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ABSTRACT

Complex dynamical systems often encounter implementation challenges such as infeasibil-
ity and high computational cost due to their large dimensionality. A common remedy is
to design low-dimensional parametrizations of the system states to enable efficient mod-
eling and computation. Among classical techniques, Proper Orthogonal Decomposition
(POD) has been widely adopted across various complex systems owing to its advantageous
properties including its linearity, its optimality, and the orthogonality of the POD basis
for reduced-order modeling. However, its approximation capability is inherently limited
by the Kolmogorov n-width, which constrains the efficiency of dimension reduction in
certain cases. As an alternative to POD, nonlinear autoencoders have been extensively
developed over the past decade, with their effectiveness demonstrated in a range of tasks.
Concurrently, it is also known that employing local bases tailored to different regions of
the state space can improve reconstruction quality.

Motivated by these insights, we propose a deep clustering architecture that integrates
a nonlinear autoencoder with a clustering model. In the first proposed deep clustering
model, a nonlinear encoder extracts low-dimensional latent representations that serve as
meaningful feature maps. After obtaining the latent states, k-means clustering is applied
to partition them into clusters, assigning a label to each latent state. For reconstruction, a
suitable local mode is selected based on the corresponding cluster label, enabling accurate
and efficient approximation of system states through locally adapted reconstructions.
However, this framework relies on a highly nonlinear and discontinuous basis selection
process, which limits its applicability to dynamical systems due to challenges in stability
and differentiability.

To address this limitation, we propose the polytopic autoencoder framework which in-
tegrates a lightweight nonlinear encoder, a convex-combination decoder, and a smooth
clustering network. This architecture is theoretically well-founded, ensuring that recon-
structed states reside within a convex polytope defined by learned local bases. Addi-
tionally, a polytope error metric is introduced to quantitatively assess the quality of the
polytope and provide insight into the reconstruction fidelity.

Another important aspect of model order reduction is the challenge of preserving essen-
tial data properties, such as sparsity, positivity, and underlying physical constraints. To
alleviate this issue, we design polytopic autoencoders that reconstruct system states using



a decoding matrix derived from a CUR decomposition, which is well-suited for maintain-
ing physical interpretability. By employing actual state samples as decoding components,
the proposed approach enhances the preservation of intrinsic data properties and ensures

consistency with the original physical system.
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ZUSAMMENFASSUNG

Die Simulation komplexer dynamischer Systeme bedeutet in der Regel einen hohen Rechen-
aufwand, der auf die hohe Dimensionalitit der Modellgleichung zuriickzufiihren ist. Eine
mogliche Losung besteht darin, niederdimensionale Parametrisierungen der Systemzusténde
zu entwickeln, die eine effizientere Modellierung und Berechnung zu ermoglichen. Unter
den klassischen Methoden zu dieser sogenannten Modellordnungsreduktion hat sich die
Proper Orthogonal Decomposition (POD) etabliert. Diese Methode ist optimal im Sinne
einer linearen Parametrisierung gegebener Daten aus dem dynamischen System und zeich-
net sich in der Praxis durch die Linearitdt und die Orthogonalitidt der Projektion auf die
Parametrisierung aus. Dennoch ist ihre Approximationsfahigkeit grundséatzlich durch die
Kolmogorov-n-width begrenzt, was die Effizienz der Dimensionsreduktion in bestimmten
Féllen einschrankt.

Als nichtlineare Alternative zur POD wurden in den letzten zehn Jahren zunehmend
Autoencoder verwendet und entwickelt, deren Funktionalitdt sich in einer Vielzahl von
Anwendungsbereichen gezeigt hat. Gleichzeitig ist bekannt, dass die Verwendung lokal
angepasster Basen, die auf unterschiedliche Bereiche des Zustandsraums zugeschnitten
sind, die Rekonstruktionsqualitiat erheblich verbessern kann.

Aufbauend auf diesen Erkenntnissen schlagen wir eine Deep-Clustering-Architektur vor,
die einen nichtlinearen Autoencoder mit einem Clustermodell kombiniert. In der er-
sten vorgeschlagenen Variante extrahiert ein nichtlinearer Encoder aus gegebenen Daten
niederdimensionale Reprasentationen, die als bedeutungstragende Merkmalsabbildungen
dienen. Nachdem die diese sogenannten latenten Zustdnde erfasst wurden, wird ein k-
Means-Clustering angewendet, um diese in Cluster zu unterteilen und jedem latenten Zu-
stand ein Label zuzuweisen. Fiir die Rekonstruktion wird anschliefsend ein lokaler Modus
ausgewahlt, der dem jeweiligen Clusterlabel entspricht. Dieses Clustering-Verfahren entsp-
richt der Auswahl und der Verwendung einer lokalen Basis. Auf diese Weise wird eine
genaue und effiziente Approximation der Systemzustdnde durch lokal angepasste Rekon-
struktionen ermoglicht. Dieses Verfahren basiert jedoch auf einem stark nichtlinearen und
diskontinuierlichen Auswahlprozess fiir die lokalen Basen. Daher ist seine Anwendbarkeit
auf dynamische Systeme eingeschriankt, insbesondere aufgrund fehlender Stabilitdt und
Differenzierbarkeit.

Um diese Einschrinkung zu iiberwinden, schlagen wir das Konzept des polytopischen

vil



Autoencoder vor. Dieses integriert einen nichtlinearen Encoder, einen Decoder auf Ba-
sis von Konvexkombinationen und ein differenzierbares Clustering i{iber ein neuronales
Netz. Die vorgeschlagene Architektur ist theoretisch fundiert und stellt sicher, dass rekon-
struierte Zustdnde innerhalb eines konvexen Polyeders liegen, das durch gelernte lokale
Basen definiert ist. Dazu wird eine Polyeder-Fehlermetrik eingefiihrt, um die Qualitéat des
Polyeders quantitativ zu bewerten und Aufschluss iiber die Genauigkeit der Rekonstruk-
tion zu geben.

Ein weiterer wesentlicher Aspekt der Modellordnungsreduktion im Allgemeinen ist die
Erhaltung relevanter Eigenschaften der Daten wie Sparsitét, Positivitat oder physikalische
Randbedingungen. In dieser Hinsicht entwickeln wir polytopische Autoencoder, welche
die Systemzustdnde mithilfe einer direkt aus den Daten gezogenen Dekodierungsmatrix
rekonstruieren. Diese Matrix wird aus einer CUR-Dekomposition abgeleitet und eignet
sich besonders gut zur Wahrung physikalischer Interpretierbarkeit. Durch die direkte
Verwendung tatsédchlicher Zustandsmessungen als Dekodierungskomponenten tragt der
vorgeschlagene Ansatz dazu bei, intrinsische Datenmerkmale zu erhalten und die Ubere-
instimmung mit dem urspriinglichen physikalischen System sicherzustellen.
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1.1 Motivation

Large-scale dynamical systems typically require considerable computational resources and
data storage capacity due to the high dimensionality of their state representations. This
poses challenges for both data processing and simulation efficiency. To address this chal-
lenge, low-dimensional parametrizations of high-dimensional states have been developed
as a model order reduction approach. Parametrization refers to the process of expressing
the structure of a system using a finite set of parameters. These parameters typically
capture variations in input features. While parametrization targets the compact repre-
sentation of input or configuration spaces, model order reduction focuses on simplifying
the system.

Among the available techniques, linear model order reduction techniques offer a way to
decrease model complexity by approximating the original system with a reduced represen-
tation, albeit with a trade-off in accuracy. These reduced-order models can alleviate the
computational load, making large-scale simulations more feasible. However, when even
lower-dimensional representations are required, such as for control system design, lin-
ear methods like proper orthogonal decomposition (POD) reach their inherent limitations
imposed by the Kolmogorov n-width [85].

In such cases, nonlinear techniques become necessary, as they are better suited to
capture the complexity of the system states in a more compact form and provide greater
flexibility in handling nonlinearities. In particular, neural-network-based methods have
been widely adopted, including multilayer perceptrons (e.g., [71]), autoencoders (e.g.,
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[91, 87]), convolutional autoencoders (e.g.,[37, 43, 74|), variational autoencoders (e.g.,
[117]), and recurrent neural networks (e.g., [39, 82]).

Despite the limitations of linear model order reduction methods in capturing nonlinear
dynamics, they continue to be widely adopted across various applications; e.g., [104, 84].
This widespread use can be attributed to their inherent stability, which ensures reliable
system behavior, as well as their computational efficiency, which allows for faster simula-
tions. Also, their mathematical simplicity makes these techniques easy to implement in
legacy code.

Given the distinct advantages offered by both linear and nonlinear methods, this work
explores hybrid approaches that combine the strengths of each. Specifically, this study
investigates nonlinear techniques for dimensionality reduction while maintaining the abil-
ity to reconstruct the states through a linear method. To this end, a novel framework is
proposed that balances the flexibility offered by nonlinear reductions with the efficiency
and simplicity of linear projection for state reconstruction. Additionally, it is known
that using local bases for state reconstruction improves reconstruction performance; e.g.,
[29, 7, 8, 38, 67]. Accordingly, the investigation includes clustering reduced-dimensional
states to generate local bases that more effectively capture the dynamics within specific
regions of the state space, which are then used for state reconstruction.

In the field of deep learning, deep clustering refers to a framework that integrates neural
networks with clustering techniques for unsupervised learning tasks; e.g., [40, 114, 77].
In particular, autoencoder-based deep clustering architectures jointly consider clustering
performance and reconstruction loss during training. These models are typically trained
to minimize reconstruction error in order to obtain meaningful latent states, while simul-
taneously predicting cluster labels based on the structure of the low-dimensional latent
space. However, these models are not inherently designed to improve reconstruction
quality using the clustering results. Consequently, clustering information is found to be
beneficial for enhancing reconstruction performance by enabling the assignment of in-
dividual decoders according to the cluster associated with each latent state. Finally, a
deep clustering network architecture, composed of a nonlinear encoder, an affine linear
decoder, and a clustering network, is designed. This architecture enables the model to ex-
tract latent states via a global encoder and reconstruct them through local modes selected
according to the clustering result associated with each state.

From another perspective, standard linear model order reduction methods project states
and latent variables onto unbounded linear subspaces, despite the fact that these quan-
tities are typically observed to lie within bounded regions. This mismatch implies that
enforcing state reconstruction within a polytope could be beneficial. To the best of our
knowledge, the concept of polytopic autoencoders has not been explored in the existing
literature. We therefore introduce a novel formulation, termed a polytopic autoencoder,
in which the reconstructed states are constrained to lie within a convex polytope defined
by a set of support vectors. Building upon this formulation, we further demonstrate that
deep clustering architectures can be naturally interpreted as polytopic autoencoders by
combining this convex reconstruction mechanism with a smooth, differentiable clustering
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model.

Reduced-order models often face significant challenges in preserving fundamental phys-
ical laws and critical data properties such as sparsity, positivity, and incompressibility.
These limitations can result in reduced physical fidelity and degraded performance in
downstream tasks. A possible approach to mitigate this issue is the use of CUR decomposi-
tions (e.g., [81, 49]), which construct low-rank approximations by selecting actual columns
and rows from a given matrix. By doing so, CUR decomposition retains data properties,
making it particularly well-suited for applications that demand interpretability and the
retention of intrinsic data properties. As the final topic of this thesis, physics-preserving
reduced-order models are developed by combining the strengths of autoencoders and CUR
decompositions.

1.2 Contributions

The main contributions of this thesis are as follows:

1. A deep clustering network architecture for low-dimensional parametrization of flow
equations: A deep clustering architecture employs nonlinear encoding to extract
meaningful latent states, classifies these states in the latent space, and utilizes local
bases to enhance the quality of state reconstruction. In particular, the clustering
module is a differentiable and allows states to lie in transition areas among clusters.
Thus, in contrast to standard clustering methods, it can be seamlessly integrated
into differentiable dynamical systems.

2. Polytopic representations for state reconstruction: Polytopic autoencoders (PAEs)
ensure that all states are reconstructed within a polytope defined by a minimal
number of vertices. This formulation enables direct application to polytopic lin-
ear parameter-varying (LPV) systems without requiring additional procedures for
a bounding box of states. The optimal reconstruction error is theoretically esti-
mated by solving a convex quadratic combination problem so that PAEs reduce
the uncertainty of training and evaluating models. Furthermore, it is shown that
a deep clustering model composed of a PAE and a smooth clustering network can
also be regarded as a polytopic autoencoder. This formulation inherits the desirable
properties of PAEs while additionally benefiting from local basis representations.

3. High accuracy of our approach in extremely low dimensions compared to POD: The
proposed models are evaluated using three flow datasets and compare them against
benchmark methods such as POD. The results demonstrate that our models achieve
significantly lower reconstruction errors, especially in scenarios involving extremely
low-dimensional representations.

4. A physics-preserving reduced-order modeling via proper CUR decomposition: A col-
umn selection method is developed for CUR decompositions and used selected
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columns for proper CUR Decomposition (PCD). Reduced-order models constructed
using PCD can achieve simulation accuracy comparable to the POD-based model,
while better preserving incompressibility in our simulation.

1.3 Outline

The rest of the thesis is organized as follows:

Chapter 2 provides background preliminaries essential for understanding the contents
of this thesis. It covers matrix decompositions, autoencoders, clustering algorithms,
autoencoder-based deep clustering, flow data generated by simulations of either the in-
compressible Navier-Stokes equations or the inviscid Burgers’ equations, and a sketch of
reduced-order modeling.

Chapter 3 presents a deep clustering architecture called individual convolutional au-
toencoders (iCAEs). It discusses their low-dimensional parameterization approach based
on nonlinear encoding and the use of local bases. Moreover, it evaluates the performance
of iCAEs in comparison with other benchmark models such as POD and clustered POD
using diverse evaluation metrics.

Chapter 4 introduces the concept of PAEs. This chapter outlines the motivation behind
PAEs, the relationship between iCAEs and PAEs, details their architecture and training
process, and provides mathematical theorems related to the polytopic representation of
system states. Additionally, it discusses their application to polytopic LPV approxima-
tions and presents diverse simulation results.

Chapter 5 proposes PCD and PCD-based physics-preserving reduced-order models. It
describes the methodology for selecting appropriate actual states, followed by the con-
struction of ROMs that incorporate physical constraints. Simulation results validate the
proposed model order reduction approach.

Chapter 6 concludes this thesis with a summary of key findings and an outlook on
future directions.
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This section lays the groundwork for the following chapters by providing an overview of
linear dimensionality reduction, autoencoders, clustering methods, and their integration
approaches.

2.1 Matrix Decomposition

Matriz decomposition (or factorization) is the process of expressing a given matrix as a
product of multiple matrices, such as singular value decomposition, CUR decomposition,
LU decomposition, and Cholesky decomposition. It is widely used for various tasks includ-
ing data compression, model order reduction, and noise reduction; e.g., [90, 61, 97]. This
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section introduces singular value decomposition and CUR decomposition and explains
how they can be applied to linear dimensionality reduction tasks.

2.1.1 Singular Value Decomposition

Suppose a matrix X € R"™™ is given. Then there exist two orthogonal matrices V &
R™™ and W € R™"™ such that

X=Vw'

where ¥ € R™*" is a matrix with diagonal entries o1, 09, ..., 0, called the singular values
of X, satisfying oy > 09 > ...0, > 0 and ¢ = min(m,n). This decomposition is called
the singular value decomposition (SVD) of X.

The SVD provides several computational advantages including

1. Orthogonality of singular vectors in the matrices V' and W, and
2. Optimality for low-rank approximations.

First, due to the orthogonality of the left and right singular vectors contained in the
matrices V' and W respectively, these matrices facilitate the simplification of certain
computations. For instance,

VIV=VVI=1, WW=WW'=1,, and |[Vz|, = ||zl

for any vector z. Furthermore, the orthogonality simplifies the computation for the inverse
(or pseudoinverse) of X. Let

o1 0 - 0 1
- o, 0 0 mxn
=19 0 10 o | €R
0 - 0 0 -+ 0 |

be the singular value matrix. Then, the Moore-Penrose inverse ¥ of X is given by

[ Uil 0 - 0 |
s _ ULT 0 --- 0 J—
N 0 --- 0 0 --- 0 ‘

i 0 -0 0 0 |
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Algorithm 2.1: Randomized SVD [52]

Input: Matrix X € R™*" reduced dimension r, oversampling parameter n
Output: V, e R™" ¥, € R™" W, € R (X ~ V.35, W.")

Generate a matrix 7 € R™ "+ with the entries sampled from N(0, 1)

1
2 Compute Y = XT // A matrix Y smaller than X
3 Compute Y = QR // QR decomposition of Y
4 Compute Q"X = VEwT // SVD of QTX
5 Compute X ~ WZTWTT where V,. = Qf/r // truncated SVD of X based on

top r singular values
6 return V., X, W,

Thus, the inverse (or pseudoinverse) of X can be expressed as
Xt =wztvT,

which allows obtaining the inverse (or pseudoinverse) of X without performing a direct
matrix inversion.

Second, SVD is recognized for its optimality in constructing low-rank approximations.
Specifically, it minimizes the approximation error in the Frobenius norm, as shown in
Lemma 2.1. Due to this property, SVD is widely used for dimensionality reduction,
which represents high-dimensional data in a lower-dimensional subspace while preserving
the most significant features; see Section 2.1.3.

The SVD requires high computational costs when X is a large-scale matrix. To alleviate
this computational burden, it is commonly assumed that the eigenvectors corresponding
to small singular values contribute negligibly to the overall structure and approximation
of X. Based on this assumption, one can employ truncated SVD which discards the less
significant components while retaining the dominant features of the original matrix. This
approach allows for substantial computational savings while maintaining a desired level
of approximation accuracy. In other words, X is approximated using the truncated SVD
defined as

X =~ V;ETWTT ,

where V, is the m X r matrix containing the first » columns of V', ¥, is the r x r diagonal
matrix containing the r largest singular values, W, is the n X r matrix consisting of the
first 7 columns of W, and r < ¢. In practice, the truncated SVD of X can be implemented
using a variety of efficient algorithms such as Algorithm 2.1.

2.1.2 CUR Decomposition

SVD has been widely adopted in numerous scientific and engineering applications due
to its optimality and the orthogonality of its singular vector matrices. Specifically, it
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Algorithm 2.2: CUR decomposition (random selection) [35]
Input: Dataset X € R™*™ r < min(m,n)
Output: C € R™" U € R™", R € R™" (X ~ CUR)

1 Compute s =37, 3" X7, i=1,2,...,m,j=1,2,....,n

17]7

2 for i =1 tom do

3 L pi = Zj ij/s // m probabilities for the row selection
4 for j=1 ton do

5 L g = X}/s // n probabilities for the column selection
6 Set pP= [plap2a s 7pm]7 q-= [q17QQ7 s 7qn]

7 Select r columns from the multinomial distribution with q to construct C'

8 Select r rows from the multinomial distribution with p to construct R

9 Compute U = CTXR" // +: Moore-Penrose pseudoinverse

10 return C,U, R

provides the best low-rank approximation of a matrix in terms of the Frobenius norm,
and the orthogonality of the left and right singular vectors ensures numerical stability and
interpretability in many contexts. These properties make SVD an appealing choice for
tasks such as dimensionality reduction, signal processing, and latent semantic analysis.

However, despite its theoretical strengths, SVD also has notable limitations, partic-
ularly when applied to data analysis and interpretation. A critical drawback is that
the singular vectors contained in the matrices V' and W do not correspond to actual
columns or rows of the original data matrix X. Instead, they are linear combinations of
all columns or rows, which may result in singular vectors that lack direct interpretability.
Consequently, these vectors might fail to satisfy key structural properties or constraints
inherent in the data.

For example, a lot of real-world datasets exhibit sparsity, where only a small number of
entries in each data vector are non-zero such as user data for recommendation systems.
Other datasets may impose specific constraints such as nonnegativity, as in image inten-
sities or probability distributions, or even integer values, as in categorical or count data.
Since SVD generates dense vectors through linear combinations of actual data, it does not
inherently preserve such properties. Consequently, the singular vectors produced by SVD
may not align with the underlying physical or statistical characteristics of the original
data.

Therefore, while SVD remains a popular matrix approximation, its limitations in pre-
serving the intrinsic properties of the data motivate the exploration of alternative methods
such as CUR decomposition that prioritizes interpretability and property preservation.

The CUR decomposition uses actual columns and rows obtained from a given matrix
X for the decomposition

X ~CUR,
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where C' is an m X r matrix containing r columns of X, R is an r X n matrix consisting
of r rows of X, and U is an r x r matrix defined as U = C* X R". The matrices C* and
R* denote to the Moore-Penrose pseudoinverse of C' and R respectively.

This approach provides several advantages including

1. Sparsity preservation,
2. Interpretability, and
3. Preservation of data properties.

When X is a large sparse matrix, both C' and R are also sparse, leading to low com-
putational costs compared to using the dense singular matrices V' and W in SVD.

Furthermore, since the actual columns and rows of X are used for its low-rank approx-
imation, the selected columns and rows directly correspond to data features (i.e., any
data features are represented through the linear combinations of the selected columns or
rows). As a result, the CUR decomposition is not only more interpretable than SVD from
a data analysis perspective, but also the vectors in C' and R satisfy the properties of X
in contrast to SVD.

Lemma 2.1 (Optimal low-rank approximation [103, 1.9, pp.71-75]):
Let X € R™™ and let X, be the truncated SVD of X with » modes. Then

IX =X, |[f = min X -2,
ZeRan

rank(Z)<r

where || - || is the Frobenius norm and r < min(m,n). O

This optimality result implies that the CUR decomposition of X generally results in a
higher approximation error than the truncated SVD as the lower error bound of the CUR
decomposition of X,

IX = CURJ[% = min | X = Z||p = [|X = X,k (2.1)

Moreover, since the approximation error in the CUR decomposition is sensitive to
selected column and row distributions, the sampling method used for selecting appropriate
columns and rows is a critical factor in the decomposition. In other words, the upper error
bound is decided depending on sampling methods; see [81, 99, 21].

