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Abstract

In this paper we study multi-valued parabolic variational inequalities involving quasilinear
parabolic operators, and multi-valued integral terms over the underlying parabolic cylinder
as well as over parts of the lateral parabolic boundary, where the multi-valued functions
involved are assumed to be upper semicontinuous only. Note, since lower semicontinuous
multi-valued functions allow always for a Carathéodory selection, this case can be consid-
ered as the trivial case, and therefore will be omitted. Our main goal is threefold: First,
we provide an analytical frame work and an existence theory for the problems under con-
sideration. Unlike in recent publications on multi-valued parabolic variational inequalities,
the closed convex set K representing the constraints is not required to possess a nonempty
interior. Second, we prove enclosure and comparison results based on a recently developed
sub-supersolution method due to the authors. Third, we consider classes of relevant gen-
eralized parabolic variational-hemivariational inequalities that will be shown to be special
cases of the multi-valued parabolic variational inequalities under consideration.
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1 Introduction

Let Q ¢ RY be a bounded domain with Lipschitz boundary 6Q, Q = Q x (0,7) a space-time
cylindrical domain, and I' = dQ X (0, 7) its lateral boundary with 7 > 0. We assume that 0Q admits
the decomposition

AQ =3p Uy,

with pairwise disjoint, relatively open subsets Xp, Xy, where Xy is supposed to have positive surface
measure, i.e., meas(Xy) # 0. The corresponding parts of the lateral boundary are denoted by

Ip=2px(0,7), Ty=2Xyx(0,1),

suchthatI'=Tp UTy.

Let W!'?(Q) be the usual Sobolev space with its dual space (W'?(Q))*, and denote by p’ the
Holder conjugate satisfying 1/p + 1/p’ = 1. By V;, we denote the closed subspace of W'?(Q) given
by

Vo = {u € WP (Q) : yaouls, = 0}, (1.1

where ysq @ WIP(Q) — LP(0Q) stands for the trace operator which is known to be linear and
compact. For the sake of simplicity we assume throughout this paper 2 < p < co. Then W!'?(Q)
c LX(Q) c (W'"P(Q))* forms an evolution triple with all the imbeddings being dense and compact,
cf. [27], and the same holds true for Vy, ¢ L*(Q) C V- Let X := LP(0, 7} W'P(Q)), and denote by
Xy C X the subspace of X defined by

Xo ={u€X:yulr, =0} =LO,t; V),

where y : X — LP(T) stands for the trace operator, which is linear and compact. In what follows we
are going to use the following notation

YNU = yulry.

In this paper we are going to study the following multi-valued parabolic variational inequality:
Find u € Wy N K, n € LP (Q) and ¢ € L” (T'y) such that

u(-,0)=0 inQ, g€ fC,-u), £ € fy(,- yyu), and (1.2)
(up + Au, v — uy + fQ n (v — u) dxdt + er £ (ynv —yyu)dl > 0, (1.3)

for all v € K, where K is a closed, convex subset of Xo, Wy = {u € Xo : u; € X3}, (-, -) denotes
the duality pairing between X and Xo. The operator A : Xy — X; is assumed to be a second order
quasilinear differential operator of Leray-Lions type of the form

N

Au(x,t) = - Z %ai(x, t,Vu(x, 1)),

i=1

and f : OXR — 28 with (x, 1, 5) = f(x,,5) € 2% and fy : Ty xR — 2% with (x, 1, 5) = fy(x,1,5) €
2% are supposed to be upper semicontinuous multi-valued functions with respect to s that will be
specified later.

Problem (1.2)—(1.3) was studied in [8] in the special case where f : @ X R — R is a (single-
valued) Carathéodory function and meas(I'y) = 0, i.e. with homogeneous Dirichlet boundary con-
ditions on I'. An extension of the latter to the multi-valued case with f(x,t,s) = dj(x,t, s), where
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s — 0j(x,t, s) denotes Clarke’s generalized gradient of some locally Lipschitz function s — j(x, ¢, s)
defined by
0j(x,t,8) :={leR: j°(x,t,8;r) = {r, Y r € R}

(cf., e.g., [15, Chap. 2]), leads to the following associated multi-valued parabolic variational inequal-
ity: Find u € Wy N K and 1 € L” (Q) such that

u(-,0) =0 in Q, n(x,1) € dj(x,t,u(x,tr)), (1.4)
(u,+Au,v—u>+fn(v—u)dxdtz(), VYvek. (1.5)
[

Problem (1.4)—(1.5) has been considered in [13], where among others it was shown that (1.4)—(1.5)
is equivalent to the following parabolic variational-hemivariational inequality: Find u € WyN K with
u(-,0) = 0 in Q such that

(u,+Au,v—u)+fj”(x,t,u;v—u)dxdt20, Vvek, (1.6)
0

where for a.e. (x,1) € Q, (s,r) — j°(x,t,s;r) denotes the generalized directional derivative of the
locally Lipschitz function s — j(x, ¢, s) at s in the direction » which is defined by

Jo(x,t, s;7) = limsup Jxtyten = jxhy) ,
y—s, €l0 €
(cf., e.g., [15, Chap. 2]). It is well known that Clarke’s generalized gradient s — dj(x,1t,s) of
a locally Lipschitz function s — j(x,¢, s) is an upper semicontinuous multi-valued function with
closed and convex values. However, the reverse is not true, i.e., there are upper semicontinuous
multi-valued functions that cannot be represented as a Clarke’s gradient. For illustration let us

consider the following simple but relevant example, which has been used in [2] to model certain
friction laws.

Example 1.1. Define f : R — 2% by

Sf(s) = g(s) + h(s) (1.7

where s — h(s) is the multi-valued function given by

-1 if s<0,
h(s) =3 [-1,1]1 if s=0,
1 if s5>0,

and g : R — R is the following (single-valued) discontinuous function:

3 if s<0,
g(s) = 0 if s=0,
—% if s>0.

The multi-valued function f defined in (1.7) is apparently upper semicontinuous. However, it is
easily seen that it cannot be represented by Clarke’s generalized gradient of some locally Lipschitz
function.

While for variational-hemivariational inequalities a rather complete mathematical theory based
on Clarke’s generalized gradient has been developed in recent years, a need in applications requires



634 S.Carl, V.K.Le

to consider more general parabolic variational-hemivariational inequalities of the following form:
Find u € Wy N K with u(-,0) = 0 in Q such that

(u; + Au, v — u) + f JO(x, t,u, u; v — u) dxdt

@ (1.8)

+ f JnCe t,ynu, ynus ynv —ynu)dl >0, Vv € K,
Iy

where j, jy given by

j:OXRXR — R with (x,t,7,5) > j(x,t,71,5),
JN:FNXRXR—)R With(x,t,r,S)HjN(X,I,V,S),

are supposed to be locally Lipschitz functions with respect to s, and j°(x, t,7, s;0) and j3,(x,t,7, 53 0)
denote Clarke’s generalized directional derivatives at s in the direction p for fixed (x, ¢, r). In partic-
ular, the following special case of (1.8) will be considered:

(u; + Au,v —u) + f h(x, t,u) J°(x, t, u; v — u) dxdt
0

(1.9)
+ f hn(x,t, u)j]”v(x, t,ynu; ynv —yyu)dl =0, Vv e K,
Iy
where j and jy of (1.8) have the special form:
Jotrs) = h(x,t,n)jxts),  jnxtrs) = hy(x, 6,0 jy(x, 1, ), (1.10)

where h, ] :OXR — Rand hy, }N : 'y X R — R are Carathéodory functions, and } :OXR—->R
and jy : [y x R — R are, in addition, locally Lipschitz with respect to s. In problem (1.8) (as
well as in its special case (1.9)) the functions s — j(-,-, s, s) and s — jy(-, -, s, s) may be not locally
Lipschitz but only partially locally Lipschitz. This enlarges the class of variational-hemivariational
inequalities considerably.

Our main goal is threefold: First, we provide an analytical frame work and an existence theory
for the multi-valued parabolic variational inequality (1.2)—(1.3) with multi-valued upper semicontin-
uous functions in Q and on parts of the lateral parabolic boundary I'y. Here we remark that the closed
convex set K representing the constraints is not required to possess a nonempty interior. Second,
we prove enclosure and comparison results based on a recently developed sub-supersolution method
due to the authors. The sub-supersolution method, which is of interest in its own right, will allow us
to relax certain coercivity conditions required in the general existence theory. Moreover, this method
will serve us as a tool to show that classes of parabolic variational-hemivariational inequalities of the
form (1.8) or (1.9) are equivalent to a subclass of the multi-valued parabolic variational inequality
(1.2)—(1.3). It should be noted that the treatment of parabolic variational inequalities with general
upper semicontinuous multi-valued functions, that is one of the main goal of this manuscript, is not
at all a straightforward matter, as new tools have to be developed. Moreover, such an extension
is desirable not only for disciplinary reasons, but because it also meets the needs in applications.
It is needless to say that (1.2)—(1.3) covers a wide range of parabolic problems when specifying
K and/or f and fy such as the special cases mentioned above as well as parabolic initial-boundary
value problem in the case when K = X, and f : OXR — Rand fy : [y XR — R are (single-valued)
Carathéodory functions.

