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Three-dimensional topological orbital Hall effect caused by magnetic hopfions
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Magnetic hopfions are noncollinear spin textures that are characterized by an integer topological invariant,
called the Hopf index. The three-dimensional magnetic solitons can be thought of as a tube with a twisted
magnetization that has been closed at both ends to form a torus. The tube consists of a magnetic whirl called an
in-plane skyrmion or bimeron. Although hopfions have been observed by microscopy techniques, their detection
remains challenging as they lack an electronic hallmark so far. Here we predict a three-dimensional orbital
Hall effect caused by hopfion textures: When an electric field is applied, the hopfion generates a transverse
current of orbital angular momentum. The effect arises due to the local emergent field that gives rise to
in-plane and out-of-plane orbital Hall conductivities. This orbital Hall response can be seen as a hallmark of
hopfions and allows us to distinguish them from other textures, such as skyrmioniums, that look similar in
real-space microscopy experiments. While the two-dimensional topological invariant of a skyrmion determines
its topological Hall transport, the unique three-dimensional topological orbital Hall effect can be identified with
the three-dimensional topological invariant that is the Hopf index. Our results make hopfions attractive for
spin-orbitronic applications because their orbital signatures allow for their detection in devices and give rise

to large orbital torques.

DOI: 10.1103/sc9g-19by

I. INTRODUCTION

Noncollinear spin textures have emerged as a central topic
in condensed matter physics due to their rich physics and
potential applications in spintronic devices. Unlike collinear
magnetic systems, where spins align uniformly in parallel or
antiparallel configurations, noncollinear arrangements exhibit
spatially varying spin orientations that can even give rise
to topologically nontrivial spin textures, such as the family
of two-dimensional magnetic whirls [1] including skyrmions
[2-5], antiskyrmions [6—8], and bimerons [9-11]. These tex-
tures can be considered as solitons that can be moved by
current-induced spin torques and can be easily identified by
real-space microscopy imaging techniques. Their topological
nature gives rise to an effective magnetic field, called emer-
gent field [12], that causes a topological Hall effect which
is a unique signature of skyrmions [13—16] and many related
textures [10,17-20].

Magnetic hopfions [21-35] consist of a bimeron tube that
has been twisted once and that has been merged at both
ends to form a torus. These noncollinear magnetic solitons
are innately three-dimensional [see Fig. 1(a)], which makes
their physics even richer as they possess more degrees of
freedom. For example, not only can they be moved by currents
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[28,30] but they can also be tilted [29,30]. Detecting these
objects remains a difficult challenge, since hopfions do not
exhibit a sizable topological Hall effect [29], and typical
real-space microscopy techniques rely on two-dimensional
projections of the magnetic textures, which is problematic for
a three-dimensional soliton: The detectable signals caused by
hopfions look similar to those of a skyrmionium [19,36,37]—
a skyrmion that resides at the center of another skyrmion
with reversed magnetization. Still, the experimental obser-
vation of hopfions has been achieved using a combination
of x-ray photoemission electron microscopy (X-PEEM) and
magnetic soft x-ray transmission microscopy (MTXM) [32]
or Lorentz transmission electron microscopy (LTEM) [35].
However, a more conclusive detection method would reveal
the actual three-dimensional texture, which is, in principle,
possible by holography or tomography techniques using x-
rays or electrons [38—45]. Unfortunately, these techniques are
highly demanding and not compatible with potential spin-
tronic applications of hopfions. A simple electric or magnetic
signature of hopfions is desired to make these textures usable
in devices.

Therefore, we consider the research field of orbitronics,
which has attracted great interest recently. It is concerned
with the orbital angular momentum and the related orbital
current. In equilibrium, the orbital angular momentum of a
solid is often quenched because of the high symmetry, which
is why the magnetization of most ferromagnets originates
from the spin degree of freedom. However, when an electric
field drives a system out of equilibrium, a sizable density of
orbital magnetic moment or transverse orbital currents can
be generated. These phenomena are called orbital Edelstein
effect [46-59] and orbital Hall effect [60-75], respectively,
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FIG. 1. Magnetic hopfion. (a) Magnetic texture m(r) of a A = 8a hopfion. (b) Corresponding emergent field B, (r). (c) A cut along the
xy plane reveals a magnetic skyrmionium. (d) A cut along the the yz plane reveals two in-plane skyrmions also called bimerons. The color of
the arrows in all panels encodes their orientation in the xy plane. White and black arrows point along the positive and negative z directions,
respectively. Note that these arrows that surround the hopfion have been plotted translucently to allow for a clearer view of the noncollinear

part of the texture.

and they are often larger than their spin counterparts. The or-
bital effects often exist even without the relativistic spin-orbit
coupling and only a small portion of these orbital signals gets
converted to a spin Edelstein effect or a spin Hall effect due to
this relativistic mechanism. Noncollinear spin textures with a
nontrivial topology, such as the magnetic skyrmion, give rise
to an orbital magnetization [76—78] in equilibrium, and have
been shown to exhibit a topological orbital Hall effect once an
electric field is applied [75]. Even textures with a compensated
emergent field, such as antiferromagnetic skyrmions [79-82],
can exhibit such an effect [75] due to the local presence of an
emergent field, even though it is compensated on average.

