gezeigt, dass beziiglich iiblicher Kriterien wie des D-Kriteriums
zur Minimierung der Determinante der Varianz-Kovarianzmatrix oder des IMSE-Kriteriums zur Min-
imierung der gemittelten erwarteten quadratischen Abweichungen der geschétzten Wirkungsfunktionen
produktartige Pline optimal sind, sofern die univariaten marginalen Modelle Achsenabschnitte enthal-
ten. Dies wird auf SUR-Modellen mit verschiedenen geschachtelten, multiplikativen oder additiven
Strukturen verallgemeinert.

Weiterhin werden einerseits verschiedene G-Optimalitdtskriterien zur Minimierung der maximalen
erwarteten Abweichung der geschétzten Wirkungsfunktionen vorgeschlagen und beim Einsatz von
MANOVA- und SUR-Modellen untersucht und andererseits die Effizienz des OLS-Schétzers gegeniiber
dem optimalen Gauf--Markov-Schétzer bei der Verwendung von produktartigen Pldnen untersucht.
Bei der Betrachtung von marginalen Modellen ohne Achsenabschnitt ergibt sich schlieflich das uner-
wartete Ergebnis, dass produktartige Plidne nur fiir moderate Korrelationen optimal sind und diese
Optimalitét fiir starke Korrelationen verlieren kénnen.
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1 Introduction

When a phenomena or process is described by a statistical model, which is assumed to be correct,
then the optimal design theory can play a roll by improving the performance of the experiment The
work of (| Smath (1918)) was the entrance to this area of research , where the maximal variance for the
prediction resp. the G- or global optimal design criterion had been discussed, then followed by many
works about optimal designs in the univariate case.

The optimal design theory in the multivariate case was brought to light extensively by the work of
(Fedorov (1972)), where the multivariate version of the equivalence theorems for D- and linear criteria
were derived. After that, there are many works in the multivariate case, such as multivariate linear
models, their components are hierarchically nested and are considered by the work of ( Krafft and
Schaefer (1992)), and resulted in the usage of a method, which was developed by ( Dette (1990)),
that the D-optimal designs for these kind of models is the joint D-optimal design for the corresponding
marginal univariate models.

The MANOVA-models or homogeneous multivariate linear models are considered in the work of |
Chang (1994))) and the result was, that the reduction of the D-optimal design problem for these type
of models on the corresponding univariate problem is possible, so the D-optimal designs for one of the
homogeneous univariate linear models is the D-optimal for the MANOVA-model.

An Extension to both works ( Krafft and Schaefer (1992)) and ( Chang (1994)) was the work of (
Kurotschka and Schwabe (1996)), where the Result of ( Chang (1994)) is extended for the A-, c- and
E-optimality criteria and the result of ( Krafft and Schaefer (1992)) is proven by another technique and
broaded for multivariate linear models with heterogeneous marginal components under the condition
of the block diagonal form of the information matrices.

Bivariate linear models with multi-factor marginal models by Kronecker product form for the variance
covariance matrix of the error variables are discussed in the work of ( Schwabe (1996])) and it is shown,
that the reduction of the bivariate problem on its corresponding univariate problems by the optimality
of the product type designs is possible.

A special bivariate linear model with heterogeneous marginal components, where there are some joint
parameters by both components is considered in the work of (| Changa et al. (2001])) and it is shown by
some examples, that the D-optimality for some designs by use of the equivalence theorem is restricted
to intervals for the correlation term.

Dealing with the optimal design problem in the multivariate case is explored through algorithms or
optimization methods as the positive definite programming, see for example the works of ( Wijesinha
and Khuri (1987) ) and ( Atashgah and Seifi (2009)).

SUR models with different marginal structures are considered in this work and it is proven based on
the equivalence theorems for D- and linear criteria, that the product type designs are D- and linear
optimal if the weight matrix is block diagonal, for SUR models with intercepts by the marginals
with one-factor marginal components, multiplicative marginal components by different nesting cases
for general form for the information matrices, and for additive marginal components by different nest-
ing cases as the hierarchical form of ( Krafft and Schaefer (1992)), for SUR models without intercepts
by the marginal components for block diagonal form of the information matrices. Where a practical



example for SUR models without intercepts by the marginals, which have block diagonal or non block
diagonal form can be respectively the multivariate chemical and spring balance regression models.
These results hold for general structure for the variance covariance matrix of the error variables ana-
lytically and asymptotically under the condition of normality, because of the block diagonal form of
the Fisher-information matrix.

D-optimality for the product type designs for SUR models without intercepts by the marginal com-
ponents is restricted by non block diagonal form for the information matrix and for homogeneous
correlation structure, so the product type designs are D-optimal for some intervals for the correlation
terms as in the examples of ( Changa et al. (2001))), which include zero and their lengths are less than
one in the absolute value, where the lengths for these intervals will be closer for growing number of
components m. A theoretical background and justification for these restrictions on the D-optimality
for some designs in the multivariate case, with respect to the correlation term for homogeneous cor-
relation structure are generally enriched, with many simulations for different models and this result
is valid for all multivariate problems, by which just the correlation term is included in the sensitivity
functions for the D-optimality, i.e. that is valid just by homogeneous correlation structure and may be
locally for heterogeneous structure.

IMSE-optimality criteria is determined in the multivariate case and the result of ( Kurotschka and
Schwabe (1996)) due to the MANOVA-model is extended for it. The counterpart of D-optimality
in the multivariate equivalence theorem is a weighted G-optimality due to the trace, so the D- and
G-optimal design are not identical in the multivariate case and there is a covariance matrix for the pre-
diction and no longer a variance function, therewith some G-optimal design criteria are suggested as the
trace, maximal eigenvalue and the determinant, so the first step in this direction was the determining
the upper bounds for these functions from the multivariate equivalence theorem for the D-optimality
based on some inequality from the matrix theory for the product of the positive definite matrices,
then these upper bounds are calculated for the MANOVA-models by the evaluation of the MANOVA-
design and for SUR models by the evaluation of the product type designs due to the Gaul and OLS
estimators. The OLS estimator is a limited-information estimator in many multivariate cases, see for
example ( Amemiya (1985])), but its advantage is, that it can be used, when the variance covariance
matrix of the error variables is unknown, so the efficiencies for it vs the BLUE Gauf estimator with
respect to the product type designs and D- and linear criteria in are calculated, as well as the
efficiencies for MANOVA-design vs product type designs due to the D- and linear criteria in for
the OLS and Gaufs estimators. The reduction of the multivariate design problem for MANOVA-model
with correlated components and individuals resp. observations on its corresponding problem for the
corresponding univariate model with correlated observation is possible.

A short introduction for optimal design theory in the univariate case based on the one-factor linear
models is introduced in the second chapter as well as some results for the optimal designs for uni-
variate multi-factor models, which have been discussed by ( Schwabe (1996)). The SUR model as
general multivariate linear models and some related models as the homogeneous multivariate linear
models (MANOVA), and heterogeneous multivariate linear models are presented in chapter three and
in addition to that the correlation matrix and some of its prosperities and some estimators and their
asymptotic properties are illustrated. Then some fundamentals of the optimal design theory in the
multivariate case as the derivation of the IMSE-criterion are interpreted in chapter four and the op-
timal designs for SUR models with intercepts by the marginal components for general known and
unknown variance covariance matrix of the error variables are explored. G-optimal designs and the
efficiency of the OLS estimator are the main topics of the fifth chapter. Optimal designs for multi-



variate multi-factor models with and without nesting structure or for SUR models with multi-factor
marginal components are discussed in chapter six. Optimal designs for SUR models without intercepts
by the marginals as the multivariate version of the spring and chemical balance models are explored
extensively in chapter seven. The work is then concluded with a Discussion, some extensions and
possible future research.



2 Optimal Designs for Univariate Linear Regression
Models

The necessary fundamentals and tools of the optimal design theory for this work are presented in
this chapter based on an univariate linear, one-factor regression model. The most published books on
the optimal design theory were introduced based on the univariate linear case and in the simplest case
see for example (Fedorov (1972)), ( Pdzman (1986)), ( Bandemer and Bellmann (1994)) or ( Silvey
(1980)). This theory was introduced in some books for different estimators and with more details and
examples in the approximate and exact cases, see for example ( Bandemer (1977) and ( Bandemer and,
Nather(1980). There are many theoretical results with respect to the approximate design in the works
(Kiefer (1959), (1961), (1974) and (1975) ) and of ( Kiefer and Wolfowitz (1959) and (1960) ). The
work ( ( Schwabe (2008)) can be also a very good short introduction for the optimal design theory.
This chapter is ordered as follows, the univariate linear, one-factor regression models have been in-
troduced in the first section , some fundamentals for the optimal design theory are defined based on
the univariate case and in addition some useful examples in the second section. The univariate linear,
multi-factor regression models are introduced and the most important results for optimal designs for
these kinds of models from the work of ( Schwabe (1996)) summarized and supported with two clear
examples in the last section.

2.1 The Univariate Linear One-Factor Regression Model

The univariate linear regression model can be derived from an experiment based on the possible
relationship between two variables, the first one is influenced by the second one linearly, thus the first
one is called the response, dependent, outcome, or goal variable and the second one is the control,
independent, income, explanatory, setting, or predictor variable. This relationship is weighted with
parameters and bound with an error variable, which is uncorrelated for multiple observations. Thus,
the model for one observation can look for the response function 1 (z;) as follows

YvZ:T/ (xi)_‘_giw Z.:L--'an

for linear factorization of the response function 1 (z;) = f(z;) "3, where f(z;)" = (fi(21), ..., fo((zn))
is the known regression function and 8 = (fy, ..., ﬁp)T is the unknown parameter vector for the model,
the regression model is given as follows

Y; =f(z) B+e, i=1,..,n

With the specifications E(g;) = 0, Var(e;) = 02, where o > 0 and known, and Cov (g;,&x) = 0;i # k.
We can introduce the compact model in a vector form

Y =FB+e¢, E(e) =0, Cov(e)=0cLxn



Where x = (1, ..., 7,) is the experimental setting, F = (f(21), ..., f(2,)) " is the design matrix, which
is assumed to be of the rank p, and the experimental setting x; may be chosen from an experimental
region X. Denote by Y = (Y1,...,Y;,)", € = (€1, ...,en) | the vectors of observations and error terms,
and I, is the identity matrix.

We can use the Gaufs Markov theorem, see ( Rao et al. (2007)), to estimate the parameter of the
univariate regression model by the second order specifications and thus we get the Gauk Markov
estimator which has the same form of the ordinary least square estimator (OLS) in the univariate case.
When the error variable are normally distributed, then we can use the Maximum Likelihood estimator
(ML), see ( Casella and Lehmann (1998)). For the univariate case the three estimators are BLUE. Iso,
the three estimators (Gauf), (OLS) and (ML) are identical and have the next form

B=(F'F)'F'Y
The variance covariance matrix of those estimators are given in the next form
Cov (B) = *(FTF)™! (2.1)

We call the inverse of the variance covariance matrix for BLUE estimators the information matrix
because of the BLUE property for the considered estimators, which has the next form

n
M(x) = %FT(X)F(X) - % S f()E (i) (2.2)
i=1
The minimal loss of the information is given by the variance covariance matrix (2.1f) resp. the maximum
profit of the informations is given by the information matrix of by the theory of the mathematical
statistics. That is enough for some areas of science as the econometrics, because the analysis of the
collected data is in focus. But it is an advantage to minimize the loss of the information resp. to
maximize the profit of information with respect to the estimator, or in other words to determine the
optimal control variables and observe the response variable by it for some technical areas of science,
such as the pharmaceutical, resp. chemical industry or neuroscience, and that is the goal of the optimal
design theory.

2.2 Optimal Design Theory’'s Fundamentals in the Univariate Case

The information matrix resp. the variance covariance matrix for an estimator can not be directly
maximized resp. minimized generally, thus we have to apply some functions to it and then optimize
it with respect to the control variables. also, a tuple of control variables (z1,...,z,) may be as equal
form an exact design, other interpretations of the exact design can be formed based on ¢. Different
design points and their corresponding frequencies or the weights of the design points as follows

q
T1 T n; .
dp={"" Y = [y, wi)l_;wi = —,n; integer and E ni=n
w1, ... ,wq - n P

In dealing with the exact or discrete designs, are in many cases difficult because of combinatorial
problems, which are the problems by the discrete optimization,also, by generalization of the exact
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design by accepting real values of w; we get the approximate resp. normalized design, which can be
defined as follows

L1y, -
wi, ..

q
x
§={ w‘; = lwi wili_ys wi >0, z;wz:l
1=
When the w; are real positive values and the design points x; are called the support points of the
design, they belong to the experimental region X. The approximate design £ can be interpreted too
as a probability measure and therefor is sometimes called in literature the continuous design. The
information matrix with respect to the design £ is called the standardized information matrix, which

can be defined as follows
q
M(&) =Y wif (x;)f(x;) ", resp. M(€) = /X f(z)f(z) " ¢(dx)
i=1

The set of all possible approximate designs € in an experimental region X is = and the corresponding
set of all information matrices for the £ are formed by the set M, i.e. mathematically

M=M(), £€=

The set of information matrices M corresponding to all possible approximate designs is convex, where
the information matrix is positive semi definite see (Fedorov (1972)).

Remark 2.1. Only positive definite and reqular information matrices are considered in this work.

2.2.1 Some Optimality criteria

To make the optimization on the convex set M convex, we have to apply to it convex functions
as the —logdet or trace of the inverse of the information matrix , such functions ® are called the
optimality criteria and are used to minimize the variance covariance matrix of the estimator for the
parameter Cov (3) resp. M~1(€). For a good description of the geometrical meaning of the optimality
criteria see (Fedorov (1972)), (Pukelsheim (1993)) or ( Myers et al. (2010))).

Def 2.1 (D-optimal criterion). An approzimate design £, is called D-optimal design, if it minimizes
the determinant of the variance covariance matriz resp. mazrimizes the determinant of the information
matriz or

—log(det M({p)) = rgrgg[—log(det M(€))]

Some criteria can be defined as linear criteria
Def 2.2. A linear Criterion ® : M(Z) — R is defined as follows
®(M(¢)) = trace [LM™(¢)]
Where L is a positive semi definite Matriz and multipliable with M(E) .

for example the A- and IMSE-criteria, which will be defined soon

Def 2.3 (A-optimal criterion). An approzimate design £ is called A-optimal design, if it minimizes
the trace of the variance covariance malrix, i.e.

trace (M™L(¢%)) = rgneiél[tmce (M(9))]

11



Def 2.4 (E-optimal criterion). An approzimate design &}, is called E-optimal design, if it minimizes
the largest eigenvalue of the variance covariance matriz, i.e.

)\maxlvli1 (Eg) = mein[)‘maXMil €3]

Another interpretation with some geometrical meaning for the D-, A- and E-optimality criteria can
be found in ( Kiefer (1975)).
Not all optimal design criteria are implemented to improve the quality by estimating the parameters,
rather, some optimality criteria are applied to improve the quality of the predictions or to minimize
the variance of it, as the following two criteria show

Def 2.5 (G-optimal criterion in the univariate case). An approzimate design & is called G-optimal
design, if it minimizes the maximum of the variance of the prediction in the design region X, i.e.

mays (£(2) "M (€5 (x) ) = minfma(F(x) "M (€)f ()]

Def 2.6 (IMSE in the Univariate Case). The integrated mean square error is the integrated predictive
variance with respect to the uniform measure p(dzx) and is defined as follows

MSE = [ Var (1()75) uc) = [E1 (573 - 1) Pt

Where ||.|| denotes the Euclidean norm.

Def 2.7 (IMSE-optimal criterion). An approzimate design £} ,,qp is called IMSE-optimal design, if it
minimizes the integrated predictive variance with respect to the uniform measure p(dx) in the design
region X, i.e.

/ £(2) "ML (€ yr5)f () pu(dz) = min] / () ™M (©)f(2) pu(de)]
X X

£e=

Remark 2.2. The IMSE-optimal criterion can be interpreted due to the weight matriz for the linear
criteria L as follows

trace (LM (€)= migltrace (WM, L= [ £()f(@)" )

2.2.2 Some Tools by the Approximate Design Theory

Dealing with the optimality criteria is difficult in many situations, so some instruments can be
developed based on the direction resp. Fréchet derivative as the equivalence theorem and
coefficients to check the optimality or the efficiency of a design with respect to a criterion ®.

Def 2.8 (The directional Derivative ). Let M(E) be the information matriz for a design & and ¢ a

’

criterion, then the directional derivative of it by M(&) in the direction of M(E) is

Fy(M(€)sM() = lim = (B[(1 - a)M(©) + aM(@)] - M(E))

12



Thus Fo(M(€); M()) = 0.
The negative signed direction derivative in the direction of the one-point design with weight equal to

one, resp. & = { :16 } and the corresponding information matrix M(z) = f(z)f(x) " is

a useful term for the equivalence theorem, so the sensitivity function can be defined as follows based
on it

Def 2.9 (The Sensitivity Function ). The sensitivity function for differentiable criteria ® is given with
respect to one-point design as follows

¢ o(z;§) = —Fo(M(£); M(z))
which shows which experimental settings are “most informative”.

The next form of the equivalence theorem is given generally in the concave case by ( Silvey (1980)),
thus because of the duality between the concavity and convexity it can be reformulated as follows

Theorem 2.1 (The General Equivalence Theorem ). Let £ be ®-optimal design and ® conver and
differentiable on M, then & minimizes the function ®(M(E)) if and only if

Fp(M(&); M(2)) 2 0, resp. ¢ ¢(2;85) <0, Vo eX

Graphically, it means that, the design £ is ®-optimal, when we can not improve it, wherever the
direction for the derivative is. In figure 2.1, for the the direction derivative of the convex function
22 4+ y? on [—1,1]? is clear, that the direction derivative by the minimum (0, 0) is still up.

In the work of (Kiefer and Wolfowitz (1959)) is a common version of the equivalence theorem for the
D- and G-optimality development , which have the following context

Theorem 2.2 (The Equivalence Theorem for the G- and D-Optimality). The approzimate design &*
is D-optimal or G-optimal in the univariate linear model if and only if

wp(2:€h) = f(2) M (ED)E(2) <p

for all x € X, where p is the number of parameters in the model, and the mazimum for the sensitivity
function for the D-optimality by £, is given as follows

max f(z) "M (&) (x) = p

and that occurs by the support points of the optimal design.
A linear function ® : M(E) — R has the following property

D[y1M(&1) + 72 M(&2)] = mP[M(&1)] + 72 2[M(&2)]
This is the equivalence theorem for the linear criteria developed in the work of (Fedorov (1972) )

Theorem 2.3. The approzimate design &} is linear optimal in the univariate linear model if and only

if
pr(r;€) = £(2) TM(€") 'L M(¢;) () < trace (L M(&])7Y)
forallx e X.
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Figure 2.1: The directional Derivative for 2 + y? by min = (0,0) in the direction of (1,1) is up

1. For the A-optimality L = L,, where I, is the p X p identity matriz.
2. For the IMSE-optimality L = [, f(2)f(z)" p(dz).

The quality of a competing approximate design £ with respect to an ®-optimality criteria can be
measured in terms of its efficiency compared to the ®- optimal design &3.
So the D-efficiency for a design & is given as follows

det M(g)))l/f’ B (det M—l(gg)>1/p

fp(¢) = <det M(&5 ~ UdetM—1(¢)

The G-efficiency is given as follows

_ p
effq(§) = maxcx (£(z) TM~L(E:)f(x))

And the efficiency for the linear criteria is given as follows

_ trace (LM(&))
eff(6) = trace (L M*l(fL))

For the A-optimality L = I,, where I, is the p x p identity matrix and for the IMSE-optimality
L = [, f(2)f(z)"pu(dz). The efficiency states, how much less observations are required, when the
®-optimal design {3 is used instead of &.

It is valid for the following examples, that E(g;) = 0,var(e;) = o2, 0 = constant, Cov (¢;,e;) =
051 # k.

14



Example 2.1. i is useful to learn, how the weights for the ®-optimal designs can be determined, which
is the topic for this example. Here is the simple regression model

Yi(zi) = B1 + Poxi + &, x;i € X =[0,1]
let the design be

The regression function is

f(x)T:(l z )

and including the information matriz for the one-point design is given as follows

M(z) = f(2)f(z)" = ( Lz )

r T

The standardized information matriz for £ is

M(f)zgwif(xi)f(xif:<16w 8>+<Z Z)Z(l_lw ii)

me = (L L)

w

Then

1—w
So the weights for the D-optimal design can be determined by minimizing the convex function
—logdet M(§), i.e.

—logdet M(¢) = —log (w — w?) — min

so the D- resp. G-optimal design is given as follows

" 0 1
§D;G:<1 1>
2 2

For the A-optimal design the weights can be determined by minimizing the convex function
trace (M™1(¢)), i.e.

Thus the resulted minimum is wy, = %,

trace (M_l(f)) = w?l_—ww) — min

Thus the resulting minimum is wy = 2 — V2, so the A-optimal design is given as follows

¢ = 0 1
AT\ 2-v2 V2l
(check the A-optimality equivalence theorem as in example ).

For the IMSE-optimal design the weights can be determined by minimizing the convex function
trace (L M~1(¢*)), where

L:/Olf(sc)f(ﬂt’)TOL”C:/01 (al: 2 )dw: (

15
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So
1

trace (L M™'(¢*)) = 30 —w)

—— min

Thus the resulting minimum is Wiy qp = %, so the IMSE-optimal design is given as follows

N 0 1
Simse=1\| 1 1
3 2

By a similar process we can illustrate, that the D- resp. G-optimal, A-optimal and IMSE-optimal

designs for the same model in the design region X = [—1,1] are given as follows
N -1 1
Epciamse = 11
2 2

Example 2.2. I is also useful to learn, how the design points can be determined, so the boundary
points should be considered as well as a kind of symmetry, may be just for univariate linear models
with intercepts. For the cubic regression model

Yi(xi) = B1 + Boxi + Bsw} + Bax} + i, wi € X = [-1,1]
a candidate design with respect to the D-optimality could be as follows

1 -1 1 -1 1 -z 2?2 —a?
4 2 4
M) = S utet@)” = o L TG o
o1 1 -1 1 -1 x - x -
-1 1 -1 1 —z3 2t —2®  af
1 z 2% 28 1111
(1—w) r 2?2 23 2t Lw 1 111
2 2?2 2% 2t P 1111
3zt 2d 2 1111
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1 0 w+ (1 —w)a? 0

0 w+ (1 —w)x? 0 w+ (1 —w)x?
w+ (1 —w)x? 0 w+ (1 —w)x? 0

0 w+ (1 —w)x? 0 w+ (1 —w)ax®

So the points and the weights for the D-optimal design can be determined by minimizing the convez
function

—logdet M(§) Thus the resulting minimum is © = ~ 045, w = i, so the resulting design is

523 = ( ll )
4
which is D- resp. G-optimal design.
To determine the support poinis of the A- and IMSE-optimal designs, we have to minimize resp.
trace (M(f)_l) and trace (L M(f)_l) with respect ot w and x, so we get different design points and
weights for the both designs, so

1

5
1
1

[ ‘H
S &
= =

§Z=<_wl ;ﬁ 1fw i),x:0.46,w:0.3
v  low

2 2 2
X -1 — x 1
gIMSE:< w 1-w  1-—w w>,$2044,w2031
2 2 2 2

where the weight matriz has the following form for this model
2 0 2/3 0
0 2/3 0 2/5
2/3 0 2/5 0
0o 2/5 0 2/7

L=

Example 2.3. For the quadratic regression model
Yi(zi) = 1+ Bowi + B3} + i, 1 € X = [—1,1]

. 10 1
o= 1 1 1
3 3 3

satisfies the conditions of the corresponding equivalence theorem and therewith it is D- resp. G-
optimal design for this model, and that is illustrated by the figure 2.2 for the related following sensitivity
function resp. the variance function

the design

. . 3
ep(;&p) =f(z) "M 1(5D;G)f($) = 5(2 — 32” + 3z%)
The next design is A- and IMSE-optimal

. 1
SAIMSE = ( 1

ENSry—
~

W~
= O
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0.3 1

2.2:
sensitivity: (2 — 3z% + 3z*)

Figure The D-
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Figure 2.3: A-optimality: 1—
S22(1—2?)
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| ! oss !
/ .
{ ] 3 i
e \
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X

Figure 2.4: IMSE-optimality:

1—I2%(1-2?)

satisfies the conditions of the corresponding equivalence theorem and therewith it is A-optimal and
that 1s illustrated by figure 2.8 for the function

0a(T;84)

_ f(2) 'M(E)E ()

trace ( M(£%)71)

trace ( M(&4)~1) 2

5
=1--2°

(1-2?)

The weight matriz for this model due to the IMSE-optimality has the following form

2 0 2/3
L=| 0 2/3 0
2/3 0 2/5

figure 2.4 for the next function illustrate, that the candidate design satisfies the conditions of the
equivalence theorem for the IMSE-optimality

orvse(® G se)

(%) TM(E yep) 'L M(Eyrgp)  H(x)

7 2

trace (L M(f}MSE)—l) N

trace (L M(f}MSE)—l)

=1-—2°(1—2?

8

By similar process we can illustrate, that the D- resp. G-optimal, A-optimal and IMSE-optimal
designs for the same model in the design region X = [0,1] are given as follows

0

Wo

1
w1

1
2
w

(34 2)

1
2

Where the weights wg = w1 = wy; = %for the D- resp. G-optimality, wg = .322, w1 = 0.486,w; = 0.192
2 2

for the A-optimality and wyg = wy =

%,w; = % for the IMSE-optimality.
2
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2.3 The Univariate Linear Multi-Factor Regression Models

The most famous types of these models are the multiplicative resp. product type and additive
models, where interactions between the different factors of the model exist through the multiplicative
models, which do not exist for the additive models. May be under the multi-factor regression models
can be understood, that many factors influence the response variable, which can be directly illustrated
by the variance analysis models but within regression models meaning, that there is more than one
input resp. control variable, which can belong to different experimental or design regions, effecting the
response variable may be, with or without interactions. For example modeling the influence of two
fever reducers with or without interactions between each other by the temperature of a patient. We
will define the multiplicative models as well as the additive models as in ( Schwabe (1996)).

