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MSC: Let X = D'"?(RM) be the Beppo-Levi space (homogeneous Sobolev space) with 2 < p < N, and
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gggii for "f <a<1letV, =XnC, (RN, 1+]x| ") be the subspace of bounded continuous functions

35B45 with weight 1 + |x|‘ﬁa. In this paper we prove a Brezis-Nirenberg type result for the energy

35B51 functional @ : X — R related to the quasilinear elliptic equation in R" of the form

35J20 -

35J92 u€ X :—Au=alx)gm) inR",

Keywords: which states that a local minimizer of @ in the V,-topology must be a local minimizer in the

Brezis-Nirenberg type result "bigger” X-topology.

Beppo-Levi space
Quasilinear elliptic equation
Local minimizer

Global L*-estimates for solutions of general quasilinear elliptic equations of divergence type
in RN on the one hand, and decay estimates for solutions of p-Laplace equations via nonlinear
Pointwise estimate Wolff potentials as well as comparison theorems for p-Laplacian type operators on the other
Decay estimate hand play an important role in the proofs.

1. Introduction and main results

Let X = DI(RV) be the Beppo-Levi space (homogeneous Sobolev space) which is the completion of C®*(RY) under the norm

1/p
||u||x=</ |Vu|1’dx) ,
]RN

and for which we have the continuous embedding X < L?"(RV), where p* = NN—_”p denotes the critical Sobolev exponent. Consider
the following quasilinear elliptic equation in RY

u€ X : —Ayu=ax)g), (1.1)
where throughout we assume 2 < p < N and that the coefficient a and the nonlinearity g satisfy the assumptions:

(A0) a : RN — R, is measurable and satisfies the following decay condition for some g, c, > 0
1

—— xeRV. (1.2)
1+ |x|N*A

0 < a(x) < c,w(x), where w(x)=

(G) g : R — R is continuous and satisfies for some positive constant c, the conditions
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(i) 0 < g(s), for s € (0, 0);
(D) 1g(s)] < (1+ |s|Y_1), Vs €R, where 1 <y < p*.

With the following lemma we are able to characterize solutions of (1.1) as critical points of the energy functional @ given by
D(u) = 1 / |Vul|? dx —/ a(x)G(u)dx, with G(s) = / g(t) dr. (1.3)
P JRN RN 0

Lemma 1.1 ([1, Lemma 6.1]). Let LY(RN,w) be the weighted Lebesgue space with weight w given in (1.2). Then the embedding
X oo LIRN, w) is compact for 1 < q < p*.

Taking into account the weak lower semicontinuity of the norm and the compact embedding due to Lemma 1.1 we have the
following result.

Lemma 1.2. Let g satisfy (G)(ii), and let a fulfill (AO). Then @ : X — R is a well defined C'-functional, which is weakly lower
semicontinuous. Moreover, critical points of @ are solutions of (1.1).

Nep
Next for — <a < 1,letV, = XnC, (RN 1+ |x| = ) be the subspace of bounded continuous functions with weight 1+|x| »1*
defined by
Nop
V, = { ve X :veCRY) with sup (l + |x| -1 a)lv(x)l < o0 }
xeRN
which is a closed subspace of X with norm
Nop
lolly, :=llvlly + sup (14 |x| 7 No@)l, vev,.
xeRN

Our main result is the following X versus V, local minimizer theorem:

Theorem 1.3. Let g satisfy (G), and let a : RY — R fulfill (A0). In addition assume
(G)  liminf _ g+ @ > 0 for some 0 < q < (p—1)(1 —a).

Suppose u, € X is a nonnegative solution of Eq. (1.1) and a local minimizer in the V,-topology of the functional @ : X — R, that is,
there exists £, > 0 such that

D(ug) < (g +h), YheV, : |lhlly, <e
Then uy is a local minimizer of @ with respect to the X-topology, that is, there is ¢, > 0 such that

D(ug) < DPug+h), Yhe X : ||hlly <e;.

