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Abstract

We generalize results from topological robotics on the topological complexity (TC)
of aspherical spaces to sectional categories of fibrations inducing subgroup inclusions
on the level of fundamental groups. In doing so, we establish new lower bounds on
sequential TCs of aspherical spaces as well as the parametrized TC of epimorphisms.
Moreover, we generalize the Costa—Farber canonical class for TC to classes for sequen-
tial TCs and explore their properties. We combine them with the results on sequential
TCs of aspherical spaces to obtain results on spaces that are not necessarily aspherical.
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1 Introduction

An autonomously functioning system in robotics operates a motion planning algorithm
which takes as input the initial and the desired states of the system and produces as
output a motion of the system from the initial to the desired state. A topological
approach to the robot motion planning problem was initiated in [23]; the topological
techniques explained relationships between instabilities occurring in robot motion
planning algorithms and topological features of robots’ configuration spaces. In this
article we focus on the special case when the configuration space of the system is
aspherical and analyse the arising topological and algebraic problems.

1.1 Sectional category and topological complexity

The sectional category of a fibration p: E — B is given as the minimal value of
n, for which B admits an open cover consisting of n + 1 non-empty open sets, each
with the property that p admits a continuous local section over it. It was introduced
under the name of genus of a fibration by A. Schwarz in [43] and is usually denoted
by secat(p: E — B), or simply by secat(p).

While sectional category can be seen as a generalization of the Lusternik—
Schnirelmann category of a space, there is another special case of sectional category
around whom a huge circle of ideas has been established in the past 20 years: the notion
of topological complexity (TC). It has been introduced by M. Farber in [23], see also
[24, Chapter 4] or [25] for introductions to the subject and the introduction to [26] for
an overview of more recent developments. The TC of a path-connected topological
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space X is defined as TC(X) = secat(p), where p denotes the path fibration

p: PX — XxX, py)=(0),yd),

with PX = CO([O, 1], X). It is motivated by the field of topological robotics and
it encodes the complexity of motion planning for autonomous robots in an arbitrary
work space.

An extension of TC is given by the notion of sequential or higher topological
complexity, which has been introduced by Rudyak in [42] and has been explored by
various authors ever since, see e.g. [3, 32] or [34]. The r-th sequential topological
complexity of a path-connected space X, where r > 2, is defined as TC.(X) =
secat(p,), where

priPX > X p) = (v v () v () vm). @

Obviously, it holds that p» = p, the path fibration of X. It encodes a variation of the
motion planning problem from topological robotics in which the robot is supposed to
visit several pre-determined intermediate points along its way from start to end point.

1.2 Topological complexity of aspherical spaces

Both TC and its sequential version are homotopy invariants. Thus, the TC of an aspher-
ical, or Eilenberg—MacLane space, depends only on its fundamental group. It is a
natural question to ask for a description of the TC of an aspherical space as an alge-
braic expression of its fundamental group. For the Lusternik—Schnirelmann category
of an aspherical space, such a description is given by the celebrated Eilenberg—Ganea
theorem, see [22].

The TC of aspherical spaces has received a lot of attention and has been studied
from various perspectives. Complementary to computations for various classes of
examples, see among others [11, 12, 17, 37], there are also more general approaches
to the problem. In [26] methods and constructions from equivariant topology and
Bredon cohomology are employed to produce new lower and upper bounds for the
TC of aspherical spaces, while in [28] the authors establish a spectral sequence from
which a lower bound on the TC of an aspherical space can be derived.

So far, less is known about the sequential TC of aspherical spaces. In [29] the Bredon
cohomology approach from [26] is transferred to sequential TC yielding lower and
upper bounds for sequential TC as well. There are also computations of sequential
TCs of certain classes of aspherical spaces in the literature, see e.g. [33] for the case
of a closed oriented surface.

1.3 Sectional categories of fibrations inducing subgroup inclusions
As a more general question, one might investigate the sectional category of fibrations

between aspherical spaces. It is well-known that the fibre homotopy type of such a
fibration only depends on the homomorphism it induces on the level of fundamental
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4558 A.E.Baroetal.

groups. Using established properties of sectional category, this shows that the sec-
tional category of a fibration between aspherical spaces depends only on its associated
homomorphism of fundamental groups. Thus, one might expect a description of such a
sectional category as an algebraic expression of its associated group homomorphism.

Since P X has the homotopy type of X, the path fibration p can be seen as an
example of such a fibration in the case that X is aspherical. One checks that if X is
of type K (mr, 1) for some group =, then on fundamental group level, p induces the
diagonal inclusion

T—>nxmn, g+ (g 8).

More generally, for any r > 2, the fibration p, from (1.1) induces the inclusion

T, g (8.8 ....8),

between fundamental groups in the aspherical case.

Motivated by these observations, the authors of [6] study the sectional category
of fibrations between aspherical spaces that induce subgroup inclusions between
fundamental groups in loc. cit. in a systematic way. Their main algebraic tools are
algebraically defined relative versions of Berstein—Schwarz classes that can be used
to provide lower bounds on the corresponding sectional categories. As we shall
see in the course of this article, studying sectional categories of fibrations induc-
ing subgroup inclusions further subsumes the parametrized topological complexity
of epimorphisms. The latter has been studied by Grant [35] and can be seen an an
analogue of the TC of aspherical spaces in the framework of parametrized TC. This
notion has been introduced by Cohen, Farber and Weinberger in [10] and has been
studied by several authors since then.

1.4 Contents of this article

The purpose of this article is twofold. On the one hand, we present generalizations
of the spectral sequence constructions from [28] to sectional categories of fibrations
inducing subgroup inclusions. Here, we only make use of methods from homological
algebra and obtain a general lower bound for such sectional categories. We also gen-
eralize some of the main results of [28] to sectional categories of subgroup inclusions.
While a certain spectral sequence constructed therein can be used to derive lower
bounds for the TC of aspherical spaces, we show how to generalize the construction to
sectional categories of fibrations inducing subgroup inclusions. Eventually, we derive
the following lower bound for such sectional categories.

Theorem (Theorem 4.10) Let G be a geometrically finite group and let H < G be a
subgroup. Then

secat(H — G) > c¢d(G) — kG, H,

where kG, g = max{cd(H NxHx ") |xeG~ H}.
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The proof of this lower bound is given by entirely algebraic methods that do not involve
any topological arguments at all.

On the other hand, we carry out the consequences of this general result for sequential
TC and approach the question of sequential TC of aspherical spaces from a more
topological point of view. First of all, we show that in the case of sequential TC,
the above lower bound can be rephrased in terms of cohomological dimensions of
centralizers as in part a) of the following theorem.

Theorem Let w be a geometrically finite group and let r € N with r > 2. Let C(g)
denote the centralizer of g € w and put

k() = max{cd(C(g)) | g € m ~ {1}}.
a) (Theorem 5.2) Then
TC, (K (m, 1)) > r -cd(m) — k().

b) (Corollary 7.6) Let X be a connected locally finite CW complex with w1 (X) =
whose universal cover is (k — 1)-connected for some k € N with cd(w) < k. Then

TC,(X) > r - cd(m) — k(7).

As an application, we will show that for a free amalgamated product of the form
71 *y 72, where H is malnormal both in 77| and in 71, we obtain that

TC (K (wy *g 72, 1)) = r - ed(mry % m2) — max{k(my), k(m2)}  Vr = 2.

We further introduce a generalization of the canonical cohomology class of a topolog-
ical space, which has been introduced by Costa and Farber in [15] in the study of lower
bounds for TC. Our more general notion provides an analogue of this class for the
r-th sequential TC of a space for any r > 2. We study its properties and link it to the
algebraically defined relative Berstein—Schwarz classes in the case of sequential TC of
aspherical spaces. In constrast to relative Berstein—Schwarz classes, canonical classes
are defined for all, i.e. not necessarily aspherical topological spaces. Towards the end
of the article, we will show how the results for aspherical spaces can be employed to
derive results for not necessarily aspherical spaces as well, culminating in a proof of
part b) of the above theorem.

1.5 Structure of the article

In Sect. 2 we recall various definitions and results on sectional categories with a focus
on subgroup inclusions. Section3 generalizes the notion of essential cohomology
classes as introduced in [28] for TC to the abovementioned situations involving sub-
group inclusions. They are explored purely in terms of group cohomology and further
used to compute the sectional category of the inclusion of a normal subgroup. The
abovementioned spectral sequence from [28] is then generalized to fibrations inducing

@ Springer



4560 A.E.Baroetal.

subgroup inclusions in Sect. 4. Its properties are studied in analogy with [28] and it is
shown that the spectral sequence encodes the properties of essential classes of subgroup
inclusions. In Sect. 5 the spectral sequence is used to derive our main lower bound on
sectional categories of fibrations inducing subgroup inclusions. These results gener-
alize observations for TC that are implicitly contained, though not explicitly stated, in
[28].

We then turn our attention to the special cases of sequential and parametrized
topological complexities in Sect. 6. We state and slightly simplify the corresponding
lower bounds and present some simple consequences. Section 7 approaches sequential
TC from a more topological point of view. We establish the notion of r-th canonical
classes that are the sequential TC versions of Costa—Farber’s construction for TC, i.e.
the case of r = 2, and show that they coincide with the respective relative Berstein—
Schwarz classes in the aspherical case. We further connect our previous results with
the notion of sequential D-topological complexity that was introduced in [29] and use
it to derive results on sequential TCs of spaces that are not necessaily aspherical.

2 Preliminaries

In this brief section, we recall various results and terminology for sectional categories
and aspherical spaces.

Definition 2.1 Let X and Y be topological spaces and let f: X — Y be continuous.
The sectional category of f,denoted by secat(f: X — Y), or just secat(f), is given
as the minimum number n € N for which there is an open cover Uy, Uy, ..., U, of
Y, such that for each i € {0, 1, ..., n} there exists a continuous map s; : U; — X for
which f o s; is homotopic to the inclusion of U;. If there is no finite open cover of Y
which has these properties, we put secat(f) := +oo.

Remark 2.2 (1) The sectional category of a fibration was originally defined under the
name of genus by Schwarz in [43]. Its generalization to arbitrary continuous maps
was first considered by Fet in [31] and by Berstein and Ganea in [4], see also [2]
for a more general approach. If f is a fibration in Definition 2.1, the maps s; can
be required to be continuous sections of f, not only homotopy sections, without
changing the value of secat(f).

(2) Note that our definition of secat(f) is the reduced version which differs from
Schwarz’s original definition by one, so that in the case that f admits a global
continuous homotopy section, Y — X, by our definition secat(f) = 0, while by
Schwarz’s original definition, it would hold that secat(f) = 1. Likewise, we will
use the reduced definition of Lusternik—Schnirelmann category as also considered
in [14].

In the following theorem, we collect various basic properties of sectional categories
that we will use in the course of this article.

Theorem 2.3 Let X and Y be topological spaces and let f: X — Y.
a) secat(f: X — Y) < cat(Y), the Lusternik—Schnirelmann category of Y.
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Sequential topological complexity of aspherical spaces... 4561

b) If g: X — Y is homotopic to f, then secat(f) = secat(g). ~

c) Let k € N, If there are reduced cohomology classes u; € ker [f*: H*(Y; A;) —
I-I*(X; f*A,-)], where A; is a local coefficient system over Y for each i €
{1,2,...,k}, such that

utUupU---Uup #0€ H* (Y, A1 ®@ A2 ® --- ® Ap),
then
secat(f) > k.

Let G be a group. In the following we will say that a space X is of type K (G, 1) if
its homotopy groups satisfy

|G ifi=1,
mi(X) = o
{0} ifi #£1.
By abuse of notation, we will also write K (G, 1) as a space instead of X if our
considerations are independent of the chosen space of type K (G, 1).

Definition 2.4 A group G is called geometrically finite if there exists a finite CW
complex of type K (G, 1).

By classical algebraic topology, for any two groups G and G there is a one-to-one
correspondence between based homotopy classes of continuous maps K (G, 1) —
K (G», 1) and group homomorphisms G; — G», induced by associating with any
continuous f: K(G1,1) — K»2(G3, 1) the induced homomorphism 771 (f) between
the fundamental groups.

