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Abstract. We consider families of strongly indefinite systems of elliptic
PDE and investigate bifurcation from a trivial branch of solutions by us-
ing the spectral flow. The novelty in our approach is a refined way to
apply a comparison principle which is based on an index theorem for a
certain class of Fredholm operators that is of independent interest. Fi-
nally, we use our findings for a bifurcation problem on shrinking domains
that originates from works of Morse and Smale.
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1. Introduction

Let U C RY be a bounded smooth domain for some N € N and consider the
system of elliptic partial differential equations

{AAu(x) =V, F(\ z,u(z)) in U (1)
u(z) =0 on 90U,

where A € [0,1], A := diag{as,..,a,} € Mat(p,R), a; € {£1},i=1,...,p and
F:[0,1] x U x R? — R is a C?*-map. We assume that

V.F(\ z,0) =0,

which implies that u = 0 is a solution of (1) for all A, and our aim is to find
novel criteria for bifurcation from this trivial branch of solutions. Bifurcation
from a trivial branch for strongly indefinite elliptic systems as (1) has been
studied by various authors and different methods, e.g., [10], [11,16,24]. Our
approach is based on the spectral flow and a comparison property of it.

The spectral flow is a homotopy invariant for paths of selfadjoint Fred-
holm operators that was introduced by Atiyah, Patodi and Singer in [3]. It has
found several applications in symplectic analysis and mathematical physics
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(see [7,27]). In [8] Fitzpatrick, Pejsachowicz and Recht introduced an applica-
tion in variational bifurcation theory which has generalised several previously
well known theorems in this field. The already mentioned comparison property
of the spectral flow was originally shown by Pejsachowicz and the last named
author in [14]. It allows to find bifurcation points by comparing a given system
like (1) to a simpler one, which here will be an equation as (1) that does no
longer explicitly depend on x € U, i.e.,

AAu(z) = Vo, F(A\u(z)) in U
{ u=0 on OU, (2)

for some C?-map F :[0,1] x R? — R.

Solutions of equation (1) (and thus in particular of (2)) can be obtained
for any fixed A € [0,1] as critical points of a C?- functional under common
growth assumptions. The Hessians at the trivial solution v = 0 are selfadjoint
Fredholm operators, and by the already mentioned theorem by Fitzpatrick,
Pejsachowicz and Recht [8], a non-vanishing spectral flow of this path yields the
existence of a bifurcation point. The first main theorem of this paper is an index
theorem that yields an explicit formula for the spectral flow of the Hessians
coming from (2) and is of independent interest. As a consequence, we obtain a
bifurcation criterion for equations of the type (2), which relates the Dirichlet
eigenvalues of the domain U to the existence of bifurcation points for (2). Let
us note that the impact of the Dirichlet eigenvalues of a smooth domain for
other types of strongly indefinite equations has been studied by Szulkin in [24]
and by the last named author in [28]. Afterwards we consider the more general
equations (1) and obtain bifurcation criteria by comparing them to a system of
the type (2) which does no longer explicitly depend on x € U. The novelty in
our approach is that we use a refined way of applying the comparison principle
from [14], which eventually is based on Weyl’s inequalities for eigenvalues. The
final section deals with an application of the obtained spectral flow formulas
to solutions of elliptic PDEs on shrinking domains, which is a setting that
has previously been studied, e.g., by Smale in [21], by Deng and Jones in [6],
by Cox, Jones, Latushkin and Sukhtayev in [5], and by the last author and
Portaluri in [16,17] and [18]. The latter works deal with bifurcation and in
[18] strongly indefinite systems of the type (1) are considered, where the right
hand side does not depend on a parameter A\, but the domain U is assumed to
be star-shaped and gets shrunk to a point. The main result of [18] shows the
appearance of non-trivial solutions during the shrinking of the domain (i.e.
bifurcation) if a certain Maslov index in an infinite-dimensional symplectic
Hilbert space does not vanish, which is theoretically appealing but not very
useful in practice. As an application of the obtained results of this paper, we
underpin their strength by showing that in this setting bifurcation can be
found just from the coefficients of the corresponding linearised equations.

The paper is structured as follows. We firstly survey in the next section
the spectral flow and its application to bifurcation theory as well as its com-
parison property. Section 3 briefly recaps the variational formulation of (1). In
Section 4 we prove the announced index theorem and explain its application
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to the existence of bifurcation for (2). Section 5 deals with the refined com-
parison method and also contains an example that shows that the obtained
result is stronger than what could have been obtained by previously known
applications of the comparison property from [14]. The final Section 6 discusses
the announced applications of the obtained results to bifurcation on shrinking
domains.

2. Recap: The Spectral Flow and Bifurcation

The aim of this section is to briefly recall the spectral flow for paths of selfad-
joint Fredholm operators and its application in bifurcation theory.

Let H be a real separable Hilbert space and L£(H) the Banach space of all
bounded linear operators on H. A selfadjoint operator in £(H) is Fredholm
if its range is closed and its kernel is of finite dimension. In what follows,
we denote by ®g(H) C L(H) the set of all selfadjoint Fredholm operators.
It was shown by Atiyah and Singer in [2] that ®s(H) has three connected
components if H is of infinite dimension. If we denote by c.ss(T) = {A € R :
A=T ¢ ®g(H)} the essential spectrum of an operator T € ®g(H), then these
components are

OL(H) ={T € ®s(H) : 0e55(T) C (0,00)},
O (H) ={T € ®s5(H) : 0055(T) C (—00,0)},
DG (H) = Ds(H) \ (PF(H) U D5 (H)).