Theorem 1.3 is in the spirit of and extends the classical result due to Brezis and Nirenberg for a semilinear elliptic equation on
bounded domains (see [2]) in two directions. First, unlike in [2] the leading operator is the p-Laplacian, and more importantly,
second, the unboundedness of the domain. While extensions of the Brezis-Nirenberg result on bounded domains with leading p-
Laplacian type variational operators have been obtained by several authors (see [3-8]), the literature about extensions to unbounded
domains, in particular to the whole RY, is much less developed. Extensions to R with the Laplacian or the fractional Laplacian
as leading operators within the Beppo-Levi space D'>(RM) or fractional Beppo-Levi space D*?(RN), respectively, can be found
in [9-11]. An extension of the Brezis-Nirenberg result to the (unbounded) exterior domain RN \ B(0, 1) was obtained in [12] for
the N-Laplacian equation in the Beppo-Levi space D(l)'N (RN \ B(0, 1)), which is based on Kelvin transform. The latter, however, only
works for p-Laplacian equations with p=2 or p= N.

Only recently in [13] the authors proved a ”X versus X NV, local minimizers” result for a = 22! supposing only the general

growth restriction (G)(ii). Assurning additional conditions (G)(i) and (&), Theorem 1.3 provides ”X versus X NV, local minimizers”
results for « in the range 2~ < a < 1, which in a way may be considered as an ”interpolation” between the authors’ result in [13]
under the general growth on g and that given by Theorem 1.3 under additional restrictions on g. Unlike in [13] here the additional
assumptions imposed on g enable us to use a different approach to deal with the “better” weights 1 + |x| r- =

Global L*-estimates for solutions of general quasilinear elliptic equations of divergence type in RY on the one hand, and decay
estimates for solutions of p-Laplace equations via nonlinear Wolff potentials as well as comparison theorems for p-Laplacian type
operators on the other hand play an important role in the proofs.

The outline of this paper is as follows: In Section 2 we provide preliminary results which will be used in Section 3 to prove
Theorem 1.3. In Section 4 we demonstrate the applicability of our main result to prove the existence of solutions within an interval
of sub- and supersolutions that are in fact local minimizer of the associated energy functional @.
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2. Preliminaries

Before we present our result, first a few words on the notation. For an open set 2 C RV, the standard norms of the Lebesgue
spaces L"(£2) are denoted by ||-]|, o, or whenever it is convenient and not confusing, by ||-||,. The weighted Lebesgue space L'(RN, w)
with weight function w given by (1.2) is defined by

L'RN,w) = {u : RY - R measurable : / wlu|"dx < oo},
RN

which is separable and reflexive for 1 < r < co under the norm

1
Nl = (| wlur”ax) "
RN

One readily verifies that the weight function w belongs to L4(RN) for all g with 1 < g < co. Thus a € LI(RY) for all g € [1, ).
We use ||m|| defined by ||m| = ||m||, + ||m||,, for any function m € L'(RN)n L®(RN). Finally we use C, to denote a constant whose
exact value is immaterial and may change from line to line. To indicate the dependence of the constant on the data, we write
C =C(a,b,-,-,-) with the understanding that this dependence is increasing in its variables.

We begin by recalling the following lemma.

Lemma 2.1 ([1, Lemma 6.6]). If a : RN — R satisfies (AQ), then a has the following properties:

(al) ae L'RN)n L¥[RY),
(a2) There exists ¢ > % and D > 0 such that

N
s N
[xI<" llall Lo @™\ Bo,1xp) < D, Vx €RT,

where ﬁ + i =1 and B(0, |x|)) is the open ball with radius |x|.

Lemma 2.2. Let (A0O) and (G) be satisfied. If u € X is a nonnegative solution of Eq. (1.1), thenu € X n CI'O'C (RN), 4 €(0,1), and the
following decay estimate holds:

0<um < —S—. vxeRY @1
L+ |x| 71

where C = C(N, p,0,c,,|lall, lul x, D) with ¢ and D as in (a2) above and c, given in (G)(ii).
Furthermore, if u is not identically zero, then there exists a positive constant C’, depending on u, such that:

C/
——— Su(x), Vxe€ RN (2.2)

1+ |x|?-1

Proof. From [14, Corollary 3.1] we obtain u € L®(RV) satisfying the estimate
~ 0o
llullo < CIN, p, cg. llall, llull o) max{{lul] e, llull 2}
Taking X < LP"(R") into account we get
llulle < C,

where C = C(N, p, c,, |lall, llull x) with C(N, p, ¢, llall, llullx) — O as |lully — 0. Regularity results due to DiBenedetto (see [15]) yield
ueXn Cllo': (RM). Therefore, the right-hand side of (1.1) allows for the estimate

la(x)g(u(x))| < Ca(x) 2.3
where C = C(N,p,c,, ¢, |lall. [|ull x). Consider the equation

vE X 1 —4,0=Ca(x). 2.4)
Let us show that (2.4) has a unique positive solution v € X n Cllo‘j(RN ) satisfying

0 < u(x) < v(x).

