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Abstract

We consider the motion of an incompressible viscous fluid on a compact Riemannian manifold M with
boundary. The motion on M is modeled by the incompressible Navier-Stokes equations, and the fluid is sub-
ject to pure or partial slip boundary conditions of Navier type on dM. We establish existence and uniqueness
of strong as well as weak (variational) solutions for initial data in critical spaces. Moreover, we show that
the set of equilibria consists of Killing vector fields on M that satisfy corresponding boundary conditions,
and we prove that all equilibria are (locally) stable. In case M is two-dimensional we show that solutions
with divergence free initial condition in Ly (M; TM) exist globally and converge to an equilibrium exponen-
tially fast.
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1. Introduction

Suppose that M is a compact, smooth, connected and oriented n-dimensional Riemannian
manifold with boundary ¥ = dM. It follows that ¥ is a compact, smooth, orientable (n — 1)-
dimensional manifold. X is then provided with outward orientation with respect to M. Let (-|-)¢
denote the Riemann metric on M. In the sequel, we also use the notation (-|-), for the induced Rie-
mann metric on X. We will study the motion of an incompressible viscous fluid on M, modeled
by the surface Navier-Stokes equations with Navier boundary conditions which can be stated as
follows

o0 (0;u + Vyu) —2usdivD(u) +gradmr =0  on

divu=0 on

au + Py ((Vu + [Vu]T)vz) =0 on

(1.1

(ulvg)g=0 on

zZ MM Z Z

u(0)=uy on

Here, the unknowns are the fluid velocity u and the fluid pressure 7. o > 0 is the (constant)
density, s > 0 is the surface shear viscosity, vy is the outward unit normal field of X, while
Py is the orthogonal projection onto the tangent bundle of X, and the constant o > 0 is a given
friction parameter. In the following, we assume without loss of generality that o = 1.

Moreover, V, v denotes the covariant derivative induced by the Levi-Civita connection of M
for given tangent vectors u, v, and D(u) := %(Vu + [Vu]")? denotes the deformation tensor (a
definition of the operator ? is provided in Appendix A), given in local coordinates by

Vb ik i) 0 9
D) =3 (¢ ule +8"u) T @ 57

with ull % being covariant derivatives, that is,

ufk = Bkui + Fj;zul for u=u' T
Here and throughout this article, we are using the Einstein summation convention, indicating that
terms with repeated indices are added.

We note here that

D, = (Vu + [Vu]T)

N =

isa (1, 1)-tensor, while D(u) is a (2, 0)-tensor. In case divu = 0, it is well-known, see for instance
[35, Lemma 2.1], that

2div D(u) = Amu + Rictu, (1.2)
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where Ay denotes the (negative) Bochner Laplacian (sometimes also called the connection
Laplacian), and Ric? is the Ricci (1, I)-tensor. In local coordinates, these operators are expressed
by

- 9 9
Avu =g (ViV; =T}, Viyu, Rictu = Riu! — o= = g * Ryju! — R (1.3)

with V; =V a being covariant derivatives, and where Ric = R;; :dx' ® dx/ is the usual Ricci

(0, 2)-tensor. More details are given in Appendix A.

(1.1)3 and (1.1)4 is termed the pure slip boundary condition in case o = 0, or partial slip
boundary condition in case « > 0.

In case M =R’} := R 1 x (0, 00), the boundary conditions for u = (ul, .,u)on X =
R"~! result in

W"=0,  @u"+ o)) —aul =0, j=1,....n—1,
which, taking into account the relation u” = 0, further reduce to

u" =0, ! —aul =0, j=1,....,n—1.

This implies u/ (x’, x™) ~ (1 + ax™)u’ (x’, 0) for small x” > 0, showing the friction effect on X
for tangential velocity components in case o > 0.

The topic of fluids on surfaces and Riemannian manifolds has recently attracted attention by
numerous authors, see for instance [6,19,23,25,27,30,33,35,37] and the references contained in
these publications.

One application concerns the modeling of emulsion and biological membranes, see [38]. In
addition, (1.1) may be considered as a model for the motion of a fluid on a planet’s surface that
is covered by water and landmasses (while the effect of Coriolis forces is being ignored).

The main results in this manuscript establish existence, uniqueness, and qualitative properties
of strong as well as weak (variational) solutions to (1.1). The expression ‘(variational) weak
solutions’ is used here to distinguish our solutions from the class of Leray-Hopf weak solutions.
Our approach is based on the method of L ,-L, maximal regularity in time weighted spaces, see
for instance [28].

In Sections 3 and 4, we demonstrate that the Stokes operator associated with (1.1) admits
a bounded H®°-calculus with angle < /2 (a property that implies maximal regularity) in
Lg,oc(M; TM) as well as in H,_ é (M; TM). This property opens up the way to obtain unique solu-
tions to (1.1) for initial data in critical spaces, as shown in Section 5, Theorem 5.1, Corollary 5.2,
and Remark 5.3.

In Section 6, we show that the set of equilibria of (1.1) consists exactly of all Killing fields on
M which satisfy the boundary conditions imposed on solutions, see Proposition 6.4. In particular,
we show that in case of a positive friction coefficient ¢, equilibria correspond to the situation
where the fluid is at rest.

One of the main results of this paper is contained in Theorem 6.6. It shows that in case
dimM = 2, any solution with initial value ug € L »(M; TM) exists globally and converges to
an equilibrium at an exponential rate. Moreover, in case dimM > 2, we show in Theorem 6.7 and
Corollary 6.9 that all equilibria are locally stable: solutions that start out close to an equilibrium
exist globally and converge at an exponential rate to a (possibly different) equilibrium.
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We add three examples to illustrate the scope of our results for two-dimensional surfaces in
R3. For o > 0, let &y denote the set of equilibria of (1.1).

Examples:

(@) Let M=S2 = {x = (x1, x2, x3) € S?: x3 > 0} be the upper hemisphere in R3. Then

{0} in case a > 0,
o = .
{wegxx:weR,xeSi} in case o = 0.

That is, in case of pure slip boundary conditions, the equilibria correspond to the situation
where the fluid rotates with constant angular speed w about the z-axis.
Theorem 6.6 says that in case > 0, any solution with initial value ug € Ly  (M; TM) exists
globally and converges at an exponential rate to the equilibrium state u, = 0.
If o = 0, any solution with initial value ug € Ly » (M; TM) exists globally and converges at an
exponential rate to an equilibrium state u, = we3 X x, for some w € R which is determined
by Theorem 6.6.
(b) Analogous results hold in case M is a disk in R2 with center at the origin (embedded in R3).
(c) LetM = {x = (x1, x2, x3) € R3 :x%—i—x% = 1,0 < x3 < 1} be a cylinder of finite height. Then
analogous results to Example (a) hold.

It is interesting to note that even in the simple Euclidean setting of Example (b), the results seem
to be new, at least in the case where o = 0.

For surfaces, in case o > 0, the global convergence results are based on the fact that all Killing
fields are trivial, see Proposition 6.2. In case o = 0, the results follow from the somewhat surpris-
ing observation that the evolution equation leaves the orthogonal space to Killing fields invariant,
see Lemma 6.5 (a), and from Korn’s inequality, see Lemma B.3.

As another application of Theorem 6.7 we consider the three-dimensional manifold M con-
sisting of a solid ball in R3 with center at the origin. Theorem 6.7 and Corollary 6.9 then show
that rotations about any axis through the origin are stable: solutions that start close to a rotation
exist globally and converge to a (possibly different) rotation. We are not aware of a corresponding
result in the literature.

In the Appendices A through D we collect and prove results concerning Riemannian mani-
folds (with boundary), Green’s formula, Korn’s inequality, solvability of elliptic problems and
the existence of the Helmholtz projection, interpolation for mixed boundary conditions, sectorial
operators and the H°-calculus. These results are used throughout the manuscript and are also of
independent interest.

In case M is an embedded hypersurface in R”*! without boundary, the motion of an incom-
pressible fluid has been considered in the literature by several authors. Here we refer to the article
[6] for a survey and a comprehensive list of references. We also mention that the equations in
(1.1)1 and (1.1), coincide with the system

oru + Pu(u - Vpu) — PudivmQusDu(u) —7Py) =0 on M,

divyu =0 on M,
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considered in [30,37], see for instance [30, Remarks A.3]. In addition, we mention the publica-
tions [19,25,33,34] and the references contained therein for interesting numerical investigations
for embedded surfaces in R3 without boundary.

For the case of a Riemannian manifold with boundary, we are aware of the publications
[23,27]. The author in [27] considers Navier boundary conditions, and he examines the equa-
tions in a variational framework, mostly concentrating on the stationary linear case. In [23], the
authors show that the Hodge-Laplacian subject to Neumann-type boundary conditions on a Lips-
chitz subdomain of a smooth, compact, boundaryless Riemannian manifold generates an analytic
semigroup on L, for g in some open interval containing (3/2, 3).

In case of a domain contained in Euclidean space, the Navier-Stokes equations with Navier
boundary conditions have been considered by numerous authors, and we refer to [32] for a dis-
cussion.

The novelty of this manuscript lies in the fact that we consider the behavior of fluids on sur-
faces, or manifolds, with boundaries. This situation extends traditional fluid dynamics analysis,
which typically focuses on the Euclidean space. By studying fluids on manifolds, we are address-
ing a more complex scenario that also has applications.

For instance, this is relevant when analyzing the motion of water on a planet that is covered
by both oceans and continents. In such a context, the surface of the planet can be modeled as a
manifold with boundaries, representing land and sea.

In this situation, the analysis becomes considerably more complex than in the Euclidean case.
Unlike in flat space, one must account for the manifold’s geometric properties, which introduce
additional mathematical challenges. Specifically, we need to handle geometric quantities such as
the Ricci curvature, which incorporates how the manifold’s shape deviates from being flat. These
geometric considerations play a role for describing the behavior of fluids on curved surfaces.

When dealing with an impermeable boundary ¥, the most widely employed boundary condi-
tion in the literature is the no-slip condition, expressed as

u=0 on X. (1.4)

In contrast, the Navier boundary condition (1.1)3 and (1.1)4 permits tangential slip along the
boundary. Over recent decades, a growing debate has emerged concerning the choice between the
no-slip condition and the Navier condition, primarily due to the so-called no-collision paradox.
Consider arigid body in free fall within a fluid bounded by a solid wall. In case the rigid body and
the wall have a smooth boundary, previous research [12,16,17] has demonstrated that under the
assumption (1.4), the rigid body does not reach the fluid-solid interface in finite time, regardless
of the relative densities of the fluid and the object. In contrast, assuming a Navier boundary
condition circumvents such a situation [13].

Although we would expect similar results for the no-slip boundary conditions (1.4) as for the
case of partial slip with o > 0, the approach used here does not cover (1.4).

Notation. Given ¢ € (1, 00), ¢’ = q/(g — 1) always denotes the Holder conjugate of ¢.

Let X and Y be two Banach spaces and 7 : X — Y. We denote by D(T"), N(T') and R(T) the
domain, null space and range of T, respectively. The notation £(X, Y) stands for the set of all
bounded linear operators from X to ¥ and £(X) := L(X, X). Lis(X, Y) denotes the subset of
L(X,Y) consisting of linear isomorphisms from X to Y. Moreover, we denote by X' = L(X, R)
the dual of X.

Forany 0 <t; <1t <00, p e (1,00)and n € (1/p, 1], the X-valued L ,-spaces with temporal
weight are defined by
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Lyt 12 X) = { (1.1 = X2 11 174 £ (1) € Ly (01,023 ) ]

Similarly,

HY (0,00 X) = [ € Wh o (01,000 0] f € Ly (1,20 %), j=0,1,... k]

2. The surface Stokes operator with Navier boundary conditions
To analyze (1.1), we introduce the surface Helmholtz projection, defined by
Pyu=u—gradyy,, wuelL,(M;TM),
where grady,, € L,(M; TM) is the unique solution of

(grad ¥, |grad p)m = (ulgradp)m, Vo € H, (M),

cf. Lemma B.6. Here,

(o = [[@lo)edige  (v) € LM TV x Lo TW),
M

denotes the duality pairing between L, (M; TM) and L, (M; TM). We note that in case g = 2, the

pairing (-|-)m defines an inner product on Lo (M; TM).
For any u € L;(M; TM) and v € L,/ (M; TM) it holds
(Prulv)m = (u — grad ¥, |[v)m = (u|v)m — (grad Y [v)m
= (u|v)m — (grad ¥, |grad ¥y )m = (u|v)m — (u|grad ¥y )m

= u|Pgvm
as Y € Hy (M) and ¥, € H,,(M). Note that the definition of Py implies
(ulvs)g =0o0n X incase u € H;,G(M; TM)ands > 1/q.
With these preparations, we can introduce the function spaces used in this article

Lyo(M; TM) : =Py L, (M; TM)

HS o, (M; TM) 1 = H3(M; TM) 0 L5 (M; TM)
B}, o (M: TM) : = BS (M: TM) N Ly 5 (M: TM)
Hy s (M; TM) 2 = (H3,  (M; TM))

—s . . N . /
qu’U(M, ™) : = (Bq,p,’U(M, TM))

fors >0and 1 < p, g < 0o, where the respective duality parings

1607
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(1Im:Hy g (M; TM) x Hy, ((M; TM)) — R,

ADIVE Bq’;a(M; TM) x B;,p,’U(M; ™) —> R,
are induced by (-|-)m. We would like to point out that our definition of the ‘negative’ spaces H,~ $
and Bq’p" differs from the usual definition in case —s < —1/¢g’. This allows for a more streamlined
presentation of our results. As the spaces involved will be clear from the context they will not be
explicitly referenced in our notation (-|-). Note that

(ulv)my = (ulv)m incase (u,v) € Ly(M; TM) x Ly/(M; TM).