In this paper, we use a tight-binding and Kubo approach
and predict a three-dimensional topological orbital Hall effect
caused by hopfion textures. This effect is generated by their
local emergent field that gives rise to an orbital Berry curva-
ture (see Fig. 2) and causes out-of-plane and in-plane orbital
Hall conductivities (see Fig. 3). The orbital Hall signatures
of a hopfion are unique and allow us to distinguish it from
two-dimensional topological textures, such as the skyrmion,
bimeron, or skyrmionium. While the two-dimensional topo-
logical invariant of a skyrmion determines its topological Hall
transport, the unique three-dimensional orbital Hall transport
is a manifestation of the three-dimensional topological invari-
ant called the Hopf index. Although all results presented in
this paper rely on quantum mechanical calculations, they can
be understood semiclassically on the basis of the emergent
field of the textures and the carrier density of the conduction
electrons.

This paper is structured as follows. We begin by detail-
ing the tight-binding method used throughout this paper. In
Sec. IT A we discuss the considered hopfion texture that enters
the Hamiltonian and in Sec. IIB we present the Kubo ap-
proach that allows us to calculate the orbital Hall conductivity.
The results of these calculations are presented in Sec. III A.
In Sec. Il B we compare the results with the Hall transport
caused by textures that are closely related to hopfions: (i)

skyrmion tubes, (ii) bimeron tubes, and (iii) skyrmionium
tubes. The energy dependencies of the orbital Hall conduc-
tivities can be understood by analyzing the carrier density and
the emergent magnetic field of these textures; see Sec. IIIC.
Finally, we conclude in Sec. I'V.

II. MODEL AND METHODS

Throughout this paper, we use a tight-binding model to
describe the conduction electrons and their spins’ interaction
with the hopfion texture (Sec. Il A). The orbital conductivity

Energy [eV]
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FIG. 2. Electronic properties caused by a hopfion with m = 7t.
(a) Density of states [Eq. (9)] (blue) and comparison to the density
of states without the hopfion (gray). (b) Slices of the orbital Berry
curvature Q7 (k) of the lowest band v = 1.
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FIG. 3. Three-dimensional orbital Hall effect caused by a hop-
fion in the strong-coupling limit. (a) The orbital conductivity tensor
element O’XL};’ as a function of energy. This orbital Hall conductivity
characterizes a transport of orbital angular momentum L, in the
Hopfion plane xy. Application of an electric field E along y gives
rise to an orbital current j* along x; see schematic image above.
The orbital angular momentum is Eolarized out of plane. (b) The
equivalent results for the o,* = o, tensor element. The Hund’s
coupling is characterized by m = 7t so that the conduction electrons’
spins almost completely align with the hopfion texture. The color of
the curve indicates the temperature; see legend.

tensor elements are calculated based on a Kubo approach
(Sec. IIB).

A. Hopfion texture

First, we want to introduce the hopfion texture m(r)
and discuss its topological properties. m is the normalized
magnetic moment and r is the position vector. We use

the top-down view coordinates x,y with r = \/xZ + y? the
distance and ¢ = arctan(y/x) the polar angle, as well as
the transformed coordinates p, =r — 1/2, p, = z with p =

[p2 + pyz. The hopfion is modeled as

sin(2m p /A)x—p"'r_yp*
m(r) = | sin(mp /) 2 M
—cos(2rp/X)

in the volume of the torus/(x—A/2- cos ¢)>+(y—2/2- sin $)>+z2
< A/2 and m(r) = e, elsewhere. This texture is topologically
equivalent to the ones used in the literature, e.g., Refs. [25,29],

but has a homogeneous background. This is important
because the orbital Hall transport will be calculated based on
a reciprocal-space approach, so we need periodicity in real
space. The texture above describes the texture in a unit cell of
size 2A X 2L X A.

The hopfion texture is shown in Fig. 1(a) and can be
thought of as a skyrmion tube that is magnetized in the plane
of the tube, has been twisted once, and whose ends have been
merged to form a torus. In our calculations, the torus is located
in the xy plane. If the three-dimensional magnetic texture is
cut along the xy plane, the result is a skyrmionium: a skyrmion
that is positioned at the center of another skyrmion with op-
posite magnetization. This cut containing the skyrmionium is
shown in Fig. 1(c). If one cuts the hopfion along a plane that
contains the z axis, e.g., the yz plane, one can see the texture
of the skyrmion tube that forms the hopfion. However, as ex-
plained before, it is actually an in-plane magnetized skyrmion,
which is called bimeron, and, since the torus is cut twice by
the plane, we see two bimerons in Fig. 1(d). In Sec. III B
we will show that the orbital Hall response of a hopfion is
related to the orbital Hall responses of these two-dimensional
textures.

