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Chapter 1

Introduction

Earth system models are developed for investigating all kinds of natural phenomena occurring on

our planet. The variety of applications covers areas from the inner core of the Earth up until the

ocean, land and atmosphere. In recent years, the most prominent applications are climate develop-

ment, numerical weather prediction and extreme event modelling with focus on natural hazards.

Comprehensive knowledge on climate change, its causes, potential impacts and response options

is published in the IPCC reports. The latest contributions for the reports are summarised in the

synthesis report, see Calvin et al. (2023)

Individual geophysical models have their main focus on a specific field, e.g. atmosphere, ocean,

land, geology, ice, etc. The characteristics of the complex environment on Earth drives the need

of a combination of models, i.e. the coupling, to investigate the natural interplay. Coupled models

are then used for simulating the effects of the interplay between the individual components.

The core for many coupled Earth system models are atmosphere and ocean models. These individ-

ual models are based on the governing equations for geophysical fluid dynamics and describe the

conservation laws for mass, momentum and energy. Atmosphere and ocean models are coupled

at the air-sea interface, where coupling conditions are fulfilled. These conditions are formulated

as flux conditions, i.e. as an equilibrium description of the flow of mass, momentum and energy

through the interface. Moreover, the coupling conditions model the physical processes at the in-

terface. Interactive atmosphere-ocean coupling is important for representing the interactions and

feedbacks between atmosphere and ocean dynamics, see e.g. Chelton and Xie (2010).

In the framework of this thesis, the new coupled atmosphere-ocean model ICONGETM has been

developed and analysed. ICONGETM consists of the next-generation atmosphere model ICON

and the coastal ocean model GETM. Applications for coupled atmosphere-ocean models with fo-

cus on high-resolution modelling of the interplay between the atmosphere and ocean at the air-sea

interface are considered for this thesis. The newly developed model ICONGETM is used to sim-

ulate coastal upwelling in the ocean and the influence to the lower atmosphere for the Baltic Sea,

see e.g. Bauer et al. (2021).

In a coupled atmosphere-ocean model, the individual atmosphere and ocean models are treated as

components or sub-models. Their description through geophysical fluid dynamics refers to solv-

ing of initial boundary value problems.
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1.1. Advances of multirate methods

Due to different physical properties of the fluids, water in the ocean or air in the atmosphere,

the governing equations are solved on different time scales. Since the atmosphere changes more

rapidly than the ocean, the time scale of an atmosphere model is often considered to be smaller

than the time scale of an ocean model. For stability and efficiency reasons, the different time

scales should be considered by the time integration schemes, i.e. mandatory small time steps for

fast dynamics and exploit larger time steps for slower dynamics.

Additionally, the spatial discretisation of the domain and the structure of the governing equations

are driving the choice of the integration scheme. Furthermore, integrating coupled models requires

investigations on integration schemes, which should also adhere to the solution of coupled models.

With evolving computer technology, the complexity of the models is also increased. This must be

considered for the integration schemes, especially for coupled models.

Multirate time integration methods are developed for solving coupled initial value problems with

different time scales. For this thesis, the application of multirate methods for coupled atmosphere-

ocean models are investigated. The structure of coupled atmosphere-ocean models is analysed in

order to apply multirate methods, where the characteristics of the integration schemes of the indi-

vidual components are preserved. Furthermore, it is investigated how the coupling conditions are

fulfilled in coupled atmosphere-ocean models and how they can be integrated utilising multirate

methods.

The development of multirate methods is reviewed in Section 1.1. Some of the derived methods

were influenced by the specific needs of various applications from geophysical fluid dynamics.

The main questions concerning the application of multirate methods to coupled models are pre-

sented and the outline of this thesis is given in Section 1.2.

Remark: Integration schemes are a key factor for the computing time and resources required for

model simulations. State-of-the-art climate simulations are only feasible on super computers with

a high power consumption. The computational and energy cost of simulations taking part in the

6th phase of Coupled Model Intercomparison Project (CMIP) is presented in Acosta et al. (2024).

The CMIP project investigates prescribed various scenarios of climate change. Each model taking

part in the CMIP project contributes to the IPCC assessment reports. Acosta et al. (2024, Table 9)

shows Carbon footprints ranging from 24t to 868t of CO2 for running simulations for the CMIP

project per model. Thus, improving the applied integration schemes is of uttermost practical

relevance.

1.1 Advances of multirate methods

Multirate methods are an approach for efficient integration of differential equations with different

time scales, e.g. advection, diffusion or stiff chemical reactions. The literature stretches mostly

over simpler problems than coupled geophysical fluid dynamics.

The main idea of a multirate approach considers the splitting or partitioning of a problem into sev-

eral parts. The simplest splitting type is a linear combination. Other possibilities are the splitting

in linear and non-linear terms, dimensional splitting due to different spatial variables, operator
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1.2. Outline

splitting depending on different physical contributions and component partitioning. These split-

tings can be of any kind, but are commonly additive. Therefore, the multirate methods discussed

in this thesis are for additive split initial value problems.

First discussions on problems with several components on different time scales already took place

in the 1980s and 1990s. Multirate linear multistep methods were discussed in Gear and Wells

(1984). The time-splitting for elastic equations in atmosphere models was intensively investi-

gated, see e.g. Skamarock and Klemp (1992), Wicker and Skamarock (1998), and Wicker and

Skamarock (2002). Symplectic methods for Hamiltonian problems based on additive decomposi-

tions were discussed in Araújo et al. (1997).

For Runge–Kutta methods, there exists a variety of methods with different types of splitting, see

e.g. Jackiewicz and Vermiglio (2000) for partitioned Runge–Kutta methods and Sandu and Gün-

ther (2015) for a generalisation of additive Runge–Kutta methods. Multirate partitioned Runge–

Kutta methods were investigated in Günther et al. (2001). Also a multirate approach was found

for generalized additive Runge–Kutta methods, see e.g. Günther and Sandu (2016).

Knoth and Wolke (1998) proposed an implicit-explicit method for computing atmospheric reactive

flows, where an initial value problem has to be solved in every Runge–Kutta method stage with a

free choice integrator. Schlegel et al. (2012) developed a method where the free choice integra-

tor is replaced with an explicit Runge–Kutta method. This was further developed by Sexton and

Reynolds (2018) allowing also implicit Runge–Kutta methods instead of only explicit ones.

Other multirate approaches were developed for specific problems, e.g. multirate time-stepping

methods for hyperbolic conservation laws (Constantinescu and Sandu 2007), two-step Adams-

Bashforth-Moulton split-explicit integrators for compressible atmospheric models (Wicker 2009)

and explicit local time-stepping for Maxwell equations (Grote and Mitkova 2010).

With the further development of geophysical fluid dynamics, more time integration schemes con-

sidering different time scales are developed. For example, conservative split-explicit time integra-

tion methods were investigated for compressible nonhydrostatic equations, see e.g. Klemp et al.

(2007). Jebens et al. (2009) developed an explicit two-step peer method for solving the compress-

ible Euler equation.

Multirate methods and their applications are ongoing research. Achievements in recent years can

be found in e.g. Connors and Sockwell (2022), where the focus was on multirate discontinuous

Galerkin in time frameworks for interface coupled problems. Further examples are the work on

multirate partitioned Runge–Kutta methods for coupled Navier-Stokes equations from Kang et al.

(2023).

1.2 Outline

The application of multirate methods in coupled atmosphere-ocean models is determined by the

complexity of the model equations and the time scales of the integration of the individual models.

In this thesis, the consideration of the different time scales of the atmosphere and the ocean for the

multirate time integration methods applied to coupled atmosphere-ocean models is investigated.
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1.2. Outline

The raised and discussed questions can be summarised as

1. How are the physical processes at a coupling interface modelled, i.e. the coupling conditions

applied in a coupled atmosphere-ocean model, and how are they represented in the set of

governing equations?

2. Which multirate methods can be applied to coupled models and how is the convergence

behaviour of the integration schemes of the individual models adopted in the multirate ap-

proach?

3. Which strategies can be applied for the coupling of atmosphere and ocean models and to

what extend do these strategies need to be adapted to consider multirate methods?

The first question is addressed independently of the multirate approach. The initial boundary value

problems are formulated separately for the individual models. Furthermore, the coupling of atmo-

sphere and ocean models is achieved at the air-sea interface, where the physical processes are

modelled. The second question refers to the choice of a suitable multirate method, which is influ-

enced by the structure of the initial boundary value problems and their coupling. For efficiency

reasons, only multirate methods with similar convergence behaviour to the integration methods

used to solve the individual models should be utilised. Additionally, only multirate methods that

take the coupling into account are applied. The third question is determined by the numerical

realisation of the coupling, which can be different for each coupled model. These coupling reali-

sations must be adapted, depending on the different time scales, if multirate methods are applied.

In order to guide the reader through the chapters, this thesis is structured based on order of the

questions raised above. Chapter 2 provides the general theory for geophysical fluid dynamics

applied in atmosphere and ocean models. The chapter closes with the concepts of the time inte-

gration scheme and the additive coupling of individual models.

Chapters 3 discusses newly developed multirate time integration schemes, which are used for this

thesis. At first, the methods are introduced and explained. Furthermore, a series of special cases

of the methods and their interrelations to each other are discussed. The convergence analysis of

the multirate methods is presented in Chapter 4.

Chapter 5 is showing how atmosphere and ocean models can be coupled with a focus on the nu-

merical aspects for the air-sea interface. The application of multirate methods in the framework of

coupled models is discussed in Chapter 6.

Chapter 7 summarises this thesis.
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Chapter 2

Theoretical aspects of geophysical fluid
modelling

In this chapter, the focus is on a general description to model geophysical fluids on Earth. At first,

a general introduction to the theoretical aspects of fluids is given, Section 2.1. Furthermore, the

three conservation laws for mass, momentum and energy are discussed, Section 2.2. All these

ideas can be applied for a gaseous fluid like the atmosphere as well as a liquid fluid like the ocean.

Specific physical needs such as equations of state are explained and applied to the general set of

equations. Differences between the atmosphere and ocean are explicitly mentioned. The final part

is on general aspects of numerical modelling including a formulation for coupled atmosphere-

ocean models, Section 2.3.

2.1 General assumptions for a geophysical fluid

For this section, there is no distinction between the atmosphere and ocean. The properties for an

arbitrary fluid are introduced and explained in Section 2.1.1. They are understood as the basis

for all further considerations. Furthermore, the general budget equation for a fluid is derived,

Section 2.1.2.

2.1.1 Properties of a fluid

Any fluid can be described through the mass it has, the volume it takes and the energy it stores.

Arbitrary volumes are bounded with a surface. In atmospheric and/or oceanic systems the sur-

rounding surfaces can be understood as the interfaces to a different medium. For the atmosphere

on Earth, there are the sea surface, the topography over land and the top of the atmosphere. For

an ocean on Earth, there are the topography of the bottom of the ocean, called bathymetry, and the

sea surface.

A mass or energy change of a fluid can either be stated due to internal processes or an interaction

with its surroundings through the various surfaces of the volume, see e.g. Zdunkowski and Bott

(2004).

5



2.1. General assumptions for a geophysical fluid

Fluids do not necessarily consist of one substance, e.g. the air in the atmosphere contains oxygen

O2, carbon dioxide CO2, nitrogen N and even water in several state of matters, i.e. gaseous form

(vapour), liquid form (e.g. rain) or ice form (e.g. snow). The water in the ocean contains mainly

fresh water and dissolved salt, besides other substances.

Hence, for a general description, it is important to split a fluid into its several substances and

components. Such a system is referred to as multiphase system. The following describes the

fundamental properties of a fluid:

1. The mass (m) of a fluid with n ∈ N different substances is given as

m = ∑
κ∈M

[mκ ] , (2.1)

where mκ is the mass of substance κ out of the set of n different substances M. Equa-

tion (2.1) can be reformulated to

1 =
m
m

= ∑
κ∈M

[mκ

m

]
= ∑

κ∈M
[qκ ] (2.2)

with specific content qκ of substance κ .

2. The density (ρ) of a fluid is defined by

ρ =
m
V

= ∑
κ∈M

[mκ

V

]
= ∑

κ∈M
[ρκ ] , (2.3)

where the volume (V ) and the partial density (ρκ ) of substance κ is used.

3. Each of these substances κ can move with their own velocity (vκ), e.g. rain falls down with

a certain speed but the other substances in the atmosphere move with a different speed.

4. In order to find a description for a velocity (v) of the whole fluid, a barycentric velocity is

defined by

v =
1
ρ

∑
κ∈M

[ρκvκ ] = ∑
κ∈M

[qκvκ ] . (2.4)

5. The energy of a fluid is described with the total energy (E), which is obtained by the sum-

mation of kinetic energy (K), potential energy (Φ) and internal energy (U), i.e.

E = K +Φ+U. (2.5)

A substance-wise definition of the total energy is given with a barycentric definition

E = ∑
κ∈M

[qκ ·Eκ ] = ∑
κ∈M

[qκ (Kκ +Φκ +Uκ)] (2.6)

with kinetic energy (Kκ), potential energy (Φκ) and internal energy (Uκ) for substance κ .
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2.1. General assumptions for a geophysical fluid

2.1.2 General budget equation for a fluid

A unified mathematical formulation is introduced for any mass dependent quantity ψ given over

a volume. This has been discussed in many textbooks, see e.g. Baranowski (1975), Kundu et al.

(2001), and Lange (2002). For this thesis, the notation of the formulas is unified such that the dif-

ferences between the atmosphere and ocean are only due to the specific substances or components,

indicated by κ .

It is stated that a change in time of quantity ψ in an arbitrary volume (V ) is only possible if there

are fluxes
(
λψ

)
of ψ through the surrounding surface (∂V ) or inner sources or sinks

(
σψ

)
of ψ ,

i.e.

d
dt

 ∫
V (t)

[ρψ dV ]

 = −
∮

∂V (t)

[
λψ

• nd∂V
]
+
∫

V (t)

[
σψ dV

]
(2.7)

with an outward-pointing normal vector (n). Applying some calculus, the integral form of the

general budget equation is given by∫
V (t)

[(
∂ (ρψ)

∂ t
+∇ •

(
ρψ ·vT

ψ

))
dV
]
= −

∫
V (t)

[
∇ • λψ dV

]
+
∫

V (t)

[
σψ dV

]
, (2.8)

where vψ represents the velocity of ψ , see Appendix A.1 for manipulation details. Equation (2.8)

is valid for any arbitrary volume (V ). Henceforth, the differential form of the general budget

equation is also valid, i.e.

∂ (ρψ)

∂ t
+∇ •

(
ρψ ·vT

ψ

)
= −∇ • λψ +σψ , (2.9)

see e.g. Baranowski (1975). If a fluid consists of numerous substances, compare with property 1

from Section 2.1.1, then equation (2.9) holds for each substance κ , i.e.

∑
κ∈M

[
∂ (ρκψκ)

∂ t
+∇ •

(
ρκψκ ·vT

κ

)]
= ∑

κ∈M

[
−∇ • λψ,κ +σψ,κ

]
, (2.10)

where vκ represents the velocity, λψ,κ the flux through the surface of a volume and σψ,κ the source

of substance κ . For

ψ = ∑
κ∈M

[qκψκ ] , (2.11)

the budget equation (2.10) is given by

∑
κ∈M

[
∂ (ρκψκ)

∂ t
+∇ •

(
ρκψκ ·vT

κ

)]
=

∂ (ρψ)

∂ t
+∇ •

(
ρψ ·vT )+ ∑

κ∈M

[
∇ •

(
ρκψκ · (vκ −v)T

)]
= ∑

κ∈M

[
−∇ • λψ,κ +σψ,κ

]
.

(2.12)
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2.2. Conservation laws and equation of state

Because of equation (2.4) and the definition of the diffusive mass flux for substance κ

Jκ = ρκ (vκ −v) , (2.13a)

it follows that

∑
κ∈M

[∇ • Jκ ] = ∇ •

(
∑

κ∈M
[Jκ ]

)
= ∇ • 0 = 0. (2.13b)

This is referred as mass condition in atmospheric modelling, see e.g. Wacker et al. (2006) and

Gassmann and Herzog (2015).

Finally, the unified barycentric formulation of the differential form of the general budget equation

is given by

∂ (ρψ)

∂ t
+∇ •

(
ρψ ·vT ) = ∑

κ∈M

[
−∇ •

(
ψκJT

κ +λψ,κ

)
+σψ,κ

]
. (2.14)

This general equation will ease further writings by only defining ψ , ψκ , λκ and σκ .

2.2 Conservation laws and equation of state

The basis for geophysical fluid dynamics are the three conservation laws, i.e. conservation of

mass, momentum and energy. They state that there is no change in mass, momentum and energy

of a fluid in a closed volume over time. In Sections 2.2.1-2.2.3, the general budget equations for

mass, momentum and total energy are derived. The starting point is the general budget equation

written in barycentric form, see equations (2.10) and (2.14).

Modelling of physical processes requires validation by measurement data that describe the state of

the fluid. Directly measured data are pressure, velocity and temperature. They are often called state

or primitive variables. An equation of state relates the state variables of a fluid in thermodynamic

equilibrium. For the atmosphere and ocean, the equation of state is presented in Section 2.2.4.

Additional physical assumptions can also be applied to a fluid, e.g. compressible vs. incompress-

ible fluid, Boussinesq approximation and hydrostatic equilibrium. A short explanation is given in

Appendix B.

2.2.1 Conservation of mass

If there is no change in the total mass in a volume over time, then mass is conserved, i.e. a closed

system with respect to mass, cf. Zdunkowski and Bott (2004). Equation (2.7) for mass, i.e. ψ = 1,

simplifies to

d
dt

 ∫
V (t)

[ρ dV ]

 = 0. (2.15)

However, transport of mass allows a change at a certain place within the volume. Equation (2.10)

reduces then to the budget equation for mass:

0 = ∑
κ∈M

[
∂ρκ

∂ t
+∇ •

(
ρκ ·vT

κ

)]
=

∂ρ

∂ t
+∇ •

(
ρ ·vT ) = ∑

κ∈M
[−∇ • λκ +σκ ] (2.16)

8



2.2. Conservation laws and equation of state

with ψ = ∑
κ∈M

[qκψκ ] = 1 and ψκ = 1, see equations (2.2) and (2.11), and mass condition,

equation (2.13b). Since no mass can enter or leave a closed system, ∇ • λκ = 0 holds for each

substance κ . Only phase changes can occur, e.g. rain drops can evaporate and become water

vapour. They are indicated through source of mass (I) i.e. σκ = Iκ for substance κ . Therefore,

the right hand side of equation (2.16) simplifies to

∑
κ∈M

[Iκ ] = 0,

which states that the total amount of sources vanishes. Finally, the budget equations for mass for

a single substance κ and for the whole closed system read

∂ρκ

∂ t
+∇ •

(
ρκ ·vT

κ

)
= Iκ (2.17a)

∂ρ

∂ t
+∇ •

(
ρ ·vT ) = 0. (2.17b)

The conservation of mass is applied in atmosphere and ocean models, see e.g. Ullrich et al. (2017)

and Klingbeil et al. (2018).

Equation (2.17a) is provided for every substance κ in multiphase models. Equation (2.17b) ensures

conservation of total mass in a geophysical model. Hence, the equation for the main substance is

replaced with equation (2.17b) because of equation (2.3), i.e. dry air in an atmosphere model

and fresh water in an ocean model. Equation (2.17a) is often referred as continuity equation for

substance κ .

Theoretical discussions to understand the influence of non-conservative mass approaches for open

systems can be found in Bott (2008).

2.2.2 Conservation of momentum

Isaac Newton’s second law of motion is the basis for the balance of momentum, cf. Kundu et al.

(2001) and Zdunkowski and Bott (2003). It states that for conserved mass in a volume, the change

of momentum is proportional to the forces applied on the volume. These forces are related to the

stress tensor and to external forces. The stress tensor will be split into pressure components and

the shear stress tensor. External forces include Coriolis and gravitational force. Other possible

forces are neglected in atmosphere and ocean modelling, see e.g. Zdunkowski and Bott (2003).

Applying all these forces gives the equation of motion for each substance κ ∈M

ρκ

dvκ

dt
= −∇pκ −ρκ∇φκ −2ρκΩ×vκ +∇ • τκ . (2.18)

The right hand side of equation (2.18) is given by the pressure gradient, geopotential, Coriolis

term and shear stress tensor, respectively. The derivation can be found for example in Zdunkowski

and Bott (2003). A thorough discussion is beyond the scope of this chapter. In addition,

p = ∑
κ∈M

[pκ ] and τ = ∑
κ∈M

[τκ ] ,

ρ∇φ = ∑
κ∈M

[ρκ∇φκ ] and ρΩ×v = ∑
κ∈M

[ρκΩ×vκ ]

9



2.2. Conservation laws and equation of state

hold. The applied geopotential is assumed to be identical for all substances κ ∈M, i.e.

φ = φκ = g · z, (2.19)

cf. Etling (2008). The budget equation for momentum for a fluid in substance-wise form is then

given with equations (2.17a) and (2.18) by

∑
κ∈M

[
∂ (ρκvκ)

∂ t
+∇ •

(
ρκvκ ·vT

κ

)]
= ∑

κ∈M

[
ρκ

dvκ

dt
+vκ

(
∂ρκ

∂ t
+∇ •

(
ρκ ·vT

κ

))]
= −∇p−ρ∇φ −2ρΩ×v+∇ • τ + ∑

κ∈M
[vκ Iκ ] .

(2.20a)

The last part on the right hand side describes the momentum intake by phase changes. Following

from equation (2.12) with ψκ = vκ the budget equation for momentum also reads

∑
κ∈M

[
∂ (ρκvκ)

∂ t
+∇ •

(
ρκvκ ·vT

κ

)]
=

∂ (ρv)
∂ t

+∇ •
(
ρv ·vT )+ ∑

κ∈M

[
∇ •
(
vκJT

κ

)]
. (2.20b)

Both equations (2.20a) and (2.20b) define the budget equation for momentum with respect to phase

changes due to internal processes in a fluid and diffusive mass fluxes, i.e.

∂ (ρv)
∂ t

+∇ •
(
ρv ·vT ) = −∇p−ρ∇φ −2ρΩ×v+∇ • τ + ∑

κ∈M

[
vκ Iκ −∇ •

(
vκJT

κ

)]
.

(2.20c)

Note that, since

ρv ·vT � ∑
κ∈M

[
vκJT

κ

]
= ∑

κ∈M

[
(vκ −v)JT

κ

]
, (2.21)

the latter term is often neglected, see e.g. Lange (2002). Additionally,

∑
κ∈M

[vκ Iκ ] = ∑
κ∈M

[(vκ −v) Iκ ] .

Hence, also this term is often neglected, since the velocity differences are relatively small. The

differences of both approaches are pointed out in Baranowski (1975) and Lange (2002). However,

there are situations in atmosphere models where the the barycentric velocity and the velocity of

substance κ deviate, e.g. in tropical cyclones, cf. Bott (2008). Henceforth, equation (2.20c) is

reformulated to include the frequently neglected terms, i.e.

∂ (ρv)
∂ t

+∇ •
(
ρv ·vT ) = ∑

κ∈M

[
−∇ •

(
vκJT

κ + pκI− τκ

)
−ρκ∇φ −2ρκΩ×vκ +vκ Iκ

]
(2.22)

where the dyadic unit tensor (I) is used. This resembles equation (2.14) with

ψ := v ψκ := vκ

λψ,κ := pκI− τκ σψ,κ := −ρκ∇φ −2ρκΩ×vκ +vκ Iκ .

10



2.2. Conservation laws and equation of state

Neglecting ∑
κ∈M

[
vκ Iκ −∇ •

(
vκJT

κ

)]
from equation (2.20c) leads to a formulation of the governing

equation for barycentric velocity, i.e.

∂ (ρv)
∂ t

+∇ •
(
ρv ·vT ) = −∇p−ρ∇φ −2ρΩ×v+∇ • τ.

This equation is often used in atmosphere and ocean models. However, the individual substance

velocities in equation (2.20c) must be considered in atmosphere models, especially for heavy

precipitation events, cf. Bott (2008). Therefore, if not stated otherwise, the velocities of each

substance are considered throughout this thesis.

2.2.3 Energy budget

Conservation of energy is interpreted such that energy can neither be created nor destroyed in a

closed environment. This refers to a constant total energy (E) of a closed system. The total energy

is expressed as the sum of kinetic, potential and inner energy, compare with equation (2.5).

Zdunkowski and Bott (2004) demonstrated with a small experiment that it is more convenient

to use a description of energy per unit mass, i.e. specific kinetic energy (k), specific potential

energy (φ ), specific internal energy (u) and specific total energy (e). Conserving energy implies

that energy will only be transferred or transformed among the substances κ , i.e.

de
dt

=
dk
dt

+
dφ

dt
+

du
dt

= 0 or
du
dt

= −dk
dt

− dφ

dt
. (2.23)

Furthermore, energy can neither be created nor destroyed. Henceforth, in a closed system,

∂ (ρe)
∂ t

+∇ •
(
ρe ·vT ) = − ∑

κ∈M

[
∇ •
(
eκJT

κ

)]
(2.24)

follows from equation (2.14) with ψ = e and ψκ = eκ as well as equation (2.12). However, in

general, solar radiation has to be taken into account for atmosphere and ocean models. This yields

an additional term, since there is an energy intake, usually at the top of the atmosphere or the sea

surface for the ocean. Nevertheless, the equation for specific kinetic energy (k) with diffusive mass

flux can directly be derived from the conservation of momentum, see Appendix A.2, i.e.

∂ (ρ (k+ kd))

∂ t
+∇ •

(
ρ (k+ kd) ·vT )

= ∑
κ∈M

[
−∇ •

(
kκJT

κ +(pκI− τκ) • vκ

)
+(pκI− τκ) · ·∇vκ −ρκvκ

• ∇φ + kκ Iκ

]
.

(2.25a)

Note that, equation (2.11) does only hold in general for specific kinetic energy by defining the spe-

cific diffusive kinetic energy (kd), which represents the specific kinetic energy caused by diffusive

mass fluxes. The derivation of the specific diffusive kinetic energy (kd) is found in Appendix A.2.

The barycentric definition for specific kinetic energy is then given by

∑
κ∈M

[ρκkκ ] = ∑
κ∈M

[
ρκk+

1
2

ρκ (vκ −v) • (vκ −v)
]
= ρk+ρkd .

11



2.2. Conservation laws and equation of state

Comparing with equation (2.14) yields

ψ := k+ kd ψκ := kκ

λψ,κ := (pκI− τκ) • vκ σψ,κ := (pκI− τκ) · ·∇vκ −ρκvκ
• ∇φ + kκ Iκ .

Note that if the velocity differences are considered to be relatively small and neglected, i.e. esti-

mation from equation (2.21), then the specific diffusive kinetic energy is also neglected in equa-

tion (2.25a). Thus, equation (2.25a) simplifies to

∂ (ρk)
∂ t

+∇ •
(
ρk ·vT ) = −∇p • v+v • ∇ • τ −ρv • ∇φ .

The equation for specific potential energy (φ ) is given directly by equations (2.14) and (2.19) with

no flux through the surface of a volume, i.e. ∇ • λψ,κ = 0 and σψ,κ = ρκvκ
• ∇φκ . Hence,

∑
κ∈M

[
∂ (ρκφ)

∂ t
+∇ •

(
ρκφ ·vT

κ

)]
=

∂ (ρφ)

∂ t
+∇ •

(
ρφ ·vT ) = ρv • ∇φ . (2.25b)

The derivation of the equation for specific internal energy (u) is based on the first law of thermo-

dynamics, i.e.

du
dt

=
dq
dt

+
da
dt

(2.25c)

with specific heat (q) changes and specific work (a) performed by the fluid. It briefly states that any

addition of heat to the fluid and performance of work by the fluid will change the internal energy,

see e.g. Zdunkowski and Bott (2004). A general derivation of the specific internal energy highly

depends on the structure of the fluid, see e.g. Bannon (2002), Satoh (2003), and Bott (2008). Other

aspects such as the second law of thermodynamics are also discussed in atmospheric modelling,

see e.g. Gassmann and Herzog (2015). In this thesis, the general derivation is loosely based on

Baranowski (1975) and given in Appendix A.3. The assumption that the total energy is conserved

in a closed volume states that the internal energy cancels out kinetic and potential energy, cf.

equation (2.23). The final equation reads

∂ (ρu)
∂ t

+∇ •
(
ρu ·vT ) = ∑

κ∈M

[
−∇ •

(
uκJT

κ − (pκI− τκ) • vκ

)
− (pκI− τκ) · ·∇vκ − kκ Iκ

]
.

(2.25d)

A substance-wise formulation for equation (2.25d) is given by equation (2.14) with

ψ := u ψκ := uκ

λψ,κ := −(pκI− τκ) • vκ σψ,κ := −(pκI− τκ) · ·∇vκ − kκ Iκ .

Similar as for specific kinetic energy, equation (2.25d) reads

∂ (ρu)
∂ t

+∇ •
(
ρu ·vT ) = ∇p • v−v • ∇ • τ

if the velocity differences are neglected, equation (2.21). For open systems, i.e. with additional

heat or radiative fluxes (q) through the surface of the volume, equation (2.25d) becomes

12



2.2. Conservation laws and equation of state

∂ (ρu)
∂ t

+∇ •
(
ρu ·vT ) = ∇ • q

+ ∑
κ∈M

[
−∇ •

(
uκJT

κ − (pκI− τκ) • vκ

)
− (pκI− τκ) · ·∇vκ − kκ Iκ

]
.

Note that the idea of an open atmosphere is thoroughly discussed in Bott (2008). Additional heat

fluxes or solar radiation are not further considered for this thesis, unless stated otherwise.