Now we can define the strong surface Stokes operator with Navier boundary conditions, Ay :
X1 — Xo, by

Anu = —=2usPy div D(u) = — s Py (Anu + Ricku) (2.4)
with X¢ := Ly 5 (M; TM) and

X1 :=D(Ay):={uc H,ig(M; TM): (u|vs)g =0, au+ Py ((Vu+[Vul)vy)=0on Z}.
2.5)
Although the condition (#|vs), = 01is already contained in the stipulation u € H, [12’ - (M; TM), see
(2.2), we include it in the definition for extra emphasis.
Next, we will derive a simpler expression of the boundary conditions of (1.1). We first note
that in local coordinates

v _i ! "ji_ 1 nji (2.6)
T2 e e T e ’

1 .0
In addition, we set Py = Itm — —— gV Fi ® dx". Hence,
g X

d d ;0
P _— =, .=1,..., —l, P n]_~ =0 27
Zoxi T axi ! " E<g 8x1) @7

Then we have for any u € qu,a (M; TM), using the metric property of (-|-),, (2.7), the boundary
condition (#|vg), =0, and (A.1)

Ps ([Vul'vs) = Ps (gﬁ(dxi ® Viu)gbvz> =Psx (gjdxi(viulvz)g)

n
.0
= > [Vitlvs)g — @|Viv)e] Pr g’ -—
! 0x

n—1 n

9
= ZZ [Vi(uh)Z)g - (Mlvl'])z)g] Px gljw

i=1 j=I
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n—1 n
=D (Lsu|—— ,>g7>zg 2.8)
i=1j=1
n n
9 .0 d 0
= Z(LEI/”ﬁ)gPEgU 95 Z(Lzmg”—)g 2307

i,j=1 i,j=1
n—1

n
: d : 0
= Z(dxf, Lsu)gs Px FrYie X;(dxf, Lzu)gzw =Lsu,
_ =

where Ly is the Weingarten tensor induced by g|yx, with Lyu € I'(¥, TX), and

(. )gn : T*EXTE — R%  is the (fiber-wise defined) duality pairing on X.

Moreover,
Ps (Vuvs) = ———¢" Py (Vju) = J;Wg"fpg ((a,u" + Fijuk)%)
- %(aﬂi —|—F§{juk)aixi (825;’3/2 @u" + T, )Bixi 2.9)
= Z[ u) - (g:ifs)/z @ju” + T )] ol

By (2.1), (2.8), and Lemma B.1 (b) (ii), forany u e D(Ay) and v € qu, - (M; TM),

(Anulv)m = s (V| Vo) — s (Ric? ulv)m — s (Vuvs|v) s
= 115 (Vu|Vo)m — s (Ric? ulv)m — 15 (P (Vi) vs |v) s (2.10)

= s (Vu|Vo)m — ws (Ric? ulv)m + (@psu + s Lsulv)s,

where (-]-)x denotes the duality pairing between L, (%, T'X) and Ly/(X; T X). By setting

/
Xijpi=H ,(M;TM) and X_j;:= (qu,’a(M; TM)) — H, L (M; TW), Q.11

the above computations motivate us to define the weak surface Stokes operator with Navier
boundary conditions Ay, : X1/ — X _12 by

(ANulvIm = w5 (VulVolm — ps (Rictulv)m + (@psu + psLsulv)s
for all (u,v) € X172 x (X-12)' = Hy ;(M; TM) x H,,  (M; TM).
The next result states that the surface Stokes operators A%, and Ay both admit a bounded
H*-calculus.

Theorem 2.1. There exists a number wq > 0 such that
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(@) o+ Ay € H®(X_12) with H®-angle < /2 forall ® > wy.
(b) w+ Ay € H®(Xg) with H*®-angle < /2 forall v > wy.

Proof. For a proof we refer to Section 4. O
3. H°-calculus of surface Stokes operator with perfect slip boundary conditions

In order to prove Theorem 2.1, we take a detour and first consider the Stokes operator with
perfect slip boundary conditions, which is also of interest in its own right. On a technical level,
we are aided by the fact that in this case, the Helmholtz projection commutes with the Laplacian,
which (temporarily) allows us to ignore the pressure and the divergence condition. The same
strategy was also employed in [32].

We start this section by providing the necessary tools to localize differential equations and
tangent fields that are defined on the manifold M. We define an atlas {(Uk, ¢x)}xec of M with
K=KouKk; suchthat k € Ky if Uy N X =0 and k € Ky if Uy N T # @. Moreover,

B"(0, R), if k € Ko,

Uy) =B, R) :=
@k (Ur) =By (0, R) {]B”(O,R)HR", ifkey.

Given k € K, we set

R",  ifkeKo,
Xi = .
R'jr, ifk e Ky,

endowed with the Euclidean metric in R”. Let {ékz} rei be a partition of unity subject to {Uy }rexc-
Furthermore, let ¢ € Cgo (B"(0, R); [0, 1]) be chosen such that

¢=1 onsupp((gi)«&x) forallk ek,

where (¢)«® = ¢ o ¢ Uis the pushforward of a function ¢ : M — R by ¢i. Given u €
I'(M; TM), we define

a

(@r)tt = (@)t )1i<n,  Where u =u' axt’

For § € {Hy, W;}, 1 < g < 00, and s > 0, we define:

Ri: & M; TM) — §° (X R™), u = (or)«(Exu),
Ri: & X R = FM;TM),  uye > E(@pue).

Here and in the following, it is understood that a partially defined and compactly supported
vector field is automatically extended over the whole base manifold by identifying it to be the
zero section outside its original domain.

With a slight abuse of notation, we define the pullback of a vector field v : X — R” by means
of

1610



Y. Shao, G. Simonett and M. Wilke Journal of Differential Equations 416 (2025) 1602—1659

. d
* o 1
(pkv = (U [¢] (pk) _8xi .
Finally, we define
REGFMTM) — FCGRY),  ur (Riukek,

R:FOGRD) > FM TM), o=k — Y Riv
k

with F (X; R") := [ e §° Xi; R™), equipped with the norm

Iz = lulge. v= Ok
kelC

Then one shows that
REe LEF M TM), F°(X; R"), R eLF X R, 3 (M; TW)),
see for instance [4]. Moreover,
RoRYu=u, uecFM;TM),
that is, R is a retraction from §* (X; R") onto F*(M; TM), and K¢ is a coretraction.
3.1. Strong formulation

Following the ideas of [32], we will first study the Stokes operator with perfect slip boundary
conditions. To this end, we consider first the elliptic boundary value problem,

(A—Am+RicHhu=f on M,
Ps (Vu —[Vul)vg)=h on I, (3.1

(ulvg)g =h2 on I,
for suitable A € C and
(fih1,h) € LyM; TM) x W~ 98, TE) x w9 (x).

We should like to briefly explain our rationale for using the terminology perfect slip boundary
conditions. In three-dimensional Euclidean space, it can be shown that

Ps ((Vu — [Vul")vs) = vx x curlu,

see for instance [29, Section 4.1]. In applications in (magneto) hydrodynamics, the boundary
conditions

(ulvsg)g =0, curlu x vy =0,
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are sometimes referred to as perfect wall conditions, see for instance [1]. In addition, these con-

ditions are also known as Neumann boundary conditions or free boundary conditions, see for

instance [23,24] and the reference therein. For lack of a better name and following [29,32], we

will use the same terminology also in the general situation of manifolds of arbitrary dimension.
We have the following result about existence and uniqueness of solutions to (3.1).

Proposition 3.1. Let 1 < g < 0o and ¢ € (0, w/2). Then, there exists a number Ao > 0 such that
forall & € ko + Xr_y problem (3.1) has a unique solution u € qu(M; TM) if and only if

(fih1 h) € Ly(M; TM) x W~ 98 Ts) x w9 (x).

Furthermore, there exists a constant C > 0 such that for all A € Lo + Ly _y the estimate

|)L|||M||Lq(M) + ||u||qu(M) = C<||f||Lq(M) + 1 Hi ”H(}(M)H)»II/ZHHl Iy o)

I 2Nz + M2 H2 gy oy + |A|||Hz||Lq<M>) (3.2)

holds, where H is any extension of hj from W[‘I/_l/q () to qu (M).
Proof. In short form, (3.1) can be formulated as
Lyu=F, (3.3)
where Ly : H2(M; TM) — Lg(M; TM) x Wy~ /(S TS) x W, /9(Z) is defined by the left
side of (3.1) and F := (f, h1, hy).
In the following, we will show that the operator L, is invertible for A appropriately chosen.

We start by establishing a priori estimates for solutions of (3.1). Suppose u € qu(M; TM) is a
solution of (3.1). We then set

i =Réu= @}, iz, -, ia})T
and
G =184l =¢Gr+ (1 = O,

where Gy := [((pk)*gij];. Using these notations and (1.3), we can write the first line in (3.1) in
local coordinates as

(A — 8yi0))ik = fi + Pe(u)  in Xy, (3.4
where the matrices G belong to BC™®(Xy; R"™") and fi := R f- Up to translations and
rotations, || G(k) — I |lo can be made arbitrarily small by shrinking the radius R > 0 of B} (0, R).
The linear operator Py is of first order; in particular

P € L(H,(M; TM), Ly (X;: R™)).
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Next, we will localize the boundary conditions in (3.1). First, in view of (2.6), the boundary
condition (u|vy), = h» can be restated as

1
i

Using (2.8) and (2.9), the remaining boundary condition Py ((Vu — [Vu]T)vE) = hy can be
rewritten as

il =hyy onR"™ kek. (3.5)

1 g g _. )
2" 30t Bl djil = hl  + a1 Q4(w) onR"!, (3.6)

=809k — onn3/2%
g (&))"

forkeKy,i=1,2,...,n— 1. We note here that Q};(u), in particular, contain an extension of
the (localized) term Lu in (2.8) to H (X). It follows that Q} € L(H; (M; TM), H?(X)) with

104 @)l s x) < CONull o rmy,  w € Hy (M; TM),
for any s € [0, 2]. We define
LY o HY (X RY) = L (X R™)
for k € Ko by Lf’kv =Av— g‘éi)aiajv and
LY o HA X R™) = Lo (X R > Wy~ /4@ R s w4 @)
for k € K1 by

v — gt 8id ;v

1 gk)g<k>a m

tr]Rn I(Fg(k)a] (,",)3/2

LY = :
’ gVL} gn n—1
(k) S (k) /)
trRn— 1(\/Wg(k)8 vt — @) a;v")
g(k
tar 1 ln” V"
(k)

where trg.—1 is the trace operator from R” to R
Let us denote by LA ¢ the corresponding operator in the planar case, i.e. G = I,,. Then it

holds that L} v = Av — Agsv if k € Ko and

T
Li’gv = (XU — A]R'jr v, trpn—1 8,,1)‘, o trR,l,lanv"_l , rRn-1 vn>
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if k € Ky. It is well-known that for each A € ¥, _4, ¢ € (0, /2), the operators L I k are isomor-
phisms between the corresponding spaces defined above. It follows from [22, Theorem 3.1.3]
that there exists a constant C > 0 being independent of A, such that the unique solution v to the
elliptic problems

for k € Ky and
(f hl,hz)EL (Rn’Rn) 1 I/Q(Rl’l 1. R” I)XW2 I/Q(Rn 1)

satisfies

Mol o0 + IVl 2, < c(||f'||Lq(xk> + 1 Hill g, + 14121 H e o0

+ 1Bl + PNl gy oy + B Ly 0x) - BT

for all A € _y, ¢ € (0, 77/2) and any extension H; of h; from Wj Va®rn=1y to Hj Xp). In
case k € Ko, the terms in (3.7) containing H| and H2 are omltted

We will show in the sequel, that (3.7) still holds for the general geometry by means of a
perturbation argument. To this end, we write

# #,0
Ly v= k O+ L — L%
wherefore the equation Lﬁf V= (f, i_zi, ey l_z'l'_l, h2)T is equivalent to

#,07— #,0 #.0-1, 7 7 =1 7
v LTS = L e =1L (Fohy, B )T
In case k € Ky, it holds that
# #,0 _ij
Ly xv— Ly v=ARnv — g(k)a,»ajv,
and
| Agnv — g(i)aiajvlqu(xk) <IGw — InlloollVll 52 x4
=< 1Gw — Inllos (1M1, 06 + Il 2x,)) -

where we recall that || G(k) — I,,]|co can be made as small as we wish. Therefore we may achieve

1
s 1
||[Lx,k] (L)L k LA k)U”HZ X = 2”””[.12 Xp)?
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2

where Hq , (Xy) denotes the space qu(Xk) equipped with the norm |A| || - ||L,,(Xk) + - ||qu(Xk).

A Neumann series argument then yields that the linear operator

s

04— ,0
I+ L @y, — LY HZ (X — HEZ 5 (X)
is invertible and the estimate
1002, ) < 2CHF Ly
holds, whenever k € K.