Since w € L"(RV) for all r € [1, o], it belongs, in particular, to LP*'(RN ), which is continuously embedded into X*. It is well known
that the operator T = -4, defines a bounded, continuous, strongly monotone (note 2 < p < N) and coercive operator from X into
its dual through

(Tv, ) :/ IVolP2VuVedx, Vo€ X,
RN
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where (-,-) denotes the duality pairing between X and X*. Thus T : X — X* is bijective, which yields the existence of a unique
solution v of (2.4), which is even CIEZ(RN )-regular due to [15]. Next, we show that v(x) > 0. As a weak solution v satisfies

/ |VU|p_2VUV(pdx=/ Ca(x)pdx.
RN RN
Testing this relation with ¢ = v~ = max{-v,0}, we get

0< / [Vo|P2Vo Vo~ dx = —/ |[Vo~|Pdx <0,
RN RN

which implies that ||v™||y = 0 and thus v~ = 0, that is, v(x) > 0 for all x € R", and by Harnack’s inequality it follows that v(x) > 0
for all x € RN.
From (1.1), (2.3), and (2.4) we get by comparison

(—Apu = (=4,v), @) <0, VoeX,, (2.5)
where X, = {¢ € X : ¢ >0}. Taking in (2.5) the test function ¢ = (u — v)* we get
0> / (|Vu|HVu - IVulp’ZVv)V(u 0t 2= v)*I?,
RN

and thus (u — v)* =0, i.e., u < v. Finally, a pointwise estimate of v from above is provided by an estimate from above of the Wolff
potential I/V]” p(x, o), which has been calculated in [16,17]. In particular, by [17, Lemma 2.1, Theorem 2.2] we obtain

C

0<u(x)< vx e RN

N-p’
14 |x|r-!
where C = C(N, p,0, ¢, llall, llullx, D), which completes the proof of (2.1).
Finally to prove (2.2) we note that u solves —4,u > 0, which allows to make use of a Vazquez type maximum principle (see [1,

Theorem 6.4] or [16, Theorem 3.1]) according to which there is some positive constant 0 such that

5~}

u(x) > g for |x| > 1,
|x] 2=t
which implies
u(x) > —2— . for x| > 1. (2.6)
1+ x| 71

Also since u € C!(RV), and by Harnack’s inequality u(x) > 0 in RV, we have § = min, ¢ ;, u(x) > 0, which yields

u(x)> 0> Lﬁl—p’ for |x| < 1. 2.7)
1+ x| »1
From (2.6) and (2.7) with C’ = min{#, 8} we get (2.2). [
For the rest of this section assume that u, € X is a fixed positive solution of (1.1). We define operators A y as follows.
Au= —div A, (x,Vu), >0, (2.8)

where the function 4, : RN x RN — RV is given by

A 8) = ﬁ (1910 + £172(Vuty + &) = 1Vl 2Vutg + el 2¢] . >0, 2.9)

Lemma 2.3. A4, : RN xRN — RN is a Carathéodory function, which satisfies the following properties uniformly for u > 0.

(AD) A, (5,8 <2071 EP™" + 20 Vug (0P
(A2) (A,(x.8)— A,(x.E)E -8 > 227 e - ¢';
(A3) A, (x,O)¢ > 227 |g .

Proof. As?2 < p< N we use the inequality
(le1r2e - 18728 )¢~ & 2 2 rie &, veieRN 210)
in the following estimates.
1 p—1 p—1 p—1
14,01 < (190 + €177 4 190+ il

[ (197 1617 ) + 19!+ e
14+pu

@ e e @ ) v

IN

I\
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< 277N 4 28 V()P

which is (Al).

1 2-p1s _ B\ 2-p s _ B\P
T e - |
22rie - ¢,

(A, (x,86) = A, (x,8))E - &)

v

v

which is (A2), and finally,

22-p
I F R ep > 02 epep,
u

1 _
A, > m[f e+ ulel?] = S

which is (A3). [J
From Lemma 2.3 we immediately get the following result.
Lemma 2.4. The operator A, : X — X* is bounded, continuous, strongly monotone, and thus coercive.
Next for given ¢ > % and D > 0, let us denote
Cop = {a : RN S R : a satisfies (al) — (a2) of Lemma 2.1 }
Given a € C, j let us consider the equations
VEX 1 A,v=a(x) (2.11)
and
weX: Aw=—ax). (2.12)

Lemma 2.5. The Eq. (2.11) has a unique positive solution v € X n L® n C'(RN), and (2.12) has a unique negative solution
we XNL®nCRV).