The total energy budget is described by the budgets for kinetic energy, potential energy and internal

energy. Since the kinetic and potential energies are related to the momentum, cf. equation (2.22)

with equations (2.25a) and (2.25b), the energy budget is represented by the internal energy in

geophysical fluid dynamics. The changes in internal energy are given by the first law of thermo-

dynamics. Temperature (T ) is reasonable measure for heat and often used to express the general

budget equation for internal energy, see e.g. Zdunkowski and Bott (2004).

Remark: The presented equations consider numerous substances for a fluid. With no further

a-priori applied assumptions, the same equations can be utilised for any fluid, e.g. for the at-

mosphere and ocean. Hence, the structure of the equations is identical for atmosphere and ocean

models. Applying specific assumptions to the atmosphere and ocean leads to different formulations

of the equations, as later seen for ICON and GETM.

2.2.4 Equation of state

The equation of state relates the state variables of a fluid in thermodynamic equilibrium. Feistel

(2018) described various formulations of thermodynamic potentials. They allow a general formu-

lation of the thermodynamic properties of a fluid in equilibrium. These potentials are functions

depending on state variables, e.g. density (ρ), volume (V ) and temperature (T ). Notably, these

equations depend highly on the characteristics of the fluid, including whether multiple substances

are considered.

From such a general equation, the equation of state for a specific fluid is then derived based on

geophysical assumptions and is generally defined by

p = p(ρ1,ρ2, . . . ,V,T ) , (2.26)

see e.g. Staniforth (2022). Note that the different substances κ ∈ M are represented through

their partial densities ρκ in equation (2.26). The following introduces the different equations of

state commonly applied in atmosphere (Section 2.2.4.1) and ocean (Section 2.2.4.2) models, cf.

Cushman-Roisin and Beckers (2011).

2.2.4.1 Equation of state for the atmosphere

The equation of state in meteorology is often given by the ideal gas law, i.e.

p = ρRT or ρ =
p

RT
. (2.27)

This equation describes the state of an ideal gas by relating the mass (m), the gas constant (R) and

temperature (T ). In general, atmospheric models assume that dry air and water vapour behave like
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2.3. Numerical modelling of geophysical fluids

ideal gases, see e.g. Doms and Baldauf (2013) and Zängl et al. (2015) for the ICON model. The

influence of liquid and solid components to density is often neglected, see e.g. Staniforth (2022).

Equation (2.27) holds for dry air and water vapour where R represents the gas constant for dry air

(Rd) or the gas constant for water vapor (Rv), respectively. The partial contributions are added to

the total amount. Hence, the gas constant can be formulated as weighted average of Rd and the Rv.

The combination depends on the time and space dependent specific dry air content (qd), see e.g.

Etling (2008).

2.2.4.2 Equation of state for the ocean

The equation of state in oceanography is related to temperature, salinity and pressure. Millero

(2010) reported on the history of the equation of state for seawater. There has been a major

breakthrough with the international Thermodynamic Equation Of Seawater - 2010 (TEOS-10),

see e.g. Ioc et al. (2010) and Feistel (2018). Following Staniforth (2022), the equation of state

is given by the reciprocal of the pressure derivative of the Gibbs function. The density can be

calculated as function of potential temperature (θ ), salinity (S) and pressure (p), i.e.

ρ = ρ (θ ,S, p) . (2.28)

A variety of algorithms for the calculation of the equation of state are available, see e.g. Ioc et al.

(2010) and Roquet et al. (2015). In idealised studies a linearised equation of state can be applied,

i.e. the linear equation

ρ = ρ0 (1+α (θ −θl)+β (S−Sl)) , (2.29)

see e.g. Burchard et al. (2017). ρ0, θl and Sl are constant reference values. The surface mixed

layer is the upper part of the ocean beneath the surface where interactions with the atmosphere

result in a change of salinity. The lower layer in the ocean is the lower part of the ocean above the

bottom where the potential temperature and salinity is nearly constant.

Remark: Potential temperature (θ ) is defined as the temperature a fluid parcel would have if

it was brought adiabatically to a reference position. In meteorology, this position is usually at

a pressure level of 100kPa. In oceanography, this reference position is at the sea surface. A

process is referred to as adiabatic, if a system performs work without exchanging heat with its

surroundings.

2.3 Numerical modelling of geophysical fluids

The focus of this section is on the application of the conservation laws in atmosphere and ocean

models, i.e. the full set of equations which describe the fluid. Moreover, an initial boundary value

problem (IBVP) for a coupled atmosphere-ocean model is presented. The structure of this IBVP

will then be the basis for the following discussion in this thesis.

The set of equations for the IBVP is described in Section 2.3.1 including a general overview on the
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different kinds of boundary conditions. Atmosphere and ocean models use spatial discretisations

to define a final set of ordinary differential equations. Section 2.3.2 describes some aspects of

spatial discretisations. Furthermore, a short overview of widely used time integration methods are

given in Section 2.3.3 followed by general aspects of solving coupled models.

2.3.1 Initial-boundary value problem for geophysical fluid models

Modelling an atmosphere or ocean requires an initial boundary value problem in a three-dimen-

sional coordinate system describing the time development of an arbitrary quantity ψ . For a cou-

pled atmosphere-ocean model, the individual problems are combined. The structure of the set of

equations for a coupled atmosphere-ocean model is presented in Section 2.3.1.1. A description

and formulation of the boundaries and their conditions in a coupled atmosphere-ocean model is

given in Section 2.3.1.2.

2.3.1.1 Set of equations in geophysical fluid dynamics

Adhering to the conservation laws and describing the state of a geophysical fluid with an equation

of state, the dynamics can be formulated for a given spatial domain (V ) and the corresponding

conditions for the boundary (∂V ). The variables density ρ = ρ (x, t), velocity v = v(x, t) and

internal energy u = u(x, t) are representing the overall fluid. For the individual substance κ , the

variables are denoted with ρκ = ρκ (x, t), vκ = vκ (x, t) and uκ = uκ (x, t), respectively. The final

set of equations is formulated for the variables of each substance κ . Because of the barycentric

definition of the fluid, the equation for one substance can be replaced with the continuity equation

for the fluid. The governing equation for dry air is usually replaced in atmosphere modelling, while

the governing equation for fresh water is replaced in ocean modelling. Note that the structure of

equations (2.17), (2.22) and (2.25d) are identical, i.e. the set of equations can be summarised for

an arbitrary geophysical fluid by equations (2.9) or (2.12) and Table 2.1.

Budget equations ψ ψκ λκ σκ

Mass 1 1 0 Iκ

Momentum v vκ pκI− τκ −ρκ∇φ −2ρκΩ×vκ +vκ Iκ

Internal energy u uκ −(pκI− τκ) • vκ −(pκI− τκ) · ·∇vκ − kκ Iκ

Table 2.1: Corresponding variable description for unified formulation of general set of equations

based on the conservation laws, i.e. equations (2.17), (2.22) and (2.25d)

A more compact formulation is achieved by defining different operators, i.e. for equation (2.9)

∂ (ρκψκ)

∂ t
= −∇ •

(
ρκψκ ·vT

κ

)
−∇ • (λκ)+σκ =: f ψκ ,

for the general differential equation (2.12)

∂ (ρψ)

∂ t
= −∇ •

(
ρψ ·vT )+ ∑

κ∈M

[
−∇ •

(
ψκJT

κ +λκ

)
+σκ

]
=: f ψ
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and a boundary operator B() stating the kind of boundary condition (BC) for ψ

B(ρψ) = f ψ

B , ∀x ∈ ∂V.

Given initial conditions for the fluid, i.e.

ρ (x,0) = ρ0 and ψ (x,0) = ψ0, ∀x ∈V,

the initial boundary value problem (IBVP) is defined by

DE :
∂ (ρψ)

∂ t
= f ψ (2.30a)

ES : p = p(ρ1,ρ2, . . . ,V,T ) (2.30b)

IC : ρ (x,0) = ρ0 and ψ (x,0) = ψ0, ∀x ∈V (2.30c)

BC : B(ρψ) = f ψ

B , ∀x ∈ ∂V. (2.30d)

with differential equation (DE), equation of state (ES), initial condition (IC) and boundary condi-

tion (BC).

The IBVP given in equation (2.30) generally formulates the dynamics of one geophysical fluid.

Combining two fluids, e.g. an atmosphere and ocean, results in a coupled IBVP. A coupled

atmosphere-ocean problem reads for the atmosphere

∂
(
ρAψA

)
∂ t

= f ψA
(2.31a)

pA = ρ
ART A (2.31b)

ρ
A (x,0) = ρ

A
0 and ψ

A (x,0) = ψ
A
0 , ∀x ∈V A (2.31c)

BA (
ρ

A
ψ

A) = f ψA

B , ∀x ∈ ∂V A (2.31d)

with a coupling condition

C
(
ρ

A
ψ

A,ρO
ψ

O) = f ψA,ψO

C (2.31e)

and for the ocean

∂
(
ρOψO

)
∂ t

= f ψO
(2.31f)

ρ
O = ρ

O (
θ

O,S, pO) (2.31g)

ρ
O (x,0) = ρ

O
0 and ψ

O (x,0) = ψ
O
0 , ∀x ∈V O (2.31h)

BO (
ρ

O
ψ

O) = f ψO

B , ∀x ∈ ∂V O. (2.31i)

Following the conservation laws, the coupling conditions at the air-sea interface are assuming that

mass, momentum and energy are balanced. Figure 2.1 shows the physical processes considered at

the boundaries for atmosphere and ocean models.

Water evaporating from the ocean must enter the atmosphere and vice versa for the precipitation

from the atmosphere to the ocean. Additionally, balanced momentum and energy implies that any
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Figure 2.1: Physical processes at the boundaries of the atmosphere and ocean which include the

mass transfer due to evaporation (E) and precipitation (P), the momentum transfer

between the fluid velocity
(
vA,vO

)
profiles and the energy transfer in terms of heat

(Q) and radiation (sun).

loss in the atmosphere is added to the ocean and vice versa. The transport of mass, momentum

and energy is formulated through fluxes. The energy flux is commonly represented through heat

and radiative fluxes. The modelled processes at the sea surface and the corresponding standard

parameterisations are explained e.g. in Csanady (2004).

The formulation of the coupling conditions is based on the BCs at the air-sea interface, i.e. by

an equilibrium formulation of the exchange of mass (precipitation and evaporation), momentum

(wind stress) and energy (heat exchange). This is achieved by equalising the flux formulation at

the air-sea interface. Hence, the coupling conditions read

f ψA

B

(
ρ

A
ψ

A) ≡ f ψO

B

(
ρ

O
ψ

O) or f ψA,ψO

C = f ψA

B

(
ρ

A
ψ

A)− f ψO

B

(
ρ

O
ψ

O) = 0,

(2.32)

see also equation (2.31e). Specific coupling conditions are discussed in Chapter 5.

2.3.1.2 Boundary conditions for geophysical fluid models

The boundary (∂V ) of the spatial domain (V ) has to be described by appropriate conditions. The

structure of the BC highly depends on the assumptions applied at the boundaries. Moreover, in

general, all conservation laws as well as the equation of state must be fulfilled. Therefore, all BCs

are time dependent.

In addition to the physical processes at the air-sea interface, Figure 2.1 also shows the vertical

boundaries for an ocean model. At the bottom of the sea, the no-slip BCs, i.e. v ≡ 0, are applied,

see e.g. Cushman-Roisin and Beckers (2011) and Klingbeil et al. (2018). Additionally, the kine-

matic and dynamic conditions fulfil the hydrostatic assumption, see e.g. Klingbeil et al. (2018),

and no mass and energy transfer are considered. Furthermore, there are vertical boundaries over

land and at the top in an atmosphere model. The BCs over land are very similar to those at the
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bottom of the sea, although the physical processes are described differently.

The BC for mass is provided through assumptions on the mass flux, i.e.

ρ (x, t)v(x, t) • n(x) = f 1
B (x, t) , ∀x ∈ ∂V (2.33)

with normal vector (n) pointing outwards of the spatial domain. If no mass leaves or enters the

atmosphere or ocean, i.e. there is no mass flux through the boundaries, then f 1
B (x, t) ≡ 0. At the

sea surface, processes like evaporation or precipitation must be considered.

The conditions for momentum at the bottom of the sea or over land, i.e. kinematic BCs, are based

on the assumption that neither air nor water penetrate into land, see Cushman-Roisin and Beckers

(2011). This leads to the assumption that the fluid moves tangentially to the boundary, i.e.

v(x, t) • n(x) = 0, ∀x ∈ ∂V, (2.34)

which is equivalent with a no mass flux condition.

Furthermore, dynamic conditions are applied at the sea surface stating that pressure and shear

stress forces are continuous. The pressure in the atmosphere and ocean is assumed to be identical

at the sea surface. The shear stress in the atmosphere is directly applied to the ocean, and vice

versa. A general formulation is given via the momentum flux, i.e.(
ρ (x, t)v(x, t) ·v(x, t)T + ∑

κ∈M

[
vκJT

κ

]
+ p− τ

)
• n(x) = f v

B (x, t) , ∀x ∈ ∂V. (2.35)

The BC for the internal energy is also represented by the fluxes across the boundary, i.e.(
ρ (x, t)u(x, t) ·v(x, t)+ ∑

κ∈M

[
uκJT

κ − (pκI− τκ) • vκ

])
• n(x) = f u

B (x, t) , ∀x ∈ ∂V.

(2.36)

Furthermore, the energy BCs are often based on conditions for internal energy. They include heat

fluxes and solar radiation.

Following the conservation laws, the same mass, momentum and energy fluxes across the sea

surface have to be applied in the atmosphere and in the ocean, which generally states that mass,

momentum and energy are not lost at the sea surface. In a coupled atmosphere-ocean model, the

processes at the sea surface are then considered as internal processes and are described by the

coupling condition, equation (2.31e).

For a global domain, i.e. the full Earth, there are no horizontal BC, since the Earth is assumed to be

a sphere. If only a regional domain is of interest, e.g. Europe, Germany, the Baltic Sea, Rostock

or Halle(Saale) etc., additional horizontal (lateral) boundary conditions must be provided. For

regional models, lateral BCs are usually given through a set of reanalysis data or results from

global model simulations. They include the specific contents of the fluid, barycentric velocity and

temperature.

Henceforth, all horizontal and vertical BCs for equation (2.31) are usually either Dirichlet ( fD)

BCs, i.e.

ρ (x, t)ψ (x, t) = f ψ

D (x, t) , ∀x ∈ ∂V, (2.37a)
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or Neumann ( fN) BCs, here formulated as flux conditions, i.e.(
ρ (x, t)ψ (x, t) ·v(x, t)T + ∑

κ∈M

[
ψκJT

κ +λψ,κ

])
• n(x) = f ψ

N (x, t) , ∀x ∈ ∂V. (2.37b)

2.3.2 Spatial discretisation in geophysical fluid modelling

Appropriate numerical techniques are required to fully conduct a simulation of a geophysical a

fluid. Examples of numerical approaches are finite differences, finite volumes and spectral ele-

ment, see e.g. Ullrich et al. (2017) for atmosphere models. For ocean models, Klingbeil et al.

(2018) described a commonly used spatial discretisation.

Spatial discretisation in geophysical fluid modelling is split into horizontal and vertical discretisa-

tion. Basic ideas and concepts of spatial discretisation are explained in Lauritzen et al. (2011). The

horizontal discretisation is represented by a finite number of elements in a model. These elements

can be of any shape such as triangles, quadrilaterals, pentagons, hexagons etc., see e.g. Ullrich

et al. (2017) for an overview of horizontal discretisation and model grids for the dynamical core

model inter-comparison project (DCMIP) 2016.

Each of the prognostic variables from Table 2.1 are then assumed to reside on the corner, edge

midpoint or cell midpoint of an element, i.e. the staggering of the variables. Similar choices are

also made for the vertical discretisation.

The spatial discretisation highly depends on the staggering of the prognostic variables. Various

choices on where a variable lives has been thoroughly investigated as early as in the 1970’s. The

most common ones are called Arakawa-grids after the first author of Arakawa and Lamb (1977).

For the purpose of this thesis, there are two important aspects, horizontal and vertical stagger-

ing which are shortly introduced in Section 2.3.2.1. Additionally, some aspects of the vertical

discretisation regarding the surface height of the spatial domain are introduced in Section 2.3.2.2.

2.3.2.1 Horizontal and vertical staggering

The usage of an Arakawa-grid describes only the horizontal staggering of the prognostic variables.

The most prominent vertical staggering are described by the Lorenz- or Charney-Phillips grids,

see e.g. Lauritzen et al. (2011). Both grids separate the position of the vertical component of

velocity from the horizontal components. The position of the pressure and temperature variable

are different in the grids. Figure 2.2 shows the Arakawa C-grid and Lorenz grid staggering of the

prognostic variables for a 1D, 2D and 3D model in a Cartesian coordinate system.

2.3.2.2 Terrain following coordinates vs. cut cells

The vertical staggering is influenced by the two basic vertical discretisation techniques, terrain

following coordinates or cut cells. To explain the differences between them, a simple example

with a mountain on a flat plane is used, see Figure 2.3.

Terrain following coordinates are a discretisation technique where the vertical layers are following

the orography, i.e. the first one is exactly at the surface. Lauritzen et al. (2011, Figure 4.1) shows
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Figure 2.2: Horizontal Arakawa C-grid and vertical Lorenz grid staggering in a Cartesian coordi-

nate system for one, two and three dimensions. The ◦, × and • are representing the

position of the velocity components in x-, y- and z- direction, respectively, i.e. u, v and

w. The + represents other variables, e.g. density, pressure and temperature.

Terrain following Cut Cells

Figure 2.3: Schematic 2D representation of a mountain on a flat plane with the first layers of the

vertical discretisation with terrain following coordinates (left side) and cut cells (right

side).

two examples of terrain following discretisation. The cut cell technique on the other hand uses a

fixed discretisation and cuts out the orography, i.e. smaller elements exist closer to surface. Jähn et

al. (2015, Figure 1) shows possible cut cell intersections for a 3D discretisation. If no bathymetry

or no topography is considered, then both techniques are equivalent. In Shaw and Weller (2016),

a comparison study between both techniques has been discussed.

2.3.3 Time integration in geophysical fluid modelling

Given a spatial discretisation including the boundary conditions, ordinary differential equations

are formulated for the IBVP from equation (2.31). The set of equations is generally expressed as

∂ (ρψ)

∂ t
= f ψ (ρψ) and ρ (x,0) = ρ0 and ψ (x,0) = ψ0, ∀x ∈ ∂V. (2.38)
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2.3. Numerical modelling of geophysical fluids

These equations are solved with numerical time integration schemes. Examples of such methods

are the Crank–Nicholson method, Leapfrog method, Adams–Bashforth method etc., see e.g. Lau-

ritzen et al. (2011). Other methods like Predictor-Corrector schemes are also used, see e.g. Zängl

et al. (2015). The applied methods are required to be as efficient as possible to minimise com-

puting resources. Many approaches include a splitting of the right hand side of equation (2.38),

see e.g. Skamarock and Klemp (1992) for elastic equations, Klemp et al. (2007) for compressible

equations, Zängl et al. (2015) for ICON and Klingbeil et al. (2018) for ocean models.

Many of these ideas have in common that an efficient usage of computing resources is achieved

by partitioning the original problem. The overall time integration process is characterised by the

convergence and stability behaviour of the utilised methods specifically applied to each part of the

problem. The multirate approach is an extension, because in addition to partitioning the system of

equations and applying different methods, different time steps are also utilised for each part.

For coupled atmosphere-ocean models, the resulting ordinary differential equations after applying

a spatial discretisation to the coupled IBVP can be formulated as a split problem, i.e.

ẏA =
∂yA

∂ t
= f A (yA,yO) , yA(0) = yA

0 (2.39a)

ẏO =
∂yO

∂ t
= f O (yA,yO) , yO(0) = yO

0 . (2.39b)

The structure of equation (2.39) is described as component-wise partitioning in Bartel and Gün-

ther (2020). Note that throughout this thesis, only autonomous ordinary differential equations are

considered.

A general formulation for coupled atmosphere-ocean problems in the form of additive split prob-

lems is given by

ẏ = f {s} (y)+ f {f} (y) , y(0) = y0 or (2.40a)

ẏ = f {s} (y)+ f {f} (y)+ f {ff} (y) , y(0) = y0 (2.40b)

where the superscripts {s}, {f} and {ff} are representing the slowest component, a fast compo-

nent and a super fast component, respectively. The curly brackets indicate that the components

are integrated on different time scales. If the coupling is assumed to have the same time scale as

the slow component, it can be included in the formulation of the slow component, i.e. f {s}(y) in

equation (2.40a). This is referred as synchronous coupling since the coupling is synchronised with

the slow component. Asynchronous coupling is given if the coupling has a slower time scale than

the other parts. Thus, the coupling is separated from the fast and super fast component, i.e. equa-

tion (2.40b). For asynchronous coupling of coupled atmosphere-ocean models, the different time

scales are given from slow to super fast by the coupling, ocean and atmosphere part, respectively.

Although synchronous coupling represents the natural exchange across the interface more accu-

rately, asynchronous coupling is applied in coupled atmosphere-ocean models, because of the

minimised coupling at given time points. For example, coupled models apply the coupling at

predefined time points usually every hour, three hours or even six hours, see e.g. Döscher et al.

(2002), Van Pham et al. (2014), Wang et al. (2015), and Katsafados et al. (2016). A synchronous
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coupling was aimed for the coupling in ICONGETM. However, the considered time step for ICON

was no common multiplier of the time step from GETM. Hence, the least common multiple was

utilised as coupling time step, i.e. the coupling was as often as possible, cf. Bauer et al. (2021).

Asynchronous coupling by time windows and synchronous coupling at time step level is discussed

in Marchesiello et al. (2014). Lemarié et al. (2015) presented a stability analysis for the coupling

conditions at the air-sea interface for synchronous coupling.

Approaches for coupling atmosphere and ocean models usually focus on simple coupling condi-

tions, i.e. to minimise the access to the variables between the models, see Chapter 5 for more

details. With multirate approaches, the time integration can be based on the set of equations of all

models and the coupling is then applied during the time integration.
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Chapter 3

Multirate time integration methods for
solving IVPs

In general, initial value problems (IVP) can be integrated with one-step methods, e.g. Runge–

Kutta methods (RK), Section 3.1. However, the different time scales shall be considered for

coupled problems. Multirate time integration methods use different time steps for different com-

ponents of the ordinary differential equations (ODE). They have been developed and investigated

since the 1980s, see e.g. Gear and Wells (1984), Günther et al. (2001), and Connors and Sockwell

(2022). For this thesis, the focus is on RK like multirate methods.

The methods discussed in this thesis are based on additive split ODE with N different time scales

ẏ = f (y) =
N

∑
κ=1

[
f {κ} (y)

]
. (3.1)

The different temporal scaled components are marked with curly brackets.

Examples for additive split problems in geophysical fluid dynamics with multi temporal scales

are advection-diffusion-reaction problems, see e.g. Knoth and Wolke (1998) and Schlegel et al.

(2012), convection-diffusion-reaction problems, see Kennedy and Carpenter (2003), or coupled

systems such as atmosphere-ocean models, but also stiff and non-stiff problems. Examples in at-

mosphere and ocean models are found with different waves, e.g. gravity waves are slower than

sound waves, see e.g. Dutton (1986) and Etling (2008).

This chapter presents two classes of multirate methods, Section 3.2. The first class, multirate gen-

eralized additive Runge–Kutta methods (MGARK), is derived from a generalisation of RK meth-

ods for additive split problems applying individual time steps for each component, see Günther

and Sandu (2016). The second class of multirate methods, multirate infinitesimal step methods

(MIS), have been developed for problems related to the solution of Euler equations where sound

waves propagate faster than additive processes, see e.g. Wensch et al. (2009) and Knoth and Wen-

sch (2014). Additionally, the interrelations between different multirate methods are described,

Section 3.3.

23



3.1. One-step methods for initial value problems

3.1 One-step methods for initial value problems

This section gives an overview about integration methods with one time step, which are used

throughout this thesis. The well known class of Runge–Kutta methods is shortly introduced, Sec-

tion 3.1.1. The generalized additive Runge–Kutta methods (GARK) are presented for additive split

problems, Section 3.1.2, and used as the basis for the multirate generalized additive Runge–Kutta

method methods in Section 3.2.1.

3.1.1 Runge–Kutta methods (RK)

The time integration of an IVP can be performed with any method. Given some initial conditions,

the ordinary differential equations are then written as an initial value problem (IVP), i.e.

ẏ = f (y) , y(t0) = y0. (3.2)

A general introduction to one-step methods is given in Strehmel et al. (2012) or in other books

such as Hairer et al. (1993) and Butcher (2008). A prominent example is the well known class of

Runge–Kutta methods (RK).

This section introduces the RK methods with all necessary formulations for this thesis. The details

are taken from Strehmel et al. (2012).

Definition 3.1.1: (Runge–Kutta methods (RK))
For any autonomous IVP, a RK method reads with time step h

Yi = yn +h
s

∑
j=1

[ai j f (Yj)] , i = 1, . . . ,s (3.3a)

yn+1 = yn +h
s

∑
i=1

[bi f (Yi)] , (3.3b)

where yn is the numerical approximation of y(tn), s the number of stages, A = (ai j) the method

coefficient matrix and b = (bi) the weight vector.

Each stage Yi is defined at time point tn + cih with time step h = tn+1 − tn. yn+1 is given by the

previous value yn plus the linear combination or weighted average of the increments. They are

defined as the product of the time step h and the slopes specified by the problem function f .

The Butcher tableau
c A

bT
is used to describe a specific RK method. c is the node vector and is

defined throughout this thesis as the summation of the elements in each row of A, i.e.

ci =
s

∑
j=1

[ai j] . (3.4)

Definition 3.1.1 is given for general RK methods, i.e. explicit and implicit RK methods. Explicit

Runge–Kutta methods (eRK) use the current state to predict the next state of a system. For eRK

methods, the summation in equation (3.3a) considers only already calculated stages, i.e. ai j = 0

for j ≥ i. However, these methods have restrictions on the utilised integration step size depending
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on the stiffness of the problem equation, see e.g. Hairer and Wanner (1996) and Strehmel et al.

(2012). Then implicit Runge–Kutta methods (iRK) are used, which consider both, the current and

next state, to find the solution of the problem. In the following sections, especially in Section 3.2,

the focus is on explicit Runge–Kutta methods (eRK), since they are used for larger model simula-

tions, e.g. in atmosphere and ocean models.

Figure 3.1 shows an example of the integration process with a three-staged eRK method.

yn yn+1

tn tn + c2h tn + c3h tn +h

Y1 Y2 Y3

Figure 3.1: Graphical representation of the integration process from tn to tn+1 using a three-stage

eRK method. The stage values Yi are calculated in chronological order. The final yn+1

is then given by a linear combination of the increments of each stage.

3.1.2 Generalized additive Runge–Kutta methods (GARK)

A general autonomous additive split initial value problem can be described through

ẏ =
N

∑
κ=1

[ f κ (y)] , y(0) = y0. (3.5)

Note that in comparison to equation (3.1), the different temporal scales are not considered.

Jackiewicz and Vermiglio (2000) and Kennedy and Carpenter (2003) discussed partitioned and

additive Runge–Kutta methods, (PRK) or (ARK), respectively. For these methods, different

method coefficients and weight vectors are used for each component of the right hand side of

equation (3.5). The class of generalized additive Runge–Kutta methods (GARK) has been intro-

duced as a generalisation to ARK methods, cf. Sandu and Günther (2015), where, additionally,

different stage values are allowed for each component of the right-hand side.

Remark: The GARK methods are introduced for two reasons. First to derive the first class of

multirate methods in the following section and, secondly, for the later performed analysis of the

convergence and stability behaviour of the multirate methods.

The general definition for the GARK methods is given in Sandu and Günther (2015, Defini-

tion 2.1). However, the focus for this thesis is only on the special case with one stage vector

for each component, which is given in Sandu and Günther (2015, Definition 2.2).

Definition 3.1.2: (Generalized additive Runge–Kutta methods (GARK))
For any autonomous IVP, a GARK method reads with time step h

Y κ
i = yn +h

N

∑
σ=1

sσ

∑
j=1

[
aκσ

i j f σ
(
Y σ

j
)]
, i = 1, . . . ,sκ , κ = 1, . . . ,N (3.6a)
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yn+1 = yn +h
N

∑
κ=1

sκ

∑
i=1

[bκ
i f κ (Y κ

i )] (3.6b)

with N ∈ N additive components, method coefficient matrices Aκσ =
(

aκσ
i j

)
and weight vectors

bκ = (bκ
i ) as well as number of stages sκ for each component κ . The stages Y κ

i are defined at

time points tn + cκσ
i h, where cκσ

i =
sσ

∑
j=1

[
aκσ

i j

]
.

If κ = σ , than Aκσ is the coefficient matrix for the applied RK method for component κ , in short

notation given by Aκ . Otherwise, Aκσ contains the method coefficients for the numerical coupling

mechanism between components κ and σ , see Sandu and Günther (2015). Additionally, internal

consistency is defined to ensure all components of the stage value Y κ
i are calculated at the same

internal approximation times, Sandu and Günther (2015).

Definition 3.1.3: (Internal consistency for GARK methods)
Any GARK method is said to be internally consistent, if

Aκ,1
1s1 = Aκ,2

1s2 = · · · = Aκ,N
1sN = cκ , κ = 1,2, . . . ,N (3.7)

with 1sσ being a vector of ones of dimension sσ for σ = 1,2, . . . ,N and node vectors cκ = (cκ
i ).

The stages Y κ
i are then defined at time points tn + cκ

i h. The Butcher tableau for an internal consis-

tent GARK methods given by Definition 3.1.2 is stated as follows

c1 A11 · · · A1N

...
...

. . .
...

cN AN1 · · · ANN

b1T · · · bNT

.