For instance, the CUR decomposition employs a random sampling method where the
selection is based on a multinomial distribution with probabilities determined by the
magnitudes of each column and row respectively, without replacement, as shown in Al-
gorithm 2.2.

As an advanced sampling method, the discrete empirical interpolation method (DEIM)
[24, 99] can be used for the CUR decomposition. In Algorithm 2.3, an approximation of
the current singular vector d in the subspace spanned by the previously selected vectors
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Algorithm 2.3: DEIM [21]
Input: Unitary matrix D € R™*" (r < m)
Output: Vector of selected indices p = [p1,p2, - .., Dr]

1.d=D[,1] // 1st leading singular vector
2 p = [argmax(|d])] // 1st selected index
3 fort=21tordo

4 d =Dl 1 // i-th leading singular vector

d=D[;,1:i—1]D[p,1:i—1]"'d[p] // interpolatory projector for the
approximation of d

[}

e=d-d // error between d and d
| p = [p,argmax(|e|)] // storage of the i-th selected index
8 return p

Algorithm 2.4: CUR decomposition (DEIM-based selection) [21]

Input: Dataset X € R™ ™ r < min(m,n)
Output: C € R™", U € R™", R € R™" (X ~ CUR)

1 Compute X ~ VEW " // rank-r truncated SVD of X
2 Compute a = DEIM(W) // select r column indices for C
3 Compute b = DEIM(V) // select r row indices for R
4 Define C = X[;;a] and R = X|[b, ]

5 Compute U = Ct*XR* // +: Moore-Penrose pseudoinverse
6 return C,U, R

is computed as d. Next, p;, regarded as an interpolation point not explained by the
previously selected points py, . .., p;i_1, is identified via max(|e|). This avoids the redundant
selection of interpolation points and can achieve high accuracy compared to Algorithm 2.2.
As shown in Algorithm 2.4, the DEIM-based selection method is utilized to obtain two
vectors a and b, corresponding to the chosen column and row indices respectively.

To validate the proposed methods, two empirical datasets, Wine [1] and Breast Cancer
[113], are used. The wine dataset comprises 178 chemical analysis results of wines with
13 chemical constituents. The breast cancer dataset consists of 569 samples with 30 real-
valued features extracted from digitized images of fine needle aspirates of breast masses.
Since they exhibit distinct characteristics in terms of dimensionality, feature distribution,
and class structure, they are suitable for a robust comparison of low-rank approximation
methods.

Figure 2.1 presents the approximation errors of three dimensionality reduction methods
applied to the datasets.

Across both datasets, tSVD consistently yields the lowest approximation error, as
expected from inequality (2.1). Among the CUR-based methods, CUR-DEIM outper-

10
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Figure 2.1: Approximation error: for (left) the wine dataset X € R¥¥*17 and (right) the
breast cancer dataset X € R39%%69: tSVD refers to the rank-r truncated SVD
of X based on Algorithm 2.1. CUR-RANDOM and CUR-DEIM denote the
CUR decompositions of X implemented by Algorithm 2.2 and Algorithm 2.4
respectively.

forms CUR-RANDOM underscoring the effectiveness of DEIM in identifying informative
columns and rows for CUR approximation. As the reduced dimension r increases, all
methods exhibit a clear downward trend in approximation error, reflecting enhanced re-
construction performance. These results demonstrate that, while tSVD offers the highest
accuracy, CUR-DEIM serves as a competitive and more interpretable alternative, achiev-
ing improved approximation quality without compromising the structural interpretability
inherent in CUR decompositions. CUR-DEIM is a deterministic algorithm, whereas CUR-
RANDOM is stochastic. For CUR-RANDOM, the minimum error from 15 iterations is
selected as the representative error.

In Section 5.3, other sampling methods for CUR decompositions of flow data are dis-
cussed.

2.1.3 Matrix Decomposition for Linear Dimensionality Reduction

Linear dimensionality reduction refers to the technique of transforming high-dimensional
data onto a low-dimensional space and projecting the reduced-dimensional data (latent
states or latent variables) back to the original space using linear projection methods that
involve the reconstruction error between the original data and its approximations. This
process typically involves two linear operators, encoder and decoder: one for projecting
the data into the reduced space, and the other for reconstructing it back to the original
space, such that the reconstruction error is minimized. Mathematically, this is expressed

11
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as

p = Fx,

x=Gp,
where F' and G are r x m and m x r matrices respectively and x, X and p are an m x 1
vector, the reconstruction of x (i.e., X &~ x), and an r x 1 latent variable respectively

(r < m). To obtain appropriate F' and G, for example, either the truncated SVD or the
CUR decomposition of a given m x n dataset

X=|x1 X ... X1 X,
| I

is employed such that X ~ V,X, W or X ~ CUR as discussed in Section 2.1.1 and
Section 2.1.2. Based on the truncated SVD, F' = V." and G = V, such that the linear
dimensionality reduction method is defined as

p="V'x

x = V,p.
This approach is known as proper orthogonal decomposition (POD), and the columns of V.
are referred to as POD modes. POD has been widely used in a variety of fields, including
fluid dynamics and machine learning, due to its linearity and its optimality in the sense
of the Frobenius norm.

Alternatively, using the CUR decomposition, C* and C' are used to set F' and G respec-

tively then the linear dimensionality reduction method called proper CUR decomposition

(PCD) is defined as

The matrix CT refers to the Moore-Penrose pseudoinverse of C. The PCD approach pre-
serves the physical interpretability of the basis vectors, since the columns of C' correspond
to actual data rather than abstract orthogonal directions as in SVD.

Lemma 2.2 (Projection error bound for CUR decomposition):

|X = CC*X|% < | X — CURJl%,
where X ~ CUR is a CUR decomposition of X and C* is Moore—Penrose inverse of C.
Proof. Let Y = CUR. Then
|X = CUR|% =X - Y%
= (X —CCTX) + (COCTX —Y)|%
= | X —CCTX|%+||COTX —Y|%2+2(X —CCTX,CCTX —Y)p

12
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where (-, ) p is Frobenius inner product.

(X —CCTX,C0TX —Y)p

= Tr((X —cCctX)(CCTX —Y))

=Tr(X" = XTCCH(CCTX —=Y)) (- (ccHT =cch)

=Tr(X'CCTX - XY - XTOCTCCTX + X'CCYY)

=Tr(X'COTX - XY - XTOCTX + XTCCTY)(-CCTC =)

=Tr(-X"Y + X'CCTY)
(—
(—
(

=Tr(—X"CCYXR"R+ X"CCTCCTXRYR) (.Y =CUR,U = CTXR")
=Tr(—X"CCY*XR'R+X"CCYXR'R) (- CCTC = O)
= Tr(0)
=0
Therefore,

IX = CUR|E = |IX = YIz
= [|(X - CCTX) + (CCTX —Y)|I%
= | X - CCH X[ + |CCTX = Y[
> ||X = CCT X O

By Lemma 2.2, the projection (or reconstruction) error || X — CCTX]||% is less than
or equal to the approximation error ||[X — CUR||%. Similarly, it can be shown that
the projection error || X — V,V." X||% is less than or equal to the approximation error

2.2 Autoencoders

An autoencoder is a neural network designed to extract features of input data and re-
construct the input data from the features; e.g., [13],[48, Ch. 14|. The fundamental
architecture consists of two components: an encoder that extracts features referred to as
latent variables from inputs and a decoder that reconstructs the inputs from the latent
variables. It can be represented as

p=f( ),

where f and g denote the encoder and the decoder respectively and where x, p, and X
denote an input, a latent variable, and a reconstructed input respectively. Accordingly, X
refers to an approximation of x (i.e., X & x).

13



2 Background Preliminaries
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Figure 2.2: A deep autoencoder g o f: Structure of a deep autoencoder composed of an
encoder f and a decoder g, trained to reconstruct x via the mapping g(f(x))
(i,e, x ~ X)

The mechanisms of encoding and decoding are not limited to a specific field. Rather,
they constitute general principles that are broadly applicable in areas such as information
theory, neuroscience, and machine learning. In practice, different forms of autoencoders
have been utilized for a wide range of tasks including data generation (e.g., [86, 41, 9, 63])
and dimensionality reduction (e.g., [L11, 40, 65, 102]). In data generation, autoencoders
are designed to create new data or remove noise from inputs. In contrast, for dimension-
ality reduction, it is important to reconstruct exact inputs from low-dimensional latent
variables in R" and the dimension of p typically tends to be extremely low compared to
the original high dimension n of inputs (e.g., n = 20,000 and r = 50). However, re-
construction performance diminishes as r decreases, so the key question is how to design
dimensionality reduction methods that can effectively use low reduced dimensions while
achieving satisfactory reconstruction. To achieve this goal, one possible strategy is to
design deep and nonlinear autoencoders.

2.2.1 Dense Autoencoders

The design of basic autoencoders g o f typically begins with neural networks comprising
dense layers as shown in Figure 2.2, and these are commonly referred to as dense autoen-
coders. A dense layer refers to a neural network layer where the connection between two
consecutive layers without nonlinear applications such as nonlinear activation functions
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is afline linear as follows:

Z1 — W1X + bl,
zy = Wz + by,

X=Wr1zp2+br_1,

where Wy, ..., Wy, are learnable weights, by,...,b;_; are learnable biases, and L is
the number of layers. Furthermore, the composite of the affine linear transformations
preserves the affine linearity as shown in Remark 2.3.

Remark 2.3:

The composite of the affine linear transformations is affine linear.

Proof.

Wir1zp—o + b,
Wy 1(Wp_ozp_3+br_s) +br_1,
Wia(Wr—o(Wp_sz,—4+br_3) +br_2) +br_1,

X

= Wx+ b,

where W = WL,1WL,2 .. .W1 and b = bL,1 -+ WLflbL72 -+ WL72WL71bL73 + ...+
Wy ... Wp_1by. [

This linear nature may lead to high reconstruction error, even with deep autoencoders.
Hence, to introduce nonlinearity in deep autoencoders, a nonlinear activation function
such as tanh function can be applied in each layer as follows:

Z, = al(Wlx + b1>,
Zy = (12<W2Z1 -+ bg),

X=a,1(Wr_1z2,2+br_1),

where aq, . .. a1 are activation functions (some of them could be linear). These activation
functions are applied elementwise to the output of each linear layer.

In a dense layer, each node is connected to every node in the previous layer; see Fig-
ure 2.3. This connection, formed by an affine linear combination, requires expensive
computations and large memory resources, particularly when handling large datasets or
a large number of nodes. Moreover, dense layers may be inadequate for capturing spatial
patterns in datasets such as images or time series, as they lack sparse connectivity. Sparse
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connectivity refers to a network structure in which each node is connected to only a subset
of other units, resulting in a weight matrix with many zero entries. To overcome these
issues, dense layers along with other types of layers such as convolutional, pooling, and
recurrent layers have been utilized to build deep neural networks; e.g., [73, 26].

2.2.2 Convolutional Autoencoders

A convolutional layer is a neural network layer where the connection between two con-
secutive layers is defined by the convolution operation (x) described as

k1—1ko—1 kp—1

(I+K)(z1,22,...,2p) = Z Z Z I(zy—i1,29—12,...,xp—ip)K(i1,42,...,ip),

i1=0 i2=0  ip=0
where I(z1,Zs,...,2p) is the input value at pixel position (x1,2s,...,2p) € NP and
K(i1,1i9,...,ip) is the parameter of a ky X ky X - - - kp kernel K at position (i, is,...,ip).
The convolution [ % K at (z1,xs,...,xp) yields an output value by summing of the
products of input values and kernel parameters corresponding to them in a local region
centered at the coordinate (z1,zs,...,2p). A convolutional layer includes node values

obtained by convolutions applied to the input data using a kernel. The kernel slides across
the input data with a step size known as the stride and the resulting set of node values
is referred to as a feature map.

For instance, when [ is an image with 32 x 32 pixels and K is a 3 x 3 kernel, the
convolution is defined as

where (z,y) € {2,3,...,31} x {2,3,...,31} denotes a pixel point in I. When the stride
is set to 1, the kernel moves one pixel at a time and the computations result in a 30 x 30
feature map I in the convolutional layer. Moreover, the convolution operation can be
reformulated based on various options such as padding and dilation. To simplify the
notation of the convolution, the series of convolution operations as described above to
obtain a feature map from an input [ is denoted as I = Conv([).

By the definition of Conv, Conv itself offers several advantages including

1. Linearity,
2. Sparse connectivity,

Parameter sharing,

= W

Indirectly dense connectivity, and

5. Translation invariance.
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dense connectivity sparse connectivity

Figure 2.3: Dense connectivity vs. sparse connectivity with a kernel size of 3

w@;@wg w@w@ws
FEFLY 4D %

no sharing parameter sharing

Figure 2.4: No sharing (9 different parameters) vs. parameter sharing (a single kernel
with parameters wy, ws, and ws)

Firstly, Conv is linear, and as a result, the composition of multiple convolutional layers
applied in sequence also constitutes a linear transformation. In the absence of nonlinear
activation functions between these layers, a sequence of convolutional layers can therefore
be structurally reparameterized into a single convolutional layer without any loss in repre-
sentational capacity. In this context, reparameterization means that the combined effect
of multiple convolutions can be expressed as one equivalent convolution by appropriately
merging their respective kernels; see Remark 3.2. This property not only allows for a
reduction in the computational cost and inference time of deep neural networks by elim-
inating unnecessary operations, but also enables the intentional preservation of linearity
in the model architecture; e.g., [34].

Secondly, in Conv each output node is connected only to a limited number of nodes
in the previous layer, a characteristic known as sparse connectivity, as illustrated in
Figure 2.3. Thus, Conv can use fewer parameters (referred to as weights) and be designed
to handle deep hidden layers more efficiently than dense layers. Additionally, it enables
neural networks to extract feature maps from local information.
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Figure 2.5: Indirectly dense connectivity formed by two convolutional layers

Thirdly, Conv utilizes a single kernel to extract a feature map, meaning that kernel
parameters remain unchanged regardless of its position in the input. As depicted in
Figure 2.4, parameter sharing indicates the use of the same parameters in each computa-
tional area. This property, along with the sparse connectivity, helps reduce the number
of parameters.

Fourthly, receptive field (e.g., [79]) refers to the size of input values that affect a single
node in the output layer. It tends to expand with an increasing number of layers; thus,
dense connectivity between input and output nodes in a neural network can be achieved
through deep layers, even though any two consecutive layers are sparsely connected. As
shown in Figure 2.5, each node in the output of Conv; is not connected to all nodes in the
input layer. However, the node in the last layer depends on all nodes in the input layer.
In this case, the receptive field size equals the number of nodes in the input layer. This
property is referred to as indirectly dense connectivity.

Fifthly, Conv exhibits a degree of translation invariance owing to sparse connectivity and
parameter sharing. Translation invariance implies that the outcome remains consistent
despite translations. For example, although an object is translated in an image, Conv can
extract similar features as those from the original image, as its weights remain invariant
regardless of the object’s position. Consequently, Conv facilitates the classification of the
object into the same predicted class as in the original image.

A convolutional autoencoder (CAE) is an autoencoder containing one or more convolu-
tional layers. The output tends to be smaller than the feature map in the previous layer.
For example, when [ is a 2D image with h x w pixels, K is a k; X ky kernel, and the stride
is set to s, the feature map size H x W is calculated as follows:

h —k;

- +1,
S
—k
Sk
S

As a downsampling method, Conv is structurally apt for extracting low-dimensional
features compared to inputs. However, it is unsuitable for extending dimensions in a
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decoder.

To address this issue while possessing properties such as linearity, sparse connectiv-
ity, and parameter sharing, deconvolution (e.g., [116]) has been commonly employed for
decoding latent variables. The goal of deconvolution is to reverse the convolution pro-
cess. However, it is usually referred to as transposed convolution, as the actual inverse of
convolution does not exist.

For example, when [ is a 2D image with h x w pixels, K is a k; X ko kernel, and a
stride is set to s, the feature map size H x W is calculated as follows:

H=s(h—1)+ ki,
W = s(w —1) + ko,

and each value O(z,y) at a pixel point (x,y) in an output feature map I is obtained by

k1—1ko—1
O(z,y) =Y Y L(i,))K(i,j),
i=0 j=0
where . .
0, if | ZJ<00rLySJJ<O

1,(i, ) =

T —1

1, Luj ), otherwise.
s

q

To simplify the notation of the deconvolution, the series of deconvolution processes
used to obtain a feature map I from an input I is denoted as Ir = DeConv(I). Finally,
a standard deep CAE g o f is designed using dense, convolutional, and deconvolutional
layers with nonlinear activation functions.

S

2.2.3 Autoencoder Optimization

Autoencoders are designed to reconstruct inputs, so the objective function for model
optimization measures the error between inputs and outputs without labelled data. Thus,
the training strategy is unsupervised learning which refers to training neural networks
using unlabeled data as shown in Algorithm 2.5.

Remark 2.4 (Supervised learning vs. unsupervised learning):

Let 7 be a neural network that defines a mapping from an input space to an output space,
expressed as y = 7(x), where x is the input and y denotes the output. Supervised learning
refers to a training paradigm in which the model learns from labeled data, meaning
that each input x is paired with a corresponding ground-truth output y. The goal of
supervised learning is to optimize the model parameters such that the predicted output y
closely matches the true output y, typically by minimizing a loss function that quantifies
prediction error. In contrast, unsupervised learning deals with unlabeled data where no
explicit target output y is provided.
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Algorithm 2.5: Training an autoencoder g o f

Input: Training dataset X = {x(®}Y  learning rate 7, number of epochs ¢
Output: Trained encoding and decoding parameters; 6y, 0,

1 Initialize model parameters 0¢, 0,

2 for epoch =1 to e do

3 for B C X (B: random mini-batch) do

4 Compute Z = f(B;0y) // Encoding B to latent variables Z
5 Compute X =9(Z;0,) // Decoding Z to reconstruction X
6 Compute £ = 25 3 iepzmex XY — xW|2  // Reconstruction loss
7 Update parameters 0y <— 0y — Vg, L, 0, < 0, —nVy, L

8 return 0y, 0,

Instead, the objective is to uncover hidden structures, patterns, or distributions inherent
in the input data x. Common approaches include clustering and dimensionality reduction.
In this setting, the model learns to represent or organize the data in a meaningful way
without direct supervision. O

The reconstruction loss function serves as a critical component in training models for
dimensionality reduction and representation learning. It quantifies the discrepancy be-
tween the original data and its reconstructed approximation. Depending on the nature
of the data and the specific goals of the learning task, various loss functions can be em-
ployed. Common choices include the mean squared error (MSE), which penalizes large
deviations in a Euclidean sense, and the Kullback-Leibler (KL) divergence, which is often
used when a probabilistic interpretation of the data distribution is desired. For instance,
MSE is adopted in Algorithm 2.5 to measure reconstruction fidelity. To ensure tractable
and stable optimization, it is advantageous to formulate the loss function as a convex func-
tion, as this guarantees the existence of a unique global minimum and facilitates efficient
convergence of the optimization algorithm. However, in practice, the loss function with
respect to the model parameters is typically non-convex due to the inherent nonlinearity
of neural networks, making the optimization process particularly challenging.

In terms of reconstruction performance, a decrease in the number of output nodes (a
reduced dimension of r) from the encoder typically leads to a decline in reconstruction
quality, similar to the behavior observed in linear dimensionality reduction methods.

Remark 2.5 (Gradient descent):

Descent methods are optimization algorithms that aim to find a local minimum (and
preferably a global minimum) of a function £ with respect to a variable vector 6 by
moving in the direction of the negative gradient of £. The general form of the update
can be written as

0 < 0 +nA0, VoL(0) AO < 0,
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where A6 is the descent direction and n denotes the learning rate which adjusts the step
size. If the descent direction is chosen as A = —VL(0), then the condition is satisfied:

VL(O)TAO = —VeL(0)TVL(O) < 0.
In this case, the update rule becomes
0+ 0 —nVeLl(),

which defines the well-known gradient descent method.

Gradient descent is an iterative optimization method widely used in machine learning
to minimize an objective function £, typically referred to as a loss function with respect
to model parameters 6. At each iteration, the model parameters 6 are updated by moving
in the direction of the negative gradient of the loss function. However, gradient descent
requires computation of the gradient over the entire dataset at every iteration, which
can be computationally expensive and memory-intensive for large-scale data. To address
this limitation, stochastic gradient descent (SGD) is commonly used, where the gradi-
ent is approximated using a randomly sampled subset (mini-batch) of the data at each
iteration. O

For the training of model parameters, advanced variants of SGD are widely employed
due to their scalability and practical effectiveness in navigating high-dimensional parame-
ter spaces. SGD updates the model parameters by computing gradients based on a small
sampled subset of the training dataset, referred to as a mini-batch. This approach is
applied iteratively, and each update step contributes to gradually optimizing the model
toward minimizing the loss function as explained in Remark 2.5. Thus, SGD significantly
reduces the memory requirement per iteration, which is particularly advantageous when
dealing with large-scale datasets, as the number of batches tends to be large. However,
despite its computational efficiency, SGD is inherently stochastic and may suffer from
convergence issues. In particular, it has the potential to become trapped in local minima
or flat saddle points, especially in non-convex optimization landscapes, which are common
in deep learning models.

Enhancements to the standard SGD, such as momentum-based methods, which help
accelerate convergence and mitigate oscillations, and adaptive learning rate algorithms
like Adam, have become the default choices for many machine learning applications (e.g.,
[105, 69]). These methods adapt the step sizes dynamically for each parameter, thereby
improving convergence in problems with sparse gradients or noisy loss landscapes.

