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Abstract

Estimands are highly used in survival analysis, e.g., to compare the effects of different treatments in a clinical
study. Beyond the popular hazard ratio, which relies on the rather restrictive proportional hazards assumption,
there are various estimands that do not rely on this assumption as, for example, the Mann-Whitney effect and
the restricted mean survival time. Several inference procedures for estimands in simple one- and two-sample
survival problems have already been developed in the literature. However, since the underlying designs of real
data are often more complex, there is a lack of adequate testing procedures in more complex survival models.
Moreover, ties easily occur in real data if time is measured in whole days, months, or years. While many existing
methods require continuous survival distributions, we prove all methods without any continuity assumption on
the survival and censoring times by empirical process theory. Thus, we explicitly allow for ties in the data.
Furthermore, in many practical applications, not only one hypothesis is of interest, e.g., if not only the existence
of an effect of any treatment is of interest but also which treatment groups have a different effect. In this case,
multiple tests need to be performed to infer several hypotheses simultaneously.

To close all above-mentioned gaps, we construct tests for a version of the Mann-Whitney effect and restricted
mean survival times in the paired survival setup, multiple tests for restricted mean survival times in general
factorial designs, and multiple tests for restricted mean time losts of competing risks in general factorial designs.
For the multiple tests, we incorporate the multivariate limit distribution of the test statistics to gain more
power in contrast to a simple Bonferroni-correction. Additionally, we apply different resampling procedures,
as permutation and bootstrap approaches, for all tests to improve the small sample performance of the tests.
Moreover, for proving the validity of the resampling tests, we design a flexible conditional delta-method for
resampling empirical processes.






Zusammenfassung

Estimands werden in der Uberlebenszeitanalyse hiufig verwendet, z.B. um die Auswirkungen verschiedener Be-
handlungen in einer klinischen Studie zu vergleichen. Neben dem weit verbreiteten Hazard Ratio, das auf der
eher restriktiven Proportional-Hazard-Annahme beruht, gibt es verschiedene Estimands, die nicht auf dieser
Annahme beruhen, wie z.B. der Mann-Whitney-Effekt und die 'restricted mean survival time’. In der Literatur
wurden bereits mehrere Inferenzverfahren fiir Estimands bei einfachen Ein- oder Zwei-Stichproben-Problemen
entwickelt. Da die den realen Daten zugrunde liegenden Designs jedoch héufig komplexer sind, fehlt es an
geeigneten Testverfahren fiir komplexere Uberlebenszeitmodelle. AuBerdem treten bei realen Daten Bindungen
auf, wenn die Zeit in ganzen Tagen, Monaten oder Jahren gemessen wird. Wahrend viele bereits existierende
Methoden stetige Uberlebenszeitverteilungen voraussetzen, beweisen wir alle Methoden ohne Stetigkeitsan-
nahme fiir die Uberlebens- und Zensierungszeiten durch empirische Prozesstheorie. Somit erlauben wir Bindun-
gen in den Daten explizit. Auflerdem ist in vielen praktischen Anwendungen nicht nur eine Hypothese von In-
teresse, z.B. wenn nicht nur die Existenz eines Effekts einer Behandlung von Interesse ist, sondern auch, welche
Behandlungsgruppen einen unterschiedlichen Effekt haben. In diesem Fall miissen multiple Tests durchgefiihrt
werden, um mehrere Hypothesen simultan testen zu kénnen.

Um alle oben erwahnten Liicken zu schlielen, konstruieren wir Tests fiir eine Version des Mann-Whitney-Effekts
und ’restricted mean survival times’ fiir gepaarte Uberlebenszeiten, multiple Tests fiir 'restricted mean survival
times’ in allgemeinen faktoriellen Designs und multiple Tests fiir 'restricted mean time losts’ von konkurrierenden
Risiken in allgemeinen faktoriellen Designs. Bei den multiplen Tests beziehen wir die multivariate Grenz-
verteilung der Teststatistiken ein, um im Gegensatz zu einer einfachen Bonferroni-Korrektur eine hohere Giite
zu erzielen. Dariiber hinaus wenden wir fiir alle Tests verschiedene Resampling-Verfahren an, wie Permutation
und Bootstrap-Anséitze, um die Performance der Tests bei kleinen Stichprobenumfingen zu verbessern. Um die
Giiltigkeit der Resampling-Tests zu beweisen, entwickeln wir aulerdem eine flexible bedingte Delta-Methode
fiir Resampling bei empirischen Prozessen.
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Preface: Structure, Personal Contributions and Authorship

This thesis includes six sections. The first section is an introduction in which the problems covered in this thesis
are motivated. In the second section, methodological preliminaries are presented. Besides the general notation
of this thesis, this includes a new conditional delta-method for resampling empirical processes in multiple sample
problems in Section 2.2 and general methodology for simultaneous inference in Section 2.3. Then, three sections
containing the main contributions of this thesis follow, that are

e Section 3, where two approaches are proposed to infer consecutive survival times properly and random-
ization tests therefore are constructed,

e Section 4, where simultaneous inference procedures for general factorial survival designs are constructed
based on the restricted mean survival time,

e Section 5, where simultaneous inference procedures for competing risks data in general factorial designs
are developed based on the restricted mean time lost.

In Section 6, the results of this thesis are discussed. Moreover, an extensive appendix is attached, which includes
applications of the conditional delta-method in Section A, a correction of the limit distribution for Aalen-
Johansen estimators that was stated in [26] in Section B, and additional simulation results of the simulations in
Sections 4 and 5 in Sections D and C, respectively. Furthermore, in Section E, the two R Packages GFDrmst
[20] and GFDrmtl [21] that were developed for applications of the methods in Sections 4 and 5, respectively,
are presented.

The R code that was used for the simulations and data examples as well as more detailed tables for the
simulation results are provided on GitHub (https://github.com/MerleMunko/supplement_thesis). The R
Packages GFDrmst [20] and GFDrmtl [21] have been published on CRAN.

Sections 1, 2.1, 2.3, 3, and 6 have not been published yet. Sections 4 and D have been published in [58].
Moreover, Section B has been published in [28]. Section E contains some parts of the documentations in
[20, 21]. For the remaining sections, arXiv preprints exist, that are [59] for Sections 2.2 and A and [60] for
Sections 5 and C. The contents of the already published and preprinted sections coincides highly with the
corresponding published and preprinted papers. Only some editorial changes were made as well as a correction
on simultaneous non-inferiority and equivalence tests in Section 4.3.

The contents of the present thesis has been produced under the supervision of Marc Ditzhaus and Dennis Dobler.
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1 Introduction

1.1 Motivation

In survival analysis, the time of a specific event is the object of interest that should be analyzed. Classical
applications can be found in medicine, where the time until death or progress of a disease is measured in clinical
studies. However, survival analysis can also be applied in several other fields, where the time until an event of
interest is measured as, e.g., for the analysis of material fatigue. Also if the times until the event of interest do
not point to the duration of survival, the times are usually called survival times. When collecting survival data,
it can happen that the event of interest can not be observed for all individuals, for example due to drop-outs
of patients from a clinical study. As it still is an information that the event did not happen up to a so-called
(right-)censoring time, censored data points should not be ignored but can be used in survival analysis to obtain
asymptotically unbiased results.

However, real data is usually more complex and, thus, there is a need of more complex survival models to
handle this data. Let us consider, for example, the GABRIELA study [37, 38|, where the occurrence of asthma,
hay fever and neurodermatitis was measured for 2234 children. First of all, we note that more than one event
time is recorded per individual as more than one disease is considered. If two survival times are considered for
one individual, we observe so-called paired survival times. Moreover, despite the time of the occurrence of
the diseases, also other factors as the sex and whether the children grew up on a farm were recorded to analyze
possible influence factors on the occurrence of the diseases. This is an example for a factorial design, where
factors are observed for the individuals. Possible questions of interest could be whether the factors, that are
sex and/or growing up on a farm in the example, have a significant effect on the survival time and whether
there are interaction effects between the factors. A second example is about the survival times of 8966 leukemia
patients with a bone and marrow transplantation [36]. Among others, the factors whether the gender of donor
and recipient match and whether a T-cell depletion took place were observed. Furthermore, the cause of death,
which contains relapse, graft-versus-host disease, and other causes, was recorded for all non-censored patients.
If multiple event types as, e.g., different causes of death, are considered, we obtain so-called competing risks
data.

1.2 Goals of the Thesis

Various methods from survival analysis for comparing different groups rely on the proportional hazards as-
sumption, e.g., the famous Cox proportional hazards model [17] and the logrank test [57]. However, verifying
this assumption can be challenging, and its fulfillment is not always guaranteed. Hence, alternatives that do
not require the proportional hazards assumption are of great interest. Furthermore, easy-to-interpret effect
estimands, which summarize treatment and interaction effects in factorial designs, are desired. While the
often-used average hazard ratio [13, 46] relies on the proportional hazards assumption, there are also alter-
natives as the concordance and Mann-Whitney effect [31, 32, 48], the median survival time [12, 15, 22], the
restricted mean survival time [68, 43, 24] and the restricted mean time lost [2, 55, 77, 78, 79] that do not rely
on this assumption. In this thesis, we focus on a version of the Mann-Whitney effect for paired survival data
in Section 3.1, the restricted mean survival time for paired survival data in Section 3.2, the restricted mean
survival time in factorial survival designs in Section 4 and the restricted mean time lost for factorial competing
risks data in Section 5.

The main goal of this thesis is the construction of hypothesis tests for estimands in complex survival models to
provide adequate statistical tools for, e.g., comparing estimands across several groups.

It should be noted that many real data examples contain ties in the data as times are measured in whole
days, months or years. Exemplarily, both above mentioned examples, i.e., the GABRIELA study as well as the
example about the leukemia patients, contain tied data. Hence, we aim to develop methodology that explicitly
allows for ties in the data. This implies that no continuity assumptions on the cumulative distribution
functions of the survival and censoring times should be required for the validity of the methods. Technically,
this can be realized by using empirical process theory [74] for the proofs.

Furthermore, it was shown in several works that the performance of an asymptotically valid test can be improved
dramatically for small samples if resampling methods as, e.g., permutation and bootstrap procedures, are
applied, see for example [24, 31, 32, 43, 63]. Thus, we aim to investigate and develop resampling tests to
improve the small sample performance.

Additionally, often more than one hypothesis is of interest. For example, thinking of a factorial design with
two factors A and B, hypotheses of interest could be whether (a) factor A has no effect, (b) factor B has no
effect and (c) whether there is no interaction effect between A and B. If those three hypotheses are tested
with a global null hypothesis, a rejection do not provide the information which of the three hypotheses (a)—(c)
is rejected. To infer multiple hypotheses simultaneously, powerful multiple testing procedures are desired.
General methodology for multiple testing procedures is developed in Section 2.3 and applied in Sections 4 and 5.



2 Methodological Preliminaries

In this section, we state the methodological preliminaries needed in the following. Firstly, the notation used in
this thesis is introduced in Section 2.1. As one of the aims is to construct resampling-based tests, we develop
a conditional delta-method in Section 2.2 that has a wide range of applications and will be needed to show
consistency of the resampling test statistics in the following sections. Moreover, methodology for simultaneous
inference in a general setup, which will be used for the construction of multiple tests in Sections 4 and 5, is
developed in Section 2.3.

2.1 Notation

While most of the notation used in this thesis can be found in the list of symbols, we want to clarify the
remaining notation in this section.

Throughout this thesis, we use the convention 0/0 := 0. Furthermore, integrals of the form §, f(¢) dt are
understood as Lebesgue integrals. Additionally, integrals of the form §, f dF = §, f(t) dF(t) are interpreted
as Lebesgue-Stieltjes integral [72] for a Lebesgue-measurable set A whenever F' is of bounded variation and
right-continuous and f is Borel-measurable and bounded; or F' is monotone and right-continuous and f is
Borel-measurable and non-negative. However, if F is a cadlag function of unbounded variation but f is of
bounded variation and right-continuous, the integral S[a,b] f dF is defined via integration by parts as

FB)F (D) — f-(a)F-(a) - f F_df,

[a,0]

where here and throughout F_ denotes the left-continuous version of a cadlag function. For stochastic processes

f, F, the integral is defined pathwisely. Throughout, we use the notation SZ f(t) dt to denote integration over
the interval A = [a,b]. Whenever it makes a difference, we explicitly indicate which endpoints are included by
writing S[a,b]’g[a,b)’ S(a,b]’ or S(a,b)'

Moreover, we give a precise definition of conditional weak convergence in outer probability for potentially non-
measurable maps. The intuition in the following definition is that M,, will stand for additional randomness,
e.g., induced by random permutation or bootstrapping, whereas X,, will represent the original data.

Definition 2.1 (Conditional Weak Convergence in Outer Probability). Let X,, : Q1 — Xx1n, M, : Q2 — X2, be
sequences of maps, where (1 x Qa, A1 ® A2, Q1 ® Q2) denotes a product probability space and X1n, X2n denote
arbitrary sets for n € N. Furthermore, assume that y, : X1n X Xon — E is a function taking values in a metric
space B for alln e N and Y : Q1 x Qo — E is a Borel measurable random variable. We say that y,(X,, M,,)
converges weakly conditionally on X,, in outer probability to Y, write y,,(X,, M,) v~ Y conditionally on X,

*
in outer probability as n — o or y,(X,, M,) Sy (conditionally on X,,) as n — o, if

sup ‘EQ [h (yn (X, M,L))Q*] —E, [h(Y)]) 90 and (2.1)
heBL, (E)
E2 [h (Yn(xn; Mn))*] - E2 [h (yn(X7uMn))*] 21—’ asn — oo fOT all h e BLl(E) (22)

Here, E5 denotes the conditional expectation with respect to 5, BL1(EE) denotes the set of all real functions on
E with a Lipschitz norm bounded by 1 and the super- and subscript asterisks denote the minimal measurable
majorants and maximal measurable minorants, respectively, with respect to €1 x Qs jointly for * and with
respect to o for 2% see [74] for details.

2.2 Conditional Delta-Method for Resampling Empirical Processes in Multiple
Sample Problems

The functional delta-method has a wide range of applications in statistics. Applications to functionals of
empirical processes yield various limit results for classical statistics. To improve the finite sample properties
of statistical inference procedures that are based on the limit results, resampling procedures such as random
permutation and bootstrap methods are a popular solution. In order to analyze the behavior of the functionals
of the resampling empirical processes, corresponding conditional functional delta-methods are desirable. While
conditional functional delta-methods for some special cases already exist, there is a lack of generalizations for
resampling procedures for empirical processes, such as the permutation and pooled bootstrap method. This gap
is addressed in this section. Thereby, a general multiple sample problem is considered. The flexible application
of the developed conditional delta-method is shown in various relevant examples.

Many applications of statistics involve comparisons of multiple samples. Section 3.8 of the monograph by [74]
is devoted to a related empirical process treatment. In addition to an analysis of differences of two independent



empirical processes, they also explained how to analyze a random permutation and a pooled bootstrap version
of the empirical processes. Most statistical applications involve a functional that is applied to these empirical
processes. The statistical properties of a functional of one empirical process can be derived with the help of
the functional delta-method; cf. Section 3.10 in [74]. However, the application of random permutation or the
pooled bootstrap to a multiple sample problem requires a conditional variant of a delta-method with a varying
reference point.

Several extensions of the functional delta-method in different directions have already been investigated in the
literature. For example, [35, 71] studied the inference of functionals that are only directionally differentiable
and, recently, [61] proposed a generalization of Hadamard differentiability for applications of the functional
delta-method to the empirical copula processes. Under measurability assumptions, [5] developed a modified
functional delta-method for quasi-Hadamard differentiable functionals. Additionally, there exist conditional
delta-methods for the bootstrap (in one sample) in Section 3.10.3 of [74] and also extensions on (uniformly)
quasi-Hadamard differentiable functionals for the bootstrap under measurability assumptions [6, 7]. However,
as far as we know, a two- or multiple sample equivalent of such delta-methods for resampling empirical processes
is not available in the literature. In detail, most of the existing methods require some of the following:

(1) measurability assumptions,
(2) that the resampling counterpart converges weakly to the same limit as the empirical process, and
(3) a fixed centering element of the empirical process, particularly independent of the sample sizes.

However, these requirements are usually not satisfied for resampling methods for empirical processes in multiple
sample problems, such as random permutation and pooled bootstrapping.

Hence, we will develop a conditional delta-method in outer probability without assuming (1)—(3) for applica-
tions to the randomly permuted and pooled bootstrapped empirical processes in multiple independent sample
problems. To this end, we require the uniform Hadamard differentiability of the functionals applied to the
empirical processes. In several examples, we show its applicability and usefulness. This includes conditional
central limit theorems for the permutation and pooled bootstrap counterparts of the Wilcoxon statistic, the
Nelson-Aalen estimator and the Kaplan-Meier estimator.

The remainder of this section is organized as follows. In Section 2.2.1 the model of our multiple sample
problem is presented and the notation of this section is introduced. Moreover, existing convergence results of
the resampling empirical processes are restated and a limit theorem for the permutation empirical process of
multiple samples as an extension of Theorem 3.8.1 in [74] is developed in Section 2.2.2. A functional delta-method
for the empirical processes of the multiple sample problem is obtained in Section 2.2.3. Furthermore, uniform
Hadamard differentiability is defined and some properties are investigated in Section 2.2.4. Section 2.2.5 contains
the main results of this section that cover a flexible conditional delta-method. Particularly, this delta-method
is applicable for deriving the limit of functionals of permutation and pooled bootstrap empirical processes.
Exemplary functionals, applications, and limitations of our main result are given in Section A. This includes
the Wilcoxon functional, the product integral, and the inverse map.

2.2.1 Model and Notation

Let
Xity ooy Xin, ~ Py, ie{l,....k}

be k > 2 independent samples of independent identically distributed (i.i.d.) random elements on a measurable
space (x,.A) with distributions P, ..., Py on (x,.A) and let P; ,,, := n% 27:1 dx,; be the i-th empirical measure,
ie{l,...,k}, where 6x,, denotes the Dirac measure centered on X;.

The introduction of the resampling techniques for the empirical process requires the pooled data. To this end,
denote the pooled sample by

(ZNla"'uzNN) = (Xlla"'7X1n17"'7Xk17"'7an;€)7

where N := Zle n; is the total sample size. Let R = (R1,...,Ry) be a vector that is uniformly distributed on
the set of all permutations of {1,2,..., N} and independent of the data Zn1,..., Zyn. Also, let N; :=>3,_; ng
be the total sample size of the first ¢ samples, with Ny := 0. Then, the multiple sample permutation empirical
measures are defined as

JRL
us P .
Bl = - E 0zZyr,» €{l,... .k}
b j=Ni—1+1



Next, Hy := % Zjvzl Ozy, = Zle % P; n, denotes the pooled empirical measure. The multiple sample bootstrap
empirical measures are defined as

N;

. 1 .
Bini 1= o Dy gy, d€{l k),
j=N;_1+1
where ZNl, e ZNN ~ Hy is given the data Zy1,...,Z Ny an i.i.d. sample drawn from the pooled empirical
measure.
Throughout, we assume that % — x; € (0,1), as min;—;,_. xn; — 0. Denote k := (k1,...,k) and H :=

Zle ki P;. Furthermore, let F denote a class of measurable functions f : x — R that is P;-Donsker for all
i e {l,...,k}, ie, \/ni(Piyn, — P;) v G; in the space £*(F) of all bounded real-valued functions on F as
n; — 00, where here and throughout this section G; is a tight P;-Brownian bridge for all ¢ € {1,...,k} and v~
denotes weak convergence in the sense of Section 1.3 in [74]. In the following, let Gq,..., Gy be independent.
An immediate consequence of the above is

VT
VN(Hy — Hy,) = Z \/ﬁlx/nii(ﬂmi,m — P;) v G in 07(F) (2.3)

as min;—y, _xn; — o0, where Hy, := Zle NP and G, = Zle +/KiG;. Tt should be noted that the centering
element H,, in the previous display generally depends on the sample sizes.

2.2.2 Weak Convergence Results of Resampling Empirical Processes

Now, we turn to the asymptotic behavior of the resampling empirical processes. We will see that the limits of
the permutation and pooled bootstrap empirical process generally do not coincide with the limit of the empirical
processes or the pooled empirical process.

Theorem 3.8.6 in [74] provides that \/771(]?1,711—]1‘]11\7) v G in 0% (F) conditionally on X117, X190, ..., Xo1, Xo2,. ..
in outer probability in the two-sample case k = 2 under ||P;|[7 := supscr |P;if| < 00,i € {1,2}, with P;f :=

§ f dP;. Here and throughout this section, convergence results are always meant as min;_1, 5 n; — 0 if not
stated otherwise. In the following theorem, the joint convergence of the pooled bootstrap empirical processes
is studied.

Theorem 2.1. Let F satisfy ||Pi||r < © for all i€ {1,...,k}. Then, we have
VNP, —Hy,.oo, Brny, —Hy) wo (57 2Gaa, .k PGrg)  in ((°(F))*
conditionally on the data
X1, X192, -, Xo1, Xoo, ooy oo, Xi1, Xio, - - (2.4)

in outer probability, where Gy 1, ...,Gy . denote independent tight H-Brownian bridges on (*(F).

For the permutation empirical measure, Theorem 3.8.1 in [74] yields under || P;|| 7 := sup ez | P; f| < 00,7 € {1,2},
that \/ny(PT,,, —Hy) v /1= £1Gy in £7(F) conditionally on (2.4) in outer probability, where Gx denotes
a tight H-Brownian bridge on ¢*(F). In Lemma S.6 in the supplement of [23], the almost sure version of this
theorem is generalized for multiple samples. Here, we state the corresponding extension in probability which is
sufficient for most statistical applications.

Theorem 2.2. Let F satisfy ||Pi||r < © for all i€ {1,...,k}. Then, we have

VNPT, —Hy,...,Pf, —Hy)~s GY in (°(F)

conditionally on (2.4) in outer probability, where GF, denotes a tight zero-mean Gaussian process on ({°(F))*
with covariance function X7 : F**F — RF*k - The component functions of % at (f,g) = ((f1,--, fx), (g1, -+ k)
are given by

(Z5(£,9)y; 1= (w7 Ui = j} = 1) H ((fi = Hf:)(g; — Hyy))

foralli,je{l,... k}.



2.2.3 Functional Delta-Method in the Multiple Sample Problem

In statistical applications, usually a functional is applied to the empirical processes. Delta-methods can be used
to analyze the asymptotic behavior of the functionals of empirical processes. A delta-method for the empirical
processes of the multiple sample problem can be easily proved by applying Theorem 3.10.4 of [74], but we wished
to make it more explicit, tailored to the problem at hand.

Theorem 2.3. Let E be a metrizable topological vector space and ¢ : (¢*(F))* — E such that
VN($(P + N™"?hp) = 6(P)) — ¢p(h)
as min;_1, g n; — o0 holds for every converging sequence hy, — h € ((*(F))k with n := (n1,...,ny), P :=
(Pr,...,Py), P+ N~2h, € ((*(F))* for all m and for an arbitrary map ¢p : (£ (F))* — E. Then, we have
VN(GPrmys - Prmy) — 3(P)) v ¢ (7 °Gr, ..., k), *Gy).
If ¢ is linear and continuous, the sequence
\/N(¢(P1,n1 Y ﬂPk,nk) - ¢(P)) - (b/P(\/N(PlJU R ECRRE 7]P)k,nk - Pk))
converges to zero in outer probability.

The condition on ¢ in the previous theorem is satisfied if ¢ is Hadamard differentiable at P. To define Hadamard
differentiability of a functional ¢ : Dy — D — E, let D and E be metrizable topological vector spaces.

Definition 2.2 (Hadamard differentiability). The functional ¢ is called Hadamard differentiable at 6 € Dy
tangentially to a subspace Dy c D 4f

tn (6(0 + tahy) — 6(8)) — ¢y(h)

holds for all t, — 0 and every converging sequence h, — h € Dy with 0 + t,hy, € Dy for all n and for a
continuous, linear map ¢y : Dy — E.

In order to obtain a delta-method for the permutation and pooled bootstrap empirical processes, we need to
introduce the uniform Hadamard differentiability in the following paragraph.

2.2.4 Uniform Hadamard differentiability

We aim to develop functional delta-methods that are suitable for applications to (IP’f}m,...,IP’};nk) and to

(ﬁ”l,nl, . ,I@)kmk), conditionally on (2.4). To this end, we will consider again a functional ¢ : Dy ¢ D — E,
where D and E are metrizable topological vector spaces.

Definition 2.3 (Uniform Hadamard differentiability). The functional ¢ is called uniformly Hadamard differ-
entiable at € Dy tangentially to a subspace Dy < I if

(D0 + tohn) — ¢(0,)) — @y(h)

holds for all t,, — 0 and every converging sequence h, — h € Dy and 0,, — 0 with 0,,,0,, + t,hy, € Dy for alln
and for a continuous, linear map ¢j : Dy — E.

If the subspace Dy is not specified, we assume Dy = D in the following. For example, D can be chosen as product
space (£*(F))¥ equipped with the max-sup-norm for applications to the empirical measures.

In the following, we investigate different properties of uniform Hadamard differentiable functionals. The follow-
ing remarks address the classical Hadamard derivative as a special case, the more restrictive Fréchet differen-
tiability, and the aggregation of multiple functionals.

Remark 2.1. Let ¢ : Dy < D — E be Hadamard differentiable at 0 € Dy tangentially to a subspace Dy < D
with Hadamard derivative ¢y : Dy — E. If ¢ is uniformly Hadamard differentiable at 6 € Dy tangentially to Dy,
then the (uniform) Hadamard derivative is ¢y, which can easily be seen by setting 8, = 6 in the definition.

Remark 2.2 (Uniform Fréchet differentiability and other sufficient criteria for uniform Hadamard differentia-
bility). Let (D, ||.||p) and (E,||.||g) be normed spaces. We call a functional ¢ uniformly Fréchet differentiable at
0 € Dy with continuous and linear derivative ¢j, if

[0 + 1) = ¢(0 + k) — ¢p(h = k)& = o(|h = k[p), as |h]p, [k]p — 0.



To see that the uniform Fréchet differentiability implies the uniform Hadamard differentiability of ¢, insert
h=0,+tyh,—0, k=06,—0. According to a variant of Problem 3.10.1 in [7}], uniform Fréchet differentiability
at 0 is implied by the Fréchet differentiability on a neighborhood of 6 and the uniform norm-continuity of
U — @l at 0 if there exists a convex neighborhood of 6 as a subset of Dy. Other criteria for the uniform
Hadamard differentiability of ¢ at 0 are the convexity of Dy, the Hadamard differentiability on a neighborhood
of 0, limy, ¢ ¢}, (h) = ¢p(h) for every h € lin Dy, and lim, ¢ ¢, (h) = ¢y(h) uniformly in h € K for every totally
bounded subset K < Dy, where n e Dy; cf. (3.10.6) in [74]. Here, lin Dy denotes the linear span of Dg.

Remark 2.3. If ¢1 : Dy — Eq,...,¢r : Dy — Ey are uniformly Hadamard differentiable at 0 € Dy < D
tangentially to Dy < D with Hadamard derivatives ¢’179 1Dy — Eq,.. .,qbﬁw : Dy — Eg, it follows directly
from the definition of uniform Hadamard differentiability that ¢ = (¢1,...,¢%) : Dy — Eq x -+ x Ey is
uniformly Hadamard differentiable at 0 tangentially to Do with Hadamard derivative ¢ = (¢} gy, ¢ )
Dy —» Eq x -+ x Eg. Here, the product space By x --- x Ey is equipped with the product topology.

Finally, the following theorem provides a chain rule for uniformly Hadamard differentiable functionals. It should
be noted that [7] proved a chain rule for uniformly quasi-Hadamard differentiable functionals; see Lemma A.1
therein. That chain rule implies the chain rule statement below. For the sake of completeness, however, we
shall present a version of the chain rule which is relevant for the remainder of this section.

Theorem 2.4 (Chain rule). Let L,D,E be metrizable topological vector spaces. If ¢ : Ly, c L — Dy < D s
uniformly Hadamard differentiable at 0 € Ly, tangentially to Lo < L with Hadamard derivative v : Ly — D
and ¢ : Dy — E is uniformly Hadamard differentiable at ¢(0) tangentially to ¢’ (ILg) with Hadamard derivative
‘bip(e) : ' (Lo) — E, then ¢ oy : Ly — E is uniformly Hadamard differentiable at 6 tangentially to Lo with

derivative (;5;}(0) o Y.

2.2.5 Main Results

In this section, we aim to prove a conditional delta-method, e.g., for applications to the permutation and pooled
bootstrap empirical processes. For proving the main theorem, we first need the following auxiliary lemma to
obtain joint unconditional convergence of two maps. The result is similar to the results in Sections 2 and 3 in
[14] but allows arbitrary maps in general metric spaces.

Lemma 2.1. Let D,E be metric spaces, X,, : Q1 — X1in, My : Qo — XYon be sequences of functions, where
(1 x Q2,41 ® A2, Q1 ® Q2) denotes a product probability space, and hy, : x1, — D be such that h,(X,,) ~» H
as n — o for some separable Borel measurable random element H : Q1 — . Moreover, let ¥, : X1n X Xon — E
with yn,(Xy, My,) v Y conditionally on X, in outer probability as n — oo for some separable Borel measurable
random element Y : Qo — E. Then, it follows that (h,(X,),y.(Xn, M,)) v (H,Y) unconditionally as
n — o for independent H,Y.

The following theorem is an extension of Theorem 3.10.11 in [74], where P,,, I’P\’n may be arbitrary maps instead of
random elements, different limits G and G are allowed for the empirical process and its resampling counterpart,
and the centering element, say P,, may depend on n. This theorem is in particular applicable for P, =
Pn(Xn, M;) being the permutation empirical measure, i.e., P}, := (P7,, ,...,Pf ), or the pooled bootstrap
empirical measure, i.e., ]‘P’n = (I@’Lnl, . Jf”kmk). Here, X,, denotes the data and M,, denotes the randomness
of the resampling procedures. However, we do not restrict to the cases of permutation and pooled bootstrap

empirical processes in the following theorem but allow more general processes P,,.

Theorem 2.5 (Conditional Delta-Method). Let (D, ||.||p), (E,||-||g) be normed spaces, X, : Q1 — X1n, My

Qo — xaon be sequences of functions, where (1 x Qa, A1 ® A2, Q1 ® Q2) denotes a product probability space.
Furthermore, let ¢ : Dy < D — E be uniformly Hadamard differentiable at P € Dy tangentially to a subspace
Dy < D. Moreover, let r,, be a sequence of constants tending to infinity, P, be a sequence in Dy with P, — P
and P, = P, (X,,) : 1 — Dy a map with v, (P, — P,) v~ G as n — w0 for some separable Borel measurable

random element G : Qy — Dg. Additionally, let I@n = ]?Dn(XmMn) 1y x Qo — Dy be maps with

~ A~

Tn(Pn - ]P)n) wo G (25)

conditionally on X, in outer probability as n — oo for some separable Borel measurable random element G :
Qy — Dg. Then, we have 1, (¢(Pn) — gb(IP’n)) v ¢ (G) conditionally on X, in outer probability as n — co.
The following assertions will be stated in terms of the permutation and pooled bootstrap empirical measures.

Corollary 2.1 (Conditional Delta-Method for the Permutation Empirical Process). Let F satisfy || P;||Fz < oo
forallie {1,...k} and (E,||.||g) be a normed space, ¢ : ({*(F))* — E be uniformly Hadamard differentiable at



(H,...,H) e ({*(F))F tangentially to a subspace Dy = ((°(F))™ with G7, taking values in Dy almost surely,
where again H = Z§=1 ki P;. Then, we have

\/N(Qﬁ([@‘f)nl,..-, Z,nk)_d)(HN?""HN))W(b,(H ,,,,, H)( 71[1)

conditionally on (2.4) in outer probability.

This is an application of Theorem 2.5 together with (2.3) and the conditional convergence of the permutation
empirical process, see Theorem 2.2. The very same holds for the pooled bootstrap.

Corollary 2.2 (Conditional Delta-Method for the Pooled Bootstrap Empirical Process). Let F satisfy || P;||r <
o forallie {1,....k} and (E,||.||[r) be a normed space, ¢ : ({*(F))* — E be uniformly Hadamard differentiable
at (H,...,H) € ({*(F))* tangentially to a subspace Dy = (¢ (F))™ with ()\171/2(GrH’17 . .,)\fnl/zGH,m) taking

values in Dy almost surely. Then, we have
\/N (¢(P1,n17 e 7]fbk.,nk) - ¢(HN3 e 7HN)) hbded ¢I(H,,H) (I{1_1/2GH11’ AR lel/zGHyk)

conditionally on (2.4) in outer probability.

Note that the functional of the permutation and pooled bootstrap empirical processes in Corollaries 2.1 and 2.2
cannot mimic the same limit distribution as the functional of the original empirical process in Theorem 2.3; this
is similar as for the randomization empirical process in [27]. Hence, the corollaries are not directly applicable for
inference methodologies on ¢(P) due to altered (co-)variance structures. However, a studentization can yield
the consistency of the permutation and pooled bootstrap techniques with asymptotically pivotal distributions
in many cases; cf. [27] for a similar approach.

2.2.6 Proofs of Section 2.2

Proof of Theorem 2.1 As in the proof of Theorem 2.9.4 in [74], it suffices to show conditional weak conver-
gence almost surely of the marginals and

lim sup B*[||V/N (B0, — Hy)||7,] =5 0 (2.6)
n—0o0

for all i € {1,...,k}, where Fs :={f —g| f,ge F,H(f — g9)* < §*}.
As for Theorem 3.8.6 of [74], the Lindeberg-Feller theorem yields the conditional weak convergence almost
surely of the marginals of v/N(P;,,, — Hy) for all i € {1,...,k}. Then, the conditional independence provides
the conditional weak convergence almost surely of the marginals of W(lel — Hpy, ... ,I@’k,nk — Hy).
For (2.6), we can proceed as in the proof of Theorem 3.8.1 in [74]. In contrast to the equicontinuity condition
considered there, we look at the outer expectation in terms of the joint probability space in (2.6). Therefore,
note that Lemmas 2.3.1, 2.3.11, 3.6.5 and, thus, also Lemma 3.7.6 in [74] all hold for outer expectations in terms
of the joint probability space. O

Proof of Theorem 2.2 Again, it suffices to show conditional weak convergence almost surely of the marginals
and
. 5\0
lim sup E*[[[V/N (P, — Hy)||,] 5 0 (2.7)
n—o0
for all i € {1, ..., k}.
For the conditional weak convergence almost surely of the marginals, we proceed similar to the proof of (S.18)

in the supplement of [23] with a Cramér-Wold argument, where P = H and P = Hy. Let g; = ¢;f; with
ci€[—1,1] and f; € F for all i € {1,...,k}. Then,

1 .
;max{gr(Xij)2 cjef{l,...,n;}} =0

(2

holds almost surely for all 7,4 € {1,..., k}, which can be shown with the three steps (i)—(iii) in the beginning of
the proof of Lemma S.6 in the supplement of [23] by using g, instead of the envelope function F. In detail, the
three steps are the following;:

(i) dividing ¢, into ¢, 1.nm := ¢-1{|g-| < M} and g, 2. = g-1{|g| > M} for M €N,

(ii) using the inequalities (a + b)? < 2a® + 2b% and

n;
jmax gro2.m(Xi5)? < 2 gr2. (Xi5)%,
i =



(iii) letting first n — oo and finally M — 0.

In the last step (iii) we need P;g? < oo for an application of the dominated convergence theorem as M — oo,
which holds due to the assumption that F is P;-Donsker. Moreover, we have Hyg, — Hg, almost surely for
all » € {1,...,k} by the strong law of large numbers since F is P;-Donsker for all ¢ € {1,...,k}, and, thus,
H-Donsker. Condition (S.19) in the supplement of [23] follows almost surely by the same arguments as given
there. For proving condition (S.20) almost surely, it remains to show that Hy (g;9,) — H(g:g.) almost surely for
alli,r € {1,...,k} by the last display in the proof of Lemma S.6 in the supplement of [23]. Since F is P;-Donsker
for every i € {1,...,k}, H(gig,) exists and, thus, the almost sure convergence follows by the strong law of large
numbers. Hence, the conditional weak convergence almost surely follows from (S.18) in the supplement of [23]
given (2.4) almost surely.