Similar as for RK methods, Figure 3.2 shows graphically the integration process for a GARK

method for two components, where each of them is integrated with an eRK. There are no restriction

on the choice of the method for each component, i.e. the time points for the stages were arbitrarily

chosen for Figure 3.2.

Moreover, the focus is on the coupling mechanism between the components, i.e. how the method

coefficients Aκσ are chosen. It is assumed that the numerical coupling is of explicit manner, which

is required for an explicit method. Otherwise, the method is regarded as implicit. Explicit coupling

is guaranteed if aκσ
i j = 0 for cκ

i ≤ cσ
j for κ < σ and if aκσ

i j = 0 for cκ
i < cσ

j for κ > σ . The

method coefficient for the numerical coupling for the very specific example from Figure 3.2 are

then given by

A12 =


0 0 0

× 0 0

× × 0

 and A21 =


× 0 0

× × 0

× × ×

 , (3.8)

where the coloured × indicates pre-defined coupling values.

Examples of GARK methods are given in Sandu and Günther (2015).
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yn yn+1

tn tn + c1
2h tn + c2

2h tn + c1
3h tn + c2

3h tn +h

Y 1
1 Y 1

2 Y 1
3

Y 2
1 Y 2

2 Y 2
3

Figure 3.2: Graphical representation of the coupling between the two components of a GARK

method in an explicit manner. The coupling is colour coded with green, blue, red,

violet and black for the stages and indicate which stages contribute. The stage values

Y κ
i are calculated in chronological order.

3.2 Multirate time integration methods

The GARK methods from Section 3.1.2 are formulated for additive split ODE. Since many ap-

plications consider different time scales for their components, the GARK framework shall now

be formulated for a multirate approach. The class of multirate generalized additive Runge–Kutta

methods (MGARK) is introduced in Section 3.2.1.

The multirate infinitesimal step methods (MIS) were investigated for applications with focus on

the solution of the compressible Euler equation in the low Mach number regime in Wensch et al.

(2009) and Knoth and Wensch (2014). This regime is typical for numerical weather prediction.

The class of MIS methods is presented in Section 3.2.2.

3.2.1 Class of multirate generalized additive Runge–Kutta methods (MGARK)

A GARK like method for multiple time scaled components is introduced in the following. For

problems with an additive splitting in two components, this has been introduced in Günther

and Sandu (2016) and later applied to partitioned schemes for fluid-structure interaction, see

Bremicker-Trübelhorn and Ortleb (2017).

Section 3.2.1.1 introduces the multirate generalized additive Runge–Kutta methods (MGARK)

from Günther and Sandu (2016). A multirate method for multiple time scaled components,

which provides more flexibility for coupled atmosphere-ocean models, is newly derived in Sec-

tion 3.2.1.2.

3.2.1.1 Multirate generalized additive Runge–Kutta methods (MGARK) for 2 components

The class of MGARK methods has been developed for applications with additive splitting in two

temporal scaled components where the slow time step is divided into M ∈ N fast time steps with
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fractions mk = hk
h and

M
∑

k=1
[hk] = h.

Definition 3.2.1: (Multirate generalized additive Runge–Kutta methods (MGARK))
For any autonomous IVP, a MGARK method reads with time step h

Y {s}
i = yn +h

s{s}

∑
j=1

[
a{s,s}i j f {s}

(
Y {s}

j

)]
+h

M

∑
k=1

s{f}

∑
j=1

[
mka{s,f,k}i j f {f}

(
Y {f,k}

j

)]
,

i = 1, . . . ,s{s}

(3.9a)

Y {f,k}
i = yn +h

s{s}

∑
j=1

[
a{f,s,k}i j f {s}

(
Y {s}

j

)]
+h

k−1

∑
l=1

s{f}

∑
j=1

[
mlb

{f}
j f {f}

(
Y {f,l}

j

)]
+h

s{f}

∑
j=1

[
mka{f,f}i j f {f}

(
Y {f,k}

j

)]
, i = 1, . . . ,s{f}, k = 1, . . . ,M (3.9b)

yn+1 = yn +h
s{s}

∑
i=1

[
b{s}i f {s}

(
Y {s}

i

)]
+h

M

∑
k=1

s{f}

∑
i=1

[
mkb{f}i f {f}

(
Y {f,k}

i

)]
, (3.9c)

where A{s,s} =
(

a{s,s}i j

)
, b{s} =

(
b{s}i

)
and A{f,f} =

(
a{f,f}i j

)
, b{f} =

(
b{f}i

)
are the method

coefficient matrices and weight vectors for the slow and fast component, respectively. Further-

more, A{f,s,k} =
(

a{f,s,k}i j

)
and A{s,f,k} =

(
a{s,f,k}i j

)
are the method coefficients for the numerical

coupling mechanism for all fast parts with

M

∑
k=1

[mk] = 1. (3.10)

The time points of stages Y {s}
i and Y {f,k}

i are given by

tn + c{s}i h and tn +

(
k−1

∑
l=1

[ml]+mkc{f}i

)
h,

respectively, where c{s}i =
s{s}

∑
j=1

[
a{s,s}i j

]
and c{f}i =

s{f}

∑
j=1

[
a{f,f}i j

]
. Internal consistency is achieved if

M

∑
k=1

[
mkA{s,f,k} ·1s{f}

]
= c{s} and A{f,s,k} ·1s{s} =

k−1

∑
l=1

[ml]+mkc{f} (3.11)

holds for all k = 1, . . . ,M.

Remark: Günther and Sandu (2016) defined MGARK methods with fixed fast time steps, i.e.

mk = 1
M for all k = 1, . . . ,M. The method has been generalised in Bremicker-Trübelhorn and

Ortleb (2017) by allowing different fast time steps as fractions of the slow time step.
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The Butcher tableau reads

A{s,s} m1A{s,f,1} m2A{s,f,2} · · · mMA{s,f,M}

A{f,s,1} m1A{f,f}

A{f,s,2} m11s{f}b{f}T
m2A{f,f}

...
...

...
. . .

A{f,s,M} m11s{f}b{f}T
m21s{f}b{f}T · · · mMA{f,f}

b{s}T
m1b{f}T

m2b{f}T · · · mMb{f}T

(3.12)

with 1s{f} being a vector of s{f} ones, cf. Günther and Sandu (2016, Equation 7) and Bremicker-

Trübelhorn and Ortleb (2017, Equation 15). Note that the order of the two components has been

reversed in comparison with Günther and Sandu (2016) and Bremicker-Trübelhorn and Ortleb

(2017).

Figure 3.3 shows an example of the positioning of the stage values for a MGARK method during

a time integration step.

yn yn+1

tn tn +m1h tn +(m1 +m2)h tn +h

tn tn+1

tn + c{s}1 h tn + c{s}2 h tn + c{s}3 h tn +h

Y {s}
1 Y {s}

2 Y {s}
3

Y {f,1}
1 Y {f,1}

2 Y {f,1}
3 Y {f,2}

1 Y {f,2}
2 Y {f,2}

3 Y {f,3}
1 Y {f,3}

2 Y {f,3}
3

m1h m2h m3h

Figure 3.3: Graphical representation of the stage values and their position during the integration

of one time step when using a MGARK method. The blue coloured line represents

the slow component, while the red coloured the fast component. The fast component

is integrated three times in one integration time step of the slow component. The

coupling between the two components is not shown. However, for explicit coupling

a chronological calculation of the stage values is required. An explicit coupling is

graphically represented in Figure 3.2.

Exemplarily, each component is integrated with a three-stage eRK method. The methods do not

have to be identical. A coupling scheme is for simplifications not drawn in Figure 3.3. However,

an explicit coupling scheme can easily be adapted from Figure 3.2. The matrices for an explicit
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coupling for a method like the one presented in Figure 3.3 are then given by

A{s,f,1} =


0 0 0

× × 0

× × ×

 , A{s,f,2} =


0 0 0

0 0 0

× × 0

 , A{s,f,3} =


0 0 0

0 0 0

0 0 0

 ,

A{f,s,1} =


× 0 0

× 0 0

× × 0

 , A{f,s,2} =


× × 0

× × 0

× × ×

 , A{f,s,3} =


× × ×
× × ×
× × ×

 .

The × represents a coupling value. Each row of A{s,f,k} shows the coupling from the slow stage

values to the fast stage values of fast time interval k and A{f,s,k} shows the coupling vice versa.

MGARK methods are considered to be explicit if a{s}i j = 0 for j ≥ i and if a{f}i j = 0 for j ≥ i.

Explicit coupling is guaranteed if

a{s,f,k}i j = 0 for c{s}i ≤
k−1

∑
l=1

[ml]+mkc{f}j , and if

a{f,s,k}i j = 0 for
k−1

∑
l=1

[ml]+mkc{f}i < c{s}j

for all k = 1, . . . ,M.

3.2.1.2 Multirate generalized additive Runge–Kutta methods for N components (MNGARK)

The general idea of MGARK methods has been applied to additive split problems with only two

components. The motivation for the GARK methods was the derivation of a more general ap-

proach for ARK methods, cf. Sandu and Günther (2015). Many applications in geophysical fluid

dynamics are utilised with two or more different temporal scaled components. A prominent ex-

ample is the later introduced ICOsahedral Non-hydrostatic modeling framework (ICON). Another

example would be a coupled system with more than two components, e.g. atmosphere-ocean-

wave-sea-ice model. This raises the question of a formulation of the class of GARK methods

allowing individual time steps for each component. Therefore, the following definition gives the

details of the multirate generalized additive Runge–Kutta methods for N components (MNGARK),

i.e. for IVPs with multiple different time scales, see equation (3.1).

For simplifications, it is assumed that the N components are sorted according to their time scales

with the slowest being the first and fastest the Nth component. Furthermore, the desired (micro)

time step for each component is given by

M{κ}

∑
k=1

[
h{κ}

k

]
=

M{κ}

∑
k=1

[
m{κ}

k h
]
= h or

M{κ}

∑
k=1

[
m{κ}

k

]
= 1 for all κ = 1,2, . . . ,N,

where M{κ} ∈ N is the number of time steps to integrate component κ from tn to tn +h with time

step h{κ}. M{1} = 1, since component 1 is assumed to be the slowest component, i.e. h{1} = h

and M{κ+1} ≥ M{κ}.
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Remark: A telescopic application of the MGARK method as mentioned in Günther and Sandu

(2016, Example 2) is not suitable. It is not guaranteed that each component can be integrated with

the same RK method. Furthermore, this would require also that the time scales are given in the

same ratio, i.e. M{κ+1} = M{κ}2
for all κ = 2, . . . ,N and M{2} > M{1}. Henceforth, the telescopic

approach is then a special case of this method.

Definition 3.2.2: (Multirate generalized additive Runge–Kutta methods for N components
(MNGARK))
For any autonomous IVP, a MNGARK method reads with time step h

Y {κ,k}
i = yn +h

N

∑
σ=1

M{σ}

∑
l=1

s{σ}

∑
j=1

[
a{κ,σ ,k,l}

i j f {σ}
(

Y {σ ,l}
j

)]
i = 1, . . . ,sκ , k = 1, . . . ,Mκ , κ = 1, . . . ,N (3.13a)

yn+1 = yn +h
N

∑
κ=1

M{κ}

∑
k=1

s{κ}

∑
i=1

[
b
{κ,k}
i f {κ}

(
Y {κ,k}

i

)]
(3.13b)

with method coefficient matrices A{κ,σ ,k,l}
=
(

a{κ,σ ,k,l}
i j

)
and weight vectors b{κ,k}

=
(

b
{κ,k}
i

)
as well as number of stages s{κ} of component κ . For simplifying the writing, a bar has been

introduced to differ between the generalised method coefficient matrices and the actually applied

coefficients for the components, discussed below, and does not represent a mean value.

The method coefficient matrices and weight vectors are defined by

A{κ,σ ,k,l}
= m{σ}

l


A{κ} ,κ = σ , k = l

1
{κ}b{κ}T

,κ = σ , k > l

0 ,κ = σ , k < l

A{κ,σ ,k,l} ,κ 6= σ

(3.14a)

b{κ,k}
= m{κ}

k b{κ} (3.14b)

with coefficient matrix A{κ} and weight vector b{κ} of applied RK method of component κ and

coefficient matrix A{κ,σ ,k,l} for the coupling from component κ to σ .

The stage values Y {κ,k}
i are defined at time points

tn +

(
k−1

∑
l=1

[
m{κ}

l

]
+m{κ}

k c{κ}
i

)
h,

where c{κ}
i =

s{κ}

∑
j=1

[
a{κ,κ}

i j

]
is defined according to equation (3.4).

In order to find the corresponding formulation for Definition 3.2.2, Definition 3.2.1 was reformu-

lated in such a way that the stage values can be expressed with a general equation. This required

a more general structure for method coefficient matrices A{κ,σ ,k,l}
.

A suitable RK method can be chosen for each component κ . To avoid even more different in-

dices in the method formulation, it is assumed that for each micro time step of the integration of
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component κ the same method is applied. Hence, there is no need to integrate each part of each

component with the same RK method.

The method can be understood in the sense that every component is integrated and coupled to

other components. Furthermore, with the different time scales is each component κ M{κ} times

partly integrated from tn till tn+1. Hence, the interval [tn, tn+1] is divided into M{κ} parts for each

component κ .

Internal consistency has been defined for GARK methods. A similar definition can also be given

for MNGARK methods.

Definition 3.2.3: (Internal consistency for MNGARK methods)
Any MNGARK method is said to be internally consistent, if

M{σ}

∑
l=1

[
A{κ,σ ,k,l}

1s{σ}

]
=

k−1

∑
l=1

[
m{κ}

l

]
+m{κ}

k c{κ} = c{κ,k} (3.15)

holds for all σ = 1,2, . . . ,N and for each part k = 1,2, . . . ,M{κ} of component κ with 1{σ} being

a vector of ones of dimension s{σ} and node vectors c{κ,k}.

The structure of an internally consistent MNGARK method for three components, i.e. N = 3 with

M{1} = 1, M{2} = 3 and M{3} = 6, is shown as an example in Figure 3.4 and the corresponding

Butcher tableau with 54 coupling matrices reads

A{1} m{2}
l A{1,2,1,l} m{3}

l A{1,3,1,l}

A{2,1,k,1} A{2,2,k,l}
m{3}

l A{2,3,k,l}

k
=

1,
2,

3

A{3,1,k,1} m{2}
l A{3,2,k,l} A{3,3,k,l}

k
=

1,
2,
..
.,

6

b{1}T
m{2}

l b{2}T
m{3}

l b{3}T

l = 1,2,3 l = 1,2, . . . ,6

. (3.16)

The different coloured arrows in Figure 3.4 are indicating the coupling from and to a part of a

component. However, for visibility reasons not every possible coupling is presented.

Of special interest are explicit methods, i.e. only already calculated stage values are coupled to

and from parts of each component. Hence, a{κ}
i j = 0 if j ≥ i for all κ = σ = 1, . . . ,N.

Additionally, explicit coupling is guaranteed if

a{κ,σ ,k,l}
i j = 0 for

k−1

∑
o=1

[
m{κ}

o

]
+m{κ}

k c{κ}
i ≤

l−1

∑
o=1

[
m{σ}

o

]
+m{σ}

l c{σ}
j , κ < σ

a{κ,σ ,k,l}
i j = 0 for

l−1

∑
o=1

[
m{σ}

o

]
+m{σ}

l c{σ}
j <

k−1

∑
o=1

[
m{κ}

o

]
+m{κ}

k c{κ}
i , κ > σ
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1
yn yn+1

tn tn+1

m{1}
1 h

m{2}
1 h m{2}

2 h m{2}
3 h

m{3}
1 h m{3}

2 h m{3}
3 h m{3}

4 h m{3}
5 h m{3}

6 h

1 2 3

1 2 3 4 5 6

Figure 3.4: Schematic representation of the coupling and time stepping in an MNGARK method

with three components, e.g. asynchronous coupling in atmosphere-ocean models. The

time step of the fast component is divided into three parts according to the time step

of the slow component. The time step of the super fast component is split into 6 parts.

The time steps for each part are shown with curly brackets and described by m{κ}
k and

h.

for all κ,σ = 1, . . . ,N.

Figure 3.5 shows an example of the stages of an MNGARK in which each part per component

is integrated using an eRK method. An explicit coupling would then be given for this specific

method by the 54 coupling matrices. The structure of matrices are similar to those from the

previous section. Note that if explicit coupling is utilised and internal consistency is assumed, the

number of coefficients from these 54 matrices are reducing about 50%.

There are some properties for MNGARK methods, which are helpful to characterise the range of

applications and especially the generality of the method.

Lemma 3.2.1. If N ≡ 1, then the standard RK method is gained.

Lemma 3.2.2. If N ≡ 2, then Definition 3.2.1 is obtained, i.e. the MGARK method published in

Günther and Sandu (2016) and Bremicker-Trübelhorn and Ortleb (2017).

Lemma 3.2.3. If M{κ} ≡ 1 for all κ = 1,2, . . . ,N, then the standard GARK method with identical

time scales for each component is directly given.

Lemma 3.2.4. If M{κ} = M{2}κ−1
for all κ = 1,2, . . . ,N and all A{κ} are identical, then the

method fits into the telescopic approach suggested in Günther and Sandu (2016).
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yn yn+1

tn tn+1

tn + c{1}
1 h tn + c{1}

2 h tn + c{1}
3 h tn +h

Y {1,1}
1 Y {1,1}

2 Y {1,1}
3

Y {2,1}
1 Y {2,1}

2 Y {2,1}
3 Y {2,2}

1 Y {2,2}
2 Y {2,2}

3 Y {2,3}
1 Y {2,3}

2 Y {2,3}
3

Y {3,1}
1 Y {3,1}

2 Y {3,2}
1 Y {3,2}

2 Y {3,3}
1 Y {3,3}

2 Y {3,4}
1 Y {3,4}

2 Y {3,5}
1 Y {3,5}

2 Y {3,6}
1 Y {3,6}

2

m{2}
1 h m{2}

2 h m{2}
3 h

m{3}
1 h m{3}

2 h m{3}
3 h m{3}

4 h m{3}
5 h m{3}

6 h

Figure 3.5: Schematic representation of the stage values and time stepping in an MNGARK

method with three components. The stage values of each part per component are

placed at the corresponding time point. Each part of the slow and fast components is

assumed to be integrated with an eRK method with three stages. On the other hand,

each part of the super fast component is integrated with an eRK with two stages. The

time steps for each part are shown with curly brackets and described by m{κ}
k h.

Each lemma can easily be proven by applying the assumption of each theorem to Definition 3.2.2.

3.2.2 Class of multirate infinitesimal step methods (MIS)

Multirate infinitesimal step methods (MIS) have been introduced in Wensch et al. (2009) and

Knoth and Wensch (2014). These methods are a generalisation of methods introduced in Knoth

and Wolke (1998). The idea is to split the ODE additively in two components, i.e.

ẏ = f {s} (y)+ f {f} (y) , (3.17)

where it is assumed that for

ẏ = c+ f {f} (y) (3.18)

an analytical solution is known for any constant c. This is related to synchronous coupling between

slow and fast components, i.e., to equation (2.40a). Section 3.2.2.1 introduces the MIS methods

briefly.

The exact solution of the auxiliary ordinary differential equation (3.18) is often not given and,
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therefore, replaced by a finite integration scheme which introduces an additional error in the con-

vergence analysis of the whole algorithm. In Schlegel et al. (2012), a method was presented where

the auxiliary ordinary differential equation of the method proposed in Knoth and Wolke (1998) is

integrated with an explicit Runge–Kutta method. In Sexton and Reynolds (2018), an extension to

the method proposed in Schlegel et al. (2012) was presented where any RK method, explicit or

implicit, with the first stage given in an explicit manner, has been used for the integration of the

auxiliary ordinary differential equation.

A second generalisation was proposed in Sandu (2019) where the method coefficients, which are

only applied to the slow part, are defined as time dependent coefficient, i.e. as polynomials in

time.

The extended multirate infinitesimal step methods (extMIS) introduced in Section 3.2.2.2 apply

arbitrary RK methods for the solution of equation (3.18).

3.2.2.1 Multirate infinitesimal step methods (MIS)

This section discusses the multirate infinitesimal step methods (MIS) based on the work published

in Wensch et al. (2009) and Knoth and Wensch (2014). The method is defined by the following

algorithm taken from Bauer and Knoth (2021).

Definition 3.2.4: (Multirate infinitesimal step methods (MIS))
For any autonomous IVP, a MIS method reads with time step h

Zi(0) = yn +
i−1

∑
j=1

[αi j (Yj − yn)] (3.19a)

dZi (τ)

dτ
=

1
h

i−1

∑
j=1

[γi j (Yj − yn)]+
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+di f {f} (Zi (τ)) (3.19b)

Yi = Zi (h) , i = 1, . . . ,s+1

yn+1 = Ys+1. (3.19c)

In each MIS stage i an initial value problem has to be solved, where equation (3.19a) represents

the initial value and equation (3.19b) the ordinary differential equation. The length of the time

interval for the integration in each MIS stage i is given by h, which is also the time step to advance

from yn to yn+1. Although there are formally s+1 initial value problems, only s problems have to

be solved in reality. The parameters ααα , γγγ and βββ are defined as strictly lower triangular matrices

with (ααα)i j = αi j, (γγγ)i j = γi j and (βββ )i j = βi j. Thus, for i = 1, Y1 = yn. A method is said to

be balanced, if (D)ii = di =
i−1
∑
j=1

[βi j] is storing the sum of rows of βββ and matrix D is a diagonal

matrix, see Wensch et al. (2009, Equation (2.3)). Equation (3.19b) is assumed to be solved exactly,

cf. equation (3.18).

A MIS method is completely described by the parameters ααα , βββ and γγγ . Additionally, the parameters

of the underlying eRK method are given by A = Rβββ and b = eT
s+1A with R = (Is+1 −ααα − γγγ)−1

and s RK stages. According to Knoth and Wensch (2014, Section 2c), the time points for stages Yi

are given by tn + cih.
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Remark: A modified formulation for the underlying eRK method parameters is applied, i.e. A ∈
Rs+1×s+1 where the last column has only zero entries, the last row is containing the weight coeffi-

cients and the other entries are the method coefficients. Therefore, the Butcher tableau is reduced

to the form c A , where the last entry of the node vector equals one. This allows only eRK

methods which are consistent, i.e. bT ·1s+1 = 1, cf. Strehmel et al. (2012, Lemma 2.4.1).

A method tableau is simply given by ααα βββ γγγ . The integration process is schematically shown

in Figure 3.6.

yn yn+1

tn tn + c2h tn + c3h tn +h

Y1 Y2 Y3 Y4

Z2(0) Z3(0) Z4(0)

Z2(τ) Z3(τ)
Z4(τ)

Figure 3.6: Representation of the integration with a three-stage MIS method from tn to tn +h. The

four MIS stages are indicated by Yi, i = 1,2,3,4. The initial values for the IVP of each

MIS stage i are given by Zi(0), cf. equation (3.19a). The arrows are representing the

corresponding integrations.

Theorem 3.2.1. For each MIS method, an eRK method is embedded, i.e. by setting f {f} ≡ 0, then

equation (3.19) is reduced to the formulation of the embedded eRK method.

This property was given in Knoth and Wolke (1998) and Wensch et al. (2009).

In each MIS stage i the initial value Zi(0) is given as a linear combination of all previously calcu-

lated Yj, j = 1, . . . , i−1. Hence, the integration starts always at an intermediate value and not at

yn. However, if

ααα = 0 or ααα =



0 0

1 0

0 1 0
...

. . . . . . . . .

0 · · · 0 1 0


,

then the integration starts at yn or Yi−1, respectively. Any RK method starts the integration from

yn. The method introduced in Knoth and Wolke (1998) begins their integration at Yi−1.

Furthermore, the coupling between both temporal scales is realised in two places, the linear com-

bination of MIS stages values Yi through γγγ as well as the linear combination of the slow component

through βββ .
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3.2.2.2 Extended multirate infinitesimal step methods (extMIS)

In the following, the strong assumption that the solution of equation (3.19b) is given by an exact

integration is weakened due to integrating with an arbitrary RK method for each MIS stage i. The

chosen RK method can either be an explicit or implicit method.

This section is mainly based on Bauer and Knoth (2021). Although this extension is restricted to

RK methods, any one-step time integration scheme is applicable.

Throughout this section, subscripted indices will be used for the stages of the MIS method and

superscripted indices for the integration of the auxiliary ordinary methods. The Butcher tableau,

given in the same modified formalism as the underlying eRK method, ci Ai , represents the

utilised RK method in stage i of the MIS method. Furthermore, Ai is the coefficient matrix and

(Ai)λ l = aλ l
i represents the RK coefficient of stage l while integrating the auxiliary ordinary

equation in stage λ during the integration in MIS stage i. The same holds similarly for bi, i.e.

(bi)l = bl
i as well as for ci, i.e. (ci)λ

= cλ
i .

The integration of equation (3.19b) in MIS stage i with an arbitrary RK method is then given by

the following algorithm

Zi(0) = yn +
i−1

∑
j=1

[αi j (Yj − yn)] , i = 1, . . . ,s+1

Zλ
i = Zi(0)+h

si

∑
l=1

[
aλ l

i

(
1
h

i−1

∑
j=1

[γi j (Yj − yn)]+
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+di f {f}

(
Zl

i

))]
λ = 1, . . . ,si +1

Zi(h) = Zi(0)+h
si

∑
λ=1

[
bλ

i

(
1
h

i−1

∑
j=1

[γi j (Yj − yn)]+
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+di f {f}

(
Zλ

i

))]

with time step h. λ is the index of stages si of the applied RK method. This represents the

integration of equation (3.19b) in one RK step. Allowing an even smaller time step, i.e. micro

time step hi = h
mi

with mi being the number of steps in MIS stage i, the algorithm reads then

Zi(0) = yn +
i−1

∑
j=1

[αi j (Yj − yn)] , i = 1, . . . ,s+1

Zµ,λ
i = Zi ((µ −1) ·hi)

+hi

si

∑
l=1

[
aλ l

i

(
1
h

i−1

∑
j=1

[γi j (Yj − yn)]+
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+di f {f}

(
Zµ,l

i

))]
µ = 1, . . . ,mi λ = 1, . . . ,si +1

Zi (µ ·hi) = Zi ((µ −1) ·hi)

+hi

si

∑
λ=1

[
bλ

i

(
1
h

i−1

∑
j=1

[γi j (Yj − yn)]+
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+di f {f}

(
Zµ,λ

i

))]
.

Substituting the integration in equation (3.19) results in the definition of the newly derived extMIS

method in recursive form.

37



3.2. Multirate time integration methods

Definition 3.2.5: (Extended extended multirate infinitesimal step methods (extMIS) – recur-
sive)
Recursive definition of an extMIS method,

Zµ,λ
i = yn +

i−1

∑
j=1

[(
αi j +

hi

h

(
µ −1+ cλ

i

)
γi j

)
(Yj − yn)

]

+hi

(
µ −1+ cλ

i

) i−1

∑
j=1

[
βi j f {s} (Yj)

]
+hidi

µ−1

∑
k=1

si+1

∑
l=1

[
bl

i f {f}
(

Zk,l
i

)]
(3.20a)

+hidi

si+1

∑
l=1

[
aλ l

i f {f}
(

Zµ,l
i

)]
, µ = 1, . . . ,mi, λ = 1, . . . ,si +1

Yi = Zmi,si+1
i , i = 1, . . . ,s+1 (3.20b)

yn+1 = Ys+1. (3.20c)

Note that, the term tn +hi
(
µ −1+ cλ

i

)
defines the time point of stage Zµ,λ

i .

Remark: There are several indices applied in equations or summations throughout this section.

Each index is used only for a specific purpose. i represents the current MIS stage and if i is already

used, then j is utilised. Furthermore, µ is the current time point while integrating the auxiliary

ordinary differential equation and if µ is already applied, then k represents the current time point.

Moreover, λ shows the current stage during the integration of the auxiliary ordinary differential

equation and l is used if λ is already applied.

The recursive formulation of the stages Yi is replaced with an explicit formulation. Applying a

simplified notation for equation (3.20b),

Yi = Zmi,si+1
i = yn +

i−1

∑
j=1

[(αi j + γi j)(Yj − yn)]+h
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+hidi

mi

∑
µ=1

si+1

∑
λ=1

[
bλ

i f {f}
(

Zµ,λ
i

)]
, (3.21)

through

Ui = Yi − yn

Ai = h
i−1

∑
j=1

[
βi j f {s} (Yj)

]
+hidi

mi

∑
µ=1

si+1

∑
λ=1

[
bλ

i f {f}
(

Zµ,λ
i

)]
σi j = αi j + γi j

gives then for equation (3.21)

Ui =
i−1

∑
j=1

[σi jU j]+Ai

and in vector notation

U = (ΣΣΣ⊗ Id)U+A = ((Is+1 −ΣΣΣ)⊗ Id)
−1

A =
(
R−1 ⊗ Id

)−1
A = (R⊗ Id)A,
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3.2. Multirate time integration methods

where R = (Is+1 −ΣΣΣ)−1 = (Is+1 −ααα − γγγ)−1 . Hence, an explicit form for Yi is then given by

Yi = yn +h
i−1

∑
j=1

[
ai j f {s} (Yj)

]
+

i

∑
j=1

m j

∑
µ=1

s j+1

∑
λ=1

[
(RD)i j h jbλ

j f {f}
(

Zµ,λ
j

)]
(3.22)

with the underlying eRK method coefficient matrix A = Rβββ and b = eT
s+1A. Note that the under-

lying eRK method is represented by the coefficients (A)i j = ai j.

Substituting equation (3.22) into equation (3.20a) returns an explicit formulation of the extMIS

method from equation (3.20), i.e.