If k € K1, then perturbations on the boundary dX; = R”~! have to be taken into account. We
show this exemplarily for the last component of Lf, V= Li’ygv, given by

trga-1 (@) ™2™ — vy e Wy @R,

The term ((g?,f))_l/ Z_1n"e qu(Xk) is an extension and will be estimated with respect to the
norm

I Nz + 20 g + M-l oo

For the sake of readability, we write a = (g;’,f))—‘/ 2 _ 1 and we recall that |a|| Loo(X;) Can be

made as small as we wish, while ||a|| W2 (X0) is bounded. Then, it holds that
IAlllav L, ) < AMllall L xp v L, < Ml xo Vi, o) < ||a||Loo(Xk)||v||quk(Xk)
by the definition of the norm in H q2 ,,Xy). Furthermore, we have
lav" gy = lallwy a1z, 00 + lall Lo 10l o).
where
-1
lollz, o0 < M7 10l g2, -
We make use of complex interpolation
Hy (Xp) = [Lqg(Xp), Hy (X112
and Young’s inequality to obtain
—-1/2
lolgocy < CIAT vl ox,)-
This then implies that

A2 L = € (lallwg ool ™72+ lall oo ) 1002 -

1615



Y. Shao, G. Simonett and M. Wilke Journal of Differential Equations 416 (2025) 1602—1659

Finally, to estimate av” in Wq2 (Xg), we observe

lav" 2o < lall oo V20 + lallwy oo 101 o + lallwz oIVl o

By the estimates for ||v ||H,;‘(Xk)’ s € {0, 1}, from above, we obtain

—1/2 -1
lav"l e = € (Nl + lallwg oo M2 4+ lallwz g 171 ) 1012 o,

This shows that, for any given n > 0, choosing first ||a| 1 (x,) sufficiently small and then |A|
sufficiently large, we may achieve that

1/2

lav” gz + 112 lav™ gy g + 1" Iz, 00 < 1lvll g2 x,)-
The estimates for the remaining boundary conditions can be derived in the same spirit and are
therefore omitted. By a Neumann series argument as in case k € Ko, it follows that (3.7) holds

true for the general geometry, with a possibly larger constant C > 0.
We split the solution i of (3.4), (3.5), (3.6) into iy = ity + iy in such a way that ity solves

Lf,kﬁk = (fi 1 g, o) "
and uy solves
LY vig = (Pe(), trga-1 Ok (), 00T, Q) = (Q4 (w), ..., Q" (w))
if k € Ky. For k € Ky, we introduce a similar decomposition ity = iy + ity with
LY jiix = fr. L} i = Pr(u).
For the solution u of (3.1) we therefore obtain

u=uqy+uo =R ((@ex) + R (@)rex)

= &olin+ Y &l (38)
ke kel

Employing (3.7) yields
ANy g oy =+ ey Lz om

<C Y Wilegocn +€ Y (Il + 421kl o0
ke keky

a2 + 112l ey + 1 Bkl o) )
< C(||f||Lq<M> + I gy + M2 L o

+ U Ha g + 120 g + 12 H2 o )
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for all A € Ag + X;_gp, where Hj,k € Hcf (Xy) are the localized versions of H; € Hcf (M). Here
we have used the fact that if H; is any extension of /; from W~ '/4 () to H; (M), then Hj is
an extension of /1 x from ij_l/q ®R" 1) to HJ (Xp).

To estimate u (), note that (3.7) implies

M) lzgon + el gz

= C Y NP0 + € Y (1060 gy + 421 Qe x5, )
kekC keky

= (ull s am + 41"l ) (3.9)

By complex interpolation and Young’s inequality, there exists a constant C > 0 such that

1/2 —
el aggony < Clll Ly - el 12, < 121712C (120l o + Nl 2 ) - (3.10)

Furthermore,

MY o = 272 (10l o+ )

By possibly further increasing Ag > 0, we can always achieve

1
2l o + T gzan < 5 (1A, o0 + Tl iz )

for all A € Ao + X _y. Combining with the estimate for u(y), this yields (3.2) for all A € A +
X _¢. This estimate implies in particular that the operator L, defined in (3.3) has a left inverse
Sy, provided A € Ao + Xy _p.

We can even give an explicit formula for the left inverse Sj. To this end, we use again (3.8),
i.e.

w=> &piix+ Y Eugpi

kelC kel

and define

Kui=u) =Y &gri.
kelC

It follows from the considerations above that the linear operator
HY: HZ (M;TM) — Hp (M TM), > ug),
satisfies the norm estimate
IHL < 5
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provided A € Ag + X _y, where qu’ 5, (M; TM) denotes the space Hq2 (M; TM) equipped with the
norm A || -l o) + 1l - ||qu(M). By definition of i3 we then obtain

u= Z Skfp}f(Lﬁ,k)_l(ﬁ, hi g, hog) + Hiu,
ke

where (f_k, }_11’1(, fzz,k) = f_k if k € ICy. Therefore, it follows that
S (fih b =u= (I —H)™" Y &ef (L 07 (i ks hap).
kelC

It remains to prove the existence of a right inverse for the operator L, defined in (3.3). To this
end, let

(fa hl, h2) € Lq(M, TM) X Wq]_l/q(z; TE) X qu_l/q(z)

be given and define u := S, (f, h1, h2) € qu(M; TM) with the left inverse S, from above. In the
sequel, we denote by

Ly : Hy X R") = Ly(Xi; RY)
for k € Ky and by
Lik: HXXi R™) = Ly (X R x Wy /@R < wy ™ /@

for k € K1 the full operator L, from (3.3) in local coordinates, that is, L, i satisfies the relation
Ly (@} v) = @f Lok (Yi&v) for v e H2(Xi: R"), where v := ;' It follows that

I._ #
Lk = L)»,k - L)»,k

is of lower order, since the terms of highest order are already included in Lf’ « Applying L to
u— Hfu yields

Ly(u— Hiu) =Ly Y &gp (LY )7 (oo ks hog)
kelkC

=Y & Lax (L} )7 Fo b hax)
kelC

+ Y Gk WEEILS 07 (fi g, Bop)
kel

= ka‘ﬂlt(f_ka Rk, hok)
kelkC

+ Y agr LY 07 i b hag)
kelkC
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+ Y O Lok WEEILE )7 fis ks hog).-
ke

We note on the go that

> & (fihi g hag) = (f.hi.ho)
kelC

and we define

H(f ko) i= 3 (80 LELE 0™ + 0F Lok Wi 6IE 07" ) G ks B,
kelkC

Since both operators L ,i and [L; g, 1/;,2“ &x] are of lower order, it follows that

AR
for A € Ao + X _4 and by possibly further increasing Ao > 0 if necessary, where the space
LyM; TM) x W, 9 (s; T) x W, 4 (x)
is equipped with the norm on the right hand side of (3.2). This in turn implies that
(S — Hy S+ H))™!

is a right inverse for L,. Hence, L, is invertible. O

In a next step, we consider homogeneous boundary conditions

Ps ((Vu - [Vu]T)vg) =0 and (ulvg)g=0 onX 3.11)
in (3.1) and we define an operator L s : D(L ps) — Ly (M; TM) by
Lpsu = —Anu + Ricﬁu, ueD(Lys):={uc qu(M; TM) : u satisfies (3.11)}.

Note that by Proposition 3.1, the operator (A 4 L ) is invertible for any A € Ag + X5 _4.
We can then show the following stronger result.

Proposition 3.2. There exists wo > 0 such that for all w > wy
w~+ L,y € H®(Ly(M; TM)) with H>-angle < /2. (3.12)
Proof. We define the linear operator Ly : D(Lg) — L, (Xg; R") by
Liu =~ 8;dju  in Xy
and for k € K1,
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s snl
88
1 _ ShSk) a )

trRo-1 (=8} [ dju AL
\/g(k ® &)

Tklz{ = ' =nj -n,n—1
88w 9ju) ’

trpn— 1(\/>g(k)8 u"T — @7

n

1
tar 1 F ——Uu

(k)

where

qu(R"; R") ifk € Ko,

D(Ly) =
(L) {{ueHg(R";R"):Tku=00nR"—1} ifkek.

We claim that there exists some wy > 0 and ¢ € (0, r/2) such that
o+ Ly € H®(Ly(Xg; R™)) with H*-angle < ¢>  for all o > wy. (3.13)

It is well-known that (3.13) holds true for k € Ky, see for instance [9, Theorem 6.1] or [7, Theo-
rem 4.1], as long as R > 0 is sufficiently small.
In the case of k € Ky, in the planar case, i.e. Gy = I, one can check that

where Ay and A p are the Neumann and Dirichlet Laplacian in R”, respectively. Then it follows
from well-known results that (3.13) holds, see [8, Theorem 7.4]. For a general geometry, using
a similar perturbation argument to that in [11], one can show that, by making R > 0 sufficiently
small, (3.13) is at our disposal.

We seek to find an expression for the resolvent (A 4 L ps)’1 . To this end, consider the splitting
(3.8) for the solution u of (3.1) with homogeneous boundary conditions. This yields

A+ Lp) ' f=u=uqy +u) =R ((@icrc) + R (@rex)

_ * ~ * A
= E §k<ﬂkuk+§ Sk Uk (3.14)
kelkC kelkC

=R ((+ L™ fidker) + RGN,

where

ROV =Y &of O+ L™ P + Y &pf (LY )7 (Pew), trga-1 Qi (), 0).

keko kekCy

The estimates (3.9), (3.10) and (3.2) then yield the existence of wy > 0 such that
IR fllz,an < A1 £llz, m (3.15)
forall A € w + X;_gx, 0 > wp.
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Note that the H*-bound Ky, cf. (D.1), can be chosen uniformly for @ + L, where o > wy
by possibly further increasing wg. Given any h € Ho(Zy_p), see Appendix D for a definition
of Hp(Zg), in view of (3.14) we obtain

1h(w + Lps) fllL,m

= i./h()\)(x+w+L,,s)—1fdA

2ri
r Lq(M)
1 _
<c %Z&‘/’Z fh(,\)(x+w+Lk)—1fkd,\ +c /h(k)R(k)fdk
kek r Ly 1T L,
1 n
§M§:3E1/MM@+w+Lw”ﬂdk +Mwmm/MMthﬂwds
kel Ly(Xp) r
< Milhlloo Y I fellz, i) + MIAlooll £l o) (3.16)
ke

<Mlhllooll fllL, o>
where the integral contour I is defined as in (D.2) and (3.16) follows from (3.13) and (3.15). O

We have shown in Proposition 3.1 that, for every A € w + X5 g and f € Ly (M; TM), the
equation Au — L p;u = f has a unique solution u € D(L s). More can be said about the solution
u if, in addition, f € Ly o (M; TM).

Proposition 3.3. There exists Ay > 0 such that for all . > Lo and f € Ly - (M; TM), the equation
Au — Lpsu = f has a unique solution u € HqZ’U(M; ™).

Proof. We consider the Neumann problem

App=Adivu on M,
(3.17)

(grad¢|vs)e =0 on X,

where Ap is the Laplace-Beltrami operator on (M, g). By Lemma B.6, (3.17) has a unique (up
to a constant) solution ¢ € H (;’ (M). Employing Lemma B.1 repeatedly, we obtain

llgrad 117, )

= (—Apdlp)m = —A(divulp)m = A(ulgrad ¢)wm

= (Amulgrad ¢)m + (flgrad ¢)m — (Ric*u|grad ¢)u

= —(Vu|Vgrad)m + (Vg u|grad )z — (Ric*u|grad @)y (3.18)
= (u|Amgrad p)m + (Vypulgrad¢)s — (u|V,ygrad¢)s — (Ric*u|grad ¢)wm
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= (u|grad Ag@)m + (Vigulgrad @)y — (u|Vyggrad @) s (3.19)

= —k||divu||%2(M) + (Vygulgrad@)s — (u|Vysgrad @) s. (3.20)
By the definition of Py and the fact that f € Ly (M; TM), we conclude that

(flgrad@)m = (Pp flgrad¢)m = (f — grad ¥ s|grad ¢)m = 0.
Therefore, (3.18) follows. In (3.19), we have used the property
Amgrad ¢ = grad A g + Ric*grad ¢, (3.21)

see Lemma B.2.

Since ¢ is a scalar function, we have Vgrad ¢ = (Vgrad ¢). Employing (2.8), with u replaced
by grad ¢, we then obtain

PsV,sgrad¢ = Px(Vgrad ) vy = Px(Vgrad¢) vy = Lygradé.
Hence, the last term on the RHS of (3.20) can be rewritten as

(u|Vyzgrad¢)z = (u|PxVyzgradg)s = (Lzulgrad¢)s

in view of (3.11). We thus infer that

lgrad @117,y + MIdiviell7, g = (Vogu — Lyulgrad¢)x
= ((Vu —[Vu]")vs|grad )5 =0,

where we have used (3.11) once more. We thus have divi =0 and (u|vx), = 0 and this, in turn,
implies u € H;’U(M; TM), in virtue of Lemma B.6. O

Proposition 3.3 reveals that for A > X¢
(.4 L ps)"'R(Py) € R(Py). (3.22)
We will further show that
(-4 Lps) " 'N(Py) S N(Pp). (3.23)

Indeed, if f = grad g for some g € qu (M), then we consider

!(k—AB)qﬁ:g on M,
(3.24)

(grad¢|vs)g =0 on X.

For sufficiently large Ao > 0 and all A > Aq, (3.24) has a unique solution ¢ € H;(M) by means
of a localization argument as in Section 3.1. Let v = grad ¢. Then v satisfies
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Av—gradApp =gradg = f.

Using (3.21) once more, it is easy task to check that v solves

{(x—AM+Ricﬁ)v=f on M,

(vlvg)g=0 on X.
On the other hand, since Vv = [Vv]", the boundary condition
Ps ((Vv — [Vv]T)vg) =0 onX

is automatically satisfied. Hence v is indeed a solution of (3.1). Uniqueness of solutions of (3.1)
implies that v = u and thus (3.23) is proved.
By (3.22) and (3.23), given any u € D(L ), one has

LpsPyucR(Py) and L (I — Pr)u € N(Py). (3.25)

Now we are ready to study the strong surface Stokes operator with perfect slip boundary condi-
tions Aps : D(Apg) = Ly o (M; TM), defined by

Apsu = — Py (Anu + Ricu)
with
D(Aps) ={u € Hy ,(M; TM) : (u|vz), =0, Py ((Vu—[Vu])vg) =0o0n =}.
In spite ,9f (2.2), we include the condition (#|vs)g = 0 for extra emphasis.

Let Aps :=Aps + 2us Py Rick : D(Aps) = Lg,o(M; TM). Since for any u € D(L ), one can
deduce

PHLpsu ZPHLPSPHM +]PHLps(I —Pyu = Lps]P)Hu

from (3.25), it holds that

Aps = ,usts|D(ApS)~

Therefore, for sufficiently large w > 0, w + Xps € H“(qug (M; TM)), by (3.12). By possibly
enlarging wg > 0, the following theorem is an immediate consequence of [28, Corollary 3.3.15].