Now, we turn to condition (2.7). First, we need a version of Hoeffding’s inequality for outer expectations; cf.
Proposition A.1.10 in [74] for a similar statement for expectations. For i € {1,...,k}, let (M, ..., My) denote
a multinomially distributed random variable with n; trials and probabilities (N1, ..., N~!) independent of the
data (2.4) and of the random variable R. Moreover, define

m(j) _mln{argmaxj’e{l ..... NN\{r(1),..., w(jfl)}Mj/}

for all j € {1,..., N} and «’ a random permutation of {1, ...,n;} independent of (M, ..., My), (2.4) and R. Note
that 7 is a permutation of {1,..., N} with M) = 0 for all j > n;. Thus, one can show

d
> 0y, = D Midzyn = ), Me(5)0zxn, ;= > M) 0zyn, ;= > Mz (3)0Zxr 0,
J=Ni_1+1 =1 = j=1 =1

[l

Z Ma(xr(30)02Znny, ;0

where ZNj , 7 € {N;—1+1, ..., N;}, has the same distribution as i.i.d. observations drawn from the pooled empirical
measure. Furthermore, note that

EnEr [ Mo ()] l Z M’“(”] 7EM [Z W ]

j'=1

for all j € {1,...,n;} with Ep;, E; denoting the expectation regarding (M, ..., My), 7', respectively. Hence, we
obtain

_ 1 . N

E*[[[VN®,, —HW)7] =E[|WN | = >, 6zys, —Hw

n; .
v j=Ni_1+1

L Fs
[ *
=E ( Z ExrBrr [ Mooy ] 62uny, ]HIN>
L Fs
*
< EEyEq [ Z Mir(3)02xny, ., ]HIN>
: .
*
07y, — Hy
j'= ]\f1 141 ’ s
=E* H\/i 1M —Hn HJ—‘,;]
with E denoting the joint expectation. Now, (2.6) implies (2.7). O

Proof of Theorem 2.4 Let ¢t — 0,h; — he Ly, 0, — 0 with 6;,0; + th, € L. Write

(P o) (O +thy) — (o h)(0r) = P((0r) + the) — d(Y(0r)),

where k, = (¢(0, + th) — ¥(0;))/t. Now, the uniform Hadamard differentiability of ¢ yields that k, — vy, (h).
Next, the uniform Hadamard differentiabiliy implies the theorem. O



Proof of Lemma 2.1 We aim to apply Corollary 1.4.5 in [74]. Hence, it remains to show
E* f(hn(Xn))g(yn(Xn, My)) — Ef(H)Eg(Y)
for all bounded, nonnegative Lipschitz functions f: D — R, g : E — R. We have

|E*f(hn(Xn>)g(yn(Xna Mn)) - Ef(H)Eg(Y)|
< }E1E2 (f(hn(Xn))g<yn(XmMn)))* —E (f(hn(Xn))*E%’(yn(XmMn))*)|
+ B (f (hn (X)) *E2g(yn (X, Mp))*) = E1 f(H)E29(Y)],

where Eq, Eo denote the expectations regarding (Q1, A1, Q1) and (Qs, Az, @Q2), respectively. By Lemma 1.2.2 (v)
in [74] and the nonnegativity of f and g, it holds that

(f(hn(Xn))g(Yn(Xm Mn)))* < f(hn(Xn))*g(yn(XmMn))*

almost surely and, hence, it follows that

Es (f (hn (X)) g(yn(Xn, Mn)))* < f(hn(Xn))*E2g(yn(Xm Mn))*

almost surely. Thus, we get

[E*f (hy(Xn))g(yn(Xn, Mp)) — Ef(H)Eg(Y)
<E; ((f(hn(Xn))*EQQ(yn(Xm Mn))*) — B2 (f(hn (X)) g(yn(Xn, Mn)))*)
+ [Er (f(hn(Xn))* (B2g(yn(Xn, Mn))* — E2g(Y)))|
+ [E1 ((f(hn (X)) * = f(H)) E2g(Y))]
< E1 ((f (hn(Xn)) *BE2g(yn(Xns Mn))*) = f(hn(Xn)) s E2g(yn(Xn: Mn))x)
+ || fllooEr (E2g(yn(xnaMn))* - EQQ(yn(Xnan))2* + |E29(yn(XmMn))2* - EQQ(Y)D .
+19lloo [Ex (f (hn (X5))* — f(H))] . (2.10)

By g(yn(Xn, Mp))s < g(yn(Xn, Mp))** < g(yn (X, My))*, (2.1) and (2.2) imply
EQQ(YH(XH,MH))* - EZg(yn(XnaMn))z* + }E2g(yn(xn7Mn))2* - E29<Y)| -0

in outer probability. Hence, the dominated convergence theorem provides that (2.9) converges to zero. Due to
h, (X,,) v~ H, (2.10) converges to zero. Hence, (2.8) remains to consider. First note that (2.8) can be written
as

E1 ((f(hn(X0))*E2g(yn(Xn, M) *) = f(hn (X))« E29(yn (Xn, My)) )
= E1 (f(hn(X0))* (E29(yn(Xn, My))* = E2g(yn(Xn, My))x))
+E1 ((f(hn(X0)* = f(hn (X)) B2g(yn (X Mn))«)
< |[flloEr (B2g(yn(Xn, Mp))* — E2g(yn (X, My))x)
+lgllecEr (f (hn(X0))* = f (B (Xn))s) -
By (2.2) and the dominated convergence theorem, the first summand converges to zero. The second summand

converges to zero since h,,(X,,) is asymptotically measurable. Consequently, E* f(h,,(X,,))g(yn(Xn, M,,)) —
Ef(H)Eg(Y) follows. O

Proof of Theorem 2.5 We proceed analogously as in the proof of Theorem 3.10.11 in [74] by applying their
Theorem 3.10.5 (rather than Theorem 3.10.4). First note that we may assume without loss of generality that
the derivative ¢/» : D — E is not only defined and continuous but also linear on the whole space D by their
Problem 3.10.18. For all h € BL;(E), we have h o ¢p € BLyay(1,1¢, |} (D) where [[¢5][ is the operator norm of
¢'p. By (2.5), it follows that

Bat (6 (ra B~ )))  — BN (E))| 0

sup
heBL, (E)

in outer probability. Let € > 0 be arbitrary. Since |h(A)?* — h(B)**| < |h(A) — h(B)|* < ||A — B||§ holds for
all he BL,(E), A, B € E, it follows that

2%

hezlzll)(]E) Eqh (Tn (Qb(]@n) - ‘b(Pn)))% — Eqh <¢/P (Tn(]/ﬁ)n - IPn)))
<420, ( o (6(B0) = 6(B)) = 6 (ra® — B2) ; > e) .

10



Theorem 3.10.5 in [74] implies that

Hrn (¢(Pn) - ¢(Pn)) - (b/P (Tn(Pn - Pn))”;; = 0Q1(1)-

By Lemma 2.1 and the continuous mapping theorem, we have
(P = Pp) = ra(Pp —Pp) + 70 (Pr — Po) v G+ G

unconditionally for independent @7 G. Hence, Theorem 3.10.5 in [74] implies that

Tn ((b(Pn) - (b(Pn)) — ép (TH(PH - Pn))

and, by the triangle inequality, that

e (6®) = 6(Bn)) = 5 (v — Bu))

Markov’s inequality yields that

@1 (@2 (|| (o) - 6(8.)) = 65 (ra (B~ )

*

=o 1
E Q1®Q2( )

*

B = 0Q:1®Q2 (1)

*
>5)>6)
E

<812 ([ (06B) ~ 0(.)) = 0 (B~ P) [ ) 1
=(Q1®Q2) ( Tn (Qb(@n) - ¢(Pn)) —¢p (rn(]@n - Pn))H; = 5) /6
-0

for all § > 0. Thus, it follows

2%

heli‘lg)(]E) Exh (Tn ((b(]/P\)n) - ¢(Pn))>2* — Eqh (‘ﬁ;? (rn(]ﬁn - Pn))) -0
in outer probability. Analogously, we can conclude
S [Eah (o (6(Ba) — qﬁ(]P’n)))* — Exh (¢ (ra(Po - Pn)))* -0 (2.11)

in outer probability.
For the asymptotic measurability in outer probability, write

Eah (1 (6(B,) = 6(B.) )" = Eah (v (6(B2) = 0(P)))
< [Eah (1 (6B - 6)))” — Bt )
+E2h<¢’p (Tn(I/P\)n_Pn)>>*_E2 ( / )>*

B (o2 o2))) (o (1 ()|

Then, the asymptotic measurability (2.2) in outer probability follows from (2.5) and (2.11). O

(IP’—IP
(IP’—IP

2.3 General Methodology for Simultaneous Inference

Statistical hypothesis tests offer a technique to make decisions about a null hypothesis. Tests are required
to control the type-I error rate, that is the probability that the null hypothesis is rejected although the null
hypothesis is true. However, often more than one hypothesis is of interest in practice and, hence, more than one
test is needed to infer the hypotheses simultaneously. By just controlling the type-I error rate for each test, the
probability that at least one true null hypothesis is rejected increases generally. Hence, we aim to control the
family-wise error rate (FWER), which is the probability to reject at least one true null hypothesis, in the strong
sense for multiple testing problems in the following thesis. Here, in the strong sense means that the FWER  is
controlled for any set of true and false null hypotheses.

Therefore, we derive the general methodology that is used in Sections 4 and 5 to infer multiple hypotheses
simultaneously in this section. Firstly, we present the multiple testing setup and state a general theorem
in Section 2.3.1 which provides a multiple testing procedure that controls the FWER in the strong sense
asymptotically. Moreover, we show that the critical values for the tests can be determined by consistent
resampling schemes in Section 2.3.2.
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Figure 1: Exemplary illustration of the max-type testing procedure (dotted lines) for two test statistics with
different distributions compared to the Bonferroni-correction (solid lines).

2.3.1 General Multiple Testing Setup

In this section, we are considering a general multiple testing problem with L € N local null hypotheses Hg ¢ and
global null hypothesis Hg := ﬂngl Ho.e. Suppose that sequences of maps Wy, : @ - R, £ € {1,...,L}, on a
probability space (£2, .4, P) are present, which we will call test statistics in the following. Despite the common
definition of test statistics, we do not assume measurability of W ,,¢ € {1,...,L}, in the following. In the
applications of this thesis, the measurability of the test statistics will usually be given. However, nonmeasurable
test statistics might be of interest, for example, a Kolmogorov-Smirnov statistic of empirical processes over an
uncountable function class, see Section 3.8 in [74]. We assume that large values of the fth test statistic Wy,
indicate a rejection of the ¢th null hypothesis H ¢ for every £ € {1,..., L}. In the following, we will discuss how
large can be quantified, i.e., how the critical values for the local test decisions can be constructed.

A naive approach for compatible local and global test decisions would be to calculate a (max-type) critical
value for the maximum statistic maxeqy, ..y Wen. The £th null hypothesis Ho is rejected whenever the
corresponding local test statistic Wy ,, exceeds the critical value. Suppose that

Wen) ger 4, (We)ger as n — o0 under m Ho,¢ for all index sets T < {1,..., L}, (2.12)
LeT

where Wy, ¢ € {1,...,L}, denote random variables. In the special case that the distributions of Wy,..., Wy,
are equal, every local hypothesis has asymptotically the same probability to be wrongly rejected. However, if
the distributions are not equal, the local hypotheses may have different asymptotic probabilities to be wrongly
detected by considering the maximum statistic and, thus, are not treated in the same way, cf. Figure 1. For a
fair comparison, we therefore adopt the idea of balanced simultaneous confidence sets as in [4].

In detail, we aim to find individual critical values qi y, ..., qr,n for the local hypotheses such that

limsup P* (3¢ e T : Wypn > qun) < under ﬂ Ho,e for all index sets T < {1,...,L} (2.13)

n—0o0 eT

for a global level a € (0,1) and

limsup P* (Wy,, > qon) =: 3 under Hoy for all L€ {1,..., L}, (2.14)

n—00

where 8 € (0,1) does not depend on ¢. Here and throughout, P* denotes the outer probability to avoid
measurability issues. Hence, we do not restrict to the case that Wy ,, and ¢, ,, are measurable. The first condition
(2.13) ensures the asymptotic FWER control in the strong sense. The second condition (2.14) guarantees that
all local hypotheses are treated in the same way and is referred to as asymptotically balanced multiple tests, cf.
[4]. If the joint distribution of (We) ey, 1y is known with joint cumulative distribution function 7 : RE — [0,1]
and continuous marginal cumulative distribution functions F; : R — [0,1],£ € {1, ..., L}, the critical values can
be determined as gz, = F, ' (1 — 8) and B € (0,1) is chosen such that 1 — F(F; (1 — 8),..., F; (1 - B)) < «
holds. Here and throughout, F~*(p) := sup{z € R | F_(z) < p} denotes the largest p-quantile and F_ denotes
the left-continuous version of a monotone function F : R — [0, 1] for p € R. Note that even for left-continuous

12



= (joint) null distribution
rejection region

—— Bonferroni critical value
- Balanced critical values

Wy

Figure 2: Exemplary illustration of the balanced multiple testing procedure (dotted lines) for two test statistics
with different distributions compared to the Bonferroni-correction (solid lines). Integrating over the rejection
regions for the first (right part) and second (upper part) hypothesis yields the same value £.

monotone functions F : R — [0, 1], we have F~'(p) # F~'(p) in general for p € R, which is why we explicitly
write F~'(p) even for left-continuous functions. Furthermore, it should be noted that 3 can always be chosen
as the Bonferroni-corrected local level o/L, cf. [33]. However, larger values for 8 may increase the power of the
multiple testing procedure. An exemplary illustration of the balanced multiple testing procedure compared to
the Bonferroni-correction can be found in Figure 2.

In many applications, the joint distribution of (W¢),. (1,1} depends on unknown parameters or is approx-
imated by a Monte-Carlo method due to the complexity of the distribution and quantile functions, see for
example Sections 4 and 5. Hence, the joint cumulative distribution function F is usually approximated by
(random) sequences (F},)nen of cumulative distribution functions in practice. Moreover, resampling procedures
are often used to approximate the limit distribution to improve the small sample performance. In this case,
even the marginal cumulative distribution functions Fy, ¢ € {1, ..., L}, are approximated by (random) sequences
(Fon)nen,? € {1,...,L}, of cumulative distribution functions. The following lemma ensures that the critical
values g1, ...,qr.n can be approximated through random critical values based on F,, and Fy,,¢ € {1,...,L}, as
long as the sequences converge in outer probability to the true distribution functions.

Theorem 2.6. Let L € N and a € (0,1). Moreover, let F,, denote a map on (2, A, P) taking values in the
space of all cumulative distribution functions on RY and Fy,,, 0 € {1,..., L}, denote maps on (Q, A, P) taking
values in the space of all cumulative distribution functions on R for all n € N. Additionally, let F : R* — [0,1]
denote a cumulative distribution function of a random vector (Wi, ..., W) with continuous marginal distribution

functions Fy, ..., Fr, : R — [0,1]. Furthermore, set FWER(() := 1 — F (Fi'(1 = (),..., F 2 (1 =) for all
¢ € R and assume that FWER is strictly increasing on [a,b] with 0 < a < a/L < a <b< 1. Let

F,(t) £ F(t) asn — o for all t € RF (2.15)
and
Fyn(t) L, Fi(t) asm — o forallte R, Le {1,....L} (2.16)

hold. Furthermore, suppose we have a sequence of maps B, on (2, A, P) taking values in [0,1] and satisfying
Bn € [FWER,, | (a) — e,, FWER, | (@ +&,)] for all n € N with

FWER,,(¢) :==1— F, (F;;a — Q) FLAL - ()) for all CeR

and some null sequence (€, )neny < [0,00). If additionally (2.12) holds, it follows

lirr;O P*(3eT: Wep>qn) <a under m Ho,e for all index sets T < {1,...,L}, (2.17)
LeT
lirr(}O P*(3te{l,...,L}: Wiy > qrn) = under the global null hypothesis Ho and  (2.18)
lim P* (Wen > qen) = FWER ' (a) under Ho g for all €€ {1,...,L}, (2.19)
where g5 1= FZ;_ (1—38).

13



Note that (2.13) and (2.14) are direct consequences from (2.17) and (2.19).
The decision rules for the global and local hypotheses are then constructed as follows:

o For each ¢ € {1, ..., L}, we reject Ho, if and only if Wy, > go,, or, equivalently, Wy ,,/qe., > 1. Here, we
set 0/0 := 0.

o We reject the global null hypothesis o whenever at least one of the hypotheses Hg 1, ..., Ho,z is rejected.
Hence, we reject the global null hypothesis Hy if and only if maxseqi, . 2y Wen/qen > 1.

Here, each test statistic Wy, £ € {1,..., L}, is treated in the same way and has asymptotically the same impact
since we use the same local level of significance (3, for each local hypothesis. The resulting tests can be formulated
accordingly as ¢ := 1{Wpy,n > qon} for Hop for all £€ {1,..., L} and as ¢ := 1{maxyeq1, .. 1} Wen/qen > 1} for

Ho. Then, (2.17)—(2.19) can be formulated equivalently as
lim E* < max <pg> < under ﬂ Ho,e for all index sets T < {1,..., L}, (2.20)
o eT LeT
hngo E* <e max w) = under the global null hypothesis Hg and (2.21)
lim E* () under Ho for all L€ {1,...,L}. (2.22)
n—o0

In the following remark, we give a condition under which (2.16) easily follows from (2.15).

Remark 2.4. If F ,,,..., FL,, in Theorem 2.6 are the marginal cumulative distribution functions of F,, (2.16)
is a direct consequence of (2.15).

The following lemma ensures that the function FWER is strictly increasing in our applications in Sections 4
and 5.

Lemma 2.2. Let k € N and W, := ZTAyZ, ¢ € {1,.... L}, for a random vector Z taking values in R¥ with a
positive Lebesque density on all of R¥ and Ay, ...,Ap € R¥** being symmetric positive semi-definite matrices
with rank(Ay) > 0,¢ € {1,..., L}. Moreover, let F : RL — [0,1] denote the cumulative distribution function of
(Wi, ... Wr) and Fo: R — [0,1],£ € {1, ..., L}, denote the continuous marginal distribution functions. Then,

[0,1] ¢ FWER(C) :=1—F (F*(1 = ¢),.... F; (1 =)
is strictly increasing.

It is well known that the closed testing procedure may improve the power of multiple tests. Hence, we propose
a stepwise extension of the multiple testing procedure in the following remark.

Remark 2.5 (Stepwise Extension). Our methodologies can be combined with the closed testing procedure
as in [10] to gain more power. Therefore, for each ¢ € {1,...,L}, the hypothesis Ho o is rejected at level

a if and only if for each J < {1,...,L} with J 3 { the intersection hypothesis Ho,7 = () Ho,; is re-
JjET

jected at level a. For testing an intersection hypothesis Ho, 7, we can use the procedure as described above.

To be specific, Ho, g is rejected at level o whenever maxjegy Wjn/F -1 (1 —5,37) > 1 holds, where BJ €

j,n—
[FWER{+ (o) — &:n,FVVERg+ (o + sn)] for all n € N with some null sequence (€,)nen < [0, 00),
FWERY, (¢):=1—FJ (F;f(1=()jes) forall(eR

J,m

and FY denoting the marginal cumulative distribution function of F,, with respect to the components with indices

J.

Moreover, multiple tests for estimands yield simultaneous confidence regions. This is explained in more detail
in the following remark.

Remark 2.6 (Simultaneous Confidence Regions). Let us consider the local hypotheses Ho g : he(P) = ¢4, £ €
{1,..., L}, about estimands hy(P) € E; and ¢y € Z¢ for all £ € {1,..., L}, where Z1,...,2, denote arbitrary sets
(e.g., R™, . R" ). Moreover, we write Wy (ce) for the £th local test statistic to express the dependence of Wy,
on cg. Then, we can use the constructed multiple testing procedure to define simultaneous confidence regions
for hy(P) with asymptotic global confidence level 1 — «. Under the notation and conditions of Theorem 2.6, we
define the (th confidence region as

CRypn = {€€ B¢ | Wen(8) < qun}
forall e {1,..,L}. Then, it can be easily checked that lim, o, P*(3¢ € {1,...,L} : he(P) ¢ CR;,) = « holds.
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2.3.2 Consistent Resampling Schemes

When considering a consistent resampling scheme, the cumulative distribution function F can be approximated
through the empirical distribution function of the resampled test statistics by a Monte Carlo method. In this
section, we show that the consistency implies (2.15) and construct adjusted p-values that lead to the same test
decisions as in Section 2.3.1.

A resampling scheme is called consistent if the resampled test statistics converge weakly conditionally on the data
in outer probability to (W1,..., W), i.e., to the same limit distribution as the original test statistics under
the global null hypothesis. We aim to formulate a lemma that (2.15) in Theorem 2.6 follows for consistent
resampling schemes, where F,, denotes the empirical distribution function of B,, independently resampled test
statistics. Here, X,, represents the randomness of the data while M,, can be interpreted as the randomness of
the resampling method.

Lemma 2.3. Let X,, : Qg — X1n, My, :  — X2, denote sequences of maps, where (Q x OV, A; @ AN, Py ®
P®YN) denotes a product probability space and X1in, Xon are arbitrary sets for n € N. Furthermore, assume that
W, : Xin X Xon — RY is a function for L € N and all n € N. Suppose that F, is the empirical distribution
function of

WO 00 x OV 5 RE, WO (wg,wi,..) i= W (Xn(wo), My (ws),  be{l,..., By},

*
for By,n € N satisfying ngl) W~ F conditionally on X,, in outer probability as n — o0, where F : Rl —
[0,1] denotes a cumulative distribution function with continuous marginal cumulative distribution functions.
Then, (2.15) is satisfied if B, — c© as n — o0.

The lemma ensures that the empirical distribution function of independently resampled test statistics W%b) =

W W), be {1,..., By}, that is
1 B?L
F,:RY - [0,1], F,(w)=— 11{W<b>< }
[07 ]7 (W) Bn; n w )

fulfills the condition to approximate the function F in Theorem 2.6 for a consistent resampling scheme, where

W%b) < w means that all components of W%b) are less than or equal to the corresponding values in the vector
w. For these choices, we have

S}

1 n
FWER,+(¢) = 5= ), 1 {3£ €l L} W > Bl - g)}
" p=1

for all ¢ € R. Regarding Remark 2.4, the marginal distribution functions can be approximated by the marginals
of the empirical distribution function, that are

n

B
1 n

Fn:R—[0,1], Fon(w) = 2= >, 1{Wf <w}, fe{i,....L}.
™ p=1

Then, we can define the local level (3,, as the largest value such that the estimated family-wise type I error rate
is bounded by the level of significance «;, i.e.,

Bn ::maX{CE{ L2 71}FWERn+(C—B;1)<0‘}

_8771’ E,
_ |FWER,}(a+1/B,)—1/B, ifaB,eN
- |FWER,!(a) - 1/B, if aB,, ¢ N.

Note that we only have to consider ¢ € {B%L’ 32 s ooy 1} since the quantiles can only take B,, different values,

respectively. Additionally, we only have to search for [, within the interval [B%L [BEO‘J + B%L’ 1]. The lower

bound can be interpreted as Bonferroni bound and results from the following inequalities:

1 | B,a L 1 Bn ®) ) 1 | Bya 1 | Bha
W — <) = W n (15 S B, s
F ERM(BJ : J) ;=1Bnb;l{ e,n>Fg,n<1 Bn{ : J)} LBJ 7 J a

With the above choices for F,,, Fy,, and f3,,, Theorem 2.6 implies that gg,,, := F[nl_(l —Bn), L e {1,..., L}, fulfills
(2.17)—(2.19) under the conditions of Theorem 2.6 and Lemma 2.3.
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Adjusted p-values The method described in Theorem 2.6 for constructing multiple tests based on a con-
sistent resampling scheme is accompanied by an adjustment of p-values. To see this, we determine the local
p-values by

B@,n =1~ FZ,n—(Wé,n)

for all £ € {1, ..., L}. Comparing the local p-values to 3, yields multiple test decisions that are consistent to the
method in Theorem 2.6. Translating this comparison to a comparison with the level of significance « is intuitive
due to the definition of 3,,. Hence, by plugging the local p-value in FWER,, , the adjusted p-value for the ¢th
hypothesis can be defined by

pe = FWER,, 4 (ﬁé,n)

for all £ € {1,..., L} and the global p-value by p := min{ps,...,pr}. The following proposition ensures that the
test decisions based on these p-values are unchanged.

Proposition 2.1. With the notation of Section 2.3.2,
(1) for each £ e {1,...,L}, it holds p; < o whenever Wy, > qu.n,

(2) it holds p < o whenever max Wyn/qen > 1.
¢e{1,...,L}

2.3.3 Proofs of Section 2.3

We start by proving Lemma 2.3, as we will use one of the techniques in the proof of Theorem 2.6.

Proof of Lemma 2.3 Let t € R” be arbitrary. Approximate f : Rl — {0,1},w — 1{w < t} through
sequences of Lipschitz functions (g, )men, (hm)meny With 1 > g, = f = hyy = 0 and E [g,,(W) — by (W)] <t
for all m € N, where x < t means that all components of x are less than or equal to the corresponding values
in the vector t. Let EX denote the outer expectation with respect to the product space QN cf. Section 1.2 in

[74]. Then, it holds

B2 | £WD)*] ~ BLAW)|
<Es [A(WO)*| - Bf [FW) | +
< Ba [ (WID)*| — 2 [ (WID)|

+ max {Ef | g (W)| = B g (W)],E [ (W)] = Ef [ (WD) |}
+ E g (W)] = E [ (W)]
< B [gn(WE)* = gu( WD) ]| + B [9n (WD) = B [ (WD)

ES [£(W)| - /W]

+ max {Ef | g (W) | = B gun (W] B [ (W)] = B3 [ (WD) |} 7
L% 0+ B [gm(W)] = E [ (W)] + 0+ m~" < 2m™ 1,

where here and throughout A* and A, denote the minimal measurable majorant and maximal measurable
minorant, respectively, for a map A with respect to all probability spaces jointly. By choosing m sufficiently
large, it follows

Es | (W) | 2 E[£(W)] = F(t)
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as n — . Analogously, one can show Eg [f(W%l))*] Lo, F(t) as n — o0. Since B,, — 00 as n — 00, we have

B | (110 - 7o)’

< Ep | (F2(6)" | + 282 [(—Fu(6)*] F(t) + F2(t)

L 9 Bn
w2 [(f WD) ] 5 Z [( i)'+
By,
b1,bo=1,b1#b2
<Bin+B%;1E2 [f(wa ] _9F, [f (W) ] () + F2(t)

Do, F2(t) — 2F(6)F(t) + F2(t) = 0

as n — 0. Thus, E* [|Fn(t) - .7-'(1:)\2] — 0 asn — oo for all t € R by the dominated convergence theorem

(dominated by 1), where E* denotes the outer expectation with respect to all probability measures jointly.
Hence, (2.15) in Theorem 2.6 follows. O

Proof of Theorem 2.6 For proving Theorem 2.6, we firstly need two lemmas. The first one is a multivariate
version of Polya’s theorem.

Lemma 2.4. Let LeN, A := szl[ag,bg] c (Ru{—w,oh)E, F: (RuU{—w, 0}l —[0,1] be a cumulative
distribution function that is continuous on A and (F,)nen denote a sequence of maps on (2, A, P) taking values
in the space of all cumulative distribution functions satisfying

F,(t) L F(t) asn — oo for all t € A. (2.23)
Then, we have sup |F,(t) — F(t)] L0 asn > .
teA

Proof of Lemma 2.4. We aim to apply Proposition 2.1 in [9]. Therefore, let f; : R — R, fi(z1,...,21) =
{zy < t1,...,xp <tp} forall t = (t1,...,t1) € A, F:= {ft | t € A} and € > 0 be arbitrary. Furthermore, let
Fi,.... Fr : R — [0,1] denote the marginal cumulative distribution functions of F, m € N with ¢/L > 1/m and
define

ap =:tgo <t < ...<lom:=Dby

such that Fy(ts;) — Fe(tei—1) < /L for all i € {1,..,m},€ € {1,....,L}. Set t;, . i, = (t141,--stL4,)" for all
i1, -, %r € {0,...,m}. Then, it holds that

L
JRL feo, — fooy 0y AF = F(biy, i) — F(biy—1,.i-1) Z Fo(teip) — Fo(tei—1)) <e
=1

for all iy, ...,ir, € {1,...,m}. Thus, the bracketing number is bounded by (m + 1)¥ < co. As in the proof of
Proposition 2.1 in [9], it holds

igg |F(t) — F(t)] < 3max{|F,(t) — F(t)|} + 2¢,

where the maximum is taken over 2(m + 1)¥ different values t € A. Hence, we get

p* <sup |Fo(t) — F(t)| > 35> < P* (max{|F,(t) — F(t)|} > &),

teA

where P* denotes the outer probability. The latter tends to 0 by (2.23) since the maximum is taken over a
finite number of values t € A. O

The following lemma ensures that the quantiles of a converging sequence of cumulative distribution functions
converge.
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Lemma 2.5. Let F : R — [0, 1] be a distribution function that is continuous and strictly increasing on [a,b] < R
and (F,), oy denote a sequence of maps on (2, A, P) taking values in the space of all cumulative distribution
functions satisfying

F.(t) & F(t)  for allte[a,b] (2.24)

as n — . Furthermore, let F(a) < p < g < F(b). Then, we have

sup |F, 1 (r) — F1(r)| 50

re[p,q]
as n — .
Proof of Lemma 2.5. First of all, Lemma 2.4 implies sup |F,(t) — F(t)| £, 0 as n — 0. Then, by Theo-
tela,b]
rem 1.9.2 (ii) in [74], every subsequence has a further subsequence such that

sup |F,(t) — F(t)] = 0 as n — o outer almost surely (2.25)
tela,b]

holds along the latter subsequence. In the following, we are considering the sequence only along this subsequence
and proceed similarly as in [74]. Let (0, )nen be a positive sequence with d,, — 0 as n — 00. By (2.25), there
exists an IV € N such that

F(b) = Fo(b) < F(b) —q and  Fy(a+6n) — Fla+dn) < (p—Fla))/2

holds for all n = N outer almost surely. Due to the continuity of F, we can choose N sufficiently large such
that F(a+d6,) < F(a)+ (p— F(a))/2 holds for all n = N. Hence, it follows that F,,(b) = q and F,,(a + 0,) <
for all n = N outer almost surely. Since

Flry<sz < r<F,(x)

n

holds for all r € [p,q],z € R due to the definition of the inverse map, we have F,!(r) < b and F,(r) >

F.1(r) =6, >aforall r € [p,q] and n > N outer almost surely.

Moreover, it holds
Fo(FH(r) = 6n) <7 < Fy(F7H(r))

n n

for all 7 € [p, q],n € N by the definition of the inverse map. Hence, it follows

F(F N (r) = Fo(F, N () < F(F ) —r < F(F, N (r) — Fo(F, (1) = 62) (2.26)

n

for all r € [p, q],n € N. The left side of (2.26) is converging to 0 uniformly in r as n — o0 outer almost surely by
(2.25). Since F is continuous on the compact set [a, b], it is also uniformly continuous. The right side of (2.26)
can be rewritten as

F(F7Hr) = Fa(F (1) = 6n) = ( Hr) = F(FH(r) = ba)
F(FHr) = 6n) = Fu(F (1) = 6n),

where the first part vanishes asymptotically uniformly in r due to the uniform continuity of F and the second
part outer almost surely due to (2.25). Thus, (2.26) implies

sup |F(F,"(r))—r| =0 asn— oo outer almost surely.
r€[p.q]

By the strict monotony of F on [a, b], F~1 is continuous on [(F(a)+p)/2, F(b)] and, thus, uniformly continuous
on [(F(a) +p)/2,F(b)]. Let £ > 0 be arbitrary and ¢ € (0, (p — F(a))/2] such that

F @) - F M)l <e
holds for all z,y € [(F(a) + p)/2, F(b)] with |x — y| < §. There exists an M € N such that

sup |F(F, ' (r)) —r| <4
re[p.q]

holds for all n = M outer almost surely. This further implies that F(F,;1(r)) > r — & = (F(a) + p)/2 for all
r € [p,q],n = M outer almost surely. Since F,, '(r) < b for all € [p,¢],n = N, we also have F(F;(r)) < F(b)
for all r € [p, ¢],n = N. Hence, it follows that

sup |F 1 (r) = FH(r)| = sup |[FHF(F, () - F ()| <e
r€[p,q] r€[p,q]

for all n > max{N, M} outer almost surely. Applying Theorem 1.9.2 (ii) in [74] again completes the proof. [
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Now, we aim to show that (3,, converges in outer probability. Since €,, — 00 as n — o0, it remains to show

sup [FWER;L(r) = FWER !(r)| 550 asn — o (2.27)

rela,c]

for some ¢ > «. Therefore, we apply Lemma 2.5. Note that FWER,,. and FWER can be seen as distribution
functions and FWER is continuous and strictly increasing on [a, b] by assumption. By Lemma 2.4, we have

sup |Fn(t1,...,tr) — F(t1, ..., tR)| 2,0 asn— .
t1,...,t RER

Moreover, Lemma 2.4 implies the uniform convergence of the marginal distribution functions, that is

sup |Fyn (t) — Fo(t)] £ 0 (2.28)
teR

as n — oo for all £ € {1,..., R}. For FWER,,_ := (FWER,,+)_ being the left-continuous version of FWER,, 4,
we have

[FWER,,_(¢) — FWER(()| = |F), (F;i_(l = Qe Fry (1 o) —F(F (=0, Ft (1= o)\

< sup  |Fu(t1,....,tr) — F(t1,..., tR)]
t1,...,t RER

HF (R =0 FEA (0= Q) = F (R = Qo F 1= 0)|

for all ¢ € [0,1]. Here, the first summand converges to zero in outer probability. For the second summand, note
that

FF-0)=1-¢ (229

F(w)<l-Cew<F'1-), and (2.30)

\F (@1, wr) = F(yn, e yr)| < D 1 Felwe) — Folye))| (2.31)
(=1

hold for all ¢ € [0,1],w,z1,...,21,¥y1,...,yr € R and all cumulative distribution functions F' : R — [0,1]. Let
e>0and ¢ e {l,..., L} be arbitrary. Then, it holds

< P (Fo(Wo)

Fe(FTH1=Q) = P(We S FZH(1 () = P(F-(Wy) < 1) {> P(F(WY)

by (2.29) and (2.30) for all cumulative distribution functions F : R — R with sup,.g |F(t) — Fe(t)] < € and all
¢ €[0,1]. Thus, it follows |F; (F='(1 —()) — Fe (F, (1 = ¢)) | < e by (2.29) for all cumulative distribution
functions F' : R — R with sup,ep |F(t) — Fe(t)| and all ¢ € [0, 1]. Hence, (2.28) implies

p* (m] (ng;a _ g)) R (FA-0)] > 5) < P* (SJQHE | Fpm_ () — Fo(t)] > 5) -0

as n — oo for all ¢ € [0,1]. Thus, by (2.31), the second summand converges to zero in outer probability as well.
Hence, it follows

[FWER,,_(¢) — FWER(C)| 2 0 as n — oo for all ¢ € [0, 1].
Lemma 2.4 implies sup cp, 41 [FWER,,— (¢) — FWER(()| £, 0 as n — o0 and, thus,

[FWER,.; (¢) — FWER(¢)| < max{FWER,,_ (¢ + n~!) = FWER(¢ + n~ %) + FWER(( + n~1) — FWER((),

FWER(¢) — FWER,,_(¢)}

L0

as n — oo for all ¢ € [a,b). Applying Lemma 2.5 yields (2.27) and, thus, 3, i FWER !(a) as n — o0.
In order to proof the statements (2.17)—(2.19), let 7 < {1,..., L} be arbitrary and (| Ho¢ be true. Note that

LeT
(2.30) implies

Win>@n < Fon-(Wen)>1-0, forall ¢ e {1,...,L}. (2.32)
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By B N FWER () as n — o0, it follows

((Wf,n)ee7*7ﬁn) 4 ((Wf)eeT7FWER_1(a))

as n — o by (2.12) and Slutsky’s lemma. Moreover, the continuous mapping theorem implies

(FeWen))ier +Bu) 5 (Fe(We)) ey, FWER ™ (@)
as n — o due to the continuity of F1, ..., Fr. By (2.28), we have |Fy ,,— (Wip) — Fe(Wen)| < supseg | Fo.n(t) —
Fe(t)] L, 0 for all £ T and, thus, Slutsky’s lemma implies
(Fean-(Wea))ser + Bn) = (Fe(Wo))ser . FWER ™ (@)

as n — 0.
By approximating the function

iR R 3 ((t)eer, b) =~ max 1{t, > 1 - b} € {0,1}
ce

by sequences of Lipschitz functions (gm)menN, (Am)men with 1 = g, = f = hy, = 0 and
E [gm (FeWe)eer, FWER ™ (a)) — b (Fo(W))eer, FWER ™ ()] < m™*
for all m € N, one can follow similarly as in the proof of Lemma 2.3 that
P* (Ew € T: F@,nf(WE,n) >1- ﬁn) = E* [f ((Fi,nf(Wl,n))EeTa ﬂn)]

— E[f (FeWe))eer, FWER ' (a))]
= P(3eT: Fu(Wy)>1—-FWER *(a))
<1-P(We{l,....,L}: Wy < F, (1 -FWER '(a)))
= FWER(FWER !(a)) = a

holds as n — o0 under (| Mo, yielding (2.17) by (2.32). The inequality is an equality if 7 = {1, ..., L}, yielding
LeT
(2.18) by (2.32). Moreover, we observe that

P*(Fp (W) >1—f,) = P(W, > F, (1 - FWER '(a))) = 1 — Fo(F, ' (1 = FWER !())) = FWER ' («)
follows as n — oo for T = {¢} for some ¢ € {1, ..., L}, yielding (2.19) by (2.32). O

Remark 2.7. It results from the proof that B, —> FWER () as n — .
Furthermore, by applying Lemma 2.5, one can show qq,p, Ei F,L(1-FWER ' (a)) asn — o foralll € {1,..., L}
if Fo is strictly increasing on [5,5] with Fo(@) <1 —a <1—a/L < F(b) for all L€ {1,..., L}.