Definition 3.2.6: (Extended multirate infinitesimal step methods (extMIS) – explicit)
Explicit definition of an extMIS method,

Zµ,λ
i = yn +h

i−1

∑
j=1

[(
αααA+

1
mi

(
µ −1+ cλ

i

)
(A−αααA)

)
i j

f {s} (Yj)

]

+
i−1

∑
j=1

m j

∑
k=1

s j+1

∑
l=1

[(
αααRD+

1
mi

(
µ −1+ cλ

i

)
γγγRD

)
i j

h jbl
j f {f}

(
Zk,l

j

)]
(3.23a)

+hidi

µ−1

∑
k=1

si+1

∑
l=1

[
bl

i f {f}
(

Zk,l
i

)]
+hidi

si+1

∑
l=1

[
aλ l

i f {f}
(

Zµ,l
i

)]
µ = 1, . . . ,mi, λ = 1, . . . ,si +1

Yi = Zmi,si+1
i , i = 1, . . . ,s+1 (3.23b)

yn+1 = Ys+1. (3.23c)

Following the approach from Knoth and Wensch (2014, Sec. 2c), the time points for integration

stages Zµ,λ
i are given by

tn +
(

αααc+
1
mi

(
µ −1+ cλ

i

)
(c−αααc)

)
i
h. (3.24)

Furthermore, a Butcher tableau for this method basically exists of the tableau from Section 3.2.2

and multiple tableau for the integration of the auxiliary ordinary differential equation, i.e.

ααα βββ γγγ and ci Ai i = 1, . . . ,s+1.

Note that in each MIS stage i the applied RK method can differ from each other. Moreover,

Figure 3.6 is also valid for this method, since the only difference is the solution of functions Zi (τ).

Remark: Conducting the integration of the auxiliary ordinary differential equation mi times can

also be achieved by the composition of the applied RK method. The number of time steps will then

be equal to one. Equation (3.23) then reads

Z1,λ
i = yn +h

i−1

∑
j=1

[(
αααA+ cλ

i (A−αααA)
)

i j
f {s} (Yj)

]

+h
i−1

∑
j=1

s j+1

∑
l=1

[(
αααRD+ cλ

i γγγRD
)

i j
bl

j f {f}
(

Z1,l
j

)]
+hdi

si+1

∑
l=1

[
aλ l

i f {f}
(

Z1,l
i

)]
(3.25a)
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3.3. Interrelations of MGARK and MIS methods

Yi = Z1,si+1
i (3.25b)

yn+1 = Ys+1. (3.25c)

Theorem 3.2.1 states that if the fast component is not existent, the MIS method is reformulated to

the embedded / underlying eRK method. This holds also for extMIS methods.

3.3 Interrelations of MGARK and MIS methods

The previously introduced methods are related to each other on the basis of additive Runge–Kutta

methods. The GARK methods are generalized additive Runge–Kutta methods, i.e. an extension to

the RK methods, see Sandu and Günther (2015). Additionally, they have been introduced as gener-

alisation of ARK methods. Moreover, it is stated in Sandu and Günther (2015) that with the GARK

methods a more flexible formalism is given compared to classical PRK methods. Furthermore, the

MGARK methods have been developed for additive problems with two different temporal scaled

components and are formulated in the GARK framework, cf. Günther and Sandu (2016). Bauer

and Knoth (2021) discussed how the extMIS methods and their predecessor methods MIS-KW

(Knoth and Wolke 1998), recursive flux splitting multirate methods (RFSMR) (Schlegel et al.

2012) and MIS methods (Wensch et al. 2009; Knoth and Wensch 2014) are connected to each

other and fit in the GARK structure. It is noteworthy that the extMIS methods are always internal

consistent with respect to the GARK methods.

Figure 3.7 graphically presents the relations between the methods and indicates the kind of con-

nection:

RK PRK RFSMR MIS-KW

GARK

MNGARK

MISextMIS

MGARK

1

2a 3

3

2c

3

3

3

3

3

3

4

2b
3&4

4a

Figure 3.7: Connection of RK type methods to MIS type methods and their generalisations. The

different kind of connections are numbered with partitioning 1©, generalisation 2©
with kind (a): additive, (b): interpolation of initial values, (c): multiple components,

reformulation (is special case of) 3©, applying general RK for inner method 4© with

(a): explicit RK
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3.3. Interrelations of MGARK and MIS methods

1. Partitioning of problem

2. Generalisation of the method:

(a) additive generalisation

(b) generalisation with interpolation of initial values

(c) generalisation for multiple components

3. Reformulation of method, i.e. method is special case of the other one

4. Applying a RK method for the inner component as well as special case (a) an eRK method.

Following all the mentioned relations, this section explains three specific connections in detail,

the formulation of the MNGARK method as GARK method (Section 3.3.1), formulation of the

extMIS method as GARK method (Section 3.3.2) and the formulation of the extMIS method as

MGARK method (Section 3.3.3). This allows a straightforward derivation of the order theory in

the next chapter for the in this thesis introduced multirate time integration methods. Nevertheless,

some general limitations of the relations to GARK method are discussed in Section 3.3.4.

3.3.1 Formulation of the MNGARK method as GARK method

The connection between the GARK method and MNGARK method is directly derived from equa-

tion (3.14) by

Aκσ

kl := A{κ,σ ,k,l}
and bκ

k := b{κ,k}
. (3.26)

Note that each entry in the GARK framework Aκσ

kl is a block matrix because of the different time

scales in the MNGARK framework. Every matrix Aκσ is of size
(
M{κ} · s{κ})×(M{σ} · s{σ}) and

bκ is a vector with M{κ} · s{κ} entries.

For the Butcher tableau from equation (3.16), the GARK formulation is given by

A11 = A{1} A12 A13

A12 A22 A23

A31 A32 A33

b1T b2T b3T

.

The first entry shows that the first (slow) component is always integrated directly by the applied

RK method. The method coefficients for the numerical coupling mechanism are given by the

matrices Aκσ with κ 6= σ . A particular result of this connection is the reformulation of the

MGARK method as GARK method, i.e. by defining

A11 := A{s,s} (3.27a)

A12 :=
(

m1A{s,f,1},m2A{s,f,2}, · · · ,mMA{s,f,M}
)

(3.27b)

A21 :=
(

A{f,s,1},A{f,s,2}, · · · ,A{f,s,M}
)T

(3.27c)
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3.3. Interrelations of MGARK and MIS methods

A22 :=


m1A{f,f}

m11
{f}b{f}T

m2A{f,f}

...
...

. . .

m11
{f}b{f}T

m21
{f}b{f}T · · · mMA{f,f}

 (3.27d)

b1 := b{s} (3.27e)

b2 :=
(

m1b{f}T
,m2b{f}T

, · · · ,mMb{f}T)T
. (3.27f)

The matrices A{f,s,1}, A{f,s,2}, A{s,f,1}, A{s,f,2} etc. indicate how the numerical coupling mecha-

nism between the slow and fast component is applied in the MGARK framework. The same cou-

pling mechanism is represented in the coefficient matrices A12 and A21 for the GARK framework.

However, the coefficients are scaled with the fraction between the fast and slow time step mk.

Furthermore, equation (3.27d) shows how a composition of the RK method for the fast compo-

nent integrated M times leads to coefficient matrix A22 of the GARK method. This connection

shows that the different time scales from the MGARK method are composed to the time scale of

the GARK method. Furthermore, this relation will also allow the application of the convergence

theory from the GARK methods, which is discussed in the following chapter.

Remark: The GARK method is considered for problems with only one time scale and the super-

script is then not given in curly brackets. For the multirate integration methods the curly brackets

are applied to indicate different components, time scales and the corresponding method coeffi-

cients.

3.3.2 The extMIS method formulated as GARK method

The previous section showed how MNGARK methods can be reformulated into GARK methods.

Bauer and Knoth (2021) stated how extMIS methods can be formulated as GARK methods, which

is summarised in the following.

Applying Definition 3.1.2, a GARK method for an additive split problem for two components is

given by

Y 1
i = yn +h

s1

∑
j=1

[
a11

i j f 1 (Y 1
j
)]

+h
s2

∑
j=1

[
a12

i j f 2 (Y 2
j
)]

(3.28)

Y 2
i = yn +h

s1

∑
j=1

[
a21

i j f 1 (Y 1
j
)]

+h
s2

∑
j=1

[
a22

i j f 2 (Y 2
j
)]

(3.29)

yn+1 = yn +h
s1

∑
i=1

[
b1

i f 1 (Y 1
i
)]

+h
s2

∑
i=1

[
b2

i f 2 (Y 2
i
)]
. (3.30)

The coefficient matrices A11 and A22 are for the integration of the first
(

f 1
)

and second
(

f 2
)

component, respectively. On the other hand, the matrices A12 and A21 represent the coupling

between both components. For simplification, in each MIS stage i, an arbitrary RK method

with time step hi = h is applied, i.e. mi ≡ 1. Equation (3.25) indicates how A11 ∈ Rs1+1×s1+1,
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3.3. Interrelations of MGARK and MIS methods

A12 ∈ Rs1+1×s2+1, A21 ∈ Rs2+1×s1+1, and A22 ∈ Rs2+1×s2+1 have to be chosen, i.e.

A11 = A

A12 =


(RD)11 bT

1 0
...

. . .

(RD)s+1,1 bT
1 · · · (RD)s+1,s+1 bT

s+1



A21 =


(αααA)111s1+1 0

...
. . .

(αααA)s+1,11ss+1+1 · · · (αααA)s+1,s+11ss+1+1



+


(A−αααA)11 c1 0

...
. . .

(A−αααA)s+1,1 cs+1 · · · (A−αααA)s+1,s+1 cs+1



A22 =


0 0

(αααRD)211s2+1bT
1 0

...
. . . . . .

(αααRD)s+1,11ss+1+1bT
1 · · · (αααRD)s+1,s1ss+1+1bT

s 0



+


0 0

(γγγRD)21 c2bT
1 0

...
. . . . . .

(γγγRD)s+1,1 cs+1bT
1 · · · (γγγRD)s+1,s cs+1bT

s 0

+


d1A1 0

. . .

0 ds+1As+1

 .

Remark: The matrix elements are given in the form of a product of a scalar with either a vector

or matrix, i.e. (.)i j denotes an element of a matrix.

The internal consistency is fulfilled, i.e.

c1 = A11
1s1+1 = A12

1s2+1 = c

c2 = A21
1s1+1 = A22

1s2+1 =
(
c̃11

T
s1+1 +(c− c̃)1 c1

T , . . . , c̃s+11
T
ss+1+1 +(c− c̃)s+1 cs+1

T )T
,

cf. Sandu and Günther (2015, Equation (2.6)). Finally,

b1 = b and b2 =
(

b̃1bT
1 , b̃2bT

2 , . . . , b̃s+1bT
s+1

)T
.

3.3.3 The extMIS method as special case of the MGARK method

The MNGARK and extMIS methods can be reformulated as GARK methods. Additionally, the

connection of the MIS-KW method with the MGARK method is already pointed out in Günther

and Sandu (2016). However, there were no more details provided whether this connection is valid

also for the general MIS method. These relations raises the question whether the extMIS method

can be reformulated as MGARK method.

To derive the relation between the MGARK and extMIS, there definitions, i.e. equations (3.9) and
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3.3. Interrelations of MGARK and MIS methods

(3.23) are compared. From equations (3.9a) and (3.22), it is adopted that the fraction value mi

from the MGARK method is related to (RD)i j from the extMIS method. Therefore, mi has to be

equivalent to (RD)i j for all j ≤ i, which only holds if (RD)i j ≡ (RD)ik for all k ≤ i. Thus,

R = (I−ααα − γγγ)−1 =


1 0

1
. . .

1 1

 and ααα + γγγ =



0 0

1 0

0 1 0
...

. . . . . . . . .

0 · · · 0 1 0


.

Furthermore, the auxiliary ordinary differential equation has to be solved in each MIS stage i

considering that mi ≡ 1 for all i = 1, . . . ,s+1, see equation (3.25). Because of equation (3.25a),

ααα + cλ
i γγγ = ααα + γγγ for all λ = 1, . . . ,si + 1 and i = 1, . . . ,s+ 1. Hence, it follows that γγγ = 0

must be chosen. This can also be seen by comparing equations (3.9b) and (3.23a). Thus, only the

special case extMIS-KW can be reformulated as MGARK method. This yields the relations:

1. The number of fast integration time steps M equals s+ 1, the number of MIS stages. The

time steps are related by mi = di.

2. The number of RK stages for the slow component is related to the number of MIS stages,

i.e. s{s} = s. For each fast component, the same RK method has to be applied. Hence,

s{f} = si, for all i = 1,2, . . . ,s+1.

3. The coefficient matrices are related by

A{s,s} = A and A{f,f} = A1 = A2 = . . . = As+1,

similar also for the weight coefficients, i.e.

b{s} = b and b{f} = b1 = b2 = . . . = bs+1.

4. The coefficients for the numerical coupling mechanism are related by

a{f,s,k}i j =

{
a(i−1) j + cλ

i

(
ai j −a(i−1) j

)
, j < i

0 ,else
and

a{s,f,k}i j =

{
bl

j , j ≤ i

0 ,else
.

The indices in each method must also be set in relation: For the MGARK method, the indices for

the stage values are i and j. For the extMIS method, the indices for the MIS stage values are also i

and j. However, for the stage values of the fast part, the indices i and l are applied. The integration

step of the fast component for the MGARK method is represented through index k. λ is the index

for the fast part and index j for the slow part of the extMIS method. Hence, equation (3.9) is then

compared with equation (3.25), i.e.
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MGARK: extMIS-KW:

Y {s}
i = yn +h

s{s}

∑
j=1

[
a{s,s}i j f {s}

(
Y {s}

j

)]
Yi = yn +h

i−1

∑
j=1

[
ai j f {s} (Yj)

]
+h

M

∑
k=1

s{f}

∑
j=1

[
mka{s,f,k}i j f {f}

(
Y {f,k}

j

)]
+h

i

∑
j=1

s j+1

∑
l=1

[
d jbl

j f {f}
(

Z1,l
j

)]
Y {f,k}

i = yn +h
s{s}

∑
j=1

[
a{f,s,k}i j f {s}

(
Y {s}

j

)]
Z1,λ

i = yn +h
i−1

∑
j=1

[(
αααA+ cλ

i (A−αααA)
)

i j
f {s} (Yj)

]
+h

k−1

∑
l=1

s{f}

∑
j=1

[
mlb

{f}
j f {f}

(
Y {f,k}

j

)]
+h

i−1

∑
j=1

s j+1

∑
l=1

[
d jbl

j f {f}
(

Z1,l
j

)]
+h

s{f}

∑
j=1

[
mka{f,f}i j f {f}

(
Y {f,k}

j

)]
+h

si+1

∑
l=1

[
diaλ l

i f {f}
(

Z1,l
i

)]
yn+1= yn +h

s{s}

∑
i=1

[
b{s}i f {s}

(
Y {s}

i

)]
yn+1 = yn +h

s

∑
i=1

[
bi f {s} (Yi)

]
+h

M

∑
k=1

s{f}

∑
i=1

[
mkb{f}i f {f}

(
Y {f,k}

i

)]
, +h

s+1

∑
i=1

si+1

∑
λ=1

[
dibλ

i f {f}
(

Z1,λ
i

)]
.

3.3.4 Limits through the investigation of the GARK method

Figure 3.7 represents the relations between the methods discussed throughout this thesis. Ad-

ditionally, each method is related to the class of GARK methods. This raises the question why

multirate methods are investigated. However, there is one important drawback coming with the

GARK method, the application to problems with multiple time scales.

Each multirate method is a special case of the GARK framework. Additionally, the method coef-

ficients in the GARK framework are structured and defined through the multirate method coeffi-

cients.

If GARK methods are applied to multirate problems, then the different time scales are not con-

sidered and the method coefficients are chosen not adhering to the multirate structure. This might

causes problems during the integration.

However, investigating the properties of the GARK method and applying the relations / refor-

mulation of the multirate methods, allows a unified, detailed and still unique derivation of the

properties. Henceforth, the following chapter discusses the characteristics of multirate methods

applying their specialisations to the GARK method.
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Chapter 4

Examples of multirate time integration
methods based on their characteristics

The previous chapter introduced RK and MIS type methods and showed their relations to each

other. The analysis of the characteristics of these methods is much simplified through the relations

of the methods. Therefore, the consistency and stability behaviour of these methods are discussed

in this chapter by using the relations to the GARK methods.

The consistency theory, especially the order conditions, are presented in Section 4.1. The stability

behaviour is briefly shown in Section 4.2. The order conditions are used to find examples of

MNGARK and MIS methods, which are presented in Section 4.3.

4.1 Consistency of multirate methods

The definitions for consistency can be found in various textbooks, see e.g. Hairer et al. (1993) and

Strehmel et al. (2012). The here presented definitions are taken from Strehmel et al. (2012). The

definitions for consistency and convergence and their corresponding order p are based on an initial

value problem (IVP) given through equation (3.2), i.e.

ẏ = f (y) , y(t0) = y0.

Definition 4.1.1: (Consistency of order p ∈ N)
A one-step method is said to be consistent of order p ∈ N, if for an IVP with sufficiently often

continuously differentiable function f there exists a constant c and some H > 0 with

||y(tn +h)− yn+1|| ≤ chp+1, 0 ≤ h ≤ H (4.1)

with yn = y(tn) being the exact initial value and yn+1 being the numerical approximation of

y(tn +h) by the one-step method where h is the desired time step.

Definition 4.1.2: (Convergence of order p ∈ N)
A one-step method is said to be convergent, if

lim
h→0

[
max

n
||y(tn)− yn||

]
= 0 (4.2a)
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with yn being the numerical approximation of y(tn) by the one-step method. The method has

convergence order p ∈ N, if a constant c independent of time step h exists and

max
n

||y(tn)− yn|| ≤ chp. (4.2b)

Strehmel et al. (2012, Theorem 2.2.1 and Corollary 2.2.2) state the relation of the order of consis-

tency and convergence for one-step methods. As mentioned in Chapter 3, multirate time integra-

tion methods are one-step methods. Therefore, the definition for order of convergence of one-step

methods can also be applied if an IVP with sufficiently often continuously differentiable function

f is assumed. There are different approaches to derive the order conditions, e.g. Taylor series

expansion or using the Leibniz formula for the derivatives of the stage values Yi with respect to h

at h = 0, cf. Hairer et al. (1993, Chapter II.2).

After a brief review of the derivation of the order conditions for RK methods, see Section 4.1.1,

the order conditions for GARK methods are presented in Section 4.1.2. All previously introduced

methods are related to the GARK framework, see Figure 3.7. Therefore, the order conditions for

MNGARK methods (Section 4.1.3) and extMIS methods (Section 4.1.4) are derived from the order

conditions for GARK methods. The conditions for the MGARK and MIS methods are presented

as special cases of the MNGARK and extMIS methods, respectively.

4.1.1 Order conditions for Runge–Kutta methods

For RK methods, the convergence theory has been discussed throughout many textbooks, e.g.

Hairer et al. (1993) and Strehmel et al. (2012). The following only briefly shows the order con-

ditions up to order p with the corresponding differentials, see e.g. Strehmel et al. (2012). The

conditions can be derived by Taylor series expansion of the equations from Definition 3.1.1. For

up to order p = 4, the series expansion results in

yn+1 = yn +h
s

∑
i=1

[bi f (Yi)]

= yn +h
s

∑
i=1

[bi] f (yn)+h2
s

∑
i=1

[bici] f (yn) f ′ (yn)

+
h3

2

s

∑
i=1

[
bic2

i
]
( f (yn))

2 f ′′ (yn)+h3
s

∑
i=1

s

∑
j=1

[biai jc j] f (yn)
(

f ′ (yn)
)2

+h4
s

∑
i=1

s

∑
j=1

s

∑
k=1

[
biai ja jkck

]
f (yn)

(
f ′ (yn)

)3

+
h4

2

s

∑
i=1

s

∑
j=1

[
biai jc2

j
]
( f (yn))

2 f ′′ (yn) f ′ (yn)+
h4

6

s

∑
i=1

[
bic3

i
]
( f (yn))

3 f ′′′ (yn)

+h4
s

∑
i=1

s

∑
j=1

[biciai jc j] f (yn) f (yn) f ′ (yn) f ′′ (yn)+O
(
h5) .
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Furthermore, the conditions up to order p = 4 are then given in simplified notations including the

corresponding differentials by

p = 1 : f bT ·1 = 1 p = 4 : f ′′′ 〈 f , f , f 〉 bT · c3 = 1/4

p = 2 : f ′ 〈 f 〉 bT · c = 1/2 f ′′ 〈 f , f ′ 〈 f 〉〉 bT ·diag(c)Ac = 1/8

p = 3 : f ′′ 〈 f , f 〉 bT · c2 = 1/3 f ′ 〈 f ′′ 〈 f , f 〉〉 bT ·Ac2 = 1/12

f ′ 〈 f ′ 〈 f 〉〉 bT ·Ac = 1/6 f ′ 〈 f ′ 〈 f ′ 〈 f 〉〉〉 bT ·AAc = 1/24

(4.3)

with denoting f = f (yn) and using angle brackets for the differentials. The number of conver-

gence conditions per order p are given in Strehmel et al. (2012, Table 2.4.3). For order p = 1,

only the consistency condition remains, cf. Strehmel et al. (2012, Lemma 2.4.1). One additional

condition must be fulfilled for order p = 2. Order p = 3 requires two further conditions, order

p = 4 additional four conditions and order p = 5 additional 9 conditions.

Remark: Strehmel et al. (2012, Table 2.4.2) shows additionally to the order conditions up to order

p = 5 also the tree development. A derivation of the tree development for RK methods can also

be found in Butcher (2010).

4.1.2 Order conditions for generalized additive Runge–Kutta methods

The order conditions for GARK methods are discussed in detail in Sandu and Günther (2015).

The work was based on the theory using N-trees from Araújo et al. (1997). All the conditions up

to order p = 4 are given by Sandu and Günther (2015, Theorem 2.6). Using a similar notation as

in Sandu and Günther (2015, Equation 2.9), then the conditions read

p = 1 : f κ bκ T ·1κ = 1

p = 2 : f κ ′ 〈 f σ 〉 bκ T · cκσ = 1/2

p = 3 : f κ ′′ 〈 f σ , f ν〉 bκ T ·diag(cκσ )cκν = 1/3

f κ ′ 〈 f σ ′ 〈 f ν〉
〉

bκ T ·Aκσ cσν = 1/6

p = 4 : f κ ′′′ 〈 f σ , f ν , f µ〉 bκ T ·diag(cκσ )diag(cκν)cκµ = 1/4

f κ ′′ 〈 f σ , f ν ′ 〈 f µ〉
〉

bκ T ·diag(cκσ )Aκνcνµ = 1/8

f κ ′ 〈 f σ ′′ 〈 f ν , f µ〉
〉

bκ T ·Aκσ diag(cσν)cσ µ = 1/12

f κ ′ 〈 f σ ′ 〈 f ν ′ 〈 f µ〉
〉〉

bκ T ·Aκσ Aσνcνµ = 1/24

(4.4)

∀κ,σ ,ν ,µ = 1, . . . ,N and cκσ = Aκσ
1

σ with 1
σ being a vector of ones of dimension sσ ,

respectively.

Furthermore, the numbers of conditions are highly dependent on the number of components N.

Table 4.1a gives the number of conditions without any simplifying assumptions and how they

evolve up to order p = 5. For N = 1 the number of conditions are identical to the number of

conditions for RK methods, since only one component is considered and, therefore, the GARK

method reduces to a RK method. Application of internal consistency as a simplifying assumption,

i.e. equation (3.7), decreases the number of condition for convergence order p. The conditions are
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4.1. Consistency of multirate methods

p

N
1 2 3 N

1 1 2 3 N

2 1 4 9 N2

3 2 16 54 2 ·N3

4 4 64 324 4 ·N4

5 9 288 2187 9 ·N5

(a) Without simplifying assumptions

p

N
1 2 3 N

1 1 2 3 N

2 1 2 3 N

3 2 6 12 N +N2

4 4 18 48 N +2 ·N2 +N3

5 9 62 219 N +3 ·N2 +4 ·N3 +N4

(b) With internal consistency

Table 4.1: Number of conditions up to order p = 5 for GARK w/o internal consistency as simpli-

fying assumption.

then

p = 1 : f κ bκ T ·1κ = 1

p = 2 : f κ ′ 〈 f κ〉 bκ T · cκ = 1/2

p = 3 : f κ ′′ 〈 f κ , f κ〉 bκ T · cκ 2 = 1/3

f κ ′ 〈 f σ ′ 〈 f σ 〉
〉

bκ T ·Aκσ cσ = 1/6

p = 4 : f κ ′′′ 〈 f κ , f κ , f κ〉 bκ T · cκ 3 = 1/4

f κ ′′ 〈 f κ , f σ ′ 〈 f σ 〉
〉

bκ T ·diag(cκ)Aκσ cσ = 1/8

f κ ′ 〈 f σ ′′ 〈 f σ , f σ 〉
〉

bκ T ·Aκσ cσ 2 = 1/12

f κ ′ 〈 f σ ′ 〈 f ν ′ 〈 f ν〉
〉〉

bκ T ·Aκσ Aσνcν = 1/24

. (4.5)

∀κ,σ ,ν = 1, . . . ,N and cκ = Aκσ
1

σ with 1σ being a vector of ones of dimension sσ , respec-

tively.

These conditions have been discussed in Sandu and Günther (2015, Remark 5). Table 4.1b shows

the number of conditions of convergence order p with internal consistency and, additionally, how

the numbers evolve depending on the number of components. Further simplifying assumptions,

such as for the construction of higher order RK methods, as given by Hairer et al. (1993, Equa-

tions (7.12)-(7.14)), will reduce the number of conditions even further.

Note that, in Sandu and Günther (2015) the number of conditions have only be given up to order

p = 4. In an attempt to find methods of order p = 5, the number of conditions were calculated.

Henceforth, Table 4.1 shows the number of conditions till order p = 5 to indicate the development

of the number of higher order conditions. Nevertheless, throughout this thesis only the methods

up to order p = 4 are considered.

In the following, internal consistency is always applied since the discussed methods can fulfil this

condition. Hence, equation (4.5) and the corresponding numbers from Table 4.1b are relevant for

this thesis.
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4.1. Consistency of multirate methods

4.1.3 Order conditions for multirate generalized additive Runge–Kutta methods
for N components

The forward reformulation of the MNGARK methods into GARK methods allows the application

of their convergence theory. Following equations (4.4) and (3.26), the order conditions up to order

p = 4 with corresponding differentials are

p = 1 :

f {κ}
M{κ}

∑
k=1

[
b{κ,k}T

·1{κ}
]

= 1

p = 2 :

f {κ}′ 〈 f {σ}〉 M{κ}

∑
k=1

M{σ}

∑
l=1

[
b{κ,k}T

·A{κ,σ ,k,l}
1
{σ}
]

= 1/2

p = 3 :

f {κ}′′ 〈 f {σ}, f {ν}〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

[
b{κ,k}T

·diag
(

A{κ,σ ,k,l}
1
{σ}
)

A{κ,ν ,k,o}
1
{ν}
]

= 1/3

f {κ}′
〈

f {σ}′ 〈 f {ν}〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

[
b{κ,k}T

·A{κ,σ ,k,l}A{σ ,ν ,l,o}
1
{ν}
]

= 1/6

p = 4 :

f {κ}′′′ 〈 f {σ}, f {ν}, f {µ}〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

M{µ}

∑
q=1

[
b{κ,k}T

·diag
(

A{κ,σ ,k,l} ·1{σ}
)

diag
(

A{κ,ν ,k,o} ·1{ν}
)

A{κ,µ,k,q} ·1{µ}
]
= 1

4

f {κ}′′
〈

f {ν}′ 〈 f {µ}〉 , f {σ}
〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

M{µ}

∑
q=1

[
b{κ,k}T

·diag
(

A{κ,σ ,k,l} ·1{σ}
)

A{κ,ν ,k,o}A{ν ,µ,o,q} ·1{µ}
]

= 1
8

f {κ}′
〈

f {σ}′′ 〈 f {ν}, f {µ}〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

M{µ}

∑
q=1

[
b{κ,k}T

·A{κ,σ ,k,l}

diag
(

A{σ ,ν ,l,o} ·1{ν}
)

A{σ ,µ,l,q} ·1{µ}
]

= 1
12

f {κ}′
〈

f {σ}′
〈

f {ν}′ 〈 f {µ}〉〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

M{µ}

∑
q=1

[
b{κ,k}T

·A{κ,σ ,k,l}

A{σ ,ν ,l,o}A{ν ,µ,o,q} ·1{µ}
]

= 1
24

(4.6)

for all κ,σ ,ν ,µ = 1,2, . . . ,N.

51



4.1. Consistency of multirate methods

In case of internal consistency, see Definition 3.2.3, the conditions are simplified to

p = 1 :

f {κ}
M{κ}

∑
k=1

[
b{κ,k}T

·1{κ}
]

= 1

p = 2 :

f {κ}′ 〈 f {σ}〉 M{κ}

∑
k=1

[
b{κ,k}T

· c{κ,k}
]

= 1/2

p = 3 :

f {κ}′′ 〈 f {σ}, f {ν}〉 M{κ}

∑
k=1

[
b{κ,k}T

· c{κ,k}2
]

= 1/3

f {κ}′
〈

f {σ}′ 〈 f {ν}〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

[
b{κ,k}T

·A{κ,σ ,k,l}c{σ ,l}
]

= 1/6

p = 4 :

f {κ}′′′ 〈 f {σ}, f {ν}, f {µ}〉 M{κ}

∑
k=1

[
b{κ,k}T

· c{κ,k}3
]

= 1
4

f {κ}′′
〈

f {ν}′ 〈 f {µ}〉 , f {σ}
〉 M{κ}

∑
k=1

M{σ}

∑
l=1

[
b{κ,k}T

·diag
(

c{κ,k}
)

A{κ,σ ,k,l}c{σ ,l}
]

= 1
8

f {κ}′
〈

f {σ}′′ 〈 f {ν}, f {µ}〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

[
b{κ,k}T

·A{κ,σ ,k,l}c{σ ,l}2
]

= 1
12

f {κ}′
〈

f {σ}′
〈

f {ν}′ 〈 f {µ}〉〉〉 M{κ}

∑
k=1

M{σ}

∑
l=1

M{ν}

∑
o=1

[
b{κ,k}T

·A{κ,σ ,k,l}A{σ ,ν ,l,o}c{ν ,o}
]

= 1
24

(4.7)

for all κ,σ ,ν ,µ = 1,2, . . . ,N. The conditions for higher order are given in the same manner

as up to order p = 4. They can be easily written down using equations (4.4) and (3.26). Since

MNGARK methods can be reformulated as GARK methods, the number of order conditions cor-

responds to the number of order conditions for GARK methods.