Proof. The right-hand side d of (2.11) belongs to L"(RV) for all r € [1, ], and thus, in particular, 4 € LP*/(RN ) & X*. From
Lemma 2.4 it follows that A, : X — X* is bijective, which yields the unique solvability. Since d(x) > 0, the unique solution v
must be nonnegative. By regularity results due to DiBenedetto we get v € X N CIL’;‘(RN ), and thus, in particular, v € X n C'(RN).
Moreover, by Harnack’s inequality we obtain v(x) > 0 for all x € RV.

Multiplying (2.12) by —1, and setting & = —w, (2.12) becomes

we X : —div (=4, (x,=V)) = a(x). (2.13)

Set Ay(x, &) = —A,(x,-¢), then one readily observes that Au : RN xRN — RV satisfies (A1)-(A3), and thus > € X n C(RVN) is the
unique positive solution of (2.13), which implies that w = — is the unique negative solution of (2.12). Finally the boundedness of
v and w follows from [14, Corollary 3.1], which completes the proof. []

Next we consider the equation
u€ X Ayu=alx)f(x,u), (2.14)
where

(F) f : RN xR — R is a Carthéodory function satisfying, for some positive constant ¢ 5 the conditions

(@ [fG.9) <c (1+]s]77"), VseR,ae xRV, and 1 <y < p*;
(ii) lim,_q | f(x,s)| = 0 uniformly in x € RV .

Lemma 2.6. Assume (A0), and (F). If u € X is a solution of (2.14) then u is bounded and satisfies an L*®-estimate of the form

llell oo vy < Coplllullx ) (2.15)

where ¢ : R, — R, is a data independent function satisfying ¢(s) — 0 as s — 0 and C = C(cy, ||al|, [lull x).

Proof. As for the proof we refer to [14, Section 3]. [

Taking (F)(ii) into account we clearly get
la(x)f Cx, u(x))| < Calx) (2.16)

where C = C(||lu]ly) = 0 as |jul|y — 0. We can now state the following crucial result:
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Proposition 2.7. Assume (A0), (F), (G) and (G). If u is a solution of (2.14) then w(x) < u(x) < v(x), where v and w are unique positive
and negative solutions of (2.11) and (2.12), respectively, with d(x) = Ca(x), and C = C(||ul| y) as in (2.16) above. Moreover, the following
estimate holds true

é JN
[u(x)| < —5 vx e RN, € =C(lully), (2.17)

14 [x| 71"
where C(|lullx) — 0 as |jully — O.

The proof of this proposition, and in particular estimate (2.17), is based on construction of a special super-subsolution pair of
(2.11), respectively, (2.12), that depends on the positive solution u, of (1.1). This will be accomplished in the next few lemmas. But
first recall that by Lemma 2.2, there exists ¢;,c, > 0 such that

‘i <u(x)<c—] vx € RN
N—p =0 = N=p ’ >

1+ x| 1+ |x| 71

and also, in view of [17, Theorem 2.6], we have

C
[Vip(x)] € ——=——. Vx€eRY,

1+ |x| T
for some constant c; > 0.
Lemma 2.8. Let = < a < 1. Suppose h € C'(0, ) is a positive function with h'(s) > 0 for s € (0, L], where L = ||uy||o,. Furthermore,
assume

limsup A’ (s)s'™* < 0. (2.18)

s—0F

Let 0(x) = h(ug(x)). Then

(i) © belongs to the space D'P(RN).
(i) If in addition we assume that h € C2(0, ) and h"(s) < 0, for s € (0, L], then

[(1 +H W) =1+ yh’(uo)p_l] <—Al,u0) (2.19)

_ 1
>
A®) 2 1+u

Proof. Note that Vo = //(u,)Vu,. Now using the above growth estimates on u, and |Vu|, (2.18) and the fact that ”TT' <a<l,we
have, for R sufficiently large

/u th'(uo)Vuolpdx < c/ |uf)"*”wo|"dx
X|[>

|x|>R

© L Nopqg -, = P N-1
<cC (rP‘ ) dr < oo,
R

from which (i) follows directly. Finally, a straight forward calculation implies:
L _ ' (=
A = 1, [(1 + 1 )™ = 1+ uh (ug) ]( Apuo)