Furthermore, learning rate scheduling methods (e.g., [78, 54]) can be employed to fur-
ther enhance the performance of SGD-based optimizers. These methods adjust the learn-
ing rate dynamically during training and are typically designed to reduce the learning
rate over time to balance the trade-off between rapid convergence in the early stages and
fine-tuning near the optimum. In addition, learning rate schedules help avoid issues such
as overshooting or getting stuck in sharp local minima by following predefined rules for
how to adjust the learning rate.
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In scenarios where higher precision or more nuanced curvature information is required,
second-order optimization techniques can be employed. Omne notable example is the
limited-memory Broyden—Fletcher—-Goldfarb-Shanno (L-BFGS) algorithm [20], which ap-
proximates the Hessian matrix and provides faster convergence in some settings. Although
computationally more intensive, these methods are suitable for smaller-scale problems or
as a fine-tuning step following SGD-based pretraining.

Overfitting occurs when a model learns to fit the training data too closely, thereby
failing to generalize well to unseen data. This results in high accuracy on the training set
but poor performance on validation or test sets. It indicates that the model has learned
specific details rather than learned the underlying structure of the data. To address these
challenges, regularization methods (e.g., [100, 106]), batch sampling, and early stopping
are employed to constrain the model complexity and prevent it from fitting the noise in
the data.

The development and deployment of such optimization strategies have been greatly
simplified by modern deep learning frameworks such as Pytorch and TensorFlow. These
libraries provide automatic differentiation capabilities that eliminate the need for manual
gradient computation, thus enabling researchers and practitioners to focus primarily on
high-level model design and hyperparameter tuning.

2.3 Clustering

Classification and clustering algorithms typically divide a dataset X into disjoint subsets,
Ci,i =1,2,...k such that X = U,—1 5 xC;. In classification, each C; is termed a class,
while in clustering, it is referred to as a cluster. They have been extensively applied to
diverse domains including spam detection, object detection, and recommendation systems;
e.g., [89, 118, 3].

Classification is a supervised learning method that requires labeled data during model
training. While the use of actual labels achieves high accuracy compared to clustering
models, labeling is time-consuming and carries the risk of mislabeling.

In contrast, clustering is an unsupervised learning method that does not require labels
for training. Whereas clustering typically lags behind classification models in terms of
accuracy, it remains feasible unlike classification models, even when a large amount of
unlabeled data is acquired or when data cannot be labeled.

In this thesis, fluid flows are treated as snapshot datasets. Labeling such data for
classification tasks is particularly challenging for several reasons. First, fluid flows often
exhibit high-dimensional, nonlinear, and multiscale features, and the transitions between
different flow regimes are typically continuous rather than discrete. As a result, it is diffi-
cult to define clear class boundaries. Furthermore, fluid flows frequently exhibit complex
features that are not easily discernible through visual inspection, especially in transitional
or turbulent regimes. This lack of clear visual separation complicates the labeling pro-
cess, and generating accurate labels requires expert knowledge. Given these difficulties,
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Algorithm 2.6: Training k-means clustering

Input: Training dataset X = {x®}Y  number of clusters k
Output: Optimal centroids ¢y, co, ..., cg

1 Initialize centroids cq,co, ..., Cs

2 while convergence criterion has not been satisfied do

3 fori=1 to N do

4 for j=1tok do
5 L Compute the distance d; = ||x¥ — ¢;||s
6 Assign each x to the I-th cluster where [ = argmin,_, o . d;

Update each centroid to the mean of data in each cluster
| Check a predefined convergence criterion

9 return cq,Co,...,Ck

clustering provides a more suitable framework for analyzing fluid flows in an unsupervised
manner. By grouping snapshots into clusters based on inherent similarities, clustering can
identify characteristic flow patterns without relying on predefined labels. Motivated by
these advantages, clustering algorithms are employed to identify distinct flow patterns.

Since k-means clustering requires low computational cost and offers straightforward im-
plementation compared to other clustering algorithms, it has been chosen for initial explo-
ration and benchmarking. On the other hand, deep clustering more effectively captures
complex features in the data by learning low-dimensional representations and performing
clustering in the latent space rather than in the original high-dimensional space. For these
reasons, k-means clustering and deep clustering are considered appropriate methods for
clustering flow snapshot data.

2.3.1 k-means Clustering

k-means clustering is one of the most popular clustering algorithms for grouping a dataset
into a predefined number of clusters; e.g., [80, 12, 96]. The training procedure begins by
initializing a set of k centroids, each representing the center of a potential cluster. During
each iteration, the algorithm assigns each data point to the cluster whose centroid is
closest in terms of a chosen distance metric such as the L, distance. This assignment
phase ensures that data points within the same cluster exhibit high similarity, while
those in different clusters are relatively dissimilar. Once the assignments are completed,
the centroids are updated by computing the mean of all data points currently assigned to
each cluster. These assignment and update steps are repeated until a convergence criterion
is satisfied. For instance, a commonly used convergence criterion is the minimization of
the total within-cluster sum of squared distances (WCSS) between each data point and
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the centroid of its assigned cluster, which is defined as

k
Wess =3 3 [x— o2

j=1 xeC;

where x( denotes i-th data point, c; is the centroid of cluster Cj}, and k is the number
of clusters. Alternatively, a maximum number of iterations can also be used as a stop-
ping condition. During inference, the algorithm computes the distance between a given
input and all centroids, then assigns the input to the cluster whose centroid yields the
minimum distance. The overall procedure for training k-means clustering is summarized
in Algorithm 2.6.

k-means clustering is widely used due to several properties including
1. Intuitiveness,

2. Computational efficiency, and

3. Flexibility in choosing the number of clusters.

Firstly, its concept and implementation are highly comprehensible making it a com-
mon baseline clustering model for comparison with other clustering methods and easy to
integrate with other machine learning techniques.

Secondly, it computes (Euclidean) distances to assign given data points to clusters,
which results in efficient computation without any additional procedures for clustering.

Thirdly, the number of clusters can be selected based on datasets and analysis purposes.
If the number of clusters is not predefined, methods such as the elbow method (e.g., [95])
can be used to determine an appropriate number.

However, k-means clustering can face several challenges in high-dimensional spaces,
known as the curse of dimensionality; e.g., [2, 19]. In high-dimensional spaces, the effec-
tiveness of distance metrics diminishes, which results in suboptimal centroids. Further-
more, the computational cost increases as the number of features (the dimension of x(
in Algorithm 2.6) grows.

To alleviate these problems, the dimensionality of a given dataset can be reduced us-
ing feature selection and feature extraction before clustering; e.g., [64]. Feature selection
involves choosing certain features from the given features while retaining important in-
formation. Feature extraction refers to methods of mapping high-dimensional data onto
a low-dimensional space, preserving essential information. For instance, latent variables
in a relatively low-dimensional space are obtained from a neural network (as a feature
extraction), and then k-means clustering groups these variables into clusters instead of
directly using the original data for clustering.

24



2.3 Clustering

..................................................

Q000
Q.0 0 00

FOCOO 000D
Ao a8 0000

.................................................

........................

Figure 2.6: A model architecture for DAE-based deep clustering

2.3.2 Deep Clustering

Deep clustering is a technique that combines deep neural networks with clustering algo-
rithms. This approach has been implemented through a variety of model architectures,
including deep autoencoder (DAE)-based methods (e.g., [51, 40, 114]) and deep neural
network (DNN)-based methods (e.g., [23, 25, 92]). The fundamental idea is to use deep
neural networks to project input data into a latent space where the low-dimensional repre-
sentations serve as meaningful features for clustering. Typically, a deep clustering model
consists of two main components: a feature extraction module and a clustering part. In
the feature extraction stage, a deep neural network or an autoencoder is employed to learn
informative low-dimensional embeddings of the input data. After this step, a clustering
algorithm, such as k-means, is applied to classify these latent representations into distinct
clusters.

Among the various architectural options for deep clustering, DAE-based models have
demonstrated capabilities in simultaneously reconstructing input data and learning latent
representations; e.g., [51, 40, 114]. The structure of DAEs naturally supports both di-
mensionality reduction and input reconstruction, which makes them especially suitable for
model order reduction tasks. Due to these properties, DAE-based deep clustering models
are well-suited for applications that require both efficient low-dimensional parameteriza-

25



2 Background Preliminaries

Algorithm 2.7: Training a DAE-based deep clustering model

Input: Training dataset (X,Y) = {(x®%, y@)}N  learning rate 1, number of
epochs e, number of clusters k, clustering loss weight A
Output: Trained model parameters; 6y, 0,, and 6,

1 Initialize model parameters 0 and 0,

2 for epoch =1 to e do

3 for (Bx,By) C (X,Y) ((Bx, By): random mini-batch) do

4 Compute Z = f(Bx;6y) // Encoding B to latent variables Z

5 Compute X =9(Z;0,) // Decoding Z to reconstruction X

6 Compute Y = h(Z;6)) // Classification

7 Compute £, = 75 Zx(f)-)EBf‘ |x0) — %02 // Reconstruction loss
g@DeXx _

8 Compute £, = #—IB Zy(z)fo y® - log gg // Clustering loss
yhey

9 Compute £ = L. + ALy // Joint loss

10 | Update parameters 60y, 6,0, by a SGD method

11 return 0y, 0,, 0,

tions and meaningful clustering of system states. DAE-based deep clustering models are
especially appealing because they perform three essential tasks as follows:

1. Nonlinear dimensionality reduction (encoding)
2. Data reconstruction (decoding)
3. Clustering (i.e., data classification without labeling)

As shown in Figure 2.6, a typical DAE-based deep clustering model consists of three
neural network components: an encoder, a decoder, and a clustering network. These can
be described as

p = f(x),
X =g(p),
y = h(p),

where f, g, and h are an encoder, a decoder, and a neural network for clustering respec-
tively and where x, p, X, and y denote an input, a latent variable, a reconstructed input
(x =~ x), and a label assigned to x respectively.

The encoder f maps the input data to a lower-dimensional latent space, effectively com-
pressing the information while hopefully preserving its essential structure. The decoder g
reconstructs the original input from the latent code, encouraging the latent space to cap-
ture the underlying manifold of the data distribution. The clustering model h, typically
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implemented as a fully connected neural network, assigns each latent state to a cluster
in an unsupervised fashion. By jointly optimizing the reconstruction loss and clustering
objective, the model learns a latent space that is not only informative and compact but
also discriminative for clustering purposes.

For the model optimization, Algorithm 2.5 can be employed when h is a well-defined
classical clustering algorithm such as k-means clustering, as an unsupervised learning
approach. In contrast, when h is a semi-supervised learning-based neural network that
uses target labels y for optimizing the clustering model h, the objective function can
be defined as a joint loss function £ comprising both the reconstruction loss £, and
clustering loss £, as shown in Algorithm 2.7. For instance, the MSE and KL-divergence
can be chosen for the reconstruction loss and clustering loss respectively. However, the
target labels y are not provided, so they must be collected in advance of training the
model. To obtain Y = {y®@}N, as a set of pseudo labels, one possible way is to use
classical clustering algorithms.

A key advantage of DAE-based deep clustering models lies in their ability to extract
compact latent representations that preserve semantically meaningful features, while si-
multaneously facilitating accurate and interpretable clustering in an unsupervised setting.
These capabilities have led to widespread applications across a variety of domains such
as computer vision (e.g., [114, 50]), bioinformatics (e.g., [30]), and natural language pro-
cessing (e.g., [4]).

2.4 Flow Models and Data

Contents
2.4.1 Incompressible Navier-Stokes Equations . . . . . .. ... .. ... 28
2.4.2  Viscous Burgers’ Equations . . . . ... .. ... ... ... 31

A wide range of physical phenomena can be modeled as flow dynamical systems, in-
cluding aerodynamics, weather forecasting, and biological flows. However, achieving high
fidelity in simulating these systems often requires substantial computational resources.
Therefore, developing efficient and accurate flow models, such as surrogate models and
reduced-order models, becomes essential. In this context, flow snapshot data provide
essential information for building reduced-order and surrogate models that can approx-
imate the original fluid flows while retaining physical properties. A snapshot refers to
the state of a system at a specific time in the context of time-dependent problems, such
as fluid flow or heat diffusion. Such snapshots are commonly used for post-simulation
analysis and for training data-driven models. For this purpose, flow snapshots generated
from numerical simulations governed by either the incompressible Navier-Stokes equa-
tions or viscous Burgers’ equations are used to train and evaluate the proposed methods
presented in Chapters 3 to 5. This section introduces these equations and explains how
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their corresponding discrete algebraic equations are derived.

2.4.1 Incompressible Navier-Stokes Equations

The behavior of incompressible fluids is governed by the incompressible Nawvier—Stokes
equations, which embody the fundamental principles of mass and the momentum conser-
vation; see [66]. Incompressible flow problems are not only of intrinsic theoretical impor-
tance, but also form the basis of more sophisticated models used to describe a wide range
of physical phenomena and engineering processes, such as hemodynamics and aerospace
applications; e.g., [110, 32|. By accounting for both inertial and viscous effects, the in-
compressible Navier—Stokes framework enables the simulation of diverse flow regimes,
ranging from steady laminar motion to fully developed turbulence. However, solving the
Navier-Stokes equations analytically poses significant challenges due to their complexity.
As a result, numerical methods are commonly utilized to obtain the approximation of the
solutions for the analysis and prediction of fluid behavior.
The incompressible Navier-Stokes equations can be described as

0 1
ET +(v-V)v+ %AV — Vp =1, (2.15a)
V.-v=0, (2.15Db)

where v, p, f, and Re are the velocity, pressure, forcing term, and Reynolds number for
time ¢t > 0 respectively. As the ratio of inertial to viscous forces, the Reynolds number
Re characterizes flow motions. For instance, low Reynolds numbers generally result in
laminar, stable flows, whereas high Reynolds numbers can lead to turbulence such as
vortices and eddies. However, even at relatively low Reynolds numbers (e.g., Re = 60),
chaotic or periodic flow patterns can arise depending on simulation settings such as the
spatial domain.

By the spatial discretization of Equation (2.15) based on the finite element method
(FEM), a semi-discrete model is obtained in the form of the following system:

Mx(t) + N(x())x(t) + Ax(t) — JTp(t) — f(t) = 0, (2.16a)
Jx(t) =0, (2.16D)

where p(t) € RP and x(t) € R"™ denote the states of the velocity and the pressure at time
t respectively, and where M € R™" N(-) € R™" A € R™" J € RP*" and f(t) € R"
are the mass, linear state-dependent coefficient convection, diffusion, discrete divergence
matrices, and the forcing term at time ¢ respectively; see e.g., [15] for implementation
details.

In the form of an ordinary differential equation (ODE), a formulation that excludes the
pressure term p(t) from Equation (2.16) is employed; cp. [6]. It is assumed that M and
JM~1JT are invertible, which is always the case for stable FEM discretizations, and it is
sure that Jx(t) = 0 leads to Jx(t) = 0.
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Single-cylinder Double-cylinder
Spatial domain (0,5) x (0,1) € R* | (—20,50) x (—20,20) C R?
Time interval [0, 16] [240, 760]
State dimension (n) 42764 46014
Reynolds number (Re) 40 60
Number of snapshots (m) 800 1152

Table 2.1: Configuration of the FEM simulation (2.18) for two data sets; wake flows be-
hind either a single circular cylinder or two circular cylinders respectively as
shown in Figure 2.7.

By these properties, Equation (2.16) can be reformulated as follows:
JTp(t) = Mx(t) + N(x(t))x(t) + Ax(t) — £(t). (2.17)
Multiplying both sides of Equation (2.17) by M~ yields
M~ JTp(t) = x(t) + M~ (N(x(t))x(t) + Ax(t) — £(t)).
Then, by multiplying J on both sides,
IM™HTp(t) = Jx(t) + IMTH(N(x(2))x(t) + Ax(t) — £(t)).
Since Jx(t) = 0, this simplifies to
I p() = IMH(N(()x(E) + Ax(E) — £(1))
Let S = JM~1JT. Since S is invertible,
p(1) = STIM (N(x(0)x(1) + Ax(t) — £(1)).

As a result, by replacing p(t) with STLUM~™1(N(x(t))x(t) +Ax(t)—f(¢)) in Equation (2.16),
the ODE formulation is described as

Mx(t) = M7 (N(x(t))x(t) + Ax(t) — £(t)), (2.18)
where M= M~"1JTS7 1) —1,.

All snapshots are generated by the implicit-explicit Euler scheme with respect to time
t in Equation (2.18) and the velocity data are stored as a matrix form

X=|x1 X0 ... Xpm1 Xm|,

where x; = x(0), x2 = x(Af), x5 = x(2At), ..., X, = x((m — 1)At) for m € N. At is
a time step for saving equidistant snapshots; i.e., At is not a time step used during the
numerical simulation of Equation (2.18).
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Figure 2.7: Two cases of incompressible flows

In two-dimensional spatial domains, each snapshot contains x— and y—directional ve-
locity values, u; and w;, on a predefined mesh topology with the indices of § mesh points
(le,i€{1,2,...,%}).

The cylinder wake is a well-established benchmark example known for generating di-
verse flow patterns based on simulation configurations and the Reynolds number.High
Reynolds numbers often lead to flow instabilities such as eddies and vortices. However,
relatively low Reynolds numbers (e.g., Re € [40,100]) can also result in unsteady flows
including periodic or chaotic behavior, depending on the simulation configuration. Con-
sequently, low Reynolds numbers are frequently employed to study flow patterns, model
order reduction, and control systems; e.g., [28, 107, 33, 17].

Based on the configurations in Table 2.1, periodic flows behind a single cylinder and
chaotic flows behind two cylinders are generated, as illustrated in Figure 2.7.

In the single-cylinder case, the first 500 snapshots (i.e., t € [0,10]) are used to train
low-dimensional parametrization models, while the remaining 300 snapshots in the time
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Burgers’ flows
Spatial domain (—1,1) x (—1,1) C R?
Time interval [0,0.5]
State dimension (n) 20402
Kinematic viscosity (v) 10~
Number of snapshots (m) 100

Table 2.2: Configuration of the FEM simulation (2.20) for the traffic flow data set as
shown in Figure 2.8

interval [10,16] are used to evaluate the extrapolation performance of the pretrained
models.

In the double-cylinder case, 720 snapshots from the time interval [240, 480] are used for
training, as the flow exhibits relatively less chaotic behavior in the earlier interval [0, 240].
For evaluation, 432 snapshots from the time domain [480, 760] are employed.

The procedures for training and evaluating the proposed methods using these datasets,
denoted by Xgngle and Xgounle respectively, are discussed in Chapters 3 to 5.

2.4.2 Viscous Burgers’ Equations

As another benchmark example, the viscous Burgers’ equations are considered, given by

%v + (v-V)v—vAv =0, (2.19)
where v and v are the velocity and the kinematic viscosity for time ¢ > 0 respectively.
The equations are often used to simulate diverse flow phenomena including shock waves;
e.g., [46].

Similar to the spatial discretization in Section 2.4.1, spatially discretized versions of
Equation (2.19) can be expressed as

Mx(t) + N(x(t))x(t) + Ax(t) = 0, (2.20)

where x(t) € R"™ denotes the states of the velocity at time ¢ > 0, and M € R™",
N(-) € R™™ A € R™" are the mass, the state-dependent convection, and the diffusion
matrices at time ¢ respectively.

Based on the configuration shown in Table 2.2, snapshots are generated using the
implicit Euler method for time ¢ in Equation (2.20). Since this model results in a blow-up
at the final time (at least with the spatial discretization used here), The performance of the
reduced models in extrapolation is assessed by applying the trained approaches to states
that evolve within the same time interval but originate from a different initial condition.
Thus, equidistant snapshots are collected from the time evolution of two distinct initial

conditions,
x(0) = {e ™ 7 |(2,y) € (—1,1) x (=1, )}]" (2.21)
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Figure 2.8: Comparison of Burgers’ flows under two distinct initial conditions

and
x(0) = [{e " |(z,y) € (-1,1) x (-1, )}]", (2.22)

respectively where each coordinate (z,y) corresponds to a mesh point in the spatial area
(—1,1) x (—1,1). The dataset Xj, with the initial condition (2.21) is used for training
models, while the dataset Xj,, with the initial condition (2.22) is used to evaluate the
reconstruction performance of the pretrained models.

In Chapter 3, the proposed methods are trained using X;, and evaluated on X, to
investigate state reconstruction performance under conditions where noise is present in
the states.

2.5 Reduced-order Models and LPV Approaches

Dynamical simulations, especially those involving high-dimensional systems such as fluid
flows or structural dynamics, frequently entail significant computational expense, which
can make their use impractical in real-time applications or on resource-constrained hard-
ware platforms. To overcome these challenges, reduced-order models (ROMs) have been
extensively developed and employed as efficient surrogates for the full order models.
ROMs aim to capture the dominant dynamics of the system while significantly reducing
the computational burden. For reduced-order modeling, high-dimensional state trajecto-
ries are typically collected over time and a low-dimensional parametrization or surrogate
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model is then constructed using data-driven techniques such as projection-based methods,
operator learning, and nonlinear embeddings; e.g., [14, 16, 94].

Reduced-order modeling can be categorized into intrusive and non-intrusive approaches,
depending on the level of access to the full-order model (FOM). Intrusive methods assume
full access to the governing equations of the FOM and construct a ROM by directly mod-
ifying the original equations through low-dimensional parametrizations; e.g., [14, 101].
In contrast, non-intrusive methods treat the FOM as a black box and build surrogate
models based on data collected from simulations or experiments. These approaches are
particularly appealing when the underlying equations are unavailable, difficult to access,
or impractical to modify; e.g., [16, 43, 67].