It is not difficult to see that <I>§(H ) are contractible as topological spaces.
Atiyah and Singer showed that instead ®%(H) has a non-trivial topology. In
particular, they constructed in [3] an explicit isomorphism sf : 71 (9% (H)) — Z
which they called the spectral flow. Here m; (®%(H)) is the fundamental group
of ®%(H) which consists of homotopy classes of based loops in ®%(H). Roughly
speaking, the spectral flow counts the net number of eigenvalues crossing 0 in
the course of the path. The definition was later extended to open paths in
®g(H) and the spectral flow became a frequently used invariant in various
branches of mathematics. Here we refrain from recalling its definition, which
can be found, e.g., in [15], [20] or [8]. Instead we introduce it by the follow-
ing theorem of Ciriza, Fitzpatrick and Pejsachowicz [4] (cf. [12,23]), where
QPs(H),GPs(H)) denotes the set of paths in ®g(H) with invertible end-
points.

Theorem 2.1. For each real separable Hilbert space H there is one and only
one map

st : Q(Ps(H),GPs(H)) — Z
such that

(H) If h : I x I — ®g(H) is continuous and h(s,0),h(s,1) are invertible for
all s € I, then

sE(h(0, ) = sf(h(L,-)).
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(Z) If L = {La}xer € UPs(H),GPs(H)) is such that Ly is invertible for
all X € I, then sf(L) = 0.

(S) If H' is another real separable Hilbert space, L € Q(Pg(H), GPs(H)) and
L e Q(@S(H/),Gq)s(H/)), then

sf(Le® L") = sf(L) + sf(L).
(N) If L ={Lx}xer € UPs(H),GPs(H)) and H is of finite dimension, then
Sf(L) = .LIJMOTse(LO) - ,uJ]Worse(Ll)~ (3)

Here ppsorse(Ly) denotes the Morse index, i.e., the number of negative eigen-
values counted according to their multiplicities. Let us note that this number
is also finite for operators in ®% (H) if H is of infinite dimension, and (3) still
holds for paths in this component of ®¢(H). Further properties of the spectral
flow and methods to compute it can be found, e.g., in [8] or [7]. As we do
not need them here, we refrain from recalling them. Let us finally note that
the assumption of invertibility of the endpoints can easily be lifted by a small
perturbation of the path. The spectral flow is then still homotopy invariant
as long as the homotopy keeps the endpoints of the path fixed. Details can be
found in [14, §7].

Let us now consider a continuous family of functionals f : I x H — R such
that each fy := f()\,-) : H — R is C? and its derivatives depend continuously
on the parameter A € I. Henceforth we assume that 0 € H is a critical point
of all fy and Ly := V2 f\(0), the Hessian of fy at the critical point 0 € H,
is a Fredholm operator. Then L := {Lyx}xes is a path in ®g(H) and thus
the spectral flow sf(L) is defined. A well known theorem in nonlinear analysis
asserts that if Lg, Ly are invertible and their Morse indices are finite and differ,
then there is a bifurcation of critical points of the family f from 0 € H (cf.,
e.g., [13,22]). By (3) and the explanations below that equation, this just means
that the spectral flow of the path L of Hessians is non-trivial. The following
generalisation to functionals f having Hessians in an arbitrary component of
®g(H) was obtained by Fitzpatrick, Pejsachowicz and Recht in [8] (cf. [14]).

Theorem 2.2. If Lo and Ly are invertible and sf(L) # 0, then there is a bifurca-
tion of critical points of f from the trivial branach, i.e., there exists \* € (0, 1)
such that in every neighbourhood U of (A*,0) in I x H there is some (A, u) € U
such that w # 0 1s a critical point of fy.

Let us note that Alexander and Fitzpatrick have shown in [1] that this theorem
is optimal in a reasonable sense. On the other hand, the spectral flow often
turns out to be difficult to compute which limits the applicability of Theorem
2.2. However, note that Theorem 2.2 only requires the spectral flow to be
non-trivial and thus the exact quantity actually is not needed. In [14] the
second author obtained in a joint work with Pejsachowicz the following way
to estimate the spectral flow.

Theorem 2.3. Let L = {Lx}xer and M = {My}ecr be paths in ®g(H) such
that Ly — My is compact for all X € I. If

Lo > My and Ly < My,
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then
sf(L) < sf(M).
Here < denotes the common partial order on the set of all selfadjoint operators
given by
T<S:«—((S—T)u,u) >0,uec H.

One of the main results of this work, Theorem 5.1, is a refined version of the
previous theorem that applies to operators stemming from equations of the

type (1).

3. The Variational Setting

The aim of this section is to briefly recap the variational setting of the equations
(1), where we mainly follow [11]. Henceforth I := [0, 1] denotes the unit interval
and we assume that
(A1) F eC?(I xU x RP,R),
(A2) 0 is a critical point of Fy := F(\,z,:) : RP — R for all (A\,z) € I xU. In
what follows, we set
By(z) := V2F(\, 2,0) € Mat(p,R) .
(A3) There exist C >0 and 1 <s < (N +2)(N —2)~!if N > 3 such that
(V2P 2,)] < O(1+ fuf*)

If N = 2, we instead require that s € [1,00), and for N = 1 we do not
impose any growth condition on F.
(A4) We let py € NU {0}, 0 < p1 <p,

a1 =..=ap =—1,a, 41 =..=a, =1,
and set A = diag{—1,...,—1, 1,...,1 }.
—_——— ——
P1 p2:=p—p1

Let H}(U) be the standard Sobolev space with scalar product

(u1,v1) i) = /U (Vui(z), Vo (z)) de.