Remark 2.3. It is assumed in this section, that E(g;) =0, Var(e;) = 02, where o > 0 and is known,
and Cov(gj,er) =0i# k, ;€ X, j=1,....,m

Def 2.10 (The Multiplicative Models). ( Schwabe (1996))) The multiplicative regression model can be
defined as a regression model with more than one control variable, when its regression is the Kronecker
product of two or more marginal regression functions. The m marginal single factor models are described
by the corresponding marginal response functions as follows

773( )—f ( )B

where f(j)(a:j) c Xy — RPI, ,6(7) e NP, j =1,....,m. The response function for the resulting multi-
plicative model with j-factor is given as follows

0 (21, ey T Z Z £ (@1)e £ (@) B (2.3)

ki=1 km

The form may be rewritten in a more intelligible way by use of the notation of Kronecker
products, for the more informations about the Kronecker product see (Zhang (1999))

N (@1, ) = (@) T @@ £ (2,) 1) B = (@721 F9) () T)B (2.4)
where 8 € RP with p = H;nzl p;. Hence B collects the unknown parameters By, . . kj = 1,...,pj,
.j = 17 ey MM, in lexicographic order ﬁ = (51, ,1,171617 71,27 . '761,...,1,])]-761, 52,10 '7/6p1,...,pj_1,pj) and the
response function (2.4)) is parametrized by the regression function f : A} x Xo... x X, — RP with
f(@1, . vm) = QL E 7)(z4). So the multiplicative regression model for one observation is specified as
follows

Y (@1, ey ) = (@789 (a5) )8 + ¢ (2.5)
Def 2.11 (The Additive Models ). ( Schwabe (1996)) The additive regression model can be defined as

a regression model with an intercept, which its regression is the intercept plus the union of two or more
regression functions. With this restriction the response function of the additive model with m-factor is
given by

N (@1, @) = F(@1, 0 2m) B = B0+ D gi(x;) B,

=1
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X = (21,...,Tm) € X = X X Xo... X Xy, such that f(z1,....,2,)" = (Ligi(z) ', .,gm(zm) )T,
B, € R~ and B = (Bo, B}, ..., ) € RP with p = Z;nzl pj —m~+ 1. The corresponding regression
1

functions for the marginal models have the forms £U)(z;) = ( o (2
5\

) ), and response functions are
given as follows
0 j(z;) = £ (2;)T BV = Bo + g(x;) " B;, BY = (B0, B])T € R

So the additive regression model for one observation is specified as follows

Y(a:l,...,xm) :5O+Zgj<xj)—r16j+5i (26)
j=1

2.3.1 Optimal Designs for Multi-Factor Models

Optimal designs for multi-factor models were extensively explored and determined in the work of
( Schwabe (1996])) and it has been proven, that the product type designs are D-optimal for the mul-
tiplicative and additive models, and linear optimal for multiplicative models without conditions and
for additive models by block-diagonal information matrices. That means, we can reduce the problem
of finding optimal designs for a multi-factor model on the problem of finding optimal designs for the
corresponding one-factor models, which reformulate the multi-factor models.

Def 2.12 (The Product Type Design ). The support points for the product type design is the Cartesian
product of the support points of approximate designs and its weights are the product of their weights,

so it means that, for £1,&s,...,&m, which are defined as follows
51:( . 1N1)7x1i€X17 i1=1,..., N1
w1 ... WIN;
Tl ... Tan. .
522( 2>79€2i€?\f2, ig=1,..., N2
w21 ... W2N,
gm:< m mNm),xmieXm, im=1,...,Np,
Wm1 .. WmN,,
The product type design has the form
T1iys Ty - -+ s Trniyy
£=6060.. . Obn= ( P D) )
Wiy = W2iy * - Wi /=1 Ny jig=1,...,Naim=1,.... N
Where ® denotes the product measure operator and (1, Z2iy, - - -, Tmi,,) € X = X1 X Xa X ... X Xy,
i.e. the product type design as measure £ splits as product of the measures &1, ...,&n.

Remark 2.4. The most important property of the product type design resp. the product measure is
the topic of Fubini’s theorem, which mainly emphasizes, that the computing of a double integral for an
integrable function can be evaluated by iterated integrals and the order of integration can be changed,
as follows

/XIX)(2 fd(&1©8) = /X2 ( v f(ﬂfl,diz)fl(dxl)> &a(dag) = /X1 < Xzf(th)fz(d@)) & (dzy) (2.7)
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If f(z1,22) = f(x1)f(x2), then the form can be reduced as follows

/ fA@ ee) = [ faae) [ fa)éde) (2.8)
X X Xo X

Xo

For more information see for example ( Durrett (2010)) or ( Gaffke (2009/ 2010).
Now some important results for optimal designs for multiplicative and additive models can be sum-
marized by the following theorems. The considered linear criteria are the A- or the IMSE-criterion by
the following theorems.

Theorem 2.4. ( Schwabe (1996))) Let £* D- resp. G-optimal designs for the marginal model with the

response function n ;(r;) = £0) (2 )T,B in the design region , then £* = ®7',&% 15 D- resp. G-optimal

design for the product type model given in (.) in the design region X = x71, X;.

Theorem 2.5. ( Schwabe (1996 ) Let §; linear optimal designs for the marginal model with the response
function n ;(x;) = £0) (2 Ol BY) in the design region X;, with weight matriz Lj, then £ = ®m 15 s
linear optzmal design for the product-type model given in (.) in the design region X = X7, X, wzth
weight matriz L = @7, L;.

Theorem 2.6. ( Schwabe (1996)) Let £ D- resp. G-optimal designs designs for the marginal model

with the response function n ;(x;) = Bo + g; (z;)7 B; in the design region Xj, then & = ®JL,&; is D-

resp. G-optimal design for the additive model given in (.) in the design region X = X7L IXJ

Theorem 2.7. ( Schwabe (1996) ) Let §; linear optimal designs for the marginal model with the response
function n ;(x;) = Bo +gj(a:j)T,8j in the design region X;, with weight matriz Lj = [, £0) Td(p),
and if fXj gj(x;) §*(dxj) =0, j=2,...,m, then £ = QL7 is linear optimal deszgn for the additive
model given in ( in the design region X = X7, &j, wzth weight matriz

L= f(l,ng, o) T (gl gl )d (), where I 18 the m-dimensional uniform measure.

Example 2.5. We have two univariate linear one-factor quadratic regression models of the following
form

Yij = Bo + Bjrwij + Bjexy; + €iy j=1,2

Where the design regions are X; = [—1,+1], thus from example the D- resp. G-, A- and IMSE-
optimal designs for those models are given as follows

* -1 0 1 -1 0 1
‘El;D_g;;D_< 1 1 1>7 fT;A_é.)Qk;A_< 1 1 1)

3 3 3 1 2 1
-1 0 1 o
§lamse = So.0msE = ( 101 1 ) then for the multiplicative model
4 2 4

Y; = Bo + Biziz + Baxdy + B3win + BarinTio + Berinrin + Bexl + Bradxia + Bsrhai + &4

the following product type designs are resp. D- resp. G-optimal and A- or IMSE-optimal designs

because of theorems and respectively
() - G) ) G- ()
Ep=&p®&p = } —11 0 (1) 1

9 9 9

Rell g
Rell g
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Eaimse = 1A msE © &4 1MSE =

() ) 00 () @) Go) G) () ()

16 16 16 1 8 8 8 8

iN|

where the weight matriz due to IMSE-optimality has the following form for this model

S Tk O O O O O wk O
O O O vk O Wk O O O
O O O O vk O O O O
O O O L O e © O O

=

Il
Ol O Wk O (an) O Wk O =
G O e © O O vl O wik
Se O e © O O vk O wik
o Hr © O O o O vk O
e © G © © o Hs o o»

on X = X?lej = X?zl[—17+1].
So, the conditions of the equivalence theorem for the D- resp. G-optimality are satisfied by evaluating

H =&.p ®&5.p as we can see by the figure 2.5 for the sensitivity function

2
)5 — 25 +22) <9

The conditions of the equivalence theorem for A-optimality are satisfied by evaluating & = 1. A ®&3. 4,
as it is illustrated by figure 2.6 for the following function

pp = f(z1,22) ' MTHE)E(wr,22) = (5 — i +ai

Pa (g, m0) TMTHE) (e1,22) 25,2 5 402 5
trace (M(¢5)~1) trace (M(£%)~1) =5, G-ata)E -t <l

The conditions of the equivalence theorem for IMSE-optimality are satisfied by evaluating
$ivse = &lamse © S.1asms 08 it is dllustrated by figure 2.7 for the following function

PIMSE _ £z, 20) "M (& r98) LM (&S 9p)f (21, 22)
trace (L M({}MSE)—l) trace (L M_l(ﬁ}kMSE))

49 8 8
:@(5*55%+$%)(§*$%+333)§1

Example 2.6. We have two univariate linear one-factor quadratic regression models of the following
form

Yij = Bo + Bjr1wi; + 53'25%2]' +ei, j=1,2
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Figure 2.6:  A-optimality : Figure 2.7: IMSE-optimality :
Multiplicative Multiplicative

Figure 2.5: D-optimality:
Multiplicative

where the design regions are X; = [—1,+1], thus from example the D- resp. G-, A- and IMSE-
optimal designs for those models are given as follows

. . 10 1 10 1
51;D:§2;D:< 11 1)7 fT;A:@;A:< 11 1)
3 3 3 4 2 4

—1

1 then for the additive model
4

= O
N [Ey—

glk;IMSE = §§;IMSE =

Y; = Bo + zi1B11 + x4 Brz + Ti2fa1 + 25 B2 + &4,

the following product type designs are D- resp. G-optimal designs but not A- or IMSE-optimal designs

because of theorems and
(1) - (4) (0) () = (3)
p=&8p®&p= 1 —11 0 (1) 1

1
9 9 9 9 9

EaimsE = 1A 1msE @ o4 1MSE =

() ) 5D ) () Ge) (o) () (5

16 16 16 16
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Where the weight matriz for this model due to IMSE-optimality has the form

Wi O wk O —~
o [a) O wke O
Ok O gl O Wik
S wke O O O
T O Ok O Wik

So, the conditions of the equivalence theorem for D- resp. G-optimality are satisfied by evaluating the
product type design &, = &1.p ® §5.p, as it s dlustrated by figure 2.8 for the sensitivity function

op = f(21,22) "M (ED)E (1, 22) =5 — g(x?(l —27) —a5(1 —x3)) <5

But the conditions of the conditions of the equivalence theorem for A-optimality are not satisfied by
evaluating the product type design {ryvise = &1 rrsp © &5 0mspy @8 it 48 tllustrated by figure 2.9 for the
following function

pA _ f(w1, 2) TMT2(E0)f (21, 22)

trace (M(&5)~1) trace (M(€a) ™)

17 4 8 8
'H + g(‘ﬁ +a5) — g(ﬁ +23) + 1—59@%@% > 1 for (x1,22) = (0,0)

and the conditions of the equivalence theorem for IMSE-optimality are not satisfied by evaluating the
product type design 4 = &1. 4 ® &5, 4, as it is illustrated by the figure 2.10 for the following function

PIMSE _ f(21,22) MY ¢rpmse) L MY (Erpsp)E (o1, 72)
trace (LM(&60) ™) trace (L M—1(&rsE))
157 4 157 40
= a7 + ;(33% +a3) — m(ﬁ +a3) + A zizy > 1 for (z1,22) = (0,0)

It may be useful to mention, that the product type designs are linear optimal for additive models,
which are reformulated from the simple linear regression models in the experimental region
X =[-1,+1].
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. . Figure 2.9:  A-optimality :
Figure 2.8: D-optimality : Additive

Additive

Figure 2.10: IMSE-optimality
: Additive
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3 The Seemingly Unrelated Regression (SUR) Models

The model of seemingly unrelated regression or the SUR model was introduced by (Zellner (1962))

for modeling and analysis of a general multivariate linear regression model, and since then various
types of it have played an important role in many areas of science. For more information and to have
a deeper look into these kinds of models see (| Amemiya (1985)), ( Hackl (2008)) and ( Srivastava and
Giles (1987)). These works can be also be useful, if one is interested in many resp. multi processes,
which verify by the same subject and can model by many resp. multi equation models, where the time
points resp. the control variables need not be identical for the measurements of the multi quantities
within one subject. As the observations will be correlated within one unit, the data may be described
by a multivariate linear model, which has the structure of a seemingly unrelated regression.
This chapter is organized as follows, the SUR model is interpreted in the first section, different esti-
mators for the regression coefficients by known and unknown variance covariance matrix of the error
variables, and the Fisher-information matrix are interpreted in the second section. The correlation
matrix with some of its properties is interpreted in the third section. Other related multivariate linear
models to the SUR models, such as the heterogeneous or homogeneous (MANOVA) multivariate linear
models are illustrated in the fourth section . The Pharmacokinetic and Pharmacodynamic processes
are modeled as a bivariate SUR model in the last section.

3.1 Model specification

This model is based on m-dimensional multivariate observations for n individuals. The components
of the multivariate observations can be heterogeneous, which means that the response can be described
by different regression functions and different experimental settings, which may be chosen from different
experimental regions. Then the observation of the j-th component of individual ¢ can be described by

by

Yy = f£5(2i;) By + ey =Y fulwij) B+ iy 5=1,..,m

I=1
where f; = (fj1, ...,fjpj)—r are the known regression functions and 3, = (81, ...7/6’jpj)T the unknown
parameter vectors for the j-th component and the experimental setting z;; may be chosen from an
experimental region Xj. Denoted by Y; = (Yi1, ..., Vi) T and ; = (€i1,...,6im) " the multivariate
vectors of observations and error terms, respectively, for individual ¢ and correspondingly the block
diagonal multivariate regression function

fi(z1) - 0
f(x) = diag (£;(z;))j=1,..m = S : (3.1)
0 A i (l'm)
for the multivariate experimental setting x = (1, ..., )" € X = XL, Xj, which is different from the
setting in the last chapter. Then the individual observation vector can be written as
Y =f(x;) B +e, (3.2)
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where 8 = (ﬁlT, ...,BL)T is the complete stacked parameter vector for all components. For the error
vectors €; it is assumed that they have zero mean, are uncorrelated across the individuals and that they
have a common positive definite variance covariance matrix of the error variables Cov (g;) = X, and
therefor Cov (Y;) = 3, within the individuals, and their correlation components are heterogeneous.
Finally, denoted by Y = (Y{,....,Y,))" and € = (g{, ..., )" the stacked vectors of all observations
and all error terms, respectively. Then we can write the complete observation vector as

Y =F@3+c¢, (3.3)
where F = (f(x1), ..., f(x,)) " is the complete experiment design matrix. The complete observational
error €, then its covariance matrix is V = Cov(e) = I,, ® X, where I, is the n x n identity matrix.
Remark 3.1. The univariate marginal models of the components have the following form

v — F(j)ﬁj +eW j=1,...,m (3.4)

where Y9 = (Y1, ..., Yn;) T and V) = (14, ...,en;) T are vectors of observations and errors for the j-th
component, respectively, and FU) = (£(w15), ., £ (20j)) T is the design matriz for the j-th marginal
model. The corresponding error terms are uncorrelated and homoscedastic, Cov (&t(J)) = O'JQ-In, where

O'j2- = 0jj 15 the j-th diagonal entry of X.

For more information about writing multivariate models in the individual or component approaches

see ( Muller and Stewart (20006)).

3.2 Estimating the parameter 3 with known and unknown variance
covariance matrix

If we assume the variance covariance matrix of the error 3 and, hence V are known, we can estimate
the parameter 3 efficiently by the Gau-Markov estimator

Boy = (FTVTIR)IFTV-ly

where its variance covariance matrix is equal to the inverse of the corresponding following information
matrix

n
M=F'V'F=> f(x)= 'f(x;)' (3.5)
i=1
which is the sum of the individual informations.
Alternatively, we can estimate the parameter 3 with less efficiency by the ordinary least squares
estimator even in the case of unknown variance covariance matrix of the error variables

. -1
pous = (F7F) ¥
Which is minimizes the least squares
(Y -Fp)" (Y -Fp)

The corresponding variance covariance matrix for this estimator has the following form

cov(BoLs) = (FTF)_1 (FTVF) (FTF)_1
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Remark 3.2. If V- F = F - U, for some U, then the estimators IBGM and BOLS are identical.
This is valid at least for uncorrelated components, i.e. when the variance covariance matriz of the

error X is diagonal, and for identical (£(x;))j=1,. . m, i.e. when we have multivariate regression model
(MANOVA). For more informations see for example ( Baltagi (2011).

The general least squares estimator is given as follows
Bars = (FTV IR ETV Y
Which minimizes the weighted least squares, resp. the following term
(Y-FB)' V(Y - Fp)

Remark 3.3. The goal of the following discussion is to show, that the asymptotic information matriz
is block diagonal with unknown variance covariance matriz, which is useful for a result in the next
chapter.

We can estimate the parameter 3 asymptotically efficient for unknown variance covariance matrix by
the feasible general least squares estimator (FGLS) through replacing the variance covariance matrix
of the error variables with the following estimator

1 . .
V= g(Y —FBors) (Y —FBors) (3.6)
and estimating the parameter3 by
Brars = (FTVTIF)TIFTV-ly (3.7)

see ( Magnus (1978)), ( Amemiya (1985)), or ( Srivastava and Giles (1987)). The parameter 3 can
be estimated too by the maximum likelihood method, when the error components underlie the normal
distribution through replacing the variance covariance matrix of the error variables in the log-likelihood
function with the following term

V= (Y -F) (Y -FB)

and maximizing it for the parameter 8 and then replacing it with [3 ML D 1} and therewith estimating
V renewed. Where the likelihood function has the following form

LY —FB) V(Y - FB))

(=@2n)" (detV_%) exp(—§

And respectively the log-likelihood function as follows
1 1
log £ = —% log(2m) — S logdet V. — Z((Y —FB)T V(Y —F)) (3.8)

When the variance covariance matrix of the error variables is known, then ,@I ML ﬁGLS and Ba
coincide with each other. The Use of 3,,; and Brss have the advantage of asymptomatic efficiency
for big n

A~

V(0 — 8) ~ N(0,Mp'), 6 =(8;V)
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Where Mg is the Fisher information matrix, which exists, is finite, regulare and can be calculated by
the expression

E<810g£ dlog £ T

. . dlog ¢ dlog L'
0 90 ) , and its corresponding elements by E <

06, 00,

Where 3, = 1,...,7 and 7 = p +m(m + 1)/2 is the dimension of the Fisher information matrix,
respectively the dimension of the parameter 8. The Fisher information matrix has the following form
for the SUR model for v = vec(X) = vec((u ), where the vec(X) is a column vector of the
columns of 3.

jj’>j,j:1,...,m

_ (Mg 0 ' Tl _18vec§3T 1 _1\ OvecX
Mﬁ;v< 0 MV>,M5FV F,va5 o (='ex™) o (3.9)

Where V =1,,«, ® 3.
The jqth elements of the matrix My has the following forms because of symmetry

15> A N )y 0% 0% .,
<Vecau‘7) (2 X 2 ) <V6C8uq> = trace <au]2 Tuq )

Where u interprets the different terms of the variances and correlations of the variance covariance
matrix of the error variables.
We can calculate the elements of the Fisher-information matrix for n = F3 by the next simple form

o (omgT i mg\ 1 0X 102
(Me)]q = E <89] V Teq + itrace <8u]2 Tuqz >

Similarly, the Fisher information matrix for one individual model (§3.2)) looks as follows

B 1(9vecZ)—r
2 Jv

OvecX
ov

CREES

Mg 0 - -
Ma = ( 0/3 MV ) ; MI@ = ;f(xZ)E 1f(XZ‘)T; MV (310)

For more information see ( Turkington (2002)), (Rao (1973)), ( Magnus (1978)), ( Amemiya (1985)),
or ( Srwastava and Giles (1987)).
3.3 The correlation matrix and its properties

Remark 3.4. When the variance covariance matric of the error variables 3 s given as follows
2

of o O10mpim
%= : : (3.11)
O10mPim O

then we can deduce the corresponding correlation matrixz from the variance covariance matriz of the
error variables 3 as follows

1 1 L i
cor = diag (—)j=1,..m X diag(—)j=1,..m = | =+ - (3.12)

0j 0j
Pim - 1
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Figure 3.1: The determinant of the

matrix R for p12 = 0.99 and pa3 = 0. Figure 3.2: The determinant of
the matrix R forp;s = 0.01 and
p23 = —0.8.

To estimate the parameter by the Gauk-Markov estimator, the variance covariance matrix of the
error variables should be regular, i.e. that all JJQ» > 0 and the correlation matrix positive definite

Theorem 3.1 ( (Zhang (1999)), (6.2)). Let H be an m—square symmetrical matriz. Then

1. H is positive definite if and only if the determinant of every leading principal submatriz (i.e.,
Minor) of H is positive.

2. H is positive definite if and only if the determinant of every (not only leading) principal submatriz
of H is nonnegative.

Theorem 3.2 ( ( Peterson and Pederson (2008)) ). Let H be an m—square complex matriz. Then A
is positive definite if and only if all eigenvalues of it, \ are positive, i.e. N\; > 0, wherei=1...m.

L pi2 p3
Example 3.1. Let R=| pi2 1 po23

pis p3 1 ). 4

, , . - , 1
then the determinant leading Minor are positive, if det(1) =1 >0, det < p1s pf ) =1-p}>0=
L pi2 p3
pla <1, det | pra 1 pa3 | =1—pfg—piz—ps+2-p12-pi3-paz >0
p13 p23 1

Thus for p13 = 0.01, p23 = —0.8 must be —0.61 < p12 < 0.59 and therewith the correlation matriz is
positive definite. For p1g = 0.99, pag = 0, if —0.14 < p13 < 0.14 then the matriz R is a correlation
matriz. The next graphics illustrate the curves for the determinant of the correlation matriz

Remark 3.5. We can remark by the example of ( that the determinant of the correlation matriz is
less than or equal to the determinanis for the corresponding submatrices with diagonal elements equal
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1 1 :
to 1, also, for ¢ = det(R), c12 = det ( P12 ) =1—p2, c13 = det ( P13 > =1-pi; and
piz 1 piz 1

L pa3 > 2
co3 = det =1 — p354, we have
» < p2s 1 P23

c=1—ply — pis — pag +2- p1a- p13 - p23 = c12 + c13 + o3 — 2(1 — p1ap13paz) > 0 then

1-— 1-—
0< £ _ 1+ a3 + s _ 2—( P12P13P23) then < < max(1 + as + @ _ 2—( ,012p13p23)) then
C12 c12 €12 C12 €12 c12  C12 €12
0< < < 1 thus by the same method 0 < < <1,0< < < 1 where max is the mazimum.
C12 C13 C23

(3.13)

That s valid in general.

3.4 The Derivation of Some Multivariate Linear Models from The
SUR Models

The SUR models are general multivariate linear models with different regression functions and con-
trol variables for the marginal components see ( Reinsel and Velu (1998)), so for different regression
functions with the same control variables for the marginal components we get the so called hetero-
geneous multivariate linear models see ( Kurotschka and Schwabe (1996)) or ( Krafft and Schaefer
(1992)), thus the block diagonal multivariate regression function for such models has the special form

of [6.1]in the following form
fi(z) -~ O
f(z) = diag (£;(2))j=1,.m = Do (3.14)
0 - f,)
The so called homogeneous multivariate linear models or (MANOVA) can be held from the SUR model
for same regression functions and control variables for the marginal components see ( Kurotschka and
Schwabe (1996), ( Chang (1994)) or ( Christensen (2001))), thus the block diagonal multivariate
regression function for such models has the special form of in the following form
fo(z) -~ O
f(z) = diag (fo(x))j=1,..m = ST =L @ fo(2) (3.15)
0 - fy(x)

And it is known, that the OLS and Gaufs estimator are identical for this multivariate linear model and
the variance covariance matrices for both estimators are identical and have the following form

—1 —1
Cov:(FTV—1F> where (FTV—1F> -

-1
((Im @ (1), oo I @ o (@) (I @ E71) (L @ (1), ooy Ly @ fo(xn))T>

n —1
=3® (Z fo(x,-)fo(xi)T> then

=1
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concentration efficiency cesses

Cov =X ® M, (x), Mo(x) = > _fo(x;)fo(z:)" (3.16)
i=1

and the information matrix has the next form

M(x) = X! @ My(x) (3.17)

3.5 The Modeling of Pharmacokinetic and Pharmacodynamic
Processes as a SUR Model

If one is interested in both pharmacokinetics and pharmacodynamics, where the pharmacokinetics
(PK) is the study of the influence of body on the drug resp. the study of the concentration and the
pharmacodynamics (PD) is the study of the influence of the drug on the body resp. the efficiency of it,
the time points need not be identical for the measurements of the two quantities within one subject.
As the observations will be correlated within one unit, the data may be described by a bivariate
model, which has the structure of a bivariate seemingly unrelated regression. A simple example for
such modeling by one dose can be found in the work of ( Bertrand and Mentré (2008) ) in the
exponential form, thus after linearizing both equations by applying the logarithmic functions to them
a bivariate SUR model or a bivariate straight line regression models with different control variables
can be obtained, i.e. the model has the following form for n observations

Yi; = Bjo + Bjitij + €ij » Cov (eij,€i) = pjrojor,j #k,5,k=1,2, j=1—= PK,j=2— PD.