_p-

o h"(uo)[(l + 1 ()" +/4h/(u0)1’_2]|Vu0|”
which, taking into account the sign of A", yields (ii), that is (2.19). O

Using this result we can now prove:

Lemma 2.9. Suppose g satisfies (G) and (G) for some =— - <a < 1. There exists M > 0 such that v = M CP Tug is a supersolution of
(2.11) with a(x) = Ca(x) and C as in (2.16) above. Furthermore one can take

-1

M= M(a,m) = lmﬁj,
o

where

. HONES
m—mf{m . 0<SS”u0”oo}'

~ 1
Proof. As g satisfies (G)(i) and (G), we have m > 0. Next let h(s) := M Cr-1 5%, which clearly satisfies the assumptions of the previous
lemma, and in particular (2.18), and take v = h(y;). By Lemma 2.8 and taking into account that u is a positive solution of (1.1) we
have
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_ 1 . .
A,@) > m[(1+h W)™ =1+ k' (wg)? l]a(x)g(uo)

\%

(1 gy gug)) a(x) = (@M~ [ul " Vg(ug)| Ca(x).
Hence
A, @) 2 (@M mCa(x) = Ca(x) = a(x),

which proves the result. []

In a similar manner one can prove

Lemma 2.10. Suppose g satisfies (G) and (G) for some 2=— L < & < 1. There exists M = M (a,m) > 0 such that w = —MCP-' uy is a
subsolution of (2.12) with 4(x) = Ca(x) and C as in (2.16) above ie.

A, w) £ —Ca(x) = —a(x),
We are now ready to complete

Proof of Proposition 2.7. Using (2.16), the inequality w(x) < u(x) < v(x) is shown by applying arguments as in the proof of
Lemma 2.2. In order to prove the decay estimate (2.17), we are going to show that

W), vx) € ——. VxRV, ¢ = Cully). (2.20)

L+ x| 1 ?

1
To this end we note that by Lemma 2.9 the function v = M C»-1 ug is a supersolution of (2.11), with C = C(||u||y) as in (2.16) above.

1
Thus by comparison arguments it follows v(x) < M Cﬂjug(x). Taking Lemma 2.2 into account we obtain

1
— 1
v(x) < MCFIGy(N, p, 0, . lal, llugll x» D) —————,  Vx €RV,

1+ |x| 71"

which proves half of the estimate (2.20) with

. i
Ci(llullx) := MCr1Cy(N, p,0,cg llall, llupll x» D).

O
Similarly, using w the subsolution constructed in Lemma 2.10, one shows that |w(x)| < MCr-1 ug(x) from which we conclude

A 1
()l < G(llull ) ———. VxRN,

1+ x| 71"

with C2(||"||X) = MCP TCy(N, p, 0, ¢, llall, llugll x, D). This provides the other half of estimate (2.20).
Finally (2.20) follows with € = max{C,(||ulx), C,(|lullx)}, and the proof of proposition is complete. []

3. Proof of Theorem 1.3
Let u, be a nonnegative solution of (1.1) and a local minimizer of the functional
N
D(u) = l/ |Vul? dx —/ a(x)G(u)dx, with G(s) = / g(hdt.
P JRN RN 0

in the V,-topology. Consider the functional » — ®(u, + h), and let A, : ||h,|ly < % be such that

Py +h,) = inf g+ h), where B, = {he X : |Ihlly < %}

The existence of a minimizer h, is guaranteed, since @ : X — R is C! and weakly lower semicontinuous and B, is weakly compact
in X. Set u, = uy + h,, that is,

P,) = inf D@, where B, = {u X lu—-ully < %}

For u, € B, we have either ||u, — uylly < % or else |lu, —uyllxy = % In case ||u, —upll < - =5 Uy is a critical point of @, and thus u,, is a
weak solution of (1.1), i.e., —4,u, = a(x)g(u,), that is,

/RN (qunlp_ZVunV(p - a(x)g(un)(p>dx =0, VpeX.
In case |lu, — uy|| = 5, there exists a Lagrange multiplier 4, <0 such that

/ (qu,,lVZVunV(p - a(x)g(un)(p>dx =4, / IV, — u) P2V, — ug) dx,
RN RN

7
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for all ¢ € X, which (in a distributional sense) can be written as

