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Abstract
Interfacing polar insulating oxidesmay result in the formation of interface-confined, high density
carriers with a number of emergent properties. A local coupling of carriers to a helimagnetic oxide
layer is shown to lead to an effective spin-orbit interactionwith a band splitting determined by the
local s-d exchange interaction. As a result a bias-induced, non-equilibrium long-lived spin density
normal to the spiral plane is predicted.We find that the spin accumulation is strongly enhancedwhen
only one of the two bands is at the Fermi level and the chemical potential is close to the band edge. As a
consequencewe predict a large spin-transfer torque and spin current emission that can be utilized for
oxide-based spintronic applications.

Introduction

Non-magnetic control of spins is essential for a number of spintronic devices with novel functionalities and low-
energy consumptions. The drivingmechanisms are diverse [1, 2], such as the spin-Hall effect [3–5], current-
induced spin torques [6, 7], the spin-Seebeck effect [8], or themagnetoelectric effect [9–13]. Generally, a key
common element is the presence of a spin orbital interaction (SOI)which can lead to a substantial current-
driven torque or spin accumulation. This in turn can be utilized to steer themagnetization of a ferromagnetic
(FM) layer [7] for example. The largest efficiency of spin-transfer torques so far is observed in the topological
insulator (TI) bismuth selenide (Bi2Se3)with the Rashba SOI [14, 15] andmagnetically dopedTI hetrostructures
[16]. Herewe show that the spin-torque ratio (i.e., the strength of the torque per unit charge density) can be
further enhanced by orders ofmagnitudewhen utilizing an emergent spin-polarization of a high-density two-
dimensional electron gas (2DEG) or liquid formed at the interface of oxide heterostructures that involve helical
magnetic order.

Such 2DEGswith carrier density~1014 cm−2 andmobility~104 cm2V−1 s−1 were realized for LaAlO3/

SrTiO3 (LAO/STO) or RTiO3/STO polar interfaces (where R is a trivalent rare Earth ion) [17].Moreover, the
STO-layer retains the bulk character even down to a thickness of 2 unit cells [18]. This sheet of 2DEG can be
excellently confined in STO/1-monolayer-RO/STOheterostructures [19] and STO/SrTi0.8Nb0.2O3 quantum-
well structures when the thickness of the SrTi0.8Nb0.2O3 layer becomes less than 1.56 nm [20]. Experiments on
the gate-control of the Rashba-type spin–orbit coupling in LAO/STOheterostructures have been reported
[21, 22]. Furthermore, experiments [23] evidenced anisotropicmagnetoresistance in (STO) quantumwells
(<1 nm, with carrier density ´7 1014 cm−2) epitaxially embedded in ferrimagnetic GdTiO3 (GTO) or
antiferromagnetic SmTiO3.What happens if a helimagnet film is involved, e.g. if RMnO3 (R=Tb,Dy,Gd)
[24, 25] replaces one of theGTO layer or is deposited atop of highly confined STOquantumwells [20, 26].
Experimentally, the helical spin structure of TbMnO3 (TMO), for instance, is found to persist down to 6nm
films onYAlO3 [001] substrates [27]. In this case, due to electronic correlations the 2DEG carriers couple to the
localmagneticmomentswhose spiral structure leads to an (gauge) effective SOI [28]. Acting on traversing
carriers this SOI results in an emergent spin polarization of 2DEG, as shown below. Remarkably this effective
SOI resembles the semiconductor case forwhich the Rashba SOI andDresselhaus SOI have equal strengths
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[29, 30]. Therefore, only aweak decay of spin polarization coherence occurs during a (nonmagnetic)
momentum-dependent intra-band scattering. At low temperatures, the inter-band scattering is suppressed
because of the band separation stemming from the local s-d exchange interaction. Thus, a large and long-lived
spin accumulation emerges in 2DEG as only the lower subband is occupiedwith electrons. Such a generated spin
accumulation is very useful for oxide-based spintronics, e.g., as highly efficient generators of spin transfer torque
steering themagnetization of an attached FM layer (seefigure 1(a)), or for coherent spin-current injection (see
figure 1(b)). Further functionalities are expectedwith theRMnO3 thinfilms grown onYAlO3 [27] or STO [31]
substrates. For example, some helimagnets (TMO) possess spin-current driven ferroelectric polarization and
hence the SOI can be tuned by amoderate electric field [32].