Then H := @"_, H}(U) is a Hilbert space with respect to
P

<uaU>H = Z <uia Ui>H(}(U) :

i=1
Now consider the map f : I x H — R given by

FOuu) ::% /U ;(—ai|Vui(x)|2)dx— /U FOuzu(@)de.  (4)

It follows from assumption (A2) that there exists a map g € C?(I x U x RP, R)
such that

F\ z,u) = % (Bx(z)u, u) + g(\, z,u)
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and for every A € I, z € U, we have V,, g(\,z,0) = 0 as well as V2 g()\,z,0) =
0.

It is well known (cf. [19]) that f is in C2(I x H,R) under the assumptions
(A1) — (A4) and the gradient of f(\,-): H — R is of the form

Vuf(Au) =Tu+ Kyu— Vyn(\u),
where

(i) T: H — H is the selfadjoint invertible operator
Tu := —Au. (5)
(ii) Ky : H — H implicitly is given by

<wam=—¢y&wmwwum@m (6)

and it is a selfadjoint compact operator.
(iii) n: I x H — R is the C%-map defined by

mxwzlgwawwma

and V,n(\,0) = 0 as well as V27(\,0) = 0 for all A € 1.
Moreover, the critical points of fy := f(\,:) : H — R are the weak solutions
of (1), and thus in particular 0 € H is a critical point of all fx, A € I.
It follows from (i) — (4ii) that the Hessians V2 f,(0) at the critical point 0 € H
are the selfadjoint operators

Ly:=T+ K, (7)

Note that these are compact perturbations of an invertible operator and hence
Fredholm. Accordingly L := {Lx}xes is a path of selfadjoint Fredholm op-
erators so that the spectral flow of L is defined. Moreover, the kernel of L)
consists of the solutions of the linearised equations

{ AAu(xi z OB,\(iU)U(»T) i;ln%U’ (8)

and thus Ly is invertible if and only if (8) has no non-trivial solution.

4. Index Theorem and Bifurcation for (2)

In this section we consider the system (2) and thus assume in addition to
(A1) — (A4) that the matrix family B in (A2) does not depend on z € U, i.e.,
(8) is now of the simpler form

AAu(z) = Byu(z) in U )
u=20 on OU.
Let us emphasise that all results of this section obviously also apply to equa-

tions of the more general type (1) as long as this additional condition on B is
satisfied.
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In what follows we let {f, }nen be the orthonormal basis of HE(U) given
by the eigenfunctions of the Dirichlet boundary problem

—Au= A inU
{ u=0 onoU. (10)

and we assume that the corresponding eigenvalues au, satisfy 0 < o, < ay, if
m > n. It is readily seen from Green’s identities that for all n,m € N, m #n

/ fafmdz =0 (11)
U

1:/ |an|2dx=an/f,21dx.
U U

We now consider the orthonormal decomposition

H =P Hy(U) = D Hi (12)

keN

and

where Hj, := span{fy -e; | 1 <i < p} and {e;}}_; denotes the standard basis
of RP.

Lemma 4.1. Let P, k € N, be the orthogonal projection in H onto Hy. If
k,l e Nk #£1, then
P, K P, = 0.
Proof. Clearly,
(PrEK\Pu,v) g = (KxPu, Pyo)y , u,v € H.
For u = fre; and v = fie;, where 1 <4, j < p, it follows by (11) that

(Kxu,v) = / Trfi(Baei, ej) do = <B/\ei7€j>/ Jrfrdz =0,
U U
which shows that P, K\P, = 0 for k # [. ]

By the previous lemma, the operators K leave the spaces Hy invariant. Note
that this also is the case for the operator T, and thus we obtain paths of
operators by LI/{ := Ly |g,: Hr — Hy. It is readily seen that L’}\ is represented
by the matrix

Ik = (Iplox;n 0 ) Sl o a- —BM rel,

71{12 Xp2 Qg

with respect to the orthonormal basis { fre; | 1 < i < p} of Hy. Since ay, — 0
as k — oo, there exists n € N such that L’/{ is an isomorphism and
sgn(LY) = sgn(—A) for all k > n, A € I. (13)
Thus the index
1

=3 Z sgn(L%) — sgn(—A))
k=1
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of the matrices B, is well defined. We can now state the main theorem of this
section, which expresses the spectral flow of the paths of Hessians L in (7) in
terms of this index.

Theorem 4.2. If the assumptions (A1)-(A4) hold and (9) only has the trivial
solution for X = 0 and A\ = 1, then the family of Hessians L = {Ly}xer
satisfies

sf(L) = i(B1) — i(Bo).

Proof. Let n € Nand H = H' @ H? where H' := ©7_, H}, and H? := (H)*,
Let Py, k € N, be the orthogonal projection in H onto Hy. Then @, :=
> i_, Py is the orthogonal projection onto H' and Qi = (Iy — Q) the
orthogonal projection onto H?2. It follows from Lemma 4.1 and (7) that

Ly =T+ QuE\Qy + QuE Qi + QLK \Q, + QLK Q- 14)
=T+ QuEK Qn + QL K\Q;-.