Proof of Lemma 2.2 Let 0 <z <y < 1. We aim to show FWER(y) — FWER(z) > 0. We have

FWER (y) — FWER(z)
=F(Fl(l-2),. . Fll-2) - F(Fl1-y),...Fr (1 -y))
=P 3e{l,. . ,.L}:Wee (F'1—y),F,1—a),Vle{l,.,.L} : Wy < F ' (1 —1)).

F (-
Let b := mingeq, 1y @ﬁiim””)’ where here and throughout ||A/|| > 0 denotes the spectral norm of Ay,
" . Fl1-a) T (1-y) ) T )
0% € argmingeqy . 1) AT and a := AT Moreover, let Ay« = Udiag(Aq, ..., A\x)U " denote the eigen-
(4

decomposition of Ay with an orthogonal matrix U = [uy, ..., ux], where Ay = ... = Ay = 0 and Ay = [|Agx]|.
Then, we have for all z € R* that

llz]|> <<band (u]2z)? >a = z' Apze (]-'[*1_(1 — y),]—'z;l_(l —z)],2" Az < .7:[11(1 —x),Le{l,.., L}
In order to show this, note that z' Az < [[A|| - ||z|[? < b||]As]| < F,'(1 — z) holds for ||z||*> < b for all

¢ =1,..., L. Moreover, for (u]z)? > a, it holds

k
2" Az = Z )\i(u;l—z)2 > HAE*H(UIZ)Q > al|Apx]| = .7'7*1_(1 —y).

i=1
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Thus, we get
FWER(y) — FWER(z) > P (||Z|]> < b, (u] Z)* > a) = P (|[UTZ|]> < b, (u{ Z)* > a).

Now, it remains to show that P (|[UTZ||? < b, (u{ Z)* > a) > 0. Integration by substitution yields

P([UTZ|? < b, (u{Z)? > a) = f(z) dz

J{zeRk|UTz|2<b,(uIz)2>a}

_ f f(Uy) dy,
{y=(1,...,yx) TERF||y]|2<b,y?>a}

where f : R¥ — (0,0) denotes the Lebesgue density of Z. Since the density is strictly positive, we only need
to show that the Lebesgue measure of {y = (y1,...,ux)" € R¥ | ||ly||> < b,y? > a} is strictly positive. Due

Fay)  FL (-0 " -
e < = = b. Let b fulfill @ < b < b. Then, we have
[[A 1] [[A ]l

lyl|2 < b,y > aforally = (y1,....,yr) " € RF with va < |y1] < V0, [al, ..., lyn] < 1/2;7?. Hence, the Lebesgue
measure of {y = (y1,....,yx)' € R¥ | |[y||? < b,4? > a} is at least the Lebesgue measure of

to the continuity of Fyx, we have a =

- b—b
¥ = (1) € B | Va < fyal < VoIl oyl <475 1

k—1
which equals 2% (\/Z - \/ﬁ) ( Z_l{) > 0. O

Proof of Proposition 2.1 For (1), let £ € {1, ..., L} be fixed. Firstly, we aim to show
p<a = Win>qn
Therefore, assume that py < o holds. Since py < « implies that Sy, satisfies FWER,, 1 (8e.n) < ¢, it follows
1= Fopn-(Wen) = Ben < B — By < Bn

by the definition of 3,. Thus, we have Wy, > sznlf(l — Bn) = qun by (2.30).
Secondly, we aim to prove
Wf,n >qn = pesa

The inequality Wy, > qo.n = F! (1 — f,,) implies

£n—

5@,71 =1- FZ,nf(We,n) <1- Fe,n(ngé_ (1 - ﬂn)) < Bn

Due to Be.n, Bn € {0, é, 2, ..., 1}, it follows B, < B, — B, . Thus, the definition of 3, yields that S, fulfills

n n

De = FWERH-&-(ﬂZ,n) < .

For (2), we note that p = min{p, ..., pr} < « if and only if there exists an £ € {1, ..., L} such that p; < a.. Due to
(1), this holds whenever there exists an ¢ € {1, ..., L} such that W;,, > g, or, equivalently, , {maxL} Wen/Gen >
e{lL,...,

1. O
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3 Inference for Paired Survival Times

Throughout this section, we consider i.i.d. pairs of survival times (T%;,T%;),j € {1,...,n}, ie., T1;,To; are
non-negative random variables, with survival functions S; : [0,00) 3 t — P(Tj; > t) € [0,1],¢ € {1,2}. Let
(Th;,T5;),7 € {1,...,n} model the times to the progression of a disease: first, after the initiation of one
treatment, 77; is measured; then, a second treatment phase begins, and T5; is recorded. Here, we do not
assume that the survival functions are continuous and, thus, we allow for ties in the data. In general, T7; and
T5; are allowed to be correlated. Furthermore, we assume that the event times are subject to right-censoring,
i.e., we only observe (Xij,Xs;,015,02;),7 € {1,...,n}, where X1; := min{Ty;,C1,}, Xo; = min{T5;, Cs;}
are the censored event times and 01; := 1{Xy; < Cy;},02; = 1{Xy; < Cy;} are the corresponding non-
censoring indicators. Moreover, we assume that right-censoring is independent, i.e., (T1;,T5;) and (C1;,Ca; )
are stochastically independent, and the censoring times (C1;,Cs;),j € {1, ...,n}, are i.i.d. At times, we omit the
index j when it is not necessary to distinguish the pairs.

Our aim is to propose methods that are based on relative and absolute estimands for quantifying the efficacy
of an experimental treatment compared to a standard treatment: a variant of the probability as in von Hoff’s
method [75, 76] and functions of restricted mean survival times, respectively.

3.1 Variant of von Hoff’s Method

Von Hoff’s method [75, 76] is based on the probability that the ratio of T, and T} exceeds a preliminarily chosen
threshold 0. The most common choice is 6 = 1.3 [76]. Instead of P(T2/Ty > 0) or P(T2/T1 > d), we propose to
focus on the estimand

P(TQ/Tl > 5) + %P(TQ/Tl = 5)

The second term, P(T5/Ty = 0), which has the weight 1/2, is important to take into account that the distribution
of Ty /T is allowed to have an atom at §. Even in the case of continuous survival functions, this is possible, as
can be seen from the perfectly correlated case To = §77.

Due to the limited time horizon of studies, one typically cannot identify this probability. Instead, we consider
the estimand

0 :=P(min{T2,72}/min{T1,Tl} > 5) + %P(min{TQ,TQ}/min{Tth} = 6)
1
=P(min{Ty, 75} > § - min{Ty, 71 }) + §P(min{T2,7'2} = ¢ -min{T},11})

which is closely related to the estimand in [30]. Here, 7, and 75 denote the maximum follow-up times. The
experimental treatment is then considered effective if that probability exceeds a certain probability 6y € (0, 1),
the choice of which might depend on the particular medical application. Thus, we aim to test the hypothesis

HY:0<6y vs. HY:0>6,. (3.1)

Since von Hoff’s method [75, 76] ignores the censoring indicator, it yields a negatively biased estimator [49].
Thus, we propose an approach that takes the proper handling of right-censoring into account. This will lead to
an approximately unbiased estimator of 6 and, as a consequence, it is expected to improve the reliability and
the power of the method.

Based on the competing risks-based approach in [30], § can be estimated with the help of the Aalen-Johansen
estimator [1]. To see the connection to the method developed in [30], define the pair of survival times (T, T3) =
(6 - min{Ty, 71}, min{T%, 72}). The underlying competing risks data set can be written as

(Zj,e5) = (min{0Ty;, Toj, 7,6C1;, Coj}, &;1{min{d T, Toj, 7} < min{6C1j, Co51}),  j € {1, ..., n},

where 7 := min{d7y, 72} and &, € {1, 2, 3} denotes the event indicator; see Section 3.3 for details. Now, 6 can be
represented with the help of the cumulative incidence functions for type 2 and type 3 events, i.e., F and Fj,
as 0 = Fy(1) + %Fg(’]’). Here, an event of type 1 is present if le > ng has been observed, an event of type 2
is present if le <T o; has been observed, and a type-3 event is present if le =T n; is observed. In other cases,
the data point is censored from a competing risks point of view.

We define the number of individuals at risk just before time t > 0 by Y (¢) := }}7_, 1{Z; > t} and the number
of individuals with an event of type m before or at time ¢t = 0 by N,,(t) := Z?=1 1{Z; < t,e; = m} for all
m € {1,2,3}. Moreover, we set

~ 1 ~ 3. . ~ ~
An(t) ::f[m]dem, A::Z:Am and  S(t):= [ {1—dA(x)}

m=1 z€[0,t]
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forallt = 0,m € {1, 2, 3}, where here and throughout J[ denotes the product integral as in [39]. These estimators
are the cause-specific and all-cause Nelson—Aalen estimators and the Kaplan-Meier estimator, respectively.
Thus, we obtain the Aalen—Johansen estimator [1] at ¢ for F,,,(¢) as F,(¢) := S[O,t] S_ dA,,,me {1,2,3} for all
t = 0 and, hence,

for 6. Note that one could allow either 7 = o0 or 75 = o0 as long as the respective other terminal time is finite.
An adaptation of Theorems 1 and 2 in [30] justifies the asymptotic normality of the estimation approach under
the following assumption.

Assumption 3.1. We assume P(0Ty = 7,12 = 1) > 0 and P(6Cy = 7,Cy = 7) > 0.

Theorem 3.1. Under Assumption 3.1, we have \/77(5— 0) 4, N(0,02) as n — o, where oj is defined in
Section 3.3.

For technical reasons, we need o2 > 0. Therefore, we suppose the following.

Assumption 3.2. We assume 03 > 0. Under Assumption 3.1, this is, e.g., the case if at least one of the
following holds, which is shown in Lemma 3.2:

(1) P(Ty < min{éTy,7}) > 0 and P(r < min{déT},0m1} < min{Ts, 72}) > 0,
(2) P(6Ty < min{T5,7}) > 0 and P(min{é7T1, 071} = min{Ts, 72} = 7) > 0,
(8) P(0Ty =T> < 7) >0 and P(min{0Ty,d71} > min{Ts, 72} > u) # P(u < min{07Ty, é71} < min{Ts, 72}) for
alluwe [0,71).
This preliminary work and Slutsky’s theorem imply the following result.
Theorem 3.2. Under Assumptions 3.1 and 3.2, we have \/n(0 — 6) /54 4, N(0,1) as n — oo. The definition
of 63 is given in (3.4) below.

With this theorem, we can construct an asymptotic level-a test for (3.1), that is,
=1 {\/5(9 —00)/Go > Zl—a}7

where here and throughout z;_, denotes the (1 — «)-quantile of the standard normal distribution.

Instead of the standard normal quantile, it is typically beneficial to use a resampling-based quantile. In par-
ticular, we propose a randomization approach, i.e., the observable event indicator e; is randomly re-labeled
as 1 or 2 with probability 1/2, respectively, whenever an event of type 1 or 2 occurred; cf. [30] for a similar
approach. This is equivalent to randomly permuting the paired (censored) event times (X7;,d1;) and (Xg;, d2;)
within each pair j € {1,...,n}. This results in the randomized data set (Z;,€;),j € {1, ...,n}, and corresponding

~

randomized estimators 6,52 based on our randomized sample (Z;,&;),j € {1,...,n}.

x *
Analogously to the proof of Theorem 2 in the supplement of [30], we obtain that v/n(6 — 1/2) LN (0,53)
conditionally on the data (Z;,¢;),j € {1,...,n}, in outer probability as n — o0, where 53 is given in Section 3.3.
Again, we need to assume a positive variance of the limit.

Assumption 3.3. We assume 53 > 0. Under Assumption 5.1, this is, e.g., the case if P(Ty < min{dTy,7}) > 0
or P(6Ty < min{T5,7}) > 0 holds, which is shown in Lemma 3.3.

Then, we obtain the following result.

Theorem 3.3. Under Assumptions 3.1 and 3.3, we have \/ﬁ(é— 1/2)/59 =, N(0,1) conditionally on the data
(Zj,e5),7 € {1,...,n}, in outer probability as n — co.

Theorem 3.3 provides that the randomization test
=1 {m(a —00)/5 > zl,a}
is an asymptotic level « test, where Z;_,, denotes the (1 — «)-quantile of the conditional distribution of \/ﬁ(é\ —

1/2)/59 given the data (Z;,¢;),j € {1,...,n}. In practice, the quantile Z;_, can be approximated by a Monte
Carlo method, cf. Section 2.3.2.
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Figure 3: An exemplary illustration of the RMST p.

3.2 Restricted Mean Survival Times

An alternative approach for comparing paired survival times is the comparison of the restricted mean survival
times (RMSTs) of the two event times. The RMST is defined as the area under the survival curve up to a
prespecified time point 7 > 0 as illustrated in Figure 3 and it has an intuitive interpretation as the expected
minimum of the survival time and the specified time point. Thus, the RMST reduces the whole survival curve
to a meaningful estimand. In detail, the RMSTs are

j2% IZJ Sl(t) th[O,T], ZE{1,2}
0
For comparing two RMSTs, we can consider the hypotheses
HIE oy —po =€ vse HIF oy —py <€
for the difference of the RMSTs with & € [—7, 7], or

Hi
M2

Hgat:%>1+g vs. HE HL 14 ¢

for the ratio of RMSTs with ¢ € (—1,00). A natural estimator for u; is given by
. J Si(t) at
0

for i € {1,2}, where §¢ denotes the Kaplan-Meier estimator of S;. Hence, we get the estimator fiy — i for

pa1 — p2 and i1 /iy for puy/pa.
For technical reasons, we need the following assumptions.

Assumption 3.4. Throughout this section, we assume
(1) P(Cy =7),P(Cy=7)>0, and
(2) P(Ty 27),P(Tx > 1) > 0.
Under the stated assumptions, the estimators can be shown to be asymptotically normal, that is
V(@i = fiz) = (1 = p12)) > N0, 05ig)
and  v/n(log(fi1/fi2) —log(u1/p2) > N (0, 77y)
as n — oo for some 024,02, > 0; see Section 3.3 for details.

Theorem 3.4. Under Assumptions 3.4 and 034,02, > 0, we have

V(i = fiz) = (11 — 12)) /Gasee > N(0,1)

and
Vn(log(fir /fiz) — log(pi1/112)) /G rar 2 N'(0,1)

as n — 0. The definitions of the variance estimators 63,4 and 6%, are given in Section 5.3.
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This theorem yields that the tests

Ti= 1{V/n((Br — fi2) — ©)/Basst < za}
and ™" = 1{Vn(log(fir/fiz) —log(1 + ())/Grar < 2a}

are asymptotic level « tests for Hgiﬁ and H™ respectively.

The randomization approach described in Section 3.1 can be adopted to construct a randomization test. To
this end, let (XT},07;) and (X3}, 65;) denote the permuted (censored) event times of the paired (censored) event
times (X1, d1;) and (XQJ ,02;) within each pair j € {1,...,n}. Furthermore, we denote all estimators based on the
permuted (censored) event times (X7}, 67;), (X3;,05;),7 € {1,...,n}, with a 7 in the superscript in the following.

E.g., i denotes the RMST estimator based on the permuted (censored) event times (X7, 07),j € {1,...,n}, for

i € {1,2}. The following theorem yields the consistency of this randomization approach.

Theorem 3.5. Under Assumption 3.4 and o5q, 0%, > 0, we have, as n — 0,

~T ~\ o d¥
V(T — i3)/65e — N(0,1)
and .
A s\ A d
Vnlog (it /fi3) /67, — N(0,1)
conditionally on the data (X1;, X2j,015,02;),7 € {1,...,n} in outer probability, where o, 0r, are defined in

rat
Section 3.5.

Hence, the validity of the randomization tests

AR | {\/ﬁ((ﬁl —fio) — &) /Gar < 2T dlff}
and (pﬂ,rat =1 {\/E(log(ﬁl/uz) log(l + C))/Urat < ZTI' r’mt}

is provided, where 2T and 27" denote the a-quantiles of the conditional distributions of \/n(i4T — fi%)/6 %4

and +/nlog(uT uQ)/amt, respectively, given the data (Xij, Xa;,015,02;5),75 € {1,...,n}. By Section 2.3.2, the
quantiles can also be approximated by a Monte Carlo method.

3.3 Proofs of Section 3

Remark 3.1. Instead of assuming that (C1,C3) is stochastically independent of (T1,Ts), we also may assume
that the first survival time Ty is always uncensored and Cy is independent of (T1,Tz). This case is a special case
of the independent censoring case since we can set Cqp = 11 + 1.

Proof of Theorem 3.1 As in [30], let

1 if min{éT,dm1} > min{Ts, 72}
€:=12 if min{oTy,0m1} < min{Ts, 7o}
3 if min{d7T1,0m} = min{Ts, 2}

denote the (uncensored) event indicator, 7' := min{dTy,T5, 7} and C' := min{dC;, C5}. Thus, we can write the
censored competing risks data set as

(Zj,25) = (min{T, Cy},&;U{T; < C3}),  je{l,..,n}.

m), S(t) = P(T > 1), An(t) := §jg 1 570 AFm(w), A1) := Ar(t) +

Furthermore, let F,,(t) :== P(T < t,& =
> t) for all t = 0,m € {1,2,3}. Note that

As(t) + As(t) and G(t) := P(C

Fy(r) = P(min{Ty, 71} < min{Ts, m2})
and  F3(7) = P(0 min{Ty, 71} = min{Ts, 2}).

Firstly, we emphasize that the Aalen—Johansen estimator ﬁm consistently estimates the cause-specific cumu-
lative hazard function A,,, i.e., no relevant information is lost by the above-described competing risks data.
Regarding Theorem 4.2 in [26], we need to show the following statement.

Lemma 3.1. It holds A, S[o 1 =] dP(21 < ., e1=m) forallme {1,2,3},t = 0 with G_(t) > 0.
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Proof of Lemma 8.1. Let m € {1,2,3},¢ > 0 be arbitrary with G_(¢) > 0. Due to the definition of Z;, we have
P(Zy = u) = P(Ty = u,Cy = u) = P(Ty = u)P(Cy = u) = S_(t)G_(t)

for all u € [0,¢]. Moreover,

for all u € [0,t]. Hence, it follows

1 G_ 1
————APZ<WE=WL=J ——fu%=f = dF,, = A, ().
J‘[O,t] P(Z1 =) S ! ) (04 S-G- [0,4] S— (¥

O

To analyze the asymptotic behavior of 5, we do not use the results of [30] for two reasons: First, we sup-
pose weaker assumptions on the survival and censoring distributions and, second, the variance formulas given
in [30] and in the earlier version of the linked GitHub repository (https://github.com/dennis-dobler/
relative_treatment_effect_paired_survival/tree/30fa79a) are both wrongly stated, as the following ex-
amples show.

In the GitHub repository, there is just a bracket missing, such that the second and third stated summand of the
final result should be multiplied with 1/4 as well. Then, the formula is correct under AF; (1) = AFy(7) = 0,
which follows from the assumptions in [30]. Here and throughout, AF(u) := F(u)—F_(u) denotes the increment
of F' at u. However, since we aim to allow mass in 7 for all event types, we state a different variance formula later.
Our formula coincides to the formula in the GitHub repository with added bracket under AF; (1) = AFy(7) = 0.

Example 3.1. Let

0 ift<l
12 ift>1

0 ift<?2

Fi(t) =0, F(t):= { 12 ift=2

, and F3(t) := {
for allt = 0 with T = 2 and Cy, Cy > 2 almost surely. Then, one can show 0 = Ly (1fe =21+ 51{&; = 3})

and, thus, by the central limit theorem, \/ﬁ(é— 0) 4, N(0,1/16). However, the formula in the supplement of
[30] yields

+S@m(m<1fydn(;ymm)_%fﬁﬁk)GA@@OA@@HQﬁ@m@@mAWO
1
4

11 1 11 11 1/4 1\? /4 1
T T AZ) =2 .z =
3272172737273 (1-1& (2) 1-1/2 2+0> 0

if the integrals Sg are meant as S[o _E The formula of the GitHub repository yields

e

(1/2 —1/2 + 1/2)? 1

(Fo(1) — Fy_(2) — Fi(1) + F1_(2) + S(1))? A
1-1/2)2 1~

TR VNGE Ar(D) -

of =

Note that this is not correct due to the missing factor 1/4.

Also if the integrals S(T) are meant as S[o e the formula in the supplement of [30] is not correct, as the following
example shows.

Example 3.2. Let

0 ift<2

Fut) = {O ift <1 Fy(t) :==0, and F3(t) := {1/2 ift>2

12 ift=1’
for allt = 0 with 7 = 2 and C1,Cs = 2 almost surely. Then, one can show 6= %% » 1{&; = 3} and, thus,

by the central limit theorem, \/ﬁ(g— 0) 4, N(0,1/16). However, the formula in the supplement of [30] yields
o7 = 0 if the integrals § are meant as S[o -
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Now, to prove Theorem 3.1, note that § and 8 can be written as
s 1 1 1
’(/J ((;5 (—(A1 + A2 + Ag))_ ,AQ + 2A3) (’7') = J S_d (AQ + 2A3) = FQ(T) + §F3(T) =0
[0,7]

and

~ ~ ~ ~ ~ 1~ ~ ~ 1~ ~ 1~ ~
’L/)<¢ (—(A1+A2+A3)> ,A2+A3> (7’) =J Sd(A2+A3) =F2(T)+*F3(T) =0
— 2 [0,7] 2 2

with ¢ : D[0,7] x BVa[0,7] — D[0, 7], : BVap[0,7] — D[0,7) as in Section A for some M < oo. Hence, we
define

v (BVM[O,T])3 — R, \I/(Al,AQ,Ag) = 1[) (g?) (—(Al + Ag + Ag))_ ,AQ + ;A;;) (T)

To apply the delta-method, we show the Hadamard differentiability of ¥ at (A;, As, A3) by the chain rule.
Note that Assumption 3.1 is equivalent to S_(7) > 0 and P(Z; > 7) > 0. Analogously to Lemma 3.10.18 and
Lemma 3.10.32 in [74], we obtain the Hadamard-derivatives

- ~ 1
wz‘%(_(A1+A2+A3))—,A2+%A3)(a)6) - ] ¢(_(A1 + A2 + A3))_ dﬂ + LO ]Oé d (A2 + 2A3>

[o,.

i B 1
and ¢ (44 a,ia,) (B) = G(—(A1 + Ay + A3))() J[O AL T AT ) g

for all a € D[0, 7], 8 € D[0, 7] under Assumption 3.1. Here, we consider b : BVy[0,7) — D[0,7) as function
mapping to D[0, 7) instead of D[0, 7] to guarantee that the weaker assumption S_(7) > 0 instead of S(7) > 0
suffices, cf. Section A.2. Moreover, (BVi[0,7])3 3 (A1, A2, A3) — Ay + Ag + Az, (BVas[0,7])% 3 (A1, Ag, A3) —
Ay + $A3, D[0,7) 5 A — A_ € D[0,7] and D[0,7] 5 A — A(7) € R are linear and, thus, their Hadamard-
derivatives equals the functionals, respectively. Hence, the chain rule implies that ¥ is Hadamard differentiable
at (A1, As, A3) with Hadamard-derivative

~ _ |
Wiy a0 (01,02, 03) =W(G (44 a,0a0)) At iay) <¢'—(A1+A2+A3> (—(e1 +az +a3))_,as + 20‘3) ()

= b (—(Ay1, Az, A3))_ d <a2 + ;a3>

[0,7]
J S(u,f] ¢ (—(A1, Az, A3))_ d(As + 2 A3)
[0,7) 1— A(A; + Ag + A3)(u)

1 S(U,T] S-d (A2 + %AS)
= J\[O’T] S_d <042 + 20(3) — J\[O’T] 11— AA(U) d(a1 + oo + ag)(u)

d(ag + a2 + as)(u)

for all @y, e, a3 € D[0, 7] by the chain rule, where we set 0/0 := 0.
Furthermore, Theorem 4.1 in [26] provides that

vn (/L Ay Ay — Ay, Ag— A3) 4 (U4, Us, Us) (3.2)

holds as n — o0 on D3[0, 7], where Uy, Us, Us are zero-mean Gaussian-martingales with

Cov(Un (1), Un(s)) = f L= B g4~ 02 (min{t, 5}),
[0,min{¢,s}] Y
AA
Cov(Un (1), Us(s)) = — f BAL 4A,, = oy (min{t, s})
[0,min{t,s}] Y

with y(t) := S_(t)G_(t) for all t,s € [0,7],m, £ € {1,2,3}, m # £. By Section B, the limit variable is separable.
Thus, the delta-method (Theorem 3.10.4 in [74]) implies 1/n(6 — 6) 4, WA, Ay,45)(U1,U2,Us) as n — oo, where
\I//(Al,A2,A3)(U1’ Us,Us) follows a centered normal distribution. The variance of \IJ/(AI,Az,AS)(Ulv Us,Us) can be
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calculated as

1
o3 :=Var f S_d <U2 + U3) _J
[0,7] 2 [0,7]

with o2

1
_J Szd(a§+023+0’§>
[0,7] 4

S(ury - d (A2 + 543)

1—AA(u)

d(U1 +Us + Ug,)(’LL))

S_(u) 1 , 3 1 1,
N . A A+ -4 2 o + =015 + =
J[OJ] 1—AA(”LL) J(u"r]s d( 2 + 5 3) d<0’12+0’2+20'23+ 20’13+ 20’3 (’U,)

ag

2
1
i J‘ (S(u,‘r] S-d (A2 + §A3)) 2
[0,7]

(1-AA(w))?

1
= J 52 d (02 + 093 + 03>
[0,7] 4

dog(u)

3 1 1 1
— QJOT Lov 1= AA )) d (0'12 + J% + 50’23 + 50’13 + 2032)) (u)d <A2 + 2A3) (1})

+f f 5,(u)5,(v)f
[0,7] J[0,7] [Qmin{u,v})(

= a% + U% + crg + 2019 + 2013 + 2093.

Proof of Theorem 3.2

1

Lemma 3.2. Under at least one of (1)-(3) in Assumption 3.2, we have o3 > 0.

Proof of Lemma 3.2. By the proof of Theorem 3.1, it holds that

with

3
og =Var [ 3] J.hmdUm
m=1[077_]

S(u,T] S-d (A2 + %Ag)

hi(u) =
hao(u) :=S_(u)
and  hz(u) = 5

1—AA(u) ’

. S(u,T] S-d (A2 + %AB)

1—AA(u)

*(u) . S(uﬂ'] S-d (A2 + %A3)

1—AA(u)

for all u € [0, 7], where 0/0 := 0. We can calculate this variance further as

where D =

2

3
=S el| [ twaw,

m=1

3
+> M E JhmdUm f h dUs,

m=1m#m

[0.7] [0.7] [0,7]
3
:thfnﬂ ZZth AAm ga
mzl[o’-,-] y m= 1m;£m
3 3 3
:Zl hj"dA ZZ Jh}widA~
" [0,7] m=1m=1 [0,7]
3 3
_ Z?’: @dAfnJr ¥ St M (2) AA () — (Zm_lhm(x)AAm(x))
m=1[0 ] Y zeD y(IE)

Afn(a:) =A m

y<z,yeD
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{x €[0,7] : AA(x) > 0} is the set of discontinuity time points and

Z AA’HL

m € {1727 3})

a0 (4 54) 09 (425 54) 0



denotes the continuous part of A,, at z € [0,7]. The Cauchy-Schwarz inequality yields

(2%1 m(T)AA,,( >2 <§]mn ;@)<Q§KL%4@>

2
i}ﬁA@AAm@)<§]mA@A ) zjmn YAA,(z) (1 — AA(z)) =0

m=1 m=1 m=1

and, thus,

for all x € D, where 1 — AA(u) = S_(7) = P(0Ty = 7,T» = 7) > 0 due to Assumption 3.2.
Under (1), we have Fy _(7) = P(T2 < min{d71,7}) > 0 and

S_(1)A(As + 1 A43)(7) - IA(Fy + Fy)(r ) 1 P(min{6T}, 671} < min{Ts, 72}, 671 > 7,1 > 7)

= =
() 1— AA(u) 1— AA(w) 1— AA(w) =0
for all w € [0, 7). Hence, at least one of the summands in (3.3) with m = 1 is strictly positive.
Similarly, under (2), we have F» _(7) = P(6T7 < min{T5,7}) > 0 and
) — S0 = o) + Fow) = 3(y(r) = Fiu)
2 1— AA(u)
_ Fi(7) = Fi(u) + 5(Fs(7) — F3(u))
1—AA(u)
- %A(Fl + F3)(T)
- — AA(u)
. (mln{(STl,(STl} mln{TQ,’TQ} 5T1 /T,TQ 27’) -0
B 1— AA(u)
for all w € [0, 7). Then, at least one of the summands in (3.3) with m = 2 is strictly positive.
For (3), we have F3 _(7) = P(6Th = T2 < 7) > 0 and
g ()] = |38(u) — Fa(7) + Fa(u) — 5(F3(7) — F3(uw))|
8 1— AA(u)
31F1(7) — Fi(u) — Fo(7) + Fa(u)]
B 1—AA(u)
_|P(min{0Ty, 071} > min{Th, 7o}, min{0T1, To} > u) — P(min{6T1, 71} < min{Ty, 72}, min{dTy, T} > u)|
B 2 — 2AA(u)
>0
for all u € [0,7). Thus, at least one of the summands in (3.3) with m = 3 is strictly positive. O

Analogously to [30], we can use the Greenwood-type variance estimators 62,, Gy, 02 for 02, ome, 02, cf. [3],

(4.4.17) and (4.4.18), and A = Ay + Ay + As for A to obtain the variance estimator

~ 1
0’5 —J Sz <82+823+48§>
S_(u)S_( 3. 1.
— ZJ f —_— ) d <O’1 + 0'2 + 0'23 + 0'13 + O'3> (Ag + A3> (’U) (34)
[0,7] J[0,v) A ) 2

o fwﬂ S8 | TR A 0 (A 32 ) (04 (A2 520 ) )

The variance estimator 63 is a continuous functional of (21,121\2,%13) and 62,,Gme,02,m,0 € {1,2,3},m # /.
By the uniform consistency of (Ay, Az, A3), cf. (3.2), and 62,,5me, 52, m, € € {1,2,3},m # {, the continuous
mapping theorem yields the consistency of the variance estimator. The theorem follows then by applying
Slutsky’s lemma. O
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Proof of Theorem 3.3 Analogously to the proof of Theorem 2 in the supplement of [30], we obtain by

Theorem 2 in [27] that N 1/2) converges weakly conditionally on the data (Z;,¢;),j € {1,...,n}, in outer
probability as n — o to a centered normal variable with variance

1
52 .= J S%.d (&g + a3 + 4&§>
[0,7]

S_(U)S_(U) ~ ~2 3~ 1~ 1~2
B J[OJ] J[o,v) T Ad(w) S\ 7202 T R0 50+ 50 (u)dA(v)

1 ! 72 (w u v
.- j[ g j[ EESOERE f[o,mm{u,m T a PHAA)

where

1 — AAitAs
—2 d(Al + A2>7 a—g(t) = O—?%(t)7

1
F2(t) := F2(t :=ff
)=t - 5 [ =

- 1 A(A + A N N
F1a(t) = —4J[0 ] (1y2) d(Ay + Az), Gis(t) := Fa3(t) := _Qf[o .

for all ¢ € [0, 7].

Lemma 3.3. If Assumption 3.1 and max{P(T> < min{dTy,7}), P(6Th7 < min{Ts,7})} > 0 hold, we have
~2
oy > 0.

Proof of Lemma 3.3. By proceeding similarly as in the proof of Lemma 3.2, we obtain

~ ~ 2
2 o S B2 (2)A(AL + Ag)(x) — (X2 han(2)A(A; + Ag)(x)
&gzé 3 f%d(A§+Ag)+Z ! (Zhes ) ,
m=1[0 7]

zeD y(m)
where
N S_dA N -
B (u) = w and  ha(u) i= S_(u) — hi(u)

for all u € [0, 7] with 0/0 := 0. As in the proof of Lemma 3.2, one can show

S,(T)AA(T) _ A(Fl + Fy +F3)<T) _ P(6T1 =>71,T5 > T)

T (u) = 2-2AA(u)  2-2AA(m)  2—2AA(u)

>0

for all w € [0,7) by Assumption 3.1. Furthermore, it holds

Fi,_(1) + F5_(7) = P(To < min{0Ty, 7} v 6T1 < min{T5,7})
= max{P (T < min{éT1,7}), P(6T1 < min{Ts,7})} > 0.

Hence, at least one of the summands with m = 1 is strictly positive. O

The consistency of the variance estimator ég for 57 follows analogously as in the proof of Theorem 3.2. Therefore
note that S, G and As as well as their estimators remain the same for the randomized data (Z;,¢;),j € {1,...,n}.
Moreover, 41+42 %, Ajz can be calculated as the cause-specific cumulative hazard functions of the random-
ized data (Z;,€;),j € {1,...,n}. Consequently, the cause-specific Nelson-Aalen estimators based on the random-
ized data converge uniformly in outer probability to %, %, As, respectively, on [0, 7] by Theorem 4.1
in [26] and the separability of the limit by Section B. This implies the consistency of the variance estimator.

Applying Slutsky’s lemma completes the proof. O

Proof of Theorem 3.4 Let G, : [0,0) 3t — P(C; > t) € [0, 1] denote the survival function of the censoring
times C; at time ¢ > 0 in the following for i € {1, 2}.

By Appendix D.1 of [27], the influence function of the Kaplan-Meier estimator §i at the Dirac measure in
(le, XQJ‘, (;1]', 52j) is given by

3i; 1{Xij < t} _J 1
Gi—(Xi;)Si(Xij)  Jiomingt,x,; 1) Gi—(w)Si(u)

t— Si (t) l dAL (’U,)
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for i e {1,2},5 € {1,...,n}. Hence, one can calculate the influence function of the estimator fi; for the RMST p;
at the Dirac measure in (X1, Xa;,015,02;) as

g 5 1{X,; <t} |
IF; (X;5, 6 ;:J Si(t) | =t —f S —
A § “[Gmxij—)si(m) Ominte 3] G (@ Si(0)

for i € {1,2},7 € {1,...,n}. Furthermore, we set
(5]1 1
{x i ) dAi(u)] dt

(2,0) j Sit —f 1
(@)Si(®)  Jjo,min{t,ay) Gi—(w)Si(u

for all i € {1,2},z € [0,7],6 € {0,1}. Note that sup,e[o r1,5e(0,13 11F1(2,0)| and sup,e(o,-.5ef0,13 [1F2(7, 0)| are
bounded due to Assumption 3.4. The influence function of fi; — fis at the Dirac measure in (X7, Xa;, 01, 02;)
is then given by

dt

dA;i(u)

IS = IF1 (X1, 015) — IF2(Xaj, 0a;)

for j € {1,...,n}. Furthermore, the chain rule (Theorem 3.10.3 in [74]) implies that @} (-)/®(6y) is the Hadamard
derivative of 6 — log(®(#)) at 6y for a Hadamard-differentiable map ® : Dg — R with 6y € Dg. Hence, the
influence function of log(fi1) — log(fiz) at the Dirac measure in (X35, Xo;, 015, 02;) is given by
IFl(le, 51]) _ IFQ(XQJ‘, 52]‘)

251 2

IFI‘at .

for j € {1,...,n}. By [27], it holds
n
Vi((fin = fiz) = (i — Z IF§T + 0,(1)

and

Vn((log(fi1) — log(fiz)) — (log(u1) — log(p2))) = \F Z I3 + 0p(1)

Jj=1

as n — 0. The advantage of this representation is that the summands are independent and identically dis-
tributed. Therefore, the asymptotic normality follows by an application of the central limit theorem.

Now, it remains to show that we have consistent estimators 63,4, 52, for the limit variances 03,4 := Var(IF{)
and 02, := Var(IF}™), respectively. Since SUPue(0,71,5e{0,1} TF1(2, )| and sup,e(o +1,se(0,1} TF2(2, )| are bounded,
the variances exist. We define

TF,(z, 6) i J i)

0

-1 1 ~

Gi—(2)Si(w)  Jjomin{t.z}] Gi—(u)S;i(u)

for i € {1,2},2 € [0,7],0 € {0,1}, where §1,CA¥1 denote the Kaplan-Meier estimators of S;, G;, respectively,
N ~diff —~ —~

and A; denotes the Nelson-Aalen estimator of A;. Then, we set IF; := IF (X4, 0615) — IFo(Xo;, 625) and

—~rat — —~
IF;a i= IF1(Xq;,615)/f11 — IF2(X2j, 025) /2 for all j € {1,...,n}. Consequently, 5%,4,02, can be estimated as
the empirical variances

n n 2
ZITEES (fﬁj‘ﬁ S /13?16> and 3%, = ) (”f“ Ly fﬂ) .

j=1 Lyt i3

3

It is well known that §i, C:'i, A; are uniformly consistent for S;, G;, A; on [0, 7], respectively, for i € {1, 2}, see,
e.g., the supplement of [24] for details. Due to the continuity of the functionals, the continuous mapping theorem
implies
sup ‘I/E(x, 0) — IF;(x, 6)‘ L0
z€[0,7],6€{0,1}

as n — o for ¢ € {1,2}. Thus, easy calculations and an application of Slutsky’s lemma yield

( F(hff 2 IFdlff) i) and rat = 2 ( Fr_at = Z IFrat) i

n

CTEESY
diff — n

j=1

. i S ~y P o P
as n — 00. Since IF?IH,j € {1,...,n}, are i.i.d., it follows 53,4 — 03,4 and, analogously, 52, — 02, as n — 0.