Generalities and proposed setup

The proposed structures are sketched infigures 1(a)–(b). The essential building block is composed of the oxide-
based 2DEG and a helimagnet such as TMO (e.g. GTO/STO/TMOor STO/LAO/TMO). Below =T 27C K,
TMOexhibits a spin-drivenmultiferroicity and a helical spin structure in the bc (or ab) plane [24, 32]. In the
following xz-plane is taken as the spiral plane, i.e., =( ) [ · · ]m r q r q rsin , 0, cosm m with the spiral vector

Figure 1. Schematic diagrams of the oxide-based 2DEGwith large and long-lived spin accumulation for (a) spin transfer torques on a
FMelectrode and (b) spin current injections via spin diffusion.Ω areOhmic contacts, M is a FM electrodemagnetization. The bc or ab
plane are the spiral plane of RMnO3 towhich 2DEG couples. For clarity, the spiral plane is taken as the xz plane and the spiral vector
along the x-axis (see also the appendix A). (c) Induced spin density by applied electric fields Ex (Sy

e) and temperature gradients
- T Tx (Sy

q) as functions of the chemical potentialμ and the exchange interactionU. Two inner contours with =U 0.05 eV are
present in (d)with the solid lines (full). The approximation results for ˜U q km F are shown for comparison (dash lines). The spin
spiral wave vector p= -[ ]aq 0.27 , 0, 0m and the temperatureT=20 K.
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= -[ ]qq , 0, 0m m . The coupling of 2DEG to the helical spin order is captured by the s-dHamiltonian

s= + · ( ) ( )H
m

U
P

m r
2

. 1
2

It should be noted that the vector potential associatedwith the internal (real)magnetic field of themagnetic
moments is negligible [28]. = P k is themomentumoperator,m is the effective electronmass,U is the local
exchange coupling strength, and s is a vector with Paulimatrices components. Performing the unitary local
transformation s= -( · )U q rexp i 2g ym , the quantization axis becomes oriented along the vector m (r) at each
point (sy does not change, as s =[ ]U , 0g y ).H then transforms to (a brief summary ofmathematical details is
included in the appendix A)

a s s= + +˜ ( )
H

m
k U

k

2
2x y z

2 2

with a = ( ) q 2m2
m . Clearly, the transformedHamiltonian H̃ contains an (gauge) effective SOI that depends

linearly on the carriers wave vector k and on the helicity qm ofmagnetic order. The strength of effective SOI, a is
determined by the effectivemassm of the 2DEG aswell. For the collinearmagnetic phase ( =q 0m ) this SOI
vanishes. Diagonalizing H̃ yields two carrier subbands Ek well-separated byU, i.e.

e a=  + ( )E U k 3k k x
2 2 2

with e = ( ) mk 2k
2 2 . Note, this band splitting suppresses efficiently the inter-subband scattering at low

temperatures. IfU=0, the 2DEGdecouples completely from the helicalmagnetic structure and becomes a
2DEGwithout gauge spin–orbit coupling.We have then =- +E Ek k and effects based on lifting this degeneracy
disappear. In our case with given finiteU the spiral structure selects a specific value for qm resulting in ¹- +E Ek k
and associated effects.

For 2DEG at oxide interfaces the effective electronmass =m m3 e [21, 33, 34] (me is the bare electronmass),
and p=q a0.27m (for TMO [32], a lattice constant a= 5Å is assumed). The effective SOI strength reads then
a = 0.216 eVÅ, which is of the same order as the Rashba SOI in typical semiconductor quantumwells [35, 36].
The k-dependence of the effective SOI is analogous to theDresselhaus [110]model and the balanced Rashba and
Dresselhaus spin–orbit couplings [29, 30, 37, 38], inwhich case the systempossesses an exact SU(2) symmetry
that renders spin lifetime infinite. In our case, given the large electron density and the highmobility of oxide
electron gases [17], the electron–phonon and electron-impurity scattering are usually weak. Scattering is
dominated byCoulomb interactions.However, due to the relatively large Fermi energy (∼0.5 eV), amoderate
exchange interactionU implies long-lived spin coherence in 2DEGwith inhomogeneous direction of spin
polarization [39]. Furthermore, the degeneracy of each subbandmay result in screening of theCoulomb
interaction at charged defects [40]. Togetherwith the suppression of the kinetic energy due to the large effective
mass, we expect in general large spin-orbit effects in oxide heterostructures.