From the compactness of Ky, the strong convergence of Q- to 0 for n — oo
and since ||Q;-|| = 1, we see that

Qi KaQ [l = 0, 1 — oo, (15)

uniformly in A. According to the assumptions, the operator L) is invertible for
A =0, 1. Thus there is C' > 0 such that

| Lou|| > 3C||lul|, u € H,
and
|1 Liu|| > 3C||u||, u € H.
We now let ng be sufficiently large such that
1Qw ExQu || <C, n>ny. (16)
It follows from (14) and (15) that
I1Tu 4 QnE\Quul| > 2C||lu|, w€ H, A\=0,1, n > ny. (17)

Henceforth we assume that ng is sufficiently large such that in addition to (17)
also L% is invertible and (13) holds for all k > ny.
We now consider for some n > ng the homotopy

h:lxI— dg(H)
defined by
h(t,N) =T + QuKrQn + tQy KrQyy .
By (17) and (16), we conclude that for A = 0,1
1At Aull = Cllull, v e H,



NoDEA Bifurcation for a Class of Indefinite Page 9 of 23 116

and thus h(t,0) and h(t,1) are invertible for all ¢ € I. Consequently, by the
properties of the spectral flow from Section 2,

SE(L)=sf(L |g1) + SH(L | g2)=sf(L | g1
- (18)

:ZSf(L |H’C):Z (,U/Morse(LO |Hk) - MMorse(Ll |Hk)) .
k=1 k=1

The signature and the Morse index of a symmetric p x p-matrix M are related
by

sgn(M) = p — 2pmorse(M).
Thus we obtain in (18)

n

(,LLMorse(LO |H;C) - ,uMorse(Ll |Hk))

p 1 p 1
(5 sz - 5 + gtz

2 2 2
1 (19)
=3 > (sen(Ly) — sgn(Lg) + sgn(—A) — sgn(—A))
k=1
1 n 1 n
= 23 (smn(h) — sen(-4)) — 13" (sen(Lh) — sem(~4)
k=1 k=1
=i(B1) —i(By),
where we have used (13) in the final equality. Finally the theorem follows from
(18) and (19). O

From Theorem 2.2, we now immediately obtain the following result.

Corollary 4.3. Assume that the assumptions (A1)-(A4) hold for the boundary
value problem (2). If the linearised equation (9) only has the trivial solution
forA=0and A=1, and

i(Bo) # i(B1),
then there exists a bifurcation point for (2) in (0,1).

Let us note that our index i(B)) and the corresponding bifurcation result in
Corollary 4.3 are of a similar form as the bifurcation theorem for autonomous
Hamiltonian systems by Fitzpatrick, Pejsachowicz and Recht in [9]. The dif-
ferences are the appearance of the term sgn(—A) in the definition of the index
as well as most parts of the proof of Theorem 4.2, which become necessary
when dealing with a PDE instead of an ODE.

5. Bifurcation by Comparison for (1)

We now consider the general system (1), where the right hand side explicitly
depends on & € U. The aim of this section is to find a criterion for the existence
of bifurcation points for (1) by applying the comparison principle in Theorem
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2.3 for the spectral flow. As introduced in Section 3, L) denotes the Hessian
V2 £1(0) at the critical point 0 € H.

Let now M = {M)}xer and N = {Ny} er be two paths in ®g(H) such
that

(Myu,v) g = (Tu,v) g — /U (Cru,v) dz

and

(Nau, v) gy o= (Tu,v) gy — /U (Dyu,v) dz,

where T is as in (5), and

L Cl,)\ 0 L Dl’)\ 0
oA ( ! C) and D, ( j D)

Cix, D1y € Mat(p1,R), Cax, Dy € Mat(pz,R),

for some

are symmetric matrices such that By(z) — Co, C1 — Bi(z) and Dy — By(z),
Bi(z) — Dy are positive semi-definite for all € U. Henceforth, we denote the
eigenvalues of a symmetric matrix M € Mat(p,R) by p;(M) fori € {1,...,p},
where we suppose the ordering

p(M) < pop(M) < -+ < pp(M).

The following theorem is the main result of this work. As in the previous
section, (a)gen is the increasing series of Dirichlet eigenvalues of the domain
U that we defined in (10).

Theorem 5.1. Assume that the assumptions (A1)-(A4) hold for the boundary
value problem (1) and that the linearised equation (8) only has the trivial so-
lution for A=10 and A = 1.

(1) If C1 0 > C11, Cap > Co1 and there exists j € {1,...,p1} such that
1i(Cra) < o < pj(Chy) for some k € N
or there exists j € {1,...,p2} such that
wi(Ca1) < —ag < pui(Cap) for some k € N,

then there is a bifurcation point for (1).
(i) If D11 > D1, D21 > Doy and there exists j € {1,...,p1} such that

w;i(D1o) < ap < pj(D1,1) for some k € N
or there exists j € {1,...,pa} such that
1;i(Dap) < —ag < pj(Daq) for some k € N,

then there is a bifurcation point for (1).
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Proof. Since
((Tx = M)y = [ (€3 = Ba(@uta). o)) do, wo e

and

((Lx — Ny)u,v)y = /U ((Dx — Bx(2))u(x),v(z)) dz, u,v € H,

we note that Ly — My and Ly — N, are compact for all A € I (see (6)).
Furthermore, as By (z)—Cy, C1—Bi(x) and Dy— By (x), By (x)—D; are positive
semi-definite for all z € U by assumption, it follows that Ny < Ly < My and
My < Ly < Np. Thus we obtain from Theorem 2.3 that

sf(M) < sf(L) < sf(N).

