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Abstract
We prove existence and comparison results for multi-valued variational inequalities
in a bounded domain 2 of the form

uekK:0eAu+algw)+Fw) + Fr@w) in WhH©@)*,
where A: WEH(Q) - Wi H(Q)* given by

Au = —div (|W|P<x>—2w n ,u(x)|Vu|q<x)_2Vu)

foru € WHT(Q), is the double phase operator with variable exponents and wiH(Q)
is the associated Musielak—Orlicz Sobolev space. First, an existence result is proved
under some weak coercivity condition. Our main focus aims at the treatment of the
problem under consideration when coercivity fails. To this end we establish the method
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of sub—super-solution for the multi-valued variational inequality in the space W7 ()
based on appropriately defined sub- and super-solutions, which yields the existence of
solutions within an ordered interval of sub—super-solution. Moreover, the existence of
extremal solutions will be shown provided the closed, convex subset K of WI*H(Q)
satisfies a lattice condition. As an application of the sub—super-solution method we
are able to show that a class of generalized variational-hemivariational inequalities
with a leading double phase operator are included as a special case of the multi-valued
variational inequality considered here. Based on a fixed point argument, we also study
the case when the corresponding Nemytskij operators F, Fr need not be continuous.
At the end, we give an example of the construction of sub- and supersolutions related
to the problem above.

Keywords Comparison results - Discontinuous problems - Extremality results -
Multi-valued variational inequalities - Musielak—Orlicz Sobolev space - Obstacle
problem - Sub- and super-solution - Variable exponent double phase operator

Mathematics Subject Classification 35J20 - 35J25 - 35J60 - 35R70 - 49J53

1 Introduction and main results

In this paper we prove comparison and extremality results for a wide class of multi-
valued variational inequalities driven by the double phase operator with variable
exponents. This operator, denoted by A: WIH(Q) — WLH(Q)*, is given in the
form

Au = —div (|Vu|1’(x)_2Vu 4 M(x)IVu|q(x)_2Vu) (1.1)

for u € W-H(Q), where p.g € C(Q) with 1 < p(x) < N, p(x) < g(x) for all
x€Q,0<u)e L (Q)isthe weight function and wlH(Q) is the corresponding
Musielak—Orlicz Sobolev space (see Sect. 2 for its precise definition). Note that (1.1)
reduces to the p(x)-Laplacian when i = 0 and to the (p(x), g(x))-Laplacian when
inf u > 0.

When p and g are constants, such setting is originally due to Zhikov [42] who
introduced and studied the integral functional

W > / (IVoI? 4 1(x)|Vol?) dx (1.2)

in order to describe models for strongly anisotropic materials. The functional (1.2) also
demonstrated its importance in the study of duality theory and in the context of the
Lavrentiev phenomenon, see Zhikov [43]. Note that (1.2) is related to the differential
operator

u > —div(|VulP 2V + p(x)|Vu|'"*Vu), (1.3)
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which is a special case of (1.1). From the physical point of view, (1.2) describes
the phenomenon that the energy density changes its ellipticity and growth properties
according to the point in the domain. In the elasticity theory, for example, the mod-
ulating coefficient p(-) dictates the geometry of composites made of two different
materials with distinct power hardening exponents g and p, see Zhikov [44]. From
the mathematical point of view, the behavior of (1.2) depends on the sets on which the
weight function () vanishes or not. Therefore, we have two phases (u(x) = 0 or
# 0) and so we call it double phase. Even though no global regularity theory for double
phase problems exists yet, there are some remarkable results about local minimizers,
see [2—4, 14, 15, 17, 28-30, 34]. We also refer to the recent overview article in [31].

Let us next formulate the problem under consideration. To this end, let Q2 C RN
(N = 2) be a bounded domain with Lipschitz boundary 02 and let I’ C 92 be a
relatively open subset and denote I'g = dQ2\I" such that 92 = I" U I'y. We consider
the multi-valued elliptic variational inequality of the form

ueK:0e Au+ dlg(u) + Fw)+ Fr@) in whHQ)*, (1.4)

where WLH(Q)* its dual space of WLH(Q), K is a closed convex subset of the closed
subspace Vr, of WM (Q) defined by

Vr, = {u e W) u |ry= o},

Ik is the indicator function related to K, and 9 I ¢ denotes its subdifferential. The lower
order multi-valued operators F and Fr are generated by the multi-valued functions
f: QxR —2R\{@} and fr: I x R — 2R\ (@}, respectively. Let

SN/ C)) _(N=1Dpx) _
prx) = N = p() and p.(x) = N o) () forall x € Q (1.5)

be the critical exponents to p for I < p(x) < N, and denote by p’(-) the Holder

conjugate to p given by p’(-) = p‘g gl 7- We assume the following hypotheses:

(HO) p,g € C(Q) suchthat 1 < p(x) < N, p(x) < g(x) < p*(x)and 0 < u(-) €
L ().

(F1) f: QxR — 2B\{@}and fr: I'xR — 2%\{@} are graph measurable on 2 xR
and I' x R, respectively, and for a. a. x € € the function f(x,-): R — 2R is
upper semicontinuous and for a.a.x € I, the function fr(x,-): R — 2R is
upper semicontinuous.

(F2) There exist r1 € C(Q), » € C(I') with 1 < ri(x) < p*(x) forall x € Q,
1 < ry(x) < pe(x) forallx € T, B > 0, Br > 0 and functions & € L"10)(),
ar € L9(T) such that

sup{|nl:n € f(x,5)} < a(x)+ Bls/ 11
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226 S.Carl etal.

fora.a.x € @, forall s € R, and

sup {|¢]:¢ € fr(x,s)} < ar(x) + Brls/2®~!

fora.a.x € I', and for all s € R.

We point out that the classical obstacle problem fits in our setting, that is,
K = {u e WHQ): u(x) > ¥(x) a. . in Q}

with a given obstacle ¢y : € — R. Originally, the study of obstacle problems is due
the pioneering contribution by Stefan [36] in which the temperature distribution in
a homogeneous medium undergoing a phase change, typically a body of ice at zero
degrees centigrade submerged in water, was studied. Furthermore, we mention the
famous work of Lions [26] who studied the equilibrium position of an elastic membrane
which lies above a given obstacle and which turns out as the unique solution of the
Dirichlet energy functional minimized on the closed convex set K.

Before we state our main results, we first give the definition of a weak solution to
problem (1.4).

Definition 1.1 A function u € K is said to be a (weak) solution of (1.4) if there exist
11e€CQ),neCl),1<1(x) < p x)forallx € Q, 1 < 12(x) < py(x) forall
x eTandn e L1Y(Q), ¢ € L2O(T) such that n(x) € f(x, u(x)) fora.a.x € Q,
t(x) € fr(x,u(x)) fora.a.x € " and

/ (|Vu|1’(x>*2w + M(x)|Vu|‘1<X>*2w) V(v —u)dx
Q
(1.6)
+ / n(v—u)dx+/ ((w—u)do >0
Q r

forallv € K.

Note, for simplicity of notation, the boundary integral fr ¢(v — u) do stands for

/ ¢ (iryvIr = inyulr) do,
r

where iz, WHH(Q) — L™0)(3Q) denotes the trace operator, and iz, v|r is the
restriction of iz, v to I'.

The multi-valued variational inequality (1.4) covers a wide range of elliptic prob-
lems which can be deduced from (1.4) by specifying I', K, and the lower order terms.
To give an idea, let us consider a few examples.
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Example 1.2 Tf T = 3, then Iy = ¢, and Vr, = WI(Q). If K = WHH(Q), then
(1.4) reduces to the following multi-valued elliptic boundary value problem

—div (|Vu|p(x)_2Vu n /L(x)|Vu|q(x)_2Vu) 4 fu)30 in Q.
u
——— € fr(x,u) onod,
AV
where

ou (x)-2 (x)—2

— = (|Vu|P Vi + w(x)|Vuld w) v

VA

with v denoting the outward unit normal at I

Example 1.3 1f Tg = 3, then T' = @, and Vi, = Wy '(Q). If K = W, "{(Q), then
(1.4) becomes the following multi-valued Dirichlet boundary value problem

—div (|W|P(X>—2w + ,u,(x)|Vu|q(x)_2Vu) + f(x,u) 30 in€,
u=0 ondQ.

Further special cases can be deduced from (1.4) such as a mixed boundary value
problems that arise when |I'| > 0 and |[T'g| > 0, and K = Vr. In Sect. 6 we will see
that (1.4) also includes an important class of generalized variational-hemivariational
inequalities.

Our first result is the following existence theorem for (1.4) under a coercivity
condition.

Theorem 1.4 Let hypotheses (HO), (F1) and (F2) be satisfied and suppose the following
coercivity condition holds:

There exist ug € K and R > |luol|y 1 such that K N Br(0) # ¥ and
(Au+n" 4", u —ug) > 0, (1.7)

forallu € K with ||ully 4 = R, for all n* € F(u) and for all £* € Fr (u).
Then problem (1.4) has at least one solution in the sense of Definition 1.1.

The proof will be given in Sect. 3, see also Corollary 3.2, which is a direct con-
sequence of Theorem 1.4. If the coercivity condition (1.7) or appropriate generalized
versions of coercivity are not satisfied then problem (1.4) may have no solutions.
However, in the noncoercive case we still are able to prove the existence of solutions
provided appropriately defined sub—super-solutions for (1.4) exist. In this paper we
establish an sub—super-solution method based on the following definition of sub- and
super-solutions of problem (1.4). For functions u, v: 2 — R we use the notation
u Av = min(u,v),u Vv = max(u,v), K NAK = {unviu,ve K}, KvK=
fuvvu,ve Klandu AK ={u}AK,uv K ={u}vK.
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228 S.Carl etal.

Definition 1.5 A fun_ction ue WLH(Q) is said to be a (weak) subsohltion of (1.4) if
there exist 71 € C(R2), o € C(I'), 1 < 11(x) < p*(x) forallx € Q,1 < 1a(x) <
p«(x) forall x € T'and p € L1(Q), ¢ € L2Y(T") such that

(i) uvKCK;
(i) n(x) € f(x,u(x)) fora.a.x € 2, {(x) € fr(x,u(x)) fora.ax e}
(iii)

/ (1VP9 2V 4 w0 [Vl 2Vi) - V(0 — ) dn
Q
+/ n(v—z)dx+/§(v—z)d020
Q- r—

forallv e u A K.