Definition 2.5 Let G| and G, be groups and let ¢ : G; — G be a group homomor-
phism. We define the sectional category of ¢ by

secat(p: G| — G2) :=secat(f,: K(Gy, 1) — K(G2, 1)),
or just secat(p), where f, is a continuous map with 71 (f,) = ¢. By Theorem 2.3.b),
secat(yp) is well-defined.
Given a group G and a subgroup H < G, we further let

secat(H — G)

denote the sectional category of the inclusion of H into G without naming the map
explicitly.

The sectional category of subgroup inclusions was introduced and studied by Z.
Btaszczyk, J. Carrasquel Vera and the first author in [6]. Since the cohomology of
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aspherical spaces can be computed purely algebraically in terms of group cohomol-
ogy, the properties of sectional category from Theorem 2.3 can for sectional categories
of subgroup inclusions be translated into algebraic statements.

Both assertions of the following theorem are obtained straightforwardly as special
cases of Theorem 2.3.a) and c). One uses that by the Eilenberg—Ganea theorem, see
[22], and later work of Stallings [44] and Swan [45], it holds for every geometrically
finite group G that

cat(K (G, 1)) = cd(G),

the cohomological dimension of G. See also [41] for a lucid exposition of the
Eilenberg—Ganea results.

Theorem 2.6 Let G be geometrically finite and let « : H < G be the inclusion of a
subgroup.

a) secat(t: H — G) < cd(G).

b) Ifthere are reduced cohomology classes u; € ker[t*: ﬁ*(G; Aj) — ﬁ*(H, Resg
(Ai))], where A; is a left Z|Gl-module for each i € {1,2,...,k}, which satisfy
urUus---Uuy # 0, then

secat(t: H — G) > k.

Remark 2.7 Note that for any group G and any subgroup H < G, secat(H —
G) coincides with the sectional category of the covering map K(H, 1) - K(G, 1)
associated with H. In particular, this provides an explicit fibration whose sectional
category coincides with secat(H — G).

We end this section by fixing some notational conventions that we will frequently
use throughout the article.

Notation 2.8 Let G be a group.

e Welet I € G denote the unit element and Z[G] the integer group ring of G.

e We further let ¢: Z[G] — Z, S(deG ng - g) = deG ng, be the augmentation
and K = ker ¢ be the augmentation ideal, seen as a left Z[G]-module.

e Given a subgroup H < G, we let Z[G/H] be the associated permutation module
as a left Z[G]-module. We further let o : Z[G/H] — Z, G(erG/H Ny -X) =
Y oG JH Tx denote its augmentation, and I = ker o the corresponding augmen-
tation ideal.

e For any left Z[G]-module M, we put M = Resg (M) for the left Z[ H]-module
that is obtained via restriction of scalars from Z[G] to Z[ H].

o We always let ® without any subscript denote the tensor product ®z of abelian
groups. Given a Z[G]-module M and p € N we denote the p-fold tensor power
of M by

MP -— m®P =MIMP--- QM
and consider it as a Z[G]-module with respect to the diagonal G-action on M?.

@ Springer



Sequential topological complexity of aspherical spaces... 4563

e Given two left Z[G]-modules M| and M, we consider Homyz (M, M>), the set of
group homomorphisms from M| to M», as a left Z[G]-module via the diagonal
G-action given by

(g- f)m):=gf(g"'m) Vme M, geG, feHomz(M, M,).

Note that as free abelian group,

K:@Z.(g—l), I = @ Z-(gH — H),

geG gHeG/H

where H € G/H denotes the class of the unit element.

3 Essential classes relative to subgroups
3.1 The definition of essential classes

Let G be a group and leti: K < Z[G] be the inclusion of the augmentation ideal. It
is shown in [21] and discussed in [6] that we obtain a projective resolution of Z over
Z[G] via

S TZIGIRK B 761Kk = . S ZGIe K IS 7161 S 7 - 0,
3.1

where

ps: ZIGI®K® - ZIGI® K™, p(x®y®2) =e(x)-i(y)®z
Vx € Z[G], ye K, z€ KL,

In the following, we shall use this resolution in our study of cohomology groups of G.
Letus recall the following definition from [6], which will play a crucial role through-
out the rest ot this article.

Definition 3.1 Let H < G be a subgroup. We define the Berstein—Schwarz class of
G relative to H as the class w € H'(G; I) represented by the cocycle

€ € HomyG|(ZIGI® K, I), &= po(e®idg),

where : K — [ is induced by the canonical projection G — G/H.

We also recall the description of the cup product in group cohomology with respect
to the resolution (3.1) provided in [6, Proposition 1.6]. For cohomology classes [a] €
HP?(G; A) and [b] € HY(G; B) represented by cocycles a: Z[G] ® K” — A and
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4564 A.E.Baroetal.

b: Z[G1® K9 — B, the cup product [a] U [b] € HP14(G; A ® B) is represented by
the map

Z[G] ® KP+e £29 grta 426 4o p

where a : K” — A the Z[G]-module homomorphism induced by the diagram

KPtl — ZIG1®Q KP — KP

b

since a vanishes on K 7*!, and analogously for b. Under this characterization, the n-th
power of the relative Berstein—Schwarz class " € H"(G; I") is represented by the
map
d n
ZIG1® K" 225 g 1 .
The next proposition relates the powers of relative Berstein—Schwarz classes to sec-
tional category.

Proposition3.2 Let H < G be a subgroup and let o € H'(G; I) be the Berstein—
Schwarz class of G relative to H. Then

secat(H — G) > height(w) = sup{n € N | " # 0}.

Proof Leti: H — G be the inclusion and let k := height(w). By [6, Lemma 2.6],
it holds that @ € ker ¢*. Thus, it follows immediately from Theorem 2.6.b) by taking
u; = wforeachi € {1,2,...,k}. |

The role of relative Berstein—Schwarz classes for sectional categories of subgroup
inclusions is analogous to the role of Berstein—Schwarz classes for Lusternik—
Schnirelmann category and the role of the so-called canonical classes for topological
complexity. The latter were introduced by Costa and Farber in [15]. We shall discuss
below how canonical classes are related to relative Berstein—Schwarz classes.

The following lemma provides an alternative characterization of relative Berstein—
Schwarz classes and is an analogue of [15, Lemma 5].

Lemma 3.3 Consider the short exact sequence of G-modules

0> 1572G/HISZ -0 (3.2)

and let 8: HY(G;Z) — H'(G; I) denote the Bockstein homomorphism associated
with that sequence. Then

w=45(1),
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where 1 € H(G; Z) is a generator:

Proof Let p: Z|G] — Z[G/H] denote the homomorphism induced by the orbit
space projection. We know that w € H'(G; I) is represented by f: Z[G]1® K — I,
f = po (e ®idg). We consider the long exact sequence associated with

0— C%G; 1) — c%G; ZIG/H]) — C*(G; Z) — 0.

In terms of our resolution, its connecting homomorphism, i.e. the Bockstein homo-
morphism, is obtained via diagram chasing in

0 —> HOmZ[(;J (Z[G], [) ;) HomZ[GJ (Z[G], Z[G/H]) L} HomZ[(;J (Z[G], Z) —> 0
L L L

0 — Homzg)(ZIG] ® K, I) —= Homz61(ZIG] ® K, ZIG/ H1) —= Homz;)(ZIG] ® K, Z) — 0

The augmentation ¢ € Homyg(Z[G], Z) is a cocycle. By definition of the maps
involved, it holds that ¢ = o o p, i.e. 04(p) = ¢. Diagram chasing shows that

i.(f) = di (p),
so by definition of the Bockstein homomorphism, we obtain that
() =4(le) =[f] = w.

Here, one sees that 1 = [¢] generates HO(G; Z)as e(g) = 1foreach g € G. O

By elementary homological algebra, since I is Z-free, tensoring the short exact
sequence (3.2) with a left Z[G]-module M yields a short exact sequence of Z[G]-
modules

0—->1®M — ZI[G/HI®M - M — 0 (3.3)

with respect to the diagonal G-actions. In complete analogy with a statement for the
canonical class observed in Sect. 3 of [28], we derive the following statement.

Corollary 3.4 Let M be a Z-free left Z|Gl-module and let u € H'(G; M), where
i € No. Consider the Bockstein homomorphism & of the coefficient sequence

0—->1I®M — ZIG/HIQM — M — 0.
Then
S(u)=wUu e HTYG; I @ M).

Proof 1t follows straight from [8, V.(3.3)] and the graded commutativity of the cup
product that

Su)y=8uUl) =(=Duusl)=(-DuUw=wUu. O
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We let Homz (I°, M) be equipped with the diagonal G-action and consider
evy: I @ Homz(I°T!, M) > Homz(I°, M), ev(xQ® f) = f(x® ),

which is seen to be a Z[ G]-homomorphism. The following statement and its proof are
straightforward analogues and carried out along the lines of [28, Proposition 7.3].

Proposition 3.5 Let A be a left Z[|G]-module. For any cohomology class u € H”
(G; Homz (I, A)) one has

8(u) = —(evs)x(@Uu),

where § is the Bockstein homomorphism associated with the short exact coefficient
sequence

0 — Homy(I°, A) & Homy(ZIG/H] ® I°, A) > Homz(I°*!, A) — 0 3.4)

obtained by applying Homyz(-, A) to (3.3) in the case of M = I°.
Proof We first observe that (3.4) is indeed short exact, since I*, Z[G /H]® I and I s+l

are all Z-free. Let 8: H'(G; Homz(I*t!, A)) — H'TY(G: I ® Homz(I*t!, A))
denote the Bockstein homomorphism of the short exact coefficient sequence

0— I ® Homz(I**', A) < Z[G/H] ® Homz(I*+", 4) "2 Homz(I*+!, A)— 0

obtained by letting M = Homz(/**!, A) in (3.3). By Corollary 3.4, it holds that
B(u) =wUu.

Thus, the claim immediately follows if we can show that 6 = —(evy)« o B. We first

consider the homomorphism F : Z[G/H] ® Homy (I*t!, A) — Homyz(Z[G/H] ®

I°, A) given by Z-linearly extending

(FxH® f)zH®y) = f((zH —xH) ® y)
Vx,z€G, yel’, fe Homy (I°T!, A).

We compute that

(F(g-xH® H)zH®y)
=F(gxH® g - )zH®Y)

=(g- ) (H-gxH)®y) =gf (g7 'zH —xH) @ g~ 'y)
=g(FGH® (g 'tH®g ') =(g- FGH® f)H ® )
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for all g,x,z € G,y € I’ and f € HomZ(ISH,M). Hence, F is a Z[G]-
homomorphism. Consider the following diagram with exact rows:

0—— 1 ®@Homy (I°t!, M) “29 721G/ H] @ Homy (5, M) 228 Homy (15+!, M) — 0

Lews ) |F ) i

0 —— Homy, (I, M) —2— Homy(Z[G/H] ® I¥, M) —— Homy (15!, M) —> 0

To show that the left-hand square of this diagram commutes, we compute for all
x,z€ G,y e I*and f € Homz(I°t!, M) that

(=0 oevi)(6H —H)® f))zH ® y) = —0(zH) - f(xH — H) ® y)

=—f(xH-H)®Yy).

and

(Fo(i®id))(xH —H)® f))(zH ® y)
=(FeHQ f)ZH®Yy)— (F(HQ /)zH®y)
=f(zH—-xH)®y)— f(eH—H)®y)=—f((xH — H)®Yy).

Comparing the results shows the commutativity of the left-hand square. Concerning
the right-hand square, we derive that

("o F)(xH ® f)(zH — H) ® y)
=F@H® f)HzH®y) — (F(xHQ® )(H®Yy)
= f(H —xH)®y)— f(H—-xH)®Yy)
=f(zH-H)®y)=0(xH)  f((zH - H)®Y)
=((0®id)(x® MN)((zH — H) ®Yy).

Thus, the above diagram commutes. Considering the long exact cohomology
sequences associated with the coefficient groups of the above diagram, the naturality
of Bockstein homomorphisms shows that

—(evg)xo B =38 0idy =3,

which we wanted to show. The claim immediately follows. Here, the additional sign
stems from the fact that we have considered —o* instead of ¢* in the bottom row of
the diagram. O

We introduce some additional terminology which generalizes the notion of essential
classes introduced in [28].