Theorem 3.4. There exists wo > 0 such that for all v > wy

o+ Aps € H®(Ly,o(M; TM)) with H®-angle < /2. (3.26)
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3.2. Weak formulation

For notational brevity, let Ag = w + A, © > wo with wy being defined in (3.26). Note that
w + Aps is invertible. We set

Zo=Xo=Lyo(M;TM) and Z;:=D(Apy).
By [2, Theorems V.1.5.1 and V.1.5.4], the pair (Zo, Ap) generates an interpolation-extrapolation

scale (Zg, Ag), B € R, with respect to the complex interpolation functor. In particular, when
B €(0,1), Ag is the Zg-realization of A, where

Zg =D(A}) =1Zo, Z11p
due to (3.26). Let Z§ := (Zo) = Ly, (M; TM) and

Al =(Ag) = — Py (Am — Ric%) : D(A)) — Z§,
D(A}) = Z} := {u € H3 ,(M; TM) : Px ((Vu — [Vu]")vz) =0 on Z}.

Then (Z, ﬁ, Ag) generates an interpolation-extrapolation scale (ZIi , A%), B € R, the dual scale. By
[2, Theorem V.1.5.12], it holds that

(Zp) =74 and (Ap) =A%, (3.27)

B

for B € R. Particularly, when B = —1/2, the operator A_1,2 : Z1/ — Z_1 2 satisfies
DA_1p)=Zipp=1[Z0, Z111)2= H,},G(M; ™),
see Proposition C.6, and Z_;, = (Zf/z)’. Note that

Z?/z = [ZS, Z%]l/z = qu/,(,(M; ™).
Therefore,
Z1/2:X1/2 and Z_1/2:X_1/2’

where X7 and X1, were introduced in (2.11). By the definitions in (2.3), one can follow the
arguments in [32, Propositions 2.3 and 2.4] and show that for any 6 € (0, 1)

[Z 12, Z1p2de = HS T\ (M TN (Zovjp. Zijode.p = B (M TM),  (3.28)

see also Proposition C.5. By replacing ¢ by ¢’, we infer from Section 3.1 that A(t) eH <>Q(Zg)
with H*-angle ¢Z°g < /2. Since A? P is the Z ? /z-realization of A%, it follows from [28, Propo-
sition 3.3.14] and (3.27) that
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Ay = (A’i/z)/ € H®(Z_1)2) with H®-angle < 7/2.
We call the operator A_1,3 : Z1/2 — Z_1,2 the weak surface Stokes operator with perfect slip
boundary conditions.

Since A_1; is the closure of Ag in Z_1 2, it follows that A_;,u = Aou for all u € D(Ag) =
Z1. Thus for any v € Zf/z, it follows from (2.8), (3.11) and Lemma B.1 (b) (ii) that

(A_12ulv)m = (Aou|v)m
= o ulv)m + ws(Vu|Vo)m — ws(Ric*u|v)m — w5 (Vuvs|v)s
= o |v)m + s (Vu|Vo)m — ws(Ric“ulv)m — s (P ([Vul vs)|v)s

= o ulv)m + ws (V| Vo)m — s Ricku|v)m — s (Lsulv)s.
By the density of Z; in Z 2, we infer that for all
(. v) € Zija X Z{ ) = H} ,(M: TM) x HJ, (M; TM),
(A_1pulv)m = o @|v)m + ws (V| Vo)m — s Ric ulv)m — s (Lsulv)z. (3.29)
4. H*-calculus of surface Stokes operator with Navier boundary conditions

Recall the definition of the weak Stokes operator with Navier boundary conditions AY; :
X1/2 — X _12 provided in Section 2. In view of (3.29), easy computations show that

(w4 ANulv)m = (A1 pulvIm + 215 (Lxulv)s + aps (u|v)s

is valid for all (u,v) € qu’G(M; ™) x Hq]/ »(M; TM). We define the operator By : D(By) —
X_12by

(Byulv)m =2us(Lu|v)s +aps(ulv)s

for all (u,v) € D(By) x H1 - (M; TM). The domain D(By) will be specified in the following
calculations. By trace theory and Holder’s inequality, we have

[(Bvulv)ml = Cllull,sllvile, = < Clullmg ,anllvllg, o
q'.0

for any s > 1/g. Thus, by choosing D(By) = H;,U(M§ TM) =[X_1,2, X12]0 withs € (1/g,1)
and 0 = (s +1)/2, By € L(D(By), X_1,2) and thus is a lower order perturbation of A_j /5 :
X172 = X_1,2. Then it again follows from [28, Corollary 3.3.15] that, by possibly enlarging
wo > 0,

w+ Ay € H*®(X_)p) with H*-angle < /2 for all w > wy. 4.1)

Next, we will show that Ay also admits bounded H°°-calculus. Take w > 0 sufficiently large
so that w + A"AV, is invertible. Given any u € D(Ay), see (2.4) and (2.5), there exists a unique
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w € X1, such that (o + Ay)u = (0 + A"I{,)w. Because of (2.10), for all v € qu, - (M; TM) we
have ’

(0 + Ap)ulvm = (@ + AR wlvim = (@ + AR ulv)m.

The injectivity of w + A}, implies that u = w. Thus, gr(Ay) C gr(AY), where gr(A) is the graph
of an operator A in X_1 /5. Lemma 4.1 further implies that w + Ay : D(An) C Ly o (M; TM) —
Ly s (M; TM) is closed and bijective. Therefore, w + Ay is the Ly, 5 (M; TM)-realization of w +
A}, and it inherits the bounded H *°-calculus property, i.e., there exists wp > 0 such that

w+ Ay € H®(Xo) with H®-angle < /2 for all ® > wy. 4.2)
Lemma 4.1. There exists Lo > 0 such that for every A > Lo and f € Ly o (M; TM)

(A —PyAm—PyRicHU=f on M,
au + Py ((Vu + [Vu]T)v);) =0 on X%, 4.3)

(ulvg)g=0 on X
. . 2 .
has a unique solution u € qud (M; TM).

Proof. We proved in Proposition 3.1 that there exists A9 > O such that for all A > X, for all
feLy;M;TM) and all h € qu_l/q(Z; T%) there exists a unique solution u € qu(M; TM) of
the problem
(A—Aw+RicHu=f on M,
Ps ((Vu—[Vul)vg)=h on %, (4.4)

(ulvg)g=0 on X,

and, in addition, there exists a constant C = C(Ag) > 0 such that the estimate
Mz, on + el zzan = € (1 Degon + 272 1H Lz, + 1 H gy ) 4.5)

holds for the solution u € qu(M; TM) of (4.4), where H is any extension of /& from qufl/q(Z)
to Hy (M).

In a first step, we will show that there exists Ao > 0 such that for all A > A, for all f €
Ly;(M;TM) and all h € W;fl/q(E; TY) there exists a unique solution (v, ) € qu(M; TM) x
H ql (M) of the Stokes problem

(A — Ay +RicHv+gradw = f on
divv=0 on

Ps ((VU — [VU]T)VE) =h on

(4.6)

M M E Z

(vlvg)g =0 on
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satisfying the estimate
Mollz,an + vl 2o + llgrad 7z, 0 < € (ufqu(M) + 12 H o0 + ||H||H;(M)) . (@7)

Indeed, let v := Pyu = u — grad v, where u € qu(M; TM) is the unique solution of (4.4) and
grady, € qu(M; TM) is the unique solution of

Apy, =divu on M,
(grad Yulve)g =0  on %,

see Lemma B.6. Defining 7 := Ay, — div u, it follows from (3.21) that the pair (v, ) is a
solution of (4.6). Moreover, by (B.14) and (4.5), we have the estimates

llgrad ¥ ”qu(M) = C||u||qu(M)

=€ (I egan + 22 1H Ly an + 1 H gy )

and

llgrad 7|z, aw) < Allgrad v, ||, oy + llgrad div u iz, )
< ¢ (Mullzyon + lulgzan)

= C (IF ey + 221 H L, on + 1 H ggn)

and therefore, the functions (v, &) satisfy the estimate (4.7).

Uniqueness of the solution (v, ) to (4.6) can be seen as follows. Assume that f = 0 and
h=01n (4.6). Then u :=Pyv = v solves (4.4) with f =0and h =0, as Py L5 = L )Py (see
Section 3) and Pygrad = 0. Since the solution to (4.4) is unique, it follows that v =u = 0.
Inserting v = 0 into (4.6) we obtain grad 7 = 0, and therefore # = 0 in qu (M).

Having the unique solvability of (4.6) and the estimate (4.7) at hand, we may apply a pertur-
bation argument as in the proof of Proposition 3.1 in order to replace the left hand side of (4.6),
by

v — Amv — Ricfv = (Av — Apmv + Ric?v) — 2Rictv
and the boundary condition (4.6); by
Px (Vo +[VvlD)vs) +av="Px (Vv — [Vv])vs) +2L5v + av.
Indeed, for v € Hq2(M; TM) it holds that

IRic?vllz, o = Clvllz,mn = 27"C (Mo, mn + 1l -
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Concerning the boundary condition, we observe that 2Lyv + av € qu -1/ (%) for v e
qu(M; TM). Hence, there exists an extension Q(v) € H;(M) of 2Ly v + av such that

Q@ laz o < C@lvllmsan, veHy (M TM), s €0,2].
Then, by complex interpolation and Young’s inequality,
10y = Cllvlggan =277 (Avl,mn + 1olzaw )
and
AP0 a0 =2 2C I, = 2772C (Mol an + 10 2w )

Therefore, a very similar Neumann series argument as in the proof of Proposition 3.1 yields the
existence of a number Ag > 0 such that fpr all » > Ao and for all f € L,(M; TM) there exists a
unique solution (u, ) € qu(M; TM) x qu (M) of the problem

(A, — Am—RicH)u +grad 7w = f on

divu=0 on

Ps. ((Vu + [Vu]T)vz) +au=0 on

M M Z Z

(u|vs)g =0 on

satisfying the estimate

Mullizyon + lull g2quy + llgrad wllz,om = CllLflli,on- O

Proof of Theorem 2.1. The assertions (a) and (b) of the Theorem are contained in (4.1) and
“4.2). o

5. Existence and uniqueness of solutions

Based on the bounded H *°-calculus property of A}, and Ay, the local well-posedness of
(1.1) can be proved as in [30,32,37]. For the sake of completeness, we will nevertheless include
a proof here.

By applying the Helmholtz projection Py on (1.1)1, one can readily see that the weak formu-
lation of (1.1) is equivalent to the following abstract semilinear evolution equation

du—+ Ayu=F"u), t>0,
u(0) = uo,

(5.1)

1 . 1 .
where for all (1, v) € Hq‘a(M, TM) x Hq,’J(M, TM)

(FY(u)v)m = (u @ up|Vo)u,
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where we used Lemma B.1 and the fact that V,,u = div (¢« ® u) (which holds since divu = 0). For
notational brevity, we put

le)v =X_1» and X\IN = X1,2-
Due to (3.28),
W =X XYg = H (M TM) > Log o (M; TM)

provided 28 — 1 > n/2q. Then by taking 28 — 1 = n/2q and using Holder’s inequality, we infer
that

(@l < 1l o 1920z, a0 < c||u||2xg||v||H;,<M>
and hence
w 2
I @)y < Clluly-

With 28 — 1 =n/2q, which means g € (n/2, 00) as 8 < 1, the critical weight u} and the corre-
sponding critical space in the weak setting read as

_ 1 1 n
1
Xy = (X0, XD —1/p.p = Byl '(MiTM), ¥ =26 —1+ ) + 2%

with2/p+n/q <2, see (3.28) and [32, Proposition 2.4 & Section 3.3] (for the Euclidean case).
Next, let us compute the critical spaces in the strong setting. To this end, we consider the
following abstract evolution equation, which is equivalent to the strong formulation of (1.1)

oru+ Ayu = F(u) :=—-Pgyg(Vyu), t=>0,
u(0) = uyg.

(5.2)

It follows from Holder’s inequality that

1@z, = Cllallz, om el 13, oy

1
where 1/r + 1/r' = 1. We choose 1 — r_ —L/, or equivalently T (1 + ﬁ>, so that
qr  qr qr 2 q

Hy, (M; TM) <> L, (M; TM).

Note that this choice is feasible if g € (1, n).
By interpolation theory and Sobolev’s embedding theorem,

[Xo. X11p C HP (M; TM) <> H,, (M; TM),
provided
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1
Zﬁ—ﬁzl—i, or equivalently ﬁ:—(ﬁ—i—l).
q qr 4 \q

In summary, we have shown that
IF@llz, < Cllulk,, ueXg.

The condition B < 1 requires g > n/3. Hence, for g € (n/3, n), the critical weight in the strong
setting is given by

1 1 (n 1 o2 n
e=2—-1+—==-(—-—-1)+—, with —+— <3,
)4 q P P4

and the corresponding critical space in the strong setting is given by X, . := (Xo, X1)p.—1/p, p>
where

-1 .
Xy pe = B;;/;?J,B(M; TM) incase n/g —1#1+1/q, (5.3)

see Proposition C.4.
The above discussions give rise to the following theorem concerning the local well-posedness
of (5.1), respectively (1.1).

Theorem 5.1. (a) Let p € (1,00) and g € (n/2, 00) such that % + g < 2. Then for any initial

value ug € B;I/,f](,_ ! (M; TM), there exists a unique weak solution

we Hy w((0,14); Hy g (M; TM)) N Ly (0, 14); Hy , (M; TM))

of (5.1) for some t =t (ug) > 0 with ¥ = 1/p +n/2q. The solution exists on a maximal time
interval [0, tmax (o)) and depends continuously on ug. Moreover,

€ C(10, tman)s By " (M: TM)) N C((0, tmax): By ” (M; TM)).
If, in addition, q > n, the solution u satisfies
U € Hy 1,0 ((0, tmax): Lg.o (M: TM)) 0 Ly 16¢ (0, tmax); Hy , (M; TM)). (5.4)

Hence, any solution regularizes instantaneously and becomes a strong solution in case q > n.
n

®) If pe(1,00) and q € (n/3,n) with % +3 = 3, then for any initial value ug € X, .,
see (5.3) for a characterization, there exists a unique strong solution

weH,, ((0,11); Lgo(M; TM) N Ly ., ((0,11); Hy , (M; TM))

of (5.2) for some ty =t (ug) > O with u. = 1/p+n/2q — 1/2. The solution exists on a maximal
time interval [0, tmax (1o)) and depends continuously on ug. Moreover,

— 2-2
u € C([0, tmax); B2L (M; TM)) N C((0, tman); By P (M; TM)).
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Proof. Because of (4.1) and (4.2), the local existence and uniqueness of a solution is an imme-
diate consequence of [31, Theorem 1.2], see also [29, Theorem 2.1].