O
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Proof of Theorem 3.5 We aim to apply Theorem 2 in [27] and, hence, verifying the conditions in the
following. Therefore, let

F = {(y17y27d17d2) —d; - I]-{yi < t}v (ylay27d1ad2) = ]]-{yl > t} | te [OvT]ai € {1a2}}

~ 1
and F := {(y17y27d17d2) = 5 (f(y17y27d17d2) + f(y27y17d27d1)) ‘ f € f} .

Analogously to the proof of Theorem 2 in [30], F and F are VC-classes. Consequently, the sets are P- and
[?’—D(lnsker and Glivenko-Cantelli classes with P := P(X11:X21,011,021) and P := PXT1.X51.071,65,) Furthermore, P
and P have bounded supremum norms with respect to both sets F and F. Moreover, the Kaplan-Meier estimator
is a Hadamard-differentiable functional as shown in Example 3.10.33 in [74]. Hence, the estimators for the RMST
difference and ratio are also Hadamard-differentiable functionals, respectively, by the chain rule in Lemma 3.10.3
in [74]. Thus, Theorem 2 in [30] provides that v/n(uT — 3 ) and +/nlog(i7T /i35 ) are converging weakly to centered
normal distributions in outer probability conditionally on the data (X1;, Xa;,015,025),7 € {1,...,n}, as n — oo.
For deriving the variances of the limit distributions, let S™ := %(51 + 55),G™ = %(Gl + Go), F™ :=1- 857
and A™(.) := §; | 57y AF7(t) be the pooled survival, distribution and cumulative hazard functions. Note
that permuting the data randomly leads to those survival, distribution and cumulative hazard functions for the
permuted data. Furthermore, define

- Nzt

T 0z <t} I
QIF(z,9) ':Jo 57() G (x)S™(z) J[O,min{t,w}] GT(u)S™(u)

dA”(u)} dt

for all z € [0,7],0 € {0,1}. Note that sup,c[o +1,sef0,1} |QIF(x, )| is bounded under Assumption 3.4. One can

show that the variances of the normal distributions are 07,4 := Var (Q.IF({“H) and o7, = Var (Q.IF}™), where

rat
Q.IFCIHH = Q.IF(Xll, 511) — Q.IF(XQl, 521) and
QIF™ := Q.IF(X11,011)/F — QIF(Xa1,601) /0 = (QIF(X11,611) — Q.IF(Xa1,601)) /18

similar as in the proof of Theorem 3.4 by the chain rule (Theorem 3.10.3 in [74]) with 77 := SS S™(t) dt = mFie,
Hence, it remains to show that the permutation counterparts of the variance estimators are consistent. Since
ST, GT, AT i € {1,2}, are continuous functionals of the empirical process of (X7}, X3;,07;,03;) and F is a P-
Glivenko-Cantelli class, it follows that §f , CA;ZT, Af are unconditionally uniformly consistent for S™, G™ and A™
on [0, 7], respectively, for i € {1,2}. Thus, we get

sup [IFT (z,6) — Q.IF(x,0)| Lo
z€[0,7],6€{0,1}

as n — oo for ¢ € {1,2}. Then, the consistency of the variance estimators follow analogously as in the proof of
Theorem 3.4. O
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4 RMST-Based Inference in General Factorial Survival Designs

As we already developed tests based on restricted mean survival time comparisons in Section 3.2 for paired
survival data, we now turn to complex factorial survival designs.

The asymptotic behavior and statistical inference of RMSTs in the two-sample case have already been examined
in the literature. Due to an inflation of the type I error of the asymptotic RMST-based test for small samples
as shown in [43] for the two-sample case, an unstudentized permutation approach was proposed by [43] under
exchangeability. In [24], this approach was extended by developing a studentized permutation test to allow for
different censoring distributions in the two groups. A similar approach has been further analyzed in the context
of cure models, in both non- and semi-parametric models [29].

Such studentized permutation tests could be of interest for more complex factorial designs or more general linear
hypotheses in practice, e.g., when more than two different treatments are to be compared in a clinical study.
Thus, we aim to extend the studentized permutation test in [24] for general factorial designs and general linear
hypotheses by employing a Wald-type test statistic. Furthermore, other resampling methods as the groupwise
and the wild bootstrap are considered for this general setup.

On the other hand, when a global test detects a significant result by comparing the RMSTs of more than
two groups, it is of interest which particular RMSTs differ significantly. Unfortunately, global tests do not
yield this information. Therefore, multiple linear hypothesis testing procedures are desired. They offer the
information which of the local hypotheses are rejected in addition to the global one. Moreover, their power is
not necessarily lower than the power of a global testing procedure [47]. For gaining more power, we aim to
take the exact asymptotic dependency structure between the different test statistics into account. In order to
improve the small sample performance, we propose a groupwise and wild bootstrap procedure for approximating
the limiting null distribution and we show their validity.

The remainder of this section is organized as follows. In Section 4.1, the factorial survival setup is presented.
The global contrast testing problem is introduced in Section 4.2. Furthermore, a suitable test statistic is defined
and studied in Section 4.2.1. The studentized permutation approach [24] is extended for more general factorial
designs in Section 4.2.2. Furthermore, a groupwise and wild bootstrap procedure is investigated in Section 4.2.3
and 4.2.4, respectively. In Section 4.3, multiple contrast tests for the RMST are constructed and the consistency
of the groupwise and wild bootstrap in this setup is shown. The small sample performance of the proposed
RMST-based tests is analyzed in extensive simulation studies in Section 4.4. In Section 4.5, we illustrate the
proposed methodologies by analyzing a real data example about the occurrence of hay fever.

4.1 Factorial Survival Setup

We consider the following factorial design as in [22], i.e., as k-sample setup, k € N, k > 2. We suppose that the
survival and censoring times
Tij NSZ‘, Cij NGZ‘, jE {17...7’)’L7;},Z'E {1,...,k},

respectively, are mutually independent. Here, S; : [0,00) 3¢ — P(T;; > t) € [0,1] and G; : [0,00) 2t — P(Cj; >
t) € [0, 1] denote the survival functions of the survival and censoring times, respectively, and n; € N represent the
numbers of individuals in group ¢ for all i € {1, ..., k}. Of note, we do not assume the continuity of the survival
functions. Consequently, ties in the data are explicitly allowed. However, we assume that the S; do not have
jumps of size 1, i.e., the survival times are not deterministic. Moreover, we define the right-censored observable
event times X;; := min{T};, C;;} and the censoring status 0;; := 1{X;; = Tj;} for all j € {1,...,n;},i € {1,...,k}.
The restricted mean survival time (RMST) of group i is defined as

i i L " Si(t) dt = B[min{Tiy, 7}]

for all i € {1,...,k}. Here, 7 > 0 should be a pre-specified constant. By replacing S; through the Kaplan-Meier
estimator S;, a natural estimator for the RMST of group i is

fi; ;=J Si(t) dt
0

for all i € {1,...,k}. Let p := (u1,...,ux) be the vector of the RMSTs and @ := (fi1, ..., ix)" be the vector of
their estimators.
Furthermore, we assume the following.

Assumption 4.1. We assume that the group sizes do not vanish asymptotically, i.e.,

T
— — K 1 4.1
ke (0,1) (4.1)

asn — o for alli € {1,....k}, where n := Zle n; represents the total sample size. Additionally, we assume
that T > 0 fulfills P(X;1 2 7) = P(Tjn 2 7)P(Ciu =2 7) > 0 and P(T;1 <7) >0 for allie {1,..., k}.
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4.2 Global Tests

Let 7 € N, ¢ € R" be a fixed vector and H € R"** be a contrast matrix, i.e., Hl; = 0,. Moreover, we assume
that rank(H) > 0. Then, we consider the null and alternative hypothesis

Ho:Hp=c vs. Hi:Hp#c. (4.2)

The formulation of this testing framework is very general. In particular, it includes the null hypothesis of
equal RMSTs in all groups by choosing, for example, ¢ = 0 and the Grand-mean-type contrast matrix [25]
H:= Py :=1; — Ji/k. Here, J;, := 1,1} € RE*E represents the matrix of ones. Moreover, by splitting up indices,
different kinds of factorial structures can be covered. For example, in a two-way design with factors A (a levels)
and B (b levels), we set k := ab and split up the group index 7 in two subindices (i1,42) € {1,...,a} x {1, ..., b}.
Then, hypotheses about no main or interaction effect can be formulated by choosing c as the zero vector and
one of the following contrast matrices:

« Hy :=P,®(1,/b) (no main effect of factor A),

e Hp:=(1//a) ® P, (no main effect of factor B),

e Hap :=P,®P;, (no interaction effect).
Here, ® represents the Kronecker product. Higher-way designs or hierarchically nested layouts can be incorpo-
rated similarly as in [63].
4.2.1 The Wald-Type Test Statistic and its Asymptotic Behavior
In this section, a suitable test statistic for the testing problem (4.2) is constructed and its asymptotic behaviour
is studied. First of all, let us introduce some notation. In the following, Y;(z) := Z 1{X,; > x} represents the

number of individuals at risk just before time x > 0 and N;(z) := 3j*, 5”]1{XU x} denotes the number of

observed individuals with an event before or at time 2 > 0 in group ¢ with i € {1, ..., k}. Furthermore ﬁ ( )
S[o r] y; dN; denotes the Nelson-Aalen estimator of the cumulative hazard funcmon Ai(x) = So [0.0] 3 =

s

Gi— dF;, yi(x) = S;—(2)G;—(x) and F;(z ) =1 SZ( ) for all

S[o z] o~ dv; at time @ with vi(z) == §
x=0,ie{l,.. k}.
Then, we define the Wald-type test statistic for the testing problem (4.2) as

[0,z]

W, (H,¢) := n(Hfi — ¢)(HSH') " (Hji — ¢),

where 3 := diag(52, ..., 57) with

62:=n f[ - ( f ’ S;(t) dt) : i Aﬁ:(x)m(x) dA;(z) (4.3)

being an estimator regarding the asymptotic variance of /n(j1; — p;) for all i € {1,...,k} [24]. The following
theorem provides the asymptotic distribution of the Wald-type test statistic.

Theorem 4.1. Under Assumption 4.1 and the null hypothesis in (4.2), we have, as n — o0,

Wy (H C) _) >Cra.nk(H)

Thus, we obtain an asymptotically valid level-a-test
n ‘= ]I{WW(H7C) > Xfank(H),lfa}’ (44)

where 2 _,, denotes the (1 — a)-quantile of the Xfank(H) distribution for « € (0,1).

rank(H),1

4.2.2 Studentized Permutation Test

For two-sample comparisons, it was pointed out in [43] that RMST-based tests derived from asymptotic methods
have an increased type I error. Hence, we aim to improve the type I error control by extending the studentized
permutation approach of [24] to the present general factorial design setting. When considering the already
treated two-sample case, the approach has the advantage that it also works asymptotically without the assump-
tion of exchangeable data. In this section, we will transfer these good properties to general factorial designs to
construct a resampling-based test that serves as an alternative for (4.4).
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For this purpose, let (X, d) := (Xij,0ij)je(1,... . }ief1,...,k} denote the observed data and

(X7, 07) == (X753, 00) je(1, ..o} ie(1,...k}

be the permuted version. That is, the groups of the original data are randomly shuffled in the sense that the
data palrs (Xij,0:5) are permuted. In the following, we denote the permutatlon counterparts of the statistics

o and S defined in the previous sections with a superscript m: @™ and L Then, we define the permutation
counterpart of the Wald-type test statistic as

W7 (H) := n(HA™) (HSH') THA"™.
Note that the permutation counterpart of the Wald-type test statistic does not depend on c.

Theorem 4.2. Under Assumption 4.1,we have

*

- d
Wn (H) X?ank(H) (45)
as n — 0.

From this result, we can construct a permutation test
LPZ = ]l{Wn(H7C) > Qirfa}a

where ¢_,, denotes the (1 — a)-quantile of the conditional distribution of W[ (H) given (X,d). Lemma 1 in
[45] ensures that @7 is asymptotically valid. Furthermore, Section 2.3.2 provides that the quantile may also be
approximated by a Monte Carlo method.

4.2.3 Groupwise Bootstrap Test

Another possible solution for approximating the limiting distribution is the groupwise bootstrap. An advantage
over the studentized permutation approach is that the groupwise bootstrap can mimic the different variance
structures in the groups. This ensures that the groupwise bootstrap is also applicable for the multiple testing
problem, see Section 4.3.

For the groupwise bootstrap, the bootstrap observations are drawn randomly with replacement from the ob-
servations of the corresponding group, i.e., (X;‘;,é;’;) j € {l,...,n;}, are drawn randomly from the ith sample
(Xij,0i5),7 € {1,...,n;}, for all i € {1,...,k}. Then, we denote the groupwise bootstrap counterparts of the

statistics & and X defined in Section 4.2.1 with a superscript *: p* and $*. The groupwise bootstrap test
statistic is defined by

WE(H) = n (H(R* — ) (HS*H)* (H(@* - ).
The following theorem provides the consistency of the groupwise bootstrap.
Theorem 4.3. Under Assumption 4.1, we have

d*
Wy (H) — X?ank(H)

as n — 0.

Hence, we obtain a groupwise bootstrap test
on = L{Wn(H,c) > ¢i_,},

where ¢¥_,, denotes the (1 — «)-quantile of the conditional distribution of W;*(H) given (X, d). By Lemma 1 in
[45], ¢ is an asymptotically valid level-a test. By Section 2.3.2, the quantile may also be approximated by a
Monte Carlo method.

Note that we do not need the property that H is a contrast matrix in the proofs of Theorems 4.1 and 4.3.
Hence, the groupwise bootstrap test is also valid for general matrices H € R"™** with rank(H) > 0.

4.2.4 Wild Bootstrap Test

In this section, we use the wild bootstrap approach similar as described in [80] for approximating the distribution
of the Wald-type test statistic. For developing the approach in [80], the ideas of [52] and [62] were adopted.
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In [62], it was proposed to replace \/ﬁ(é\l(t) — S5;(t)) by

1

\FE i5ilt) [0, Yi(®)

=1

for ¢ = 0, where G,;,j € {1,...,n;},i € {1,...,k}, are independent standard Gaussian random variables and
Nij(z) :=6;;1{X;; <z} for all z > 0. We modlfy this procedure analogously to Greenwood’s formula [40] and

replace v/n(S;(t) — Si(t)) by

n; R 1
vay s NGAOET AN (=)

j=1 Ni(z))Yi(z)

for all ¢ > 0; also see [26]. For continuous survival functions S;, this is asymptotically equivalent to the proposal
of [62]. However, the modification becomes important for the extension to discontinuous distribution functions
S;. Moreover, we aim to weaken the assumption that Gyj;,j € {1,...,n;},i € {1,...,k}, are standard Gaussian
distributed. In fact, the multipliers only have to fulfill the following conditions:

(i
(ii

(iii

i) Gij,je{l,...,n;},ie{l,... k}, are i.i.d. and independent of the data (X, d),
) E[Gy] =0,
) BIGE] =1,
(iv) E[G] ]] C for some constant C' < oo

for all j € {1,...,n;},i € {1,...,k}. Hence, we replace y/n(fi; — ;) by

n,\G _ nm Gij T§i 1 sz'jfL' d
VIRE =V ), f (t)f[o,ﬂ V- axmrm

for all i € {1, ..., k}. Furthermore, let
WS (H) := n(HAC) (HICH) "HAC

be the wild bootstrap counterpart of the Wald-type test statistic, where ¢ := (if,...,i$)" and $¢ =
diag(5{?, ...,55?) with

o= Z G4 fm U i) dt)z T AN e

j=1

Then, the following theorem ensures the wild bootstrap consistency.
Theorem 4.4. Under Assumption 4.1, we have

d
WS(H) - Xfank(H)

almost surely as n — oo given the data (X, ). Mathematically, this means

sup [P (WE(H) < 2| (X,8)) — P(Z < 2)| 2 0
zeR

as n — o0, where Z ~ Xrank(H)

We define a wild bootstrap test by
QOG = ]].{Wn(H,C) > qufa}7
where ¢{ , denotes the (1 — a)-quantile of the conditional distribution of W.¢(H) given (X, ). Again, the

asymptotic validity of this test is provided by Lemma 1 in [45] and the quantile may be approximated by a
Monte Carlo method by Section 2.3.2.
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4.3 Multiple Tests

Let us now interpret the contrast matrix H as a partitionized matrix H = [HY, ..., H}]" with H, € R"*¥ for
all £ € {1,..., L} such that ZZL:l ry = r and, analogously, ¢ = (cf,...,c})" with ¢, € R™ for all £ € {1,...,L}.
Moreover, we assume rank(Hy) > 0 for all £ € {1, ..., L}. In this section, we aim to construct a testing procedure
for the multiple testing problem with null and alternative hypotheses

Hoe:Hepp=cp vs. Hie:Hpp # cy, for £ e {1,...,L}. (4.6)

In doing so, we aim to incorporate the asymptotically exact dependence structure between the test statistics of
the L local tests to gain more power than, for example, by using a Bonferroni-correction.

Example 4.1. A global null hypothesis which is of interest in many applications is the equality of the RMSTs,
i.e., Ho : p1 = ... = py versus the alternative Hy : pi, # i, for some iy,ia € {1,....k}. However, there are
different possible choices of the contrast matrizx H which lead to this global null hypothesis [47]. A popular
choice is the Grand-mean-type contrast matrix as introduced in Section 4.1, where the RMSTs of the different
groups are compared with the overall mean of the RMSTs i := % ZLI w; for the different contrasts, respectively.
Many-to-one comparisons can be considered by choosing the Dunnett-type contrast matriz [34]

-1 1 0 --- 0
-1 0 1 -+ 0

H=[-1Li L= . . . . c RE—1)xk (47)
-1 0 0 --- 1

and ¢ = 0x_1, where the RMSTs us, ..., i are compared to the RMST uy of the first group regarding the different
contrasts. In order to compare all pairs of RMSTS i, liy, 1,12 € {1, ..., k} with iy # ia, the Tukey-type contrast
matriz [13]

1 1 00 - - 0
1 0 1.0 - - 0
/-1 0 0 0 - -1 k(k—1)/2xk
L I (4.8)
0 -1 0 1 0
(0 0 00 - -1 1

and ¢ = Op,_1)/2 can be used. An overview of different contrast tests can be found in [11].

Furthermore, the choice of the considered partition of the matriz H = [HY, ..., H,]" and, therefore, the resulting
local hypotheses depend on the question of interest. This general formulation of the multiple testing problem
covers the post-hoc testing problem and includes, for example, the local null hypotheses Ho, : pe = 1t, for
Ce{l,...,k}, by choosing Hy = €, — 11} for all { € {1,...,k}, where e, € R* denotes the (th unit vector. Analo-
gously, we can perform many-to-one comparisons and all-pair comparisons of the mean functions simultaneously
by considering the r rows of the Dunnett-type and Tukey-type contrast matriz, respectively, as blocks Hy, ..., H,..
Furthermore, the formulation of this testing problem allows to perform multiple tests with more than one contrast
matriz simultanously. In a two-way design, we may choose Hy = Ha,Ho = Hp and Hy = Hap as introduced
in Section 4.1, for example. This allows for simultaneous testing of the factors A and B and their interaction.

For all local hypotheses in (4.6), we can calculate the Wald-type test statistics W,,(Hy, c¢), ¢ € {1, ..., L}. Since
we aim to use the asymptotically exact dependence structure of the test statistics, we have to investigate the
joint asymptotic behavior.

Therefore, let Z ~ N, (0y, ) with ¥ := diag(o?, ...,07) in the following, where

7 . T - 2 ! i(z 1
i - Ki [0,7) (L Sz(t) dt) (1 —AAl(J,‘))yz(x) dAZ( )7 € {1,,]{)}

In Section S.5 of the supplement of [24], it is shown that o2 is the almost sure limit of (4.3) for all i € {1, ..., k}.

Theorem 4.5. Let T denote the indices of true null hypotheses in (5.2). Under Assumption 4.1, we have, as
n — o,

(Wn(He, c¢))eer = (n (He(fi — ) (HEH) Y H (i — H))

eT (4.9)
4, ((H,Z) (H,TH)) " H,Z)

LeT *

37



4.3.1 Asymptotic Multiple Tests

Note that ¥ is generally unknown such that we do not know the exact asymptotic joint limiting distribution
of (W,(Hy,¢1),..., Wn(Hpr,cr)). However, we can estimate the joint limit distribution of the test statistics by
estimating ¥ through 3. This results in the local asymptotic tests

pr=1 {Wn(He,Cz) > X?ank(Hg),l—ﬁn} Ledl,... L}, (4.10)

where (3,, denotes the local level for each test and can be derived from the conditional multivariate distribution
((Hgil/QY)’(HgiH’é)’LHngl/QY)

Lef{l,...,L}

given $ as explained in Section 2.3 for Y ~ N (0g,Ix) independent of $. In detail, the local level can be
approximated by a Monte Carlo method as 3, = max {8 € {0,1/B,,...,(B, —1)/B,} | FWER,(8) < a} with

approximated family-wise error rate

FWER,, ( =5 Z max ]l{ Hlﬁl/Qy(b))/(H2§H2)+(H 21/2Y(b)) < X

rank(HgEH’) 1— /j’}
n = 126{1

for f e [0,1) and YU, ..., YB) ~ Npas(0g, ) iid. and independent of s Here, (Bp)nen is a sequence of
natural numbers with B;, — o as n — 00. Theorem 2.6 and Lemma 2.3 ensure the family-wise error control of
the multiple tests.

Theorem 4.6. Under Assumption 4.1, the asymptotic multiple tests (4.10) fulfill (2.20)—(2.22), i.e., they control
the family-wise error rate asymptotically in the strong sense and are asymptotically balanced.

4.3.2 Multiple Resampling Tests

In order to improve the small sample performance of the tests, we aim to use consistent resampling procedures
as in Section 4.2. Unfortunately, we cannot use the studentized permutation approach for approximating the
joint limiting distribution. That is because

(W7 (H))gequ,...ny %, ((H,Z") (H,<"H,) " H,Z") (4.11)

te{1,...,L}

asn — o0 holds similarly as in the proof of Theorem 4.2, where Z™ ~ Ny (0, X7). Since the limiting distributions
in (4.11) and (4.9) are generally not equal in distribution, the studentized permutation approach is not consistent
for the multiple testing problem.

However, we can approximate the critical values via the groupwise bootstrap as introduced above. The difference
here is that the covariance structures of the groups are not altered since the bootstrap observations are drawn
within each group. The asymptotic validity is guaranteed by the following theorem.

Theorem 4.7. Under Assumption 4.1, we have, as n — 0,

(W (He))eeqa,.... L) L ((Hez) (H£2HZ)+HZZ)KG{1,_“7L}

Thus, we define the multiple groupwise bootstrap tests as
= I{Wn(Hg,q) >q2175:,:}, vefl,.. L}, (4.12)

where qZ‘ g B denote the critical values and local level as in Section 2.3.2 for B,, Monte Carlo replicates of

(Wi (He))eequ,...Ly-
An analogous result can be found regarding the wild bootstrap.

Theorem 4.8. Under Assumption 4.1, we have, as n — o0,

(WS(HZ))ZG{L...,L} 4, (H,z) (H,XH})"H/Z)

almost surely given the data (X, 9).
The multiple wild bootstrap tests are given by

0= 1 {W,L(Hg,q) > qfl_ﬁg;} , te{l,.., L}, (4.13)

where qu 5G> BS denote the critical values and local level as in Section 2.3.2 for B,, Monte Carlo replicates of

(WS (Hy)) peq,..., L}
Hence, Theorem 2.6 and Lemma 2.3 provide that we obtain multiple tests for the bootstrap methods that
control the family-wise error rate in the strong sense.
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Theorem 4.9. Under Assumption 4.1, the multiple groupwise bootstrap tests (4.12) as well as the mutiple wild
bootstrap tests (4.13) fulfill (2.20)—(2.22), respectively, i.e., they control the family-wise error rate asymptotically
in the strong sense and are asymptotically balanced.

Furthermore, by the methodologies in Section 2.3, we can construct more powerful multiple tests by using the
closed testing procedure, cf. Remark 2.5, simultaneous confidence regions for Hyp, £ € {1, ..., L}, cf. Remark 2.6,
that are

OR[,n = {5 e R™ | Wn(Hbé) < qz,n} 76 € {L "'7L}’

with ge , being one of xfank(He) 1-8, qzk1_g*’q£Glf,BG’ and adjusted p-values. In the case that H, € RYF i.e.,

re = 1, we can simplify the confidence regions to confidence intervals CR,, s := [Ly, ¢(a/2), U, ¢(/2)] by solving
the equation W, (Hy, &) < qr.,, for £ € R. This yields

_ 4\/H/ZH, _ \/H/ZH,
Ly o(e/2) :=Hypfi — and Upe(e/2) =Hyp + ———

T qen \/ﬁ Van-

4.3.3 Counterexamples for Simultaneous Non-Inferiority and Equivalence Tests

In [58], we constructed simultaneous non-inferiority and equivalence tests. However, these procedures are only
valid for L = 1 hypothesis and not for multiple hypotheses, as we will outline in the following two examples.
Therefore, let us consider the case r, =1 for all £ € {1,..., L}. In this special case, we write ¢, instead of ¢, in
non-bold type for all £ € {1, ..., L}. We defined simultaneous non-inferiority and equivalence tests by using the
two one-sided test procedure [70]: let €1, ..., e, > 0 be prespecified equivalence bounds; the hypotheses of interest
are

’H(i)’e Hyp —co =€ vs. HZM Hyp — ¢ < ey, for e {1,...,L} (4.14)
for the non-inferiority testing problem and
Hoo: [Hep —col = €0 vs. Hi o [Hop — ol < e, for e {1,...,L} (4.15)

for the equivalence testing problem.

Let g7 (2),¢ € {1,...,L}, denote the used critical values at global level 2« in order to obtain critical values
at level « for the one-sided testing problem. For each £ € {1,..., L}, we reject H, in (4.14) if and only if
Un,e(a) — ce < €. Furthermore, for each ¢ € {1,..., L}, we reject Hg , in (4.15) if and only if

Upsla) —ce <€ and Ly (a) —ce > —e.

However, these methods do not guarantee a family-wise error rate control of « for L > 1, not even in the weak
sense, as the following two examples show.

Example 4.2 (Counterexample for the multiple non-inferiority tests). Let L =2, k=1, H; = 1,Hy = —1,¢; =
€ =0, c1 = 1, ca = —p1, te., ”Hé’l and ’H&Q are true. Furthermore, we denote 62 := X > 0. Note that

V(g —m)/o 4 7~ N(0,1) as n — oo by Lemmas 4.1 and 4.2. Moreover, qon(2c) £, 22, by Remark 2.7
with 8 = 2a, where 23_,, denotes the (1 — «)-quantile of a N'(0,1)-distribution. Then, the family-wise error rate
s given by

P{Upi(a) —c1 <0} u{Upa(a) — c2 < 0})

=P ({/71 + jﬁ Qe (20) — py < 0} u {—/71 + jﬁ\/%n@a) + 1 < 0})
= P ({ Vit = /6 < ~fann(20) | o Vi~ )5 = a2}
> P{Z<—-z1_0}v{Z>21-04}) =2a>a

as n — .

Example 4.3 (Counterexample for the multiple equivalence tests). Let L =2, k=1 H; =Hy = 1,61 = €2 = 1,
1 =p1—1, o =p1+1, ice., Hi, and HE 5 are true. Furthermore, we denote again 62 := 3 > 0. Then, the
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family-wise error rate is given by

P{(Unp1(a) —c1 <e1 ALpi(a) —c1 > —€1)} U{(Upz(a) —ca < e A Lpa(a) —co > —€2)})

)

=P< ﬁ1+%4/qz7n(2a)—u1+l<1/\ﬁ1—% qun(Qa)—u1+1>—1>}u
5
n

-
i1+ — 20) — g —1 <1 Afy — ——a/qen(20) —pg — 1> —1
{ it m qe.n(200) — 1 N Tn Qe (20) — 11 )})

= P ({2 \farn 20) < Vi - m)/5 <~ fan(20)

{200 < Vil = )/5 <25 = \fann(20) |
—>P({Z < —z1_0} V{Z > z1_0}) =2a > «

asn — o for Z ~ N(0,1).

4.4 Simulation Study

In order to analyze the small sample performance of our proposed methods, we conducted an extensive simulation
study by using the computing environment R, version 4.2.1 [66].

4.4.1 Simulation Setup

The simulation setup is based on [24]. We simulated a factorial design with k& = 4 groups and utilized the three
different contrast matrices introduced in Example 4.1: the Dunnett-type, Tukey-type and Grand-mean-type
contrast matrix. Here, the local hypotheses were constructed by the rows of the contrast matrix, i.e., the blocks
H,,...,Hg correspond to the rows of H.

The survival times of the first three groups were always drawn from the same distribution. However, the
survival distribution of the fourth group may differ. As in [24], the data were generated from the following
survival distributions:

o Exponential distributions and early departures (exp early): T11,T21,T31 ~ Exzp(0.2) and Ty with piece-
wise constant hazard function ¢ — 51 - 1{t <2} + 0.2 - 1L{¢t > 2},

o exponential distributions and late departures (exp late): T11,T1,T31 ~ Exp(0.2) and Ty; with piece-wise
constant hazard function ¢ — 0.2 - 1{t < 2} + 52 - 1{t > 2},

 exponential distributions and proportional hazard alternative (exp prop): Ti1,To1,T31 ~ Eap(0.2) and
T ~ Exp(As3),

o lognormal distributions with scale alternatives (logn): Th1,To1, T31 ~ logN(2,0.25) and Ty; ~ logN (As4,0.25),

« exponential distributions and piece-wise exponential distributions (pwEzp): Ti1,To1,T51 ~ Exp(0.2) and
Ty with piece-wise constant hazard function ¢ — 0.5 1{t < A\s5} + 0.05 - L{t > As5},

o Weibull distributions and late departures (Weib late): Ti1,To1,T351 ~ Weib(3,8) and Ty; ~ Weib(3 -
)\5,67 8/>\5,6)7

e Weibull distributions and proportional hazard alternative (Weib prop): Ti1,To1,T31 ~ Weib(3,8) and
T41 ~ W@Zb(?), )\5’7),

o Weibull distributions with crossing curves and scale alternatives (Weib scale): T11,To1,T31 ~ Weib(3,8)
and Ty; ~ Weib(1.5, Xs ),

o Weibull distributions with crossing curves and shape alternatives ( Weib shape): T11,To1,T31 ~ Weib(3,8)
and T41 ~ W@ib()\g,g, 14).

Here, the parameters As1,..., As,9 were determined such that the RMST difference equals § = p; — pa. This
difference was set to § = 0 for simulating under the null and to § = 1.5 for simulating under the alternative
hypothesis.

Note that, under the null hypothesis, the scenarios exp early, exp late and exp prop as well as Weib late and
Weib prop are respectively equal. Consequently, we only included the results for these scenarios once in the
figures and tables, respectively. This is done by calculating the mean over the results.

For the censoring times, we chose the following three scenarios:

40



equal unequal, high unequal, low
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Figure 4: Survival functions of the censoring times.

o equally Weibull distributed censoring times (equal): Ci1,Ca1,Cs1,Ca1 ~ Weib(3,10),

« unequally Weibull distributed censoring times with high censoring rates (unequal, high): C11 ~ Weib(0.5,15),Co; ~
Weib(0.5,10), Cs1 ~ Weib(1,8) and Cy; ~ Weib(1,10),

« unequally Weibull distributed censoring times with low censoring rates (unequal, low): C11 ~ Weib(1,20),Ca1 ~
Weib(3,10),C3; ~ Weib(1,15) and Cy; ~ Weib(3,20).

The survival functions of these censoring times are illustrated in Figure 4. The resulting censoring rates of the
different groups are presented in Table 4 in the appendix. The censoring rates ranged from 20% up to 60% in
groups 1-3 and from 1% up to 57% in group 4.

We considered balanced and unbalanced designs with sample sizes n = (ny,na,n3,ng) = K - (15,15,15,15) and
n = K - (10,20, 10,20), where K € {1,2,4} for small, medium and large samples.

Furthermore, N, = 5000 simulation runs with B = 1999 resampling iterations were generated. The level of
significance was set to a = 0.05 and the upper integration bound to 7 = 10.

The following methods were compared:

o asymptotic_global: The global Wald-type test as in Section 4.2.1,
o permutation: The global studentized permutation test as in Section 4.2.2,
o asymptotic: Multiple asymptotic Wald-type tests as in Section 4.3.1,

e wild, Rademacher; wild, Gaussian: Multiple wild bootstrap tests as in Section 4.3.2 with Rademacher
and Gaussian multipliers, respectively,

o groupwise: The multiple groupwise bootstrap test as in Section 4.3.2,
o asymptotic_bonf: Global Wald-type tests as in Section 4.2.1 adjusted with the Bonferroni-correction,

o permutation_bonf: Global studentized permutation tests as in Section 4.2.2 adjusted with the Bonferroni-
correction.

Clearly, the first two methods (asymptotic_global, permutation) can only be compared to multiple testing
procedures for the global testing problem. However, by using a Bonferroni-correction (asymptotic_bonf, per-
mutation__bonf), we can also obtain test decisions for the local hypotheses.

4.4.2 Simulation Results under the Null Hypothesis

Figures 5 to 7 under Hy illustrate the global rejection rates, which coincide with the family-wise error rates
for the multiple tests, over all settings for the different contrast matrices. Here, the dotted line represents the
a-level of 0.05 and the dashed lines represent the borders of the binomial confidence interval [0.044, 0.0562].

In all figures, it can be seen that only the permutation approach and the groupwise bootstrap seem to perform
well over all simulation settings. Here, the permutation approach yields slightly better values than the groupwise
bootstrap. Tables S1 to S36 on GitHub (https://github.com/MerleMunko/supplement_thesis) show the
global rejection rates of the different settings. Under the null hypothesis, all values in the binomial confidence
interval are printed in bold type. The permutation method is exact under exchangeability and, thus, most of
the values of the permutation method with equal survival distributions across the groups under the null (exzp
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early, exp late, exp prop, logn, Weib late, Weib prop) and equal censoring distributions fall within that interval.
Furthermore, when exchangeability is violated, the permutation method still seems to perform quite accurately
in terms of type I error control for all sample sizes. The groupwise bootstrap approach also results in very
accurate family-wise error rates, especially for medium and large sample sizes. Moreover, we note that the three
asymptotic approaches (asymptotic _global, asymptotic, asymptotic _bonf) and the wild bootstrap approaches
are too liberal, as they exhibit too high rejection rates in nearly all settings. In Figures 15 to 17 in the appendix,
it is observable that these methods exceed the desired level of significance particularly for settings with small
sample sizes. By further analyzing the tables in the appendix, we observe that high censoring rates amplify the
liberality of the tests. Note that the highest rejection rates occur for small sample size settings, where at least
49% of the data is censored.

It should be noted that the power of our multiple tests can be improved by using a stepwise procedure as
described in Section 2.3. The power of the Bonferroni corrected methods can also be improved by a stepwise
procedure, e.g., the Holm-correction [42]. However, stepwise procedures cannot be used for the construction of
confidence regions and, hence, we did not focus on these in the simulation study.

We have proven that all approaches are asymptotically valid under the null hypothesis. Figures 15 to 17 in
the appendix confirm this empirically: all methods seem to tend to the desired level of significance of 0.05 for
increasing sample sizes. However, the convergence rates of the asymptotic and the wild bootstrap approaches
appear to be very slow. This observation prompts an inquiry into analyzing how larger sample sizes might
influence the type I error control for the naive methods, that are the three asymptotic approaches. Therefore,
further simulations under the null hypothesis were conducted in Section C.2 in the appendix. Specifically, we
increased the scaling factor for sample sizes, that is K € {6, 8,10}, resulting in sample sizes ranging from 60 to
200 per group.

4.4.3 Simulation Results under the Alternative Hypothesis

In the power assessment, we observed small differences between the different methods. The global asymptotic
approach leads to the highest power in most settings, followed by the wild bootstrap with Gaussian and with
Rademacher multipliers. However, in view of the bad type I error control of these methods, we cannot recom-
mend their use.

Let us now review the multiple testing problem. Because of the bad type I error control of the wild bootstrap
approaches and for the sake of clarity, we did not consider this method in the following. Moreover, the global
approaches (asymptotic global and permutation) do not yield local decisions. Thus, we only compared the
asymptotic, the groupwise bootstrap and the Bonferroni-corrected approaches for the multiple testing prob-
lem. Furthermore, only the settings under the alternative hypothesis are considered. Tables S37 to S54 on
GitHub (https://github.com/MerleMunko/supplement_thesis) provide the rejection rates of the false local
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Figure 5: Rejection rates under Hg over all settings for the Dunnett-type contrast matrix. The dashed lines
represent the borders of the binomial confidence interval [0.044, 0.0562].
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Figure 6: Rejection rates under Hy over all settings for the Tukey-type contrast matrix. The dashed lines
represent the borders of the binomial confidence interval [0.044, 0.0562].

hypotheses across all settings for the different sample sizes; they are further illustrated in Figures 18 to 20 in the
appendix. Therein, it is apparent that the asymptotic approaches have a higher power for each false hypothesis
than the groupwise bootstrap and the studentized permutation approach with the Bonferroni-correction. How-
ever, this difference is rather small, especially for large sample sizes. Additionally, by comparing the empirical
power of the groupwise bootstrap test and of the studentized permutation test with Bonferroni-correction, the
groupwise bootstrap test tends to be slightly more powerful for medium and large sample sizes. For small sample
sizes, this trend reverses for the Dunnett-type and Tukey-type contrast matrix. However, it is important to
note that the differences between the two methods regarding the empirical power are quite small and mainly
not even visible in Figures 18 to 20.