Induced spin density

Bymixing orbital and spin degrees of freedom, the effective SOI suggests a current-induced spin density in
2DEG [7]. Generally, such a non-equilibrium spin density influenced by applied electric fields and temperature
gradients can bewritten as [41]

w w w k w k w= + = -


( ) ( ) ( ) ( ) ( ) ( )S S S E
T

T
, 4i i

e
i
q

ij
se

j ij
sq j

where i and = ( )j x y z, , and are spatial subscripts. s, q, and e denote respectively the spin, heat, and charge
degrees of freedom. Formally, the conductivities k n

ij
s (here n = e or q) is introducible via the linear response

function of the homogeneous spin density Si to aweak vector potential
nAj . Given that the vector potential

nAj is

related linearly to a current density nJj , the response can be denoted by theKubo product
n

wˆ ˆS J;i j  [42].
Taking that w= w-A Ee ie ti and w= - w-( )T TA e iq ti , we have [41, 43]

ò åk
w p

s e w e= - +n

e

n

( )
ˆ ( ) ˆ ( ) ( )T

G J G
ki

Tr
d

2
, 5ij

s
i k n j k n

2

2
n

where the charge and heat current densities are

m= = - +ˆ ˆ ˆ [ ˜ ˆ ] ( )e HJ v J vand
1

2
, 6e q

with the ‘velocity’ operator d d=ˆ H̃v P.μ is the chemical potential of the system. e( )Gk n is theMatsubara
Green function corresponding to theHamiltonian H̃
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e
e e m s a s
e m e m

=
- + + +

- + - ++ -( )
( )( )

( )G
U k

E E
7k n

n k z x y

n k n k

with e p= +( )n Ti 2 1n for În Z . The dc conductivity is k ww
n

 ( )lim ij
s

0 . From equation (5) follows that only
the conductivities k n

yx
s arefinite. Thismeans a steady non-equilibrium spin density Sy (normal to the spiral

plane) is generated by a steady current nJx in response to electric field Ex and/or temperature gradient- T Tx

along the spiral wave vector, similar to theAronov–Lyanda–Geller–Edelstein (ALGE) effect (also known as the
Edelstein effect) [44–46]. No spin-Hall conductivity are expected due to our special formof SOI as a result of the
coplanar spiralmagnetic ordering [28, 41]. Furthermore, we consider (the experimentally relevant) situation
where the applied perturbations Ex and- T Tx are small such that a linear response approach is viable. Thus,
the effect of the induced current nJx on the localmagneticmoments is weak and can be neglected. Performing a
Matsubara sumover en and for w  0 the static spin density reads

òa
q

p
t

e q

a q
m m

m m

= -
+

¢ - - ¢ -

+ ¢ - + ¢ -

+ -

+ -

( )
( ( ) ( ))

( ( ) ( ))]

( )

⎡
⎣
⎢⎢S eE

k k

U k
n E n E

n E n E

d d

2

2 sin

sin

,

8y
e

x k
k

k k

k k

2

2

2 2 2 2
F F

F F

òa
q

p
t

e e m
a

q

a q
m m

e m e q m m

=


- +

+
¢ - - ¢ -

+ - + ¢ - + ¢ -

+ -

+ -

( )
( ( ) ( ))

( )( ( ) ( ))]

( )


⎡

⎣

⎢⎢⎢⎢

⎛
⎝⎜

⎞
⎠⎟

S
T

T

k k

m

U k
n E n E

n E n E

d d

2

2 sin

sin

2 sin ,

9y
q x

k

k k

k k

k k k k

2

2

2
2

2 2 2 2
F F

2
F F

where e( )nF ( ¢nF) is the Fermi distribution function (its energy derivative). tk is themomentum-relaxation time.
Obviously the induced spin density vanishes for a collinear spin order inwhich case a = 0. In the limit of
U=0, the velocity v̂ and the current density nJj come to be spin-independent andwe have k =n 0ij

s , leading to a
vanishing spin density aswell. For strong s-d exchange interaction aU kF with kF being the Fermiwave
vector, the above equations evidence a linear qm-dependence of Sy (see the dash lines infigure 2). The sign of qm
and hence of Sy is invertible by a transverse Efield.