Definition 3.6 Letn € Nandleta € H"(G; A) witha # 0. We say that « is essential
relative to H if there exists a homomorphism of Z[G]-modules ¢ : I" — A, such that

(") = a.
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Remark 3.7 Cohomology classes which are essential relative to subgroups are used to
derive lower bounds on the sectional category of the corresponding subgroup inclusion:
Assume that for some n € N, there exists a class u € H"(G; A) with u # 0 that is
essential relative to H. By definition of essential classes, this requires that " # 0 €
H"(G; I""), which in turn yields that secat(H < G) > n by Proposition 3.2.

3.2 Essential classes relative to normal subgroups

To close this section, let us consider the case of the inclusion of a normal subgroup. In
this setting we can characterize essential classes relative to that subgroup as pullbacks
of non-trivial classes in the cohomology of the quotient group through the homo-
morphism in cohomology induced by the quotient map. This is, in certain measure, a
generalization of the ideas present in the case of the inclusion of the diagonal subgroup
in abelian groups, as considered in [28, Section 6].

Proposition 3.8 Let N < G be a normal subgroup, put Q := G/N for the quotient
group and let w: G — Q denote the projection.

a) Let o € H'(G; 1) be the Berstein-Schwarz class of G relative to N and let
B e HY(Q; 1) be the Berstein-Schwarz class of Q, where 19 C Z[ Q] denotes
the augmentation ideal of Q. Then

7B = w.

b) Let A be a left Z] Q]-module and let n € N. A cohomology classu € H"(G; 7*A)
with u # 0 is essential relative to N if and only if there exists v € H"(Q; A) with
T = u.

Proof Throughout the proof, we will use the projective resolution (Z[G] ® K*, px)
of Z over Z[G] and the projective resolution (Z[ Q] ® Ia, p«) of Z over Z[ Q], both
defined as in the beginning of this section, to compute the cohomology groups of G
and Q, respectively. By abuse of notation, we further denote the ring homomorphism
induced by 7 by 7 : Z[G] — Z[ Q] as well.

a) By definition of the augmentation ideals and of 7, it holds that 7 (K) C I and
in the notation of Definition 3.1, we write u = m|g: K — Ip. By factorwise
applying 7, one obtains a chain map

my: ZIG1® K* — Z[Q]1 ® I,
This map induces a cochain map
(4)*: Homz g (Z[Q] ® I}, A) — Homyg <Z[G] ® K*, ,T*A),
which in turn induces the pullback map

7% H*(Q; A) — H*(G;nn*A).
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b)

Denote the augmentations of G and Q by e and € g, respectively. As shownin [21],
the Berstein—Schwarz class 8 € H'(Q; I o) is then represented by the cocycle

fprZIQI® Ig — g,  fp=2¢0®idy,.
One easily checks that eg o m = &g, so that

() (fp) (X)(¥) = (6@ 0 M) (x) - Ty (y) = G (x) - u(y)
= (no(eg ®idg))(x ® y).
for all x € Z[G] and y € K. By definition of w, it is represented by this latter
cocycle. Passing to cohomology then shows that 7*8 = w.
Assume that u is essential relative to N, such that there exists a Z[G]-
homomorphism ¢: I" — 7*A with

U= @u(0") = @u((T*B)") = (@s o T*)(B").

One easily checks that 7*Ip = I as Z[G]-modules. Moreover, since we can view

p: 1 6 — A as a Z[ Q]-homomorphism and since the diagram

H'(Q: 1) ——  H™(Q: A)

n*l n*l
H"(G;I") —2— H"(G;7*A
(G: ") —F— H"(G:m*A) 35)
obviously commutes, we obtain that u = *v, where v := ¢, (8") € H"(Q; A).
Conversely, assume that there exists a class v € H"(Q; A), for which u = 7 *v.

By the universality of Berstein—Schwarz classes, see [21], there exists a Z[Q]-
homomorphism

wzlg—>A,

such that v = ¥, (8"). In fact, by definition of pullback modules, we can view ¥
as a Z[ G]-homomorphism

Yy l"=n"lp — A

Replacing ¢, by ¥, the diagram corresponding to (3.5) commutes as well, so we
obtain that

u=m*(P(B") = Yu (@ (")) = ("),
hence u is essential. O
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We want to derive an estimate for secat(N < G) from the previous proposition, for
which we need to introduce another notion. Recently, Mark Grant defined the cohomo-
logical dimension cd(¢) of a group homomorphism ¢: G — H to be the maximum
k for which there exists some H-module A so that ¢*: H*(H; A) — H*(G; $*A)
is non-trivial. The first published account of the study of this new dimension is even
more recent, see [20].

For the proof of the following theorem we recall that the LS-category of a map
f: X — Y is the smallest integer m for which there are m + 1 open sets Uy, ..., Uy
which cover X and such that each of the restrictions f|y; is nullhomotopic. For a
group homomorphism ¢: G — H, we write cat(¢) for the category of the associated
map of aspherical spaces K (G, 1) - K(H, 1).

Theorem 3.9 Let N <G be a normal subgroup, put Q := G /N for the quotient group
and let w : G — Q denote the projection. Then

cd(r : G — Q) <secat(N — G) < cd(Q).

In particular, if 7*: HYD(Q; A) — HYD(G; 7*A) is non-zero for some Z[Q]-
module A, then secat(N — G) = cd(Q).

Proof Putk :=cd(mw: G — Q) and let A be a left Z[ Q]-module and u € Hk(Q; A)
with 7*u # 0. Then, by Proposition 3.8, 7*u € Hk(G; m*A) is essential relative to
N. This in particular yields that o* # 0, where w € H 1 (G; I) denotes the Berstein—
Schwarz class of G relative to N and it follows from Proposition 3.2 that secat(N —
G) > k.

To show the other inequality we can argue through properties of Lusternik—
Schnirelmann category as found in [14]. First, let’s note that the exact sequence

M>N5>650- (1)
gives a fibre sequence
K(N.1) 5 K(@G. 1) 5 K(Q. 1)

where we have used the same notation for the space maps. A fibre sequence arises as
a homotopy pullback

K(N,1) — Py(K(Q. 1))

! !

K(G,1) —<— K(0,1)

where Po(K (Q, 1)) — K(Q, 1) is the based path space fibration. By [14, Proposition
9.18], because Py(K (Q, 1)) is contractible, we have secat(N — G) = cat(w). But
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a standard property of the category of a map is that it is bounded above by both the
category of its domain and the category of its codomain. Hence,

secat(N — G) = cat(r) < cat(K(Q, 1)) = cd(Q). (3.6)

Assume now the hypothesis that 7*: H4(Q) (Q; A) - HYUD(G; 7*A) is non-zero
for some Z[ Q]-module A. Then, by definition, cd(;r) > cd(Q). Combining this with
the lower bound by cd(sr) and with inequality 3.6 shows that

secat(N — G) = cd(w) = cd(Q).
O

Remark 3.10 (1) Notice that if we assume cd(Q) # 2 (and thus we remove the
pathological case prescribed by the Eilenberg—Ganea conjecture) one could also
argue in the proof of the upper bound of Theorem 3.9 as follows: observe first
that, by [6, Corollary 2.4], it holds that

secat(N — G) < dim E\n)G

where E ()G is the classifying space of the family of groups generated by N.
Since N is a normal subgroup of G, we derive from [1, Corollary 4.22] that
dim(En) G) = dim(K (Q, 1)), where K (Q, 1) is a classifying space of Q. Using
the Eilenberg—Ganea theorem and Theorem 2.6.a) we derive that

secat(N — G) <dim(K(Q, 1)) = cd(Q).

Combining this with the first inequality of Theorem 3.9 shows the claim.

(2) Since cat(K(Q, 1)) = cd(Q) for any Q by the Eilenberg—Ganea theorem, there
arose the natural conjecture that cat(¢) = cd(¢) for any homomorphism¢: G —
H. This was disproved by T. Goodwillie using an infinitely generated group G.
In [20, Theorem 5.4] a finitely generated example was derived and we shall use
this in Example 3.11.

Example 3.11 While the hypothesis that cd(m: G — Q) = cd(Q) on cohomology
in Theorem 3.9 is sufficient to derive secat(N — G) = cd(Q), it is not necessary.
We can see this using [20, Theorem 5.4] as follows. We recall that in [7], D. Bolotov
defined a closed manifold M* with fundamental group 71 (M) = Z  Z> for which,
as shown in [20], the pullback map

W H3(K(Z*73,1); A) —> H>(M; A)
is the zero homomorphism for all ZxZ3-modules A, where ;u: M — K (r, 1) isaclas-
sifying map of the universal cover. The hyperbolization procedure of [9] gives a closed

aspherical manifold W* and a degree one map o: W — M which induces a surjection
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of fundamental groups. The surjective group homomorphism G = 71 (W) — Z % Z3
is then induced by the composition

wiME k@7 1)=8"VvT13
and we have amap 0: W — T3 given by the composition
wimbEstvrd Sl

where c: S'v T3 — T3 collapses S'. Abusing notation, the induced homomorphism
of fundamental groups 6: G — Z?3 is also a surjection. Letting N = ker 6, we have

an exact sequence {1} - N 4 G —6> Z3 — {1}. In [20, Theorem 5.4] it is shown
that

cat(9) = cd(Z>) = 3.

As in Remark 3.10, this means that secat(N < G) = 3 as well. However, the fact
that «* = 0 and that @ = ¢ o j1 o & shows that the map 6*: H3(Z?; A) — H3(G; A)
is trivial for any coefficient module, hence cd(9) < 3.

4 Forming the spectral sequence and deriving a lower bound

In this section we will proceed to generalize the construction of a spectral sequence to
sectional categories of subgroup inclusions that has been carried out for the topological
complexity of aspherical spaces by the second and third authors in [28, Section 7]. In
our setting, the spectral sequence fom [28] corresponds to the choice of G = 7 x 7
and H = Ay, for a given group 7. The steps of the construction are carried out in
complete analogy with the corresponding parts of [28] and instead of giving individual
references for each statement, we view this as a general reference to [28, Section 7].
The interested reader will have no difficulties in finding the analogous statements
therein.

4.1 The construction of the spectral sequence

Let G be a group, let H < G be a subgroup and let w € H'(G; I) be the Berstein—
Schwarz class of G relative to H. Let A be a left Z[G]-module. Define the groups

Ep* = Extyg (ZIG/HI® I A), Dy’ =Extyg (I, 4)  Vr.seNo.

Leti: I — Z[G/H]denote the inclusion. For each s € N the short exact sequence
from (3.3) with M = I° yields a short exact sequence of Z[G]-modules

0— ' L zig/mer & o, @.1)
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where f: J CR ZIG/HI® I°, f; :== i ®idys and g5: Z[G/H]Q I’ — I°,
gs(x®y)=0(x)-y.

For each s, the sequence in (4.1) induces a long exact Ext-sequence with coefficients
in A, which is in the above notation given as

s ko s+1 s Jo 3
= Eyt % ppith L ppths B gty (4.2)

where

o ip: D{)’SH — D6+1’S denotes the connecting homomorphism,

e jo: Dy* — E;" isinduced by (g,)*: HomgGi(I*, A) — HomzG(Z[G/H]®
IS’ A)7
o ko: Ej° — D(r)’Hl is induced by (fs)*: HomgzG|(ZIG/H] ® I°,A) —
HomZ[G](ISH, A).
We put

Ey:= @ E; = @D Exty(ZIG/HI® I, A)

r,s€Ng r,s€Np

and

Dy := @ D)’ = @ Extyg,(I*, A)

r,s€Np r,seNp
and consider the summandwise defined maps
io: Do — Do, jo: Do — Ey, ko: Eo — Dy.

Together with these maps the groups Dy and E( form an exact couple

Dy # Dy.

Eg

For each p € N we denote its p-th derived exact couple as

ip
DP DP

Ep

where, for each p € N the module D)," is defined as the image of p compositions of
the map i, i.e.

D =im(ip: D;__ll's“ — DY) =im(igo---oiy: Dy PP Dl
—

p
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and, naturally, the module E;}* is defined by taking cohomology with respect to the
differential defined by the exact couple, that is

Ey* = H*(EV" . dp 1),

The zeroth page of the first-quadrant cohomological spectral sequence obtained
thereby is formed by the groups E;* and the differential

do: ES’S — ES’X—H, do = jooko Vr,s € Np.