Definition 1.6 A funcLion ue WI'H(Q) is said to be a (weak) supers_olution of (1.4)
if there exist 11 € C(R2), 1o € C(I"), 1_< 71(x) < p*(x) forallx € Q,1 < 1p(x) <
pe(x) forallx € Fand 7 € LT1(Q), £ € L2Y(I") such that

(i) uAK CK,
(1) n(x) € f(x,u(x)) fora.a.x € Q,C(x) € frx,u(x)) fora.a.x €T
(iii)

f (IWIW)—?W + u(x)lvﬁlq(”‘zw) V(v —)dx
Q
+f (v —u)dx +/E(v —u)do >0
Q r

forallveuv K.

Remark 1.7 We note that although variational inequalities are generally nonsymmet-
ric due to the presence of constraints, the notions for sub- and super-solution defined
by Definitions 1.5 and 1.6, respectively, do have a symmetric structure in the fol-
lowing sense: one obtains the definition for the supersolution u# from the definition
of the subsolution by replacing u, n, ¢ in the definition of subsolution by u, 7, E,
and interchanging v by A. Symmetric structure is a main feature of the sub—super-
solution concepts for smooth equations, which has been extended here to multi-valued
variational inequalities with variable exponent double-phase operator.

Just for illustration, let us apply the above definitions to the special case given by
Example 1.2 and assume that f and fr are single-valued, that is

—div (|W|P(X>—2w + ,U,(x)|Vu|q(x)_2Vu) F =0 nQ,
s (1.8)

—+ fr(x,u) =0 ondf.
8\),4

Let u be a subsolution according to Definition 1.5. As K = W (Q) and W'-H(Q)
has lattice structure, condition (i) is trivially satisfied. Condition (ii) yields n(x) =
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S(x,ux)) fora.a.x € Qand {(x) = fr(x,u(x)) fora.a.x € I'. Forany ¢ € K =
WI’H(Q) we test (iii) with v = u A ¢ = u — (u — ¢)* which results in

/ (171”972 Vu + (@) Vul? 72 Vu ) - Vi — 9)* dx
Q

+/ f(x,z(X))(z—wﬁder/ frx,u(x)w—¢@)do <0
Q r

for all ¢ € WIT(Q). Since the set {(u — @)1 € WIH(Q)) equals {y €
WL (Q): ¢ > 0}, the last inequality is nothing but the usual notion of subsolution
for the boundary value problem (1.8), that is,

—div (IVal” 972V + )Vl 2Vu) + £ 0 <0 in @,

d
2 Jr(x,u) <0 ondQ.
3VA

Similarly, Definition 1.6 for the supersolution # of (1.8) reduces to

—div (|Vﬁ|!’°‘>—2va+ u(x)ﬁ(x)|Vﬁ|q(x)_2VE) Ff@ >0 inQ,

-
MA@ =0 ondQ.
3VA

Next, we suppose the following local boundedness conditions on the multi-valued
nonlinearities with respect to the order interval [u, u].

(F3) Let u and u be sub- and super-solutions of (1.4) such that ¥ < u and suppose
the following growth conditions

sup{[nl:n € f(x,s)} <kq(x) fora.a.x e,
sup{[¢]:¢ € fr(x,s)} <kr(x) fora.a.xeT,

for all s € [u(x), #(x)] and for some kg € L1(Q), kr € L2 (I).

The sub—super-solution method for (1.4) is established by the following existence and
comparison result.

Theorem 1.8 Let u and u be an ordered pair of sub- and super-solutions of (1.4)
Sfulfilling u < u and let hypotheses (HO), (F1) and (F3) be satisfied. Then problem
(1.4) has a solution u € K suchthatu < u <u a.e.in Q2.

We remark that Theorem 1.8 will be seen as straightforward consequence of a
general existence and comparison principle (see Theorem 4.1) which will be proved
in Sect. 4, and which at the same time allows us to order-theoretically and topologically
characterize the solution set S of all solutions of (1.4) lying within the interval [u, u].
We have the following characterization of S, see Sect. 5.
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230 S.Carl etal.

Theorem 1.9 (i) Under the assumptions of Theorem 1.8, the solutions set S is a
compact subset of W (Q).
@G If

SAKCK and SVK CK, (1.9)

then

(a) any u € S is both a (weak) subsolution and supersolution of (1.4), and
(b) S is directed both downward and upward, that is, for all uy, up € S, there
exists wi, wy € S such that

wy < minfuy, upy} and wy > max{uy, uz}.

(iii) If(1.9) holdthen S has smallest and greatest elements, that is, there are u,, u™ €
S such thatu, <u <u*forallu € S.

In Sect. 6, as an application of Theorem 1.8 and Theorem 1.9, we are going to show
that a class of generalized variational-hemivariational inequalities with the double
phase operator as the leading operator of the form

ueK:(Au,v—u)—}—/ JoC,u,u; v —u)dx
@ (1.10)

+/jf3(-,u,u;v—u)do- >0 forallv e K,
r

turn out to be a special case of (1.4) only, see Theorem 6.2. In Sect. 7 we also study
the case when the functions f and fr need not be continuous (so F and Fr need not
be pseudomonotone anymore). The idea in the proof is the usage of an fixed point
argument, see Theorems 2.13 and 7.3. Lastly, in Sect. 8, we construct nontrivial sub-
and super-solutions of (1.4) which can be applied to our results, see Theorem 8.2 and
Corollary 8.3.

To the best of our knowledge, our results are new even in the case when p and ¢
are constants. For double phase problems with variable exponents there are only few
works, we mention the papers of [ 1] for the variable exponent Baouendi—Grushin oper-
ator, of [16] for single-valued convection problems and of [40] for obstacle problems
involving multi-valued reaction terms with gradient dependence. Papers dealing with
the constant exponent double phase (1.3) along with multi-valued right-hand sides
can be found in [38, 39] who studied obstacle problems involving the special case of
Clarke’s generalized gradients. Note that all these works are dealing with the coercive
case.

Finally, we mention some recent results for single-valued double phase problems
without constraints, such as, Colasuonno and Squassina [13] for eigenvalue prob-
lems for double phase problems, Gasinski and Papageorgiou [20] for sign-changing
solutions based on the Nehari manifold, Gasifiski and Winkert [21] for general con-
vection problems, Liu and Dai [27] for superlinear double phase problems, Perera and
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Squassina [33] for double phase problems via Morse theory, Shi et al. [35] for multi-
ple solutions for double phase variational problems and Zhang and Rédulescu [41] for
anisotropic double phase problems. As for multi-valued variational inequalities with
leading p-Laplacian type operators we refer to [8] for bounded domains, and [9, 10]
for unbounded domains.

2 Preliminaries

In this section we recall some results about variable exponent Sobolev space,
Musielak—Orlicz Sobolev spaces and properties of the variable exponent double phase
operator. The results are mainly taken from the books of [18, 22] as well as the papers
of [16, 19, 23].

Let Q c RY be a bounded domain with Lipschitz boundary 9 )$2 and denote by
M (iZ) the space of all measurable functions u: € — R. Let C4(£2) be a subset of
C(2) defined by

C+(Q):={h e C(Q):1 < h(x)forallx € Q}.

For any r € C,(R), we define

r—:=minr(x) and ry = maxr(x)
xXeQ xe

and r’ € C4(Q) stands for the conjugate variable exponent to r, namely,

1 1

—— +—— =1 forallx € Q.
r(x)—i-r/(x) or all x

For r € C,(Q) fixed, the variable exponent Lebesgue space L") () is defined by
L'O(Q) = {u e M(Q): / lul"™ dx < +oo},
Q

equipped with the Luxemburg norm

r(x)
lle|| .y == inf {A > 0: / (%) dx < 1} .
Q

Itis well-known that L™ (Q) is a separable and reflexive Banach space. Furthermore,
the dual space of L")(Q) is L" )(£2) and the following Hélder type inequality holds

1 1
/Qluvldx s [— + —} lullrylvllerey = 2NullroTvlle e

r— r_
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232 S.Carl etal.

forallu € L") () and for all v € L"O(Q). For ri, ry € C4(Q) with ri (x) < ra(x)
for all x € Q we have the continuous embedding

L2O(Q) — L"O(Q).

In the same way, for any I' C 92, we define boundary variable exponent Sobolev
spaces L") (I") with r € C(T"), r(x) > 1 forall x € T and norm || - [|,().r.

For any r € C(£2), we consider the modular function p,(.: L'O@Q) - R given
by

or(y () = / lu @ dx forallu € L"(Q). (2.1
Q
The following proposition states some important relations between the norm of

L") () and the modular function or( defined in (2.1).

Proposition 2.1 If r € C,(Q) and u,u, € L™ (Q), then we have the following
assertions:

@ lullroy =2 <= pry (%) =1 withu #0;

(i) llullyy <l(resp.=1,>1) = pr ) <1(resp.=1,>1);
r r—
GiD) fullrey <1 = Null’?) < priy(@) < lulllgy:

. r— T

W) ulley > 1 =l < prey ) < Nl

V) Nlunllyy >0 <= pr)(un) = 0;

Vi) lluplly(y = +00 = pre)(uy) — +o0.

For r € C4 (), we denote by W!"()(Q) the variable exponent Sobolev space
given by

whrO@) = {u e L'O(Q): |Vul e L’('>(Q)} .
We know that W70 () equipped with the norm

lullt ey = lullyey + I Vullyy forallu e WhrO(Q)

is a separable and reflexive Banach space, where |Vull,) := || |Vul |l,). We also
consider the subspace Wol’r(')(Q) of W) (Q) defined by

Wy @ =cr@ .

From Poincaré’s inequality we know that we can endow the space WO1 0 (£2) with the
equivalent norm

1r(-
lullire0 = IVullyy forallu € Wy ().
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We suppose now condition (HO) and introduce the nonlinear function H: € x
[0, 0c0) — [0, o0) defined by

Hx, 1) = P 4+ p(x)t9% forall (x,1) € Q x [0, 00).
Then, the corresponding Musielak—Orlicz space L*() is given by
LTU(Q) = {u € M(Q): py(u) < +00},
endowed with the norm

el =inf{r = 0: pyy (”) < 1},

T

where the related modular to H is given by

pru) = /QH(x, |ue]) dx.