For low temperature e¢ ( )nF is strongly peakedwhich yields

(i) For m < -U or m > U , both subbands are then occupied by electrons or holes, respectively. We have
vanishing spin density

» » ( )S S0 and 0. 10y
e

y
q

(ii) For m <∣ ∣ U , only the lower subband, -Ek is electronically populated. From equations (8)–(9) one finds

p
t

m
p
t= - = -

 ( )S
q

eE
U

S
q T

T
U

4
and

4
, 11y

e
k x y

q
k

xm m
F F

where tkF
is the relaxation time at the Fermiwave vector.

Equations (10) and (11) are themain analytical results. Assuming that the spiral wave vector p=q a0.27m ,
~U 10 meV, and m ~∣ ∣U 1, in the case of only -Ek being occupiedwe have t ~( )S eE 10y

e
k x

2
F

μm−1 and

t  ~( )S T T 10y
q

k x
3

F
meV μm−1 , which are two orders larger than the values of GaAs-based quantumwells

with the Rashba SOI in [43]. Infigure 1, numerical results of spin density, given by equations (8) and (9)with or
without the approximation aU kF , are shown as functions ofμ andU andT=20 Kwhich is below the
multiferroic transition temperature of TMO [24, 32]. The low-temperature approximate solutions,
equations (10) and (11) explainwell the spin polarization behavior. The spin density is strongly enhanced only if
the lower subband ( -Ek ) is occupiedwith electrons as m <∣ ∣ U (see figure 1(d)) and achieves its extremal value at
the band edge. The small discrepancies stem fromdeviation from aU kF when SOI coefficient a is large (see
figure 2). Herewe emphasize that this spin density survives even forweak s-d exchange interaction as long as the
thermal excitation energy is lower than the band splitting (i.e., kT U ) and m »U 1. For m >∣ ∣ U both
subbands are occupiedwith electrons or nearly empty. The numerical results show a non-zero spin density (see
figure 2), which is two orders ofmagnitude lower than the valueswith only the -Ek being occupied, however it is
still the same amplitudes as that in semiconductor quantumwells with Rashba SOI [43].Whereas, the linear qm-
dependence of the spin polarization nSy holds for all cases withweak effective SOI. Experimentally, such large and
long-lived spin density at complex oxide interfaces is advantageous for highly efficient spin-orbit effects, as
discussed below.
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Giant spin transfer torques

Different from the usual case of a pureHall-effect geometry, inwhich a spin toquewould be due to a spin current
injected into a FM layer, here the diffusion of the spin accumulation from the 2DEG results in a giant spin
transfer torques, e.g., on a FM top electrode, for instance, a Co electrode (see figure 1(a) and [47]). Let the
thickness of the FM layer be dFM and the z axis has its origin at the 2DEG/FM interface. In the steady-state
regime the boundary conditions of itinerant spin density, ( )zSFM in the FMare [14]: =( )S S0FM 0 and

=( ) d 0FM
s

FM , where the spin current = - ( ) ( ) z zSzFM
s

0 FM with 0 being the diffusion coefficient. From
the equations governing the spin dynamics in the FM layer [48], the diffusion leads to a steady-state (itinerant)
spin distribution [14]

l
l

= + =
-

^( ) ( ) ( ) [( ) ]
( )

( )z S z S z S
z d

d
S i

cosh

cosh
, 12FM 0

FM m

FM m


where l t t t= + -f
- - -( ) i Jm 0 sf

1 1 1 with tJ , tf, and tsf being the spin precession time, the spin decoherence
time, and the spin diffusion-time in the FMelectrode, respectively. SFM is perpendicular to the FM
magnetization. The initial (three-dimensional) spin density S0 is assumed to be alignedwith the spin
accumulation in 2DEGdue to the exchange interaction, c= n dS S0 EG where dEG is the thickness of the electron
gas.χ describes the interface effect and is of the order 1 [14]. The spin torque on the FMmoments is defined as
the spatial change of the spin current compensated by the spin relaxation [14, 48]

Figure 2.The qm-dependence of the spin density with =U 0.05 eV for various values of the chemical potential (see the insets):
m = -0.06 eV in thefirst row, m = 0.04 eV in the second row, and m = 0.06 eV in the third row, respectively.
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ò t
= - -· ( ) ( ) ( )