It remains to show the additional regularity property (5.4). Suppose g > n and choose r =2p.
Asr > p, we have

Byl (M TM) = Bl (M TM) = (X8, XY -1 = XY, with we = 1/7 +1/2q.

Note that 41, < 1. We can now consider problem (5.1) with initial value ug € X7/, . By unique-
ness and [29, Theorem 2.1], we conclude that the solution u regularizes and satisfies

1-2
u(to) € Bgrg' " (M: TM) = (X8, X¥)11/nr =1 X"
for any g € (0, fimax)- Choosing € (1/p, 1/2 + 1/2p), we have the embedding
Byro!"(M; TM) = BoH /P (M; TM)

at our disposal. Next, we note that
IE @z on = Cllull Lo lull g1 o
for all
u € (X0, X1)g.p C BB (M; TM) <> Loo(M; TM) N H,} (M; TM),

provided 28 > 1 and ¢ > n. Now we can solve (5.2) with initial value u(ty) € 335;2/[) (M; TM)
to obtain a strong solution by using [20, Theorem 2.1]. The asserted regularity (5.4) now follows

from uniqueness of solutions. O

The following plot is helpful to illustrate the results in Theorem 5.1. When (é, %) is

e inregion A we have weak solutions, which immediately regularize and become strong solu-
tions;
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e inregion B, we have strong solutions.
The proof of Theorem 5.1 has an immediate byproduct.

Corollary 5.2. Let p € (1,00), q € [n,00) and (v € (1/p, 1]. Then for any initial value uy €
(X0, X1)p—1/p, p» where

(Xo,Xl)ﬂ_l/[,’p=B;Z’;2ép(M;TM) incase 2u—2/p#1+1/q,

there exists a unique strong solution

weH, ,((0,14); Ly.o(M; TM) N Ly, ((0,11); Hy , (M; TM))

of (5.2) for some ty = t4(ug) > 0. The solution exists on a maximal time interval [0, tmax(140))
and depends continuously on uy. Moreover,

2pu—2 2-2
1 € CU0, tmax); By " (M; TM) N C((0, tmax); Bgpgl " (M; TM)).
Remark 5.3. Concerning Theorem 5.1, two cases are of particular interest.

(1) Suppose that n > 2. Then for every ug € L, o (M; TM), (5.1) has a unique solution satisfying
the regularity properties stated in Theorem 5.1(a) with ¢ = n for each fixed p > n. Therefore,
Theorem 5.1 reproduces the celebrated results by Giga and Miyakawa [14] (obtained for no-
slip boundary conditions) for Navier boundary conditions.

(i1) Suppose thatn =2, 3. Choosing p = ¢ = 2 we can admit initial values uq € H;f_]
This generalizes the celebrated results by Fujita and Kato [10,18].
In particular, if n =2, for any ug € L o (M; TM), (5.1) has a unique solution satisfying
the regularity properties stated in Theorem 5.1(a) with ¢ = p = 2. Moreover, the solution
satisfies

(M;TM).

u € Hy 1,0((0, tmax); Lg.o (M; TM)) N L 16¢ (0, tmax); H ,, (M; TM))
for any fixed p,q > 1.

Proof. The assertions can be shown by following the proofs of [30, Corollary 4.4 and Theo-
rem 4.5] line by line. 0O

6. Large time behavior
6.1. Characterization of equilibria

We will begin the analysis of large time behavior by a characterization of the spectrum of
AY,. Since X1 is compactly embedded in X _ 2, the spectrum o (A}})) consists only of isolated
eigenvalues and is independent of the choice of ¢g. By Green’s first identity, Lemma B.1, one

obtains for all (u,v) € D(Ay 4) x qu/ L (M; TM)
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(Ayulvim = (Ayulv)m
=2y (Dy| Dy)m — s (Ps(Vu + [Vu]Hvg|v)s
=243 (Dy| Dy)m + ats (Psu|Psv)s
=245 (Dy| Dy)m + orpeg (ulv) 5.

6.1)

By a density argument, one readily sees that (6.1) holds for all (u,v) € qu’a(M; TM) x
qu, , (M; TM). Suppose

ANu = tu,

for some A € C and u € Hzly(7 (M; TM¢), with TM¢c = TM + iTM denoting the complexified
tangent bundle. (6.1) implies

MullZ, o = 205 1Dl oy + aits 117, 5)- (6.2)

and thus, A > 0, i.e., 0 (A}) C [0, 00). It follows that w + A}, € S(Ly,o (M; TM)) is invertible

with spectral angle ¢, AY < T /2 for all w > 0. Applying one more time [28, Corollary 3.3.15]

and taking advantage of (4.1) yields w+ A, € H* (X _1,2) with H*-angle < /2, for all w > 0.

Following the discussion in Section 4, it is not hard to see that the same holds true for A .
Moreover, (6.2) shows that N(AY) € &y, which is defined by

{ue Hy ,(M; TM): D, =0onM and u=0on X} ifa>0
{ueHzlya(M;TM):Du=00nM and (u|vy)y=00nX} ifa=0.

e

Conversely, if u € &, (6.1) implies that A} u = 0. Hence, N(AY) = &,.

Remark 6.1. Any element u € &, is a Killing vector field on M, that is, it satisfies

(Voulw)g + (Vyulv)g =0, Vv, w e C®(M; TM). 6.3)
Proposition 6.2.
_ {0} ifa>0
“ {ueC®M; TM): D, =00nM and (ulvs), =00n %} ifa=0.

Proof. Suppose u € Hzla(M; TM) and D, = 0. Then (D,), =0 as well. Let u = uka% be a
representation of u in local coordinates. Then, in local coordinates,

(Dy)y, = (gki“'\,(j + gkjufl) dx' @ dx! =: (ui\j + uj|,') dx' @ dx’.
The relation (D, ), = 0 then reads

Bu,- 3Ltj
ax/  oxt

ujjj +uji = —2Ffjug=0, 1<i,j<n.
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Arguing as in the proof of [27, Lemma 3], we conclude that u € C*°(M; TM).

Suppose now that & > 0. Let u € &,. Since u = 0 on X, one can immediately infer that V,u =
0 on X for any v € C*(X; TX). To show V, u =0, we first observe that (Visulvs)e =0,as u
is a Killing field, see (6.3). Next, we get for any v € C®(Z; TX)

(VV):”|U)g = _(Vvuh)E)g =0,
where we use, once more, the property that u is a Killing field and V,u = 0. This yields V,u =0

for each vector field v € C*°(X; TM), and hence Vu = 0 on X. It then follows from [26, Chapter
7, Proposition 28] that u =0. O

Remark 6.3. Although, in general, & is non-trivial, & = {0} holds under some specific condi-

tions, for instance in case

(i) Ric? <0Oand Ly >0, or
(i) Ric* <0and Ly >0,

see the proof of Lemma B.3, and also [41,42].

Proposition 6.4. &, is the set of equilibria of (5.1), respectively (5.2). That is, the set of equilibria
of (5.1), respectively (5.2), are exactly the Killing vector fields as characterized in Proposi-
tion 6.2.

Proof. Assume that u, is an equilibrium of (5.1), i.e., u € D(Ay) and

Anuy, = F(uy).

Using the metric property of (-|-)¢ and the fact that (u4|vs)g = 0, it follows from (B.1) that

1
(F el = = (Vi == / Vi lueal2 dptg = 0.
M

Following the computations in (6.1), we get
0= (F () lus)m = (AN () l1:0m = 2085 | D, 117y oy + 0 its 117 5)-
Therefore, uy € &,.

Conversely, if u, € &, then it is clear that A yu, = 0. On the other hand, by the definition of
Py, one can show that

1
PuVyux =Py (Vuu,) = —Pn ([VM*]TM*) = —E]P’H (grad |u*|§> =0.
This shows that u,. is an equilibrium of (5.2). O
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With the convention that H20(7 (M; TM) := Ly o (M; TM), we put
Vi ={ueH{ , (M;TM): ulv)m=0 Vve&)}, j=0,1 (6.4)

In [27, Lemma 6], it was shown that &, is a finite dimensional space. Thus, sz is a closed
subspace of Hj’,a (M; TM) and

H,M:TM) =€, @ V], j=0.1, (6.5)
by a similar argument to [37, Remark 4.10 (a)].
6.2. Global existence and convergence for 2D

In this subsection, we consider the case n = 2. Given any u, € &,, we consider the evolution
equation

ou+ Ayu=G.(u) :=—Pur(Vyu+ Vyus +Vyu), t=>0, 6.6)
(6.
u(0) =ug
and its weak counterpart
u—+ Ayu=Gyu), t>0,
6.7)
u(0) = uo,

where

(GYIdIn = (1 ® us| VP + (s @ 1| VI + (4 ® )|V, b € HYy (M TM).

Note that, by choosing p = g = 2, the critical weight is #¥ = 1 and the corresponding critical
trace space is

vav,ﬂgy =X_12, X12) 122 =[X172. X12l1)2 = L2, (M; TM),

see (3.28). Hence, by applying a similar argument to Remark 5.3 (ii), one can immediately infer
that for every ug € L2 - (M; TM), (6.7) has a unique solution

u € H ((0,11); Hy o (M; TM)) N Ly ((0, 1.); Hy , (M; TM))

for some 7 =t (up) > 0. The solution exists on a maximal time interval [0, fmax (#0)). In addi-
tion, it holds that

1€ Hp 1,0 (00, tmax); Lg.o M TM)) N L 10c (0, tmax); Hy o (M; TM)) (6.8)
for any fixed p, g € (1, 00), and u also solves (6.6).
Next we show that any solution of (6.7) with initial value ug € Ly » (M) that is orthogonal to

&y remains orthogonal for all later times. Moreover, we establish an energy estimate for such
solutions.
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Lemma 6.5. Assume that n = 2. Given ug € V20, let u be the unique solution of (6.7). Then
(a) u(t) €V, forallt € (0, tmax (10));

(b) there exists a constant C > 0 such that

t
w7, + € / ()1 45 = 0007, 1 € (0, max (0)); (6.9)
0

(¢) tmax (o) = +00. Moreover, there exists a constant 8 > O such that

lu@llLyony < e P lluoliyomys ¢ = 0. (6.10)
Proof. (a) Pick any 7 € &,.

In the sequel, we suppress the time variable and simply write « in lieu of u(¢). Following the
computations in (6.1), we have

(Anulz)m =2us(Dy| D)m + aps(u|z2)s = 0. (6.11)
Moreover, it holds that
(G |z)m = (Vuul2Im + (Vi uldm + (Vyitg|2)m = 0. (6.12)

We note that in (6.11) and (6.12) we may use the ‘strong’ operators Ay and G, as solutions
immediately regularize, see (6.8). To show (6.12), we employ the metric property to obtain

(Vu,u|2)g + (Vyusl2)g = Vi, ml|2)g + Vi (uslz)g — Vi, 2)g — (| Vuz)g-
Since z is a Killing vector field, we infer that
(“|Vu*z)g + (u*|vuZ)g =0, (6.13)

see (6.3). Meanwhile, Lemma B.1, implies

/ [Vu*(u|z)g + vu(u*|1)g] d,ug =0.
M

Similar computations show that
(Vuulz)m=0.
Combining (6.11) and (6.12) yields
0= (9u(®)|z)m = 0 (u(r)|2)m-
Hence (u(t)|z)m =0 and u(z) € V21 for all ¢ € (0, tmax (10)).
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(b) Due to (6.8), u is a valid test function in (6.6). Multiplying (6.6); by u# and integrating
over M yields

d
O, = =4 IDEIT 0y = 20pts ] ) + 2(Gua) ).

Following a similar computation as in Part (a) and using the fact that u, is a Killing vector field,
one can show that

(G (u)|u)m = 0.

We thus have

d

O, 0 = =45 I DEOIT 0y = 205 1l 7 5y < =Claely (6.14)
where the last step follows from Korn’s inequality, cf. Lemma B.3. Integrating both sides with
respect to time gives (6.9).

(c) Part (b) shows that
u € Ly((0, tmax (0)); Hy ,, (M; TM)).

It follows from [29, Theorem 2.4] that fix (#o) = +00. An immediate consequence of (6.14) is

d

I, + Cllul, gy <0, V1 >0.
Solving the above ordinary differential inequality gives (6.10). O

Now we are in a position to prove the main theorem of this subsection.

Theorem 6.6. Let n = 2. Then for every ug € Ly o (M; TM), the unique solution u to (5.1) with
initial value u exists globally and enjoys the regularity properties listed in Remark 5.3 (ii). Fur-
thermore, for any fixed q € (1, 00), u converges to the equilibrium u. := Pg_ uq in the topology
of qu’ o (M; TM) at an exponential rate as t — 0o, where Pg, denotes the orthogonal projection

from Ly 5 (M; TM) onto &,.

Proof. In view of (6.5), we can decompose u( into ug = u, + vo such that vp € V20 . Let v(¢) be
the (unique) solution to

v+ Ayv =Gy (v), t>0,
v(0) = vg.