Regardless of the modeling approaches, reduced-order models are designed to alleviate
the computational costs of full-order models while ensuring that the approximation error
remains within acceptable bounds and that the dynamical features are well-preserved.

For instance, the methods introduced in Sections 2.1 and 2.2 form the backbone of
many ROM frameworks by extracting low-dimensional structures from high-dimensional
data, thereby enabling fast and accurate approximations of complex dynamical behaviors;
e.g., [104, 82].

Given a high-dimensional system

x(t) = n(x(1)), (2.23)
where 7 : R"” — R” is a function and x(¢) is an n x 1 state of the system at time ¢ (e.g.,
n = 10°).
Define a dataset o | |
X=|x1 X0 ... Xpm1 Xm|,

where x1,Xo, ...X,, are n X 1 state vectors selected from states within the predefined time
interval.

Using POD with a small reduced dimension of r (r < n), a POD basis V, € R™" is
obtained such that x(¢) is approximated by

x(t) & Vop(t) = Vo(V.'x(1)),

where p(t) € R" is a latent state for any time ¢, as mentioned in Sections 2.1 and 2.2.
Assuming that POD guarantees a certain level of approximation error, the state x(t)
in Equation (2.23) is replaced by V,.p(t), leading to

V.(t) = n(Vip(t)).

Since V'V, = I,., a reduced order model of Equation (2.23) can be defined as

p(t) =V, n(V,p(t)).

33



2 Background Preliminaries

Another approach for reduced-order modeling is the linear parameter-varying (LPV)
approximation, which provides a systematic framework for reducing the order of nonlinear
and high-dimensional dynamical control systems. The core concept of LPV approxima-
tion involves expressing the nonlinear components of a system in terms of affine linear
functions that depend on a set of time-varying scheduling parameters. For instance, the
approximation can be described as

A(x(t)) ~ Ay + Z pi(1)A;,

where x(t) is a state at time ¢, A(-) is a state dependent matrix, pi(t), p2(t), ..., p-(t) are
scheduling parameters at time ¢, and Ag, Ay, ..., A, are constant matrices. This affine ap-
proximation is typically constructed by identifying these constant matrices through local
linearization or empirical interpolation of the nonlinear function A(z(t)), and represent-
ing the original matrix as a linear combination of these bases weighted by time-varying
scheduling parameters. The scheduling parameters are introduced to parameterize the
most significant nonlinear dependencies in the system, thereby enabling an efficient and
structured approximation of the original dynamics. In practical applications, the schedul-
ing parameters are often extracted from low-dimensional coordinates obtained via pro-
jection (e.g., POD coefficients) or learned representations (e.g., encoder outputs in AEs).
Their design directly influences the quality of the LPV approximation, and care must be
taken to ensure that they adequately capture the nonlinear behaviors of the system.

By embedding the nonlinearity into parameter dependence, the original system can be
approximated by an affine or linear time-varying system, where the system matrices vary
continuously concerning the scheduling parameters. This representation enables the use
of linear system theory for analysis, control synthesis, and model reduction, while still
retaining the ability to capture essential nonlinear effects. As a result, LPV approxima-
tion serves as a powerful tool for constructing computationally efficient and theoretically
grounded reduced-order models for complex dynamical systems.

This approach has garnered significant interest in domains such as control engineering,
aerospace, and fluid dynamics, where real-time performance, reduced computational bur-
den, and model interpretability are of paramount importance. The practical advantages
and effectiveness of LPV-based reduced-order modeling have been validated in numerous
studies, including those presented in [71, 109, 91, 61, 60].

For instance, to apply the LPV approximation to the dynamical systems in Section 2.4,
an encoder p : R" — R" (n > r) is considered such that p(t) = p(x(t)) at time t.
The state x(t) is then reconstructed by linearly projecting the latent state p(t) onto
n-dimensional space using a basis {d;|i = 1,2,...,r} yielding x(¢) ~ %x(t). Conse-
quently, for the convection terms in Equations (2.16) and (2.20), the LPV approximation
of N(x(t))x(t) becomes

N(x(8))x(t) = N(x(2))x(t) = N(Z pi(t)di)x(t) = (Z pi(t)Ng)x(t),

34
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where p(t) = [p1(t), pa(t), ..., p-(t)]" and the matrices N; = N(d;) are fixed. As a result,
the state-dependent coefficient matrix N(-) can be efficiently computed by handling r-
dimensional latent states p(t) instead of much larger dimensional states x(t).

Furthermore, polytopic LPV approximations have a possibility to guarantee the stabil-
ity of control systems described as

x(t) = Alp(t)x(t) + B(p(t))u(t),
y(t) = C(p(1)x(t) + D(p(t))u(t),

where x(t) € R", u(t) € R™, and y(t) € R* are a state, system input, and output at
time ¢ respectively, A(-) € R™" B(:) € R™™ C(-) € R*™" and D(-) € R¥™ are state-
space matrices with respect to p(t) = [pi(t), pa(t), ..., p.(t)]" satisfying p;(t) > 0 and
Yoi_y pi(t) =1 for time t > 0; see, e.g., [L1].

For instance, state-dependent Riccati equations can be used in feedback control design
to verify the stability of LPV approximations by solving a family of parameter-dependent
Riccati equations; see, e.g., |5, 60].

Despite their advantages, ROMs face several challenges that limit their applicability
and robustness, particularly in systems characterized by strong nonlinearities or when the
system states deviate significantly from the training regime.

Nonlinear dynamical systems often exhibit intricate interactions and behaviors that
are not easily captured through linear subspace projections. To overcome these limi-
tations, nonlinear embedding techniques have been introduced to learn more expressive
low-dimensional representations. However, these methods cause new challenges related
to model training, stability, and interpretability.

Another major challenge lies in the generalization capabilities of data-driven ROMs.
While such models can achieve high accuracy within the training regime, they often strug-
gle to extrapolate reliably to unseen parameter regimes or extended temporal horizons.
Ensuring robustness under uncertainty remains a critical and largely unresolved issue in
the development of trustworthy ROM frameworks.
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This chapter introduces CAEs with clustering for low-dimensional parametrization of
fluid flows presented in [56, 57].

3.1 Introduction

Accurate FEM discretizations of fluid flow often result in dynamical systems with mil-
lions of degrees of freedom, creating significant computational challenges for simulations.
These challenges are further compounded by the nonlinearities involved, particularly when
designing controllers using these models.

The core idea and promise of model order reduction techniques lie in identifying and
utilizing lower-dimensional coordinates that effectively represent or approximate the dy-
namics of inherently high-dimensional systems. For instance, projection methods, such as
the widely used POD, rely on linear projections onto subspaces designed to capture the
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system’s most relevant dynamics. These methods efficiently reduce the state-space dimen-
sion of dynamical systems, resulting in significant savings in memory and computational
resources during simulations. However, linear methods are inherently limited in accuracy
for a given number of degrees of freedom, as described by the Kolmogorov n-width; e.g.,
[85]. In general, achieving a highly accurate yet very low-dimensional parametrization
often necessitates the use of nonlinear approaches; e.g., [55, 74, 91].

This chapter focuses on the development of very low-dimensional state representations
using nonlinear encoders and decoders. Such representations serve as a foundation for
downstream applications such as feedback control and state estimation, although the
modeling of reduced dynamics is not addressed in the present discussion. Parametriza-
tion refers to representing the states of a given system in an alternative coordinate system,
while approximation implies designing this representation to prioritize the minimal dimen-
sionality of the parametrizing coordinates, often at the expense of some accuracy. The
term encoding denotes the process of computing a reduced and parametrized representa-
tion of a state, whereas decoding or reconstruction refers to computing the state in its
original coordinates from the parametrized representation. The mechanisms or algorithms
enabling these processes are referred to as the encoder and decoder respectively.

POD can be interpreted within an AE framework, where both encoding and decoding
are performed through linear projection. Extending this idea, AEs (see Section 2.2) al-
low for nonlinear transformations that are trained directly on data. In particular, CAEs
(see Section 2.2.2) leverage the local structure of spatially distributed data making them
well-suited for encoding fluid flow fields. By employing convolutional layers with sparse
connectivity and weight sharing, CAEs offer compact representations and efficient train-
ing, especially when combined with architectural enhancements such as structural repa-
rameterization.

An AE typically refers to a neural network designed to efficiently encode data and
trained solely on the data itself. The underlying network architecture can be tailored
to the problem and may include multiple hidden layers. Nonlinearity in encoding and
decoding often arises from the use of activation functions. Building on these principles,
various types of AEs have been developed, including sparse AEs, denoising AEs, and
contractive AEs; e.g., [13]. The advancement of deep-layer architectures has enabled
modern neural networks to achieve remarkable success in computer vision; e.g., [98, 54,
108].

However, in industrial applications, hardware constraints and the need for fast infer-
ence often restrict the use of large networks. To address this limitation while preserving
the performance of deep architectures, one potential solution is to employ structural
re-parameterization techniques for model size reduction, as discussed in |34, 76]. For ex-
ample, the composition of multiple convolution operations can be redefined as a single
operation, and parallel convolution operations can be consolidated into a single equiv-
alent operation. With the increasing availability of computational resources and neural
network design and training toolboxes, AEs have been explored as alternatives in model
order reduction for well over a decade; e.g, |71, 29, 74, 75].
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In the context of PDE-based models, variants of AEs leveraging CNNs [73] appear
particularly effective, as evidenced by several recent studies employing CNNs to solve
PDEs; e.g., |44, 68, 112].

The realization of the linear propagation between layers as a convolution operation
significantly reduces the network’s parameters by enforcing sparse connectivity. This
means that each variable in a layer is connected to only a limited subset of variables
in the adjacent layers. Additionally, the operation of pooling, which aggregates several
neighboring variables into one, reduces the dimensionality of variables in each layer. In
FEM approaches, sparse connectivity is a key performance criterion, typically achieved
by employing basis functions with local support. Similarly, the concept of pooling can be
related to multiscale methods.

Once a very low-dimensional encoding of a state is obtained, the decoder’s role is to
reconstruct the high-dimensional state from this code. Intuitively, the complexity of the
decoder design increases as the variations in the output space that it needs to reproduce
become more significant. Clustering in the reduced-order coordinates offers an effective
strategy for partitioning the state space. This enables individual decoders to specialize
in reconstructing specific subsets of the overall variation, thereby simplifying both their
design and implementation.

Clustering algorithms are used to identify patterns in data and divide a given dataset
into subsets without the need for labels, i.e., without prior knowledge of the charac-
teristics of each subset. Furthermore, clustering algorithms integrate well with neural
networks, especially as clustering becomes easier in lower-dimensional data, such as in
low-dimensional feature spaces; see Section 2.3.

While the use of local bases is well-established in transport-dominated problems (see
[29] for an example application), clustering has only recently been explored in the context
of dynamical systems. This delay may be attributed to the challenges of identifying
clusters in high-dimensional spaces and the nonsmooth nature of clustering.

Nevertheless, it has been observed that dimensionality reduction techniques combined
with clustering can enhance retrieval performance and reduce computational costs by
processing subsets of large-scale datasets individually, as seen in applications like text
retrieval systems; e.g., [45].

In this chapter, the focus lies on identifying very low-dimensional parametrizations of
states rather than constructing reduced dynamical models. As a result, the nonsmooth
nature of clustering does not pose a significant concern, and clustering can be applied
directly within the numerical experiments.

3.2 Low-dimensional Parametrization
This section investigates several potentially nonlinear methods for encoding and decod-

ing, with particular emphasis on achieving very low-dimensional parametrizations. The
standard POD method is employed as a benchmark for comparison.
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As described in Section 2.4, the datasets Xyingre, Xdouble, Xbg,, and Xp,, are considered.
Each dataset consists of states containing velocity components in the x- and y-directions,
represented in R™ for each experiment.

For the purpose of low-dimensional parametrization using r-dimensional latent and
reconstructed states, the following notation is adopted:

e x(t) € R™: a state at time ¢
e p(t) € R™: a latent state at time ¢
e x(t) € R™: a reconstructed state at time ¢ (i.e., x(t) ~ x(t))

These notations will be consistently used throughout the discussion.

3.2.1 Proper Orthogonal Decomposition (POD)

The method of POD can be interpreted as an AE with the following components:

(1) a linear encoder defined as
p(t) =V x(t)

(2) and a linear decoder
x(t) = Vp(t),

where V' € R™*" is a POD basis obtained by the method described in Section 2.1.1.

3.2.2 Convolutional Neural Network (CNN)

To apply standard convolutional approaches, the input data must be available on a ten-
sorized grid, meaning a grid of rectangles with no hanging nodes, aligned with the coor-
dinate axes; for an illustration of this requirement, see [56, Fig. 3 and 4|. However, FEM
simulations typically compute numerical solutions on unstructured mesh structures which
are often composed of elements such as triangles in two dimensions or tetrahedra in three
dimensions, rather than on grid-aligned domains. These meshes are specifically designed
to conform to complex geometries and boundary conditions, making them fundamentally
different from the structured grids required for standard convolutional operations. To
achieve this, a suitable (sparse) interpolation matrix I, is employed so that the CNN
input xcnn(t) can be generated by the linear transformation

XCNN(t) = ICX(t), (31)

where the interpolation matrix /. is defined as described in Remark 3.1.
The CNN architecture introduced in [55] is considered, which utilizes POD modes for
the state reconstruction, described as
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(1) a nonlinear convolutional encoder

p(t) = p(xcnn(t))

(2) and a linear decoder
x = p(p(t)) = V(Wp(1)),

where xcyn(t) € R2X“X" is a CNN input (i.e., 2- and y-direction velocity snapshots on
the w x h pixel grid), V' € R™*? is a POD basis with ¢ modes, and W € R?*" is a trainable

matrix.

Remark 3.1 (Sparse interpolation matrix I..):
In FEM simulations, a state vector x(¢) € R” is associated with a function 7(¢) of a spatial

coordinate € Q0 C R? by the relationship

Uz

B(te) = > vbE(a),

i=1

where the ; are the FEM basis functions and where the v;(t) are the elements of x(¢),
and (2 is the considered spatial domain of the simulation.

Given a rectangular grid of pixels Q, := {z;;]i = 1,...,r, 7 = 1,...,r2} C €, the
interpolation of x(t) on €, is readily computed through

Ul(t)
Ot wig) = > wt)lwiy) = [Ga(wiy) &lziy) oo &almiy)] UQE(t) - (32)
ot

€ R™" js obtained through

If the interpolant T)‘Q (t) is vectorized, a vector x(t)|,

x(t)|, = Igx(t)

Qr

with the interpolation matrix
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P x

Figure 3.1: A CAE architecture consisting of a nonlinear convolutional encoder and a
reparameterized affine linear decoder by Remark 3.2

In our case, since x- and y-direction velocity values in each point z; ; are considered, the
interpolation matrix I. is defined as a 2 -1 - ro X n matrix, and the resulting interpolated
values are reshaped into a 2 X r; X ry tensor which serves as the CNN input.

Additionally, the basis functions have local support (meaning that &;(x) = 0 except in
a small portion of the domain) so that I, is a sparse matrix. In fact, the sparsity of I is
more than 99% leading to efficient computation for dimensionality reduction. O

For training the model, Algorithm 2.5 is utilized in conjunction with the ADAM op-
timizer [69] to optimize the model parameters efficiently. It is important to note that
the parameters in I, are fixed as stated in Remark 3.1. Hence, they do not require any
updates.

3.2.3 Convolutional AE (CAE)

Instead of relying solely on POD modes for reconstruction, one can employ transposed
convolutional layers without nonlinear activation, combined with an trainable matrix I,
that maps values from the tensorized grid back to the FEM grid. This approach enables
exploration of the reconstruction capabilities of CNNs while maintaining the process as
affine-linear, as it is composed of affine-linear operators. The resulting CAE, therefore,
comprises

(1) a nonlinear convolutional encoder

p(t) = p(xenn(t))
and

(2) an affine linear deconvolutional decoder

x = p(p(t)) = Dp(t) +b
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where D € R™™" is a matrix, and b € R" is a vector.

Remark 3.2 (Structural reparameterization of (de-)convolutional layers):
The standard (or transposed) convolution can be represented as an affine-linear transfor-
mation xp = Tx; + ¢ where c is a bias vector, T is a matrix, and where xp and x; are
vectors as vectorized CNN feature maps respectively. In other words, in the absence of any
nonlinear activation functions, the entire convolutional process is simply a composition
of affine-linear transformations.

Let Lp(p) = Tkp + ¢k, k = 1,2,...,m be transposed convolutions where k refers to
k-th deconvolutional layer and p is a latent state. Thus, a deep decoder network ¢ is
defined as ¢(p) = I,((Ly, o Ly—10---0Lyo Ly1)(p)). Then

(LQ @) Ll)(p) = T2T1p + T2C1 + Co,
(Lg @) LQ @) Ll)(P) = T3T2T1p + T3TQC1 + T3C2 + Cs,

(Lno"'oLl)(p):Tn"'T1p+Tn"'T2C1+Tn"'T3C2+"'+Tncn71+cn7
=Tp+c,

where T'=1T,,---Tyandc=1T,,---Tyc; + 71, ---T3¢ce + - -+ T,Cp_1 + Cp.
Since the composition of affine transformations is an affine transformation, the decoder
@ is structurally re-parameterized as

x = ¢(p(t)) = Dp(t) + b,
where D = [,T"and b = [,c for t > 0. O

The CAE model can be trained, while maintaining its deep linear deconvolutional
architecture, by the same training procedure as that for the CNN model.

The decoder model can be defined as a deep neural network. However, if nonlinear
activation functions are excluded, the decoder can be structurally re-parameterized post-
training as a single affine-linear layer Dp + b as shown in Section 3.2.3. This results in
a model size comparable to that of the POD basis during inference, while still providing
deep flow features useful for analytical purposes (e.g., [L15]). Similarly, nonlinear decoders
can also be structurally reparameterized by leveraging the linearity of the convolution
operation; e.g., [34].

3.2.4 POD-CAE

The basic concept of the POD-DL model introduced in [43] is to utilize a relatively
extensive POD basis for an initial reduction followed by the application of a CAE for
further reduction within the POD coordinates. To examine the impact of the interpolation
matrix /. and the POD basis on reconstruction performance, a POD-CAE is designed as
a network architecture comprising
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Algorithm 3.1: ¢cPOD

Input: Dataset X = {x®}¥, number of clusters k
Output: a POD basis V for X and k£ decoder matrices, Wy, W, ... Wy, for each
cluster
1 Obtain a POD basis for X
2 Divide X into k clusters, X, Xo,... X}, using k-means clustering in a latent space
3 Generate k£ POD bases, Vi, Vs, ..., V,, for each cluster
4 Obtain k decoder matrices W; = V;(V,'V), i =1,2,... .k
5 return V. W, Wy, ..., W,

(1) a nonlinear convolutional encoder

p(t) = p(xcnn(t))
and

(2) an affine linear deconvolutional decoder
%(t) = 6(p(t)) = Dp(t) + b,

where D € R™™" is a matrix, and b € R" is a vector.

In contrast to the CAE in Section 3.2.3, this model employs a POD basis VT € R
with a sufficiently large ¢ (¢ > r) in the first encoding layer instead of the interpolation
matrix I.. (i.e., xenn(t) = V 'x(t)). However, the decoder architecture is identical to

that in Section 3.2.3 as well as the training strategy follows the same approach as that
used for the CAE model.

3.2.5 Clustered POD (cPOD)

As highlighted in the introduction, reconstruction performance can be significantly en-
hanced by utilizing multiple decoders tailored to specific clusters. Before proceeding with
clustering using general AEs, a clustered POD (cPOD) is defined as a model consisting
of

(1) a linear encoder

p(t) =V 'x(t) and
(2a) a cluster selection algorithm
c:pt)—1le{l,2,... k}, (3.4)

(2b) and k linear decoders
x(t) = Wip(t),
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3.2 Low-dimensional Parametrization

Algorithm 3.2: Training an iCAE model

Input: Training dataset X = {x(®}Y  learning rate 1, number of epochs e,
number of clusters k

Output: Trained decoding parameters for k decoders; 0,,,0,,,...,0,,
1 Initialize model parameters 0, ,0,,,...,0,,
2 Set a pretrained encoder p (immutable encoding parameters)
3 Divide X into k subsets, X1, X, ..., X, using k-means clustering in a latent space
4 fori=1tokdo
5 for epoch =1 to e do
6 for B C X; (B: random mini-batch) do
7 Compute Z = p(B) // Encoding B to latent variables Z
8 Compute X = ¢;(Z; 0,,) // Decoding Z to reconstruction X
9 Compute £ = #—13 > oep X0 —x0)|2 // Reconstruction loss
xex
10 Update parameters 0y, < 0, —nVy, L
11 return 0,,,0,,,...,0,,

where V' € R™"*" is a POD basis obtained from a given dataset and V; € R"*" is a POD
basis associated with the [-th cluster, [ = 1,2,...,k and the number of clusters k& such
that

W, =Vi(V,"V).

To generate V;, k-means clustering is implemented in a latent space, classify the actual
data x () based on the labels assigned to their latent states p(¢) and then compute POD
bases for each cluster separately as shown in Algorithm 3.1.

Thus, a label [ € {1,...,k} is assigned to each latent state p(¢) and a local POD
basis is selected for the given label. It is important to note that clustering is a nonlinear
and discontinuous process, which results in the decoding also becoming nonlinear and
discontinuous.