An explanation will be provided on the basis of the emer-
gent field of a magnetic texture, which is a quantity that
determines its topological Hall transport and orbital Hall
transport. Its & = x, y, z component is defined as [12]

_ 1 om(r) om(r)
Bem,a(r) - E Z €aBy m(r) . Bﬁ X W . (2)
By

The emergent field of a hopfion is shown in Fig. 1(b). Unlike
the case of two-dimensional textures discussed before, it is
noncollinear and has a toroidal configuration in the hopfion
torus. In the center of the hopfion it points out of the torus
plane. On average, the emergent field of the hopfion is com-
pensated.

Two-dimensional topological textures, such as magnetic
skyrmions, bimerons and skyrmioniums that constitute cuts
of the hopfion are characterized by the topological charge

1 3 9
Ne = E/m(r). < 'gg) X %) &2 3

Here we have assumed that the texture changes in the Sy
plane and is constant along «. In this case, the topological
charge Ng is the integral of the perpendicular emergent field
Bem,o(r) over the whole texture. While a skyrmion and a
bimeron tube are characterized by a nontrivial topological
invariant Ngx = =£1, the two-dimensional cuts through the
hopfion always contain two skyrmions or two bimerons with
opposite topological charges. Therefore, the skyrmionium in
Fig. 1(c) and the pair of bimerons in Fig. 1(d) are topologically
trivial, Ngx = O.

A hopfion is a three-dimensional texture. Therefore, it is
not reasonable to characterize it by the topological charge
Nsk as defined above. Still, the emergent field is important
to characterize its topology. A hopfion is characterized by the
Hopf index [83-85]

Ny = / Ben(r) -A(r)d’r. 4)

 (4m)?
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It is Ny = %1 depending on the type of hopfion and is calcu-
lated from the emergent field By, (r) and the corresponding
vector potential A(r). Like every vector potential it is not
gauge invariant and fulfills V x A = B.,,. The emergent field
and the Hopf index are gauge invariant. So far, the role of the
Hopf index has only been discussed in terms of topological
stability of the hopfion but not in terms of transport properties.
This is the purpose of this work as we identify the unique
orbital Hall response caused by hopfions.

Although the textures as defined throughout this sec-
tion are continuous functions of the position vector r, for
the tight-binding calculations we consider a discrete lattice.
Therefore, the texture m(r) is rather a set of magnetic mo-
ments {m;};,—; __n that are defined at the sites {r;};=;, . Since
the calculation of a three-dimensional magnetic texture is
computationally demanding, we are restricted when choosing
appropriate hopfion sizes for the calculations. Here we use a
unit cell consisting of N = 256 magnetic moments, which is
enough to capture the topological properties of the hopfion as
well as of the skyrmionium and bimerons accurately.

.....

B. Calculation of Hall conductivities

The electronic Hamiltonian is based on a tight-binding
approach and is written here in second quantization [75,86—
891

H:—tz c;cj—i—mzmi'(C,TUCi). (5)
(ij) i

¢/ and ¢; are the creation and annihilation operators of an
s electron at site i. o is the vector of Pauli matrices. The
Hamiltonian has the dimension 2N x 2N.

The first term describes the kinetic energy of the conduc-
tion electrons via hopping terms of the form —t expl[ik - (r; —
r;j)]. Here, k is the wave vector and r; — r; the hopping path.
For the hopping amplitude we choose r = 1 eV and for the
lattice constant a = 2.76 A. We consider a three-dimensional
cubic lattice. The second term describes the coupling of the
conduction electrons with the magnetic texture {m;} that is
formed by energetically lower states, e.g., by d electrons.
Throughout this paper, we consider two cases: (i) the adiabatic
limit, where the conduction electrons’ spins align almost per-
fectly with the texture (here m = 7¢), and the weak-coupling
case, where spin parallel and antiparallel states are hybridized
(here m = 2t).

Equation (5) is the so-called sd Hamiltonian in which only
s electrons are considered explicitly and d electrons enter
only via their magnetic texture {m;}. This Hamiltonian is suit-
able for analyzing topological transport phenomena [75,86—
89] and has the advantage that spin-orbit coupling is zero, so
that the pure topological influence of the magnetic texture on
the Hall conductivities can be calculated. Note that spin-orbit
coupling is not required for the emergence of a topological
Hall effect, topological orbital Hall effect, or topological spin
Hall effect [75].

We diagonalize the sd Hamiltonian to numerically deter-
mine its eigensystem. The eigenvalues E,; constitute the band
structure with band index v = 1, ..., 2N. From the eigenvec-
tors |vk) we calculate the Hall conductivities. The orbital Hall

transport is quantified by the orbital Hall conductivity [66]

L ¢ 1 L 3
“(Egp) = — E Q= (k)d k. 6
% B = 5 Qn) ./);jvkng Vi 8) ©

v

This equation assumes temperature 7 = 0 and is a function
of the Fermi energy Er. We integrate over the orbital Berry
curvature

3 (vk| j&* | k) (ke vy | vk)

QL (k) = —2R* Im .
(Evk - E/Lk)

V,Xy

@)
HFY

Although the electronic transport is determined by all oc-
cupied states, the influence of the d electrons is negligible
because they are fully occupied and far away from the s
states near the Fermi level. For calculating the orbital Hall
conductivity at finite temperatures 7 > 0, the orbital Berry
curvature is weighted by the Fermi-Dirac distribution function
in the energy integral.