If we now can prove that sf(M) > 0 under the assumptions of (), and sf(N) <
0 under the assumptions of (47), then the assertion follows from Theorem 2.2.
We only prove the assertion for M, as the argument for N is very similar. If
we apply the results of Section 4 to the matrices C), we obtain that there is
a decomposition of H into finite dimensional subspaces Hy, k € N, such that
each Hj reduces M) and the corresponding restrictions M /’\“ are represented
by the matrices

I 0 1
MY = (TP - —Cx A€EL
A ( 0 _Ipz sz) Qg A
Now it follows from Theorem 4.2 that

SE(M) = i(Cy) — i(Co)

= %Z(sgn(M1 ) —sgn(— Z sgn(My) — sgn(—A))
k=1 k
— 23" (sen(M}) — sgn(M) .
2
k=1

o

(,UMorse (Mok) - /’('MOFSQ(M{C)) .

k=1
3 3 Ipl Xp1 0 1
Since the matrices and ———C'\ commute for all A\ € I, the
0 _Ipz X P2 Xk
eigenvalues of M} are the sum of the eigenvalues of <Ip 16< P 0 ) and
T Ip2xXp2

—O%k_C)\. Moreover, note that

a(C\) = a(C1x) Ua(Ca,0).

Now, for any k € N, 1 — %k“) < 0 if and only if ar < pi(Cy ) for i €
{1,...,p1}, and —1 — %}f*) < 0 if and only if —ay < pi(Czy) for i €

{1,...,p2}. Thus we obtain
MMorSS(Mf) = [(ag, 00) N (Cr 2| + [(—ag, 00) N (C2 1)l
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where here |- | stands for the cardinality of a set. Plugging this into (20) yields

oo

st(M) = (|(a, 00) N 0(C10)| + (=@, 00) N o (Cap)|
k=1
— [(ak,00) No(Cr1)| = [(—ak,00) N (C2,1)]).
Since 0170 Z Cl,l and 0270 Z 6'2,17 the matrices CLQ — 0171 and 0270 — 02)1
are positive semi-definite. Thus it follows from Weyl’s inequality for symmetric
matrices that

,ui(cl,l) < //Li(0171 + (CLQ - 0171)) = [LZ‘(CLQ) for all 7 € {1, ‘e ,pl}

(21)

and
1i(C2,1) < pi(C21 + (Co,0 — C21)) = pi(Cap) for all i € {1,...,pa}.
Consequently, for each k € N,
|(a, 00) N (Ch)| = [(ak,00) N (Cra)l
|(=a, 00) N o(Ca0)| = |(—ak,00) N (Ca)])

as (ap)ken is an increasing sequence. Thus we see from (21) that sf(M) > 0,
and that actually sf(M) > 0 if there exists j € {1,...,p1} such that

i (Cr1) < o < pj(Chy) for some k € N
or there exists j € {1,...,pa} such that
pi(Can) < —ay < pj(Co ) for some k € N.
This finishes the proof. O
Note that the assumptions of Theorem 5.1 imply that either By(x) > B;(x) or
Bi(z) > By(z) for all z € U. Let us also point out that the proof of Theorem
5.1 yields the following spectral flow formula in the setting of Section 4, which

significantly simplifies the index formula in Theorem 4.2 if the matrices B)
are block diagonal.

Corollary 5.2. If under the assumptions of Theorem 4.2, the matrices By are

of the form
_(Cix O
s el)

for symmetric matrices Cy x € Mat(p1,R) and Ca,\ € Mat(pa, R), then

o0

st(L) =Y (I(ax,00) N o (Cr0)| + |(—ak, 00) N 7(Ca0))|
k=1
= |(ar, 00) N (Cr )| = [(—ar, 00) N (C21)])

We now set for A € T
A= Slelg{ul(BA(x))’ oo Hp(Ba()) },

B = inf (i (Ba(@)), - 1 (Ba(2))},
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and point out that the following simple corollary of Theorem 5.1 is the best
possible result that can be obtained by the comparison methods in [14] and
[28].
Corollary 5.3. Under the assumptions of Theorem 5.1,

(i) if Bo > 1 and there exists k € N such that

v <o < Poory <—a<fo
then there is a bifurcation point for (1),
(ii) If B1 > o and there exists k € N such that
Yo < ap < Prory < —ax <
then there is a bifurcation point for (1).

Proof. We just set Cx = (Bo+ (71— 050))Ipxp and Dy := (70 +A(B1 —70)) Ipxp
in Theorem 5.1. O

We now provide an example which shows that our main Theorem 2.2 indeed
is stronger than the previously known comparison methods from [14] and [28].
Consider the system (2) in the special case that U = (0,7) and p; = 1 = po,
i.e. the systems (2) are of the form

—uf(x) = g—i()\,u(x)) in (0,7)
uy(x) = Si-(Au(x)) in (0,7) (22)

u(0) = u(m) =0,
and we also assume that
8 —2 -31
By :=V2F(0,0) = (_2 s > and By := V2F(1,0) = < L 2) .