3.2.6 Individual CAE (iCAE)

An individual CAE (iCAE) method is adapted from the model introduced in [56] for
application to general CAEs. An iCAE model consists of

(1) a nonlinear convolutional encoder

p(t) = p(xcnn(t))

and
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3 POD and Convolutional Autoencoders

Table 3.1: Model specification: fc: a fully connected layer, pod: a POD basis, I.: an
interpolation matrix, cv: a convolutional layer, dcv: a deconvolutional layer

POD CNN CAE POD-CAE
#encoding layers pod I.+3cv+fc | I.+ 3cv+fc | pod+ 3cv + fc
#encoding parameters (r = 8) | 342,112 39,582 41,244 8,212,784
#decoding layers pod fc + pod fc + 3dcv + fc | fc + 3dcv + fc
#decoding parameters (r = 8) | 342,112 342,112* 342,112* 342,112*

* the decoder parts can be structurally reparametrized to a linear transformation 7 : R42764 — RS,

(2) k affine linear deconvolutional decoders
x = @i(p(t)) = Dip(t) + by,

where ; is the [-th affine linear deconvolutional decoder trained by the [-th cluster,
[ =1,2,..., k. The encoder is continuous and differentiable, whereas the decoding process
is nonlinear and discontinuous. It is well-established that data compression can enhance
clustering accuracy. Thus, the pretrained CAE encoder can be utilized without additional
training allowing latent states p(t) to be used for k-means clustering.

Consequently, only k£ decoders corresponding to the k clusters are trained, while the
encoder parameters remain fixed, as outlined in Algorithm 3.2. During inference, the
encoder extracts a latent state, which is simultaneously paired with a cluster label. Based
on the label, the appropriate decoder is selected for state reconstruction.

In both the cPOD and iCAE approaches, the encoding of the states into latent rep-
resentations is independent of the clustering process. Clustering is involved solely in
the decoding phase. Consequently, the states are effectively represented in the chosen
low-dimensional space.

3.3 Numerical Experiments
To investigate very low-dimensional parametrization of incompressible flows, small re-
duced dimensions r = 2, 3,5, 8 are considered. All the data are introduced in Section 2.4.

The evaluation of all experiments is based on the following three metrics:

e the averaged relative error of state reconstruction

1

~|

T
> I = il w/[1il I (3.5)
=1
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3.3 Numerical Experiments

e the averaged relative error of the reconstruction in the convection operator N(x)
1z
T D ING)x; — N(&)xil I /[IN (<) il (3.6)
i=1

e and the averaged relative residual

D IHNR:)R; + A%;) — (N(x)x; + Axq) -1 /INGe)xi + Al (3.7)

i=1

1
T

where || - [|m and || - [[m-1 are weighted norms (e.g., ||z||o = /2" Qz), where x; is the i-th
reference and X; is the i-th reconstructed velocity snapshot, i = 1,2,...,7T, and where T
is the number of snapshots.

Relative errors like these metrics have been commonly used since it allows to compare
quantities of different scales. The reconstruction error (3.5) indicates the reconstruction
quality in the discretized spatial domain using the mass matrix M, which contains the
physical relevance of each degree of freedom in the finite element discretization. In metrics
(3.6) and (3.7), the M~*-norm can be used to quantify the influence of the nonlinear force
on acceleration. This choice is physically consistent, as it aligns with the structure of
Equation (2.18), where the acceleration x(¢) is obtained by applying M~! to the right-
hand side of Equation (2.18).

3.3.1 Single-cylinder

The values in each velocity state x are defined at 42,764 nodal points (i.e., x € R12764)
on an irregular mesh. To input x into a convolutional encoder p in CNNs, CAEs, and
iCAEs, x(t) is transformed into xcyn(t) € R?*%3%47 that represents two 63 x 47 feature
maps; z-directional velocity feature map and y-directional velocity feature map on the
63 x 47 pixel grid at time t. The transformation is performed using Equation (3.1)
followed by reshaping a 5922 x 1 interpolation vector into the three-dimensional tensors
(i.e., 5922 = 2 x 63 x 47).

Table 3.1 outlines the model specifications. When r = 8, a POD basis V & R42764x3
consists of 342,112 parameters. Despite being deep neural networks, CNN and CAE en-
coders have fewer parameters than POD due to the high sparsity of I.. In the POD-CAE,
192 POD modes are applied to the first encoding layer, which results in a larger number
of encoding parameters, instead of I.. The encoder for all models consists of an initial
dimensional reduction layer implemented using either a POD mode or an interpolation
matrix followed by three convolutional layers and a fully connected layer. In each hidden
layer, the nonlinear activation function ELU [27] is used.

As discussed in Section 3.2, decoder architectures are designed without any nonlinear
activation functions to preserve the linearity of the decoding process. In POD, latent
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Figure 3.2: Averaged relative errors as measured by the evaluation metrics (3.5), (3.6),
and (3.7) for the single-cylinder case

states are directly projected onto the original space using a POD basis. In the CNN
model, latent states are transformed into reconstructed states through two consecutive
linear transformations: a linear fully connected layer and a 42764 x 15 POD basis. The
CAE and POD-CAE models use the same decoder architecture that includes two fully
connected layers and three deconvolutional layers.

According to Remark 3.2, each decoder can be represented as a linear transformation
7 : R® — R*2764 guch that the number of decoding parameters is the same as that in POD
during inference.

For the clustering-based models, the POD and ¢cPOD models utilize the same encoder
architecture while the CAE and iCAE models also share an identical encoder. In the cPOD
and iCAE models, each individual decoder is (affine) linear and a decoder is selected from
k decoders for state reconstruction corresponding to each latent state. The clustering-
based models are denoted as cPOD5 and iCAES, respectively, when the number of clusters
k is set to 5.

As illustrated in Figure 3.2, each model demonstrates the expected dependency of
reconstruction errors on the reduced dimension r. Additionally, it is reconfirmed that
nonlinear approaches outperform POD at lower values of r. Notably, the POD-CAE
achieves nearly identical performance to the CAE during both the training and testing
phases. This observation suggests that a sequence of sparsely connected layers (such as I,
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Figure 3.3: Reconstruction error over time for the single-cylinder case at r = 2,3,5,8

and convolutional layers) is effective in extracting meaningful features for low-dimensional
parametrizations comparable to the CAE integrated with POD. Furthermore, the plots
highlight how the clustering enhancements incorporated in cPOD5 and iCAE5 can sig-
nificantly improve the reconstruction performance compared to the standard POD and
CAE models, respectively.

In Figure 3.3, the extrapolation results exhibit performance levels comparable to those
observed during the training phase. This is likely attributable to the data’s inherent peri-
odicity, particularly pronounced around ¢t = 7 which the models effectively capture. More-
over, the plots demonstrate that the clustering enhancements incorporated into cPOD5
and iCAE5 significantly improve the reconstruction performance of the POD and CAE
models respectively.

Figure 3.5 reveals that the periodicity inherent in the developed flow phase is clearly
discernible in the clusters derived from the low-order coordinates. Furthermore, this figure
demonstrates that the initial phase (0 < t < 4) is distinctly separated from the developed
flow regimes in the cluster analysis, provided a sufficient number of clusters (k > 4) are
employed. At k = 4, this separation requires retaining a sufficient amount of information
in the latent variables (r > 5). Interestingly, with k& = 5, the initial phase is effectively
separated with only minor mislabeling observed for ¢t € [4,5). Complete separation is
achieved with £ =5 and r = 8.

Figure 3.4 clearly illustrates a trend of improved reconstruction performance with in-
creasing numbers of clusters and latent variables.
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Figure 3.6: Averaged relative errors as measured by the evaluation metrics (3.5), (3.6),
and (3.7) for the double-cylinder case

3.3.2 Double-cylinder

As a second example with more complex dynamics, a dataset containing double-cylinder
wake flow snapshots at a Reynolds number of 60, with 46,014 nodal points is considered,
as presented in Section 2.4.1.

In this case, an interpolation matrix I, € R46014%5922 i5 defined as stated in Remark 3.1
to generate the CNN input data xcyn(t) € R?*93*47. The remainder of the experimental
setup is identical to that of the single-cylinder case, with the same models and hyperpa-
rameters applied to the double-cylinder case.

In Figure 3.6, the averaged errors support the findings of the previous example, confirm-
ing that iCAEbS achieves the best results in the training phase. In contrast, cPOD5 does
not reduce the error compared to POD. Both CAE and POD-CAE outperform POD in all
cases, with POD-CAE achieving reconstruction errors comparable to those of CAE. When
n, = 2,3, convolution-based models, including CNN, outperform POD-based models.

Moreover, the errors of cPOD5 and iCAE5 have noticeably increased compared to
POD and CAE during the evaluation phase primarily indicating that the clusters are not
well identified in the chaotic flow regime. One possible reason for this shortcoming is
the presence of multiple distinct regimes. This complexity is reflected in the clustering
results, which do not exhibit clear patterns when compared across different dimensions
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Figure 3.7: Reconstruction error over time for the double-cylinder case at r = 2,3,5,8
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Figure 3.8: Influence of latent space dimension and number of clusters on iCAE recon-
struction error for the double-cylinder case

of p. It is also observed through the clustering results as shown in Figure 3.9.

As illustrated in Figure 3.8, the dependency of the reconstruction error is reversed in
the extrapolation regime within the time domain [480, 760], meaning that reconstruction
improves as the number of clusters decreases. This further indicates a general failure in
classification, which is likely to be mitigated by incorporating more data that covers a
broader range of regimes during training. Nevertheless, Figure 3.7 shows that all models
maintain the same error levels as observed in the training and evaluation results.

53



3 POD and Convolutional Autoencoders

k=2,r=2 k=2,r=3
10 1 r - ﬂ - r 10
8 0.5 0.5
) Ml |
0.0 J . = e - - 0.0 2 2
300 400 500 600 700 300 400 500 600 700
k=2,r=5 k=2,r=8
10 10
8 0.5 0.5
T
0.0 4 1 . 0.0 "
300 400 500 600 700 300 400 500 600 700
time t time t
k=3.r=2 k=3,r=3
2 T [ M
8 1 M - L - 14 -
T
01 T T T H T 0 T T T
300 400 500 600 700 300 400 500 600 700
k=3,r=5 k=3,r=8
29 2
g 1 1
o
0 T T T 0 T T
300 400 500 600 700 300 400 500 600 700
time t time t
k=4,r=2 k=4,r=3
3 - ] 34 ﬂ ‘n
. Jui AT
o
o1 14
o T . T T 01 T T T T T
300 400 500 600 700 300 400 500 600 700
k=4,r=8
3
] 21
o
T 1
0 T T T T T
300 400 500 600 700
time t
k=5,r=3
ad
2 2] .
T
0 T T T T T
300 400 500 600 700
k=5r=8
4
2 21
3 k
0 T T T T T 0 T T T T T
300 400 500 600 700 300 400 500 600 700
time t time t

Figure 3.9: Clustering reaction in the time range [240, 760] for the double-cylinder case

o4



3.3 Numerical Experiments

12 0% = Xi || m/ I i | m (Train)

I3 %= %illw/ I X | m (Test)

10_1 E 10—1 4
o - i— —————————— t 3
2] e. e ¥
102 4 ": — ] 10-2 4
--.‘.;’:____ _________ -3
1073 4 ) R ¢
T T 103 T
2 3 5 8 2 3 5 8
reduced dimension r reduced dimension r
-—— POD 4 cPOD5 = CNN —o— CAE v POD-CAE iCAES

Figure 3.10: Averaged relative errors as measured by the evaluation metric (3.5) for the
Burgers’ flows

3.3.3 Burgers’ Flows

As mentioned in Section 2.4.2, two different datasets of flows evolved from distinct initial
conditions, (2.21) and (2.22) are used. In this simulation setup, reconstruction perfor-
mance is evaluated under conditions different from the cylinder cases to assess robustness
to noisy or perturbed inputs.

To serve as input to the CNNs, each state vector is interpolated onto a 2 x 60 x 60
image which contains the z— and y—directional velocity values on the tensorized grid.

Figure 3.10 and In Figure 3.11 show that the error level in the reconstruction is about
two orders of magnitude smaller than the errors of Navier-Stokes flows shown in Fig-
ure 3.2 and Figure 3.6. This low error level, combined with the dependence on data and
the stochastic nature of algorithms that may locally converge, may explain why neural
network-based approaches do not show a consistent improvement as r increases.

The POD-CAE utilizes 98 POD modes instead of I, and outperforms the POD and
CAE models. Based on the reconstruction performance, iCAE5 encoders are defined as
the pretrained POD-CAE encoders. As a result, the iCAES improves the reconstruction
performance of the POD-CAE during training. When extrapolating to a different initial
condition (2.22), the iCAE5 maintains error levels comparable to those of the POD-CAE.
Similarly, while iPOD5 enhances the reconstruction performance of the POD model during
training, it achieves a comparable error level to POD.

Regarding the clustering shown in Figure 3.12, the clusters generally appear to accu-
rately capture the transition through the states. This suggests that the clusters in the
latent variables, where the clustering occurs, effectively represent clusters in the physical
space.
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3.4 Conclusion

3.4 Conclusion

This work explored various combinations of POD, CAEs, and clustering techniques for
constructing very low-dimensional parametrizations of fluid flows. Consistent with exist-
ing theoretical and numerical studies, the results demonstrated that nonlinear approaches
can outperform linear methods such as POD, particularly in regimes requiring very low-
dimensional representations. Furthermore, neural networks were shown to provide a flex-
ible and effective framework for learning compact state representations, even in high-
dimensional settings, especially when exploiting the sparsity structures naturally encoded
by convolutional architectures.

To examine the effectiveness of local bases in improving reconstruction performance, it
has been observed that models incorporating k-means clustering on the reduced coordi-
nates enable reconstructions tailored to specific flow regimes. While this approach, par-
ticularly the iCAEs, achieves significantly lower error levels, especially at low dimensions,
its practical application remains uncertain due to the nonsmooth operations involved in
decoding. Moreover, clustering methods demonstrated certain limitations when applied
to the extrapolation of chaotic flows.
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This chapter presents polytopic AEs with clustering for low-dimensional parametriza-
tion of fluid flows as discussed in [59, 58].

4.1 Introduction

Linear model reduction methods enable efficient simulation, optimization, and control
design due to their linearly optimal projection properties (see, e.g., [61]). Among such
methods, POD has been widely adopted owing to its well-defined linear projection struc-
ture:

p = VX,
x=V'p,
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where x € R" is the high-dimensional state, x € R" is its reconstruction, p € R" is the
reduced latent variable, and V € R"™*" is a projection matrix composed of the first r POD
modes.

Although the latent variables and reconstructed states are typically bounded in practice,
linear reduced-order models such as POD parametrize them in unbounded linear spaces.
This discrepancy motivates the exploration of alternative representations in bounded sets,
particularly within convex polytopes. Since any convex combination of a fixed set of
vectors lies within the convex hull defined by those vectors, polytopic representations
offer a natural and interpretable framework for bounding the reconstructed states.

One approach to realizing such polytopic parametrizations is through AEs, which utilize
nonlinear activation functions to capture complex data structures and often outperform
linear methods in terms of expressivity. Furthermore, AEs can be combined with var-
ious techniques, including clustering algorithms, classical machine learning models, and
numerical schemes, making them well-suited for flexible reduced-order modeling.

In the proposed architecture, this polytopic structure is incorporated by defining the
reconstruction as a convex combination of support vectors associated with smoothly as-
signed clusters. By leveraging standard neural network training methods and introducing
pseudo-labels, it is possible to regulate the number of active support vectors, enabling the
construction of low-dimensional local bases.

This convex combination-based decoding naturally induces an affine parameterization
within a polytope, which is particularly advantageous for nonlinear controller design
within the framework of LPV systems. For instance, the resulting polytopic LPV represen-
tations can be exploited for robust control design; see Section 2.5 and e.g., [47, 53, 109, 91].

This chapter presents the motivation and foundational concepts behind the integration
of AEs, convex polytopes, smooth clustering, and polytope-based error analysis. The pro-
posed polytopic AE (PAE) framework is then introduced, and its performance is evaluated
in comparison with POD.

4.2 Motivation

High-dimensional dynamical systems of the form
x(t) = f(x(t)), with x(t) € R", for time t > 0. (4.2)

In the context of AEs, the reduced-order coordinates are referred to as latent states, while
in the LPV context, p is treated as a parametrization of the states in dynamical systems
described in (4.2).
General nonlinear AEs introduced in Section 2.2 have been effectively used to parametrize
dynamical systems such as (4.2) on a very low-dimensional manifold; e.g., [74, 87, 22].
However, the low-dimensional approximation of (4.2) using

x(t) ~ x(t) = 2 p(t) = F(o(p(t))), (4.3)
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aside from the nonlinear reconstruction x(t) = ¢(p(t)), necessitates repeated evaluations
of the Jacobian fl—‘ﬁ which can be computationally expensive. Furthermore, inferring an
unstructured nonlinear mapping from the low-dimensional space to the high-dimensional
state space is inherently ill-posed. Due to these limitations, a clear performance advantage
of nonlinear model order reduction over linear projections has yet to be conclusively
demonstrated.

To alleviate the problems, a possible way is to use local linear bases, which offers a
general solution by imposing a structured approach that reduces the computational effort
for reconstruction and improves the well-posedness of approximation tasks in designing
the decoder ¢. Chapter 3 demonstrated that employing individual affine linear decoders
for clusters identified beforehand in the latent space enables superior reconstruction while
requiring only the relatively inexpensive operation of determining the current value of p
within the appropriate cluster.

However, using clustering or any other selection algorithm for local bases often comes
at the expense of a discontinuous decoding map . Therefore, this work aims to achieve
the reconstruction performance of local bases while ensuring a smooth selection algorithm
(Definition 4.2) making the reconstruction x(t) differentiable.

Definition 4.1:

Let p be a vector and Y be a set of k classes C' = {1,2,--- k}. For any j € C, the
class probability P(Y = j|p) is defined as the conditional probability that p belongs to
the j-th cluster. A vector a = [aq, a9, -+, )" € RF is said to be a smooth label if
a; = P(Y = j|p) satisfying these conditions;

k
Oéj 20,2&,21 <>
=1

Definition 4.2:
A function ¢ : R? — R” is said to be a smooth clustering model if every output of c is a
smooth label as defined in Definition 4.1 for each input vector in RP. O

To accomplish this, the decoding process can be formulated based on the Kronecker
product a® p where p is the latent variable and ac = ¢(p) is a smoothly varying clustering
variable. The Kronecker product can be used to explain smooth clustering in a low-
dimensional space, but also can be efficiently computed using a variety of well-optimized
numerical libraries. Moreover, this representation is interpretable and provide useful
properties grounded in linear algebra. The reconstruction is then obtained as a linear
combination using o ® p as coefficients; see Figure 4.1 for an illustration.

Using standard neural network training techniques under the constraints

Zpi: 1and p; >0 for p = [p1,p2, - ,pp] T €R",

i=1
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decoder @

input interpolation

x encoder [ X

clustering model c a® P

Figure 4.1: A proposed architecture consisting of a nonlinear convolutional encoder, a
smooth clustering model, and a reparameterized affine linear decoder

the number of nonzero entries in o can be regulated to ensure that the reconstruction
relies on a limited set of local basis vectors. Furthermore, constraints can be imposed such
that the entries of a@ ® p remain nonnegative and sum to one. Under these conditions,
the reconstruction admits an interpretation as a convex combination within a polytope,
as formalized in Lemma 4.3.

Lemma 4.3:

Let p = [p1,p2, - ,p;) and a = [ag, 0, , 0] with p; > 0, i € {1,2,--- 7},
Yapi=1a;>0,7€{1,2,--- k} and 2521 a; = 1. Then the entries a;; = a;p; of
a ® p € R are nonnegative and sum up to one. O

Proof. Since p; > 0, o; > 0, we have that p;a; is nonnegative for every 7 and j. Moreover,
for the sum over the elements of a ® p, we obtain

k T k r
YD =) ai) pi=(a+at-+a)(p+p+-+p)=1 O
=1 j=1

i=1 j=1

The proposed model provides several key advantages in manifold-based representa-
tions. First, the nonlinearity in decoding is confined to the mapping p — a between
low-dimensional sets. Second, the reconstruction occurs within a polytope defined by a
limited number of vertices. Third, since o ® p serves as the coefficient of a convex com-
bination with only a few nonzero entries, the reconstruction remains within a bounded
set, enhancing stability by reducing summations.

Moreover, the mapping

a®p—X

is linear, offering an approximate polytopic expansion of the state x, which is particularly
beneficial for the numerical treatment of LPV systems.
Specifically, the proposed AE (see Figure 4.1) consists of four main components:

62



4.3 Polytopic AE (PAE)

1. A linear input converter interpolates spatially distributed data onto a rectangu-
lar grid, ensuring compatibility with conventional convolutional layers in a neural
network; see Remark 3.1.

2. A nonlinear encoder maps high-dimensional input states to low-dimensional latent
variables, with the final layer structured to enforce nonnegativity and a unit-sum
constraint, allowing the latent variables to serve as coefficients in a convex combi-
nation of supporting vectors.

3. A nonlinear smooth clustering model identifies the position of latent variables within
one or more of k clusters.

4. A linear decoder combines the latent variables and clustering results to reconstruct
a high-dimensional state within a polytope.

In terms of mathematical models, the mapping from the input x to its reconstruction
X is expressed as

xcnn = lex,

where x represents the data, xcny is the preprocessed input for a CNN, Io is an inter-
polation matrix, U denotes the matrix containing all supporting vectors, p is the latent
state, and x is the reconstruction designed to closely approximate x.

For applications in dynamical equations, it is observed that all mappings involved are
differentiable. As a result, a time-differentiable input ensures a differentiable output,

given by
dx dy . Jay

where Jp is the Jacobian matrix of the decoder. In the proposed framework, the Jacobian
matrix is given by
de(p)

dp
where |, denotes the r x r identity matrix. Since U is constant, the computation of Jp
only requires updating the small Jacobian matrix of ¢(p) with p changes.