The corresponding Musielak—Orlicz Sobolev space WM (Q) is defined by
WwiH(Q) = {u e LM(Q): |Vu| ¢ LH(Q)]
equipped with the norm
lulli, o = IVully + lluli#,

where ||Vu|l = || |Vu|||%. Moreover, we denote by W(}‘H(Q) the completion of
C3°(2) in wiH(Q). We equip the space W(} ’H(Q) with the equivalent norm

lull 2.0 = | Vully forall u € W) (),

see [16, Proposition 2.18]. We know that the spaces LH(Q), WS’H(Q) and W-H(Q)
are reflexive Banach spaces, see [16, Proposition 2.12].

The next proposition shows the relation between the norm || - |7 and the modular
P, see [16, Proposition 2.13].

Proposition 2.2 Let hypotheses (HO) be satisfied. Then the following holds:

(i) Ifu # 0, then |lully = A if and only if p1(3) = 1;

@Gi) llully < 1 (resp.> 1, = 1) if and only if pry(u) < 1 (resp.> 1, = 1);
(i) If lullr < 1, then |ul|f] < pr@u) < llullyy s
(V) Ifllully > 1, then |lull}; < pr(u) < [ullf);
) lullzg — O if and only if pp(u) — 0;

(vi) |lullg — +oo if and only if pp(u) — +o00.
(vii) |lullg — 1 if and only if pr(u) — 1.
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234 S.Carletal.

(viii) Ifu, — uin LY(Q), then o (up) = pr(u).
We now equip the space W17(€2) with the equivalent norm

lullsy, == inf{k > 0: /[
Q

p(x)
+ p(x)

Yu q(x)

A

‘u ‘p(X)

S
u|qg(x)
+u(x)‘x ]dx < 1},

A

where the modular gy is given by

Pr(u) = / (|Vu|"<x>+u(x)|w|‘f<x>) dx + / (|u|P<x)+u(x>|u|q<x>) dx
Q Q

foru € WhH(Q).
The next proposition can be found in [16, Proposition 2.14].

Proposition 2.3 Let hypotheses (HO) be satisfied. Then the following holds:
() If y # 0, then ||yl 5, = A if and only if py((5) = 1;
) Iyl < 1(resp.> 1, =1) if and only ifpr(y) < 1(resp.> 1, =1);
q A p- .
Gil) 17113l < 1 then 1155, < prev) < IvlF,
@) If Yy > L then Iyl < A () < IIVISL:
) NIyllz5, = Oif and only if pr(y) — 0;
(i) llyllp,, — +ooifand only if pr(y) — +o0.
(vii) llyll5,, — 1ifand only if pp(y) — 1.
(viii) Ifup, — win WH-H(Q), then pr(un) — pr(w0).
It turns out that || - ||5,, is a uniformly convex norm on WLH(Q) and satisfies

the Radon—Riesz (or Kadec—Klee) property with respect to the modular, see [16,
Propositions 2.15 and 2.19].

Proposition 2.4 Let hypotheses (HO) be satisfied.

(i) The norm || - || 5,, on WLH(Q) is uniformly convex.
(ii) For any sequence {u,}peN C WI’H(Q) such that

up—u in WHQ) and pr(un) — pr)
it holds that u, — u in WI’H(Q).
(iii) The norm || - ||1,1.0 on WOI’H(Q) is uniformly convex.
(iv) For any sequence {un}nen € W(}’H(Q) such that
up—u in Wy H(Q) and pr(Vuy) — pr(Vu)

it holds that u, — w in W' {(Q).
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Now we introduce the seminormed space

LIO(Q) = {u € M(Q): / w()|u|99 dx < +oo}
Q

and endow it with the seminorm

|ul q(x)
llullg(y, =inf {7 > O: /Q;L(x) (T) dx <1;.

The following embeddings are stated in [16, Proposition 2.16].

Proposition 2.5 Let hypotheses (HO) be satisfied and let p*(-), p«(-) given in (1.5) be
the critical exponents to p(-).

() LT(Q) — L'O®@), WHH(Q) = wirO@), Wit @) — Wy Q) are
continuous for all r € C(Q) with1 <r(x) < p(x) forall x € Q;
(i) WIH(Q) — L"OQ) is compact for r € C(Q) with 1 < r(x) < p*(x) for
all x € Q;
(iii) The trace operator iy : WI’H(Q) — L'O@QQ) is compact for r € c(Q)
with 1 < r(x) < p«(x) forall x Q;
Gv) LH(Q) — L;ﬂ(‘)(Q) is continuous;
(v) L1O(Q) — L™(Q) is continuous;
i) WEH(Q) < LH(Q) is compact.
For any s € R we denote s* = max{+s, 0}, that means s = st — s~ and |s| =
st 4 s~. For any function v: @ — R we denote vE() = [v()]*. The spaces
wlH(Q) and WOI’H(Q) are closed under max and min, see [16, Proposition 2.17].

Proposition 2.6 Let hypotheses (HO) be satisfied.
() ifu € WH(RQ), then +u™ € WH(Q) with V(2u®) = Vul(zy-0);
(i) ifup — win WHH(Q), then +ur — Fu® in WHH(Q);
(i) ifu € WTHQ), then +u* € Wi TH(Q).

Let X = WMH(Q) or X = WOI’H(Q) and let A: X — X™ be the nonlinear
operator defined by

(A(u), v) :=/ (IVu|”(X)_2Vu+u(x)|Vu|q(x)_2Vu)~Vvdx 2.2)
Q

for u, v € X with (-, -) being the duality pairing between X and its dual space X*.
The following proposition summarizes the main properties of A: X — X*, see [16,
Theorem 3.3 and Proposition 3.4].

Proposition 2.7 Let hypotheses (HO) be satisfied. Then, the operator A defined by
(2.2) is bounded, continuous, strictly monotone and of type (Sy), that is,

up—u in X and limsup (Au,,u, —u) <0,
n—oQ
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imply up, — uin X.

In what follows, to shorten notation, we write || - || = || for the norm in

N
wlH@Q) and || - lo = | - Il1,7¢,0 for the norm in WOI’H(Q). The corresponding dual
spaces are denoted by W17 (Q)* and Wol’H(Q)*, respectively. Given a Banach space

X and its dual space X* we denote
KX*) = {P C X*: P # @, Pisclosed and convex} .

Let X be a real Banach space with its dual space X*. A function J: X — R is
said to be locally Lipschitz at u € X if there exist a neighborhood N (u) of u and a
constant L, > 0 such that

[J(w) —JW)| < Lyllw—vl|x forall w,v e N(u).
Definition 2.8 Let J: X — R be a locally Lipschitz function and let u, v € X. The

generalized directional derivative J°(u; v) of J at the point u in the direction v is
defined by

J ) — J
J°(u; v) ;= lim sup (w +1v) (w)

w—u, 10 t
The generalized gradient 3J: X — 2% of J: X — R is defined by
aJ(u) := {E € X*:J%(u; v) > (£, v)xxxx forallv e X} forallu € X.

The next proposition collects some basic results, see [12] or [32].

Proposition 2.9 Let J: X — R be locally Lipschitz with Lipschitz constant L, > 0
atu € X. Then we have the following:

(1) The function v + J°(u;v) is positively homogeneous, subadditive, and
satisfies

[J°(u; v)| < Ly|lvllx forallv e X.

(1) The function (u, v) — J°(u; v) is upper semicontinuous.

(iii) For each u € X, 38J (u) is a nonempty, convex, and weak™ compact subset of
X* with ||| xx < Ly forall € € 3J (u).

@iv) J°(u;v) = max {(§, v)x*xx | £ € 0J(u)} forallv € X.

(v) The multi-valued function X > u +— 0J(u) C X* is upper semicontinuous
from X into w*-X*.

Assume pp, pr € C(Q) and (pj)- = 1,(j =1, 2).Let F be a function from 2 x R
into 2R, For each measurable u:  — R, we consider the function F n): Q@ — 2R
F(u)(x) = F(x,u(x)) and denote ﬁ(u) ={ve MQ):v(x) e F(x,u(x)) fora.a.
x € 2}. The following theorem can be found in [11, Theorem 7.3].
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Theorem 2.10 Assume F: Q x R — 2R satisfies the following conditions:

(i) Fora.a.x € Qand forallu € R, F(x, u) is closed and nonempty;
(i) F is graph measurable;
(iii) For a.a.x € K, the function u — F (x, u) is Hausdorff-upper semicontinuous
(h-u.s.c. for short);
(iv) There exista € LP2V)(Q) and b > 0 such that

r1x)
vl < ax) + blu| =20

fora.a.x € Qand forallv € F(x, u).

Thus, for each u € LP'O)(Q), F(u)isa (nonempty) closed subset of LP2)(Q) and
the mapping F: u — F(u) is h-u.s.c. from LP') () to L@

Remark 2.11 We have an analogous result to Theorem 2.10, where 2 is replaced by
I'. In fact, a straightforward generalization of Theorem 2.10 holds true with €2 being
a measure space on which Lebesgue and Sobolev spaces with variable exponents are
defined.

The following theorem was proved in [25, Theorem 2.2]. We use the notation
Br(0) :=={u € X:|lullx < R}.

Theorem 2.12 Let X be a real reflexive Banach space, let F: D(F) C X — 2X
be a maximal monotone operator, let G: D(G) = X — 2X" be a bounded multi-
valued pseudomonotone operator and let L € X*. Assume that there exist ug € X
and R > ||ug|lx such that D(F) N Br(0) # ¥ and

(E+n—L,u—ug)xsxx >0

forallu € D(F) with |lu|lx = R, forall ¢ € F(u) and for all n € G(u). Then the
inclusion

Fu)+Gu)>sL

has a solution in D(F).

An important tool in extending our results to discontinuous Nemytskij operators is
the next fixed point result, see [6, Proposition 2.39] or [7, Theorem 1.1.1].

Theorem 2.13 Let P be a subset of an ordered normed space X, and let G: P — P
be an increasing mapping, that is, x,y € P with x <y implies Gx < Gy. Then the
following holds true:

(i) If the image G(P) has a lower bound in P and increasing sequences of G(P)
converge weakly in P, then G has the smallest fixed point x, given by x, =
min{x: Gx < x}.