This paper is organized as follows: After providing important preliminary results about the pseu-
domonotonicity (w.r.t. D(L)) of certain multi-valued Nemytskij operators related to f and fy, which
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are of interest in its own right, we present a general existence result under coercivity assumptions,
where some relative growth condition of A and f, fy for u with large norm is imposed. In this case
the existence of solutions of (1.2)—(1.3) follows from penalty arguments and the solvability of equa-
tions with multi-valued pseudomonotone operators. Then we establish a sub-supersolution method
that will allow us to prove existence, comparison and enclosure results without imposing coercivity
conditions as before. The concepts of sub- and supersolutions and the arguments in our case here are
combinations of those for parabolic variational inequalities in [8] and those for multi-valued elliptic
and parabolic variational inequalities in [11], [21] and [12, Chap.3]. Finally, we show that problems
(1.8) and (1.9) are special cases of (1.2)—(1.3) only. Several notions here were originally presented
in [8, 10, 11]; their detailed inclusion in this paper is only for the sake of completeness.

2 Notations, hypotheses, and a preliminary result

In this section, we introduce some notations and definitions, as well as a key preliminary result,
which assures that the multi-valued Nemytskij operators generated by the multi-valued functions
f:OxR — 2% and fy : Ty x R = 2® are multi-valued pseudomonotone operators with respect
to the graph norm topology of the time-derivative operator L := /0t : D(L) — X{; which will be
specified later.

Further to the notations already given in Section 1 we introduce the space W defined by

W={ueX:u €X'},

where X* = L? (0, 7; (W' (Q))*) is the dual of X, and the derivative u, := du/dt is understood in
the sense of vector-valued distributions. The space W endowed with the graph norm of the operator
d/ot

lluallw = llellx + lleaelx-

is a Banach space which is separable and reflexive due to the separability and reflexivity of X and
X, where || - |[x and || - ||x, are the usual norms defined on X and X, (and similarly on X* and X)) :

T 1/p T 1/p
||M||x=( | ||u(r>||’;’v,‘,,(g)dr) ,||u||x0=( | ||u(r>||€0dt) .

It is well known that the embedding W — C([0, 7], L*(Q)) is continuous, and by Aubin’s lemma
the embedding W << LP(Q) is compact due to the compact embedding W'?(Q) —<— L(Q).
Similar properties hold true for the subspace Wy, i.e.,

Wo=1{ueXo:u Xy

introduced in Section 1. The notation (-, -) stands for any of the dual pairings between X and X*, X,
and X, WP(Q) and (W'P(Q))*, and V, and V, such as for example, if 7 € X* and u € X, then

(hyuy = f T(h(t), u(t)) dt.
0

Ip . . .
Here we should remark that u — ( fQ |Vul|? dx) , in general, does not define a norm in Vj, since Xp

1
may be empty. Likewise u — |Vu|? dxdt v may be not a norm in Xy = LP(0, 7; V).
Y pty. 0 Y
In what follows we denote by L := d/0t when its domain of definition, D(L), is given by

D(L) = {u € Xo : u; € X and u(-,0) = 0}. 2.1)
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It is known that the linear operator L : D(L) C Xy — X is closed, densely defined and maximal
monotone, e.g., cf. [27, Chap. 32].

We assume the following Leray—Lions conditions on the coefficient functions a;, i = 1,..., N,
of the operator A.

(Al) a; : Q x RY — R are Carathéodory functions, i.e., a;(-,-,&) : Q — R are measurable for all
£ € RY, and g;(x,1,-) : RY — R are continuous for a.e. (x,7) € Q. In addition, the following
growth condition holds:

lai(x, 1, &) < c1lél”™ + calx, 1)

for a.e. (x,1) € Q and for all £ € RV, for some constant ¢; > 0 and some function ¢, € L{(Q).

(A2) Forae. (x,1) € Q, and for all £, ¢ € RN with & # & the following monotonicity in & holds:

N
D @i(x,1,6) = ai(x 1,E)E—E) > 0.

i=1

(A3) There is some constant c¢3 > 0 such that for a.e. (x,7) € Q and for all &£ € R the inequality

N

D@, 08 2 el = ey 1)

i=1
is satisfied for some function ¢4 € L'(Q).

By (A1) the operator A defined by
= 0
i) i= [ Y et VL dxdr, Vg e X,
Q=1 0xi

is continuous and bounded from X (resp. Xo) into X* C X;. We denote by L (Q) the positive cone
of nonnegative elements of L”(Q). The natural partial ordering in L?(Q) is defined by u < v if and
only if v —u € L(Q). If u,u € LP(Q) with u < u, we denote by

[u,ul ={ueLP(Q): u<u<u

the ordered interval formed by u and %. The positive cone L?(Q) induces a corresponding partial
ordering also in its subspaces. For functions w, z and sets W and Z of functions we use the notations:
wAz =min{w,z}, wVz = max{w,z}, WAZ ={wAz:weW, zeZ}, WVvZ={wVz:.weW, zeZ},
andwAZ={w}AZ wVZ={w}V Z In particular, we denote w* = w Vv 0. For any normed vector
space V we denote by K(V) C 2V the following family of subsets of V

KV)={AcV:A+#0,A isclosed and convex}.

Let us recall the notion of (Vietoris) upper semicontinuous multi-valued functions. We refer to [1]
(Chapter 1), [17] (Chapter 8), or [18] (Chapter 1) for more details on different types of continuities
of multi-valued functions with respect to some usual topologies, such as the Vietoris, Hausdorff,
Mosco, and Attouch—Wets topologies, on power sets of topological vector spaces.

Definition 2.1 Let V,Y be Banach spaces, and T : V — 2¥ be a multi-valued function. T is called
upper semicontinuous ar xy(€ V) if for every open subset O C Y with T(xg) C O, there exists a
neighborhood U (xy) such that T(U(xg)) C O. If T is upper semicontinuous at every xo € V, we call
T upper semicontinuous in V.



Multi-valued parabolic variational inequalities 637

Next we introduce the multi-valued Nemytskij operators F' and Fy associated with the multi-valued
functions f : O xR — 2% and fy : Ty x R — 2%, respectively, by

F(u) ={n: Q — R :nismeasurable in Q and n € f(-, -, u)}, 2.2)
Fy(yyu) ={¢ : Ty — R : (is measurable on I'y and £ € fy(:, -, yyu)} '

where 1(x, 1) € f(x,t,u(x,1t)) for a.e. (x,f) € Q, and {(x,1) € fy(x,t,yyu(x, 1)) for a.e. (x,t) € I'y.
We impose the following hypotheses on f and fy:

(F1) f: OxR — K(R) c2®and fy : [y x R — K(R) c 2% are graph measurable on Q x R and
I'y X R, respectively, that is,

Gr(f) :={(x,t,u,n) € OXRxXR:ne f(x,t,u)} and ,
Gr(fy) :={(x,t,u, ) e Ty X RXR: L € fy(x,t,ynu)}

belong to [L(Q) X B(R)] X B(R) and [L(T'y) X B(R)] X B(R), respectively, where L(Q) and
L([y) are the families of Lebesgue measurable subsets of Q and I'y, respectively, and B(R)
is the o-algebra of Borel sets in R.

(F2) For a.e. (x,f) € Q, the function f(x,t,-) : R — 2% is upper semicontinuous, and for a.e.
(x,0) € Ty, fy(x,t,)) : R - 2R is upper semicontinuous as well in the sense of Definition 2.1.

(F3) f satisfies the growth condition

sup{lnl : 7 € f(x,1,9) < a(x,0) +Bls|"! (2.3)

fora.e. (x,f) € Q, ¥ s € R, where @ € L”(Q), and 8 > 0. Similarly, fy satisfies the growth
condition

sup{l¢] = £ € fu(x, 1, )} < an(x, 1) + Bulsl”™! 24

forae. (x,f) €Ty, ¥V s € R, where ay € L” (Ty), and By > 0.

It follows from (F1) and (F2) that the functions (x,t) — f(x,t,u(x,1)) and (x,1) — fy(x,t,v(x,1))
are also measurable functions from Q to 2% and I'y to 2%, for any measurable functions u : Q — R
and v : I'y — R, respectively. Further, by (F3), the multi-valued Nemytskij operators F : LP(Q) —
27 and Fy : LP(Ty) — 2T are well defined.

Leti: Xy — LP(Q) be the (continuous) embedding of Xy into L7(Q), and let i* : LY (Q) — X;
be its adjoint. Denoting by vy}, : L’ (Ty) — Xj the adjoint operator of the trace operator yy : Xo —
LP(T'y), then the composed multi-valued operator

F=i"oFoi:Xy—2% and TN=730FN07N:X0%2X5

will be shown to possess a certain pseudomonotonicity property which is important for our main
existence result to be proved in the next section, and which is of interest in its own right. To this
end let us first provide the following definition of a multi-valued pseudomonotone operator with
respect to the graph norm topology of the domain D(L) (w.r.t. D(L) for short) of some linear, closed,
densely defined and maximal monotone operator L : D(L) C Y — Y*. We refer to [7] for the
original concept of multi-valued pseudomonotone operators and to [26] (see also [16]) for that of
multi-valued pseudomonotone operators w.r.t. D(L). As is seen in the proof of Proposition 2.3,
the operator # introduced above is pseudomonotone w.r.t. D(L) with L = d/4¢ but not necessarily
pseudomonotone in the regular sense. This holds likewise for Fy.
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Definition 2.2 Let Y be a reflexive Banach space, and let L : D(L) C Y — Y™ be a linear, closed,
densely defined and maximal monotone operator. The operator 7 : Y — 2V is called pseudomono-
tone w.r.t. D(L) if the following conditions are satisfied:

(i) The set T (u) is nonempty, bounded, closed and convex for all u € Y.

(ii) T is upper semicontinuous from each finite dimensional subspace of Y to Y* equipped with
the weak topology.

(iii) If (uy) € D(L) withu, — uinY, Lu, — Luin Y*, u; € 7 (u,) with u;, — u* in Y* and
lim sup{u;,, u, — uy < 0, then u* € T (u) and {u;, u,) — u*, u).