So if we assume that the estimated logarithmic predictions for PK is In(Y;) = 2 — t; and for PD the
form In(Y2) = —1 + t9, the both processes and the paradox of both marginal models are respectively
illustrated by figures (3.3), (3.4) and (3.5).
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4 Optimal Designs for SUR Models wih One-Factor and
Intercepts in their Components

The optimal design theory in the multivariate case has been well developed, as (Fedorov (1972))

established the equivalence theorem in the multivariate case for the D- and linear optimality. There
were different works in this research area, so the D-optimality for a kind of heterogeneous multivariate
linear model with grown hierarchical nesting components was explored in the work of ( Krafft and
Schaefer (1992)). And it is shown , that a jointly D-optimal design for all marginal components
models is D-optimal design for the reformulated multivariate model. Where these D-optimal designs
can be determined by a developed method in the work of ( Dette (1990)). It has been found in the
work of ( Chang (199/})), that the D-optimal design’s problem for the homogeneous multivariate linear
models (MANOVA) can be reduced to their corresponding univariate marginal component models. ILe.
the D-optimal design for one of the marginal components is the D-optimal design for the reformulated
MANOVA-model by those components. Both these results have been generalized by the work of (
Kurotschka and Schwabe (1996)), so the result of ( Chang (1994))) were extended for A-, C- and E-
optimality. And another proof for the result of ( Krafft and Schaefer (1992)) were illustrated. The same
result due to D-optimality was enhanced for heterogeneous multivariate linear models with different
marginal components under strict conditions, which made the corresponding information matrix block-
diagonal. There are different control variables for the considered SUR models and therewith the
property due to Fubini’s theorem resp. the corresponding remark are valid, and the strict
conditions for the heterogeneous multivariate linear models are disappeared for SUR models with
intercepts by the corresponding marginal models, and made the optimal design problem for SUR
models much easier.
The optimal design theory in the multivariate case, as the IMSE-criterion are introduced in the first
section. The D- and some linear optimal as the A- and IMSE-optimal designs for the considered SUR
models are established in the second section. And it has been shown, that the product type designs
are D-; A-, IMSE-optimal designs as well as linear optimal if the weight matrix is block diagonal
, for the SUR models with marginal components, which have one-factor resp. one control variable and
an intercept by each component. These results are valid for a known variance covariance matrix of
the error variables. The optimality of the product type designs is to be held but asymptoticly for an
unknown variance covariance matrix of the error variables. That is the mean topic of this chapter.
The results are illustrated by a clear example at the end of this chapter.

4.1 Optimal Design Theory in the Multivariate Case

We can define an experimental design in the multivariate case with support points as vectors as

follows & = ZI :}k by the set of all different experimental settings x; = (21, .., Tim),
1 ... k
i =1,...,k, which belong to the design region X = x7", X;, with the corresponding relative frequencies
— ki

w; = -, where k; is the number of replications at x;. When w;,7 = 1, ...k do’t depend on the sample
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size k and are just real numbers between zero and one, then the exact and approximative design are
not identical. The corresponding standardized information matrix resp. the variance covariance matrix
for the Gauf estimator for the SUR models can be obtained as

sz x;) % 1f XZ) , COV(B) =M 1(¢).

and respectively the limited information matrix for the OLS estimator has the following form

- k
Mors(§ (Zwl x;)f(x;) ) <Z:wZ x; ) £ (x;) ) (Zwif(xi)f(xi)—r>.
i=1

We consider approximate designs for analytical purposes , see for example ( Kiefer (1974), for which
the weights w; > 0 need not be multiples of %, but only have to satisfy Zle w; = 1.

4.1.1 A-, D- and IMSE Criteria in the Multivariate Case

The A- and D-optimality criteria is defined similarly to the univariate case, as well as the IMSE-
criterion, which can be illustrated by the following lemma

Def 4.1 (IMSE). The integrated mean square error is the integrated predictive covariance with respect
to the uniform measure u(dx) and defined as follows

IMSE | trace (Cov ()" B) udx) = [ B(I6G)" (3 ) n(ax)

X

Where ||.|| denotes the euclidean norm.

Lemma 4.1. An approzimate design iy qp 45 called IMSE-optimal design in the multivariate case,
if it minimizes the integrated predictive variance with respect to the uniform measure p(dz) and is
equivalent to

trace (LM~ (§ar55)) = Iggg[tmce (LM 1(¢)], L= /X £(0)f(x) " pu(dx) (4.1)

Proof:
IMSE = | B(If6)" (3 - B))n(cx)
[ e (e
/ (trace (f TB-B)B-B)"))u(dx)
_ /X trace (E[f(x)f(x) |Cov(8)) (dx)
_ /X trace (F(x)£() TM(€) ™)) p(dx)
= trace (L M(6)71), L:/ f(0)f(x) " p(dx)

X
Thus the IMSE-criterion in the multivariale case is given in .

T(B=8)Ex) (B~ B)) ()

34



4.1.2 The Equivalence Theorems for D- and Linear-Optimality in the Multivariate
Case

Useful tools for checking the performance of a given candidate design are the multivariate equivalence
theorems for the D- and linear criteria see (Fedorov (1972)), theorems 5.2.1, 5.3.1):

Theorem 4.1. The approrimate design £ is D-optimal in the multivariate linear model if and only if

trace (z—lf(x)TM(g*)—lf(x)) <p (4.2)
for all x € X, where p = Z;n:1 pj 15 the number of parameters in the model.

Theorem 4.2. The approzimate design £ is linear optimal in the multivariate linear model if and
only if
o (2:€5) = trace (E_lf(x)TM(f*)_lL M(g*)—lf(x)) < trace (L M(£) ™) (4.3)

forallx € X.
1. For A-optimality L = 1,,, where I, is the p X p identity matriz.
2. For IMSE-optimality L = [, f(x) T f(x)u(dx).

4.2 D- and Linear-Optimal Designs for SUR Models

Remark 4.1. The considered linear optimal designs in this work are A-, IMSE- and special linear
optimal designs by block diagonal form of the weight matriz L, where its diagonal blocks are the weight
matrices for the marginal components Lj,j = 1,...,m, i.e. L = block — diag (L;);=1,..m in general.
For A-optimality the weight matriz L is equal to the identity matriz with the dimension p L =1, =
block — diag (I, ) =1,....m, Lp, is the identity matriz with the dimension p;, and for IMSE-optimality
L = [, f(x)"f(x)u(dx) = block — diag (fXj f(x;) £(x;)u(dz;))j=1, .m. The same meaning can be
extended for the univariate case.

To obtain a complete characterization of the D-optimal and linear optimal designs in we have
to require that all marginal models related to the components contain an intercept, fji(z;) =1. And
some auxiliary lemmas are to be introduced before the main results

Lemma 4.2. The information matriz for one-point designs & = ( }1( ) for the SUR model has
the following form

= | g(k9) ()T (k) _ -1
M(x) = |0y (zp)fj () (ot where (Uk,jzl 77777 = 2 ) (4.4)

Proof: Because of the form of the regression function in ( [3.14) for the considered SUR model (3.3
the information matrix for a one-point design has the following form

M(x) = f(x)=7'f(x)" = block — diag (f;(x3)) =~ block — diag (£j(z;) ")

(k37) ()"
o fk(l'k)fj(xj) (k,j=1,....,m)

and therewith the lemma has been proven.
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Lemma 4.3. The information matriz for the SUR model by the product design § = ®7L,&; in
the design region X = X1 X; has the following form

M(&) = block — diag (0199 M;(¢;)) + m(€) =71 m(¢)T (4.5)
where M;(§;) = M;(&) — my(&)m; (&) T, M;(&) = / | £ (2;)E;(2;) "¢ (day) (4.6)
(€)= | (27)€(dr;). m() = block — ding (m ;) (1.7
and j =1,.om, (o, =%

Proof: the proof can be implemented by the integral of the information matrix for the one-point
m

design due to the product type design { = ®7L,¢; in the design region X = X7, & so
M© = [ Mg = [ 0= 00T

— [O—(kj) /X N fk(a}k)fj(wj)T(fk(d.%k) & fj(dxj))]

(k,j=1,....,m)
= block — diag (07 (M (&) — m;(&)m; (&) " )j=1,..m + [o(kj)mk(fk)mj(éj)T]
= block — diag (99 (M (&) — m; (&;)m; () 7))
+block — diag (m;(&;)) >~! block — diag (m; (fj)T)
= block — diag (07 M;(&)) + m(¢) ' m(¢) "

and therewith the lemma has been proven. O

Remark 4.2. Just reqular information and positive definite variance covariance matrices of the error
variables are considered by this work, i.e. M;(£),5 = 1,...,, resp. M~Y(€) are regular and ¥ > 0.

The next results are to hold, if all marginal models related to the components contain an intercept,
ief;; =1, or

£i(z;) = ( gj(lxj) ) (4.8)

Lemma 4.4. The inverse of the information matriz for the SUR model , which marginal regression
Junctions contain constant terms, i.e. £;1 =1 for j =1,...,m, by the product design § = Q7L ,&; in the
design region X = X7, X has the following form

M~ (£) = block — diag ( (M;'(&) —ejej ) +e S e’ (4.9)

od3)
e = block — diag (e;), e; is the (p; x 1) first identity vector, j=1,....,m
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Proof: the proof can be implemented by the multiplication of the information matrix in (4.5 and
its inverse in (4.9)), so the identity matrix is obtained

M(§) M™H(¢)
= (block — diag (6D M;(&;)) + m(¢) =7 m(g)T) <block — diag(ﬁ(M;l(fj) eje/))+eTe )

=A1+Ax+ A3+ Ay

where

A= (block diag (097 (M (&) — m;(&)m;(§) ")) blOCk—diag( 5 (M &) —eje; ))>

Agz(block—diag( U3 (M (€;) — my(€;)m;(€;) 7)) block — diag (e;) S block — diag (e ))

Az = (block — diag (m;(¢;)) =71 block — diag (m;(&;) ") block — diag ( (1 (M *1(53) eje;r)))

Ay= <m(§) S Im@E) ex eT)
then because of M, (€;)e; = m;(;), m;(&) e; = ejTej =1
Mj_l(gj)mj(gj) = e, because m; is the first column of My, j =1,....m

the four terms by the last sum have ordered the four next forms

A; = block — diag (T,, — m;(&)e] — my;(&)my(&) "M (&)) +my(&))e))

= block — diag (I, — m;(&;)m;(&;) "M (§;)) = block — diag (I, — m;(&;)e; )
Ay = 0, because of (M;(&;) — mj(fg)mj(fj) ) ej = m;(§;) — mJ(EJ) =0
A3 = 0, because of mj(fj) (M (5]) €je; ;)= ejT - e;r =0
Av = mE el 10

therewith M(¢) M~!(¢) =1, and the lemma has been proven. O

Now, the D- and linear -optimality in of the product type designs can be proven based on the
calculation of the inverse of the information matrix for the SUR model (3.3} for the product type
design 0.

Theorem 4.3. Let & be D-optimal for the j-th marginal component in the marginal design region
X with an intercept included, j = 1,...,m, then the product type design

{F = QL&

is D-optimal for the SUR model in the design region X = X7, X;.
The sensitivity function ¢p does not depend on X.

Proof: the proof can be implemented by the equivalence theorem (4.1), where the terms of the
equivalence theorem are calculated by the help lemmas and so because of (4.4]) and ) has
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the sensitivity function for the D-optimality in (4.2)) the following form

trace (2_1 f(x)" M~1(&) f(x)) = trace (E_l f(x)" block — diag (—— )
+trace (2_1 fx)'Texe' f(x)) (4.11)
so because of

fi(z;) " e; = eijj(acj) =1then f(x)' e=e' f(x)=1, (4.12)

we obtain

trace (2*1 f(x)T ML(€) f(x)) — trace (z block — diag ( (1)f(xJ)T M;l(;)fj(xj))>

1
—trace [ 7! block — diag (——) | + trace(I,,)
o)
= > £z M) <) pj=p (4.13)
j=1 j=1

and therewith the theorem has been proven. O

Theorem 4.4. Let §* be linear optimal designs with the weight matriz L; for the j-th marginal com-
ponent H) in the margmal design region X; with an intercept included, j = 1,...,m, then the product
type design

& =®L&

is linear optimal design for the SUR model in the design region X = XL, X, if the weight matrix
L = block — diag (L;) .

Proof: The weight matrix for the considered linear criteria is block diagonal and have the next form

Ljn Lj,
L = block — diag (L;), where because of (4.8) L; = < L]H LJ12 > J=1..,m (4.14)
j12 Lijoo

So because of (4.9) and (4.12)

M(£*)f(x) = block — diag ( _1( Df(z;) —ej)) +eX

1
()(

o(di

~

1 1
= block — diag (me(éj)f(mj)) +e <2 — block — diag (.,)> (4.15)

Then

oii

~

£(x) TM(£*) " = block — diag ( (1 B () M) + (2 ~ block — diag(lu)) e
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So the the left side of the equivalence theorem for the linear criteria has the following form

trace (2—1 £(x) TM(£*) "L M(g*)—lf(x)) -

trace <2_1 block — diag ( 2fj(xj)T M;l(g]*) L; M;l(fj*)) fj(mj)> + a1 + az where

1
(o)
B . 1 . 1
ay = trace <E <E — block — diag (m) e Le | X — block — diag (m)
1 *
. )6

)) are equal to zero

o39)

oi

1
as = 2trace (21 (2 — block — diag ( ) e’ block — diag (——L;M;"

So because of the diagonal entries of the matrix X7 (2 — block — diag ( )
o

1 1
a; = trace <(2 — block — diag (U(m)> <Im — X! block — diag (a(jj))>) block — diag (L;11)

= trace <2 .block — diag (Lj11) — block — diag ( jj)) .block — diag (Lj11)>
o

1 . 1
a(jj)) 37" . block — diag (O'(jj)

+trace <block — diag ( ) .block — diag (Lj11)>

m 1

— ) 2 _

= E 1 Lji1(o; O'(jj)) (4.16)
j:

and the term a9 = 0 and therewith
trace (2—1 £(x) TM ()7L M(g*)—lf(x))

=> 1 £(z;) "M (&)LM; (0 +ZLJH ! )) (4.17)

(44
Jj=1 oV

The right side of the equivalence theorem for the Linear criteria can be calculated by integral the right
side due to the optimal design &*, so

/ M(x )7L M(€9) 1€ (dx) = M(§)M(€") 'L M(¢") T =L M(¢") !

Also,
1 _ 1
trace (L M(§ = Z 7) J )+ Z Ljii(o D ) (4.18)

It is shown by comparing (4.17) and (4.18)) that

trace (2—1 £(x) TM(€*) "L M(g*)—lf(x>) < trace (L M(¢") ™)
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And therewith the theorem has been proven. O

The next result is about the asymptotic (i.e. for n — oo and normality) D- and linear optimality
by block diagonal weight matrix L of the product designs for the SUR model with respect to
estimators by unknown variance covariance matrix of the error variables as the Maximum Likelihood
and the feasible general least squares estimators by the normal distribution of the error variables.

Lemma 4.5. Theorems [{.3 and [{.4] are asymptotically valid, under the asymptotic normality and
reqularity conditions as the convergence of the information matriz to an existend, finite and regulare
information matrz, by unknown variance covariance matrixz of the error variables with respect to pro-
pitious estimators as the Mazimum Likelihood and feasible general least squares estimators.

Proof: The validity of theorem follows from the independence between the parameter 3 and X
and subsequently because of the block-diagonal form of the Fisher-information matrix M(3, V) in (3.9)
and the independence of My of the control variables (x). The validity of theorem [4.4] follows from the
independence between the parameter 3 and 3 and subsequently because of the block diagonal form of
the inverse Fisher-information matrix res. the variance covariance matrix of the considered estimators

This lemma is valid for SUR models with multi-factorial marginal regression functions as in chapter
six or marginal regression functions without intercepts as in chapter seven. O

4.3 Example: SUR model with three components

To illustrate the results we consider the SUR model with simple straight line, quadratic, and cubic
regression models, for the components,

Yin = Bio + Buiwin +en
Yio = P20 + Boria + ooty + o

Vi3 = B30 + Ba12i3 + Baaais + Pa3as + €is (4.19)
in the unit intervals X1 = [0,1], X» = X3 = [—1,1] as experimental regions. Then it is well-known or
see the examples in the second chapter, that the D-and IMSE-optimal designs for the first marginal

model are &5 7y9p1 = < 192 1}2 > , which assign equal weights to each of the endpoint of the

interval. The A-optimal design for the first marginal model is £} ; = < 9 _0\/5 \/il_ 1 )
-1 0 1

1/3 1/3 1/3
equal weights to each of the design points. The A-and IMSE-optimal design for the second marginal

model are &4/ yrop 0 = 1/4 1/2 1/4

The D-optimal designs for the third marginal model is {7, 5 = <

The D-optimal designs for the second marginal model is §p2 = ) , which assign

-1 —1/V/5 1/V/5 1 )
1/4  1/4 1/4 1/4
assign equal weights to each of the design points.

The IMSE-optimal design for the third marginal model is

f[MSE,s = ( w2 (1—w)/2 (1—wr)/2 wr/2 ) where x ~0.44, wy ~ 0.31
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The A-optimal design for the third marginal model is
-1 -z x 1
B = where x ~ 0.46, wa = 0.3.
$hs < wa/2 (1—wa)/2 (1—wa)/2 wa/2 > A
Then By Theorem [£.3] the product type design

D =E&p1®Epa®Eps

is D-optimal for the SUR model (4.19) in & = [0,1] x [-1,1]%.
By the Theorem the product type design

§ivse = STmse1 @ Eivse2 @ ETMsE s

is IMSE-optimal for the SUR model (4.19) in X = [0,1] x [-1,1]2.
And by the Theorem the product type design

4 =811®842®E83

is A-optimal for the SUR model (4.19) in X = [0,1] x [-1,1]%.
The corresponding sensitivity function for the D-optimality by x; =1

pp(x:€h) = trace(E7(x) 'M(Ep) (%))
3 11 35, 25

11

is plotted in figure 4.1.

It can be easily seen that the sensitivity function is independent on 3 and satisfies the condition
ep(x;&p) <p=4forallxe X.

The corresponding sensitivity function for IMSE-optimality is equal or smaller than
trace(LM(&},,45) ") and the function

pruse(X;Evsp) trace(B(x) 'M(Earsp) LM arsp) (X)) (4.21)

trace (L M(&5p,55) ") trace(LM(§7yr55) ")
is plotted in figure 4.2, for 01 = 09 = g3 = 1, p12 = 0.99, p13 = 0.14, p23 = 0.
It can be easily seen that the sensitivity function for the IMSE-optimality satisfies the condition
orse (X Esp) < trace(LM(&9p) ") for all x € X. The corresponding sensitivity function for
A-optimality is equal to or less than
trace(M(£%)™1) and the function
pa(x;€%)  trace(STH(x) TM(&Y) TIM(E) T (x))

trace (M(¢4)71) trace(M(£5) 1) (4.22)

is plotted in figure 4.3, for 01 = 09 = g3 = 1, p12 = 0.58, p13 = 0.01 and p23 = —0.8.
It can be easily seen that the sensitivity function for the A-optimality satisfies the condition ¢ 4(x;&*) <
trace(M(£%)™1) for all x € X. The product designs &5, £f,9p and £ are asymptotic optimal for

the SUR model (§6.34]) because of lemma (4.5) and the asymptotic Fisher Information matrix has the
following form for the given inverse of the variance covariance matrix of the error variables in ( |5.9)

(2
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Figure 4.1:  Function
for &}, (SUR with one-factor
marginals )

Figure 4.2: Function for
& use (SUR with one-factor
marginals )
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Figure 4.3:  Function
for €4 (SUR with one-factor
marginals )



5 G-Optimal Designs and Some Design Efficiencies for
Multivariate Linear Models

The G-optimal design criterion in the univariate case was the entrance for the optimal design theory
by the work of ( Smith (1918)). The equivalence between the approximate optimality for D- and
G-designs under some conditions have been proven in the work of ( Kiefer and Wolfowitz (1960)).
The equivalence between G- and D-optimality have been discussed in the works of ( Wong (1993),
(1994) and (1995)), ( King, Wong (1998)), ( Brown and Wong (2000)) and ( Chen et al. (2008)) in
more generalized cases . The multivariate equivalence theorem for D-optimality by (Fedorov (1972))
supplies a standardized or weighted G-optimal design due to the trace of the inverse of the variance
covariance matrix for the error variables multiplied with the covariance matrix for the prediction. That
was positively assessed and may be logic in the multivariate sense, however the research of the non-
weighted G-optimal design problem in the multivariate case can not be loss. The G-optimal designs
problem in the multivariate case are brought to light in this work, so different function as the trace,
maximum eigenvalue and the determinant are applied to the covariance matrix for the prediction and
the upper bounds for the applied functions on the covariance matrix of the prediction for multivariate
linear models in general are determined with respect to the D- resp. weighted G-optimal design and
due to some inequalities for the multiplication of the positive definite matrices. Upper bounds for the
applied functions on the covariance matrix of the prediction for the SUR models with respect to the
product type designs are determined too due to the Gauf and OLS estimator as well as the upper
bounds for MANOVA-models by the MANOVA-design.

The convex optimal design theory for limited information resp. non efficient estimators such as the
OLS estimator has not been established, but the OLS estimator can be used by an unknown variance
covariance matrix of the error variables, so it is useful, to calculate the efficiency of the OLS estimator
for product type design and MANOVA-design in comparison to the BLUE Gauft Markov estimator for
different optimality criteria, which are the topics of the second part of this chapter.

It has been shown, that the the reduction of the IMSE-optimal design problem for MANOVA-model
is possible as in the work of ( Kurotschka and Schwabe (1996)) for other criteria.

Three different G-optimal design’s criteria are introduced and their upper boundaries for D- resp.
weighted G-optimal determined for the multivariate models in general, for SUR models by Gaufs and
OLS estimator and for MANOVA-models by MANOVA-design in the first section. The efficiency for
the OLS estimator against the Gauft estimator by the product type design and the efficiency of the
MANOVA-design against the product type design by the Gaufs and OLS estimator for D- and linear
criteria in are determined in the second section. There is a clear example in the bivariate case for
illustrating the theoretical results in the last section.

5.1 G-Optimal Designs for Multivariate Linear Models

The approximate D-optimal design is G-optimal in the univariate case because of the equivalence
theorem (2.2] ), but the equivalence theorem for D-optimality in the multivariate case (4.1 ) supplies
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a weighted G-optimal design with the inverse of the variance covariance matrix of the error variables,
so there is no longer elementary variance function but a covariance matrix for the prediction estimate,
thus some convex function are to apply on this matrix to define the min max criterion, so we get
different G-optimal criteria according to the implemented functions, for example the trace, det or Apax

can be applied to the covariance matrix Cov (f (x)" ,3), so the G-optimal design criteria can be defined
as follows

Def 5.1 (G-optimal Criteria in the Multivariate Case). For the following defined covariance matriz
for the prediction estimate

COV(x;¢) = Cov (f(x)TB) = f(x)T M~! () f(x) (5.1)
the min max criterion can have the following three different types

: Vix:
min [glea%(trace(co (xf))}

Iérélél |:I)£1€a/%( A max (COV(X’ g)):|

min [max det (COV(x; 5))]
EEE | xeX

Some additional reforms to the equivalence theorem [4.1]are done as a first step to apply the suggested
G-optimal criteria based on some inequalities for the product of positive definite matrices, which are
applied to the trace, determinant, and the maximum eigenvalue for the product of the inverse of the
variance covariance matrix of the error variables multiplied with the covariance of the prediction, also,
at first we want to present these inequalities and their proofs, which are located in the solution manual
of (Zhang (1999)) or in (Yang (2000)) and ( YANG and FENG (2002)), and then the equivalence
theorem with the bounds for the suggested G-optimal design criterion in the multivariate case due to
the D-optimal design.

Lemma 5.1. When the matrices Hyy, and Byx, are respectively positive semi definite and positive
definite, then

. trace (H)
trace (B~'H) > trace (B) (5.2)
[det (H)]7 < traCZ(H) (5.3)

Proof: The proof of ) is as follows: Suppose B = Udiag(\;...\,)U" for some unitary matrix
U, where ) are the eigenvalues of B . Denote the diagonal entries of UTHU by hi...hg, each h; > 0.
Then

trace (B_IH) = trace (Udiag(/\fl...)\gl)UTH) = trace (diag()\fl...)\q_l)UTHU>

trace (U HU) _ trace (H)
Amax(B)  trace (B)

= A thi o+ A hg > (Amax(B) (e + o+ ) =
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The proof of ) is as follows: Let the eigenvalues of H be Ay, ..., A\;. Then all A are nonnegative.
By the arithmetic mean-geometric inequality, we have

1 oM+ A t H
(det (H)]¥ = (A..0g)s < Mo T A trace (H) -
q q
The next theorem gives upper bounds for the trace, the maximum eigenvalue and the determinant for
the covariance matrix of the prediction due to the D-optimal resp. the weighted G-optimal design in

the general multivariate case

Theorem 5.1. The following three statements are equivalent :
1. &, minimizes det (M™1(€))
2. &, minimizes maxxey trace (271 f(x)T M1 (€) f(x))
3. minges [maxxe;g trace (2_1 COV (x; 5))] =0

And because of lemma 3] =

rg.lgiél {r;lea%trace (COV(X;f))] < p trace (%) (5.4)
Iﬁneiél {gleaﬂ){c}\ max (COV(X;&)):| < p trace (%) (5.5)
Iéneiél [I)?ea)?det (COV(X;&)):| < [%traee(ﬁ)}m (5.6)

where the covariance matriz for the prediction COV (x;§) is given in

Proof: (5.4) follows from [3] due to (5.2) by replacing B = ¥ and H = COV (x;¢), (5.5) follows
from (5.4)), because the maximum eigenvalue of a positive definite matrix less than its trace, and (5.6])

follows from (5.4]) due to (5.3). O

Lemma 5.2. The design £ = fa‘;D gives the next upper bounds respectively according to the trace, the
mazimum eigenvalue and the determinant for the covariance matrixz of the prediction for the MANOVA-
model (introduced in 3.4) with the regression function on the design region X

1. minges [max ey, trace (COV (x;€))] = po trace (3) < p trace (X2)
2. minges (Maxzex, A max (COV(25€))] = po A max (B) < p trace ()

3. mingez [maxgex, det (COV (x;€))] = [ (po )™ det X] < [po trace (2)]™

Where pg = % is the number of the parameter by one univariate component model.