(i) If the image G(P) has an upper bound in P and decreasing sequences of
G (P) converge weakly in P, then G has the greatest fixed point x* given by
x* = max{x:x < Gx}.
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3 Coercive case: Proof of Theorem 1.4

In this section, we are going to prove Theorem 1.4. First, recall that the embedding
ir(): WIH(Q) - L"O(Q), u > u, and the trace operator iy, (.: wiH@Q) —
L), u + ulr, are compact due to (F2) and Proposition 2.5(ii), (iii). Let
i ot L1O®@) — W@ and i 2 L2O@) — WH(Q)* be their adjoints.
As a consequence of (F1), for any u € M(2), the set of measurable selections of

VAGYOR
f(u) ={neMQ:nkx) e f(x,ulx)) fora.a.x € Q},

is nonempty. Similarly, for any u € M (I"), the set of measurable selections of fr (-, u),
frw) ={neMT):nx) € frix,u(x)) fora.a.x € T},

is also nonempty.

Moreover, from (F2), f(u) C L"1O(Q) if u € L"1O(Q) and fr(u) C L’z(>(r) if
u € L™O(T). Let us consider the mapplngs fi L"O@Q) — LN (>(§2) u— fu)
and F = lrl(')flrl(.). WIHQ) — 2" thatis, Fu) = (7 € WH(Q)*n e

f )}, where fj € WET(Q)* is defined for each 7 € L'1O(Q) by
n,v) = / nudx forall v e whH(Q).
Q

Similarly, we define

fri L?O@) - L2OM), uw fr@w),
. ~ . L'H *
Fr =iy frine: WHHQ) - 2V 7@

with ]—'y(u) = {f e WEH(Q)*:n € fr(u)}, where fj € WET(Q)* is defined for each
n e L2O() by

n,v) = / nvdo forallv e whH(Q).
r

We have the following crucial property of F and Fr.

PropOSItlon 3.1 Let hypotheses (HO), (F1) and (F2) be satisfied. The mappings F =
i )fzrl() and Fr =i )frzrz() are pseudomonotone and bounded from WM (Q)

into K(W-H(Q)»).

Proof First, let us note that f(u) € K(L" <>(sz)) for all u € L"O(Q). In fact, the
convexity of f(u) and the boundedness of f (as a multi-valued mapping) follow
directly from (F1) and (F2). The proof of the closedness of f (u) is adirect consequence
of the fact that f(x, ) is a closed bounded interval in R for a.a.x € 2 and for all
teR
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Next, we show that the graph of F is (sequentially) weakly closed in W7 (Q) x
WLH(Q)*. Assume that {u,},ey and {u}},en are sequences in wlH(Q) and
wi 'H(Q)*, respectively, such that

up—u in WHT(Q), (3.1)
wi—u* in WH(Q)*, (3.2)
u: € F(u,) foralln € N. (3.3)
Let us prove that
u* € Fu). (3.4)

Smce uy e lrl()f’rl()(”n) there exists u, € f(z,l()(u,,)) = f(un) such that u} =
r] ¢ )(un) = U]y, H(Q)- It follows from (3.1) and the compactness of the embeddlng
lrl( ) that

up, — u in L"O(Q). (3.5)

Hence, from Theorem 2.10 and the growth condition in hypothesis (F2) it follows that
h*(f (un), f () — 0, and thus

— 0.

inf “ﬁn —w*

wre f(u) 1o

Consequently, there is a sequence {w;'},en C f(u) such that ||i,, — w;,"||ri(,) — 0.
Since f(u) is bounded in L'1O(Q), by passing to a subsequence if necessary, we can
assume that w;—wy in L"19() for some wg € L1 (Q). Moreover, wy € f(u) by
the convexity and closedness of f (u). We have

fip—w in L"O(Q), (3.6)
and from the compactness of i;k] ot
wp =i (i) = i Wh) = whlyiag in W@

From (3.2), we obtain u* = ir ()(wo) € irl( )f(u) F(u). Hence, (3.4) is proved.
As a direct consequence of thlS property, we see that F () is closed in X*. Further-
more, from the growth condition in (F2), we see that f is bounded from L") (§2) into

oL 9@ and thus F is a bounded mapping from wLH(Q) into (WL (Q)*). There-
fore, to prove its pseudomonotonicity, we only need to check that F is generalized
pseudomonotone. For this purpose, let {u,},en and {u]},en be sequences satisfying
(3.1)~(3.3) and let {ii, },en as well as w(j be as above. We have, from (3.5) and (3.6),

(”Z» Up) = (i;kl(.)(ﬁn)» Up) = Uy, Un)

L'19(@),L110(@)
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*
- <w0’ M>Lri (')(Q),L’I(')(Q)

This limit shows that F is generalized pseudomonotone and thus pseudomonotone.
It also follows from the arguments above that F is bounded. The proof of the
pseudomonotonicity and boundedness of Fr follows similar arguments. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4 We are going to apply Theorem 2.12. Since A is continuous,
strictly monotone and bounded on WLH(Q) with domain D(A) = WLH(Q), itis a
(single-valued) bounded and pseudomonotone mapping from W () to W@,
It follows from Proposition 3.1 that A + F + Fr is a pseudomonotone and bounded
mapping from W1 () into W@,

We note that d/x is a maximal monotone mapping from W 71() to W)
withdomain D(d/g) = K. According to Theorem 2.12, under the coercivity condition

(3.7), problem (1.4) has at least one solution. O
A straightforward consequence of Theorem 1.4 is the following result.

Corollary 3.2 Let hypotheses (HO), (F1) and (F2) be satisfied and suppose that for
fixed ug € K the following coercivity condition holds

lim inf  (Au+n"+¢" u—ug) | = oc. (3.7)
lulli, =00 | n*eF ()
uek c*eFr(u)

Then problem (1.4) has at least one solution.

4 Noncoercive case: Proof of Theorem 1.8

In order to prove Theorems 1.8 and 1.9, let us first establish the following general
existence and enclosure theorem for solutions of (1.4) if a finite number of sub- and
super-solutions exist and f has a local growth between those sub- and super-solutions.

Theorem 4.1 Let hypotheses (HO) and (F1) be satisfied and let u; (i =1,...,k) be
subsolutions andu; (j =1, ..., m) be supersolutions of (1.4) such that

u=max{u;:i=1,....k} <u=min{u;:j=1,....m} aeinQ,

andu; vV K C K foralli € {1,;.,k}andﬁj/\K C K forall j e{l,..., m}. .
Suppose there exist 11 € C(2), o, € C(I'), 1 < t1(x) < p*(x) forall x € Q,
1 < 1o(x) < p«(x) forall x € T such that

sup{|nl:n € f(x,5)} <kqo(x) fora.a. x €,

“.1)
sup{[¢|:¢ € fr(x,s)} <kr(x) fora.a xeT,
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forall s € [u(x), u(x)] and for some kg € Lff(')(Q), kr € L’Z/(')(l").
Then, there exists a solution u of (1.4) such that

u<u<u aeinf.

Proof First, note that by increasing 71 and 7o in Definitions 1.5 and 1.6 for each y;
and u; and in the growth condition (4.1) appropriately, to simplify the notation we
can assume without loss of generality that the functions 71 and 7> in the definitions
ofu; (1 <i <k)andu; (1 < j < m) in Definitions 1.5 and 1.6 and in the growth
condition 4.1, are the same.

Fori € {1,...,k}and j € {1,...,m}, leté . and Ej, 7 be the functions
associated W1th u; and u; as in Deﬁmtlons 1.5 and 1.6. We define the truncation
function fy of f as follows: Let

Q= {xeux) =u,0}, Q'={xeQuk) =u )},

and define

i—1

Q= qx e A\ ) =00,
=1
j—1

Q= {xea\| Q" uw) =w (x)

=1

foralli =2,...,kandforall j =2,...,m. Next, we define

k m
1= Yne 7= 3 s
i=1 j=l1

where x4 is the characteristic function of A C €. From their definitions, we have
n,7 € LY(Q) and furthermore, n(x) € f(x,u(x)) and 7(x) € f(x,u(x)) for
a.a.x € Q. -

Let fo: © x R — 2R be defined by

me)  ifu < ulx)
folx,u) =4 fx,u)  ifulx) <u <ux) 4.2)
{nx)} if u > u(x).

Similarly, let

r = {x el ulx) =g1(x)}, '={xelrux) =u,(x)},
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and

i—1
= {x e N\JTrut) =001,
=1

r’

j—1
xen\| e =/ (x)

=1

foralli =2,...,kandforall j =2,..., m. We define

k m
EZZEI-XD and E:ZEjXF/v
i=1 j=1

where, as above, x4 is the characteristic function of A C I". We also have [ E S
L2O(T) and £(x) € fr(x,u(x)) and ¢ (x) € fr(x,u(x)) fora.a.x €T.
Let for: I' x R — 2 be defined by

@) ifu<u)
Jor(x,u) =3 fr(x,u)  ifulx) <u <u(x) (4.3)
{C(x)} if u > u(x).

Then, fo and for given in (4.2) and (4.3), respectively, satisfy (F1). Moreover, it
follows from (4.1) and the definitions of fy and fyr that

sup{lv[:v € fo(x,u)} < ka(x) + In(x)| + [7(x)| fora.a.x € Q,

_ 4.4
sup{|v]:v € for(x, W)} < kr(x) + 1)+ [¢(x)| fora.a.xeT,

forall u € R, where ko + [n] + 7] € L1(R) and kr + [¢] + ] € L2O(I).
In particular, fo and for satisfy (F2) with 8 = fr = 0 and @ = kg + [n| + (7],

ar =kr+|¢|+ | |. It follows from Proposition 3.1 that the mappings i; 0 foirl () and

ifz(.)forirz(q are bounded and pseudomonotone from WLH Q) to K(WET(Q)%).
Next, let us define a truncation-regularization function b as follows. For x € € and
u € R, let

[u —u(x)g®-1 ifu > ux)
b(x,u) =10 ifu(x) <u <u(x) 4.5)
—[ux) — w7 ifu < u(x).