By Lemma 6.5, v exists globally. Then it follows from Proposition 6.4 that
u(t) =uy +v(t)
is the unique global solution of (5.1) with initial value u¢. As was proved in Lemma 6.5,

1637



Y. Shao, G. Simonett and M. Wilke Journal of Differential Equations 416 (2025) 1602—1659

lu(®) — usllLyom = 10O Loy < e P llvollLyon = e P lluo — usll,am, >0,

for some B > 0. The convergence in the stronger topology qu’U(M; TM) can be proved in the
same way as in [37, Theorem 4.9]. O

6.3. Stability near killing vector fields
In this subsection, we will establish the stability of solutions of (5.1), respectively (1.1), with
initial values close to a Killing vector field for n > 2.
For any fixed u, € &y, the linearization of the operator [u — (A‘j’(’,u — F%¥(u))] is given by the
operator Ay : X2 — X_1,2, defined by
(Agulvim = (Ajulv)m — (u @ (us)y + s @ uy|[Vo)m

for all (u,v) € qu’(,(M; TM) x qu, »(M; TM). In other words, Ay = A}, + B, where B is the
linear operator from Ly ;(M; TM) to X_1,2 defined by

(Bulv)m = —(u ® () + ux @up|Vo)u, v e Hy ,(M; TM).
Proposition 6.2 shows that &, C C°°(M). Direct computations yield
[(Bulv)m| < Cllull, vl g1 gm-
q

Therefore, B € L(Ly,o (M; TM), X_13). From [28, Corollary 3.3.15], we infer that for some
sufficiently large wp > 0

w+ Ay € H*(X_12) with H*-angle < /2 forall w > wo.
Let Ag € L(D(Ap 4), Lq,o(M; TM)) be the operator defined by
Aou = 2usPydivD(u) + Py (Vuu* + Vu*u) .
By applying a similar argument to Ay, we can show that by possibly further increasing wo > 0
w+ Ag € H®(Ly s (M; TM)) with H*-angle < /2 for all w > wy.

Since X7 is compactly embedded in X 1>, the spectrum of A consists only of isolated eigen-
values and is independent of the choice of g. Suppose

Afu = tu,
for some A € C. Following the computations in (6.1), it is not difficult to check that

Re Al|ull7, ) = Re({Afulit)m) 615)
=25 | Dull, ) + @its 17, 5 + Re(Bulw.
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We observe that for all v € H21 o (M; TMc), with TM¢ denoting the complexified tangent bundle,
Re(BUW)g =—Re(v® (us)p +us ® Ub|V5)g =—Re [(u*|vvv)g + (v|vu*i)g]
_ 1 _
= —Re Vy(u4|v)g — Evu* |v|§ + Re (Vyuy[v)g,

where we used the metric property of (-|-). It follows from (B.1) that

1
/ (Revv(u*h})g - Evu*|v|§> djg =0.
M

Finally, the definition of Killing vector fields implies
Re(Vyuy|v)g =0.
Therefore, Re(Bu|u)y = 0 and this shows that ReA > 0. When Rel = 0, one can infer from

(6.15) that u € &,. This implies N(Ay) C &.
Conversely, if z € &y, then for any v € qu/ - (M; TM), the above computations show

(Agzlv)m = P (Vous + YV, 2) V).

As D,, = D, =0, we obtain

Pr (Vatts + Vi, 2) = P (V) z + (V) = =Py (Vi) Tz + (V2) )
= —Pygrad (u4|z)g =0

in virtue of the definition of IPy. This implies that z € N(A{)). In summary, we conclude that
N(AY) =&,

and o (A‘(’)") NiR = {0}. Next, we will show that the eigenvalue O of AB’ is semi-simple. Indeed, if
ou=z€&,

then it follows from similar computations as in (6.11) and (6.13) that

12117,y = (Abulz)m
= (Ayulz)m — Py (Vyu™ + Vyu) | 2)m
=2us(Du|Dm + aps (u]2)s — (Vyu™|2)m — (Vru|2)m = 0.
This shows that z =0 and thus, N(Ay) = N((ABV)2). As &, is a linear space, we clearly have

T.,a = N(Ag). From Proposition 6.4 and [28], we learn that A"]{’, is normally stable. So we can
apply [28, Theorem 5.3.1] to obtain the following theorem.
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Theorem 6.7. Suppose thatn > 2, p € (1,00) and q € (n/2, 00) such that % + % <2.
Then for each uy € &, there exists some § = §(uy) > 0 such that the solution u of (5.1) with

initial value ug € Bq1/7q0 l(M; TM) satisfying

lluo — sl gnsa—1 <6
qpr
exists globally and converges at an exponential rate to some 7 € &

(i) in the topology of B;;z/p(M; ™),
(ii) in the topology ostl:z/p(M; TM) if g > n.

Proof. According to Theorem 5.1, problem (5.1) has for each ug € B%?; ! (M; TM) a unique
solution u in the regularity class asserted by the theorem. In order to show assertions (i) and (ii),
we will employ [28, Theorem 5.3.1] for initial values in (X}, X{)1_1/,, for the weak setting, or
in (X0, X1)1-1/r,r for the strong setting, with r properly chosen.

(1) We will first show that any solution u to (5.1) with initial value ug close to u, in

(%qa 1(M TM) will also be close to u, in (X§, X\)1-1/r,,, for any fixed positive (sufficiently

small) time and appropriate r > p.

Suppose > p. As in the proof of Theorem 5.1, we have

Byb% (M; TM) — BylS™ (M TM) = (X, X W), —1ymr =2 X, (6.16)
where u, =1/r +n/2q. Moreover,
u(to) € Bgrg' " (M: TM) = (X8, X¥)1_1/nr =1 X"
for any fixed time #y € (0, tmax). Using Lipschitz continuity of solutions with respect to initial

data and the regularization property, there exists a positive number #y and a constant C(#p) such
that

lu(to) — usll 12 < Cto)llteg — sl pnsa—1 < C(to) lo — tsell prja—1, (6.17)
qu qu B‘]l’

for any initial value uq sufficiently close to u, in B"/ - 1(M; TM). Indeed, as solutions to (5.1)
depend Lipschitz continuously on the initial data, see [29, Theorem 1.2], there are numbers #
and M > 0 such that

lu —ullEy , ©0.200) = Mlluo — uxlixy (6.18)

for any initial value ug sufficiently close to u, in X y - Here we have set
EY (1, T2):=H, ,(T1, T2); X5) N Lp ., (T1, T2); X7,

for 0 < T) < T» < 0. Since IEJW (to, 2tp) — EW 1.1 (0, 210) — BUC(((to, 2t0); X;VJ) for any u €
(1/p, 1], we obtain with (6. 18)
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lutio) = uellxy, < sup Jlu(®) = usllxy, < Cllu = usllgy, 20
’ t€(tg,2t0] ’ ’

(6.19)
—1
=Cry" u—uidllgy , o.200) = C0)lluo — usllxy
The assertion in (6.17) follows now from (6.16) and (6.19).
Hence ||u(tg) — ux || 1 —2/r can be made as small as we wish by making ||ug — || n/q 1 small.

It follows from the embeddmg

Byra"(M; TM) < Loy o (M; TM),

which holds true as 4/r 4+ n/q < 2 (here we need r > 2p), and the estimate

(u1 @ (u2)s|VoIm = llutll Loy oy w2l Loy oy 1Vl 1 )
q
that FV € Cl(B;;(%/r(M; TM), X). We can now deduce from [28, Theorem 5.3.1] that each
solution with initial value u satisfying ||uo — u || n/,,_l < 4, with § > 0 sufficiently small, exists

globally and converges exponentially fast to some z € & in the topology of B1 2 "(M; TM). The
embedding
By 2" (M; TM) < By, P (M; TW),
then yields the assertion in (i).
We note that by the embedding B . /p(M ™) — B"/q 1(M; TM), solutions also converge
in the topology of critical spaces.
(ii) The arguments in step (i) show that u(fo) € By, ' (M; TM) and that (6.17) holds true for

any r > p and any fixed time #g € (0, fmax). In the following, we assume r > max{p, 2}. We then
have the embedding

1-2/r

1 2 2pu—2
Bgrg! (M: TM) < Bl (M; TM)

for any fixed u € (1/r, 1/2]. We can now consider problem (5.2) with initial value

22
u(to) € (Xo, X pu—1/rr = Bgro T (M; T™).

By regularization and uniqueness, we have

o T,

u(to +1t) € (Xo, X)1-1/r.r = By
for any fixed time #; > O such that #p + 71 < fmax.
An analogous argument to (6.19), with X;" replaced by X;, j = 1,2, and u, replaced by u,
shows that ||u(tg +t1) — ux ||B2—2/r can be made as small as we wish by choosing ||ug — u ”Bn/q—l
qr qp

small.
The condition r > 2 and ¢ > n ensures

2-2/r

(Xo. X1)1-1/rr = Bgr ' (M TM) <> Hy (M; TM) N Loo (M; TM).
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Since | F@)llL,m = Cllulloowllull gy we conclude that F € C' (X0, X1 i1=1/r.r» X0).

Theorem 5.3.1 in [28] then implies that each solution with initial value close to u, in
(X0, X1)1-1/r,r exists globally and converges exponentially fast to some z € & in the topology of
B;,_Z/r (M; TM). By the previous steps and the embedding B,?,_z/r M; TM) — B,f;z/p(M; ™),
which hold for ant » > p, we obtain assertion (ii). O

Remark 6.8. In case ¢ > n, analogous arguments as in [37, Remarks 4.10] show that every
global solution of (5.1), respectively (5.2), with initial value uy converges exponentially fast to
an equilibrium, namely to Pg,up, where Pg, is the projection onto the finite dimensional space
&o. Hence z = Pg,ug in Theorem 6.7 in the particular case g > n.

Corollary 6.9. Suppose that £, = {0}, p € (1,00) and q € (n/2, 00) such that 24 g <2
Then there exists some § > 0 such that the assertions (i) and (ii) of Theorem 6.7 hold true with

z = 0 for any initial value ugy € B;Ié?(;l (M; TM) satisfying ”M()”Bn/q—] <.
qp
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Appendix A. Tensor bundles and the Levi-Civita connection

Let M be a compact, smooth, and oriented n-dimensional Riemannian manifold with boundary
% = 0M and let (-|-)g denote the Riemann metric on M. We will use the same notation for the
(induced) Riemann metric on X.

Then TM and T*M denote the tangent and the cotangent bundle of M, respectively, and
TPM := TM®? ® T*M®" stands for the (o, T)-tensor bundle of M for o, T € N. The notations
'(M; TP M) and 7°M stand for the set of all sections of 77M and the C°°(M)-module of all

smooth sections of 7.7 M, respectively. For abbreviation, we put J? :={1,2,...,n}?, and J* is
defined alike.
Given local coordinates {xl, Lo xy

(i)::(i1’~--,ia)eJU’ (j):z(jla"'aj‘[)e“]].ra
we set

0 0 0 . 4 ‘
e e — D) e gyl . .. Jr
5@ = 3.0 R - ® pyal dxV’ =dx" Q- - Qdx’T.
Suppose that a € I'(M; T7 M) is a K-valued, K € {R, C}, tensor bundle on M. In this appendix,
for notational brevity, we denote both 77 M and its complexification by 77 M. The local repre-
sentation of a with respect to these coordinates is given by

i 0
() 9@

a=a ®dx(j), with ¢ U —> K,

()
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where Uy C M is a coordinate patch.
Forsef{l,...,o}, te{l,...,t} and a € I'(M; TZM), Ci(a) € I'(M; TU 1M) denotes the
contraction of a with respect to the (s, ¢)-position. This means that in a local representatlon of a,

B N e 1@ @drt @ - @ dxl"
A=Ay i) i D s oo Q- @drt Q- @dxT,
the terms ai and dx/t are deleted and a(” ] . Z)) is replaced by a((i-ll il]"r)), and the sum

convention is used for k.
Any S e I'(M; TllM) induces a linear map from I'(M; TM) to I'(M; TM) by virtue of

0
axt

| . o .0
Su=(S}ﬁ®de)u=S}u/ , u=u/meF(M;TM).

The dual S* of § € I'(M; TllM) is a linear map from I'(M; T*M) to I'(M; T*M), defined by
* i j 9 i j i *
S*a = (dexj ® F)a = Sja,-dx], a=q;dx" e T(M; T*M).
x

The adjoint ST of S e T(M; Tl1 M) is the linear map from I'(M; TM) to I'(M; TM) defined by
ST = g%S*g,, or more precisely,

STu=g*[S*(gou)], u e (M; TM). (A.1)

It holds that (Sulv), = (u|STv)g for tangent fields u,v. In local coordinates, ST =
g’lSZ”gjm% R dx’.

Fora e T(M; T?M), T > 1, a® e T(M; TU"HM) is defined by
at:=gta:= C‘f+2(a ®g"),
and for a e T(M; TM), o > 1, a, € [(M; T7;'M) is defined by

a, = gra:=C] (g ®a).

Let V be the Levi-Civita connection on M. For u € C'(M; TM), the covariant derivative Vu €
C(M; Tl1 M) is given in local coordinates by

9 .
Vu=V; u®dx/—(8u +F’kuk)—®dxj L @dx/,
X

where u = u' W’ V=V a ,and I Ui are the Christoffel symbols. It follows that Vu + [Vu]T is

given in local coordinates by
, , 9 .
Vu+[Vu]" = (uij + g’lu‘”lfgjm)ﬁ ® dx’
and
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0

o N 9
T\ Jjk k. J
Vu +[Vul’) —(g’ “l\k+gl M|k) Py ®—ax1'

The extension of the Levi-Civita connection on C!(M; TZM) is again denoted by V =V,
Fora € CH(M; TZM), Va € C(M; T‘L’U—I—IM) is given in local coordinates by Va = V;a ® dx/, and

div:C'M; T°M) - C(M; TP ~IM), o >1,

is the divergence operator, defined by diva = C?_ ; (Va). In particular,

divu:uii for MZMIF, leSZSf]fF for SISU—®—
X X

For a scalar function ¢ € C I(M; K), the gradient vector grad¢ € C(M; TM) is defined by the
relation

(grad@lu)g == (Vo,u)g =Vugp, uecCM;TM),
where V¢ € C(M; T*M) is the covariant derivative of ¢. In local coordinates, we have
(grad¢)’ =g"9;¢, 1<i<n.