As special case, the conditions for convergence of the MGARK method are given for N = 2

components. The order conditions are presented in Günther and Sandu (2016, Table 1-2) and

Bremicker-Trübelhorn and Ortleb (2017, Theorem 2) up to order p = 3. In Bremicker-Trübelhorn

and Ortleb (2017), they have been derived using the order conditions from the GARK method and

equation (3.27). For order p = 3 this lead to 21 conditions. Comparing with the number of

conditions from Table 4.1b, there is one extra condition. This special condition comes with equa-

tion (3.10), which has to be fulfilled for order p = 1. Since, this condition already belongs to the

method definition, it does not need to be accounted as convergence condition. Hence, the num-

ber of convergence conditions are identical to the number of convergence conditions for GARK

methods.
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4.1. Consistency of multirate methods

4.1.4 Order conditions for extended multirate infinitesimal step methods

In this section, the order conditions up to order p = 4 for the class of extMIS methods will be

presented. Note that in Bauer and Knoth (2021) this has been already documented. The approach

in Bauer and Knoth (2021) was the application of the order conditions from PRK methods.

The derivation of the order conditions is presented following the relations to the internal consistent

GARK method, i.e. applying equation (4.5), see also Section 3.3.2. Additionally, if the applied

RK methods are of sufficient order, then the conditions for the extMIS method simplify to the

conditions of the general MIS method. Hence, this approach recovers also the conditions for the

MIS method from Wensch et al. (2009) and Knoth and Wensch (2014). They have derived only

the conditions for up to order p = 3. Henceforth, the here presented approach for the calculation

of the order conditions of the extMIS method applies also for the order conditions of the MIS

method.

The resulting formulas for the order conditions are identical to the ones presented in Bauer and

Knoth (2021). In order to avoid repeating the full text from Bauer and Knoth (2021), only the final

conditions are presented. The derivation is presented in Bauer and Knoth (2021).

The abbreviations f {s} = f {s} (yn) and f {f} = f {f} (yn) as well as F = f {s}+ f {f} will be used.

Moreover, the consistency for the utilised RK methods in MIS stage i will always be assumed, i.e.

si+1

∑
λ = 1

[
bλ

i

]
= bT

i ·1si+1 = 1.

For order p = 1:

F : bT ·1s = 1 (4.8a)

The remaining condition is the classical order one condition for a RK method, cf. equation (4.3).

For order p = 2:

f {s}
′ 〈F〉 : bT · c = 1

2

f {f}
′ 〈F〉 : 1

2 b̃T · (c+ c̃)+
s+1
∑

i = 1

[
b̃i

1
mi

(
bT

i · ci − 1
2

)
(ci − c̃i)

]
= 1

2

(4.8b)

If bT
i ·ci = 1

2 for every RK method in MIS stage i, which is the standard order condition for a RK

method, cf. equation (4.3), the second condition from equation (4.8b) reduces to the additional

MIS condition for order two, cf. Wensch et al. (2009, Equation (3.7)), i.e.

b̃T · (c+ c̃) = 1.
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For order p = 3:

f {s}
′′ 〈F,F〉 : bT · c2 = 1

3

f {f}
′′ 〈F,F〉 : 1

3 b̃T ·
(
c2 + cc̃+ c̃2

)
+

s+1
∑

i=1

[
b̃i

1
mi

(
bT

i · ci − 1
2

)(
c2

i − c̃2
i
)]

+
s+1
∑

i=1

[
b̃i

1
m2

i

(
bT

i · c2
i −bT

i · ci +
1
6

)
(ci − c̃i)

2
]

= 1
3

f {s}
′〈

f {s}
′ 〈F〉

〉
: bT ·Ac = 1

6

f {s}
′〈

f {f}
′ 〈F〉

〉
: 1

2 bT ·RD(c+ c̃)+
s+1
∑

i=1

[(
bT ·RD

)
i

1
mi

(
bT

i · ci − 1
2

)
(ci − c̃i)

]
= 1

6

f {f}
′〈

f {s}
′ 〈F〉

〉
: 1

2 b̃T · (I+ααα)Ac+
s+1
∑

i=1

[
b̃i

1
mi

(
bT

i · ci − 1
2

)
(Ac−αααAc)i

]
= 1

6

f {f}
′〈

f {f}
′ 〈F〉

〉
: 1

2 b̃T ·
(
ααα + γγγ

2

)
RD(c+ c̃)+ 1

6 b̃T ·D(c+2c̃)

+
s+1
∑

i=1

i−1
∑
j=1

[
b̃i

1
m j

(
bT

j · c j − 1
2

)(
(αααRD)i j +

1
2 (γγγRD)i j

)
(c j − c̃ j)

]
+1

2

s+1
∑

i=1

i−1
∑
j=1

[
b̃i

1
mi

(
bT

i · ci − 1
2

)
(γγγRD)i j (c j + c̃ j)

]
+

s+1
∑

i=1

i−1
∑
j=1

[
b̃i

1
mi

(
bT

i · ci − 1
2

) 1
m j

(
bT

j · c j − 1
2

)
(γγγRD)i j (c j − c̃ j)

]
+

s+1
∑

i=1

[(
b̃T ·D

)
i

1
mi

(
bT

i · ci − 1
2

)
ci

]
+

s+1
∑

i=1

[(
b̃T ·D

)
i

1
m2

i

(1
3 −bT

i · ci +bT
i ·Aici

)
(ci − c̃i)

]
= 1

6

(4.8c)

Furthermore, if every RK method in MIS stage i is at least of order three, then the conditions

simplify to

f {s}
′′ 〈F,F〉 : bT · c2 = 1

3

f {f}
′′ 〈F,F〉 : b̃T ·

(
c2 + cc̃+ c̃2

)
= 1

f {s}
′〈

f {s}
′ 〈F〉

〉
: bT ·Ac = 1

6

f {s}
′〈

f {f}
′ 〈F〉

〉
: bT ·RD(c+ c̃) = 1

3

f {f}
′〈

f {s}
′ 〈F〉

〉
: b̃T · (I+ααα)Ac = 1

3

f {f}
′〈

f {f}
′ 〈F〉

〉
: 3b̃T ·

(
ααα + γγγ

2

)
RD(c+ c̃)+ b̃T ·D(c+2c̃) = 1

. (4.8d)

The conditions up to order p = 3 were also derived in Wensch et al. (2009) for the general MIS

method with an analytical integration of the auxiliary ordinary differential equation. Henceforth,

an analytical integration is not required if RK methods of the desired overall order are chosen for

the inner stages i.

For order p = 4:
The order conditions for the underlying explicit RK method are

f {s}
′′′ 〈F,F,F〉 : bT · c3 = 1

4

f {s}
′′〈

F, f {s}
′ 〈F〉

〉
: bT ·diag(c)Ac = 1

8

f {s}
′〈

f {s}
′′ 〈F,F〉

〉
: bT ·Ac2 = 1

12

f {s}
′〈

f {s}
′〈

f {s}
′ 〈F〉

〉〉
: bT ·AAc = 1

24

. (4.8e)
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Assuming that the auxiliary ordinary differential equations are solved with arbitrary RK methods

of at least order four, then there are 14 additional conditions, i.e.

f {f}
′′′ 〈F,F,F〉 : b̃T ·diag

(
c2 + c̃2

)
(c+ c̃) = 1

f {s}
′′〈

F, f {f}
′ 〈F〉

〉
: bT ·diag(c)RD(c+ c̃) = 1

4

f {f}
′′〈

F, f {s}
′ 〈F〉

〉
: b̃T · (diag(2c+ c̃)A+diag(c+2c̃)αααA)c = 3

4

f {f}
′′〈

F, f {f}
′ 〈F〉

〉
: 2b̃T ·diag(c+ c̃)αRD(c+ c̃)

+4
3 b̃T ·diag

(
c+ 1

2 c̃
)

γRD(c+ c̃)
+b̃T ·diag

(
c+ 1

3 c̃
)

Dc+ b̃T ·diag
(5

3 c+ c̃
)

Dc̃ = 1

f {s}
′〈

f {f}
′′ 〈F,F〉

〉
: bT ·RD

(
c2 + c̃c+ c̃2

)
= 1

4

f {f}
′〈

f {s}
′′ 〈F,F〉

〉
: b̃T · (I+ααα)Ac2 = 1

6

f {f}
′〈

f {f}
′′ 〈F,F〉

〉
: 4b̃T ·

(
ααα + 1

2 γγγ
)

RD
(
c2 + c̃c+ c̃2

)
+b̃T ·D

(
c2 +2c̃c+3c̃2

)
= 1

f {s}
′〈

f {s}
′〈

f {f}
′ 〈F〉

〉〉
: bT ·ARD(c+ c̃) = 1

12

f {s}
′〈

f {f}
′〈

f {s}
′ 〈F〉

〉〉
: bT ·RD(I+ααα)Ac = 1

12

f {s}
′〈

f {f}
′〈

f {f}
′ 〈F〉

〉〉
: 3bT ·RD

(
ααα + 1

2 γγγ
)

RD(c+ c̃)+bT ·RDD(c+2c̃) = 1
4

f {f}
′〈

f {s}
′〈

f {s}
′ 〈F〉

〉〉
: b̃T · (I+ααα)AAc = 1

12

f {f}
′〈

f {s}
′〈

f {f}
′ 〈F〉

〉〉
: b̃T · (I+ααα)ARD(c+ c̃) = 1

6

f {f}
′〈

f {f}
′〈

f {s}
′ 〈F〉

〉〉
: 3b̃T ·

(
ααα + 1

2 γγγ
)

RD(I+ααα)Ac+ b̃T ·D(I+2ααα)Ac = 1
4

f {f}
′〈

f {f}
′〈

f {f}
′ 〈F〉

〉〉
: 1

2 b̃T ·
(
ααα + 1

2 γγγ
)

RD
(
ααα + 1

2 γγγ
)

RD(c+ c̃)

+1
6 b̃T ·

(
ααα + 1

2 γγγ
)

RDD(c+2c̃)
+1

4 b̃T ·D
(
ααα + 1

3 γγγ
)

RD(c+ c̃)+ 1
24 b̃T ·DD(c+3c̃) = 1

24

.

(4.8f)

Remark: The conditions for order p = 4 are written assuming a RK method of at least order

four. Moreover, the full summation form is not written for readability. However, they have been

derived in order to find the presented conditions. Furthermore, the procedure for the derivation of

the order conditions can also be repeated for higher order convergence. However, the number of

conditions increases drastically, cf. Table 4.1b.

As already mentioned, if a RK method of sufficient order is chosen for the fast component, the

order conditions for MIS methods are recovered. The main reason are the sums in the order

conditions, see equations (4.8b) and (4.8c). For example, in equation (4.8c) for order p = 3 there

are the following differences

1
mi

(
bT

i · ci −
1
2

)
,

1
m2

i

(
bT

i · c2
i −bT

i · ci +
1
6

)
, and

1
m2

i

(
1
3
−bT

i · ci +bT
i ·Aici

)
.

(4.9)

It can be adapted that there are two possibilities for vanishing the differences and, therefore, the

sums, which will recover the additional conditions of a standard MIS method. First, if the number

of steps in each MIS stage i mi → ∞, which can be interpreted as an exact integration. Secondly, if
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4.1. Consistency of multirate methods

the applied RK method for MIS stage i is of the same order as the MIS method. Both opportunities

indicate that the solution of equation (3.19b) does not need to be given analytically. Equation (4.9)

shows also that the arbitrary number of steps mi influences the method parameters ααα , γγγ and βββ at

least linearly. However, assuming order p = 2 for a RK method in stage i results in second order

degree polynomial influence of mi. Moreover, choosing at least a third order RK method for stage

i, then equation (4.9) vanishes, i.e. for order p = 3 equation (4.8d) is recovered. This suggests

that the influence through mi scales always the difference of the order condition formula versus

the desired value with 1/mq
i , where q is the corresponding polynomial exponent. Additionally, with

a significantly large number of time steps mi in MIS stage i, the overall influence towards the MIS

method parameters is very low, especially for higher order polynomials for mi.

Following the connection of the extMIS method to MIS-KW method, the conditions for order

p = 4 for the MIS-KW method can be derived. The MIS-KW method is written as special case

of a extMIS method when utilising parameter

ααα =



0 0

1 0

0 1 0
...

. . . . . . . . .

0 . . . 0 1 0


, γγγ = 0.

The 14 additional conditions from equation (4.8f) are reduced to five additional conditions,

f {f}
′′〈

F, f {s}
′ 〈F〉

〉
: b̃T ·diag(2c+ c̃)Ac+ b̃T ·diag(c+2c̃)αααAc = 3

4

f {s}
′〈

f {f}
′′ 〈F,F〉

〉
: b̃T · (I+ααα)Ac2 = 1

6

f {s}
′〈

f {f}
′〈

f {s}
′ 〈F〉

〉〉
: bT ·RD(I+ααα)Ac = 1

12

f {f}
′〈

f {s}
′〈

f {s}
′ 〈F〉

〉〉
: b̃T · (I+ααα)AAc = 1

12

f {f}
′〈

f {f}
′〈

f {s}
′ 〈F〉

〉〉
: 3b̃T ·αααRD(I+ααα)Ac+ b̃T ·D(I+2ααα)Ac = 1

4

.

A straight forward calculation can show that all other conditions from equation (4.8f) are met.

In the future, it is of interest to develop a theory based on trees for the derivation of the order

conditions of the (extended) MIS method. Although, the order conditions from the GARK method

were applied, a tree structure has not been recognised, yet.

Remark: Naumann and Wensch (2019) gave the order conditions of the multirate finite step meth-

ods, if an explicit Euler method is applied as RK method in each MIS stage. Equation (4.8b) yields

the same conditions as provided in Naumann and Wensch (2019, Table 1) if the additional MIS

condition is met, i.e.

s+1

∑
i=1

[
b̃i

1
mi

(ci − c̃i)

]
= 0. (4.10)

This condition and all other conditions from Naumann and Wensch (2019, Table 1) are obsolete, if

mi →∞, which is also stated in Naumann and Wensch (2019). As already mentioned, if the applied

RK methods in each MIS stage are of sufficient order, all the additional conditions from Naumann
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4.2. Stability of multirate time integration methods

and Wensch (2019) vanish as well. However, for understanding the influence of the additional MIS

condition, it is noteworthy that these conditions from Naumann and Wensch (2019) are useful. On

the other hand, the conditions given in Naumann and Wensch (2019, Table 1) were restricted to

the explicit and symplectic Euler methods. All the conditions for multirate finite step methods are

derived, if the extMIS conditions are based on RK methods with non-sufficient order. Hence, this

section additionally shows a procedure for the derivation of the conditions for multirate finite step

methods, i.e these methods can be understood as a special version of extMIS methods.

4.2 Stability of multirate time integration methods

Additionally to consistency, the stability of a method shall be analysed for characterising a method.

For linear problems, a stability analysis is often conducted using the Dahlquist equation, a promi-

nent test equation,

ẏ = λy, (4.11)

where λ ∈ C is an arbitrary parameter.

Due to the different time scales for split problems, valid stability information shall be derived for

multirate methods. The multirate methods introduced in Chapter 3 are based on eRK methods.

However, there are so called stiff problems, where their solution not necessarily converges for all

methods, especially explicit methods. Examples of such problems can be found in the literature,

e.g. chemical reaction systems, diffusion problems or even a combination of them, see e.g. Hairer

and Wanner (1996). For geophysical fluid dynamics such problems play also an important role and

are investigated, e.g. for atmospheric reactive flows see Knoth and Wolke (1998), for atmosphere

ocean coupling see Lemarié et al. (2015) and Zhang et al. (2020).

The following introduces some definitions for investigating the stability of the methods used

throughout this thesis, Section 4.2.1. Additionally, it is described how the stability for multirate

GARK methods (Section 4.2.2) and MIS methods (Section 4.2.3) can be investigated depending

on the structure of applications.

4.2.1 Stability for Runge–Kutta methods

The stability theory for Runge–Kutta methods is well known and can be found in many textbooks,

cf. e.g. Hairer and Wanner (1996) and Strehmel et al. (2012). The following gives a short overview

of the stability theory for linear problems and is loosely taken from Strehmel et al. (2012). Apply-

ing an arbitrary RK method to integrate equation (4.11), yields generally a linear equation system

(I−hλA)Y = 1yn,

where identity matrix I and RK method coefficient matrix A are building the linear equation system

matrix and Y is containing all s stage values. The solution is only given if matrix I−hλA is regular.

Furthermore, applying the solution to the RK method, i.e. equation (3.3b) results in

yn+1 =
(

1+hλbT (I−hλA)−1
1

)
yn = R(hλ )yn, (4.12)
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4.2. Stability of multirate time integration methods

where R(hλ ), hλ ∈ C, is called stability function. Corollary 8.2.2 in Strehmel et al. (2012) states

that the stability function approximates the exponential function with order p if the RK method

converges with order p.

Remark: The exponential function is the solution of equation (4.11).

The stability function is used to define stability terms.

Definition 4.2.1: (A-stability)
A RK method is said to be A-stable, if

R(z) ≤ 1 for all z ∈ C with Rez ≤ 0. (4.13a)

A-stable methods with R(z) very close to one, or even one, are damping stiff components very

slowly. It is, therefore, more desirable to use methods which are L-stable.

Definition 4.2.2: (L-stability)
A RK method is said to be L-stable, if it is A-stable and

lim
Re z→−∞

R(z) = 0. (4.13b)

In addition to A-stability, a weaker A(α)-stability can also be defined.

Definition 4.2.3: (A(α)-stability)
A RK method is said to be A(α)-stable, if for all α ∈

(
0, π

2

)
|R(z)| ≤ 1 for all z ∈ C and Rez ≤ 0 with |arg(z)−π| ≤ α (4.13c)

holds. Furthermore, the stability region of a RK method is given by the set

S := {z ∈ C : |R(z)| ≤ 1} . (4.13d)

4.2.2 Stability of multirate generalized additive Runge–Kutta methods

For MGARK methods, the stability analysis follows the GARK stability analysis, see Günther

and Sandu (2016). Henceforth, the stability analysis for GARK methods can be applied directly

for MGARK methods. However, there are some specifications for MGARK methods, which are

described at the end of this section. Furthermore, the stability concept is also valid for MNGARK

methods.

4.2.2.1 Stability of GARK methods

The stability theory for GARK methods has been given in Sandu and Günther (2015). The linear

stability analysis is similar to the one for RK methods, except of the applied test equation

ẏ =
N

∑
κ=1

[λ κy] .
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4.2. Stability of multirate time integration methods

The resulting stability function is then a N-dimensional complex function, i.e. R depends on

z1,z2, . . . ,zN with zκ = hλ κ ∈ C. The details of this function are given in Sandu and Günther

(2015). To present an idea how the complexity of the stability function evolves, the stability

function for PRK methods is given by

R
(
z1,z2, . . . ,zN) = 1+

N

∑
κ=1

[
zκbκ T

]
·

(
I−

N

∑
κ=1

[zκAκ ]

)−1

1.

This equation has been presented as a special case for the GARK methods, see Sandu and Günther

(2015, Example 4).

Furthermore, a nonlinear stability analysis for GARK methods is presented in Sandu and Günther

(2015). For this, the concept of algebraically stable GARK methods is introduced, following

Sandu and Günther (2015, Definition 4.1).

Definition 4.2.4: (Algebraically stable GARK methods)
A GARK method is algebraically stable if the weight vectors are nonnegative

bκ ≥ 0 for all κ = 1,2, . . . ,N (4.14a)

and the matrix

P =
(

Aσκ T diag(bσ )+diag(bκ)Aκσ −bκbσ T
)

1≤κ,σ≤N
≥ 0 (4.14b)

is nonnegative definite.

Of special interest are stability-decoupled methods.

Definition 4.2.5: (Stability-decoupled GARK method)
A GARK method is stability-decoupled if

bκbσ T = Aσκ T diag(bσ )+diag(bκ)Aκσ for all κ 6= σ and κ,σ = 1,2, . . . ,N.

(4.15)

As stated in Sandu and Günther (2015), the interaction of the different components does not in-

fluence the overall nonlinear stability of stability-decoupled GARK methods. Hence, it is recom-

mended to apply these type of GARK methods for coupled problems.

Remark: Sandu and Günther (2015) also discuss the nonlinear stability analysis for dispersive

and coercive functions in detail.

4.2.2.2 Stability of MGARK/MNGARK methods

Following the ideas of the previous section, the focus here is on the specification of the nonlinear

stability analysis for MGARK methods. Especially, equation (4.15) for stability-decoupled GARK

methods reduces if b{f} > 0:

A{f,s,λ} = 1
{s}b{s}T −diag

(
b{f}
)−1

A{f,s,λ} diag
(

b{s}
)

(4.16)
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4.2. Stability of multirate time integration methods

for all λ = 1,2, . . . ,M for MGARK methods, cf. Günther and Sandu (2016, Equation (13)). Note

that the specific notation of the MGARK method from Section 3.2.1.1 is used in equation (4.16).

However, for MNGARK methods, there is no such reduction. Nevertheless, it can be derived,

using the notation and block matrices from Section 3.2.1.2, such that equation (4.15) reads

b{κ}b{σ}T
= A{σ ,κ,l,k}T

diag
(

b{σ}
)
+diag

(
b{κ}

)
A{κ,σ ,k,l} (4.17)

for all κ 6= σ and κ,σ = 1,2, . . . ,N as well as k = 1,2, . . . ,M{κ} and l = 1,2, . . . ,M{σ}.

Equations (4.15) - (4.17) have in common that for stability-decoupled methods the coefficients

for the numerical coupling mechanism in one direction highly depend on the coefficients in the

opposite direction.

Remark: Note that for efficiency reasons, it is recommended to consider explicit coupling meth-

ods, as also previously mentioned in Section 3.1.2. Throughout the work of Günther and Sandu

(2016), explicit coupled methods are called decoupled methods, which shall not be confused with

stability-decoupled methods.

4.2.3 Stability of multirate infinitesimal step methods

In Section 3.3 and Bauer and Knoth (2021), it is shown that extMIS methods can be formulated

as GARK methods. Applying the idea of algebraically stable GARK methods to the reformulated

version of the extMIS methods is rather cumbersome. In order to estimate a reasonably good

method, the stability concept for the MIS method as described in Wensch et al. (2009), Knoth and

Wensch (2014), and Bauer and Knoth (2021) is providing a simpler approach. A linear represen-

tative example for the compressible Euler equation has been applied as test equation, i.e.

∂u
∂ t

+U
∂u
∂x

= −cS
∂Π

∂x
and

∂Π

∂ t
+U

∂Π

∂x
= −cS

∂u
∂x

,

see Wensch et al. (2009) or Knoth and Wensch (2014, Equation (10)) with x-horizontal component

of velocity (u), Exner function (Π) as well as speed of sound (cS) and a constant advection veloc-

ity (U). This equation is a linearised continuous one-dimensional compressible inviscid equation.

To obtain a finite dimensional test problem, all spatial differential operators are replaced by fi-

nite differences and then transformed into Fourier space. The pressure and divergence terms are

discretised by central differences, the advection term by third order up-winding. The stability is

tested for the CFL range U∆t < 1
6 cS∆t and 40 Fourier modes. Therefore, a MIS method is tailored

for this special application where the spectra lies near the imaginary axis. The stability region can

be calculated accordingly to Knoth and Wensch (2014).

The main advantage of this specific method is a larger CFL number for speed of sound (CS) with

a given Mach number or ratio of CA
CS

< 1
6 with CFL number for advection (CA). Even a CS as high

as 50 is possible for a Mach number as low as 1
6 .
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4.3 Construction of multirate methods

This Section shows how a MNGARK and extMIS methods are found. Generally, the methods

were calculated by solving the non-linear system of equations of all considered order conditions

with random initial values for the MATLAB® function fsolve. The step and function tolerance

values were chosen to be 10−10 and 10−12, respectively. This empirically approach leads to many

different methods. The stability analysis of each of these methods showed whether they are con-

sidered as reasonable.

The in this section presented multirate methods, for M3GARK135-222 see Section 4.3.1 and for

MIS54 see Section 4.3.2, are later used for the simulations discussed in Section 6.1.

4.3.1 MNGARK method – M3GARK135-222

The M3GARK135-222 method is applicable for modelling problems with three components. The

method uses constant time steps for the fast and super fast components being a third and a fifth,

respectively, of the time step of the slow component, i.e.

h{1} = h, h{2} =
h
3

and h{3} =
h
5
.

For each component, the well known Heun method is utilised. The Butcher tableau reads
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The method is internally consistent and converges with order p = 2. However, this method is

neither algebraically stable nor stability decoupled.
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4.3.2 Extended MIS method – MIS54

MIS54 is an example of a MIS method of order four with five stages. Table 4.2 gives the param-

eters ααα , γγγ and βββ for the MIS54 method with five stages and order four. Note that the method has

been published in Bauer and Knoth (2021). The description is also taken to some extended from

Bauer and Knoth (2021).

αi j γi j βi j

α21 −0.056843003311023 γ21 0.168489083931286 β21 0.219579314792533

α31 0.071035715986068 γ31 −0.025097850341834 β31 −0.032864918414060

α32 0.050143439731979 γ32 0.025515704040468 β32 0.634699918767414

α41 0.021491523917140 γ41 0.106139356407192 β41 −0.241761887431829

α42 0.287530720188756 γ42 0.264445452990869 β42 −0.120631540663984

α43 0.239030810792355 γ43 0.402246482358727 β43 0.374686620841487

α51 0.027558616966568 γ51 −0.031464053194458 β51 −0.058474324094343

α52 0.382675659910308 γ52 −0.068258296801680 β52 0.351217252190521

α53 0.177185696263246 γ53 0.027558616966568 β53 0.309657030167295

α54 −0.314894383613333 γ54 0.015830368641068 β54 0.168604799122988

α61 0.065158401284120 γ61 0.150547662349659 β61 −0.056205055946158

α62 0.079591607322196 γ62 0.088610905686011 β62 −0.068390330952311

α63 0.459806401597571 γ63 0.067880982803316 β63 −0.086209210260269

α64 0.086725275506356 γ64 −0.297416190393485 β64 0.034904705602768

α65 0.439945196292364 γ65 0.148246909195494 β65 0.448964988009822

Table 4.2: MIS method parameters with 5 stages and order four, (MIS54)

Remark: In Knoth and Wensch (2014), the MIS methods were derived by solving an optimisation

problem which combined the stability properties with the small integration time interval
s+1
∑

i=1
[di].

Additionally to good stability, the aim was the minimisation of this time interval.

The MIS54 method was chosen by visualising the stability region for each of 100 different meth-

ods of order four according to the stability approach described in Section 4.2.3. The corresponding

stability region is given in Figure 4.1a. The stability region of this method has considerably ex-

panded the regions compared to methods given in Knoth and Wensch (2014).

Figure 4.1b shows the order convergence of the MIS54 method, where the auxiliary ordinary

differential equation was solved with different methods. The cold bubble downburst benchmark

example as described in Knoth and Wensch (2014) was used for the calculation of the error con-

vergence. The calculation was performed for time steps ranging from 2−6 to 22 seconds. The

integration was conducted for 900 s. No background wind was applied. The error was derived by

comparison with an eRK method of order four with a time step of 0.0001 s. Although each time

step was applied for each numerical test, the Runge–Kutta method with order two only converged

for a time step of 0.25 s or less.
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(a) Stability region (b) Error convergence

Figure 4.1: Results of MIS54 method

Furthermore, for some time steps, the method converges with a higher order, see e.g. Runge–Kutta

method with order two and time step 0.0625 s and Simpson’s method with time step 0.5 s. This

is related to the number of fast integration time steps applied for each MIS stage. Equation (4.9)

states that the number of fast integration time steps influences quadratically the order conditions

for order three and a RK method of order two applied for the fast integration. However, if this

number is sufficiently large, then there is almost no influence. Moreover, with a further decrease

of the time step, the number of fast integration time steps was also reduced. Therefore, the solu-

tion then converges more slowly. This can also be seen by the fast integration with the Simpson

method.

This characteristic allows the application of a RK method of reduced order for fast integration

without an increase in error as long as the number of fast time steps is large enough, see also

Section 4.1.4. This is exemplarily justified by the application of the Simpson’s method for time

steps larger than 0.5 s.

Furthermore, Figure 4.1b also shows that the MIS54 method converges with order four by utilising

an exponential integrator for the auxiliary ordinary differential equation.

During this test, there has been no change of the RK method applied for the integration in each

MIS stage. However, this is not required.

Remark: A constant time step h is used in geophysical fluid dynamics. Therefore, step size con-

trolling with embedded methods is not considered throughout this thesis. However, in geophysical

fluid dynamics efficiency is a very important aspect for the development of models and methods.

The largest possible time step is chosen such that stable results can still be guaranteed. Hence-

forth, efficiency is based on the required amount of computation time and not on the time-step.