⎡
⎣⎢

⎤
⎦⎥z z zT Sd

1
. 13

d

sf0
FM
s

FM

FM

In the limit of a thick FM layer, we find l t t= -f
- -( )ST i J0 m

1 1 . The spin torque ratio is defined as,
q = ( )J2eT x

e
ST . For spin accumulation induced by the applied electric field Exwe have then

q c
k

l
t t= -f
- -( ) ( )



e S

E d

2
i . 14

y
e

x
e

x
JST

m

EG

1 1

The charge current density is k=J Ex
e

x
e

x where kx
e is the charge conductivity of 2DEG. Introducing the spin

density Sy
e, equation(11) into the spin torque ratio, onefinds

q c
s

k
l m t

t
t
t

= - -
f

( )
⎛
⎝⎜

⎞
⎠⎟d

q

U2
i . 15

x
e

k k

J
ST

0

EG

m m F F

s = e h20
2 is the conductance quantum.Using the effective electrical conductivity of STO/SrTi0.8Nb0.2O3

quantumwell, k = ´1.4 10x
e 2 S cm−1 [20], togetherwith =d 5 nmEG , p=q a0.27m for TMO [32], and

l = 40 nmm for Co [49], the spin torque ratio is

q c
m t

t
t
t

» - -
f

( )
⎛
⎝⎜

⎞
⎠⎟U

37.6 i . 16k k

J
ST

F F

For a typical ferromagnet (Ni, Co, Fe and their alloys), t t= =f
-10J

14 s [14, 48, 50]. The averagemomentum
relaxation time t̄kF

in 2DEG is estimated by t= ¯u e mkF
, where u is themobility (~104 cm2 V−1 s−1) of 2DEG at

oxide interfaces [17, 51, 52].We have then t = -- -¯ 10 10k
11 12

F
s as observed in experiments [21, 33], which

results in a giant spin torque ratio, q ~ -∣ ∣ 10 10 ,ST
3 4 at the band edge (m »∣ ∣U 1), compared to the value

(∼2.0–3.5) in the TI Bi2Se3 [14].

Long-range spin current

Alternatively, considering the spin-current injection geometry as shown infigure 1(b), by vertically depositing
the LAO/STOheterostructures onRMnO3 substrates, the diffusion of spin accumulation from the 2DEG/
helimagnet interface yields an exponential spin distribution in 2DEG, = l-( )zS S e z

0
EG and thus a long-lived

spin current

l= l-( ) ( )zJ S e , 17zs
0 0 EG

EG

along the a(z)-direction.Here lEG is the spin diffusion length in 2DEG,which is expected beyondμm.
Accounting for the Rashba SOI at LAO/STO interfaces, a s s-( )k kR a b b a that arises due to a break of the
structural inversion symmetry [21, 53], we infer that the spin current ( )zJs leads to a transverse charge current
via an inverse ALGE effect [54] or inverse spin-Hall effect [55] depending on the direction of interfacial spin
density S0 : (i) In-plane aS0 with the bc spiral, the induced charge current by inverse ALGE effect along the b-
axis reads, a t=( ) ¯ ( )J z J z .b

e
R a

s (ii)Out-of-plane cS0 with the ab being the spiral plane: the transverse charge
current induced by themomentum scattering in theRashba SOI leads here to a charge current along the b
direction such that g=( ) ( )


J z J z ,b

e e
c

2 s where γ is the inverse spin-Hall angle. In an open circuit geometry, the

generated electric field Eb satisfies ò k+ =[ ( ) ]J z E zd 0
h

b
e

b
e

b0

EG
, which gives

òk
= - ( ) ( )E

h
J z z

1
d , 18b

b
e

h

b
e

EG 0

EG

along the spiral axis. hEG is the thickness of STOheterostructures and kb
e is the effective electrical conductivity of

2DEG along the b direction. Eb would lead to a transverse voltage, which can in turn be used formeasuring the
spin accumulation and other parameters for optimizing the 2DEG/helimagnet building block.

