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Abstract

A fiber graph is a graph on the integer points of a polytope whose edges come from a set of allowed
moves. Fiber graphs are given implicitly which makes them a useful tool in many applications
of statistics and discrete optimization whenever an exploration of vast discrete structures is
needed. The first part of this thesis discusses the graph-theoretic structure of fiber graphs with
a particular focus on their diameter and edge-expansion. We define the fiber dimension of a
simple graph as the smallest dimension where it can be represented as a fiber graph and prove
an upper bound on the fiber dimension that only depends on the chromatic number of the graph.
In the second part, random walks on fiber graphs are studied and it is shown that, when a
fixed set of moves is used, rapid mixing is impossible. In order to improve mixing rates for fiber
walks in fixed dimension, we evaluate possible adaptions of the set of moves, one that adds a
growing number of linear combinations of moves to the set of allowed moves and one that allows
arbitrary lengths of single moves. We show that both methods lead to spectral expanders in fixed
dimension. Finally, the parity binomial edge ideal of a graph is introduced. Unlike the binomial
edge ideal, it does not have a square-free Grobner bases and is radical if only if the graph is
bipartite or the characteristic of the ground field is not two. We compute the universal Grobner
basis and the minimal primes and show that both encode combinatorics of even and odd walks.

Zusammenfassung

Ein Fasergraph ist ein Graph auf den ganzzahligen Vektoren eines Polytops, dessen Kanten aus
einer Menge zugelassener Richtungsvektoren entstehen. Fasergraphen sind implizit gegeben und
deshalb ein wichtiges Werkzeug in vielen Anwendungen der Statistik und Optimierung, wann
immer riesige diskrete Strukturen untersucht werden. Der erste Teil dieser Arbeit beschéftigt sich
mit der graphen-theoretischen Struktur von Fasergraphen mit besonderem Augenmerk auf deren
Durchmesser und Kanten-Expansion. Wir definieren die Faserdimension eines einfachen Graphen
als die kleinste Dimension, in der er als Fasergraph dargestellt werden kann, und beweisen eine
obere Schranke der Faserdimension, die nur von der chromatischen Zahl des Graphen abhangt. Im
zweiten Teil werden Zufallsbewegungen auf Fasergraphen untersucht und es wird gezeigt, dass mit
fixierten Richtungsvektoren eine schnelle Konvergenz nicht moglich ist. Um die Konvergenzrate
zu verbessern, untersuchen wir mégliche Anpassungen der zugelassenen Richtungsvektoren: eine,
die eine wachsende Zahl an Linearkombinationen der Richtungen hinzufiigt und eine zweite,
die fixierte Richtungen beliebiger Lénge zuldsst. Wir zeigen, dass beide Methoden spektrale
Expander in fixierter Dimension liefern. Zum Schluss wird das paritdre binomische Kantenideal
eines Graphen vorgestellt. Dieses hat, anders als das binomische Kantenideal, keine quadratfreie
Grobnerbasis und ist radikal genau dann, wenn der Graph bipartit oder die Charakteristik des
Grundkorpers ungleich zwei ist. Wir berechnen die universelle Grobnerbasis sowie die minimalen
Primideale und zeigen, dass beide eine Kombinatorik von geraden und ungeraden Pfaden kodieren.
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1 Introduction

The assessment of statistical models, based on expectation and experience, tries to reduce the
complexity of our ambient world and makes questions about nature amendable to algorithms
and mathematics. The prevalent working scheme in inferential statistics is to draw conclusions
based on finitely many independent observations about the whole set of interests. Frequently,
observations are represented as multi-way contingency tables and the class of log-linear statistical
models describes how their attributes relate among each other [28]. Given an observed contingency
table on the one and a statistical model on the other hand, an intruding question is how well the
model explains the observed data, that is determining its goodness-of-fit. The running engine
that many exact goodness-of-fit tests for log-linear models have under their hood is a random
walk on a fiber graph. Essentially, a fiber graph is a graph on the lattice points of a polytope
where two nodes are adjacent if their difference lies in a set of allowed moves. Being graphs on
lattice points, the combinatorial outreach of fiber graphs goes far beyond statistics as they appear
naturally in discrete optimization [31] and commutative algebra, particularly in the context of
toric ideals [109] and matrix gradings [79]. Regardless of the application, an interesting situation
is when fiber graphs are connected, in which case the set of moves is called a Markov basis.
The seminal paper of Diaconis and Sturmfels [39] triggered a lot of research on fiber graphs
that was mostly dedicated to the determination of Markov bases for a variety of statistical
models [72, 112, 110, 111] and the design of algorithms for their computation [42, 61, 41]. Since
Markov bases can be determined with tools from commutative algebra, research on fiber graphs
is a topic of algebraic statistics, a field that studies statistical models with algebraic methods.

Due to the implicit structure of fiber graphs, Markov bases give rise to implementable and
irreducible random walks that can approximate any probability distribution on the underlying
set of lattice points. The number of steps needed to approximate a given distribution sufficiently
is the mizing time of the random walk. As a general impediment of any Markov chain Monte
Carlo approach, there is a priori no information on the mixing time of a random walk available
and its exact determination remains computationally unfeasible. To put hands on mixing times,
a combinatorial understanding of fiber graphs is necessary and it is the goal of this thesis to take
a first step towards their graph-theoretic understanding.

This thesis summarizes and unifies the author’s work on questions related to fiber graphs [119,
120, 108] and parity binomial edge ideals [73]. Being at the non-empty intersection of commutative
algebra, statistics, graph theory, and discrete geometry, a lot of different concepts, notations,
and terminologies are required in this thesis. Chapter 1 is devoted to briefly set up the very
basic definitions that are used throughout and it provides pointers to the literature for more
details on the particular topic. More specific concepts are introduced in the respective chapters
locally. Typically, the node set of a fiber graph is a fiber Fap := {u € N? : Au = b} of an
integer matrix A € Z™*¢ and a right-hand side b € Z™, and our leading principle is to study
fiber graphs that originate from the same integer matrix, but for varying right-hand sides. In
the first part of this thesis, we study how much a priori information about the graph structure
of fiber graph can be read off the input only. Our results concern the asymptotic character of



diameter and edge-expansion of fiber graphs for sequences of right-hand sides (b;);cn in NA.
We state properties on (b;);en and the moves that imply a decline of the edge-expansion as %
and a growth of the diameter linearly in ¢. Every simple graph can be written as a fiber graph,
but not all structures are possible in any dimension. This motivates our investigation of the
fiber dimension of a graph in Chapter 3, that is the smallest dimension in which a graph can
be represented as fiber graph. The second part of this thesis deals with random walks on fiber
graphs. First, we use our results from Chapter 2 to prove that symmetric fiber walks cannot
mix rapidly in fixed dimension. A canonical adaption of Markov bases is stated and shown to
be faster than fiber walks with conventional Markov bases asymptotically for large right-hand
sides. A different adaption is shown in Chapter 5, where heat-bath walks on compressed fiber
graphs are examined. We prove that the diameter of compressed fiber graphs is bounded from
above by a constant when the right-hand side varies (Theorem 2.2.17) and that under additional
assumptions on the Markov basis, the heat-bath walk mixes rapidly on them (Theorem 5.2.9).
Finally, the parity binomial edge ideal Zg of a graph G = (V, E) is studied in Chapter 6, which
encodes the adjacency relations into a binomial ideal in k[z,,y, : v € V]. We determine a prime
decomposition and prove radicality for parity binomial edge ideals when char(k) # 2 in terms of
combinatorial invariants of the graph G. Moreover, the universal Grébner basis of Zg is stated
in Section 6.2 and shown to support one part of a recent conjecture from [8].

Basic notations

The natural numbers are N := {0,1,2,...}. For any n € N, we set [n] :=={m € N:1<m <n}
and we use N5, and N>, to denote the subsets of N whose elements are strictly greater and
greater than n respectively. For any u € Z¢, the symbols ut,u™ € N¢ denote the unique support
disjoint vectors that fulfill v = u™ — u~. The d x d identity matrix is denoted by I; and the
unit vectors of Q¢ are eq,...,eq. Let S C Q? and i € Q, then the i-th dilation of S is the set
i-S:={i-s:se€S}. Foranother subset T CQ, welet T-S={t-s:teT,se S}

Let (a;);en and (b;);en be two sequences in Q, then (a;);en € O(b;)ien if there exist ig € N
and C € Qs¢ such that |a;| < C - |b;| for all i > ip. Similarly, (a;)ien € Q(b;)ien if there exist
iop € Nand C' € Qs such that |a;| > C - |b;| for all i > iy5. The sequence (a;);en is a subsequence
of (b;)ien if there is a strongly increasing sequence (i)ren in N such that a;, = by, for all k£ € N.

A graph is always undirected and can have multiple loops. Occasionally, we point to the node
set of a graph G = (V, E) with V(G) :=V and to its edge set with E(G) := E. The adjacency
matriz of G is denoted by A¢ € NIVIXIVI and for a node v € V, deg(v) denotes the number

of edges in E incident to v. A (u,v)-walk in G of length r is a sequence (wy, ..., wy41) € V'L
with w; = v and w,41 = v such that {wg, wg41} € E for all k € [r]. A path is a walk where the
intermediate nodes wy, ..., w, are distinct and different from w and v. A cycle (circuit) is an

(u,v)-walk (path) with u = v. For a set of nodes S C V, G[S] denotes the induced subgraph on S.
The complete graph and the circuit graph on n nodes are K, and C), respectively. The complete
r-partite graph on node classes of size ni,...,n, € Nis denoted K, . », .

1.1 Random walks

In this and the remaining sections, the notation is mainly borrowed from the excellent text-
books [40] on graph theory and [81] on Markov chains. When graphs meet probability theory,
then walks become random walks. Different than their name let one suggest, random walks on



graphs are very deterministic and tangible in mathematics:

Definition 1.1.1. Let G = (V, E) be a graph. A map W : V x V — [0, 1] is a random walk on
G if for all distinct s,t € V with {s,t} ¢ E, W(s,t) =0 and if for allv € V, 3" oy, W(v,u) = 1.

Let G = (V,E) be a graph. When there is no ambiguity, a random walk is represented
as a |V| x |V]-matrix, for instance when it is clear how the elements of V' are ordered. Let
W:VxV —[0,1]and W : V xV — [0, 1] be maps, then their product WoW' : V xV — [0,1] is

WoW)(u,v) = Y W(u,w) - W (w,v).

weV

Representing VW and W' as matrices, then Wo W' = W W' is precisely the product of matrices.
Let 7 : V' — R be a map, then we similarly define (W o 7)(u) = > ,cy W(u,v) - m(u) and
(moW)(u) = > ey m(v) - W(v,u) to be the multiplications of a matrix with a vector. We
let WY be the map that sends (u,v) € V x V to 1 if u = v and to 0 otherwise, and define
Wt =W oW for t € N>p recursively. With a random walk W, the node set of its underlying
graph can be explored randomly by selecting for any starting node v € V' a node w randomly
from V according to the distribution W(v,-) and iterating the procedure at the new node. For
any t € N, the quantity W (v, u) is then the probability that the random walk that starts at v is
at u after ¢ steps. The assumptions in Definition 1.1.1 guarantee that two distinct nodes that
are subsequently visited are adjacent in G and hence this method produces walks randomly.

Remark 1.1.2. To perform a random walk on a graph G = (V, E), we do not need an explicit
description, or list, of its nodes V and edges E. It suffices to have a local understanding of
the graph, for instance an algorithm that computes for any v € V its neighborhood in G. In
computer science, graphs with that property are called implicit graphs [66, Definition 2.3].

We now define the simple walk on a graph which is, as the name suggests, a very simple random
walk, mainly because it selects at every step uniformly from the respective neighborhoods:

Definition 1.1.3. The simple walk on G = (V, E) is the map Sg on V' x V defined by

AC (u,v) .
Sa(u,v) = {degc(uw if {u,v} €E |

0, otherwise

In general, every random walk W :V x V — [0, 1] comes along with a discrete-time Markov
chain whose state space is the node set of its underlying graph [18, Section 1]: For any initial
distribution 7y : V' — [0,1] and any ¢ € N, a probability mass function 7; on V is given by
T (v) ==Y yey mo(u) - WH(v,u) and it is not hard to show that (m¢)en is a Markov chain. The
following properties on the random walk ensure convergence — in a sense that is made precise
later — of its attached Markov chain (7¢)en (see also Theorem 1.1.5):

Definition 1.1.4. Let G = (V, E) be a graph and W a random walk on G. The random walk W is
symmetric if W is a symmetric map and aperiodic if for allv € V', ged{t € N5 : Wt(v,v) > 0} = 1.
A random walk W is irreducible if for all v,u € V, there exists ¢t € N such that W(v,u) > 0 and
reducible otherwise. A random walk W is reversible if there exists a probability mass function
p: V. —[0,1] such that p(u) - W(u,v) = p(v) - W(v,u) for all u,v € V. A probability mass
function 7 : V' — [0, 1] is a stationary distribution of W if mo W = .



Irreducibility of random walks is an important and desired property since irreducible random
walks have a unique stationary distribution [81, Corollary 1.17]. If the random walk is symmetric
additionally, then this distribution is the uniform distribution on the node set of the underlying
graph. It is immediate from Definition 1.1.4 that connectedness of the underlying graph is a
necessary condition to construct irreducible random walks. The next theorem shows that an
irreducible and aperiodic random walk converges to its stationary distribution. To specify what
the convergence of a random walk is, let us set up a distance measure on the set of mass functions
that is suitable for statistical purposes: The total variation distance of two mass functions m
and 7’ on a finite set V' is defined by |7 — 7’|y := 1 Y ey [7(v) — 7'(v)|. An equivalent, and
more statistically motivated, definition of the total variation distance is in [81, Proposition 4.2].

Theorem 1.1.5. Let G = (V. E) be a graph and W : V x V. — [0,1] be an irreducible and
aperiodic random walk with stationary distribution w. Then there exists C € Q and o € (0,1)
such that max,cy [|[W(v,-) — 7|ty < C -l for allt € N.

Proof. This is [81, Theorem 4.9]. O

Putting Theorem 1.1.5 in other words: Random walks can be used to draw samples from the
distribution they converge to. To make this approximation applicable in practice, the number of
steps that are needed to be sufficiently close to the stationary distribution needs to be known:

Definition 1.1.6. Let G = (V, E) be a graph and W an irreducible and aperiodic random walk
with positive stationary distribution 7. The mizing time of W is the map Tyy : R>g = N,

Tw(e) := min{t € N : max IW?(v,-) —7|lrv < € for all s >t}
vE

In statistics, it is common practice to denote the mixing time of a random walk W by Ty (0.25),
which typically suffices to approximate the stationary distribution of W sufficiently well in
applications (see also [81, Section 4.5]). The general definition of the mixing time as stated in
Definition 1.1.6 is cumbersome and intricate to work with in practice. To derive an equivalent
convergence measurement that additionally takes the combinatorial structure of the random walk
into account, we need a few definitions: A scalar A € R is an eigenvalue of a random walk W
if there exists a map 7 : V — R not identically zero such that Womw = A - «. In this case, 7 is
an etgenfunction of WW. The absolute value of all eigenvalues of a random walk is smaller than
one [81, Lemma 12.1] and hence the following definition is well:

Definition 1.1.7. Let G be a graph on n nodes and W a random walk on G. The eigenvalues
of W are denoted by A\i(W),..., A\,(W) so that 1 = Ay(W) > Aa(W) > ... > A,(W) > —1is
fulfilled. The second largest eigenvalue modulus of W is A(W) := max{A2(W), =\, (W)}.

Remark 1.1.8. Let G be a graph and W be a random walk on G that is not irreducible, then the
eigenvalue A\ (W) = 1 has multiplicity greater than 2 and hence A(W) = 1. If W is irreducible,
then the Perron-Frobenius theorem [95, 55] implies that A; (V) is a simple eigenvalue of W.

Theorem 1.1.9. Let G = (V, E) be a graph and W be a reversible and irreducible random walk
on G with stationary distribution w, then for all € > 0,

log <21€> . (M _ 1) < Tow(e) < log (6 ‘ mmvlev W(U)) . i(w).




Proof. The first inequality is [81, Remark 13.7] and the second is [81, Theorem 12.3]. Although
our definition of mixing time 7yy(e) (Definition 1.1.6) is an upper bound to the mixing time #mix(€)
as defined in [81, Section 4.5], it is immediate from their proof of [81, Theorem 12.3] that the
upper bound is valid for both definitions. O

The second largest eigenvalue modulus is a measurement of the convergence rate: Theorem 1.1.9
says that the closer A(W) is to 1, the slower is the convergence to the stationary distribution.
However, it is precarious to assign the adjectives fast and slow to the mixing behaviour of a
single random walk. Instead, the mixing time has to be in relation to the size of its state space
asymptotically. It is common to express rapid mixing of random walks in terms of the following
spectral property [3, 69, 25, 66, 115]:

Definition 1.1.10. For any i € N, let G; = (V;, F;) be a graph and let W; be a random walk
on Gj. The sequence (W;)ien is rapidly mizing if there is a polynomial p € Qx>¢[t] such that

1
AW <1— ———
N )

for all ¢ € N. The sequence (W;);en is an expander if there exists § > 0 such that for all i € N,
AW;) <1-—4.

Due to Theorem 1.1.9, being rapidly mixing or an expander is equivalently expressed in
terms of the mixing time (Remark 1.1.12). The name ezpander relates to the fact that their
edge-expansion (Definition 2.4.1) can strictly be bounded away from zero (Proposition 4.1.9).

Example 1.1.11. The simple walk on the complete graph K, has eigenvalues {1, —ﬁ} and
hence (Sk,, )nen is an expander. It is not hard to see that the spectrum of the simple walk on the
circuit graph C), is {COS(QZ—’“) 10 <k <n—1} and thus A(S¢,) > cos(22). For n — oo, cos(2X)
tends faster to 1 than 1 — p(Tlgn) for all p € Q[t] and hence (S¢, )nen is not rapidly mixing.

Remark 1.1.12. More generally, a sequence (W;);en of random walks on graphs G; = (V;, E;)
with stationary distribution m; : V; — [0, 1] is rapidly mizing when there is a polynomial p such
that Ty, (¢) < p(log(e™1),log (minyey; m;(v) 7)) (see for instance [3, Section 5]). Since we focus
in this thesis exclusively on symmetric random walks, that is m; is the uniform distribution, the
spectral property of Definition 1.1.10 is a pragmatic, but equivalent, reformulation. Roughly
speaking, a symmetric random walk mixes rapidly if only a logarithmic part of the graph nodes
has to be traversed. Observe that in this framework, the number of computations needed for a
single transition are not taken into account at all. Thus, when we assume that all graphs G; are
given implicit (Remark 1.1.2) and that W; needs at most ¢(e,7) many computations to sample
locally from its induced distributions on the graph neighborhoods, then W, generates elements
from V; uniformly with at most g(e, i) - p(log e~ !, log |V;|) many computations.

Remark 1.1.13. Let G = (V, E) be a graph, then the stationary distribution of Sg is the map
u — degg(u) - (2|E|)~L. If G is d-regular, that is if all its nodes are incident to d edges, then
S = %AG is symmetric and hence its stationary distribution is the uniform distribution on V.

With Theorem 1.1.9, analyzing the mixing time of a random walk boils down to a linear
algebra problem. However, the dimensions of the matrix we want to compute the eigenvalues
from is not given a priori and the number of its entries grows quadratically in the number of



nodes of the graph. A powerful and popular tool to bound the mixing time of a random walk
and that respects the underlying graph structure is the conductance of the random walk which
has first been used in a statistical context in [106].

Definition 1.1.14. Let G = (V, E) be a graph and W : V x V — [0, 1] be a random walk on G
with stationary distribution 7 : V' — [0, 1]. The conductance of W is

d(W) = min{zies ZJE‘;\(L;;T(Z)W(Z’]) S CV,0<7(S) < ;} )

In [69], it was shown that 1 —2®(W) < Ao(W) < 1—1&(W)?. In particular, if Aa(W) = A(W),
then the conductance is another equivalent measurement of the convergence rate. However, when
AW) > Aa(W), then these bounds are not valid for A(W) and no statement can be made. A
way to circumvent this issue is to manually increase the rejection probability of the walk:

Definition 1.1.15. Let G = (V, E) be a graph and W a random walk on G. The lazy version
of W is the random walk L(W) = (W + I,,).

Remark 1.1.16. Since for any graph G = (V, E), the eigenvalues of symmetric random walks
W:V xV —[0,1] on G are within [—1, 1], all eigenvalues of their lazy versions are in [0, 1].

1.2 Fiber graphs

A polytope is a set of the form convg(F) C Q? for a finite set F C Q4. If F C Z9, then P is
a lattice polytope. The key player of this thesis are graphs on saturated sets, i.e. sets which
are the lattice points of a polytope. In particular, a finite set F C Z% is saturated if and only
if convg(F)NZ? = F. To get started, let us recall how we construct graphs on lattice points [39]:

Definition 1.2.1. Let 7 C Z? and M C Z¢ be sets. Then F(M) is the graph on F where two
nodes u,v € F are adjacent if u — v € £ M. If F is saturated, then F (M) is called fiber graph.

We have stated Definition 1.2.1 in its full generality, but we restrict here to the case where the
involved sets F and M are finite, and leave the infinite case for further investigations. The choice
of the name in Definition 1.2.1 needs some clarification. It is hard to track when and where the
notion fiber graph has entered algebraic statistic. In the last two decades, it has became a collective
term that stands for graphs on sets (v 4+ £) N N¢, where v € N® and £ C Z% is a lattice, that is
a set of the form {3>7_; Mjw; : A1,..., A\, € Z} for fixed wy, ..., w, € Z¢ (see for instance [86]).
When £NN¢ = {0}, then (v + £) NN is a finite set for all v € Z¢. If £ is saturated, i.e. if there
is an integer matrix A € Z™*? for some m € N such that £ = kerz(A), then (v + £) NN is a
saturated set. In this case, the set (v + £) N N? is the fiber Fayp = {u € N¢: Au = b} of A and
the right-hand side b := Av € Z'™. To work with fibers, we postulate the following throughout:

Convention. Matrices A € Z™*4 that define fibers are assumed to have a non-trivial kernel
and to satisfy kerz(A4) N N¢ = {0}.

Clearly, only for right-hand sides in the affine semigroup of A, denoted by NA := {Au : u € N},
the fiber is non-empty. Although the node sets of the graphs in Definition 1.2.1 do not need to
be fibers, the next lemma justifies why the name is appropriate in spite of that.



Lemma 1.2.2. Let F C Z¢ be a saturated set and M C Z% be a finite set. There exists a matriz
AeZFm beNA, and M' C kery(A) such that F(M) = Fap(M').

Proof. Translation of F does not change the graph structure of (M) and thus we can assume
that F € N4, Let P C @io be a polytope with F = P NN¢. Since P is a rational polytope, there
exists B € Z"™? with dimkerz(B) = 0, n > d, and b € Z" such that P = {z € Q% : Bx < b}.
Consider the injective and affine map B

aY d+n x
¢: Q" — Q™ wH(b_Bx)

and let P’ := ¢(P) = {(z,y)T € Q%B” : Bx 4+ y = b}. Since the kernel of B is trivial, ¢ induces

a bijection from F =P NN? to F/ := P’ NN, For M’ := {(m,—Bm)T : m € M}, we have
F'(M') =2 F(M). With A = (B,I,) € Z"@") we get Fap = P' and M’ C kerz(A). O

Figure 1.1: A fiber graph in Q2.

When working with fiber graphs, the overall goal is to make them connected, for instance, in
order to run irreducible random walks on them. The authors of [39] coined the following concept:

Definition 1.2.3. Let M C Z? be a finite set. Then M is a Markov basis for a finite set F C Z%
if (M) is connected and M is a Markov basis for a collection § of finite subsets of Z% if M is a
Markov basis for all F € §. For a norm || - || on R?, | M| := max, e ||m].

This definition of a Markov basis is a slight extension of that given in [43, Definition 1.1.12].
Their definition can easily be recovered by plugging in the collection of fibers for an integer
matrix A € Z™*?, that is the set Fa := {F 4 1 b€ NA}. For simplicity, we call a Markov basis
for §a just a Markov basis for A. In the literature, a Markov basis for F4 is often called a
Markov subbasis [26, 99]. We discuss in Section 2.1 how Markov bases for this type of collections
are computed. Observe that, in general, finite Markov bases do not have to exist:

Example 1.2.4. Let F; := {0,i} C Z for i € N, then clearly the collection (F;);en cannot have
a finite Markov basis. But trivially, all collections of saturated sets in Z have a finite Markov
basis, namely {1}. This fails to be true in Z?, where F; = {(0,0), (1,4)} C Z? is saturated for
every i € N and every Markov basis of (F;);en is a superset of {(1,7) : i € N}.

Convention. Let (wi,...,w,) € F" be a path in F(M) from u = w; to v = w,, then the
difference of subsequent elements m; := w;41 — w; is a move from £ M. For brevity, we frequently
just call the sum v = u + Y ;_; m; a path from u to v, where we implicitly assume that the
partial sums satisfy u + 22:1 m; € F for all l € [r].

In the joint work [108] with Caprice Stanley, the compression of a graph from Definition 1.2.1
was introduced, which allows edges of arbitrarily length in the directions of the moves used:



Definition 1.2.5. Let F C Z¢ and M C Z< be finite sets. The compression of the graph F(M)
is the graph F¢(M) := F(Z - M).

Clearly, the compressed version of a fiber graph is connected if and only if the fiber graph itself
is connected. In Chapter 5, random walks on this type of graphs are studied and it is shown that
they converge rapidly in fixed dimension. The diameter of compressed fiber graphs is discussed
in Section 2.2, where the following set of moves becomes important:

Definition 1.2.6. Two vectors u,v € Z% are sign-compatible if u; -v; > 0 for all i € [d]. We write
u C v if u and v are sign-compatible and if |u;| < |v;| for all ¢ € [d]. The Graver basis G, of a
lattice £ C Z% is the set of all C-minimal elements in £. The Graver basis of a matrix A € Zm*d
is the Graver basis of the saturated lattice kerz(A).

The Graver basis is always finite and there are many good reasons why they are an especially
nice set of moves, some of these reasons are shown in Proposition 2.1.3, Lemma 2.2.14, and
Proposition 2.1.8. We refer to [31, Chapter 2] for more nice and not so nice Graver facts.

\

Figure 1.2: Compressing graphs.

We now merge fiber graphs with random walks, shortly fiber walks. Given a finite set F C Z¢
together with a Markov basis M C Z%, one simply can use the simple walk on F (M) to
explore F. However, the simple walk may not be aperiodic, for instance when the underlying
graph is bipartite. In this case, the simple walk commutes back and forth between its color
classes and does not converge to its stationary distribution. This also happens for fiber graphs:

Proposition 1.2.7. Let F C Z% be a saturated set and let M C Z% be a Markov basis for F
with dim(F) = |M|. Then F(M) is bipartite.

Proof. Let k := dim(F) < d. Since M is a Markov basis of F, dim(F) = dim(spang {M}) and
thus we can write M = {my,...,my}. The assumption on the dimension says that M is linearly
independent. Let v € F and let v+ 3% | \im; + 38 | —psm; = v be a circuit in F(M) of length
r =% (N + p;). Linear independence gives \; = ; for all i € [k] and thus 7 is even. O

Bipartiteness of fiber graphs cannot always read off as easy as in Proposition 1.2.7 and can be
quite hidden subtly. A feasible way to construct a fiber walk that converges without any more
assumptions on F and M — beside connectedness of F(M) — is to manually add rejections:

Definition 1.2.8. Let F and M C Z? be finite set. The simple fiber walk is the simple walk on
the graph obtained from F(M) by adding [{m € £M : v+ m ¢ F}| many loops to all v € F.

We do not require the set F in Definition 1.2.8 to be saturated, although we restrict to this
case most of the time. With the additional halting states, we obtain:

Proposition 1.2.9. Let F C Z% be finite and non-empty set and M C Z% a Markov basis for F.
The simple fiber walk on F(M) is irreducible, aperiodic, symmetric, reversible, and its stationary
distribution is the uniform distribution on F.



Proof. The random walk is irreducible and symmetric since F (M) is connected and |+ .M |-regular
(Remark 1.1.13). Thus, it suffices to show that F (M) has one aperiodic state to show that all
states are aperiodic due to [81, Lemma 1.6]. Choose v € F and m € M arbitrarily. Since F is
finite, let A € N be the largest natural number such that v + Am € F. Then m cannot be applied
on v + Am and thus there is a positive probability that the simple fiber walk stays at v + Am.
Symmetry of the simple fiber walk implies immediately its reversibility and that the uniform
distribution is its unique stationary distribution. O

For a finite set of moves M, the neighborhood of a given node v € F in F(M) can be
enumerated by going through all moves m € =M and by checking whether v +m € F holds. We
emphasize that, by definition, Markov bases are finite sets, which is important from a algorithmic
perspective. The efficiency of the decision on membership v 4+ m € F depends on how the set F
is given. Typically, F is given implicitly in H-representation, as in the case F = F4 4, and here
we can decide over membership efficiently. As we have seen in Remark 1.1.2, the capability to
enumerate the neighborhood of any node suffices to perform random walks on this graph.

Remark 1.2.10. For finite sets 7, M C Z%, the simple fiber walk on F(M) is implemented as
follows: At a given node v € F, select uniformly an element m € =M and stay at v if v+m & F,
or walk to v +m € F otherwise (which may also be v if m = 0).
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Figure 1.3: The simple fiber walk with unit vectors in a convex polygon after 2500 steps.

Remark 1.2.11. The Metropolis-Hastings-methodology (see Definition 1.4.2) allows to modify
the simple fiber walk so that it converges to any given probability distribution on F.

Remark 1.2.12. A fiber walk that is not restricted to some finite set in Z%, but uses a finite set
of moves, is often called a lattice walk. The asymptotic counting of the number of lattice walks
in Z¢, or N¢, under some fixed parameters such as length, start node, or end node is a topic of
combinatorics [78]. The correspondence between Catalan strings and Dyck paths is just one of
the many paradigms to describe combinatorial structures as lattice walks. Recently, the proof of
Gessel’s walk conjecture in [75] received a lot of attention. It states that there are O(16™) Gessel
walks of length 2n, that are lattice walks in N? whose start and end nodes are the origin and
that use the moves {£(1,1),+(1,0)}. Another aspect is the sampling of lattice walks themselves.
For instance, the uniform sampling of certain 2-dimensional lattice walks is discussed in [85].

1.3 Running examples

This section introduces matrices that appear frequently in this thesis.