We have the following result about the pseudomonotonicity of ¥ = i* o F oi, which is an appropriate
adaptation of Lemma 3.6 in [21] to the evolutionary case.

Proposition 2.3 Under conditions (FI1)~(F3), the mapping ¥ = i* o Foi : Xy — 2% is pseu-
domonotone with respect to D(L), where L = 0/0t and D(L) is given by (2.1).

Proof. The proof of this proposition is based on the ideas and arguments in the proof of Lemma 3.6,
[21], and is divided into several steps.

Step 1:

First, we prove that for any u € LP(Q), F(u) is a nonempty, bounded, closed, and convex subset of
L” (Q), and thus in particular, F(x) € K(L” (Q)). Moreover, F : L’(Q) — 21”(@ is shown to be a
bounded mapping. The convexity of F(u) follows from the fact that f(x, ¢, u) is a closed interval in
R. Let 7 € F(u). As a consequence of (2.3),

In(x, )| < a(x, 1) + Blulx, P!, ae. (x,1) € Q. (2.5)

Since |u|’~! € L' (Q), we have the boundedness of F(u) in L” (Q). To prove that F(u) is closed in
L7 (Q), let {n.} be a sequence in F(u) such that 7, — 7 in L (Q). By passing to a subsequence,
we can assume without loss of generality that 7,(x, ) — n(x, 1) for a.e. (x,7) € Q. Since 1,(x,1) €
f(x, t,u(x, 1) for a.e. (x,t) € Q, all n € N, and f(x,?,u(x,1)) is closed in R, we have n(x,?t) €
f(x,t,u(x,1)). Since this holds for a.e. (x,7) € Q, we have n € F(u), which proves the closedness
of F(u) in L7 (Q). Inequality (2.5) also proves that if Z is a bounded set in LP(Q) then F(Z) is a
bounded set in L (Q), that is, F is a bounded mapping from L?(Q) to 22" (@,

For u € Xy, from the boundedness of i* and the above arguments we see that # (u) is a nonempty,
convex and bounded subset of X;. Moreover, since [li*nllx: < Clll,» ), ¥ 1 € L” (Q) for some
constant C, it follows from the boundedness of F' that  is also a bounded mapping. Next, we prove
that ¥ (u) is closed in Xjj. In fact, assume {n,} C ¥ (), 5, = i}, with fj, € F(iu) = F(u), ¥n € N,
and

n, — nin Xj. (2.6)

Because {7}, :€ N} c F(u), {f},} is a bounded sequence in LY (Q). By passing to a subsequence if
necessary we can assume without loss of generality that

iia = 7o in LF'(Q). 2.7

Since F(u) is weakly closed in L7 (Q), flo € F(u) and thus i*#j € i*F(u) = ¥ (1). On the other hand,
since i* is continuous from L? (Q) to X, both with weak topologies, we have from (2.7) that

e = '}y — i'Tjo in X,
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which combined with (2.6) yields 7 = i*fjo € ¥ (u). Hence, ¥ (u) is closed in Xj.

Step 2:
Let V be a finite dimensional subspace of X,. We prove in this step that the restriction 7|y of ¥ on
V is upper semicontinuous from V into 2% with respect to the weak topology of X5

In fact, assume uy € V. To prove the upper semicontinuity of |y at 1y, we assume by contra-
diction that there is a weakly open neighborhood U of ¥ (u) in X;; and a sequence (u,) C V such
that u, — up in V and there exists a sequence (1,) C X;; such that n, € F(u,) \ U, Yn € N. We see
that U = (*)"'(U) is a weakly open neighborhood of F(u) in L” (Q). Moreover, since 1, € i* F(uy,),
there exists 7, € F(u,) such that

Mo = i"Tin. 2.8)

We have 7j, ¢ U for all n € N. As (u,) is a bounded sequence in LP(Q), it follows from Step 1 that
(7i,) is a bounded sequence in L” (Q). Also, as above by passing to a subsequence we can assume
that

fin — fo in L (Q). (2.9)

Since u, — ug in LP(Q), we have h*(F(u,), F(uy)) — 0 (see [18, Theorem 7.26 |), where
H4.) = iy g A4 B) = sup inf =l

is part of the Hausdorff distance between subsets A, B of L”(Q), which is defined as (A, B) =
max{h*(A, B), h*(B,A)}. (Note that this property of F' is referred in [18] as its Hausdorff upper semi-
continuity (h-upper semicontinuity). According to Definition 2.60, [18], a multi-valued function F'
is h-upper semicontinuous at u if the function u — h*(F(u), F(up)) is continuous at uy. On the other
hand, F is h-lower semicontinuous at ug if the function u — h*(F(ug), F(u)) is continuous at ug. It
follows immediately from these definitions that F' is continuous at u, with respect to the topology
generated by the HausdorfF distance on K'(L” (Q)) if and only if F is both h-upper semicontinuous
and h-lower semicontinuous at .)
Since

B (F (up), F(uo)) 2 disty gy (7, F(u0)) = inf{llifn — vl o) : v € F(uo)},

there is a sequence (77,) C F(up) such that ||, — #ull» o) — 0. From (2.9), we have 7, — #jo in
LP (Q). Since F(up) is weakly closed in L” (Q), we get iy € F(uo) and thus 7jy € U. Again from
(2.9) we have 7, € U for all n sufficiently large, contradicting (2.8) and the assumption on 7,, and
therefore proving the upper semicontinuity of 71y .

Step 3:

First, let us prove that ¥ is sequentially weakly closed from X, with respect to the D(L)-graph
topology into 2% \ {0} with respect to the weak topology of X*, that is, if (1,) and (77,) are sequences
in D(L) and X respectively such that

Uy = u in Xo, ty — u; in X, (2.10)
n, — 1 in X, @2.1D

and
M € F(uy), Vn €N, (2.12)

then,

ne€F . (2.13)
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In fact, assume (2.10)—(2.12). We have i(u,) = u, and i*(n7,) = 77”|X5" From (2.12), for each n € N,
there exists 7, € F(i(u,)) = F(u,) such that n, = i*(7},) = fialx;. From (2.10) and Aubin’ lemma (cf.
[22]), we have

u, = i(u,) — i(u) = u in LP(Q). (2.14)

Again, from the h-upper semicontinuity of F from LP(Q) to 21" (@ (see [18, Theorem 7.26]), we
have
h*(F(uy), F(u)) — 0. (2.15)
Since 7j, € F(u,),
Vrip(fu) iin = Vil o) < A" (F(un), F(W)).

Hence, inf,erw) 7l — Vil (o) — 0 as n — oo, and there exists a sequence (77,) C F(u) such that
lim ||77n - HZHLI;’(Q) = O (2.16)
n—oo

Since (77;,) € F(u) and F(u) is a bounded subset of L” (Q), by passing to a subsequence if necessary,
we can assume that

7, =m0 in L”(Q) (2.17)

for some 1 € LY (Q). As F(u) is weakly closed in LY (Q), no € F(u). Hence, (2.16) and (2.17)
imply that

fin — 10 in L (Q). (2.18)

Since i* is continuous in the weak topologies of both L”' (Q) and X, it follows from (2.18) that

Mo = () = Tialx; = i*(70) = molx; (2.19)

weakly in Xj. From (2.11) and (2.19), we have n = i*(10) € i F(u), since n, — n and 17, — i*(770)
both in the sense of distribution. The inclusion (2.13) is thus verified, which completes our proof of
the weakly closed property of 7.

Next, we prove that if (u,) C D(L), (17,) C X;; are sequences satisfying (2.10)—(2.12) then

(s Un)x; x5 = 105 U)X X, - (2.20)
In fact, let (77,) and 1o be as above. We have
Wnstn)xxy = Tinlxgs undx; x,
= (@), un)x; X (221

= (ns ) (Q),1r(0) = {Tlns Un) v (0),Lr(0)-
From (2.14) and (2.18), we have

(ns U1 v = {0s W17 (@), = 0> 1) 11 (0),10(0)
= ("(mo), u)x; x,
= (1 u)x; X0
This limit, together with (2.21), proves (2.20).
The weakly closed property of # and (2.20) show that ¥ is pseudomonotone from Xj to 2%
with respect to D(L). O

Proposition 2.4 Under conditions (F1)~(F3), the mapping ¥y = yy o Fnovyy @ Xo — 2% s
pseudomonotone with respect to D(L).

Proof. Since the trace operator y : X — LP(I') is linear and continuous, as well asy : W — LP(I)
is linear and compact (see, e.g., [10]), the proof can be done in just the same way as the proof of
Proposition 2.3. |
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3 Existence results

In this section we prove an existence results about problem (1.2)—(1.3), which can be equivalently
rewritten in the form: Find u € D(L) N K, n € L (Q) and a ¢ € L” (T'y) such that

n € Fu), { € Fy(ynuw)

(u,+Au,v—u)+f77(v—u)dxdt+f L (ynv—ynu)dl' >0,
(Y] I'n

3.

for all v € K, which in turn can be rewritten in the form: Find u € D(L) N K, € L”(Q) and a
¢, € LP (T'y) such that

(3.2)

ne F(u), { € Fy(yyu)
(Lu+Au+i'n+yt,v—u)y>0, Yvek.

The proof of the existence of solutions of (3.1) is based on a penalty approach. For this purpose, let
us first recall the following general definition of a penalty operator associated with a convex set C in
a reflexive Banach space Y.

Definition 3.1 Let C # 0 be a closed and convex subset of a reflexive Banach space Y. A bounded,
hemicontinuous and monotone operator P : Y — Y* is called a penalty operator associated with
ccYif

Pu)y=0=uecC.