Note that the Dirichlet eigenvalues of the domain U = (0, 7) are ay, = k*. We
now choose Cy = (8o + A(v1 — Bo))I2x2 as in Corollary 5.3, where Gy = 4 is the

smallest eigenvalue of By and vy, = \/%_1 is the largest eigenvalue of B;. Now
there is no k € N such that v; < ai < fp, and thus we cannot use Corollary
5.3 to investigate bifurcation points for (22). However, if

(Cio 0\ _ (50 C(Cii 0\ (10
Co = ( 0 0270> - (0 3) and €1 = ( 0 CQJ - (0 3)
in Theorem 5.1, we get the existence of a bifurcation point for (22) as

w(Cii)=1<az=4<5=p(Cp).

We finish this section by considering for later applications the special case that
p=2and p; =1 = po, i.e. the systems (1) are of the form

—Aui(z) =V, F\ z,u(z)) in U
Aug(x) = Vy, F(\, z,u(x)) in U (23)
u(z) =0 on U,
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where now again U C R” is a bounded smooth domain for some N € N.
According to assumption (A42), we set

L b 1()\7:E) b ()\,{E)
By(z) == <b12()\,x) béi(%@)

and assume that the corresponding linearised system (9) with A = diag(—1,1)

has only the trivial solution for A = 0 and A = 1. If we now set C) :=
C1)\ 0 L dl,\ 0
( 0 CzA) € Mat(2,R) and D, := ( 0 dg)\) € Mat(2,R), we can apply

Theorem 5.1 and immediately get that there is a bifurcation point for (23)
under any of the following assumptions:

(i) there are ¢y, 11, 20, c21 € R such that

min baz (0, 7) — max [b12(0,2)| > c20 > ca1 > max bao(1, z) + max |bia(1, )]
xeU xeU zeU zeU

and there exists k£ € N such that
min by11(0,2) — max |b12(0,z)| > c10 > o > c11
zeU zeU
> max bll(lﬂz) -+ max |612(17x)"
zeU xzelU

(ii) there are ¢19, ¢11, €20, c21 € R such that
max b11(0,x) — max |b12(0, )] > c10 > cn1
zelU zeU
> max bll(lvx) + max |b12(17x)|
zeU zeU

and there exists k € N such that
min bas(0, ) — max |b12(0, )]
zelU zelU
Z Coo > —Q > C21 Z max b22(1,1‘) —+ max |b12(1,x)|
zeU zelU

(iii) there are dyg,d11,d2o,d21 € R such that

mig bgg(l,x) — max |b12(1, .Z’)| Z d21
zeU zeU

> dao > max bz (0, ) + max [b12(0, )|
xzeU zeU

and there exists k£ € N such that

min b11 (1, 2) — max |b12(1,2)| > di1 > ax > dig
zeU zeU

> max b11(0, ) + max [b12(0, z)|.
zeU zeU

(iv) there are dig,d11, d20,d21 € R such that

min b11(1, z) — max |b12(1, )| > d11 > dip > max b11(0, z) + max [b12(0, z)|
zeU zeU zeU zeU
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and there exists k£ € N such that
min boo (1, ) — max |bi2(1,z)| > day > —ay > dao
zeU zeU

> max bya(0, ) + max |b12(0, x)|.
zeU zeU

6. Application to Bifurcation on Shrinking Domains

The aim of this section is to apply the results of the previous sections to a

setting that has been investigated in [16,17,25] and in particular in [18]. We
consider the system

AAu(z) = Vo, F(z,u(x)) in U (24)

u(z) =0 on U,

that does not depend on a parameter A\, and where now U C RY is a bounded
smooth domain that is star-shaped with respect to 0. The matrix A is as in
(A4) in Section 3, and we assume that 0 is a critical point of F'(x,-) : RP — R
for all x € U and henceforth set

B(z) := V2F(z,0). (25)
Below we will also once again need the linearised system

AAu(z) = B(x)u(z) in U

u(xz) =0 on 9U.

Our final standing assumption is as in (A3)
e There exist C' >0 and 1 < s < (N +2)(N —2)~!if N > 3 such that

VaF(z,u)| < COL+Jul*™h).

If N = 2, we instead require that s € [1,00), and if N = 1 we do not
impose any growth condition.

(26)

As U is star-shaped with respect to 0, it makes sense to consider (24) on the
shrunk domains

Up:={rz:2zeU}, re(0,1],
ie.
AAu(z) =V, F(z,u(x)) in U,
{ u(zr) =0 on OU,.
Note that by assumption, the constant function v = 0 is a solution of (27)
for all 0 < r < 1. We call * € [0, 1] a bifurcation radius for (24) if there are
sequences 7, € (0,1] and u,, € H} (U, RP), u,, # 0, n € N, such that r, — r*
and [|un|| g v, mey — 0 as n — oo.
As in [18] it follows that for any fixed r € (0, 1] the solutions of (27) are
the critical points of the functional

Flu) = %/U Z(—ai|Vui(x)|2)dm—/Ur Fa, u(z)) de,

=1

(27)

which after a change of coordinates x — r - x transforms to
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= ;/U;(_GHVW(JU)?) do —r? /U F(T -, u(x)) dz, (28)

and which now can be considered for r € [0, 1]. Thus we are now in the setting
of Section 3 and consequently the second derivative of f, : H} (U, RP) — R is
given by

D3 fr(u,v) = Zp:(—ai(VUi(z), Voi(z)))de —r? | (B(r-2z)u(x),v(z)) dz
Ul U

= (T + K )u, v) g (u,re)-
(29)

Note that the Hessian L, = T + K. is invertible for » = 0 as Ky = 0. By the
implicit function theorem, it in particular follows that there are no bifurcation
radii close to 0.