Example 1.3.1. For k£ € N, let 1; be the k-dimensional vector with all entries equal to 1 and let

I, I 0 0 -1, O
H,:=|0 0 I, I, 0 —1;| € z@+)x{k+2) (1.3.1)
0 0 0 0 1 1

The linear independent set of moves Ry, C Z*12 that consists of
T
(0,...,0,1,...,1,0,...,o,—1,...,—1,1,—1)

and e; —epy; for i € {1,...,k,2k+ 1,...,3k} is a Markov basis for Hy [62, Theorem 3]. An
explicit description of the Graver basis of Hy, is in [62, Theorem 2].

Example 1.3.2. The node-edge incidence matrix of the complete bipartite graph K, ;, is
denoted A, € {0, 1}(m+7)xmn For instance,

111000
000111
Ay3=1{1 001 0 0
010010
001001

In a statistical context, A, ,, is the constraint matrix of the n x m independence model, which is
briefly discussed in Example 1.4.7. We refer to [43, Chapter 1] and [39] for more information about
the statistics behind. Elements in the kernel of A, ,,, are represented as n x m contingency tables
whose row and column sums are zero. Among these, the easiest ones are the basic moves M,, ,
which are all elements in the orbit of

1 -1 0 --- 0
0 0 0 GZnXm

under the group action of S, X Sy, on the rows and columns. In particular, [My | =2 (3) - (3).
It is well-known that the basic moves form a Markov basis for A, ,,, that is minimal in the sense

that a removal of any element takes away the Markov basis property [43, Proposition 1.2.2].

Example 1.3.3. Forany d € N, let Ay = (1,...,1) € Z'*?. For any b € N, the elements of Fab

corresponds to the monomials in k[z1,. .., 24| of degree b and hence |Fa, | = (bgizl). It is easy

to see that the set My := {e1 — e : 2 < k < d} is a Markov basis for A,.

1.4 Fiber walks in statistics

Let Q be a finite set and 7 : Q@ — [0, 1] be a probability mass function. Many problems in
statistics are stated equivalently as the problem of estimating the expected value of a function
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f:Q = R™under 7, i.e. Ex(f) = > cq f(w)m(w). Given a sequence (w;)icn of elements in
that are drawn independently from m, the law of large numbers ensures that almost surely,

1 (i1
Jim (go f<wi>) —E.(/). (1.4.1)
Typically, it is computationally expensive to sample from 7 directly. The Markov chain Monte
Carlo approach works around this issue by constructing a connected graph G = (2, E) and an
irreducible and aperiodic random walk W : Q x Q — [0, 1] on G that has stationary distribution 7.
The Ergodic theorem [81, Theorem 4.16] ensures that for any starting vector wy € 2 and
any sequence (w;);en that is obtained by an execution of the random walk W starting at wp,
equation (1.4.1) holds almost surely. Again, the second largest eigenvalue modulus of W is an
indication of how fast the sum converges to E;(f). Recall that the variance of the function f is

1
Varr(f) = 5 SN (Fu) = fo)r(u)m(v).
ueQve
Theorem 1.4.1. Let W : Q x Q — [0,1] be a reversible random walk with stationary distribution
m:Q —[0,1] and let wy € Q. Suppose that (w;)ien is obtained by an execution of W starting

at wo and let € >0 and § > 0. Iftog > Ty (§) and t > 4'\?51(” . 17)\1(1/\/)7 then the probability that

s at most €.
Proof. This is [81, Theorem 12.19]. O

Theorem 1.4.1 suggests to omit the first ¢y samples obtained by the random walk W. This
is often called a burn-in in the literature. Although the set (Q is finite, an enumeration of its
elements is frequently unfeasible in practice. Instead, we typically have to deal with an implicit
description of its elements, as F4 5, for given A and b (see Example 1.4.6). Even if we are able to
construct a graph and a random walk on €2, the respective stationary distribution is certainly
not w. The Metropolis-Hasting methodology helps to modify a given random walk so that it
converges to any positive mass function on the node set 2:

Definition 1.4.2. Let G = (92, E) be a graph, W a random walk on G, and 7 : Q@ — [0,1] a
positive mass function. The Metropolis-Hastings walk Myy r is the random walk on G defined by

W(u,v)-min{l M}, if u#wv

» w(u)W(u,v)
(w)W(w,u)} : = o .

My (u,v) = : =
{1 ~ Suean gy Wlew) - min {1, ZESHE

The Metropolis-Hastings walk was introduced in [60], which in turn arises as a generalization
of the results in the classic paper [89]. Many properties of the original random walk are invariant
under this deformation and an execution of the Metropolis-Hastings walk is possible despite the
fact that m may is expensive to evaluate (Remark 1.4.4).

Proposition 1.4.3. Let G = (Q, E) be a graph, let W be an irreducible and aperiodic random
walk on G, and let w: Q — [0, 1] be a positive probability mass function, then Myy . is irreducible,
aperiodic, reversible with respect to m, and has stationary distribution .

11



Proof. This is [37, Lemma 1.1]. O

Remark 1.4.4. Given a random walk W, the Metropolis-Hastings walk My » is performed as

follows: Suppose the random walk is at node u € Q, then we sample v € Q according to W(u, -)

w(v)W(v,u)
> (u)W(u,v)
stay at u with probability 1 — p. Basically, an instance of the Metropolis-Hastings walk is just
an instance of W that is enriched with an additional rejection probability which depends on the
current state and the proposal drawn by W. In many cases, where a direct evaluation of 7 is not

possible, 7 is known up to a constant factor, that is

and compute p := min {1 } In a second step, we walk to v with probability p and we

g(u)
Zweﬂ g(w)

for some function g : @ — R>( that is easy to evaluate (as in Example 1.4.5 and Example 1.4.6).
In this case, the rejection step in a Metropolis-Hastings walk needs only to evaluate the ration

mv) — 9() where the normalizing constant cancels.
7(u) g(u)

m(u) =

Algorithm 1 puts all pieces together and shows the common workflow of a Markov chain Monte
Carlo approach to approximate E.(f). We finish this section with explicit examples showing the
importance of fiber walks in statistics.

Algorithm 1 Markov chain Monte Carlo

Input: Q (a finite set), 7 : Q — [0, 1] (mass function), f : Q@ — R™ t € N
1: procedure MCMC:
2: Construct a connected (implicit) graph G = (Q, E)
3 Construct an irreducible and aperiodic random walk W on G
4: Perform My - to obtain samples w1, ..., w; € )
5 RETURN 1 >°¢_; f(w;)

Example 1.4.5 (Ratio counting). Let F C Z% be a saturated set, 7/ C F be a subset, and
M C Z% be a Markov basis for F. With Algorithm 1, we can approximate the ratio ‘%l Let
7 : F — [0, 1] be the uniform distribution and f := 17 : Q¢ — {0,1} be the indicator function
of F', then |F|-E(f) = |F’|. The simple fiber walk on F (M) is symmetric and has 7 as stationary

distribution, so in this case, we even do not have to use the modified Metropolis-Hastings walk.

Example 1.4.6 (Goodness-of-fit). Let Q = [d] be a finite set and 7 € [0,1]¢ a probability
mass function on . In many practical problems, the distribution 7 is expensive to evaluate or
unknown, but sampling from 7 is easy. Given n independent samples x1,...,x, €  from m,
a typical question in statistical inference is whether the true distribution 7 belongs to a given
statistical model. For instance, the log-linear model on 2 defined by a matrix A € Q™*¢ with
(1,...,1) € rowspan(A) is the set

Pa = {9 €(0,1)%:0,+...4+0;,=1A(logbs,...,loghy) € rowspan(A)}.

A broadly accepted way to evaluate the goodness-of-fit of log-linear models is by doing an exact
conditional test (see also [39, 43] and references therein), which we explain now. For i € [d], let
u¢™ := |{j € [n] : x; = i}| be the frequency count of i within the samples. The frequency counts
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of n independent samples from  is multinomial distributed over {v € N¢: ||v||; = n} and when
7 € Py, then the probability to observe v € N with |Jv[j; = n is
n! n!

et = ———exp(a’ Av)

vl vg! vl vg!

with (log 7y, ...,logmg) = o’ A. Assume that the statistical model P4 comes with a test statistics,
that is a map X : N — R which measures the extremeness of an observed frequency count within
the model P4. Then, the elements of X := {v € N¢: ||lv||; = n} N {v € N?: X(v) > X (u°™)} are
the frequencies that are more extreme than u°”®. Now, the probability of observing a frequency

count under 7 that is more extreme than u°P is

|
Z % exp(al Av). (1.4.2)
e V1:-+0Uq-

Thus, if this value is small, it is very unlikely to observe u°"® and the conclusion we draw is that
the hypothesis m € Py is false. However, the value in (1.4.2) depends on «, which in turn relies
on the unknown distribution 7 and hence this quantity cannot be computed. Instead, we exploit
the fact that A is a sufficient statistics for the multinomial distribution on {v € N%: ||v||; = n}
induced by P4. That is, when conditioning on the subset F4; where b := Aubs| then

n! T 1
ZUEXO}'AJ, o1 ug] exp(a” Av) . ZUEXH}'AJJ o1log]

! - 1
ZweFA,b w1!7-wd! exp(a’l Av) ZwefA,b wilwg!

(1.4.3)

and the unknown parameter a cancels. The quantity in (1.4.3) is the conditional p-value of the
test and in practice, the hypothesis m € P4 is rejected when the conditional p-value is below a
threshold of 0.05. The sum in equation (1.4.3) runs over F4; and is thus impossible to evaluate
in practice. However, an approximation of the p-value with Algorithm 1 is applicable. First,
define a probability mass function 7 : F4p — [0, 1] by

1
o el
w(v) = —
Zwe}—A,b wilwg!

and let f : Fap — {0,1} be the indicator function of X N Fy4 4, then the conditional p-value
is Ez(f). After computing a Markov basis M C Z® for Fa (for example with Proposition 2.1.1),
a connected graph on F4j is obtained and we can use the Metropolis-Hastings walk as a
modification of the simple fiber walk to sample from F4; according to 7. In practice, X is often

where 6 € P4 is a mazimum likelihood estimator for the samples x1, . .., z, € 2, that is an element
of (the possibly empty set) arg maxgep, Y i logb,,. Since the function § — > ;" log#f,,, is
convex on the open set P4, the maximum likelihood estimator 6 is unique when it exists.

Example 1.4.7. Let Q = [n] x [m] and let 7 = (71.1,..., T1,m, 721, - -, Tnm) be a probability
2 _

. . 1 .
mass function function on €. Let 7ri( ) = >isimiy and w7 = 370, m; be the marginal

probabilities. We want to test whether m; ; = TrEI) ~7rj(-2) holds for all (i,7) € [n] x [m], that is
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whether 7(1) is stochastically independent of 7(2). It is not hard to show that this is true if
and only if 7 is an element of the log-linear model defined by A, ;,, from Example 1.3.2. As a
special log-linear model, testing on stochastic independence can be done as in Example 1.4.6.
The frequency count of n observations (v, wy), ..., (vy, wy) € 2 is typically represented as an
n X m contingency table u°” € N**™_ The entries of the image of u°P® under Ay, m are the rows
sums r1,...,r, and the column sums c1, ..., ¢, of the table u. A maximum likelihood estimator
I% | provided that r; > 0 and ¢; > 0 [43, Example 2.1.2].

nmn

is then 91-7]‘ =

Remark 1.4.8. If Q = [n;] X - -+ X [ny,], then more complex relations among the m features can
be modeled with hierarchical models [43, Chapter 1.2] which also belong to the class of log-linear
models. Here, the relations among the items are represented by a simplicial complex I" on [m]. The
independence model is a special case, namely for the simplicial complex I" = {(, {1},...,{m}}.

Remark 1.4.9. Discrete reaction networks are used to model the dynamic behaviour of chemical
reactions [94, 19, 4]. The discrete nature of atoms and atomic reactions makes the methods of
discrete mathematics applicable. Typically, there are d chemical species and with the number of
atoms of species i equal to u;, every state of the network is represented as an element u € N¢.
The dynamics of the atom numbers proceeds only along elementary reactions m € Z¢ which
is applied to a state u only if u +m € N In many situations, there are only finitely many
elementary reactions M C Z? available to the system and the probability for every reaction
to be applied depends on the entries of u only. There may also be irreversible reactions, that
are elements m € M such that —m ¢ M. In particular, reachability in these networks is not
symmetric and hence is more subtle than it may first seem. Additionally, M NN\ {0} is not
required to be empty and the lattice spanned by M is not saturated a priori. In the language
of Definition 1.2.1, this setup deals with directed fiber graphs on infinite node sets. Typical
questions have a purely combinatorial character, as the reachability of a state starting at a given
state, or are analytic, as whether the random walk is positive recurrent or transient.
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2 Graph properties of fiber graphs

In this section, the toolbox for our further investigation is developed. After surveying known
results on the connectedness and connectivity of fiber graphs (Section 2.1), we turn our attention
to their diameter (Section 2.2). For a given collection §, we detect properties on the set of moves
M that allow to bound the diameter of (M) linearly in max{||u — v|| : u,v € F} from below
and above for all F € §. As a consequence, the diameter of Fy ;,(M) for fixed A € zZmxd,
M C Z% and non-trivial b € NA grows at least and at most linearly as i varies. On the other
hand, the diameter of compressed fiber graphs cannot be arbitrarily large. We prove that for any
matrix A € Z™*? and any Markov basis M C Z¢, the diameter of the compressed fiber graphs
on Fay is bounded from above by a constant as b varies (Theorem 2.2.17). Finally, we show that
under certain assumptions on a sequence (b;);en in NA, the edge-expansion of the corresponding
fiber graphs declines essentially as O(%)ieN.

2.1 Connectedness and connectivity

Diaconis and Sturmfels have shown in [39] that the combinatorics necessary to decide the
connectedness of fiber graphs is encoded in a binomial ideal attached to them. To set up their
machinery, let k[z1, ..., zq] be the polynomial ring over a field k and u € Z? be an integer vector.
The unique decomposition © = u™ — u~ allows to attach the binomial

+ +
uj Uy

Uy g
'yt — gt xyt eklx, . 2]

to u. Similarly, we attach to any set £ C Z? the ideal Iy C k[xz1,...,24] generated by all
binomials coming from vectors in £. If £ is a lattice, then Z is the lattice ideal of L (see [31,
Chapter 11]). The following is due to Diaconis and Sturmfels:

Proposition 2.1.1. Let £ C Z¢ be a lattice with LAN? = {0} and M C L a finite set. Then M
is a Markov basis for the collection {(L£ +u) "N? : u € N} if and only if Ty = Ir.

Proof. This is a straightforward extension of [39, Theorem 3.1] to non-saturated lattices (see
also [31, Lemma 11.3.3)). O

A special lattice ideal is the toric ideal of a matrix A € Z™*? which is the ideal T4 := Tyery(A)-
Proposition 2.1.1 says that a set M C kery(A) is a Markov basis for A if and only if Zyq = Z4.
Hilbert’s basis theorem [76, Corollary 2.13] on the other hand says that every ideal in k[x1, . .., z4]
is finitely generated and hence there always exists a finite Markov basis for A. The “only if”
direction of Proposition 2.1.1 enables access for a practical computation of Markov bases by
computing a finite binomial generating set of Z4. In commutative algebra, a desirable generating
set for a given ideal is a Grobner basis [109, Chapter 1]. There exists a huge literature on Grobner
bases, including many excellent textbooks focusing on the fascinating theory around [76, 31, 109].
Many algorithms that compute a Markov basis have one or more Grobner basis computations
under the hood, like the saturation algorithm [65], the elimination algorithm for toric ideals [16],
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or the Project-and-Lift algorithm [61, Section 3]. The latter algorithm is implemented in the
software 4ti2 [1] and tends to be the fastest method in practice.

Proposition 2.1.1 is often called the fundamental theorem of algebraic statistics and along
with it comes the fundamental problem of algebraic statistics: The only known way to compute
a Markov basis for F4 is to compute a Markov basis M for the whole collection §4. As a
consequence, M contains a lot of moves that are redundant for an irreducible random walk on
the fiber F 4 of interest, but whose pure presence increases the rejection rate of any fiber walk
(see also Proposition 4.3.2). To get around that problem, a truncated version of Buchberger’s
algorithm for toric ideals was introduced in [113] that computes for given b € NA a Grobner
basis for F 4 with b—b" € NA. This was further relaxed in [86]. Another approach is to write a
matrix A as a toric fiber product of “easier” matrices By and Bs and to lift and glue Markov
bases of By and B to a Markov basis of A afterwards [111]. This technique turns out to be
highly beneficial for many statistical models, especially hierarchical ones [50, 101].

Remark 2.1.2. In [101], the notion of an inequality Markov basis was introduced, which is a
Markov basis for sets of the form {u € v+ £ : Bu < b} for a fixed lattice £ C Z%, a fixed integer
matrix B € Z™*¢, and varying v € Z% and b € Z™. The computation of an inequality Markov
basis for £ and B can be reduced to a Markov basis computation in the sense of Proposition 2.1.1.

The connectedness of fiber graphs is subtle and highly sensitive to small changes of the saturated
set or the set of moves. For instance, when M is a Markov basis for F, then connectedness does
not carry over to subsets ' C F in general, not even saturated ones. Similarly, adding a single
row to a constraint matrix A € Z™*¢ can have huge effects on the size of a minimal Markov
basis. The Graver basis, on the other hand, is a very robust set of moves in the following sense:

Proposition 2.1.3. Let A € Z™*¢, then G4 is Markov basis for {v € Z¢: Av =b,1 < v < u}
for all b € NA and l,u € Z°.

Proof. This is [31, Lemma 3.2.4]. O

Remark 2.1.4. Let B € Z™*% such that F, := {u € Z% : Bu < b} is bounded for all b € Z™.
There are many ways to compute a Markov basis for the collection § := {F, : b € Z™}. One
way is by Proposition 2.1.3: The projection onto the first d coordinates of the Graver basis of
the matrix (B, I,,,) € Z™*(@+™) is a Markov basis for §. Another way is to use [101, Lemma 6],
which says that when M’ is a Markov basis for the lattice Z - B generated by the columns of B,
then {m € Z?: Bm € M’} is an inequality Markov basis for Z? and B (Remark 2.1.2) and hence
a Markov basis for §. In particular, given a polytope P C Q¢ in H-representation, a Markov
basis for the collection {(i - P) N Z¢ : i € N} can be computed.

The theory around Markov bases hosts many open questions, and they typically range from
the computation of Markov bases for certain statistical models to the investigation of bounds on
the degrees of Markov binomials. The following question arises while working on this thesis and
aims in a new direction: Does there exists a universal constant on the number of moves needed
to connect any given saturated set in fixed dimension? Expressed with quantifiers:

Question 2.1.5. Is there for all d € N a constant Cy such that any saturated set F C Z has a
Markov basis M C Z% with |M| < C4?

A trivial lower bound is Cy > d, since any Markov basis of a saturated sets has at least dim(F)
many moves. For d = 1, the unifying set {1} gives Cy := 1. For d = 2, however, Cy > 2 must
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be true: Figure 2.1 shows a saturated set F C Z? where | M| > 3 for all Markov bases M C Z?
for F. In particular, there does not always exist a Markov basis with linearly independent moves.
Currently, we do not know whether minimal Markov bases in Z? can be arbitrarily large.

Figure 2.1: A saturated set where every Markov basis has at least 3 moves.

For the remainder of this section, we survey results on the connectivity of fiber graphs, mainly
based on the joint work [62] with Raymond Hemmecke. We first need a few definitions. Let
G = (V, E) be a graph, then G is k-node-connected if |V| > k and if for all X C V with |X| < k,
the induced graph on V' \ X is connected. Similarly, the graph G is k-edge-connected if |E| > k
and if for all X C E with |X| < k, the graph (V, E'\ X) is connected. The edge-connectivity
(node-connectivity) of G is the largest natural number k& € N such that G is k-edge-connected
(k-node-connected). Clearly, the node-connectivity of any graph is bounded from above by its
edge-connectivity, which in turn is bounded from above by the minimal degree of the graph.
We refer to [40] for more details on the connectivity of a graph. Let A € Z™*? then a set
R C kerz(A) is a (reduced) Grobner basis of A if the set of corresponding binomials in k[z1, . .., z4]
is a (reduced) Grobner basis of Z4. For instance, the set of basic moves M,, ,,, is a Grobner basis
of Ap,m. It was shown in [97] that for r € Nug and b, := (r,...,7)T € N?"| the node-connectivity
and the minimal degree of of Fa, , 5. (My) are both (3). There, it also was conjectured that
this extends to the general case:

Conjecture 2.1.6. Let A € Z™*% and let R C kerz(A) be a reduced Grébner basis of A. There
exists N € N™ so that the node-connectivity of Fa,(R) equals its minimal degree for allb> N.

Let us briefly recall the construction of the counter-example to Conjecture 2.1.6 from [62]. Let
Ay € Zm*d and Ay € Z™*92 and define

A Ag

A1><A2.—[0 A;|

For any b; € NA;, we have the cartesian decomposition F, x a, (b1 4b2)xbs = F A1 by XFA,,b,- In fact,
given additionally two sets of moves M; C kery(A;), we show in Section 3.1 that the fiber graph on
F Ay 5 Aa,(b1+b2) xby, With the set of moves My x {0}U{0} x My is the cartesian product of the graphs
Fa, b (M) and Fy, p,(Maz) (Proposition 3.1.9). Since kerz(A; x Az) = kerz (A1) x kerz(Asz),
linear algebra does not see a difference between A; x A, and the diagonal matrix that has A;
and As as blocks. In particular, the Graver basis satisfies G4, x4, = G4, X G4, and Grébner and
Markov bases of A1 x As decompose in the very same way. When Ao = I, is the identity matrix,
then all its fibers are single points and the fiber graph on Fu, x a, (b1480)xb = FAr b X {b2}
is isomorphic to Fa, p, (M1), for arbitrary bp € N™. This allows to 'push’ the entries of the
right-hand side of A; x Ay beyond any given bound, without changing the graph structure:

Proposition 2.1.7. Let Ac Z™*% bc NA, M C Z¢, and c = (1,...,1)T € Z™. There exists
C € N such that for all i > C, Fap(M) = Faxr,, (b+ic)xic(M X {0}).

Proof. This is [62, Theorem 1]. O
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Rephrasing Proposition 2.1.7: Any given fiber graph is isomorphic to a fiber graph with
arbitrarily large right-hand side entries. This provides a new view on the behaviour of graph-
theoretic properties of fiber graphs and the way we should make conjectures about them. For
instance, to disprove Conjecture 2.1.6, it suffices to find just a single right-hand side where the
node-connectivity of the corresponding fiber graph differs from its minimal degree. It turns out,
a particular right-hand side for the matrix from Example 1.3.1 settles this case:

Proposition 2.1.8. The node-connectivity of Fuy e, (Ri) i 1 and its minimal degree is k.

Proof. For any graph, the node-connectivity is bounded from above by its edge-connectivity and
bounded from below by 1 for connected graphs. Thus, this is precisely [62, Corollary 5.1]. [

The set of moves Ry, is not only a Markov basis of Hy, but also a reduced Grébner basis [62,
Theorem 3]. Together with Proposition 2.1.7, Hy, X o511 is a counter-example to Conjecture 2.1.6.
An appealing question is when the connectivity of fiber graphs is best-possible, that is, equal to
its minimal-degree. This may be achieved by either adding or removing moves from the set of
allowed moves, since both operations affect the connectivity and the minimal degree at the same
time. For Hj, adding more structural moves makes the edge-connectivity best-possible.

Proposition 2.1.9. The edge-connectivity of all fibers of Hy is best-possible when using the
Graver basis as mouves.

Proof. This is [62, Theorem 4]. O

Exploring the connectivity of fiber graphs is an important question in further understanding
their structure. We are convinced that the connectivity of Graver fiber graphs is best-possible,
i.e. that the answer to the following question is 'no’:

Question 2.1.10. Is there a matriz A € Z™*¢ and b € NA such that the minimal degree of the
fiber graph Fap(Ga) is strictly larger than its edge-connectivity?

2.2 Bounds on the diameter

Let G be a graph, then the distance distg(u,v) between two distinct nodes v and v which are
contained in the same connected component of G is the number of edges in a shortest (u, v)-path.
We set distg(u,v) := oo if w and v are disconnected. The diameter of G, denoted diam(G), is
the maximal distance that appears between any pair of its nodes. In this section, we determine
lower and upper bounds on the diameter of fiber graphs and their compressed counterparts. The
results of this sections come, with small modifications, from [108, Section 3].

Lemma 2.2.1. Let F C Z% and M C Z¢ be finite and non-empty sets. Then for any norm || - ||,

diam(F(M)) -max{||u —v| : u,v € F}.

1
>
— M
Proof. If F(M) is not connected, then the statement holds trivially, so assume that M is a
Markov basis for F. Let u/,v" € F such that ||u/ — /|| = max{||ju — v|| : u,v € F} and let
mi,...,m, € M so that v’ = v'+Y/_, m; is a path of minimal length, then ||u' —v'|| < - ||M]||
and the claim follows from diam(F(M)) > dist z(rq) (', v") = 7. O
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Remark 2.2.2. Let P C Q7 be a lattice polytope and F := P N Z< its attached saturated set.
For any non-zero [ € Z%, the l-width of P is width;(P) := max{(u — v)Tl : u,v € P}. Since
width;(P) = max{u’l: u € P} — min{u’l : u € P} and since the maximum and minimum is
attained at a vertex of P, we have width;(P) = max{(u —v)T1: u,v € F}. For all [ € {~1,0,1}¢
and u,v € F, we have (u —v)71 < ||u — v||; and thus width;(P) < max{|ju — v} : u,v € F}.
Let «/,v" € F such that [|u' —v'[|1 = max{||u — v||; : u,v € F} and let I := sign(u] — v}) for
i € [d], then ||[u' — o1 = (v — )T - 1" < widthy (P) < max{||u —v|j1 : u,v € F} = ||/ — o'||1.
The lattice width of P is width(P) := min{width;(P) : 1 € Z?\ {0}} and thus Lemma 2.2.1 gives

|M]l1 - diam(F(M)) > width(convg(F)).

Given a collection § of saturated sets in Z?, Lemma 2.2.1 says that there exists a constant
C € Qs¢ such that diam(F(M)) > C - max{||u — v|| : u,v € F} holds for all F € F. We now
investigate when a similar upper bound on diam(F(M)) holds, which is not always the case:

Example 2.2.3. Let i € N and let F; C Z3 be the 'pyramid’ from Figure 2.2, where i denotes
the number of integers on its largest slice. Since the description of F; in symbols is quite vacuous
and technical, we omit it here. Clearly, F; is a saturated set and M = {(1,0,0),(0,0,1),(0,1,1)}
is a Markov basis for F; for all ¢ € N. It is straightforward to check that F;(M) is a path
of length |F;| — 1 = % + i — 2 and that max{|ju — v[| : u,v € F;} = 52 < C -i. Since
diam(F;(M)) > C” - i2, the diameter grows quadratically in the 1-norm distance.

Figure 2.2: The pyramid for i = 7.

The following concept is well-established (see for instance [6, Chapter 6]) in the theory of
Markov bases and helps us to derive an upper bound on the diameter of fiber graphs:

Definition 2.2.4. Let M C Z¢ be finite. Then M is norm-reducing for a finite set F C Z¢ if
for all u,v € F, there is m € M such that u+m € F and ||lu+m —v||; < ||u—v]||;. The set M
is norm-reducing for a collection § of finite sets of Z? if M is norm-reducing for all F € §.

Any norm-reducing set of moves is a Markov basis [6, Proposition 6.1] and it is well-known
that the Graver basis of any matrix A € Z™*? is norm-reducing for §4 [6, Proposition 6.4]. An
example of a Markov basis that is norm-reducing and strictly contained in the Graver basis
is My, m from Example 1.3.2. Between being norm-reducing and being a Markov basis, there is
much space left for the following property:

Definition 2.2.5. Let § be a collection of finite subsets of Z¢ and M C Z? a finite set. Then
M C Z% is norm-like for § if there exists a constant C' € Ny such that for all F € § and all
u,v € F, dist zpg) (u,v) < C - flu — ol
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All norms on R¢ are equivalent and thus we could have used any other norm in Definition 2.2.4.
Observe, however, that being norm-reducing depends on the norm. With Lemma 2.2.1 in mind,
the next remark motivates why we are interested in norm-like set of moves:

Remark 2.2.6. Let § be a collection of finite subsets of Z% and M C Z% be norm-like for §. It
follows from the definition that there is a constant C' € Ny such that for all 7 € §

diam(F(M)) < C - max{||u — vl||1 : u,v € F}.
However, the converse is not true as demonstrated in Example 2.2.7.

Norm-reducing sets are always norm-like, and norm-like sets are in turn always Markov bases,
but the reverse of both statements is false in general (see Example 2.2.7 and Example 2.2.8). For
collections § 4 however, every Markov basis is norm-like (Proposition 2.2.9).

Example 2.2.7. For any i € N, consider the saturated set F; := ([2] x [;] x {0}) U{(2,4,1)}
with the Markov basis {(0,1,0),(0,0,1),(—1,0,—1)} (see Figure 2.3). The distance between
(1,1,0) and (2,1,0) in F;(M) is 2¢ and thus M is not norm-like for the collection {F; : ¢ € N}.
Observe that the diameter of F;(M) is bounded from above by 2 - max{||u — v||; : u,v € F;}.

Example 2.2.8. Let d € N and consider A; and My from Example 1.3.3. For any d > 3, the
only move from M, that can be applied on ey in Fa,1(Mg ) is the move e; — es. But since
|(e2+e1—e2)—e3)|l1 = ||e1 —e3]|1, Mg is not norm-reducing for F4,. On the other hand, when we
cannot find a move that reduces the 1-norm distance of two nodes u, v € F4, 3, we instead find two
moves mi, mg € Mg such that u+mq, u+mi+mao € Fa,pand ||lu+m;+mo—v|l1 = [Ju—vl||; —2.
Thus, the graph-distance of any two elements u and v in Fyu, ,(Mg) is at most ||u — v||; and
hence M, is norm-like for §4,.

Figure 2.3: The graphs F4(M) and F7(M) from Example 2.2.7.

The next proposition states that when the sets in a collection come from the same integer
matrix, effects as in Example 2.2.7 cannot occur.

Proposition 2.2.9. Let A € Z™*?, then any Markov basis of § 4 is norm-like.