= Ayu, — a(x)g(u,) = —4,4,(u, — ug). (3.1
Taking into account that u, is a solution of (1.1) and using (3.1), we get

— (A, = Aytig) + A, A, (uy, — ug) = a(x)(g(u,) — g(up)). (3.2)
Set p, = —4, > 0. Thus h, = u, —u, satisfies the equation

— (g + hy) = Ayug) — Hyd,h, = a(x)(gug + h,) — g(up)). (3.3)
Dividing (3.3) by 1 + u, and taking into account (2.8), (2.9), (2.14) and (2.15) yields

A, h, = a(x)f(x, hy,), (3.4)

where we set
1
L+,

f(x,9)= (gug(x) + 5) — gup(x))),
which clearly satisfies (F). Since ||A,||y — 0 as n - o0, by Lemma 2.6 it follows

Il < CH(IlR,llx) = O. (3.5
From (3.5), the fact that u,(x) is bounded and g is continuous, we get

a()|f(x, hy)| < Clh,ll x)alx), (3.6)
where C(||h,|lx) = 0 as n — oo. Next recall that by Proposition 2.7 we have

w, < h, <v,
where v, and w, solve (2.11) and (2.12), respectively, with

a(x) = C(llh, |l x)a(x),
from which it follows

1

lh, ()] <€ , VxeRY, € =C(In,lly), 3.7)

Np,
1+ |x]| rt

where C(||h,|lx) = 0 as ||,|ly — 0. In view of (3.7) and ||k, ||y — O it follows that 12, lly, — 0. Finally, since u is a local minimizer
of @ in the V,-topology we get with h, — 0 in V, for n large

D(ug) < P(ug + h,) = d(u,) = hié1£n D(ug + h),
where
Bo={ueX : u-uly <t}
which proves that u, must be a local minimizer of @ in the X-topology completing the proof of Theorem 1.3. []

4. Existence of a positive local minimizer

In this section we present a useful application of Theorem 1.3. In fact we are going to prove the existence of a positive solution
uy of (1.1) such that, in addition, u is a local minimizer of the functional @ in X.

We assume throughout this section hypotheses (A0) with g > %, (G), and (G) with a = 1. In other words as far as g is concerned
we assume

(&) g : R > R is continuous and satisfies for some positive constants &, cq the conditions

(i) 6 < g(s), for s € [0, 00);
(i) 1g(s)] < ¢ (1+1s/"™"), ¥ s €R, where 1 <y < p*.

Lemma 4.1. The function u(x) = 0 is a subsolution of (1.1) and u given by
, =N
aGx) = [1+ 1177 7 “.1)

-1 _
is a supersolution of (1.1) provided 2c,c, < 2,,% (—) . Moreover, u € V.
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Proof. Clearly, as g(0) > 0, u(x) = 0 is a subsolution. Let us show that u is a supersolution. Elementary calculation yields

_ N — P 2 \-N p_
Vil = (==L ) (141177 ) 27T,
=

1

By using spherical coordinates one obtains

/ |vu(x)|"dx=/ |Vu(x)|"dx+/ |ViE(x)|” dx
RN B(0,1) RN\B(0,1)

(o]
~N+1)-L-+N-1
S01+C2/ TN g < o,
1

since (—N + 1)# + N < 0, which shows that u € X. Further, again by elementary calculation we obtain
N-p

-Apu(x):N<]:_'1")p_' 1L N<1+|x|1’%1> v (4.2)
(1+|x|n—1)
We estimate
(1+|x|ﬁ)N52N(1+|x|N/T’1)52N+1(1+|x|N+ﬁ), as ﬂzl%l. (4.3)
From (4.2) and (4.3) we get
_ pyp-l o\ =
— AT > le(’;’_lp) (1+|a1c|N+”)(l+|X|pl) O (4.4)

As 0 <u(x) < 1, we have g(u(x)) < 2¢,, and thus from (4.4) it follows that
—A,u(x) 2 a(x)g(u(x)),
that is, u is a supersolution provided that the following inequality
N (N -—-p\r!
2¢,0, < SN <_p— 1 )

is fulfilled. Moreover, we have the estimate
P

p =N 2
o = [1+ 17| s —
—1

I+ |x|»

hence u € V;, which completes the proof. []
We introduce the truncated function § : RN x R — R defined by
2(0) if s<0,
8(x,5) =19 g(s) if  0<s<u), (4.5)
g(x)) if  s>ux),
and define the following functional &

D) = 1 / |VulP dx — / a(x)Gw)dx with G(s) = / ) 8(x,s)ds. (4.6)
P JRrN RN 0

Lemma 4.2. The functional ® : X — R is a well defined C!-functional, which is bounded below, coercive, and weakly lower
semicontinuous. Therefore, a global minimizer it € X exists, which is a solution of (1.1) satisfying 0 < a(x) < u(x). Moreover, i € V;nC'(R).