We use the velocity operator v; = 1 22

i ok
rent operator (vk|jf:|,uk) = %Za[(vk|vx|ak)(ak|LZ|ka) +
(vk|L,|ak){ak|vy|uk)]. The orbital angular momentum

(vk|L|ak)

eh? 1 1
o 2 G )
SLHB 70y \Epk = Evk gk — Lok

x ((vk|vy| B) (Bklvy|ak) — (vk|vy| k) (Bk|v.|ak) )
®)

has been calculated based on the modern formulation [90-95]
and takes into account intersite contributions [66] that are
not considered in the often used atomic-center approximation.
Using this more accurate description has been shown to be of
crucial importance for topologically nontrivial spin textures
such as skyrmions, as the orbital angular momentum and the
corresponding orbital Hall conductivity are caused by large
cyclotron orbits generated by the texture’s emergent magnetic
field [75].

Although the focus of this paper is on orbital transport, we
also briefly mention the topological Hall conductivity and spin
Hall conductivity, as defined in Ref. [75].

and the orbital cur-

III. RESULTS AND DISCUSSION

Next, we present the results of our calculations and begin
with the orbital Hall signatures of hopfions in Sec. IIT A. Af-
terwards, in Sec. III B, we compare them with the typical Hall
signatures of related noncollinear textures: (i) skyrmion tubes,
(i1) bimeron tubes, and (iii) skyrmionium tubes. In Sec. IIT C,
we present how the energy dependence of the orbital Hall con-
ductivities can be understood by analyzing the carrier density
and the emergent field of these textures.

A. Orbital Hall transport of hopfions

Diagonalizing the Hamiltonian [Eq. (5)] and using the hop-
fion texture [Eq. (1)] results in the band structure describing
electrons interacting with a periodic array of hopfions. In
the strong-coupling case, where m = 7¢, the band structure
exhibits two blocks consisting of 256 bands each. The conduc-
tion electron spins align locally parallel and antiparallel with

134426-4
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the hopfion texture in the two blocks, respectively. The blocks
are centered around £m and have a band width of almost 12z.
Due to the large number of bands, it is not helpful to look at
the band structure directly, as the bands are very dense.

1. Density of states

Instead, the density of states, shown in Fig. 2(a) for the
strong-coupling case m = 7t, reveals better how the states are
distributed in energy. This function quantifies the states in an
energy interval around E:

_ 1 B 3
DOS(E) = T XU:/S(E Eu) k. 9)

Near the band edges, we see an increase and a rather
constant plateau near the centers of the blocks around =£m.
The density of states (blue) agrees rather well with the density
of states of the band structure that characterizes the underlying
square lattice (gray). It consists of two bands that we have
shifted by £m

Esp(k) = —2t[cos(kca) + cos(kya) + cos(k.a)] £m. (10)

Due to the topological properties of the hopfion texture, an
emergent field arises that acts just like an actual magnetic
field that couples to the charge of the electrons. For a two-
dimensional system, like a thin sample hosting skyrmions, it
leads to the emergence of Landau levels whose energy is de-
termined by the density of states [96] according to Onsager’s
quantization scheme [97]. Even though here the discussion
is more difficult, due to the three-dimensional nature of the
system and the globally compensated emergent field, we still
find that the density of states of the magnetic system (host-
ing a hopfion) and the nonmagnetic system (characterized by
Esp(k)) are relatable.

In summary, the band structure exhibits a dense collection
of bands whose density of states agrees well with the density
of states of the nonmagnetic system. The two cosine-shaped
bands of the cubic lattice condense to many rather flat bands
because of the emergent field of the hopfion. Next, we analyze
the orbital Hall conductivity that is determined by the eigen-
vectors that are affected by the emergent field as well.

2. Orbital Hall transport

The bands exhibit nonvanishing orbital angular momenta
that have been calculated based on the modern formulation
of orbital magnetization [Eq. (8)]. Also, the hopfion gives
rise to a net orbital Berry curvature [shown in Fig. 2(b) for
the strong-coupling case m = 7t] that causes an orbital Hall
conductivity; see Fig. 3. Interestingly, since the emergent field
[Fig. 1(b)] has components in all directions in space, not only
the orbital Hall tensor elements JXL; = —oyL; [presented in

Fig. 3(a)] are nonzero but also the elements o) = —o’ =
5 = :

oy = —UXLZ‘" [presented in Fig. 3(b)]. This is unlike the orbital
Hall effect of any two-dimensional texture in the xy plane,
which can only exhibit the orbital Hall conductivity J,fv’ =
—0,7, as discussed in more detail in Sec. I11 B. Therefore, we
call this unique signature of the hopfion the three-dimensional
orbital Hall effect.