Here in what follows, we denote by C a generic positive constant that may change
from line to line. Since u, u € WI’H(SZ) and WI'H(Q) < LI10(Q), we see that

Ib(x, u)| < ay(x) + Clu|?™~1, (4.6)
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fora.a.x € Q and for all u € R, where a; € L‘f/(')(Q).
This implies that the mapping B: L40)(Q) — L9 )(Q) given by

(B(u), v) :[ b(x,u)vdx forallu,v e LIV(Q)
Q

is continuous and bounded. Moreover, thanks to the compactness of the embedding
iger: WHHQ) > LI9(Q), the mapping i¥ Bigy: WHHQ) — W)
is bounded and completely continuous. As a consequence, the mapping i;(.)Biq(,)

is a (single-valued) pseudomonotone and bounded mapping from wiH(Q) into
W (Q)*.
Furthermore, there is ap > 0 such that

<i;(')8iq(') @), u> = (B, u)Lq/(')(Q),Lq(-)(Q)
= / b(x, u)udx @7
Q

> az/ [u]?® dx — C forallu e W (Q).
Q

Fori e {1,...,k},je{l,...,m},x € Qand u € R, we define

Ti(x, u) = |n,(x) = n(x)|6 <“_—W) ,

u(x) — u;(x)

T3 (x,u) = [7,(6) — 7)) [1 —6 (ﬂﬂ ,

uj(x) —u(x)

where
1, if s <0,
o(s)=14{1—s, if0<s<l,
0, ifs > 1.

Similarly, fori e {1,...,k},j e {l,...,m},x € I',and u € R, we define

Ui (x, u) = £, (x) = L (x)|& (u——z,(x)> ’

() — u;(x)
U7 G, u) = [T ;(x) = T0)| [1 .y (”_—m)ﬂ .

uj(x) —u(x)

Straightforward calculations show that T;(-, ), T/ (-,u) € L")() whenever
ue L7O(Q) and

0 < Ti(x,u) < In,(x) —n()| and 0<T/(x,u) <7; —7(x)|
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fora.a.x € Qand forallu € R. Tt follows that 7;: u — T;(-,u), T7: u v+ TI(-, u)
(1 <i <k, 1< j < m) are bounded and continuous operators from L") (Q) to
L1 (£2). Hence, due to the compactness of the embedding operator, i ; (_)’Ti iz () and
i ’:l (_)T T 7;(-) are completely continuous and are thus (single-valued) pseudomonotone
mappings from W () into W (Q)*.

Analogously, U; (-, u), U/ (-, u) € Lfﬁ(')(F) whenever u € L2O(I") and

0<Ui(r,u) < 15,0 —E@)| and 0<T7(r,u) < [T, — )]

fora.a.x e Dandforallu € R. Thus, U;: u — Ui(,u), U : u— Ul(,u) (1<
i <k,1 < j < m)are bounded and continuous operators from L2O() to sz/(')(l”).
Therefore, by the compactness of the trace operator, i7 Uiz, and i;‘z(.)l/l-/ i)
are completely continuous and are (single-valued) pseudomonotone mappings from
WLH(Q) into WHT(Q)* as well.

Let us consider the following auxiliary variational inequality: Find u € K and
ne L1O(Q), ¢ € L2O(I), such that

n(x) € fo(x,u(x)) fora. a.x e,

4.8)
¢(x) € for(x,u(x)) fora.a.x eT,
and
(Au,v—u)+/ r;(v—u)dx+/ {(v—u)da+/ b(x,u)(v —u)dx
Q Q Q
k m
—Z/ Ti(x,u)(v—u)dx+2/ T (x, u)(v — u) dx
i=1 ¢ j=17¢ (4.9)

k m
— Z/ Ui (x, u)(v — u)do + Z/ Ul (x,u)(v — u)do
i=1 YT j=17T

>0 forallveK.

The inequality above is equivalent to the following variational inequality: Findu € K,
n= i;kl(.)nin () € [i;kl(.)foin (lu), and ¢ = i;(.);irz() € [i:;(.)f()rl'rz(.)](u), such
that

k m
<Au i+ § 4 15 Big)@) = D liF o Tiin ()10 + Y _li% (T iy ()1(w)
i=1 j=1

k m
- Z[i;"z(.)b{iim(‘)](u) + Z[ijz(,)witz(.)](u), v— u> >0 forallveK.
i=1 j=1
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This variational inequality is, in its turn, equivalent to finding u € D(3Ix) = K,
|l € (dIg)(u), and

0= i Mine) € Lo foin o). & =%y Cine € lify) forine]@)
such that
A, 1,77, 8) == Au+ 1+ 7+ + i Bigy1w)

k m
=Y 1k Tiin )1 @) + D _[i% (T i ()1 (w)
i=1 =1 (4.10)

k m
= Y Ly Uiy 1) + Y Tk Uiy ()1 w) = 0

i=1 j=1

in WHH (Q)*. We observe that 8k is a maximal monotone mapping and
k
A+ % ) foiny ) + iy forine +ifoBigey — Y ik Tiin )
i=1

m k m
+ Yo T ine = Y inoUine + ) inoUine
= i=1 =1

is a (multi-valued) pseudomonotone bounded mapping from whH(Q) to W@,

Hence, to apply the abstract existence result in Corollary 2.3 of [25], we only need
to check the following coercivity condition: There exists ug € K such that

lim inf <.A(u, L, E)u— u0> = o0, 4.11)
o0 ledly )
uek

Aelit, () Joiz; () 1)
{E[i;—kz(,>fbl‘irz(»)](u)

see (4.10).

In fact, let ug be any (fixed) element of K. For any u € K, any [ € (dlx)(u), we
have 0 = Ix (ug) — Ix (u) > (I, up —u),i.e., {{,u —up) > 0. Hence, to prove (4.11),
one only needs to show that

inf A, 7,8),u — uo) > 00 (4.12)
fle[i:l (,){01'11 (~)](u)
CE[ijz(,)forirz(-)](u)
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as |lully, ¢ — oo, u € K, where

k
AW, 7.0) = Au+ 17+ + [i}\ Big)Jw) = Y _li% ( Tiiz ()] ()
i=1

m k
+ Y ik T i 1w = Y [k Uiy @)

j=1 i=1

m
+ ) L U i1,

j=1

Let ij = i¥ iz, € i}, foir, 1) and ¢ = i%,¢iy, € [if;, foriz,1(u), where n € fo(u)
and ¢ € for(u). It follows from (4.4) that

I, u — uo)|
< (llkszllrl’(.) + lnllz ey + ”ﬁ”rl/(-)) (el ey ) + Nleolley ) 4.13)
< C(llullye) + 1)
<=C(lul+1)
and
(&, u — uo)|
< (||kr||r2/(-),F F 1Nz 0).r + ||E||r§(.),r> (llll .1 + Nlutollzy).r) @.14)

< C (llulleycy,r + 1)
<C(lul+1).

From (4.6) and (4.7), by applying Holder’s and Young’s inequalities with ¢ for variable
exponents (see e.g. [24]), we get

<[i;(,)8iq(.)](u), “ — u0>
>a2/ |7 dx—/ (a1 + Clu|1™)~ ‘) luo| dx — C (4.15)

> —/ |u|9%) dx —

On the other hand, we have for any i € {1, ..., k},

{113, 0) Tty )10, 1 = wo)|

Ti(x, u)(u — Mo)dx‘
Q
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Ul ) + llu y) -
A Tl/() (” ”Tl() ” 0”‘[1())

Hence,

k

> {15 Tiao1w, u = o) = € (e +1) = Clull + 1. @.16)

i=1
Similarly,
m

j=1

IA

C (lulleyey +1) < Cllull + 1), (4.17)

(1%, T iy 1), 1 = wo)|
and

,X;:K iz Uite () 1), u = u0>( er::K[i?z(-)“jirz(-)](u)v u— u0>‘ “.18)
< C (llullyey.r +1) < C(lull + 1.

Lastly, since A has as a potential functional the following convex functional

|Vu|P&) | V|10
1) = / + u(x) dx,
o P& q(x)

we see that
(Au,u —ug) > I(u) — I(ug) = I(u) — C. 4.19)

On the other hand, it follows from (HO) that

/|u|q<")dxzf ulP@ dx — |2,
Q Q

where |Q2| is the Lebesgue measure of 2. Hence, it follows from (4.15) that there is
a3 > 0 such that for all u € W1-H(Q)

<i;‘(_)l3iq(.)(u), u— M0> > a3 /Q |:|u|17(x) 4 M(x)m'q(x):l dx — C

|u|P) |u|2™) (4.20)
2a3/ + u(x) dx — C.
o| pW) q(x)
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Combining the estimates from (4.13) to (4.20), we see that for any u € K, n e
[i;(.)fOirl(-)](u) and ¢ € [i;kz(‘)f()l"irz(-)](u)

k
<AM +n+ E + [i(’;(.)Biq(.)](u) — Z[i:(.)ﬁifl(.)](u)
i=1

m k
Y L o T i (1@ = Y i Uiy ]()

j—l i=1

+ Z[ITZ()U o)1), u — uo> 4.21)

|p(X) | V|4
> min{l, a;}/ m(x)
q(x)

Iulp(x) P L
@

+ :|dx—C(||u||+1).

Since

, 1 |Vu|P) | V)40
lim + u(x)
lulli =00 llull1, p(x) q(x)

|u|P) |u|2)
+—+ nx) dx = o0,
p(x) q(x)

see Proposition 3.5 in [16], the estimate in (4.21) implies (4.12). It follows from
Corollary 2.3 in [25] that there exist u, 1, and ¢ that satisfy (4.8) and (4.9).
In the next step, we show that

<u<u, ae.in$, 4.22)

foralls € {1,...,k}andforallr € {1, ..., m}. Infact,lets € {1, ..., k}. By putting
v=u,Vu=u+ (u, —u)t € K into (4.9), we obtain

(Au, (u, —u)+)+/ 7 (u; —u)+dx+/ ¢, —u)tdo
Q r
k
+ [ b -t ar =3 [ oo, -0
& =179

m k
+Z/ T/ (x, u) (u, —u)*dx—Z/ Ui (x, u)(u, —u)* do
j=1"% i=1 7T
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+ Zf UJ (x, u)(u, —u)*do > 0. (4.23)
j=17r

Since u, is a subsolution of (1.4), we have from its definition that there are n €
L%O(Q) and ¢ , € L2O(T) satisfying conditions (i)~(iii) in Definition 1.5 with u, 1,
¢ replaced by Zs, N, ¢,

Lettingv = u, — (u, — wt = u, Au € ug A K in Definition 1.5 (iii) (with u, N
and ¢ C) yields

—(Aug, (u; —w)™) —/ n (u, —u)tdx —/ ¢ (wy,—u)ytdo >0. (4.24)
QqY r =5
Adding (4.23) and (4.24) gives us
(Au — Aug, (uy, —u)t)+ / (n —n ) (u, — w)T dx
Q

+ [ =) —wtdo+ [ b, -t

r - Q
k m

- Z/ Ti(x, u)(uy, —u)* dx +Z/ T/ (e, u)(uy — u)* dx
i=1 2 j=1 Q

k m
— Z/ Ui (x, u)(ug — Wt do + Z/ U~i(x, w)(u, — w)Tdo > 0.
i=1 r j=1 r

First, note that

(Au — Aug, (u, — u)+>

:/{ oy }[(|Vu|p(x)_2Vu —i—,u(x)|Vu|qo‘)_2Vu)
x€Q:ug(x)>u(x)
— (190,179 72V, + (0| Vit [0V, ) |- V= ) de < 0.