Proof. Let M be a Markov basis for §4 and define C' := max{diam(F4 44+ (M)) : g € Ga},
which is well since the Graver basis G4 is a finite set. For u,v € Fap, let v=u+ Y ;_; g; be
a walk from u to v in F4,(Ga) of minimal length. Since the Graver basis is norm-reducing
for Fa, [6, Proposition 6.4], there always exists a path of length at most ||u — v||; and hence
r < ||lu—wvl||;. Every g; can be replaced by a path in }_A,Agj (M) of length at most C' and these

paths stay in F4p. This gives a path of length C - r, hence distz, , (v (u,v) < Cllu—vfl;. O

Proposition 2.2.10. Let P C Q% be a polytope with dim(P NZ%) > 0 and let M be a Markov
basis for F; = (i-P)NZ4 for all i € N. There exists a constant C' € Qs such that for alli € N,
C" - i < diam(F;(M)). If M is norm-like for {F; : i € N}, then there exists a constant C' € Qs
such that diam(F;(M)) < C - for all i € N.
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Proof. For the lower bound on the diameter, it suffices to show the existence of C’ such that
C' i < max{|lu — |1 : u,v € F;} for all i € N due to Lemma 2.2.1. Since dim(P N Z%) > 0,
we can pick distinct w,w’ € PN Z% For all i € N, the vectors i - w and i - w’ are in F; and
hence 7 - |w — w'||1 < max{|lu — v||1 : u,v € F;}. For the upper bound, assume that the Markov
basis M is norm-like. By Remark 2.2.6, it suffices to show the existence of C' € Q>¢ such that
max{|u — vl : u,v € F;} <i-C. Now, let vy,...,v, € Q¢ such that P = convg(vy,...,v,) and
define C := max{|lvs — v||1 : s # t}. Since F; = (i - P) N Z?¢ C convg(ivy,...,iv,) for all i € N,
max{||u—v|1 : u,v € F} <max{|lu—v|i:u,v€i-P} <max{|ivs —ive|[1:s#t} <C-i. O

[97, Proposition 2.10] shows that the diameter of fiber graphs of A, , along a certain ray in
NA,, ,, grows linearly. The following result generalizes this to all matrices:

Corollary 2.2.11. Let A € Z™*", M be a Markov basis for §a, and b € NA with dim(F4 ) > 0.
Then there exist C,C" € Qsq such that i - C" < diam(F4;.5(M)) <i-C for alli € N.

Proof. This follows from Proposition 2.2.10 since M is norm-like by Proposition 2.2.9. O

One question remains. We have seen that the diameter of fiber graphs with norm-like Markov
bases is bounded from above and below by the 1-norm distance of their elements linearly.
Example 2.2.3 shows a collection and a Markov basis where this is not the case, but with one
additional move, the linear bound hold for this example as well. Is this the general case?

Question 2.2.12. Let § be a collection of saturated sets in Z® that has a Markov basis. Does
there exists a Markov basis M for § such that there is a constant C € Q< with

diam(F(M)) < C - max{||ju — v : u,v € F}
forall FeF?

We now turn our attention to the diameter of compressed fiber graphs. Since the edge set of a
graph is contained in the edge set of its compressed version, paths may become shorter after the
compression. But, in general, compression may do not change the graph at all:

Example 2.2.13. For any i € N, let F; := {(0,0),(0,1),(1,1),(1,2),...,(5,i)} C Z%. The unit
vectors M = {ej, ea} are a Markov basis for {F; : i € N}. However, Ff(M) = F;(M) and thus
diam(Ff(M)) = diam(F;(M)) = 2i is unbounded.

Recall that T denotes the partial ordering on Z? by sign-compatibility (see Section 1).

Lemma 2.2.14. Let A € Z™*? and z € kerz(A). There exists v € [2d — 2], distinct elements
Gis---s9r € Ga, and A1,..., A\r € N5g such that z =Y ;_; \ig; and g; C z for all i € [r]

Proof. This is [31, Lemma 3.2.3], although it only becomes clear from the original proof in [104,
Theorem 2.1] that the appearing elements are indeed all distinct. O

Proposition 2.2.15. Let A € Z™*% and § := {{:c €zl Ar=bl<z<ul:lueZlbe Zm}.
Then for all F € §, diam(F¢(Ga)) < 2d — 2.

Proof. Let s,t € {x € Z%: Az = b,1 < x < u}, then s —t € kerz(A) and thus s =t + >, \ig;
with r < 2d — 2, A,..., A\ € Nyg, and distinct g1, ..., 9, € G4 such that g; C s — t according

to Lemma 2.2.14. By [31, Lemma 3.2.4], all intermediate points ¢ + >'_; \igi, [ € [r], are in
{x€Z%: Ax = b,l < x < u} and the claim follows. ]
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Lemma 2.2.16. Let F C Z¢ be finite and let F; := (i - convg(F)) N Z¢ for i € N. For all
u,v € F, dist ze( ) (iu, v) < distzuy(u, v) for alli € N

Proof. The statement is true if v and v are disconnected in F(M). Thus, let u = v + Z?:l m;
with m; € M be a path in F(M) of length k = distz(x)(u,v) and let i € N. Clearly,
tru=1-v+1- E?Zl mj=1-v+ Sk i m;, so it is left to prove that the elements traversed by
this paths are in F;. Let [ € [k], since v + 25‘:1 mj € F, we have i-v + 22:11 -mj €i-F CF;.
Hence, this is a path in Ff(M) of length k = dist r(rq) (u, v). O

We are ready to prove that the diameter of compressed fiber graphs that come from the same
integer matrix is bounded from above for all right-hand sides simultaneously.

Theorem 2.2.17. Let A € Z"™*% with kerz(A) NN = {0} and let M be a Markov basis for FA.
There exists a constant C € N such that diam(F¢(M)) < C for all F € Fa.

Proof. The proof relies on basic properties of the Graver basis G4 of A. For any g € G4, let
Fyg = Fuag+ and let K := max{distz,(r)(97,97) : g € Ga}. We show that the diameter of
any compressed fiber graph of A is bounded from above by (2d — 2) - K. For any b € NA, let
u,v € Fa, be arbitrary. According to Proposition 2.2.15, there exists r € [2d — 2], Graver moves
J1s---,9r € Ga, and coefficients A1, ..., A\, € Z such that u = v+>_;_; A\igi, and U—I—Eizl \ig; € N¢
for all I € [r]. According to Lemma 2.2.16, for any i € [r] there are mf,...,mj € M and
o1,...,ax, € Z such that )\ig;r = \g; + Z?izl ajmé- is a path in the compression of the fiber
graph ‘FA,A/\igf (M) of length k; < K. Lifting these paths yields a path u = v+>"1_; Z?i:l ozjm;
in F§ (M) of length r - K < (2d - 2) - K. O

Remark 2.2.18. Proposition 2.2.9 and Theorem 2.2.17 extend trivially to collections of the
form § = Fa, U---UFa, for integer matrices A; € Z™m*4,

2.3 Graph degrees

The minimal degree of a graph G is 0(G) := min{degs(v) : v € V(G)}. In this section,
miscellaneous observations on the minimal degree of fiber graphs are discussed. The minimal
degree of F(M) is trivially bounded from above by | + M| and its exact value is the solution to
the optimization problem

min{|{{m e M:v+me F}|:v e F},

which seems too generic without additional conditions on F and M. We thus focus in the
following on fibers F4 5, with A € Z™*% and b € NA. What makes this situation special is that
for all finite sets of moves M C kerz(A), the graph-degree of any node u in Fy4 (M) can be read
off 4 and M directly by checking which moves m € M satisfy u+m € N%. Hence, no information
about the surrounding faces of the polytope convg(Fa ) is needed. When M C {—1,0,1}¢, then
the graph-degree of u depends only on the support supp(u) and we can locate the nodes with
the smallest degree in Fy4 (M) for any b:

Proposition 2.3.1. Let A € Z™*? and M C {—1,0,1}¢. For any b € NA, the minimal degree
of Fap(M) is attained at a vertex of the polytope convg(Fayp).
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Proof. Let deg : Fap, — N be the function that maps a node of Fy4 (M) to its graph-degree.
Let W C Fay be the set of vertices of convg(Fa ) and choose v € Fap \ W. Then there is k > 1
and vertices wq, ..., wr € W together with coefficients A1, ..., A\x € Q¢ that satisfy Zle Ai=1
such that v = Zle A;w;. Since all involved vectors are non-negative, no cancellation appears
and hence supp(A;w;) C supp(v) for all ¢ € [k]. Since A\; > 0, we deduce that supp(w;) C supp(v).
All moves are in {—1,0, 1}d and hence the graph degree only depends on the support of the
respective node. More precisely, the containment supp(w;) C supp(v) implies deg(w;) < deg(v)
for all 7 € [k] and this finishes the proof. O

In the proof of Proposition 2.3.1, we can further conclude that

k k
deg(v) = Z Ai deg(v) > Z Ai deg(w;).
i=1

=1

Since S°F 1 A\jw; = v, this shows concavity of the graph-degree of F4 (M) when M C {~1,0,1}%.
Moreover, for any u € Fa and I € kerz(A), let 5 € Z>o be maximal such that v+ 8l € F4 5 and
let 1 € Z<p be minimal such that u+pul € Fap. Forany p <t <t < 3, supp(u+tl) = supp(u+t'l)
and since M C {—1,0,1}¢, the nodes u 4 tI and u + 'l have the same graph-degree in Fap(M).
Moreover, the supports of u+ 1 and u+ pl are strictly contained in supp(u+tl) for any u <t < 8
and hence among all points on the discrete ray (u+Z - 1) N Fap, the nodes u + pl and u + Sl
have the smallest degree.

g«

Figure 2.4: Fiber graphs whose minimal degree is attained at an interior point.

It is easy to see (especially after seeing it) that Proposition 2.3.1 is false when one of the
assumptions is violated: On the left-hand side of Figure 2.4, the fiber graph on Fj4, 3 that uses
the moves {2-m : m € M3} with A3 and M3 as in Example 1.3.3 is shown. The graph on the
right-hand side is the fiber graph on the saturated set

o] [o o] [+1] [+2] [+1] [+1
o, |=1],[+1|,]01],]o0 0l,]o0
ol |0 0 0 0] [+1] |-1

that uses the moves

+1] [o] [+1] [+1] [+1] [+1] [+1] [+1
0|, |+1],|[+1],|[+1],|=1|,[=1|.l0]|.|O
0 0] |=1] [+1] [+1| [=1| |-1| [|+1
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In both graphs, the degree of their unique interior point is strictly smaller than the degree of all
the other nodes. Whereas in the first graph, the entries of the moves are not from {—1,0,1} and
the node set is a fiber, the node set of the second graph is not a fiber but the moves are from
{—1,0,1}3, justifying that both assumptions are needed in Proposition 2.3.1. We also obtain an
upper bound on the minimal degree that is slightly better than the trivial bound | £ M|.

Proposition 2.3.2. Let A € 2™ M C {-1,0,1}¢, and b € NA. Then §(Fap(M)) < |M|.

Proof. By Proposition 2.3.1, there exists a vertex v of the polytope convg(Fa;,) whose degree
equals the minimal degree of F4 ,(M). Thus, for any m € M, either v+m & Faporv—m & Fayp
since v would otherwise be contained in a face whose dimension is at least 1. O

Recall that an integer matrix is totally unimodular if each of its subdeterminants is in {—1, 0, 1}.
For totally unimodular matrices, dilation of their fibers does not change the minimal degree:

Proposition 2.3.3. Let M C {—1,0,1}% be a Markov basis for a totally unimodular matriz A.
For allb e NA and all i € N, §(Fa,(M)) = d(Faip(M)).

Proof. Total unimodularity yields convg(Fap) = {z € Q% : Az = b}. Let v1,...,v, € Fay be
the vertices of convg(Fa ), then convg(Fa ) = convg(ivi, . . . ,4v,) for all i € N. According to
Proposition 2.3.1, the minimal degree of F,4 is attained at a vertex of the polytope, say v;.
Since the graph-degree of any vector with respect to fiber graphs using M does not change after
multiplying it with a scalar, the minimal degree of F4 ;5 is attained at 7 - v; and coincides with
the minimal degree of F 4. O

2.4 Edge-expansions

This section is based on the author’s work [119]. There are many different invariants of graphs
that measure how well connected it is. Beside connectivity and toughness [11], the edge-expansion
is one of the most important concepts:

Definition 2.4.1. Let G = (V, E) be a graph. For any S C V, let Eg(S) C E be the set of
edges with endpoints in S and V' \ S. The edge-expansion of G is

E
hG) = min{||c’5§‘s)| .S CV,0<2lS| < |V|}.

The invariant ~A(G) has many names in the literature, like Cheeger constant [24] or isoperimetric
number [90]. As we will see in Chapter 4, the edge-expansions connects nicely statistics and
graph theory since it yields a bound on the second largest eigenvalue modulus (Proposition 4.1.9).
For simple walks, the edge-expansion of the graph is proportional to the conductance:

Remark 2.4.2. Let G be a d-regular graph, then ®(S¢g) - d = h(G).

Let A € Z™*? and let M C kerz(A) be a Markov basis for A. The central question of this
section is the following: What happens to the edge-expansion of fiber graphs asymptotically
when the right-hand side varies? The following example depicts how a possible answer looks like:

Example 2.4.3. Let Ay and My be as in Example 1.3.3. Then F4, ;(M>) is a path on ¢ + 1
nodes and hence its edge-expansion is Z% if 7 is odd and % when i is even [90, Section 2].
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Definition 2.4.4. Let A € Z™*? and let (b;);en be a sequence in NA. The sequence (b;)ien is a
ray in NA if there is b € NA such that (b;);eny = (7 - b)en.

We need the following terminology for our next definition: For b € NA, the Q-relaxation of
the fiber Fa 4 is the polytope Ray := {x € Q%o : Ax = b}.

Definition 2.4.5. Let A € Z™*9. A sequence (b;)ien is dominated if there exists b € NA with
dim(Rap) > 0 such that b; —i-b € NA for all i € N and if there is u € F4 5, and w; € Fap,—i-p
with supp(w;) C supp(u) for all i € N.

On the one hand, being dominated is a sufficient, though technical, condition on (b;);en that
is crucial in our proof of the decline of the edge-expansion of (Fap, (M))ien (Theorem 2.4.16).
The prime example of a dominated sequence the reader should have in mind is a ray in the
semigroup NA as in Example 2.4.3. We think it is an interesting task to further relax the
conditions from Definition 2.4.5 so that they still prevent the following effects:

Remark 2.4.6. It was shown in Proposition 2.1.7 that for all # € N and ¢ € N, the fiber graphs
of Ax I, for by := (b+i-c,i- c)T are all isomorphic to F4 . In particular, their edge-expansion
is constant along the sequence (b;);en. Assume that the sequence (b;);en is dominated. Then
there is f = f1 X fo € N(A x I,;;) with b; —i - f € N(A x I,;,) for all ¢ € N. Thus, for every i € N
there exists u; x v; € N such that

o -

Since f € N(A x I,,,), there is u x v € N¥™ such that A x I, - (u,v)T = f. This implies
Au = f; — fo and, plugged into equation (2.4.1), we obtain Au; = b+ i- A(—u). This yields
u; +1-u € Fayp for all ¢ € N which is due to u;,u € N? only possible when u = 0. Hence, f; = fo
and Faxr,, r = {0x fo}. In particular, there is no element w; in Faxy,, p;—i-f = Fap*x{i-(c—f2)}
such that supp(w;) C supp(0 x f2) and consequently (b;);en is not dominated.

(2.4.1)

b+’i'c—i'f1
i-c—i-fo |’

Dominated sequences appear, for instance, as subsequence of sequences whose distance to the
facets of NA becomes arbitrarily large. Let H,(b) := min{dist(b, F') : F facet of NA}, where
dist(b, F') € Q>0 denotes the distance between b and the facet F' C NA.

Proposition 2.4.7. Let A € Z™*¢ and let (b;)ien be from NA with lim sup;cy Ha(b;) = oo,
then (b;)ien has a dominated subsequence.

Proof. Let ay,...,aq € Z™ be the columns of A and let ¢ :=ay + ...+ aq. First, we show the
following: For every k € N, there exists my € N such that any b € NA with Hy(b) > my, is
contained in k-c+NA. The set NA\ (k-c+NA) is contained in finitely many hyperplanes parallel
to the facets of NA. Hence, choosing my € N large enough, every b € NA with H4(b) > my
cannot be in NA \ (k- ¢+ NA) and hence must be in k - ¢ + NA. The statement of the lemma
follows immediately because limsup;cy Ha(b;) = oo implies that there is i, € N such that
H (b)) > my. In particular, (b;, )xen is dominated since F4 . has an element with full support
and since dim(R ) = dim(kerz(A)) > 0. O

Remark 2.4.8. The reverse of Proposition 2.4.7 is not true. For instance, take the matrix

110
A_[OOJ
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and the right-hand side b = (2,0)7 € Z2. The ray (i - b);en is dominated since dim(R ) > 0.
However, since {i-b: i € N} is contained in a facet of NA, Hy(i-b) =0 for all i € N.

Almost needless to say, being dominated is preserved under taking subsequences:
Lemma 2.4.9. Fvery subsequence of a dominated sequence (b;)ien in NA is dominated.

Proof. Let (w;)ien and u € Fup be as in Definition 2.4.5 and let (b;;)jen be a subsequence of
(bi)ien. Consider wf; := w;; + (i; — j) - u for j € N, then Aw; = b;; — j - b and since i; > j, we
have b;; —j-b € NA. The claim follows then from supp(w}) C supp(u) Usup(w;;) = supp(u). [

The edge-expansion of a graph is bounded from above by the number of edges that leave a
certain set of nodes divided by the cardinality of this particular set. In a fiber graph, the edges
come from a fixed set of moves and hence have a limited outreach. The next construction helps
to find the nodes that are incident to outgoing edges:

Definition 2.4.10. Let A € Z™*? b € NA, and M C kerz(A). For u € N?, the u-boundary of
Fapis 0% (Fap)i={vEu+TFap:ImeEM:v+meN\ (u+ Fayp)}

Figure 2.5: The sets (Q)ﬁ\i’f’o)T(fA?,,g), a/(\?:l’gboz)-i\/tg (Fas,3), and 85&1";’1)T(.7:A3,3) in Fa,,6 (white points).
Figure 2.5 justifies that 0%,(Fa) can indeed be regarded as boundary. With this, the number

of outgoing edges in a translated fiber u + F 4 within a larger fiber can be bounded from above:

Lemma 2.4.11. Let A € Z™*? and b,b/ € NA with 2|Fap| < |[Fayis|. Then for any finite set
M Ckerz(A) and all w € Fayy,

h(Fapp(M)) < M 103 (Fan)|
| Fal

Proof. Let G := Fp+5(M), then u+ Fap, C V(G) and since 2|u + Fap| = 2| Fap
the following upper bound is immediate by the definition of the edge-expansion:
|Ec(u+ Fap)l

|u+ Fapl

< |Faptbl,

hG) <

The edges leaving u + Fap in Fap+p(M) C N¢ are precisely those with endpoints in 9% (Fap).
Every node of F4 44(M) has at most | M| incident edges and hence |Eg(u+Fay)| is bounded
from above by 2| M| - |0%(Fap)|- O

The size of the entries in a Markov basis is crucial to determine the size of the boundary. The
larger those entries are, the more nodes are in the boundary (Lemma 2.4.12) since more nodes in
the shifted fiber u + F 4 are adjacent to nodes outside of u + Fa .
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Lemma 2.4.12. Let A € Z™*%, M C kerz(A) a finite set, and b € NA. Then for all u € N,

Mlloo
8/1(/[(]:,471))gu—|— U U {wG]:A’b:wj:r}.

jesupp(u) =0

Proof. Let v € 0%,(Fap), then there is m € £M such that v +m € N but v +m & u + Fap.
Since v € u + Fauyp, there is w € Fu such that v = v + w. The vector w + m must have
a negative entry, since otherwise w +m € N¢ that is w +m € F Ap which in turn implies
v+m=u+w+m € u+ Fayp. Hence, there is j € [d] such that (w + m); < 0. Suppose
j & supp(u). Then (u +w+m); = (w +m); < 0, which contradicts u +w +m = v +m € N
Thus, j € supp(u) and w; < —m;. Since that means w, < ||M||s, the statement follows. O

Lemma 2.4.11 allows to bound the edge-expansion by essentially comparing the growth of fibers
with the growth of their boundary. The idea is to show that the boundary grows asymptotically
slower than the fiber itself. Counting the number of integer points in a polytope is the subject of
Ehrhart theory [47]. Let P C Q? be rational polytope and consider the map Lp : N — N which
counts the integer points in the i-th dilation iP, i.e. Lp(i) := |iP N Z%|. Ehrhart’s theorem (cf.
[15, Theorem 3.23]) says that Lp is a quasi-polynomial of degree r := dim(P), that is there exist
periodic maps cg, ..., ¢, : N — Z with integral periods such that

Lp(t) = o (Ot + o1 (D1 4.+ cot)

with ¢, not identically zero. This applies to rays in affine semigroups: Since for any i € N, the
integer points of R4, are precisely the elements of Fa i, Lr, (i) = [Fa| for all i € N and
hence | F4 | grows in ¢ (quasi-)polynomial with degree dim(R 4).

Remark 2.4.13. For any integer matrix A and b € NA, dim(R4p) > dim(Fap). In particular,
if dim(Fap) > 0, then (|Fa,ip|)ien is unbounded. If A is totally unimodular, then R4 equals
convg(Fap) and hence the dimensions of R4 and Fap coincide.

We count the lattice points in the boundary of a fiber with Lemma 2.4.12. However, the
components of the set appearing there are not precisely dilates of polytopes and Ehrhart theory
does not apply directly. Nevertheless, their growth can be bounded in terms of their dimension.

Lemma 2.4.14. Let A € Z™*?, b € NA, and fiz integers j € [d] and | € N. If for all i € Nsg,
Rap s not completely contained in the hyperplane H := {x € Q4 : xj =1}, then there is C € N
such that the number of integer points in R4 N H is bounded from above by C - dim(Rap)—1,

Proof. Write P := R4y and r := dim(P). For ¢ large enough, the dimension of (iP) N H
stabilizes, i.e. there are 7/, N € N such that ' := dim(¢P N H) for all ¢ > N. The affine space of
1P N H is completely contained in H whereas the affine space of P has elements outside of H.
That implies " < r. Let A = (a1,...,aq) and A’ be submatrix of A omitting the j-th column,
then the (bijective) projection of iP N H onto all coordinates different from j is

Qi={recQ A =i-b—1 a;}.

By [117, Proposition 1], there exists finitely many sets C1, ..., C}, covering N such that for i € Cj,
the number of integer points in @); is a quasi-polynomial of degree r’. O
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Lemma 2.4.15. Let p(t) = Y.\_y cs(t)t® be a quasi-polynomial with r > 0 and let k € N such that
cr(k) > 0. There isn € Nyg and N € N such that for alli € (k+n-N)NN>y, 2p(i) < p(i+ni).

Proof. Let n > 2 such that ¢, (i + ni) = ¢, (¢) for all i € N (i.e. if ¢, is not a constant, let n > 2
be the period of ¢,). For all i € k +n-N, ¢, (i + ni) = ¢, (i) = ¢, (k) > 0 and hence

r—1
p(i+mni)—2-p(i)=c(k)(1+n)" —2)i" + Z (cs(i +ni)(1 4+ n)® — 2¢4(7)) 2°.
s=0
The sum in the term on the right-hand side is a quasi-polynomial of degree at most r — 1 and
the left term on the right-hand side is a polynomial of degree » > 0 whose leading coefficient is
positive due to n > 2 and r > 0. Thus, there is N € N such that for all i € k +n -N with i > N,

r—1
(k) (T+n)" —2)d" > — Z (cs(i+in)(1 +n)® — 2¢c4(k)) 3%,
s=0
that is 2p(i) < p(i + ni). O

We are now ready to state and prove the main theorem of this section.

Theorem 2.4.16. Let A € Z™*9 let M C kerz(A) be a Markov basis for A, and let (b;)ien be
dominated in NA. Then there exist C,C" € Nsg such that h(Fap,(M)) < & for alli € C" - Nxy.

Proof. Since (b;);en is dominated, there exists b € NA such that b} :=b; —i-b € NA for all i € N,
Moreover, there is u € Fa3 and a sequence (w;)ien in N? such that for all i € N, w; € Fay
and supp(w;) C supp(u). By Lemma 2.4.9, the subsequence (b(|jrq||.,+1)i)ien is dominated as
well. Due to the linear re-parametrization, the statement on the edge-expansion is true for the
sequence (b;);en if it is true for this particular subsequence. Thus, we replace b; with b(|M|lso+1)i5
b with ([[M|[oc + 1) - b, and b} with b ¢ 1)~ Additionally, we replace w; with wr).,+1)i
and u with (||[M]|s + 1) - v, which does not change the support of u. After these changes,
we have u; > ||M||s for all i € supp(u), which is needed later in the proof. The Ehrhart
quasi-polynomial Lz, , has degree r := dim(Rap) and by the definition of being dominated,
r > 0. Write Lg, (i) = >2{_g cs(i)i® with ¢, not identically zero. Since Lg , (i) = [Fa,w| > 0,
there exists k € N such that ¢,(k) > 0. By Lemma 2.4.15, there exists n € Nyg and N € N
such that 2|F4 | < |Fa (i4nipl for all i € (k+n-N)N N>y =: Z. By the choice of w; and u,
A (Wigmi+ni-u) = bjy;4+ni-b = biyp;—ib for all i € Z and hence wjyn;+ni-u+Faip S Fap
In particular, for any i € 7

i+ni®

2| Fa,ib| < | F A (ignippl = [Wistni + Fa(ignippl < [Fappnl-
For any i € Z, set u; := witni + ni - u, then Lemma 2.4.12 gives

Mlloo
O (Faa)l < D> > Hve Fam:v =1} (24.2)

jéesupp(u;) =0

Since 2|Fap| < |Fapiyn| and Au; = b ; +ni-bfor all i € 7, an application of Lemma 2.4.11

yields the upper bound on the edge-expansion of the graph Fag,,,,(M):
, Moo
2IM| - |0 (F, i Z‘su uZ: |{U€‘FA,ib:U':l}|
B(Fape () < LMD g1 oot S0 =2
[ Fainl | Fainl
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where (2.4.2) and supp(u;) = supp(wjtn;) Usupp(u) C supp(u) was used in the first and second
inequality respectively. For any j € supp(u) and [ € {0,...,||M]|~}, consider the hyperplane
Hj;={z¢e Q< xj =1} in Q?, then for all i € Z, the number of integer points in (i - Rap)NHj
is precisely L;;(i) :== [{w € Fau : wj = l}]. Since uj > || M||o for all j € supp(u), the vector
i-u€ Raup =1-Rayp is not contained in (i- Rap) N Hjy for all 0 <1 < |M]|w and all i € 7.
Lemma 2.4.14 then implies that for all j € supp(u) and [ € {0,...,||M||«}, there is a constant
Dj; € N such that L;;(i) < Dj; - i"~! for all i € N. Let D € N be the maximum of all Dj;, then

M| so .
jesupp(u) Sl L)
LRA,b (1)
| supp(u)| - ([M|loc +1) - D i
cr(R)im 4+ 00 cs(i)i®

W(Fap, (M) < 20M] - =

i+ni

=2IM|-

for all i € Z. Hence, there exists a constant C' € Q¢ such that h(Fap, (M)) < % for j € (n+1)-Z.
The existence of C’ follows immediately from the construction of (n+ 1) - Z. O]

Remark 2.4.17. The constant C’ in Theorem 2.4.16 is due to the many boundary effects and
the fluctuations in Ehrhart quasi-polynomials. For instance when (b;);cy is a ray instead of a
dominated sequence and when A is totally unimodular, the set C’ - N is a set of the form N> cn.
However, our pragmatic bounding of the index set suffices to disprove rapid mixing in Chapter 4.

As a consequence, whenever the distance of a sequence to the facets of the semigroup becomes
arbitrarily large, the edge-expansion of a subsequence converges to zero.

Corollary 2.4.18. Let A € Z™*% have non-trivial kernel and (b;)ien a sequence in NA with
lim sup;ey Ha(bi) = 00, then liminf;eny h(Fap,(M)) =0 for any finite set M C kerz(A).

Proof. This is Proposition 2.4.7 and Theorem 2.4.16. O
Remark 2.4.19. Let G = (V| E) be a graph with maximal degree d. It is well-known that the

diameter and the edge-expansion of G satisfy the inequality

: log |V'|
diam(G) < — 210
log (1+ ™)

see for instance [56, Proposition 1.30]. Let A € Z™*4 M C kerz(A) a Markov basis for A, and
b € NA. Together with the lower bound on the diameter from Corollary 2.2.11, we have

log | F .
WFasn(M)) < | = M| <exp (‘W) - 1)

for all 4 € N. This upper bound on the edge-expansion, however, cannot be used in general to
show the O(2);eny bound from Theorem 2.4.16.

3
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3 The fiber dimension of a graph

The study of geometric properties of graphs is a key ingredient in understanding their algorithmic
behaviour and combinatorial structure [114, 84]. In [52], the dimension of a graph was introduced
as the smallest d € N such that the graph can be embedded in R? with every edge having unit
length. Recently, isometric embeddings of graphs into discrete objects like hypercubes or lattices
received a lot of attention and led to many new notions of graph dimension, like the isometric
dimension [54], the lattice dimension [51, 68], or the Fibonacci dimension [21] of a graph.

The goal of this chapter is to study embedding of graphs onto fiber graphs. As every graph G
can be represented as a fiber graph (Proposition 3.1.1), this motivates the question for the smallest
dimension in which such a representation exists, the fiber dimension of G (Definition 3.1.5).
First, we explore general properties of this dimension and state an upper bound in terms of the
chromatic number (Theorem 3.1.13) in the spirit of [52]. We then determine the fiber dimension
for a variety of graphs. The fiber dimension of a circuit of length n depends on Euler’s totient
function and we show that it equals one if and only if n € N\ {3,4,6}. Circuits whose length is
one of the exceptional cases in {3,4,6} have fiber dimension two (Proposition 3.2.7). We also
determine the fiber dimension of complete graphs and show that it is logarithmic in the number of
nodes (Theorem 3.3.4). In the end, a connection to distinct pair-sum polytopes [27] is established
and it is shown how the fiber dimension leads to relations between the number of lattice points
and the dimension of the ambient space of these polytopes. In Section 3.5, we give an algorithm
that decides whether the fiber dimension of a graph is smaller or equal to two. Eventually, we
discuss the obstacles that make the computation of the fiber dimension challenging in higher
dimensions. All results of this chapter are based on the author’s publication [120].

Convention. In this chapter, all graphs are simple.