T T T

a i 1 [l

@ I 1H® e

10 H =4 H — 0.0t
I 1r — 0.025¢
L 1 —_ 0.1t
5 JL

s [ 1L

) [ 1L

5 of 1t

g C 1L

[ = - 4 F -

w - -4 -
-5 -4 -
-10 =4 H .
_||||I||||I||||I||||__||||I||||I||||I||||_
0 500 1000 1500 0 500 1000 1500

Orbital Hall conductivity Uf; [e/2arr]  Orbital Hall conductivity U;; [e/2ar]

FIG. 4. Three-dimensional orbital Hall effect caused by a hop-
fion in the weak-coupling limit. The figure is analogous to Fig. 3 but
with a weaker Hund’s coupling of m = 2¢. (a) The orbital conduc-
tivity tensor element a)g? and (b) the tensor element a),Lj“ = GLLJ are

shown as a function of energy for various temperatures.

The presence of an orbital Hall effect is not related to
the finite size of the hopfion but can be expected even for a
perfectly smooth texture because the orbital Hall conductivity
is known to be insensitive to the sign of the emergent field
[75]. For this reason, any texture with an emergent field can
give rise to an orbital Hall effect even if it is compensated on
average. We recently demonstrated this for an antiferromag-
netic skyrmion which consists of two sublattices with opposite
emergent fields. These opposite fields cause the same orbital
Hall conductivity because they give rise to opposite orbital
angular momenta and opposite charge Hall transport [75].

The energy-dependent curves in Figs. 3(a) and 3(b) look
rather similar for both tensor components except for a dif-
ference in magnitude. Furthermore, they are almost identical
for the upper and lower blocks in energy and the signal is
symmetric within each block, starting at zero near the band
edges and exhibiting a maximum near the center of each
block. A detailed analysis of the energy dependence of these
orbital conductivities and their relation to the emergent field
follows later in Sec. III C. The magnitude of the orbital Hall
conductivity scales with the component of 1/ (Bgm,a) that is
perpendicular to the plane of transport. Here, the brackets
indicate an average over the whole hopfion. The hopfion has
a larger out-of-plane component (Bgmiz) than the in-plane
components (B, ) = (BZ, ), which is why ox [presented

in Fig. 3(b)] is larger than JXL; [presented in Fig. 3(a)] with
maximum value of ~1500 57— and ~1200 5, respectively.
The orbital Hall conductivity for the weak-coupling case,
m = 2t, is shown in Fig. 4. We see the same tensor com-
ponents as before but there is no longer a separation into
two blocks. Instead, spin parallel and antiparallel states that
feel opposite emergent fields are hybridized. However, since
opposite emergent fields result in the same orbital Hall re-
sponse, this still leads to a considerable orbital Hall effect,

134426-5
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even in the weak-coupling limit. In fact, for some energies,
the orbital Hall conductivity is even larger for m = 2¢ than in
the strong coupling case m = 7¢. This is because the density
of states is larger when there is no formation of two separate
spin-polarized blocks in the band structure.

When comparing the in-plane orbital Hall conductivity GXL;
in Fig. 4(a) with the out-of-plane orbital Hall conductivity ayL;‘
in Fig. 4(b), we see similar energy dependencies but different
peak structures near £ = 0. For a smooth and infinitely large
texture with a homogeneous emergent field, we would expect
qualitatively equal curves. However, because of the finite size
of the hopfion, differences occur near the center of the energy
range. Here electronlike spin parallel states hybridize with
holelike spin antiparallel states, which is why small changes
or inhomogeneities in the emergent field can lead to quite
strong changes in the orbital Hall conductivities.

So far, we have discussed only one type of hopfion.
We have repeated our calculations from the strong-coupling
limit, m = 7t presented in Fig. 3, for different types of
hopfions. By reversing m,, the Hopf index and the emer-
gent field change sign. As a consequence, the band structure
changes E, (k,, ky, k;) — E, (ky, k,, —k;). However, all orbital
Hall conductivity tensor elements remain unaffected by the
change of the Hopf index. The same happens when we reverse
an in-plane component, say m,, instead. Due to the opposite
winding, the Hopf index and the emergent field change sign
but the orbital Hall conductivity is unaffected. This fits well
the explanation that the orbital Hall conductivity is caused
by the square of the emergent field, which is not sign sensi-
tive. We will elaborate on this explanation in more detail in
Sec. [II C.

Before we continue, we would like to note that the bands
also exhibit a finite Berry curvature and spin Berry curvature
that give rise to a small topological Hall effect and spin Hall
effect, respectively. A smooth hopfion texture has a globally
compensated emergent field and so these effects are not ex-
pected. In our calculations, they occur because of the finite
size of the hopfion that is limited by the computation time.
The hopfion texture is not exactly smooth, which is why we
find a finite topological Hall and spin Hall conductivity near
the band edges. However, these signals are weak when we
compare them to other textures such as skyrmion tubes; see
Sec. III B. The effects would disappear for larger hopfion sizes
AJa — oo.