Nevertheless, it is well-known that the Bonferroni-correction might lead to a loss of power [47]. In order to
illustrate this, we conducted an additional simulation study under non-exchangeability; see Section C.3 in the
appendix for details. Here, we saw that the groupwise bootstrap approach is able to outperform the permuta-
tion approach with Bonferroni-corrections in specific scenarios under non-exchangeability. This effect becomes
particularly observable for the Tukey-type contrast matrix, where six hypotheses are tested simultaneously.
We conducted further investigations in order to assess the impact of censoring and sample sizes on the power.
As expected, the power increases for larger sample sizes for each method. Additionally, settings with lower
censoring rates tend to be more powerful. When comparing the power between the three false hypotheses
Ho,3,Ho,s and Hoe of the Tukey-type contrast matrix, it becomes apparent that the fifth hypothesis Ho 5 can
be rejected more often, see, e.g., Figure 19. The reason behind this can be attributed to the unequal sample
sizes in the unbalanced design: Groups 1 and 3 contain only K -10 observations, respectively, while groups 2 and
4 contain K - 20 observations each, for K € {1,2,4}. Consequently, when comparing the RMSTSs of groups 2 and
4, we have a larger dataset compared to other pairwise comparisons leading to more power. This exemplifies
how an unbalanced design can boost the power of specific local hypotheses. However, depending on the contrast
matrix, this is often done at the cost of a reduced power for testing other local hypotheses.

It should be noted that the empirical power is very low in some scenarios. This is particularly the case when
considering the groupwise bootstrap and the studentized permutation approach with Bonferroni-correction and
small sample sizes. Moreover, an increasing number of hypotheses decreases the power for the local hypotheses
in general. Consequently, multiple tests based on the Tukey-type contrast matrix have even less power than
multiple tests based on the Dunnett-type contrast matrix. Furthermore, small differences to the null hypothesis
are difficult to detect. This can be observed for the Grand-mean-type contrast matrix, see Figure 20 in the
appendix, where the three null hypotheses Ho1 : u1 = &, Ho,2 : p2 = 1, and Hoz : p3 = @ have very low
rejection rates under the alternative hypothesis due to a small difference of p; — 1w = §/4 = 3/8 for i € {1, 2, 3}.
In conclusion, we recommend to use the studentized permutation method for the global testing problem. For
the multiple testing problem, the groupwise bootstrap test and the studentized permutation method with
Bonferroni-correction perform similarly and quite well in terms of the type I error control and the empirical
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Figure 7: Rejection rates under Hg over all settings for the Grand-mean-type contrast matrix. The dashed lines
represent the borders of the binomial confidence interval [0.044, 0.0562].

power across all simulation scenarios. However, we recommend to use the groupwise bootstrap test for testing
a large number of hypotheses since the Bonferroni-correction is known to have a lower power in this case [47].

4.5 Data Example about the Occurrence of Hay Fever

In order to illustrate our novel methods on real data, we consider a data set with data about the occurrence
of hay fever of boys and girls with and without contact to farming environments [37, 38]. These data derive
from an observational study and may be structured in a factorial 2-by-2 design: factor A represents whether
the child was growing up on a farm; factor B represents the sex. The event of interest is the age at which hay
fever occurred. Ties are present in the data as each measured age was rounded (down) to full years.

The children were included in the survey via primary schools in 2006. Hence, their age has been mainly between
six and ten years at the beginning of the study. The medical diagnoses of hay fever together with the age at
initial diagnosis before study entry were recorded retrospectively. The age at which the diagnosis was made is
easy to remember so that no significant recall bias or inaccuracies were assumed here. Follow-up surveys took
place in 2010 with retrospective recording of initial diagnoses since the last survey and from then on annually
until 2016. For simultaneous testing on a main effect of the two factors as well as on an interaction effect, we
define H := [H',, H;, H, 5] by using the notation of Section 4.2. Furthermore, we set o = 0.05 as the level of
significance and chose 7 = 15 years.

The data set consists of 2234 participants. In detail, 654 boys and 649 girls not growing up on a farm and
450 boys and 481 girls growing up on farms were observed. Note that we did not adjust for any confounding
variables in order to simplify this application of our method to real data. This comes with the limitation that
the results may not fully reflect the causal effects of sex or growing up on a farm on the incidence of hay fever.
The censoring rates in the different groups ranged from 74% up to 93%. The Kaplan-Meier and Nelson-Aalen
curves of all groups are illustrated in Figure 8. Here, it can be seen that the estimated cumulative hazard
functions are crossing each other and, thus, the proportional hazards assumption is not justified. If we would
perform a Cox proportional hazards model nevertheless, the resulting (unadjusted) p-values of the existence of
an impact on the occurrence of hay fever are p4 < 10~® for a main effect of factor A, pp = 0.112 for a main
effect of factor B and pap = 0.235 for an interaction effect. By using a Bonferroni- or Holm-correction of the
p-values, we could only establish that factor A (growing up on a farm) has a main effect on the occurrence of
hay fever at global level 0.05.

However, since the proportional hazards assumption seems violated, we aimed to compare the RMSTs in the
different groups. The estimated RMSTs respectively are 14.22 and 14.66 for boys and girls growing up on
farms and 13.59 and 13.79 for boys and girls not growing up on a farm. This indicates that boys tend to be
more prone to hay fever than girls until the age of 15. Furthermore, growing up on a farm seems to reduce
the risk of getting hay fever until the age of 15. Performing the global asymptotic Wald-type test and its
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Figure 8: Kaplan-Meier and Nelson-Aalen curves of the different groups

Test asymptotic wild wild groupwise asymptotic permutation

Rademacher Gaussian bonf bonf
Farm < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 < 0.001
Sex 0.005 0.006 0.006 0.007 0.006 0.006
Interaction 0.605 0.599 0.603 0.597 0.811 0.800

Table 1: Adjusted p-values for the data example

global studentized permutation version with B = 19999 resampling iterations leads to p-values of p < 0.003
and, thus, the existence of at least one main or the interaction effect on the occurrence of hay fever is highly
significant. However, these tests cannot provide the information whether there is a significant difference of
hay fever occurrence between the groups regarding the sex and/or growing up on a farm and/or an interaction
effect. Therefore, we applied multiple testing procedures. The resulting adjusted p-values of our proposed
methods with B = 19999 resampling iterations are shown in Table 1. The p-values of the global asymptotic
and permutation approach were adjusted by a Bonferroni-correction for enabling local test decisions. Here, we
found that all methods rejected the local hypotheses of no main effect of the two factors simultaneously at the
a = 0.05 level. However, the interaction effect of the two factors was not significant.

The data from this example do not fit perfectly to the simulation design in Section 4.4 since, here, a 2-by-2 design
with different hypothesis matrices and larger sample sizes and censoring rates is considered. Thus, additional
simulation results inspired by this data example can be found in Section C.4.

4.6 Proofs of Section 4
Proof of Theorem 4.1 By Lemma S.1 in the supplement of [24], it holds

~ d
V(i — p) = Ni(0g, %) (4.16)
as n — 00. Moreover, we have
62 L2, 52 (4.17)

as n — oo for all ¢ € {1,...,k} by Section S.5 in the supplement of [24] under Assumption 4.1. Due to
P(Ty<7) > 0, it holds ¢ > 0 for all i € {1,...,k}. Hence, it follows rank(HEH') = rank(HX'/?) = rank(H)

and, analogously, P(rank(HEH’) # rank(H)) — 0 for n — c0. Consequently, the Moore-Penrose inverse
(HXH')* converges in probability to (HEXH')". By Slutsky’s lemma and Theorem 9.2.2 in [67], it follows
d
Wy (H? C) - XEank(H)

as n — oo under the null hypothesis in (4.2). O
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Proof of Theorem 4.2 First of all, we introduce some notation. Let v(t) := Zle Kivi(t), y(t) = Zle Kiyi(t),

~

A(t) = S[O,t] 1/y dv and S(t) := E{g t](l —dA(s)) for all ¢ = 0. Moreover, let S denote the Kaplan-Meier esti-

mator of the pooled survival function S, see [24] for details, and /i := S(t) dt denote the estimator regarding
the RMST of the pooled sample.
As in the proof of Lemma S.2 in the supplement of [24], it holds

V(™ = i) D A (0, B7)

as n — 00, where
T 1 . -/ w2
(E )ii’ = f]l{’L:Z}—l (o2
)

for all 4,4’ € {1,...,k} and

e, (s ) s M

Moreover, in the proof of Lemma S.3 of the supplement of [24], it was shown that

~ P _
O_er = Ky 1071'2

as n — oo for all ¢ € {1, ..., k} under P(X;; = 7) > 0. Hence, it follows
POLIEIN diag (/@1_10”2, - ﬁk_la’d) =" 4+ 0™,
as n — o0. Since HJ; = 0,4, it holds HE™ 5 HE™ as n — . Moreover, P(T;;<7) > 0 implies ™2 > 0

and, thus, P(67% > 0) — 1 as n — o0. Consequently, we have (HEZ™H')+ iR (HX"H')* as n — oo. Hence, it
follows by Slutsky’s lemma and Theorem 9.2.2 in [67]

W(H) = n(HA™) (HE"H') T HA"
*

nT o~ T ~T ~ d
= n[H(a" — i1y))(HE"H) TH(A™ - i15) = Xl

as n — oo. O

Proof of Theorem 4.3 For proving Theorem 4.3, let §Z*, A% 532 Y * and IV denote the groupwise bootstrap

oY
2

counterparts of §i,ﬁi, 07,Y; and N;, respectively, for all i € {1, ..., k}.

Lemma 4.1. Under Assumption 4.1, we have

~ ~ *
Vil — @) 5 Z = (21, Z1) ~ Ni(0k, 2) (4.18)
as n — 0.

Proof of Lemma 4.1. By Section A.2; it holds

on D[0,7) as n — oo, where

T;:[0,7)% 2 (t,s) — Si(t)Si(s)J ! dA;(z) eR

[0,min{t,s}] (1 — AAi(z))yi(x)

for all ¢ € {1,...,k} and GP(0,T";) denotes a centered Gaussian process with covariance function I';. Since the
samples are independent, it follows

~ ~ 1 1 1
Vn(SF = Si)ieqa,. 1} LA A <U2> ~ GPy <0k7diag (Flv wes Fk))
VR e, k) k1 Kk

on D[0,7)k as n — oo by (4.1), where GPj, (04, D) denotes a k-dimensional centered Gaussian process with
covariance function D : [0,7)? — R¥**. Hence, the continuous mapping theorem provides

ﬁ(ﬁ*—mﬂj(:@*a)dt—z

as n — 00. The limiting variable Z is normally distributed as linear transformation of a Gaussian process and
its moments can be calculated by using Fubini’s theorem. Thus, we get E[Z] = 05 and Cov (Z) = X. O
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Lemma 4.2. Under Assumption 4.1, we have, as n — o0,
IR 5§ (4.19)

Proof of Lemma 4.2. Let i € {1,...,k} be arbitrary. Similarly as in the supplement of [31], we consider the
PXinda)_Donsker classes

Fri={(z,d)—» L{z <t,d=1} | te[0,7]} and Fp:= {(z,d) — L{z =t} |t € [0, 7]}
with finite envelope function F' = 1. By Theorem 3.7.1 in [74] and Slutsky’s lemma, we obtain

LNt — LN

n; n;

L,0 and sup

te[0,7]

2,0

1 1
—YF(t) - —Yi(t
YD) — Vi)

sup
te[0,7]

as n — o0. Section S.6 in the supplement of [24] provides

SO 0] D0 and s

RN —z/l-(t)’ L0

sup
te[0,7] | T4 te[0,7] | T4
as n — 0. It follows
sup |S*(t) — Sl-(t)’ L0 and  sup |A*(t) — Ai(t)‘ L0
te[0,7] te[0,7]
as n — o0 under P(X;; > 7) > 0. Hence, we have 52 EiN 0?2 asn — 0. Since i € {1,..., k} was arbitrary, (4.19)
follows. O

Now, the statement of Theorem 4.3 follows with similar arguments as in the proofs of Theorem 4.1 and 4.2 by
Lemma 4.1 and 4.2. In doing so, we apply Slutsky’s lemma and Theorem 9.2.2 in [67] again. O

Proof of Theorem 4.4

Lemma 4.3. Under Assumption 4.1, we have

Vi€ 5 Z = (21, ., Zi) ~ Niy(0r, 2)
almost surely as n — oo given the data (X, 46).
Proof of Lemma 4.3. Let i € {1,...,k} be arbitrary. We aim to apply the Lindeberg-Feller theorem with

N 1
iji = niGij Sz d dNij T
Vs |30 e

for all j € {1,...,n;}. Then, Z1 ,,, ..., Zn, n, are independent conditionally on (X, d). Moreover, we have

1
V(Yi(z) — AN;(2))Yi(w)

almost surely. It should be noted that all following statements about conditional expectations hold just almost
surely but we will not always add this throughout, for the sake of clarity. Furthermore, it holds

E [Zj,"i

X, 8] = /mE[Gy; |x,5]J f Si(t) dt AN, (z) = 0
[0,7) Jz

2
Uz Uz T 1
§2 = Var (Z;,, | X,8) =n; Var (G; | X, 6 S;(t) d dN;;(z
nim 2 Var (Zin | X,8) =i , Var Gy | >(f[>f N ORI AC R )>
1

Jj=1

o, (s ") = N

Ni ~2 a.s.
EC P NI
n
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as n — oo under P(X;; = 7) > 0 by Section S.5 in the supplement of [24]. For showing Lindeberg’s condition,
let € > 0 be arbitrary. Then, we have

S% Z E[Z,1{Z;, >s0} | X, 6]
n j:1

-2 N'nE|G21 niG?-J AN (z) > 2252 4 | X, 6
) G | i) - AN e e

nll]]

(12310 av)
f[o,ﬂ ()~ AN, @)Y () V)

< = E G2]l G2 sup
f; Y zefon | (Yi(z) — AN;(2))Yi(x)

f (S; Si(t) dt)Z
[0

- (Yi(x) — AN (2))Yi(z) dNi;(2)

(STSl ) n2
=E|G%1{G? sup — n— — >e?2 1524 | X, 8
L @) — AN @Y [ n (]
a.s. O

as n — o0 by the dominated convergence theorem with integrable majorant G2, where the last equality follows
from the definition of 57. Here, we use that

sup |n; 'Yi(z) —yi(z)| 2250,  sup |n; 'Ni(z) —vi(z)| 2250 and 57 22507 (4.20)

z€[0,7) z€[0,7) '

as n — oo holds under P(X;; = 7) > 0 by Section S.5 and S.6 in the supplement of [24] such that

§ Si 2
Pl1{c sup ~ ( - ) R R . &)
velo.r) | (ni 1Yi(x) — g PAN; (2)n; Y (2) n

G? bup{ ~ }>52”?a2|(x5) N
ety L(n7Yi(x) — n PAN; (2))n; Y (x) no

as n — oo for all € > 0 follows. Thus, the Lindeberg-Feller theorem implies

VRS = Y Zjn, 5 N (0, Ki07)

Jj=1

almost surely as n — oo given the data (X,d). Hence, the statement of the lemma follows by Slutsky’s
lemma. O

Lemma 4.4. Under Assumption 4.1, we have

P(|5¢? —o?| > ] (X,8) =20
asn — o for allie{1,.... k}.
Proof of Lemma 4.4. Let i € {1,...,k} be arbitrary. Then, it holds

- 2
a__GQ _ n 2 g 1 i\
BOTIX.8] = ), E[G”'X"S]Jm,ﬂ (J Sz“"“) Vi@ = AN @)vi() Mo

a.s.
_0'2—>0'2
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as n — oo and, analogously,

i T 2 2
E[(GF?)? | X,6] < (67)% + (C — 1)j:1n2 (J[OJ) ( ) S;(t) dt) Vi) - A}Vi(x))Yi(x) dNij(x)>
4
2 ! 1
Soeresn J[) ([504) Gor—ssmmrmm
<D | AN

as n — o by (4.20). Thus, it follows

P(|5¢? —o?| > ] (X,8)) =20
as n — oo for all € > 0 by Chebyshev’s inequality. Hence, the statement of the lemma follows. O
Lemma 4.3 and 4.4 provide that there exists a measurable set ' < Q with P(Q’) = 1 such that

sup |P (Vnaf < 21, .. Vnig <z | (X,0)) (w) — P(Z1 < 21,0 Zi < 21)| = 0

Zl,...,ZkE]R
and
P (|52 —o?| > ] (X,8)) (w) >0

asn — oo for all i € {1,...,k}, w € Q. Then, by running through the same steps as in the proof of Theorem 4.1,
we get

SZIEJ]g’P(WT?(H) <z|(X,9)) (w)—P(Z<2)|—0

as n — oo for all w € Q, where Z ~ X?ank(H)' O
Proofs of Theorem 4.5, 4.7 and 4.8 The theorems about the joint convergences follow now easily from
the previous results. Therefore, we apply Slutsky’s lemma. For Theorem 4.5, we combine (4.16) and (4.17),
for Theorem 4.7 Lemma 4.1 and 4.2 and for Theorem 4.8 Lemma 4.3 and 4.4. Then, we use the continuous
mapping theorem with maps

R* x R*** 5 (m,S) — ((H,m)'(H,SH})*H/m),_ € R

and
R* x R*** 5 (m,S) — ((Hgm)’(HgSHg)Jngm)Ee{l € RE.

The maps are continuous on R¥ x {2} due to 02 > 0 for all i € {1, ..., k}. The three theorems follow, respectively.
O

Proof of Theorem 4.6 In order to prove Theorem 4.6, we aim to apply Theorem 2.6 and Lemma 2.3.
Therefore, let X,, := (X, 8) denote the data, M := Y® and

W = (HE2Y0) (HSH) (1827 )
¢e{1,...,L}

for all b e {1, ..., B,}. Moreover, let F,, be as in Lemma 2.3, i.e., denoting the empirical distribution function of

W, WP Then

)

WO L (H,2) (H,ZH))* (H,Z))

tef{1,...,L}
holds as n — o for Z ~ N (0x,X) due to the consistency of 3, cf. the proof of Theorem 4.1. The marginal
limit distributions are Xfank(m),f € {1,..., L}, which have continuous distribution functions 7, : R — [0, 1] that

are strictly increasing on [0, 00) due to rank(H,) > 0. Hence, Lemma 2.3 implies (2.15). Furthermore, let Fy ,

denote the cumulative distribution function of 2 K(HL, ) forall £ € {1,...,L},n € N, which fulfills (2.16) since
ran y) /)

P (rank (HZZA]HQ) # rank (Hz)) -0

as n — oo follows from the consistency of the covariance estimator. Then, Theorem 2.6 yields the statement of
the theorem. O
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Proof of Theorem 4.9 Again, we aim to apply Theorem 2.6 and Lemma 2.3. Therefore, let X,, := (X, 6)

denote the data, Mg’) denote the randomness of the bootstrap procedures and W%b) denote the bth Monte Carlo
replicate of the bootstrap Wald-type test statistic for all b € {1, ..., B, }. Moreover, let F),, be as in Lemma 2.3,

i.e., denoting the empirical distribution function of W%l), ...,W%B"'), and F, ¢, £ € {1,..., L}, be their marginal
cumulative distribution functions. Then,

a*
Wi (H2) (HeZH) " (HeZ)) oy oy

holds as n — o0 for Z ~ N} (0k, ) by Theorems 4.7 and 4.8. The marginal limit distributions are xfank(H[), le

{1, ..., L}, which have continuous distribution functions F; : R — [0, 1] that are strictly increasing on [0, o0) due
to rank(Hy) > 0. Hence, Lemma 2.3 implies (2.15). Moreover, Remark 2.4 implies (2.16). Thus, Theorem 2.6
yields the statements of the theorem. O
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5 RMTL-Based Inference in Competing Risks Setups

As we have seen in the previous section, the restricted mean survival time (RMST) is an alternative effect
measure to the popular hazard ratio, especially in situations where the proportional hazards assumption is
violated [68]. It is defined as the area under the survival curve up to a prespecified end point 7 and, thus, it
offers a straightforward interpretation as the expected duration of time alive before 7. By integrating across the
distribution function rather than the survival curve, we derive the restricted mean time lost (RMTL), which
can be interpreted as expected time lost before 7. Naturally, it equals 7 minus the RMST. In the context of
competing-risks frameworks, where multiple events like death from various causes occur, the RMTL for a specific
event can be defined simply as the area under the corresponding sub-distribution function. Then, the restricted
mean survival time equals 7 minus the RMTLs of all possible events. However, analyzing RMTLs instead of the
restricted mean survival time in competing-risks frameworks offers the possibility to differ between the different
risks. An exemplary illustration of the relation between the RMTL and RMST can be found in Figure 9.
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Figure 9: An exemplary illustration of the RMTL of the first event n; (left) and RMST g (right).

In competing-risks settings, the RMTL has been studied in several papers [2, 55, 77, 78, 79]. However, the
considered settings are limited to one- and two-sample cases and mostly allow for only two different event
types such that there is a lack of suitable RMTL-based tests for more complex factorial designs, more general
hypotheses and more event types to, e.g., compare the RMTLs of various event types across several groups.
Additionally, all proposed methods seem to require existing sub-distribution hazards, i.e., in particular contin-
uous sub-distribution functions. This assumption is often not justified in practice, e.g., when the event times
are measured in whole days or weeks. Consequently, we aim to develop flexible Wald-type tests that are ap-
plicable (i) for general RMTL contrasts in factorial designs and (ii) without a continuity assumption on the
event times. Moreover, for the RMST in the classical survival setup, resampling procedures have proven to be
useful in ensuring an accurate type I error control for finite samples [24, 43, 58]. Hence, to improve the small
sample performance of the constructed Wald-type test, a studentized permutation approach is applied and its
asymptotic validity is shown in Proposition 5.4.

In many applications, the comparison of the RMTLs across several groups may be of interest. Here, the global
null hypothesis might be that all RMTLs are equal across the groups, cf. Example 5.3. If a test rejects
this global null hypothesis, it could also be of interest which specific RMTL differences cause the significant
result. In order to answer such questions, multiple tests for pairwise RMTL comparisons need to be performed
simultaneously. Recently, a maximum joint test for testing the equalities of two RMTLs in the two-sample
case jointly was studied in [77]. However, the two-sample case and the two considered hypotheses, i.e., equal
RMTLs of event type 1 and 2, respectively, are rather restrictive. Hence, there is still a lack of multiple testing
procedures based on RMTLs for general multiple contrast hypotheses addressing (i) and (ii). Thus, we aim to
develop powerful multiple tests for RMTL contrasts by taking the asymptotically exact dependence structure
of the local Wald-type test statistics into account.

The remainder of this section is organized as follows. The general factorial competing risks setup is presented in
Section 5.1 including the formal definition of the RMTL. The global testing problem is introduced in Section 5.2.
The Wald-type test statistic is investigated in Section 5.2.1. In Section 5.2.2, the studentized permutation
approach is introduced and its asymptotic validity is proven in Proposition 5.4. Multiple tests for several
RMTL contrast hypotheses are developed in Section 5.3. In Section 5.4, the finite sample performance of our
proposed methods is analyzed in extensive simulations. Additionally, we illustrate our methods by analyzing
data of leukemia patients who underwent bone marrow transplantation in Section 5.5. All technical proofs of
this section are given in Section 5.6. Moreover, an implementation of the proposed methods is freely available
in the R package GFDrmt1 [21], see Section E for a description.
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5.1 Factorial Competing Risks Setup

In the following, we interpret a factorial competing risks design as a k-sample setup with M competing events;
k,M € N,k > 2. We assume that there are independent event and right-censoring times T3; ~ S;,Cy; ~ G, j €
{1,...,n:},1 € {1,...,k}, respectively, and random variables D;;,j € {1,...,n;},7 € {1,...,k} indicating the
event types and taking values in {1,..., M}. Here,

Si : [0,00) — [07 1], Sl(t) = P(ﬂl > t) and Gl : [0,00) s [0, 1]7 Gl(t) = P(Cﬂ > t)

denote the survival functions of the event and censoring times, respectively, and n; > 2 denotes the sample
size of group i for all i € {1,...,k}. We do not suppose the continuity of the survival functions and, thus, we
explicitly allow for ties in the data. Additionally, we assume that (Tj;,C;j, Dsj),5 € {1,...,n;},i € {1,...,k}
are mutually independent and that the censoring time Cj; is independent of the event time and event type
(Tij, Dyj) for all j e {1,...,n;},i € {1,...,k}. Due to right-censoring, we can only observe the right-censored
event times X;; := min{T;;, C;;} and the event indicator d;; := D;; 1{X;; = T;;},7 € {1,...,n;},i e {1,...,k},
where here and throughout 1 denotes the indicator function. Furthermore, let

Fi'm : [0,00) — [O7 1], Fzm(t) = P(Til < t,D“ = m)
1
and Ai'm : [O, OO) g [O, OO:|7 Alm(t) = — dFi'm
[O,t] Si,

denote the cumulative incidence function and the cause-specific cumulative hazard functions, respectively, for
all i € {1,...,k},m € {1,...,M}. The sum of all cause-specific hazard functions of group i is denoted by
A; = Zi\le Aim,i€{1,...,k}, in the following.

In order to introduce suitable estimators for these quantities, we firstly define the number of individuals at risk
just before time ¢ > 0 by Y;(t) := Z;l;l 1{X;; > t} and the number of individuals with an event of type m
before or at time t > 0 by Ni(t) := 272, 1{Xy; < t,0;; = m} forallie {1,...,k},me {1,..., M}. Then, we
set

M
N 1 N N N N
A= | o Nim, A= Y, Ay and - Si0) = 1 {1-dAi@)
[0,t] Y; m=1 ze[0,t]
forallt > 0,i€e {l,...,k},me {l,..., M}. These estimators are the cause-specific and all-cause Nelson—Aalen

estimators and the Kaplan-Meier estimator, respectively. Thus, we obtain the Aalen—Johansen estimator at ¢
for Fi,(t) as Fim(t) := S[O,t] Si_ dAjn,ie{l,....k},me{l,...,M} for all t > 0.

The restricted mean time lost (RMTL) due to the event type m in group ¢ is defined as the area under the
corresponding cumulative incidence function up to a prespecified time point 7 > 0, that is,

Nim ::f Fom(t)dt, ie{l,....k},me{l,..., M}
0

Of note, in the case of only one event type, i.e., M = 1, the RMTL equals 7 minus the more popular RMST.
By replacing F;,, with the corresponding Aalen—Johansen estimator, we obtain a natural estimator for the
RMTL, that is,

ﬁim::J Fon(t)dt, ie{l,....k},me{l,..., M}
0

5.2 Global Tests

Let
N = (15 s MM, 2155 M)
denote the vector of the RMTLs and its estimator by

1/7\:: (’;7\11,...,7/7\1M77/7\217'-'7ﬁkM)/'

Moreover, let r € N, ¢ € R” and H € R™*M\{0,.,;a/} satisfying H(1; ® e,;,) = 0,,m € {1,..., M}, where
here and throughout e,, = (0,...,0,1,0,...,0)" € RM denotes the mth standard unit vector and ® denotes the
Kronecker product. This ensures that H has the contrast property in terms of the different groups and not in
terms of the different event types. Here, we consider the testing problem

Ho:Hn=c vs. Hi:Hn#c. (5.1)
This testing problem is very general and covers various types of hypotheses and factorial designs as illustrated

in the following examples.
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Example 5.1 (Two-sample case). The simplest but perhaps most relevant case in practice is the two-sample
case, i.e., k = 2. The null hypothesis of equal RMTLs of all event types, i.e., Ho : Nim = Nom,m € {1,..., M},
can be realized by choosing ¢ := 0, and H := [—1,1]®Iys. If not the RMTLs of all M event types but only the

first M < M event types are of interest, we may choose H := [-1,1]® [IM,OMX(M_M)] instead. This yields
the null hypothesis Ho : Nim = Nom,m € {1,..., ]\7}

Example 5.2 (One-way design). In many applications, the hypothesis of equal RMTLs across the groups is of
interest, that is,
Ho: Mm =+ =Nkem, me{l,...,M}.

This hypothesis can be formulated with ¢ := 0, and various hypothesis matrices H. For example, H may
be chosen as the Kronecker product of the Dunnett-type [34] contrast matriz (4.7) and the identity matriz
Iy € RMXM - Another possibility is the Kronecker product of the Tukey-type [73] contrast matriz (4.8) and the
identity matrix Iyy.

Example 5.3 (Factorial 2-by-2 design). In a factorial 2-by-2 design with factors A and B, k = 4 groups arise
from the combinations (A,B) € {(1,1),(1,2),(2,1),(2,2)}. The following null hypotheses and corresponding
hypothesis matrices combined with ¢ = 0y are relevant:

o no main effect of factor A;  Ha = [Inr, Ing, —Inr, —Ing];

o no main effect of factor B; Hp = [Inr, —Inr, Ing, —Ing];

e no interaction effect between A and B;  Hap = [In, —Inr, —Ins, Ing].
More general factorial designs can be incorporated easily by splitting up the indices similarly as in Example 5.3,
see [63] for details.
5.2.1 The Wald-Type Test Statistic and its Asymptotic Behavior

In this section, we construct and study a suitable test statistic for the testing problem (5.1). For technical
reasons, we need the following assumptions.

Assumption 5.1. In the following, we assume S;_(1) > 0, G;,_(7) > 0 and n;/n — x; € (0,1) as n — o for
allie{1,...,k}, where here and throughout n := Zi;l n; denotes the total sample size.

By applying empirical process theory and the delta method, we obtain the asymptotic normality of the vector
of RMTL estimators 7:

Theorem 5.1. Under Assumption 5.1, we have

Vi@ =n) > Z ~ Nia Ok, 3)
as n — . The covariance matriz % is defined in (5.7) in Section 5.6.

Note that there is no notation clash regarding 3 in Section 4 since it coincides with ¥ in the previous theorem
in the special case of only one event type M = 1.

In the following, we also need that the limit distribution is not degenerated. In Lemma 5.2 in the appendix, we
show that the following natural assumption together with Assumption 5.1 is sufficient to guarantee the positive
definiteness of X:

Assumption 5.2. We assume that Fip,—(7) >0 for allie {1,... k},me{l,...,M}.

As shown in (5.6), the entries of 3 depend on the unknown functions Fj,,, A; and 0,7 foralli € {1,...,k},m,m €
{1,..., M}, where 0,7 denotes the asymptotic covariance function of the cause-specific cumulative hazard

functions A;,, A;m. Thus, the plug-in estimator

for 3 can be obtained by replacing Fj,,, A; and o, in (5.6) by l?’im,ﬁi and 0y,m, respectively, for all
1e{l,....k},m,me{l,..., M}, with

i

dA;

1 - AA,
Gomm(t) = i J 1= A

dA;,, and Cimii (T) 1= —nij
[0,] Y [0,]
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for all ¢ = 0, m # m. Here, P denotes the direct sum. Then, the Wald-type test statistic can be defined by
~ +
Wi, (H, c) := n(Hf — ¢’ (HEH’) (HAj — c).

Since the Wald-type test statistic is a quadratic form of the vector (H#7 — ¢), we would reject the null hypothesis
in (5.1) for large values of W,,(H, c). The following theorem provides the asymptotic distribution of the Wald-
type test statistic.

Theorem 5.2. Under Assumptions 5.1 and 5.2 and the null hypothesis in (5.1), we have, as n — o0,
d 2
W’ﬂ (H7 C) - Xrank(H)'

Thus, an asymptotic level-a test for (5.1) is ¢ = 1{W,(H,c) > Xfa.nk(H) 1—o)- Due to the direct connection
between tests and confidence regions, we also obtain a confidence region with confidence level 1 — o for Hn
from Theorem 5.2, that is, {£ e R" | W, (H, £) < XEank(H) ot

5.2.2 Studentized Permutation Test

We showed in the previous section that the proposed test for the RMTLs is asymptotically valid but this generally
does not guarantee a good small sample performance of the test in terms of type I error control. As we will
see in Section 5.4.2; the asymptotic test has in fact an increased type I error in simulations. For the RMST,
permutation methods solved this problem [24, 43, 58]. Permutation tests are known to control the type I error
exactly under exchangeable data [41, 51], which means Fj,, = Fj,,,G; = Gj,i,j € {1,...,k},me {1,..., M},
in our case. However, the null hypothesis in (5.1) may hold even if the data are not exchangeable. Thus,
we develop a studentized permutation approach that not only preserves the finite exact control of the type I
error under exchangeability but is also asymptotically valid under non-exchangeable data as the studentized
permutation tests in [24, 58].

To this end, let

(X,0) = (X;,05)j=1,..n 1= (Xij, 0ij) jef1,... . }ric{1,... .k}

denote the pooled sample and (X[}, 67)je(1,....n;}.ie{1,...,k} the permuted data. In detail, the data points are
permuted as pairs (X;,d;) by drawing the vector (Ru,...,R,) uniformly on the set of all permutations of

(1,...,n) independently of the data and defining

(X700 jet1,mipie(L, k) i= (X707 )jeq1,..ny := (XR;,0R, ) jef1,... .}

This can also be interpreted as shuffling the groups of the original data randomly. Furthermore, we denote the

statistics 77, 3 re-calculated based on the permuted data with a 7 in the superscript, i.e., ™, X™. Finally, we
define the permutation counterpart of the Wald-type test statistic by

~ +
W (H) = n(HA") (HZ’TH’) (HA™).

It asymptotically mimics the null distribution of W;,(H, c), as shown in the following theorem.
Theorem 5.3. Under Assumptions 5.1 and 5.2, we have under both hypotheses Ho and Hi, as n — o,

T d* 2
Wn (H) - Xrank(H)'
By using this result, we can construct a permutation test for (5.1). In practice, usually a Monte Carlo method is
applied to approximate the resulting critical value, which is the (1 — a)-quantile of the conditional distribution
of W7 (H) given the data (X, d). Therefore, the quantile is approximated by the empirical (1 — «)-quantile ¢7_,
of B,, conditional independent random variables distributed as W (H) given (X,d). Here and throughout,
(Bn)nen denotes a sequence of natural numbers with B,, — o as n — o0. Hence, we receive the permutation
test ™ =1 {Wn (H,c) > qf_a} . This permutation test is asymptotically valid:

Theorem 5.4. Under Assumptions 5.1, 5.2 and the null hypothesis in (5.1), we have

n—0o0 n—o0

The corresponding confidence region with level 1 — « for Hn is {5 eR" | W,(H,¢) < qf?a} , L.e.,

lim P (Hne {£eR"|W,(H,§) <q[_,}) = lim P(W,(H,Hn) <q¢]_,) =1-0.

n—0o0
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Example 5.4. Let H= (&, — &) ®@e[, where &, € RF denote the first and second unit vector in RF. Then
a permutation-based asymptotic (1 — a)-confidence interval for my — 21 = Hn is

~ ~ N a ” 172 N ~ ~ . 1/2
[7711 — 121 — ((2111/711 + E211/712) ql—a) yM1 — N21 + ((Elll/nl + 2211/7”02) ql_a> ] )

where iill denotes the top-left entry of ZAIZ-,Z' e {1,...,k}. Analogously, an asymptotic (1— «)-confidence interval
for mi1 — mo1 based on the asymptotic test in Section 5.2.1 is

~ ~ a a 9 /2 R ~ ~ ) 1/2
M1 — 121 — ((2111/711 + Z211/”2) X1,17a> T — 721 + ((2111/711 + Z211/7”L2> X1,17a> -

5.3 Multiple Tests

In many applications, not only the global test decisions for (5.1) are of interest but a more in-depth analysis of
local hypotheses. By that, conclusions on which specific hypotheses cause a rejection of the global hypothesis
can be drawn.

Formally, we split up the hypothesis matrix H = [Hf,...,H}]’ into L matrices with rank(H,) > 0,¢ €
{1,...,L}, and the vector ¢ = (c},...,c})" into L vectors of lengths corresponding to the number of rows
of the matrices Hy,...,Hp, respectively. This covers but is not restricted to the case that Hy,...,H can be
chosen to be the r rows of H. Then, the multiple testing problem is

H07f : Hg’f} = Cy VS. 'HLg : Hg’l’] #cy, L€ {1, .. ,L} (52)

As we will see in the following examples, this formulation covers the most interesting cases for multiple hy-
potheses about the RMTLs in practice.

Example 5.5 (Two-sample case, continued). If it is also of interest which event type differences in Example 5.1

cause the significant result, multiple tests meed to be performed for M > 1. In our notation, this can be

realized by choosing the matrices H,, € RV>*M me {1,. .. ]\7} as the rows of the hypothesis matriz H given in
/ /

Ezample 5.1, i.e., H,, := [—¢€],,€e} ],me {1,... ,]\7} Hence, we receive the multiple hypotheses Ho m : Nim =

m?y m

Nom, m € {1,..., M} For M = 2, we receive the hypotheses of [T7] as special case.

Example 5.6 (One-way design, continued). Now, the choice of the hypothesis matriz leading to the hypothesis
of equal RMTLs across the groups in Example 5.2 becomes important and depends on the question of interest.
E.g., if all RMTLs should be compared to the RMTLs of the first group (many-to-one), the Dunnett-type contrast
matriz is the hypothesis matriz to go with. However, the Tukey-type contrast matriz should be used if the RMTLs
of all pairs of groups should be compared.