Proof: the information matrix has for an approximate design &y, because of (3.16|) the form
M(&) = 7' @ ([ fo(xo)fo(zo) "déo) = T @ Mo(&)
i.e the inverse of it is as follows
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M (&) = 3@ My (£)
Then the covariance matrix for the prediction with respect to & has for this model the following form
COV (:80) = (Lnxm @ f0(2)") [£® Mg (60)] (Lnm © fol))
= 2@ [fo(z) Mg (§0)fo(x)] = T @ Var(z; &) (5.7)
where Var(z;€) = f(z) TM ™ (&)f(z) (5.8)
is the variance function for the prediction due to the design £ in the univariate case.

The upper bound for the trace as function has the following form for 55* and because of 1} and
some properties of the Kronecker product

i trace (COV (z;€)) | = max trace (£ ® Var(z; £5*
Ignelél max race ( (z;€)) max race (X ® Var(z; "))

trace (X). max trace (Var(z; 55)*)) = traceX. max Var(z; £5)
TEX) reXy

= pp trace (¥) < p traceX

Where the equality occurs by ¥ = I,,,, because of traceX = trace(I,,) = m and p = mpo.
for the maximum eigenvalue

i A max (COV(256)) | = max A max (2 @ Var(z; £5*

i [ggg@g ae ( (z f))] max A max (£ ® Var(z:67))

A max (2) . max A pax (Var(x; 5{?*)) = A max (¥) . max Var(z; 5(]]3*)
z€Xp x€Xp

= Po A max (E) <p A max (2)

and in the same way for the determinant and due to the inequality ), we have

min {max det (COV (z; f))] = max det (X ® Var(z; §0D*))

Ee= [zeX) z€Xp
det 3. det 60 = det 3. PN
e g{%%\%}é( et Var(z; 7)) et 3. max (Var(z; £57))

= (po)™ detX < (po)" (traceX)™ < (p, traceX)™ O

Lemma 5.3. The linear optimal design & = §6:L for one of the corresponding marginal models with the
regression function fy(zo) is linear optimal design by block diagonal weight matriz L = block — diag (L;)
{4-1), for the MANOVA-model with the regression function on the design region Xy .

Proof: The proof is included in the proof of theorem .
It have been proven in chapter three, that the product designs of the D- resp. weighted G- and linear
optimal designs for the marginal components are the linear optimal in designs for the SUR models,
which their marginal components related to the components contain an intercept, fj1(x) = 1, also,
for the same SUR models and under the class of product designs we want present the next theorems,
which illustrate that the bounds due to the product type designs less than the resulted bounds by the
theorem for general multivariate linear models. O
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Remark 5.1. For example the inverse of the variance covariance matriz of the error variables 33x3
is given because of remark as follows

1

c __P12—p13p23  P12023—pP13
0'(11) 0'(12) 0'(13) g%c 0102C g103C
-1 _ 12 22 23 _ | _pi2—pispa3 < p12013—p23
>l o(12)  5(22)  5(23) = Y p_p v (5.9)
o(13)  5(23) ;(33) P12023— P13 P12P13—p23 go
g103C 0203C Ugc
where
cj=cu Lg#J, £,qg=1,2,3 (5.10)

is the determainant for the minor of the correlation matriz, which do not contains the column and line
j-
So similarly and without loss of generality the diagonal entries of the inverse of the variance covariance

matriz of the error variables X have the forms
.. Ci
oUi) — I

2
O'jC

j=1,...m (5.11)

Lemma 5.4. By considering SUR model (3.5 (-) The covariance matriz for the prediction with respect
to the Gauf estimator and the product type design & = ®72,&; has the following form

2

COV(z;§) = block — dlag( » C(Var(x],é’]) 1)+ X (5.12)
j

where c; is the determinant for the minor of the correlation matriz, which do not contains the column
and line j.

Proof: because of form of the inverse of the information matrix [£.9 due to the Gauf estimator with
respect to the product type design by the lemma has the covariance matrix for the prediction the
following form

COV(z;€) = block — diag (f;(x;)")

block — diag (—— ( _l(fj) ;r> + block — diag (e;) X block — diag (ejT) block — diag (f;(x;))

1

oldi
1 _

= block — diag ( g )(fg(l‘g) M (&) £i(xy) — £i(z) T ej €] ()

+ block — diag (fj(z;) " e;) X block — diag (e f;(;))

Then because of £;(¢;) e; = ejT f;(&) =1, j =1,...,m, then block — diag (f;(z;)" e;) = L,, thus

1
COV(z;¢) = block — d1ag(—])(fy(mj) (fj) j(z)— 1)+ =
2
1 o5 c
And because of (5.11 = 7 and (15.8)
oid) ¢;
2 c
COV (z;§) = block — dlag( (Var(z;;&)— 1)+ X
5

where ¢; is the determinant for the minor of the correlation matrix, which do not contains the column
and line 5. O
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Lemma 5.5. By considering SUR model . The min max covariance matriz for the prediction
with respect to the Gaufl estimator and the product type design of the D- resp. G- optimal designs for
the corresponding marginal components models , i.e. £ = ®§-”:1§*Dj has the following form

o? ¢
Igrgil [r}{lea/%( COV (z; f)} = block — diag (Z—j(pj -1)+ X (5.13)

Proof: because of (5.12))

o? c
min [max COV (z; 5)] = min [max block — dlag( (Var(wj,gj) 1)+ =

(€2 | xeX &EE; |z, EX; Cj
e o?c
= max |block — dlag( (Var(zj;€p ;) — 1)) + | = block — diag (<—(p; — 1)) + =
T EX; Cj Cj

The matrix in (5.13]) has the form block — diag (p;) for ¥ =1,,. O

Remark 5.2. For SUR model . The min max for the trace, maximum eigenvalue, determinant
of the covariance maitriz for the prediction with respect to the Gaufl estimator and the product type
design of the D- resp. G- optimal designs for the corresponding marginal components models | i.e.

{p = ®JL1&p,; have because of the form by the lemma the following forms

I o?c
min |max trace (COV (x; §))} = trace (block — diag (—X—(p; — 1)) + 2) (5.14)
(€= | xeX ¢
I o?c
rgnig max A pax (COV(x; 5))] max | block — diag (—=—(p; — 1)) + = (5.15)
€= x€ Cj
I ol c
rgnin ma%(det (COV (x; 5))} = det <block — diag (—2—(p; — 1)) + E) (5.16)
€= | x€ Cj

For 3 = I;,, mingez [maxyex trace (COV(x;€))] = > pj = p.

Theorem 5.2. Let E;‘;D be D- resp. G-optimal for the j-th marginal component on the marginal
design region X; with an intercept included, j = 1,...,m, then the product type design

& =L&p

gives according to the trace, the mazimum eigenvalue and the determinant for the covariance matriz
of the prediction for the SUR model on the design region X = XL, X; with respect to the Gauff
estimator, respectively the next upper boundaries

1. mingez [maxxex trace (COV (x;€))| = UL, 03 2TC; < p trace (%)
2. mingez [Maxxex A max (COV(x;¢))] < >0, o7 2TC; < p trace (X)

8. mingez [maxxey det (COV(x;€))] < [w

m

< [2trace (£)]™
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Where c
TCj:l‘i‘(Pj—l)'g
where c; is the determinant for the minor of the correlation matriz, which do not contains the column

and line j.

Proof: The trace of the covariance matrix for the prediction due to ®§”:1§]’f p and the Gaufs estimator
because of the form (5.14)) by the remark [5.2] the following form

min [maxtrace (f(x)TM(g)_lf(x)>] = trace (block — diag (i‘c(pj — 1))> + trace ( X)

£EE | xeX Cj
m 0,2 c m c
J 2 _ 2 . R .
Z ; (pj—1)+ Zaj —Zaj TCy, TCj—l—l-(pj—l)g
7=1 7j=1 7=1
3 m
Thus Iggél {glea%( trace (f(x)TM(f)lf(x))} = ;UJZ TC; < ;UJZ pj < p traceX (5.17)

Where the equality occurs by 3 = I,,,, because of trace(L,,) = m and p = mpg. and therewith we have
proven part (1) of the theorem.

The proof the part (2) of the theorem follows from applying the inequality with respect to the positive
definite matrices, that the maximum eigenvalue of a positive definite matrix is less than its trace, on

ie.

. T -1 2 < 2. .
Igrélél |:I)£1€a)){{)\ max (f(x) M(¢) f(x))} < Jz::la] TC; < ]Zz:la] pj < p traceX (5.18)

Due to applying the inequality (5.3) on (5.17) follows the proof of the part (3) of the theorem, i.e.

[ZT:I UJZTCj

m

m

min [maxdet (f(x)TM(g)_lf(x)ﬂ < < [% trace (E)}m O (5.19)

(€2 | xeX -

Before we determine the upper bounds for the applied functions to the covariance matrix for the
prediction due to the ®;-”:1§ij and the limited information OLS estimator, we need th form of the
covariance matrix of it due to the product type design, so that is the topics of the next lemmas, which
can be proved similarly their contraries for the Gaufs estimator.

Lemma 5.6. The covariance matriz for one-point designs x for the SUR model due to the OLS
estimator has the following form

Covors(x) = |oj My () (£ (xx) i (2;) 1) Mj_l(xj)] » ((Ok)jk=1,m = B)  (5.20)

(jvk:L“"m)

and the block diagonal of it have the following form

— o2 Mfl(xj)] (5.21)

— .. 71 - —
[COVOLS(X)]jj = |oj; M; (:c])} (j=1,...,m) [ 7
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Proof: Because of the form of the regression function in ([3.14)) for the considered SUR model ({3.3)
has the information matrix for one-point design the following form

Covors(x) = (Fx)f)T) " (£Bf(x ) (ffeT)

- (block—diag(f( 7)) block — diag (£ ) ' (block diag (£;(2;))Sblock — diag (f; (;c])T)
<block—diag (f;(;))block — diag (£; ( ) :

— block — diag (M (z;)) [a]k £ (a )f](mj)T] block — diag (M (z;))

- {ajk M, (@) (i () E (25) 1) Mj_l(xj)] Gk=,oim)

So for j = k or the the diagonal blocks have the following form

[Covors(x)];; = [Ujj M () (£ ()5 (7)) M]‘_l(xj)] . -

e

and therewith the lemma has been proven. O

Lemma 5.7. For SUR model . The covariance matriz for the product type design & = ®

;n:ﬁj
due to the OLS estimator has the following form

Covors(€) = o M (&) (my(&)m;(&;)) Mj_l(fj)} ; m;(&;) = /X 5 (25)€5(d;)
J (5.22)

and the block diagonal of it have the following form

(Covors(€)];; = os M&)] = |of M7 ()] (5.23)

_]:1,...,’”1) (j:177m)
Proof: By integral of the variance covariance matrix for one-point design with respect to the product
type design on the design region X = x7;X; in the form - by the lemma
Covors(§) = | Covors(x)¢(dx)
X

- [ajk [ M ) o)) M () 0 )
Xy x X

(j7k:17""m)
then because of Fubini’s theorem resp. ([2.8])

Covors(€) = [o—jk /X M (@) de / fi.(24) dé /X ] £(e)" dj) / M; ! (x)) d@]

ol (Gok=1,..sm)

(5.24)
= [o3e M (60 (mi6)my (6) D) MG ()]
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So the diagonal blocks have the following form

[COVOLS (5)]3‘3' =

= |9jj M () (£ () E(w5) ) M () d(€))
i Xj (j=1,...,m)
= ;Ujj M (&5)M(€)) Mj_l(é‘j)} et
= o3 M;l(ﬁj)] Gty = [af» M;l(ﬁj)] T (5.25)

and therewith the lemma has been proven. O

Theorem 5.3. Let 5;-*;D be D- resp. G-optimal for the j-th marginal component on the marginal
design region X; with an intercept included, j = 1,...,m, then the product type design

f*D = ®T:1§;,D

gives according to the trace, the maximum eigenvalue and the determinant for the covariance matriz
of the prediction for the SUR model (.) on the design region X = XLy X; with respect to the OLS-
esttmator, respectively the next upper boundaries

1. minges [maxyex trace (COV(x;€))] = >0, j pj < p trace (X)

2' minEGE [maXxEX)\ max (COV(X7 f))] < Z] 1 ] pj < p trace (2)

m

3. minges [maxyxey det (COV(x;€))] < [W} < [£ trace (2)}”1

Proof: the covariance matrlx for the prediction has due to the {7, = ®72,&; , and to the OLS-

estimator because of (5.22) and ( - by the lemma 5.6 -

f(x) " Covors(€)Ff(x) = block — diag (£;(z;) ") (j=1,....m)
3 M () (o (€)my(65) ) M5 (&)
block — diag (fj(xj))(jzl,...,m)

(.jvkzl""vm)

- T
Then because of (5.23 Iglelél [r}?ea%( trace (f(x) COVOLS(g)f(x)>]

I
NE

o2 mi [max. (fj(xj)T M (&) fj(xj)Tﬂ

[me

j:1 EJE {L'jGX_]
= > 0f mae [(a,)" M€ p) Bi(y) "] = Z o?p; (5.26)
j=1

and therewith we have proven part (1) of the theorem.
The proof for part (2) of the theorem follows from applying the inequality with respect to the positive
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definite matrices, that the maximum eigenvalue of a positive definite matrix is less than its trace, on

e,

3
Iggél [I;leaj/()\ max (f(x)TCOVOLS(g*)f(x))} < ;a? pj < p traceX (5.27)

Due to applying of the inequality (5.3) on (5.17) follows the proof for part (3) of the theorem, i.e.

- = trace (E)} " (5.28)

£€E | xeX m

Yiomi]”
min [maxdet (f(X)TCOVOLs(f*)f(X)):| < [FlﬂJ] < [p
([5.26), ([5.27) and (5.28)) can be generalized similarly for arbitrary m and therewith the theorem has

been proven. O
Remark 5.3. For X =1, Z;"Zl 0]2 Pj = P, 50 in this case mingcz [maxyex trace (COV(x;€))] = p.

Remark 5.4. We can remark by lemmas and that the upper bounds of the trace
for the covariance matriz of the prediction are equal to the number of parameters p, if the variance
covariance matriz is equal to the identity matriz, but that is not the situation for the determinant, thus
may be the G-criterion due to the determinant should be standardized as follows

1

i det (MCOV (x; €))m 5.29
min | max det (mCOV (x;£)) (5.29)

So this standardized criterion have the same upper bound by applying the trace on the covariance matriz

of the prediction, because of the inequality of (5.3).

5.2 Efficiency of the OLS Estimator and the MANOVA-Design

The efficiencies for the OLS estimator against the Gauls estimator due to the product type designs

for the SUR models with respect to D- and linear optimal in have been measured by theorem
As well as the efficiencies for the MANOVA-design against the product type design for the SUR models
with respect to D- and linear optimal in due to the Gauf estimator and OLS estimator respectively
by theorems [5.5 and in this section.
Another interpretations of variance covariance matrices for the Gauls and OLS estimators are helpful
by calculating resp. determination the efficiencies with respect to the D-optimality, and that is the
topics of the next lemmas. So the next lemma supplies the form of the transformed variance covariance
matrix for the Gaufs estimator with respect to the product design, and illustrates the invariance of this
linear transformation with respect to the Determinant resp. the D-optimality.

Lemma 5.8. The D-optimal criterion is invariant against the linear transformation for the SUR model
, which regression functions for the corresponding marginal components models have the forms
, with respect to the product type design and the Gaufs estimator on the design region X = X7, X
, if the transformations matriz have the form

1 0

A(©) = block — ding (A(6))-1,..m AS6) = (17

>7 a= [ g6 (630

52



And the inverse for the transformed information matriz has the form

~_ x 0
MO = (5 ek ding (1@ e)yor ) Y [ BB e ) 2]
(5.31)

Proof: The information matrix in (4.4)) by lemma with respect to the product design & ® &; on
the design region X} x Xj, k,j = 1,...,m can be seen as follows

M(§) = [0(’”)/){ N fi () Ej () T d(& ® &)

(kzj:]-:"~7m)

So for the transformed regression function by the multiplication with the following transformation
matrix of the form

1 0
—a; I

Aj(&) = , a5 = [ gj(z;)&;(dzy)
(o u )]

can we orthogonalized the regression functions g; for a given design §; with respect to f;; = 1, so that

gj(x;) = gj(xj) — f/,\,j g;&j(dz;), Also, for one component look the orthogonalized regression function

for a;(¢;) = fXj g;dxi; as follows

f(z;) = Aj(&)F(x)) = < —ajl({j) Ip?—l ) i) = ( gj(lxj) >

Then the diagonal blocks for the transformed information matrix for the corresponding SUR model
with respect to the product type design have the following form because of [, g;(z;) =0,j=1,...,m
J

block — diag (o9 /X £ (2)E (2;) T &(dw;)) (j=1, .m)
J

= block — diag | 0¥ 5 ! 51 : 7
S g< i /X < j@j))(l (&))" ) d(¢ )><j:1,...,m>

= block — diag | o1 1 gj(a;)" ‘
— Plock—diag ( /x < 5(x;) g;(z;) gi(xy)" )d(gj)>

= block — diag (U(jj)

(j=1,...,m)
1 S, 8i(x;) " d(&)) ))

< S, 8i(@)d(&) [y, &(5) &(x;) T d(&;)
_ (1 0
= block — diag <U(JJ) < 0 f;(j gi(x;)g;(x;)Tde; —a;(&;)a;(€)T ))(j:1 |

- 1 0 o~
= block — di m)< )) = block — diag (o M; (g 532
oc lag <O’ 0 Q&) et oc lag (U J(fj)>(j:1w,m) ( )

And the non-diagonal blocks, i.e. k # j,k,7 = 1,...,m have the following form
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block — diag (o) / fr (1) (25) Td(& ® &) (kjm1,...m)

XkXXj

o 1 T -
= block dlag (U J /ka/\’j ( gk($k) > (1 (gj(x])) )d(fk ®€]))(k j=1,...,m)
o 1 &j(z;)" > -
= block — diag (" ’ /kaxj < gr(zr) gk(ﬂflj) éjj(%')T Ao s) (kyj=1,0cym)
| | 1 S, &) " d(&;)
~ block — (k3) P
plock — diae (U J ( Joo, Br(@)d(€r) [y, Bh(zr) [y, &(z5)" >>(kj1 )

(k)
— block — diag << 00 g )) (5.33)
(k,j=1,...,m)

So the transformed information matrix by applying some rows and columns change can be seen because
of (5.32) and (5.33) as follows

- »-! 0
M(§) = ( 0 block — diag (00)Q; ()1 .m > , Qj = /gj(xj)gj(xj)Tfj(dﬂfj) —aja;

and therewith

o by 0
M (€) = < 0 block — diag (=55Q; ' (£))j=1,...m >

And because of M(€) = A(€) M(€) AT(€) then det M(€) = det A(¢) det M(€) det A(€)T so because
of det A(€) = 1 then det M(£) = det M(£) and therewith the D-optimal design is invariant against
the applied transformation and the lemma has been proven. O

The next lemma supplies the form of the transformed variance covariance matrix for the OLS estimator
with respect to the product design, and illustrates the invariance of this linear transformation with
respect to the Determinant resp. the D-optimality.

Lemma 5.9. The D-optimal criterion is invariant against the linear transformation for the SUR model
, which regression functions for the corresponding marginal components models have the forms
, with respect to the product type design and the OLS estimator on the design region X = X7 X
, if the transformations matriz have the form

1 0

A(©) = block — ding (Ay(6))-1,..m A6 = (17

>7 aj = /gj(xj)fj(d%‘) (5.34)

And the transformed variance covariance matriz due to the OLS estimator have the form

~ by 0
Covors(§) = < 0 block — diag (U?le(fj))jzl,“.,m > ) Qj = /gj(xJ')gj(xj)ngj - aja;r (5.35)

Proof: The diagonal blocks for the variance covariance matrix with respect to the product type
design £ = @], {; for the SUR model (3.3) due to the OLS estimator are given in the form ( [5.23)) so
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the diagonal blocks for the transformed covariance matrix have because of (5.32) the following forms

|Covors(€)] = block — diag (7 M3 (&) j=1,._m)

Jj

(7 - )
0 block — diag (07Q; ™ (§))j=1,m /| ;1)

The non-diagonal blocks for the transformed variance covariance matrix can be seen with respect to
the OLS estimator in (5.24]) by lemma with respect to the product design & ® §; on the design
region X X Xj, k # j,k,j = 1,...,m, as follows

_CE)VOLS(&)} k,j,k#j -

- / N () (Be(wn)F (23)) T MG ()6 0 €5) =
Xy x X

:Ujk /Xk Mkl(xk)d(gk)(/)(k £, () d (&) /

(j,k:l,...,m)

£ (z;) " d(&;)) /X Mjl(mj)d(ﬁj)d(fj)]

J

Then because of (5.32)) and (5.33)

[Cl)vo L 5(5)} _—
“[o (5 oy ) (o 9) (5 ateo )
= [Ujk ( (1) g >](j,k::1,...,m) (5.37)

So the transformed variance covariance matrix for the OLS estimator can be seen, by applying some
rows and columns change, because of (5.36) and (5.37)) as follows

5 N 0
Covors(§) = < 0 block — diag (02Q; (&) j=1,...m >

and therewith the limited information matrix for the OLS estimator has the following form

. x! 0
Mors(§) = 0  block — diag (ﬁQj(fj))FL--wm

And because of Mors(€) = A(€) Mors(€) A(€)T then det Mors(€) = det A(€) det Morg(€) det A(€)T
so because of det A(€) = 1 then det Mprg(€) = det Morg(€) and therewith the D-optimal design is
invariant against the applied transformation with respect to the OLS estimator and the lemma has
been proven. O

Theorem 5.4. The efficiencies of the OLS estimator versus the Gauf§ estimator for the SUR model
in the design region X = X7, X; for & = QUL &) are according to D-, IMSE- and A-optimal
criteria respectively as follows
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o efpBoss@) = (is) "

A Y o2(1-2)E 11+02Ltrace(L M)
e effinse(Bors(€) = — S z;"lagtrace(L M~1(¢;)) :

. s (17—)+02Ltrace(M LEn)
o effs(Bors(€) = = Eh STETaceM(E;) T :

=17

Where § = ®72,&; and ¢; is the determinant for the minor of the correlation matriz, which do not
contains the column and line j.

Proof: the D-efficiency for the OLS estimator versus the Gaufls estimator has the following form
for £ = Q7L ,;, because of the forms of the transformed variance covariance matrices for the Gaub
estimator in (5.31)) and the OLS estimator in (5.35))

derngh ()" _ (@t ST gy der @ (e
det Mgy 6() det ST, 02 det Q' (&)

effp(Bors(§) = <

j=19;

1/p
1
= <H2(33)> so because of (5.11])
o

Then
1/p

R 1 om 1/p
effp(Bors(§)) = m = <Hm0]>

Alrrme v J =1
(o702 (™) !

The efficiencies according to linear criteria with respect to the Gaul estimator because of ([£.18]) have
the form trace (L M(£")5y,) = >y J&])L M L) + Py lel(a? - m) We have the following
term, because of the block diagonal form of the weight matrix L given i in and the form of the

diagonal blocks of the variance covariance matrix for the OLS estimator given in (15.21)

trace (L MalLS(f)) = trace (block — diag (L) (j=1,.m) M ons(& Z oj Lj M; (&) (5.38)

Know, we can calculate the IMSE-optimality efﬁciency for the OLS estimator versus the Gaufs estimator
with respect to the product type designs, due to and (| -, as follows

trace (L Mg}, (€)) B >t sz(l — CL)LJ'H + a2£trace (LJMJI(@*))
trace (L MalLS(ﬁ)) B > ?trace (L,M~1(&)))

we can obtain the A-optimality efficiency for the OLS estimator versus the Gauft estimator, due to
replacing Lj = I, xp, and Lj11 = 1 by (5.39)), as follows

effiarse(Bors(€)) = (5.39)

traceM g, (€) B > i o3 (1~ L) + Jzitrace (Mj_l@j))

effa(Bors(€)) = traceM,} () - Py ]QtraceM(gj)—l
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The product type designs for SUR models with intercepts by the marginal models are D- and linear
optimal in [{.1] as it has been proven in chapter four. So the next result illustrates the efficiencies for
the MANOVA-design vs the product type design due to the Gauft estimator and with respect to the
D- and linear criteria in

Def 5.2. {yranova(x) = Eo(x) for x = (x,...,x) [all components are equal] and Eyanova(x) =0
else.

Theorem 5.5. Let £ -1, .m = fo be the marginal regression functions for the components for the
SUR model , which coincide with the regression function for one component of the MANOVA
model see (3. 4} in the design region X = X7, Xy, then the efficiencies of the MANQOVA-design &y in
the design region X versus the Product type deszgnf ®]_1§J J_1§0; according to D-, IMSE- and
A-optimal criteria and due to the Gauf§ estimator are respectively as follows

HL(’H;‘FI)fp (Hn) 2) 27pn—p
c m -, 0% m
o ¢ffp(o) = NV
( jzlcj)
Sy o2(1- —])L011+02£trace(LoM L&)
o effinse(lo) = traceX trace(Lo M; ' (¢0))

2t ](1—* Jtoi s trace( o' (6))
e cffs(&o) = traceZ trace M, *(€0)

Where Mg = [ fofOTdfo, Lo= on fo(z)fo(2) " u(dz) and Lo1y is the first diagonal element of the matriz
Lo. And c; is the determinant for the minor of the correlation matriz, which do not contains the column
and line j.