B. Comparison with related noncollinear textures

Before we examine the origin of the orbital Hall effect
in more detail, first we want to compare our calculations
with those for related noncollinear spin textures: (i) skyrmion
tubes, (ii) bimeron tubes, and (iii) skyrmionium tubes. We
analyze their orbital Hall conductivities because a hopfion
can be understood as a bimeron tube that has been twisted
and closed to form a torus. This bimeron tube is topolog-
ically equivalent to a skyrmion tube, because a bimeron is
essentially a skyrmion in an in-plane magnet. For this reason,
cutting a hopfion along a plane containing the z axis results in
two bimerons; see Fig. 1(d). When a hopfion is cut along the
xy plane instead, the resulting texture is a skyrmionium; see
Fig. 1(c). Therefore, the results for the bimeron and for the

skyrmionium tube will help us to better understand the orbital
Hall signatures of the hopfion.

1. Skyrmion tube

The first comparison with a two-dimensional texture that
comes to mind is to relate our findings to the orbital Hall
response of a skyrmion tube. This texture [Fig. 5(a)] exhibits a
topologically nontrivial configuration in the two-dimensional
xy plane that is continued along the z direction. The corre-
sponding emergent field [Fig. 5(b)] is collinear and points
along z because the texture only changes along the xy plane.

We find a sizable o5 = —o,¢ orbital conductivity tensor
element [Fig. 5(c) for the strong coupling case m = 7¢] that
exhibits an energy dependence similar to that for the hopfion;
see with Fig. 3(a). The maximum is smaller with ~650 5~
which is due to the larger emergent field component (B2 )

em,z

L
compared to the hopfion. The tensor elements ong, ok, 07,

and crxLz"' that were all finite for the hopfion are now zero due to
(B2,,,) = (B2, ,) = 0. Instead, we find a nonzero topological
Hall conductivity oy, = —0,,, presented in Fig. 5(d), that was
negligible for the hopfion. This is because the topolgical Hall
effect scales with the average emergent field and (B, ;) is
finite for the skyrmion while it is compensated for the hopfion.

The emergent field gives rise to Landau levels that cause
a topological Hall effect and also an orbital Hall effect,
as shown previously for a skyrmion system [75] in anal-
ogy to a quantum Hall system [74]. We analyzed the Hall
conductivities of a skyrmion texture in Ref. [75] but in a
two-dimensional system. The results presented in Fig. 5 differ
from these because here we consider skyrmion tubes that
extend infinitely along the z direction. Landau levels that are
rather flat in the kck, plane have dispersion along the &, direc-
tion because of the hopping of electrons along the skyrmion
tube direction. This leads, for example, to the different band
width and the missing quantization in the topological Hall
conductivity in Fig. 5(d) in comparison to Ref. [75].

In summary, a skyrmion tube exhibits an orbital Hall
conductivity UXL; similar to that of a hopfion, but a hopfion

exhibits an additional o and azi“‘ orbital Hall conductivity.
A skyrmion on the other side exhibits a sizable topological
Hall response in the oy, tensor element, which is negligible
for hopfions. Therefore, skyrmions and hopfions can be nicely
distinguished in transport experiments.

2. Bimeron tube

The cross section of the hopfion torus consists of two in-
plane skyrmions, also called bimerons. In fact, a hopfion is
just a bimeron tube that has been twisted and closed to form
a torus. Furthermore, a bimeron is topologically equivalent to
a skyrmion, so it is natural to analyze the Hall transport of
bimerons tubes next. The tube is chosen to extend along x to
resemble one of the torus plane directions.

The orbital Hall conductivity cr\,L; is shown in Fig. 6(b)
as a function of energy. It is exactly the same as the orbital
Hall conductivity UXL§ of a skyrmion tube that is shown in
Fig. 5(c) and was discussed before. The reason is that we
have constructed the bimeron such that it has the same profile
as the skyrmion. The two textures can be transformed from
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FIG. 5. Orbital Hall effect and topological Hall effect caused by a skyrmion tube. (a) Magnetic texture of the skyrmion tube. The color
indicates the orientation of the magnetic moments as in Fig. 1. (b) Corresponding emergent field that is collinear and points along the tube
direction. (c) Orbital Hall conductivity O‘XI;? as a function of energy. (d) Topological Hall conductivity oy, as a function of energy. The color of
the curve indicates the temperature; see legend. The Hund’s coupling is characterized by m = 7.

one to another by spin rotations of 90°. Since the emergent
field is invariant under collective spin rotations, bimerons and
skyrmions exhibit the same emergent field. The only differ-
ence is that we have constructed the tubes along different
directions (z for the skyrmion and x for the bimeron), which
is why the two textures exhibit different orbital conductivity
tensor elements.

Any cross section of a hopfion that contains the z axis
consists of two bimerons with opposite emergent fields. As
we have shown now, such bimerons give rise to an orbital
Hall conductivity along the bimeron plane. The response is the
same for both bimerons, as the orbital Hall effect is insensitive
to the sign of the emergent field. Each bimeron also exhibits
a topological Hall conductivity o,.. However, it is exactly
opposite for the two bimerons and cancels in total due to the
opposite emergent fields.

In summary, a pair of oppositely magnetized bimeron tubes
exhibits only an orbital Hall effect in the plane perpendicular
to the tube direction. This explains why a hopfion exhibits
orbital conductivity tensor elements o2, oZLyX of;', and UXL; and
why it does not exhibit a sizable topological Hall effect along
these planes. Even the energy dependencies of the orbital
Hall conductivities exhibit a similar shape [see Fig. 3(b) and
Fig. 6(b)] but with a different maximum due to the different

average emergent field (B2, ) and (BZ ,) of the two textures.