The second choice is how to split up the hypothesis matrix H. This, again, depends on the question of interest.
If it is only of interest which groups have different RMTLs but it does not matter for which event types the
RMTLs exhibit differences, it is enough to consider hy @ Ips, 0 € {1,..., L}, as the hypothesis matrices, where
h, denotes the {th row of the Dunnett- and Tukey-type contrast matriz, respectively. However, if also the event
types that cause a rejection of equal RMTLs should be detected, each row of the (global) hypothesis matriz H
corresponds to a hypothesis matriz of the multiple tests, i.e., Hp e RV>FM g e {1 ... L}.

Example 5.7 (Factorial 2-by-2 design, continued). In Example 5.3, main effects A and B, and an interaction
effect could be tested simultaneously with the help of Hy = Hu,Hy = Hp and Hs = H 4, respectively. However,
the resulting tests cannot determine which event type(s) caused a significant difference between the groups. For
this, all M rows of each of the three hypotheses matriz must be considered as separate hypothesis matrices which
results in 3M multiple hypotheses.

The local test statistics W, (Hy, c;),¢ € {1,..., L}, can be used to derive (local) test decisions for Ho ¢ €
{1,..., L}, respectively. As we already developed global tests in Section 5.2, a simple application of the
Bonferroni-correction can solve the multiple testing problem. However, the Bonferroni-correction is known
to lead to conservative decisions and low power. Hence, we aim to incorporate the asymptotic exact dependence
structure of the local test statistics as described in Section 2.3 for constructing powerful multiple tests. The
multivariate limit distribution of the local test statistics is given by the following theorem.

Theorem 5.5. Let T denote the indices of true null hypotheses in (5.2) and let Z be as in Theorem 5.1. Under
Assumptions 5.1 and 5.2, we have, as n — o0,

(Wn(vacé))EeT 5 ((HEZ)I(H£2H2)+(H£Z))EET'
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5.3.1 Asymptotic Multiple Tests

Motivated by Theorem 5.5, asymptotic multiple tests are given by

we=1 {Wn(Hg,C() > X?ank(Hl),lfﬁn} , le {17 ) L}a (53)

where (,, denotes the local level for each test and can be derived from the multivariate limit distribution in
Theorem 5.5. In practice, this local level can be approximated by a Monte Carlo method as

Bn =max{f€{0,1/B,,...,(B,—1)/B,} | FWER,(8) < a}

with approximated family-wise error rate

FWER,, ( =5 Z max ]l{ Zile(b))/(Hgf}H%)( 21/2Y(b))>x

n = 1[6{1 rank(HZEH’) 1— [3}

for € [0,1) and Y, ..., YB) ~ Njas(Ogas, Iyas) idd. and independent of 5. Here, (B, )nen is a sequence
of natural numbers with B,, — o0 as n — 0.

Theorem 5.6. Under Assumptions 5.1 and 5.2, the multiple asymptotic tests (5.3) fulfill (2.20)—(2.22), i.e
they control the family-wise error rate asymptotically in the strong sense and are asymptotically balanced.

By Remark 2.6 and Theorem 5.6, simultaneous confidence regions for Hym, ¢ € {1,..., L}, with asymptotic
global confidence level 1 — « of the following form are immediate:

L

>< {5 | Wn(Hb&) < XEank(Hg),l—Bn} cR".
£=1

For row vectors Hy € R*, the confidence region simplifies to a confidence interval, that is

H,>XH v H : v
~ 4 n+ ¢
H,n — (NX?ank(H@) 1— ﬁn> Hen ( n[X?ank(HZ) 1= ﬁ")

Moreover, we can derive more powerful multiple tests by using the closed testing procedure, cf. Remark 2.5,
and adjusted p-values by the methodologies in Section 2.3.

5.4 Simulation Study
5.4.1 Simulation Setup

For the simulation study, we used the computing environment R, version 4.2.1 [66]. The simulation setup is
based on the simulation in Section 4.4.1 and adapted for competing risks data. We considered k = 4 groups
with equal event time distributions for the first three groups while the distribution of the fourth group may
differ, using the same survival and censoring distributions as in Section 4.4.1 with the same censoring rates
stated there. An illustration of the survival curves of the event times can be found in [24] and of the censoring
times in Section 4.4.1.

Beyond these continuous settings, we also added corresponding discrete settings. This is done since the proposed
methods also work under the existence of ties as proven in Section 5.6. Therefore, we generated the event times
as in the continuous case but round them up to obtain integer values. Of course, the rounding typically results
in altered values of the RMSTs So t)dt,i € {1,...,k} and RMTLs. However, it is still possible to obtain a
specific RMST difference § as in Sectlon 4.4.1 by adJusting the parameters As 1,...,As,9 adequately.

As in the data example in Section 5.5 below, we are considering M = 3 event types. The causes D;; € {1, 2, 3}
were drawn independently of the survival and censoring times with probabilities p1 = 33%, p2 = 25%, and p3 =
42%, respectively, across all j € {1,...,n;},4 € {1,...,k}. Thisresults in a direct connection between the survival
function and the cumulative incidence functions, that is, Fj,, = pn,(1—5;) for all i € {1,. k:} me{l,...,M}.
Hence, the RMTLS 11, H2m, M3m , Nam Of the event type m coincide whenever the RMSTs So t)dt,i e {1 .k}
coincide. Furthermore, a RMST difference of § = So Sy (t)dt — SO S4(t)dt results in an RMTL dlfference of
Nam — Nim = Pm0, M € {1,...,M}.

Motivated by the data example in Section 5.5, the hypothesis matrix in Example 5.7 is considered for testing
on the two main effects and an interaction effect simultaneously in a 2-by-2 design (2x2). This results in the
local null hypotheses

Hitn : Mim + M2m = T3m + s oo M + M3m = N2m + Nam,

(5.4)
and Héﬁ S Mm + Nam = Nom + N3m, me{l,...,M}.
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Moreover, Dunnett- and Tukey-type contrast matrices are used for many-to-one and all-pairs comparisons of
the RMTLs, respectively, as in Example 5.6. The block matrices Hy, ¢ € {1,..., L}, for the local hypotheses
are always chosen to be the rows of the global hypothesis matrices. The global hypothesis matrices all lead to
the same global null hypothesis, that is, all RMTLs are equal across the groups for each respective event type.
However, the local hypotheses differ between the different matrices.

The RMST difference is chosen as 6 = 0 when simulating under the null and as § = 1.5 when simulating under
the alternative hypothesis. Since the survival settings exp early, exp late and exp prop defined in the appendix
result in the same survival functions under the null hypothesis, the results for these scenarios are only included
once in the figures and tables, respectively. The same holds for the settings Weib late and Weib prop.
Balanced and unbalanced designs with sample sizes n = (ny,n9,n3,n4) = K - (60,60,60,60) and n = K -
(128,44,52,16) are counsidered, where the factor K € {1,5,25} results in small, medium, and large samples,
respectively.

In total, Ngj, = 2000 simulation runs with B = 1000 resampling iterations were conducted. The level of
significance is set to a = 0.05 and the terminal time point to 7 = 10.

We included the following methods in our simulation study: multiple asymptotic Wald-type tests as in Sec-
tion 5.3.1 (asymptotic), global asymptotic Wald-type tests as in Section 5.2.1 adjusted with the Bonferroni-
correction (asymptotic_bonf), and global studentized permutation tests as in Section 5.2.2 adjusted with the
Bonferroni-correction (permutation_bonf). In our first simulations, we also compared a pooled bootstrap, wild
bootstrap, and groupwise bootstrap method similar to that in Section 4. Additionally, we considered a ran-
dom p-value permutation approach similar as the prepivoting method in [16]. However, the results of all four
methods were not as convincing in terms of type I error control and/or power. Moreover, the runtime of the
random p-value permutation approach was quite high since, for each permutation sample, the calculations need
to be done for several groupwise bootstrap samples. Consequently, we focused on the three above-mentioned
methods.

5.4.2 Simulation Results

The boxplots in Figures 10, 11, and 12 summarize the rejection levels under all null hypotheses. It is observ-
able that the multiple asymptotic Wald-type tests of Section 5.3.1 as well as the Bonferroni-corrected global
asymptotic Wald-type tests of Section 5.2.1 can not control the type I error in unbalanced designs with smaller
sample sizes as they perform too liberal in all scenarios. When considering Dunnett- and Tukey-type contrast
matrices, the empirical family wise error rates are exceeding even 50% in some scenarios. The Bonferroni-
corrected permutation tests also have a slight liberal behaviour in some of these scenarios but not nearly as
dramatic. The highest empirical family wise error rates for the Bonferroni-corrected permutation tests are only
up to 10%. Those are reached under the non-exchangeable survival distribution settings Weib scale and Weib
shape for unbalanced small sample sizes. A possible reason for the liberal behaviour of the tests for unbalanced
small sample sizes could be that it is more likely to observe no event of a specific type in at least one of the
samples. In this case, the permutation approach may still use the information of the events of the same type
that occur in other groups through the randomization across groups. However, the asymptotic approach can
not benefit from observations in other samples and, thus, probably underestimates the variance systematically.
Even for unbalanced designs and medium sample sizes of 80-640 observations, the liberality of the asymptotic
approaches is still notable. In balanced designs, this issue is only slightly present, even for small sample sizes
with 60 observations per group. For large sample sizes, all methods seem to perform quite well under the
global null hypothesis in terms of family wise error rate control, which underlines the asymptotic validity of the
proposed tests.

Figures 30, 31 and 32 in the appendix visualize the empirical rejection rates of the global null hypothesis
under the alternative hypothesis, i.e., the empirical (global) powers. It is observable that all methods have a
comparable power in all scenarios with balanced designs or large sample sizes. Moreover, the power naturally
increases for larger sample sizes. In unbalanced designs with small to medium sample sizes, the multiple and
Bonferroni-corrected asymptotic tests have usually a higher power than the Bonferroni-corrected permutation
tests. Here, the multiple asymptotic tests that take the multivariate distribution of the test statistics into account
(Section 5.3.1) are slightly more powerful than the asymptotic tests with Bonferroni-correction. However, both
asymptotic testing procedures performed too liberal in unbalanced designs with small to medium sample sizes
and, thus, we do not recommend their application in these scenarios. Furthermore, it is observable that only
under a few scenarios, all methods can detect the alternative in unbalanced designs with small sample sizes as
the most rejection rates are similar as under the null hypothesis. A possible explanation for this may be the
small sample size of 16 in group four, which was sampled with different RMTLs under the alternative.

Recommendations and limitations In view of the present simulation results, we recommend the use of
the Bonferroni-corrected permutation tests, especially if the sample sizes are small, due to the best family-wise
error rate control. On the other hand, for large sample sizes, all methods yield rather similar results regarding

57



balanced large samples balanced medium samples balanced small samples

0.5 0.5 0.5
0.4 0.4 0.4
[} Q Q
s s S
c 0.3 c 0.3 c 0.3
S S S
8 8 8
T 02 T 02 & 02
0.1 0.1 0.1
[ CemeSaiamene - Sentiniiniiege SeSORMENE [ Ceiniiaiieie - Sememines = == [ crmE— —— ——
0.0 0.0 0.0
T T T T T T T T T
£ 5 5 £ |5 I g E £
=} [=} o
B 9 < s o o g o P
€ Q c € o c £ © c
@ S 2 7 S 2 @z S 2
© a 8 © I ] @ =4 IS
> > >
= E - = E
© [} [ Q 3] [
(=5 o [=8
unbalanced large samples unbalanced medium samples unbalanced small samples
0.5 0.5 0.5
0.4 0.4 0.4
[} Q Q
s S S
c 0.3 c 0.3 c 0.3
S S S
3 3 3 P
(] (7] (] -
g 02 T 02 & 02 E
0.1 0.1 014 —— —
e —_ el = =t ™ e [oDoDDIDIinddos e—
0.0 0.0 0.0 -
T T T T T T T T T
£ 5 5 £ £ I g £ £
=} [=} o
B 9 2 s o o g o P
£ ) < £ o c £ o c
a B 2 & 3 £ & I £
S S S S N S
> > >
7 £ 7z 13 7} £
[ [} [ Q © [
(=5 o [=8

Figure 10: Empirical family wise error rates for the 2-by-2 design across all scenarios under the global null
hypothesis. The dotted line represents the desired global level of 0.05 and the dashed lines represent the
borders of the binomial interval [0.0405, 0.06].

family-wise error rate control and power, but asymptotic tests might be preferred due to lower computational
demands. In this case, it should be noted that the multiple asymptotic tests are slightly more powerful than
the Bonferroni-corrected asymptotic tests in general. Whether a sample size is considered small or large also
depends on the specific study design, including the number of competing risks, groups, and hypotheses. For
instance, in a balanced design with three competing risks, the simulation results indicate that a sample size of
60 individuals per group is sufficient for minor differences between methods. However, for unbalanced designs,
notable differences persist for a sample size of 80 individuals in the smallest group but vanish when the smallest
group contains 400 individuals. When faced with extremely unbalanced datasets with small sample sizes,
additional challenges as, e.g., nearly no power under the alternative, may arise.
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Figure 11: Empirical family wise error rates for the Dunnett-type contrast hypotheses across all scenarios under
the global null hypothesis. The dotted line represents the desired global level of 0.05 and the dashed lines
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Figure 12: Empirical family wise error rates for the Tukey-type contrast hypotheses across all scenarios under
the global null hypothesis. The dotted line represents the desired global level of 0.05 and the dashed lines
represent the borders of the binomial interval [0.0405, 0.06].
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5.5 Data Example about Blood and Marrow Transplantation

In order to illustrate the proposed methods, we analyze the data set ebmt2 in the R package mstate [18, 19, 65]
from the European Society for Blood and Marrow Transplantation. The data consists of 8966 leukemia patients
who underwent a bone marrow transplantation. An initial statistical analysis [36] focused on reduced rank
models for proportional cause-specific hazard models. First of all, the data set contains time, which is the time
in months from transplantation to death or the last follow-up, and status, which indicates the survival status;
for simplicity, we aggregate the status levels into the following M = 3 causes of the death, next to censoring:
relapse (1), graft-versus-host disease (2), and all other causes (3). We included the following factor variables
in our analysis within a factorial 2-by-2 design; see Example 5.3: (A) match: yes/no, according to whether the
donor’s and the recipient’s genders matched; (B) tcd: yes/no, depending on whether a T-cell depletion took
place. Because it was unknown for 2856 patients whether a T-cell depletion took place or not, we assumed the
missingness to have been completely at random, and the incomplete records were removed from our further
analysis. Hence, n = 6110 patients remained. Thereof, 1296 (3313) patients with donor-recipient gender match
did (not) receive a T-cell depletion. For those without a match, the numbers were 424 and 1077, respectively.
An illustration of the resulting Aalen-Johansen estimators of the cumulative incidence functions can be found
in Figure 13.

Cause 1: relapse Cause 2: graft-versus—host disease Cause 3: other causes
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Figure 13: Aalen-Johansen estimators of the cumulative incidence functions regarding the data example for the
different causes and groups

Here, the question of interest is whether the donor-recipient gender match and/or the T-cell depletion have a
main or interaction effect on any event type-specific RMTL. If there is a significant effect, we are also interested
in which specific main/interaction effects are present and which of the event types are affected. Hence, the nine
hypothesis matrices for the multiple testing problem are, for the event type m € {1,2,3} and the effect (¢ =1
for main A, ¢ = 2 for main B, and ¢ = 3 for interaction), hy ® e/,,,m € {1,2,3}, where hy = [1,1,—-1,—1],
hy, =[1,—-1,1,-1], and h3 = [1,—1,—1,1]. The vector of no RMTL differences, i.e., ¢ = 0y, is tested under the
global null hypothesis. This results in the hypotheses (5.4) as in the simulation study. We used the terminal
time point ten years, i.e., 7 = 120 months. The estimated RMTLs up to 7 = 120 for the different groups and
causes can be found in Table 2.

The resulting method-specific and adjusted p-values based on B = 19999 resampling iterations are presented
in Table 3. Comparing the adjusted p-values with the global level of significance allows for testing all nine
local hypotheses simultaneously. Due to the large sample sizes, all methods should yield reliable results in
terms of type I error control regarding the simulation results of Section 5.4. For oo = 0.05, all methods indicate
that H(Ji 1 'H{f 3, and HéQ can be rejected simultaneously. Thus, there is a significant main effect of the T-cell

Group Cause 1: relapse Cause 2: graft-versus-host disease Cause 3: other causes
gender match and no ted 12.526 9.595 14.446
gender match and ted 14.159 9.151 22.885
gender mismatch and no ted 11.883 13.125 16.291
gender mismatch and tcd 18.518 15.982 20.296

Table 2: RMTL estimation for the data example
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asymptotic 0.663 < 0.001 1.000 0.008 0.950 < 0.001 0.295 0.773 0.614
asymptotic_bonf  1.000 < 0.001 1.000 0.008 1.000 < 0.001 0.396 1.000 1.000
permutation_bonf 1.000 < 0.001 1.000 0.009 1.000 < 0.001 0.407 1.000 1.000

Table 3: Adjusted p-values for the data example

depletion on the RMTL for relapse and other causes and a significant main effect of the donor-recipient gender
match on the RMTL regarding the graft-versus-host disease.

As a word of caution, no clinical conclusions should be drawn from this analysis since the data were simplified.
For example, aspects that would be relevant for causal interpretations were not taken into consideration. Instead,
the present real data analysis was meant to illustrate the potential of our new statistical techniques. Moreover,
since this data example is a classical application of competing risks analysis in a medical context, we want to
emphasize that our methodology is also applicable and may also be relevant in non-medical domains as, e.g.,
reliability engineering [56].

5.6 Proofs of Section 5
Proof of Theorem 5.1 Firstly, let ¢ € {1,...,k} be arbitrary but fixed. By Theorem 4.1 in [26], we have

”3/2 (&1 — Ai, oy Aipr — AiM) 4, (Uit .., Uinr) (5.5)

as n — o on (D[0,7])™ equipped with the sup-norm, where Uy, ..., U;ps are centered Gaussian-martingales
with

1-— AAz'ml .
Cov(Upm, (£), Ui, (5)) = f 12 8%m g a0 s i (mint, s}),
[0,min{t,s}] Yi
Cov(Uim, (1), Uim, (s)) = —f LAW” dAim, =: Tim,m,(min{t, s})
[0,min{t,s}]  Yi

and y;(t) :== P (X;1 = t) forall t,s € [0,7];m1,ma € {1,..., M};my # ma. By Section B, the limit (U1, ..., Uiar)
is separable.
Then, we consider the functional

T M
®: (BVK[0, 7)™ 5> RM, ®(Ay,...,Ap) = JJ 5(2%) A | dt
0 =1 _

(e

for some K < oo with ¢ : D[0,7] x BVg[0,7] — D[0,7],¢ : BVak[0,7] — D[0,7) as in Section A. Here and
throughout, we define the jump AA(0) of a function A € BVk[0,7] at 0 as A(0). Note that ®(A;1, ..., Aipr) =
(i1 -y Ming) and q)(ﬁil, ...,&M) = (Mi1, -, Ming) holds. We aim to apply the delta-method. Therefore, we
firstly show that ® is Hadamard-differentiable at (A;1, ..., A;pr) with Hadamard-derivative <I>’( Aty Ain) B

(ay,...,anr) € (D[0,7])M given by

U

Here, the integrals with respect to «,, are defined via integration by parts because «,, need not have finite
variation. The same holds for other integrals of this kind below. In order to prove the Hadamard-differentiability,
we aim to apply the chain rule (Lemma 3.10.3 in [74]). This yields

me{l,...,M}

l {1—d<§ Am> (m)} dA,, (u) dt

z€[0,u) me{l,...,M}

M ~
(1 —dAy(z)) dam(u) —J (1 —dAi(x))J[O )‘m dAim(u) | dt

ze[0,u) [0.4] 2€[0,u)

mefl,...,M}

M

/ _ T Py "
(p(A“’”')AiM)(Oél, -.-,OfM) = J(; l[}(%(_Az)—vAwn) ¢_Ai ( Z Olm> s, Oy (t) dt

m=1 me{l,...,M}
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for o, ...,aps € D[0,7]. Note here that D[0,7) 3 A — A_ € D[0, 7] and the final integral functional is linear,
so it equals its Hadamard-derivative, respectively. As in Section 3.3, one can show that

-, |
V-0 A (@ f Si- dﬂ+f[0p]adAzm, me{l,...,M},

1

and 3, (F) = si(.>f[

holds for all a € D[0,7], 3 € D[0, 7] analogously to Lemma 3.10.18 and Lemma 3.10.32 in [74]. Thus, it follows
that

dASM o
Si— da, — J Sl,(s)J- 425y O dAim(s)) dt)
[0,t] [0,t] [0,s) 1- AAZ me{l,...,M}

Sug Sie dAim ML ) >
S dan, — J Xl 4 am(w) | e
J[o,t] o4 - Adi(u) %Z:: me{l,...,M}

1= Zatgm Finl0) = Finll) Funlt) = Fon®) § 50 o,
J[O,t] 1 —AA(u) davm (u) = J[ 1—AA;(u) d Z o ( )> dt)

m#m me{l,...,M}
—u) (1— — " Fy,,(t) dt
[0,7) 1- AA (u)
(7 — ) Eypn () — §7 Fyn(t )
+J d am
[017—) 1 o AA ( 7r§m me{l, ,M}

for ay,...,ap € D[0,7], where here and throughout, we write » 5 ., instead of Z%:l,m;em for the sake of
brevity. Thus, an application of the delta-method (Theorem 3.10.4 in [74]) yields

. d
03 (Bim — Nim)me (1. vy~ Dlusy o ainn) Uity s Uing)

B (T—u)(l— e Fimn (u)—S;Fm(t)dt -
_“[OT) e Ui (u)

(T - U>Fim (u> — SZ Fim(t) dt im (U
+J[OJ) 1= A (u) 4 2, Usm( )>me{1 M)

m#m

as n — o0, where the limit is a centered M-dimensional random vector which follows a multivariate normal
distribution. Its covariance matrix 3; := [Zi7”1m2]m1,mze{l,..‘,M} has the following entries: 3;,,,m, given by

{(T_u)<1_~§ Fim >_§ Fzml()dt}{(T—u)<1—~§ Fim(u))—EFim2(t)dt}
Jo

(1 - AAi(w))?

doimms ()

m#mq

{(T —u) <1 - X Fim(u)> = 5o Fimy (t) dt} {(7 — W) Fimy (u) = ], Fim, (t) dt}
Jo

(1—AA~L(’U, 2 d Z Uim17~n(u)

)) m#ma (5.6)
{(T_u) <1_~§ Fzm ) _ST 1m2(t) dt} {(T_U)Fiml(u) _SZ Fiml(t) dt}
+ f[o S T AA )2 d%;m Timom (W)
{(T — u) Fim,y (u) — qu Fim, (1) dt} {(T — U) Fim, (u) — S; Fims (1) dt} .
" f[o ” (1— AA; (u)? d > X

m#mq #Emsg
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for all my,mqg € {1,..., M}. Since i € {1,...,k} was arbitrary and the groups are independent, the statement of
the theorem follows with

k
g)(42) (5.7)

by Assumption 5.1. O

Proof of Theorem 5.2 First of all, we investigate the covariance matrix estimator s,

Lemma 5.1. Under Assumption 5.1, we have 2% asn— .

Proof of Lemma 5.1. By (5.5), Slutsky’s lemma, and the continuous mapping theorem, we have

sup | i () — A (1) 25 0,5 € {1,... k},me{1,..., M},
te[0,7]

as n — o0. Moreover, it holds

SUP |Gimyms (£) — Cimym, (B)] 2> 0, € {1,..., k},mi,mo € {1,..., M},
te[0,7]

as n — o by [26]. Note that AA;(u) < 1—S;-(7) < 1,7 € {1,...,k}, holds for all uw € [0,7). Hence, the
covariance estimator X; is a continuous functional of A;p,, and Gimym,, m1,m2 € {1,..., M} forallie {1,...,k}

and, thus, the consistency S 2 S as n — o follows by Assumption 5.1. O
Furthermore, we need that X is positive definite. The following lemma ensures this under Assumption 5.2.
Lemma 5.2. Under Assumptions 5.1 and 5.2, 3 is positive definite.

Proof of Lemma 5.2. Since X is positive definite whenever 3; is positive definite for all ¢ € {1,...,k}, we fix
ie{l,..,k}. Now, let a = (ay,...,aps)’ € RM\{0,/} be arbitrary. We aim to show a’3;a > 0. By the proof of
Theorem 5.1, it holds that

M
a/Eia = Var ( Z A, (J fim dU;m, + f Gim d Z zm)) Var ( Z f Nim dUim)
met [0.7) 0,7) P [0,7)
with
k (T - u) (1 - Zm#m (U ) S Fzm d
fim(u) = 1— A4 (w) !
(T — w) Fym(u) = §7 Fia(t) dt
gim(u) =
1—AA()
and him(u) = Qm fqm Z amgzm
m#m

for all u € [0, 7). We can calculate this variance further as

M
WSa= Y E (fw him d%) Py Y ( f L o Ui f[ | dUm)

m=1 m=1m#m

1—-AA;, Aim
2 LO 9 hfmi im T Z J 71 dAL?ﬁ

m=1m+#m

M M
AAim
= Z J Zm dA’L'HL - J 17,thm dAzm
me1700,7) Yi e lm 1J[0,7) Yi
2
U St W (@) A () = (Syiy i (2)A A (@)
= Z J ”ﬂ dAc Z (58)
= Jior) Y ot yi(w)

where D; = {z € [0,7) : AA;(x) > 0} is the set of discontinuity time points and

A5, (2) o= A (2) = Y Adim(y),me{1,..., M},

y<z,yeD;
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denotes the continuous part of A;,, at x € [0, 7). The Cauchy-Schwarz inequality yields

<th )A A, (z )2 (Zh 2)AAjp (z )(ZAAW )

and, thus,

M 2
Z ) A A, (2 (Z Pim (2) A A, (2 ) Z B2 (2)AAijn(z) (1 — AAi(z)) =0

for all x € D;. Let m* € {1,..., M} be the index with |a,,*| = max{|ai],..., |ay|} > 0. Then, it holds

m#£EmM* mAEmM*
§n Silt Si—(7)
@] <f «W+ X g <u>> |5 AAl( ) > lans (7 = W) T =5y >0
m#m*
for all uw € [0,7) since |fims(w)] = fim= W), |gim(u)| = —gim(u) and 1 — AA;(u) = S;_(7) > 0 for all u €
[0,7),m e {1,...,M}. Note that A;,x_(7) > 0 due to Assumption 5.2. Hence, it follows that at least one of
the summands in (5.8) is strictly positive and, thus, a’3;a > 0. O

For 3 positive definite, it holds that rank (HXH’) = rank (H). Furthermore, the consistency of the covariance
matrix estimator provides

P (rank (Hf)H’) # rank (H)) —0

~ +
as n — . Hence, it follows that (HEH’) P, (HSH)" as n — . Theorem 5.1, Slutsky’s lemma and
Theorem 9.2.2 in [67] yield

W, (H, c) = n(Hfj — c)’ (Hf:H’) T (HA - o)
A N
= (H (va(H - n))) (HEH’) H (Vi —n)) % X2
as n — oo under the null hypothesis Ho in (5.1). O

Proof of Theorem 5.3 In the following, we denote all permutation counterparts of the counting processes
and estimators with a 7 in the superscript, e.g., Y;", N7 AT e {1,...,k},me {1,..., M}, and all counter-

parts for the pooled sample with a subscript e instead of ¢, e.g., Y, := Zle Y;, N.m = Zle Nim,/Al.m(t) =
S[O nYe LdNe,,me {1,. M} as well as 4, 1= ng:l A, Sa(t) := o<t {1 —d (Z%:l g.m> (x)} P (t) :=

S[o,t]s (t) dA-mﬂ?-m = So em(t) dt, and Ne = 1x ® (e1,..,ens) for all ¢ = 0. Furthermore, set

Yo 1= Zle Hiyi,V.m(t) = Zle ’iiP(Xil <t 0 = m)yFom = Zf 1 Kszonm - SOt Yo dVowon =

M
Zmzl Aoma

Sut)i= T {1—dAJ@)},  cemm(t) = J[O t](ﬂ{m:m}—AA.m)y,_l A

z€[0,t]
forallt = 0,m,me {1,..., M}.
Lemma 5.3. Under Assumption 5.1, we have

A~ ~ * ™
n'2 (7" — f.) Tz ~ Niar (Opar, X7)

as n — 0. The definition of the covariance matriz ™ is given at the end of the proof.

Proof of Lemma 5.3. Let us consider the class

Fi={(z,d) — I{z = t},(x,d) » l{x <t,d=m} |t [0,7],me {1,.... M}}
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with finite envelope function F' = 1. It can be shown that F is P(Xi1:Pi1)_Donsker for all i = 1,...,k, e.g., by
applying Theorem 2.6.8 in [74]. By Theorem 2.2, it follows that

* —
711/2 (ni_l(}/iﬂ—vNﬁw . 7N17FM) - nil(Y07Nol7' e ’N.M))ie{l,,,.,k:} d” (Gi;Gila' . '7GiM)i€{1,...,k} (59)

n (D[0, 7])* M+ as n — oo, where (G, Gy, ..., Gint )ieu,... xy denotes a tight centered Gaussian process with
covariance structure
E (Gi(t)Gj(s)) = (r; '1{i = j} — 1) (ye(max{t, s}) — ye(t)ya(s)),
E (Gi(t)Gjm, (s)) = (#; ' 1{i = §} = 1) (Vemy (5) = Vo, —(£))1{s = t} — yo(t)vam, (),
E (Gim, (8)Gim, (5)) = (k7 '1{i = j} — 1) (Vemn, (min{t, s})1{my = ma} — vem, (t)Vem, (5))

at (t,s) € [0,7]? for all 4,5 € {1,...,k},m1,mo € {1,...,M}. By the conditional delta-method (Theorem 2.5)
and the uniform Hadamard-differentiability of the Wilcoxon functional (Example A.1), we get

’I’Ll/2 (‘A\fm - A\OM) ﬁ’ J y.—l dGlm - j ézy-—Q dVOm
€{l,...,k},me{l,....M} [0,.] [0,.]

=: (Uz?rm)ie{l,...,k},me{l,...,M}

€{l,...,k},me{l,...,M}

n (D[0,7])*™ as n — c0. The limit variable (Ur)iet1, ...k} meq1,...,0m} 18 & separable centered Gaussian process
and the covariance structure can be calculated similarly as in [26] as

B (Ulin, (0Ufny (9)) = (7 '1{i = j} = 1) f[o gy L = mad = Adan )yt A,

=: Ufjmmw (min{t, s})

for all 4,5 € {1,...,k},my,mq € {1,...,M} and t,s € [0,7]. Furthermore, we aim to apply the conditional
delta-method with the function

D 5 (Nim)ief1,...kpmef1,.omy = (P(Arr, o Aaar), oo, @(Aga, oo Arar)) € RFM

where @ is defined as in the proof of Theorem 5.2 and

Dy := {(Am)mE{l,...,M} e (BVk[0, 7)™ | - Z Am € BVy'[0,7] ( Z A ) € BVK[O’T)}'

m=1

Consequently, it remains to show the uniform Hadamard-differentiability of ® : Dg — RM at (A.q,..., Aeyr).
Therefore, we remind that ® is a composition of linear functionals and ;Z, ¢~> in Section A. Hence, the chain rule
(Theorem 2.4) together with the examples in Section A implies that it remains to show that 72%:1 Aern ¢
[0,7) — R is a cadlag function of bounded variation with jumps contained in (—1,00) and bounded away from
—1, which follows by Assumption 5.1. Thus, we receive

~ ~ d* T T s
2 (0 = e) S (P any U U)o oo @ (UR Uly)) =2 Z

as n — 00. The limit variable Z™ is a centered normal variable with covariance matrix X", where the entries
T are given by

iml,jmg
{(T—u) (1—NZ Fo5( u)) S Fom, (t) dt} {(T—u) (1—NZ F,;ﬁ(u)> —Sz Fom, (t) dt}
f e 2 s da—z?rjmlmg (u)
[0,7) (1—AAl(u))
{(T —u) <1 — ~§ Fomi(u ) S Fom, (t) dt} {(T — ) Fomgy (u) — S:; Fom, (t) dt}
+ J‘[o . (1 — AA.(U))z d%;mQ U:L,;'mlﬁ(u)
{(T —u) <1 - NE F,m(u)) — {7 Fom, (t) dt} {(T = W) Fem, (w) — §7 Fom, (t) dt}
’ J.[o ) (1— AAL(u))? d?r;ml O imam (%)
{(r = W) Femy (w) = §, Fomy (t) At} {(T — w) Famny (u) = §, Fom, (t) dt} o
* f[o ™ (1—AAl(u))? dﬁ;nl ﬁg;nz i
forall i,5€{1,...,k},my,mae{1,...,M}. O
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Now, we turn to the permutation counterpart of the covariance matrix estimator.
Lemma 5.4. Under Assumption 5.1, we have
~ k

P o~
E‘n’ — 277 = (—D/{i 1<Z;1m2)m1,m2€{1,..-,1\/1}
=1

~.

as n — o, where i;lmz is defined as in (5.10) for all my,mq € {1,..., M}.
Proof of Lemma 5.4. Due to the definition of £7, it remains to show i?ml,imQ EiN ifnlmz yie{l,...,k},mi,mg €

{1,...,M}. Therefore, let ¢ € {1,...,k} be arbitrary but fixed. Then, (5.9) implies
02 (0N NG, o Ny = (Ye, Ny Newr)) 5 (G Gy -+, G
on (D[0,7])M*! as n — oo unconditionally by Lemma 2.1. Hence, Slutsky’s lemma provides

sup |n; 'Y (t) — nT YL (1) L0 and  sup In; 'INJ () — 07 Nap (1) Loome{1,..., M},
tG[O,T] tG[O,T]

as n — 00. By the definitions of Y,, N1, ..., Nens, we further get

sup |n'Ya(t) — ya(t)| = sup
te[0,7] te[0,7]

k
(Bnitvice) - myz-(t>)| L0 and

i=1 n

sup ‘nilN.m(t) — Fum(t)| = sup
te[0,7] te[0,7]

k
<&nl_1sz(t) - HiETn(t)>‘ i Oam € {1a . 'aM}a

iz
as n — o since F in the proof of Lemma 5.3 is P(Xi:Pi1)_Donsker. Thus, it follows

sup [0 Y7 () — e ()] 250 and  sup |0 INE, () — Fan(8)| 2> 0,m e {1,..., M},
te[0,7] te[0,7]

as n — o0. Since /Tfm() = 8[07.] ni(Y7) "t d(n; ' NE,), ﬁ‘;n and o7 - are depending continuously on
—1
n; (Y?7 57"" ZTM)>

we can conclude

sup [ A7,,() = Aum(®)] 2> 0, sup |F7, (1) = Fum(®)] >0 and sup [67,,5:(8) = Gumn(1)] 0
te[0,7] te[0,7] te[0,7]
as n — oo for all m,m € {1,..., M}. Hence, we get
i?ml,img i’ i%lmg =
{(T —u) (1 - X F-m(“)) = §0 Fomy (t) dt} {(T —u) (1 - X F-m(“)) — o Fom (t) dt}
J m#m1 m#Emo do‘.mlm2 (u)
[0,7) (1—AAe(u))?
{(T —u) (1 - N; Fom(u)) = §0 Fomy (1) dt § {(7 — w) Famy (u) = §7) Fam, (t) dt}
+ f[o,r) A ()2 d%;mz O ey (W)
{(T —u) (1 - ’“; F.m(U)) — § Foms (t) dt ¢ {(7 = w) Famy (w) = §) Fam, (t) dt}
+ f[o,r) AL ()2 dm;ml Temgm (1)

{(T = W) Famy () = §7 Fomy (t) dt} {(T — u)Femy (u) — §7 Fom, (t) dt} N
! f[o,r) (1 — Adq(u))? d D D dem(w

m#m1 Mm#ma

as n — 0.

(5.10)

O

As in the proof of Theorem 5.2, we need the positive definiteness of i“, which is given by the following lemma.