However, this also requires that the method is implemented in the most efficient way.
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Chapter 5

Numerical realisation of the coupling of
atmosphere and ocean models

The air-sea interface is the joint boundary of the atmosphere and ocean. In atmosphere models,

the air-sea interface is treated by boundary conditions (BCs), equation (2.31d), similarly for ocean

models, equation (2.31i). The physical processes at the air-sea interface, e.g. precipitation, evapo-

ration, wind stress or heat exchange are represented in models by the corresponding fluxes and are

time-dependent. For coupled atmosphere-ocean models, the coupling condition, equation (2.31e),

is described by an equilibrium formulation of the flow of mass, momentum and energy through

the air-sea interface.

In preparation for the development of the realistic three-dimensional coupled atmosphere-ocean

model ICONGETM, the mathematical details of the coupling between atmosphere and ocean are

first studied in an idealised one-dimensional setting. In Section 5.1, coupling conditions are for-

mulated based on the definition of the physical processes at the air-sea interface. Furthermore,

general approaches for the realisation of the coupling of atmosphere and ocean models are also in-

troduced and discussed in Section 5.1. The physics and derivation of a one-dimensional idealised

coupled atmosphere-ocean model is described in Section 5.2 and specific coupling approaches for

one-dimensional and two-dimensional coupled atmosphere-ocean models are explained. The ap-

proach realised for the coupled model ICONGETM is presented in Section 5.3 and discussed by

means of a simulation setup for the Central Baltic Sea.

5.1 Coupling conditions and their numerical realisation

The coupling conditions based on the formulation of the fluxes at the air-sea interface for atmo-

sphere and ocean models are presented in Section 5.1.1. Common physical and mathematical

approaches for modelling the air-sea interface in coupled atmosphere-ocean models are discussed

in Section 5.1.2.
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5.1.1 Coupling conditions at the air-sea interface

The flux formulation of the physical processes at the air-sea interface for atmosphere and ocean

models is introduced. These fluxes are the basis for the development of the coupling conditions.

At first, the mass flux is formulated. Water is exchanged at the air-sea interface, i.e. fresh water is

evaporated from the ocean to the atmosphere and rain drops are precipitated from the atmosphere

into the ocean. Salt is not transported from the ocean into the atmosphere. Hence, ocean models

balance the salt content at the air-sea interface. This causes an increase in salinity if fresh water

evaporates. If there is precipitation into the ocean the salinity decreases, see e.g. Esau (2014) and

Nurser and Griffies (2019). This flux exchange reads

JsaS • n = −qsaS (E −P)

with diffusive mass flux for salinity JsaS , surface specific salt content (qsaS), evaporation (E) and

precipitation (P). For details on the salt and fresh water balance see e.g. Beron-Vera et al. (1999).

The structure of the horizontal momentum fluxes is given by the formulation of Neumann condi-

tions at the air-sea interface, i.e. equation (2.37b). Furthermore, they are commonly parameterised

in atmosphere and ocean models applying by

τx = −ρCd
m |vh|(u−uS) , and τy = −ρCd

m |vh|(v− vS)

with bulk transfer coefficients for momentum
(
Cd

m
)
, horizontal velocity (vh) and surface horizontal

velocities (uS,vS).

Similarly also for the specific heat fluxes, i.e. the sensible heat flux (Qs) is parameterised by

Qs = −ρCd
h |vh|cp (T −TS)

with bulk transfer coefficients for heat
(
Cd

h

)
, specific heat capacity at constant pressure (cp) and a

surface temperature (TS). The latent heat flux (Ql) is parameterised by

Ql = −ρCd
h |vh| lv (qv −qvS)

with specific latent heat capacity for water vapor (lv), specific humidity (qv) and saturated specific

humidity at the air-sea interface qvS which depends on the temperature TS.

The coupling conditions at the air-sea interface are then formulated through equalising the fluxes.

The resulting non-linear system of equations reads

Jsa • n = −qsaS (E −P) (5.1a)

τ
A
x (uS) = τ

O
x (uS) (5.1b)

τ
A
y (vS) = τ

O
y (vS) (5.1c)

QA
s (TS)+QA

l (TS) = QO
s (TS)+QO

l (TS) . (5.1d)

This set of equations must be solved for uS, vS, TS and qsaS, which are unknown to the individual

models, but required to calculate the fluxes above. Because of dependencies such as qvS = qvS (TS)

or the weighted average

cp = qdcpd +qvcpv
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with specific heat capacity at constant pressure for dry air (cpd) and water vapour (cpv) as well as

specific dry air content (qd) and water vapour content (qv), the set of equations is non-linear. The

fluxes are then calculated after solving the non-linear system of equations for uS, vS, TS and qsaS

and are provided to the atmosphere and ocean models. Note that solar radiation is neglected for

this analysis, which leads to additional terms for the specific heat flux.

For the details of the formulation of the fluxes in ICON see Doms et al. (2013) and Zängl et al.

(2015) and for GETM see Burchard and Bolding (2002). Note that atmosphere and ocean models

can apply different formulations of the fluxes at the air-sea interface and thus of the resulting

coupling.

5.1.2 Realisation of the coupling conditions in atmosphere and ocean models

The coupling conditions in coupled atmosphere-ocean models are defined by the fluxes across the

air-sea interface. Three common approaches in coupled atmosphere-ocean models are:

1. No coupling, i.e. fluxes derived from simplifying assumptions and in terms of independent

reanalysis data

2. Simple coupling based on simplifying assumptions but using state variables from the atmo-

sphere and ocean

3. Fully consistent coupling, i.e. solving the non-linear system of equations (5.1).

In the event of no coupling, the no-slip condition for the air-sea interface, i.e. uS ≡ vS ≡ 0,

is assumed for atmosphere models, cf. Doms et al. (2013). Furthermore, a parameterised or pre-

calculated sea surface temperature is provided. Meteorological data are used to calculate the fluxes

at the air-sea interface for ocean models implying also no-slip conditions, see e.g. Klingbeil et al.

(2018). These kind of data is usually given through reanalysis data provided by weather services,

e.g. the German Weather Service (DWD) or European Centre for Medium-Range Weather Fore-

casts (ECMWF).

The second approach for coupling of atmosphere and ocean models also applies no-slip condi-

tions, but state variables are exchanged between the atmosphere and ocean. Hence, the ocean

sea surface temperature is provided to the atmosphere and meteorological variables to the ocean

within the coupled model. The fluxes are calculated by the atmosphere and ocean model in terms

of these updated quantities. Some application scenarios consider a one-way coupling, i.e. the

variables of only one model are provided. If variables between both models are exchanged, the

coupling is called two-way.

In the latter case, the flux calculation by the atmosphere and ocean models shall be consistent. If

it is not ensured, there can be an inconsistency at the coupling interface during the simulation. To

guarantee a consistent flux calculation at the air-sea interface, the calculated fluxes must be pro-

vided to both models, i.e. the fluxes calculated on the atmosphere side are provided to the ocean

side or vice versa, see e.g. Bauer et al. (2021). A second flux calculation approach at the coupling

interface is presented in Karsten et al. (2024). Here, the atmosphere and ocean models provide the
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required variables. The flux calculation is conducted at the air-sea interface based on the formulas

from Doms et al. (2013). The fluxes are then provided to the atmosphere and ocean models. This

ensures a conservative and consistent transport of mass, momentum and energy with respect to the

applied no-slip conditions, i.e. uS ≡ vS ≡ 0, and the sea surface temperature from the ocean

model.

It is important to note that only the third approach mentioned above solves the non-linear system

of equations (5.1) for the coupling conditions. No further assumptions are required, i.e. no param-

eterisation must be applied. This allows a more accurate formulation of the physical processes at

the air-sea interface. For example, the no-slip condition implies that the velocity of the ocean does

not influence the wind velocity.

The first two described approaches are applied to ICONGETM. The third approach is utilised for

the idealised one-dimensional coupled atmosphere-ocean model in the upcoming section. How-

ever, there is a fourth possible approach, which is not discussed further in this thesis. If a differen-

tial equation of time for the physical processes at the air-sea interface can be derived, the coupling

conditions can be included in the differential equations of the initial boundary value problem for

the coupled atmosphere-ocean model. Numerical aspects, such as consistency and stability, of this

approach have been investigated by Lemarié et al. (2015), Beljaars et al. (2017), and Zhang et al.

(2020).

5.2 Coupling approaches for idealised one- and two-dimensional cou-
pled atmosphere-ocean models

The approaches for idealised one- and two-dimensional coupled atmosphere-ocean models are

discussed in this section. The analysis of the coupling for these idealised coupled models is later

used for development of the coupled model ICONGETM.

A one-dimensional idealised coupled atmosphere-ocean model is explained in detail in Section 5.2.1.

The set of governing equations and the coupling conditions are fully derived for this model.

Possible different spatial discretisation for atmosphere and ocean models requires an interpolation

of the exchanged quantities at the air-sea interface. The interpolation at the air-sea interface for

two-dimensional coupled atmosphere-ocean models considering one horizontal and the vertical

direction is explained in Section 5.2.2.

5.2.1 1D idealised coupled atmosphere-ocean model with turbulence closure

The common basis for atmosphere and ocean models is the non-hydrostatic compressible set of

equations for a geophysical fluid, i.e. equation (2.14) formulated for the prognostic variables in

Table 2.1. There are a variety of assumptions applied to this general set of equations to gain the

model equations for a one-dimensional idealised coupled atmosphere-ocean model. The assump-

tions mentioned in the following can be found in various text books, e.g. Stull (1988), Lange

(2002), and Etling (2008), and are briefly summarised in Appendix B.

Dry air and water vapour are the considered substances for the atmosphere as well as fresh water

68



5.2. Coupling approaches for idealised one- and two-dimensional coupled atmosphere-ocean
models

and salt for the ocean. The set of equations is simplified by the following assumptions which will

hold for both, the atmosphere and ocean:

• No internal source for each substance since only dry air (d), water vapour (v), fresh water ( f )

and salinity (sa) are applied. The only phase change, which is considered, is the evaporation

at the air-sea interface of fresh water, i.e. Iv+ I f = 0 and Id = Isa = 0. No precipitative fluxes

are applied, as well as no salinity flux at the boundaries of the ocean.

• Both fluids are described as horizontally homogeneous, i.e. there are no horizontal velocity

gradients. Additionally, the hydrostatic approximation is applied, see Appendix B.2.

Note that a mass conserving fluid with horizontal homogeneity and hydrostatic assumption

becomes incompressible. Hence, the one dimensional idealised coupled atmosphere-ocean

model is incompressible.

• There are no radiative processes considered as well as other heat fluxes from the surround-

ings of the atmosphere and ocean.

• Model simulations shall be compared to measurements. However, they are representing an

averaged quantity. Thus, modelling of averaged quantities is required. Hence, Reynolds

averaging is applied. For more details see Appendix C or Etling (2008). For the sake of

readability, the averaging of a quantity is not explicitly labelled.

Applying all simplifications, the set of equations for a one-dimensional atmosphere and ocean

model is given by

Atmosphere Ocean
∂qv

∂ t
− ∂

∂ z

(
Kh

∂qv

∂ z

)
= 0

∂qsa

∂ t
− ∂

∂ z

((
ν

h
t +ν

sa
)

∂qsa

∂ z

)
= 0

∂u
∂ t

− ∂

∂ z

(
Km

∂u
∂ z

)
= − 1

ρ

∂ p
∂x

+ f · v ∂u
∂ t

− ∂

∂ z

(
(νt +ν)

∂u
∂ z

)
= − 1

ρ

∂ p
∂x

+ f · v

∂v
∂ t

− ∂

∂ z

(
Km

∂v
∂ z

)
= − 1

ρ

∂ p
∂y

− f ·u ∂v
∂ t

− ∂

∂ z

(
(νt +ν)

∂v
∂ z

)
= − 1

ρ

∂ p
∂y

− f ·u

∂θq

∂ t
− ∂

∂ z

(
Kh

∂θq

∂ z

)
= 0

∂θ

∂ t
− ∂

∂ z

((
ν

h
t +ν

h
)

∂θ

∂ z

)
= 0.

Note that for the atmosphere the wet equivalent potential temperature (θq) is applied as a represen-

tative for the energy component, while for the ocean the potential temperature (θ ) is used as it will

be later used in ICON and GETM, respectively. The set of equations for the atmosphere can be

found in a similar form in Weng and Taylor (2003). For the ocean, they are described in Burchard

and Petersen (1999) and have been applied in the water column model GOTM, see Burchard et al.

(1999).

The pressure gradient in the atmosphere is given by a geostrophic wind, see e.g. Weng and Taylor

(2003). Hence,

1
ρ

∂ p
∂x

= f · vg and
1
ρ

∂ p
∂y

= − f ·ug. (5.2)

69



5.2. Coupling approaches for idealised one- and two-dimensional coupled atmosphere-ocean
models

Note that the resulting equations only model the vertical transport of water vapour, salt and tem-

perature due to turbulence.

The turbulent diffusion coefficient for momentum (Km) and for heat (Kh) are defined according to

Weng and Taylor (2006). Additionally, the eddy diffusivities νt and νh
t as well as the molecular

diffusivities ν , νh and νsa are defined according to Burchard et al. (1999). In both, the atmosphere

and ocean, the turbulent diffusion coefficients and diffusivities are obtained in terms of specific

turbulent kinetic energy (k) and dissipation (ε). The second order k-ε turbulence closure scheme

is applied and requires two additional equations (one for specific turbulent kinetic energy (k) and

dissipation (ε)) for the atmosphere and ocean. They read

Atmosphere Ocean
∂k
∂ t

= Ps +Pb − ε +
∂

∂ z

(
Km

σk

∂k
∂ z

)
∂k
∂ t

= Ps +Pb − ε +
∂

∂ z

(
νt

σk

∂k
∂ z

)
∂ε

∂ t
= c1

ε

k
(Ps +Pb)− c2

ε2

k
+ c3

∂

∂ z

(
Km

σε

∂ε

∂ z

)
∂ε

∂ t
= c1

ε

k
(Ps +Pb)− c2

ε2

k
+ c3

∂

∂ z

(
νt

σε

∂ε

∂ z

)

with shear production (Ps) and buoyancy production (Pb). The shear and buoyancy production and

the k-ε scheme parameters c1, c2, c3, σk and σε are defined according to Umlauf and Burchard

(2003).

Remark: Weng and Taylor (2003) and Weng and Taylor (2006) have utilised different turbulence

closure schemes for their one-dimensional atmosphere model experiments. ICON also applies a

different turbulence closure scheme. The k-ε scheme was chosen for the atmosphere and ocean

models so that the same turbulence closure scheme is applied. For more details on turbulence

closure schemes, see e.g. Umlauf and Burchard (2003).

The coupling conditions are defined by balancing the fluxes at the air-sea interface. However, it is

assumed that there is no exchange of specific turbulent kinetic energy and dissipation at the air-sea

interface. Hence, boundary conditions for the specific turbulent kinetic energy and dissipation

are formulated based on k-ε turbulence closure scheme. The coupling conditions for this one-

dimensional coupled atmosphere-ocean model read

qsaρ
AKh

∂qv

∂ z
= −ρ

O
(

ν
h
t +ν

h
)

∂qsa

∂ z
(5.3a)

−ρ
AKm

∂uA

∂ z
= −ρ

O (νt +ν)
∂uO

∂ z
(5.3b)

−ρ
AKm

∂vA

∂ z
= −ρ

O (νt +ν)
∂vO

∂ z
(5.3c)

−ρ
A

(
cA

pKh
∂θ A

q

∂ z
+ lvKh

∂qv

∂ z

)
= −ρ

O
(

ν
h
t +ν

h
)

cO
p

∂θ O

∂ z
. (5.3d)

The equations are defined by the formulation of the Neumann boundary conditions from equa-

tion (2.37b). For readability, the variables uS, vS, TS and qsaS are neglected from equation (5.3).

In comparison to the equations from Section 5.1.1, no parameterisation is used. In this one-

dimensional setting no horizontal interpolation is required at the air-sea interface.
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5.2.2 Coupling details for a 2D atmosphere-ocean model

The two-dimensional models considered here are slice models, which assume only one horizontal

direction. The Eady model is a two-dimensional atmosphere model, see e.g. Cullen (2008), Cotter

and Holm (2013), Visram et al. (2014), and Yamazaki et al. (2017). The slice model option of

the GETM model is an example for a two-dimensional ocean model, see Burchard and Bolding

(2002). In comparison to the coupling in the one-dimensional idealised atmosphere-ocean model

from the previous section, an interpolation at the air-sea interface must now be considered. Thus,

the main purpose of this section is the discussion on how the coupling conditions are applied at

the air-sea interface in a two-dimensional atmosphere-ocean model.

Any two-dimensional slice model applies a one-dimensional horizontal discretisation, which basi-

cally is a definition of grid points along a horizontal line. Because of different horizontal discreti-

sations in the atmosphere and ocean models, the air-sea interface shall be discretised considering

the different spatial discretisations, i.e. an exchange grid must be defined. Therefore, a spa-

tial interpolation at the air-sea interface is required. Interpolation methods of choice are usually

nearest-neighbour, bilinear or conservative methods, see e.g. Balaji et al. (2019). In geophysical

fluid dynamics, the most obvious choice is a conservative method, since a conservative treatment

of the fluxes at the air-sea interface is required.

A conservative interpolation takes the area of each grid cell from the source grid and calculates

the fraction of the contribution to the destination grid. Hence, an incidence matrix I ∈ R+
0

Nd×Ns

storing the fractions can be applied with Ns and Nd being the number of grid cells on the source

and destination side, respectively. The following equation defines an area weighted conservative

interpolation

φdi ·Adi =
Ns

∑
j = 1

[
(I)i j ·As j ·φs j

]
, i = 1,2, . . . ,Nd , (5.4)

where φ represents the data to be interpolated and Asi and Ad j the area of grid cells i and j. The

subscription s and d are representing the source and destination side, respectively.

Remark: The column-sum of the incidence matrix is less than or equal to one. The only columns

with a sum less than one are those where not every source grid element contributes to the des-

tination grid, i.e. the source grid element is outside of the destination grid, cf. Figure 5.1. The

incidence matrix for the interpolation from the atmosphere to the ocean side is not identical with

the incidence matrix for the interpolation from the ocean to the atmosphere side. Henceforth,

the interpolation is not reversible. Therefore, the incidence matrix must be calculated for each

interpolation direction.

Since a conservative interpolation is weighted through the cell area of the source and destination

discrete grid structure, the to be interpolated value have to be a quantity related to an area, e.g.

pressure and flux etc.

Henceforth, the procedure for applying the coupling conditions shall be provided in three steps:

1. the interpolation of the variables to an exchange grid from the atmosphere and ocean com-

ponent,
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2. solving the coupling conditions on the exchange grid, and

3. interpolating back to the atmosphere and ocean.

The following is a more general formulation of Bauer et al. (2021, Section 3.3), who focused

on the exchange grid in the model ICONGETM. However, the approach is transferable to many

coupling scenarios.

Based on the information provided by the discretisation from the atmosphere and ocean models,

an exchange grid can be derived. The exchange grid is created by overlaying both grids and

calculation of the intersection points. Figure 5.1, taken and modified from Bauer et al. (2021),

shows an exemplary exchange grid situation for a one-dimensional air-sea interface in a two-

dimensional coupled atmosphere-ocean model.
M

SL
P

SS
T

1. 2. 4. 3. 1. 2. 4. 3.

ocean grid

exchange grid

atmosphere grid

1013 1014 1013

1013 1014 1015 1012 1013

1013 1013 1014 1015 1012 1013

289 290 291

289 290 290 291

(290) 289.4 290 290.5 291 (290)

Figure 5.1: Schematic representation of the interpolation between atmosphere and ocean slice

models. In the atmosphere and ocean grids active ocean cells are coloured in blue

and land cells in green. As shown for the transfer of mean sea level pressure (MSLP in

hPa) and sea surface temperature (SST in K), the exchange grid can consist of differ-

ent cells for each direction. The four possible combinations of land/ocean masks are

indicated. On land (cases 1 and 3) an atmosphere-internal SST (here 290K) must be

applied. This atmosphere-internal SST is also considered for fractions of ocean cells

not covered by the ocean domain (case 2).

As indicated in Figure 5.1, the overlay of the different model grids yields four possible combina-

tions of land/ocean masks:

1. land cells on atmosphere and ocean side,

2. ocean cell on atmosphere and land cell on ocean side,

3. land cell on atmosphere and ocean cell on ocean side,

4. ocean cells on atmosphere and ocean side.

Elements of case 1 are excluded from the exchange grid, since no data exchange is required. Case

4 elements are included, since both sides show water cells. For case 2 holds that a fraction of

the atmospheric water cell is utilised for the interpolation to the exchange grid. In Figure 5.1, the

contribution of the second element of the atmosphere to the exchange grid is 0.8. In case of the

regridding in the other direction, the non-covered ocean grid cell part of the atmospheric water cell

must be filled with corresponding pre-calculated data. Whether the elements of case 3 belong to
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the exchange grid depends on the direction of interpolation. Henceforth, two different exchange

grids are created and used, one for the interpolation from the atmosphere to the ocean, which

includes the elements of case 3, and one vice versa, excluding elements of case 3, see Figure 5.1.

Any interpolation method can then be applied, although a conservative interpolation method is

highly recommended, as mentioned previously.

An exchange grid requires two incidence matrices for the interpolation from one side to the other,

one for the interpolation to the exchange grid and one from the exchange grid. Hence, a fully

two-way coupled interpolation requires two exchange grids and corresponding incidence matrices

must be calculated Equation (5.4) is applied twice per direction. The incidence matrix for the

interpolation from the exchange grid is filled only with zeros or ones. The column sum is always

equal to one, i.e. one exchange grid element always contributes to only one destination grid

element. By multiplying the incidence matrices for the interpolation to and from the exchange

grid, the incidence matrix for the direct conservative interpolation from the atmosphere / ocean

side to the ocean / atmosphere side is gained, respectively.

Remark: The additional work load covered by the overall coupled model can be split into two

parts. The incidence matrices and the interpolation weights have to be calculated only once

during the initialisation of the model. The actual interpolation is then carried out multiple times

during the time integration using the pre-calculated incidence matrices and interpolation weights.

Henceforth, the most expensive part is again the solving of the coupling conditions for the air-sea

interface at each coupling time step.

5.3 The coupling in ICONGETM: a flexible two-way mechanism for
a coupled atmosphere-ocean model

The coupled atmosphere-ocean model ICONGETM was developed for considering the physical

process, especially for applications in the Baltic Sea area. A consistent flux calculation at the

air-sea interface is utilised. Due to different horizontal spatial discretisations, a conservative inter-

polation using the exchange grid philosophy is applied, as suggested in the previous section.

The coupling interfaces in ICON and GETM are summarised in Section 5.3.1 with focusing on the

set of equations and the horizontal discretisation. The coupling mechanism utilised in the coupled

model ICONGETM is presented in Section 5.3.2. Furthermore, the advantages and disadvantages

of the coupling approach are discussed.

Remark: The implementation was realised using the special coupling software library Earth Sys-

tem Modelling Framework (ESMF). The variables calculated by ICON and GETM were interpo-

lated to an exchange grid. Some additional variable manipulations, e.g. scaling or averaging,

is carried out at the exchange grid. The final step is then the conservative interpolation to the

horizontal grids ICON and GETM.

73



5.3. The coupling in ICONGETM: a flexible two-way mechanism for a coupled
atmosphere-ocean model

5.3.1 Coupling interfaces in ICON and GETM

Except of the actual coupling conditions, the horizontal discretisation is the key element for the

coupling at the air-sea interface. The spatial discretisation is completely different in each model.

Henceforth, it is important to emphasise that the formulation of the set of governing equations

for each model is also a factor for understanding how the coupling conditions have to be applied.

Therefore, the horizontal discretisation of the models ICON and GETM are presented after a brief

introduction of the governing equations. They are shown here, since GETM applies the concept of

a free surface, which ICON does not. This will lead to a conceptional problem for the coupling and

is discussed later on. For the two-dimensional model, this problem was ignored in the previous

section due to focusing on the concept of interpolation at an interface.

Some of the presented aspects are taken from Bauer et al. (2021). However, the realisation of the

coupling interface in ICON and in GETM is explained in detail in this section.

5.3.1.1 Coupling interface in ICON

The German Weather Service (DWD) and the Max Planck Institute for Meteorology (MPI-M)

have developed in a joint project the non-hydrostatic dynamical core for the ICOsahedral Non-

hydrostatic modeling framework (ICON). The derivation of the set of equations is explained in

Zängl et al. (2015). They have been summarised in Ullrich et al. (2017) for the dynamical core

model inter-comparison project (DCMIP) 2016. Henceforth, the first section shows the final im-

plemented set of equations and the horizontal grid structure.

Set of equations in ICON
ICON solves the two-dimensional vector-invariant momentum equations on an icosahedral (tri-

angular) grid with Arakawa C-grid staggering and terrain-following vertical discretisation. Zängl

et al. (2015) stated that the derivation of the set of equations is based on the work in Gassmann

and Herzog (2008). The final formulation has been modified with respect to the horizontal grid

structure, see Zängl et al. (2015, equations (3)-(6)) and reads

∂ρ

∂ t
+∇ •

(
ρ ·vT ) = 0 (5.5a)

∂vn

∂ t
+

∂kh

∂n
+(ζ + f )vt +w

∂vn

∂ z
= −cpdθv

∂Π

∂n
+F (vn) (5.5b)

∂w
∂ t

+vh • ∇w+w
∂w
∂ z

= −cpdθv
∂Π

∂ z
−g (5.5c)

∂ (ρθv)

∂ t
+∇ •

(
ρθv ·vT ) = Q (5.5d)

with prognostic variables density (ρ), horizontal velocity component normal to the triangle edges

(vn), the vertical component of velocity (w) and virtual potential temperature (θv). Furthermore,

the horizontal specific kinetic energy kh =
1
2

(
v2

n + v2
t
)
, vorticity (ζ ), Coriolis frequency ( f ), recon-

structed tangential velocity component (vt), specific heat capacity at constant pressure for dry air

(cpd), Exner function (Π), source term for horizontal momentum F (vn), horizontal velocity (vh),
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gravitational acceleration (g) and diabetic heat-source terms (Q) are applied. Additionally, Zängl

et al. (2015) stated that in accordance with the model code, it is assumed that (vt ,vn,w) form a

right-handed system. The parameterisation is based on the physics from the COSMO model, see

Doms et al. (2013) and Zängl et al. (2015).

Remark: Equation (2.14) was derived as a general formulation of an differential equation for

any geophysical fluid. The set of equations are usually differently formulated when focusing on a

specific geophysical fluid. Hence, the set of equations in ICON were reformulated to the present

form.

Horizontal grid structure
The horizontal grid structure has been explained in Bauer et al. (2021) and the following is based

on that description. However, the original documentation can be found in Linardakis et al. (2011).

The very first assumption for the horizontal grid is that the Earth is approximated as a sphere.

Furthermore, the horizontal grid structure is based on the projection of an icosahedron on the

sphere. The edges of each triangle of the icosahedron can now be interpreted as parts of great

circles on the sphere, see Figure 5.2.

Figure 5.2: Illustration of the grid construction procedure. The original spherical icosahedron is

shown in red, denoted as R1B00. In this example, the initial division (black dotted),

followed by one subsequent edge bisection yields a R2B01 grid (solid lines), see Prill

et al. (2019).

A refinement of the grid, i.e. to increase the resolution by using smaller triangles, is achieved by

a combination of two steps. The first step is an initial division of the original icosahedron triangle

edges by n ∈N. The second step are b ∈N bisections of the remaining smaller triangles. The final

grid is then described by RnBb.

The number of triangles on the sphere for a RnBb grid is given by 20n24k, see Zängl et al. (2015).
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The effective grid resolution is given by√
π

5
rE

n2k (5.6)

with Earth radius (rE).

Remark: An icosahedron consists of 20 equilateral triangles. After the initial division and the

bisections, the gained triangles on the sphere are not equilateral. Using the concepts of springs

for optimisation of the grid from Tomita et al. (2002), the triangle vertices are shifted so that the

edges are of similar lengths. This also holds for the area of the triangles.

Table 1 in Zängl et al. (2015) shows different R2Bb grids with effective grid resolutions.

The DWD applies an R3B07 grid for global weather forecast simulations, which has an effective

resolution of 13.15km. For Europe, a finer resolved grid with about 6.58km resolution is applied.

The area of a triangle is calculated using the formula for spherical trigonometry. This coincides

with the assumption that all triangle edges are considered as parts of a great circle.

5.3.1.2 Coupling interface in GETM

The General Estuarine Transport Model (GETM) is an ocean model developed for coastal and

regional applications. The full set of equations is given in detail in Burchard and Bolding (2002).

Set of governing equations in GETM
The hydrostatic set of equations with the Boussinesq approximation and the eddy viscosity as-

sumption are used in GETM, see e.g. Bryan (1969) and Blumberg and Mellor (1987). A detailed

description and derivation is given in Burchard and Bolding (2002), which is summarised in the

following.
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Here, u and v are the horizontal velocity components in x and y direction, respectively. w is

the vertical velocity component. The vertical coordinate z ranges from the bottom, η as height

function −H(x,y) for the bathymetry, to the surface ζ (t,x,y). The non-linear free surface ζ is

computed by a split-explicit mode-splitting technique with drying-and-flooding capability, see the

review about numerics of coastal ocean models, Klingbeil et al. (2018). Note that symbol ζ in

GETM represents the free surface while in ICON vorticity.

Additionally, the viscosities ν and νt , i.e. the kinematic and vertical eddy viscosities, respectively,

must be parameterised. The Coriolis frequency ( f ) and gravitational acceleration (g) are treated as

constants. Horizontal mixing is parameterised by terms containing the horizontal eddy viscosity

AM
h , see Blumberg and Mellor (1987) for details. The buoyancy (b) is defined as

b = −g
ρ −ρO

0

ρO
0

(5.8)

with the density (ρ) and a reference density of the ocean (ρO
0 ).