3. Skyrmionium tube

If a hopfion is cut horizontally, the resulting texture is
a skyrmionium. This two-dimensional texture consists of a
skyrmion that is positioned at the center of another skyrmion
with opposite topological charge. The total topological charge
is compensated and therefore the average emergent field is
zero. However, since the two subskyrmions exhibit out-of-
plane emergent fields, a skyrmionium exhibits an average

(Bgmy .). Here we consider a skyrmionium tube where the two-
dimensional skyrmionium texture has been extended trivially
along the z direction.

The skyrmionium tube exhibits an orbital Hall conductivity
UXL)‘Z‘ that is shown in Fig. 6(a). Due to the small size of the
skyrmionium and the inhomogeneity of the emergent field, the
curve is more noisy but in general has an energy dependence
similar to that of all orbital Hall conductivities discussed be-
fore. This result for the skyrmionium allows us to understand
why the hopfion exhibits an orbital Hall conductivity tensor
element axLy"; see Fig. 3(a). Both the skyrmionium and the
hopfion do not exhibit a sizable topological Hall conductivity
0y due to the compensated emergent field, on average.

4. Summary

In summary, the three-dimensional orbital Hall response
of a hopfion can be understood by analyzing the two-
dimensional textures that appear when the hopfion is cut along
a two-dimensional plane: A cut along the xy plane reveals a
skyrmionium that exhibits only an orbital Hall conductivity
0)5;’ and no corresponding topological Hall conductivity. A cut
along the yz plane reveals a pair of bimerons that only give rise
to an orbital Hall conductivity ong and not to a corresponding

topological Hall conductivity. An equivalent result for oZLx" can

be found for the pair of bimerons that appear when cutting the
hopfion along the zx plane.

C. Approximating the orbital Hall conductivities
As discussed in the previous sections, all nonzero orbital
Hall conductivities of the various textures exhibit a similar
energy dependence only with different magnitudes. The mag-
nitude of aﬁL; is determined by the average emergent field
component squared (B2, ). This is because the emergent
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FIG. 6. Orbital Hall effect caused by two-dimensional textures
related to a hopfion. (a) Top: Magnetic texture of a magnetic
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a function of energy. The color of the curve indicates the temperature;
see legend. (b) Calculations for a magnetic bimeron tube. Here, the
tensor element cryL; is nonzero. The Hund’s coupling is characterized
by m = Tt.

field causes the transverse transport of electronic states and
also causes their orbital polarization. In a two-current model,
oppositely orbital polarized states move along opposite direc-
tions and give rise to a net orbital current that is independent
of the sign of the emergent field.

The recurring energy dependence is determined by the
band structure of the underlying cubic lattice. We have already
briefly identified the role of this band structure for the distribu-
tion of the electronic states in energy by discussing the density
of states in Sec. III A and we will do so in more detail in the
following.

As we have established in a previous work on mag-
netic skyrmions [75], the energy dependencies of the charge,
spin, and orbital Hall conductivities can be approximated by

the density of states n/,,(E) = # [ 8(E — Egp(k))d?k and

the carrier density nyp(E) =« (E) [ £ n,n(E")dE’ calculated
from the band structure of the underlying lattice E;p (k). Here,
k(E) = *£1 is determined by the electronic character of the
Fermi line: electronlike (41) vs holelike (—1). In that refer-
ence, a two-dimensional system, d = 2, in the xy plane with
an emergent field along z was considered, and we found that

the orbital Hall conductivity can be approximated as

L lnp(E)P 1
o'xyanPI‘OX,ZD(E)O( n/ZD(E) <B2 ) (11)

em,z

Here, we generalize these findings of the two-dimensional
system to explain the results of three-dimensional systems,
d = 3, that were shown in Sec. III A. As an example, we
discuss axLyf that is determined by (B2, .). The other tensor
elements can be calculated analogously by rotating the coor-
dinate system.

When  transitioning from the two-dimensional
system to the three-dimensional system, the band
structure of the wunderlying lattice changes from

Eop(ky, ky) = —2t[cos(kca) + cos(kya)] to Esp(ky, ky, k) =
—2t[cos(kca) + cos(kya) + cos(k.a)], so in this particular
case Esp(ky, ky, k;) = Epp(ks, ky) — 2t cos(k.a). However,
because the transverse transport occurs in the plane
perpendicular to By, (here the xy plane), we cannot simply
replace the density of states and carrier density of the
two-dimensional system with those of the three-dimensional
system. Instead, we consider a modified density of states, the
k,-resolved density of states

1
@2m)’

and carrier density

n'(E, k) = /8(E — Esp(ky, ky, k) dk dk,  (12)

E
n(E, k;) =K(E,kz)/ n'(E', k) dE’, (13)

and integrate over the k direction along B., (here along k).
The resulting orbital Hall conductivity

L 1 / [n(E, k)1
)

Z E (06
Oyapprox,30(E) (B2 n'(E, k;)

em,z

dk;, (14)

is shown in Fig. 7(a) and resembles the previously calculated
orbital Hall conductivities of the various noncollinear mag-
netic textures well; see Figs. 3(a), 3(b), 5(c), 6(a), and 6(b).