3.1 Embeddings

The following proposition is the starting point of our investigation:
Proposition 3.1.1. Fvery graph is isomorphic to a fiber graph.

Proof. Let G = ({v1,...,vn}, E) be a graph and let F := {ej,...,ey}. Then F is saturated
since it is the set of lattice points of the (n — 1)-dimensional simplex. Consider M := {e; — ¢; :
{vi,v;} € E}, then F(M) is isomorphic to G. O

Remark 3.1.2. Let G, F, and M as in the proof of Proposition 3.1.1 and consider the integer
matrix A = (1,...,1) € Z"". If G is connected, then it is easy to show that M is not only a
Markov basis for F4 1, but also for F4 for any b € NA.

The restriction to graphs without loops is necessary since the canonical way to model loops in
fiber graphs yields regular graphs only. It is not clear how to write the graph obtained from K
where only one node has a loop as fiber graph. Naively, Proposition 3.1.1 gives rise to the
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following alternative definition of the fiber dimension of a graph G: define it as the smallest
natural number d € N such that there exists a saturated set F C Z¢ and a finite set M C Z% so
that G = F(M). The complete graph K, would then be isomorphic to the fiber graph on [n]
that uses [n — 1] as a set of moves. That is, the complete graph would have the same dimension
as a path, that is one, despite the fact that n — 1 moves are needed to represent the complete
graph as fiber graph, whereas the path requires only one, namely {1}. To capture the structural
information stored in the moves, we put more restrictions on the set of moves:

Definition 3.1.3. Let M C Z< be a finite set, then M is a set of directions if M = —M and if
foral \e Nwith A>2and allme M, \-m ¢ M.

There is no particular mathematical reason why we require a set of directions to be symmetric,
but it simplifies the counting and the construction of fiber graphs in subsequent sections. Observe
that a set of directions cannot contain the zero vector. Recall that the dimension of a saturated
set is the dimension of its convex hull. The next lemma states that every fiber graph can be
written as a fiber graph on a full dimensional saturated set.

Lemma 3.1.4. For any d-dimensional saturated set F C Z™ and any set of directions M C ZF,
there exists a full dimensional saturated set F' C Z% and a set of directions M' C 7% such

that F(M) = F'(M").

Proof. We can assume that d < m. The affine transformation given in Lemma 1.2.2 preserves the
dimension and the transformed set of directions is still a set of directions. Thus, we can assume that
F = Fay for an integer matrix A € Z™** with k > n, b € Z", and dim(kerz(A)) = k—n > d. We
can add rows to A and b without changing the identity F = F4 3 so that dim(kerz A) = k—n = d.
First, we transform A into its Hermite normal form, that is, we write A = (H,0) - C for
a unimodular matrix C € Z*¥**¥ and a matrix H € Z™*" of full rank. Let H~! € Q"*" and
C~! € Q"*F be the inverse matrices of H and C respectively. Since C' is unimodular, C~! € Z**¥
and thus let C; € Z**"™ and Cy € ZF*9 such that C~! = (Cy, C3) and consider the affine map

b Q! = QF,z s O (H_lb> .

T

Clearly, 1 is injective and it is straightforward to check that the image of the polytope P’ :=
{fveQl:Cy-v<C1H '} C Qlis P = {z € Q% : Az = b}. Since F = PNZ" # 0, the
matrix H satisfies H~'b € Z" (see [31, Theorem 2.3.6]) and since C'is unimodular, F’ := P’ N Z4
gets mapped to F. In particular, dim(F’) = dim(F) = d. That is, P’ is full dimensional in Q.
Now, consider the set of moves

M = {7 w) = () v,u € Fyo—u € M},

then M’ = — M’ and M’ cannot contain multiples. Let ¢)(v') = v and ¥ (u') = u for V', v’ € F,
then v —u' € M’ if and only if v — u € M. Thus, all edges in F'(M’) are mapped bijectively to
edges in F(M) under v, which proves that these graphs are isomorphic. O

The set of moves constructed in the proof of Proposition 3.1.1 is in fact a set of directions and
combined with Lemma 3.1.4, the following definition is well.

Definition 3.1.5. The fiber dimension fdim(G) of a graph G is the smallest d € N such that
there is a full dimensional saturated set F C Z¢ and a set of directions M C Z¢ with G = F(M).
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Remark 3.1.6. In general, the fiber dimension of a graph G is different than its dimension
dim(G) as defined in [52]. For example, the complete graph K3 is realized as fiber graph in Q3
(see Theorem 3.3.4 and Figure 3.2), in contrast to dim(K5) = 4. The Fuclidean dimension
Edim(G) of a graph G is the smallest d € N such that G is isomorphic to a graph with nodes in R?
where two nodes are adjacent if and only if they have unit distance. Clearly, Edim(G) > dim(G)
for any graph G and hence the fiber dimension is different than the Euclidean dimension, too.

Remark 3.1.7. The generic embedding in Proposition 3.1.1 and Lemma 3.1.4 imply that the
fiber dimension of any graph G = (V, E) is at most |V| — 1. Trivially, the empty set is a set of
directions, and hence all graphs with |V| < 1 satisfy fdim(G) = 0 and all graphs where |V| > 2
but E = () have fiber dimension one (see also Section 3.2).

Remark 3.1.8. Let F C Z% be a saturated set and M C Z¢ be a set of directions. Proposi-
tion 1.2.7 shows that when M is a Markov basis for F such that 2-dim(F) = | M|, then F(M) is
bipartite. Needless to say, not all bipartite fiber graphs satisfy 2-dim(F) = |[M], as the embedding
of the 8-circuit in Q' with a set of four directions shows (Proposition 3.2.7). In general, any sym-
metric Markov basis M C Z9 for a saturated set 7 C Z¢ satisfies §-|M| > dim(Q- M) = dim(F),
and hence Proposition 1.2.7 yields a lower bound on the number of directions in an embedding
of non-bipartite graphs: If G is a connected graph with x(G) > 2 and fdim(G) = d, then any
fiber graph embedding in Z% needs strictly more than 2d directions.

We now explore upper bounds on the fiber dimension. Our first observation is that some graph
products are compatible with the cartesian product of saturated sets in Z?. Let G1 = (V1, E)
and Gy = (V1, E2) be two graphs. The cartesian product G x Gy is the graph on Vj x Vo where
(v1,v2) is adjacent to (uj,ug) if either v1 = uy and {ve,us} € Es or if vy = ug and {v1,u1} € Fy.
Another product is the tensor product G1 ® G2, which is the graph on V; x V5 where (v1, v2) is
adjacent to (u1,ug) if {vi,u1} € Ey and {ve,us} € Es.

Proposition 3.1.9. Let G1,...,Gy be graphs, then fdim(x}_,G;) < >, fdim(G;).

Proof. Tt suffices to prove the inequality for n = 2. Let Fy, Fa, M1, My such that G; = F;(M,).
The cartesian product F := F; x Fa is saturated and has dimension dim(F;) + dim(F2).
Additionally, let M := {(m,0)T : m € M1}U{(0,m)” : m € My}. It is straightforward to check
that F(M) = F1(M1) x Fa(Ma). Hence, fdim(G; x G2) < dim(F). O

Proposition 3.1.10. Let Gy,...,Gy, be graphs, then fdim(®7_,G;) < >iL, fdim(G;).

Proof. This proof is similar to the proof of Proposition 3.1.9. With M = M; x M the set of
directions for F = F; x Fa, the graph F(M) equals F;(M;) @ F1(Mas). O

Remark 3.1.11. The inequality in Proposition 3.1.9 is sharp for Ko x Ky = Cy (see Theorem 3.3.4
and Proposition 3.2.7).

Proposition 3.1.12. Let G be a graph and v € V(G), then fdim(G) < fdim(G — v) + 1.

Proof. Write V(G) = {vo, ...,vn} with vg = v. Let d := fdim(G —v) and let ¢ : G — v — F(M)
be a graph isomorphism that embeds G — v in dimension d for a saturated set F C Z% and a
set of directions M C Z%. Let F' := {0, (1, (v1)), ..., (1,¢(vy))} C Z*4 then F' is saturated
and convg(F’) has dimension d + 1. Let N C {vl, ...,Un} be the neighborhood of v in G and
consider M" = {(0,m) : m € M} U{£(1,4(v;)) : v; € N}. Then G = F'(M’). O
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As in [52], we obtain a upper bound on the dimension in terms of the chromatic number x(G) of
the graph G, that is the smallest natural number k € N such that G has a k-coloring of its
nodes [40, Chapter 5]. Our approach works as follows: First, we construct sets of integer points
which represent the color classes of the graph in such a way that we can freely assign moves
within them. In a second step, we map the nodes of the graph on these sets and construct the
set of directions accordingly.

Theorem 3.1.13. Let G be a graph with a k-coloring in which r color classes have cardinality 1,
then fdim(G) < 2k —r — 1.

Proof. Write V(G) = Vi U--- UV} and set n; := |V;|. Define for i € [k]
Fi:={(ei,j-e)" e N**:j € [n;]} C N**

and let F := UF_|F; and P := convg(F). To show that P NZ* = F, let u € P N Z*. Since
every F; is saturated, there exists w; € F; and Ar,..., Ay € Q with 0 < A; <1 for all 7 € [k] and

le A; = 1 such that v = Z,’f:l Ajw;. The projection of F onto the first k coordinates is the set
of integer points of the standard simplex and thus saturated. The projection of u onto its first k
coordinates is e; for some ¢ € [k]. The only way to build an integer vector u is thus A; = 0 for
j#iand A\, =1, ie. u=w; € F.

Let us now construct a graph on F = P N Z?* which is isomorphic to G. For that, let
¢ : UF_ Vi — UE_|F; be any bijection which maps elements from V; to F; and consider the
set of directions M = {¢(v) — ¢(w) : {v,w} € E(G)}. By construction of M, ¢ is a graph
homomorphism from G to F(M). Since edges in G do only connect nodes from different color
classes, the first k coordinates of any element in M do only contain elements from {—1,0, 1} and
thus M cannot contain multiples. Next, let s € [n;] and t € [n;] such that (e;, se;)T — (ej, tej)T =
d(u) — ¢(v) € M with v,w € V(G). Tt follows immediately that ¢(v) = (e;,te;)” and hence
#(u) = (ei, se;)T. Thus, ¢ maps edges from G to F(M) bijectively and hence fdim(G) < dim(F).
The vertices of the polytope P are {(e1,e1)?, (e1,n1e1)T, ..., (ex, er)T, (ex, nrer)’} and since
n; = 1 for r indices ¢ € [k], P has 2k — r vertices and thus dim(F) = dim(P) <2k —r—1. O

Corollary 3.1.14. For any graph G, f{dim(G) <2 x(G) — 1.

Remark 3.1.15. The upper bound in Theorem 3.1.13 is sharp for K3 (Theorem 3.3.4). By the
Four color theorem [7], every planar graph can be written as a fiber graph in Z".

3.2 Fiber dimension one

There are more graphs of fiber dimension one than paths. To work with this class, we first
specialize our definition of a fiber graph to the 1-dimensional case. Recall that a finite set of
integers D C N is primitive if no of its elements is a divisor of any other element.

Definition 3.2.1. Let n € N>; and let D C [n — 1] a primitive set. The difference graph G
has nodes [n] and two nodes i and j are adjacent if |i — j| € D.

Proposition 3.2.2. A graph has fiber dimension 1 if and only if it is a difference graph.

Remark 3.2.3. Primitive sets, finite and infinite ones, are attractive objects in number theory [5,
121, 2]. The number of primitive sets in [n] is sequence A051026 in OFEIS [107] and its first
elements are shown in Table 3.1.
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# nodes ‘ 3 4 5 6 7 8
# primitive sets | 5 7 13 17 33 45
# graphs 3 4 7 11 16 28

Table 3.1: Number of different difference graphs on n nodes.

Remark 3.2.4. In a difference graph on [n], the graph-degree of i and n + 1 — ¢ coincides. Let
G be a difference graph on n nodes and n —1 > dy > do > ... > d,, > 0 be the node degrees.
When n is even, then |{i € [n] : d; = j}| is even for any j € [n — 1]. When n is odd, then all but
one degree appear an even number of times in G. The d; that appears an odd number of times
must be even since Y 1 ; d; is even by the Handshaking lemma. However, not every graph with
these properties is a difference graph (Example 3.2.5).

Example 3.2.5. Let G be the 3 x 3 grid graph, that is the cartesian product of two paths
of length 3. The degree sequence of G is d := (4,3,3,3,3,2,2,2,2) and it fulfills the second
conditions from Remark 3.2.4. A complete enumeration of all possible degree sequences of
difference graphs on 9 nodes yield that d cannot be realized as a difference graph. Thus,
fdim(G) > 1. Proposition 3.1.9 gives the upper bound fdim(G) < 2 and hence equality.

Lemma 3.2.6. Let n € N withn > 2 and D C [n — 1]|. If G} is connected, then ged(D) = 1.

Proof. Since n > 2, there exists a path between 1 and 2 in Gj. Let dy,...,d, € D be the distinct
integers that appear in that path and write 1 + Zle Aid; =2 for A,...,\x € Z\ {0}. Then
ged(dy, ..., dy) divides 1. O

Proposition 3.2.7. For any n € N>3,

fdim(Cy,) = {1’ #n ¢ 13,4,6)
2, ifne{3,4,6}

Proof. Let n > 3 with n € N\ {3,4,6}. We first show that there exists an integer k € N
with 2 < k < § such that ged(k,n) = 1. Let ¢ : N — N be Euler’s totient function. Since
n € N\ {3,4,6} and n > 3, ¢(n) > 4 and we have for all k € [n], gcd(k,n) = 1 if and only if
ged(n — k, k) = 1. In particular, elements in [n] that are coprime to n come in pairs (k,n — k)
with k& < n — k. Thus, since ¢(n) > 4, there must exists £ € [n] with 1 < k& < § such that
ged(k,n) = 1. We now show that g?k,n_k} is a circuit of length n. Clearly, n — k is not a multiple
of k since this would imply that n is a multiple of k as well which in turn would contradict
ged(n, k) = 1 since k > 1. Any node in g?,m_ K} has degree 2 and hence it suffices to prove that
this graph is connected. Since k and n are coprime, (k + nZ) = Z,,. Now, take distinct i, j € [n],
then there exists s € N such that j + nZ =i + sk + nZ in Z,,. For any r € [s], let i, € [n] such
that i, +nZ =i+ rk + nZ. Either i, — (n — k) or i, + k (but not both) are in [n] and since their
congruence classes in Z,, coincide, ¢,—; and %, are adjacent in g?k,n— K} Since i = j, i and j are
connected. It follows that C),, = Q?k’nf K}

Let now n € {3,4,6}. Removing one node from C,, yields a path and hence fdim(C,,) < 2 due
to Proposition 3.1.12. It suffices to show that fdim(C,) > 1 for n € {3,4,6}. If n = 3, then
C = K3 and the claim follows from Theorem 3.3.4 proven in the next section. If n € {4,6},
assume that there exists D C [n — 1] such that C,, = G} is a difference graph. This already
implies |D| = 2 since if |D| > 3 or |D| = 1, the node 1 has either degree greater than 3 or is a
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leaf respectively. Thus, we can write D = {d;,dz}. Since G}, is connected, gcd(di,d2) = 1 by
Lemma 3.2.6. Hence, the only possible choices for {di,d2} to be primitive are {2,3} if n = 4 and
{2,3}, {2,5}, {3,4}, {3,5}, and {4,5} if n = 6. In none of these cases, Q?dl dp} 18 a circuit. O

> L

Figure 3.1: The difference graphs 9?273} = Cy and Q%gj} = Cho.

3.3 Complete graphs

We now turn our attention to complete graphs and we give fiber graph embeddings that yield
upper bounds on their fiber dimension in the logarithm of the number of their nodes. Our first
results concerns the star graph, which has fiber dimension two:

Proposition 3.3.1. For any n € N, fdim(K;,) =2 ifn > 3 and fdim(K;,) =1 ifn < 3.

Proof. The star graph K, is a path for n < 3 and hence has fiber dimension one. For n > 3,
let v € V(K1) be the node with maximal degree n. Removing v from K, gives a graph
on n > 3 nodes without edges, i.e. the fiber dimension of this graph is one by Remark 3.1.7.
Proposition 3.1.12 says that fdim (K ;) < 2. Assume that fdim(K; ,) = 1 and let D C [n] be a
primitive set such that K, = Q%H. The graph isomorphism maps v to some j € [n + 1] and
since j must be adjacent to all nodes in [n + 1]\ {j}, we have 1 € D. Primitiveness of D gives
D = {1} and thus Q%H is a path. O

Our next intermediate goal is the computation of fdim(K,,). The following lemma is the key
ingredient to prove that fdim(K,,) is at least logarithmic in n.

Lemma 3.3.2. Let £ C 7% be a lattice of full rank and let F C Z% be a set such that for any
distinct v,w € F, v —w &€ L. Then |F| <|2¢/L].

Proof. Write F = {v1,...,v,} and consider the linear map ¢ : Z¢ — Z/L, ¢(v) = v + L.
By assumption, ¢(v; — vj) # 0 in Z4/L for all 4,5 € [n] with i # j. Assume that there are
i,j € [n—1] with ¢ # j such that ¢(v, —v;) = ¢(v, —v;). Then ¢p(v; —v;) = ¢(v; —vp+v, —v;) =
d(vi —vn) — d(v; — vn) = 0, a contradiction. Thus, ¢(v, — v;) # ¢(v, — v;) for all distinct
i,j € [n—1]. That is, [{¢(v, —v;) : i € [n — 1]}| = n — 1. The proposition follows from
n—1= v, —v):iecn—1} <|z2Y/L] -1 O

Remark 3.3.3. Since |Z"/L| = det(L), Lemma 3.3.2 can be seen as a discrete analogue of
Blichfeldt’s theorem [31, Theorem 2.4.1].

Theorem 3.3.4. For any n € N, fdim(K,,) = [logy n].

Proof. The complete graph is embedded trivially into {0, 1}™ with logyn < m and hence its fiber
dimension is at most [logyn]. Conversely, let d := fdim(K,,) and F C Z? be a d-dimensional
saturated set and M C Z? a set of directions such that K, = F(M). Assume there are v,w € F
such that v — w € 2-Z9. Since (v + w); is even for all i € [d], v+ w € 2Z%. In particular,
3(v 4+ w) € Z% and since F is saturated, (v + w) € F. This implies that v — w € M and
5(v—w) € M. Thus, v—w ¢ 2Z%. Due to Lemma 3.3.2, n = |F| < 2¢ and thus d > [logyn]. O
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Figure 3.2: Fiber graph embeddings of K5, Kg, and K7 in Q3.

When we replace a node v in a graph G by a set of nodes W such that each node w € W
inherits the neighbors of v, then the fiber dimension of G increases at most in log |W|:

Proposition 3.3.5. Let H be a graph on {v1,...,v,} and let G be the graph obtained from H
where every node v; is replaced by a finite set W; such that any node in W; is adjacent to any
node in Wj if and only if {v;,v;} € E(H). Then

fdim(G) < fdim(H) + [logy max{|W1|, ..., |[W,|}].

Proof. Set n; := |W;]| for i € [r], m := [logg max{n; : i € [r]}], and s := fdim(H). We prove
the upper bound by writing G as a fiber graph in Z5t™. First, let F = {w1,...,w,} C Z° be a
saturated set and M C Z* a set of directions such that H = F(M) and such that v; gets mapped
to w; by the isomorphism. For any ¢ € [r], choose an arbitrary set F; C {0, 1}™ of size n;. This
is possible since n; < 2™. The set

F = U_{w} x F; € {0,1}5t™

has cardinality >./_; n; and is saturated since all subsets of {0,1}**™ are. Choose a bijective
map ¢ : Ul_,W; — F’ that maps nodes from W; to F; and let M’ := M x {—1,0,1}". Note that
since M is a set of directions, M’ is as well. For distinct 4, j € [r], all elements of {w;} x F; are
adjacent to all elements of {w;} x F; whenever w; and w; are adjacent in (M) = H. Moreover,
since 0 ¢ M, there are no edges within the sets {w;} x F; and thus F'(M’) = G. O

Corollary 3.3.6. For any ny,...,n, € N, fdim(K,, ) < [logyr| + [log, max{n; : i € [r]}].

Proof. This is a direct consequence of Proposition 3.3.5 with H = K, and Theorem 3.3.4. [

3.4 Distinct pair-sum polytopes

For the remainder, we investigate a universal upper bound on the fiber dimension by generalizing
the simplex embedding in Proposition 3.1.1. A priori, a move in a set of directions give rise to
distinguished edges in a fiber graph. This is different for fiber graphs on saturated sets whose
convex hull satisfy the following property:

Definition 3.4.1. A lattice polytope P ¢ Q% with n := PN Zd| is a distinct pair-sum polytope
if PNZE+PNZY = (3) +n.

Let P C Q? be a distinct pair-sum polytope and write PNZ? = {v1,...,v,}. Distinct pair-sum
polytopes are well-studied objects in discrete geometry [27, 30, 17] and their name comes from
the property that all the possible sums 2v1,...,2v,,v; + vo,v1 +v3,...,V,_1 + v, are distinct.
The next proposition is the reason why they are interesting from a fiber graph perspective:
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PNZE For any
F(M).

Proposition 3.4.2. Let P C Q% be a distinct pair-sum polytope and F -
graph G on | F| nodes, there exists a set of directions M C Z% such that G

11l

Proof. Let n :=|F|, pick an arbitrary bijection ¢ : V(G) — F, and define
M :={¢(u) — ¢(v) : uw and v adjacent in G}.

First, we show that M does not contain multiples. Assume, there are m,m’ € M and A € N
with A > 2 such that m = X\ -m/. Let v,w € F with v —w = m, then w + X\ - m’ = v. The fact
that w, w+m’,w+2m’ € F are distinct elements that fulfill (w+m') + (w+m') = w+ (w+2m')
contradicts that P is a distinct pair-sum polytope and hence M is a set of directions. We claim
that G = F(M). Clearly, every edge in G is mapped to an edge in F(M). Conversely, let v, w € F
such that v —w € M. Then there exists adjacent nodes v', w’ € V(G) with ¢(v') — p(w') = v —w.
We have to prove that ¢(v') = v and ¢(w’) = w. If not, then ¢(v') + w = ¢(w’) + v implies that
two different sums yield the same element in F + F, which again gives a contraction. O

It may be of interest whether the reverse of Proposition 3.4.2 is true, that is whether all
lattice polytopes with n lattice points that admit an embedding of all graphs on n nodes are
distinct pair-sum polytopes. In [27], a distinct pair-sum polytope in Q™ on 2" lattice points was
constructed for any n € N. This gives rise to the following result.

Proposition 3.4.3. Let G be a graph on 2™ nodes, then fdim(G) < n.
Proof. This is [27, Theorem 3] together with Proposition 3.4.2. O

Explicit classifications of distinct-pair sums in small dimensions are discussed in [30, 17].
Generally, lower bounds on the fiber dimension can be translated to relations between the number
of lattice points and the dimension of the ambient space of distinct pair-sum polytopes. The next
proposition demonstrates this for complete graphs and rediscovers a bound which was already
proven in [27, Theorem 2.

Proposition 3.4.4. Let P C Q% be a distinct pair-sum polytope, then |P N Z%| < 24,

Proof. Let F := PNZ% and n := |F|. According to Proposition 3.4.2, there exists a set of
directions M C Z% such that K, = F(M). By the definition of the fiber dimension and
Theorem 3.3.4, [logyn] = fdim(K,,) < d, i.e. n < 2%. O

Remark 3.4.5. For any n € N, there exists a distinct pair-sum polytope on n lattice points,
namely the (n — 1)-dimensional simplex convg(0, 1, ..., e,—1) C QL. Thus, for fixed n € N, we
can ask for the smallest natural number d € N such that there exists a distinct pair-sum polytope
in Q% on n lattice points. Clearly, d < n — 1 and Proposition 3.4.4 on the other hand gives
[logyn]| < d. Given such a minimal d for fixed n, Proposition 3.4.2 implies the fiber dimension
of any graph on n nodes is bounded from above by d. However, the embedding of graphs into
distinct pair-sum polytopes is far from optimal since, for instance, a path on n nodes has fiber
dimension 1 and thus the distance to d is made arbitrarily large. For complete graphs on the
other hand, this bound is best-possible. Finding further classes of graphs for which the bound
induced by the embeddings into distinct pair-sum polytopes is asymptotically tight provides new
insights on the structure of these polytopes in the spirit of Proposition 3.4.4.
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3.5 Computational aspects

Is there an algorithm that decides whether fdim(G) < d holds for a given graph G and a given
natural number d € N7 We do not have an answer to this question, but given that it is NIP-hard
to decide whether the Euclidean dimension (Remark 3.1.6) of a graph is less than two [103], it is
very likely that, if the fiber dimension can be computed algorithmically, its computation is hard
as well. In this section, we develop an algorithm that decides fdim(G) < 2 and state obstacles
that prevent our method to work for higher dimensions. Clearly, the case fdim(G) < 1 is easy
to decide since there is, up to translation, precisely one saturated set in Z with n elements,
namely [n]. Thus, deciding whether a given graph G on n nodes has fiber dimension one, i.e.
is a difference graph, is done by enumerating all primitive sets D C [n — 1] and comparing Gf
with G (see also Example 3.2.5). In discrete geometry, two higher dimensional saturated sets are
identified with each other when they are isomorphic in the following sense:

Definition 3.5.1. Two saturated sets F, F' € Z¢ are affinely isomorphic if there is ¢ : Q¢ — Q¢
bijective affine with ) (F) = F’. They are unimodularly isomorphic if additionally 1 (Z4) = Z4.

A version of this definition for lattice polytopes is in [122]. Not only is the number of lattice
points and the dimension preserved under affine isomorphism, it is also compatible with fiber
graphs in the following sense:

Lemma 3.5.2. Let F,F' € Z% be saturated and affinely isomorphic sets, then for any set of
directions M C 7 there is a set of directions M' C Z¢ such that F(M) = F'(M').

Proof. Let 1) : Q% — Q¢ be the affine and bijective function that maps F to F’ and let A € Qx4
and b € Q7 such that ¢(z) = Az + b for all z € Q%. Then ' = {Au+b : u € F}. Since
rank(A) = d, the set M’ = {A-m : m € M} is a set of directions, provided M C Z% is one. It
is then easy to show that F(M) = F'(M’). O

By Lemma 3.5.2, one naive approach to decide whether a given graph G on n nodes has
fdim(G) < d is to enumerate all saturated sets in Z¢ with n elements up to unimodular
isomorphism, to enumerate then for each of these saturated sets all possible sets of directions,
and finally to check whether any of these fiber graphs is graph-isomorphic to G. Beside its
computational effort, this method does not terminate already for d = 3: For m € N, the set

Rm:=<10],10],]1],]|1

is the set of all lattice points of the m-th Reeve tetrahedra [102] and the volume of its convex hull
can be made arbitrarily large when m varies. Since the volume is preserved under unimodular
isomorphism, these sets cannot be pairwise unimodular isomorphic. It is hence impossible to
write down all saturated set in Z® with 4 elements up to unimodular isomorphism. For d = 2,
however, this enumeration process works and one way to see it is by Pick’s theorem, which says
that the volume of the convex hull of any saturated set F C Z? is at most |F|. Together with the
next theorem by Lagarias and Ziegler, we can determine all saturated sets with a given volume:

Lemma 3.5.3. Let F C Z¢ be a saturated set and v := [vol(convg(F))], then F is unimodularly
isomorphic to a saturated set contained in [d - d! - v]%.
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Proof. This is [80, Theorem 2] for the equivalent lattice polytope version of Definition 3.5.1. [
Proposition 3.5.4. There is an algorithm that decides fdim(G) < 2 for any graph G.

Proof. Let G be a graph on n nodes. By Pick’s theorem [96], the volume of convg(F) for any
saturated set F C Z? is bounded from above by |F|. Thus, in dimension two, Lemma 3.5.3 says
that any saturated set in Z? with n elements is unimodular isomorphic to a saturated set that is
contained in [4-n]?. Since the set of graphs that can be embedded on a saturated set is preserved
under unimodular isomorphism by Lemma 3.5.2, G satisfies fdim(G) < 2 if and only if there
exists a set of directions M C Z? and F C [4 - n]? such that G = F(M). There are only finitely
many saturated sets in [4 - n]?, and by going through all of them iteratively and by enumerating
for all of them all possible sets of directions, we can explicitly enumerate all graphs on n nodes
that have fiber dimension at most 2. Comparing then all fiber graphs obtained that way to G,
this method either gives a fiber embedding of G and hence fdim(G) < 2, or fails to find such. In
the latter case, this means that fdim(G) > 2. O

The correctness of Proposition 3.5.4 stands and falls with Pick’s theorem, which is false for
d > 3 due to Reeve tetrahedra. One way out is to study weaker notions of isomorphism, that are
still strong enough to make the equivalence classes on saturated sets in Z¢ with n elements finite.
Although the Reeve tetrahedra are pairwise affinely isomorphic, this notion of isomorphism
also does not suffice to make the equivalence classes finite: For m € N, the saturated sets
R U{—e3} C Z3 have five lattice points, but are not pairwise affinely isomorphic [92]. The
following equivalence relation is tailored for working with fiber dimensions:

Definition 3.5.5. For saturated F, F' C Z%, write F < F' if there is for any set of directions
M C 74 a set of directions M’ C Z¢ with F(M) = F'(M’) and write F ~ F' if F < F' < F.

It is not hard to see that ~ is an equivalence relation and that it is coarser than affine
isomorphism by Lemma 3.5.2. We do not know whether the equivalence classes of ~ on saturated
sets in Z¢ with n elements are finite, but we think that a sufficiently good understanding of ~ is
the key ingredient towards an algorithmic investigation of the fiber dimension.
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4 Symmetric fiber walks

In this chapter, we discuss the mixing behaviour of fiber walks on sequences (Fy4p,(M))ien
for a fixed matrix A € Z™*¢ a fixed Markov basis M C kerz(A), and a sequence (b;);cn of
right-hand sides. The main result is that the second largest eigenvalue modulus of the simple fiber
walk is essentially bounded from below by (1 — %)ieN when the sequence (b;);cn is dominated
(Definition 2.4.5). This implies that the simple fiber walk cannot mix rapidly when (b;);en has
additionally a meaningful parametrization (Definition 4.1.3). We show a similar asymptotics of
the second largest eigenvalue modulus for symmetric fiber walks. The conclusion we draw from
these results is that an adaption of the Markov basis has to take place depending on the right-hand
side b € Z™. In particular, to obtain rapid mixing in this setting, the size of the Markov basis
has to grow. However, adding more moves to a Markov basis on the one hand increases the
rejection rate and on the other hand makes the local sampling process computationally more
expensive. Thus, it is a fine line to find the proper number of moves to add to simultaneously
keep sampling from the Markov basis cheap and to improve the mixing time of the fiber walk. In
Section 4.2, we adapt any given Markov basis so that the underlying graph is the complete graph
with additional loops and we show that this adaption yields an expander in fixed dimension
under mild assumptions on the diameter of the fiber graph (Corollary 4.2.3). The results of this
chapter, except Remark 4.1.8, are based on the autor’s work [119].