Proof: The variance covariance matrix for the MANOVA-model resp. for MANOVA-design ; for
regression function with intercept, i.e.
1
fo(zo) =
0( O) ( go(xo) )

can be calculated by the integral of the information matrix for the one-point design in ([3.17) with
respect to design &y so

M(&) = 271 @ My(&) (5.40)
Then

M~ (&) =T @ M (¢) (5.41)
then because of

M &) =2 ® ( (1] Qo?(ﬁo) > , Where Qo(é) = /go(ﬂﬁo)go(ﬂﬁo)Tio(dxo) —apa] (5.42)

Also, for SUR model with the control variables x; j—1,. » = o and the marginal regression functions
for the components, which are f; ;—1 ., = fo has the transformed covariance matrix for the Gauf
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estimator with respect to the product design § = ®7',§; = ®7" & because of (5.31) the following
form

- b)) 0
ML _ ) 3 , = / T¢o(dzg) — apag
am(€) ( 0 block — diag (ﬁQO '(€0))j=1,...m > Qo go(@0)go(wo) " Sndzo) — a0ag
(5.43)
and the variance covariance matrix for it because of the form (4.9)) has the following form
Mg}, (€) = block — diag (U(m (M; (&) —ejej ) +eTe' (5.44)
0’]2- det C

So because of ( and (5.11) -2 = , and because of det X = [["", 02 ¢, and because of

o) c; J=1%7
(5.42) and ( [5.43) have the D-efficiency for the MANVOVA-design against the product type design
with respect to the Gauf estimator the following form

o -1 1/p
elip(&o) = <jt ﬁGﬁéﬁi)

(et Mg, (©) p
det M—1(&)

B <det XTI, s det Q01(50)> v
(det =) (det Qp (&))"

¢ (T 03 I 25 det Q' (6o)
(eTTs02) ™ (det Q™ (&))"
(6™ (det Q5™ (60)) " (T o2) TTjes &

(@)% (I o2) ™ (det Q5" (€0))™

1/p

1/p

(c)mH (H;nzl O’?)Q 1/p
(o) @F (T, e2)”
2m—p\ 1/P

m(m+1)—p (

H;'nzl J_]2> "
H?:l Cj

Cc

m(m+1)—p 2m—p

@ ()
(H;nzl Cj) w

Also, for m =2,c!t = =1, effp (&) = (c)%p (H?Zl 3 »
To calculate the IMSE-efficiency for the MANOVA-design &y, we should calculate the matrix L for the
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MANOVA-model, also

L L,
L=1I,m ®/ fo(0)fo(20) ' 14(dwg) = Linsm @ Lo , L = ( LOH L012 ) (5.45)
X 012 Lo22

We get the next term because of (5.41)) and by replacing L; = Lg by (4.14])

trace (LM_I(&))) = trace ((Imxm ® Lo) (Z ® Mal(fo)))
= trace (2 ® LoMal(fo))
= traceX trace (LOMal(&])) (5.46)

For SUR model with respect to Gaufs estimator has the term trace <LM5]1V[(®T:1§U)) , where L =
diag (Lo)j=1,..,m and Lo is defined in (5.45) and because of ( |4.18)

m

1 1
—1\ _
trace (L M(f) ) = Zl o'(jJ) &) —‘r ZlL()u 0’ - (”)) (5.47)
J= J
then because of (5.46|) and (5.47)
S o1 — —)Lon + U trace LoM, (&)
effarsm(€) = =1— il (LoMy () (5.48)

traceX trace (Lo El(fo))

Due to replacing Lo = I» 2 and Lo =1 by 1} we can obtain the A-optimality efficiency for &
versus the product d681gn 7180 with respect to the Gaub estimator as follows

S 03 (1 &) 4 03 Etrace (My (&)

ﬁ. pu—
eff4 (o) traceX trace M (&)

and therewith we have ended the proof. O

By the next theorem can be shown, that the MANOVA-design is more efficient than the product type
design due to the OLS estimator with respect to the D-optimality, and the both designs have the same
efficiency for the linear optimality in due to the OLS-estimator.

Theorem 5.6. Let £} j—1 ., = fy be the marginal regression functions for the components for the SUR
model (5.5 (-) which coincide with the regression function for one component of the MANOVA model, in
the design region X = XLy Xy, then the efficiencies of the MANOVA-design & in the design region Xo
versus the Product type deszgn § = QL& = QL &, according to D-, IMSE- and A-optimal criteria
and due to the OLS estimator are respectively as follows

2 —
m—p m—p

o effplc) = ([[y02) ™ ()
e effruse(éo) =1
o effa(o) =1
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Proof: The prootf of the theorem is analogous to the proof of theorem with the distinction
by the terms of the variance covariance matrices for OLS estimator and the Gauf estimator, also, for
the product design § = ®72,§; = ®jL,§ the transformed variance covariance matrix for the OLS
estimator has the following form, because of

- by 0
Covors(€) = ( 0 block — diag (2Q5 " (€0))j1,..m >

then
det Covog(€) = det 33 (det Qg '( H (5.49)

Then because of (5.43] - and . ) has the efficiency of £ versus the product design
§=®7,&§ =07 Wlth respect to the OLS-estimator the next form

-1 1/p ~ -1 1/p
effp(y) — [deLC%Vors(®) ) _ (detCovors(S)
PR det M1 (g) det M—1(&)

1
 [dets detQO &) Ty o2 /P
(det X) " det Qy (50))
’ 1/p
p m
:< J1J> _ [T o]
p—m
det X2 (CH;lel 0_‘72) m
2m7p 1/17 2m—p
= J ! ] = Hajz- (c)wz;r_np
j=1
4-p
2p
2
Also, for m = 2,effp(&) = Ha (C)Tpp

To calculate the IMSE-efficiency for the MANOVA-design o versus the product design ®7,&o, we

have for the SUR model with respect to the OLS estimator the term trace LMOLS( 1&))) , where
L = diag (Lo);=1,...m and Lg is defined in - ) because of (5.38) and (5.46) the followmg form

trace (L C0V51LS(§)) = Z J?trace (LgMal(&))) = traceX trace (LoMal(fo)) (5.50)
j=1

then because of (5.46|) and (5.50))

traceX trace (LoMo(&) ") 1
traceX trace (LoMp(&)~1)

eff[MgE(fg) = (5.51)
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By replacing Lo = I» ,» by l) we obtain the A-optimality efficiency for & versus the product
design ®72,&o with respect to the OLS estimator as follows

trace My * (&)

— 0 oo = 1
trace Mg " (&)

eff4(§o) =

and therewith we have ended the proof. O
Remark 5.5. The results for the IMSE-optimality can be extended for linear optimality in 4.1}

Remark 5.6. The MANOVA-design & is more efficient than product type design Q1 &0 with respect

to the OLS estimator according to the D-criterion, for example, by m = p = 2 and O'J2- = 4 and

p =0 then ¢ = 1 has the efficiency the next term effp(&o) = (4)% = 2. And that is logic, because the
OLS estimator is limited information or limited efficient estimator. But the both estimators are equal
efficient with respect to the linear criteria in [4.1]

5.3 Example: Bivariate straight line regression

To illustrate the results, we can consider the SUR model with simple straight line regression models
for the components,

Yij = Bjo + Bj1xi; + €ij - (5.52)

in the unit interval X} = X3 = [0, 1] as experimental regions. Then it is well-known that the D-,

IMSE- and A-optimal designs for the marginal models £ = & = < u()) J ) where the weights
1 w2

wy = wy = 1/2 for the D- and IMSE-optimal designs and w; = 2 — /2, wy = 1/2 for the A-optimal
design. Because of the theorems and in the previous chapter, the product type designs

e-gog- (L) 00 00 D)

w% w1. w2 W1.W2 w%

are D-, IMSE-, and A-optimal designs for the SUR model (6.34) on X = [0,1]%
An obvious alternative for the product type design would be a multivariate linear regression design

€ = ( (1,1) (0,0) ) 7

w1 w2

where the weights w; = we = 1/2 for the D- and IMSE-optimal designs and w; = 2 — V2, wy = 1/2
for the A-optimal design and x1 = x5 are required and the corresponding marginals of &, are optimal
in the marginal models. The statistical analysis is simplified for such a design, because the Gaufk-
Markov estimator reduces to ordinary least squares for any 3. At first we want to illustrate the results
for the upper bounds of the variance covariance matrix for the prediction by Lemma and the
theorems and , where in the bivariate case ¢! = ¢ = 1 and also for Lemma the graphics
for the next functions, which are on the left side

maxgyex tI‘aCQ(COV(x;f(’)‘;D))
2 trace(X)

m

1. <1 foroi=09=>5
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Figure 5.2: Max.= 1 with re-
spect to the trace (MANOVA) spect to the maximum eigen- respect to the determinant

Figure 5.1: Max.= 1 with re- Figure 5.3: Max.= 1 with

value (MANOVA) (MANOVA)

maxye x, A max (COV(:):;&&D))

F2 w— ) <1 for o1 =0.1,00 =10

maxye x, det(COV(z;é(’)‘;D))
(Z)"det 5

(—4p? +4)2* + (8p* —8) 2P + (—6p? +8) 22+ (2p? —4)z —1/4p* +1 < 1

3.

have respectively a maximum of 1, by which can be illustrated by figures 5.1, 5.2 and 5.3. respectively
the graphics for the next functions with respect to the theorem (j5.2]) , which are on the left side

max,c x trace(COV(x;¢}))

1. < 1 forazg=1,00 =0.1,00 =10

Z;‘n:1 U?ch
g, Mxex A U(ZTCY(XéD)) <1 for p=10.99,01 = 0.1, 09 = 10
J=1"j J
3‘ maXxex det(COV(ny*D)) < 1 for 1:2 — 170_1 — 5’0_2 — 5

m

> =™
|:E;n’_1 o'].TCJ:|

have respectively a maximum of 1, by which can be illustrated by the figures 5.4, 5.5 and 5.6.
respectively the graphics for the next functions with respect to the theorem (5.3)), which are on the
left side

maXxex trace(COV(x;gg))

1. <1 forp=0,00=02=05

POy ngpj
2. matscix A Tx((;o_v(x;%)) <1 for p=0,01 = 10,09 = 0.1
j=19;Pj
3 maXxe x det(COV(X;f*D)) <1 for p=0,01=09=5

[Zgn:l ”yzpj]m
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Figure 5.4: Max.= 1 with
respect to the trace (Product
type design by Gauft Markov)

Figure 5.5: Max.< 1 with re-
spect to the maximum eigen-
value (Product type design by
Gauk Markov )

Figure 5.8: Max.< 1 with re-
spect to the maximum eigen-

value (Product type design b
type design by OLS) OLS )( yp gn by

Figure 5.7: Max.= 1 with
respect to the trace (Product
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Figure 5.6: Max.= 1 with
respect to the determinant

(Product type design by Gauf
Markov )

Figure 5.9: Max.= 1 with
respect to the determinant
(Product type design by OLS)



0.9
0.8 1
0.7 1
0.6
.51
0.4
0.3
0.2
|||||||||||||||||||-||||||||||||||||||| TTTT T I T I T AT I AT I I I I i I -'I'l'l'l'l'l'l'l'l'l'l'l'l'l'l'l'l'l'l'
-09) -030 -0.10020 030 090 000 -050 -0.10020 050 090 090 -050 -0.10020050 090
P P P
Figure 5.10:  The efficiency Figure 5.11: The efficiency for Figure 5.12:  The efficiency
for OLS vs Gaul Markov with OLS vs Gauf Markov with re- for OLS vs Gauk Markov
respect to the D-optimality by spect to the A-optimality by with respect to the IMSE-
product type design product type design optimality by product type

design

have respectively a maximum of 1, by which can be illustrated the figures 5.7, 5.8 and 5.9. respectively
the terms of the efficiency for the OLS versus the Gauls Markov by the theorem have under the
class of product type designs the following forms effp(Bprs(€)) = (1 — p?)/2 | eff4(Bors(E)) =
1.000019570 — 0.8284433380 p? and eff;yr55(Bors(€)) = 1 — 1/4 p? where the corresponding behaviors
are respectively depicted in the figures 5.10, 5.11 and 5.12. the terms of the efficiency for MANOVA-
desgin versus the product type design with respect to the Gauff Markov estimator by the theorem
have the following forms effp (&) = (1 — p?)/* | eff4(&) = 1 + 2(1 — v/2) p? and effrpr9E(&) =
1 — 1/4 p? where the corresponding behaviors are respectively depicted in the figures 5.13, 5.14 and
5.15. respectively the terms of the efficiency for MANOVA-desgin versus the product type design with
respect to the OLS estimator by the theorem have the following forms effp (&) = (1 — p?)~1/4,
eff4(&) = 1 and eff;pyrs5(&0) = 1 where the corresponding behavior for the D-optimality is depicted
in the figure 5.16 and illustrates the topics of the remark [5.6]
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Figure 5.16: The efficiency for MANOVA vs. product type design due to D-optimality by OLS
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6 Optimal Designs for SUR Models with Multi-Factor
and Nested Components

The multi-factor experiments similar to additive models and product-type models have many ap-

plications as well as their multivariate version, which can be presented as general multivariate linear
models resp. as SUR models with multi-factor models nested or not as marginals. The first one
who spoke about SUR models was (Zellner (1962)), where he used a bivariate additive model, their
marginals had the same additive regression functions and the same control variables, which belonged
to the same design region that analyzed annual investment data, between 1935-1954, for two firms.
Optimal designs for multivariate multi-factor models by a Kronecker product form for the variance
covariance matrix of the error were explored in the work of ( Schwabe (1996)).
Optimal designs for different multivariate linear multi-factor models by different nesting forms are ex-
plored in this work. So, D- and some linear optimal designs for multivariate multi-factor models with
a nesting structure are explored in the first section, where one marginal component is nested multi-
plicatively or additively in the other marginal components, and shows, that the product type designs
are D- and linear optimal in for the SUR model with the multiplicative nesting case, D-optimal
for the SUR model with the the additively nesting case without conditions and linear optimal in
by block diagonal information matrices. For growing complexity or hierarchically nesting multi-factor
models, where the first component is nested in the second multiplicatively or additively, and the sec-
ond in the third, and so on are the results in the first section valid. When a new component is nested
multiplicatively or additively in all components of the SUR-model with one-factor marginals or a new
different component is nested in each component of the SUR model with one-factor marginals stay the
results in the first section valid, under similar conditions, that is shown in the third section. There are
two clear examples at the end of this chapter, which illustrate the theoretical results.

6.1 Optimal Designs for Multivariate Multi-Factor Models for the
Simplest Nesting form

The multivariate multi-factor models can be presented as SUR models by the same assumption
as the presented SUR model in chapter two, but with a different forms for the block diagonal
regression function, which can be seen in one of the nesting form, where the first component is nested
in the other components, generally as follows

f1(x1) 0 0
f(x) = (:) f2(é"x2) '. (:) (6.1)
0 e 0 f.(x1,2m)

for the multivariate experimental setting x = (21, ..., 2,,) | € X = x7_q X

To obtain a complete characterization of D- and linear optimal designs it is required that all
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marginal models related to the components contain an intercept, fji(x) = 1, with respect to SUR
models with marginals as additive models as well as product-type models. We will sort the results
according to the models, and to the structures of nesting.

6.1.1 Optimal Designs for Multiplicative Nesting

The topics of the next two results are the D- and linear optimality in of the product type designs
for the SUR model with multiplicative marginal components models by regression functions for the
components have the next forms

fi(z1,25) =0, .m = fi(z1) ® £5(x;) (6.2)

fl («Tl) 0 e 0
) — 0 f1(x1)‘<%§>.f2($2) '. 0 (6.3)
0 0 f1(.1‘1) ®fm($m)

Theorem 6.1. Let & be D-optimal for the j-th marginal component with the regression function given
m in the marginal design region X; , j = 1,...,m, then the product type design

£ =®LE;

is D-optimal for the SUR model in the design region X = xJL,X;, where the block diagonal
multivariate regression function for the considered SUR model is given in .
The sensitivity function ¢ does not depend on 2.

Theorem 6.2. Let {; be linear optimal with weight matriz L;, for the j-th marginal component with
the regression function given in in the marginal design region X; , j = 1,...,m, then the product
type design

£ = QL&

is linear optimal for the SUR model in the design region X = X7 X; , if the weight matriz
L = block — diag (L;) , where the block diagonal multivariate regression function for the considered

SUR model is given in .

Proof: With respect to the nesting structure for the regression function of the SUR model given in
(6.3) has the block regression function for the SUR model the following form

1 0 - 0

0 f2(x2) . 0 .
f(x) = fi(z1) ® . ) . , and suppose, that X7 =

11) 1m)

o ol

o(1m) o(mm)

0 - 0 fulzm)
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Then the information matrix for one-point design has the following form for the considered SUR model

1 0 0
M(X):f(x)zflf(x)T: f1(21) ® 0 fo(xo) 0
0 0 flem)
o11) o(1m) ] (1) fz(;)Q)T g
: fi' (r1) ® :
- 7 0 0 fulem)’
Then
oD oDy (zg) -+ UM (2y)
M(x) = f(z1)f1(z1)' ® oDy (z9)  oPfy(ze) - Py (x0)
o™, (2m) U(2m)f:m(:cm) oMM (2,,)
1 0 0
0 fies)T 0
0 0 £

Also, the information matrix for the considered SUR model has the following form for j = 1,...,m,
M (z;) = f;(x;)fj(x;) " and

o) oDy (z)T - oM ()7
(12)f (22) v o Mgy (20) T E (@) T

M(x) = My(z) @ | .2(“) 7 ML) S 2(e2) fnliom) (6.4)

oML, (2,) . - oMM, ()
Then the information matrix for § = ®7,&;, is Mj(z;) = /fj(l’j)fj(l'j)Té'j(d-Tj)
(&) = [ ()¢,

o1 0(12)m2(52)T .. J(lm)mm(gm)T

M =My e |7 e e e

o™m,, (&,) e e oMMy, (€m)
= Mi(62) © (Mji(& © 60)) g, (6:5)

The second part of the information matrix in (6.5) is an information matrix for a SUR model with m
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components and the block regression function of it is given as follows

1 0 0
f(x) = 0 fQ.(x_Q) °
0 - ()

where their D- and linear optimal in designs are discussed explicitly in chapter three of this work,
and it is shown, that the product type designs are D- and linear optimal in [4.1]for these kinds of SUR
models, when its marginal regression function contains an intercept, So the equivalence theorem for
the D-optimal design £* = ®§-":1£j because of theorem has the following form

trace (M(x) M (65) = trace ( (Maor) @ Moy M6 @ MAG 06) )

= trace <M1(961) M (&) @ (Mjk(xj’xk) Mj_kl(f; ®€Z))j k=1,... m>

= trace (Ml(:cl) Ml_l(gi‘)) trace ((Mjk(xj ® xp) Mj_kl(g;‘ ® fZ))j _— m> <p (1+ ij) =p

Jj=2

And for positive definite block diagonal matrix L, where for j,k =1,...,m, L = [, f(x) f(x) " p(dx) =
L1 @ Ljg

Ly -~ 0
L':<L111 Lij) L, — 0 L, O
/ Ljiz Lj» ) e
0 - L,

also, the left side of the equivalence theorem for linear criteria has the following form, because of the
form of the matrix L and the information matrices in (6.4) and (6.5])

trace (

() M7 (€7) L M7 (61)
— trace (M (21) ® My (w; ® z) My (€) @ M, (& @ )Ly @ LpMT (&) © MG (§ @ €1) )

= trace (M1 CHENT MED) @ (Mley @ k) My @ EDLMGE @ 60)))
= trace (M (z1) My ' (&)L1 My '(&])) trace (Mjk(xj ® ax) My (€ @ LM (6 @ 5:))
So because of theorem (4.4)
trace (Ml(xl) Ml—l(gi*)Ll 1\/[1_1(51‘)) trace (Mjk(arj ® k) Mj—k1 (fj ® gZ)ijMj—kl (f}k ® 52))
< trace (Llel(ﬂ‘)) trace <ij M;kl(gj ® fZ))

And therewith the product type designs are linear optimal in and the theorem has been proven.
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6.1.2 Optimal Designs for Additive Nesting

The product type designs are D-optimal without conditions and linear optimal in by block
diagonal information matrices, or when the product type designs optimal for the univariate additive
models. These results are valid for the multivariate additive linear models with the next forms of the

1
regression functions for the components fi(x;) = < 1 > , £z, 25)j=2,..m = gi(x) le.
g1(z1) N g;(x;)
the regression function for the considered SUR model has the following form
1
e 0
< g1(71) >
1
0 g1 (:El) 0
f(x) = g2(x2) (6.6)
1
0 e g1 (xl)
gm(xm)

Theorem 6.3. Let & be D-optimal for the j-th marginal component with the regression function

1
1
R A e e o

in the marginal design region X; , j = 1,...,m, then the product type design
£ =@

is D-optimal for the SUR model in the design region X = xJ.,X;, where the block diagonal
multivariate regression function for the considered SUR model is given in ,
The sensitivity function ¢p does not depend on X.

Proof: the proof can be implemented step by step by some auxiliary lemmas and theorems as follows
Lemma 6.1. The D-criterion is invariant by application a linear transformation.

Proof: the transformed regression function has the form f = Af for a constant and regular matrix
A, p, and resp. the transformed information matrix has the form

M(£¥) = /f(x)z—lf(x)Tg*(dx) = A/f(x)z:—lf(x)Tg*(dx)AT = AM(HAT (6.8)

So the left side of the multivariate equivalence theorem for the D-optimality by the transformed
regression function and resp. information matrix has the following form

trace (E_lf'(x)TM(f*)_lf‘(X))
— trace (zflf(x)TATA*TM(g*)*1A*1Af(x))

— trace (z:—lf(x)TM(g*)—lf(x))
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i.e. the D-criterion due to its equivalence theorem is invariant to the applied linear transformation.
The next theorem is a help tool and it have the same topic of the goal result, but it is proven for a special
case, which is the block diagonal form of the information matrix for the corresponding SUR model. O

Theorem 6.4. Let 5’; be D-optimal for the j-th marginal component i the marginal design region
X with an intercept included, j =1,...,m, if

[ giege) =0, 5= 1 (6.9)

J

then the product type design
£ =®7L,& (6.10)

is D-optimal for the SUR model in the design region X = X7, X; , where the block diagonal
multivariate regression function for the considered SUR model is given in .
The sensitivity function pp does not depend on 3.

Proof: The diagonal blocks of the information matrix for one-point design have the following form
because of the form of the block diagonal form for the multivariate regression function, given in the

form (6.6])
M(x);; = (F(x)E7H(x)T);; = block — diag (cYM; (1), 0 VI My (21, %)) j=1...m (6.11)

where M;(z;) = fj(l‘laxj)fj(v’clv”ﬁj)T

Then the information matrix with respect to the product type design {}, = ®;”:1£; p in the design
region X' = x7' | X; has the next block diagonal form because of

oMM, (€1) - e 0
0 oMz (¢ ® &3) 0
M(€p) = [ %800 p () - . ’ :
0 e oMM My, (6 ® &)
1 0 0
My (£ ® &) = / £i(x1,25)f; (21, 25) Td(& @ &)= 0 Gi(&) 0
1% 0 0 Gy
Gy(€) = /X & (z))e; (2;) TdE) = 1,.om
J
So the inverse of the information matrix has the next form
SaoM(ED S 0
0 A M @& 0
M~ (&p) = | o G o) | (6.12)
0 s ML (€ @ &)
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Thus the next terms are to be hold by replacing (6.11) and (6.12)) int the multivariate equivalence
theorem for D-optimality [4.1], so

0(11)1\/[1(3:1) ( e
oMy (21, 29)
M(x)M(¢*) ™" =
U(mm)Mlm(xla xm)
J(h)Ml_l(gik) 1 0
0 M, (& @ &) 0
0 - S M (6 ® &)

Thus trace (M(x)M™1(£5)) =

trace (M (z1)M; 1 (€])) + trace (Mya(z1, 22) My (£ @ €5))

+ ot trace (Mum (21, 2m) ML (& ® €5))

<pmt+@+p-—+. . +@r+pn—1)=mpr+p2+...+pm—(m—1)=p
So the conditions of the equivalence theorem are valid and the product type design {, = ®72,&7
is D-optimal by block diagonal information matrix. And the sensitivity function for D-optimality is
independent on the variance covariance terms. O

By the next help lemma can be illustrated, that the D-optimal design for a SUR model is the same for
the transformed SUR model.

Lemma 6.2. The D-optimal design for the SUR model stays D-optimal for the linearly transformed
SUR model.