Atx € Q such that u; > u(x), since u (x) < u(x) < u(x), we have

f T7 (x, u)(u, —u)™ dx = / T/ (x, u)(u, —u)dx =0,
Q

{xeQiu, (x)>ux)}

forall j € {1, ..., m}. Furthermore, n(x) € {Q(x)}, ire., n(x) = Q(x). Also, for such
x, we have Ty (x, u(x)) = |Q€(x) — Q(x)| and

/ T (x,u)(u, —u)tdx >0 foralli e {l,... k).
Q
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Therefore,

k
f (= 1)ty — uwy* dx — Z/ T (6, ), — u)* d
e i=179

< [ -t ar - [ L, -n*
Q Q

/ (@60 = 0,00 = 1) = 0,01 [, () = o) d
{xeQ:u(x)>u(x)}

<0.
Similarly, we have
f U/ (x, u)(u, —u)"do =0 forall j € {1,...,m},
r

/Ui(x,u)(ﬂs—u)"'dazo foralli € {1,..., k),
r

and

k
/F@ — ), —wtdo — ;/F Ui (x, w)(u, — )" do

< /(; — ¢ ), —whdo —/ Us (x, u)(ug —u)™ do
r = r

= f (€ =g, =g - gx(x>|) [, (x) — u(x)] do
{xel:ug(x)>u(x)}

<0.

Combining the above inequalities, we obtain

0< / b(x,u)(u, — w)Tdx = / b(x,u)(u; —u)dx.
Q {xeQ:u (x)>u(x)}

From (4.5), if u,(x) > u(x) then u > u(x) and b(x, u(x)) = —[u(x) — u(x)] -1,
Hence,

0<— / W) — u () u, (x) — u(x)] dx.
{xeQ:u (x)>u(x)}

Since u(x) — u(x) > 0 and u (x) — u(x) > O on the set {x € Q:u (x) > u(x)},
this inequality implies that this set has measure 0, which means that u(x) > u(x) for
a.a.x € 2. The second inequality in (4.22) is demonstrated in the same way.

As a consequence of (4.22), we see that u < u < u a.e.in Q2 and thus their
traces on I" also satisfy u < u < u a.e.on I'. This implies that b(-, u) = T; (-, u) =

@ Springer



Multi-valued variational inequalities for variable exponent... 251

T/(,u) =0a.e.in,U;(-,u) =U/(,u) =0a.e.onT foralli € {1,...,k}, forall
je{l,...,m}andalso fy(x,u(x)) = f(x,u(x))fora.a.x € Qand for(x, u(x)) =
fr(x,u(x)) for a.a.x € I'. This shows that u is a solution of (1.4) which completes
the proof of Theorem 4.1. O

The proof of Theorem 1.8 is now an immediate consequence of Theorem 4.1.

Proof of Theorem 1.8 In the particular case where m = n = 1, condition (4.1) becomes
condition (F3) and Theorem 4.1 reduces to Theorem 1.8. O

5 Extremal solutions: Proof of Theorem 1.9

In this section we give the proof of Theorem 1.9.

Proof of Theorem 1.9 (i) Since u, w € WM (), it follows that the set {Nullp:u €
S} is bounded. Let {u,}nen be a sequence in S and {nu}pen C LTO(Q),
{Cnlnen C Lfé(‘)(F) be corresponding sequences that satisfy (1.6) (for each
u=uyandn =y, { = ).

From (F3), {n,},en is a bounded sequence in Ltl,(')(Q) and {¢,},en 1s a bounded
sequence in L’ﬁ(')([‘). Using (1.6) with u,, n,, £y, and v = v, a fixed element of K,
we see that {01/ (|Vu,|)}nen is a bounded sequence and thus the set {||Vu,|y:n €
N} is also bounded. Hence, {u,},en is @ bounded sequence in wlH(Q) and there
exists a subsequence {uy, }ieNy C {#n}nen such that u, —ug in WI’H(Q) for some
ug € K (note that K is weakly closed in wlH(Q)). Thus, Uy, — ug in LT (Q) and
in L7O(Q), and up, |r — ug|r in L= (T).

By passing to a subsequence if necessary, we can also assume that u,, — ug a.e.in
Q and u,, |r — uolr a.e.on I'. Because of the boundedness of {1,},en in er(')(Q)
and of {¢ }nen in Lrﬁ(')(F), N —7o In Ltl,(')(Q) for some g € L1 )(Q) and =00
in L’é(‘)(F) forsome ¢y € LTZ/(')(F). Due to the compactness of i, (.) and i, (.), and thus
ofi;‘l(v) and i;;(v), we have ifl(_)r)nl — ifl(_)no and i:2(~)§"l — ijz(_){o in WEH(Q)*.
Therefore

/ Nny (Un, —ug)dx — 0 and / Cny (U, —ug)do — 0 asl — oco. (5.1)
Q r
From (1.6) with u = u,, and v = ug, we see that

lim inf f (|an1|1’<”*2an, T u(x)|w,l,|q<x)*2wn,) V(i — ug) dx < 0.
Q

[—o00
We obtain u,, — ug in WLH(Q) due to the (S4)-property of the operator A:
wLH(©Q) > WL (Q)*, see Proposition 2.7.

Next, let us prove that ug € S. It is evident that

u<uyp<u ae.inf. 5.2)
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Let fo and for be defined by (4.2) and (4.3) in the proof of Theorem 4.1. Since
u < u, < u a.e.in 2, we see that u, and n,, ¢, satjsfy (1.6) with Jfo and for
instead of f and fr. From (5.1) and the fact that i, foir,(y and i7, ) foriz,() are

generalized pseudomonotone from WI’H(QQ to WHH(Q)* (cf. Proposition 3.1), we
have ng € [i;(')foin(.)](uo) and ¢ € [i:;(.) Joric,()1(uo), that is,

no(x) € fo(x,up(x)) = f(x,up(x)) fora. a.x € Q,
So(x) € for(x,up(x)) = fr(x,up(x)) fora.a.x eT,

/r}n,un, dx—>fn0uodx, /Cmun, da—)/{ouoda.
Q Q r r

Therefore, forallv € K,

and

/ (|wnl P20, + u(x)| Vg, |q<X>*2w,,,) V(v — ) dx
Q
+f nn[(v - Mnl)dx +/ §n[(v - Mn[)d(r
Q r
— / (|Vu0|p(x)_2Vu0 + u(x)IVu0|q(x)_2Vuo> V(v —up)dx
Q
+f no(v — ug) dx +[ So(v — uop) do.
Q r

Since u,, € S, this limit shows that u¢ and ng, &o satisfy (1.6) which in view of (5.2)
implies that 1o € S. We thus obtain the compactness of S in WH7(€).

(i) The proofs for (ii) and (iii) follow the same lines as those for the case of
regular Sobolev spaces, thus their outlines are presented here for the sake of
completeness. Assuming (1.9), we see that if ug € S then ug A K C K and
thus ug is a subsolution of (1.4) in the sense of Definition 1.5. If uj,u; € S
then they are subsolutions of (1.4) and Theorem 4.1 thus implies the existence
of a solution u of (1.4) such that max{u;, uz} <u <min{u;:1 < j <m} =u.
Itis clear that u € S.

(iii) Since W-H(Q)is separable (with the norm topology), sois S. Let {wy, },cn be a
dense sequence in S. Using the directedness of S, we can construct inductively
a sequence {uy},en in S such that w, < u, < u,| foralln € N. Let

u*(x) = sup{u,(x):n € N} = lim u,(x) forx € Q.
n—>oo

As a consequence of the compactness of S, u, — u* in WLH(Q)and u* € S.
Since u* > w, a.e.in Q for all n € N, from the density of {w,},en in S, we
see that u™ > u a.e.in  for all u € S. The existence of the smallest element
u, of S is proved analogously.

O
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6 Application: generalized variational-hemivariational inequalities

In this section we are dealing with the generalized variational-hemivariational
inequality (1.10) which is of the form

ueK:(Au,v—u)—i—/j°(~,u,u;v—u)dx
@ 6.1)
+/j1‘3(~,u,u;v—u)d020 forallv € K,
r

where A is the variable exponent double-phase operator given by (1.1). The functions
J» jr given by

j: QxR xR —>R with (x,r,s)— jx,r,s),
jgri I'xRxR—R with (x,r,s)— jr(x,r,s),

are supposed to be locally Lipschitz with respect to s, and j°(x,r,s; o) and
Jp(x,r,s;0) denote Clarke’s generalized directional derivatives at s in the direc-
tion o for fixed (x,r). In case j and jr are independent of r, (6.1) represents a
variational-hemivariational inequality. However, in the general case of problem (6.1)
the functions s — j(x,s,s) and s — jr(x,s,s) may be not locally Lipschitz but
only partially locally Lipschitz. This enlarges the class of variational-hemivariational
inequalities considerably, and therefore we are calling them generalized variational—
hemivariational inequalities. Under hypotheses specified next we are going to show
that problem (6.1) is equivalent to some subclass of multi-valued variational inequali-
ties of the form (1.4), which in a sense fills a gap in the literature where both problems
are considered independently and separately.
We suppose the following hypotheses on j and jr:

(J1) The functions x +— j(x,r,s) and x — jr(x,r,s) are measurable in Q and
on I, respectively, for all r, s € R. The functions r +— j(x,r,s) and r +—
jr(x,r,s) are continuous for a.a.x € Q and x € I, respectively, and for all
s € R. The functions s — j(x,r,s)and s — jr(x,r,s) are locally Lipschitz
fora.a.x € Qand x € I', respectively, and for all r € R.