4.1 Fixed Markov bases

Despite the fact that the computation of Markov bases has received a lot of attention in the
last decade, mixing results on fiber graphs are rare. The next statement is from [36] and it is
probably one of the first mixing results on fiber graphs. It states that the mixing time of fiber
walks in Z? that use the unit vectors grows quadratically in the diameter of the fiber graph:

Theorem 4.1.1. There exists constants C1,Co, D1, Dy € Qsq such that for every e > 0 and

every saturated set F C Z* that has {e1,e2} as Markov basis, the mizing time of the simple fiber
walk S on F({e1,e2}) satisfies

diam(F({e1, e2}))
Cq

diam(F({er, e2}))? | <D2> ,

2.1 <C2><7'()<
8 € =78\ = Dy €

Proof. This is [36, Theorem 1.1] in the language of this thesis. O

Remark 4.1.2. The upper bound from Theorem 4.1.1 was generalized in [118] to irreducible
fiber walks in Z¢ that use {e1,...,eq}. However, it is the lower bound that disproves rapid mixing
in Z*: Let F C Z? be a full dimensional saturated set and J; := (i - convg(F)) NZ? be the lattice
points in the i-th dilation of its convex hull. Combining Theorem 4.1.1 with Corollary 2.2.11,
the mixing time of the simple fiber walk on F; is in (i - log e~ 1) and hence cannot be bounded
by a polynomial in log | ;| since (|F;|)ien € O(32).
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We show that a similar effect to Remark 4.1.2 occurs in higher dimension as well. To make
use of our results from Chapter 2 and Theorem 2.4.16 in particular, a connecting piece between
the sequence of right-hand sides (b;);cny in NA and its parameter (i);cy is needed:

Definition 4.1.3. A sequence (b;);cn in NA has a meaningful parametrization if there exists a
polynomial ¢ € Q[t] such that |Fa4,| < g(i) for all i € N.

Example 4.1.4. Let Ay as in Example 1.3.3, then |F4, ;| = i + 1. The sequence (2');cy in
NAs = N is thus not meaningfully parametrized, whereas the sequence (i);cy trivially is. The
computation of the edge-expansion from Example 2.4.3 and Proposition 4.1.9 below show that the
second largest eigenvalue modulus \; of the simple fiber walk on Fy, ;(Ma) satisfies A\; > 1 — %
Since log |Fa,,i| = log(i + 1), the simple fiber walk on (Fjy, ;(M2))ien cannot mix rapidly.

Proposition 4.1.5. Let A € Z™*% and let (b;)ien be a sequence in NA with (||b;])ien € O(i")ien
for some r € N. Then (b;);en has a meaningful parametrization.

Proof. Denote by ai,...,am € Z% the rows of A. Since kerz(A)NN? = {0}, there exist coefficients
ALy ..oy Am € Q such that w := Y7% \a; € Qio. In particular, for any b € NA and for any
u € Fap, we have ||ulloo - mingepq wi < whu <m - ||A|so - [|blloo. Thus,

d
m- || A b
P < (el
MiNje[q) Wi
Hence, if ||b;|]] < C -4" for all i € N, then (b;);en has a meaningful parametrization. O
Remark 4.1.6. By design, constraint matrices A € Z™*% of log-linear models have the vector
(1,...,1) € Z% in their row space to ensure that all elements of F 44 have the same | - ||;-norm,
denoted by s; in the following (compare also to [43] and Section 1.4). For all u € F 4, we have
Ibll1 = [|Aullr < ||A|| - ||ulli = ||A]| - sp for any matrix norm || - || that is compatible with || - [|;.

Since the invariant s, is precisely the sample size in goodness-of-fit tests (Example 1.4.6), a
sequence of right-hand sides (b;);en grows polynomially in ¢ whenever the sample size does, and
hence it has a meaningful parametrization by Proposition 4.1.5 in this case.

The next lemma is one of the lemmas whose statement is almost longer than its proof. It
essentially says which types of lower bounds on the second largest eigenvalue modulus suffice so
that meaningful parametrized sequences cannot mix rapidly.

Lemma 4.1.7. Let A € Z™* M C kerz(A) be a finite set, (b;)ien a sequence in NA with a
meaningful parametrization, and \; the second largest eigenvalue modulus of the simple fiber walk
on Fap,(M). If there exists an infinite subset T C N and q € Q[t] with \; > 1 — % for all
i € I, then the simple fiber walk on (Fap,(M))ien is not rapidly mizing.

Proof. Assume that the simple fiber walk mixes rapidly. Then there exists a polynomial p € Q>¢[¢]
such that for all ¢ € Z,

1 zAi21—IOg‘I(Z).

~ p(log|Fap,) i

This implies that for all i € Z, % -p(log | Fap,|) - logq(i) > 1. However, since the parametrization
is meaningful, there is f € Q[t] such that [Fay,| < f(i) and thus p(log |Fas,|) < p(log f(7)),
which gives a contradiction since Z is unbounded in N. O
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The next remark is joint work with Caprice Stanley and shows how the results on the diameter
of fiber graphs (Section 2.2) can be used to disprove rapid mixing:

Remark 4.1.8. Let (b;);en be a sequence such that there exists b € NA with b; —i-b € NA for
all ¢ € N and let W; be any irreducible and aperiodic random walk on F4, (M) that has the
uniform distribution as stationary distribution. Then for any u € Fap,—ip, u+ Fa,ip C Fayp,-
Thus, similarly as in Lemma 2.2.1 and Proposition 2.2.10, there exists a constant D € N such
that diam(Fap,(M)) > D - i for all i € N. With [81, Section 7.1.2], the mixing times satisfies
Tw,;(0.25) > % - diam(Fay,(M)) > 5 -i-D. When (b;);en has a meaningful parametrization,
then the mixing time cannot be bounded polynomially in log |F4,| and hence (Wj);en is not
rapidly mixing. Moreover, combined with Theorem 1.1.9 and since the stationary distribution is

uniform, we also deduce a lower bound on A(W;) which is tailored for Lemma 4.1.7:
AW > 1 - 2 losld Fanl) (4.1.1)

i-D

The next result strengthens the lower bound on the second largest eigenvalue modulus
from (4.1.1) even further by using the following connection to the edge-expansion of the graph:

Proposition 4.1.9. For any d-reqular and connected graph G, \(S¢) > 1— 2 - h(G).

Proof. This is [66, Theorem 4.11], which states a lower bound for the second largest eigenvalue
of Ag, that is valid for the second largest eigenvalue modulus of Sg = éAg. O

The lower bound on the diameter from Section 2.2 yields an upper bound on the edge-expansion
(Remark 2.4.19), which in turn gives a lower bound on the second largest eigenvalue modulus
by Proposition 4.1.9. This detour, however, brings us to essentially the same lower bound on
the second largest eigenvalue modulus as stated in (4.1.1). With our stronger bound on the
edge-expansion from Theorem 2.4.16, we get rid of the log ¢(7) term:

Theorem 4.1.10. Let A € Z™*% M C kerz(A) be a finite set, (b;)ien be a dominated sequence
in NA, and X\; be the second largest eigenvalue modulus of the simple fiber walk on (Fap,(M))ien.
Then there exist constants C,C" € N>y such that \; > 1 — % forie C’'-N.

Proof. By Proposition 4.1.9, \; > 1 — IMLI - h(Fap,;(M)) since the simple fiber walk is a random
walk on a | £ M|-regular graph and since adding loops does not change the edge-expansion. The
theorem then follows from Theorem 2.4.16. O

It follows immediately from Theorem 4.1.10 that the simple fiber walk on (F4,(M));en is no
expander when (b;);ey is a dominated sequence and with Lemma 4.1.7, it cannot mix rapidly
when (b;);ecn has a meaningful parametrization additionally. The next corollary is a template for
possible mitigations of the assumptions of Theorem 4.1.10:

Corollary 4.1.11. Let A € Z™*? and let M C kerz(A) be a Markov basis for A. Let (b;)ien be
from NA with a meaningful parametrization and suppose there is p € Q[t] with p(N) C N such
that (by(i))ien is dominated. Then the simple fiber walk on (Fap,(M))ien is not rapidly mizing.

Proof. Clearly, there exists C' € Ny such that p(C' - (i + 1)) > p(C - i) for all i sufficiently large.
Let b} := by(c.i), then (b))ien is a subsequence of (b;);eny and hence it suffices to show that the
simple fiber walk on (F4 3 (M))ien is not rapidly mixing. Since [Fay| = |[Fap, .l < a(p(C - 1))
for a polynomial ¢ € Q[t], (b})ien has a meaningful parametrization. Since (by;))ien is dominated,
the sequence (b));en is as well by Lemma 2.4.9. Now, Theorem 4.1.10 implies that the simple
fiber walk on (4 (M))ien is not rapidly mixing. O
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Example 4.1.12. Let A,, ,,, be the constraint matrix of the independence model (Example 1.3.2
and Example 1.4.7) and assume that n > m. By Remark 4.1.6, we obtain sequences (b;);en with
a meaningful parametrization whenever the sample size grows polynomial in 7. If additionally,
by >3- (1,..., )T for fixed s,t € N, then bj.p, —i - 8- (n,...,n,m,...,m)T € NA, ,, (where
n,...,n denotes the m column sums and m,...,m denotes the n row sums) and it follows
that (bs.t.n)ien is dominated since the fiber of (n,...,n,m...,m)T contains an element with full
support. Corollary 4.1.11 shows that the simple fiber walk on (Fa, ,, 5, (Mnm))ien is not rapidly
mixing. These assumptions hold for instance when n = m and b; := (i, ...,4) € N>" even though
the node-connectivity under the basic moves M,, ,, is best-possible due to [97, Theorem 2.9)].

Remark 4.1.13. Let M = {my,...,m;} C kerz(A) be a Markov basis for A. Extending M by
adding a finite number of Z-linear combinations Zle Aim; may improves the mixing behaviour
in one particular fiber, but since the cardinality of the new set of moves is still finite, this cannot
lead to rapid mixing asymptotically due to Theorem 4.1.10. This implies, that the Graver basis
has the same asymptotic mixing behaviour as any other finite Markov basis.

The asymptotic behaviour of the second largest eigenvalue modulus as shown in Theorem 4.1.10
is not restricted to simple fiber walks. To prove it for symmetric fiber walks, we apply a common
scheme of Markov chain theory: We study the mixing time of a random walk W) by comparing
it to the mixing time of a related random walk Wy [35, 45]. More precisely, we compare fiber
walks with the simple fiber walk on a spectral level with the following lemma;:

Lemma 4.1.14. Let G = (V, E) be a graph and let Wi and Wy be reversible, aperiodic and
irreducible random walks on G with stationary distributions w1 and my respectively. Assume that all
eigenvalues of Wo are non-negative and let C,C" > 0 such that w1 (z)Wi(z,y) < Cma(z)Wa(z,y)
for all distinct x,y € V and C'mo(x) < w1 (x) for all z € V, then

C
1 =AW = 51 = AW)).
Proof. This is [115, Lemma 2.5]. Notice that A(-) denotes the spectral gap in [115]. O

Ideally, we let W» be the simple fiber walk and compare it directly with any other fiber walk W;.
However, non-negativity of the eigenvalues of the simple fiber walk cannot be guaranteed in general.
In [115], a version of Lemma 4.1.14 is given without the condition on the eigenvalues of W, but
then the constant C' must satisfy the additional inequalities 71 (x)W(z,z) < Cma(x)Wa(z, x)
for all x € V. Since it might happen that all the moves in a Markov basis can be applied on
a node z in the fiber, we possibly have Wy (z,z) = 0 while Wj(z,x) > 0 may be true at the
same time. We work around this issue by letting W, be the lazy version (Definition 1.1.15) of
the simple fiber walk which has non-negative eigenvalues by construction. Its second largest
eigenvalue modulus can be bounded in terms of the edge-expansion of the graph as well:

Lemma 4.1.15. For any d-regular graph G, N(L(Sg)) > 1— - h(G).

Proof. Let W := L(S¢), then the uniform distribution is the stationary distribution of W and
®(W) = 1 - ®(S¢). With Remark 2.4.2, ®(W) = 5 - h(G) and since all eigenvalues of W are
non-negative, AW) = Aa(W) >1-2-®W) =1— 1 - h(G). O
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Proposition 4.1.16. Fiz A € Z™*? b € NA, and a Markov basis M for Fap. Let W be a
reversible, aperiodic and irreducible random walk on Fa (M) that converges to m: Fayp — (0,1),
o {r(0) 2 € Fao)

max m(x) : x €
: 20 h(Fap(M)).

1-AW) =4 min{r(z) : x € Fap} ’

Proof. Let L be the lazy simple fiber walk on F4 (M) and let m be the stationary distribution
of W. Our goal is to compare W and £ with Lemma 4.1.14. First, we have for any distinct
z,y € Fap, W(z,y) = 0 whenever L(x,y) = 0 since both maps are random walks on F4 (M)
and since £, as the lazy version of the simple fiber walk, has positive transition probabilities on
all edges. For adjacent nodes x,y € Fayp, L(z,y) = % (2-IM])7! > 0 and W(z,y) < 1. Since
the stationary distribution of £ is the uniform distribution, we have

m(z) - W(z,y)
(| Faph) ™t L(2,y)

With €7 := |Fap| - min{n(z) : © € Fap} >0 and Lemma 4.1.14,

< |Fap|-4- M| max{n(zx):x € Fap}=:C.

C max{m(z) 1z € Fap}

1-A(W) < o (1=A(L)) =4- M| min{n(z) : x € Fap}

(1 —=X(L)).

By definition, £ is the lazy version of the simple fiber walk, which in turn is the simple walk on
the | £ M|-regular graph obtained from F4 (M) after adding loops. Lemma 4.1.15 then yields
1-X£L) < ﬁh(}"A,b(M)) and hence the claim. O

Corollary 4.1.17. Let A € Z™*% M C kerz(A) be a Markov basis, and (b;)icn be a dominated
sequence in NA. Let W; be a reversible, aperiodic, irreducible, and symmetric random walk on
Fap; (M), then there exist constants C,C" € Nx1 such that A\W;) > 1— € for alli € C'-N. If

(bi)ien has a meaningful parametrization, then (W;)ien cannot miz rapidly.

Proof. The assumptions imply that for any ¢ € N, the uniform distribution on Fyu,, is the
stationary distribution of W;. Proposition 4.1.16 yield that 1 — A(W;) < 4 - h(Fap, (M)) and
Theorem 4.1.10 together with Lemma 4.1.7 finish the proof. 0

Remark 4.1.18. Consider the problem of sampling uniformly from F4;. A symmetric fiber
walk can be seen as a probabilistic Turing machine that takes (d, m, A € Z™*? b € Z™, ¢) as input
and outputs an element from Fj4 j almost uniformly (with distance at most €). Neglecting €, the
binary encoding length of the problem instance is essentially m-d-log(maxy, ; Ay ;) +m-log(||b]|cc)-
Theorem 4.1.10 says that already for a fixed matrix A, a fixed Markov basis M, and a ray
(i -b) € NA, the mixing time of the simple fiber walk cannot be bounded by a polynomial in
log(|Fa,ib|). Thus, the number of computations the simple fiber walk needs to converge for inputs
(d,m, A,i-b), where A € Z™*¢ and b are fixed, cannot be bounded polynomially in the binary
encoding length of the input, even when we can compute a Markov basis M for A efficiently. For
more background details on the complexity of uniform random generation, we recommend [70].

4.2 Adapted Markov bases

The lesson learned from the previous section is that the moves in a Markov bases do not suffice
to provide a good mixing behaviour asymptotically. A possible way out is to adapt the Markov
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basis appropriately so that its size grows with the size of the right-hand side entries. This can be
achieved by adding a varying number of Z-linear combinations of the moves in a way that the
edge-expansion of the resulting graph can be controlled. However, a growth of the set of allowed
moves comes with an increase of the number of loops, i.e. an increase of the rejection rate of the
walk. Let A € Z™*¢ be a matrix, M = {m1,...,ms} C kerz(A) be a Markov basis for A, and
b e NA. Forl € N, let

k k
M(l) = {ZAjmj:Al,...,Ak €Z,> |\l él},
j=1

j=1

define dﬁ/fb := diam(F4(M)), and let M := M(dﬁ/fb) be the adapted Markov basis for Fa .
Clearly, the fiber graph F A7b(Mb) is the complete graph and the transition matrix of the simple
fiber walk on F4,(M?) is thus

1 1 ... 1 1 [IMP| = |Fapl O ... 0 0
.- 1 0 0

1 1

| 4 —

MO | MY
1 1 0 0
11 ... 1 1] i 0 0 ... 0 |M°|—|Fapl,

|Fa,bl

In particular, its second largest eigenvalue modulus is 1 — , which proves the next proposition.

|MP|

Proposition 4.2.1. Let A € Z™*% M C kerz(A) be a Markov basis for A and (b;)ien a sequence
in NA. Suppose there is r € N such that (|Fap,|)ien € Q@) and (|MP|);en € O(i")ien, then the
simple fiber walk on (Fap,(M))ien is an expander.

We discuss in Remark 4.2.5 how to sample moves from the adapted Markov basis. To make use
of Proposition 4.2.1, the growth of the fibers and the adapted Markov bases has to be compared.
Again, Ehrhart’s theory applies to compute the growth of certain fiber sequences. The asymptotic
growth of M? depends on the growth of the diameter of F. Ab; (M). Hence, we first want to
understand how the number of elements in M(l) grows as a function of [ € N.

Lemma 4.2.2. Let M = {my,...,my} C Z%, then (|IM(1)|)ien € Q172 KM)), .

Proof. We identify the finite set M with the integer matrix (my,...,ms) € Z¥*. Denote the
k-dimensional cross-polytope by P := {z € Q" : ||z|; < 1} and let P’ := {M -z : € P} be
its image in Q% under M. With this, we can write M(l) = {M -z : z € (I - P) N ZF} and
hence M(l) C (- P')NZ%. Since P’ is a polytope, Ehrhart’s theorem [15, Theorem 3.23] gives
[(1-PYNZ4] < C-19™(P") for some C' € Qs and since dim(P’) = rank(M), the claim follows. [

Corollary 4.2.3. Let A € Z™*? and let M C kerz(A) be a Markov basis for A. Let (b;)ien be a
sequence in NA such that (|Fap,|)ien € Qi m20k(A)) and (d%bi)iEN € O(i)ien. Then the simple
fiber walk on (Fap,(M%))ien is an expander.

Proof. Let r := dim(kerz(A)). It suffices to show that |[M%| < C - i" for a constant C' € Q>
since the statement then follows from Proposition 4.2.1. Since M is a Markov basis for A,

rank(M) = r and thus Lemma 4.2.2 implies that |[M(l)| < C; - I" for a constant C7 € Q>g. The
assumption implies that there exists Cy € Q>¢ such that d%bi < (5 -1 for all ¢ € N. Then,

(MPi] = IM(d,)| < IM(Ca-i)] < Oy - CF - H
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Expanders are not per se fast, and Corollary 4.2.3 is an asymptotic statement. That means,
for a given matrix A € Z™*9, a given Markov basis M C kerz(A), and a right-hand side b € NA,
we know by Theorem 4.1.10 that the second largest eigenvalue modulus of the simple fiber walk
that uses M can be arbitrarily close to 1. On the other hand, since (d%i.b)ieN € O(i)ien by
Proposition 2.2.10, the second largest eigenvalue modulus of the simple fiber walk that uses the
adapted Markov basis M®? can be bounded away from 1 strictly. Thus, there exists a threshold
i0 € N such that the adapted Markov basis is faster than the conventional Markov basis on
Fa,p for i > dg. The exact value of iy depends on the hidden constants in the asymptotic
formulations of Corollary 4.2.3 and can be quite small, as in Figure 4.1, but also very large so
that the advantages of the adapted Markov bases pay off only for large right-hand sides. For
practitioners, the expander property may hence be to much to ask for. Instead of using M(1),
one can use the slower growing set M(logl). But already in the simplest example, a logarithmic
adaption of the Markov basis fails to create rapidly mixing fiber walks:

Example 4.2.4. Let F; := Fa,,-1 and M; = Ms(p(logi)) for a polynomial p € Q[t]. With
Lemma 2.2.1 and Remark 2.4.19, h(F;(M;)) < |+ M;| - (exp <W) - 1) and Proposi-
tion 4.1.9 yields the following lower bound on the second largest eigenvalue modulus \; of the

simple fiber walk:
log i) - log(i
N1 (exp<p<0gé>10g<l>) _1>_
Z p—

Thus, there cannot exists a polynomial ¢ € Q[t] such that 1 — m bounds \; from above.

10 |
0.95| B
= 0.9 B
&
0 0.85 | B
0.8 |- —e— conventional chain
—=— adapted chain
0.75 | B
| | | | |
0 5 10 15 20

1

Figure 4.1: The second largest eigenvalue modulus of the simple walk on F4, ; using moves from the
conventional Markov basis M3 and the adapted moves M3 (27).

Remark 4.2.5. Running the simple fiber walk on F4,(M(l)) for some [ € N requires to sample
from M(I) uniformly and hence a good understanding of this set is necessary. Basically, we shift
the problem of sampling from F 4 for all b € NA where F4 (M) has diameter [ to the problem
of sampling from M(l), which can be seen as some kind of rejection sampling from a larger
saturated set u + M(l) O Fa (Example 4.2.7). For large fibers, one applicable move m € M(l)
suffices to obtain a sample u+m € F4 that is very close to uniform. Write M = {m,...,my}
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and 7 := rank(M). When r = k, then an element X\ picked uniformly from {u € Z* : ||ul|; <1}
gives rise to an element M - A that is uniformly generated from M(l). This is not the case
when r > k. One approach to sample from M(l) uniformly in this case is to first compute a
lattice basis B := {b1,...,b,} C Z of M - Z* in order to get rid of relations among the moves
from M. Then, we compute for every i € [k] coefficients A}, ..., AL such that m; = > =1 Aé»bj.
For C':= 77| max;c(y |)\§»], we have M(l) C B(C - 1). Thus, after sampling coefficients A from
{u € Z" : |lulh) < C -1} uniformly, we obtain a move B - A that is sampled uniformly from a
superset of M(1). Since |B(C - 1)| grows as O(I")en, Proposition 4.2.1 remains valid. Sampling
from the cross-polytope {u € Z" : |lul][; < C -1} can be done with the heat-bath method as
studied in Chapter 5, which is fast for | — oo (Example 5.2.13).

Remark 4.2.6. There are many heuristics possible to traverse the fiber with the adapted
Markov basis. For instance, one can sample from M(l) where the probability of coefficients
A€ {u€eZ :u< C-l} is inversely proportional to ||A||1, then shorter moves appear more
frequently than longer moves. Basically, every randomized algorithm that generates elements from
{u € ZF : ||ulj; <1} according to some mass function & gives rise to a sampling scheme on M(1):
Sample first coefficients A according to £ and then use the move M - A € M(l). Again, uniform
sampling from {u € Z* : ||jull; <[} can be achieved with the heat-bath walk (Example 5.2.13).
To approximate the uniform distribution on the fiber F44, it suffices that £ fulfills £(\) = £(—A)
for all coefficients A. With an additional Metropolis rejection step (Remark 1.4.4), any mass
function on F4 with an incomputable normalizing constant can be approximated with M(I).

Example 4.2.7. Let Hj, be as in Example 1.3.1 and consider the sequence (Fg, i.ey;, )ien. With
[62, Section 4], it is easy to show that for any k € N, the diameter of Fp, e, (Ri) is (2k 4+ 1)i
and hence linear in . The moves in the reduced Grébner basis Ry are linearly independent and
hence uniform sampling from the adapted Markov basis R ((2k + 1)7) is achieved via sampling
uniformly from the cross-polytope {u € Z?**1 : ||lu|; < (2k + 1)i}. The node-connectivity of
FH, eansr (Ri) is 1 (Proposition 2.1.8), but the simple fiber walk in the cross-polytope that uses
the unit vectors does not see the bad connectivity. Rejection sampling from Fp, ;... ,, With
upper and lower bounds on the entries of its elements yields sampling from a (2k + 1)-dimensional
hyperrectangle i - ([C1] X - -+ X [Coky1]) with constants C1i, ..., Cogt1, which is easy to sample
from, but the rejection rate is larger than sampling from the cross-polytope.

4.3 Varying constraint matrices

Markov bases of constraint matrices coming from statistical problems are often parametrized
and they can be explicitly stated for any parameter. For instance, the basic moves M,, ,, of
the independence model (Example 4.1.12) form a Markov basis for A,, ,, for every n € N. Thus,
varying the parameter n provides fiber graphs where the set of moves is adapted canonically.

Example 4.3.1. Let by, := (1,...,1) € N*", then the elements of Fy, 4, can be identified with
the elements of the symmetric group .S,,. Finding a set of generators such that the corresponding
Cayley graph on S, is an expander is an active research field in group theory, see for instance [74].
In [38], it was shown that the simple walk on the Cayley graph of S,, that uses the transpositions
mixes rapidly in %nlogn many steps. Inspired by shuffling a deck of n cards, a random walk
on S, that uses riffle shuffles was studied in [13] and shown to be rapidly mixing as well.
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Parametric descriptions of Markov bases can be arbitrarily complicated in general, since by the
Universality theorem [33], any integer vector appears as a subvector of a Markov basis element
of the three-way no interaction model, when the parameters are large enough. Different than in
fixed dimension, where the Markov basis is fixed, the size of the Markov basis is important in the
convergence analysis when the dimension varies because the local sampling process of a move can
be computationally challenging as the Markov basis becomes larger (Remark 4.3.3). The trade-off
between an easily accessible set of moves and a corresponding random walk that has good mixing
properties shows the realms of fiber walks in practice. The next proposition illustrates this for Hy,
from Example 1.3.1, where the overwhelming number of moves in its parametric Graver basis
slows the chain down for k — oo, despite the fact that the edge-connectivity of these fibers is
best-possible by Proposition 2.1.9.

Proposition 4.3.2. The simple fiber walk on (Fu, ey, (GH,))ken is not rapidly mizing.

Proof. According to [62, Section 4], Fp, e, ,(Gn,) is isomorphic to the graph on the nodes
{0,1}**1 in which two nodes (i1, ...,ix11) and (j1,. .., jrp1) are adjacent if either iz 1 = jri1
and ||i — j|loo = 1, or if 4;41 # jgs+1. For any k € N5, define

Sk = {(0,1,0) : i € {0, 1} 3 U{(0,4,1) : i € {0, 1} 1},

then |Sk| = %]]—"Hk,erHL Counting the edges that leave Sy yields that for any (0,4,0) € Sy,
there are k with endpoints in {(1,4,0) : i € {0,1}*71} and 2*~! with endpoints in {(1,4,1) : i €
{0,1}*~1}. The same is true for any (0,4,1) € Si. Hence, there are (k + 2F71). 2.2k edges
leaving Sj.. The edge-expansion of Fpg, ¢,,.,(GH,) is thus bounded from above by & + 2k=1. Since
Gu,| = 2 (4% + 4k), Proposition 4.1.9 implies that the second largest eigenvalue of the simple
fiber walk is bounded from below by

k+ 2kt
2-(4k+4-k)

This together with log | Fp, e,,,,| = k + 1 gives the statement. O

Remark 4.3.3. Let A € Z™*% b€ NA and X C [d]. Testing the goodness-of-fit of a log-linear
model that has structural zeros requires to sample from sets of the form

Fiy={ueFap:u=0Vie X},

A priori, a Markov basis M C kerz(A) for A does not make the fiber graphs F: ff’ »(M) connected
for all b. The problem when a Markov bases of A still connects sets F f{ , With b; > 1 was studied
in [72] from an algebraic point of view. Interpreting the constraints on the coordinates in X as
linear inequalities, Proposition 2.1.3 tells that the Graver basis G4 is a Markov basis for these
sets. However, as the dimension grows, it can be challenging to sample from the Graver basis
uniformly. For instance, the Graver basis of A, ,, with additional zero-constraints defined by
a set X C [n] x [m] corresponds to the set of cycles of K, ,, where edges from X are removed.
Already for bipartite graphs, sampling a circuit uniformly is challenging [70, Theorem 5.1].

Example 4.3.4. This example of a simple fiber walk where the dimension varies is from [91].
For a € R? and b € R, consider the set F(a,b) := {u € {0,1}¢ : aTu < b}, that is the set of
solutions to a knapsack instance. The simple fiber walk on F(a,b) that samples at each step
uniformly from +{ej,...,eq} is precisely the random walk studied in [91], and they showed that
it converges in polynomially many steps in the dimension, which is rapid mixing.
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5 Heat-bath walks

We have seen in the previous chapter that a small diameter is a necessary condition for fast
mixing. Since the diameter of all compressed fiber graphs from the same matrix is bounded by a
universal constant from above due to Theorem 2.2.17, they are canonical candidates for rapid
mixing. Heat-bath walks, as studied in [46] recently, are tailored for an execution on compressed
fiber graphs. To define them, let F C Z? be a finite set and denote for any u € F and m € Z%, the
ray in F through u along m by Rr m(u) := (u+m-Z)NF. Given a mass function 7 : F — [0, 1],
we define for z,y € F

7(y) if
T T 7))’ ye RF7m(x)
HE 1 (2:1) ::{ R ) |

0, otherwise
For a finite set M C Z% equipped with a mass function f : M — [0,1], the heat-bath walk is

Hily= > f(m)-HE,,. (5.0.1)
meM

Observe that F does not need to be saturated. The heat-bath walk is performed as follows:

Algorithm 2 Heat-bath walk on compressed fiber graphs

Input: F C Z¢ M C Z¢, v € F, mass functions f : M — [0,1] and 7 : F — [0,1], r € N
1: procedure HEATBATH:

2: Vo =V

3 FORs=0;s=s+1,s<r

4: Sample m € M according to f

5 Sample vs11 € Rrm(vs) according to Rz m(vs) = [0,1], y — M;(ifi)(vs))
6:  RETURN v1,...,uv,

In other words, the heat-bath walk samples at the current lattice point © € F a move m € M
and walks to a random element in the integer ray Rz, (u). The authors of [39] discovered that
this random walk can be seen as a discrete version of the hit-and-run algorithm [82, 116, 83] that
has been used frequently to sample from the points of a polytope — not only lattice points. The
popularity of the continuous version of the hit-and-run algorithm has not spread to its discrete
analogue, and not much is known about its mixing behaviour. One reason is that it is already
challenging to guarantee that all points in the underlying set F can be reached by a random
walk that uses moves from M, whereas for the continuous version, a random sampling from the
unit sphere suffices. However, in many situations where a Markov basis is known, the heat-bath
walk is evidently fast. For instance, it was shown in [29] that the heat-bath walk on two-way
contingency tables under the independence model mixes rapidly when the number of rows is fixed
and the basic moves are used. To work around the connectedness issue, a discrete hit-and-run
algorithm was introduced in [12] for arbitrary finite sets F C Z%. In each step of this random
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walk, a subordinate and unrestricted random walk starts at the current lattice point v € F and
uses the unit vectors to collect a set of proposals S C Z¢. The random walk then moves from
u to a random point in S N F. Generally speaking, the same methodology is applied by the
heat-bath walk, but here, the proposals are on a ray Rz, (u).