For the curvature tensor R(u, v)w :=[V,, VyJw — V|, yjw, with u, v, w € I'(M; TM), we use
the convention (as in [26,35], for instance)

oD DN 0
axi’ axJ ) gxk T Tikgyt”

The Ricci tensor Ric € T20M is then defined by Ric; = Rf -
The generalized metric g7 on 7.7 M is still written as (:|-),. In addition,

|- lg: C¥M; TIM) - C*(M), a+>,/(ala)g
is called the (vector bundle) norm induced by g.
Appendix B. Some analysis on manifolds
Lemma B.1. Ler 1 < g < o0.

(a) Suppose that u € qu (M; TM) and ¢ € Hq],(M). Then

/(divu)¢dug = —/(u|grad¢)gdug +/(u|v2)g¢dag
M M >

B.1)
:_/vu¢dﬂg+/(u|1)2)g¢d0ga
z

M
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where g (04, respectively) is the volume element induced by g or g|s, respectively.
(b) (Green’s first identity). Suppose that S € qu (M; TOZM) and v € qu,(M; TM). Then

(divSv)m = —=(Sp|VoIm + (Sivslv)s. (B.2)

In particular,
(i) ((Am+ RicHu[v)m = —2(Dy|Dy)m + 2(Dyvz|v) s, with

(u,v) € Hy ,(M; TM) x H,,(M; TM);
(i) (Amulv)m = —(Vu|Vu)m + (Vuvs|v)s, with
(u,v) € Hy (M; TM) x H,,(M; TM);
(i) (diviu @u)|v)m=—(u @ up|Vo)m + (u|v)y (u|vy)s, with
(u,v) € (qu (M; TM) N Loo (M; TM)) x HL(M: TM),
where Dy, = (Vu + [Vu]") and D, = (Vv + [Vv]").
Proof. (a) We first consider the case u € C!'(M; TM) and ¢ € C'(M). The assertion follows from

div (ugp) = (diva)p + (u|grad ¢), = (divi)p + Vb

and the divergence theorem on manifolds with boundary, cf. [21, Theorem 16.32]. In view of the
fact that div € ﬁ(qu (M; TM), Ly (M; TM)), the assertion follows by a density argument.
(b) As in Part (a), it suffices to prove the assertion for S € C!(M; T02M) and v € C'(M; TM).
Then we have in local coordinates
0

S:Siji,@—., v=1 8”
ox! ax/ ox!

One readily verifies that

9 g
SJ:gijjlW ®dxk, ng:gjksﬂvkﬁ.

Direct computations show that in local coordinates
div (S7v) = (kST 05 = (gjkS7iv" + gk S/ vj; = (div S|v)g + (S| V).

By the divergence theorem on manifolds with boundary, cf. [21, Theorem 16.32],

/div(s;v) diig = (STolvs)s = (Syvslv)s.
M

Hence (B.2) holds.
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The assertion in (i) then follows by choosing S = 2D (#) and noting that div2D(u) = Ayu +
Rictu as divu = 0, see (1.2), and

($5|VV)g = (Vu + [VulT[Vv)g = 2(Dy|Dy)g.

(ii) follows by choosing S = (Vu)* and noting that S, = Vu and div (Vu)* = Ayu. Finally, the
assertion in (iii) follows immediately by choosing S=u ® u. O

Lemma B.2. Suppose ¢ € H; (M). Then

Amgrad¢ = grad A ¢ + Ric*grad ¢.

k
lilj

In case u = grad¢ = gkl¢|1£—k we obtain, employing the property that g‘kl.l =0forall 1 <
i,k,l<n,

Proof. Letu = ukaa?. Then Apyu = gi«iuﬁ lj % and hence, (AMu)k = giju

(Amgrad ) = g7 (g p)jij; = 8" g (di)ii1; = 8" 8" (Puidi; = 8" g% (i 1)y

="M @1 =" & @i = g uiy ;= gMufyy + g% iy — iy

= (graddivu)* + gklRiclmu’” = (graddivu + Riclu)k

= (grad A g¢ + Ric” grad ¢)*,
where we used the fact that ¢j;|; = 0;0;¢ — F’;iakgb = ¢;; for scalar functions. O
Lemma B.3 (Korn’s inequality). There exists some constant C > 0 such that

leell g3y < Cll Dullowys € Vs, (B.3)

where \/21 is defined in (6.4). In particular, if

(i) >0, or
(ii) Ric? <0, Ly > 0and a =0, or
(iii) Rict <0, Ly > 0 and o =0,

then (B.3) holds for all u € Hzlﬁa(M; ™).

Proof. By combining assertions (i) and (ii) of Lemma B.1 (b), employing (2.8), and using com-
pactness of M, we obtain

201Dyl 0y = — (Anruludm — Rickulu)m + (Vu + [Vu] v |u)s
= IVull7, ) — Bic*ulwm + (Vi + [Vulvglu)s — (Vuvs|u)s
= IVul},a — Ric*ulum + (Ps(Vul vs)lu)s (B.4)
= IVullg ,an — (Ric“ulum + (Lzulu)s
> IVullg,an — cr(lull oo + lullzycs)
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for some constant c¢;. Hence,

lull gy = € (1Dl Lyowy + el Loy + Nl o) ) (B.5)

for some constant C. By trace theory, interpolation theory, see for instance [4, Theorem 10.1],
and Young’s inequality, we conclude that for every ¢ > 0 there exists a constant C(¢) > 0 such
that

lullLy sy < ellwll gy + CE)ull,m-

Inequality (B.5) then becomes

lull gy oy = € (1Dl Lyomy + Nl Ly my) (B.6)

with a (possibly different) constant C.
The assertion in (B.3) then follows by a contradiction argument. Suppose (B.3) does not hold.
Then there exists a sequence {u,},° | C V2l such that ||u,|| 4 I = 1 and

”Dun ||L2(M) —> 0, asn — oQ.

Since V21 is a closed subspace of H21 (M; TM), there exist a subsequence of {un}flo= |» not relabeled,
and some u € V2] such that u, — u in Ly -(M; TM) and u, — u in Hzl,a(M; TM). It follows
from (B.6) that {u,};° | is Cauchy in V21 and thus, u,, — u in V21. We can now infer that || D,, —
DyllL,omy — 0 as n — oo, and consequently, u € &,. Therefore, u € £, N V2l = {0}. However,
this contradicts the assumption that |[u|| 1) = 1. This completes the proof for (B.3).

Let us consider the set & under conditions (i)-(iii). When « > 0, it follows from Proposi-
tion 6.2 that &, = {0}. Now we consider the case « = 0. Let u € & be given. Then D, = 0. By
the computations in (B.4), we have

0=2/1Dull7, ) = IVulT 0y — Ric*ult)m + (Lxulu)s.

This shows that under assumptions (ii) or (iii), # = 0, and hence & = {0}. Therefore, in all
three cases, we have V21 = Hzl,g(M; ™). O

Remark B.4.
(a) In the Euclidean case, Korn’s inequality for Navier boundary conditions was first proved in
[39, Lemma 4].

(b) The estimate (B.5) remains valid for all u € H21 (M; TM) satisfying (u|vs), = 0, that is,
without assuming that divu = 0. Indeed, in this case, the assertion of Lemma B.1 (b) (i) reads

(Amu + Ric*u 4 grad divuu)y = —2(Dy| Di)m + 2(Dyvs|u)s,  u € HZ(M; TM).

Using the relation div ((divu)u) = (div u)? + (grad divu|u), and the assumption (u|vy), =0, we
obtain by analogous arguments as above
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20Dull2, gy = 1Vee12 ) — Rickuliom + (Lsulu)s + Idivul? g

> IVullg,an — cr(lull oo + lullLycs)-
Hence the assertion (B.5) follows by a density argument.

In order to construct the Helmholtz projection on (M, g), we will need the following lemma,
where we use the definition
~1 1y - 1 ' ~1/q ;5 . a5 /
H (M) := Hq,(M) and W, "7(2):= Wq/ ), l/qg+1/qg =1
We note that our definition of Hq_ 1(M) differs from the usual definition used in the literature.
This abuse of notation allows for a more streamlined presentation of the results in the following
two Lemmas.

Lemma B.5S. Let g € (1,00) and k € {—1,0, 1}. Then the Poisson problem

(B.7)

App=f on M,
(gradglvs)g=h on X

has a unique (up to a constant) solution ¢ € H;”(M) for each f € H;(M) and h €
W;H_l/q () satisfying the solvability condition

(fIDm= (hl1)x. (B.8)
Furthermore,
lorad @l g1 quy = € (1 Naggm + 1Ay, ) (B9)
for some constant C > 0. In case k = —1, equation (B.7) is interpreted as

(grad plgrad v)m = (Mh — floju. v € HLOM),

where M € E(Wq_l/q(Z),Htfl(M)) is the dual of the trace operator try € E(qu/(M),
W, ().

Proof. Fork e {0,1} andu € H;H(M), let Bu := (trs grad u|vs)¢, where trs denotes the trace
operator. Then B € E(H;‘“(M), W,;{H_l/q(Z)). Moreover, let

A :D(Ap) — H;(M), D(Ay) ={ue quJrz(M) :Bu=0on X}, Ayu:=—Apgu.

Following a localization argument as in Section 3.1, one can show that there exists wg € R such
that for all w > wq
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o+ A € Lis(D(AY), Hy (M)).
Since the embedding Hé‘”(M) — H; (M) is compact, the spectrum o (Ay) consists solely of

isolated eigenvalues with finite multiplicity and the spectrum does not depend on g € (1, 00).
Let A € 0 (Ay) and consider the eigenvalue problem

A= Agu in M.
Multiplying the above equality by u# and applying Lemma B.1 yields
MullL, oy = llgraduell 2 ),
which implies o (Ax) C [0, 00). In particular, we have
N(Ax) = {u € D(Ag) : u = constant} = R1y,

where 1y is the constant 1 function on M. Next, we will show that A =0 is in fact a semi-simple
eigenvalue of Aj. Assume that u € N(A,%) and let

Aru = ¢.

Since ¢ € N(Ay), it follows that ¢ = constant. Multiplying both sides of the equation above by
¢ and using Lemma B.1 results in

(Aculg)m = (gradulgrad ¢)u = 0= [|$]17, )

which further yields ¢ = 0. Therefore, N(A,%) = N(Ay). The assertion is thus established. This
further implies that

HJ (M) = N(Ap) @ R(A) = Rl & R(A).

Put Yy = L, (M) and Y1 = D(Ap), where Ap := w + Ay for a fixed number w > 0. We note that
it follows from o (Ag) C [0, 00) that w 4 Ag € Lis(D(Ap), L, (M)) for any w > 0.

The pair (Yp, Ag) generates an interpolation-extrapolation scale with respect to the complex
interpolation functor. We recall that Y7 := D(Ag) = {u € qu(M) : Bu =0}. Let Yg = Ly (M) and

Af=(Ag) =w+ Ao, Y[ :=D(AG) = {u € HZ(M): Bu=0}.

Then (Y, ﬁ, Ag) also generates an interpolation-extrapolation scale (¥ g , A/ts), B € R, the dual
scale.

By [2, Theorem V.1.5.12], it holds that (Yg)' = YEﬁ and (Ag)' = Aﬁ_ﬁ for B € R. In particular,
when 8 =—1/2,

D(A_1pp) =Y120=[Y0, Y1]i2o= qu(M; ™),
Yoip= (Y] =Y, Ylip) = (H) M TM)Y = Hy ' (W),
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see Proposition C.6. We have
Aap=o+Ap:Hi M =Y — Y_1p=H (M),
where A_ is characterized by
(A_1/2¢lv)m = (gradplgradvm, v € Hy (M),
see (B.1), and satisfies N(A_1/2) = R1y. Moreover,
Hy'(M) =R1w @ R(A-12).

Particularly, this implies that A_;,> € Eis(qu (M) NR(A_1,2), R(A_1,2)). In addition, observe
that

R(A_1/2) = {u € H'(M) : (u[lm)m =0}

Since trs € L(H ), (), W),/ 7' (%)), its dual

M= (sl gy, a0 € LWy (), Hy (M) (B.10)
is well-defined. An important observation is that ¢ is a weak solution of (B.7) in qu (M) iff

A_1pp=Mh— f, (B.11)
or equivalently,
(grad¢p|grad v)y = (Mh — flv)m, ve qu,(M).
Since Mh — f € Hq’] (M), it suffices to show that Mh — f € R(A_1,2). Indeed, due to (B.8)
(Mh — fI)m= (hl)x — (fI1)m =0.

This implies that (B.11) has a unique (up to a constant) weak solution ¢ € H(} (M). Estimate (B.9)
in the case k = —1 follows from

”grad¢|qu(M) =< ||¢||Hq|(|\/|) < C”Mh - f”Hq_l(M) < C(”f”Hq_l(M) + ”Mh”Hq_](M))
= C(”f”H(;l(M) + ”h”W;l/q(Z))

When f € HX(M) and i € Wy ™' ~"/4(2) with k € {0, 1}, it follows from [4, Theorem 10.1] that

B has a right inverse N € E(Wgﬂ_l/q(E), Hé‘*z(M)). Observe that ¢ is a strong solution of
(B.7) iff ¢ = ¢ — N h is a strong solution of
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{ Ay = ApNh— f on M,
(B.12)

(grad¥|vs)g =0 on X.

Since h € W;JFF]/KI (M), it is an easy task to verify that AgNih € Hé‘(M). Condition (B.8) and
Lemma B.1 imply that AgNih — f € R(Ag).

Therefore, (B.12) has a unique (up to a constant) strong solution ¥ € H[’I‘”(M). The remain-
ing cases in (B.9) can be established in a similar way to k = —1. This completes the proof. O

Lemma B.6. Let g € (1,00) and k € {—1,0, 1}. For everyu € Hé‘“ (M; TM), the elliptic bound-
ary value problem

Apgp =divu on M,
(B.13)
(grad@|vs)g = (ulvz)y on X
has a unique (up to a constant) solution ¢ € Hé‘*z(M). The solution satisfies
||grad¢”H4<+1(M) = C”””[{j“(m) (B.14)
for some constant C > 0. In case k = —1, equation (B.13) is interpreted as
(grad¢|gradv)m = (u|gradv)pm, v e qu,(M), (B.15)

while (B.15) is always satisfied for solutions of (B.13) in case k =0, 1.
Therefore, the Helmholtz projection Py € L:(H;‘Jrl (M; TM), H;"'gl (M; TM)) is well-defined.