Note that we can view D}, C Dy™* as subsets for each p € N and we will occasionally
do so without further mention.

Let n, p € N with p < n. Taking a class @ € D;’O we know by definition that
o= ié’ (y) for some y € Dgfp’p. By [8, Proposition II1.2.2], we can identify

Dy "t = Ext%[_g](lp, A) = H"P(G; Homgz(I”, A)).

Following an iterated use of the identification provided by Proposition 3.5, we obtain
the following characterization of D;*O, which is a generalization of [28, Corollary
7.4].

Proposition4.1 Letn, p € Nwith p < n and let a € D(')"O. Then o € DZ’O if and
only if there exists y € H"™P(G; Homz(I?, A)) with

o = Y(w” Uy),
where Y : I? @ Homgz (17, A) — A is the Z[G]-homomorphism given by
1\h(xl®"'®xp®f) :f(xp®xp—l®"'®xl)'

This proposition has an immediate consequence for sectional categories.
Theorem 4.2 Letn, p € Nwith p <n. IfD;l,’O # {0}, then wP # 0 and thus
secat(H — G) > p.
Proof By Proposition 4.1, every class in D;’,’O is obtained as a pushforward of a cup

product of w” with another class. So if there is a non-trivial class in DZ’O, then it
necessarily holds that w” # 0 and the claim follows from Proposition 3.2. O

4.2 Essential classes and the spectral sequence

To extract further consequences for secat(H — G) from the spectral sequence, we
need to introduce some auxiliary lemmas on the groups E(r)’s.
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Lemma4.3 Let M and N be left Z]|G]-modules. Let Z|G] @ M be equipped with the
diagonal G-action. Then

@: Homy6(ZIG/H]® M, N) — Homg;(M, N),
(N = f(HRx) Vxe M,

is an isomorphism of abelian groups.

Proof 1t is easy to see that ® is a well-defined group homomorphism. Consider the
map

v HomZ[H](M, ﬁ) — HOInZ[G](Z[G/H] ® M, N),
(W())(gH @x) = gf (g x).

For each f € Homyy (M, N)and h € H we obtain that
ghf(h™ g™ x) = gf(e7'x) VeeG,xeM,
since f is a Z[ H]-homomorphism. This shows that W ( f)(g H ® x) is independent of

the chosen representative of g H, thus W(f): Z[G/H] ® M — N well-defined.
For all f € Homgz (M, N), g1, g2 € G and x € M we further compute that

(W()(g-gH®x) =V (f)(g1g2H ® g1x) = 2182/ (8, ' &, ' &1%)
=g1-82f(g, ') = g1 - (W((g2H ®x),
so W(f) € Homyz;|(ZIG/H] ® M, N). Hence, V¥ is well-defined and it is apparent

that W is a group homomorphism. A simple computation shows that W is a two-sided
inverse of . O

Lemma4.4 Let M and N be left Z|G)-modules. Let Z|G/H] @ M be equipped with
the diagonal G-action. Then there are isomorphisms

Exth 6 (ZIG/H]1® M, N) = Extl ,;(M, N)  Vr e No.
Proof Let
0= Ne— Jo 2% 5 2% o 25
be an injective resolution of N over Z[G]. By Lemma 4.3, there is an isomorphism
®;: HomzG)(ZIG/H)® M, J;) — Homzu (M, J;)
for each i € Ny and one checks without difficulties that ®; is compatible v&iith the
maps induced by the j;. At this point, it suffices to show that each of the J; is an

injective Z[ H]-module as passing to cohomology then shows the claim.
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Let J be an injective Z[G]-module, X and Y be Z[H]-modules andi : X < Y
be a monomorphism of Z[H]-modules and let f € Homgz y (X, J). We consider
the induced Z[G]-modules Indg(X ) and IndG (Y). One checks from the universal
property of induced modules see e.g. [8, p. 63], thatz induces a Z[ G ]-homomorphism

IndG (X) — IndG Y ) which is again injective since Z[G] is free as a right Z[ H]-
module and f induces f € Homyg) (Ind (X), J). Since J is injective over Z[G],
it follows that there exists ¢ € Homy, G](Ind (Y), J) with f =gol.

Define ¢: ¥ — J by ¢(y) := @(1 ®z(n7 y) for each y € Y. One checks without
difficulties that ¢ is a Z[ H]-homomorphism with

(¢ o)) =F(1 &z i) = F(70 &z 1)) = T @z ») = £

for all y € J. This shows that J is injective over Z[H] and thereby completes the
proof. O

Corollary 4.5 Letr € N and s € Ny. Then
E}* = Extzym(I°, A).

Proof This is the special case of Lemma 4.4 obtained by letting M = [* and N = A.
]

The following theorem summarizes the most important properties of the spectral
sequence.

Theorem 4.6 Letn € Nand letu € H"(G; A) withu # 0.

a) The class u is essential relative to H if and only if u € Dn .
b) D = ker[t* : H"(G;I) — H"(H; I)] where (* is induced by the inclusion
L H — G.

c) Lets €{0,1,...,n —1}. Thenu € D"}, if and only if

s+1
ue D" and u e ker [js D0 Eé’,’_”] .

Proof a) By Proposition 4.1, u € DZ"O if and only if there is a class u €

HO(G; Homgy (1", A)), such that u = (0" U w), where ¥ is described in the

statement of said proposition. But H%(G; Homz(I", A)) = (Homz(I", A))¢ =

Homgz;G1(I", A) and one checks without difficulties that, seeing p as a Z[G]-
homomorphism, it holds that

u =Py (0" Up) = py(o").

The claim immediately follows.
b) By definition and exactness of the exact couple,

D} =im [ig: D DY°] =ker [jo: DF* — E’]
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— ker [jo: Exty;,(Z, A) — Extly)(ZIG/H], A)]
= ker [ jo: Extlg(Z, 4) — Extyy (2, B)]
= ker [L*: H"(G; A) — H"(H; K)] ,

where we used Corollary 4.5.
¢) This is an immediate consequence of the inner workings of exact couples. O

4.3 Computing the zero-th page

In [28], the authors proceeded from the construction of the spectral sequence by
introducing certain decompositions of terms of the form E;* for 7 > 0 and s > 0 into
products of cohomology groups of centralizers of elements of the groups involved.
We will show next that this can be generalized as well and derive decompositions of

parts of our spectral sequence as products of cohomology groups of certain isotropy
groups of H-actions that will be introduced momentarily.

We consider the left H-action on the left cosets G/H given by

HxG/H — G/H, h-gH = (hg)H. 4.3)

For each s € N we further consider the diagonal H-action
H x (G/H)’ — (G/H)*, h-(g1H,...,gsH) = (hg1H,hgH, ..., hg;H).
We denote the set of orbits of this action for each s € N by
C(G/H):={H -(g1H,gH,...,gsH) | g1H,...,gsH € G/H}.

We put (G/H)* := (G/H) ~ {H} and
C(G/H):={H-(g1H,g:H,...,gH)|g1H,...,8H € (G/H)"} C C;(G/H).
The above action equips Z[G / H]®® with the structure of a left Z[ H]-module and we
consider I* C Z[G/H]®* as a Z[ H]-submodule. This submodule structure obviously

coincides with the one obtained by s = (Resg (I))* that we previously considered.
One checks that as free abelian groups

If = &y Z - (g tH-—H)®(gH-H)Q® - ®(gH—H) VseN
g1H,....gsHe(G/H)*

and note that foralls e N, g1H, ..., gH € G/H and h € H it holds that

h-(g1H-H)®(g2H-H)®---®(gsH — H)
=(hgtH-H)® (hgpH-H)® - - ® (hgsH — H).
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From this, one observes that for each C € C,(G/H), we obtain a Z[ H]-submodule

Jeclf, Je= P Z - @H-H@®@H-H®: & gH-H),
(81H.....gsH)eC

and that

r= @ I 4.4)

CeCl(G/H)

is a decomposition of Z[ H]-modules. Moreover, for each C € C,(G/H), we let Z[C]
denote the free abelian group generated by the elements of C. One checks without
difficulties that for each C the map ¢c: Z[C] — J¢ that is obtained by Z-linearly
extending

o H,goH...,gH)=(g1H—-H)®(g2H-H)® - -®(gH—H),

is an isomorphism of Z[ H ]-modules.

Theorem 4.7 Let s € N. For each C € C,(G/H) fix a representative xc € C and let
Nc¢ = Hy be the isotropy group of xc. Then

Epr = ] H’(NC;Resf,C(A)) Vr e N.
CeCL(G/H)

Proof Fix r € N. By Corollary 4.5, it holds that E;"* = Ext}, ,,,(I*, A). From this,
using (4.4) and the addivity of Ext-functors we derive that

12

Ej* H Ext’Z[H](Jc,Z)g H EXtrZ[H](Z[C]’X)'

CeCi(G/H) CeCi(G/H)

Let C € C;(G/H). For any left Z[ H]-module A we observe that, since H acts tran-
sitively on C, the map

~\ ~\Nc
Homz ) (Z[C],A) = (Resgc (A)) . e flxo), @.5)
is a group isomorphism. Let
Pr—1 P2

Pr P1 Po
P P e P g P

be a free resolution of Z over Z[H]. Since Z[C] is a free abelian group, it follows
from [8, Corollary IIL.5.7] that
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o
> 7iC1® P ST 701 @ Py —

id:
s 7IC1® PSP 7101 @ Py — ZICT —> 0

is a free resolution of Z[C] over Z[H]. Consequently, we can compute the above
Ext-groups as

Ext7 (Z[C], Z) = Hr(HomZ[H](Z[C] ® P, Z), (idz[c] ® p*)*)

Let r € Ny. If we consider Homz (P, Z) as a left Z[H]-module w.r.t. the diagonal
H -action, then we obtain

Homz s (Z[C] ® Py, Z) = Homzs) (Z[C], Homz (P, K))

“.5) " ~ \Nc
= (Rech(HomZ(Pr,A)))

= Homzn,| (P,, Resf (A“))
and one checks that an explicit isomorphism is given by

F,: Homgzm (Z[C] ® Py, K) — Homgy,| (Pr, Resgc (Z)>,
(Fr(f)(q) = f(xc ®q) Yq € P..

One checks that the F;- are compatible with the differentials, thus induce isomorphisms
(Fp)y: Ext’Z[H] (Z[C], Z) — H’(HomZ[Nc] (P*, Resﬁc (A)), p;") Vr € N,
where we used the obvious fact that Resﬁc (Z) = Resﬁc (Resg (A) = Resﬁc (A).

Since each P, is free as a left Z[ H]-module, it is free as a left Z[ N¢]-module as well.
Hence, P is a free resolution of Z over Z[N¢], such that

H’(HomZ[NC] (P*, Resl?,C(A)), p;‘) —H (Nc; ResgC(A)) Vr € N.
Combining the previous observations shows the claim. O

4.4 Consequences for sectional categories of subgroup inclusions

We want to derive a lower bound on sectional categories of subgroup inclusions from
Theorem 4.7. We adopt all of the spectral sequence notation from the previous section.

Definition 4.8 Given a group G and a subgroup H < G, we put

kG.n :=sup{cd(H NxHx" ') | x € G~ H}.
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The following result is a consequence of the previous properties of the spectral
sequence:

Proposition 4.9 Let G be a geometrically finite group and let H < G be a subgroup.
Let A be a left Z|G]-module, letn € N and letu € H"(G; A) = Dg’o. Ifn > kG, H,
then

n,0
u e Dn—Kc.H'

Proof For x € G we denote the isotropy group of xH € G/H with respect to the
left H-action from (4.3) by H,. Apparently, H N xHx~! C H, for each x € G.
Conversely, let x € G, g € Hy and let k1 € H be arbitrary. Then there exists an
h, € H with

1

g -xhy=xh, <% g:xhzhl_lx_ =>gexHx_1.

Thus, we have shown that H, = H N xHx ! foreach x € G.