Figure 5.1: Points reached in a simple fiber walk (on the left) and a heat-bath walk (on the right) on a
50 x 80 grid using the moves {(1,0),(0,1), (2,1), (1,2)} after 1000 steps.

In this chapter, we explore the mixing behaviour of heat-bath walks on lattice points with
Markov bases. In Section 5.1, we study in more detail the combinatorial and analytical structure
of their transition matrices and prove upper and lower bounds on their second largest eigenvalues.
We use the canonical path approach from [105] and establish in Theorem 5.2.9 an upper bound
on the second largest eigenvalue modulus when the Markov basis is augmenting (Definition 5.2.1)
and when 7 is the uniform distribution. From that, we conclude fast mixing results for random
walks on lattice points in fixed dimension. In the end, we briefly discuss how the distribution f
on the moves M affects the speed of convergence (Section 5.3). This chapter is based on the
joint work [108] with Caprice Stanley.

5.1 Spectral analysis

The underlying graph of the heat-bath walk is the compression F¢(M) and when the moves in a
Markov bases are linearly independent, then the heat-bath walk becomes the Glauber dynamics:

Remark 5.1.1. Let F C Z? be finite and M = {my,...,mg} C Z% be a linearly independent
Markov basis of F. If the moves are selected uniformly, then the heat-bath walk on F coincides
with the Glauber dynamics on F. To see it, choose u € F and let

.F/::{)\GZd:u+/\1m1+...+/\dmd€f}.

It is easy to check that F' is unique up to translation and depends only on F, u, and M. Since
the vectors in M are linearly independent, every element of F can be represented by a unique
choice of coefficients in F’. Thus, the heat-bath walk on F using M is equivalent to the heat-bath
walk on on F’ using the unit vectors as moves. For any unit vector e; € Z%, the ray through
an element v € F' is {w € F' : w; = v;Vj # i} which is precisely the form in the Glauber
dynamics [81, Section 3.3.2].

Although an asymptotically bounded diameter is a necessary condition for good mixing
behaviour, it is not sufficient in general: Let G,, be the disjoint union of two complete graphs K,
connected by a single edge, then diam(Gy) = 3, but 2(G,) < < implies that the simple walk
on G, does not mix rapidly. Thus, heat-bath walks are not per se rapidly mixing and this asks
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for a deeper analysis of the spectral decomposition of heat-bath walks. To get started, let us first
recall the basic properties of this random walk (compare also to [39, Lemma 2.2]):

Proposition 5.1.2. Let F C Z% and M C Z% be finite sets. Let f : M — [0,1] and 7 : F — (0,1)
be mass functions. Then H;_-’Jj\/l is aperiodic, has stationary distribution mw, is reversible with

respect to m, and all of its eigénvalues are non-negative. The random walk is irreducible if and
only if {m € M : f(m) > 0} is a Markov basis for F.

Proof. For any u € F and any m € M, HZ%,, (u,u) > 0, there are halting states and thus Hﬂ’f

is aperiodic. By definition, 7(z)H% (2, y) = 7(y)H% ,,(y, ) for all z,y € F and thus ’HFM is
reversible with respect to m and 7 is a stationary distribution. The statement on the elgenvalues
is [46, Lemma 1.2]. Let M’ = {m € M : f(m) > 0} and f' = f|r, then ”H}f H}‘M’ and
thus the heat-bath walk is irreducible if and only if M’ is a Markov basis for F. O

Remark 5.1.3. From a computational point of view, the difference of the simple fiber walk
and the heat-bath walk is Step 4 of Algorithm 2. More computation is necessary for heat-bath
walks at every transition. However, Step 4 can be done efficiently in many cases. As in the
Metropolis-Hastings walk (Remark 1.4.4), an incomputable normalizing constant of = cancels.
For instance, when 7 is the uniform distribution, then one needs to sample uniformly from
Rz .m(v) in Step 4. If the input of Algorithm 2 is a saturated set F = {u € Z% : Au < b} that is
given in H-representation, then the length of the ray Rz, (v) can be computed with a number
of operations that is polynomial in the binary encoding length of A and b.

There are situations where the heat-bath walk gives no speed-up compared with the simple
fiber walk (Example 5.1.4). Intuitively, adding more moves to the set of allowed moves should
improve the mixing time of the fiber walk. Surprisingly, this is not true for heat-bath walks:

Example 5.1.4. Consider the fiber graph sequence from Proposition 4.3.2. The underlying
saturated sets are subsets of {0,1}*+2 respectively, and thus every ray along a Graver move has
length at most 2. Hence, the transition matrices of the simple fiber walk and the heat-bath walk
coincide. Thus, the heat-bath walk is not rapidly mixing for & — oo.

Example 5.1.5. Let F = [2] x [5] C N?, M = {ey, e2,2e1 + €2}, and 7 the uniform distribution
on F. Since {eg,2e; + ez} is not a Markov basis for F, any mass function f : M — [0, 1] must
have f(e1) > 0 in order to make the corresponding heat-bath walk irreducible. Comparing the
second largest eigenvalue modulus of the heat-bath walks that sample uniformly from {ej,es}
and M respectively, we obtain

1 1 1 2 1 1 1
A (2%%1 + 27{3&@> =5<3=2 (37_[}761 tHre T SH},zeweQ) '
Said in words: Adding 2e1 +es to the set of allowed moves slows the walk down. This phenomenon

does not appear for the simple fiber walk on F, where the second largest eigenvalue modulus
improves from = 0.905 to ~ 0.888 when adding the move 2e; 4 e3 to the Markov basis.

For the remainder of this section, we primarily focus on heat-bath walks 7 ' that converge
to the uniform distribution 7 on a finite, but not necessarily saturated, set ]: In particular,
we aim for bounds on its second largest eigenvalue by making use of the decomposition from
equation (5.0.1). Our first observations consider its summands H’ ,,, that can be well understood
analytically (Proposition 5.1.6) and combinatorially (Proposition 5.1.7).
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Figure 5.2: Decomposition of the graph in Example 5.1.5.

Proposition 5.1.6. Let F C Z% be a finite set, m € Z¢, and © : F — [0,1] be the uniform
distribution. Let Rq, ..., Ry be the disjoint rays through F along m. Then
1. H ,, is symmetric and idempotent.

img(?—l}’m) = spang {Zm@h €xs DneRy Cxr -y 2uzeR, ew}.

ker(?—[%m) = @le spang {e; — ey : z,y € R, x # y}.
4. rank(H%,,) =k and dimker(HZ%,,) = |F| — k.
5. The spectrum of HF% ,, is {0,1}.

o o

Proof. Symmetry of H% ,, follows from the definition. By assumption, F is the disjoint union of
Ri1,..., R and hence there exists a permutation matrix S such that S?—[}MST is a block matrix
whose building blocks are the matrices
1 ... 1

€ QIRilxIRil,
1 .01

1
IRl

Thus, H’ ,, is idempotent and the rank of H’ , is k. A basis of its image and its kernel can be
read off directly and idempotent matrices can only have the eigenvalues 0 and 1. ]

Proposition 5.1.7. Let F C Z% and M C Z% be finite sets, = : F — [0,1] be the uniform
distribution, and let Vi, ..., V. C F be the nodes of the connected components of F(M), then

n img(H% ,,) = spang { Z €xy- s Z ex}.

meM zeV] zeVe

Proof. 1t is clear by Proposition 5.1.6 that the set on the right-hand side is contained in any
img(?—[}m) since any V; decomposes disjointedly into rays along m € M. To show the other
inclusion, write M = {my,...,m;} and let for any i € [k], Ri,..., Rl be the disjoint rays
through F parallel to m;. In particular, {Rf,..., R}, } is a partition of F for any i € [k]. Let
vE ﬂ _, img(H% ,,,). By Proposition 5.1.6, for any i € [k] there exist PYI ,)\ili € Q such that

If two distinct Markov moves m; and m; and two indices j € [n;] and j' € [ny] satisfy R;ﬁR}C # 0,
then )\é = /\;/, We show that for any i € [k] and any a € [, )\é- = A;, when R; and R;, are a
subset of V. This implies the proposition. Take distinct x, 2’ € V, and assume that x and 2’
lie on different rays of m; and let that be = € R; and 7’ € R;, with j # j/. Since x and 2’ are
in the same connected component V,, of F(M), let vy;,,...,y;, € F be the nodes on a minimal
path in F¢(M) with y;, = x and y;, = 2/. For any s € [r], y;, and y;,_, are contained in the
same ray R;* coming from a Markov move my,. In particular, 722,1‘_11 N Rf: # () and due to the
observation made above, )\é» = )\fll = )\ZQ =...= )\f: = )\;-,. O]
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Definition 5.1.8. Let F C Z% and M C Z% be finite sets and M’ C M. Let V be the set of
connected components of F(M \ M’) and R be the set of all rays through F along all elements
of M'. The ray matriz of F(M) along M’ is Ax(M, M’) ;= (|RNV|)ger.vey € N®*V.

Remark 5.1.9. The ray matrix itself seems to be a very interesting object. For instance, take
any saturated set F C Z2, then, possibly after translation, we can assume that F C [n] x [m]
with n and m minimal. Let M = {e1,e2} and M’ = ey, then for all (i, 7) € [n] x [m],

1, if (¢,j) e F
A}'(M,M/)Z] — ) ' (a]) .

0, if(i,j) ¢ F
Thus, the ray matrix encodes the integer points of a lattice polytope in its pattern of non-zero
entries and we think it is appealing to find properties of the lattice polytope which can be read

off the ray matrix and vice-versa.

f 0000001

¢ e 0 0 0001111

0 9 0 @ 8 1111110
o 0 & 0011100

Figure 5.3: A saturated set 7 C [3] x [7] and Ar({e1,e2},{e1}).

Proposition 5.1.10. Let F C Z% and M C Z% be finite sets, = : F — [0,1] be the uniform
distribution, and M’ C M. Then

ker(A]:(M,M’)) = m 1mg(H.77r-',m> N ﬂ ker(H},m>'
meM\M’ meM’

Proof. Let Vi,...,V. be the connected components of F(M \ M’') and Rq,...,R, be the
rays along elements in M'. Let I := (,,epp v img(H%,,) and K := N,,cpp ker(HE,,). By
Proposition 5.1.7, any element of I has the form v = >77_; (A > ey €z) for Aq,... A € Q.
Assume additionally that v € ker(H% ,,) for m € M’ and let R;,,...,R;; be the rays parallel
to m, then for any k € [j], 0 = ZmeRik vy = 3521 Aj|Ri, NVj|. Put differently, a vector A € R¢
is in the kernel of (|R; N Vj|)icr,je( if and only if 355 1 (N Yopey;, €2) € TN K. O

Conditions on the kernel of the ray matrix allow us to give a lower bound on the second largest
eigenvalue of the heat-bath walk:

Proposition 5.1.11. Let F C Z% and M C Z% be finite sets and w be the uniform distribution.
Let M' C M such that ker(Ax(M, M")) # {0}, then )x(?-[;_-’i\/l) > 1= heme f(m) for any mass
function f: M — [0,1].

Proof. Using the isomorphism from Proposition 5.1.10, we can choose a non-zero v € QF such
that H%,,v = v for all m € M\ M’ and H%,,v = 0 for all m € M. In particular

Hilyv =2 fmHF o= 3 fHEv= > fmp.

meM meM\M’ meM\M’

Since f is a mass function, 1 — 3, -\ f(m) is an eigenvalue of H;ijl O
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Definition 5.1.12. Let F C Z? be a finite set and m,m’ € Z% not collinear. The pair (m,m’)
has the intersecting ray property in F if the following holds: For any pair of rays R1, Re parallel
to m and any pair of rays R, R}, parallel to m’ where both R NR} and Ro N'RY, are not empty,
R1NRY # 0 implies R N Ry # 0 and [Ry| - |R}| ™! = |Ra| - [RS| L. Given a finite set M C Z¢,
the graph F¢(M) has the intersecting ray property if all pairs (m, m’) with m,m’ € M have the
intersecting ray property in F.

Example 5.1.13. The compressed fiber graph on [n1] x --- x [ng] C Z¢ that uses the unit
vectors {ej,...,eq} as moves has the intersecting ray property. On the other hand, consider
F ={u € N?:uj +uy <1} and take the rays Ry := {(0,0),(0,1)} and Rs := {(1,0)} that are
parallel to ez and the rays R} := {(0,1)} and RS := {(0,0), (1,0)} that are parallel to e;. Then
RiNRy={(1,0)} and Re N R, = {(0,1)}, but Ry NR,H = {(0,0)} # 0 and Rj N R2 = 0.

Proposition 5.1.14. Let m,m’' € Z% be not collinear and F C Z% be a finite set. The matrices
M, and H ,,,, commute if and only if (m,m’) has the intersecting ray property in F.

Proof. Let ui,us € F. Then

IREm ()|~ [Rem (u2)| 7t if R m(u1) N Rz (uz) # 0
0, otherwise '

(/H},m ’ H},m’)ulﬂm = {

Let R1 = Rrm(u1), R} = Rrmw(u1), Re := Rrm(u2), and Ry := Rr v (uz). Thus, it is
straightforward to check that (H% ,,, - H% , )usue = (HE - HE p)us up for all ug, ug € F if and
only if the pair (m,m’) has the intersecting ray property. O

Lemma 5.1.15. Let Hy,..., H, € R™" be pairwise commuting matrices. Then any eigenvalue
of iy H; has the form A1 + ...+ A, where \; is an eigenvalue of H;.

Proof. This is a straightforward extension of the case n = 2 in [67, Theorem 2.4.8.1] and relies
on the fact that commuting matrices are simultaneously triangularizable. O

Proposition 5.1.16. Let F C Z¢ and M C Z% be finite sets and suppose there exists m € M
such that (m,m’) has the intersecting ray property in F for all m’ € M’ := M\ {m}. Let
Vi,..., Ve be the connected components of F(M'), m; : V; = [0,1] the uniform distribution, and

fr=0=Ffm)"- fla, then
A(H?,fM) < f(m) + (1— f(m)) - max{AHJ %) i € [d}.

Proof. Let H :=H7 F M’ be the heat-bath walk on F(M) that samples moves from M’ according
to f’, then H;M = f(m) - H%,, + (1 — f(m)) - H. By assumption, all pairs (m,m’) with
m’ € M’ have the intersecting ray property and thus the matrices M, and H commute
according to Proposition 5.1.14. The eigenvalues of all involved matrices are non-negative and
thus Lemma 5.1.15 implies that the second largest eigenvalue of H%Z '\ has the form A+ X where
A € {0, f(m)} by Proposition 5.1.6 and where A’ is an eigenvalue of (1 — f(m))-H. The matrix ‘H
is a block matrix whose blocks are the matrices /HVZ- M= ”H‘;fw and the statement follows. [J
Proposition 5.1.17. Let F C Z% and M C ZF be finite sets. If F¢(M) has the intersecting ray
property, then )\(7-[}];\4) < 1—min(f).
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Proof. Let M = {my,...,my}. The intersecting ray property and Proposition 5.1.14 give that the
matrices f(m1)-H%,,.,..., f(mg) HE,, commute pairwise. According to Proposition 5.1.6, the
spectrum of f(mi) - HE,,, is {0, f(mi)}. Lemma 5.1.15 yields that the second largest eigenvalue
of H: F /vtv which equals the second largest eigenvalue modulus since all of its eigenvalues are
non-negative, fulfills )\(”Hw’f ) = >ier f(my) for a subset I C [k]. Since )\(7—[;’;\4) < 1 and
Sk f(m;) =1, we have I # [k] and the claim follows. O

Proposition 5.1.18. Let ny,...,ng € Noi, F =[n1] X -+ X [ng], and M = {e1,...,eq}. Then
for any positive mass function f: M — [0, 1], )\(”H;i\/,) =1 — min(f).
Proof. Since F¢(M) has the intersecting ray property, Proposition 5.1.17 shows )\(7-[ ') <
1 — min(f). Assume that min(f) = f(e;). The connected components of F¢({ey,...,eq} \ {ei})
are the sets V; := {u € F : u; = j} for any j € [n;] and the rays through F along e; are
={k+s-e :s€n}forkeng]x---x[ni_1] x {0} X [nip1] X - - x [ng]. In particular, any
ray intersects any connected component exactly once. Thus, the matrix (|RxNV}|)i ; is the all-ones
matrix, which has a non-trivial kernel. Proposition 5.1.11 implies A(H% ’f ') =1 — f(e). O

Remark 5.1.19. In the special case n:=n; = ... =ngand f : {e1,...,eq} — [0, 1] the uniform
distribution in Proposition 5.1.18, the heat-bath walk on [n]? is known as Rook’s walk in the
literature. In this case, Proposition 5.1.18 appears as [77, Proposition 2.3]. In [88], upper bounds
on the mixing time of the Rook’s walk were obtained with path-coupling.

By the variational characterization of the eigenvalues of a hermite matrix, the second largest
eigenvalue is also the optimal value of a maximization problem:

Proposition 5.1.20. Let F C Z% be a finite set, M = {m1,...,mp} C Z be a Markov basis
for F, and w be the uniform distribution on F. For any i € [k], let R, ... ,Rﬁ” be the disjoint
rays through F along m;. Then

nq

k
)\(H;_-’yjj\,l):max Zf(ml)z | Z‘

Yo wewy [ Y wi=1,> w,=0p. (5.11)

1=1 Jj=1 xeR’ yER’ ueF ueF
Proof. Let n:=|F| and let B :={w e R™: > =1, wZ = 0}. Denote the eigenvalues
of H;M byl=XA>X>...>2 )\, > —1. All elgenvalues of HIM are non-negative, and hence

An > 0. In particular, )\(’H;_-J;M) = Ao. The second Stiefel manifold is the set

} c R™*2,

Fan’s theorem [53, Theorem 1] shows that maxXGVQ(Rn)trace(XTH;f;wX) = A+ X It is
straightforward to check that

10

Vo (R") := {X eR™2 XTX = [0 )

trace([v w}T”H%mi [U w}) Z

7=1

Z Z (vpvy + wywy)

’L
’ xE’RZ yERZ
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for any v, w € R™ and i € [k]. Since trace(-) is multiplicative and since ’H;Jjw =YF f (mi)H% .

k n;

)\(H}-M) max Z f(my) Z

(v,w)eVa(R™)

Z Z (vpvy + wywy) -1

i=1 j=1 ’ Z| xERZ yERI

Let v := (1,...,1)Tﬁ € R" and w € B. By the definition of B, (v,w) € Vs (R™) and thus

/\(H;J;M) is greater than the term on the right-hand side of equation (5.1.1). Let w’ be a

normalized eigenvector of Ay, then w7y = 0 since v is an eigenvalue of A\; = 1 by the spectral

theorem of symmetric matrices. On the other hand, trace([v w']TH% F M[v w']) = A1 + A2 and
thus A(HIM) equals the term on the right-hand side of equation (5.1.1). O

5.2 Augmenting Markov bases

It follows from our investigation in Section 2.2 that the diameter of all compressed fiber graphs
coming from a fixed integer matrix A € Z"™*? can be bounded from above by a constant. However,
Markov moves can be used twice in a minimal path which makes, a priori, the diameter of the
compressed fiber graph larger than the size of the Markov basis. The next definition puts more
constraints on the Markov basis and postulates the existence of a path that uses every move
from the Markov basis at most once.

Definition 5.2.1. Let F C Z¢ be a finite set and M = {my,...,mp} C Z% An augmenting
path between distinct u,v € F of length r» € N is a path in F¢(M) of the form

r
<u,u—|— )\ilmil,u—l— )\ilmil + )\iQmiQ, e U+ Z )\lkmlk = ’U> S .FT+1
k=1

with distinct i1,...,4, € [k]. An augmenting path is minimal for u,v € F if there exists no
shorter augmenting path between u and v in F¢(M). A Markov basis M for F is augmenting if
there is an augmenting path between any distinct nodes. The augmentation length Axq(F) of an
augmenting Markov basis M is the maximum length of all minimal augmenting paths in F¢(M).

The diameter of compressed fiber graphs that use an augmenting Markov basis is at most the
size of the Markov basis. Not every Markov basis is augmenting (Example 2.2.13), but we show
that many natural sets of moves have this property. For fiber graphs coming from an integer
matrix, an augmenting Markov basis for all of its fibers can be computed (Remark 5.2.3).

Example 5.2.2. Let A; and M, as in Example 1.3.3. We show that M, is an augmenting
Markov basis for Fa,; for any b € N. Let u,v € Fy4,; be distinct, then there exists i € [d]
such that u; > v; or u; < v;, thus, we can walk from u to v’ := u + (u; — v;)(e1 — ¢;) or from v
to v = v+ (v; — u;)(e1 — ¢€;). In any case, after that augmentation, the pairs (v/,v) and
(v',u) coincide in the i-th coordinate and thus we find an augmenting path by induction on the
dimension d. Since these paths use at most d — 1 edges, A, (Fa,p) < d—1forallbe N.

Remark 5.2.3. Let A € Z™*? with kerz(A) NN? = {0} and let b € NA. The Graver basis
is clearly an augmenting Markov basis for F4; for any b € NA. We claim that when A is
totally unimodular, then Ag, (Fap) < d?(rank(A) + 1). In particular, the augmentation length
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is independent of the right-hand side b. Let u,v € F4 be arbitrary and let [; := min{u;, v;},
w; := max{u;,v; }, and ¢; := sign(u; —v;) € {—1,0,1} for ¢ € N. Then v is the unique optimal
value of the linear integer optimization problem

min{c’z : Az = b,l <z < w,z € Z%}.

A discrete steepest decent as defined in [32, Definition 3] using Graver moves needs at most
liclly - d - (rank(A) + 1) < d? - (rank(A) + 1) many augmentations from u to reach the optimal
value v and [32, Corollary 8| ensures that every Graver move is used at most once. Notice that
in [32], the variable x is constrained to x > 0 instead to x > [, but their argument works in fact
for any lower bound.

The bound on the augmentation length of Graver bases from Remark 5.2.3 can be improved
in situations where the entries of the Graver elements are from {—1,0,1}:

Proposition 5.2.4. Let A € Z™*? with Ga C {—1,0,1}% and let r € N such that every choice
of r columns of A is linearly independent. Then for all F € §a, we have Ag,(F) <d—r.

Proof. Let k :=d—r, b € NA, and pick any distinct u,v € Fap. There is an element g1 € G4
such that u+ g1 E v and u+ g1 € Fayp. Let Ay € N be maximal such that u; := v+ Xg; E v, in
particular (u + A1g1);; = vi, for some iy € [d] since g; € {—1,0,1}%. Again, there exists go € Ga
such that u; + g2 C v, that is (g2);; = 0 and u1 + g2 € Fa. Choose Ay € N maximal such that
u1 + A2g2 C v, then (u; + A2g2)i, = vi, for some ig € [d]\ {i1}. Iterating this procedure, we either
arrive at v with fewer then k repetitions yielding an augmenting path of length at most k, or
we have constructed at the k-th repetition distinct i1, ...,i; € [d] and Ay, ..., A\x € N such that
the entries of u/ := u + Y% | \ig; and v corresponding to the coordinates {i1, ... i} coincide.
By construction, (u,uq,...,u;) is an augmenting path from u to «’ = uy in the compression
of Fap(Ga). Let ai,...,aq € Z™ be the columns of A and set Z := [d] \ {i1,...,ix}, then
Y jer ajui = > ie7 ajvj. Since |I| = d — k = r, the assumption on the columns of A gives that

uj; = vj for all j € 7 and thus v’ = v. O

We now show that the lower bound on the augmentation length observed in Example 5.2.2
cannot be improved. We first need the following easy statement:

Lemma 5.2.5. Let vy, ...,v; € Q% such that any v € spang {v1, ..., vk} can be represented by
a linear combination of r vectors. Then dim(spang {v1,...,vx}) < 7.

Proof. Let B be the collection of all subsets of {v1, ..., v} with cardinality r. By the assumption,
Upesspang { B} = spang {v1, ..., v }. Since dim(spang {B}) < for all B € B and since B is
finite, the claim follows. ]

Proposition 5.2.6. Let P C Q¢ be polytope and let M C Z% be an augmenting Markov basis
for F; := (i - P)NZ< for alli € N. Then dim(P) < sup;en Am(F;).

Proof. Without restricting generality, we can assume that 0 € P. Let V := spang{P} be
the Q-span of P, then dim(P) = dim(V). We must have dim(spang {M}) = dim(V) since
dim(P) = dim(convg(F;)) for ¢ sufficiently large and since M is a Markov basis for F;. Define
r = sup;eny Am(Fi). The statement is trivially true if 7 = co. Otherwise, choose a non-zero
v € V and u € relint(P) C Q7 arbitrarily. Then there exists 6 € Q¢ such that u+ v € P. Thus,
%u—l—v € %73. Let ¢ € N> such that i := § € N and w := $u € Z%. Then w—i—cz}:c(%u—l—v) €
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(i - P)NZ% = F;. By assumption, there exists an augmenting path from w to w + cv that uses r
elements from M. That is, the element cv from V can be written as a linear combination of r
vectors from M. Since v was chosen arbitrarily, Lemma 5.2.5 implies dim(P) = dim(V) <r. O

med

Remark 5.2.7. It is a consequence of Proposition 5.2.6 that for any matrix A € and an

augmenting Markov basis M, there exists F € Py4 such that Ax(F) > dim(kerz(A)).

Our next result utilizes the techniques from [105] to bound the second largest eigenvalue modulus
of random walks. To set up the machinery, G = (V, E) be a graph. For any ordered pair of distinct
nodes (x,y) € VxV, letpy, C Ebean (z,y)-pathin GandletI' := {ps, : (z,y) € VxV,x # y}
be the collection of these paths, then I is a set of canonical paths. For any edge e € E, let
. :={p €T :e € p} be the set of paths from I' that use e. For any symmetric random walk
H:V xV —10,1] on G, set

max{|p|: p €T} A T w0
|V‘ {uv}eF ’H(u,v) ’

p(L,H) =

Observe that symmetry of H is needed to make p(T', H) well-defined. The quantity p(T', H) gives
rise to an upper bound on the second largest eigenvalue of H:

Lemma 5.2.8. Let G be a graph, H be a symmetric random walk on G, and I' be a set of

. . 1
canonical paths in G. Then Aa(H) <1 — ST

Proof. The stationary distribution of H is the uniform distribution and thus the statement is a

direct consequence of [105, Theorem 5], since p(I',’H) is an upper bound on the constant defined
in [105, equation 4]. O

Theorem 5.2.9. Let F C Z% be finite and let M := {my,...,my} C Z be an augmenting
Markov basis for F. Let w be the uniform and f a positive distribution on F and M respectively.
Fori € [k|, let vy := max{|Rz m,(u)| : u € F} and suppose that r1 >ry > ... > r,. Then
B || - min(f)

Am(F) - Ap(F)! - 3AMF)=1 . M . iy “TAM(J-‘).

Proof. Choose for any distinct u,v € F an augmenting path p,, , of minimal length in F¢(M)
and let I' be the collection of all these paths. Let u 4+ pmy = v be an edge in F¢(M), then our
goal is to bound |T'(, 3| from above. Let S := {S C [r] : [S| < Am(F),k € S} and take any
path p;, € gy ). Then there exists a set S := {i1,...,is} € S of cardinality s < Axr(F) such
that = + 3% ) \i;m;; = y. Since p;, uses the edge {u, v}, there is j € [s] such that i; = k and
Ai; = pi. Since |\, | <7y, there are at most

sl (2riy + 1)+ (2r,_ +1) - 2riyy, +1) - (2r, +1) < 8123570 [
teS\{k}

paths in I'(, .} that use the moves m;,,...,m;, ,,m;,,, ..., m;,. Since every path in I't, ) uses

moves indexed by some set in S, [I'q, 3| < >ges(|S]! 31811 [Tics\fky 7t) and thus we get

T {0 < gAML 2 ses <|S|! Mies\iry Tt) - BAMEI L A (F)IS] - rara T A ()
H3h(u0) Fou) oy f () ’

where we have used the assumption r; > 79 > ... > r. Bounding |S| from above by 2|M|, the
claim follows from Lemma 5.2.8 and Proposition 5.1.2, since all eigenvalues are non-negative. [
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The constants involved in the very general bound in Theorem 5.2.9 can be vastly improved in
situations where one has more control over the set of moves and the structure of the paths (see
Proposition 5.1.18). When the augmentation length of Markov bases, or their size, grows, then
the upper bound in Theorem 5.2.9 is not very informative to decide whether a sequence mixes
rapidly. However, for a fixed Markov basis in fixed dimension, all bad terms become constants.
In this situation, we are left with the asymptotic comparison of the size of the saturated set and
the length of the rays. Thus, the growth of the following quantity is essential:

Definition 5.2.10. Let F C Z% and M C Z% be finite sets. The longest ray through F along
vectors of M is Rx s := arg max{|Rr n(u)| : m € M,u € F}.

Corollary 5.2.11. Let (F;)ien be a sequence of finite sets in Z* and let m; be the uniform
distribution on F;. Let M C Z¢ be an augmenting Markov basis for F; with Ap(F;) < dim(F;)
and suppose that ((|Rz, m|) 5 F))icn € O(|Fil)ien. Then for any mass function f : M — (0, 1],

(H;ﬁi’jj\,[)ieN is an expander.
Proof. This is a straightforward application of Theorem 5.2.9. O

Corollary 5.2.12. Let P C Q% be a polytope, F; := (i - P) N Z* for i € N, and let 7; be the
uniform distribution on F;. Let M C Z% be an augmenting Markov basis for {F; : i € N} such
that Ap(F;) < dim(P) for all i € N. Then for any mass function f: M — (0,1], the sequence
(H;:i;j\/()ieN is an expander.