In what follows, we assume that there exists a penalty operator P : X, — X; associated with the
given convex set K C X satisfying the following properties:

(P) For each u € D(L), there exists w = w(u) € Xy, with w # 0 if P(u) # 0, such that

i) (u;+Au,w) >0, and

. 33
(i) (Pu,w) > DIPull; (llro) + Iyawliny), (3-3)

for some constant D > 0 independent of u and w.

Application: Penalty operator of an obstacle

We consider an obstacle problem, where the convex, closed set K is given by
K={ueXy:u<y ae.in Q},
with any obstacle function ¢ specified as follows:
(1) ¥ € Wand y(-,0) > 0 on Q, wir, > 0, and
(i) ¢; + Ay 2 0in X7, i.e., (Y; + Ay, v) > 0, Yv € Xo N LY(Q).

The penalty operator P : Xo — X can be chosen as

(P(u),v) = f (=) vaxdi+ [ i —yx) P yyvdr, (3.4)
0

I'n

for all u, v € X,. Indeed, P is bounded, continuous and monotone. Let us check that

Pu)=0 uck.



642 S.Carl, V.K.Le

If P(u) =0, then (u —y)* =0a.e.in Q, i.e.,
u<y ae.inQ,

that is u € K. Conversely, assume that u € K. Then, for a.a. r € (0, 7), we have u(-, 1) < ¥(-,t) a.e. in
Q, which implies that
Yoau(-, 1) < yoi(-, 1) a.e.on dQ

(ysq is the trace operator on 0Q). This means that yu < ¥y a.e. on I', and thus, in particular,
yyu < yny showing that P(u) = 0. Now we need to check that P satisfies properties (3.3) of (P).
For each u € D(L) we choose w = (u—)*. Then, w € Xy and w # 0 whenever P(u) # 0. We justify
that (3.3)(i) is satisfied. According to assumption (i) for ¢, (u — ¥)*(-,0) = 0, we have

(= (= )ty = —||<u ~ ) DI 2
Combining the last inequality with (Au — Ay, (u — )*) > 0, we arrive at
g+ A, (= 0)) 2 W+ AW (= )*) 2 0,
because (u — )" € Xg N LY (Q). So we have checked (3.3)(i) of (P). To verify (3.3)(ii), we note that
(PG, Wy = 11 = ) 1, + 7Nt = YN W (3.5)

which yields by applying Holder’s inequality: There exists some constant ¢ > 0 such that

IA

KP@. W < 1= ) gy Moy + i = vt e, Il

IA

el = ) gy + 7wt = Y I IV,

for all v € Xy. Hence,

”P(M)HX(‘; < C(”(l/l - ¢)+”i;(1Q) + ||(7NU YNGD) |Lp(l"N)) Yu € XQ,

which, by taking into account (3.5), finally implies (P)(ii). Note also, for our example of K, the
following lattice conditions:
KAKCK, KVKcCK 3.6)

are satisfied.

Our main result in this section is the following existence result of solutions of (3.1) (resp.(3.2). For
its formulation and proof we are going to use the notation:

=i e F) iffne Fuw), ¢ =yl € Faw) iff £ € Fyyyu).

Theorem 3.2 Assume (Al)-(A3) and that f, fy satisfy hypotheses (F1)—(F3). Suppose D(L)NK # 0
and that ug is an element of D(L) N K. Then, under the coercivity condition

(Au+n"+ ", u — up)

lim inf = oo, 3.7
b= | ¢ € F (u) lluellx,
& e Fnu)

the multi-valued parabolic variational inequality (3.1) has solutions.
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Proof. For € > 0, let us consider the following penalized equation: Find u € D(L), n* € ¥ (1), and
* € Fy(u) such that

1
(up, VY +{Au+n* + 5, v) + g(Pu, v) =0, Vv € X, 3.8)

where P is a penalty operator (associated to K) that satisfies (3.3). From Proposition 2.3, ¥ and ¥y
are pseudomonotone with respect to D(L). Since A and &' P are monotone and hemicontinuous,
they are pseudomonotone and thus pseudomonotone with respect to D(L) (cf. e.g. Proposition 27.6,
[27]). As a consequence, the operator A + F + Fy + £~ P is pseudomonotone with respect to D(L).
Moreover, it is bounded since A, P, ¥ and ¥y are bounded mappings. From the coercivity condition
(3.7) and the monotonicity of 7! P, it is easy to see that A + F + Fy + &' P is coercive on X in the
following sense:

A+ 'P)w) +17* +*u— up)

lim inf = o0. 3.9
by~ | € () llullx,
e Fn)

According to the surjectivity result of [16, Theorem 1.3.73, p. 62], (3.8) has solutions for each & > 0.
Let u,, 7, £, satisfy (3.8), and let (u.), (77%), (£7) stand for sequences where & > 0 is the sequence
parameter tending to zero. We show that the family {u, : £ > 0, small} is bounded with respect to
the graph norm of D(L). In fact, let uy be a (fixed) element of D(L) N K. Putting v = u, — uy into
(3.8) (with u,) and noting the monotonicity of L and that Puy = 0, one gets

(—ttoy, Ug — Uo) (Uer — Uop, s — Uo) + (Al + 15 + {7, Uz — Up)

1
+_<Pug — Pugy, u, — u0>
&

\%

(Aug +ng + {5, ug — uo).

Thus, ‘ ‘
<AM€ + 77:; + ‘:; Us — M0>

llzee — uollx,

< luodlx; »

for all € > 0. From the last inequality together with (3.7), we imply that ||u[|x, is bounded. As a
consequence, we see that (Au,) is a bounded sequence in X;. Moreover, from the growth conditions
(2.3) and (2.4), we see that (17,) and ({,) are bounded sequences in L (Q) and L¥ (T'y), respectively.
(Note: n; = i'n, and £ = vy {..) Next, let us check that the sequence (7' Puy) is also bounded in
X;- To see this, for each &, we choose w = w, to be an element satisfying (3.3) with 4 = u,. From
(3.8), we have

1
<M€[, Wg> + (Aua + TI; + é’;a W£> + _<Pu8a Wa) =0.
&

From (3.3)(i), we see that (i, w.) + (Au,, we) > 0. Therefore,
1
;(Pug, We) <=1, = {gy We). (3.10)

Since (II7:ll (g) and (€¢I ry)) are bounded we get: there exists a constant ¢ > 0 such that

|<772,wg>|sf|ng| lweldxdt < cllwellre ), Ve,
o)
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and

K&z well < el lynwel dl < cllynwellioy), Ve,
Iy

which results in
s + oo weoll < clwellir) + llynwellray)), Ve.

This last inequality and (3.3)(ii) imply that

1 c
g”Pus”xg <5 Ve

On the other hand, since
e = —(A+& ' P)up) — 1 — £

in Xjj, the above estimate implies that (u,;) is also bounded in Xjj. Thus, we have shown that (u,)
is bounded with respect the graph norm of D(L). Hence, there exist u € Xy (with u, € X)) and a
subsequence of (u,), still denoted by (i), such that

ug — uin Xo, g — uy in X (€ = 07). (3.11)

Since D(L) is closed in Wy and convex, it is weakly closed in Wy, and thus u € D(L). Now, let us
prove that u is a solution of the variational inequality (3.1). First, note that Pu = 0. In fact, we have
Pu, — 0in X;. It follows from the monotonicity of P that

(Pv,v—u) >0, Yv € X).
As in the proof of Minty’s lemma (cf. [19]), one obtains from this inequality that
(Pu,v) >0, Yv € Xp.

Hence, Pu = 0 in X5 that is, # € K. On the other hand, (3.11) and Aubin’s lemma as well as the
compactness of the trace operator y : W — LP(I') (resp. yn : Wy — LP(I'y)) imply that

u, — u in LP(Q) and yyu, — yyu in L (T'y)). (3.12)

As a consequence, we obtain

<77:‘ + g;’ Ug — M) = f r]s(”a - Lt) d-th + ge(’)/Nue - ’yNM) dr - O, (313)
o

I'n

as € — 0*. Forw € K, letting v = w — u, in (3.8) (with u = u,), one gets
>k & 1
(Uer, W = Ug) + (Aug + 11, + Lo w — ug) = —(—Pug,w —ug) > 0. (3.14)
£

By choosing w = u in (3.14), we have

v

(Aug,u—ug) =+ Loy — Uy — (Upy U — U + Uy — U, U — Ug)

—( 4 oou— ug) — (U u = ).

\%

As a consequence, one gets
liminf(Aug, u — ug)y > 0.
-0+



Multi-valued parabolic variational inequalities 645

Note that A is of class (S ) with respect to D(L) (cf. e.g. [4, 5] or [10], we recall that A is said to be
of class (S ) with respect to D(L) if for any sequences {u,} € D(L), the conditions u, — u in X,
Lu, — Lu in Xj and liminf,,,c(Aut,, u — u,) > 0 imply that u, — u in Xo). Therefore, we deduce
from (3.11) and the above limit that

u, — uin Xj. (3.15)

On the other hand, since (77;) as well as ({7) are bounded in X}, by passing to a subsequence still
denoted by (7;) and ({}), respectively, for simplicity of notation, we have

n.—n', { —{inX;. (3.16)

From (3.11) and the property of the mappings ¥ and ¥y to be sequentially weakly-closed with
respect to D(L) (as for the proof, see Step 3 of Proposition 2.3), we have

n" € F(u)and " € Fy(u). 3.17)
Letting £ — 0 in (3.14) and taking (3.11), (3.15), and (3.16) into account, we obtain
(U, w—u)y +{Au+n"+ ", w—u) > 0.
This holds for all w € K which together with (3.17) proves that « is in fact a solution of (3.1). O

In the case where X, has positive surface measure, let us consider some simple conditions that
ensure the coercivity condition (3.7) is satisfied and thus the existence of solutions of the inequality
(3.1). In this case, we can take as norm on Xy the usual norm defined only by the gradient of
functions in Xj:

1/p
llellx, = (f IVul”dxdt) (u € Xp).
9]

Let u and py be the best constants corresponding to the continuous mappings Xo — LP(Q), u — u,
and Xg — LP(T'y), u — yyu, that is,

lullro) < pllullxys llynulleayy < pavllullx,, Yu € Xo.
Some sufficient conditions for (3.7) are given in the following result.