Let s € N. By definition of the H-actions, for each C € C,(G/H) there is some
x € G \ H, such that N¢c < H,, which by [8, Proposition VIII.2.4] yields that

cd(N¢) < cd(Hy,) =cd(H NxHx™ ") <«kg.u

for each C € C;(G/H). In particular, H" (N¢; Resgc (A)) = 0 whenever r > k¢, H,
so we derive from Theorem 4.7 that

E;* ={0} Vr>«kgnu, seN (4.6)
In the case of r = n — s, we obtain
Eg_“ ={0} Vse{l,2,....n—«kg.u—1}.

n—s,s

In terms of Theorem 4.6.c), this yields that u € ker[ js : D?’O — E; Jforl <s <

n —kg,g — 1, so it follows directly from Theorem 4.6.c) that u € D:,'f),( H O

This has an immediate consequence for sectional categories of subgroup inclusions.
Theorem 4.10 Let G be a geometrically finite group and H < G be a subgroup. Then
secat(H — G) > cd(G) — «G.H.

Proof Put n := cd(G), let A be a left Z[G]-module with H"(G; A) # {0} and let
u € H"(G; A) with u # 0. It follows from Proposition 4.9 that u € DZf)KG_H. Thus,
we obtain from Theorem 4.2 that secat(H — G) > n — kg H- O
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Remark 4.11 If H is not a self-normalizing subgroup of G, then there exists some non-
trivial element x € Ng(H) ~ H such that H N xHx~' = H. Thus, kG.H = cd(H)
in this case and Theorem 4.10 yields

secat(H — G) > cd(G) — cd(H).

This is, of course, the case if we consider a normal subgroup N < G. In this situation,
with Q = G/N, and under the necessary assumption that cd(Q) < oo, we obtain

cd(G) — cd(N) < secat(N < G) < cd(Q).

In Theorem 3.9 we have seen a condition for the sectional category to reach the
top dimension. It is interesting to remark as well that if H*YN)(N; Z[N]) is free
abelian then, by [5, Theorem 5.5], we have that cd(Q) = c¢d(G) — cd(N) and thus
secat(N — G) = c¢d(G) — cd(N) under such assumption.

Before going on studying general sectional categories of subgroup inclusions, we
next want to check explicitly that our Theorem 4.10 indeed recovers the corresponding
result from [28].

5 Applications to topological complexity

5.1 Sequential topological complexity of aspherical spaces

The notion of sequential or higher topological complexities was introduced by Rudyak
in [42] as a generalization of topological complexity which models the motion planning
problem for robots that are supposed to make some pre-determined intermediate stops

along their ways. We briefly recall their definition.
Let X be a path-connected topological space. For each r € N with r > 2 the map

priPX > X ) = (v, 7 (7). v (o) v (B53) v ),
is a fibration. The r-th sequential topological complexity of X is defined as
TG, (X) := secat(p,: PX — X").
Note that by definition TC>(X) = TC(X). The sequential topological complexities of
aspherical spaces have been studied by Farber and Oprea in [29]. In particular, given
a geometrically finite group 7, it is shown in [29, Lemma 4.2 and Corollary 4.3] that

TC, (K (7, 1)) coincides with the sectional category of the covering of (K (;r, 1))" that
is associated with the diagonal subgroup

Agr={(g,8....,8) en’ |gemn}
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In the light of Remark 2.7, this shows that TC,(K (i, 1)) is given as the sectional
category of the inclusion of A ,, i.e.

TC (K (7, 1)) = secat(Ay, — 7"). 5.1

To obtain a tangible lower bound for TC, (K (7, 1)) from Theorem 4.10, we need to
determine the value of k- A, more explicitly.

Lemma 5.1 For eachr € N withr > 2, it holds that
Krr Ay, = k() = max{cd(C(g)) | g € ® \ {1}},

where C(g) denotes the centralizer of g € 7.

Proof Letx = (x1,...,x,) € t" ~\ Ay, andlet (h, h, ..., h) € Ay . Then

x(hohy .o x7 e Ag, & (uhxy !l xohxs L xchxTh) € Ag s,
& xlhxfl=x2hx{1=-~-=xrhxf1.
Foralli, j € {1,2,...,r} we compute that

—1

-1 _ g -1
xihx; —x]hxj & X;

xih=hx;'xi & heCkj'x).
One derives from this observation that

(hoh,...,h) € Ap, NxAz,x"' & he ﬂ C(xj_lx,-).
i#]
This shows in particular that any subgroup of 7" of the form A, , Nx A, ,x~!, where
x ¢ Ag r, is isomorphic to a subgroup of the centralizer of an element of 7w ~ {1},

so we derive that k- A, < k(7). On the other hand, given an arbitrary g € 7 with
g # L ifweputxg:=(g,1,...,1) € x", then it follows from the above that

(hohy ... h) € Arr NX0Ar, Xy & heCl(g),

so C(g) is indeed isomorphic to a group of the form A, , N xAn,,x_l. This shows
that k » > k(o) and the two inequalities together show the claim. O

Thus, we obtain the following consequence of our main lower bound.

Theorem 5.2 Let w be a geometrically finite group and let r € N withr > 2. Then
TG (K(m, 1)) = r - cd(w) — k(7),

where k() = max{cd(C(g)) | g € m ~ {1}}.
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Proof We derive from Theorem 4.10 and from (5.1) that

TC (K (m, 1)) = cd(wr") — knr A,
=r-cd(@r) — k(r),

where in the last step we used Lemma 5.1 and the main result of [ 18] on cohomological
dimensions of products of geometrically finite groups. O

Remark 5.3 (1) In the case of r = 2, the previous theorem yields the lower bound of

@

3

“

TC(K (7, 1)) > 2cd() — k()

for topological complexity. Although not explicitly stated therein, this inequality
is an immediate consequence of the main results of [28].

If 7 is a torsion-free hyperbolic group, then C(g) is infinite cyclic foreach g € ¥,
so Theorem 5.2 and Theorem 2.6.a) imply that

rocd(m) — 1 <TC(K(w, 1)) <r-cd(m) Vr>2

in this case. It has in fact been shown by Hughes and Li in [38] that indeed
TC, () = r cd () for all torsion-free hyperbolic groups withw 22 Z and allr > 2.
However, the methods of [38] only generalize slightly beyond the hyperbolic case
and do not yield a general lower bound for geometrically finite groups.

If 7 is a free abelian group, then Ay, is a normal subgroup of 7" with " /A ,
771 In this case, we derive from Theorem 3.9 that

~

TC, () = cd(nr_l) =@—-1)-cd(mr) Vr=2.

This has already been observed in [3, Corollary 3.13].
Suppose that x = (x1, ..., x,) € 7" satisfies XA;-[JX_I = Ay, ,. From the proof
of Lemma 5.1 we can infer that this implies = C C(x;x;” 1 for every i # j. But

this means, in turn, that Xjx; lez (7r). Therefore
Nar(Agp) = {(x1, ... x) e’ | xjx]" € Z(m) Vi # j}.

Consequently, if the group 7 satisfies Z () = {1}, the diagonal subgroup A , is
self-normalizing.

We want to apply Theorem 5.2 to a certain class of free amalgamated products
whose centralizers were studied by T. Lewin. For this purpose, we need to introduce
a notion from group theory.

Definition 5.4 Let G be a group. A subgroup H < G is malnormal if

xHx 'NH={1}) VxeG-H.
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In the following, given a group G and g € G we let Cg(g) denote its centralizer
whenever it is ambiguous which group we are referring to.

Corollary 5.5 Let 1 and 7wy be geometrically finite groups and consider a free product
with amalgamation w * g 7o, such that H is malnormal in 7\ or malnormal in 1».
Then for eachr > 2

TG, (1 *g m2) > 1 - cd(ry *pg m2) — max{k(my), k(w2)}.

Proof Put s := m| g np and let g € w, g # 1. By [39, Theorem 2], the centralizer
Cr(g) is infinite cyclic or isomorphic to Cr, (g) or Cr,(g). In the first case, it holds
that cd(C, (g)) = 1, while in the other two cases it holds that cd(C; (g)) < k(1) or
cd(Cr(g)) < k(iy), respectively. Since g was chosen arbitrarily, this yields that

k() < max{1, k(m1), k(m2)} = max{k (1), k(m2)},

so the claim follows immediately from Theorem 5.2. O

Remark 5.6 For explicit computations using Corollary 5.5, there are some general
results about cohomological dimensions of free amalgamated products that come in
handy. More precisely, let 71 and 7> be groups of finite cohomological dimension and
consider a free product with amalgamation w1 *g m>. It is shown in [5, Proposition
6.1] that

max{cd(sm), cd(mp)} < cd(my *g mp) < max{cd(my), cd(mp)} + 1.

and that a necessary condition for cd(m; *gy 7m2) = max{cd(m), cd(m2)} + 1 to hold
is that cd(mr;) = cd(mp). It is further shown in [5, Corollary 6.5] that a sufficient
condition for this equality is that both 7r; and m; are of type F Py, and that H is of
finite index both in 7r; and in 75.

5.2 Parametrized topological complexity of epimorphisms

The parametrized topological complexity of a fibration has been introduced by Cohen,
Farber and Weinberger in [10]. Given a fibration p: E — B, one considers E g as the
space of all continuous paths y: [ := [0, 1] — E in a single fibre of p, i.e. such that
the path p o y is constant. Define the space

ExpE=/{(e,e)e ExE]pl)=p())
of all possible pairs of configurations lying in the same fibre of p. Then, the map
M: Ep > ExpE,  TI(y) = (y(0), y(1),
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is a fibration with fibre 2X. The parametrized topological complexity of p is defined
as

TClp: E — Bl =secat(Tl: Ef - E xp E).

We want to apply the results previously obtained to the parametrized topological
complexity of group epimorphisms. This algebraic variant of parametrized topological
complexity was defined and investigated by Grant in [35]. Given two groups G and
Q and an epimorphism p: G — Q there exists a fibration f,: K(G,1) — K(Q, 1),
whose fibre is path-connected and which induced p on the level of fundamental groups.
Moreover, it is shown in loc. cit. that TC[ f,,: K(G, 1) — K(Q, 1)] is independent of
the choice of f, and that

TC[f,: K(G,1) = K(Q, )] =secat(Ag — G xg G) =:TC[p: G — Q].
Here, Ag = {(g, g) € G x G | g € G} denotes the diagonal subgroup and
GxgG:={(x,y) €GxG|pkx)=pM}

We discuss an alternative description of these pullback groups in the following lemma.

Lemma 5.7 Let G, Q be groups, let p: G — Q be an epimorphism. Then
G xg G =(kerp) x1)-Ag.

Proof Let k € ker p and g € G. Then, since p is a homomorphism, p(kg) = p(k) -
p(g) = p(g), sothat (kg, g) € G xg G. Conversely, let (g1, g2) € G xg G. Then

le ker p.

P =p(y) Sp@EON =1 & payH=1 & xy°
Thus (x, y) = (xy~', 1) - (3, y) € ((ker p) x 1) - Ag. o

We now want to apply our results on sectional categories to this setting. The fol-
lowing statement is a straightforward application of Theorem 4.10.

Theorem 5.8 Let G and Q be geometrically finite groups and let p: G — Q be an
epimorphism. Then

TClp: G — Q] = cd(G xg G) — k(p),
where

k(p) = max{cd(C(g)) | g € ker p, g # 1}.
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Proof It follows from Theorem 4.10 that TC[p : G — Q] > cd(G x ¢ G) — £, where
€= KGx 6.0 = max{cd(Ag NzAgz™") |z € (G xg G) \ Ag}.
It only remains to show that k(p) = £. It follows from Lemma 5.7 that

¢ = max{cd(Ag N (xh, H)Ag(xh,h)™") | x e kerp~ {1}, h € G}
= max{cd(Ag N (x, 1) Ag(x, 1)_1) | x € ker p . {1}},

since, evidently, (h, h)Ag(h, h)~! = Ag forallh € G.
Let x € ker p with x # 1 and let g € G. Then

(.8 e, DAg(x, D' & 3FheG: (5.8 = Dhhx, 1)
=@xhx ' h) & 3FheG: g=h A g=xhx"!
& g:)ch_1 s x=glxg © gleChy & geCh.

Moreover, the map C(x) — Ag N (x, 1)Ag(x, DL, g — (g, 8),is easily seen to
be a group isomorphism. We immediately derive that k(p) = £. O

To study the cohomological dimension of G x g G, we can characterize such pullback
groups as semidirect products.