Lemma 5.5. Under Assumptions 5.1 and 5.2, =7 s positive definite.
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Proof of Lemma 5.5. The proof is similar to the proof of Lemma 5.2. Firstly note that PILITE positive definite
if (X7, iy )y mee(1,..., M} IS positive definite. Let a = (ay, ..., an)" € RM\{0xs} be arbitrary. With

mi1msa

(T—uw)(1- Fum(w)) = §7 Forn(t) dt

o m#m
fm(u) : 1— AA,(u) ’
(T — ) Fap (1) — § Fap(t) dt
gm(u) =
1—AA.(u)
and hm(u) = amfm Z amgm
m#m
for all w € [0,7), we get
A (T ) el = Z J | ym dAc (5.11)
0,7 L]

_ 2 () AAg, (z) — n]\f=1hma:AA.mx ’
+ZZ ()2 e (2) = (Shly Fon (@) AAu () )

=, Yo(T)

(5.12)

analogously to the proof of Lemma 5.2, where D := {z € [0,7) : AA,(z) > 0} and
AL (1) = Aum(@) = . Adum(y),me{1,..., M},

y<z,yeD

for all z € [0, 7). The Cauchy-Schwarz inequality implies

2
Zh2 YA A (2 (Zh ) AAgp (2 ) ZhQ JAAgm () (1 — AAy(z)) =0

for all z € D. For m* € {1, ..., M} with |a,,*| = max{|ai|,...,|am|} > 0, it holds
‘hm*( )| = am*fm* Z amgm |a’m*|fm* Z amgm
m#EmM* m#m*
iy i §y Si(t) dt
= m im im = |Um — s
] (f (e 3o <u>> eSS

(1 —u) 3% | kiSi(7)
1—AA.(u)

for all u € [0, 7) since | fs (u)] = frmx (W), g (w)| = —gm(w) and

>0

= |am*|

Adu(u) = izt A
21:1 Kiyi ()

for all w € [0,7);m € {1,..., M}. Note that Ay, _(7) > 0 due to Assumption 5.2. Thus, at least one of the
summands (5.11) and (5.12) is strictly positive. O

Note that o7}, ., = (k71140 = j} — 1)0umym, for all i, € {1,... .k}, m1,me € {1,...,M}. Hence, it holds
BT = 7 4 (141}) ® (57, my Jmy.mac(t....ary and, thus, HSTH 5 HE"H = HE"H' as n — oo due to the

contrast property of the hypothesis matrix H. The positive definiteness of 7 ensures

rank (HE"H') = rank (HE"H') = rank (H).

As in the proof of Theorem 5.2, we get (HZ™H’)* EiN (HX™H')" as n — 0. Combining this with Lemma 5.3,
Slutsky’s lemma and Theorem 9.2.2 in [67] yields

Wi(H) = n(HA") (HSTH') " (HA")
- (H@2@ —a.) (B (HE 26 - a.)
s (HZ™) (HE"H) T (HZ™) ~ X2

as n — oo. O
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Proof of Theorem 5.4 We aim to apply Theorem 2.6 and Lemma 2.3. Therefore, let X,, := (X, d) denote
the data, M%b) denote the randomness of the permutation method and W%b) denote the bth Monte Carlo
replicate of the permutation counterparts of the Wald-type test statistic for all b € {1,..., B, }. Moreover, let
L =1and F,; = F,, be as in Lemma 2.3, i.e., denoting the empirical distribution function of WS), e W%B").

Then, ngl) dax, XEank(H) holds as n — o by Theorem 5.3. The limit distribution Xfank(H) has a continuous
distribution function F; : R — [0, 1] that is strictly increasing on [0, 0) due to rank(H) > 0 and the function
FWER in Theorem 2.6 equals the identity on [0,1]. Hence, Lemma 2.3 implies (2.15) and (2.16). Thus,
Theorem 2.6 yields the statement of the theorem. O

Proof of Theorem 5.5 By Slutsky’s lemma, we combine Theorem 5.1 and Lemma 5.1 for Theorem 5.5.
Since the map

RFM 5 REMXM 5 (m, S) s ((Hm)'(H,SH})*H/m),_ € R”

R*M x {32} due to Lemma 5.2, the statement follows by the continuous mapping theorem. [

is continuous on
Proof of Theorem 5.6 In order to prove Theorem 5.6, we aim to apply Theorem 2.6 and Lemma 2.3.
Therefore, let X,, := (X, d) denote the data, M) := Y® denote the randomness of the Monte Carlo method
and W .= (H,S12Y®)Y (H,£H),) " (H,SY2Y®) denote the bth Monte Carlo replicate for all b€ {1, ..., B, }.
Moreover, let F, be as in Lemma 2.3, i.e., denoting the empirical distribution function of Wg), e W%B") and

F,.¢ denote the cumulative distribution functions of the Xfank (H iH,)—distribution for all £ € {1,...,L}. Then,
£ ’

d*
(1) d* (H,Z) (H/ZH))* (HZ)) oy o9
Xfank(H/,) have continuous distribution functions 7, : R — [0,1] that are strictly increasing on [0,0) due

to rank(Hy) > 0 for all £ € {1,...,L}. Hence, Lemma 2.3 implies (2.15). Moreover, (2.16) follows from the
consistency of the covariance matrix estimator since

L} holds as n — o0 by Lemma 5.1. The marginal limit distributions

P (rank (HZZA]HQ) # rank (Hz)) -0

holds as n — 00. As a result, Theorem 2.6 yields the statement of the theorem. O

69



6 Discussion and Outlook

In this thesis, we constructed tests for survival estimands in complex survival designs. In order to do so, we
started with some methodological preliminaries in Section 2. There, we closed the gap of a suitable delta-
method for resampling procedures in multiple sample problems as, e.g., the permutation and pooled bootstrap.
In addition, we introduced a strategy to obtain multiple tests that are asymptotically balanced and control the
family-wise error rate in the strong sense. In Section 3, we considered paired survival times and constructed
suitable tests for a version of the Mann-Whitney effect and the restricted mean survival time (RMST). Multiple
tests for RMSTs in general factorial survival designs are developed in Section 4. As a natural extension of the
RMST in competing risks setups, we constructed multiple tests based on the restricted mean time lost (RMTL)
in general factorial designs in Section 5.

All theoretical results were proven in detail. Furthermore, extensive simulation studies were conducted to
analyze the finite sample behavior of the proposed methods of Section 4 and 5. Additionally, we successfully
applied the methodology to different data examples to illustrate their usage.

Outlook When considering the methodology of Section 2.5, the weak convergence of uniform Hadamard dif-
ferentiable functionals of resampling empirical processes can be derived in outer probability which is sufficient for
most statistical applications. In view of the extensions of the classical delta-method for, e.g., quasi-Hadamard
differentiable functionals [5, 6, 7] and directionally differentiable functionals [35], future research might include
whether conditional delta-methods for more general functionals can be achieved that are applicable for resam-
pling procedures in multiple sample problems. Moreover, the weak convergence could also be investigated in
the outer almost sure case; cf. the supplement of [7] for an extension of the conditional delta-method outer
almost surely under measurability assumptions.

Section 5 involved the construction of tests which cover RMTL comparisons for the same event types across
different groups. However, one may also be interested in comparing two or more RMTLs within each group. A
potentially suitable resampling procedure for this problem could be motivated from the randomization approach
in [30]. As an adaption of this, the event indicators d;; are re-drawn as d,; from {1, ..., M} with equal probability

~

1/M if 6;; # 0, which leads to the randomized data (X;j,0:;),7 € {1,...,n;},4 € {1,...,k}. By the theory of [27],
the asymptotic validity of this randomization approach can be shown if the hypothesis matrix can be partitioned
into a block matrices with one row block and k column blocks for k£ contrast matrices. Moreover, finitely exact
tests could be achieved by this randomization approach under the event type exchangeability of the data, i.e.,
Fjy =...= F,i€{l,...,k}. Nonetheless, more analysis on this matter is a point of future research. Beyond
the permutation approach described in the paper and the randomization approach of [30], further resampling
approaches could be considered. For instance, an alternative permutation approach for factorial designs might
be to only permute within the factor whose effect should be tested.

As a further outlook, tests regarding other effect estimands as, e.g., the median survival time [12, 15, 22], in
complex survival designs could be developed. An estimand similar to the usual RMST studied in Sections 3.2
and 4 is the weighted version of the RMST. That is, pe = §; w(t)S(t) dt with estimator i, = §; w(t)S(t) dt
for some weight function w € £1([0,7]) and survival function S similar as in [80]. Additionally, the case of data
dependent weight functions was already investigated in [80] for the two-sample case. For competing risks setups
as in Section 5, for example cumulative incidence quantiles [8, 50, 64, 69], extensions of the probabilistic index
(or relative treatment effect) [31, 32] in the presence of competing risks, and the area between curves statistic
[53, 54] are interesting alternatives.

In addition, our survival models cover paired survival data and factorial designs so far, i.e., only factorial
covariates can be incorporated. In future research, models for more complex covariates as, e.g., continuous, high-
dimensional, and time-varying covariates, could be considered. While competing risks setups are an extension
of classical survival models, they can be further extended as multi-state models [44]. Multi-state models allow
for intermediate states or transitions back to the initial state once an event has occurred and, hence, are even
more flexible than competing risks models. Here, (multiple) tests for estimands in multi-state models could
be investigated as well. In this context, mean sojourn times could be considered as a natural extension of the
RMST and RMTL.
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A Applications of the Conditional Delta-Method on Exemplary Func-
tionals

In this section, we will verify the uniform Hadamard differentiability of exemplary functionals as the Wilcoxon
functional and the product integral functional. The verifications of the uniform Hadamard differentiability of
these functionals roughly follow the lines of Lemma 3.10.18 and Lemma 3.10.32 in [74].

A.1 Wilcoxon functional

Let [a,b] c R:=R U {—o, o} and

w : BVM[U/7b] % BVM[Chb] — D[a,b], '(/)(A,B) = J; ]A dB

denote the Wilcoxon functional. We aim to show the uniform Hadamard differentiability at (A, B) € Dy
tangentially to D[a,b] x D[a,b] with Hadamard derivative

Y{a): Dlat] % Dlab] = Dla,bl, ¥ (. 8) = |

Adp+ J a dB;
(a7':|

(a.]

cf. Lemma 3.10.18 in [74]. Here and below, the integral w.r.t. 5 is defined via integration by parts if 8 has
unbounded variation. Let t — 0, Ay, A, By, B € BVy[a,b], a4, «, B, 8 € D[a,b] such that ||4: — Al|ex —
0,||Bt — Blloo — 0,|la — al|ee — 0,]|8: — Bllcc — 0 and A; + toy, By + t8: € BVys[a,b]. As in the proof of
Lemma 3.10.18 in [74], we consider

A — (A
(At + tay, By +ttﬁt) Y( t,Bt)_»(/JEfLB)(OZt;Bt):ﬁ |

(At — A) dﬁt + J.( ]Oét d(Bt + tﬂt - B)

The second term converges to zero by proceeding as in the proof of Lemma 3.10.18 in [74]. For the first term,
we apply integration by parts to obtain

(Ar = A)()B: () — (A = A)(a)Bi(a) — o Bi—(u) d(Ar — A)(u)

L]m<mam—Amo

[ -2
(a,.]

< 2[| Ay = Allool[Be]|oo +

)

where here and throughout S, (u) := lim, ~, 5:(s) denotes the left-continuous version of 5; at u. The first term
converges to zero by ||A; — Al — 0 and the second term converges to zero as in the proof of Lemma 3.10.18
in [74]. Hence, we showed that

P(As + tay, By +15) — (A, By)
t

- 1/}EA,B)(at»ﬂt) -0
and, by the continuity of wz AB) the uniform Hadamard differentiability of the Wilcoxon functional follows.

Example A.1 (Wilcoxon statistic). Let a = —o0,b = 0. We consider the case of two independent samples
X1,..., Xy ~Fand Y1,...,Yy ~ G taking values in R with empirical distribution functions F,,, G,,, respec-
tively. The Wilcozon statistic ¥(Fy, Gi)(00) = Siooo F,, dG,, is an estimator of Y(F,G)(w0) = P(X1 < Y1). In
the following, we assume n/(n +m) — k1 > 0,m/(n + m) — ko > 0. Furthermore, let us consider the PX1-
and PY'-Donsker class F := {x — 1{x <t} |t e R}, c¢f. Example 2.1.8 in [74], with |P*1||#,|| P || < 1. As
in Example 3.10.19, we get

nm

(J FndGm—JFdG)ww\/EdeGG+\/EJ G dG,
R R R R

n+m

where Gp, G denote independent tight F- and G-Brownian bridges.
Furthermore, we get

nm .
p— m(Hn+m — Hpim) v VRok1Gr + \/E1kaGa  in D[—0o0, 0]
and Hy vy, > H := k1 F + koG for the pooled empirical distribution function H,, ., := HLMIF” + ﬁ@m and

Hypm i= -2 F + 1@,

n+m n+m

(0]



For deriving the asymptotic behavior of the permutation and pooled bootstrap counterpart of the Wilcoron
statistic, we denote the empirical distribution functions of the permutation and pooled bootstrap samples as
Fr GT,, ¥, G, respectively. Then, Theorem 2.2 and (?7?) yield

V1 + m(}FfL - Hn-&—ma an - Hﬂ+m) b ((G’TrH,h 7TH,Q)
vV + m(ﬁ?n - H7L+7m Gm - Hn+m) > (’51_1/2GH,15 ’i2_1/2GH,2)
in (D[—o0,0])? conditionally in outer probability, where GT; denotes a tight zero-mean Gaussian process with

E[G:(s)Gh; ()] = (k7 '1{i = j} — 1)(H (min{s, t}) — H(s)H(t))

and Gy1,Gh2 denote independent tight H -Brownian bridges. Since H, Hy yp, Hyqp, FT, GZ,Fn, Gn are (em-
pirical) distribution functions, the total variations are bounded by M = 1. By Theorem 2.5 and the uniform
Hadamard differentiability of the Wilcoxon functional, we get

Vit m(Fr, GR) — O(Hppms Hopm)) > 9, H)(G?I 1 GT),

Vi m(Fa, Gn) = o e, Hoim)) o W (57 PG,k P Grra)

in (D[—o0,0])? conditionally in outer probability. Thus, it follows that

nm
F~ T H H s H u n H
e (JR ™ 4G, fR i d n+m)> Rira (JR Gy, + fR Gy, d ) ,

nm (J F, dG,, —J Hypom dHn+m> e \/aj HdGyo + \/@f Gua dH
R R R R

n+m

conditionally in outer probability by Slutsky’s lemma.

As we turn to survival analysis in Sections 3-5, we investigate the asymptotic behavior of the Nelson-Aalen
estimator and its resampling versions here.

Example A.2 (Nelson-Aalen estimator). Let us consider a survival setup with multiple samples, i.e., each
data point X;; = (Z;;, ;) consists of a (censored) failure time Z;; = min{X;;, C;;} and a censoring status
A;j = 1{X;; < Cjj}, see Example 3.10.20 in [74] for details. Furthermore, let

_ 1 &
Hin (1) = — DUZij =t} and H, () = — Z AGI{Z;; <t}
7 j=1

denote the survival function of the observation times and the empirical subdistribution functions of the uncen-
sored failure times, respectively, and H,;(t) := P(Z;; = t),H!°(t) := P(Z;; < t,A;; = 1). The Nelson-Aalen
estimator

Ain, (1) ::J ! dHf;l
[0,.] Hi,n

estimates the cumulative hazard function

Az() = .[ = dHuc
0.1 Hi

To derive the asymptotic behavior of the Nelson-Aalen estimators, let us consider the P; := P(%i:%i1)_Donsker
class

f::{ Wz d) o> Uz =t} fP  (2,d) o Lo < t.d=1} | te o, T]}
for some T > 0. Then, we have
VN i, — Hi HYS, — H)iequ,. iy (G, H;l/QG?C)ieu,...,k} in (D[0,7] x D[0,7])*

as in Ezample 3.10.20 in [74]. Here, (G;,G¥¢),i € {1,...,k}, denote independent tight, zero-mean Gaussian
processes with covariance structure
E[Gi(s)Gi(t)] = Hi(max{s, t}) — Hi(s)Hi(t),
E[G“(s)Gi(t)] = (H}“(s) — H“(t))1{t < s} — H}"*(s)Hi(t),
E[G}“(s)G;“(t)] = H;*(min{s, t}) — H;*“(s)H;“(t),
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and throughout D[0,7] denotes the subset of all functions [0,7] — R that are everywhere left-continuous and
have right limits everywhere, equipped with the sup-norm. -
For the pooled empirical subdistribution functions Hy := Zi;l NFH; ,, HY = Z§=1 SFH it follows that

My

k

k k
\/N (HN — Z %FUH% — %H;‘LC> N> <Z /@3/2@1‘7
i=1 i=1 =1 [
k

Furthermore, we have that Zle MH; — H := Zle kiH; and Zf;l RHPC — H" = " | ki H in the
sup-norm.

Let us assume H;(1) > 0 for all i € {1,...,k} in the following. Then, the (classical) functional delta-method
(Theorem 3.10.4 in [74]) implies

k

HE/QGE‘C> in D[0, 7] x D[0, 7].
1

AL s (7127 (. . k
VN (A, Ni)ieq1,... k) (HZ ZZ(CZ))ie{l,..‘,k} in (D[0,7])",

where Z;,i € {1,...,k}, are independent standard Brownian motions and

1— AA;
Ci() = J 2 A,
0,1 H;i

as in Example 3.10.20 in [74].

Now, we are considering the permutation and pooled bootstrap counterparts of the Nelson-Aalen estimators.
Therefore, we denote all processes and statistics introduced above with a 7 in the superscript, if they are based
on the permuted data ZNR,,...,ZNRy nstead of the original data, and with a hat ", if they are based on
the bootstrapped data ZNl,...,ZNN, Theorem 2.2 and (?7?) imply the conditional weak convergence of the
permutation and pooled bootstrap empirical processes

VN(H;,, — Hy 5T = Hi)icq, x> (G161 Mieqr,iy  in (D[0,7] x D[0,7])",

VN ( i, — By, HYS, = Hi ity > (57 Gy 6,y in (D[0,7] x DI0, 7)),
conditionally in outer probability due to ||P;||x < 1. Here, (@:,G?c’”)ie{l,m’k} is a tight, zero-mean Gaussian
process with

E|G] (5)8] ()] = (571140 = 5} = 1)(H(max{s, t}) - H(s)H(2)),
B[GI ()8 ()] = (5710 = j} = 1) (H"“(s) = HE(0)1{t < 5} — H"(s)H (1)),

B[G/“™(s)G;"(1)] = (s; ' 1{i = j} — 1)(H"*(min{s, t}) — H"(s)H"*(t)),

and (@i,@é‘c),i e {1,...,k}, are independent tight, zero-mean Gaussian processes with

E [@i(s)@i(t)] — H(max{s,t}) — H(s)H(?),

B[Gr(s)Gut) | = (H™(s) — HE()1{t < s} — H*(s)H (),
B[Gre(s)Gye(t) | = H (min{s, t}) — H"(s)H"“(1).
The Nelson-Aalen functional is a composition of the functionals

¥ : BV [0, 7] x BV [0,7] — D[0,7], (A, B):= f[ ]A dB
0,.

and (A, B) — (1/A, B), where here and throughout BV 3[0,7] < D[0,7] denotes the subset of functions with
total variation bounded by M < oo. Furthermore, we set AB(0) := B(0) for B € D[0,7] in the following to
guarantee a well-defined jump in 0. Similarly to the above calculations for the Wilcoxon functional, it can be
shown that ) is uniformly Hadamard differentiable at (A,B) e Dy with Hadamard derivative

Gy DI0.7) % DI0.7] = DIO7), G (e ) = |

AdB+ f a dB.
[0,

[0,.]

Furthermore, it is easy to show that (A, B) — (1/A,B) is uniformly Hadamard differentiable at (A,B) €
DI[0,7] x D[0, 7] such that |A| = ¢ for some € > 0 with Hadamard derivative (a, ) — (—a/A%, 8). Hence, the
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Nelson-Aalen functional (A, B) ¥(1/A, B) is uniformly Hadamard differentiable at (A, B) with Hadamard
derivative (o, B) — (4 B)(—a/AQ,B) by the chain rule (Theorem 2.4), where |A| = ¢ and (1/A, B) € D.

Since H;, H*, H, H" are positive monotone functions, we have
H;,H >min{H(7),...,Hg(7)} =:2¢ > 0

and the total variation of 1/H;, H*,1/H, H" is bounded by M := ¢~1. Moreover, the considered empirical
processes are contained in {A | A > e,1/A € BV y[0,7]} x BVa[0, 7] with probability tending to 1 by mono-
tonicity and Glivenko-Cantelli arguments. Hence, the uniform Hadamard differentiability of the Nelson-Aalen
functional and the conditional delta-method (Theorem 2.5) yield

\/N(Afn - AN)ie{l,“.,k} Mt (Z?)ie{l,...,k} in (D[O»T])k,

VN Rin = Andier, iy = (5 2(0)) o in (D[,
conditionally in outer probability similarly to the calculations in Ezample 3.10.20 in [74], where An(.) =
L dHRF denotes the pooled Nelson-Aalen estimator,

S[O,.] Hy
1—-AA
[0,]

A() = S[o,.] % dH" and (Z7);eq1,.. xy @ a zero-mean Gaussian process with

E [Zf(s)Z;(t)] = (k; '1{i = j} — 1)C(min{s, t}).

A.2 Product integral

Consider ¢, the product integral functional, i.e.,

¢: BVy; 'a,b] > Dla,b], A— T (1+dA(w)).

ue(a, ]

Here, BV,;; '[a,b] = Dla,b] is the subset of functions [a,b] — R with total variation bounded by M and
whose jumps are contained in (—1,00) and bounded away from —1 for each function. To analyze the uniform
Hadamard differentiability of ¢, let ¢, — 0, A,,, A € BVﬁfl[a, b] such that |4, — 4| — 0, and a,,, @ € D[a, b]
such that |a, — ax — 0 and A, + t,a, € BV, a,b]. Let e > 0 and & € BV[a,b] such that o — @[ < ¢,
o — a0 <€, and |A,, — Al < € for sufficiently large n. This function & can be defined piece-wise constant
and with finitely many jumps because it approximates the cadlag function a. Also, because the sequence (ay,)p,
approximates « uniformly, it is clear that such a function & exists.

It is well-known that

's : D[a,b] — Dla a u¢<A)() alu) = ¥au :
O Dlost] = Dlat], o | o) @ FET da) = | s da@ota0

defines the Hadamard derivative of ¢ at A in the classical sense; cf. [39]. Note that the Hadamard derivative
above may also be written as

AA(u)Ac(u)

da(a) = p(A)() [al) —ala) = 1+ AA(u)

ueD an(a,]

where D4  (a,b] is the set of discontinuities of A. Due to the finite variation of A and its boundedness of its
jumps away from —1, this representation reveals that ¢’ := ((4,a) — ¢/;(a)) defines a continuous functional
from BVy;'[a,b] x D[a,b] — D[a,b] with respect to the maximum-supremum norm. To see this, let us focus
on the sum-term and notice that

Z A4, (wW)Aay(u) AA(u)Aa(u)
weD el 1+ AA,(u) 1+ AA(u)
_ Z AA, (W) AA(W) Aoy (u) — a(u)) + AA,(u)Aa, (u) — AA(u) Aa(u)
1+ AA,(u)(1+ AA(u)) '

ueD s n(a,]

u€(Da,, vDa)n(a,]

Choose ¢ > 0 sufficiently small, i.e., § < min(e/2,inf, (1 + AA(u))) such that a finite, positive constant K >
sup, (1+AA(u)—0) ! exists. Now, choose ng sufficiently large such that sup,, |AA, (u)—AA(u)| < 2|4, —A]» <
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2e < ¢ for all n > ng. Let us only consider such n henceforth. This implies that K > sup, (1+AA, (u))~!. Since
the jumps of A and A,, are bounded away from —1, the supremum norm of the previous display is bounded
above by K? (due to the denominator) times the sum of

2| — a|w|Anlsv Al BV for the term AA, (u)AA(u) Ay, (u) — a(u)),
2|y, — oo | An | BV for a term AA, (u)A(ay, (u) — a(u)),

2]a = @l (|An]Bv + [Al Bv) for a term A(An(u) — A(u)Aa(u) — @(u)),
2| A, — Alwl@l sy for a term A(A,(u) — A(u))Ad(u),

where ||.||py denotes the total variation. Hence, an upper bound is given by K?(8 max(M? 1) + 2|d|pv)e
which is arbitrarily small because € > 0 was arbitrary.
To verify the uniform Hadamard differentiability, we need to show that the following term converges to zero:

1 P(An + tnan) — G(An)) — @lule) = I+ I1

where

I = tgl(dj(An +tnan) — ¢(An)) — (b/An (an),
1T = ¢y (an) — dla(a)

The second term can be written as ¢/ (A, ay,) — ¢'(A, a) which goes to zero as argued above. Hence, we focus
on the first term which, by Duhamel’s equation, equals:

ZLJwMWHWM(M_MM)W»

d(Ap + thom — Ap)(u) — @'y, (o)

AN
(A (a) 2O A+ AN

The part with o, — @& is arbitrarily small, which follows from integration-by-parts, combined with the fact that
the involved product integrals have a finite variation; cf. the proof of Theorem 7 in [39] for similar arguments.
The upper bound for the variation norm of the involved product integrals can be chosen independently of n.
The remaining part with & converges to zero in supremum norm due to the uniform continuity of the product
integral functional (Theorem 7 in 39) combined with A, + t,a,, — A, A, — A. Indeed, combine |&|py <
with [|¢(An + thon)(-) — ¢(An)()]leo — 0 and sup, <, <i<p [P(An)(t )/¢( 2)(u)| < K for some finite constant K
independent of n; cf. the inequality in (20) of [39].

w)

Example A.3 (Kaplan-Meier estimator). Let us consider the setup of Example A.2. The Kaplan-Meier esti-
mator

Sin ()= U (1 —dAyp, (u)

u€[0,~]
estimates the survival function

Si()i= P(Xyy > ) = JU (1-dAi(w)).

ue[0,-]

The (classical) functional delta-method (Theorem 3.10.4 in [74]) implies
\/N(é\ln — Si)ief1,... k} ™ (Hi_l/zUi)_ in (D[0,7]),

where U;,i € {1,...,k}, are independent zero-mean Gaussian processes with covariance structure

BIUGUM) =S50 | G dn

which can be shown as in Example 3.10.33 in [74].
The Kaplan-Meier functional is a composition of the functionals

¢:BVy '[0,7] > D[0,7], A= T (1+dA(u)),
uel0,-]

A —A, and the Nelson-Aalen functional. Again, we set AA(0) := A(0) for A e D[0,7] to guarantee a well-
defined jump in 0. Similarly as above, ¢ is uniformly Hadamard differentiable at each A € Dy with Hadamard
derivative

A))
3(A)(w)

¢y : D[0, 7] — D[0,7], aw— J[o ) B(A)_ (u) da(u).
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Moreover, A — — A is uniformly Hadamard differentiable at each A € D0, 7] with Hadamard derivative o — —a
due to its linearity. Thus, the Kaplan-Meier functional A — qg(—A) 1s uniformly Hadamard differentiable at
each A such that —A € Dy with Hadamard derivative o — —qg;l(a) by Theorem 2.4. To apply the conditional
delta-method in Theorem 2.5, we need to ensure that —A;, —A are elements in Dg. This can be guaranteed by
assuming S;(1) = P(X,;; > 7) > 0 in the following. Moreover, the Nelson-Aalen estimator and its permutation
and pooled bootstrap counterpart are contained in {A| —A € ]D)d;} with probability tending to 1 by monotonicity
and Glivenko-Cantelli arguments. By the uniform Hadamard differentiability of the Kaplan-Meier functional,
Theorem 2.5 yields

VN(ST,, = Sty > (UD)icq iy in (DO, 7])F, (A1)

1,

N

VN (Siin, = W )iett,y o (151705). in (D[0, 7])" (A:2)

conditionally in outer probability similarly to the calculations in Example 3.10.33 in [74], where Sy := qZ;(—[AXN)
denotes the pooled Kaplan-Meier estimator. Here, (Uf)ie{lw’k} is a zero-mean Gaussian process with
1
E[UT(s)UT(t)] = (k; *1{i = j} — 1)S(s)S(t)J ——dA
[ ol ' [0,min{s,t}] (1 — AA)H

for 8 := ¢(—A) and U;,ie {1,...,k}, are independent zero-mean Gaussian processes with

N N 1

B [0,()0:()] = S()5(0) f L
[0mings,}] (1 — AA)H

From this example, we can deduce Theorem 4 and Theorem 5 in the supplement of [31] under S;(7) > 0,4 € {1, 2}.
The uniform Hadamard differentiability of the Wilcoxon functional completes the proofs of the consistency for
the permutation and pooled bootstrap counterpart of the Mann—Whitney statistic (Theorem 2 and Theorem 3
in [31]).
Furthermore, other works on resampling in survival analysis are based on Theorem 4 and Theorem 5 in the
supplement of [31]. This includes the resampling tests for the restricted mean survival times (RMSTs) of [24]
and [58]. For the RMSTS, the application of the continuous mapping theorem with continuous function

(D[0,7)% 3 (Ay,..., Ay) — (fAl(t) dt,...,JT Aw(?) dt)

0 0
only requires (A.1) and (A.2) in (D[0,7))* instead of (D[0,7])*. By replacing all intervals [0, 7] in Example A.3
by [0,7), it is easy to see that the assumption S;_(7) > 0,7 € {1,...,k}, (instead of S;(7) > 0,i€ {1,...,k}) is
sufficient to ensure (A.1) and (A.2) in (D[0,7))*. Hence, the weaker assumption S;,_(7) > 0,i € {1,...,k}, is
enough for getting the consistency for the permutation and pooled bootstrap counterparts of the RMSTs as in
[24] and [58].

A.3 Inverse map: counterexample and additional requirements

Let p € R and A € DJa, b] nondecreasing with A_(y) < p < A(y) for some y € (a,b]. Then, the inverse map P,
at A satisfies

A_(9,(4)) <p < A(Pp(4)),

where the exact value of ®,(A) is irrelevant if there is more than one solution. Let Dg, denote the set of all
nondecreasing functions A with A_(y) < p < A(y) for some y € (a,b]. As shown in Lemma 3.10.21 of [74],
®, : Dy, — (a,b] is Hadamard differentiable at a function A € Dg, that is differentiable at ®,(A) =: &, € (a,b)
such that A(§,) = p with positive derivative A’(€,) > 0, tangentially to the set of functions o € D[a,b] that
are continuous at §,, with Hadamard derivative @ ,(a) = —a(®,(A4))/A'(®,(A)) at a. However, the uniform
Hadamard differentiability of the inverse map does not hold under these assumptions.

Example A.4. Let A:[0,2] > R, A(z) = =,
z—1//n ifx<1—1/y/n,
A, [0,2] >R, A,(z):=<K2z—1 ifl1+1/y/n>xz>1-1//n,
z+1/A/n ifxz=1+1/yn,

a=a, =1 and p=1. An exemplary illustration for the functions can be found in Figure 14. For t, = 1/\/n,
we have ®,(A, + tyoy) =1 —1t,/2 since

(An + tacn)(1 = t0/2) = An(1 = 1/(2v/R)) + 1/v/n = 1 = 1/s/n +1/3/n = 1

and ®,(A,) = 1. Hence, (Pp(An +tnan) — Pp(An))/tn = —1/2. However, @), ,(a) = —a(P,(A))/A'(®,(A)) =
—1# —1/2 and, thus, ®, : Dy, — (0,2] is not uniformly Hadamard differentiable at A tangentially to o = 1.
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Figure 14: Hlustration of the functions A, A, A5, and Ass.

A restriction of the definition space Dg, can lead to uniform Hadamard differentiability. In view of Example A.4,
such a restriction needs to exclude the rather simple sequence (A,,),. That is why such a restriction is not really
of interest for applications.

However, in Lemma S.5 in [23], a version of uniform Hadamard differentiability of the inverse map is shown
under stricter conditions, where the rate of convergence of the converging sequence A,, — A and its increments
around &, also needs to be controlled. Note that for Example A.4, the condition (A.3) does not hold.

Lemma A.1 (Lemma S.5 of [23]). Let A,, A € Dg, such that A is continuously differentiable at &, € R with
positive derivative A'(€p) > 0. Suppose that \/n||A, — Al|lw < M for some M > 0 and

Vnoosup  [An(& + @) — An(&p) — A&y + ) + A(E) — 0 (A3)
el <K /v/m

for every K > 0. Then,
Vi (B4 + 07 Rag) = @y(40)) > ) 4 (a),

where A, +n 1 2aq, € De¢, and ayn, — « such that « is bounded and continuous at &p.

As shown in Section S3.3.1 in the supplement of [23], the required conditions are fulfilled for applications on
empirical distribution functions. Hence, a central limit theorem for permutation quantiles follows as shown in
Lemma S.1 in the supplement of [23]. Analogously, a central limit theorem for pooled bootstrap quantiles could
be followed, where 4(c,d) = /1;1/211{c = d} replaces 7™ (c,d) = k' 1{c = d} — 1 in the covariance formula given
in Lemma S.1.
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B Correction of the Limit Distribution for Aalen-Johansen Estima-
tors

In this section, we correct Theorem 5.1 in [26], by mending the limit distribution of the Aalen-Johansen estimator
under discontinuous survival distributions.

We consider the same competing risks setup as in [26], i.e., we assume that there are k € N competing risks and
n € N ii.d. random event times 77, ..., T,, which are independently right-censored and distributed as a random
variable T' ~ S. Here, S denotes the survival function, i.e., S(t) = P(T > t) for all ¢ > 0; S need not be
continuous. Then, we denote the probability that an individual is under observation at time t—, that is, just
before time t, by H(t) = P(min(T,C) = t) = S_(t)G_(t) for all t = 0. Here, C ~ G with survival function
G(t) = P(C > t) denotes a generic censoring time which is assumed to be independent of T'. Furthermore, let
A\j denote the cause-specific Nelson-Aalen estimator for the cumulative hazard function A; of type j events,
S the Kaplan-Meier estimator for the Survival function S, and ﬁ'j() = S[o..] S_ (u)dA\J(u) the Aalen-Johansen
estimator for the cumulative incidence function Fj(.) = S[o,.] S_(u)dA;(u) for all j € {1,...,k}, see [26] for

details. In addition to the assumptions in [26], it is actually required that H(K) > 0 for K > 0 to ensure finite
variances 012» (K),je{l,...,k}, in Theorem 4.1 therein.
Theorem 5.1 in [26] states for k = 2 competing risks that

Vn(F — ) % Up,

as n — o0 on the cadlag space D[0, K] equipped with the sup-norm, where Up, is a zero-mean Gaussian process
with covariance function

o2 (5,1) o (1= Fo(u) = Fi(s))(1 = B (u) = Fy(1))  dAi(u)
BT Jomingay H (u) 1— AA(u)
+J (Fi—(u) = F1(s))(Fi—(u) = Fy(t)) _dAs(u)
[0,min{s,t}] H(u) 1—AA(u)
S2 (u) AA, (w)AAs(u)
" ueD%]Ss,t Hu) (1—AAw)?

where A = 25:1 Ajand D = {t € [0, K] : AA(t) > 0} is the set of discontinuity time points. However, we found
that the right-continuous versions Fy, F5, S must appear in the covariance function above in all occurrences of
P Fy S .

In order to prove this, we go one step back: By Theorem 4.1 in [26],

vn (Al Ay Ay — Ak) 4 W, .Uy

holds as n — o0 on the product space D*[0, K] equipped with the max-sup norm, where Uy, ..., Uy are zero-mean
Gaussian-martingales with

1-— AAJ (’LL)
H(u)

Couv(U;(t), Ue(s)) = _J[o inft.s}] AI?(ZL(L;L)

dA;(u) =: 0]2- (min{t, s}),

Cou(U; (£), Uy(s)) = f
[0,min{¢,s}]

dA;(u) =: oj¢(min{t, s})

forallt,s e [0, K],j,¢ € {1,...,k}, j # £. We further note that the limit (Uy, ..., Uy) is separable since G}¢, ..., G\
and G in Appendix A of [26] are tight, which follows by the main empirical central limit theorems in [74], as in
Example 3.10.20.
Now it holds that



for all ¢ € [0, K] by integration by parts, that is

f-(v) dg(v) = (9)(t) = (9./)-(0) = J g(v) df (v)

[0,t] [0,]

for f € BV1[0, K], g € D[0, K], where BV;[0, K] denote the set of all cadlag functions D[0, K] of total variation
bounded by 1. As in Example 3.10.33 in [74], the functional delta method yields

S_(v)
0,] S)

(Vadi = A1), vn(§ - 5)) & (Ul, ~5() d(Us + U2><v>>

as n — o on D?[0, K], where the integral is defined by integration by parts since U; + Uy is not of bounded
variation. Hence, we get

S_(v)
0,.] S(v)

as n — o0 on D?[0, K] x BV;[0, K] by Slutsky’s lemma. Note that the map

(Mm&—Ava§—$ﬁ>i<mfﬁmﬁ am+amwﬁ> (B.1)

¢ : D?[0, K] x BV1[0, K] — D[0, K],

(A,B.C) > A()C() ff

Adé - f B (uw)dA; ()
[0,.] [0,.]

is continuous on D?[0, K| x {S}. Thus, an application of the continuous mapping theorem and changing the
order of integration result in

Vn(Fy — Fy)

L U1()S() - f[o,.] U,dS — J[o,.] S_(u) f[o’u) z—(gjv))d(Ul + U2 (o)A (W)
_nu&WWMw_hJEg(M&MM&WWM+%W)
_[MSJM&Hw—hJ%&%HO—E@WMA+%X@

- J[0,,] L‘;—(S;) (500 = 1l + ) il + J[0,.] mdU2(U)

dUQ (U)

17F2(’LL)7F1(.) Fl(u)fFl(.)
J[O 11— AA(w) Uz (w) + J[O"] 1— Ad(w)

as n — o0 on D[0, K].
Theorem B.1 (Corrected Theorem 5.1 in [26]). As n — o0, we have on the cidldg space D[0, K]

. J B 1— Fy(u) — F() Fi(u) = Fi(.)
\/H(Fl — Fl) — UF1 = J[O’.] 1_ AA(’LL) dUl(u) + J[Oy.] 71 — AA(’LL) dUQ(U),
where Ug, is a zero-mean Gaussian process with covariance function
o2 (s,1) Hf (1= Fo(u) = F1(5))(1 = Fo(w) = Fi(t))  dAi(w)
o [0, min{s,)] H(u) 1—AA(w)
+J (F1(u) = Fi(s))(Fi(u) — Fi(t)) dAs(u)
[0,min{s,t}] H(u) 1—AA(u)

S2(u) AA;(u)AAz(u)
* A e (- Adw)?

ueD,u<s,t

The covariance function can be calculated analogously to Appendix E of [26]. Here, the last sum may be
simplified to >, S;(U)AAl(u)AAz(u).

ueD,u<s,t G_(u)
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C Details on the Simulation Results and Additional Simulations for
Section 4

In this section, the results of additional simulation studies are provided. First, more detailed results of the
simulation study in Section 4.4 can be found. Furthermore, the simulation setup from Section 4.4.1 is repeated
for the asymptotic approaches by using larger sample sizes. Next, we show a setup where the groupwise bootstrap
outperforms the permutation approach with Bonferroni-correction in terms of empirical power. Finally, a
simulation study inspired by the data example in Section 4.5 is investigated.