Potential temperature (θ ) is calculated by equation (5.7d), which contains also a source term for

absorption of solar radiation with the solar radiation at depth z given using specific heat capacity

of water (cO
p ). The radiation I in the upper water column is parameterised according to Paulson

and Simpson (1977). Similar to the velocity, mixing in equation (5.7d) is parameterised with

horizontal diffusivity Aθ
h as well as the vertical eddy diffusivity of heat (νh

t ).

In hydrostatic 3D models, the vertical velocity is calculated by means of equation (5.7c). Due to

this, mass conservation and free surface elevation can easily be obtained.

The non-dimensional α ∈ [0,1] incorporates drying and flooding processes in the equations. The

value of α depends on the water depth, for details see Burchard and Bolding (2002) and Burchard

et al. (2004).

Horizontal grid structure
The horizontal grid in GETM is based on the general regular latitude-longitude structured grid

defined through prime meridian in London. The whole grid can also be applied through Cartesian

coordinates. A rectangular cell of the regular latitude-longitude grid is defined through the sur-

rounding great circles in east and west and rhumb lines in north and south. The number of grid

cells is gained by dividing the model domain length with the desired resolution in latitude and

longitude direction.

Additionally, curvilinear horizontal grids are also supported by rotation of the regular grid.

The area of a grid element is calculated using spherical trigonometry.

Remark: Since GETM is generally applied as regional coastal ocean model in mid-latitude areas,

the singularities of the grid structure at the North and South pole are not an issue.

5.3.2 The air-sea interface as exchange grid developed for ICONGETM

The previously introduced horizontal discretisations of ICON and GETM are now used to discuss

the final discretisation of the air-sea interface. The geometrical details of the coupling interface
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are discussed, including the characteristics of the exchange grid. The interpolation steps during

the simulation are discussed for state variables and flux data.

The details of the described realisation of the air-sea interface as an exchange grid in ICONGETM

are taken from Bauer et al. (2021).

5.3.2.1 Coupling via the exchange grid structure

The horizontal grid in ICON is an unstructured grid. In GETM, the horizontal grid is structured.

Using the exchange grid (XGrid) philosophy described in Section 5.2.2 leads to an unstructured

grid consisting of triangles, quadrilaterals, pentagons or hexagons. A triangulation is applied to

gain only triangles, see Figure 5.3, taken from Bauer et al. (2021), for a schematic representation

of such an XGrid.

1.

2.

3.

4.

Figure 5.3: 2D exchange grid formed by a triangular atmosphere (red) and a rectangular ocean

(blue) grid. The exchange grid consists of edges from the original triangular and

rectangular grids (thick red and blue) and additional edges from the triangulation

(black). Assuming that only water cells are shown, the four possible combinations

of land/ocean masks are labeled. Here the exchange grid is shown for the interpolation

from the ocean to the atmosphere grid, therefore, excluding the elements of case 3.

The four different land/sea masking combinations are also shown. In ICONGETM, such an XGrid

is calculated using the ESMF_XGRID class from the ESMF library. Applying equation (5.4) for

conservative interpolation, requires the knowledge of the area of the grid elements. The coupling

approach described in Section 5.1.1 states that the coupling conditions are met at coupling inter-

face, i.e. numerical realised at the XGrid.

Due to the deeply nested implementation of the parameterisation of the air-sea fluxes in ICON,

this strategy could not be followed in ICONGETM. The implementation of the flux calculation

in ICON has been developed over the last decades, since they are based on the COSMO model

code. Reorganising the implementation of ICON was beyond the scope of this thesis. Therefore,

the calculation of the air-sea fluxes is still conducted by ICON and interpolated to GETM. The
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list of exchangeable variables is given in Bauer et al. (2021, Table 1). This is the second approach

described in Section 5.1.2.

However, since the fluxes at the air-sea interface are not calculated adhering to the coupling con-

ditions, there is a modelling error at the air-sea interface. The error is assumed to be relatively

small, especially since the prescribed sea surface temperature (SST) is replaced with the SST

from GETM, which is then used for the calculation of the fluxes in ICON. This coupling approach

also has a time lag issue. The calculated fluxes are based on the SST from the previous coupling

time point. Hence, the smallest possible coupling time step is recommended and applied in the

demonstration example in Bauer et al. (2021).

Although the interpolation is carried out in a conservative manner, there are some issues with

respect to the land classification used for ICON and GETM.

(a) Nesting of different ICON domains with ef-
fective resolutions of 9.89km (black frame),
4.93km (green frame) and 2.47km (red frame)
over the Baltic Sea region. The darkblue area in
the Central Baltic Sea represents the model do-
main of GETM. The white frame shows the is-
land of Gotland.

(b) Overlay of the triangular ICON grid and the
rectangular GETM grid at the eastern coast of
the Island of Gotland in the Central Baltic Sea,
see Figure 5.4a. The four possible combinations
of land/ocean masks are labelled. Gray areas
mark different land/ocean masks: ICON ocean
and GETM land (case 2), ICON land and GETM
ocean (case 3).

Figure 5.4: Overview of domain for the Central Baltic Sea application and the applied horizontal

discretisation in ICON and GETM.

Figures 5.4a and 5.4b are taken from Bauer et al. (2021). They show the horizontal grids of ICON

and GETM applied the simulation described in Bauer et al. (2021). The issue with land/ocean

masking or land classification is a drawback from applying different grids and resolutions. The

discretisation of the surface of the Earth leaves a list of grid elements which are marked as land or

ocean. ICON marks a grid element as ocean if at least 50% of the area of a grid element consists of

sea water. In ocean models, the land classification is described via the model domain. More details
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on the land classification can be found in Bauer et al. (2021). Henceforth, the ICON variables

living on grid elements of case 2, see Figures 5.3 or 5.4b, are updated with the contribution of

the corresponding GETM grid element variable and the fraction of the ICON variable based on

the remaining grid element area. Ideally, the ocean area from the ICON grid element corresponds

exactly to the GETM grid elements area. Since the land classification in ICON is user-provided,

an update of the land masking should be prepared by the user.

Although the air-sea interface is considered to be horizontally, there is also a minor problem with

the vertical direction in the current implementation in the ICONGETM code.

Atmosphere

Ocean

P

E

Figure 5.5: Schematic overview of the sea level change in comparison to a fixed a vertical discreti-

sation.

GETM applies the strategy of a free surface, see Section 5.3.1.2. This shifts the air-sea interface

in the vertical direction up and down around z = 0. The vertical discretisation in ICON does not

assume such time-varying position of the air-sea interface. Possible reasons for a sea level change

are precipitation (P), evaporation (E), river in flows, temperature (T ) rise of the water, post glacial

movements and many more. A study for the Baltic Sea for example can be found in Gräwe et al.

(2019). To overcome this problem, an adaptive vertical discretisation is recommended. However,

this is currently not planned for ICON. The error due to the sea level change is relatively small

since the changes in the sea level are about 2mm/a for the Baltic Sea and globally 1.62mm/a, cf.

Dangendorf et al. (2014) and Gräwe et al. (2019).

Remark: Although the coupling scheme developed for ICONGETM is currently not perfectly de-

signed with all the addressed issues, it is safe to assume that the simulation results will improve.

The main reason is that the boundary conditions over the ocean in ICON simulations are much

more realistic, than any prescribed constant value. The results from the simulation over the Cen-

tral Baltic Sea support this, see the upcoming Chapter 6.

A thorough discussion, why the calculation of all fluxes at the coupling interface is recommended,

can be found in Bauer et al. (2021, Section 5) and is neglected for the scope of this thesis. An

alternative approach has been discussed in Section 5.1.2.
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5.3.2.2 Interpolation between ICON and GETM

In ICONGETM, the air-sea fluxes are taken from the atmosphere model ICON, because of the very

complex and deeply nested implementation in the original ICON model code. Hence, the coupling

conditions at the air-sea interface are not met on the exchange grid. Therefore, the interpolation

from the source grid to the destination grid via the exchange grid is directly achieved by utilising

equation (5.4) twice. Henceforth, the interpolation in ICONGETM can be summarised by

φdi ·Adi =
Nx

∑
j = 1

Ns

∑
k = 1

[(
Idx
)

i j
· (Ixs) jk ·Ask ·φsk

]
i = 1,2, . . . ,Nd , (5.9)

where φ represents the data to be interpolated and Ask and Adi the area of source and destination

grid cells i and k. The subscripts and superscripts s, x and d are representing the source, exchange

grid and destination side, respectively. N is the corresponding number of grid elements, while I is

the incidence matrix for the interpolations.

The area of the horizontal grids in ICON and GETM are calculated by applying spherical trigonom-

etry. The ESMF_XGRID library assumes that all grid element edges are components of great

circles. This contradicts to GETM grid edges. However, the interpolation by equation (5.9) is not

affected by this issue, if and only if the area calculated for the model domains are provided to the

ESMF_XGRID. Otherwise, the area is calculated by the ESMF library with the assumption that

each grid edge is on a great circle.

As sketched in Figure 5.1, the interpolation of the state variable mean sea level pressure (MSLP)

from ICON to GETM is straight-forward in principle, because ICON provides all quantities over

the whole domain. However, in case sea surface fluxes are exchanged, there are two issues if the

land/sea masks do not match between ICON and GETM. First, there is a physical inconsistency,

when surface fluxes parametrised over land cells in ICON are transferred to ocean cells in GETM

(case 3). Second, when ICON applies sea surface fluxes in ocean areas that are represented by

land in GETM (case 2), the fluxes are not conserved in the global atmosphere-ocean-system. This

latter case demonstrates that the conservative interpolation via the exchange grid is not sufficient

to guarantee a conservative flux exchange.

Figure 5.1 sketches also the interpolation of the sea surface temperature (SST) from GETM to

ICON. The update of an ICON ocean cell that is partly covered by a GETM land cell (case 2)

needs some remarks. For the contribution from a GETM land cell to an ICON ocean cell, the SST

value of the ICON cell is applied.
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Chapter 6

Multirate methods and their
applications for coupled
atmosphere-ocean models

The previously described coupling techniques are differing between how the fluxes at boundaries

are provided and how a two-way feedback mechanism for the modelled physical processes at the

air-sea interface is achieved. Two problems occur for coupled models. First, a spatial interpolation

is required if the horizontal discretisation of the atmosphere and ocean at the air-sea interface is

different. Second, a timing issue occurs while integrating the atmosphere and ocean model on

different time scales, see Bauer et al. (2021). While the previous chapter explained among others

how the interpolation at the air-sea interface can be applied, this chapter presents how multirate

methods are utilised for coupled models to overcome the time scaling issue.

The details of the numerical implementation for the one-dimensional coupled atmosphere-ocean

model from Section 5.2.1 are described in Section 6.1. Additionally, the details of the simulation

of a coupled idealised experiment are shown.

Furthermore, the application of multirate methods in the coupled model ICONGETM is discussed

in Section 6.2. Moreover, the results of the simulation with ICONGETM over the Central Baltic

Sea are also presented.

6.1 Application of multirate methods to idealised coupled atmosphere-
ocean models

This section discusses the application of multirate methods to idealised coupled atmosphere-ocean

models. The one-dimensional coupled model introduced in Section 5.2.1 is used. A detailed de-

scription of the implementation of the one-dimensional model is presented in Section 6.1.1. The

simulation results of the coupled experiment are discussed in Section 6.1.2. Benchmark experi-

ments for one-dimensional atmosphere and ocean models from the literature, see e.g. Burchard

et al. (1999), Umlauf and Burchard (2005), and Weng and Taylor (2006), are used to compare
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the simulation results of coupled experiment. The application of the multirate methods is demon-

strated and their performance is evaluated in Section 6.1.3.

6.1.1 Implementation details for the 1D model

The one-dimensional idealised coupled atmosphere-ocean model from Section 5.2.1 has been im-

plemented in MATLAB®. The code can be found on Zenodo, see Bauer (2024).

The atmosphere model is based on the example studies from Cuxart et al. (2006), Weng and Tay-

lor (2006), and Svensson et al. (2011). The studies apply the same set of equations and discuss

the results based on different set of parameters. Especially the work from Cuxart et al. (2006)

and Svensson et al. (2011) indicate that the applied one-dimensional model can be regarded as

benchmark example. The ocean model is based on the entrainment examples from the GOTM

model. For details on the entrainment experiment see Umlauf and Burchard (2005). The imple-

mented one-dimensional coupled atmosphere-ocean model is given by the set of equations from

Section 5.2.1, the coupling conditions from equation (5.3), the following described spatial dis-

cretisation and given boundary conditions.

The method of lines is applied. A non-necessarily identical equidistant splitting of the calcula-

tion domain is utilised, i.e. ∆z = const. For the atmosphere and ocean side the chosen spacing is

∆z = 1m and ∆z = 0.5m, respectively. The vertical staggering is based on the Lorenz grid, cf.

Figure 2.2c. No horizontal discretisation is required. Figure 6.1 sketches the vertical discretisation

and staggering at the air-sea interface.

Atmosphere

Ocean
×

×

×

×

qsa,uO,vO,θ

qsa,uO,vO,θ

qv,uA,vA,θq

qv,uA,vA,θq

z = 0

•

•

•

•

•

Figure 6.1: Vertical discretisation at the air-sea interface for the one-dimensional idealised coupled

atmosphere-ocean model.

The atmospheric quantities qv, uA, vA and θq and the ocean quantities qsa, uO, vO and θ are living

in the centre of a layer, × in Figure 6.1. The specific turbulent kinetic energy (k) and dissipation

(ε) components are defined at layer interfaces, • in Figure 6.1.

For the vertical derivative, the central differential quotient is applied as discrete spatial operator.
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However, at the boundaries, i.e. at the bottom of the sea, the sea surface and top of the atmosphere,

the central differential quotient is replaced by a one-sided second order differential quotient which

also helps to formulate the parameterisation at the boundaries.

At the air-sea interface, i.e. at z = 0, the coupling conditions are valid in a single point. Therefore,

no horizontal interpolation at the air-sea interface is required.

The boundary conditions at the ocean bottom and the top of the atmosphere can be summarised

by

Atmosphere (top) Ocean (bottom)

qv = 0
(

ν
h
t +ν

sa
)

∂qsa

∂ z
= 0ms−1

u = 8ms−1 u = 0ms−1

v = 0ms−1 v = 0ms−1

θq = 268K θ = 277.15K

Km
∂k
∂ z

= 0m3/s3 νk
∂k
∂ z

= 0m3/s3

Km
∂ε

∂ z
= 0m3/s4 νε

∂ε

∂ z
= −

(
c0

µ

)3
νε

k3/2

κ (z+ z0)
2 .

At the bottom of the ocean (z = −50m), the no-slip conditions are applied. Additionally, the no

flux condition for salinity as well as specific turbulent kinetic energy (k) is assumed. This results

in a flux condition for the dissipation (ε), cf. Burchard and Petersen (1999).

Furthermore, the coupling conditions do not include the turbulent quantities, because it is assumed

that no turbulent energy is transferred through the air-sea interface. Hence, boundary conditions at

the air-sea interface for k and ε must be provided. For the ocean with no-free surface, the boundary

conditions are given by

νk
∂k
∂ z

= 0m3/s3

νε

∂ε

∂ z
= −

(
c0

µ

)3
νε

k3/2

κ (z+ z0)
.

For the atmosphere, the original benchmark experiment from Weng and Taylor (2006) integrated

also the specific turbulent kinetic energy (k) at the air-sea interface. Hence, there is only one

boundary condition for ε , which is given through the assumption that the production balances the

dissipation, i.e.

Ps +Pb − ε = 0m2/s3

with shear production (Ps) and buoyancy production (Pb).

For the top of the atmosphere (z = 400m), the applied conditions are Dirichlet conditions for the

state quantities, qv, uA and vA,θq. The no-flux conditions are used for the turbulent quantities Km
∂k
∂ z

and Km
∂ε

∂ z .
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The coupled atmosphere-ocean model is then defined as IBVP by the set of equations from Sec-

tion 5.2.1 , the state equations, Section 2.2.4, the coupling conditions from equation (5.3) and

the here presented boundary conditions. The initial conditions are taken from the literature, cf.

Burchard et al. (1999), Umlauf and Burchard (2005), and Weng and Taylor (2006).

6.1.2 Simulation results for the 1D model

The results of the simulation of the one-dimensional coupled atmosphere-ocean model introduced

in the previous section are discussed in the following. The simulations were carried out with

the classical Runge–Kutta method of fourth order (RK4), the M3GARK135-222 method and the

MIS54 method from Section 4.3. All methods were applied equally, i.e. the results of the simula-

tions were compared.

For the sake of simplicity, the results are presented in a similar way as the benchmark examples

in the literature, see Burchard et al. (1999) and Weng and Taylor (2006). At first, it is shown that

the implemented atmosphere and ocean models produce the results from the literature. The results

from the coupled experiment are discussed with focusing on the air-sea interface.

Single Atmospheric boundary layer experiment
Weng and Taylor (2006) discussed a simple stabily stratified atmospheric boundary layer (ABL)

model with a specified cooling rate and no-slip conditions at the air-sea interface. The study

includes various combinations of the parameters cooling rate (e.g. 0.25Kh−1), geostrophic wind

(e.g. ug = 8ms−1, vg = 0ms−1) and surface roughness length (e.g. zA = 0.1m). For this thesis,

the A2 parameter combination from Weng and Taylor (2006) has been applied. The simulation

results from this experiment, see Figure 6.2, are comparable with the presented results in Weng

and Taylor (2006).

Remark: Although the development of a stable stratified boundary layer is achieved in this exper-

iment, there is a main difference to the results from Weng and Taylor (2006, Figure 2). The height,

where the boundary layer ends, is different. The A2 experiment shows a boundary layer height of

approximately 175m in Weng and Taylor (2006). A boundary layer height of approximately 290m

shows the experiment conducted for this thesis. However, this is explained by the fact that the

applied turbulence closure schemes are different and the boundary layer height is very sensitive

to turbulent quantities, e.g. specific heat flux (w′θ ′), shear stress (τ) or turbulent kinetic energy,

cf. Cuxart et al. (2006).

Single Entrainment experiment
The entrainment experiment from the GOTM model documentation has been chosen as a bench-

mark experiment for the one-dimensional ocean model. It is an ideal scenario to verify the model

against available experiments, see Umlauf and Burchard (2005). A constant horizontal momentum

flux is applied at the air-sea interface and the no-flux condition is applied for the specific heat flux.

The simulation shows how an accelerated thin near-surface layer is gradually entraining into the

stratified non-turbulent interior region, see Figure 6.3.
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Figure 6.2: Results of the one-dimensional atmospheric boundary layer experiment. A stable

boundary layer is achieved.

Figure 6.3: Results of the implemented entrainment experiment. There are no significant differ-

ences to the result from Burchard et al. (1999) and Umlauf and Burchard (2005).

Note that the results of this experiment are very well comparable to the results given in the GOTM

model documentation.

Coupled Atmospheric Boundary Layer - Entrainment experiment
Both single experiments were used in a coupled scenario. As preparation for the coupled exper-

iment, two small changes had to be applied to the single Entrainment experiment. The Coriolis

frequency and gravitational acceleration are set to the values of the atmospheric boundary layer

experiment. This ensures that both one-dimensional models are set to same position on Earth since

the Coriolis frequency and gravitational acceleration are not necessarily identical everywhere.
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At first, the entrainment experiment was repeated with the applied changes. The results are shown

in Figure 6.4.

Figure 6.4: Results of the implemented entrainment experiment with applied Coriolis frequency

and gravitational acceleration from the atmospheric boundary layer experiment. Due

to the applied Coriolis frequency, there is a velocity in both directions. The accelera-

tion of the thin near-surface layer is not as deep into the stratified non-turbulent interior

region.

Due to the changing of the Coriolis frequency and gravitational acceleration, the results of the

ocean model differ to the original entrainment experiment. Adding Coriolis frequency to the orig-

inal experiment leads to evolving velocities in zonal and meridional directions. Furthermore, it

is shown that the accelerated thin near-surface layer is gradually entraining not as deep into the

stratified non-turbulent interior region, c.f. Figure 6.3 and Figure 6.4.

Moreover, in the coupled experiment, the coupling conditions at the air-sea interface, i.e. equa-

tion (5.3), were solved at each time step.

In comparison to the single case, the boundary layer height is significantly lower in the coupled

experiment. The same holds for the velocity, wet equivalent potential temperature, shear stress

and heat flux. The stable stratified atmospheric boundary layer is achieved. However the boundary

layer height after 24h is less high compared to the single case, cf. Figure 6.2 and Figure 6.5.

For the ocean, the main difference is that the acceleration of the thin near-surface layer into the

stratified non-turbulent interior region is even less deep than in the single experiment. Furthermore,

the squared Brunt-Väisälä frequency

N2 = − g
ρ0

∂ρ

∂ z

becomes negative close to the air-sea interface. This is explained by the loss of fresh water due to

evaporation at the air-sea interface since the atmosphere was assumed to by dry.

The coupling conditions were not solved when N2 < 0 close to the air-sea interface and a con-

stant stability function for the calculation of the vertical eddy viscosity was used. However, if

a non-constant stability function was implemented according to Burchard and Petersen (1999,

Equations (16) and (17)), the coupling conditions were solved.

Figure 6.7 shows how velocity (left panel), temperature (centre panel) and various fluxes (right

panel) at the air-sea interface are evolving over time. Shortly after the initialisation phase, the

velocity is significantly decreasing towards zero. However, the no-slip condition is never reached.

A small increasing over time is observed after approximately one hour.
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Figure 6.5: Results of the coupled one-dimensional atmospheric boundary layer experiment. The

boundary layer height is significantly lower than for the single experiment. The same

holds for the velocity, wet equivalent potential temperature, shear stress and heat flux.

Figure 6.6: Results of the coupled one-dimensional entrainment experiment. The acceleration of

the thin near-surface layer into the stratified non-turbulent interior region is even less

deep than in the single experiment. Close to the air-sea interface, the Brunt-Väisälä

frequency becomes negative and, therefore, only the real component of the logarithm

is drawn.

The sea surface temperature is more than 18K higher compared to the original experiments.

Hence, there is no cooling for the atmosphere. However, after approximately one hour the temper-

ature is decreasing very slowly. The specific heat flux presented on the right panel in Figure 6.7

shows a strong trend towards zero. This suggests an asymptotic behaviour for the sea surface tem-

perature over time. Additionally, the mass fluxes also show a decreasing towards zero, similar to
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Figure 6.7: Results of the coupling at the air-sea interface in comparison to the boundary condi-

tions from the original experiments. The no-slip (left panel) and no flux (right panel)

condition are also shown as well as the constant cooling (centre panel). The velocity,

temperature and various fluxes at the air-sea interface are presented over time.

the specific heat flux. Thus, the atmospheric layer at the air-sea interface is almost saturated. The

water vapour is only vertically uplifted by turbulence. Hence, fresh water will further be evapo-

rated, if turbulence in the atmosphere uplifts the water vapour.

Another interesting effect is observed for the momentum flux. Although the constant momentum

flux applied in the original entrainment experiment (marked as uwE) is not recovered, the zonal

momentum flux seems to trend towards a very similar value. However, due to the applied Coriolis

frequency, there is also a meridional momentum flux approximately half of the zonal momentum

flux.

Comparing the simulated air-sea interface values with the boundary conditions from the original

experiments, it can be indicated that the conditions from the entrainment experiment might be

closely recovered if the simulation is continued.
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6.1.3 Performance evaluation of the applied multirate methods

The different results between the single and coupled atmosphere and ocean experiments are dis-

cussed in the previous section. This section focus on the efficiency of each experiment w/o multi-

rate methods. Since efficiency is not based on the number of function evaluations or on the time

step itself, the overall simulation time for a solution is evaluated. All different simulations were

carried out on the same computer.

Following the results of the benchmark simulations from the literature, the CFL criterium is used

to approximate the time steps for the atmosphere and ocean models. The expected velocities and

the resolution of the different horizontal spatial discretisations in the atmosphere and ocean mod-

els lead to CFL numbers, which require a time step of approximately 0.1s and 1s, respectively.

Hence, a multirate method applied in the sense that the ocean model is treated as slow part is rec-

ommended. The model can either be integrated in the structure of asynchronous or synchronous

coupling, see equation (2.40). The synchronous structure is chosen for all experiments. The cou-

pling is utilised with the same time scale of the ocean model.

Each experiment was simulated with the classical Runge–Kutta method of fourth order (RK4).

Furthermore, the M3GARK135-222 method and the MIS54 method from Section 4.3 were used

as a multirate method.

Technically, there are no limitations on how the slow and fast components shall be chosen. For

example, additive (Sandu and Günther (2015)), operator (Bazavov (2022)) or split-explicit (Knoth

and Wensch (2014)) splitting are possible approaches. However, for coupled atmosphere-ocean

models it is recommended to integrate rapidly changing parts as fast component. The splitting into

the slow, fast and super fast component for the M3GARK135-222 method was chosen such that:

slow part: coupling conditions and non-turbulent quantities from the ocean model,

fast part: turbulent quantities from the ocean model and non-turbulent quantities

from the atmosphere model,

super fast part: turbulent quantities from the atmosphere model.
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The right hand side of the equations are coloured according to the slow, fast and super fast splitting.
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For the MIS54 method, the ocean model and the coupling conditions are considered to be the

slow part while the atmosphere model is the fast part which was integrated with the simple Euler

method.

The time steps for each experiment were chosen as follows,

RK4 M3GARK135-222 MIS54 + mi

Entrainment 3.0s 15s 6.0s + 4

ABL-A2 0.1s 0.5s 0.2s + 2

no coupling 0.1s 0.5s 1.0s + 5

coupled 0.1s 0.4s 1.0s + 8

where mi is the number of fast time step evaluation for one slow time step for the MIS54 method.

The coupling conditions where evaluated at each slow time step, especially since synchronous

coupling was applied.

Applying the RK4 method for all experiments, the smaller time step from the ABL-A2 experiment

must be applied for the coupled experiments as well. Thus, the ocean model is integrated much

more frequent than necessary during the coupled experiments, which is not efficient.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
·104
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M3GARK135-222
MIS54+Euler

Figure 6.8: Simulation time for each experiment and applied method.

Figure 6.8 shows how the simulation time is evolved for each experiment. Note that each experi-

ment was conducted at least three times and the average simulation time is shown.

At first, the multirate methods were applied to the single experiments (Entrainment + ABL-A2).

The splitting was chosen such that the turbulent quantities were considered to be the super fast part

for the M3GARK135-222 method and the fast part for MIS54+Euler method. The computation

time applying multirate methods show a decrease of approximately 10% for the M3GARK135-

222 method and a larger increase for the MIS54+Euler method compared to the RK4 method.
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6.2. Multirate methods in ICONGETM

Hence, the chosen splitting for the MIS54 method is not suitable for the single experiments.

For the coupled experiments, the multirate methods showed a significant improvement of the com-

putation time. This is expected, since the atmosphere and ocean models are integrated with their

desired time step. The large differences between the single and coupled experiment show the in-

fluence of solving the coupling conditions at the small time step. Henceforth, the most expensive

part is solving the coupling conditions at each time step, i.e. the overhead for solving the non-

linear system of equations at the air-sea interface is significant.

The application of the M3GARK135-222 method showed a decrease of approximately 66% of the

computation compared to the RK4 method in the coupled case. However, the MIS54 method was

even faster and required approximately 25% of the simulation time of the RK4 method. The rea-

son is the much larger time step for the slow component. Therefore, the expansive solving of the

coupling conditions were not as often conducted as for the M3GARK135-222 and RK4 method.

Overall, solving conditions at each coupling time step for more accurate simulation results comes

with a longer simulation time. Applying multirate methods will significantly reduce the simulation

time compared to standard methods, which in the end is more efficient.

Remark: This section focuses on the application of multirate methods for a one-dimensional cou-

pled atmosphere-ocean model. A two-dimensional model was developed and successfully tested.

The results confirmed the performance of the multirate methods observed in the one-dimensional

case.

6.2 Multirate methods in ICONGETM

The previous section discussed the application of multirate method for a one-dimensional coupled

atmosphere-ocean model. This section focuses on the coupled model ICONGETM.

Before the details of the multirate approach in ICONGETM are discussed, a brief summary of the

time integration applied for ICON and GETM is presented, Section 6.2.1. The conducted experi-

ment over the Central Baltic Sea with ICONGETM has been published in Bauer et al. (2021). The

configuration is summarised in Section 6.2.2. Furthermore, the simulation results from Bauer et

al. (2021) are presented to demonstrate the improvement of the model results due to the coupling.

Sections 6.2.3 and Section 6.2.4 summarises the simulation results for the atmosphere and ocean,

respectively.

6.2.1 Multirate time integration in ICON, GETM and ICONGETM

The time integration scheme utilised for ICON is described in Zängl et al. (2015). In general, a

two-time-level predictor-corrector scheme is applied. Additionally, a time splitting between tracer

advection, horizontal diffusion, fast physic parameterisations and the dynamical core is utilised,

see Zängl et al. (2015). This is already a multirate approach, i.e. for the integration of ICON mul-

tiple time steps are considered. The user can control these time steps to some extend. The details

of the implementation of the time integration scheme in ICON are not necessarily important for
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6.2. Multirate methods in ICONGETM

this work. They can be found in Zängl et al. (2015).

Burchard (2002) and Burchard et al. (2004) described the temporal discretisation applied in GETM.

A splitting into a baroclinic and a fast barotropic mode has been utilised, i.e. internal and external

system, respectively. The times cales for the baroclinic and barotropic modes depend on the CFL

number for the advection and the vertical spatial resolution, respectively. The method from Blum-

berg and Mellor (1987) has been adopted, since the free surface elevation is well resolved, which

is a requirement for flooding and drying processes, cf. Burchard et al. (2004). Hence, a multirate

approach for the integration of GETM is applied. For the details of mode splitting and the time

integration in GETM, see e.g. Klingbeil et al. (2018).