Lemma 5.9 Let G, Q be groups and let p: G — Q be an epimorphism. Then

D:GxgG— (kerp) ¥y, G, P(g,h) = (gh_l,h),

is a group isomorphism, where ¢ : G — Aut(ker p), (¢(g))(x) = gxg~\.

Proof One checks without difficulties that @ is injective. Moreover, for each (x, y) €
(ker p) x G it holds that ®(xy, y) = (x, y), so that ® is surjective as well. For all
(g1, h1), (g2, h2) € G x o G we further compute that

®((g1. 1) - (g2, h2))
= ®(g182, hih2) = (glgzhglhfl, hihs)
= (g1h7" - higahs ' ATt o) = (g1h7 (@(h)(g2h5 "), hihy)
= (g1h7" 1) e (8215 o) = @(g1, 1) ® D(g2, 112).

where e denotes multiplication in (ker p) x4 G. Thus, ® is an isomorphism. O

Corollary 5.10 Let G and Q be geometrically finite groups and let p: G — Q be an
epimorphism. Then

TClp: G = Q] < cd(G) + cd(ker p).
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Proof 1t is well known that the cohomological dimension of a semidirect product is at
most the sum of those of its factors. Thus, it follows from Lemma 5.9 and the lower
bound from Theorem 2.6.a) that

TClp: G — Q] < cd(G xg G) < cd(G) + cd(ker p).

m}

Corollary 5.11 Let G and Q be geometrically finite groups and let p: G — Q be an
epimorphism. Assume that H" (ker p, Z[Ker p)) is Z-free for n = cd(ker p). Then

2¢d(G) —cd(Q) —k(p) =TC[p: G = Q] = 2cd(G) — cd(Q),

where k(p) = max{cd(C(g)) | g € kerp, g # 1}.

Proof Since G is geometrically finite and H" (ker p; Z[ker p]) is Z-free, it follows
from [5, Theorem 5.5], that

cd(ker p) = cd(G) — cd(Q). 5.2)

TheupperboundonTC[p: G — Q] thus follows directly from Corollary 5.11. Regard-
ing the lower bound, we derive from Lemma 5.9 and again [5, Theorem 5.5] that

¢d(G x g G) = cd(G) + cd(ker p) =2 2cd(G) — cd(Q).

The lower bound is then an immediate consequence of Theorem 5.8. O

If we want to consider the case of the inclusion of a normal subgroup notice that,
for G and Q groups and p: G — Q an epimorphism, then A is a normal subgroup
of G x g G if and only if ker p C Z(G), where Z(G) denotes the center of G. Indeed,
since (g,h) € G x ¢ G, it holds that p(g) = p(h) and thus g 'h € ker p. Thus,
if ker p C Z(G), this condition is satisfied for all (g, h) € G xp G and x € G.
Conversely, if Ag is normal G x g G, then we derive by taking (g, k) = (a’], 1)
for a € ker p that indeed ker p C Z(G). As such, we are in the situation that the
associated group extension

{1} = ker(p) > G 5 0 — {1}
is central. Therefore, by [35, Corollary 5.2] we know that
TC[p: G - Q] = cd(ker(p)).

But we can also derive an approach to this case as a consequence of the more general
computation provided by Theorem 3.9.
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Proposition 5.12 Let G and Q be geometrically finite groups and let p: G — Q be
an epimorphism. Assume that ker p lies in the center of G and consider the homomor-
phism

¢:GxpG—kerp, ¢(g,h)=gh .
Then
cd(¢p: G xg9 G — kerp) <TC[p: G — Q] = cd(ker p).

Proof We observe using Lemma 5.7 that the map G x o9 G — ker p, (g, h) — gh_l,

in fact induces a group isomorphism ¥ : (G xg G)/Ag = ker p by the assumption
on ker p. Since the projection p : G xg9 G — (G x g G)/Ag is easily seen to satisfy
¥ o p = ¢, we derive from the assumptions, Theorem 3.9 and [35, Corollary 5.2] that

TClp: G - Q] =cd ((G X0 G)/ A;) = cd(ker p)
and

TC[p: G — Q] = cd(p) = cd(9).

6 Canonical classes for sequential topological complexity

We want to revisit sequential topological complexity from a more topological point of
view. Note that the Berstein—Schwarz classes that we used in Sect. 5.1 to derive results
for sequential topological complexity were introduced and studied in a completely
algebraic way. In this section, we want to introduce topologically defined analogues
of Berstein—Schwarz classes for sequential topological complexity that are defined
for all topological spaces, not only aspherical ones. The construction generalizes the
notion of canonical classes that was introduced by Costa and the second author in [15]
for topological complexity.

Throughout this section, let 7 be a group. For each r € N with r > 2 we put
TG, () := TC (K (, 1)).

6.1 The construction of canonical classes

Let 7 > 2 be fixed and put G := 7". We consider the Cartesian power 7" ! as a left
G-space with respect to the action
K1y e X)) - (81 grm1) = (g1, x0g2x3 o i a1, (6.1)
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where (x1,...,x,) € G and (g1,...,8—-1) € 7"~ We view Z[n"~!] as a left
Z|G]-module with respect to this action and consider its augmentation ideal

I, = ker [s: Zlx" ' — Z]

again as a left Z[G]-module.

We consider the map

frin =L, g8, 8) = (218 — 1,885 = 1,.... 818" = 1).
(6.2)

One checks without difficulties that f; is a crossed homomorphism and as such defines
a cohomology class on G, see [46, Section VI.3].

Definition 6.1 Let X be a path-connected topological space with 71(X) = 7 and let
r € N with r > 2. The r-th canonical class of X is the cohomology class

v, € H'(X"; I,), v, :=[f]

i.e. the class induced by the crossed homomorphism f;.

Note that this definition generalizes the one from [15, Section 2] dealing with the case
of r =2.

We want to describe the classes v, for cell complexes from a more topological point
of view. Throughout the following, let X be a cell complex with 71(X) = 7 and let
r > 2 be fixed. Here, we shall suppress the chosen basepoint from the notation. We
further let H,(Y') denote the singular homology of a space Y with integer coefficients.

The fibre of the free path fibration p, of X is (QX y'~1, where QX denote the
based loop space of X. The action of G = 1(X") on the fibre of p, induces a G-
action on Ho((2X) ™). We view Ho((2X)"~!) and the reduced homology group
ﬁo((QX )" ~1) as left Z[G]-modules with respect to this action.

By [43, Theorem 1], there is a so-called homological obstruction to the existence
of a continuous section of p, over the 1-skeleton of X”, i.e. a cohomology class

0 e H1<X’; ﬁo((szxy—l))

with the property that p, admits a section over the 1-skeleton of X" if and only if
6 = 0. Considering a fixed isomorphism 7 = 71 (X), we obtain a bijection

F: no((QX)’”) S m (X“‘) Tl

Lemma 6.2 The group homomorphism ®: Ho((QX) ') — Z[x" 1] that is induced
by the bijection F: 71o(QX) ™" — 7"~ is an isomorphism of Z[G1-modules.
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Proof 1t is evident that ® is a group isomorphism, so it only remains to show its
compatibility with the G-actions. For this purpose, we need to study the G-action on
Ho((2X)"1) in greater detail.

Given a fixed fibre of p, and aloop o € Q(X"), o (t) = (a1(?), ..., a (1)) in the
base space of p,, we obtain its monodromy or holonomy map

Ky: QX715 Qx !

associated to the fibration p,.. This monodromy is the (» — 1)-componentwise version
of the one described in [15] and is up to homotopy given as

Ky (o) = (a1w102, 0ownas, . .., o 10r—1Q;) (6.3)

where o denotes the inverse path to @ and w = (wq, .. ., w,—1) and where for any two
loops o and 8 we let a8 denote their concatenation. Let g = (g1,..., &) € G and
[w] € mo((2X)"~1). The G-action g - [w] is then given by Z-linearly extending the
following construction: consider aloopo = («q, ..., ;) € Q(X") with [o] = g and
let

g - o] = [Ks(w)].

Since, apparently, [«;] = g; foreachi € {1,2, ..., r}, one checks from this descrip-
tion without difficulties that @ is indeed a G-map with respect to this action and the
one described in (6.1). O

One checks that @ restricts to an isomorphism of Z[G]-modules
@: Hy(QX) ™Y - 1I,.

Proposition 6.3 The canonical class and the homological obstruction class are related
by

P«(0) = v,.

Proof Assume throughout the following that X has a unique O-cell xo. Consider the
universal covering X > X equipped with the induced cell complex structure and
consider its r-fold power X" — X’ as a universal covering for X”. By construction
of 6, a cocycle

c e (X" Ho(@x)™") = Homzg) (C5(X"), Ao(@%)' ™))
which represents 6 is obtained as follows:

Letwg € (RX) ! be given such that each component of wy is the constant loop in
xp. Given a 1-cell~e of X" and a path y,: [0, 1] — X" parametrizing e, we consider a
fixed 1-cell ¢ of X" which lifts e and put

c(@) = [Ky, (wo)] — [wo].
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This expression is extended Z[G]-equivariantly to the free Z[G]-module Cfe“ ()? .
If e is an oriented 1-cell of X and a fixed lift € of e as an oriented 1-cell of X, then
we have 1-cells in X" given by

61:(e9x0"“7‘x0)? 62:(x07e7‘x01"‘7‘x0)7"‘7er=(x07"'?x07e)1

and 1-cells in X" defined analogously and denoted by 27,22, ..., 2,. Given a path
¥e: [0, 1] = X which parametrizes e, we define paths

yi 10,11 = X", y;(t) = (x0, ..., X0, Ye(t), X0, - . ., X0).

where ¥, (¢) occurs in the j-th component of y; foreach j € {1,2, ..., r}. Evidently,
y; parametrizes e; for each j. We observe from (6.3) that the monodromy map of p,
is up to homotopy given by

Kej(wl’ "'7('01‘71) = (w17'-'awjfll;€7 Vewjawj+l, -"70)1‘71)'

Choosing the ¢; as the distinguished lifts of the ¢; in the definition of the cocycle ¢,
we thus obtain that

c(€j) = [Ky,; (@0)] — [wo]

= [(x0, ..., X0Yes YeX0, X0, - .-, X0)] — [(x0, X0, ..., X0)]

where we denoted the constant loop at xo simply by xg. Here, y.x¢ occurs in the j-th

component foreach j € {1,2,...,r— 1} and xoy. occurs in the (r — 1)-th component
for j =r.
Since ¢ represents 6, the class ¢.(0) is represented by ¢ = @ oc €

Homyz(C ‘fe“ (f "), I.). From the definition of ¢ and our computation of ¢, we observe
with g = [y.] € 7 that

CEH=(,....Lghegl,...,)=(,1,...,1)
=(0,...,0,g7"' =1,g—1,0,...,0),

where g — 1 occurs in the j-th component foreach j € {1,2,...,r —1}and g~ ! — 1
occurs in the r-th component for j = r. Following the methods carried out in [46,
Section III], we can use ¢ to construct a crossed homomorphism k: G — I which
represents ¢, (0) and obtain that

k(1,....1,g,1,...,)=0,...,0,¢;' = 1,g; = 1,0,...,0),

forg; e mandall j € {1,2,...,r}. Using the crossed homomorphism property, we
compute from this equation that
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r—1
k(gr, .8 =k@gi, L., D+ (g1 1., 1)
i=1
A,..., 1, g, 1,....,Dk(, ..., 1,841, 1,..., 1)
r—2
=(g1—1.0,....00+ > (0,....0, &g,
i=1

—1-(g—1,g+1—10,...,0

+0,....0.g18 = 1= (g — 1)
=(q1g;, — L gy —1,....g—1g, = 1
= fr(g1--5 8.

Therefore, the homological obstruction obeys ¢.(0) = [ f;] = v,. O

6.2 A homotopical viewpoint

There is an alternative “homotopical obstruction” viewpoint which arises from the
fact that measuring the difference in connected components, which the homological
obstruction class does, may be accomplished by using the connecting homomorphism

3: T (X") = mo((QX) ™1

in the exact homotopy sequence associated with the free path fibration p,: PX — X".
Note that 9 arises from applying 7o to a composition of inclusion with monodromy

(QX) = (QX) x QX)) - @x) L.