Corollary 3.3 Assume meas(Xp) # 0.
(a) If
¢y > BiP + Bupy, (3.18)

then the coercivity condition (3.7) holds.
(b) In particular, if (2.3) and (2.4) hold with o € [0, p — 1) instead of p — 1, that is,

sup{in| : € f(x,1,5)} < alx, 1) + Bls|” (3.19)
forae. (x,t)e Q, ¥V seR, and
sup{l{] : £ € fv(x,t, )} < an(x, 1) + Bylsl” (3.20)

for a.e. (x,t) € Iy, Vs € R, where a € LPI(Q), ay € LP/(FN), B,By = 0, then the coercivity
condition (3.7) holds.
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Proof. (a) Let uy be any (fixed) element of D(L) N K. It follows from (A3) and (A1) that
(Au,u) 2 csllully, — lleallig)s (3.21)

and
-1
[{Au, up)| < NC1I|M||§0 llollx, + Nlle2ll g)lluollxy Y € Xo. (3.22)

On the other hand, for any u € X, any n* € ¥ (u) and {* € Fy(u), (F3) implies that

107 u—uodl < el ) lullx, + lluollx,) + Bu?llullf,

_ 3.23
Bl ol 629

and
K& u—u)l < pwllanllpy oy Ul + lluollx,) + B llully,

L (3.24)
+Bnphlully |

|uollx, -

Combining (3.21)—(3.24) yields

(Au+n"+u—uo) = (3 =B = Bup)llully,
-1
~(Ney + Bu? + Byp)llully, luollx,
=l (o) + pllenlle @) lullx, + lluollx,)
—licallzio) — Nlleallr (g lluollx, -

It is clear from this estimate that (3.18) implies (3.7).

(b) In view of Young’s inequality (with €), we see that conditions (3.19) and (3.20) imply con-
ditions (2.3) and (2.4) with arbitrarily small choices of 8 and Sy in (2.3) and (2.4), which in their
turns, implies (3.18). O

Remark 3.4 Theorem 3.2, in particular, allows to treat rather general parabolic obstacle problems,
as for those a penalty operator satisfying the required property (P) can explicitly be constructed, see
(3.4). As for parabolic obstacle problems with (single-valued) Carathéodory nonlinearities, see e.g.
[6, 14, 20].

4 Enclosure and comparison results in the noncoercive case

Note that when the growth conditions (2.3), (2.4), or the coercivity condition (3.7) is not fulfilled
then problem (3.1) (resp. (3.2)) may not have solutions. However, without these conditions, we
can still have the existence and other properties of solutions of (3.1) provided that sub- and super-
solutions of (3.1), defined in a certain appropriate sense, exist. In this section we establish a sub-
supersolution method for (3.1), which will allow us to derive existence, enclosure and comparison
results for (3.1) (which is equivalent to (1.2)—(1.3)).

Let us first introduce our basic notions of sub-supersolution for the multi-valued parabolic vari-
ational inequality (3.1).
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Definition 4.1 A function u € W is called a subsolution of (3.1) if there is an n e L”(Q) and a
¢ € P (Ty) such that the following holds:

@DuvKcK, u,0<0inQ,
(iyn € F(w), { € Fx(ynw)
(iii)(gt+Ay,v—g)+fn(v—g)dxdt+f L (ynv —ynuw)dl’ =20,
o~ Iy~

forallveunK.

We have a similar definition for supersolutions of (3.1).

Definition 4.2 A function u € W is called a supersolution of (3.1) if there is an i € LP(Q) and a
. € LP(Ty) such that the following holds:

OuAKcK, u-0 =0 inQ,

(i) 77 € F(u), { € Fy(ynit)

(idi) (uy + Au, v — u) + f 7(v —u)dxdt + fr Z (ynv —yyin)dl' > 0,
forallveuVv K. ’ N

Remark 4.3 Note that the notions for sub- and supersolution defined in Definition 4.1 and Defini-
tion 4.2 have a symmetric structure, i.e., one obtains the definition for the supersolution u from the
definition of the subsolution by replacing u, 7, in Definition 4.1 by #,7, /, and interchanging V by
A, and ”’<” in (i) by ”>". o

Throughout this section instead of the growth condition (F3) of the preceding section we assume
the following local growth assumption with respect to the ordered interval of sub-supersolutions.

(F4) Assume that there exists a pair of sub-supersolutions  and u of (3.1) such that u < u. For f
and fy we require the following growth between u and u:

7l < cs(x, 1), Ynefxt,s), 4.1
for some ¢s5 € L”/(Q), fora.e. (x,1) € Q, and all s € [u(x, 1), u(x, )], as well as
I < cs(x, 1), ¥ I € fn(xt,s), (4.2)
for some c¢ € L” (T'y), for a.e. (x,£) € Ty, and all s € [yyu(x, 1), yyu(x, 1)),
We are now ready to state and prove our main existence and comparison result.

Theorem 4.4 Assume (Al)—(A3) and that (3.1) has an ordered pair of sub- and supersolutions u
and u, and that (F1)—(F2), and (F4) are satisfied. Suppose furthermore that D(L) N K # 0. Then,
(3.1) has a solution u such that u < u < u a.e. in Q.

Proof. We define the following cut-off function b : O X R — R:

[s —u(x, 0)]7! if s> ux,1)
b(x,t,5) =41 0 if u(x,t) <s<ulx,r)
—[u(x, 1) — siPif s< u(x, 1),
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for (x,t,5) € O X R. It is easy to check that b is a Carathéodory function satisfying the following
growth condition

Ib(x,1, )| < c7(x, 1) + cgls|P~!, forae. (x,1) € Q,all s € R, 4.3)

with ¢; € L”(Q), cs > 0. Hence, the Nemytskij operator B : u +— b(-,-,u) is a continuous and
bounded mapping from L”(Q) to L”' (Q) and the composed operator 8 = i* o Boi : Xy — X; given
by

(Bu,v) = fb(-, S uw)vdxdt, Yu,v € Xo 4.4
o

is (single-valued) pseudomonotone w.r.t. D(L) due to the compact imbedding W << LP(Q)).
Moreover, there are ¢, cjo > 0 such that

f b(-, -, wudxdt > Cg”I/tHZ,(Q) —c10, Yu € LP(Q). 4.5)
Q

Let 7, £ and 77, £ correspond to uand u as in definitions 4.1 and 4.2. We define multi-valued truncation

functions fy : @ Xx R — 2F and fiyo : Ty x R = 2F related to the multi-valued function f and fy,
respectively, by

{n} if s <u(x,?)
fo(x,t,8) = { fx,t,s) if u(x,t) <s<ux,i) 4.6)
{7} if s> ux, ),
for (x,1,5) € Q X R, and
7 it s < yyute )
Svo(x, t,8) =4 fulx,t,s) if yyu(x,t) < s < yyu(x,t) “4.7)
{2) if s> yyu(x, 1),

for (x,1,5) e Ty X R.
As in [21], we can check that fy and fyo also satisfy (F1) and (F2). Moreover, as a consequence
of (F4), fy satisfies (2.3), and fjy satisfies (2.4) of (F3) with 8 =0and Sy =0, and @ = ¢5+ |Q| +nl €

L (Q) and ay = c¢ + 11+ |[| € L (Ty), respectively. For u : Q — R measurable, let
Fo(u) = {n: Q - R : nis measurable on Q and n(x, 1) € fy(x, t, u(x, 1))},
and for v : I'y — R measurable, let
Fyo(v) ={¢ : Ty — R : is measurable on I'y and {(x, 1) € fo(x, t,v(x, 1))}

Then, Fy(u) C LP/(Q) and Fyo(v) c LY (Ty) for any measurable functionsu : Q - Randv: Ty —
R, respectively. This allows us to define Fy : LP(Q) — 2@y s Fo(u) and Fp @ Xo — 2%,
where o = i* o Fy o i, as well as Fyg : LP(Ty) — 22Ty s Fro(v) and Fyo : Xo — 2%, where
Fno = ¥y © Fno o yn. Then %y and Fuo are pseudomonotone with respect to D(L), according to

Proposition 2.3 and Proposition 2.4, respectively. Let us consider the following auxiliary variational
inequality: Find u € D(L) N K, n* € Fo(u), and £* € Fyo(u) such that

(Lu+Au+Bu+n"+{",v-—uy>0.VveKk, (“4.8)

By means of the existence result of Section 3 we are going to show first that problem (4.8) possesses
solutions.
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We already mentioned above that 8 : Xy — X is (single-valued) bounded, continuous, and
pseudomonotone w.r.t. D(L). Setting, fi = b + fp, then in view of the properties of the truncation
functions b, fy, fyvo one readily verifies that f; and fyo satisfy (F1)—(F3), and thus ¥ = 8 + ¥y
and Fyo are bounded and pseudomonotone with respect to D(L) according to Proposition 2.3 and
Proposition 2.4, respectively. In order to apply the existence result of Section 3, we need to check
that the operator

A+B+Fo+Fno: Xo — 2%

is coercive on X in the following sense:

A * %k _
lim nf  AurButnm tSu-o) 4.9)

b= | € Fou) Ileellx,
& € Fnow)

for any ¢ € Xy, which then holds true also for ¢ € K. In fact, from (A3), we have

(Auuy > sVulll g — crr. Yu € Xo, (4.10)

with some constant ¢;; > 0. Now let ¢ > 0 be a generic constant. For n* € Fo(u), n* = i*n with
n € Fo(u), we have

Kl = | | nudxdt|
(]

< leslly ) + Wl o) + il ig)liscey @1h
< cllullro < cllullx,-
For {* € Fnow), £ = yy¢ with £ € Fyo(yyu), we have
Kol = {yNudF‘
< (||Cr‘:||u’(rN) + Nz oy + 1N oy nulloey) 12
< cliynullray < cllullx,
Combining (4.5) with (4.10),(4.11) and (4.12), one gets for all u € X
(Au+Bu+n"+u)y 2 csllVull], ) + oollully, ) = 10
=cllullx,, (4.13)
and thus with ¢ = min{cs3, c9} > 0
(Au+Bu+n"+"u)y > Ellullf(o —c(lullx, + 1. (4.14)
For any ¢ € Xj fixed, it is inferred from (A1), (4.3), (4.2) and (4.1) that
KAu+ Bu+1" + @) < c(lullly, ' + 1), Yu € Xo. (4.15)

From (4.14) and (4.15), we obtain (4.9). Let uy € D(L) N K be fixed. With the particular choice of
¢ = ugp, we see that all conditions of Theorem 3.2 are fulfilled with F; = B + ¥ in place of ¥ and
Fno in place of Fy. According to Theorem 3.2, (4.8) has solutions.
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Now, let us show that any solution u of (4.8) satisfies: u < u < u a.e. in Q. We verify that u < u,

the second inequality is proved in a similar way. Because u € K, it follows that
u+u—-uw =uvuek.
Letting v = u + (u — u)* into (4.8), one gets
Wy (U= +{Au+Bu+n"+*,(u—-uw'ty =0,
which is equivalent to
(g, (= )Y + (Au+ Bu, (u — u)*)

+ f nu—uw'dxdt+ | {(yyu—yyu)" dl 20,
0

Iy

(4.16)

where n* = i"n and {* = yy{ with n € Fo(u) and £ € Fyo(ynu). On the other hand, since u is a

subsolution, it follows with
v=u—-(u—-w}=uAucunk,

that
—(u,, (= u)*) = (Au, (u —u)* — f n(u—u)" dxdt - f { (ynu—yyu)*dl 2 0.
[ Iy~
Adding (4.16) and (4.17), we get
(=), (u—u)") + (Au — Au + Bu, (u — u)*)
+ f(fl =) (u—u)* dxdt + f (¢ = (ywu—yyu)" dl > 0.
(Y] - Iy -
We have u —u € W and (u — u)*(-,0) = 0, and thus
+\ _ 1 + 2
<(£ - u)f’ (ﬂ - I/t) > - E”(Z - M) (" T)”LZ(Q) > 0
On the other hand, it is easy to check from (A2) that
(Au— Au, u—u)*) > 0.
Moreover, because of (4.6), it follows
f(n —n)(u—u)" dxdt = f (- (u—u)dxdt =0,
Qo - o -

where Q" = {(x,7) € Q : u(x,t) > u(x, 1)}, and due to (4.6), we have
n(x, 1) = n(x, 1) for a.e. (x,1) € Q™.

Similarly, one has

i (=) (yvu—yyw)"dl = fﬁ@_@(”"ﬂ_”"”)drz 0,

4.17)

(4.18)

(4.19)

(4.20)

421

4.22)
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because due to (4.7), for (x,1) € Ty, = {(x,1) € Ty : yyu(x, ) > yyu(x, )}, it follows that
{(x,t) = {(x,1) forae. (x,1) €Ty,

Combining (4.19)—(4.22) with (4.18), we obtain
0 <{(Bu,(u—uty= —f (u—u)’ dxdr < 0.
Q+

This proves that ¥ —u = 0 a.e. on Q" and thus 1 < u a.e. on Q. A similar proof shows that u < u.
From u < u < &1, we have Bu = 0 as well as Fou C Fu, and Fyou C Fyu. Consequently, a solution
u of (4.8) is also a solution of (3.1), which completes the proof. O

The construction of sub- and supersolutions of (3.1) depends on the specific properties of the
data of the problem, i.e., on Q, A, F, Fy and the convex set K. In the following application, we
consider a noncoercive problem that can be treated by means of Theorem 4.4 via the construction of
sub- and supersolutions for an obstacle problem with the Laplacian as principal operator.

Application: Multi-Valued Parabolic Obstacle Problem

Let us assume ', = 0, which implies T" = 'y, Xy = X, and let Q = B(0, 1) be the unit ball in RV,
We consider the multi-valued parabolic obstacle problem: Find u € D(L) N K, n € L*(Q) and a
(e L*(Ty) such that

n € Fu), { € Fy(ynuw)

(4.23)
{u; + Au,v — u) + f n(v—u)dxdt + f L (ynv—ynu)dl' >0,
(o] Ly

for all v € K, where K is given by an obstacle
K={ueX:u<y ae. on Q},

and A = —A is the Laplacian (i.e. p = 2 and (A1)—(A3) are apparently satisfied). We assume
Y € WNL*(Q) to satisfy the conditions already formulated in Section 3. The multi-valued functions
fifv : R > K(R) c 2% are supposed to be upper semicontinuous, and for simplicity we assume
these functions be bounded. More precisely, we assume the existence of positive constants d and dy
such that
d<N:-d< f(s)<d, VseR. (4.24)

dy>2 and —dy < fy(s) <dy, VY seR,

Js50>0:2< fy(s) <dy, Y52 50, (4.25)

—dy < fy(s) £ -2, ¥V 5 < —5p.
As ||Vul|;2(g) is not an equivalent norm in Xy = X, we readily observe that the coercivity condi-
tion (3.7) of Theorem 3.2 is not satisfied. Still we are able to construct an ordered pair u, u of

sub-supersolution of (4.23), which allows to apply Theorem 4.4. To this end let us introduce the
following two (single-valued) parabolic initial boundary value problems:

P
u—Au—d=0, u-0)=0in Q, a—'; +Bu)=0on T, (4.26)
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P
u—Au+d=0, u-0)=0in Q, 6—1:+,8(u)=00n T, (4.27)

where 9/0v is the outward normal derivative at 'y, and where 8 : R — R may be any smooth
function satisfying, in addition, the following bounds for s > sy and s < —s¢ with sy as given in
(4.25):

1 <B(s)<2fors>sy, —-2<pB(s)<-1fors < —sp. (4.28)

Then the following enclosure holds:

Corollary 4.5 Assume assumptions (4.24) and (4.25) for the multi-valued functions f, fy : R —
K(R) c 2%, Ifuis a supersolution of the initial boundary value problem (4.26) satisfying u(x, t) > so,
then u is a supersolution of the obstacle problem (4.23). If u is a subsolution of the initial boundary
value problem (4.27) satisfying u(x,t) < min{—so, —|[{|l«}, then u is a subsolution of the obstacle
problem (4.23), and u < u holds true, which implies that (4.23) has solutions within the interval
[u, ul.

Proof. As a supersolution of (4.26) the function u € W satisfies: u(:,0) > 0, in Q, and
(us, ) + f(VﬁVga —dy) dxdt + fﬁ(yﬁ)ytp dl'>0, YoeXn Li(Q). (4.29)
(Y] r

We are going to verify that u is a supersolution in the sense of Definition 4.2 of the obstacle problem
(4.23). First, for any w € K we have uAw € K which is (i) of Definition 4.2. Let 7 be any measurable
selection of f(u(x, 1)), and let £ be any measurable selection of fy(yu(x,t)). Then —d < 7j(x,1) < d,
—dy < {(x,1) < dy, and thus 77 € F(u) and £ € Fy(yu) (which is (ii)). Moreover, since u(x, ) > so
we have yii > so, and thus by (4.25) and (4.28) it follows ¢ > B(yu). Apparently, —d < 77, which in
view of (4.29) leads to

= ANu+ i+ L) =0, YoeXNL2(Q). (4.30)

The last inequality, in particular holds for ¢ = (w — u)* for any w € K, which implies that for
v=uVw=u+w-u)" (we K), the following inequality is satisfied:

- Au+ig+yC,v-uy>0, VveuVvk,

which is (iii) of Definition 4.2.

Since the subsolution of (4.27) satisfies u(x, ) < min{—so, —|[¥||~}, it readily follows u V w € K
for all w € K, i.e., (i) of Definition 4.1. As a subsolution of (4.27) the function u € W satisfies:
u(-,0) <0, in Q, and

(u,, o) + f(Vngo +d ) dxdt + fﬁ(yg)ygodl" <0, YoeXn Li(Q). 4.31)
o r

Let 7 be any measurable selection of f(u(x, t)), and let { be any measurable selection of fy(yu(x,t))
then 17 € F(u) and £ € Fy(yu) (which is (ii)), and again we have —d < n(x,1) < d. Since u(x,t) <
min{=so, —|||le}, We have, in particular, that yu < —sp, which, in view of (4.25) and (4.28), yields
{ < B(yw). Thus from (4.31) we get

(= Du+i'n+y'L,e) <0, Yo eXNLUQ). (4.32)

Inequality (4.32), in particular, holds for ¢ = (u — w)* for any w € K, which implies that for
v=uAw=u—(u—-w)" (we K), the following inequality is satisfied:

(= Au+in+y'{,~(v-w) <0, Yveunk,
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which yields
(u,—Au+i'n+y¢,v-uy>0, VveuAKk. (4.33)

But the last inequality (4.33) is property (iii) of Definition 4.1. Applying Theorem 4.4 completes the
proof. O

Let us verify that sub-supersolutions as required in Corollary 4.5 do exist. As Q = B(0, 1) is the
unit ball in R we claim that

1 1 1
ux,1) = -3 I +a, u=-u, a> max{z + 50, 5 + [Ylleo} (4.34)

satisfy the conditions of Corollary 4.5. To see that u is a supersolution of (4.26) we calculate:

U—Au—d=N-d>0, sinced <N.

ou _
Y + BW)lgpo,1) = =1 + Blyu) = 0,

since u > so and thus yu > so, which implies S(yu) > 1. Similarly, one shows that u = —u satisfies
the condition of Corollary 4.5.