Multirate schemes are applied for the integration of ICON and GETM. However, due to effort for

restructuring the implementation of new multirate methods, an user-specified multirate method is

not applied to the coupled model ICONGETM. Therefore, the question raises whether a multirate

approach is already applicable for ICONGETM because the ICON and GETM do.

Bartel and Günther (2020) investigated whether component-wise partitioning, cf. equation (2.39),

in multirate schemes is consistent and converges.

Theorem 6.2.1. Consistency of fully-decoupled multirate schemes - Bartel and Günther (2020,

Theorem 1)

Given the coupled ODE-IVP (2.39), where f O and f A are Lipschitz with respect to the sought

solution. Furthermore, two basic integration schemes of order p are applied: one for f O with

macro time step H, a second for f A with fixed multirate factor m ∈ N steps of size h. If these

integration schemes are combined with two extrapolation procedures for the coupling variables of

order p−1, the resulting fully decoupled multirate scheme has order p

A fully decoupled multirate approach is given when the slow and fast variables are integrated in

parallel using extrapolated waveforms based on information from the initial data of the current

macro step at time t. The proof can be found in Bartel and Günther (2020). Bartel and Günther

(2020, Corollary 1 and 2) follow the ideas of Bartel and Günther (2020, Theorem 1) for slowest-

first and fastest first multirate schemes. With all three theorems / corollaries it can be stated that if

the time integration methods of the atmosphere and ocean models in a coupled model are at least

of order p and the applied inter- / extrapolation method for the coupling variables is of order p−1,

the overall multirate scheme is of order p.

Following these ideas, the time integration scheme applied to the model ICONGETM is of order

p if the time integration schemes of ICON and GETM are of order p and the interpolation at the

air-sea interface via the ESMF exchange grid is of order p− 1. Moreover, ICONGETM inherits

the lowest order of the time integrations schemes applied to ICON and GETM. Since the inter-

polation in ICONGETM is conducted with the first-order conservative interpolation method from

the ESMF library, see Bauer et al. (2021), the overall convergence of ICONGETM can only be of

order p = 2. However, the time integration scheme in GETM is based on explicit and implicit

RK approach, which implies even only order p = 1.

Generally speaking, this can be compared to the additional coupling conditions from the multirate

methods for order p = 1. Since for order p = 1, no additional condition must be fulfilled for mul-
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tirate methods, it can be stated that ICONGETM converges at least with order p = 1.

However, a thorough investigation whether an even higher order applies to ICONGETM was not

conducted. An analytical investigation requires a detailed analysis of the time integration schemes

implemented for ICON and GETM. Furthermore, additional multirate conditions for order p ≥ 2

have to be derived for these time integration schemes.

6.2.2 Central Baltic Sea experiment: model setup

The configuration of the ICONGETM model is described in this section. Note that the following

has been taken and summarised from Bauer et al. (2021).

For demonstration purposes, the developed model ICONGETM has been applied to the Central

Baltic Sea, see Figure 5.4a. High-resolution uncoupled, one-way and two-way coupled simula-

tions were carried out and compared. The modelling period July 1 – 21, 2012 is chosen.

The general spatial and temporal discretisation of ICON and GETM was explained in Section 5.3.

More details on the exact horizontal resolution and time steps applied can be found in Bauer et al.

(2021). The exchanged variable at the air-sea interface are listed in Bauer et al. (2021, Table 1).

The boundary data for ICON were provided through the 6-hourly IFS data from ECMWF. Initial

conditions are also obtained by interpolation from IFS data.

For GETM, at the open boundaries, hourly data for temperature, salinity, sea surface elevation and

normal depth-averaged velocity from the Baltic Sea setup of Gräwe et al. (2019) are prescribed.

Furthermore, the freshwater discharge of the five major rivers entering the model domain is pre-

scribed, for details see Chrysagi et al. (2021). The initial temperature and salinity distribution

for the present study was obtained by continuing the original simulations of Holtermann et al.

(2014) and subsequent distance-weighted nudging with available measurements from the HEL-

COM database (www.helcom.fi) below 50m depths. During a spin-up period from 20 May – 30

June 2012, GETM is run uncoupled.

In the uncoupled simulation, GETM calculates the air-sea fluxes according to the bulk parame-

terisation of Kondo (1975) in terms of hourly meteorological CFSv2 data, see Saha et al. (2014),

read from file. During the one- and two-way coupled simulations the coupling is processed with

process the air-sea fluxes from ICON.

6.2.3 Effects of interactive coupling in the atmosphere

The coupled simulation results are compared to the uncoupled simulations to investigate the effects

of the two-way feedback coupling in the atmosphere. The results presented in this section have

been taken and summarised from Bauer et al. (2021).

In the uncoupled and one-way coupled simulations, ICON uses its prescribed internal sea surface

temperature (SST), which does not show any pronounced temperature gradients due to oceanic

eddies or coastal upwelling. Short-term and small-scale variations are only considered in the

two-way coupled ICONGETM run, see Figure 6.9, with the SST simulated and provided in high-

resolution by GETM.
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Figure 6.9: Daily mean sea surface temperature (SST) from the two-way coupled ICONGETM

run (left panel), and the uncoupled/one-way coupled ICON run (right panel), as well as

the difference (central panel; ICONGETM minus ICON) for 16 July 2012. Outside the

domain of simulated SST in the Central Baltic Sea, the two-way coupled ICONGETM

run also uses the prescribed ICON-internal SST.

The ICON-internal SST is between 0.5K and 2K colder. The overall warmer surface of the Baltic

Sea in the two-way coupled ICONGETM run causes a predominantly warmer lower troposphere.

As a result, the daily mean 2m temperature is about 0.5K to 2K higher, cf. Figure 6.10.

Figure 6.10: Daily mean 2m air temperature from the two-way coupled ICONGETM simulation

(left panel) and the uncoupled/one-way coupled ICON simulation (right panel), as

well as the difference (central panel; ICONGETM minus ICON) for 16 July 2012.

However, over the upwelling regions, where cold deep water has risen to the surface, only the two-

way coupled ICONGETM run is able to reproduce the cooling in the 2m temperatures of between

minus 1K to 2K against the surroundings. Thus, the two-way coupled atmosphere-ocean simu-

lation provides a more realistic representation of actual weather conditions. This is also reflected

when comparing the model results with air temperature measured onboard the RV Meteor off the

island of Gotland during the above-mentioned field campaign, see Figure 6.11. In the uncoupled

ICON simulation the temperature is significantly underestimated by up to 2.5K. In contrast, the

values from the two-way coupled ICONGETM run are in a much better agreement with the mea-

surements. The temporal development agrees also more with the observations, see Figure 6.11,

especially after 10 days of simulations. The average deviation between the modelled and mea-
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sured temperature in the period from 01 July till 21 July 2012 is decreased from 1.9K for the

uncoupled to 1.6K for the two-way coupled simulation. This represents an improvement of about

15%. On the other hand, the Pearson correlation coefficient is only slightly improved from 0.7 for

the uncoupled to 0.72 for the two-way coupled simulation. Figure 6.11 indicates that the coupled

ICONGETM system needs some spin-up time to adapt to the coupling, before the improvement

with respect to the uncoupled simulation becomes visible. Within the period from 10 July till 21

July 2012, the average deviation between the modelled and measured temperature decreases from

2.0K for the uncoupled to 1.5K for the two-way coupled simulation. Thus, after the spin-up, the

model results are significantly improved due to the coupling by 25%. The exclusion of the spin-

up period also increases the correlation coefficients to 0.73 for the uncoupled and to 0.75 for the

two-way coupled simulation.

Figure 6.11: Air temperature in the Central Baltic Sea over the period July 1 – 21, 2012 (left

panel). Compared are 3-hourly measurements in 29.1m onboard the RV Meteor,

ship track shown on the right panel, with model results from the two-way coupled

ICONGETM and uncoupled/one-way coupled ICON simulations, respectively. The

white frame shows the island of Gotland, similar to Figure 5.4a.

Similar results were found for the wind field, pressure systems and vertical temperature profiles,

for more details see Bauer et al. (2021).

The weather conditions leading to the upwelling event are therefore more pronounced in the two-

way coupled model run. The effects of the interactive atmosphere-ocean coupling on the bound-

ary layer dynamics are most evident for the upwelling regions. Hence, the evolution / stratifica-

tion of the marine boundary layer are reproduced more realistically. Similarly, also the boundary

layer wind conditions, in particular over upwelling regions, are better represented using two-way

atmosphere-ocean coupling.
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6.2.4 Coupling effects in the ocean

As in the previous section, the coupled simulation results are compared to the uncoupled sim-

ulations to investigate the coupling effects in the ocean. The results have been also taken and

summarised from Bauer et al. (2021).

In Figure 6.12, the sea surface temperature (SST) from all model simulations are compared to

satellite data.

Figure 6.12: Daily mean sea surface temperature from satellites (A) and simulated by GETM in

the uncoupled (B), one-way (C) and two-way (D) coupled simulation for 16 July

2012. The colourbar is identical to Figure 6.9. The SST derived from satellite data

was provided by the Federal Maritime and Hydrographic Agency of Germany (BSH).

Due to the forcing with meteorological reanalysis data, the SST from the uncoupled simulation

shows best agreement with the satellite data and most pronounced upwelling activity. The SST

from the two-way coupled simulation is only slightly colder, but is clearly overestimated in the

one-way coupled simulation. This overestimation results from a continuous increase of near sur-

face temperature, see Figure 6.13 for the evolution in the Eastern Gotland Basin.

The evolution indicates that the surface heat flux (not shown) used in the one-way coupled GETM

simulation is overestimated after 12 July 2012. For the one-way coupled simulation, the heat flux

provided by ICON is calculated in terms of the too cold ICON-internal SST, see Figure 6.9. In

the uncoupled and two-way coupled simulations, the surface heat flux is calculated in terms of the

SST from GETM, either within GETM or ICON, respectively. Henceforth, the fluxes are adapting

more conveniently to the warming ocean.

Remark: With ICONGETM, consisting of the state-of-the-art operational atmosphere model ICON

and the established coastal ocean model GETM, a new model especially suited for high-resolution

studies was developed. The key results of this simulations are an overall better agreement of the

modelled and measured temperature close to the air-sea interface in the atmosphere and ocean,

cf. Bauer et al. (2021). Generally speaking, two-way coupled atmosphere-ocean simulations are

highly recommended in order to investigate, understand and reproduce the nature of the physics

close to the air-sea interface.
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Figure 6.13: Temperature in 5 m depth at station TF271 from CTD measurements and the three

model simulations. The one- and two-way coupled simulations are started at 1 July

2012, after the uncoupled spin-up period.

The example simulation showed an overhead of approximately 15% compared to uncoupled sim-

ulations. The majority is spent for the initialisation. Although the calculation of the incidence

matrices and interpolation weights must be carried out only once, cf. Section 5.3, the very high

horizontal resolution requires very large matrices. However, any coupled model simulation with

only an overhead of 15% can be regarded as well performing. The advantage of applying a con-

servative flux data exchange at the coupling interface compared to uncoupled simulations is dom-

inating over the increased computational costs.
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Chapter 7

Summary

Various aspects of applying multirate methods to coupled atmosphere-ocean models were dis-

cussed in this thesis. The set of equations describing the dynamics of a geophysical fluid was

introduced. Such coupled model is formulated as multiphase system with a spatially distributed

interface. Each phase can have a different time scale. Multirate methods are an appropriate choice

for solving coupled initial boundary value problems with different time scales.

The aspects of geophysical fluid dynamics were presented in the beginning, see Chapter 2. The

principals of formulating the conservation of mass, conservation of momentum, the energy budget

and the equation of state were discussed. The focus was on the general formulation of the model

equations for a fluid containing multiple substances. Moreover, the initial boundary value problem

for a coupled atmosphere-ocean model is presented.

Two different categories of multirate methods were discussed, the class of multirate generalized

additive Runge–Kutta methods (MGARK) and multirate infinitesimal step methods (MIS), see

Chapter 3. Both of them are suitable for additive split problems, i.e. an additive coupling or a

linear combination of components. The MGARK category was further developed applying an ar-

bitrary number of components, i.e. the multirate generalized additive Runge–Kutta methods for N

components (MNGARK). Additionally, the MIS method was extended to overcome the problem

of knowing the analytical solution of the auxiliary ordinary differential equation, i.e. the extended

multirate infinitesimal step method (extMIS). Moreover, it is shown how the methods are directly

related. The discussed connections between the methods were exploited to derive a consistency

and stability theory of these methods, see Chapter 4. It was shown that the convergence behaviour

of multirate methods is strongly related to the convergence of the individual components and by

the ratio of the different time steps. The presented examples of multirate methods are of explicit

manner.

The increasing complexity of any Earth system model requires efficient coupling techniques and

time integration schemes. A key element are the coupling conditions modelling the physical pro-

cesses at the interface, usually an equilibrium description. This leads to a system of non-linear

equations, which must be solved in every time step. Henceforth, the modelling of the interface is

often simplified to avoid expensive computations. Various numerical approaches for the coupling

at spatially distributed model interfaces were explained with focus on the air-sea interface, see
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Chapter 5. The models ICON and GETM were used as examples of state-of-the-art atmosphere

and ocean models, respectively. The newly developed coupled model ICONGETM is used to dis-

cuss a coupling approach for complex models.

Two main aspects, the importance of the coupling at the air-sea interface and the advantages

of using multirate methods, are described in Chapter 6. The influence of a coupling approach

including a multirate time integration scheme has been demonstrated for an idealised coupled

one-dimensional atmosphere-ocean model. Additionally, the simulation with ICONGETM shows

a greatly improved agreement with measurements than individual simulations with ICON and

GETM. Thus, the significance of coupled atmosphere-ocean simulations is shown. Additionally,

the multirate scheme applied in ICONGETM has been discussed.

In general, multirate methods can be used for coupled atmosphere-ocean models. The choice of

the multirate method is not necessarily influenced by the coupling itself. However, the modelling

of the physical processes of the coupling and the numerical realisation is a decisive element for in-

vestigations at the air-sea interface. Multirate methods will be particularly interesting for coupled

atmosphere-ocean models developed in the future.

Formulating coupled Earth system models and integrating them with multirate methods is an ef-

ficient approach for simulating the natural phenomena on our planet. The complexity of Earth

system models increases with the more detailed modelling of the nature. Thus, final coupled mod-

els with multirate approaches can then be applied to simulate natural phenomena in an efficient

way.
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Appendix A

Additional Calculus

A.1 Some manipulations of the general budget equation

Some manipulations on the left hand side of the general budget equation for a quantity ψ with

density (ρ) are shown, i.e.

d
dt

 ∫
V (t)

[ρψ dV ]

 =
∫

V (t)

[
∂ (ρψ)

∂ t
dV
]
+
∮

∂V (t)

[
ρψ ·vψ

• nd∂V
]

=
∫

V (t)

[(
∂ (ρψ)

∂ t
+∇ •

(
ρψ ·vT

ψ

))
dV
]
. (A.1)

This calculus also shows the connection to the Lagrange form of the budget equation. The general

interpretation of the Lagrange form is that the change of an arbitrary volume element along a path

is observed.

A.2 Derivation of the budget equation for specific kinetic energy

The budget equation for specific kinetic energy based on the equation of motion (2.18), and equa-

tion (2.17a) reads

∑
k∈M

[
∂ (ρκkκ)

∂ t
+∇ •

(
ρκkκ ·vT

κ

)]
= ∑

k∈M

[
vκ

•

(
∂ (ρκvκ)

∂ t
+∇ •

(
ρκvκ ·vT

κ

))
− kκ ·

(
∂ρκ

∂ t
+∇ •

(
ρκ ·vT

κ

))]
= ∑

k∈M
[vκ

• (−∇pκ −ρκ ·∇φκ −2ρκ ·Ω×vκ +∇ • τκ)+ kκ Iκ ]

= −ρv • ∇φ + ∑
k∈M

[vκ
• (−∇pκ +∇ • τκ)+ kκ Iκ ] .

(A.2)

This equation considers each individual substance. The very first component of the right hand side

is the change in kinetic energy related to potential energy, i.e. all the other components of the right

hand side state the energy of the motion. The next part describes the energy related to the pressure
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A.2. Derivation of the budget equation for specific kinetic energy

and shear stress of the motion. The last additive component states the change in energy due to

internal phase changes, i.e. processes such as evaporation or precipitation.

Moreover, in meteorology and oceanography it is also of interest how the specific kinetic energy

of a fluid with respect to velocity (v) evolves. Therefore,

∂ (ρk)
∂ t

+∇ •
(
ρk ·vT ) = v •

(
∂ (ρv)

∂ t
+∇ •

(
ρv ·vT ))− k ·

(
∂ρ

∂ t
+∇ •

(
ρ ·vT ))

= −ρv • ∇φ +v • (−∇p+∇ • τ)

+ ∑
k∈M

[
v •
(
(vκ −v) Iκ −∇ •

(
(vκ −v)JT

κ

))]
.

(A.3)

There is a remarkable difference between equations (A.2) and (A.3). This difference is caused

by the difference of the velocity of each substance to the barycentric velocity. Some models do

not consider the velocity difference between the substances and, therefore, neglect diffusive ef-

fects. The barycentric definition of specific kinetic energy will help to categorise these difference.

Hence,

∑
k∈M

[ρκkκ ] = ∑
k∈M

[
1
2
·ρκ (v • v+2 ·v • (vκ −v)+(vκ −v) • (vκ −v))

]
= ∑

k∈M

[
ρκk+

1
2
·ρκ (vκ −v) • (vκ −v)

]
= ρk+ρkd .

(A.4)

The second term on the right hand side shows the specific kinetic energy related to the diffusive

mass flux. There are situations in meteorology where this diffusive specific kinetic energy becomes

more prominent, e.g. in tropical cyclones, cf. Bott (2008).

∑
k∈M

[
∂ (ρκkκ)

∂ t
+∇ •

(
ρκkκ ·vT

κ

)]
− ∂ (ρk)

∂ t
−∇ •

(
ρk ·vT )

=
∂ (ρkd)

∂ t
+∇ •

(
ρkd ·vT )+ ∑

k∈M

[
∇ •
(
kκJT

κ

)]
.

(A.5)

The difference between equations (A.2) and (A.3) gives the barycentric definition of specific dif-

fusive kinetic energy (kd), i.e.

∂ (ρkd)

∂ t
+∇ •

(
ρkd ·vT ) = ∑

k∈M

[
(vκ −v) •

(
−∇pκ +∇ • τκ +

1
2
(vκ −v) Iκ

)]
=+ ∑

k∈M

[
v •
(
∇ •
(
(vκ −v)JT

κ

))]
.

(A.6)
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A.3. Derivation of the budget equation for specific internal energy

The final budget equation for the specific kinetic energy with diffusive mass flux reads

∂ (ρk)
∂ t

+∇ •
(
ρk ·vT )+ ∂ (ρkd)

∂ t
+∇ •

(
ρkd ·vT )

=−ρv • ∇φ +v • (−∇p+∇ • τ)

+ ∑
k∈M

[
v •
(
(vκ −v) Iκ −∇ •

(
(vκ −v)JT

κ

))]
+ ∑

k∈M

[
(vκ −v) •

(
−∇pκ +∇ • τκ +

1
2
(vκ −v) Iκ

)]
+ ∑

k∈M

[
v •
(
∇ •
(
(vκ −v)JT

κ

))]
− ∑

k∈M

[
∇ •
(
kκJT

κ

)]
=−ρv • ∇φ +v • (−∇p+∇ • τ)+ ∑

k∈M
[v • (vκ −v) Iκ ]

+ ∑
k∈M

[
(vκ −v) •

(
−∇pκ +∇ • τκ +

1
2
(vκ −v) Iκ

)]
− ∑

k∈M

[
∇ •
(
kκJT

κ

)]
.

(A.7)

Reformulating equation (A.7) to gain the general form of equation (2.14) requires the usage of

∇ • (T • a) = T · ·∇a+ a • (∇ •T), where T is a tensor of order two and a is a tensor of order one.

Finally,

∂ (ρ (k+ kd))

∂ t
+∇ •

(
ρ (k+ kd) ·vT )

= ∑
κ∈M

[
−∇ •

(
kκJT

κ +(pκI− τκ) • vκ

)
+(pκI− τκ) · ·∇vκ −ρκvκ

• ∇φ + kκ Iκ

]
.

(A.8)

A.3 Derivation of the budget equation for specific internal energy

The derivation of the budget equation for specific internal energy is extensively described in Bara-

nowski (1975), Groot and Mazur (1984), and Zdunkowski and Bott (2004). The usual way to

derive the equation is to define the budget equation for specific total energy and calculate the

difference from budget equations for specific kinetic energy and specific potential energy.

∑
κ∈M

[
∂ (ρκeκ)

∂ t
+∇ •

(
ρκeκ ·vT

κ

)]
=

∂ (ρe)
∂ t

+∇ •
(
ρe ·vT )+ ∑

κ∈M

[
∇ •
(
eκJT

κ

)]
= 0 (A.9)

and

∂ (ρe)
∂ t

+∇ •
(
ρe ·vT )

=
∂ (ρ (k+ kd +φ +u))

∂ t
+∇ •

(
ρ (k+ kd +φ +u) ·vT )

= ∑
κ∈M

[
−∇ •

(
kκJT

κ +(pκI− τκ) • vκ

)
+(pκI− τκ) · ·∇vκ −ρκvκ

• ∇φ + kκ Iκ

]
+ρv • ∇φ +

∂ (ρu)
∂ t

+∇ •
(
ρu ·vT )=− ∑

κ∈M

[
∇ •
(
eκJT

κ

)]
.

(A.10)
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A.3. Derivation of the budget equation for specific internal energy

Moreover, for specific internal energy

∂ (ρu)
∂ t

+∇ •
(
ρu ·vT ) = ∑

κ∈M

[
−∇ •

(
uκJT

κ − (pκI− τκ) • vκ

)
− (pκI− τκ) · ·∇vκ − kκ Iκ

]
.

(A.11)

A substance-wise formulation is adapted by the barycentric definition of the internal energy and

adding the diffusive mass flux for each substance κ to equation (2.25d), i.e.

∑
k∈M

[
∂ (ρkuk)

∂ t
+∇ •

(
ρkuk ·vT

k
)]

= ∑
k∈M

[−∇ • (−(pκI− τκ) • vκ)

=−(pκI− τκ) · ·∇vκ − kκ Iκ ] .

(A.12)

However, this requires the knowledge of all the aspects of the total energy.
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Appendix B

Physical assumptions and the set of
equations

This section introduces the assumptions compressibility, hydrostatic equilibrium and Boussinesq

approximation and discusses their influence on the general set of equations. A thorough explana-

tion on applications of these assumptions is beyond the scope of this thesis and can be found in the

literature, see e.g. Lange (2002) and Cushman-Roisin and Beckers (2011). The following briefly

introduces them.

B.1 Compressible vs. incompressible fluid

A compressible fluid has the property that its volume decreases as the pressure on its surrounding

surfaces increases. Additionally, all physical substances are compressible, but the compressibility

of liquids and solids is much smaller than for gases. Although all fluids are compressible, some

models assume a constant density, i.e. their is no temporal change in density, dρ

dt = 0. Hence,

equation (2.17b) is simplified to

∂ρ

∂ t
+∇ •

(
ρ ·vT ) =

dρ

dt
+ρ∇ • v = ρ∇ • v = 0. (B.1)

In Kundu et al. (2001), Holton (2004), and Etling (2008) different ways of introducing incom-

pressible fluids can be found. Let a fluid be incompressible, then equation (2.14) simplifies to

ρ
dψ

dt
= ∑

κ∈M

[
−∇ •

(
ψκ ·JT

κ +λκ

)
+σκ

]
. (B.2)

B.2 Hydrostatic equilibrium

In case of a fluid is motionless, i.e. vκ ≡ 0 holds for all substances κ , the conservation of momen-

tum, equation (2.22) simplifies to

0 = ∑
κ∈M

[−∇pκ −ρκ ·∇φ ] = −∇p−ρ ·∇φ . (B.3)
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B.3. Boussinesq approximation

Because of the definition of the geopotential, see equation (2.19), the following holds,

∂ p
∂ z

= −ρg. (B.4)

If a fluid fulfils equation (B.4), then it is said to be hydrostatically balanced. Equation (B.4)

defines a relation between the vertical derivative of the pressure with the density and gravitational

acceleration, cf. Kundu et al. (2001), Zdunkowski and Bott (2003), Holton (2004), Etling (2008),

and Cushman-Roisin and Beckers (2011). Note that a hydrostatically balanced fluid must not

necessarily be motionless. If equation (B.3) holds, then the fluid is hydrostatically balanced, but

not vice versa.

The hydrostatic assumption states that equation (B.4) is assumed to be valid, otherwise a fluid is

said to be non-hydrostatic.

B.3 Boussinesq approximation

The ideas of the Boussinesq approximation is discussed in Cushman-Roisin and Beckers (2011).

The main idea is related to the fact, that the density varies only gently around a constant mean

value ρ0, i.e.

ρ = ρ0 +ρ
′(x,y,z, t) (B.5)

with |ρ ′| � ρ , see Cushman-Roisin and Beckers (2011, equation (3.16)). Equation (2.17b) is then

reformulated to

∂ρ

∂ t
+∇ • (ρ ·v) = ρ0∇ • v+ρ

′
∇ • v+

dρ ′

dt
= 0. (B.6)

Due to the fact that ρ ′ varies gently it is safe to assume dρ ′

dt ≈ 0. Furthermore, since |ρ ′| � ρ ,

the remaining most dominant part is

∇ • v = 0. (B.7)

The budget equation of momentum, see Section 2.2.2 equation (2.20a), is simplified to

∑
κ∈M

[
∂ (ρκv)

∂ t
+∇ •

(
ρκv ·vT )] = ∑

κ∈M

[
ρκ ·

dv
dt

+v ·
(

∂ρκ

∂ t
+∇ • (ρκ ·v)

)]
= ρ

dv
dt

= −∇p−ρ ·∇φ −2 ·Ω×ρv+∇ • τ.

(B.8)

Furthermore, due to equation (B.7), divergence of shear stress (τ) is simplified to

∇ • τ = µ ·∇2v. (B.9)
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Appendix C

Time averaged set of equations

All geophysical fluid model simulations shall be compared to measurements. However, they are

usually representing an averaged quantity. Thus, an averaging of modelled quantities is also nec-

essary. Time-averaging a quantity ψ = ψ (x, t) over a period T is given for a mean time t0 by

ψ (x, t0) =
1
T
·

t0+ T
2∫

t0− T
2

[ψ (x, t) dt] . (C.1)

For further details and other averaging options, e.g. spatial and ensemble averaging, see e.g. Lange

(2002), Etling (2008), and Cushman-Roisin and Beckers (2011).

C.1 Reynolds averaging

Modelling a sufficiently long time-averaged quantity is referred to Reynolds averaging. A quantity

is split into a time-averaged and disturbed component, i.e.

ψ (x, t) = ψ (x, t0)+ψ
′ (x, t) . (C.2)

Following equation (C.1),

ψ (x, t0) =
1
T
·

t0+ T
2∫

t0− T
2

[
ψ (x, t0)+ψ

′ (x, t) dt
]
= ψ (x, t0)+

1
T
·

t0+ T
2∫

t0− T
2

[
ψ

′ (x, t) dt
]
. (C.3)

Hence,

1
T
·

t0+ T
2∫

t0− T
2

[
ψ

′ (x, t) dt
]
= 0, i.e. ψ ′ (x, t0) = 0. (C.4)

Applying Reynolds averaging to the general barycentric formulation of budget equations with

diffusive mass flux, equation (2.14), gives

∂ (ρψ)

∂ t
+

∂ (ρ ′ψ ′)

∂ t
+∇ •

(
ρψ ′ ·v′T

)
+∇ •

(
ψρ ′ ·v′T

)
+∇ •

(
ρ ′ψ ′ ·vT )+∇ •

(
ρ ′ψ ′ ·v′T

)
= ∑

κ∈M

[
−∇ •

(
ψκJκ

T
+ψ ′

κJ′Tκ +λκ

)
+σκ

]
.

(C.5)
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C.2. Favre averaging

The components of equation (C.5) with disturbed quantities are referred to turbulent quantities. In

case of no turbulent entries, equation (2.14) is also valid for the mean quantities.

The Reynolds averaging was first published in Reynolds (1895).

C.2 Favre averaging

Reynolds averaging leads to complicated turbulent quantities, see equation (C.5). This complicates

the modelling. In case of modelling only barycentric quantities, i.e. ρ (x, t)ψ (x, t), the averaging

may be formulated with density-weighted averaging. This is known as Favre averaging. Quantity

ψ (x, t) is split, i.e.

ψ (x, t) = ψ̂ (x, t0)+ψ
′′ (x, t) , (C.6)

such that

ρ (x, t)ψ (x, t) =
1
T
·

t0+ T
2∫

t0− T
2

[
ρ (x, t0) ψ̂ (x, t0)+ρ (x, t0)ψ ′′ (x, t)dt

]
= ρ (x, t0)ψ̂ (x, t0) .

(C.7)

Thus, equation (2.14) becomes

∂ (ρψ̂)

∂ t
+∇ •

(
ρψ̂ · v̂T )+∇ •

(
ρψ ′′ ·v′′T

)
= ∑

κ∈M

[
−∇ •

(
ψκJκ

T
+ψ ′

κJ′Tκ +λκ

)
+σκ

]
(C.8)

requiring only a turbulence closure for approach ∇ •

(
ρψ ′′ ·v′′T

)
and ∇ •

(
ψ ′

κJ′Tκ
)

. However,

1
T
·

t0+ T
2∫

t0− T
2

[
ψ

′′ (x, t) dt
]
6= 0, i.e. ψ ′′ (x, t0) 6= 0. (C.9)

Remark: Reynolds averaging is mainly applied for the incompressible set of equations. On the

other hand, Favre averaging is commonly applied for the compressible set of equations.
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