Proof: The transformation matrix and its diagonal block matrices for j = 1,...,m have the next
forms

Ay - 0
0 Aqp 0
A ‘ ‘ ‘ (6.13)
0 Alm
. 0 1 0 0
1 Api—-1)x(p1—1) —b, 0 I, 1
J

i.e., the transformed regression function seems for the first component as follows

filen) = M@ = (pliey 1o, )00 = (o) )

and respectively for the m — 1 other components

fi(z1,2;) = | gi(z1) —bs
g;j(x;) — b,
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So for gj =85 — fg]f](d:ﬂj) then fgjdf] = fgjfj(dx]) - fgjgj(d.fj) = 0, and therewith
1

/fj(ﬂfl)dfl = ( (1] > : /fj(xlaxj)d(él ®&5) = g

And the information matrix for the transformed model has the following block diagonal form for the

product type design {* = @}, £}

S My (€7) oo 0
i 0 M L& ® &) 0
* S22 V112 \S1 2
M(¢*) = _ :
0 - ML (G e e

Where the transformed regression function has the following form

1
< o ) 0
1
Al - 0
0 gl(xl) 0
f(x) = (.) 512 ? g2(72) |
0 Alm 1
0 gi(z1)
gm(mm)
1
<@mn> 0
0 gl(xl) 0
= 82(w2)
1
0 gl(xl)

So that is the same special case of theorem [6.4] by it the product type design is D-optimal for the
considered SUR model for block diagonal information matrix. Then the product type design £, =

®7L1&; p 1s D-optimal for the SUR model by the following non transtormed regression function because
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of the

1
. 0
( g1(z1) )
1
AL L 0 _
6 e 0 g1(x1) 0
12 &
f(x) = o , g2(2) O (6.15)
0 Al : ’ i
0 g1(z1)

because of lemma and theorem the D-optimality of the product type design as well as the
independence of the corresponding sensitivity function on the variance covariance matrix of the error
variables and the theorem [£.3] has been proven. O

Theorem 6.5. Let {; be linear optimal, by block diagonal weight matriz Lj;, for the j-th marginal
component in the marginal design region X; , j =1,....,m. If

J
then the product type design
£ =®L¢;

is linear optimal, if the weight matriz L = block — diag (L;) , for the SUR model in the
design region X = X7, X;, where the block diagonal multivariate regression function for the considered
SUR model 1s given in ,

Proof: the weight matrix for the considered SUR model has the following matrix

Ly - O
T 0 Ly 0
L= [t = | . (6.17)
X . . :
0 --- Ly,
Lui LT, L Ly Ljjg
b= ( Li12 Lig > L= I Lise - Ly

Lji13 Ljog Ljss

The inverse of the information matrix has the following block diagonal form for the product type design
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{7 = @71&}p, » under the conditions (6.28])

AmMED 0
0 M. (E ®&3) 0
&) = . oI T _ , Where (6.18)
0 U(rrlzm> 1m(f1 ®&)

M (&
M;j(fi‘@éj):( 10(51) G;?(f;-‘)>7

L&) = /f1(x1)f1($1)Tfik(d$1)v G; (&) Z/gl(wj)gj(xj)Tﬁ}‘(dﬂfj) (6.19)
Then because of ([6.17) and (6.18])
e LMTHE) =

M IM ! oo 1 0
0 GEEMip (6 © §)LMy (€ © &) 0
. _ ' (6.20)
0 T oty M Lim My,

So the sensitivity function for linear optimality has the following form because of (6.11)) and because
of theorem 2.7

trace (M(x) M (&) L M‘l(fi))
= yytrace (M e )M (€D LM (61)

1 — * * — * *
+ 23 @) trace (Mua(z1, 22) My (61 © &) LMy (& ® £3)) +

]- — * * — * *
oy trace (Mim (21, 2m) M (6 © € Lim Mg (€ © €5,))

1 1
1) ———trace ( (51)) ~) ———trace (L12M12 &G ® 5’2))

1
+...+ Wtrace (leMfm(gf ® g;kn»
= trace (L M71(§Z))

And therewith, the product type design £ = ®jrq ]* 1 > is linear optimal in for the considered
SUR model and the theorem has been proven. O

6.2 Optimal Designs for Multivariate Multi-Factor Models with
Growing Hierarchically Nesting

theorems , 6.3) and can be generalized, when we consider the multivariate linear model
with growing nesting of the components additively and multiplicatively, i.e the first component is
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nested through the second, and the second through the third, etc., for different control variables for
the different components. The D-optimal design was founded for one control variables for the different
components, i.e. for a special kind of heterogeneous multivariate model by ( Krafft and Schaefer
(1992)) , and later by ( Kurotschka and Schwabe (1996))), only in the additive case.

Theorem 6.6. Theorems and are valid for the SUR models, which their components have

the regression functions of the form

fl(:zl), f2($1,:L‘2) :fl(x1)®f2(:c2), NN fm(xl,...,:cm) :f1(l‘1)® ®fm(xm)

Proof: the proof can be implemented totally analogous to the proofs of theorems and by
replacing the following calculated quantities with their counterparts there.
The multivariate regression function has in this case the following form

fl(:vl) 0 0
fx) = 0 fi(x1) ® fa(x2) 0
0 0 fi(x1)® ® fn(Tm)
1 0 0 1 0 0
0 f2($2) 0 0 1 0
ST I )
0 0 fi(w) 0 o 0 £z

then the information matrix has the following form for the one-point design

M(x) = f(x)2 f(x)"

1 0 0 1 0 --- 0
0 fy(xy) --- 0 o 1 .- 0
= fifz)® | . . : ®..0| . :
0 0 f2($2) 0 0 fm(.l‘m)
oD .. g(m)
o(1m) o(1m)
1 0 0 10 0
0 f)(z2) --- 0 1 0
fi(z1) @ | . ? . : ®.®| . . .
0o - 0 f) (22) 0 -~ 0 fl(xy)

= Ml(.%'1> & Mlg(wl,.’ﬂg) ® ... Mlm(xl, ,J}m)
Thus the information matrix has the following form for the product type design £ = R4

M) = /M1(ﬂs1) ® Mia(21,22) ® ... @ My (1, ..., 7)€ (d1, .o, Aoy
= M;(&) @ Mi2(&) ® ... @ My (®@&m)
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where

Mi(6) = /ﬂﬁﬁl

1 0 0 1 0 --- 0
0o f, -~ 0 0o ff -~ 0
Mo = [ . 0 DT |a@se
0 0 £ 0 0 f)
1 0 0 1 0 --- 0
an ... (1m)
0 1 --- 0 g a 0 1 --- 0
Mim(&m) = / : SR : : : S
- o (Im) ... glmm) - C
0o --- 0 f, g g 0o -~ 0 f!

The weight matrix can be calculated similarly, so it is the Kronecker product of the m block diagonal
weight matrices for the marginals and has the following form

L= /f(x)f(x)Tu(dx) = L1 ®Li®...®9 Ly,

Where
Liyy -~ O Liyy - O
Lin L, 0 L O o L, O
L, = ; g = i s s Lim = . : 0
! ( L1z Lig 12 oo ! : KU
0 - Ly 0 - L,

Theorem 6.7. Theorem 1s valid for the SUR models, which their components have the regression
functions of the form

£i(x;) = C7 - f41(x5,%j41), C; €RPIZPiHL Cj=(Ipp, 0),j=1,...,m—1 (6.21)

Or more explicitly

1
1

1 g1(z1)
fl(xl) = < gl(Xl) > ,fQ(IEl,IEQ) == i;gi;% ,...,fm(:ch...,xm) = (622)

gm(l'm)

Theorem 6.8. If
[ gi(eg e =0, =2, m (6.23)
X.

J

then theorem 1s valid for the SUR model, its components have the regression functions given in
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Proof: The proofs of theorems [6.7]and [6.8can be implemented similarly to the proofs of theorems
and [6.5] The difference by the proof is caused by the different nesting form and resp. marginal
regression functions, thus we have to use other transformation matrices for the marginal models resp.
another transformation matrix for the corresponding SUR model, other information matrix and weight
matrix , which are given respectively as follows

f(X) = dlag (fl(xl), fz(xl, .’Eg), ceey fm(l‘l, . ,I‘m))
And therewith the corresponding transformation matrix has the following form for j =2,...,m
A = block — diag (A1, Ag, ..., A,,), where for j =2,....m

b; = /g](:r])ﬁj(dx] /g] ;)85 (z5) fj(dl’j)

0
A =1, A, =
Lo ( —bjb;_1 ijl(gj—l) Ly —pjo1-1 >

The diagonal blocks for the information matrix for the one-point design have the following forms

M(x);; =
block — dlag (U(ll)Ml (xl)) 0(22)1\/-[1 (xl)) 0'(22)G2(IE2), ) U(mm)Ml(ﬂjl)a U(mm)GQ(xQ)v ) U(mm)Gm(xm))
M, (z1) = fi(z)fi(z1) ", Gjz;) = gj(z)gi(z;) ", j=1,...,m

The information matrix for the product type design has the following block diagonal form under

conditions (6.23))

M(¢) =
block — diag (e M (&1), 0®M (£1), 0D G (&), o, oM (61), 0™ Ga (&), o, 0™ G (E))

M, (&) = /fl(xl)fl(xl)T&(dﬂfl)
And the weight matrix has the following block diagonal form
L = block — diag (Ll7 Ll, LQ, ceey Ll, LQ, ceny Lm)

Thus, theorem can be proven analogous to theorems and , by replacing these quantities
with their counterparts there. O

6.3 Optimal Designs for More General Nesting Structures

6.3.1 Nesting of a New Component in all Other Components Simultaneously

When we have a nested SUR model, where a new different component is nested through all m
components of the SUR model then the regression function of the SUR model given in (6.1) has the
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following form

f(x) = block — diag (f;(z;, Tm+1))j=1,..m = : : (6.24)
0 Tt fm(xma wm—i—l)

Where the regression functions for the marginal nested components have in general the next form for
product-type models

£ (@5, 2mi1)j=1,.om = fng1 (@mr1) @ £(25) (6.25)

And respectively for additive models, where the regression functions must have intercepts

1
fj(ij, $m+1)j=1,...,m = gj(fﬁj) (6.26)
gm+1(Tm+1)

Theorem 6.9. Let & be D- or linear optimal by block diagonal weight matriz Lj, for the j-th marginal
component with the regression function given in in the marginal design region X , j = 1,...,m+1,
then the product type design
_ om+l
&=

is D- or linear optimal, if the weight matriz L = block — diag (Lj) ([{.1), for SUR model with

the following regression function

f(x) = f41(Tms1) ® block — diag (£5(z;))

_]:17...,771

in the design region X = x;”;ll?(j.
The sensitivity function pp does not depend on X.

Proof: D- or linear optimality in of the product type design ®T=—E1£j can be proven similarly to
the proof of theorems and because of theorems by replacing the following different
quantities with their counterparts.

The information matrix has the following form for one-point design and SUR model with the multi-
plicative marginals given in the form (6.25)

M (x) = M1 (@mi1) @ (Mjp(z; @ 1))

7,k=1,...m

m+1
=1

Mi(§) = Mut1(Em+1) ©@ (Mjr(E; ®§k))j,k=1,...,m

The weight matrix has the following form

The information matrix has with respect to the product type design ®7°¢; the following form

L = L,, 1 ® block — diag (L) =1,...m

Theorem 6.10. Let £ be D-optimal for the j-th marginal component with the regression function
given in in the marginal design region X; , j = 1,...,m + 1, then the product type design

& =emile
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s D-optimal for the SUR model with the following regression function given

f(x) = block — diag gj(x;) (6.27)
gm+1(Tm+1)

Jj=1,....m

— +1
in the design region X = X;n X

The sensitivity function pp does not depend on X.

Theorem 6.11. Let & be linear optimal by block diagonal weight matriz Lj for the j-th marginal
component with the regression function given in in the marginal design region X , j = 1,...,m+1.
If
/ g](:zj)f;(dxj) = 07 j = 1,2, ey (628)

i
the product type design

5 — ®m+1§j

is linear optimal, if the weight matriz L = block — diag (L (!X for the SUR model (-) with the
regression function given in in the design region X = X

Proof: D- and linear optimality i of the product type design ®;7"‘:+11§j can be proven similarly
to the proof of theorems and by replacing the the following different quantities with their
counterparts there. O

The corresponding transformation matrix has the following form for j =2,...,m

A = block — diag (Aj(m+1))j:1, ... m» Where

1 0 0
Ajim+1) = —b; I, 0 , bj = /gj(%)éj(dﬂﬁj), j=1, .., m+1
byt 0 Iy,

The diagonal blocks for the information matrix for the one-point design have the following forms
M(X)jj = blOCk — dlag (U(ll)Ml (1‘1, SL‘m_H), 0'(22)M12(:E2, :Em+1), vy U(mm)Mlm(ﬂS‘m, xm—i—l))
Mjm('rjaxM-i-l) =1; (':Ujvxm-i-l)f (.Z'J,Zﬁm_t,_l) ) ]: 1)"'am

The information matrix for the product type design has the following block diagonal form under the
conditions

M(€) = block — diag (MM (€1, Emi1), 0P Mia(€, Emi1)s s 0™ M (Emy Emin))

M (&5, Emr1) = /fl(%’yxm—&-l)fl(wj?xm+1)T(§j(d$j) ® Emr1(drmyr)), j=1,...,m

And the weight matrix has the following block diagonal form

Ljn Ljle LTm+1)13
L = block — diag (Li(n11)s Logmy1) -+ Linman)y Ljmer) = Lj12 Ljoo L, 103

Lint1)13 Lnsny2s Limt1)3s

80



6.3.2 Nesting of a New Different Component in each Component

When we have a nested SUR model, where a new different component is nested through each
component of the SUR model then the regression function of the SUR model given in (6.1) has the
following form

fi(z1, ap,) - 0
f(x) = block — diag (f;(z, zk;))j=1,...m = ; : (6.29)
0 ce fm(xma ka)

Where the regression functions for the marginal nested components have in general the next form for
product-type models

£i(zj,2n;)j=1,...m = £j(2;) ® £k, (wx;) (6.30)

And respectively for additive models, where the regression functions must have intercepts

1
fj(2j, 2p;)j=1,.m = | 85(25) (6.31)
gkj (-’L'kj)
Corollary 6.1. Let {F ® EZ], be D- or linear optimal, by block diagonal weight matriz L;, for the j th

marginal component in the marginal design region Xj X Xy, , j =1,...,m, then the product type
design

& =@ oL,

is D- or linear optimal , if the weight matriz L = block — diag (L) , for SUR model with
the following regression function

f(x) = block — diag (fj(z;) ® fi, (xx,)) (6.32)

7j=1,....m

in the design region X = XTL X X Xy, .
The sensitivity function ©p does not depend on X.

Corollary 6.2. Let £ ® 5,’; be D- or linear optimal, by block diagonal weight matriz L; for the j-th

marginal component with the regression function given in (m) in the marginal design region X;j X X,
, 7 =1,...,m, then the product type design

&=L 08,

is D- or linear optimal , if the weight matriz L = block — diag (L) , for SUR model with

the following regression function

f(x) = block — diag gj(xj) (6.33)
gk; (k)

in the design region X = X7, X X X,
The sensitivity function ¢p does not depend on 3.
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Proof: The considered marginals are multi-factor but different for each components, so that can
be considered as a special case of the topics of theorems and [4.4] but with different multi-factor
marginals, as follows x; = (zj,%g;)j=1,..m € &; = Aj X Xj,, so the regression function for the
considered SUR model has the form block — diag (fj(x;));j=1,....m, thus the proofs can be implemented
analogous to the proofs of theorems and in the third chapter about the D- and linear optimality
in of the product type designs for the considered SUR model and because of theorems
and [2.7], the corollaries [6.1] and are proven. 0O
The regression functions for the SUR model with the marginal regression functions given in (6.2))
and and the corresponding results can be generalized complicatedly but analogous, so more than
one component is nested through the other components and we can do that analogous for the regression
functions for the SUR model and resp. (6.25) and (6.26)) and the regression functions for the

SUR model (6.29)) and resp. (6.30) and (6.31]).

Remark 6.1. Theorems[6.1], [0.3, and [6.10, and corollaries and

may fail to hold, if the regression functions of the marginal components do not contain an intercept.

Remark 6.2. When all regression functions and the experiments regions are equal for all components,
then the designs problem for these kinds of multivariate linear models by known variance covariance
matrices of the error variables are the same in the corresponding univariate multi-factor models. The
proof is fully analogous to the proof of the reduction the problem with respect to homogeneous components
(MANOVA) in the work of ( Kurotschka and Schwabe (1996)) ).

Example 6.3 (A Multiplicative SUR Model). To illustrate the results for SUR models, which are nested
through product-type models we consider the SUR model with nested product-type models through the
same factor for the components,

Yij = Bjo + Bj1xij + Bjexiz + Bjsijriz + €ij - (6.34)

in the unit intervals Xy = Xo = [0,1], X3 = [—1,1] as experimental regions. Then the IMSE- and
D-optimal designs for the product-type marginal models 1,2 are the product designs of the IMSE- and
D-optimal designs of the corresponding one-factor models because of theorems and

1,1) (1,-1 1 -1
§piamsen @ Epmses =& © & = < (1}4) | 1/4 ) ((1)7/4) (Oi/‘l | )

And the A-optimal design

. . (1,1) (1,-1) (0,1) (0,-1)
41®82=| Va1 Vo1 248 242
2 2 2 2

Also, the product designs of the following form are respectively D-, IMSE-, and A-optimal for the

considered model, because of theorems and i.e. &5 mseE = EpamsE1 QD rmsE2@ED 1MSE 3,
or

1 1 1 1 0 0 0 0

. _ 1 1 0 1 1 1 0 0
$DsrvsE = 1 -1 1 -1 -1 1 -1 1
1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8
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For A-optimality

1 1 1 1 0 0 0 0
g4 = 1 1 0 1 1 1 0 0
1 -1 1 -1 -1 1 -1 1

wi/4 w3 /4 w3 /4 w3 /4 w3 /4 w3 /4 w3 /4 w3 /4

Where w1 = V2 — 1, wo = 2 — /2 and w3 = wi.wy are respectively D- resp. IMSE- and A-optimal.
The corresponding sensitivity function for D-optimality
op(x;&h) = trace(S 7 (x) TM(&h) T H(x)) = 4(1 + 23)(1 + 27 — 21 + 23 — x9) (6.35)

is plotted for xo =1 in figure 6.1. It can be easily seen that the sensitivity function is independent on
3 and satisfies the condition ¢p(x;€5) <p =8 forallx € X.
The corresponding sensitivity function for IMSE-optimality is equal to or less than

trace(LM(é}MSE)*l)
ervse(x: & ysn) = trace(SH(x) TM(Eysp) 'LM(E ysp) (%)) < trace(LM(Efysp) )

and the function

pivse (X Eysp)  trace(ZTH(x) TM(E] yop) M ysp) (X)) 1,
trace (L M(&5,95) ) trace(LM (&5 ,5m) ") = 1(373 +3)  (6.36)

forop =00 =1,p=0.99, 22 = 1 and it is plotted in figure 6.2. It can be easily seen that the sensitivity
function for IMSE-optimality satisfies the condition orysp(X; &y sp) < trace(LM(E},65) 1) for all
x € X. The corresponding sensitivity function for A-optimality is equal to or less than trace(M(£%)™1)

pa(x; 1) = trace(S ™ (x) TM(€4) T M(€4) (%)) < trace(M(€4) 1) (6.37)

and the function

palei€s) _ trace(S G0 TM(E) Mg () 635)
trace (M(&3) 1) trace(M(&%)~1) '

for 01 = 0.1,00 = 10,p = 0.2, 29 = 1 is plotted in figure 6.53. It can be easily seen that the sensitivity
function for A-optimality satisfies the condition  4(x; &%) < trace(M(£4)™!) for all x € X.

Example 6.4 (An Additive SUR Model). To illustrate the results for SUR models, which are nested
through additive models we consider the SUR model with two components, where one of the components
is nested through the second components as an additive model

Yi1 = Bio + Buriwi + Baari + en
Yio = P20 + Bo1th + cio (6.39)

in the unit intervals Xy = Xo = [0,1] as experimental regions. Then the D-optimal design for the
additive model 1 is the product design of the D-optimal designs of the corresponding one-factor models
because of theorem , but that is not the case for A- and IMSE-Optimality because of theorem

Points (1,1 (1,0) (0,1) (0,0)
T 1/4 1/4 1/4 1/4
SESO8= se 14 1/4 1/4 1/4

A4 (V2-12 (V2-1)2-VD) (VI-1)2-VD) (2-v2)?
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Also, the product designs € with the corresponding weights are respectively D- but not A- and IMSE-
optimal for the considered SUR model because of theorems[6.3 and [6-9]

The corresponding sensitivity function for D-optimality
0p(x;€5) = trace(T7H(x) TM(&5) (%)) =5 — 4z, — 8a9® + 4z + 8up* (6.40)

is plotted in figure 6.4. It can be easily seen that the sensitivity function s independent on ¥ and
satisfies the condition p(x;&},) <p=>5 for allx € X.

The corresponding sensitivity function for IMSE-optimality is in some cases bigger than
trace(LM(&5,55) 1)

Cruse (X Esp) = trace(ST (%) 'M(Efyrsp) T LM(§ysp) " (%)) £ trace(LM(&7y55) ")

and the function

trace(E’lf(x)TM(ﬁ}‘MSE)_1LM(§}‘MSE)_1f(x)) _

trace(LM(&7,55) 1)

1.454545249 + 0.000001808909177 12 — 0.000001808909177 1 + 1.272726697 z5* — 2.181817195 2:5°
(6.41)

for o1 = 0.1,00 = 10, p = 0.99 and it is plotted in figure 6.5. It can be easily seen thatl the sensitiv-
ity function for the product design of the marginal doesn,t satisfy the condition 0y 5p(X; & sp) <

trace(LM(£*)™1) | also, &1.1msE®E10sE is not IMSE-optimal. The corresponding sensitivity function
for A-optimality is equal to or less than trace(M(&y,5p) ")

pa(x;€4) = trace(Z (%) TM(€4) T M(€7) ' F(x)) £ trace(M(£5) ") (6.42)
and the function
trace(X1f(x) TM(&5) TIM(EL) (%))
trace(M(&)~1)
1.0610 + 0.35366 129> — 1.3537 21 — 2.5606 222 + 1.2073 212 + 2.4146 25" (6.43)
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for o1 = 00 = 5,p = 0 is plotted in figure 6.6. It can be easily seen that the sensitivity function for
A-optimality doesn,t satisfy the condition o4 (x; &%) £ trace(M(£%) ™) for all x € X.
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7 Optimal Designs for Some SUR Models without
Intercepts in their Components

Univariate linear regression models without intercepts are explored in many works see ( Eisenhauer
(2003)) and ( Casella (1983)), as well as their multivariate versions in the work ( Peng et al. (2010)).
Optimal designs for univariate linear models without intercepts are explored for example in ( Huang
et al. (1995)) and ( Chang and Heiligers (1996)). The practical model used in these works was a
regression equation without an intercept for the speed of a car with respect to the distance needed
to stop. Another physical or mechanical model is the equation for the speed of the car with respect
to the time. Thus, if the both equations are to be observed for a car by the distance as a control
variable for the first marginal model and the time as a control variable for the second marginal model
, then they follow a bivariate SUR model without intercepts by the components. The optimal designs
for such SUR models resp. multivariate linear models without intercepts in their components are not
explored in the literature for correlated components, but this problem is explored for multivariate
linear models by correlated observations for practical cases as the spring weighing resp. chemical
balance regression models see for example ( Ceranka and Katulska (1987)). Additional problems like
the multi or multivariate spring resp. chemical balance weighing can be modeled as SUR models, where
the marginal models are univariate spring resp. chemical balance weighing for different objects resp.
different number of it. Optimal designs for such univariate models have been discussed, for example
by ( Huda and Mukerjee (1988)) or ( Schwabe (1996)).

This chapter is organized as follows, the D- and linear optimal designs in for SUR models with
different marginal models by non and block diagonal information matrices are explored in the first
section. It is shown, that the product type designs are D- and linear optimal designs in for block
diagonal information matrices, and the multivariate chemical balance regression models are a practical
case for such models. Where there is a relationship between the chemical balance designs and and the
balance incomplete block designs see ( Ceranka and Katulska (1987)). 1t is concluded, that the product
type designs are D-optimal for SUR models without intercepts by the marginals for non block diagonal
or arbitrary form of the information matrices, , when the correlation term belongs to an interval around
zero and the interval length is monotonously falling due to the number of the components of the model
m, i.e. the D-optimality for the product type designs in this situation are restricted. Such intervals
for the correlation term are explored for optimal designs for a bivariate multivariate linear model by
some examples in the work of ( Changa et al. (2001)). A practical case for such SUR models are the
multivariate spring weighing regression models, where there are local couplings between the D-optimal
designs for the SUR models without intercepts by the marginals and the multi-factor (additively )
or without interactions univariate model, which are formulated from the same marginal models of
the SUR models, because of the relationship between the information matrices resp. the sensitivity
functions due to D-optimality for the both models. The results of the first section are illustrated and
supported by many simulations and examples in the second section . So the reduction of the optimal
design problem from the multivariate case for SUR models without intercepts, to its corresponding
univariate case by the optimality of the product type design is restricted for D-optimality by non block

86



diagonal information matrix, but by a simple example can be shown, that the product type designs are
not linear optimal in designs for SUR models without intercepts by non block diagonal information
matrices.

7.1 Optimal Designs for Spring Weighing and Chemical Balance
Regression Models

The multiple regression model is a special case of the additive models, and multiple regression
without an intercept can be defined as the spring weighing regression model when the control variables
take the values 0, 1 and as chemical balance regression model when the control variables take the values
—1,0,1. It is assumed for the next two definitions, that E(¢) = 0, Var(e) = 02, where ¢ > 0 and is
known, and Cov (g;,¢) = 051 # k, xj € A).

Def 7.1 (The Spring weighing regression Models ). ( Schwabe (1996|)) The spring weighing regression
model describes the weighing m objects on an unbiased spring balance. If we denote the weight of the
j-th object by B, j = 1,...,m, the experiment can be modeled according to

m
N (X1, .y Ti) = ijﬁj
j=1

xzj € {0,1}, j = 1,...,m, where x; equals one or zero corresponding to whether the j-th object lies on
the pan or not. As the balance is assumed to be unbiased no constant term occurs.

The marginal models are all identical
n j(x;) = 2;8; (7.1)

xj € {0,1}, and represent the experimental situation for weighing one object on a spring balance.
So the Spring weighing regression model for for m—objects is specified as follows

Y(z1,...,Zm) :ijﬂj—i—s (7.2)
j=1

Def 7.2 (The Chemical Balance regression Models ). ( Schwabe (1996))) The chemical balance regres-
ston models can be defined similarly to (, but now on an unbiased chemical balance. If B; denotes
again the weight of the j-th object , j = 1,...,m, the experiment can be modeled according to

m
N (21, .., Tm) = ijﬂj
j=1

as in the definition ([7.1) for the spring balance, but with a different design space X; = {—1,0,1},
=1, .., m.