(J2) Lets +— 9j(x,r,s)ands — 0jr(x,r,s)denote Clarke’s generalized gradient
of the functions j and jr with respect to the variable s, respectively. Assume
the following growth conditions for s — dj(x, s, s) and s — djr(x, s, s):

There exist r| € C(Q), r € C(I') with 1 < r{(x) < p*(x) forall x € Q,
1 < r(x) < px(x)forallx e T', B > 0, Br > 0 and functions & € L"1 (),
ar € L2O(I) such that

sup {|n:n € 3j(x,s,5)} < a(x) + Bls|" !
fora.a.x € @, foralls € R, and

sup{|¢]:¢ € 3jr(x,s,5)} <ar(x) + Brls/2®!
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fora.a.x € I', and for all s € R.

(J3) Let s — j°(x,r,s;0) and s — ji(x,7,s; o) denote Clarke’s generalized
directional derivative of the functions s — j(x,r,s) and s — jr(x,r,s) ats,
respectively, in the direction o for fixed (x, r). Suppose that s — j°(x, s, 5; 0)
and s — jp(x,s,s; 0) are upper semicontinuous for a.a.x € Q,and x € T,
respectively, and for all o € R.

Let us define the multi-valued functions f: @ x R — 2R and fr: ' x R — 2R
as follows:

fx,s)=0j(x,s,s), frx,s)=0jr(x,s,s). (6.2)

For the so defined multi-valued functions the following lemma holds true.

Proposition 6.1 Under the assumptions (J1)—(J3), the multi-valued functions f: € x
R — 2R and fr: T x R — 2R defined by (6.2) satisfy hypotheses (F1)—(F2).

Proof Hypothesis (F2) follows immediately from (J2). The proof of property (F1) is
just a slight adaption of the proof of [11, Lemma 3.2], and therefore can be omitted. O

With the multi-valued functions f and fT given by (6.2), respectively, we consider
the following associated multi-valued variational inequality: Find u € K C Vr, C
W1LH(Q), such that there exist 71 € C(Q), » € C(IN), 1 < 11(x) < p*(x) for all
x€Q, 1 <1m(x) < pe(x) forallx € Tand n € L7O(Q), ¢ € L2O(T) satisfying
nx) € f(x,ux)) fora.a.x € Q2,¢(x) € fr(x,u(x)) fora.a.x € I'" and

/ <|Vu|p(x)_2Vu + ,u(x)|Vu|q(x)_2Vu) V(v — u)dx

@ 6.3)

+/ n(v—u)dx—i—/ t(v—u)do =0
Q r

forallv € K.

We are going to show that the generalized variational-hemivariational inequality
(6.1) and the related multi-valued variational inequality (6.3) are indeed equivalent
provided K satisfies the following lattice property

KANKCK and KVKCK. (6.4)

The following equivalence result holds:

Theorem 6.2 Assume hypotheses (HO) and (J1)-(J3), and let the lattice condition (6.4)
for K be satisfied. Then u is a solution of the generalized variational-hemivariational
inequality (6.1) if and only if u is a solution of the multi-valued variational inequality
(6.3) with multi-functions f and fr given by (6.2).

Proof Let u be a solution of (6.3), which due to (6.2) means there exist 1 € Ltl/(')(Q)
and ¢ € L2Y(T) satisfying

nx) e fx,ulx)) =0j(x,u(x),u(x)) fora.a. x e,
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C(x) € fr(x,u(x)) = 0jr(x,u(x), u(x)) fora.a.x el
and (6.3). By the definition of dj and 9 jr we get for any v € K

Jox,u,u;v—u) >nx) (v—u) a.e. in, 65
R u,u;v—u) > ¢(x)(v—u) aeonl. (6.5)

By (J1) and (J2) we can ensure that the left-hand sides of (6.5) belong to L' (Q)
and L1(I), respectively, which in view of (6.3) implies (6.1).

To prove the reverse, let u be a solution of (6.1). In order to show that u is a solution
of the multi-valued variational inequality (6.3), we are going to show that u is both a
subsolution and a supersolution of the multi-valued variational inequality (6.3), which
then by Proposition 6.1 and applying Theorem 1.8 yields the existence of a solution
u of (6.3) satisfying i € [u, u] and thus ¥ = u completing the proof.

Let us show first that the solution u of (6.1) is a subsolution of the multi-valued
variational inequality (6.3). Since K has the lattice property (6.4), we can use in (6.1),
in particular, v e u A K,ie,v=uA@ =u— (u — ¢)* with ¢ € K, which yields

(Au, —(u —)*)+ /Q 7O (e u u; —(u — )t dx
+/ Je (x u,u; —(u—@)T) do =0 forallg € K.
r

From Clarke’s calculus we have that ¢ — j°(-, 7, s; 0) (resp. ¢ = jp(-, 7, s;0))is
positively homogeneous (see Proposition 2.9 (i)), so the last inequality is equivalent
to

(Au, —(u — )7 +/ JoGuus =D — @)t dx
Q

+/j19(x,u,u;—l)(u—(p)+d020 forall p € K.
r

Using again for any v € u A K its representation in the form v = u — (u — @)™ with
¢ € K, the last inequality yields

(Au,v—u)—l—/ —Jj%x, u,u; —1)(v —u)dx

& (6.6)

+/—jl‘3(x,u,u;—l)(v—u)d020 forallveu A K.
r

From Clarke’s calculus (see Proposition 2.9 (iv)) we get

J u(x), u(x); —1)
=max{—60(x):0(x) € dj(x, u(x),u(x))} 6.7)
= —min{f(x):0(x) € 3 (x, u(x), u(x))} = —n(x),
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where
n(x) € 9j(x, u(x), u(x)) forallx € €. (6.8)
Similarly, we get for jp

Jr (e, u(x), u(x); =1
= max{—{(x): {(x) € 9/ (x, u(x), u(x))} (6.9)
= —min{f(x): £(x) € 3jr(x, u(x), u(x))} = = (x),

with
t(x) € ajr(x,u(x),u(x)) forallx eT. (6.10)

Since x = j°(x, u(x), u(x); —1) as well as x — jp(x, u(x), u(x); —1) are mea-
surable functions, it follows that x — 5(x) and x — ¢ (x) are measurable in 2 and I,
respectively, and in view of the growth conditions (J2) on the Clarke’s gradients, we
infer n € L'10(), and ¢ € L"20(T"). Taking (6.7)~(6.10) into account, from (6.6)
we get

(Au,v—u)+/n(v—u)dx+/§(v—u)d020 forallv e u A K,
Q~ r—

which together with (6.8) and (6.10) proves that u is a subsolution of (6.3). By similar
arguments, one shows that u is also a supersolution of (6.3), which completes the
proof. O

7 Discontinuous multi-valued problems

In this section we study discontinuous multi-valued problems. For this purpose, let
J: xR xR — Rand jr: ' x R x R — R be given functions such that both
are locally Lipschitz continuous with respect to the third argument. We denote by
s+ dj(x,r,s)ands — djr(x,r,s) Clarke’s generalized gradient of j and jr with
respect to their third variable. Note that we do not suppose any continuity assumptions
onr +— j(x,r,s)andr — jr(x,r,s). This leads to multi-valued functions f: € x
R — 2R and fr: I' x R — 2R given by

flx,s) =0j(x,s,s) and fr(x,s)=9jr(x,s,s). (7.1)
Based on Proposition 2.9 we know that f: QxR — K(R) c 2R\{#}and fr: T'x
R — K(R) C 28\{#}. _
The precise problem is stated as follows:Eind ue K cwWhHQandt € C(RQ),
e Cl),l <t(x) < p*(x)forallx € Q,1 < 1p(x) < px(x) forall x € I" with
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n e L1O(Q), ¢ € L2O(T) such that

neFw), ¢ e Fru),

(A(u),v—u)~|—/n(v—u)dx+/§(v—u)d020 forallv € K, (7.2)
Q r

where F and Fr are the multi-valued Nemytskij operators generated by the multi-
valued functions given in (7.1), that is,

Fu) ={n: Q — R:nis measurable in 2 and
n(x) € 9j(x, u(x),u(x)) fora.a. x € Q},

Frw) ={¢: I' - R:¢ is measurable on I and
C(x) € djr(x, u(x), u(x)) fora.a.x e I'}.

Remark 7.1 Note that (7.2) can be equivalently written in the form: n € F(u), ¢ €
JFr(u) and

(4G + 5,0+ it ¢ v —u) 2 0 forallve K.

Definition7.2 Let @ ¢ RY, N > 1, be a nonempty measurable set. A function
f: QxR™ — R, m > 1, is called superpositionally measurable (or sup-measurable)
if the function x +— f(x,u1(x),...,u,(x)) is measurable in 2 whenever the
component functions u; : 2 — Rofu = (uy, ..., u,) are measurable.

We suppose the following assumptions on the data.

(H1) Let j and jr be superpositionally measurable, that is, if x — v(x) and x >
u(x) are measurable in €2, then x +— j(x, v(x), u(x)) is measurable in 2 and
if x — v(x) and x +— u(x) are measurable in I', then x — jr(x, v(x), u(x))
is measurable in I".

(H2) Let 1 and u be sub- and super-solutions of (7.2) such that ¥ < u. There exist
kg € LUO(Q) and kr € L2 with 7y € C(Q), m € C(D), 1 < 11(x) <
p*(x) forallx € Q, 1 < 12(x) < py(x) for all x € I such that

In| <kq forallnedj(x,r,s), forallr,s € [u(x), u(x)], fora.a.x € Q,
|¢| < kr forall¢ € djr(x,r,s),forallr,s € [u(x), u(x)], fora.a.x €.

(H3) The functions s — j(x,r, s)ands — jr(x,r, s) are locally Lipschitz contin-
uous forallr € R, fora.a.x € Qandfora.a.x € I', respectively. The functions
r— j°(r,s; ) andr +— jp(r,s, 1) are decreasing forall s € Rfora.a.x € Q
and for a.a.x € T, respectively and the functions r +— j°(x,r,s; —1) and
r — jp(x,r,s, —1) are increasing for all s € R for a.a.x € €2 and for
a.a.x € I', respectively.