Discussions

Our analysis assumes that themagnetic order is exactly coplanar in the spiral plane but it usually has a small
deviation in experiment. This would result in an another (random)weak effective SOI in the spiral plane and
introduces a spin dephasing in 2DEG.On the other hand, the parity symmetry breaking at the RMnO3 interfaces
due to ferroelectric polarizations in cycloidal RMnO3 gives rise to a conventional Rashba-type SOI. Comparing
the saturated polarization in RMnO3 (~ ´ - -5 10 C m4 2 [32])with that in SrTiO3 interfaces (~ -0.1C m 2 [34]),
the strength of the Rashba SOI at the RMnO3 interface is expected to be howevermuch smaller than 10−2 eVÅ
at SrTiO3 interfaces [21], which is already less than 10%of the gauge effective SOI considered here. Therefore,
the average spin decoherence induced by these corrections is small. Furthermore, the electric field [32] and
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magnetic field [31] tuning the spiral spin structure (i.e. qm) offer newways tomanipulate spin torques. Very
recently, extrememobility enhancement of 2DEG is found at LAO/STO interface by inserting a single-unit-cell
insulating layer of La1−xSrxMnO3 (LSMO) [56].Mn2+ sites with strong spin–orbit coupling aremostly trapped
in the LSMObuffer layer, whereas the 2DEG carriers stay on the Ti site. In principle, theDzyaloshinskii–Moriya
interactionwould arise from spin-orbit scattering of electrons in an inversion-asymmetric crystal field [57], we
have then helicalmagnetic order and polar LSMObuffer layer [58], which could be another promising candidate
of helimagnetic ultra-thin film in our considerations.
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AppendixA. Effective SOI and spinor state of 2DEG

Without loss of generality, let’s take the xz-plane as the spiral plane and the spin spiral vector along the x-axis (see
figure 3(a)), the localmagnetization of the helimagnet reads then

=( ) [ · · ] ( )m r q r q rsin , 0, cos , A.1m m

where = -[ ]qq , 0, 0m m is the spiral vector. At low temperature, themagnetization dynamics ismuch slower
than that of the 2DEG carriers, sowe can treat the localmagneticmoments as classical and static. By interfacing
2DEG and the helimagnet, the carriers are subject to the local s-d exchange interaction and the dynamics of the
2DEG is governed by theHamiltonian equation(1). Upon the gauge transformation

s= -( ) ( · )U r q rexp i 2g ym , the quantization axis becomes oriented along the vector m (r) at each point. It
simplifies the last spatially inhomegeneous term in equation(1) as s s=( )[ · ( )] ( )†U r U rm rg g z . Such a
transformation introduces however an additional (spinor) gauge potential

s= - = -( ) ( )† U r U rA qi 2g g r g y m as a part of the transformed kinetic energy, i.e., we have the transformed
Hamiltonian of the 2DEG

s= + +˜ ( ) ( )H
m

UP A
1

2
. A.2g z

2

Gauging away the uniform energy displacementD =E mA 2g
2 , we get then equation (2) and an effective SOI,

a skx y with a = ( ) q m22
m . Clearly, the gauge effective SOI is determined purely by the nontrivial topology of

the spiralmagnetic texture, and its strength depends linearly on the carriers wave vector k and on themagnetic
spiral helicity qm. For the collinearmagnetic phase ( q 0m ) this effective SOI vanishes.

By diagonalizing theHamiltonian H̃ , we have two carrier subbands shown infigure 3(b)

a= +  + ( ) ( )E k k m U k2 . A.3k x y x
2 2 2 2 2 2

Figure 3. (a) Schematics of the coupled 2DEG/helimagnet heterostructure. The x axis is defined along the direction of the spiral
ordering and xz plane as the spiral plane. (b)Energy bands of 2DEG: the band splitting between two energy branches Ek is determined
by the local s-d exchange interactionwith the strengthU.
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The corresponding eigenstates are respectively

y yñ = ñ =

f

f

f

f+ -∣ ∣ ( )· ·

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟e

cos

i sin
, e

i sin

cos
A.4k r k ri 2

2

i 2

2

with f = atan k

U
x .

Noting that sy does not change because s =[ ( )]U r, 0y g , onefinds the expectation value of the spin
polarization sá ñy per electron in the original spin space as

s y s y
a

a
á ñ = á ñ = 

+
  ∣ ∣ ( )k

U k
. A.5y y

x

x
2 2 2

Obviously, sá ñy is odd in kx, and hence it would vanish upon the summation over a symmetric k space.However,
in the presence of an electric field and/or a temperature gradient along the x direction, the Fermi surface is
displaced.Wefind thus á ñ ¹k 0x and consequently a finite value of the induced spin density s= á ñS 2y y . The
other two components, sá ñx and sá ñz are periodic in the original space and averaged so to zero.
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