Let us now first consider the case that B in (25) does not explicitly
depend on z as in Section 4. It is an immediate consequence of Theorem 4.2
that there is a bifurcation radius r* € (0, 1] for (27) if (26) has no non-trivial
solution and

Z sgn(L*) — sgn(—A)) # 0, (30)
k=1
where
I 0 1 1
LF = rrxm ) - —B=-A-—B, 31
( 0 —Ipoxps) i aj, (3D

and (ay) is the sequence of Dirichlet eigenvalues of the domain U. Thus the
existence of bifurcation radii can be obtained by relating the eigenvalues of
B to the Dirichlet eigenvalues of the domain U. The following theorem shows
that it is not even necessary to compute (30) under reasonable assumptions.
Let us emphasize that in the second part of the theorem, we can even lift the
assumption that the linearised equation (26) has no non-trivial solution, and
thus the existence of bifurcation radii can be obtained solely by estimating the
smallest eigenvalue of the matrix B. As before we denote by (M) < ... <
tp(M) the eigenvalues of a symmetric matrix M € Mat(p,R).

Theorem 6.1. If the matriz family B in (25) does not depend on x € U and
1 < p1,p2 <p—1, then there is a bifurcation radius r* € (0,1) for (27) if
(i) either (26) has no non-trivial solution and
—oq < p1(B)  as well as a1 < pp(B),
(i) or p1(B) > aq, i.e., the smallest eigenvalue of B is larger than the small-

est Dirichlet eigenvalue of the domain U.

Proof. We begin by showing (i), which is a consequence of Theorem 4.2 and
Corollary 4.3. Thus we aim to show that the index in (30) does not vanish
under the given assumptions.
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As sgn(M) = p — 2uprorse(M) for any symmetric and invertible M €
Mat(p, R), we obtain

Sgn(Lk) =pr- Q#Morse(Lk)7 sgn(—A) = p1 +p2 — 2p1 = p1 — p2,
and thus in (30)
bgn(Lk) - Sgn(_A) =D +p2 - 2/1/Morse(L ) P1 +p2 - 2p2 - 2,uMorse(L )
(32)
By Weyl’s inequality on the perturbation of eigenvalues, we obtain in (31) fo
1<li<pandlI<i<p

1
i (LF) < pi(—A) + ppyi—i <—%B> ;

and thus for 1 <1 < p;

1 1
(L) <1+ (—%B> 1= g (B),

which is negative if and only if ap < pi—41(B) for some | < i < p. In
particular, we note that p(L*) is negative if ay < p,(B). Now we consider
the case that p; +1 <1 < p. By Weyl’s inequality

1 1
p(LY) < =14 pupyrs (—%B> =-1- OTkalH(B),

which is negative if and only if —ay < p;—;+1(B) for some I < i < p.

In summary, as the sequence (ay)ren is ascending, if p1(B) > —aj, then
wi(LF) <0 for all p; +1 <1 < pand thus parerse(LF) > p— (p1 + 1) = py for
all k& € N. If moreover, a; < p,(B), then Untorse(LY) > pa + 1 and we obtain
in (30) and by (32) that

Z(Sgn(Lk) — sgn(— =2 Z = [sorse( Lk))
k=1 k=1

S 2(p2 — P2 — ]-) + 2 Z(pQ - /«LMorse(Lk))
k=2

o0
=-2+2 Z(p2 - NMorse(Lk))
k=2
where the terms in the latter sum are all non-positive. Thus (¢) is proved.
Let us now consider (#) and assume in a first step that (26) has no non-
trivial solution, which again implies that the matrices L*, k € N, in (31) are
invertible. As in (32), we note that we need to show that

Z b2 — MJV[orse Lk)) 7& 0. (33)
k=1
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By using Weyl’s inequality once again, we obtain that

() < i(-A) 4ty (< B ) = (-4) = pa(B).
o Qg

Thus, if 1 <1 < p1, we see that p;(L*) < 0if 1— a—lkul(B) < 0 which is the case
if a < p1(B). Moreover, if p;+1 < I < p, then p;(L*) <0 if—l—o%k,ul(B) <0
which is equivalent to —ay, < p1(B). Now let us assume as in the theorem that
11 (B) > ag. Then puq(B) > —ay, and thus p;(B) > 0 for p; +1 <1 < p, which
shows that pasorse(L¥) > po for all k € N. Moreover, the first case from above
tells us that pi(L') < 0 and consequently pipsorse(LY) > pa + 1. As in (i), we
obtain in (33) that

00 oo
(p2 - ,UMorse(Lk)) =p2 — (p2 + 1) + Z(p2 - IUMOT‘SG(Lk))
k=1 k=2
=-1+ Z(p2 - M]\/Iorse(Lk))a
k=2

where the sum on the right hand side is non-positive. Thus there is a bifurcation
radius by Theorem 4.2.