S Generalized variational-hemivariational inequalities

As already mentioned in the introduction, a need in applications requires to consider more general
parabolic variational-hemivariational inequalities of the following form: Find u € D(L) N K such
that

(u; + Au,v — uy + f JO(x, t,u, u; v — u) dxdt

e .1)

+ f Ju Gt ynu, ynusyny —ynu)dl > 0, Vv e K,
Iy

where j, jy given by

JiOXRXR — R with (x,t,1,5) — j(x,t,7,5), (x,1) € O
jnv : Ty XR XR — R with (x,1,r,5) — jy(x,t,r,5), (x,1) €Ty

are supposed to be locally Lipschitz functions with respect to s, and j°(x, £, 7, 53 0) and j3,(x, ¢, 7, 5;0)
denote Clarke’s generalized directional derivative at s in the direction p for fixed (x, ¢, r). In particu-
lar, the following special case of (5.1) will be considered:

(u; + Au, v —u) + f h(x, t,u) J°(x, t, u; v — u) dxdt
0

5.2
+ f hn(x,t, yNu)}I”\,(x, t,ynu; ynv —yyu)dl >0, Vv e K,
Iy
where j and jy of (5.1) now have the special form:
Jt,rs) = h(e t,0)jxt,8), n(trs) = hy(x, 1,0y (x. 1, 5), (5.3)

We assume that h,} :OXR — Rand hN,jN : I'v X R — R are Carathéodory functions, where
J:OxR - Rand jy: Ty xR — R are supposed, in addition, to be locally Lipschitz with respect
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to s. In problem (5.1) (as well as in its special case (5.2)) the functions s — j(:,-,s,s) and s —
Jn(, -, s, 5) may be not locally Lipschitz but only partially locally Lipschitz. This enlarges the class
of variational-hemivariational inequalities considerably. More precisely, we make the following
assumptions on j and jy:

D (x, 1) — j(x,t,r,5) and (x,1) — jy(x,t,r, s) are measurable in Q and on I'y, respectively, for
allr,s e R.
r v j(x,t,r,s) and r — jy(x,t,r,5) are continuous for a.e. (x,¢) € Q and (x,t) € I'y,
respectively, and for all s € R.
s j(x,t,r,s) and s — jy(x,t,r, ) are locally Lipschitz for a.e. (x,7) € Q and (x,7) € 'y,
respectively, and for all » € R.

(J2) Let s = 0j(x,t,r,s) and s — djn(x, 1,1, s) denote Clarke’s generalized gradient of the func-
tions j and jy w.r.t s, respectively. Assume the following growth conditions: d; satisfies the
growth condition

sup{lnl : n € dj(x,t,s,5)) < alx, 1)+ Bls|P~! (5.4)

for a.e. (x,7) € Q, ¥ s € R, where a € L”’(Q), and 8 > 0. Similarly, djy satisfies the growth
condition
sup(lZ] : £ € Qjn(x,1, 5, $)} < an(x, 1) + Bylsl”! (5.5)

forae. (x,7) € Ty, ¥ s € R, where ay € LP (T'y), and By > 0.

(J3) Lets & jo(x,t,1,5;0) and s > j}(x,1,7, 5;0) denote Clarke’s generalized directional deriva-
tive of the functions s — j(x,t,r,5) and s — jy(x,1,7,5) at s, respectively, in the direction o
for fixed (x, 7, 7). Suppose that s = j°(x,1, s, s;0) and s > j3,(x,1, 5, 5;0) are upper semicon-
tinuous for a.e. (x,7) € Q and (x, 1) € 'y, respectively, and for all o € R.

Define the multi-valued functions f : O X R — 2% and fy : Ty x R — 2% as follows:
fx,t,8) =0j(x,t,8,5), fu(x,t,5) =0jn(x,1,5,5). (5.6)
For the so defined multi-valued functions the following lemma holds true.

Lemma 5.1 Under the assumptions (J1)—(J3), the multi-valued functions f : Q x R — 2% and
fv : Ty xR — 2R defined by (5.6) satisfy hypotheses (F1)—(F3).

Proof. From the definition of dj(x, ¢, r, 5) and the positive homogeneity of the mapping o — j°(x,t, 1, s; 0),
we see that for almost all (x,7) € Q, allr, s € R,

6j(~x9 t’ r, S) = [_j”(x’ t? r, S, _1)7 jo(x, t’ r, s, 1)]'
Hence,

Gr(f) ={(x,t,s,7) € OXRXR:npedjx,t,s,s)}
={(x,t,5,m) € OXRXR: —j%x,t,5,8—-1)<n< jxts,s; 1)}
={(x,t,5,n) € OXRXR:np>-j(x,1,s,s;,—1)}
N{(x,t,5,m) € OXRXR:n < j%x,t, s, 55 1))

For each o € R, it follows from (J1) that the function (x,t,r, s) — j°(x,t,r, s;0) is measurable on
OxRXR with respect to the measure L(Q)xXB(R)xB(R), as “countable limit superior”’ of measurable
functions there. Hence the functions (x,z,s) — j°(x,t,s,s;1) and (x,t,5) — j°(x,t,5,5;,—1) are
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measurable on Q X R with respect to the measure £(Q) X B(R). This implies that Gr(f) belongs to
[L(Q) X B(R)] x B(R), i.e., f satisfies (F1).

To prove (F2), let (x,7) € Q be a point such that the functions s — j°(x,1,s, s; =1) are upper
semicontinuous on R. Let so € R and U be an open neighborhood of dj(x, t, s, s9). There exists
& > 0 such that

(=j%(x, 1, 80, 50;—1) — &, j°(x, 1, 50, 505 1) + &) C U.

From the upper semicontinuity of the (single-valued) functions s +— j°(x,t,s,s; 1) at s, there
exists an open neighborhood O of sy such that

Jo(x,t, 8,8, 1) < j°(x,t, 8o, S0; 1) + &, and
Jo(x, t, s, 8,—1) < j°(x, t, 80, S0;—1) + &, Vs € O.

Hence, for all s € O,

0j(x,t,5,5) = [=j°(x,t,5,5,=1), j°(x, 1,5, 55 1)]
C (_jo(x’ ta 50, SO;_l) - &, jo(-xa t’ 505 805 1) +8)
c U

This shows the upper semicontinuity of f at sq. Lastly, (F3) follows directly from (J2). The proof
that fyy satisfies (F1)—(F3) is similar. O

Since by Lemma 5.1 the multi-valued functions f and fy given by (5.6) satisfy hypotheses (F1)—
(F3), we may consider the multi-valued parabolic variational inequality (1.2)—(1.3) or equivalently
(3.1) with the special multi-valued functions (5.6), i.e, we consider the problem: Find u € D(L)N K,
ne L (Q)and al e L (Ty) such that

1€ Fu), { € Fy(ynu)

5.7
(u,+Au,v—u)+fn(v—u)dxdt+f L (ynv—ynu)dl >0, 5.7)
(9] Cy
for all v € K, or equivalently: Findu € D(L)N K, n € L7 (Q) and a l € LP (Ty) such that
n € F(u), { € Fy(ynu) 5.8)
(Lu+Au+i'n+y¢,v-u)>0, Yvek. '

The main result of this section is to show that the parabolic variational-hemivariational inequal-
ity (5.1) and the related multi-valued variational inequality (5.7) are indeed equivalent provided K
satisfies some lattice property. The following equivalence result holds:

Theorem 5.2 Let (Al)—~(A3), and (J1)—(J3) be satisfied and assume the following lattice condition
for K to be fulfilled:
KVKcCK and KANK CK. 5.9

Then u is a solution of the parabolic variational-hemivariational inequality (5.1) if and only if u is
a solution of the multi-valued variational inequality (5.7) with multi-functions f and fy given by
(5.6).

Proof. Let u be a solution of (5.7) (resp. (5.8)), which due to (5.6) means there is an 7 € L” (Q) and
a ¢ € LV (T'y) such that

T]()C, t) € 6j(-x’ Z, u(-xs t)’ u(x, l)), é,(-x’ t) € ajN(x’ Z YNM(X, t)’ VNM(X’ t))
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and
{up + Au, v —u) + f n(v—u)dxdt + f L (ynv—yyu)dl >0, (5.10)
0 Iy

for all v € K. By the definition of dj and djy we get for any v € K

Jx tu,uy v —u) = n(x, 1) (v—u), ae. in Q,

. (5.11)
JNCe tynu, ynus ynv — ynu) = {(x, 1) (ynv — ynu), a.e. ony.

By (J1) and (J2) we can ensure that the left-hand sides of (5.11) belong to L'(Q) and L'(Ty), respec-
tively, which in view of (5.10) implies (5.1).

Let us prove the reverse, and assume that u is a solution of (5.1). In order to show that u
is a solution of the multi-valued variational inequality (5.7), we are going to show that u is both a
subsolution and a supersolution for the multi-valued problem (5.7), which then by applying Theorem
4.4 completes the proof.