Proof. Let r := dim(P). We first show that (|Rz, m|)ien € O(4)ien. Write M = {mq,...,my}
and denote by l; := max{|(u 4+ m; - Z) NP| : u € P} the length of the longest ray through the
polytope P along m;. It suffices to prove that i - (I + 1) is an upper bound on the length of
any ray along my through F;. For that, let u € F; such that u + Amy € F; for some A € N, then
tu+2my, € P and thus |2 < Iy, which gives A <i- (I +1). With C := max{ly,... [y} + 1 we
have |Rx, m| < C -i. Ehrhart’s theorem [15, Theorem 3.23] gives (|F;|)ien € Q(i")ien and since
|R7, M| < C -1, we have (|Rz, m|")ien € O(|Fi|)ien. Corollary 5.2.11 gives the claim. O

Example 5.2.13. Fix d,r € N and consider the lattice points of the d-dimensional cross-polytope
of radius r: Cy, = {u € Z%: |lulj; < r}. Then My = {e1,...,eq} is a Markov basis for Cy,. for
any r € N. We show that M, is an augmenting Markov basis whose augmentation length is at
most d. For that, let u,v € Cq, be distinct elements. We claim that there is i € [d] such that
u; # v; and uy (v; —u;)e; € Cqr. Let S C [d] be the set of indices where u and v differ and let
s:=1r —||ul|1. If |S] = 1, the result is clear so assume |S| > 2. If the result does not hold then
for all i € S, |v;| — |ui| > s. Thus,

ol =D Jwil + > il > il + Y s+ [uil = [Suo| - s+ [Jully = (IS] = 1) - s + 7
i2s ies i2s ies

But we assumed that v € Cq,. It follows that for any pair of points u,v in Cy,, there is a walk,
using the unit vectors as moves, that uses each move at most once. Corollary 5.2.11 yields that
for any d € N, the second largest eigenvalue modulus of the heat-bath walk on Cy, can be strictly
bounded away from 1 for r — oo.

The next proposition demonstrates how a more careful construction of paths in compressed
fiber graphs in the spirit of Theorem 5.2.9 leads to better bounds on the second largest eigenvalue:
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Proposition 5.2.14. Let a € Nio, beN, F={ueN:al u<b}, and M :={eq,...,eq}.
If T and f are the uniform distributions on F and M respectively, then

. f F| & ai
1=1

Proof. Observe that M is a Markov basis for F since all nodes are connected with 0 € F.
Let u,v € F be distinct. We first show that there exists k € [d] such that uy # v and
u+ (vg —ug)er € F. If u < v, the statement trivially holds. Otherwise, there exists k € [d] such
that ug > v, and the vector obtained by replacing the k-th coordinate of u by vg remains in F.
Now, consider for the following path between u and v: Choose the smallest index k € [d] such
that uy # v and such that u+ (v —ug) - ex € F and proceed recursively with u+ (v —ug) and v.
This gives a path p,, between u and v of length at most d. Let I" be the collection of all these
paths. We want to apply Lemma 5.2.8. Thus, let z € F and consider the edge x — = + ¢ - es.
Let us count the paths p,, that use that edge. Let u,v € F and let ky,...,k, € [d] be distinct
indices such that

u— U+ (Vg — Uk, )€y —> U+ (Vg — Upy )€y + (Vky — Upy )Ry —> -+ —> ©

represents the path p,, constructed as explained above. Assume that p,, uses the edge
{z,z + ces} and let k; = s and (vg, — ug,) = c. In particular,

u -+ (vkl - uk1)6k1 +oot (Ukz& - uklfl)eklfl =
T+ (Ukl — ukl)ekl + -+ (Ukr - ukr)ekT =.

We see that vy, = zy, for all t <1 and that uy, = xy, for all t > [. In particular, vy, = ug, +c=
xy, + c is also fixed. The coordinates uy, and vy, are bounded from above by % for all t € [r],
t

(i) (i)

and hence there can be at most

Since k1, ..., k; are distinct coordinate indices, we have
d
r ) b
ﬂ,f’ 517,$+Ces| §dH*
Hipm(@,z+c-es) i—1 %

Lemma 5.2.8 finishes the proof. O

The heat-bath walk mixes rapidly when an augmenting Markov basis with a small augmentation
length is used. We think that it is interesting to ask how an augmenting Markov basis can be
obtained and how the augmentation length can be improved.

Question 5.2.15. Let M C Z% be an augmenting Markov basis of A € Z™*%. Are there finitely
many moves my,...,my € Z% such that the augmentation length of M U {my,...,ms} on Fap
is at most dim(kerz(A)) for allb e NA?

We believe that sampling with the heat-bath walk is always at least as fast as sampling with
the simple fiber walk. To prove this, the following question has to be answered negatively:

Question 5.2.16. Are there a matriz A € Z™*?, 4 right-hand side b € NA, and a Markov basis
M C kery(A) such that srh(Fap(M)) > ®(HF)?
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5.3 Best move selection

The stationary distribution of the heat-bath walk on F C Z% is independent of the actual mass
function on the Markov moves M C Z%. The problem of finding the mass function which leads
to the fastest mixing heat-bath walk can be formulated as the following optimization problem:

min{A(’H}’fM) cf M= (0,1], Y f(m) = 1}. (5.3.1)

meM

Assume that M = {mq,...,my} is a minimal Markov basis for F, that is F(M \ {m;}) is
disconnected for all ¢ € [k]. The map A : R"*"™ — [0, 1], which maps an n x n matrix to its
second largest eigenvalue, is a continuous and convex function [18, Section 2.1]. Every u € (0, 1)*
with Zi?:l Wi gives rise to a probability mass function on M and the task is then to compute the
second largest eigenvalue of

k
H(pas o) = pti - HE o
=1

Let p € [0,1]% with ||u||; = 1 such that u; = 0 for some i € [k]. Then the random walk H(u) is
reducible (Remark 1.1.8) and thus A(H(x)) = 1. On the other hand, assume that p; = 1 and
p; =0 for all j € [k] with j # i. Then H(u) = HF% ,,, thus A(H(x)) =1 due to Proposition 5.1.6.
Since none of these particular p € [0,1]* yields an optimal solution to (5.3.1), we can extend the
set of distributions on M in the minimization problem, which then becomes

min{\(H(n)) : p € convg(ey,...,ex)}.

For instance, it follows from Proposition 5.1.18 that the optimal value of (5.3.1) for F =
[n1]x - x[ng], M ={e1,...,eq}, and the uniform distribution 7 on F is the uniform distribution
on M. Another example where the uniform distribution is the optimal solution to (5.3.1), but
where the verification is more involved, is presented in Example 5.3.2. The next statement implies
that, in fixed dimension, the asymptotic mixing behaviour of heat-bath walks does not depend
on how the moves are selected:

Proposition 5.3.1. Let F C Z% be finite, M C Z% be a Markov basis of F and 7 : F — (0,1]
be a positive mass function. Then for any mass functions fi, fo : M — (0,1],

i { 2101 w max fi(m)
mm{fﬂm)'mEM}gl—A(%?%)g o { G - <M}

Proof. This is a straightforward comparison of ’H}]},l and ”H;% with Lemma 4.1.14. O

Example 5.3.2. Let F = [2] x [5] as in Example 5.1.5 and consider M = {e1,2e; + e2}. We
investigate for which p € (0, 1), the transition matrix pH% , + (1 — p)H% 5., 1, has the smallest
second largest eigenvalue modulus. The characteristic polynomial in Q[u, x] is

1
—%1‘4(1‘ — D+ —1)5(=522 + 5z + 2u® — 2p) (—5x? + 5z + 4p® — 4p)
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and hence the non-zero eigenvalues are

wi(p) =1, x2(p):=1-p,

1+w1+§wtﬁﬂ7:mwwzéb— 1+QM—uﬂ,
1

os(h) = 5 L+ U402 = )], o)1= 5 [ 1= y/1+ 42 = ).

1

z3() 5

It is straightforward to check that @5(p) > § > w6(n), z3(p) > 5 > 2a(p). Since p? — p < 0 for
u € (0,1) and z3(p) > x6(u). We can show that x4(p) > zo(p) and thus

1—1—\/1—}—?(#2—#)].

The fastest heat-bath walk on F(M) which converges to uniform is thus obtained for pu = %,
i.e. when the moves are selected uniformly. The second largest eigenvalue in this case is
L(5 + /15) ~ 0.887, which is larger than the second largest eigenvalue of the heat-bath walk
that selects uniformly from {ej,e2} (see Proposition 5.1.18).

1

A(MH},el + (1 - M)H;,Qerf—eg) = 5

In our investigation on heat-bath walks with Markov bases, we have seen many cases where
the uniform distribution on the Markov moves yields the fastest mixing behaviour among all
mass functions on the moves, which brings us to the following question:

Question 5.3.3. Is there a saturated set F C Z¢ and a Markov basis M C Z¢, where the uniform
distribution on M is not the optimal value of (5.3.1) with m being the uniform distribution.
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6 Parity binomial edge ideals

The binomial edge ideal of a graph was introduced independently in [63] and [93] and it constitutes
an example of the beautiful interplay between algebra and graph theory [49, 87, 23, 10]. This
chapter is about a very related class of binomial ideals that arise from a graph G. Let k be any
field and k[x,y] := k[z;,y; : ¢ € V(G)] be the polynomial ring in 2|V (G)| indeterminates, then
the parity binomial edge ideal of G is

Ta = (zix; —yayy - {4,7} € E(G)) Ck[x,y].

edge ideals, but the combinatorics is subtler. Various properties related to walks in G depend
on whether the walk has even or odd length (and hence the name). If G is bipartite, then
everything reduces to binomial edge ideals as follows: Let V(G) = V;UVs be a decomposition
into independent sets and consider the ring automorphism of k[x, y] which exchanges z; and y;
if ¢ € V1 and leaves all remaining indeterminates invariant. Under this automorphism, the parity
binomial edge ideal is the image of the binomial edge ideal of G.

The definition of parity binomial edge ideals was suggested by Rafael Villarreal at the MOCCA
Conference 2014 in Levico Terme. He asked if parity binomial edge ideals are radical. Theo-
rem 6.4.5 combined with Remark 6.4.1 says that this is the case if and only if G is bipartite, or
char(k) # 2. We also compute the minimal primes of Zg in Section 6.3. In Proposition 6.4.4,
we write Zg as an intersection of binomial ideals whose combinatorics is simpler, since then a
short induction shows that, under the field assumption, all occurring intersections are radical and
hence Zg is radical. A primary decomposition of Zg when char(k) = 2 is given in Theorem 6.4.9.

The paper [64] contains a different analysis of radicality of parity binomial edge ideals. In
characteristic two, the parity binomial edge ideal Zg coincides with the ideal Lg defined there;
thus radicality is clarified by their Theorem 1.2 which here appears as Remark 6.4.1. If the
characteristic of k is not two, the linear transformation x; — x; — vy;, ¥; — =; + y; maps the
parity binomial edge ideal to the permanental edge ideal Il defined in [64, Section 3|. Radicality
of this ideal is clarified in [64, Corollary 3.3] by means of a Grobner bases calculation. Our
approach here is different and was developed completely independently. In particular, our proof
of radicality cannot use the Grobner basis by Remark 6.2.1.

Section 6.1, Section 6.3, and Section 6.4 are based on the joint work [73] with Thomas Kahle
and Camilo Sarmiento. The final publication is available at Springer via

http://dx.doi.org/10.1007/s10801-015-0657-3.

Inspired by [73, Section 3], the recent article [8] determines the universal Grébner basis of the
parity binomial edge ideal of complete graphs and poses a conjecture for the general case. In
Section 6.2, we extend our Grobner basis calculation of the parity binomial edge ideal from [73,
Section 3] to its universal Grobner basis proving the conjecture of [8] partially.

Convention. Let G be a graph. Throughout we assume that G is connected and in particular
has no isolated nodes if |V (G)| > 2. We freely identify ideals of sub-polynomial rings of k[x, y]

63


http://dx.doi.org/10.1007/s10801-015-0657-3

with their images in k[x,y]. Likewise ideals of k[x,y| that do not use some of the indeterminates
are considered ideals of the respective subrings. For a sequence of nodes P = (iy,...,i,) € V(G)",
G[P] .= G[{i1,...,ir}]. A binomial is pure difference if it equals the difference of two monomials.

6.1 Markov bases

We first study the lattice ideal Ji := Z¢ : (Il;ev (o) #i%i)°°; which is an important factor in the
primary decomposition of Zg. Proposition 2.1.1 says that any of its binomial generating system
is a Markov basis for its underlying lattice, whose combinatorics is studied now. Recall that
walks, paths, cycles, and circuits in graphs have marked start and end nodes in this thesis.

Definition 6.1.1. Let G be a graph. A walk P = (v1,...,v,) € V(G)" is odd (even) if its
length r — 1 is odd (even). The interior of P is the set int(P) = {v1,...,v.} \ {v1,v,}.

Figure 6.1: A graph with an even walk, but no even path from 4 to 5. The interior of the walk
(4,3,1,2,3,6,5) is {1, 2, 3,6}.

Observe that the interior of a cycle depends on the choice of its start and end node. We can
associate to every (i, j)-walk P a binomial in k[x,y] in the following way:

b(P) := x;ix; — Yy, if P is odd
' x;y; — yixj, if P is even '

Multiplied with an appropriate monomial factor, these binomials become elements of Zg:

Lemma 6.1.2. Let P be a walk in G and for k € int(P), let ty, € {xg, yx} arbitrary. Then

b(P) - H ty € Ig.
keint(P)

Proof. Let i be the start and j be the end node of P. We prove the statement by induction
on the length r of P. If r = 1, the statement is true by definition, thus assume that r > 1. If
int(P) = (), then P is either even with ¢ = j, or P is odd, which implies that i has to be adjacent
to j. In both cases, b(P) € Zg. If int(P) # 0, pick a node s € int(P). Consider first the case
that P is an odd walk. Exchanging the roles of ¢ and j if necessary, we can assume that the
(i, s)-subwalk of P is odd and that the (s, j)-subwalk is even. Using the induction hypothesis,
the binomials corresponding to these walks multiplied with appropriate monomial factors are
in Zg. Now, if t; = x4, then

TiTsT; H bk =15 YillsTj H bk =1 Yi%sY; H Uk
keint(P)\s keint(P)\s keint(P)\s

where we have first applied a binomial corresponding to the odd (i, s)-subwalk (which may
traverse j) and then a binomial corresponding to the even (s,j)-subwalk of P (which may
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traverse 7). If t; = ys, then we first apply the (s, j)-walk and then the (i, s)-walk. The induction
step for an even walk is similar and omitted. ]

Remark 6.1.3. Lemma 6.1.2 also holds for odd cycles in which case we get that monomial
multiples of 72 — y? are contained in Z¢ for any node 4 that is contained in the same connected
component as an odd cycle.

Let {i,j} € E(G) and denote my; j
exponent vector (m{i,j}, —m{i,j})T e 72V(G)I, The exponent vectors of generators of Zg generate

the lattice
L me | | . AG
Lg = Z{ [_mJ re € E(G)} = img, [—AG

where Ag is the incidence matrix of G. Thus, Lg is the Lawrence lifting of imy(Ag) C AN
A standard fact about Lawrence liftings is that the Graver basis of imy(A¢g) can be lifted to a
Graver basis of L&, which here equals the universal Grobner basis and any minimal Markov
basis of L [14, Proposition 1.1]. To determine the Graver basis of the lattice imz(Ag), let

=e;t+ej € 7ZV(%) | then the generator x;x; — y;y; has

c 72V©O),

M = Le; +¢; : there is an odd (i, j)-walk in G}
MG :={e; — e; : there is an even (i, j)-walk in G} \ {0}.

Note in particular that if there is an odd (i,i)-walk, then 2 - ¢; € M2,
Proposition 6.1.4. The Graver basis of imz(Ag) is £(ME U MEen).

Proof. According to Pottier’s termination criterion [31, Algorithm 3.3], it suffices to check that
the sum of two elements of +(M2 U M) can be reduced to zero sign-consistently. If there
are no cancellations in the sum, for example if the two summands have disjoint support, the sum
is reduced by either of the summands. Cancellation among elements e;, £ ¢;, and e;, £ ej, can
only occur if |{i1, 42, j1,J2}| < 3. Without loss of generality assume iy = j;. Thus, if cancellation
occurs, the sum of two proposed Graver elements must equal +(e;, £ e;,) and this is either zero
or another element in (M2 U M) by concatenation of walks. O

Proposition 6.1.5. For any graph G, Jo = (b(P) : P is a walk in G).
Proof. This is Proposition 6.1.4 and [14, Proposition 1.1]. O

Example 6.1.6. Due to the odd cycle in the graph G in Figure 6.1, for all pairs (7, j) of nodes
with i # j, both x;x2; — y;y; and x;y; — x;y; are contained in Jg. Hence, the ideal Jg has 15
generators for odd walks and 15 for even walks with disjoint endpoints. Since G is not bipartite,
z? —y? € Jg for all i € [6]. In total, a minimal Markov basis of J consists of 36 generators.

Remark 6.1.7. If G is bipartite, the reachability of nodes with even or odd walks is determined
by membership in the color classes. Consequently, for each spanning tree T C G we have
Jr = Ja. This is not true if G has an odd cycle.
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6.2 Universal Grobner basis

In this section, we extend the computation of the lexicographic Grobner basis of parity binomial
edge ideals from [73, Section 3] to the computation of their universal Grobner basis. Recall that
the universal Grobner basis of an ideal is the union of all its reduced Grébner bases. We show that
the binomials in the universal Grobner bases arise from walks as follows: Let P be an (i, 7)-walk
in G, then a walk binomial of P is a binomial b(P) - [liciny(p) tk With t € {zk, yx} arbitrary.
When the graph has an odd cycle, then the universal Grobner basis cannot be square-free:

Remark 6.2.1. The parity binomial edge ideal Z¢, of the 3-circuit C3 cannot have a square-free
initial ideal with respect to any monomial order. This follows from the fact that Z¢, is not
radical in Fa[x,y]| (Remark 6.4.1). If Z¢, had a square-free Grobner basis over some field k, its
binomials must be pure difference (since the generators of Z¢, are pure difference). The pure
difference property yields that this Grébner basis would also be a square-free Grobner basis over
every other field, in particular, over Fs.

By Lemma 6.1.2, all walk binomials of P are elements of Zg. The following condition on a
walk guarantees that its walk binomials are elements of the universal Grobner basis.

Definition 6.2.2. An (i, j)-walk P in G is minimal if for no k € int(P), there is an (i, j)-walk
with the same parity as P in G[P \ {k}]. The set of all walk binomials that come from minimal
walks in G is denoted by Sg.

There can be infinitely many minimal walks between two nodes (Figure 6.2), but since the
monomial part of any walk binomial is square-free and depends only on the interior of the walk,
the set S¢ is finite. For a given ideal Z C k[x1,...,xy], a binomial [[7 2" — [[i=; 2" € T is
primitive in T if there exists no binomial [T, z* — [T, a:i-’i € 7 such that a < w and b < v.
This is a natural extension of the definition of primitive binomials in toric ideals from [109,
Chapter 4]. A straightforward generalization of [109, Lemma 4.6] beyond toric ideals shows that
every element of the universal Grobner basis of a pure difference ideal is primitive. In [44, 22],
the set of all primitive binomials of an ideal Z is called the Graver basis of 7 and we follow their
notation. It is not hard to see that the Graver basis of a pure difference binomial ideal is a finite

set [22, Proposition 4.3]. The following was conjectured in [8]:

Conjecture 6.2.3. For any graph G, the universal Grébner basis of Ig, the set Sg, and the
Graver basis of Zg coincide.

1 4
: 2 j
S 3

Figure 6.2: A graph with infinitely many minimal (1, 5)-walks of even and odd length.
It was shown in [8] that Conjecture 6.2.3 is true for complete graphs. We now prove the first

part of this conjecture, i.e. the universal Grobner basis of Zg equals Sg for any graph G. The
first step is to reduce walk binomials as in Lemma 6.1.2 to zero by minimal walk binomials:
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Lemma 6.2.4. Let P be a walk in G and ty € {xg, y} for k € int(P). Then b(P) - [Ireime(p) th
reduces to zero modulo Sg with respect to any monomial ordering.

Proof. If P is minimal, then all its walk binomials are in Sg and the statement holds trivially.
Assume differently that P is a non-minimal (7, j)-walk. Then there exists a minimal (i, j)-walk P’
of the same parity as P with int(P’) C int(P). Thus, b(P") = b(P) and hence the walk binomial
of P is a monomial multiple of the walk binomial b(P’) - [T;cin(pr) tk € S- O

The main theorem of this section relies on Buchberger’s criterion [76, Theorem 9.12] and
we now recall briefly how it works for pure difference binomial ideals. Let m,m’ € k[x] be
monomials, by,...,b, € k[x] be pure difference binomials, and < a monomial ordering. Then m
can be reduced to m’ by {b1,...,b.} with respect to < if there exist monomials wy, ..., w41
with wy = m and w11 = m’ such that w; — w;11 is a binomial multiple of b; and such that the
leading monomial of b; divides w; for all i € [r 4+ 1]. A pure difference binomial b € k[x] can be
reduced to zero by a set of binomials B C k[x] with respect to < if there exists by,...,b, € B that
reduce the leading monomial of b to its trailing monomial with respect to <. Since this implies
that 0 € k[x] is a <-normal-form of b (see [76, Definition 9.6]) with respect to B, the following
theorem immediately implies that Buchberger’s criterion holds for Sg.

Theorem 6.2.5. For any monomial ordering < on k[x,y]|, the s-polynomial of any two elements
of Sg reduces to zero modulo Sg and <.

Remark 6.2.6. Grobner bases of binomial edge ideals [63] look similar to Sg, and also its
determination in [100] uses related techniques on the paths of the underlying graph. However,
there are also many differences: Every reduced Grobner basis of a binomial edge ideals is
square-free and it suffices to consider paths instead of walks. Both is false for parity binomial
edge ideals and this makes the reduction of their s-polynomials more involved and technical.

The proof of Theorem 6.2.6 splits into a couple of lemmas, all of them dealing with reductions
of different s-polynomials. We state how every possible s-polynomial of elements from Sg can be
reduced to zero and the following definition keeps the notation a lot simpler: For a set P C V(G),
we abbreviate x(P) := [[,cp ) and y(P) := [[,cp yp. Before starting with the reduction of the
s-polynomial of two walk binomials coming from even walks, we need the following lemma:

Lemma 6.2.7. Let P,QQ C V(G) and p,q € V(G) with p &€ P and q ¢ Q, then

x(Q)-x(PUp)\ (QUq)) =x(p\q) - x(PUQ)\{p.q})-
Proof. The proof is immediate by the case distinction p = ¢, p € @, or p € Q U {q}. O

Lemma 6.2.8. Let gp,gg € S¢ be walk binomials of even walks P and Q. Then spol(gp, 9qQ)
reduces to zero with respect to Sg and any monomial ordering <.

Proof. Let P be an even (p1, p2)-walk and @ be an even (g1, g2)-walk with p; # ps and ¢1 # go.
By exchanging p; with ps or ¢; with g2 if necessary, we can assume that x,, yp, = yp, Tp, and
TqYgs > YquTqo- Let PT, PY Cint(P) be the indices of the monomial part of gp that correspond
to indeterminates of k[x] and k[y]| respectively and define Q*, Q¥ C int(Q) for gg analogously,
then gp = b(P) - x(P*) - y(PY) and gg = b(Q) - x(Q") - y(QY). By our assumption, the leading
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monomial of gp is x(P*Up1)-y(PYUps) and the leading monomial of gg is x(Q*Uq1)-y(QY Uga).
Hence, their s-polynomial spol(gp, gg) is the difference of the monomial

Yar Tgr - X(Q)y(QY) - x((P*Up1) \ (Q" U q)) - y((PY Up2) \ (Q¥ U ga)) =
=Yar g - X(P1 \ @1) - ¥ (P2 \ @2) - x((P* U Q) \{p1, 1 }) - y(PY U Q) \ {p2; 32})

and the monomial

Ypi Tpy - X(PF) - y(QY) - x((QTUqr) \ (P*Up1)) - y(QYUg2) \ (PY Upe)) =
=Yp1 Tpy - X(q1 \ 1) - ¥(q2 \ p2) - x((P*U Q") \ {p1,q1}) - y(PY U QY \ {p2, ¢2}),

where we have applied Lemma 6.2.7 two times respectively. Thus, for

bi=yguTe X(p1\q1)  y(P2\ ©2) = Yp1 Tpy - X(q1 \ 1) - y(q2 \ P2)

and

m = x((P*UQ")\ {pr,;1}) - y(PY U QY \ {p2, 22}),
the s-polynomial satisfies spol(gp, gg) = (—1)"b - m, where the parity of r € {1,2} depends on
which of the monomials yg, 74, - x(p1 \ ¢1) - ¥(p2 \ ¢2) and yp, ¥, - x(q1 \ p1) - y(q2 \ p2) is greater
with respect to <. Now we go through all the cases for the end-points of P and Q.

First, assume that [{p1,p2,q1,¢2}| = 4. To demonstrate all the subtleties of the reduction, this
case is shown in detail. We have b = xp, Yp,Yq1 Tgo — Yp1 TpaTq1 Ygo and since Tp, Yp, > Yp, Tp, and
g1 Ygo > Yq1 Tq, DY assumption, any monomial of b can be divided by the leading monomial of
either b(P) or b(Q). Assume that r = 2, i.e. Yq, TgTp,Yps > Yp1 LpoTq, Ygo- We first want to reduce
spol(gp, gq) by a binomial 0" = (Zp, Yp, — Yp: Tps) [reint(p) Tk that corresponds to the minimal
(p1,p2)-walk P. For all k € int(P) \ {q1,¢2}, we choose tj as in the monomial factor of gp. If P
traverses qj or ga, we set ty, = g, and ty, = x4,. The leading term of b’ divides the leading term
of spol(gp, gg) and thus the monomial xp, Yp,Yq, T4, - M can be reduced to Yp, Tp,Yg, Ty - M by V.
That is, spol(gp, gg) can be reduced to

(yml‘pzxth Yqo — yplmPQy(lefD) -m = b(Q) - Ypy Lpy - M.

This binomial is a monomial multiple of a walk binomial that corresponds to the (¢, g2)-walk @
with an analogous modification of variables in {p1, p2}\int(Q). In particular, spol(gp, gg) reduces
to zero by elements of S¢ with respect to <. The case r = 1 is similar and omitted.

Assume now that |{p1, p2, ¢1,g2}| = 3. First, suppose that v := p; = ¢ and py # g2, then b =
(Ypa gy — TpaYgs ) - Yo- Gluing the even walks P and @) along their common start node v, we obtain
an even (ga, p2)-walk W with int(1W) C int(P) Uint(Q) U v. Since spol(gp, gqg) = —b(W) -y, - m,
the s-polynomial is a monomial multiple of a suitable walk binomial b of W that might needs ,
in its monomial factor. Since &’ can be reduced to zero by Lemma 6.2.4, spol(gp, gg) can be as
well. The case qa = p2 and p; # ¢q1 works similar for a binomial corresponding to a (p1, q1)-walk
and is thus omitted. The next subcase within the case |{p1,p2,q1,q2}| = 3 is v := pa = ¢1 and
p1 7 q2. Here, b = ygx@a:pl — 9512,3/101%2 and the reduction works similar by applying suitable walk
binomials of P and ). The case ¢ = ps and po # ¢o is similar.

Finally, if |{p1, p2,q1,¢2}| = 2, then due to p; # p2 and q; # g2, the only possible case we have
to consider is p; = ¢1 and py = ¢o, since the case p; = g2 and py = ¢1 contradicts our assumption
YqTgo = Tq,Ygo- But then we have b = 0. O
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Due to symmetry, the monomial ordering plays only a minor role in the reduction of s-
polynomials coming from two even walks. For odd walks, there are more cases to distinguish,
but a similar symmetry argument reduces the number of cases to consider as well:

Remark 6.2.9. Let P be an odd (p1, p2)-walk and @ be an odd (g1, g2)-walk. Which monomial
is the leading monomial in walk binomials of P and ) depends on the following cases:

® Ty Tpy = YpiYpy AN Tgy Ty > Ygy Ygo

® Tp Tpy < YpYpy AN Tgy Ty =Ygy Yoo

® TpTpy = Yp1Ypy AN Ty Tgy < Ygy Ygo» and

® TpyTpy, = YpYpy AN Ty Tgy = Yoy Yoo -
After exchanging the roles of x; and y; symbolically, the reduction of spol(gp, gg) in the first
and the second case works similarly. An exchange of the roles of P and () shows that the same
is true for the third and the fourth case. In the following, we thus only demonstrate the cases:

® Lp Tpy = YpyYpy AN Tq; gy > Y Ygo,

® Ly Tpy = YpiYpy AN Tgy Tgy < Ygy Ygo-

Our proof that the s-polynomial of two binomials of odd walks reduces to zero distinguishes
the cases that at least one of them is a cycle (Lemma 6.2.11) or none of them is (Lemma 6.2.10).

Lemma 6.2.10. Let gp, gg € Sg be walk binomials of an odd (p1, p2)-walk P and an odd (q1,g2)-
walk Q respectively. If either p1 = pa or q1 = g2, then spol(gp, gq) reduces to zero modulo Sg
with respect to any monomial ordering <.

Proof. Let us first assume that p := p; = p2 and q := q1 = ¢2. Clearly we only have to consider
the case p # ¢q. Then

(22y2 — 22y2) - x(P*U Q™) \ {p,q}) y(PYUQY), if 22> y2 and a2 > 32
(pyg — xpry) - x((PTUQY) \p) - y(PYUQY)\ q), ifxp >y and a5 <y;

and it suffices to consider these cases by Remark 6.2.9. Let bp be the walk binomial of P
whose monomial factor equals the monomial factor gp on all nodes from int(P) \ ¢ and which
uses the variable y, in the first (i.e. xfo - yz and acg - yg) and z, in the second case (i.e.
1:}2, - yg and 1:3 =< yg), provided that ¢ € int(P). Similarly, let by be the walk binomial of @
whose monomial factor equals the monomial factor of gg on all nodes from int(Q) \ p and which
uses the variable y, if p € int(Q). Then spol(gp, gg) can be reduced to zero by an application
of bp and bg in the first case, and an application of bg and bp in the second case.