C.1 Additional Tables and Figures

1) distribution censoring distribution group 1 group 2 group 3 group 4
0.0 exp early, late, prop equal 0.20 0.21 0.21 0.21
0.0 exp early, late, prop unequal, high 0.38 0.44 0.38 0.33
0.0 exp early, late, prop unequal, low 0.20 0.21 0.25 0.06
0.0 logn equal 0.41 0.41 0.41 0.41
0.0 logn unequal, high 0.51 0.58 0.60 0.53
0.0 logn unequal, low 0.33 0.41 0.41 0.11
0.0 pwExp equal 0.21 0.20 0.21 0.33
0.0 pwExp unequal, high 0.38 0.44 0.39 0.37
0.0 pwExp unequal, low 0.20 0.20 0.25 0.22
0.0 Weib late, Weib prop equal 0.34 0.34 0.34 0.34
0.0 Weib late, Weib prop unequal, high 0.49 0.56 0.57 0.49
0.0 Weib late, Weib prop unequal, low 0.29 0.34 0.37 0.06
0.0 Weib scale equal 0.34 0.34 0.34 0.45
0.0 Weib scale unequal, high 0.49 0.56 0.57 0.52
0.0 Weib scale unequal, low 0.29 0.34 0.37 0.15
0.0 Weib shape equal 0.34 0.34 0.34 0.53
0.0 Weib shape unequal, high 0.49 0.56 0.57 0.57
0.0 Weib shape unequal, low 0.29 0.34 0.37 0.31
1.5 exp early equal 0.21 0.21 0.21 0.12
1.5 exp early unequal, high 0.38 0.44 0.38 0.22
1.5 exp early unequal, low 0.20 0.21 0.25 0.03
1.5 exp late equal 0.21 0.21 0.21 0.05
1.5 exp late unequal, high 0.38 0.44 0.38 0.23
1.5 exp late unequal, low 0.20 0.21 0.25 0.01
1.5 exp prop equal 0.20 0.21 0.21 0.08
1.5 exp prop unequal, high 0.38 0.44 0.39 0.23
1.5 exp prop unequal, low 0.20 0.21 0.25 0.02
1.5 logn equal 0.41 0.41 0.41 0.24
1.5 logn unequal, high 0.51 0.58 0.60 0.43
1.5 logn unequal, low 0.33 0.41 0.41 0.05
1.5 pwExp equal 0.21 0.21 0.21 0.17
1.5 pwExp unequal, high 0.38 0.44 0.38 0.25
1.5 pwExp unequal, low 0.20 0.21 0.25 0.11
1.5  Weib late equal 0.34 0.34 0.34 0.17
1.5 Weib late unequal, high 0.49 0.56 0.57 0.41
1.5  Weib late unequal, low 0.29 0.34 0.37 0.02
1.5  Weib prop equal 0.34 0.34 0.34 0.19
1.5 Weib prop unequal, high 0.49 0.56 0.57 0.41
1.5  Weib prop unequal, low 0.29 0.34 0.37 0.03
1.5 Weib scale equal 0.34 0.34 0.34 0.26
1.5 Weib scale unequal, high 0.49 0.56 0.57 0.41
1.5 Weib scale unequal, low 0.29 0.34 0.37 0.06
1.5  Weib shape equal 0.34 0.34 0.34 0.44
1.5 Weib shape unequal, high 0.49 0.56 0.57 0.48
1.5 Weib shape unequal, low 0.29 0.34 0.37 0.34

Table 4: Censoring rates for the different settings.
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Figure 15: Rejection rates over all settings under the null hypothesis for the Dunnett-type contrast matrix. The

dashed lines represent the borders of the binomial confidence interval [0.044,0.0562].
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Figure 16: Rejection rates over all settings under the null hypothesis for the Tukey-type contrast matrix. The
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dashed lines represent the borders of the binomial confidence interval [0.044,0.0562].
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Figure 17: Rejection rates over all settings under the null hypothesis for the Grand-mean-type contrast matrix.

The dashed lines represent the borders of the binomial confidence interval [0.044,0.0562].
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Figure 20: Rejection rates of the false local hypothesis over all settings under the alternative hypothesis for the

Grand-mean-type contrast matrix.
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C.2 Simulations for Analyzing the Asymptotic Behaviour

We have seen in Section 4.4.2 that the three asymptotic approaches (asymptotic_global, asymptotic, asymp-
totic__bonf) do not lead to a good type I error control. Thus, one may be interested in the sample sizes needed
to obtain a good control of the type I error for these naive methods. Therefore, in this section we consider the
simulation setup from Section 4.4.1 again with an increased factor for the scaling of the sample sizes, that is
K € {6, 8,10}, resulting in sample sizes from 60 up to 200 in the groups. Furthermore, only the three asymptotic
approaches (asymptotic_global, asymptotic, asymptotic_bonf) are considered under the null hypothesis. The
performance of these methods regarding the power was already quite good for small and medium sample sizes,
see Section 4.4.3 for details. This is why we did not analyze the power for larger sample sizes. Note that the
censoring rates for the different scenarios are as shown in Table C.1.

In Figures 21 to 23, the rejection rates across all settings are illustrated for the three different contrast matrices.
It can be seen that the empirical type I error rates are quite close to the desired level of significance of 0.05 for
large sample sizes in all scenarios. Moreover, the rejection rates seem to tend more and more to 0.05 as the
sample sizes increase. However, the difference between the rejection rates for different values of K € {6, 8,10}
is rather small, indicating that the convergence is relatively slow.

It can be observed that quite large sample sizes are needed to obtain a good type I error control for the multiple
asymptotic and the global asymptotic test without Bonferroni-correction. Even for K = 10, i.e. sample sizes
between 100 and 200 in each group, these tests are still slightly liberal. The empirical type I error rates for the
multiple asymptotic and the global asymptotic test without Bonferroni-correction reach up to 0.0702.

By using a Bonferroni-correction, the asymptotic test does not need very large sample sizes to control the level
of significance. Here, K = 6, i.e. sample sizes between 60 and 120 in each group, or even K = 4 seems to be
enough as can be seen in Figures 15 to 17.
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Figure 21: Rejection rates over all settings under the null hypothesis for the Dunnett-type contrast matrix. The

dashed lines represent the borders of the binomial confidence interval [0.044, 0.0562].

89




- onoidwAse

- [eqojf onoidwAse

_
!
I

. 1
_ E ._ L Juogq onoydwAse
1
. 1
. 1
: 1
. 1
: |
]
]
]
]

I I
< ™
Q <

T T T T T T
N~ (=] o N — o
o =} o o o S
o o o o o o o o
alel uonoalal
1 I 1
) ] —
od - 11I- - Juoq onoidwAse
f E 1
1 : 1
- |
_. - E - ._ ! - onoidwAse
. 1
: 1
|
_. - -E - ._ ! - 1eqoj6 onoidwAse
. [}
T | E— T T T T
N~ © Lo < [ N — o
) S =] = o S o S
o o o o o o o o

arel uonoalal

K=10

v
X o_. : E ._ L Juogq onoydwAse

of - E ._ m - onoydwAse
-

- reqoj|6 onoidwAse

I I I
To) < ™
Q e Q
o

I I I I I
™~ © I o o
[=) =] o o S
<) (=] =} (<) o (=) <)

alel uonoalal

- juoq onoidwAse

- onoydwAse

I reqo|f onoidwAse

0.05 P

T T
< ™
o Q
o o
aJes uonodalal

0.01 —
0.00 —

- Juog onoidwAse

- onoidwAse

- reqoj6 onoidwaAse

0.07

T T
< ™
= <
o o
a1el uonoalal

0.01
0.00 —

K=10

- juoq onoidwAse

- onoldwAse

- reqoj6 onoidwAse

Figure 22: Rejection rates over all settings under the null hypothesis for the Tukey-type contrast matrix. The

dashed lines represent the borders of the binomial confidence interval [0.044,0.0562].
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C.3 Additional Simulations under Non-Exchangeability

In Section 4.4, the empirical power of the groupwise approach and the permutation approach with Bonferroni-
correction seems comparable over all simulation setups. However, the Bonferroni-correction is known to have
low power for a large number of hypotheses. Thus, we aim to motivate that the groupwise bootstrap approach
may perform better than the permutation approach with Bonferroni-correction in specific setups in this section.
Therefore, we consider again k = 4 groups with sample sizes n = (40, 80,40, 80), hypotheses matrices as in
Section 4.4 and « = 0.05. Furthermore, we generated Ng;,, = 5000 simulation runs with B = 1999 resampling
iterations. In contrast to the simulation study in Section 4.4, the survival times are drawn from different
distributions for all groups as follows:

« Different piece-wise exponential distributions (pwFEzp diff ): Ti1 ~ Exp(0.2),
T5; with hazard function ¢ — 0.3 - 1{t < Ajp} + 0.1 - 1{t > Ao},
T5; with hazard function ¢t — 1.5 1{t < A\11} +0.01 - 1{¢t > A\11} and
Ty; with hazard function ¢ — 0.5 - 1{t < As5} + 0.05 - 1{t > As 5},

o Different Weibull distributions ( Weib diff ): T11 ~ Weib(3,8), To1 ~ Weib(1.5, Ao 8), T31 ~ Weib(Ao o, 14)
and T41 ~ Weib()\(g,g, 14).

Here, the parameters A1g and A7 are determined such that the RMST equals p1. Hence, note that only 4 differs
under the alternative hypothesis but the distributions of the survival times differ across the groups under the
null and alternative hypothesis. In Figure 24, the different survival functions are illustrated. For the censoring
times, the same distributions as in Section 4.4 are considered, i.e. equal; unequal, high and unequal, low. The
resulting censoring rates can be found in Table 5 and reach from 11 up to 62%.

In Figure 25, the rejection rates over all settings under the null hypothesis are presented. Here, it is observable
that the groupwise bootstrap and the permutation approach with Bonferroni-correction perform well in terms
of type I error control for the multiple testing problem. The permutation approach with Bonferroni-correction
tends to be too conservative for the Tukey-type contrast matrix. Furthermore, the asymptotic approaches
and the wild bootstrap are too liberal and, thus, they do not seem to control the family-wise type I error.
However, the empirical power of the groupwise bootstrap is slightly higher than of the permutation approach
with Bonferroni-correction in most of the scenarios which can be seen in Table 6 to 8. Only for hypothesis
Ho,3 for the Grand-mean-type contrast matrix, the permutation approach with Bonferroni-correction has a
higher power than the groupwise bootstrap in some scenarios. The empirical powers of the false hypotheses
are also illustrated in Figure 26 to 28, where it is observable that the groupwise bootstrap tends to have a
higher empirical power than the permutation approach with Bonferroni-correction, particularly in Figure 27.
The asymptotic approaches even have higher empirical powers in several scenarios but, however, they can not
control the family-wise error adequately which can be seen in Figure 25.

é distribution censoring distribution group 1 group 2 group 3 group 4

0.0 pwExp diff equal 0.21 0.27 0.40 0.33
0.0 pwExp diff unequal, high 0.38 0.44 0.42 0.37
0.0 pwExp diff unequal, low 0.20 0.27 0.39 0.22
0.0 Weib diff equal 0.34 0.45 0.53 0.53
0.0 Weib diff unequal, high 0.49 0.57 0.62 0.57
0.0 Weib diff unequal, low 0.29 0.45 0.48 0.31
1.5 pwExp diff equal 0.21 0.27 0.40 0.16
1.5 pwExp diff  unequal, high 0.38 0.44 0.42 0.25
1.5 pwExp diff  unequal, low 0.20 0.27 0.39 0.11
1.5 Weib diff equal 0.34 0.45 0.53 0.44
1.5  Weib diff unequal, high 0.49 0.57 0.62 0.48
1.5 Weib diff unequal, low 0.29 0.45 0.48 0.34

Table 5: Censoring rates for the additional simulation
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Figure 24: The survival functions of the two settings under the null hypothesis as well as under the alternative
wg = pp — 1.5. Note that the survival functions of group 3 and 4 coincide under the null hypothesis for the
setting Weib diff.

hypothesis  distribution censoring distribution asymptotic groupwise asymptotic bonf permutation bonf

Ho,z pwExp diff  equal 0.495 0.461 0.474 0.437
pwExp diff  unequal, high 0.376 0.324 0.357 0.299
pwExp diff  unequal, low 0.474 0.435 0.451 0.412
Weib diff equal 0.507 0.479 0.495 0.455
Weib diff unequal, high 0.405 0.368 0.393 0.345
Weib diff unequal, low 0.512 0.477 0.497 0.458

Table 6: Rejection rates of the false hypothesis for the Dunnett-type contrast matrix with § = 1.5
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Figure 25: Rejection rates over all settings under the null hypothesis. The dashed lines represent the borders

of the binomial confidence interval [0.044, 0.0562].
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hypothesis distribution censoring distribution asymptotic groupwise asymptotic bonf permutation bonf
Ho 3 pwExp diff  equal 0.414 0.370 0.378 0.331
pwExp diff  unequal, high 0.298 0.231 0.270 0.201
pwExp diff — unequal, low 0.392 0.345 0.356 0.306
Weib diff equal 0.430 0.397 0.399 0.350
Weib diff unequal, high 0.331 0.288 0.308 0.245
Weib diff unequal, low 0.436 0.408 0.409 0.358
Ho,s pwExp diff  equal 0.532 0.513 0.503 0.481
pwExp diff  unequal, high 0.382 0.350 0.352 0.325
pwExp diff  unequal, low 0.530 0.513 0.500 0.478
Weib diff equal 0.444 0.423 0.412 0.391
Weib diff unequal, high 0.348 0.319 0.318 0.288
Weib diff unequal, low 0.460 0.440 0.428 0.407
Ho.6 pwExp diff  equal 0.215 0.174 0.190 0.156
pwExp diff  unequal, high 0.198 0.159 0.177 0.127
pwExp diff  unequal, low 0.208 0.169 0.185 0.149
Weib diff equal 0.290 0.256 0.262 0.226
Weib diff unequal, high 0.231 0.188 0.211 0.171
Weib diff unequal, low 0.277 0.235 0.252 0.209

Table 7: Rejection rates of the false hypotheses for the Tukey-type contrast matrix with § = 1.5

hypothesis  distribution censoring distribution asymptotic groupwise asymptotic bonf permutation bonf
Ho 1 pwExp diff  equal 0.047 0.032 0.044 0.026
pwExp diff  unequal, high 0.037 0.024 0.036 0.017
pwExp diff  unequal, low 0.041 0.031 0.039 0.025
Weib diff equal 0.087 0.073 0.081 0.060
Weib diff unequal, high 0.070 0.050 0.065 0.042
Weib diff unequal, low 0.078 0.062 0.075 0.053
Ho,2 pwExp diff  equal 0.071 0.065 0.067 0.059
pwExp diff  unequal, high 0.048 0.038 0.045 0.038
pwExp diff  unequal, low 0.071 0.063 0.067 0.058
Weib diff equal 0.094 0.085 0.090 0.079
Weib diff unequal, high 0.072 0.060 0.070 0.058
Weib diff unequal, low 0.094 0.086 0.090 0.082
Ho,z pwExp diff  equal 0.035 0.024 0.033 0.021
pwExp diff  unequal, high 0.038 0.025 0.036 0.018
pwExp diff  unequal, low 0.038 0.025 0.035 0.022
Weib diff equal 0.071 0.046 0.068 0.051
Weib diff unequal, high 0.062 0.032 0.059 0.039
Weib diff unequal, low 0.069 0.039 0.064 0.048
Hoa pwExp diff  equal 0.678 0.653 0.667 0.642
pwExp diff  unequal, high 0.590 0.556 0.580 0.540
pwExp diff  unequal, low 0.674 0.650 0.662 0.636
Weib diff equal 0.585 0.558 0.570 0.543
Weib diff unequal, high 0.492 0.460 0.479 0.442
Weib diff unequal, low 0.590 0.560 0.579 0.553

Table 8: Rejection rates of the false hypotheses for the Grand-mean-type contrast matrix with § = 1.5
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C.4 Simulation inspired by the Data Example

Since the Simulation study in Section 4.4 does not fit perfectly to the data example about the occurrence of hay
fever in Section 4.5, we also considered a small simulation setup inspired by the data example. Therefore, we
considered k = 4 groups with sample sizes n = (450, 481, 654,649), the hypotheses matrices as in Section 4.5,
ie. H:=[H),H3 H,z], and o = 0.05. Moreover, Ny, = 5000 simulation runs with B = 19999 resampling
iterations were generated. The survival times of group ¢ were simulated from a distribution with the Kaplan-
Meier estimator of the pooled sample under the null and of the ith sample under the alternative hypothesis as
distribution function. Analogously, the Kaplan-Meier estimators for the censoring times of the different samples
are used for the data generation of the censoring times. Proceeding as described leads to a censoring rate of
82% in all groups under the null hypothesis and censoring rates from 72% up to 89% under the alternative
hypothesis.

In Table 9, the resulting rejection rates are shown. It is observable that all methods seem to control the global
level of significance of 5% quite accurately under the given scenario. Furthermore, all methods have a quite
high empirical power under the alternative hypothesis. The power of the global approaches is around 90% while
all methods for the multiple testing problem have a power of 100%. In Figure 29, it is shown how the rejection
rates of the multiple testing procedures result from the local decisions. Here, it can be seen that the methods
detect both of the main effects simultaneously in around 70% of the simulation runs, only the main effect of
factor A in 20% and all main and interaction effects in 6% under the alternative hypothesis. Furthermore, the
methods seem to yield very similar local test decisions.

asymptotic  permutation asymptotic wild wild groupwise asymptotic permutation
global Rademacher Gaussian bonf bonf
Ho 0.0568 0.0566 0.0506 0.0514 0.0522 0.0516 0.0506 0.0498
Ha 0.8984 0.8984 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Table 9: Rejection rates for the simulation inspired by the data example under the null (H) and alternative
(H1) hypothesis.
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Figure 29: Rejection rates for the simulation inspired by the data example under the null (0) and under
the alternative (1) hypothesis. The heights of the bars represent the rates of the rejections caused by the
corresponding hypotheses. Two- and Three-colored bars indicate that the corresponding two or three hypotheses
are rejected simultaneously. The overall height represents the rate of global rejections.
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D Additional Figures of the Simulation Results in Section 5.4
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Figure 30: Empirical powers for the 2-by-2 design across all scenarios under the alternative hypothesis.
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Figure 31: Empirical powers for the Dunnett-type contrast hypotheses across all scenarios under the alternative

hypothesis.
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E R Packages: GFDrmst and GFDrmtl

As part of this work, two R packages were published on CRAN, that are GFDrmst [20] and GFDrmt1 [21]. These
packages contain the implementations of the methodology described in Sections 4 and 5, respectively. In this
section, we describe the included functions and their usage in detail.

E.1 GFDrmst
The R package GFDrmst exports the following four functions:

e RMST.test to perform the multiple RMST-based tests as described in Section 4. The output of this
function is a list of class GFDrmst.

e summary.GFDrmst to summarize an object of class GFDrmst.
e plot.GFDrmst to plot simultaneous confidence intervals for an object of class GFDrmst.

e GFDrmstGUI to perform the multiple RMST-based tests as described in Section 4 on an interactive user
interface.

In the following, we explain their arguments and usage.

RMST.test This function contains the implementation of the asymptotic multiple tests of Section 4.3.1, the
multiple groupwise bootstrap tests of Section 4.3.2, and the adjusted permutation tests of Section 4.2.2. Further-
more, confidence intervals for RMST contrasts can be calculated as in Remark 2.6 and the stepwise extension
of Remark 2.5, which can improve the power of the multiple tests, is available.

The function RMST.test has the following arguments.

e time
A vector containing the observed event times X;.

e status
A vector containing the corresponding censoring status indicator 6;; = 1{X,;; = T;,}.

e group
A vector containing the corresponding group labels i € {1, ..., k}.

e formula
A model formula object. The left hand side contains the time variable and the right hand side contains
the factor variables of interest.

e event
The name of censoring status indicator.

e data
A data.frame or list containing the variables in formula and the censoring status indicator.

e hyp_mat
A list containing all the hypothesis matrices Hy, ..., Hy, for the multiple tests or one of the options "Tukey",
"Dunnett", "center", "crossed factorial" for the matrices described in Example 4.1 or a matrix H

if only one hypothesis is of interest. The option "crossed factorial" is only available if formula is
specified. For the permutation test, all matrices need to be contrast matrices.

e hyp_vec
A list containing all the hypothesis vectors cy,...,cy for the multiple tests or a vector c if only one
hypothesis is of interest. By default, all hypothesis vectors are set to zero vectors of suitable length.

e tau
A numeric value 7 > 0 specifying the end of the relevant time window for the analysis.

e method
One of the methods "groupwise", "permutation" and "asymptotic" that should be used for calculating
the critical values, cf. Sections 4.3.2, 4.2.2, and 4.3.1, respectively. Default option is "groupwise".

e stepwise
A logical vector indicating whether the stepwise extension of Remark 2.5 should be performed. If TRUE, no
confidence intervals can be computed but it may be that more tests can reject. Default option is FALSE.
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e alpha
A numeric value specifying the global level of significance «. Default option is 0.05.

e Nres
The number B of random variables to approximate the limiting distribution. The default option is 4999.

e seed
A single value, interpreted as an integer, for providing reproducibility of the results or NULL if reproducibil-
ity is not wanted. Default option is 1.

The output of this function is a list of class GFDrmst containing the following components:

e method
A character containing the method which has been used.

e test_stat
A numeric vector containing the calculated Wald-type test statistics W,,(Hi,c1), ..., W,,(Hp,cyr) for the
local hypotheses.

e p.value
A numeric vector containing the adjusted p-values p1, ..., pr, as in Section 2.3.2 for the local hypotheses.

e res
A list containing the results of the multiple tests including the hypothesis matrices, estimators of the
linear combinations of RMSTs, potentially confidence intervals for the linear combinations (if all matrices
are row vectors and stepwise = FALSE), Wald-type test statistics, critical values and the test decisions.

e alpha
A numeric value containing the global level of significance .

Note that either time, status, groupor formula, event, data needs to be specified. The following example
illustrates the usage of both versions.

>

> library (GFDrmst)

> data(colonCS, package = "condSURV")

>

>

> out <- RMST.test(formula = "Stime ~ rx",
+ event = "event",

+ data = colonCS,

+ hyp_mat = "Tukey",

+ tau = 3000,

+ method = "asymptotic")
>

> out <- RMST.test(time = colonCS$Stime,

+ status = colonCS$event,
+ group = colonCS$rx,

+ hyp_mat = "Tukey",

+ tau = 3000,

+ method = "asymptotic")

The output looks like this:

> out
$method
[1] "Multiple asymptotic RMST Wald-type tests"

$test_stat
W_n(H_1, c_1) W_n(H_2, c_2) W_n(H_3, c_3)
0.004007639 9.142532300 8.536680422

$p.value
[1] 0.997792822 0.007029102 0.009736379

$res
hyp_matrix estimator lwr_conf wupr_conf test_stat critical value adj_pvalue decision
[1,] numeric,3 5.663569 -204.0409 215.3681 0.004007639 5.494443 0.9977928 "not significant"
[2,] numeric,3 267.2749 60.07632 474.4735 9.142532 5.494443 0.007029102 "H1"
[3,] numeric,3 261.6113 51.72996 471.4927 8.53668 5.494443 0.009736379 "H1"
$alpha
[1] 0.05
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50 attr(,"class")
10 [1] "GFDrmst"

summary.GFDrmst This is the summary method for class "GFDrmst". It takes the arguments

e object
An object of class "GFDrmst".

e digits
An integer indicating the number of decimal places to be used. Default option is 8.

All further arguments passed to this function are ignored. The function prints the information about the used
method, significance level, hypothesis matrices, Wald-type test statistics, adjusted p-values and the overall
results of the tests. It does not have a return value, but is called for side effects.

In our example, the summary looks like this:

i1 > summary (out, digits = 3)
11 - Significance level: 0.05

7 [[1]1]
18 [,11 [,2]1 [,3]
19 [1,] -1 1 0

51 [[2]11

52 [,11 [,21 [,3]
[1,] =il 0 1

61 W_n(H_1, c_1) W_n(H_2, c_2) W_n(H_3, c_3)
62 0.004007639 9.142532300 8.536680422

65 [1]1 0.998 0.007 0.010

68 hyp_matrix estimator lwr_conf upr_conf test_stat critical value adj_pvalue decision

6o [1,] numeric,3 5.664 -204.041 215.368 0.004 5.494 0.998 "not significant"
70 [2,] numeric,3 267.275 60.076 474.473 9.143 5.494 0.007 "H1"

71 [3,] numeric,3 261.611 51.73 471.493 8.537 5.494 0.01 "H1"

plot.GFDrmst With the function plot.GFDrmst, simultaneous confidence intervals of an object of class "GFDrmst"
can be plotted. The function only takes the argument x, which is an object of class "GFDrmst". All further
arguments passed to this function are ignored. The displayed vectors on the y-axis are the coefficients H, of
the linear combinations. The function has no return value, but is called for side effects.

The corresponding R code and plot for our example is the following.

73 > plot (out)
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GFDrmstGUI This function provides a shiny app for performing the multiple RMST-based tests. To explain its
usage, we provide several screenshots in the following.

Example usage of the shiny app GFDrmstGUI.

© @ & W  Tesforcoms x o+

<

|
Q
mox

(> (¢] O 8 ht shinyappsio) R L da e

Tests for GFDrmst

1. First of all, the shiny app needs to be
started with the command GFDrmstGUI()
in R or via https://munko.shinyapps.io/
gfdrmst/. Depending on the csv file,
(un)check "Header" if the csv (does not) con-
tain headers and choose the correct separa-
tor. Next, the csv file containing the data
can be loaded by clicking on "Browse...".

Load dataset first!

2. Choose and open the csv file containing i
the data. | L.

Dateiname: colonCs
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https://munko.shinyapps.io/gfdrmst/
https://munko.shinyapps.io/gfdrmst/

Example usage of the shiny app GFDrmstGUI (continued).

3. Now, further options become visible. Se-
lect the testing method that should be used
and make sure that the correct censoring sta-
tus variable (here: event) and the correct la-
bel of a censored variable (here: 0) are se-
lected. If "Stepwise extension" is unchecked,
the option for plotting simultaneous confi-
dence intervals becomes possible. The "For-
mula" field allows user-specific formulas to
model the event types by the different fac-
tors (e.g. here: "Stime ~ rx" for one factor
or "Stime ~ rx * sex" for two factors).

© 0 s ¥

Testsfor GFDmst x|+ v

« c 08 shinyapps.ol LR L g H e =

Tests for GFDrmst

Choose CSV File ° Separator in csv

Header

Browse...  colonCS.csv M

Seloct Tsting Method:
Croupuiso Bootsrzp .
.

event v 0 -
Stepwise extension

Formula
Stime ~ n{

Further Arguments

Select contrast matrix

Tukey M

Endpoint tau of the relevant time window [0,tau]

4. For the contrast matrix, options for the
Tukey-type, Dunnett-type and for the cen-
tering matrix are available. Moreover, it
is possible to define user-specific matrices,
which we show in the following. Therefore,
choose the option "Other". To add a user-
specific matrix, click on "Add matrix".

© @ & W  Teusforcioms x|+ v - a8 x
« c 0 B shinyappsio/gfdrm EA L o =
Select Testing Method
Groupwise Bootsirap -

Name of censoring status variable Label of censored variable

event - 0 -
Stepwise extension

Formula
(]

Stime ~ rx

Further Arguments.
Select contrast matrix

Other -

Endpoint tau of the relevant time window [0,tau]

Level of significance alpha Number of resampling repetitions

5. Fill in the desired hypothesis matrices Hy.
If you want to perform a permutation test,
make sure that all matrices are contrast ma-
trices. Further, fill in the hypothesis vectors
cy. Further matrices can be added by clicking
on "Add matrix". Accidentally added ma-
trices can be deleted by clicking on "Delete
matrix".

© O 5 W Twswercoms x|+ - ~ s
« s c o8 shinyappsio/gfcm X L Fh e =
Formula °

Further Arguments

Select contrast matrix

D ; ; ]

Endpoint tau of the relevant time window [0,tau]

Level of significance alpha Number of resampling repetitions

005 | 4999

6. Specify the endpoint 7 (here: 3000), the
global level of significance « (here: 0.05)
and the number of resampling repetitions B
(here: 4999). When everything is in place,
click on "Calculate" to start the calculations.

© O 6 W  Tessforcioms x|+ - - o8 X
<« (] o8 shinyapps.io/gfdim: X L g H 9 =
Formula
(]

Stime ~ x

Further Arguments.

Select contrast matrix

Other -

HA= ci=

1 1 2 0

H2= c2=

) 1 100

Add matrix Delete matrix

Endpoint tau of the relevant time window [0,tau]

3000

Level of significance alpha Number of resampling repetitions

005 | 4900
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Example usage of the shiny app GFDrmstGUI (continued).

© © 6 W TestsforGromst x o+ - - a

& c O B https//munko shinyappsio/gfdrmst/ E AR L g e

7. Wait until the calculations are done. This
might take a while.

mnoox

© O & W Tesorcoms x|+ o - O x
<« C O 8 https//munko shinyapps.io/gfdrmst/ % L gy 9 =
8. When the calculations are done, the re- e
sults appear immediately. In the upper field, . - o e e
the group assignment to the considered fac- Name o cenoringsatusvrable _ Labetof cnsord variale
tors (here: rx) is clarified. Then, the results t o o = G
of the chosen testing method are shown. In o o
this example, we observe that the second hy- pra— ~
pothesis can be rejected, while the first can Furer Arguments R
not be rejected (see the last column of "Over- Mo < g=CrpTiD
all results").

272.9385 3.154264 0.07421484 "not significant”
-267.2749 17.26365 © M

E.2 GFDrmtl

The R package GFDrmtl works rather similar to the R package GFDrmst. It exports only two functions:

The function GFDrmt1GUI provides a shiny app for performing the multiple RMTL-based tests as described in
Section 5 on an interactive user interface. Its usage closely mirrors the usage of the function GFDrmstGUI as
described in Section E.1. Due to this similarity, we have chosen to omit a detailed description here to avoid
redundancy.

The second function is called RMTL. test and can be used to perform the multiple RMTL-based tests as described
in Section 5. The output of this function is a list of class GFDrmst. A detailed description can be found below.

RMTL.test This function contains the implementation of the asymptotic multiple tests of Section 5.3.1 and
the adjusted permutation tests of Section 5.2.2. Furthermore, confidence intervals for RMTL contrasts can be
calculated as in Remark 2.6 and the stepwise extension of Remark 2.5, which can improve the power of the
multiple tests, is available.

The arguments of the function RMTL. test are more or less the same than of the function RMST. test, except for

e status
A vector containing the corresponding censoring status indicator d,; = D;; 1{X;; = T;;} with values 0 =
censored and 1, ..., M for the M different competing events.

e hyp_mat
A list containing all the hypothesis matrices Hy, ..., Hy, for the multiple tests or one of the options "Tukey",
"Dunnett", "center", cf. Example 5.2, or "2by2", "2by2 cause-wisely" for tests on main and inter-
action effects in a 2-by-2 design without or with cause-wise results, cf. Example 5.7, or a matrix H if only
one hypothesis is of interest. For the permutation test, all matrices need to fulfill the contrast property
in Section 5.2.

« M
An integer specifying the number of competing risks. By default, the maximum of the values in status
or event is chosen.
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e method
One of the methods "permutation" or "asymptotic" that should be used for calculating the critical
values, cf. Sections 5.2.2 and 5.3.1, respectively. Default option is "permutation".

The output of this function is a list of class GFDrmst. For a detailed description of the components see Section E.1.
As in Section E.1, either time, status, group or formula, event, data needs to be specified. The following
example illustrates the usage of both versions. Note that since we use the same class GFDrmst as in the package
GFDrmst, we can still use the already defined functions summary.GFDrmst and plot.GFDrmst to summarize and
plot the results of the output of RMTL.test, respectively.

> library (GFDrmtl)

> library(mstate)

> data("ebmt2")

>

>

> out <- RMTL.test(time = ebmt2$time,

+ status = ebmt2$status,
+ group = ebmt2$match,

+ hyp_mat = "Dunnett",

+ tau = 120,

+ method = "asymptotic")
>

summary (out)
- Significance level: 0.05

[[1]1]
(,11 [,21 [,3]1 [,41 [,s] [,6]1 [,71 [,8] [,91 [,10] [,11] [,12]
[1,1] -1 0 0 0 0 0 1 0 0 0 0 0

(,11 C,21 [,3] [,4] [,s] [,e] [,7]1 [,8] [,91 [,10] [,11] [,12]
0 1 0

(.11 [,21 [,31 [,4]1 [,51 [,e] [,71 [,8] [,9] [,10] [,11]1 [,12]
[1,] 0 0 -1 0 0 0 0 0 1 0 0 0

(,11 C,21 (,31 [,4]1 [,s]1 [,e] [,71 [,81 [,91 [,10] [,11] [,12]
[1,] 0 0 0 =il 0 0 0 0 0 1 0

(,21 [,21 [,3]1 [,41 [,s]1 [,e]1 [,71 [,8] [,91 [,10] [,11] [,12]
[1,] 0 0 0 0 -1 0 0 0 0 0 1 0

(,11 [,21 [,31 [,41 [,5]1 [,6] [,71 [,8]1 [,91 [,10]1 [,11] [,12]
(1,1 0 0 0 0 o -1 0 0 0 0 0 1

W_n(H_1, c_1) W_n(H_2, ¢c_2) W_n(H_3, ¢_3) W_n(H_4, c_4) W_n(H_5, c_5) W_n(H_6, c_6)
0.05327241 16.65959825 0.02229563 0.09266721 0.72453873 5.25291896

[1] 0.99996141 0.00026849 0.99999708 0.99980490 0.94952365 0.12387207

hyp_matrix estimator lwr_conf upr_conf test_stat <critical value adj_pvalue
[1,] numeric,12 -0.2039252 -2.527734 2.119884 0.05327241 6.917694 0.9999614
[2,] numeric,12 3.624833 1.289029 5.960638 16.6596 6.917694 0.00026849
[3,] numeric,12 -0.05441319 -1.012875 0.904049 0.02229563 6.917694 0.9999971
[4,] numeric,12 0.1122358 -0.8574905 1.081962 0.09266721 6.917694 0.9998049
[6,] numeric,12 -0.3092148 -1.26467 0.6462401 0.7245387 6.917694 0.9495237
[6,] numeric,12 2.047158 -0.3021053 4.396421 5.252919 6.917694 0.1238721

decision
[1,] "not significant"
(2,1 "H1"
[3,] "not significant"
[4,] "not significant"
[5,1] "not significant"
[6,] "not significant"
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> ## or, equivalently,

> out <- RMTL.test(formula = "time ~ match",
+ event = "status",

+ data = ebmt2,

+ hyp_mat = "Dunnett",

+ tau = 120,

+ method = "asymptotic")
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List of Symbols

t*(F)
N(u, %)
Nk(u‘? 2)

Eﬁ@x@

;llﬁ;,

Var

r-dimensional vector of zeros

r X k dimensional matrix of zeros

k-dimensional vector of ones

indicator function

Moore—Penrose inverse of a matrix A

almost sure convergence

set of all real functions on E with a Lipschitz norm bounded by 1

subset of cadlag functions [a, b] — R with total variation bounded by M

subset of all functions in D[a, b] with total variation bounded by M and F € D[a, b]
subset of functions in BVjs[a, b] whose jumps are contained in (—1,00) and bounded away from —1
x2-distribution with r degrees of freedom

(1 — a)-quantile of the y2-distribution

covariance

weak convergence in the sense of [74]

conditional weak convergence in outer probability in the sense of Definition 2.1

set of all cadlag functions [a,b] € R — R, equipped with the sup-norm

set of all functions [a,b] — R that are everywhere left-continuous and have right limits everywhere
expectation

outer expectation

expectations regarding (Q1, A1, Q1), (22, A2, Q2), respectively

left-continuous version of a monotone or a cadlag function F

inverse of a monotone increasing and right-continuous function F, that is inf{z | . < F(x)}
increment of a monotone function F, that is F' — F_

k x k dimensional unit matrix

independent identically distributed

set of all bounded real-valued functions on F

normal distribution with mean p and variance 02 > 0

k-dimensional normal distribution with mean p and covariance matrix X

direct sum

Cartesian product

Kronecker product

probability

outer probability

convergence in outer probability

product integral as in [39]

variance
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