The design points have the following interpretation: x; equals to 1 if the j-th object is in the left
pan, to -1 if it is in the right pan, and to 0 if it is not present in the weighing arrangement. Again
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no constant term occurs since the balance is assumed to be unbiased. The marginal models are all
identical

n j(xj) =x;Bj, i =1,...,n

xj € {—1,0,1}, and represent the experimental situation for weighing one object on a chemical balance.
So the Spring weighing regression model for m—objects is specified as follows

Y(xl,...,xm) :ijﬂj—i-&“ (73)
j=1

The spring weighing resp. the chemical balance regression models were considered foremost in the
discrete resp. exact case, but dealing with the approximate case is easier, see ( Huda and Mukerjee
(1988)) or ( Schwabe (1996)). For the spring weighing regression models the product type designs are
not D- resp. G- or linear optimal even for the simplest example for two objects because the information
matrix is non-diagonal. But the product type designs are D- resp. G- and linear optimal because of
the block diagonal form of the corresponding information matrix for the chemical balance regression
models, see ( Schwabe (1996)).

7.2 The Theoretical Results and Practical Cases

The proofs of the following results depend on the validity of the conditions of the corresponding
equivalence theorem and some techniques from the matrix theory

Theorem 7.1. Let £ be ®-optimal for the j-th marginal component with or without intercepts in the
marginal design region X;, j = 1,...,m. If the marginal components are independedet, ie. all correlation
terms p;; = 0,7,7 = 1,...,m, or the regression functions are orthogonal to a constant with respect to
the ®-optimal design, i.e.
/ fj(l‘j>£j*(d.’ﬂj) = 0, j = 1, e (74)

j
then the product type design

F =g

is © -optimal for SUR model in the design region X = x7. 1 X;. Where ®-optimal can be D- or
linear optimal criterion by block diagonal weight matriz L = block — diag (L;) .
The sensitivity function @p does not depend on 3.

Proof: If Pi; = 0,7,7=1,...,m or fXj fj(xj)f;‘(dxj) =0, j = 1,...,m, the information matrix has
the following block diagonal form under the conditions (7.4)

U(ll)Ml(é'T) o 0
M(£") = : . :
0 o U(mm)Mm(gﬂ)
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Then the inverse of the information matrix has the following block-diagonal form, for j =1,...,m

0(11) (51) e 0
M-l (e") = ; - (7.5)
0 M; 1(5* )

O.(mm)

And resp. the equivalence theorem for D-optimality has the following form

s .. gm)
trace (E_lf(x)TM(é*)_lf(x)) = trace :
o (1m) o (mm)
fi(z)" - 0 Sao M) 0 fi(z) -~ 0
0 fm(wm)T 0 U(mm) (5*) 0 o ()
o (z)T - oM ()7 M D) - 0
= trace : : :
U(lm)fl(xl)T U(mm)fm(mm)T 0 U(mm) (5*) o (Zm)
£ (z1) "M (EDR (1) - 0
= trace : :
0 o fo(w) MG () fa(w2)
= fi(a1) "My (ED (1) + -+ B (@) "M (60 ) En (@) < p1t e+ = p (7.6)

And with there the product type design are D-optimal and the sensitivity function for the D-optimality
does not contain any covariance terms.

The equivalence theorem for linear optimality in has the following form for arbitrary variance
covariance matrix of the error variables.

A .. gm) fi(z)" - 0
trace (Eflf(x)TM(ﬁ*)*1LM(§*)*1f(x)> = trace : _ : : _ :
oIm) .. g(mm) 0 v () T
S ML(ED 0 L - 0 sa M (E) 0
0 W m () 0 - Ln 0 o m o ()
fi(z1) - 0 cMf ()T - oM ()T
: : : = trace : : . (7.7)
0 v () oMt (z)T o oMMIf (2,)T
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WMfl(G)Llel(ﬁf)ﬂ(ml) 0

0 T WM;# (é:n)LmM;zl (é:n)fm(xm)
1 — * — * 1 — * — *
= ) TV T (€D (00) + ) M (€6 TV 6, o)
(7.8)
The left side of the equivalence theorem for the linear criteria in has the following form
L; - O ﬁM;l(gi‘) 0
trace (LM(¢*)™') = trace oo : ;
0 - Ly 0 T U(nllm) M;zl (g;kn)
1
= ——trace (LiM; (&) + -+ + Wtraee (L, MM () (7.9)

o(11)

the conditions of the equivalence theorem for the linear optimality in are satisfied, by comparing
of with , and therewith the product type designs are linear optimal in . a

With respect to the theorem , when the correlation is non Zero or the conditions are not valid,
then the product type designs may be D-optimal designs for SUR models without intercepts by the
marginal components. The correlation term plays also a main role by the D-optimality of the product-
type-designs. The product type designs are not D-optimal for correlation term in absolute terms close
to one, but they are D-optimal for correlation term in an interval containing zero as [y, Ym], Where
-1 < an <0 <9y < 1. This role of the correlation term derived from the dependency of the
sensitivity function with respect to the equivalence theorem for D-optimality on the correlation term.
We have considered homogeneous correlation structure by the next results to research the intervals of
the correlation term, by which the product-type-designs are D-optimal.

We can derive the correlation matrix as shown in the following remark.

Remark 7.1. The correlation matriz is given as follows

1 p PR p
p 1 “ e p

Con=1| . . . . (7.10)
p PR p 1

this matriz s positive definite, when _'m,l—l < p < 1. It is not difficult to show, that for the larger

dimension m became the lesser determinant of the correlation matriz, also det C3x3 < det Coxo and
80 on.

The next lemma supplies the inverse of the correlation matrix by the homogeneous structure, and
we can remark, that the determinant of the correlation matrix is det C,, = (1 — p)™ *((m — 1)p + 1).

Lemma 7.1. The inverse of the correlation matriz has the next form

((m—2)p—|—1) —p —p

c-l— (1—pm? —p (m—=2)p+1 --- —p

" (=) (m - 1)p+1) : : - :
—p —p (m—=2)p+1
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or

(m—2)p+1 ( —/)) —p
1 —p m—=2)p+1 --- —p
invcorC,t = = T =D D) : : f (7.11)
—p —p (m—=2)p+1

Proof: to prove the lemma, should the multiplication of the matices in and equal to the
identity matrix, so

L p - p (m—2)p+1 —p —p

p 1L - p 1 —p (m—=2)p+1 - —p
P S @=p)((m—=1)p+1) : ! " :

p o op 1 —p —p (m—=2)p+1

the diagonal elements of the resulted matrix are equal to

(m—2)p+1-(m—-1p (A-p)((m—Dp+1)
1-p)(m=1p+1) — (L=p)((m—1)p+1)

the non-diagonal elements of the resulted matrix are equal to

—p+(m —2)p* +p— (m —2)*p?
(1=p)((m—=1)p+1)
and therewith the lemma is proven. O
The following conjecture is discussed in the bivariate case to overcome the calculating the inverse of the
information matrix in the multivariate case, so the determinant of the correlation matrix is just a scaler
by the form of the information matrxi and therewith the sensitivit function for the D-optimaltiy do
not content it. The illustrated examples for m > 2 in the next section do not contrast this Conjecture.

=0

Conjecture 7.1. Let §;}D be D-optimal for the j-th marginal component without an intercept included
in the marginal design region X;, j =1,...,m.
The product type design

§p = ®jL1&ip (7.12)
is D-optimal for the SUR model (.) in the design region X = x| X;.
If and only if a < p <, where =1 < oy <0 <7y, <1

7=1

Proof: to prove the optimality of the product-designs corresponding to theorems and (| -
for the SUR model, we need the form of the information matrices for marginal models also, the
information matrix for the univariate marginal models has the following form M;(&;) = [ f; fT “( dx]
The regression function of the SUR model in the individual approach has the follovvlng form for m =2

because of ) — fy(z1) 0 7.13
(x) = < 0 fy(x2) > o

then the information matrix with respect to the product type design £ = ®?:1§j has the following form

(11) T (12) . T
_ 1T ge _ oMV [ 1 £ d&; o) [f1d&y - [ £ déo
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where 0%) are the elements of U = £71. And for M;(¢;) = [ f; £]d¢; and m; (&) = [ f;d¢;, jk = 1,2,

the information matrix has the summarized form

_ T g cIDM; (&) o(2my (&)ma (&) T )
M(E) = /fZ b= ( o12my(&)my (&) oD M, (&) (7.15)

the form of the inverse of the block matrices is to be used, to invert the information matrix, see for
example ( Peterson and Pederson (2008), so the inverse of a block matrix is given as follows

—1
B11 B12 Sll SIQ
_ 7.16
< Bs1 B > ( Sa1 S22 > )
-1 -1 -1 -1

where S11 = (Bi1 — B12B3,Ba1) , Sg2 = (B2 — B2; By Bya)

_ _ 1 _
Si2 = =B’ Bz (Ba2 — BB B1z) = —Bj'B12Sx»

_ _ -1 _
So1 = —ByBai (Bi1 — B1213221B21) = —B3; Bi1Sn

So the inverse of the information matrix has the following form because of ([7.16])

1 o WZy(&4,8)  —01DZia(6,6) >
Mo = ( —o1DZ91(61,&) 0PV Zy(81, &)

where Zi1 (1, &2) = (e0Do@IMy (&) — (002)mi (6)ma(€) MG (€@)ma(E)mi(6)T)  (T18)

(7.17)

Zos(&1,62) = (0(11)0(22)1\/12(52) - (0(12))2m2(€z)m1(ﬁl)TMfl(él)ml(il)m2(52)T>_1 (7.19)
Z1o(61,6) = My (&)m1 (&)ma (&) " Zoo (&1, &) (7.20)
Z1(£1,62) = My (&)my(&)my (&1) ' Z1 (&1, &2) (7.21)

To prove the theorem (7.1)) we calculate the right side of the equivalence theorem for D-optimality,
where the inverse of the information matrix is given in (7.17)), also, when the product type design
& = ®J2,:1§* is D-optimal, then

trace (z—lf(x)TM(g*)—lf(x))

o 0(11) 0(12) fl(xl)T 0
= trace 0(12) 0(22) 0 f2(x2)T
< a<11)Zﬁl§5f,£§) —0(12)Z1_12T(§f,§§) ) ( fi(z;) O )
o122, (61.8)  0™25)(6.6) 0 i)
_ trace(ff“”fﬂmlf o2y (25) T )< oUWVZ (6], ) (a1) —0(12)Z1_12T(§T,§§)f2(x2)>
0(12)f1(x1)T 0(22)f2(x2)T —U(IQ)ZIQ (&5, 651 (1) 0(12)Z52 (€2, 65)Es(2)

= trace ((0(11))2f1(:c1)TZ1_11 (&1, &) (x) — (0(12))2f2($2)Tzl_21 (&5,6) " (xl))

irace (— (002261 (01) " 2 (61, &) (w2) + 0D Py () T 23 (7, €5) () ) (7.22)
11) _ o _ 1 22) __ o _ 1 12) __ —c _
Then because of U( ' = ‘7110222*052 N ‘7%(1*P2)’O‘( )= 01102;1*0%2 T o5(1-p?) U( ) = W;EU%Q N
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sroa( 57 the terms in q7.18[), (]7.19[),47.20[) and (]7.21[) have the following forms

Z01(61,6) = o03(1 — ) (M (&) — pPmu (1) ms(6) MG (€)ma(&)mu(6)T)
-1
Zoa(1. &) = o3 (1 = p) (Ma(&) — pma(&)mi (&) "My (€)my (€)ma(&2)" )

oto3(1 — p )My (&) my (&) my (&) " <M2(52) — pPmy(&)my (&) '™ (&)my (fl)mz(fz)T>
)

oto3(1 = pPMy (E)ma()mi (&) " (M) — pPmi(61)ma(&) "My (E)ma(&)mu(61))
Then
trace <E’1f(x)TM(§*)’1f(x)> -
() (M) - p2m1<sl>m2<§z>TM;1<sz>m2<sz>m1<af)*1 fi(e1)

— i) My (E)ma(@)mu(€) T (Ma(€) — pPmu(§)ma(&) "My (@)ma(@)mu(€)T)  fa(a2)
— p*a(2) "My (&) ma(E2)my (&1) < — pPmy(€1)my(&) ' M (52)m2(€2)m1(€1)T)_1 fy (1)
()T (Ma(6) — pPma(€2)m (6) M (€)ma (6)ms(€)T) o) (7.23)

We can remark, that the conditions max ¢p(x,£*) = p could be rewritten as an equality h(p) = 0,
where h is a quadratic function in p, then there exist a,, and 7, such that max ¢p(x,£*) = p for all
p € [@m,Ym] and max pp(x,&*) > p for p & [y, Ym].the constants oy, and -, are dependent on the
model, because we have to maximize max ¢ (x, ") with respect to control variables x and the form of
the sensitivity function is for each model different with respect to x, but the equation stays quadratic
in p because of the form of the inverse of the correlation matrix by the lemma a

The next corollary could give the reader an simple possible explanation about the role of the number
of components of the SUR model m resp. the dimension of the correlation matrix by the inversely
proportionality property of m to the p -intervals length as well as the form of the marginal regression
functions , which is to remark in (7.1)).

Corollary 7.1. For the SUR models without an intercept included by the marginals and for the product
type design has the sensitivity function for the D-optimality the following form

pp(x;€) = trace (C™(x) T (M(€)) ¢ f(x)); C—sz x;)C (i) "

Thus
trace (F(x) T (M(£") ' f(x)) < pm; & =@,
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Thus the determinant of the correlation matriz has the upper bounds

> sy trace M (€7)

det C < pm(1 — p)™2((m — 2)p + 1) xljlei/réj ST trace ML (x;) (7.24)
_ (L= py"2((m — 2)p + 1) — 2= M) (7.25)

maxx;ex; Yoy trace Mj(z;)

Proof: To prove the first part of corollary (7.1)), it is enough to look at the form of the sensitivity

function for D-optimality with respect to the product type design in (7.23)), i.e
¢p(x;€) = trace (C™H(x) T (M(€)) o' f(x)) and because of the lemma in chapter three

. trace (A)

trace (B_IA) = m

for the matrices Agxq and Bgxq respectively positive semi definite and positive definite. Then, for
A =f(x)"(M(£*))o'f(x) and B = C, thus
trace (f(x) T (M(£9))'f(x)) < pm; € =@ & (7.26)

because of trace (C) = m and therewith we have proven the second part of the corrolary.
From ([7.26)) we have
trace (F(x)£(x) T (M(£))g!) < pm

Also, for A = f(x)f(x)" and B = (M(¢%))g' =

race (f(x)f(x)"
ttrace(il(\/l)(zi))C)) < trace (f()£00) " (M(E))5) < pm
then
trace (F(x)f(x)") < pm trace (M(£)¢) (7.27)
fi(z1) - 0 fi(z)" - 0 m=2
trace (f(x)f(x) ) = ; } : ; = Z trace M (z;)
0 £ (zm) 0 £ () " J=1
- (7.28)
And because of
f1(9€1) c. 0
* (1 — p)m—2 . .
M()c=~——"~— :
det C / 0 £ ()
(m—2)p+1 —p —p £ (e T
- m—2p+1 - - @) 0
! ( :)’) . ! o deme)
—p —p (m—=2p+1 0 fin () "
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then

raceM(e)) = 72D S e
=
_ “_pyhlgg_m”+wiiumnMAq) (7.29)
st
By replacing (7.28) and (7.29) in (7.27) we obtain
itraceMj(xj) < pm(l—p)md;((én 2p+1) Ztracel\/[ &)

j=1 j=1
> ey trace M (€5)
> ey trace M (z5)

— detC < pm(l—p)™ 2((m—2)p+1)
Thus

S trace M (&)
det C < pm(1—p)™*((m —2)p+1 j
et C < pm(1 — p)"™2((m — 2)p + >ernemjz_1tracel\/[( /)

ijl trace M;(£7)
maxyx;ex; oy trace M;(z;)

=pm(l—p)"*((m —2)p+1)

And therewith the corollary is proven.  O.

The next theorem presents the optimality of the product type designs for different criteria for SUR
models with hierarchical nested marginals, also, the regression function for j—th marginal component
contains the regression function for the j — 1—th marginal components, where this kind of multivariate
linear models is in the works of ( Krafft and Schaefer (1992)) and ( Kurotschka and Schwabe (1996))
but for the same control variables for the different marginal regression functions of the components

Theorem 7.2. Let 5; be ®-optimal for the j-th marginal component without intercepts included, in
the marginal design region X;, j = 1,...,m and the regression functions of the marginal components
have the following form

g1(r1)
— _ ( &i(z1) _ . .
fl(xl) - g1($1),f2(1'1,1'2) - g2($2) 7...7fm($1, 71.771) - : y J = 17 TRl (730)
gm(Tm)
Or ‘ ‘
fj(X]’) =C’. fj+1(X]’,X]’+1), C’ e R"'jxrj"'l, j=1....m-—1 (731)
where '
C=(Lxy; 0),j=1,...,m—1 (7.32)
if
/X g;(z)E(de;) =0, j=2.....m (7.33)
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then the product type design
& =@,
is © -optimal for SUR model in the design region X = X7, X;. Where ®-optimal can be D- or
linear optimal criterion by block diagonal weight matriz L = block — diag (L;).
The sensitivity function pp does not depend on X.

Proof: To prove the optimality of the product-designs corresponding the theorems for the SUR
model, we need the form of the information matrices for marginal models, also, the information matrix
for the univariate marginal models has the following form M;(¢;) = ffjijdgj. For the SUR model,
We implement the proofs for arbitrary m, where the regression function for the model in the individual
approach has the following form

gl(l’l) 0
f1(x1) ] ( | 0 0 ( g;g;; ) 0
0 2\T1,X2 0
f(x) = _ = :
0 £ (21, s ) . gl(.xl)
gm(xm)

then the diagonal blocks of the information matrix for one-point design and has the following form for
7=1,....m

U(ll)Ml(l‘l)

COMon (1. 2
(M(x))j; = MIQ( r2) : (7.34)

J(mm)Mlm(ajl, ey Tim)
Mlj(ﬂfj) :fj(xl,...,xj)fj(azl,...,a:j)T (735)

So, the information matrix for the product type design { = ®7L,¢; has the following block diagonal
form because of the condition (7.41) and by integral the information matrix for the one-point design
in (|7.34])

M(£) = /f »lfTae =

oM, (67) . 0
0 oM 5(6 @€
_ 1,2( 18 4) (7.36)
0 - o M (O7115)
where the block diagonal because of
G1(&1) o) 0
0 o220 Gy (&)
My =| | G(6) = [ &8 ds (737)

o e
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The resulted sensitivity function has the following form, by replacing the both matrices in (7.34) and
the inverse of the information matrix ([7.36) in the equivalence theorem for D-optimality (4.1))

trace (M(x)M~(¢5))
=m trace (G1(z1)G (&) + (m — 1) trace (Ga(z2) G5 (&) + ... + trace (G ()G, (L))
<mpr+(m—1)p2+ ... + pm =p

By similar way to the proof of the D-optimality in this case or to the proof of theorem , the linear

optimality in of the product type designs can be proven because of theorem where the weight
matrix has the following form in this case

L; --- 0
0 Ly O -

L = . ) . ,le:/ fj(xl,...,xj)fj(xl,...,xj) ,u(da:l,...,dxj) O
: . . X
0 le

Remark 7.2. The product type designs may be not D-optimal for SUR models with the nested form of
the regression functions in (7.30), for the non-block diagonal form of the information matriz, if p =0,
because the diagonal block information matrices for the marginal components given in are no
longer block diagonal.

A direct corollary of theorems is the optimality of the product type designs for the multivariate
hierarchical nesting chemical balance models resp. multiple or multivariate chemical balance models,
when the functions gj,;, = 1 are the identity functions, that means the control variables from the
experimental region X; = [-1,1], j =1, ...,m.

Corollary 7.2 (Optimal multivariate chemical balance designs ). Let f}-k be ®-optimal for the j-th
marginal component without intercepts included, in the marginal design region Xy, j = 1,..,m and
the regression functions of the marginal components have the following form

T
fl(fl,’l) = (L’l,fQ(.’El,[BQ) = < i; > ,...,fm(ml, ,(L’m> = ,7=1....m (738)
Tm,
if
/ r;(dzy) =0, j=2,...,m (7.39)

J
hen the product type design
£ = QL&
is ® -optimal for SUR model in the design region X = X7, Xy, Where ®-optimal can be D- or
linear optimal criterion by block diagonal weight matriz L = block — diag (L;).
The sensitivity function ¢p does not depend on X.
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Proof: this corollary is a special case of theorem also, it can be proven analogous to the proofs
of theorems [[2l O
The topics of the next theorems are the optimal designs for a multivariate chemical balance regression
model with hj—objects by each marginal component, j =1,...,m

Corollary 7.3. Let § be ®-optimal for the marginal univariate one factor regression model with
the response function given in in the marginal design region Xy = [—-1,1], k = 1,...,h1,h1 +
1,.. ho, i, hm—1 + 1, ..., by and the regression functions of the m— marginal components have the
following form

r11 Tm1
fl(:cn,...,xlhl) = s ...,fm(l’ml,...,xmhm) = (740)
xlhl xmhm
and if
\/[ ]ﬂ?lkdszo, k=1,...,h1,hi+1,... ho,ccc;hp1+1,..., (741)
11

the product type design

& =@ &
is ® -optimal for the considered SUR model with the marginal regression functions is (7.40) in the
design region X = xzlek. Where ®-optimal can be D- or linear optimal criterion by block diagonal
weight matriz L = block — diag (L;).
The sensitivity function pp does not depend on X.

The proofs of corollary can be similarly implemented to the proofs of theorems resp.
because of the diagonal form of the corresponding information matrix under the conditions ( [7.41)).
Where the weight matrix has the following block diagonal form for this model

L = block — diag (L;) s Lj = block — diag (Lx11)k=1,..n, O

J=1. -l

Remark 7.3 (Optimal multivariate spring balance designs ). When the the conditions by theorem
and the corollary are invalid, then the sensitivity function for the D-optimality depends on the

correlation p, thus we can proof the D-optimality of the product type design for the multivariate spring
balance models for some intervals or values of p’s similarly to the proof of [7.1]

Remark 7.4 (Optimal designs for SUR models without intercepts for more generalized nesting struc-
tures). Some results due to optimal designs for the considered SUR models in chapter siz can be gen-
eralized for SUR models without intercepts by the marginal regression functions, i.e. fji1(x) # 1. So
when the first component is nested multiplicatively through the other components as in (, then if

/ f](x])ﬁ;(dxj) == 07 j = 2,...,m
X

i
then theorems and are valid for the SUR model with the regression function given in (, but

fjl(x) 7_é 1.
When the first component is nested additive -wise through the other components as in (, and if

/X (265 (day) =0, j=2,....m

J
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then theorems (md are valid for the SUR model with the regression function given in (, but

fj1<X) 7_é 1.
When a new component is nested multiplicatively through all other m—components as in (, and
if
/ (/)€ (d2;) =0, j=1,....m
i
then theorem 1s valid for the SUR model with the regression function given in (, but

fjl(x) 7_é 1.
When a new component is nested additive -wise through all other m—components as in (, and if

/_fj(xj)g;(dxj> —0, j=1,....m

theorems and are valid for the SUR model with the regression function given in ([6.27), but
fjl(x) 7_é 1.

When a new different component is nested multiplicatively through each j—component, j =1,....m as

in (16.30), then corollary 1s valid for the SUR model with the regression function given in (,
but fjl(X) 5_'5 1.

When a new different component is nested additive -wise through each j—component, 7 = 1,....,m as

in (|6.31]), then corollary is valid for the SUR model with the regression function given in ([6.33),
but fjl(X) ?é 1.

Remark 7.5. The inverse of the information matriz with respect to the product type design has under
conditions [7.4) for SUR models without intercepts by the one-factor marginal regression functions the
block diagonal form in so the covariance matriz for prediction has the following block diagonal
form due to the Gauf$ estimator

—ar () "M (DR (e) - 0
£(x) Mg, (OF (%) = ; - 5
0 e () TMG (6 ) B ()

the variance covariance matriz for the OLS estimator can be similarly calculated under conditions
so it has the following form

otfy(x1) "M (G (21) - 0
£(x) ' Mg ps(F(x) = : - ;
0 T Uglfm(xm)TM;zl (&m)Em(zm)

So the upper bounds of the trace, mazimum eigenvalue, and the determinant for the covariance matriz

for the prediction due to the product type design, as well as some of the considered efficiencies in
chapter five can be calculated similarly to their counterparts there.