Jp = U]

®p+clp) @1, (4.5)

4.3 Polytopic AE (PAE)

In linear reduced-order models, while reconstructed states and latent variables are gener-
ally bounded, they are parametrized within an unbounded linear space. This discrepancy
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4 Polytopic Autoencoders

motivates the consideration of state reconstruction within a polytope. It is well estab-
lished that any convex combination of a fixed set of vectors lies within a polytope whose
vertices are these vectors. Furthermore, states can be parametrized within a polytope
instead of an unbounded linear space.

Definition 4.4:
An AE go f consisting of an encoder f : R" — R™ and a decoder g : R™ — R", is called
a polytopic AE if

1. the image of f lies in a normalized polytope, i.e., for p = f(x), it holds that
Z:ilpl =1, pi = 0 for pP= [phan"' 7pm]T € R™ and

2. g is linear, i.e., g(p) = >_I", p;v; for some vectors v; € R". O

To realize polytopic parametrizations, general Polytopic Autoencoders (PAEs) are intro-
duced as defined in Definition 4.4. According to Definition 4.4, the proposed autoencoder
architecture, illustrated in Figure 4.1, satisfies the criteria for a PAE.

This section describes the design of a lightweight convolutional encoder architecture
that employs depthwise and pointwise convolutions, thereby achieving a substantial re-
duction in the number of model parameters compared to fully connected layers and POD.
In addition, methods are presented for clustering latent states in a low-dimensional space,
reconstructing states within a polytope, training PAEs, and quantifying approximation
errors within the associated polytopes.

4.3.1 Input Converter

As discussed in Section 2.4, the data are obtained from FEM simulations conducted on
potentially nonuniform meshes, which are not directly compatible with CNNs. Instead
of applying mesh-specific techniques such as graph neural networks (e.g., [88]), the data
are interpolated onto a tensorized grid, as described in Remark 3.1. This interpolation is
implemented using a highly sparse matrix /¢, which contains only 0.03% nonzero entries.

4.3.2 Encoder

When handling high-dimensional data, the number of parameters in neural networks
becomes a critical concern, not only for training efficiency but also for memory usage and
computational cost during forward evaluations. Also, in a standard convolution operation,
feature maps are extracted using a K x K x Cp x C7 kernel which leads to high memory
consumption where K is the kernel size, Cp is the number of output channels, and C7 is the
number of input channels. To alleviate the memory demands, the standard convolution
can be decomposed into a depthwise convolution and a pointwise convolution.

A depthwise convolution applies a K x K convolution operation to each input channel
independently, resulting in a total of K x K x 1 x C} parameters. This operation captures
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.......................

1x1x Cz Xlal L EL;,»,,
: :
Kx K

_______________________________________________________________________________________________________________________________

1 x Cy 1x1xC;xCy

skip connection

Figure 4.2: Inverted residual block: an efficient approach for constructing deep convolu-
tional layers which require fewer parameters than the standard convolutions

spatial information within each input channel without mixing information across channels.
A pointwise convolution, on the other hand, uses a 1 x 1 x Cp x Cy kernel to combine the
outputs of the depthwise convolution, effectively integrating information across channels
to generate the final feature map. As a result, the total number of kernel weights is
K x K x C; + Cp x (Y, achieving a weight reduction rate denoted as

KXKXC]+00XC[_1 1

KxKxCoxC;  Co K*
For instance, when K = 3 and Cp = 8, the convolution parameters are only 23% of those
in the 3 x 3 x 8 x C} standard convolution.

To incorporate these specialized convolutions into the encoder, inverted residual blocks
are employed. These blocks consist of a depthwise convolution followed by two pointwise
convolutions, in contrast to the standard convolutional layers described in Section 3.2.2.

As shown in Figure 4.2, an inverted residual block, as proposed in [93], is designed to
produce an output feature map of the same size as the input, enabling the computation
of a skip connection between them. Consequently, stacking multiple inverted residual
blocks enhances the encoder’s receptive field while simultaneously reducing the number
of trainable parameters.

Finally, i is implemented as the deep convolutional encoder

h1 = a(Convsys(Xcnn)),

hi =RB(hi_1),l=2,--- L —1,

h', ;= GAP(hy_),

p = o(Lin(h}_,)),
where a(-), Convsys, RB, GAP, Lin, and o denote a nonlinear activation function, a 3 x 3
standard convolution, an inverted residual block, a global average pooling, a linear layer,
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4 Polytopic Autoencoders

and a modified softmax function respectively. RB generates feature maps of the same
size as the inputs while excluding bias terms to reduce the number of model parameters,
except in layers where downsampling is required. When downsampling is applied, RB
omits the residual connection and reduces the spatial dimensions of the feature maps by
adjusting the stride from 1 to 2. Therefore, the final C'tina X H finat X Wina feature map
hi—1 is obtained where (H finq X Wina) is smaller than the input (height x width) while
the channel dimension CY;,q; is larger than the input channel size.
To ensure that the output vector p(t) = u(xcnn(t)) satisfies the constraints

pi(t) >0, fori=1,...,r and Zpi(t) =1, (4.7)
i=1

where the reduced dimension r is significantly smaller than n, The modified softmax

function
o (x); T:L'i - tanh(cx;)
>

J=1

>0 4.8
x; - tanh(cz;)’ o (48)

is employed in place of the conventional softmax function

T

(&4

22:1 evi

While the standard softmax function is widely used in machine learning to produce
probability distributions, it is unsuitable for selecting polytope vertices in our application.
Specifically, the softmax function never attains exact zero values and requires significantly
large input magnitudes to produce outputs close to zero. This limitation motivated the
modification from the standard softmax (4.9) to the proposed formulation in 4.8.

Since the signs of z and tanh(x) always coincide, the differentiable function x —
x - tanh(cz) produces nonnegative values, ensuring that o, as defined in 4.8, satisfies
the desired property (4.7). This allows the output to serve as coefficients in a convex
combination. The parameter ¢ plays a critical role: as ¢ — oo, the function x - tanh(cz)
approaches |z|, indicating that ¢ governs the trade-off between smooth differentiability
and approximation of the absolute value function. The absolute value function is often
employed as an activation function due to its immunity to the vanishing gradient prob-
lem. Based on preliminary experiments, the choice ¢ = 10 was found to provide favorable
convergence properties during training and yielded improved approximation accuracy.

(4.9)

softmax(x); =

4.3.3 Differentiable Clustering Network

Most conventional clustering methods, such as k-means clustering [96], rely on discontin-
uous functions like argmin and argmax which are non-differentiable. To address this issue
while preserving the benefits of clustering for reconstruction, a differentiable clustering
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network is employed. This network operates in the r-dimensional latent space and is

defined as
c: R" = RF: p(t) — a(t),

where ¢ is a multi-layer perceptron (MLP) that incorporates the modified softmax function
(4.8) in its output layer. This approach ensures differentiability while enabling effective
clustering within the latent space.

For reconstruction within a polytope with a limited number of vertices, The design
aims to ensure that o contains only a small number of nonzero values. Ideally, a single
nonzero entry of 1 would correspond to a distinct cluster selection, while a few nonzero
entries would represent a smooth transition between clusters.

Although the modified softmax function theoretically maps to the closed interval [0, 1],
in practice, its values are rarely exactly 0 or 1, except in special cases. To enforce deci-
sive cluster selections, pseudo-labeling is introduced during the training of the clustering
network ¢, ensuring that the learned representations maintain clear and interpretable
assignments, as described in Section 4.3.5.

4.3.4 Decoder
In Section 3.2.6, iCAEs utilize a single nonlinear encoder
p = p(xenn),
while reconstructing states through & individual (affine) linear decoders
x=Up+b,l=1,2--- k,

where U, € R™" represents a matrix of local basis vectors, and b; € R™ is a bias term
associated with the reconstruction in the [-th cluster.
Neglecting the bias terms, the reconstructed states x can be expressed as a discontin-

uous decoder: X k
k=3 BlUip=> Y Bipjuis,
i=1

j=1 i=1

where the vector B = [31, fa, - - - , Bx] satisfies the condition

5 1 ifi=1,
Yo ifi £
which is determined via k-means clustering. Here, u;;; is the j-th column vector of U,

and this implies that all elements of 3 are zero except for a single nonzero entry equal
to one, which is called one-hot vector. In other words, the decoder selects an individual
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decoder based on the assigned cluster, which involves a nonsmooth operation when the
states transition from one cluster to another.

To address this issue, the selection vector 3 is replaced with the output a of a smooth
clustering network ¢, which allows multiple nonzero entries and thereby facilitates smooth
transitions between clusters:

T

k
X=2 D ains (4.11)

=1 =

Ulc(p) @ p),

.

where «; is i-th element of the smooth clustering output a = ¢(p), ® is the Kronecker
product, and

U= |uwyg uyg -0 Uy o0 U 0 Upy (4.12)

)

is the matrix containing all support vectors used for reconstruction.

Due to the modified softmax function in the last layer of p and ¢, the architecture
conforms to Lemma 4.3. As a result, the decoder output ¢(p(t)) is expressed as a con-
vex combination of the column vectors of U; i.e., all reconstructed states lie within the
polytope defined by the vertices uy.1, ..., U,

Remark 4.5 (Kronecker product and convolutions):
By design and according to the definition of the Kronecker product,

a®p=[041P ap ... Oékp},

the reconstruction in (4.11) is based on the multiplication of the coordinates vector p
with weights «; referring to the ¢-th cluster. Instead of this basic scalar weighting, one
might alternatively consider (discrete) convolutions:

gxp=1[g%p Gxp ... grxp|,

where the convolution kernels g; are suitably chosen and may depend on p, similar to the
clustering coefficients c. In fact, it can be shown that if all kernel coefficients are positive
and sum to one, the result of the convolutions satisfies the conditions in (4.7) required
for the polytopic reconstruction.

Additionally, due to the multiplicative nature of convolutions, formulas for the Jacobian,
similar to (4.5) can be derived. However, for larger kernels g; the mapping p — g (and
its Jacobian) will become more complex. O
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Figure 4.3: When the latent states are classified into three clusters in a low-dimensional
space, the clustering labels associated with the latent states within each cir-
cle, centered at ¢; with radius m;, ¢« = 1,2, 3, are selected as target labels.
Unselected labels are excluded from the training of PAEs.

4.3.5 Training Details for PAEs

The proposed encoder, decoder, and clustering network are fully differentiable with re-
spect to the input variables and all model nodes, allowing for the joint optimization of
all model parameters using a gradient-based optimizer; e.g., Adam [69]. However, to
enhance training efficiency and because the smooth clustering network is trained using
pseudo-labels derived from k-means clustering, the overall training strategy consists of
two preparatory steps. In the final step, all components are fine-tuned through joint
optimization.
As outlined in Algorithm 4.1, the training process consists of three steps:

Step 1 (initialization and identification of the latent space): A PAE is initially trained
consisting of a nonlinear encoder p and a polytopic decoder ¢, without incorporating
clustering.

Step 2 (k-means clustering for pseudo-label generation and individual decoder initial-
ization): Latent variable coordinates are extracted from the pretrained encoder using the
training dataset. Subsequently, k-means clustering is applied in the latent space to gen-
erate pseudo-labels and to initialize individual decoders corresponding to each identified
cluster.

To mitigate potential overfitting of the k-means clustering results and to shift the
emphasis from precise centroids to their surrounding regions, pseudo-labels are defined to
represent local neighborhoods around each cluster center. The clustering network is then
trained to approximate these pseudo-labels in a distributional sense.

Specifically, for each cluster i, the data points j(i) are selected such that their latent
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Algorithm 4.1: Training a PAE
Input: Hyperparameters; e.g., r, k, and the number of epochs N
Output: Pretrained encoding, decoding, and clustering model parameters;
0,,0,,0.
1 Note that, e.g., p = u(6,;x) represents the evaluation using the current values of
the parameters

2 Step 1. Train a CAE consisting of an encoder i and a decoder ¢
3 Implement Algorithm 2.5 to obtain pretrained model parameters 6,, and 05
4 Step 2. Train individual decoders; 1, -, i

5 Freeze the weights 0, of p

6 Select a batch of data based on partial k-means clustering and store their labels 1
7 Implement Algorithm 3.2 to obtain pretrained model parameters 1, -, g
8 Step 3. Train the clustering net ¢ and fine-tuning the PAE

9 Define a matrix U = [0,,, -+ ,0,,] (0o = {041, .05, })
10 fore=1,--- ,N do

11 for random batch: i € B do

12 Compute p = 1(6,; xcnn)

15 | | Compute % = ¢(6,:p) = Uc(6: p)  p)

14 Compute Lrec(0y, 0,00 p) = 25 > icp || X0, 00, 0c; p) — xD ||y

15 Compute L (8,,60.; p) = —# > jepcB 19 - log(c(8,, 0.; p9))

16 Compute £ = Lec(0,,,0,,0.; p) + 1074 L (0,,, 0. p)

17 Optimize model parameters 6, 0, and 0,

18 return 0,,0,,0.

coordinates satisfy
pVD) ;| <my, i=1,2,...k, (4.13)

where c; denotes the centroid of the i-th cluster, and m; is the mean distance between
the latent variables and the centroid c; within the same cluster. Each selected data point
is then assigned the ¢-th unit vector as its pseudo-label.

By applying this procedure to all clusters, a set of data-label pairs is constructed,
denoted as

Dy = {(xM,10), (x®1®)), . (x™0 1), (4.14)

where N is the total number of data points selected based on criterion (4.13), and the
labels 1) are unit vectors in R” representing the corresponding cluster.

In the next preparatory step, the clustered and labeled dataset D, is used to train
individual polytopic decoders ¢q, - - - , ¢ in each cluster. Then, the matrix

U= [94.017"' 79%]7

70



4.3 Polytopic AE (PAE)

which gathers all the supporting vectors of the individual decoders, is used to initialize
the weights of a global, smooth, and clustering-based decoder.

Step 3 (training the clustering net and fine-tuning the PAE): A PAE is trained by fine-
tuning p and U while concurrently optimizing the clustering network c. For the model
optimization, a reconstruction loss is defined as

1 . .
- E (1) _ (9
Lrec_ #B HX X HM;

1€B

where B refers to the index set of a data batch drawn from the training data. The loss
function is the standard mean squared error loss but it uses the M-norm which is aligned
with the PDE framework.

Additionally, a clustering loss is defined as the cross entropy loss

1 | |
Ly > 19 - log(e(p")),

JjEPCB

where 7 is drawn from the subset P C B that contains only those indices corresponding
to data that are part of the clustered and labelled data set D, as described in (4.14). The
cross-entropy loss function measures the distance between two probability distributions
and is widely used as a loss function for training multi-class classification machine learning
models. Note that both the labels 19) which are unit vectors representing a sharp uni-
modal distribution, and the clustering output a¥) = ¢(p)) (due to the modified softmax
function o in the final layer) represent probability distributions.
Finally, a joint loss function is defined as

L =L+ 10_4£’c|t’

where the weight 10™% was found to be an effective balance between accuracy and over-
fitting.

4.3.6 Polytope Error and Polytopic LPV Representation

PAEs guarantee that every state is reconstructed within a polytope. However, they do
not ensure that the polytope is well constructed in terms of the state reconstruction.

Definition 4.6 (Polytope error and best approximation):
Let X C R™ be a convex polytope. For a given data point x € R", let || - |[m denote the
norm induced by the M-weighted inner product. Define the polytope error as

disty (x, X) := min ||x — w||m
weX

and let x* € X be the best approzimation that achieves the minimum. Figure 4.4 shows
the conceptual representation of the polytope error. O
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Figure 4.4: A schematic figure depicting the positions of a state x, its reconstruction x in
a polytope X, and its best approximation x*

Here, the polytope is denoted by X, and its quality is evaluated according to Defini-
tion 4.6. The polytope error with respect to the best approximation is well defined, as
established by the following three lemmas:

Lemma 4.7:
Let A be a positive definite matrix. Then

a'Ab < VaTAavbT Ab
for any nonzero vectors a and b. O
Proof. Since A is positive definite, the quadratic form satisfies the inequality

(a—cb)TA(a—cb) >0
—a'Aa—2ca' Ab+c*b"Ab >0

where c is a scalar. Let
p(c) = (b"Ab)c? — 2(a’ Ab)c + (a' Aa).
Then p(c) > 0 is obtained. Hence, the discriminant of p(c) is less than 0 as follows:
(a" Ab)? — (a" Aa)(b' Ab) <0
— (a'Ab)? < (a' Aa)(b' Ab)
— —VaTAavbTAb < a'Ab < VaT AavbT Ab

Thus,
a'Ab < VaTAavbT Ab. (4.17)

Moreover, we note that the strict inequality in (4.17) holds if and only if a and b are
linearly independent. O]
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Lemma 4.8:
Let X C R” be a convex polytope. For any x € R", there exists a unique x* € X such
that )

|x — x*||m = min{||x — X||m: X € X}. O

Proof. Without loss of generality, we can assume that x ¢ X. Otherwise, we have that
x* = x is the unique minimizer. Define

fx(y) =lx—ylm forx,yeX.

Consider first the existence of a minimum of fy. Since X is compact and fy is continuous,
there exists a minimizer x* € X such that

fx(x) < fxly), VyeX. (4.18)

Thus, f«(x*) is a minimum of fi.
Next, let y,z € X. We have

fx(Az+ (1= A)y) =[x—(Az+ (1= A)y)|m
=[x —=Ax+Ax— (Az+ (1 = N)y)|m
=[[Ax—2z)+ (1= A)(x—-y)[m.

forany A\e R, 0 < A< 1.
Let u=x—2zand v=x—y. Then

IAu+ (1 — A)v||m
= /2]y + 201 = NuTMy + (1= 22[v[,

<\/WIIUII§A + 201 = Nfullml[viiv + (1= A)?[lv[[f (. Lemma 4.7)
=V (M x(2) + (1= N fx(¥))?
= Mx(z) + (1= A) fx(y),
for any A, 0 < XA < 1.
To prove the uniqueness of x*, assume that there exists w € X such that
fx(x") = fx(w).

Because of the convexity of X, it follows that for any A, 0 < X\ < 1,

Xy = A"+ (1 - Mw e X.

73



4 Polytopic Autoencoders

Then
Sx(X2) SAfx(xT) + (1= A) fx(w)  (by (4.21))
=A(X) + (1 =N fxT) (0 AT = fx(w))
= fx(x").
By the minimum property (4.18), this can only be the case if
fx(x2) = fx(x7) = fl(W),
and since the equality in Lemma 4.7 only holds for linear dependent vectors, we have
x —x" = f(x—w) for some 5 € R.
Then we obtain
S(XT) = lx =xlm = [[Bx = w)lw = [Bllx = wlm = |5]/x(w)
Since fx(x*) = fx(w), we conclude g = +1.

For f = —1, we have x — x* = —x + w and thus, because of convexity of X that
X = X ;_W S X.
However, this contradicts x ¢ X. Thus,
=1,
and, therefore, we conclude x* = w, i.e., f(x*) is the unique minimum. H

Given available data, the polytope error is evaluated for the identified polytope used
in the encoding and reconstruction by a PAE. This analysis provides best-case estimates
for:

1. the extent to which the identified polytope can represent the data and

2. the proximity of the reconstruction to this theoretical lower bound.

Computing the best approximation is a nontrivial task. To determine the polytope
error for a given x, the following optimization problem is solved:
. U _ 2
min [|Up — x[,
subject to p >0,
L,p=1,

for the coordinates p* of the best approximation x* = Up where U is the matrix of
vertices (4.12), and 1, = [1,1,--- ,1] is the row vector of ones with r entries.

This convex quadratic programming problem, subject to linear constraints, does not
have a closed-form solution. However, numerical methods such as active-set and interior-
point methods can efficiently compute solutions. In the experiments, a quadratic program-
ming solver from the Python library cvxopt is utilized, which implements interior-point
methods [10].
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4.3.7 Application in Polytopic LPV Approximations

The intended application of approximating general nonlinear functions
f:R" - R"

using LPV approximations with preferably low parameter dimension is briefly discussed.
Such approximations serve as a promising component in nonlinear controller design; e.g.,
[31] for the foundational theory and proof-of-concept studies.

An intermediate step is the representation of f in state-dependent coefficient form

which always exists under mild regularity conditions and in the case that f(0) = 0. If
then A(x) ~ A(X) is approximated by the autoencoded state X = ¢(p(x)), an LPV
approximation with p = p(x) as the parameter is obtained by means of

F(x) & AR)x = Alp(p(x)) v =t A(p) x.

Given the utility of affine linear polytopic LPV representations in controller design, the
following demonstrates how a polytopic reconstruction based on a® p can be reformulated
as a polytopic LPV approximation, where a ® p functions as the scheduling parameter
set.

Lemma 4.9:

Let A(-): R" — R™™ be a linear map and let x(¢) be a convex combination of n vertices
of a polytope. Then A(x(t)) is a convex linear combination of n matrices representing a
polytope in R™*",

Proof. Since X(t) is a convex combination of n vertices, X(t) can be described as

x(t) = Z i,
=1

where n; € R (; > 0, > m; = 1) and w; is i-th vertex of a polytope, i € {1,2,--- ,n}.
Then

AR(1) = A nw).

Since A is linear in its argument, it follows that
Ax(t)) = A(Z niw;) = Z niAi,
i=1 i=1

where A; := A(u;). Therefore, A(x(t)) is a convex combination of Ay, Ay, -+, A,. O

)



4 Polytopic Autoencoders

The standard alternative approach to obtaining an affine LPV representation with pa-
rameter dimension r within a polytope involves determining the r-dimensional bounding
box; e.g., [72]. In this case, the polytope has 2" vertices, leading to an exponential increase
in complexity as r grows. If a bounding polytope with fewer vertices can be identified,
the challenge shifts to computing the corresponding coordinates, for which no established
method exists for dimensions beyond r = 3; see the discussion in [31].