Since K has the lattice property (5.9), we can use in (5.1), in particular, v € u A K, i.e., v =
uMh@=u-—(u-¢)* with ¢ € K, which yields

(up + Au, —(u — )"y + f JOCe tu,u; —(u — @) dxdt
0

+ f JnCet ynu, yyu; —(ynu — yne) ) dl 20, ¥V ¢ € K.
I'n

Because o — j°(, -, 1, 550) (resp. o — j"N(-, -, 1, §;0)) 1s positively homogeneous, the last inequality
is equivalent to

(up + Au, —(u — )"y + f JOetu,uy =1)(u — )" dxdt
0
+ f I toynu, yyus =D (ynu —yye) dl 20, YV g € K.
I'n

Using again for any v € u A K its representation in the form v = u — (u — ¢)* with ¢ € K, the last
inequality is equivalent to

{(up + Au, v —u) + f —j°(x, t,u, u; —1)(v — u) dxdt
o

(5.12)
+ f — iyt yyu, yyu; =) (ynv —ynuw)dl 2 0, Vv eu A K.
I'n
By [15, Proposition 2.1.2] we have
JCe tou(x, ), u(x, 1)); —1)
= max{—-0(x, 1) : 0(x, 1) € 0j(x,t,u(x, 1), u(x,1)}
/ (5.13)

= —min{0(x, 1) : O(x, 1) € 0j(x, t,u(x, 1), u(x, 1))}
=: —Q(x, 1),

where
Q(x, 1) € 0j(x,t,u(x, 1), u(x, ). (5.14)
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Similarly, we get for j§,

j;)\/(x9 1, VNM(X, t)’ J’Nu(x» t))9 _l)
= maX{—{(x, t) : g(-x7 t) € ajN(-x9 t’ '}’N”(X, [)7 ’)’N”(x’ t))}

5.15
= —min{{(x, 1) : {(x,1) € jn(x, 1, ynu(x, 1), yyu(x, 1)} >-15)
=: —é(x, 1),
and
é(x, 1) € djn(x, t, yyu(x, 1), yyu(x, 1)). (5.16)

Since (x,t) — jo(x, t,u(x, 1), u(x,1)); —1) as well as
(x, 1) > j(x, t, yyu(x, 1), ynu(x, 1)); —1) are measurable functions, it follows that (x, 1) Q(x, t) and
(x,1) — {(x,t) are measurable in Q and Iy, respectively, and in view of the growth conditions (J2)
on the Clarke’s gradients, we infer ne LY (Q) andé € L (I'y). Taking (5.13)—(5.16) into account,
from (5.12) we get
(uy + Au, v — uy + f n(v — u) dxdt
Q" (5.17)

+ Lynv—yyu)dl' 20, YveuAK.
Iy~

which together with (5.6) proves that u is a subsolution of (5.7). By similar arguments, one shows
that u is a supersolution of (5.7) as well. By applying Theorem 4.4, there exists a solution i of (5.7)
satisfying u < it < u, i.e. i = u is a solution of (5.7), which completes the proof. O

Special Case

Let us consider the special case of (5.1) given by (5.2) with j and jy of the special form (5.3), i.e.,
Joetrs) = h(x,t,n)j(xt,s),  jn(xt,r,s) = hy(x, 1) jy(x, 1, 5), (5.18)

where i, ] : Q xR — R and hy, jy : Ty X R = R are Carathéodory functions. We suppose that
7:OxR - Rand jy : 'y xR — R are, in addition, locally Lipschitz with respect to s. In this case,
in order for j and jy to satisfy (J1)—(J3), only the following additional hypothesis for &, J, hy, Jy is
required:

HY) h(x,t,r) >0, hy(x,t,r) >0,
sup{lnl : 7 € h(x, 1, $)3j(x, 1, 8)} < a(x, 1) + Bls|”™! (5.19)
forae. (x,7) € Q, ¥V s € R, where a € L” (Q), and 8 > 0, and
sup{lZ| : £ € hy(x, 1, )djn(x, 1, $)} < an(x, 1) + Bylsl”! (5.20)
fora.e. (x,f) €Ty, V s € R, where ay € L” (Ty), and By > 0.
We conclude this section with a few remarks.
Remark 5.3 (i) The results obtained in this paper may be extended and hold true if the operator

A is replaced by a more general Leray-Lions operator of the form

N
3
Alx, f) = — Z oo i . V) + a1, Vo).
i=1 !
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(i)

(iii)

(iv)

S.Carl, V.K.Le

Unlike in recent papers on multi-valued parabolic variational inequalities (e.g., [3]), the inte-
rior of the closed convex set K considered here may be empty, see for example the obstacle
problem considered here.

Regarding the existence and enclosure result formulated in Theorem 4.4, more subtle consid-
eration can be carried out to show that the solution set possesses a certain order structure. In
particular, one can show that the solution set enclosed by sub-and supersolutions is a directed
set, which then can be used to prove the existence of extremal solutions, see [11].

We remark that the lattice condition (5.9) for K, which is needed in the equivalence result The-
orem 5.2 is satisfied, e.g., by obstacle problems and a number of further relevant constraints
in applications.

Acknowledgement

We are very grateful for the reviewer’s careful reading of the manuscript and helpful comments to
improve its content and readability.

References

(1]

(2]

(3]

(4]

(3]

(6]

(71

(8]

(9]

[10]

(11]

J. P. Aubin and A. Cellina, Differential inclusions, Grundlehren der Mathematischen Wissenschaften, vol.
264, Springer, Berlin (1984).

J. Bastien and M. Schatzman, Indeterminacy of a dry friction problem with viscous damping involving
stiction, Z. Angew. Math. Mech. 88 (2008), 243-255.

I. Benedetti, F. Mugelli, and P. Zecca, Existence results for generalized variational inequalities via topo-
logical methods, Topol. Methods Nonlinear Anal. 39 (2012), 37-56.

J. Berkovits and V. Mustonen, Topological degree for perturbations of linear maximal monotone map-
pings and applications to a class of parabolic problems, Re. Mat., Serie VII 12 (1992), 597-621.

J. Berkovits and V. Mustonen, Monotonicity methods for nonlinear evolution equations, Nonlinear Anal-
ysis 27 (1996), 1397-1405.

V. Bogelein, F. Duzaar, and G. Mingione, Degenerate problems with irregular obstacles, J. Reine Angew.
Math. 650 (2011), 107-160.

E. E. Browder and P. Hess, Nonlinear mappings of monotone type in Banach spaces, J. Functional Anal-
ysis 11 (1972), 251-294.

S. Carl and V. K. Le, Sub-supersolution method for quasilinear parabolic variational inequalities, J.
Math. Anal. Appl. 293 (2004), 269-284.

S. Carl, V. K. Le, and D. Motreanu, The sub-supersolution method and extremal solutions for quasilinear
hemivariational inequalities, Differential Integral Equations 17 (2004), 165-178.

S. Carl, V.K. Le, and D. Motreanu, Nonsmooth Variational Problems and Their Inequalities. Comparison
Principles and Applications, Springer, New York (2007).

S. Carl and V. K. Le, Quasilinear parabolic variational inequalities with multi-valued lower-order terms,
Z. Angew. Math. Phys. DOI 10.1007/s00033-013-0357-6 (2013).



Multi-valued parabolic variational inequalities 659

[12]

[13]

[14]

[15]
[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

S. Carl and S. Heikkild, Fixed Point Theory in Ordered Sets and Applications, Springer, New York (2011).

S. Carl, Existence and extremal solutions of parabolic variational-hemivariational inequalities, Monatsh.
Math. 172 (2013), 29-54.

P. Charrier and G. M. Troianiello, On strong solutions to parabolic unilateral problems with obstacle
dependent on time, J. Math. Anal. Appl., 65 (1978), 110-125.

F. H. Clarke, Optimization and Nonsmooth Analysis, SIAM, Philadelphia (1990).

Z. Denkowski, S. Migérski, and N. S. Papageorgiou, An Introduction to Nonlinear Analysis. Applica-
tions, Kluwer Academic Publishers, Boston, Dordrecht, London (2003).

K. Deimling, Nonlinear Functional Analysis, Springer, Berlin (1985).

S. C. Hu and N. S. Papageorgiou, Handbook of Multi-Valued Analysis. Vol. I, Mathematics and its Ap-
plications, vol. 419, Kluwer Academic Publishers, Dordrecht (1997).

D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their Applications,
Academic Press, New York (1980).

M. Kubo, Variational inequalities with time-dependent constraints in L, Nonlinear Anal., 73 (2010),
390-398.

V. K. Le, Variational inequalities with general multi-valued lower order terms given by integrals, Adv.
Nonlinear Studies 11 (2011), 1-24.

J. L. Lions, Quelques méthodes de résolution des problémes aus limites non linéaires, Dunod, Gauthier-
Villars, Paris (1969).

Z. Liu, Some convergence results for evolution hemivariational inequalities, J. Global Optim. 29 (2004),
85-95.

Z. Naniewicz and P. D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and Ap-
plications, Marcel Dekker, New York (1995).

P. D. Panagiotopoulos, Hemivariational Inequalities and Applications in Mechanics and Engineering,
Springer, New York (1993).

N. S. Papageorgiou, F. Papalini, and F. Renzacci, Existence of solutions and periodic solutions for non-
linear evolution inclusions, Rend. Circ. Mat. Palermo 48 (1999), 341-364.

E. Zeidler, Nonlinear Functional Analysis and its Applications, Vols. Il A/B, Springer, Berlin (1990).