7.3 Examples, Simulations and Discussions

Remark 7.6 (The Restriction for Heterogeneous Correlation Structure ). If the correlation matriz
has heterogeneous structure then theorem is to be hold just locally, because there are different
correlation terms.
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Example 7.1 (The D-optimality of the product designs). The D-optimality of the product type design
for the SUR model with the same, and different regression functions without intercepts for the marginals
has been introduced in this example for three models in the same experiment regions [0,1]. The first
model has the marginals Y; = Bj1x;j +¢e;5 and the product type designs are D-optimal for intervals for
p,s as given in the following tabular. Figure 7.1 illustrates the D-optimality of the product type design

x% —2pzx1T2 —i—x%

for the bivariate SUR model Yij = Bj1x:5 + €55 , @D(®?:1£6‘) = =2 , T2 = 1.
m | p &* detCYP - | I[L p* -1 IL
AEICE 6| N
2| 2 ®7_,165 [0.707,1.000] | 0.293 | [-0.707,0.707] | 1.414
3| 3 ®%_165 [0.666,0.752] | 0.086 | [~0.390,0.640] | 1.030
4| 4 ®5165 [0.643,0.779] | 0.136 | [-0.274,0.607] | 0.881
515 ®°_,165 [0.628,0.800] | 0.172 | [-0.212,0.587] | 0.799
6| 6 ®%_165 [0.615,0.813] | 0.198 | [-0.174,0.574] | 0.748
707 ®7_1& [0.606,0.823] | 0.217 | [-0.148,0.564] | 0.712
8| 8 ®%_165 [0.599,0.837] | 0.238 | [-0.128,0.556] | 0.684
9| 9 ®7_165 [0.593,0.848] | 0.255 | [-0.113,0.550] | 0.663
1010 @32, [0.587,0.858] | 0.271 | [-0.101,0.546] | 0.647
1] 11| el [0.582,0.861] | 0.279 | [-0.092,0.542] | 0.634
12112 ©72,& [0.579,0.869] | 0.290 | [—0.084,0.538] | 0.622

The second model has the marginals Y;; = Bjxi; + Bﬂx?j + €ij and the product type designs are
D-optimal

m| p &* detCY? - | L ot -1 IL
* 3 1

dela-(11) - | -] - |-
2 2

21 4 ®7_165 [0.760,1.000] | 0.240 | [-0.816,0.816] | 1.632

3|6 ®5_1& [0.718,0.805] | 0.087 | [-0.434,0.767] | 1.201

VR ®7_165 [0.696,0.833] | 0.137 | [~0.298,0.743] | 1.041

5110 ®3_,16 [0.681,0.851] | 0.170 | [~0.212,0.728] | 0.940

The third model consists of different marginals, where the marginals have the form Y;; = Bjixi; +
ngx?j +eij for odd j and Y; = Bjixi; + €5 for even j and for odd m the information matrices for

1 1 . ,
1 > & < 1 ), the product type designs are D-optimal

2

N | =D | =

product type design singular. Thus for & = <

for intervals for p,s as follos

£* detCYP -1 | L p* -1 I-L
& [0.578,1.000] | 0.422 | [-0.816,0.816] | 1.632
®2_,& | [0.745,0.847] [ 0.102 | [-0.274,0.607] | 0.881
®7_,& | 10.723,0.871] | 0.148 | [—0.174,0.574] | 0.748

mkl\%g
o o w|T

By comparing the results of the implemented examples and simulations it can be said, that m the number
of components of the SUR model plays a mean role by the length of the p* -interval, also, the intervals
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length s monotonically decreasing in m. The three different SUR models illustrate, that the forms of
the marginal regression functions play a role too,

but these simulations have illustrated that the number of parameters p for the SUR model do not
have the mean influence on the p* -intervals length.
A possible argument for the role of m is the different dimensions and structure of the correlation matriz
for grown m and m is inversely proportional to the determinants value of the correlation matriz as we
have cleared in remark . Another weak argument could be developed and reinforced also, from the

third part of the corollary

> ey trace M (€7)
MaXy,ex; )iy trace Mj(x;)

det C < pm

For m = 2,p = 2 in the desgin region [0,1], we have from the first tabular and the remark
det Cyxq < ...C3x3 < det Caxa < 4% =4, d.e 1—p? <4, and it is known, that the det C € [0,1] and
we have equality just for p=m =1 and p = 0, which is the weakness of this argument.

By investigating the influence of m on the p-square root for the determinant values of the correlation
matriz for the different implemented examples, we can remark, that the upper and lower bounds of the
det C'/? -interval, for m > 2 because of symmetry by m = 2, are ordered monotonically increasing
and decreasing in m and therewith the length of the det CYP _intervals are monotonically increasing in
m and that illustrates the inequality of the determinant for the correlation matriz by corollary

:

Example 7.2 (When the product designs are not D-optimal). By this ezample we will consider the
model with the marginals Y;; = Bj1xi; + €45 for different numbers of components m = 2,3,4,5, also,
for m = 2 the D-optimal design

1 1 0 9
1-2 2
g*D: <1> (0) <1> ’w*:1_4z27|p’>\2[:0.707

1—-2.w* w* w*

For p=+£1, w* = 1/3, we get the same D-optimal design for the spring weighing model for two objects

() () ()

1
1
3

[

For m = 3 the D-optimal design is

1 1 1 0
. 1 1 0 1 . 14+p—4p?
b = 1 0 1 1 >w—1_7w,p>0.64&p<—0.39
Or

0 0 1 1 1 0
_ 1 0 0 1 0 1

b= 0 1 0 0 1 1 (7.43)
1—w* 1—w* 1—w* w* w* w*
3 3 3 3 3 3
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where w* = %, p = —0.56 z.e. % =0, %* = % or the design, where the last three points
have weights equal to 1/3 for p = —0.56, i.e. the D-optimal design for spring weighing model for three

objects

1 0 1
* 1 1 0
1 1 1
3 3 3
For m = 4 the D-optimal designs are
1 1 1 1 0
1 1 1 0 1 )
14+2p—-6
€8 = 1 1 0 1 1 L wt = 1“”7162", p > 0.607 & p < —0.274
1 0 1 1 1 P
1—4.w* w* w* w* w*
Or
1 1 1 0 0 1 0 1 0 1
1 1 0 1 0 1 1 0 1 0
& = 1 0 1 1 1 0 0 1 1 0
0 1 1 1 1 0 1 0 0 1
1—w* 1—w* —w 1—w* w* w* w* w* w* w*
1 1 1 1 6 6 6 6 6 6
(7.45)
2 * *
Where w* = W, p = —% i.e. 1_Tw =% = 1—10 or the same design with the weights equal to

1/10 for p = —% , 1.e. the D-optimal design for the spring weighing model for four objects

1 1 1 0 0 1 0 1 0 1
1 1 0 1 0 1 1 0 1 0
& = 1 0 1 1 1 0 0 1 1 0
0 1 1 1 1 0 1 0 0 1
1 1 1 1 1 1 1 1 1 1
10 10 10 10 10 10 10 10 10 10
(7.46)
When m = 5 the optimal designs are
1 1 1 1 1 0
1 1 1 1 0 1
. 1 1 1 0 1 1
&b = 1 1 0 1 1 1
1 0 1 1 1 1
1—5.w* w* w* w* w* w*
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Where w* = 1530-80° p > 0.587 & p < —0.212 Or the 15-point design

1-25p% °
1 0 1 0
1 1 1 0
N 1 1 1 1
&p = 1 1 0 1 (7.47)
0 1 0 1
1—w* —w w* w*
5 5 10 10
where the weight 1_5“’* is related to the design points with four ones and one zero, and the weight % 18
related to the design points with three ones and two zeros. w* = %, p= —% 1.€. % =0
and §5 = 1—10 or the design where the last ten points have weights equal to 1/10 for p = f%, i.e. the
D-optimal design for spring weighing model for five objects
1 1 1 0 0 1 0 1 0 1
1 1 0 1 0 1 1 0 1 0
¢ = 1 0 1 1 1 0 0 1 1 0
b 0 1 1 1 1 0 1 0 0 1
0 0 0 0 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
10 10 10 10 10 10 10 10 10 10
(7.48)

Figure 7.2 illustrates the D-optimality of design for the bivariate SUR model Yij = Bj1xi; + €45 ,
ep(&) = 2(2F — z129 + 3).

Example 7.3 ( Approximative D-optimality for the univariate spring weighing models). We can
remark, that the D-optimal designs (7.44), (7.43), (7.45]) and for the considered SUR models
m e:vample are respectively D-optimal designs for the univariate spring weighing models for two,
three, four and five objects, i.e. for

Yi = Bz + Bawia + €

Yi = Bz + Bowiz + B3wiz + €

Yi = Bizir + Bawiz + B33 + Baia + &

Yi = Biwir + Bowia + B3z + Bawia + B5Tis + &

Where for all models E(e;) = 0, Cov(gi,ex) = 0, Var(e;) = 02,4,k = 1,....,n and n is the number
of weighing. To prove that, we just have to check the satisfaction of the conditions of the equivalence
theorem in the univariate case for D-optimality for more information see (| Schwabe (1996)) ) or ( Huda
and Mukerjee (1988) ).

To justify the equality of the local D-optimal designs for the SUR models and the D-optimal designs for
their counterparts by the univariate spring weighing models, we can remark, that this equality occurs at
most by the correlation terms p’s, which make the correlation matriz non-positiver definite, i.e. it is not
more a correlation matriz and the information matrices for the considered SUR models singular, i.e. the
determinant of it is equal to zero, thus statistically we can see, when we can not get any information with
respect to D-optimality because of unreality of the variance covariance matriz of the error variables, then
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we have no difference between the obtained informations from the multivariate case and the counterpart
in the univariate case, i.e. by the SUR model and in the counterpart by the univariate spring weighing
models. Mathematically, we can check the information matrices for the both models, for example for
the SUR model with five components their forms Y;; = Bjxi; +ei; j = 1,...,5 and these marginal
can formulate a spring weighing regression for five objects, also, the univariate counterpart the spring
weighing regression for five objects of this SUR model is Y; = B1xi1 + Poio + B3xi3 + Baxia + Bsxis + €,
also by 03 = 03 = O'g =0l = 052) = 1 we have not lost the generality, because they are just scaled terms,

thus

(1+3p)af  —pr1zy —pr1T3 —pr1TY —pr1Ts5
1 —prize  (1+3p)x3  —proxs —pXoTy —pxTs
Msur(X) = [EEyy) —pT1T3 —proxs  (1+3p)x3 —pr3ry —pT3T3 =
—pr1T4 —promy —przzy  (1+3p)x]  —prazs
—pT1T5 —pT2T5 —pT3T; —prars (14 3p)x3
x% 12 X1x3 T1T4 T1T5
1 T1Ty  TE  mox3 TaTy ToTH
m T1T3 X273 x% 333554 T3Ts5 +
T1Tx4 T2X4 X3T4 Ty T4s
T1x5  T2l5  XT3T5  T4Ls l’g univariate
3px? —(1+p)zize —(1+p)zizs —(1+p)ziza —(1 4 p)z125
1 —(1 4 p)z1m2 3px3 —(14p)zoxs —(1 4+ p)zexy —(14 p)zaxs
p—ap —(1+p)xizy —(1+p)zoxy —(1+ p)rsay 3px? —(1+ p)zygzs
—(1+p)rizs —(L+p)eors —(1+plaszs —(1+ p)razs 3pa? residuc

i.e. Munivariate (X) = (1 + 3P - 4P2)(MSUR - Mresidue)
And because Of det Muypivariate = 0, then (1 +3p— 4:02)5 det(MSUR(X) - Mresidue(X)) =0
The solutions of this equation with respect to p forxi =ax9=x3=x4=25=1

are p=1,p=—-1/4

also, for p = —1/4 was the design local D-optimal for the considered SUR model.

We have identity for the D-optimal designs for the considered SUR models and respectively the formu-
lated univariate spring weighing models from the same components of the SUR models form = 2, m = 4,
and m =5 respectively by p = £1, p=—1/3 and p = —1/4, and they are the solutions with respect to
the determinants. But for m = 3 the identity occurs for p = —0.56 the variance covariance matriz of
the error variables is not positive definite but reqular, and therewith the corresponding information is
not positive definite , but that is not the obtained solution with respect to the determinant by checking
the identity of the D-optimal design. Because of this contradiction, we can not take the relationship
between the information matrices for both models with respect to their determinants calculation as an
acceptable arqument for all cases, but it clears at least the relationship between both models, which are
formulated from the same marginal models. Also, by comparing the sensitivity functions with respect to
D-optimality for the SUR model with three components and the counterpart univariate spring weighing

model for three objects, for the design (7.48) with w* = ;;%p;ffi, p=—0.56 i.e. % =0, %* = % or
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the design with the last three points by weights equal to 1/3 for p = —0.56, we get the same sensitivity
functions, which are equal to 2(x? + x3 + x3) — (122 + T2x3 + x123). The same justification can be
ensued for the other models, i.e. for other values of m. Thus for m = 2, m = 4, and m = 5 the
identity for the D-optimal designs for the SUR models and their counterpart by the spring weighing
models, i.e. the both models have the same marginal model, occurs ordered by p = +£1, p = —1/3 and
p = —1/4, also, when the information matriz for the SUR models are singular, i.e. the the determinant
of them are equal to zero, and the correlation matriz indefinite. For m = 3 occurs the identity for the
D-optimal designs for the SUR model and their counterpart by the spring weighing model with three
objects by p = —0.56, also, when the correlation matriz indefinite resp. the information matrices for
the considered SUR model indefinite, but regular.

Remark 7.7. We can generalize the discussion in the last example for arbitrary regression functions
fi(x;) by the components of the SUR model resp. by their corresponding multi-factor univariate model,
which regression function has the form NJ'f; (x;), the information matriz for the SUR model has with
respect to the product type design because of the following form

(7.49)

(11) _ 1M (12) _ 1 X T
g g m m
MSUR = Munivariata + < ( ) ! ( ) ! 2 )

(0(12) - 1)11’12 : Il’l;r (0'(22) - 1)M2

Thus by colculating the sensitivity functions for both models and solving the equality of them for the
same design with respect to the correlation, then we can get the value of the correlation, which makes
the D-optimal design for the univariate model local D-optimal for the corresponding SUR model.

Example 7.4 (Approximate D-optimality for the multivariate spring weighing models). Another ap-
plication of theorem can be the determination of the D-optimal designs for the multivariate spring
weighing models, where the multivariate word is used in this work for describing correlated components,
and not correlated observations, as it 1s usually presented in the literature. Thus we can tmagine the
modeled problem through the algebraical balance in figure 7.3. We can also imagine, that some exper-
iments in pharmaceutical industry can be modeled by the multivariate spring weighing models at least
in the nesting form. Another problems such as Fitness studies or calculating calories in meals can
be described with these models, see ( Eisenhauer (2003)). It may also be useful, to study the optimal
weighing designs in the multivariate case, because there is a relationship between it and the balance
incomplete block designs, see (| Ceranka and Katulska (1987 ).

In this example, we will present at first different regression functions for the bivariate components,
i.e. the number of components is constant for all considered models m = 2, and spring weighing models
with equal and unequal numbers of objects for each components, i.e. we have models with p; = po,
p1 # p2 and p = p1 +pa. Thus for & = (1,1);w =1 and §;, = §§ @ &; for q,7 = 2,3,4,5 the product
type designs are D-optimal for the considered bivariate spring weighing models for the given intervals
for p,s as follows
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Figure 7.3:  Four-Pan Alge-
bra Balance

Figure 7.2:  ¢p(;) for SUR

Figure 7.1: ®2_,&) for
s #pl J ~150) model without intercept

SUR model without intercept

pilpe | pl| € detC'/? | detCYP T o* -1 I-L
1] 1]2]&,]70670,1.000] 0.330 [—0.707,0.707] | 1.414
1] 23]¢&,]10630,1.000] 0.370 [—0.866,0.866] | 1.732
1] 3]4¢&;5]10.867,1.000] 0.133 [—0.660,0.660] | 1.320
1] 4 5]¢&,]70898,1.000] 0.102 [—0.645,0.645] | 1.290
115 ]6|¢&;]10.900,1.000] 0.100 [—0.683,0.683] | 1.366
2 214]¢,]10.000,1.000] 1.000 [0] 0.000
2 [ 3] 5|¢&, | [0.848,1.000] 0.152 [—0.750, 0.750] | 1.500
2 [ 4| 6¢&, |[0.850,1.000] 0.150 [—0.790, 0.790] | 1.580
3 3|6/ &, |[0.859,1.000] 0.141 [—0.774,0.774] | 1.548
3[4 | 7]¢&, |[0.870,1.000] 0.130 [—0.79,0.79] | 1.580
4| 4 8]¢&, [0.000,1.000] 1.000 [0] 0.000

this simulation illustrates, that for a fived number of components m = 2, the total number of parameters
for the SUR model p do not play any roll by the length of the p* -Interval resp. det cl/p -Interval, which
have been illustrated by the first simulation of the first example for grown m. However we can remark,
that for a fived number of parameters for the first marginal model p1 and grown number of parameters
for the second marginal model pa, we get longer p* -Intervals resp. shorter det CYP _Intervals. We can
remark too, that the product type designs are D-optimal only for the bivariate weighing models with two
or four objects, if p = 0, which means that the inequality maxxecx ©p(x,&*, p*) < p by theorem
is valid just for one value, p* = 0.

In the next example we will consider the multivariate spring weighing model for three objects by each
marginal model, also, the product type designs are D-optimal for intervals for p’s as follows

&* detCY?P -] | L p* -1 I-L
®2_,&5 | [0.859,1.000] | 0.141 [ [-0.774,0.774] | 1.548
®7_,&; | [0.802,0.865] | 0.063 | [0.434,0.767] [ 1.201
12| ®]_,& | [0.770,0.877] [ 0.107 | [-0.302,0.763] | 1.065

| el re| 3
NS RSN ks

Thus this stmulation gives the same result from the first example, also, for grown m we have to have
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shorter p* -Intervals and respectively longer det CYP _Intervals for the D-optimality of the product type
designs ab m > 2.

Example 7.5 (Approximate multivariate D-optimal chemical balance designs). [t is important to
remark, that in the first tabula all intervals contains the value zero for p, also the product type designs
are always D-optimal for p = 0. When we implemented the example in the experiments region [—1,1],
then the product type designs

2
are A-, D- and IMSE-optimal for the SUR models with the marginals Y;; = Bj1x;+¢e;55 = 1,...,m, as
it has been mentioned in theorem (
The same result is to be held for example in the experiments region [—1,1]. Thus by considering
the bivariate model

m * m -1 1
®iL1€0 = @51 ( 11 ) (7.50)
2

Yi1 = Briziin + Praxie +€in
Yio = B21%i21 + P22xio2 + [23Tio3 + €i2 (7.51)

Then the product type designs of the form , also ®?:1§6‘ and ®?:158 are ordered A-, D-, and
IMSE-optimal for the marginal models in , thus the product type design ®?:1§S is A-, D-, and
IMSE-optimal for the SUR model resp. chemical balance model with the marginal models in .
Figure 7.4 illustrates the D-optimality of the product type design ®?:1§8 resp. the graphic of the
sensitiwity function
CoB w2 2 2 2 2

ep(X;®7-18)) = 21 + x5 + 5 + x5 + 23
for xs = x4 = x5 = 1. Figure 7.5 illustrates the A-optimality of the product type design ®§?:1£§ resp.
the graphic of the function

palxi€s) _ otad 4 otad+ odad + bl + o

_ ay=wi—a5 =101 =0y =1
trace (M(&5) 1) 20% + 303 s oo

Figure 7.6 illustrates the IMSE-optimality of the product type design ®?:1£5‘ resp. the graphic of the
function

prvse(Xi&ysp)  _ otai+ojad+odai +odaitodad _
= 3 3 , r3=x4 =25 = 1,01 = 10,00 = 0.1
trace (L M(&5p,6m) ) 20% + 303

Example 7.6 (The linear optimal design for general information matrix). We will consider the simplest
bivariate model with the marginals Y;; = Bj1x;5 + €45 for j = 1,2, also, the product type design

is not A- nor IMSE-optimal for p # 0, even locally. The following A- and IMSE-optimal designs for
the corresponding multi-factor (additively) model or the spring weighing model for two objects are not
A- and IMSE-optimal designs for the considered bivariate SUR model.

1 1 0
f: < 1 > < 0 ) ( 1 ) , WA 20.422, WIMSE 20.264,

1—-2.w w w
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Figure 7.4: D-optimality for Figure 7.5:  A-optimality for Figure 7.6: IMSE-optimality
SUR model as Chemical bal- SUR model as Chemical bal- for SUR model as Chemical
ance model ance model balance model
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8 Discussion and Future Research

Finding optimal designs for multivariate linear models analytically is not easy but possible, and
this work can be a positive signal by that, where algorithms are not the only method to overcome
the complexity, which appear because of the different covariance resp. correlation structures, see for
example ( Wigesinha and Khuri (1987).

8.1 Conclusion

D- and linear optimal in designs are determined for SUR models with different structures for the

one- and multi-factor-marginal components, where the product type designs are D- and linear optimal
in designs for SUR models with intercepts by the one-factor and multiplicative marginals with
different nesting forms, and by additive marginals with different nesting forms except for block diagonal
information matrices. For SUR models without intercepts by the marginal components the product
type designs are D- and linear optimal in for the block diagonal form of the information matrices,
as practical example for such models are the multivariate chemical balance regression models. These
results can be held for a known covariance matrix for the error variables due to the Gaufs Markov
estimator and asymptotically for an unknown variance covariance matrix of the error variables, when
the error variable is normally distributed. The D-optimality for the product type designs is restricted
to the general form of the information matrix for SUR models without intercepts by the marginals and
depended on the value of the correlation term, so for intervals, which include zero and their sides less
than one in absolute value the product type designs can be D-optimal and these intervals will be closer
for grown components numbers m, where the multivariate spring balance regression models can be a
good example or a special case for such SUR models.
G-optimal criteria for the multivariate case were discussed and their upper bounds due to the D-optimal
design resp. weighted G-optimal design, were determined by some inequalities from the Matrix theory
for the product of the positive definite matrices, for general multivariate linear models, for MANOVA-
models by the MANOVA-design, and SUR models due to the Gaufs and OLS estimators by the product
type designs. Efficiencies for the OLS estimator vs the Gauft Markov estimator for SUR models with
respect to the product type designs, and due to D- and linear optimal criteria in were determined,
as well as the efficiencies for the MANOVA-design vs the product type designs due to the Gaufs and
OLS estimators. It is shown, that the MANOVA-designs are more efficient than the product type
designs with respect to the OLS estimator due to the D-optimality, and the MANOVA-designs, and
the product type designs, that have the same efficiency with respect to the OLS-estimator, and due
to the linear optimality in Integrated mean square error in the multivariate case as well as the
IMSE-criterion were defined and derived, which is a type of the considered linear optimal criteria
in By implementing the IMSE-optimal criterion on the MANOVA-model, it is shown, that the
reduction of IMSE-optimality for the MANOVA-model to the corresponding univariate problem of the
marginal models as in  ( Kurotschka and Schwabe (1996) is possible.
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8.1.1 Extensions

Through this work, it can be concluded, that the research of optimal designs for multivariate linear
models are analytically not very restricted and can be reduced to the corresponding univariate case in
many cases, where by an extension of the results for this work is possible. SUR models with fixed block
effects can be a special case of the considered model by the dissertation of my college Jesus Alonso
Cabrera, where optimal designs for models with random and fixed effects are explored.

When the sensitivity functions in the multivariate case due to D-optimality in general are independent
on the variance terms and dependent only on the correlation term, then theorem [7.1]is valid and the
D-optimal designs can be similarly restricted by some intervals of the correlation terms for different
multivariate linear models.

The orthogonality conditions for the SUR models without intercepts by the corresponding marginal
components, which makes the non block diagonal information matrix block diagonal, can be relieved
for the nearest neighbor correlation structure.

Exploring the optimal designs for multivariate linear models through a more complex covariance struc-
ture, such as the Kronecker product covariance structure resp. when not only the components but the
individual resp. observations are correlated, so the variance covariance matrix of the error variables
for the multivariate model has the form V = ¥; ® X5, so the product type designs are no longer
optimal for the simplest example for the considered SUR models, and the information matrix is no
longer the sum of the information matrices for the individual. For the MANOVA-model the reduction
of the optimal design problem to the corresponding univariate problem is impossible in this structure
of V as in the work of ( Kurotschka and Schwabe (1996). However it can be reduced to the problem
for finding optimal designs for univariate models with correlated observations, because the variance
covariance matrix of the Gaufs estimator has instead of the following form

Cov = (FTV_IF)A _

-1
(T © fo(@1), s T @ o @) (7" @ £5) T @ Fo(@1), s L @ o))" )

n -1
=31 ® (Z fo(a:i)Eglfo(xi)T> (8.1)

i=1

Then the results due to optimal designs for models with correlated observations in the works of Bischoff
(1992), (1993), and (1995) and others are valid for these models for known ;.

The reduction of the optimal design problem for Growth curve models in ( Reinsel and Velu (1998)
to the optimal design for models with correlated observations is possible, if we are interested in the
optimization of the time points for the observations ¢ and not in the optimization of the number
of subjects n, because of the form of information matrix, which is the Kronecker product for two
information matrices, the first one is dependent on the numbers of subjects n and the second one
dependent on the time points t, i.e.

M =F;(n) Fi(n)® Fy(t) Z71F5(t) = M;(sn) ® My(t)

So in general the information matrix for time points Mp(t) has the structure of the information matrix
for models with correlated observations, and the considered regression functions by ( Reinsel and Velu
(1998) are polynomial regression function, so the design matrix Fa(t) is quadratic for equal numbers
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of observations and polynomial degrees resp. numbers of parameters , so the reduction of the D-
optimality problem for correlated observations in the regular univariate problem for known variance
covariance matrix of the error variables in this case is possible, because of the following form

8.2

det M (t) = det (Fg(t)TE_lFQ(t)) — det Fa(t) T det S det Fat)

thus det Ma(t) = det S~ det <F2(t)TF2(t)>

Possible Research

Much research in this region can be done, so the following research will be considered in the future

Exploring further optimality criteria for the considered SUR models as the C-; E-, Ds- and linear
optimal criteria, by non block diagonal weight matrix L.

Exploring the optimal designs for the considered SUR models by limited information estimators
as the the feasible General least square estimator, as the two or three stage GLS, OLS-or ML-
estimators in some cases see ( Amemiya (1985) or (Anderson (2005). The big problem by dealing
with such estimators is the non-equality between the inverse of their variance covariance matrices
and the information matrices and therewith it is to prove the convexity for the set of the variance
covariance matrices for such estimators to build the convex theory due to them.

Usage of the results of the analytical optimal designs for the considered SUR models to test
the efficiency for the developed algorithms or other optimization methods as the positive semi-
definite programming ( Atashgah and Seifi (2009) by finding optimal designs for multivariate
linear models by their application to the considered SUR models.

Exploring the optimality of the product type designs and the restrictions on D-optimality for
the considered SUR models without intercepts for some special correlation structures as the
autoregressive and the nearest neighbor correlation structures.

Determining the efficiency bounds for product designs by the considered SUR models, where
their marginals are additive models or multi-factor models, which can be formed additively but
without intercepts in hierarchically and other nesting forms, similar to the work of ( Schwabe
and Wong (1999).

Exploring the optimal designs for multivariate linear models through a more complex covariance
structure, as the Kronecker product covariance structure resp. when not only the components
but the individual resp. observations are correlated so the variance covariance matrix of the error
variables for the multivariate model has the form V = 31 ® 3.

Finding optimal designs for the considered growth curve models by ( Reinsel and Velu (1998)
for non quadratic design matrix Fa(t).

Investigating the optimal designs for the considered SUR models and other multivariate linear
models but by other structures for the marginal regression functions resp. the parameter.
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