We have the following existence and enclosure result of extremal solutions for (7.2).
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Theorem 7.3 Let hypotheses (HO), (H1)—(H3) and the lattice condition
KANKCK and KVK CK

be satisfied. Then there exist the greatest solution u™ and the smallest solution u, of
problem (7.2) within the ordered interval [u, u].

Proof First, we point out that the multi-valued functions f and fr defined in (7.1)
are no longer upper semicontinuous and so the corresponding Nemytskij operators F
and Fr are not pseudomonotone in general. Hence, we cannot apply Theorem 2.12.
Instead we will make use of a fixed point argument based on Theorem 2.13 combined
with the existence and comparison results provided by Theorems 1.8 and 1.9.
Step 1: An Auxiliary problem

First we choose a fixed v € [u, u] being a supersolution and a fixed w € [u, u]
being a subsolution of (7.2). We define

JU(x,s) = jx,v(x), ), jr(x,s) = jr(x, v(x),s),
i, s) =9j(x,v(x),s), frix,s)=23jr(x,v(x),s)

and

jw(x’ S) = j(-xa U)(.X), S)’ jw,l"(xa S) = jl“(x» LU(X), S)v
Suw(x, ) =03j(x, w(x),s), fwrk,s)=20jrkx,wkx),s).

Here s — fY(x,s), s = ff(x,s),s = fy(x,s)ands — f, r(x,s) stand for
Clarke’s generalized gradients and from Proposition 2.9 (iii) we know that these are
upper semicontinuous. Furthermore, we denote by F7, ]—'F, Fu and Fy, r the multi-
valued Nemytskij operators related to ¥, f7, fi, and f, r,respectively. We introduce
the following auxiliary problems:

neF'w), ¢ € Fpru),

(A(u),f)—u)—}-/ n(ﬁ—u)dx—i—/{(ﬁ—u)dazo Vi € K, (7.3)
Q r

n € Fyu), ¢ € Fyru),

(A(u),ﬁ—u)—i—f n(ﬁ—u)dx—l—/{(ﬁ—u)dazO Vb e K. (7.4)
Q r

Applying hypothesis (H3) we easily see that u, v are sub- and super-solutions of (7.3)
and w, u are sub- and super-solutions of (7.4). Moreover, due to (H1) and (H2), the
assumptions of Theorems 1.8 and 1.9 are satisfied. Therefore, there exist the greatest
solution v* and the smallest solution v, of (7.3) within [u, v] and the greatest solution
w™* and the smallest solution w, of (7.4) within [w, u]. Furthermore, again by using
(H3), we can show that v* € [u, v] is a supersolution of (7.2) and w, € [w, u] is a
subsolution of (7.2). This can be shown as it was done in [5, Lemma 4.1].
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Step 2: Definition of fixed-point operators
We define the following sets:

V= iv € WI’H(Q) 1 v € [u, u] and v is a supersolution of problem (7.2)} ,

W = {w € Wl'H(Q) :w € [u, u] and w is a subsolution of problem (7.2)} .

Recall that v* € [u, v] is the greatest solution of (7.3) and w, € [w, u] is the smallest
solution of (7.4), we know that the operators

G: V-V, Vavre v"=G,
T-W—->W, Wawtr> we=Tv,

are well-defined due to Step 1. As done in [5, Lemma 4.2], using again (H3), one can
show that G: V — V is an increasing operator, that is, v] < vy implies Gv; < Gv;.
Similarly, 7: W — WV turns out to be increasing as well.
Step 3: Fixed-point argument

Using again hypothesis (H3) we are able to show that the range G (V) of G has an
upper bound in V and decreasing sequences of G (V) converge weakly in V. The proof
is similar to the one in [5, Lemma 4.5] by using Propositions 2.5 and 2.7. Similarly,
we show that the range 7' (W) of T has a lower bound in VV and increasing sequences
of T (W) converge weakly in V. Now we can apply Theorem 2.13to 7: W — Wto
get a smallest fixed pointandto G: V — V to get a greatest fixed point. By Definition
of G, u € [u, u] is a fixed point of G if and only if u is a solution of (7.2). Similar can
be said about 7: W — W. This finishes the proof. O

8 Construction of sub-supersolution for a multi-valued obstacle
problem

As an application of the results of the preceding sections, in this section we consider
the following obstacle problem when F1 = 0:

weK:0eAu+olxwu)+Fu) in WoTh@)*, 8.1)
where A is the double-phase operator given by (1.1) and K is defined by

K = [u e W@ u(x) = Y(x) e in Q} . (8.2)

Under hypotheses (F1) and (F2) the multi-valued function f: Q x R — 2F\{¢},
which generates the operator F, may be represented by means of single-valued
functions f;: Q@ x R — R, i = 1, 2, through

fx,8) =[fi1(x,s), falx,s)] forall (x,s) € 2 xR, (8.3)
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where s — f1(x, s) is a (single-valued) lower semicontinuous function, s — f>(x, s)
is an (single-valued) upper semicontinuous function, and x +— f;(x, u(x)) is a mea-
surable function for any measurable function x — u(x). We assume the following
hypotheses on the function i representing the obstacle, and on f;:

Hy) ¢ € WLH(Q) with trace ¥ |3 < 0 on 92 and there exists ¢y, > 0 such that
Y(x) <cy fora.e x e Q.
(Hf) There exist k; € L’;(')(Q), i = 1,2, such that
filx,s) <ki(x) and fo(x,s) > ky(x) forall (x,s) € Q x R.

Remark 8.1 Hypothesis (Hy) implies that K # . We note that hypothesis (Hf) not
necessarily implies boundedness of the multi-valued function f given by (8.3), since
the f; are only one-sided bounded with respect to s.

Let u; € WOI’H(Q) N L*®(R), i = 1,2, be the unique (weak) solution of the
Dirichlet problem

Au;i =—k; nQ, u=0 onod. 8.4)

Note that the boundedness of #; can be shown similar to [37], due to the embedding
W(}’H(Q) > Wé’p(')(ﬂ), see Proposition 2.5(1).
Our existence and comparison result for the obstacle problem is as follows.

Theorem 8.2 Assume hypotheses (HO), (F1), (F2), (HY), and (Hf). Then the obstacle
problem (8.1), (8.2) has a solution u satisfying u1(x) < u(x) < uz(x) + M in Q for
M > 0 sufficiently large.

Proof We are going to make use of Theorem 1.8. To this end we are going to show that
u:=uj and u := up + M with M > 0 sufficiently large, are sub- and super-solutions
of (8.1), (8.2), respectively.

Let us first show that u := u is in fact a subsolution of (8.1), (8.2) according to
Definition 1.5. Clearly, condition u; vV K C K is fulfilled. Let n(x) = fi(x, u(x)),

thenﬁ € L’i(')(Q) (note: 1 < ri(x) < p*(x)) and Q(x) € f(x,ui(x)), which is (ii).
It remains to verify condition (iii) of Definition 1.5 (note: fr = 0), that is,
(Aul,v—u1)+/n(v—u1)dx20 forallv e u; A K, (8.5)
Q

where

(Aup, v —uy) = / (|vu1|1’(x)—2wl + ,bL(x)|Vu1|q(x)_2Vu1> V(v —uy)dx.
Q
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Since v € u1 A K canbe represented by v = uj A@ = u; — (u; —¢)* forany ¢ € K,
inequality (8.5) is equivalent to

(Aur, (ur — ¢)+)+/ N —@)Tdx <0 forallg € K. (8.6)
Q

Since (u1 — @)t € {v e Wol’H(Q): v > 0}, inequality (8.6) is fulfilled if u; satisfies
(note: n = f1(-, ur))

(Auy, v) +/ filx,up)vdx <0 forallv e Wé’H(Q) with v > 0.
Q
In view of (Hf) and (8.4) we get —k1(x) + f1(x,u1) <0, and

(Aul,v)-l-/ fl(xvul)vdx:/ (=ki1(x) + filx,u1))vdx <0
Q Q

forallv € WOI’H(Q) with v > 0, which proves (iii) of Definition 1.5, and thus ¥ = u;
is a subsolution.

Now let us show that = uy + M is a supersolution according to Definition 1.6
for M > 0 sufficiently large. From (8.4) we see thatu = uy + M € wLH(Q) is the
unique solution of the Dirichlet problem

Au=—ky inQ, u=M ondQ, 8.7
and thusu A K C WS’H(Q). Moreover, since up € L°(2), we get from (Hy) that
u=ury+M >cy >, whichyieldsu A K C K satisfying (i) of Definition 1.6. Set

7= fo(-, W), then7j € L"1O(Q) and u(x) € f(x,@(x)), which is (ii). It remains to
show (iii) of Definition 1.6, that is,

(Aﬁ,v—ﬁ)—i—/ﬁ(v—ﬁ)dxzo forallveuv K. (8.8)
Q

ForveuVv K wehavev =uVe =u+(p—u)", ¢ € K, and thus (8.8) is equivalent
to

(A, (¢ —w)™) +/ e —w)Tdx >0 forally € K. (8.9)
Q

AsTilag = M > 0, it follows that (p — @)t € {v € W ' (R):v > 0}, hence
inequality (8.9) holds true if the following inequality can be verified:

(AL, v) +/ 7vdx >0 forall v € Wo'(Q) with v > 0.
Q

@ Springer



262 S.Carl etal.

Taking (Hf) and (8.7) into account, we get ) — kp = f2(-, u) — ko > 0 and thus
(Au, v) +f nudx =f (k2 + f2(,u))vdx >0
Q Q

for all v € WOI’H(Q) with v > 0, which proves (iii), and thus ¥ = uy + M is a
supersolution. Since u; € L*°(2), i = 1,2, we obtain by choosing M > 0 even
larger if needed that u = u; < up + M = u. Applying Theorem 1.8 completes the
proof. O

One readily verifies that K given by (8.2) satisfies the lattice condition
KANKCK and KVK CK.

Hence, as a conclusion of Theorem 1.9 we obtain the following characterization of
the set S of all solutions of (8.1),(8.2) lying within the order interval [u, u].

Corollary 8.3 Under the hypotheses of Theorem 8.2, the solution set S of (8.1), (8.2)
is a compact subset of WO1 ’H(Q) and possesses a smallest and a greatest solution.
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