In contrast, PAEs offer a promising alternative based on Lemma 4.9. Firstly, the
relevant parametrization a ® p inherently defines the required bounding polytope whose
size r - k scales linearly with the number of clusters k and the parameter dimension r.
Notably, this linear growth becomes advantageous compared to the exponential growth
of 2" for moderate and large values of r;

eg.,r-k<2 forr>5and k <r.

Second, the decoder directly provides the coordinates within the constructed polytope.
This implies that no additional procedure is needed to construct a bounding box; see the
discussion in e.g., [60].

4.4 Simulation Results

This section investigates PAEs using the two datasets of incompressible flows introduced
introduced in Section 2.4.1 such as the trajectories of reconstructed states and latent
variables, and clustering results. For each reduced dimension r, the reconstruction per-
formance of PAEs is evaluated in comparison to other methods by computing the averaged
relative error defined in (3.5). In addition, based on Definition 4.6, the averaged relative
polytope error ¢, is defined as

_ _Z %7 — xillm
Ixillm

where T" denotes the total number of snapshots, and x; and x represent the original state
and its best approximation, respectively.

For memory efficiency analysis, the number of encoding parameters, decoding param-
eters, and vertices of the polytopic LPV representations is reported. The number of
encoding parameters in both CAE and PAE is significantly lower than that in POD. This
reduction arises from the use of the fixed and highly sparse interpolation matrix I, along
with the implementation of depthwise separable convolutions. Regarding the number of
decoding parameters, both POD and CAE employ linear decoders, leading to a size of nr
where n X 7 represents the matrix dimensions. In contrast, the decoding size for PAE is
nrk + m where m denotes the number of parameters in the clustering model.

As an additional performance metric, the number R of vertices in the polytope con-
taining the reconstruction values is reported, as this quantity is relevant for LPV approx-
imations; cp. Section 4.3.7. In the case of POD approximations, the empirically defined
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4.4 Simulation Results

Table 4.1: Model specification: fc: a fully connected layer, pod: a POD basis, I.: an
interpolation matrix, cv: a convolutional layer, ¢: a clustering layers ("#"
refers to the number of.)

POD CAE PAE

#encoding layers pod I.+13cv +fc | 1.+ 13cv + fc

#decoding layers pod fc fc
#encoding parameters (r = 2) | 85,528 36,692 36,692
#decoding parameters (r = 2) | 85,528 85,528 256,584
#vertices of a polytope (r = 2) 4 2 6
#encoding parameters (r = 3) | 128,292 36,725 36,725
#decoding parameters (r = 3) | 128,292 128,292 384,876
#vertices of a polytope (r = 3) 8 3 9
#encoding parameters (r = 5) | 213,820 36,791 36,791
#decoding parameters (r =5) | 213,820 213,820 641,460
#vertices of a polytope (r =5) 32 5 15
#encoding parameters (r = 8) | 342,112 36,890 36,890
#decoding parameters (r = 8) | 342,112 342,112 1,026,336
#vertices of a polytope (r = 8) 256 8 24

bounding box for p is used as a surrogate polytope, resulting in
R=2",

where 7 is the dimension of p which is the standard approach in the absence of an
algorithm for computing a polytopic expansion within a general polytope. However, for
CAE and PAE, this polytopic expansion is naturally provided within a polytope of

R=7ror R=kr

vertices where k is the number of clusters.

In practice, selecting appropriate values for the latent dimension r and the number
of clusters k involves balancing accuracy and computational complexity. For PAEs, the
numerical results indicate that in controller design, it is generally preferable to increase
r while setting £ = 1. For projection-based model reduction (cp. Equation (4.3)), choos-
ing £ > 1 can lead to improved reconstruction accuracy with only a minor increase in
computational cost; see, e.g., Figure 4.5.

4.4.1 Single-cylinder

In this simulation, both the PAE and CAE employ a deep convolutional encoder compris-
ing 14 convolutional layers followed by a fully connected layer. The convolutional layers
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Figure 4.5: Reconstruction error as a function of the reduced dimension r, averaged over
5 runs for the single-cylinder case. The shaded regions represent statistical
uncertainty across multiple training runs. However, this uncertainty is negli-
gible for most methods, rendering it nearly invisible in the plots.

utilize the ELU activation function while the final layer applies the modified softmax
function (4.8). To reduce the number of nodes in the last layer, global average pooling is
performed before applying the fully connected layer.

The decoder of POD is formulated as a linear combination of r basis vectors, whereas
the CAE decoder is a convex combination of r vertices. The PAE decoder exhibits partial
linearity as discussed in Section 4.3.4. The CAE consists of an encoding part

xenn(t) = Iox(t),
p(t) = pu(xenn(t)),

and a decoding part

x(t) = p(p(t))

without clustering. This implies that the CAE is regarded as a PAE with 1 cluster (i.e.,
k=1).

Table 4.1 compares the number of encoding and decoding parameters. Both the CAE
and PAE maintain a relatively constant number of encoding parameters across varying
reduced dimensions in contrast with POD. In practice, for r = 2,3,5,8, the encoding
size of the CAE and PAE is only 42.6%, 28.6%, 17.2%, and 10.8%, respectively, of the
encoding size of the POD, based on the number of encoding parameters.

The decoding size of POD and CAE is determined by a n x r decoding matrix. In
contrast, the decoding size of PAE is larger than them due to the Kronecker product of
a and p.
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Figure 4.6: Comparison between the reference produced by the full-order model (FOM)
and the snapshots generated by POD, CAE, and PAE at t = 2.0: training
session for the single-cylinder case

As discussed in Section 4.3.2, it is observed that depthwise separable convolutions
require 10.6% fewer parameters than standard convolutions, although the PAE has 10
more encoding layers based on Table 3.1 and Table 4.1.

Next, the reconstruction of periodic flows using PAEs and the organization of their
latent variables in very low-dimensional spaces are examined. Figure 4.5 displays the
reconstruction errors of POD, CAE, and PAE with respect to the reduced dimension r.
These errors are computed by averaging the errors from 5 training trials, which result in
very small standard deviations.

The CAE achieves similar averaged errors to POD on the training data over the time
range [0, 10]. However, it surpasses POD in test reconstruction errors except for the error
at r = 2. Regarding the reconstruction error over time, the CAE exhibits higher errors
than POD during the transition period, when the flows shift from relatively stable to pe-
riodic states (approximately within the time range [4,6]). However, the CAE reconstructs
periodic flows more accurately than POD.

This phenomenon is hypothesized to result from the model’s inherent learning bias
toward periodic flow structures. The disproportionately large number of periodic flow
snapshots skews the distribution of the training data, leading to a common machine
learning issue known as data imbalance.

Overall, the reconstruction performance of CAEs is comparable to that of POD. How-
ever, CAEs achieve this with fewer model parameters and identify a smaller R for de-
signing polytopic LPV systems. The PAE(k) models, which cluster latent variables into
k clusters (e.g., PAE3, PAE5, PAE10), outperform both CAEs and POD. Moreover, the
reconstruction errors of PAEs tend to decrease as k increases. However, the difference in
reconstruction errors between PAE5 and PAE10 is not significant.

79



4 Polytopic Autoencoders

Model | #epochs | offline time [s| | inference time [s]
POD - 0.19 0.000236
CAE 800 63.19 (GPU) 0.000657

PAE(k-3) | 800 | 65.63 (GPU) 0.000756

Table 4.2: Computational times for r = 3: the offline time for POD represents the time
required to obtain a POD basis on the CPU. For CAE and PAE, the offline
time corresponds to the training time on the GPU. The inference time indicates
the runtime for reconstructing a state on the CPU in the single-cylinder case.

As a result, the polytope errors for k = 5 remain below 2.7% for the periodic flows in the
testing range [10,16]. Specifically, the reconstruction errors for the reduced dimensions
r=2,3,58are 2.7%,0.8%, 0.7%, and 0.6% respectively. This suggests that the polytopes
defined by PAE5 are well-constructed, even when working with very low-dimensional
latent states.

Figure 4.6 and Figure 4.7 present a comparison of the developed snapshots from FOM,
POD, CAE, and PAE3 at times ¢t = 2.0, 14.0 respectively for » = 3,8. The absolute error
plots demonstrate that PAE3 outperforms the other models in terms of state reconstruc-
tion, even with very low-dimensional parametrizations.

Table 4.2 presents the computational timings' for training the AEs and evaluating
their performance compared to the POD. The computation of the POD coefficients is
approximately 340 times faster than training the neural networks of the CAE and PAEs.
When it comes to state reconstruction from latent variables, POD outperforms CAE and
PAE by a factor of about 3.

Figure 4.8 illustrates the activation rates of polytope vertices and the trajectories of
latent state variables for » = 2 with £ = 3 (i.e., PAE3). The results indicate that the
latent variables for each PAE remain in the range [0,1] as the coefficients of a convex
combination.

The activation rate quantifies the relative contribution of each latent variable to the
state reconstruction. The activation rate of the i-th latent variable is defined as

N
Zq:l Piyg
N )
22:1 Zq:l Pp.a

where N is the number of snapshots. Since

Zé,vzl(oélpi,q +appig) Zflvzl(al + o) Pig
r N - r N
szl Eg:l(alpp,q + 1 kppg) Zp:l Zq:l(al + Q) Ppg
N
Zq:l Pig

22:1 Zq:l Pp.q

1System specifications: Intel i5-12600K CPU@3.70GHz, 32GB RAM, NVIDIA RTX A4000 GPU
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Figure 4.7: Comparison between the reference produced by the full-order model (FOM)
and the snapshots generated by POD, CAE, and PAE at t = 14.0: testing
session for the single-cylinder case

the activation rate of the polytope coefficients corresponding to the i-th latent variable is
identical to the activation rate of the i-th latent variable.

As illustrated in the bar chart, when r = 2, the state reconstruction primarily relies
on the first latent variable which contributes 77.9%. Consequently, the three vertices
weighted by p; of the polytope play a dominant role in the state reconstruction, with an
influence rate of 77.9%.

Figure 4.9 verifies that the latent variables adhere to the convex combination con-
straints,

p1(t) + p2(t) = 1 and py(t), pa(t) = 0

and that the clustering network c categorizes latent states in a manner similar to k-means
clustering. In other words, all latent variables align along the line

pi(t) + p2(t) =1, Ve >0

when r = 2.

Figure 4.10 depicts the activation rates of the polytope vertices along with the trajec-
tories of latent state variables for r = 3 and k = 3 (i.e., PAE3). For any r, the encoder
guarantees that all latent variables remain nonnegative with each p(t) satisfying the con-
straint that its elements sum to 1. As a result, the trajectories of the latent variables
remain confined within the expected range of [0, 1].

In the bar chart, the activation rates of each latent state are 17.4%, 58.9%, and 23.7%
respectively. It indicates that the three vertices weighted by ps(t) of the polytope con-
tribute more significantly to the state reconstruction than the other vertices.

Another observation is that relatively stable states (approximately in the range [0,4])
are primarily reconstructed by a significant contribution from ps placing them in a tran-
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Figure 4.8: Activation rates and trajectories of latent state variables for r = 2 with k£ = 3:
the dashed line distinguishes between the training phase and the extrapolation
phase for the single-cylinder case.

sition area between the first and third clusters. This is evident in the graphs of a;py and
aszpo in the time range [0,4]. In this way, it is evident that p, has a significant influence
on the reconstruction of periodic flows.

Figure 4.11 shows the distribution of latent variables in a three-dimensional space com-
paring the labels obtained from the clustering net with those from k-means clustering.
Since the latent state variables represent the coefficients of a polytope, they are nonneg-
ative and lie on a plane.

pi(t) + pa(t) + pa(t) = 1, vt > 0.

The clustering network assigns labels to latent variables in a way that closely resembles
k-means clustering, as it uses pseudo-labels derived from k-means clustering. However,
the clustering network is less constrained by centroid distances due to its training with
the joint loss function described in Section 4.3.5.
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Figure 4.9: Comparison of the outcomes of (left) the smooth clustering ¢(p) and (right)
k-means clustering with 3 clusters in the two-dimensional space for the single-
cylinder case. The different colors represent distinct clusters.
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Figure 4.10: Activation rates and trajectories of latent state variables for r
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Figure 4.11: Comparison of the outcomes of (left) the smooth clustering ¢(p) and (right)
k-means clustering with 3 clusters in the three-dimensional space for the
single-cylinder case. The different colors represent distinct clusters.
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Table 4.3: Model specification: fc: a fully connected layer, pod: a POD basis, I.: an
interpolation matrix, cv: a convolutional layer, ¢: a clustering layers ("#"

refers to the number of.)

POD CAE PAE

#encoding layers pod 1.+ 25cv +fc | 1.+ 25cv + fc

#decoding layers pod fc fc
#encoding parameters (r = 2) | 92,028 91,410 91,410
#decoding parameters (r = 2) | 92,028 92,028 276,084
#vertices of a polytope (r = 2) 4 2 6
#encoding parameters (r = 3) | 138,042 91,443 91,443
#decoding parameters (r = 3) | 138,042 138,042 414,126
#vertices of a polytope (r = 3) 8 3 9
#encoding parameters (r = 5) | 230,070 91,509 91,509
#decoding parameters (r =5) | 230,070 230,070 690,210
#vertices of a polytope (r =5) 32 5 15
#encoding parameters (r = 8) | 368,112 91,608 91,608
#decoding parameters (r = 8) | 368,112 368,112 1,104,336
#vertices of a polytope (r = 8) 256 8 24

4.4.2 Double-cylinder

In this simulation, each PAE and CAE features a deep convolutional encoder comprising
26 convolutional layers, which include Inverted residual blocks, and a fully connected
layer. The ELU activation function is applied to the convolutional layers, and the modified
softmax function (4.8) is used in the last layer. To decrease the number of nodes in the final
layer, global average pooling is applied prior to the fully connected computation, following
the same architecture as the model used for the single-cylinder case in Section 4.4.1.

Table 4.3 provides a summary of the parameters used in the different models. Ap-
parently, CAE and PAE maintain a relatively consistent number of encoding parameters
regardless of reduced dimensions, in contrast with POD. In practice, when r = 2,3,5,8,
the encoding size of CAE and PAE is only 99.3%, 66.2%), 39.8%, and 24.9% of the encoding
size of POD respectively.

In Figure 4.12, all the models exhibit a general trend of decreasing reconstruction error
as the reduced dimension 7 increases during the training phase. This trend highlights the
expected improvement in approximation accuracy when preserving more latent informa-
tion. Notably, the results demonstrate that PAE consistently outperforms both POD and
CAE in terms of reconstruction performance across different values of r.

The superior performance of PAEs suggests that incorporating polytopic structures
allows for a more expressive and flexible representation of the data manifold, leading
to reduced reconstruction errors. Furthermore, as both the number of clusters k£ and
the reduced dimension r increase, the reconstruction errors of PAEs decline significantly,
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Figure 4.12: Reconstruction error as a function of the reduced dimension r, averaged over
5 runs for the double-cylinder case. The shaded regions represent statistical
uncertainty across multiple training runs. However, this uncertainty is neg-
ligible for most methods, rendering it nearly invisible in the plots.

indicating the benefits of using a higher number of convex components in capturing the
underlying data distribution.

Despite these promising results, a noticeable discrepancy between training and test
errors is observed, with test errors consistently exceeding their training counterparts.
This suggests that while PAEs achieve excellent reconstruction within the training set,
their ability to generalize to unseen data remains a challenge.

The results indicate that PAEs fit the training data exceptionally well, potentially to
the extent of overfitting. This issue persists despite implementing several regularization
strategies aimed at enhancing model generalization, including L1 and L. regularization,
Dropout [100], label smoothing [106], and reducing the number of trainable parameters.
The persistence of generalization issues suggests that while PAEs leverage polytopic clus-
tering effectively, further refinements in the training process or regularization strategies
may be necessary to improve their robustness on unseen data.

Nevertheless, an important observation is that the polytope errors ¢, with £ = 5 reach
a relatively stable and consistent level in both training and test phases. This consistency
implies that each polytope defined by the PAEs is well-constructed, capturing meaningful
structures within the dataset. The stability of €, suggests that while overfitting remains
a concern, the underlying polytope representation maintains coherence across different
data distributions. Given these findings, there is potential to further enhance model
performance by refining the encoding and clustering mechanisms involved in determin-
ing the convex combination coefficients. Improvements in these components could lead
to better generalization by enforcing a more structured latent space, thereby balancing
expressiveness with robustness.
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Figure 4.13: Comparison between the reference produced by the full-order model (FOM)
and the snapshots generated by POD, CAE, and PAE at ¢t = 556.0: training
session for the double-cylinder case

Figure 4.13 and Figure 4.14 illustrate a comparative analysis of the reconstructed snap-
shots generated by FOM, POD, CAE, and PAE3 at two distinct time instances, namely
t = 556.0, 736.5. The reconstructions are presented for two different reduced dimensions,
r = 3,8, to evaluate the performance of the dimensionality reduction techniques across
different levels of compression.

At t = 736.5, noticeable differences are observed in the reconstructed snapshots, espe-
cially for » = 3. The POD-based reconstruction exhibits a visibly smoother flow in the
cylinder wake region compared to both CAE and PAE3. This suggests that POD may
introduce excessive smoothing at lower dimensions, which could lead to the loss of small-
scale turbulent structures. On the other hand, CAE and PAES3 retain more localized flow
features but exhibit slightly higher reconstruction errors in certain regions. When the
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Figure 4.14: Comparison between the reference produced by the full-order model (FOM)
and the snapshots generated by POD, CAE, and PAE at t = 736.5: testing
session for the double-cylinder case

reduced dimension is increased to r = 8, the differences among the methods become less
pronounced, as all models demonstrate an improved ability to capture the underlying flow
structures with greater accuracy. The error distributions also indicate that increasing the
latent dimension reduces the discrepancies between the reconstructions and the FOM,
reinforcing the importance of selecting an appropriate reduced dimension based on the
desired trade-off between accuracy and computational efficiency.

Overall, these results highlight the effectiveness of PAE3 in preserving critical flow fea-
tures at lower dimensions while demonstrating its advantages over conventional methods
such as POD and CAE. However, the increased complexity of PAEs necessitates further
investigation into regularization techniques and hyperparameter tuning to ensure robust-
ness and generalizability across different flow conditions.
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Model | #epochs | offline time [s| | inference time [s]
POD - 0.30 0.00023
CAE 1000 | 144.53 (GPU) 0.00125

PAE(k=3) | 1000 | 154.38 (GPU) 0.00135

Table 4.4: Computational times for r = 3: the offline time for POD represents the time
required to obtain a POD basis on the CPU. For CAE and PAE, the offline
time corresponds to the training time on the GPU. The inference time indicates
the runtime for reconstructing a state on the CPU in the double-cylinder case.

Remark 4.10:

Generally, the parameter r denotes the dimension of the latent states. For POD this is
equivalent to the size of p(t). However, for polytopic decoding, due to the summation
condition Y ;_, pi(t) = 1, one dimension is redundant. Therefore, the actual latent dimen-
sion is theoretically r — 1. In the conducted experiments, this straightforward method for
further reducing the parametrization was not employed. Nonetheless, within the context
of controller design, the elimination of one degree of freedom could potentially lead to
additional performance improvements. O

Proof. Since p1(t) + po(t) + -+ + p(t) = 1, polytopic decoders can be reformulated as
follows:

x(t) = Dp(t) = Zm(t)di
= 3" 0+ (L= p6) — palt) =~ a0
=, + Y (i - d)

r—1
= Uy + Z pl(t)uz
=1

where D is a decoding matrix, d; denotes the i-th column vector of D, uy = d,, and
w,=d;,—d, fore=1,2,--- ,r—1. n

In terms of computational effort, as shown in Table 4.4, training the autoencoders
requires approximately 500 times more time than computing the POD bases. However,
the reconstruction time differs by a factor of only about 5.5. The relatively small increase
observed for the PAE suggests that the incorporation of the polytopic structure does not
introduce significant computational overhead. POD is the most computationally efficient,
making it ideal for fast reconstructions. However, CAE and PAE, despite their higher
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Figure 4.15: Activation rates and trajectories of latent state variables for r = 2 with
k = 3: the dashed line distinguishes between the training phase and the
extrapolation phase for the double-cylinder case.

offline costs, offer improved expressive power for complex, nonlinear dynamics. Overall,
the slight increase in computational cost for PAE suggests its potential as a promising
alternative to standard AEs, and there is potential to increase the inference speed of PAE
by optimizing the number of layers, reducing it to fewer than 27.

Figure 4.15 unequivocally demonstrates that ps(t) exerts a profoundly greater impact
on state reconstruction achieving an impressive activation rate of 92.8%, which strongly
suggests that the temporal evolution of p(t) is the primary determinant in accurately
reconstructing the state.

Figure 4.16 visually represents latent variables that satisfy convex combination con-
straints,

p1(t) + p2(t) = 1 and pi(t), p2(t) = 0.

Furthermore, the clustering model ¢ classifies latent variables in a manner similar to
k-means clustering. However, in contrast to k-means clustering, the clustering net as-
signs only two labels to the latent states. In the clustering net, this suggests that two-
dimensional latent states of chaotic flows may not exhibit a well-defined separation into
three distinct groups, leading the model to merge data into fewer clusters. In other words,
if two clusters are significantly more distinct than the third, the model may incorporate
the less distinct cluster into one of the existing two, rather than treating it as an inde-
pendent group.

In Figure 4.17, the activation rates are 17.6%, 11.8%, and 70.6% respectively. Conse-
quently, the three vertices weighted by ps(t) in the polytope exert the most significant
influence on state reconstruction, surpassing the contributions of the others. In contrast,
both p;(t) and py(t) display oscillatory behavior with low amplitudes. Furthermore, state
reconstruction is predominantly governed by ps(t) regardless of the clustering results.
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Figure 4.16: Comparison of the outcomes of (left) the smooth clustering ¢(p) and (right) k-
means clustering with 3 clusters in the two-dimensional space for the double-
cylinder case. The different colors represent distinct clusters.