Using the above identifications, we consider 9 as a map 3: G — x"~! and by a
standard property of the connecting homomorphism, it is a G-map with a(1) = 1,
i.e. the components of the constant loops. To see the difference between connected
components of the fibre, we define

k:G— I, k(g)=0a(g) — 1.
Then £ is a crossed homomorphism as we see by

k(gh) = d(gh) — 1 =gda(h) — d(g) + d(g) — 1
=g@h) —1)+a(g) —1
= gh(h) + k(g).

In fact, @ was computed in [36, Proposition 2.1] (with an opposite sign convention) to
be

0(g1,---,8) = (g1g{1,g2g§1,...,grflgr_l),

@ Springer



Sequential topological complexity of aspherical spaces... 4593

from which we see we see that k = k, where k is the crossed homomorphism ffom
the proof of Proposition 6.3. Consequently, the homological obstruction is 6 = [k].

6.3 Naturality of canonical classes

Letr > 2,let X and Y be path-connected CW complexes and denote the path fibrations
as

pX.pPx > x", pl.Py Y.

Assume w.l.0.g. that X has a unique 0-cell xg and Y has a unique O-cell yg and consider
them as basepoints throughout this subsection. Let f: X — Y be continuous with
f(x0) = yo and consider the map

fi: QX)) = @)Y falar, a0, 0m1) ;= (foar, foaa, ..., fod_1),

where the based loop spaces are considered with the basepoints xg and yg. Apparently,
Jfa(wxy) = wy,, Where wy, and wy, are in each component given by the constant loops
at xo and yyp, respectively. Moreover, for suitable inclusions of the fibers, one checks
that fy coincides with the restriction of the map PX — PY,y +— f oy, to the fiber
of p, over xo. We put

Ax = Ho(@X)Y), Ay = Hy(@v)")
and denote the map induced by f# between the reduced homology groups by
0« 1= Ho(fy): Ax — Ay.

Let f* Ay denote the 71 (X")-module which coincides with Ay as a free abelian group
and whose 71 (X")-action is obtained from the 71 (Y") action via (f"),.

Proposition 6.4 Let 0y € H'(X"; Ax) and 0y € H'(Y"; Ay) be the homological
obstructions ofprx and pry, respectively. Assume that w1 (f): m1(X, x0) = m1(Y, yo0)
is an isomorphism. Then

9= (0x) = (f)*(Or),

where f": X" — Y" is the r-fold Cartesian product of f with itself.

Proof Since 71 (f) is an isomorphism, 7o (fx): 7o(2, X) — m(2,Y) is a bijection
and thus ¢ is an isomorphism of Z[G]-modules. Given « € QX" and o’ € QY", we
let

KX @x) ' - @x)y!, kD@ s @ry

denote the monodromy maps of er and pry , respectively. Using (6.3), we observe for
eacha = (a1, ...,0,) € QX" and all w = (w1, ..., wr—1) € (RX) ! that
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(fi o K (@) ~ falarw1@2, 0223, . . ., tr_1@r—18y)

= (f o (1w1a2), f o (@2w203), ..., folar—10r—10))

= ((foaD)(fooN(foa), (fom)(fow)(fows),....(foar1)
(fow,—1)(foa)

~ Koy oany (f o @1 fown, ..., fowr 1) = Ky (fe(®)),

so that
feoKY ~Kjr o fs VaeQX (6.4)

By the cellular approximation theorem, we can assume w.l.o.g. that f is a cellular map.
Let Z(X") and Z(Y") be the sets of those 1-cells of X" and Y”, respectively, whose
homology classes are non-trivial. Since 771 () is an isomorphism, 771 (f"): 71 (X") —
m1(Y") is an isomorphism as well and f” induces a bijection Z(X") — Z(Y") that
we shall denote by f as well.

Let X and Y be the universal covers of X and Y, respectively, and let f: X = Ybe
alift of f.Foreache € Z(X") we choose and fix a lift ¢'to X", i.e.al-cell of X" which
projects down to e under the universal covering map. Then foreachd € Z;(Y"), there
is a unique e € Z(X") with f"(e) = d and the 1-cell f"(¢) of Y" lifts d. We equip
each d € Z(Y") with the thus-obtained lift to ¥”. As in the proof of Proposition 6.3,
we define cocycles cy : Cfe“()?’) — Ay and cy: Cfe“()?’) — Ay representing Ox
and 6y and defined with respect to the chosen lifts as in the proof of Proposition 6.3.
Then (f")*0y is represented by (f")*cy, for which we compute that

(f)*er)@ = ey (f7 @)
= [K )0y, (@30)] — [wy,]
= [K{ryoy, (St (@x0)] — [ fir(sy)]

©.% [(feo K;i)(wxo) — [f#(wx)]

= (i)« (IK,; (@xy)] — [wxy])
= (f)+(cx (@)).

Passing to cohomology shows the claim. O

We have seen that up to identifications of coefficient modules the homological
obstruction classes considered above coincide with the respective r-th canonical
classes. Thus, if we neglect some technical details, we immediately obtain the fol-
lowing statement.

Corollary 6.5 Let r > 2 and let vX € HY(X"; I,) and v! € H'(Y"; I,) be the
r-th canonical classes of X and Y, respectively. If mi(f): m1(X) — m(Y) is an
isomorphism, then, up to a suitable isomorphism of coefficient modules,

(f")*(0)) = v}
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This yields an interesting connection between canonical classes of arbitrary CW
complexes with nontrivial fundamental groups and canonical classes of aspherical
spaces.

Corollary 6.6 Let X be a connected CW complex with w1 (X) = =, let K be a space
of type K (m, 1) and let fx: X — K be a classifying map for the universal cover of
X. Then

of = (fp)* S e H'(X", I).

Proof This is an immediate consequence of Corollary 6.5, since by definition of «,
the map w1 (k) : m1(X) — 7 is an isomorphism. ]

6.4 Canonical classes of aspherical spaces

Let & be a group, fix r € N with r > 2 and put G := n". We denote the group
cohomology class that is induced by the crossed homomorphism f; of (6.2) by

o,x € H(G: 1),
which can be seen as the r-th canonical class of a space of type K (7, 1). As a first step
in connecting canonical classes to the aspects from the first part of this manuscript,
we want to relate this purely algebraically defined class to relative Berstein—Schwarz
classes.

We consider G/A, as a left G-set in the obvious way and again consider 7"~ as
equipped with the G-action described in (6.1). Let ¢: 77 — 7"~ ! be given by

G(x1, X2, ..., Xp) = (xlxz_l,xzxgl, .. .,xr_lxr_l). (6.5)
It is easy to see that ¢ is G-equivariant and descends to a G-equivariant bijection
¢:G/A, — 'l
which in turn induces a Z[G]-module isomorphism
Vv ZIG/A] — Z[x" 1.
Leto: Z[G/A,;] — Z be the augmentation and let J := ker o. We recall that J is

the cofficient module from which the Berstein—Schwarz class of G relative to A, is
obtained.

Proposition 6.7 Let w € H'(G; J) be the Berstein—Schwarz class of G relative to
A;. Then

Yy (w) = [
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Proof 1t is apparent from its construction in [6] that @ is induced by the crossed
homomorphism

w: G— J, w(g) =gA — A.
Thus, ¥ (®) is induced by ¥ o w and we compute for all g1, ..., g € 7 that
(Yow)(gr, ... &) =¥ (&1, -..,8)A) =Y (A)

= (218, 8285 - grm1g, ) — (L1, D)
=g —Lgg —1..cogm1g ' = D= fr(gr ..., &)
This shows that V. (w) = [y o w] = [f] = 0, 7. m]

Thus, up to an isomorphism of coefficient modules, @ and v, , indeed coincide.

Corollary 6.8 Letr € Nwithr > 2.
a) Then

TC,(r) > height(v,) = sup{n € N | v} £ 0}.

b) Assume that 7w is geometrically finite and that 7 is not free orr > 3. ThenTC, () =
r - cd(m) if and only if

height(v,) = r - cd ().

Proof a) Let k € N. We derive from Proposition 6.7 and the compatibility of push-
forwards with cup products that

of =0} = (@) = Y& ().

Thus, the claim is a straightforward application of Proposition 3.2 to the case of
G =n"and H = A,.
b) We derive from Theorem 2.6.a) and the main result of [18] that

TC, () < cd(m") =r - cd ().

Thus, if height(v,) = r - cd(sr), it follows immediately from a) that TC,.(7) =
r-cd(r).

Conversely, if TC,(r) = secat(A, — 7”) = r - cd(), it follows from [6,
Theorem 2.5] that <40 # 0, where w denotes the Berstein—Schwarz class of
7" relative to A,. Given that

w;@(}“cd(ﬂ)) (w}’~Cd(7'[)) — (w*(w))rcd(n) — U;Cd(ﬂ)

and since Y is an isomorphism of Z[G]-modules, it follows that Uf'Cd(”) # 0 and
thus height(v,) > r - cd(;r), which becomes an equality, as for degree reasons
height(v,) < cd(xw”) = r - cd(m). O
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7 Topological and algebraic approaches to sequential TCs

In this section, we want to combine our knowledge on canonical classes with the
results from Sect. 5 for aspherical spaces to derive results on sequential topological
complexities of spaces that are not necessarily aspherical.

7.1 Sequential D-topological complexity

As a first step, we recall some topological characterizations of TC, (;r) that have been
carried out by the second and fourth authors in [29]. We will briefly recall their con-
structions and results. Throughout this subsection, we consider a given group 7 and
its Cartesian powers 77" and 7" ~! as discrete topological spaces.

Let D denote the family of subgroups of 7" generated by the diagonal subgroup

Ar=1{(g,8....8) en’ | gemn},

that is, the smallest set of subgroups of G that contains A, and is closed under conju-
gation and finite intersection.

Definition 7.1 [29, Definition 4.1] Let X be a path-connected topological space with
fundamental group w. The r-th D-topological complexity, TCrD(X ), is defined as the
minimal number k such that X" can be covered by k + 1 open subsets

X' =UgUUU...Uy

with the property that for any i € {0, 1, ..., k} and for any choice of the base point
u; € U; the homomorphism w1 (U;, u;) — m1(X", u;) induced by the inclusion
U; — X" takes values in a subgroup of 7" that is conjugate to A,.

It is worth noting that the definition of TCrD(X ) generalizes an earlier construction
from [26] which treats the case of r = 2. The following statement and its proof occur
as Lemma 4.2 and Corollary 4.3 in [29].

Theorem 7.2 Let K be a connected finite aspherical cell complex of type K (r, 1) and
let g: K™ — K" be the connected covering space corresponding to A, C w”. Then

TCP(K) = TC, () = secat(q: K — K’).
One way to prove the second equality of Theorem 7.2 is the following:
Let )g\be a cell complex with 71 (X) = 7 and let X be its universal cover. We can
realize X", the covering space of X that is associated with A, C 7" as

X =X"/A,,

i.e. as the orbit space of the A,-action on X" obtained by restricting the 7" -action
that is given as the r-fold product of the m-action on X by deck transformations.
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Let p: X' — X denote the corresponding orbit space projection. Then there is a
well-defined continuous map

oxi PX = X, () =p(70. 7D, ... 7GZ. 7(D),

where y denotes a lift of y to X. (This map was first studied in the case of r = 2 in
[30, Theorem 4.1].) Then the following diagram commutes:

px — % %

oA o
Xr

If X = K is aspherical, then ¢ is a fibre homotopy equivalence since both PK
and K7 are of type K (;r, 1) and both of their fundamental groups map isomorphically
onto A, C 7m". Since ¢pgx commutes with the two fibrations, it follows from Dold’s
theorem, see [40, Section 7.5] that ¢k is a fibre homotopy equivalence, from which
we derive the assertion of Theorem 7.2.