Now our aim is to lift the assumption that (26) has no non-trivial solution,
for which we need to make a brief digression that stems from a method for
computing the spectral flow that was introduced by Robbin and Salamon in
[20] and generalised in [26].

Let H be a Hilbert space and £ = {L)} e a path in the normed space
of bounded operators L(H ), which we assume to be continuously differentiable
with respect to the operator norm. We also assume that each L) is selfadjoint
and Fredholm. A parameter value \* is called a crossing of L if ker(Ly-) # {0},
and the crossing form of a crossing is the quadratic form defined by

DL, [u] = (L, u), u € ker(Ly-),

where L. denotes the derivative of the path £ at A = A\*. A crossing is called
regular if T'(L£, \*) is non-degenerate. It was shown in [20] that crossings are
isolated if they are regular, i.e., if A\* is regular, then L) is invertible for any
A #£ A\* that is sufficiently close to A.

In our case, it follows from (29) and the assumption that B does not
depend on z, that the crossing form is

(L, 1)[u] = —2/ (Bu(z),u(x))dx, u € ker(Ly),
U
where ker(L1) is just the space of solutions of the linearised equation (26). Now,
since u1(B) > 0, B is positive definite and consequently T'(L, 1) is negative
definite and in particular non-degenerate. Thus L, is invertible for any r # 1
that is sufficiently close to 1 and we can apply the first part of the proof to
the equations on a slightly shrunk domain, where p(B) is still larger than the
smallest Dirichlet eigenvalue. This yields the claimed bifurcation even though
(26) might have non-trivial solutions and finishes the proof of (ii). O
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We now drop the assumption that B in (25) does not depend on =z € U
and obtain bifurcation results by the comparison theory that we developed in
Section 5. To state the results as clear as possible, we consider a system of
two equations as in [28]. Obviously, the reader will not have any difficulties
in finding the corresponding conditions in the case of more coupled equations.
To fix notations, let us state (27) in this setting once again

—Au(z) = g—i(x,u(x),v(x)) in U,
Av(z) = (2, u(x),v(z)) in U, (34)
u(z) =v(z) =0 on 9U,,

and let us emphasize that u,v are now scalar functions. We set
bi1(x) bia(w)
B(z) := , 35
() (blg(x) boo (7) (35)

where B(x) = DZF is the Hessian of F': U x R? — R at 0 € R?. The following
theorem underpins the strength of Theorem 5.1 about comparison. Note that
we no longer necessarily require that the linearised equation (26) has no non-
trivial solution, which as in Theorem 4.2 allows to find bifurcation radii just
by inspecting the matrix (35).

Theorem 6.2. Let p =2 and A = diag(—1,1). If either
(i) min baa(x) > max |bi2(x)| and min by (x) > maz |biz(x)| + a1, as well
xeU zeU zeU xeU

as
% ly—1 (B(ro)u,u) >0, zecR", wuecR? (36)
or
(i) max bii(x) < —max |bi2(x)| and maz baa(x) < —maz |bia(x)| — aq, as
zeU xeU xeU xeU
well as
g lr—1 (B(rz)u,u) <0, z€R" ucR? (37)
,

then there is a bifurcation radius for (34).

Proof. Firstly, if (i) or (i7) holds and (26) has no non-trivial solution, then the
assertion is a simple consequence of our investigations about equation (23) at
the end of Section 5 and it is not even necessary to assume (36) or (37). We
will need this observation below.

If (26) has a non-trivial solution, and consequently L; has a non-trivial
kernel, we consider crossing forms as in the proof of Theorem 6.1. Here the
crossing form at r = 1 is given by

(L, 1)[u] = f% lr=1 7“2/U<B(rx)u,u> dx = 72/{} (B(z)u,u) dz

0
—/Ua lr=1 (B(rz)u, u) dz.

Now note that under the assumptions of (¢), the matrix B is positive definite,
whereas in (i7) it is negative definite. With the required estimates (36) and
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(37), we see that 1 is a regular crossing and thus isolated as in the proof
of Theorem 6.1. Now we just apply the first part of the proof on a slightly
shrunk domain Uj _., where the first two estimates in (¢) or (¢¢) still hold, but
the corresponding operators Li_. are invertible, i.e. the linearised equations
(26) have no non-trivial solution on Uj_.. O

Let us once again emphasise that bifurcation raddii of (24) were studied in
[16], but no computable way to find them was provided. Note that Theorem
6.2 allows to find them only by knowledge of the coefficients in (34).

Let us finally provide a numerical example. We consider equation (34)
on a disc U = D? of radius 7 > 0 in R2. It is well known that the Dirichlet
eigenvalues of D? are given by

3 2
/\nm:< mn) , neNU{0},meN, (38)

r
where (3,,,, is the m-th positive zero of the n-th Bessel function. The smallest
of these numbers is [y ; and its numerical value is approximately 2.40483.

Thus 5 < 43 ; < 6 and we obtain from Theorem 6.2 that there is a bifurcation
radius for any equation (34) on a disc D? in R? if either

maz by (z) < —maz [bia(x)],  maz byz(x) < —maz |bi2(x)| — —, and (37)
zeD?2 zeD?2 z€D? zeD? r
hold, or
. . 6
min baz(z) > maz |bia(z)|, min bii(z) > maz |bia(z)| + — and (36).
z€D? x€D? xeD? z€D? r
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