Proof. The proof for & being C! and weakly lower semicontinuous is similar to Lemma 1.2. By definition § is uniformly bounded,
that is, |g(x, s)| < 2¢,, since 0 <u < 1. Thus

|/ a(x)G(u) dx‘ < / a(x)2cy |lu(x)| dx < 2c e llully < cllwll e llullx,
RN RN
where ¢ is some positive constant, and thus

A 1
D(u) 2 ;Ilulli —cllwll e llullx

which shows that & is coercive and bounded below. Let 2 be a global minimizer of &, which is a critical point satisfying the equation

= A,0 = a(x)§(x, i(x)). 4.7)
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Since §(x, ii(x)) > 0, by Harnack’s inequality we obtain i(x) > 0 for all x € R", and due to regularity results of [15], & € X nC'(RN).
As the supersolution u satisfies the inequality

—4,u 2 a(x)gu(x)),
we obtain by comparison with (4.7) the inequality
/ (IVal=va - |Vil’ Vi) Ve dx < / a(x)(&(x, a(x)) = g(u(x))) @ dx,
RN RN
for all p € X with ¢ > 0. Testing the last inequality with ¢ = (& —u)* yields
277 \@—-wrh < / _a()(80x.a(x) = g@(x)) (@(x) = u(x)) dx = 0,

{azu}

thus (@ —uw)* =0, that is, 4(x) < u(x). Since u € V), it follows that 4 € V; as well, which completes the proof. []

Lemma 4.3. The global minimizer i of the functional @ satisfies the following inequality

£

i(x) > (4.8)

N-p’

1+ |x]| r-!
for some positive constant .

Proof. The global minimizer # solves (4.7), and thus —4,0>0. The result now follows as in the proof of Lemma 2.2. []

Lemma 4.4. The positive global minimizer @i of the functional & in the X-topology is a local minimizer of the original functional @ with
respect to the V,-topology.

Proof. We need to show that a e-ball with center 4 in the V;-topology belongs to the interval [0,u]. In view of Lemma 4.3 it remains
to show that

a(x) + ;N_p <u(x) for some £ > 0. 4.9)
I+ |x| 71
The right-hand side of Eq. (4.7) is positive and bounded, that is,

a(x)g(x, i(x)) < 2c e w(x),
where ¢, and ¢, are the constants in (AO) and (G), respectively, and w given by (1.2). Consider the equation
vE X 1 —4,0="2c,c,0(x). (4.10)

By arguments already used before, Eq. (4.10) has a unique positive solution v € X n C'(RV). Based on Wolff potential estimates
(see [18, Theorem 1.6, Corollary 4.13]), we get from [1, Theorem 6.5] the following estimate for v
1

N_p ®

14 x| r-!

v(x)<C xRN,

=

where C = C(c,, ¢,) with C(c,, ¢,) = 0 as ¢,c, — 0. By comparison from Egs. (4.7) and (4.10), we obtain
1

a(x) < v(x) < Cleg ) e 4.11)
14 |x| !
On the other hand the function u given by (4.1) can be estimated below as follows
p =N
a0 = [1+Ix7T] 7 2 4.12)
270 14 |x|
Thus, if ¢,c, small such that C(c,, ¢,) < 17‘) , then from (4.11) and (4.12) it follows that there is a € > 0 such that (4.9) is fulfilled,
2P

which completes the proof. []
Finally be means of the preceding Lemmata we are in the position to prove the following main result of this section.

Theorem 4.5. Assume (AO) with f > 1% and let g satisfies (G). There exists m > 0 so that if c,c

o€, < m then Eq. (1.1) has a positive
solution which is a local minimizer in the X-topology of the functional @ given by (1.3).

Proof. By Lemma 4.2 the global minimizer & of the functional & is a solution of (1.1), and by Lemma 4.4, @ is a local minimizer of
the original functional @ with respect to the V;-topology. Thus, we may apply our main result Theorem 1.3, which completes the
proof. []
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