Proof. Suppose first that k € {0, 1} and let Cu := (trsulvs), for u € H[;‘H(M; TM). Then by
Lemma B.1(a), the pair

(f, &) = (divu,Cu)

satisfies the solvability condition (B.8). Moreover, we have divu € Hé‘ (M) and (u|vs)g €

W; +=1/ q(M). The latter follows from the trace theorem, cf. [4, Theorem 10.1]. Solvability of
(B.13) in these two cases thus follows from Lemma B.5.
Suppose ¢ € Hé‘*‘z(M) is a solution of (B.13). Employing Lemma B.1 twice, we obtain

(grad¢|grad v)m = —(divu|v)m + ((grad ¢|vz),|trsv) s

(B.16)
= —(divu|v)m + (Cultrgv)y = (u|grad v)m

forall v e Hq],(M), showing (B.15).
We now consider the case k = —1. Let M be as in (B.10). Employing the same computation
as in (B.16), we obtain

(divulv)m = (Cultrgv) s — (u|grad v)m = (M(Cu)|v)m — (u|grad v)m,
for each (u,v) € qu (M; TM) x qu/(M). Hence,
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(M (Cu) — divulv)m| = [(u|grad v)m| < ||M||L,,(M)||U||H;,(M),

which further implies

[u > (M(Cu) —divu)] € E(qu(M; ™), Hq_l(M)). (B.17)
By the density of qu (M; TM) in L, (M; TM) and (B.17), the operator [u > (M (Cu) —divu)] has
a unique continuous extension in L(L,(M; TM), Hq_l(M; TM)), denoted by F. The extension
satisfies

(u|gradv)m = (Fulv)m, (u,v) € Ly(M; TM) x qu,(M).
By (B.16) and a density argument, we have
(grad ¢|grad v)m = (u|grad v)m = (Fulv)m, (u,v) € L, (M; TM) x H;,(M).
Hence, (B.13) can be interpreted as
A_12¢=Fu.

By analogous arguments as in the proof of Lemma B.5, this problem has (up to constants) a
unique solution, which satisfies (B.14), as ||]-'u||H71(M) <clullz,aom. O
q

Appendix C. Interpolation spaces

As in Section 3.2, let Ag =w + Ay : X1 :=D(AyN) — Xj, for some w > 0, with Xg =
Ly s (M; TM) and

Xy ={ueH, ,(M;TM) : au +Ps ((Vu + [Vu] )vs) =0 on T}.
Recall that Ag is invertible. By [2, Theorems V.1.5.1 and V.1.5.4], the pair (Xo, Ap) generates
an interpolation-extrapolation scale (Xg, Ag), B € R, with respect to the complex interpolation
functor. When g € (0, 1), Ag is the Xg-realization of Ao, where
Xp=[Xo, X1lp

in view of (4.2). Let X5 := (Xo)' = Ly, (M; TM) and

Af = (A0) = (@ + AN) =0 — 5Py (Ay + Ric),
D(A)) = X} :={u € H} ,(M; TM) : au + Pg ((Vu + [Vu]")vs) =0 on T}.

Then (X t, Ag) generates an interpolation-extrapolation scale (X 4 , A%), B € R, the dual scale.
In the following, we set

H;,B(M; TM) = {u € H; (M; TM) : Bu=0on X},
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where Bu = (Biu, Bou) := (trs (Ps(Vuvs) + (@ + Lx)Psu) , trs(u|vs)g). One readily veri-
fies that

X = H;)B(M; TM)N Ly o (M; TM). (C.1)

Indeed, given any u € X, we immediately have u € qu(M; TM)N Ly 5 (M; TM) and the bound-
ary condition Bou = 0 is automatically satisfied, see (2.2). In view of (2.8), it holds that on ¥

0=au+2Ps(D,vy) =Ps(Vuvy) + (¢ + Lx)Psu = Biu.

Therefore, we conclude that X; C H;B(M; TM) N Ly s (M; TM). The converse inclusion
H;’B(M; TM)N Ly s (M; TM) C X follows from

H;’B(M; TM) N Ly (M; TM) C H7 , (M; TM)
and (2.8).
In order to characterize the interpolation spaces Xg = [Xo, X1]g and X , = (Xo, X1)g,p We

first include two auxiliary results.

Lemma C.1. Given 0 € (0, 1) and p € (1, 00), let (-, -)g stand for either the complex interpola-
tion functor [-, -1g, or the real interpolation functor (-, -)g, p, respectively. Then

(Lg.o (M; TM), H7 ; (M; TM))g = (Lg (M; TM), Hy (M; TM))g 0 Lg 5 (M; TM).
Proof. Let Py := PH|H42(M;TM)- Then Lemma B.6 implies
Py € LCHZ(M; TM), HZ . (M; TM)).

Moreover, ﬁ%, = ﬁy and ﬁyu =u forall u HqZ’U(M; TM). The assertion then follows from
[40, Theorem 1.17.1.1]. O

Lemma C.2. Given 0 € (0, 1) and p € (1, 00), let (-, -)g stand for either the complex interpola-
tion functor [-, -1g or the real interpolation functor (-, -)g, p. Then

(X0, X1)g = (Lg(M; TM), H;,B(M; TM))g N Ly (M; TM).
Proof. Define
Ag :D(AR) = H;’B(M; TM) — L, (M; TM)

by Agu := —us(Am + Rich)u. It follows from analogous arguments as in Section 3.1 that there
exists Ag such that for all A > Ag

A+ Age Eis(qu’B(M; TM), Ly (M; TM)).
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It follows from Lemma 4.3 that there exists Ag such that for all A > A

A+ An € Lis(X1, Xo)-

Then the assertion follows from a similar argument to [3, Lemma 3.2]. For the reader’s conve-
nience, we will nevertheless include a proof. Let

01: =+ AN)""Pu(L + Ap).

Then Q; € E(H;‘B(M; TM), X1) and

Q=04 AN) Py 4+ Ag) (A + AN)'Pr (A + Ap)u
=+ AN)"'Pr(A + Ag)u = Q)u,
where we have employed the relations Py Ap|x, = Ay and IP’IZJ = Py. This further implies
Qilx, = Ix,, and thus Q; is a bounded projection from quB(M; TM) onto X;. Now con-

sider Q1 as a closed densely defined operator from L, (M; TM) to L, »(M; TM) with domain
qu g (M; TM) and denote this operator by Q. Let

Al H2 g(M; TM) — Ly (M; TM), A% = — 15 (Aw + Ric?)
A% iD(An.g) = Ly o (M; TM), A% = — Py (A + Rich).

Then

Q' =0+ AR)PLIO+ AN T
(A—i—A )(X—I—A )_ eL(Lq o (M; TM), L /(M; TM)),

where }P’IE is the dual operator of Py € L(Ly(M; TM), Ly »(M; TM)). We note that ]P’ZI is in-
deed the embedding operator i® : L ¢',o (M; TM) — L,/ (M; TM). Therefore, Q" € L(Ly(M; TM),
Ly.o(M; TM)). Together with the inclusion Q C Q” and the density of HZB(M TM)
in Ly(M; TM), this implies that Q has a unique bounded extension Qg € L'(L (M; TM),
q,J(M TM)). It is easy to check that Qg is a projection and Qg|x, = Ix,. Then the assertion
follows from [40, Theorem 1.17.1.1]. O

We are now ready to state the first main result of this section, providing a characterization of
the complex interpolation spaces X g :=[Xo, X1]g.

Proposition C.3. Let f € (0, 1)\ {3 + 5 }. Then X = H;i 5(M; TM), where

{ueHzﬂ(M TM): au + 2P (Dyvs) =0 on B}, $+4 <p<l,

qoB(M ™) = 1 1
Hq’g(M, TM), O<I3<§+Z

1654



Y. Shao, G. Simonett and M. Wilke Journal of Differential Equations 416 (2025) 1602—1659

Proof. We first observe that

Bie LOWSM; TM), Wy~ 7V9(2i TR)), 14+1/g<s <2,

By € LW (M; TM), Wy~ /9(2)), 1/g <s <2,

are normal boundary operators in the sense of [36, Definition 3.1], see also [5, Section VIIL.2].
Then [36, Theorem 4.1] implies, see also [5, Theorem 2.4.8] for the case M = R”" ,

2
[Ly(M; TM), qu,B(M; T™W)]g =: Hq%(M; ™),
where

{ue HYY M; TM): Bu=0 on =}, L <p<,
2 . 2
Hq%(M;TM): {uzquﬁ(M;TM):Bzu=0 Nz} A <B<ita,
H? (M; ™), 0<p<y.

Lemma C.2 shows that for 8 € (0, 1) \ {2q 5+ 2q}

-2
[Xo, X11p = Hy s (M5 TM) 0 Ly o (M; TM).
By a similar argument as in (C.1), we obtain

2
HgM; TM) 0 Ly o (M; TM)

{ue HY, (M; TM) : au +2Ps(D,vz) =0 on 3}, ﬁe(;+21q 1),
Hyly (M TM), Be© 342\ (5}

We will now pay attention to the particular case = 2 , which is currently excluded in the char-

acterization above. We know that X1, = q’ o (M; TM). It follows from the reiteration theorem
that

[Xo0, X1/2]e = [Xo, [X0. X1]1/2]0 = [X0, X1]g = Xa2.
Taking o = 1/¢q and using Lemma C.1 and the reiteration theorem yields
X1/2¢ = [Xo, X12]1/4 = [ X0, [Xo, H2 o (M; TM)1/2]1/4
=[Xo. Hy , (M; TM)]1 24 = Hy/d(M; T™).
This proves the assertion for the case 8 = 1/2g and thus completes the proof. O
We obtain an analogous result for the real interpolation spaces Xg , := (X0, X1)g,p-
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Proposition C.4. Let f € (0, 1)\ {5 + ﬁ }Yand p € (1, 00). Then

Xﬁ,p:(xo’xl)ﬂ,p:qugB(M TM), where

{ueBzgg(M ) : au +2Ps (D,vy) =0 on X}, %+ﬁ<ﬂ<1,

(M; TM) =
B BJE ,(M; TW), 0<B<j3+n

‘IPJ

Proof. The case 8 € (0,1)\ {zl, % + i} can be obtained as in Proposition C.3, see for instance
[15] or [5, Theorem 2.4.5] for the Euclidean case.

To treat the case § = ﬁ, note that the reiteration theorem for the complex and real method
implies

X129,p = Xo, X1)129,p = Xo, [Xo, X1]1/2)1/¢,p = (X0, X1/2)1/4.p-
We can further utilize Lemma C.1 to obtain
X1/2g.p = (X0, X1/2)1/¢,p = (X0, [Xo, H;U(M; TM)11/2)1/4.p
= (Xo. H2 5 (M; TM))1)24.p = Byl (M; TM).

This completes the proof. O

Using a duality argument, we can also characterize the interpolation spaces between X 1,2
and X12.

Proposition C.5. Let 8 € (0, 1) and p € (1, 00). Then
[X_1/2. X12p = HJE"'(M; TN and (X172, X1/2)p.p = BJ5 ' (M; TM),
where
28—1pp. (128 g ' 26—1 01 . (p1-28
H2 (M TM) = (Hq/’a (M; TM)), B2 (M; T™) ._( AT TM))
for B €(0,1/2).

Similar results hold for spaces with other boundary conditions. For instance, let

Zo = Xo, Zy={ueH, ,(M;TM): P ((Vu — [Vu])rg) =0 on T}, or
Yo=Ly(M), Yi={peH (M): (gradg|vs); =0 on Z}.

Then we have the following result.

Proposition C.6. Let B € (0,1). Then the interpolation spaces Zg = [Zo, Z1lg and Yg =
[Yo, Y11 can be characterized as follows.
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{ue Hyfy (M; TM) : Ps (Vi — [VulDvs) =0 on T}, L+ r<B<l,
= 2
P H2 v T, 0<p<li+i.

_ {¢quZf‘(M): (grad¢|vs), =0 on X}, %4_% <B <1,

Appendix D. Sectorial operators and H *°-calculus
In this part of the appendix, we will introduce several basic concepts concerning maximal
L p-regularity theory. The reader may refer to the treatises [2], [8] and [28] for more details of

these concepts.
For 6 € (0, ], the open sector with angle 26 is denoted by

Yo :={weC\{0}:|argw| < 6}.

Definition D.1. Let X be a complex Banach space, and A be a densely defined closed linear
operator in X with dense range. A is called sectorial if Xy C p(—.A) for some 6 > 0 and

sup{llie (e + A"l £x) 1€ Tg) < oo,

The class of sectorial operators in X is denoted by S(X). The spectral angle ¢ 4 of A is defined
by

da:=inflp: Tp_p C p(—A), sup (e + Al £y < oo}
HEL7—¢

Let ¢ € (0, ]. Define
H™(Zy) = {f : Xy — C: fisanalytic and || f || < oo}

and

. 2l
H0(2¢):{feH (2¢) 135 >0,c>0s.t. If(z)lfc%mm}.

Definition D.2. Suppose that 4 € S(X). Then A is said to admit a bounded H °°-calculus if there
are ¢ > ¢ 4 and a constant K such that

If(Dlizex) < Kpll flloo, | €Ho(Ex—g). (D.1)
Here
__4,—i0
FOA) = — /(x + A faydr, =] " fors <0. (D.2)
2mi te' fort >0,
r
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is a positively oriented contour for any 6 € (0, w — ¢). The class of such operators is denoted by
H(X). The H*-angle of A is defined by

¢ :=inf{¢ > ¢ 4 : (D.1) holds}.

If an operator A € H>(X) with H*-angle ¢ < /2 and X is of class UMD, then Condition
(H3) in [31] is satisfied with the choices Xg= X and X; = D(A).

Data availability
No data was used for the research described in the article.
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