For the remainder, assume p := p; = p and q1 # g2. If we have p = ¢, then spol(gp, gg) is

spol(gp, 99) = {

{(ypxqz — ZpYg) " Yp - Y(PYUQY) - x((PTUQ") \ q2), if 1’?) > yﬁ N TpTgy = YpYgo
(yquz - x?,xqz) X((PPUQ®)\p) - y(PYUQY)\ q2), if xf, > y;% N ZpTgy = YpYgs

In the first case, the s-polynomial is a monomial multiple of a walk binomial belonging to the
even (p,q2)-walk that arises from gluing the odd (p,p)-walk with the odd (g1, g2)-walk along
p = q1. Lemma 6.2.4 gives this case. In the second case, we successively apply walk binomials
from P and @) that use appropriate variables. The case p = ¢o is similar. The case p; # p2 and
q1 = ¢ follows by symmetry. Finally, assume that p & {q1, g2}, then spol(gp, gg) equals

{(y;%xqﬁ”qz - xquly(p) x(PPUQ®)\ {q1,q2,p}) - y(PYUQY), if 5%2; - 3/5 NZgTgy = Yq1Ygo
(y;%ymytn - x;a}qlx@) X((PPUQ®)\p) - y(PYUQY)\{q1,q2}), if %27 s yz NZgTgy = Yg1Ygo
and its reduction to zero works similarly. O
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Lemma 6.2.11. Let gp,g9q € Sg be walk binomials of an odd (p1,p2)-walk P and an odd
(g1, q2)-walk @ respectively. If p1 # p2 and q1 # g2, then spol(gp, gq) reduces to zero modulo Sg
with respect to any monomial ordering <.

Proof. By straightforward computations, if x,, xp, > Yp,Yp, and zq, Tg, > Yq,Yg., then

spol(gpr, 9Q) = (Up1YpaTa1 Tas — Yar Yau Tp1 Tpo) - X((P7 U Q") \ {p1,p2, 91, 2}) - y(PY U QY)

and if 2y, Tp, = Yp Yp, and gy Tg, < Yg1Ygo» then

SPOI(gpng) - (yp1yp2yq1yq2 - xq1xq2xp1mp2) ' X((Px U Qy) \ {p17p2}) : Y((Py U Qy> \ {QIa Q2})'

In both cases, the s-polynomial of gp and gg can be reduced to zero by walk binomials from S¢g
corresponding to P and @), where we choose the variables corresponding to nodes in {q1, g2} \ int(P)

and {p1,p2} \ int(Q) appropriately. O

Lemma 6.2.12. Let gp, gg € S be binomials of an odd walk P and an even walk Q respectively.
Then spol(gp, gg) reduces to zero modulo S with respect to any monomial ordering <.

Proof. Let P be an odd (p1, p2)-walk and @ be an even (q1, ¢2)-walk in G. Let P*, PY, Q*, QY C
V(@) such that gp = b(P) - x(P”) - y(PY) and gg = b(Q) - x(Q") - y(QY). We only demonstrate
the case where p1 # D2, Tp,Tpy > Yp1Yps», a0d Ty, Yg, > Yq, Tg, since all other cases follow by
symmetry or work similarly. The s-polynomial spol(gp, gg) is then

(Up1 Yp2 Yoo - X(@1 \ {P1,P2}) = Yau g - X({P1, P2} \ 1)) -x((PTUQ"\{q1, p1,p2}) -y (PYUQY)\ g2).

If ¢1 & {p1,p2}, then suitable walk binomials of P and () reduce spol(gp, gg) to zero. If otherwise
q1 € {p1,p2}, say ¢1 = p1, then

spol(9P, 9Q) = (Yp1YpaYao = Yar TaaTpa) - X((P7 U Q" \ {p1,p2}) - y((PY U QY) \ g2).

Since yp, = yq:, spol(gp, gg) is a monomial multiple of a binomial that corresponds to the odd
(p2, q2)-walk that arises from gluing the odd walk P with the even walk @ along p; = ¢; and
which uses the variable v, = y,, in its monomial factor. By Lemma 6.2.4, this binomial can be
reduced to zero by elements from Sg and hence spol(gp, gg) can be reduced to zero by Si. The
case 1 = po is similar and omitted. ]

Proof of Theorem 6.2.5. Let gp, gg € S¢ be walk binomials of a (p1,p2)-walk P and a (g1, g2)-
walk @ respectively. If P and @ are both even, then the statement follows from Lemma 6.2.8.
If they have different parity, then the statement is Lemma 6.2.12. If both are odd walks and
P1 = P2 Or q1 = @2, then the statement is Lemma 6.2.10. If both are odd walks and p; # py and
g2 # @2, then the statement is Lemma 6.2.11. ]

Theorem 6.2.5 implies that S¢ is a Grobner basis of Zg for any monomial ordering and hence
any reduced Grobner basis for Zg can be extracted from Sg by successively reducing its element
further. To show that S¢ equals the universal Grobner basis, a little more work has to be done.

Lemma 6.2.13. For any g € Sg, there ezists a monomial ordering < on K[x,y| such that g is
an element of the reduced Grébner basis of Lo with respect to <.
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Proof. Let P be the underlying minimal walk of g and let p; and py be the start and end
node of P respectively. Let ty € {zy,yx} for k € int(P) such that [[icin(p) tr is the monomial
factor of g. Let P* := {k € int(P) : ty = =z} and PY := {k € int(P) : t;, = yi} and write
P?:={vy,...,v,} and PY := {wy,...,wp}. According to Theorem 6.2.5, the leading monomials
of binomials from S¢g generate the initial ideal of Zg with respect to any monomial ordering.
Thus, it suffices to prove that there is a monomial ordering on k[x, y] so that the leading and
trailing monomial of g cannot be divided by the leading monomial of any other element from Sg.
First, assume that P is odd and let < be the lexicographic ordering on k[x,y| induced by

Yoy = Tpy = = Yoy = Ty = Ty = Ywy = = Ty = Yy, = Tpy = Tpy = Upy = Upo-

The leading monomial of g is then m := z,, x}, - x(P*) - y(PY) and the trailing monomial of g is
Yp1 Yps - X(PT) - y(PY). Assume that there is a (g1, ¢2)-walk @ and a walk binomial gg € Sg \ {g}
of @ whose leading monomial divides the leading monomial of g. When that @ is odd, then the
leading monomial m’ of gq is either x4, ¥g, - [Txeint(@) th OF YaiYa - [rein(@) te With t;, € {zk, yx}
for all k € int(Q). In the first case, since m’|m, we have {q1, g2} C P* U{p1,p2}. Since P is a
minimal walk, {q1,q2} # {p1,p2}, thus we can assume that ¢; € P*. By the construction of <,
we have yg,Yg, > Tq g, and hence 4, zg, - [Trcint(@) t}, cannot be the leading monomial of gp.
If m' = Yy, Yg, - Iicin() th then {q1,q2} € PY and hence xq, 74, = Yq,Yq,» Which contradicts
m' =Yg, Ygo - reins(@) te- Thus, @ cannot be an odd walk. If @ is even, we can assume by
symmetry that m' = 24,9, * [xeint(@) i is the leading monomial of gg. Since m/|m, we have
@1 € PP U{p1,p2} and g2 € PY. Since q1 € {p1,p2} implies yq, x4, > Zq,Yqg,, Which in turn
contradicts m' = xq,Yg, + [Treint(g) th- We thus must have g1 € P*. This, however, again implies
Y1 Tgo > TqyYqo and hence m’ cannot divide m. In the same way we can show that the trailing
monomial yp, Yp, - x(P*) - y(PY) cannot be divided by leading terms of elements from S¢ \ {g}.
This gives the statement when g corresponds to an odd walk P.
Next, assume that P is even and consider the lexicographic ordering on k[x,y| induced by

Yoy ™ Tyy = 0 > Yo ™ Tyg = Twy = Ywy = > Twy > Ywy ™ Tpy > Yps ™ Yp1 ™ Tpys

then the leading monomial of g is m := xp, yp, - x(P*) - y(PY). Let gg € S again be a walk
binomial of a minimal (g1, g2)-walk @ whose leading monomial m’ divides m. First, assume
that @ is even. By renumbering, we can assume that m' = 4,y  [rciny(Q) t- Thus, we
have ¢ € P* U {p1} and ¢o € PY U {g2}. If ¢ € P*, then yq > x4 and y4 > yg, hence
Y1 Tgs = TqYgo- This contradicts m' = 2g,yg, - [Treint(g) th- Thus, we must have ¢; = p;. Since
P is minimal, we cannot have go = p2 and thus g2 € PY. Then x4, > y4, and x4, > x,, = 74,
which yields a contradiction to m' = z4,yq, - [Tieint(Q) th SinCe Ygy g, = T¢,Yg,- On the other
hand, if @ is odd, then m' = 24,74,  [Treme(Q) th OF ™ = Ya1 Yo * Ikein(Q) tr- In the first case,
we have {q1,q2} C P* U{p1}. Since ¢ = g2 = p1 is not possible since P is even and hence g is
square-free, P* N{q1, g2} # 0. Without restricting generality, we can assume that ¢; € P*. Since
g2 € P*U{p1}, we have in this case that yg,yg, = 74,24, contradicting m’ = xq,7¢, - [Ireint(Q) th-
The case m’ = yg,Yg, * [Treint(q) ti follows similarly. O

Putting all the pieces together, we get a positive answer to the first part of Conjecture 6.2.3.
Theorem 6.2.14. For any graph G, Sg is the universal Grobner basis of Zg.

Proof. The universal Grobner basis Ug of Zg is by definition the union of all the reduced Gréber
bases of Zg. By Lemma 6.2.13, every element in S¢ is contained in a reduced Groébner basis and
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hence Sg C Ug. On the other hand, by Theorem 6.2.5, the elements in S¢ fulfill Buchberger’s
criterion for all monomial orderings and hence Ug = Sg. ]

Theorem 6.2.14 implies that parity binomial edge ideals of bipartite graphs are radical, which
they must be since they are isomorphic to the binomial edge ideal. If the graph contains an odd
cycle, then every reduced Grobner basis has an element whose leading monomial has a square.

6.3 Minimal primes

Generally, the minimal primes of a binomial ideal come in groups corresponding to the sets of
indeterminates they contain. To start, we determine the minimal primes of Zgs that contain
no indeterminates, that is, the minimal primes of the saturation Js. We need the following
notation: For any graph G, let ¢(G) be the number connected components, ¢o(G) the number of
bipartite connected components, and ¢;(G) the number of connected components which contain
an odd cycle. The minimal primes of Jg follow then quickly from the next lemma, together with
the results in [48, Section 2].

Lemma 6.3.1. Apart from zero rows, the Smith normal form of

Aq

—Ag
is the diagonal matriz diag(1,...,1,2,...,2) whose number of entries 1 is |V (G)| — ¢(G) and the
number of entries 2 equals c1(G).

Proof. See [59, Theorem 3.3]. O

The following ideals are the building blocks for the primary decomposition of Jg. For any
connected graph G with an odd cycle, let

pT(G) = (z; +y; i € V(Q)) and p (G):= (z; —y; :i € V(Q)).

Proposition 6.3.2. Let G be a graph whose bipartite connected components are B, ..., Beya)
and whose non-bipartite connected components are Ni,...,N. (). If char(k) # 2, then Jg is

(@)

radical, and its minimal primes are the 21\~) ideals

co(G) c1(G)

Z IB; + Z p7 (Ni),

i=1 =1

where o ranges over {4+, —}1E) . On the other hand, if char(k) = 2, then

co(G) c1(G)
Ja = Z JIB; + Z IN;
i=1 i=1

is primary of multiplicity 2°*%) over the minimal prime Zfi(lG) JIB; + Zflz(lG) pT(N;).
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Proof. Assume first that k is algebraically closed. According to [48, Corollary 2.2], the primary
decomposition of Jg is determined by the saturations of the character that defines the lattice
ideal Jg. If a graph is disconnected, then its adjacency matrix has block structure according to
the connected components. Therefore it suffices to assume that G is connected. If G is bipartite,
then Lemma 6.3.1 and [48, Corollary 2.2] imply that the lattice ideal Jg is prime. We are
thus left with the case that G is connected and not bipartite. Assume first that char(k) # 2.
Lemma 6.3.1 and [48, Corollary 2.2] together show that Jg is radical and has two minimal
primes. We show that these are precisely p™(G) and p~(G). The first step is Jo C p*(G) using
Proposition 6.1.5. Let i,j € V(G), then z;x; — yiy; = xi - (x; + yj) — y; - (i + y;) € pT(G) and
Ty — 2y = o - (2 +y;) — x5 - (2 +yi) € pT(G). Similarly, Jo C p~(G). Now let p 2O J¢
be a prime ideal. If p contains x; + y; for all 7, then it is either equal to p™(G) or not minimal
over Jg. If there exists a node i such that x; + y; ¢ p, then since G has an odd cycle and is
connected, for any node j there are both an odd and an even (i, j)-walk in G. Thus,

(i +yi) - (xj — yj) = xixy — Yiyj + Ty — Tiyj € P.

Since p is prime, it contains x; — y; for each j and thus p~(G) C p. This shows that p~(G) and
pT(G) are the minimal primes of Jg. If char(k) = 2, then [48, Corollary 2.2] gives that Jg is
primary of multiplicity two over a minimal prime which equals p*(G) = p~(G) by the above
computation. It is now evident that the algebraic closure assumption on k is irrelevant since all
saturations of characters are defined over k. O

Remark 6.3.3. The graph G is bipartite if and only if Jg is prime.

When decomposing a pure difference binomial ideal, all components except those over the
saturation Jg contain monomials (for a combinatorial reason see [71, Example 4.14]). Our next
step is to determine the indeterminates in the minimal primes. To this end, for any S C V(G)
let Gs be the induced subgraph of G on V(G) \ S and mg := (z,,ys : s € 5).

Lemma 6.3.4. Let p be a minimal prime of Zg. Then there exists S C V(G) and a minimal
prime ' of Jag such that p =mg +p'.

Proof. Let S :={s € V(G):xs € p and ys € p}. We first show the inclusions
Ig Cmg+ Jas Cp.

The first inclusion is clear, while for the second, it suffices to check that Jg, C p. Generators
of Jgg correspond to (4, j)-walks in Gg according to Proposition 6.1.5. Let b be the binomial
corresponding to any such walk, and let {k1,...,k.} C V(G)\ S be its interior. By Lemma 6.1.2,
iy -+ tk, - b € Ig C p for any choice of indeterminates tx, € {zk,, y, }, with 1 <[ <r. By the
construction of S, there exists some choice such that ¢y, - - -t ¢ p. Since p is prime, b € p. The
minimal primes of mg + Jgg4 arise as sums of mg and minimal primes of Jg4. By minimality, p
equals mg + p’ for some minimal prime p’ of Jg. O

Not all primes of the form mg + p’ are minimal over Z¢g (see Example 6.3.10). As for binomial
edge ideals, cut points play a crucial role in determining the sets S which lead to minimal primes,
but for parity binomial edge ideals we count connected components differently:

Definition 6.3.5. For any graph G, let §(G) := co(G) +¢(G) = 2¢9(G) +c1(G). Aset S C V(G)
is a disconnector of G if §(Gg) > 5(Gg\(sy) for every s € S.
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Remark 6.3.6. The empty set is a disconnector of any graph, and disconnectors cannot contain
isolated nodes. A set which deletes all odd cycles from a graph, that is which makes a non-bipartite
graph bipartite, is a disconnector, even though it may preserves connectedness.

Remark 6.3.7. If a graph G has no isolated nodes, then s(G,) > s(G) for all s € V(G) and
according to Definition 6.3.5 a node s is a disconnector of G exactly if the inequality is strict.
Moreover, one can conclude from Proposition 6.3.8 that {s} is a disconnector of G if and only if

Proposition 6.3.8. Let G be a graph and S C V(G). Then Jg C mg + Jag if and only if for
all (i, j)-walks in G with i,j € V(Gg), there is an (i, j)-walk in Gg of the same parity.
Proof. Let Jo C mg + Jag. Let P be an (i, j)-walk in G with i,j ¢ S, then b(P) € Jg. Since
b(P) € k(z;i, , i, y;], and no polynomial in Jg, uses indeterminates from S, we find b(P) € Jgs.
It follows that b(P) is the binomial of an element of the Graver basis of Jg, and thus corresponds
to an (7, j)-walk in Gg of the same parity.

On the other hand, let m € Jg be a move corresponding to a (i,j)-walk in G. If i € S or
j €8, then m € mg. If otherwise 4, j € V(Gg), then m € Jgg by assumption. O

The next lemma states that the indeterminates contained in a minimal prime correspond to a
disconnector of G, and Theorem 6.3.15 below says when the converse is true as well.

Lemma 6.3.9. Let p be a minimal prime of Zg. There exists a disconnector S C V(G) of G
and a minimal prime p' of Jgg such that p =mg +p'.

Proof. Let S and p’ be as in Lemma 6.3.4. We prove that S is a disconnector. Assume the

converse, then there exists a node s € S such that 5(Gs) < 5(Gg\(s})- In particular, {s} is not a

disconnector of Gg\ () by Remark 6.3.7. According to Remark 6.3.7 and Proposition 6.3.8,
TGy © Msy T Ts © sy +9-

Hence, since the ideal on the right-hand side is prime, choose a minimal prime p” of jgs\ (e} such
that Jog, (., C 9" € myq +p'. Since x5, ys & p”, the containment p” C mygy + p’ is strict. Then
Io Cmg\sp +p" Smg+p' =p
which contradicts the minimality of p. O

Let S C V(G) be a disconnector of G. The induced subgraph Gg splits into bipartite
components By, ..., B (gs) and non-bipartite components Ny, ..., N, (g By Proposition 6.3.2
the minimal primes of Jg4 are

co(Gs) e1(Gs) {m €{+ -}, if char(k) #2 (6.3.1)

= JIp. + %i(N;), where .
F ; B ; pNG) o; =+, if char(k) =2
Not all of these primes lead to minimal primes of Zg because of the following effect:

Example 6.3.10. Let G be the graph in Figure 6.3. The node 4 is a disconnector, and G4,
consists of the two triangles N1 = {1,2,3} and Ny = {5,6,7}. Choosing for both triangles the
positive sign component, we obtain the prime ideal

mygy + pF(N1) +pT (Vo) = mygy + (i +yi i € [7)\ {4})
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Figure 6.3: A graph for which one of the primes in (6.3.1) is not a minimal prime.

which is not minimal over Zg since it contains the prime ideal p™(G). On the other hand, the
ideals myqy + p*(N1) +p~ (N2) and mygy + p~ (N1) + p+(Ny), each with different signs on the
triangles, are minimal over Zg.

A combinatorial condition on ¢ in (6.3.1) guarantees that a minimal prime of Jg, is the
binomial part of a minimal prime of Zg (the monomial part being mg). To see it, let s € S be
such that ¢(Gs) > ¢(Gg\(s}), i.e. when adding s back to G's some of its connected components
are joined. Denote by Cg(s) the set of only those connected components of Gg which are joined
when adding s.

Definition 6.3.11. Let S C V(G) be a disconnector of G. A minimal prime p of Jg, is
stgn-split if for all s € S such that Cq(s) contains no bipartite graphs, the prime summands
of p corresponding to connected components in Cgy(s) are not all equal to p™ or all equal to p~.

Remark 6.3.12. If C;(s) contains at least one bipartite graph, then Definition 6.3.11 imposes
no restriction and every choice of prime summands is sign-split.

Remark 6.3.13. If char(k) = 2, then all signs ¢ in (6.3.1) are fixed. In this case, Definition 6.3.11
can only be satisfied if Cg,(s) contains a bipartite component for each s € S.

Example 6.3.14. Not every disconnector S C V(G) of G admits a sign-split minimal prime for
Jag, and thus not every disconnector contributes minimal primes to Zg. Consider the graph in

[ ] i i |
Figure 6.4: A disconnector whose binomial parts cannot be sign-split.

Figure 6.4. The set of square nodes is a disconnector that does not contribute minimal primes.
Adding one of the squares back yields the requirement that the primes on the two now connected
triangles have different signs, but these three requirements cannot be satisfied simultaneously.

Theorem 6.3.15. The minimal primes of Zg are the ideals mg + p, where S C V(G) is a
disconnector of G and p is a sign-split minimal prime of Jgy.

Proof. According to Lemma 6.3.9, all minimal primes of Zg have the form mg + p, where
S C V(G) is a disconnector and p is a minimal prime of J,. We first show that if p is sign-split,
this ideal is minimal over Zg. Assume not, then by Lemma 6.3.4 there exists a set 7' C V(G)
and a minimal prime p of Jg, such that

IG Cmp —{—]3 g mg + p. (6.3.2)
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This implies T' C S, since if T = S, then by Lemma 6.3.4 also p = p. Let ' € S\ T, then
Gs C Gg\ysy € Gr. Since S is a disconnector of G, s(Gs) > s(Gg\(y}). We now make a
case distinction on Cg(s’), that is the set of connected components in Gg that are joined to
s’ in G s\{s'y- 1f Cag (s") contains at least one bipartite component, adding s’ to Gg either this
component becomes non-bipartite in Gg\ (s} or it is joined to another bipartite component
of Gg. In the first case, let B be a bipartite component which becomes non-bipartite. There
exists i € V(B) such that x? — yf € jGS\{s’} C Jar C p, but 1'22 — y? ¢ Jp. Since Jg is
a summand of p and since i € V(B), 27 — y? ¢ mg + p, in contradiction to (6.3.2). In the
second case, let By and By be the bipartite components of G which are joined to s’. There are
i1 € V(Bj) and iz € V(Bz) such that there exists an (i1, 42)-walk in Gg\ (1. Independent of the
parity of this walk, the corresponding Markov move is not contained in Jp, + JB, since there
is no applicable move from the Graver basis. Since Jp, and Jp, are summands of p involving
the indeterminates i; and 49, there is a binomial which is not in mg + p but in jgs\ ) Cp
contradicting (6.3.2). Assume now that all components in Cg(s’) are non-bipartite (there must
be at least two of them since {s'} is a disconnector of Gg\(y}). By assumption, p is sign-split
and hence there exist distinct components N1, Ny € Cg(s) such that p*(N1) and p~(N2) are
summands of p. There is an odd walk from a node i; € V(V1) to a node iz € V(N2) in Gs\(s')
and therefore, x;, i, — i, Yi, € *76'5\{3/} C p. However, since

Liy Liy — Yir Yio Z p+(N1) + pi(NQ)a
also x;, i, — Yi, Yi, € p. By construction, i1,i2 ¢ S and thus
LiyTig — Yir Yio g mg +p

which contradicts (6.3.2). This shows minimality of mg + p.

Let now mg + p be a minimal prime of Zg. The set S is a disconnector by Lemma 6.3.9 and
thus it remains to prove that p is sign-split. To the contrary, assume there is a node s € S
with ¢(Gg\(s3) > ¢(Gs) such that Cgy(s) = {N1,..., Ni} consists exclusively of non-bipartite
components, k£ > 2, and all summands of p corresponding to IN; have the same sign, say +.
When adding s back to Gg, the components in Cg,(s) are joined to a single, non-bipartite
connected component H in Gg\ ), whereas all other components of Gg coincide with connected
components of Gg\ (). Since

k k
Pr(H) =my +> pT(N;) G mpgy + > pT (),
i=1 i=1
choosing on all other components of G\ () the same prime component as in Gg, we obtain a
prime ideal that is strictly smaller than mg + p. O

Remark 6.3.16. Example 6.3.10 and Definition 6.3.11 are valid independent of char(k). In the
above proof, the case of char(k) = 2 could be simplified, but everything works in general without
the need for a case distinction.

6.4 Radicality

The intersection of the minimal primes of Zg depends on char(k) so that we do not attempt to
compute it directly. Theorem 6.4.5 below says that Z is radical if the characteristic is not two.
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Observe that we have to use the Grobner basis of Zg to show its non-radicality in char(k) = 2.
Here is the principal source of field dependence (see also [63, Theorem 1.2]):

Remark 6.4.1. Fix a field k with char(k) = 2. The parity binomial edge ideal Zs is radical
in k[x,y] if and only if G is bipartite. Clearly, if G is bipartite, then Zg is radical. Conversely,
let (i1,...,4p+1) with 4,41 = 41 be an odd cycle in G. According to Lemma 6.1.2, ((x;, —
Yis Wis -+ Yi,)? = (@3, — y2)yl - yi € Ig. Fix now a monomial ordering < on k[x,y] with
y; < x; for all i € V(G). By Theorem 6.2.5, the leading monomials of Si generate the initial
ideal of Zg. Under this monomial ordering, all walk binomials corresponding to odd walks have
two indeterminates from k[x] in their leading monomial. Thus, the only binomials from Sg whose
leading monomials divide x;, y;, - - - y;, correspond to minimal even (i1, i )-walks in G[{i1, ..., iy }]
with & € {2,...,r}. Replacements coming from these binomials lead to monomials where z;, is
replaced by y;, and y;, is replaced by x;,. Thus, x;, yi, - - - ¥, £z, Vi1 Vi = - - ¥i, and hence Zg is
not radical.

Remark 6.4.2. The ideal Zg is homogeneous with respect to the multigrading deg(z;) =
deg(y;) = e;, where e; is the i-th standard basis vector of RIV(GI,

Lemma 6.4.3. Let i € V(G) and m € Zg +my;, be a monomial. Then m € my;,.

Proof. Since it is generated by pure difference binomials, Zg does not contain any monomials.
Thus, any monomial in Zg + my; is equivalent to one in my;; modulo term replacements using
binomials in Z¢, but these do not change membership in mg;, by Remark 6.4.2. 0

Proposition 6.4.4. For any graph G, I = Jo N Niev(a)(Ze + my)-

Proof. According to [48, Corollary 1.5], the intersection is binomial. Let b be any binomial in
the intersection. For each i € V(G), there are three cases: Either no term of b is individually
contained in Zg +my;, exactly one is, or both are. In the first case, [48, Proposition 1.10] implies
b € Zg. In the second case, it implies that the other monomial is contained in Zg, which is
impossible. Thus it suffices to consider binomials b both of whose monomials are contained in
I +my;y for all i € V(G). By Lemma 6.4.3, both monomials of b are contained in my;; for each
i € V(G). Since b € Jg, there is r € N and (s;, t;)-walks P; for ¢ € [r] such that

b=a"yMb(Pr) + -+ 2y b(P)

with h;, b} € N". We can assume that one monomial of b equals one of the monomials of
zMyPp(Py). Thus both monomials of "1y b(Py) are divisible by at least one indeterminate
for each i € V(G) and, by Lemma 6.1.2, 2" y"b(P;) € Zg. Replacing b by b — 2"y b(Py) and
iterating the argument eventually yields b € Zg. O

Theorem 6.4.5. Let G be a graph. If char(k) # 2, then Zg is a radical ideal.

Proof. The proof is by induction on the number of nodes n of G. If G has at most one node,
then Zg = 0 and the claim holds. Proposition 6.3.2 shows that Zg + my; = I, +myy for
all i € V(G). Thus Proposition 6.4.4 reads as g = Jo N (=1 (Za,, + my;y). By the induction
hypothesis, Z¢g G 18 radical and thus Zg ¢y T Mgy is radical. Proposition 6.3.2 says that Jg is
radical if char(k) # 2 which yields the result. O

77



Theorem 6.4.9 below contains a primary decomposition of Zg in the case char(k) = 2. It uses
the following lemma, which allows to transport decompositions between different characteristics.
Recall that the combinatorics of any binomial ideal I is encoded in its congruence ~; which
identifies monomials mi, mo, whenever my; — Amg € I for some non-zero A € k. A binomial
ideal is wnital if it is generated by monomials and pure differences of monomials. Then each
congruence is the congruence of a unital binomial ideal, though not uniquely.

Lemma 6.4.6. If a decomposition I = J1 N ... N Js of a unital binomial ideal I into unital
binomial ideals J;, 1 = 1, ..., s is valid in some characteristic, then it is valid in any characteristic.

Proof. The congruence ~; induced by I is the common refinement of the congruences ~ .,
induced by the J;, i = 1,...,s. Thus, in any characteristic, [71, Theorem 9.12] implies that I
and J; N...NJs can only differ if one of them contains monomials, but the other does not. This
cannot happen since unital binomial ideals contain monomials if and only if they have monomials
among the generators. O

According to Example 6.3.14, not all disconnectors contribute minimal primes. From Defini-
tion 6.3.11 it may seem that this is an arithmetic effect. It is not; the primary decomposition
of Z¢ in characteristic two also witnesses it. For the following definition, recall that a hypergraph
is k-colorable if the nodes can be colored with k colors so that no edge is monochromatic.

Definition 6.4.7. Let S C V(G) be a disconnector, and let sq,...,s, € S be the nodes such
that Cg4(s;) consists exclusively of non-bipartite components of Gs. Let H be the hypergraph
whose node set consists of the connected components Cg,(s1) U...UCqg(sr) and with edge set
{Cas(s1),...,Cas(sr)}. The disconnector S is effective if H is 2-colorable.

Remark 6.4.8. A disconnector is effective if and only if, in characteristic zero, it admits sign-split
minimal primes.

Theorem 6.4.9. Let S be the set of effective disconnectors of G. Then

Ie = () (ms+ Jas) - (6.4.1)
Ses

If char(k) = 2, then (6.4.1) is a primary decomposition of Zg.

Proof. For each disconnector S € S, let Big, o "BES;(GS) be the bipartite components and
Ny, ... ,Ncsl(Gs) the non-bipartite components of Gg. Let X% C {+, —}°1(¢s) denote the set
of sign patterns that are sign-split. In characteristic zero, by Theorems 6.3.15 and 6.4.5, Zg

decomposes as

co(Gs) c1(Gs)
Ie= () () (ms+ > Tps+ > p%(NF)
SeS gens =1 i=1

The intersection remains valid when intersecting over additional ideals containing Zg. In
particular, the sign-split requirement can be dropped and ¥° replaced by {+, —}Cl(Gs ). Carrying
out this inner intersection yields the ideals mg + J¢¢ by Proposition 6.3.2, and hence (6.4.1) is
valid in characteristic zero. Since all involved ideals are unital, Lemma 6.4.6 yields that (6.4.1) is
valid in any characteristic. The ideals under consideration are primary if char(k) = 2 according
to Proposition 6.3.2 and thus the second statement follows. ]
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Graver basis mixing time, see random walk
ideal, 66
matrix, 20, 48, 56, 65 parity binomial edge ideal, see graph
of lattice, 8 Perron-Frobenius theorem, 4
of matrix, 8 Pick’s theorem, 38, 39
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Rook’s walk, 55
second largest eigenvalue modulus, 4
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stationary distribution, 3
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Rook’s walk, see random walk
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dom walk
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Markov basis, see Markov basis
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