The results of the full quantum-mechanical calculations
are especially well reproduced for the skyrmion tube and the
bimeron tube; see Figs. 5(c) and 6(b). For these textures, the
emergent field is rather smooth and does not change along the
tube direction, so that the assumptions of the approximation
are well fulfilled: The electronic states are distributed accord-
ing to the density of states of the underlying lattice and the
orbital Berry curvature does not change much along the k
direction that is along the direction perpendicular to the Hall
transport. As another example, the hopfion’s UXL; component
[Fig. 3(a)] is also nicely approximated but there are small
deviations. These occur because the emergent field is less
smooth [Fig. 1(b)] and the orbital Berry curvature Qﬁ) varies
slightly along k, [Fig. 2(b)].

Overall, we have achieved a good semiclassical under-
standing of the orbital Hall effect in these three-dimensional
systems. The magnitude of aﬁL; is determined by the average

emergent field (B2, ,) and the energy dependence can be
reconstructed based on the zero-field band structure of the
underlying lattice E;3p(k). For the textures with a finite topo-
logical charge Ngi (in this paper the skyrmion tube and the
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FIG. 7. Approximation of energy-dependent Hall conductivities
for textures with a finite emergent field in the strong-coupling limit.
(a) Orbital Hall conductivity craLppmx with the orbital angular mo-
mentum L along the emergent field and the electric field and the
transverse orbital current in the plane perpendicular to it. (b) Topo-
logical Hall conductivity ouppox in the plane perpendicular to the
emergent field. The Hund’s coupling is m = 7t so that the conduction
electrons’ spins can be assumed to align with the magnetic texture.

bimeron tube), we can also approximate the topolgical Hall
conductivity and the spin Hall conductivity as

/n(E,kz)de, (15)

Oy, appr x,3D(E) x *
appre (Bem.2)

Sz
O-xy,appmx,SD (E) X

Bon ) /n(E, k;) dk, (16)
by generalizing the two-dimensional formulas from Ref. [75]
in the same way as for the orbital Hall conductivity before.
The result for the topological Hall conductivity is shown in
Fig. 7(b) and reproduces the results of the full calculation very
well; see Fig. 5(d).

Our analysis allows the understanding of the functional
dependencies of the Hall conductivities presented throughout
this paper. For the following discussion we consider the states
with negative energy in Fig. 7. The topological Hall conduc-
tivity, shown in panel (b), characterizes charge transport. The
energetically lower states are electronlike and the higher states
of each block are holelike; the effective mass changes sign and
the states are affected oppositely by the (emergent) magnetic
field. Consequently, oypprox (£ ) exhibits a sign change and has
two extrema. However, the orbital Hall conductivity, shown
in panel (a), characterizes transport of orbital angular mo-
mentum. The orbital angular momentum of a Bloch state is
also dependent on the effective mass. Therefore, electronlike

and holelike states behave equally in terms of the orbital Hall
transport. Consequently, oéﬁ)prox(E ) does not change sign and
exhibits only one extremum. By the same arguments, we can
understand that the orbital Hall conductivity is an even func-
tion of the (emergent) magnetic field, while the topological
Hall conductivity is odd [74,75].

IV. CONCLUSION

In summary, we have shown that a hopfion exhibits a three-
dimensional topological orbital Hall effect. The emergent field
itself is large within the hopfion but is compensated on a
global level, which is why the charge and spin Hall conduc-
tivities are almost compensated. The square of the emergent
field, however, is finite on average and causes the orbital Hall
effect, which can be seen as a unique signature of the hopfion
phase: Since the hopfion is an innately three-dimensional tex-
ture, it exhibits multiple tensor elements oxLy", O'VLZ", and UZL; (see
Fig. 3), whereas a skyrmion tube, for example, is continued
trivially along the tube direction and exhibits only an orbital
Hall transport within the skyrmion plane.

Two-dimensional textures, such as skyrmions, are charac-
terized by the topological charge Ngi that determines their
topological Hall transport. The hopfion is a three-dimensional
magnetic texture that is topologically characterized by the
Hopf index. Previously, the significance of this topological
invariant for a hopfion’s emergent electrodynamics was un-
known. Here we have shown that the three-dimensional orbital
Hall response of a hopfion can be seen as a signature of
the Hopf index. All results presented in this paper can be
interpreted based on the emergent field of the texture, which,
in turn, determines its topological invariant.

Our findings present a reliable hallmark for identifying
hopfions in experiments. This was difficult so far, because
the commonly used real-space techniques such as LTEM
penetrate the sample and result in a projected image of the
texture that can hardly be distinguished from a skyrmionium.
Measuring the orbital response of hopfions presents an alter-
native to difficult and expensive holography and tomography
measurements [38—45]. Furthermore, hopfions can serve as
generators of large orbital currents that can give rise to large
torques, which are needed for spin-orbitronic devices.
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