We derive an interesting observation:

Proposition7.3 Let r € N withr > 2, let w be a geometrically finite group and let
K be a finite cell complex of type K (7, 1). Let q: K" — K" be a covering that is
associated with the diagonal subgroup A, C w".

a) Up to identifications of coefficient modules, the canonical class v, € H (K ; I,) is
the homological obstruction to the existence of a continuous section of q.
b) It holds that

TCP(K) > height(v,).
Proof a) This follows from Proposition 6.3 and the observations preceding this propo-

sition.
b) By construction, X7 is aspherical with 7 (5-(7 ) = A,. Thus, by Theorem 7.2,

TC?(K) = secat(q: K — K’) = secat(Ar s n’).
Using a), the claim is then shown along the same lines as Corollary 6.8.a). O

7.2 Beyond the aspherical case

By Theorem 7.2, for a finite aspherical cell complex K, it holds that TC,(K) =
TCrD(K ). This equality does not need to hold for arbitrary finite CW complexes.
Counterexamples are provided by simply connected CW complexes for whom it fol-
lows straight from the definition that TC,D(X ) = 0 for all » > 2 which is certainly not
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true for TC,(X) unless X is contractible. However, there are more general results on
relations between TC, and TC,D.

The following theorem is proven by straightforward generalizations of the corre-
sponding results for » = 2, which occur as Propositions 2.2 and 2.4 in [27].

Theorem 7.4 Let X be a connected locally finite cell complex with w1(X) = 7w and
letr e Nwithr > 2.

a) Then TC,(X) > TCP(X).
b) Let g% : X" — X' be the covering of X" that is associated with A, C nt". Then

TCP(X) = secat(qxz - X’).

We can use this observation to establish a lower bound for sequential topological
complexity from our considerations of the aspherical case. The following assertion
was shown in [27, Lemma 2.9] for the case of r = 2, but again the proof generalizes
straightforwardly to the sequential setting.

Lemma?7.5 Letr € Nwithr > 2, let X be a connected cell complex and put wm =
m1(X). Letk € N, such that the universal cover of X is (k—1)-connected. If cd(m) <k,
then TCP (X) = TC, ().

Corollary 7.6 Let mw be a geometrically finite group and X be a connected locally
finite cell complex with w1(X) = m. Let k € N, such that the universal cover of X is
(k — 1)-connected. If cd(w) < k, then

TC(X) = r - cd(w) — k(7),

where k() = max{cd(C(g)) | g € m ~ {1}}.

Proof Combining Theorem 7.4.a) with Lemma 7.5 shows that TC,(X) > TC, () in
this setting. The claim it then an immediate consequence of Theorem 5.2. O

We want to show next that for a finite cell complex X that is not aspherical, the
height of its r-th canonical class provides a lower bound for TC,(X). Put G := ="
and consider the universal covering X' > X" asa principal G-fibration. It is shown
in [29] that the associated fibration

pX: X xgn' Tl > X",
defined with respect to the G-action on 7" 11 from (6.1) and viewing 7" ~! as a discrete
group, coincides with the covering ¢g* : X" — X’ from Theorem 7.4.b). Thus, by
Theorem 7.4.b),
TP (x) = secat( f; : X xga'l > X").

Itis aresult of Schwarz, see [43, Theorem 3], that the sectional category of a fibration
p : E — B equals the smallest integer k such that the fiberwise join px p % --- % p
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of k + 1 copies of p: E — B admits a continuous section. One checks that the join
of k + 1 copies of the fibration pX is given by

q,f(: X’ XG Ek(nrfl) —- X,

where Ex(m" ™) = 2" Vs« 7"~ ! % ... % 7"~! denotes the (k + 1)-fold join of 7" !
and where the left G-action on Ei (7" ~!) is induced by the one on 7’ ~!. Thus, we
obtain that

TC?(X) = inf {k e N|gi: e xG Ex(r"™") = X" admits acont.section}.

(7.2)

Let K be a space of type K (7, 1) and let fx: X — K be the classifying map of the
universal cover of X. Then fy: X" — K" is the classifying map of the universal
cover of X" for any r > 2.

Consider the coverings g% : X" — X" and q: K" — K’ corresponding to the
subgroup A, C 7". Then the following is a pullback diagram:

X xga"™ ' — K" xga™!

le ) JJ)K
xr— B gr
Thus, all of the diagrams associated to fibrewise joins of the two fibrations with
themselves are pullbacks as well. That is, the following is a pullback diagram for any
keN:

X" xg Ex(G/A) —> K" xg Ex(G/A)

"ff(l p Jﬂzf( (7.3)
X" > K.

Combining this with the previous observations shows us how we can generalize
properties of canonical classes to cell complexes that are not necessarily aspherical.

Theorem 7.7 Let r € N withr > 2 and let X be a connected finite cell complex. Let
v, € H! (X; I,) be the r-th canonical class of X. Then

TCP(X) > height(v,).
Proof Let 1 = m(X) and let k € N with v¥ # 0. By Corollary 6.6, vf =
((f)*0r 0% = (f7)*(vk ), which shows that v%  # 0 as well. By Proposition
7.3.a) and [43, Proposition 12], nlr"ﬂ is the homological obstruction to the existence
of a continuous section of the fibration

qlg(—l: K’ XG Ekf](JTr_l) — K".
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Since homological obstructions are preserved under pullbacks, we derive from the
pullback diagram (7.3) that q,f(_l : X" xg Ex—1(@"~ ") — X" does not admit a con-
tinuous section as well. Thus, it follows from (7.2) that TC?(X ) > k, which yields
the claim. O

Remark 7.8 Evidently, combining Theorem 7.4 with Theorem 7.7 yields that
TC,(X) > height(v,)

for all finite cell complexes X and all » > 2. This is implicitly shown in [15] in the
case of r = 2. However, even in the case of r = 2 it has hitherto not been shown that
the height of the canonical class actually yields a lower bound not only for TC(X), but
also for TCD(X).

7.3 Coincidence of TC, and TCP

We want to conclude our considerations by showing that TC, and TC,D coincide for
some non-aspherical cell complexes under an additional condition that weakens the
asphericity assumption. We view our result as an analogue of a result of Dranishnikov
from [16] in which the Lusternik—Schnirelmann category cat(X) and the 1-category
caty(X) are related in a similar way. The proof of Dranishnikov’s result relied on a
result on k-equivalences of joins of CW complexes.

We recall that a continuous map f: X — Y is a k-equivalence if fu: 7;(X) —
7;(Y) is an isomorphism for j < k and is a surjection for j = k. This is equivalent to
saying that the relative homotopy groups (Y, X) vanish for j < k.

Proposition 7.9 [19, Proposition 5.7] Lets € N and let X1, ..., X5, Y1, ..., Y, be
CW complexes. Suppose that fj: X; — Y;isann j-equivalencefor j € {1,2,...,s}.
Then the induced map on joins

(fix--xfo): Xpx---xXg > Yy %% Y

isa(min{n; | j € {1,2,...,s}} +5 — 1)-equivalence.

In general, consider an n-equivalence f: E — E’ of two total spaces of fibrations
of cell complexes over the same base B. By comparing the long exact homotopy
sequences of the fibrations, we see that f induces an n-equivalence of fibres f F —
F’.Let fi: Tk (E) — T'x(E’) be the induced map on fibrewise joins with restriction to
fibres given by fi: *T1 F — skt1F’ By Proposition 7.9, fy isan (n+k+1—1) =
(n 4 k)-equivalence.

This in turn implies that fi itself is an (n 4+ k)-equivalence by again comparing
long exact homotopy sequences. In fact, if f: E — E’ is a map of fibrations over B
and the induced map of fibres is an n-equivalence, then so is f. With this in mind, we
will tackle the proof of the following result.

Theorem7.10 Let k,r € N wi{ft r > 2 and suppose X is an n-dimensional CW
complex whose universal cover X is (rn — k)-connected.
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a) IfTCP(X) > k, then TC,(X) = TCP (X).
b) IfTCrD(X) <k, thenTC.(X) < k as well.

Proof a) We first note that 1£ k < (r — 1)n, then the assumption that X is (rn —k)-
connected implies that X is contractible, since it is n-dimensional and simply
connected. Hence, X is of type K (;r, 1) and the claim follows from Theorem 7.2.
We therefore consider the case of k > (r — 1)n. Suppose TCD(X ) =m > k and
consider the dlagram (7.1). Since Xis (rn —k)-connected, we see that map induced
by ¢x: PX — X" on fibres €©QX)!' > 7" Visan (rn — k)- equivalence. As
explained above, this yields that ¢x is an (rn — k)-equivalence as well. Therefore,
by the discussion above, the induced map on fibrewise joins

Om: Tm(p) = Twl(q)

isan (rn —k +m = rn 4+ (m — k))-equivalence with m — k > 0. By Theorem
7.4.b), it holds that secat(q) = TC?(X ) = m, so q,; admits a continuous section
X" — Ty, (q). The obstructions to lifting this section along ¢x to I';, (p) lie in the
groups H I(X"; mi_1(F)), where F is the homotopy fibre of ¢,,. Because ¢, is an
(rn+(m—k))-equivalence, we know that r;_{ (F) = 7; (I'y,(q), T (p)) = {0} for
i <rn+(m—k).Since X is assumed to be n-dimensional, X" is rn-dimensional, so
all of the obstructions vanish and there is a section X" — I',,(p). Hence, we have
TG (X) <m = TCrD(X ). Together with Theorem 7.4.a), this shows the desired
equality.

It TC;D (X) = m < k, then the naturality of fibrewise joins implies that there is a
section of I'y(¢) — X" induced by the section of I';,(¢) — X" and the natural
maps ', (g) — T'k(q) over X”. In this case we may apply the argument above
verbatim to obtain a section of I'y(p) — X, showing that TC, (X) < k. O

b

~

The previous discussion has several interesting consequences.

Corollary 7.11 Suppose X is a connected n-dimensional CW complex and TC,(X) =
rn. Then TC?(X) =rn as well.

Proof The universal cover X is 1-connected, so take k = rn — 1 in Theorem 7.10. By
part b) of that theorem, if TC? (X) < rn — 1, then the same would be true for TC, (X),
SO TC,D(X) > rn — 1. Hence, TCrD(X) =rn. O

Corollary 7.12 Suppose X is a connected n-dimensional CW complex and that the
universal cover X is (rn — k)-connected with TCD(X) >kandcd(w) <rn—k+ 1.
Then TC,(X) = TC, ().

Proof This follows from combining Theorem 7.10, which yields that TC.(X) =
TCrD(X) in this case, with Lemma 7.5. ]

The following result gives a cohomological characterization of the maximality

of sequential topological complexities. It generalizes the Costa—Farber theorem [15,
Theorem 7] dealing with the case of r = 2.
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Theorem 7.13 Letn,r € Nwithr > 2 and let X be an n-dimensional CW complex. It
holds that TC,.(X) = rn if and only if v."" # 0, where v, denotes the canonical class
of X.

Proof If v/" # 0, then we derive from Remark 7.8 that TC,(X) > rn. The converse
inequality follows from the standard upper bound of Theorem 2.3.a), yielding that
TG (X) < dim(X") = rn.

Conversely, suppose that TC,(X) = rn. Then Corollary 7.11 yields that TC,D(X ) =
rn, so that by (7.2), the fibrewise join g,,—1 does not admit a continuous section. By
Proposition 6.3.a) and [43, Proposition 12], the class v)" is the primary obstruction to
a continuous section of g,,—1. As previously discussed, the obstruction classes for the
existence of continuous sections of g,,,—1 lie in the groups H! (X" i 1 (Epp—1 (1)),
for 1 <i < rn. Recall, however, that the space E,,_1 () is the (rn)-fold join

Epp—1(m) = T

and consequently is a (rn — 2)-connected space, which implies that all but the primary
obstruction necessarily vanish. Therefore, v} # 0. O

Corollary 7.14 Let X be a connected n-dimensional finite CW complex, where n € N,
whose fundamental group is free abelian of rank at most n. Then

TG (X) <rn  Vr > 2.

Proof By the hypothesis on 771 (X) and Remark 5.3.(3), it holds that TC, (771 (X)) < rn,
so that U;flm x = 0 by Theorem 7.13. We derive from Corollary 6.6, that v* = 0
as well, where v, denotes the r-th canonical class of X. Therefore, the claim follows

from Theorem 7.13. O

Remark 7.15 The non-maximality of topological complexity for closed manifolds
with abelian fundamental groups was investigated by D. Cohen and L. Vandembroucq
in [13]. While most of their results involve fundamental groups with torsion, see [13,
Theorem 1.2.(2a)] for a result similar to Corollary 7.14.
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