This suggests that all the considered chaotic flows are highly correlated with p3(t).
As shown in Figure 4.18, the trajectory of the latent states on the plane

pi(t) + pa(t) + pa(t) = 1, vt > 0.

Overall, the clustering net tends to classify latent variables similarly to k-means clustering.
However, in some cases, it assigns labels differently from distance-based methods.
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Figure 4.17: Activation rates and trajectories of latent state variables for r

= 3 with

k = 3: the dashed line distinguishes between the training phase and the
extrapolation phase for the double-cylinder case.
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Figure 4.18: Comparison of the outcomes of (left) the smooth clustering ¢(p) and (right)
k-means clustering with 3 clusters in the three-dimensional space for the
double-cylinder case. The different colors represent distinct clusters.
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4.5 Conclusion

4.5 Conclusion

This section introduced a PAE architecture consisting of a lightweight nonlinear encoder,
a convex combination decoder, and a differentiable clustering network. The inclusion of
the differentiable clustering component within the decoder was shown to enhance recon-
struction accuracy. Crucially, the model guarantees that all reconstructed states remain
within a polytope, with the corresponding latent variables directly interpreted as convex
combination coefficients.

To evaluate the effectiveness of the constructed polytopes, polytope errors were com-
puted. In addition, the influence of individual polytope vertices on the reconstruction
process was investigated by analyzing the activation rates of the latent variables.

In the single-cylinder case, the proposed model achieved substantially higher recon-
struction accuracy compared to POD. For the more complex double-cylinder scenario,
although low training errors and minimal model mismatch were observed—as indicated
by the approximation error within the polytope—the reconstruction quality declined in
the extrapolation regime. Nonetheless, the polytope structure was found to remain well-
formed across all evaluated regimes.

This suggests a promising avenue for future research by refining the model architecture
or training strategy to better leverage its potential. Possible improvements include incor-
porating residuals into the loss function or extending the networks to handle previously
unseen clusters more effectively.
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5.1 Introduction

MOR is a fundamental approach used to simplify high-dimensional dynamical systems by
representing their states with a low-dimensional parametrization. This reduction signif-
icantly enhances computational efficiency and reduces memory usage making it feasible
to implement complex systems.

However, this simplification often comes at the expense of reduced simulation accuracy
and potential difficulties in preserving data properties such as sparsity, positivity, and
adherence to fundamental physical laws. As a result, choosing an appropriate MOR
technique and determining an optimal latent dimension are critical steps in achieving a
well-balanced trade-off between computational efficiency and the accuracy of the ROM.
The objective is to develop a method that preserves essential physical characteristics while
significantly reducing computational complexity.

This study introduces PCD-based AEs for MOR, in which the decoder reconstructs
states using a decoding matrix composed of actual states selected from a given dataset.
Particular attention is given to linear ROM methods to enable efficient computational
performance.
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5 PCD-based Physics-preserving ROMs

As discussed in Section 2.1.2, POD possesses several advantageous properties, such
as the linearity and orthogonality of POD modes, as well as the fact that these modes
are expressed as linear combinations of actual system states, allowing certain physical
properties to be retained. Due to these characteristics, POD has been widely used to
construct ROMs (ROMs); e.g., [62, 104]. However, despite its benefits, POD has inherent
limitations in preserving crucial data properties, including positivity and sparsity, which
can be essential for accurately capturing the underlying dynamics of complex systems.

In contrast, PCD ensures that the reduced representation retains a meaningful rela-
tionship with the original high-dimensional states, ensuring better interpretability and
property preservation. Due to these advantages, PCD has been applied to a wide range
of tasks across various domains; e.g., [81, 49]. However, despite its strengths in main-
taining essential system properties, PCD typically results in higher approximation errors
compared to POD, which can limit its effectiveness in scenarios where reconstruction er-
ror is a primary concern. To mitigate this issue, various methods have been developed
for selecting columns and rows from a given matrix including the random selection and
DEIM; see Section 2.1.2.

One possible improvement is to use genetic selection algorithms; e.g., [42]. Unlike other
methods, particularly gradient-based algorithms, they are less likely to get stuck in local
minima because they explore a large search space through crossovers and mutations across
multiple generations. Additionally, they can be easily applied to a variety of optimization
problems. However, their performance is sensitive to hyperparameters including the mu-
tation rate and crossover probability, and they do not guarantee optimality. Moreover,
computations with large populations and generations can be computationally expensive.

As an alternative approach, a method based on DEIM is proposed, incorporating data
clustering techniques. In the context of snapshot data, especially from numerical simu-
lations with very small time steps, temporally adjacent snapshots often exhibit similar
characteristics and magnitudes. This inherent redundancy poses challenges for commonly
used methods such as random selection and DEIM, which typically select columns and
rows based on norm-based leverage scores. These methods tend to favor similar data
entries, resulting in redundant selections that fail to capture the diversity of the dataset,
ultimately degrading approximation quality.

To mitigate this issue, the proposed strategy assumes that excluding certain data points
from the selection process can help prevent the choice of highly similar columns and rows.
This work applies a clustering-based DEIM method for selecting PCD modes, which are
then used to construct PCD-based ROMs.

In addition, AE architectures consisting of a nonlinear encoder and a PCD-based de-
coder are explored, where the decoding matrix is formed from selected states drawn
directly from the dataset. To assess the effectiveness of these approaches, ROMs are
constructed and applied to simulate the wake flow past a single cylinder governed by the
incompressible Navier—-Stokes equations given in (2.16). The evaluation emphasizes sim-
ulation error and the degree to which the reduced models maintain adherence to physical
constraints, such as incompressibility.
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5.2 State Selection for PCD

Algorithm 5.1: CUR decomposition (genetic algorithm)

Input: Dataset X € R"*™ k < min(n, m), population size z, generations N
Output: C € R™* U e Rk R e R (X =~ CUR, U = CTAR™")

1 Generate z pairs of (C, U, R) at random // Initial population
2 for t =1 to N do

3 Compute the approximation error of each (C, U, R) // Fitness score
4 Produce offspring from pairs based on the evaluation // Crossover
5 Implement random alteration with a low probability // Mutation
6 Update the pairs of (C, U, R) // New generation

7 return C,U, R

5.2 State Selection for PCD

In Section 2.1.2, the CUR decomposition was introduced alongside two selection algo-
rithms presented in Algorithm 2.2 and Algorithm 2.4. The comparison results under-
scored the significance of the selection strategy in minimizing the approximation error
associated with CUR decompositions. Moreover, the results suggest that additional error
reduction may be achievable through more refined selection techniques. This section eval-
uates two advanced selection methods and compares their performance with the standard
approaches discussed in Section 2.1.2.

The experiments utilize a genetic algorithm implemented in the Python library deap.
Algorithm 5.1 outlines a genetic algorithm-based CUR decomposition of a given dataset
X. The algorithm begins by generating an initial population of z random candidate
solutions. For each generation, the approximation error of each triplet (C, U, R) is evalu-
ated to determine its fitness. Offspring are then produced through crossover operations
based on this evaluation. A mutation step is applied with low probability to maintain
diversity in the population. The updated solutions form the new generation, and the
process is repeated for N generations. Finally, the best-performing triplet is returned as
the approximate CUR decomposition.

To address the tendency of DEIM to select highly similar states, particularly in tempo-
rally correlated datasets, we propose a modified selection strategy that combines DEIM
with a clustering-based data pruning step. The dataset is first partitioned using k-means,
and then a subset of representative states is retained from each cluster before apply-
ing DEIM. This approach increases the diversity of the selected columns and leads to
improved approximation quality in the resulting CUR decomposition. As a result, a
DEIM-based selection method incorporating data pruning is also employed, as outlined
in Algorithm 5.2. The procedure begins by applying k-means clustering to divide the
dataset X into k clusters. The method involves two hyperparameters: the number of
clusters for k-means clustering, and a pruning ratio that controls the fraction of data
points removed from each cluster. Both parameters are selected empirically to balance
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5 PCD-based Physics-preserving ROMs

Algorithm 5.2: CUR decomposition (DEIM-based selection with data pruning)

Input: Dataset X € R™ "™ r < min(m,n)
Output: C e R™*" U e R R e R™" (X ~ CUR)
1 Implement Algorithm 2.6 // k-means clustering

2 Define X ¢ X by eliminating certain data in each cluster and gathering the
remaining data

3 Compute X ~ VW7 // rank-r truncated SVD of X
4 Compute a = DEIM(W) // select r column indices for C
5 Compute b = DEIM(V) // select r row indices for R
6 Define C = X|[:,a] and R = X|[b, ]

7 Compute U = CTXR™ // +: Moore-Penrose pseudoinverse
8 return C,U, R

representativeness and diversity in the selected subset. Then a pruned subset X cXis
constructed by discarding a portion of the data within each cluster, thereby promoting
diversity and reducing similarities among the selected samples. A truncated SVD is sub-
sequently performed on X and then the DEIM-based selection method (Algorithm 2.3)
selects r rows and r columns.

For PCD-based ROMs, only r columns are required to construct the PCD modes that
serve as the basis for state reconstruction; i.e., selection of r rows is not necessary.

5.3 Physics-preserving ROMs

This section presents the derivation process for physics-preserving ROMs of the incom-
pressible Navier-Stokes equations, constructed using POD and PCD-based AEs.

5.3.1 ROM for Incompressible Fluid Flows

For physics-preserving ROMs, consider the semi-discrete model (2.16) of incompressible
Navier-Stokes equations,

Mx(t) + N(x(t))x(t) + Ax(t) — JTp(t) — f(t) = 0, (5.1a)
Jx(t) = 0, (5.1b)

where p(t) € RP and x(t) € R"™ denote the states of the velocity and the pressure at time
t respectively, and where M € R™™ N(-) € R™" A € R™" J € RP*" and f(t) € R"
are the mass, linear state-dependent coefficient convection, diffusion, discrete divergence
matrices, and the forcing term at time ¢ respectively.
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5.3 Physics-preserving ROMs

For physics-preserving models, it is assumed that there exists a matrix

. .
D= dl d2 T dr—l dr € Rnxr7
.

such that JD = O. Hence, the pressure term is eliminated by multiplying D' on both
sides of (5.1a) (.- DTJT = O) so that a simplified system of (5.1) is obtained as follows:

D™Mx(t) + D"N(x(t))x(t) + D" Ax(t) — DT£(t)
Jx(t)

0, (5.2a)
0. (5.2b)

To address the high computational costs for the system (5.2), a MOR approach (e.g.,
POD) is defined a model consisting of an encoder

. T
PR 5 R x>z :=[z129 -+ 2]
and a linear decoder

p:RT—=R" z+—x
represented by the matrix D. Then the predefined relationship
x(t) = x(t) = Dz(t)

is used to build a ROM where x(t) € R", x(t) € R", and z(t) = u(x(t)) € R" are the
state, reconstructed state, and latent state at time ¢ respectively.

Suppose that there exists a sufficiently small € > 0 such that ||x(t) — x(t)||jm < ¢ for
t > 0 where ||al]jy = vVaTMa for all a € R™.

Then, by replacing x(t) with Dz(t), the system is reformulated as

D'"MDz(t) + D'N(Dz(t))Dz(t) + DTADz(t) — D'f(t) = 0, (5.3a)
IDz(t) = 0. (5.3b)

Since JD = O, the incompressibility condition from (5.3) is automatically satisfied and
can therefore be omitted. As a result, the reduced system simplifies to

D"MDz(t) + D'N(Dz(t))Dz(t) + D'ADz(t) — D'f(t) = 0,

That is, the reduced-order model of (5.2) becomes a pressure-free system in which incom-
pressibility is no longer explicitly enforced.
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5 PCD-based Physics-preserving ROMs

Due to the linearity of N(-),

T

D'N(Dz(t))D = D'N() _ 2(t):d;) D

where N; = D'N(d;) D, z(t); is the i-th element of z(¢), and d; is the i-th column vector
of D,i=1,2,---r (r <n).
Finally, a ROM of the full-order model (FOM) (5.2) is constructed as

a(t) + N(z(t))z(t) + Az(t) — £(1) = 0, (5.5)

where M = DTMD € R™", N(z(t)) = S1_, 2(t)iM~'N; € R™" A = M"'DTAD € R™",
and f(t) = M71DTf(t) € R".

To employ the time evolution of Eq. (5.5), it is transformed into the form of an ODE
as

#(t) = —(N(z(t)) + A)z(t) + £(¢). (5.6)

In case that the decoder ¢ is affine linear defined as x(t) ~ %(t) = Dz(t) + dy where
dy is a n x 1 vector that satisfies Jdg = 0, a ROM can also be derived in the form of the
ODE formulation

#(t) = —(N(z(t)) + A)z(t) + £(1), (5.7)
where M = DTMD € R™", N(z(t)) = S, 2(t);M~'N; € R, A = M"'DT(AD +
N(do)D + Ng) € R™", £(t) = M~1DT(£(t) — Ady — N(dg)dy) € R, and

) | | |
No = [N(di)dy N(dz)do --- N(d,)do| € R™".

Consequently, the computational cost of the simulation can be reduced by implementing
the proposed ROMs. Specifically, as a metric for computational efficiency, the number of
floating point operations (FLOPs) can be quantified by the function r;

FLOPs(r) = 21 + 212,
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5.3 Physics-preserving ROMs

5.3.2 Low-dimensional Parametrization

Remark 5.1 states that the proposed ROMs guarantee the incompressibility (divergence
free) for any latent states.

Remark 5.1 (Incompressibility in ROMs):
Since JD = O and Jdy = 0, it follows that

Ix(t) = J(Da(t) + do) = (JD)z(t) + Jdy = 0. 0

This result provides theoretical evidence for the use of the developed ROMs governed by
the incompressible Navier-Stokes equations.

To define the matrix D and bias dy, consider first the SVD of X, X = VXW intro-
duced in Section 2.1.1 where

[ | | ]
X=|x1 Xo - Xp_1 Xpn| € RV
o | | ]
[ | |
V=1vi vo -+ V1 V| € R
] | | ]
. | |
W = |W1 Wy Wp—-1 Wpn € Rmxm’
. | |
_0'1 0 0 i
0 (o)) 0
0 0 - o, ’
[0 0 0 ]

and n > m. Since WTW =1,
XW =V3.

Then

m

Z(Wi)ij = O'iVZ',i € {].,2, cee ,n},j S {1,2, cee ,m}.

J=1
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5 PCD-based Physics-preserving ROMs

As a result, every POD mode v; can be presented as a linear combination of X1, Xs, - - - , X,,,
m
vV, = E Cinj,
=1
where ¢;; = =(w;);, i =1,2,--+ ,n,and j = 1,2,--- ,m. Since Jx; = 0 for every j,
k2

JVZ' = J(Z Cinj> = Z CijJXj =0.
i=1 j=1

Thus,
JV =0.

In CUR decompositions, every column of C'is selected from the actual states x1,Xg, -+ , X,
such that the columns themselves satisfy the incompressibility condition (5.1b). Conse-
quently, it leads to the condition

JC=0.
Therefore, both matrices V' and C respectively are used as a decoder matrix D to
implement ROMs (5.7). For dy, an actual state or a linear combination of x1,Xz, -+ , X,
can be used such as the initial velocity state and the mean of x1,Xg, -+, X;,.

In the POD-based ROM, the decoding matrix D and bias dy are defined as
D =V and dy =X,
where V' is a n x r POD basis obtained by
a truncated SVD of X = {x; — X,%Xp — X, -+ ,X,, — X}

and

X1+X2+"'+Xm
- .
In other words, the latent state z is defined as

X =

2(t) = V' (x(t) - %)
and the reconstructed state x is obtained by
x(t) = Vz(t) + x for time t.

As the standard PCD-based ROM, the CUR-DEIM-DP of X is employed so that the
latent state z is defined as

2(t) = CF(x(t) — %)

and the reconstructed state x is obtained by

x(t) = Cz(t) + x for time ¢,
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Algorithm 5.3: Training a PCD-AE
Input: Dataset X, hyperparameters; e.g., v, the number of epochs N
Output: Pretrained encoding parameters; 6,

1 Generate a n x r decoding matrix C' using a CUR decomposition of the dataset X

2 Solve a least square problem min, || x — X — Cz||m to collect the optimal latent

states z*

3 Define a training dataset {(x1,2}), (x2,23), -+, (Xm,25)}

4 fore=1,---,N do

5 for random batch: 1 € B do

o | | Compute Luc = 35 g 17 — plxi — %)l

7 Optimize encoding parameters 6,

8 return 0,

where C' is a n x r matrix containing r vectors selected from X. Then, D and d, are
defined as C' and X respectively.

It is known that the approximation error of PCD is generally higher than that of
POD. To improve approximation accuracy, two nonlinear encoders are developed and
their influence on simulation error in ROMs is investigated. The decoder remains affine,
as defined by the PCD framework, in order to preserve the linearity of the decoding
process and ensure compatibility with the ROM formulation presented in Section 5.3.

The nonlinear convolutional encoder p, introduced in Section 3.2.3, is modified to the
form

z(t) = p(xenn(t) — X).

where z(t) is the r x 1 latent state at time ¢. In this architecture, no activation function
is applied in the last layer so the codomain of x4 is unbounded. As a result, D and dg are
defined as C' and x respectively. For convenience, this model is referred to as PCD-AE.

For training PCD-AE models, the CUR-DEIM-DP of X is implemented to obtain C,
and C' is used for the decoding matrix. Here, the decoder does not need to be included
in the training procedure since C' is immutable. Consequently, the training time can be
reduced by excluding the decoding part from the training iterations.

In Algorithm 5.3, the optimal latent states z7, z3, - - - ,z), are obtained by solving a least
square problem of the matrix equation x; — x = C'z; for each state x;,7 = 1,2,--- ,m.
The loss function is then defined as

1
Lrec:_ Z:_in_i )
g 2l xSl

where B represents a batch of randomly selected indices. During iterative training, The
Adam optimizer updates the model parameters 6, based on the gradient information on
'crec-
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5 PCD-based Physics-preserving ROMs

Second, to design a PAE, the nonlinear convolutional encoder is built as follows:

2t (t) = p(xenn(t))

with the modified softmax function (4.8) in the last layer ensuring that

27 (t) = [21(t), 22(t), -+, 2o (B)] T

serves as the coefficients of convex combinations for state reconstruction. As mentioned
above, (r + 1) x 1 latent states are considered to leverage the advantage of the polytopic
representation mentioned in Remark 4.10, and eliminate one degree of freedom as follows:

r4+1

x(t) = Cz™(t) = Z zi(t)e;

N Z zi(t)ei + (L= 21(t) = 2(t) = -+ = z(t))era

=Cry1 + Z 2(t)(c; — crp1)

i=1

= Cp11 —+ C_YZ
where z(t) = [21(t), 22(t), - - -, 2.(t)] ", ¢; denotes the i-th column vector of C, and
_ | | |
C=|ci—¢Cy1 C—Crpqy -+ Cr—Cppy| € R,

Accordingly, the decoder is defined using the selected components as D = C and dy = ¢,
for constructing ROMs. This model is referred to as PCD-PAE.
Since DEIM-based selection methods could not be suitable to handle the convex com-

bination constraints
r+1

z; > 0 and Zz, =1, (5.9)

i=1
CUR-RANDOM is employed 100 times iteratively after the data pruning (line 1,2 in
Algorithm 5.2). During the iterations, the best matrix C' is chosen based on the relative

polytope error
’
i Ix; — Oz [
~  xillm

where m’ is the number of data selected by the data pruning method, and z;'* is the
optimal solution of the quadratic convex optimization problem of x; = Cz;'* with the
constraints (5.9).
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Algorithm 5.4: Training a PCD-PAE
Input: Dataset X, hyperparameters; e.g., v, the number of epochs N
Output: Pretrained encoding parameters; 6,
Generate an n X (r 4+ 1) decoding matrix C' using a CUR decomposition of X
Solve a convex quadratic optimization problem min, [|x — Cz™ ||y to collect the
optimal latent states z*

[ .

+1x +1x

3 Define a training dataset {(x1,2] "), (x2,24 "), -+, (Xm, z,1*)}
4 fore=1,---,N do

5 for random batch: 1 € B do

6 Compute L = # Siep llz™ = p(xi) |l

7 Optimize encoding parameters ¢,

8 return 0,

In Algorithm 5.4, similar to training PCD-AE models, the decoding part is not included
in the training process for PCD-PAE. To obtain the optimal latent states z; ™, z3 ', - - - |zt

a convex quadratic optimization problem is solved for the matrix equation
x=Cz"!

subject to the constraints (5.9) for every x. Then the loss function is defined as

1 *
Lree = ? Z ||Z;-H - IU(XZ)HZ
1Bl i
Then the Adam optimizer updates encoding parameters ¢,. In practical implementation,
the optimal latent states are obtained using Python’s least squares solver 1stsq and the
quadratic programming solver cvxopt.

5.4 Simulation Results

The single-cylinder case (Section 2.4.1) is considered and the approximation errors of CUR

decompositions and truncated SVDs are evaluated. Furthermore, reconstruction errors

are examined for four low-dimensional parametrization methods, POD, PCD, PCD-AE,

and PCD-PAE, and the simulation errors of their corresponding ROM) are assessed.
Figure 5.1 compares the relative approximation error

IX — Xlr
Xl

for five different dimensionality reduction methods across various reduced dimensions,
r=2,4,8,12,16,32,64. As established in Lemma 2.1, the truncated SVD outperforms
the CUR decompositions.
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Figure 5.1: Approximation error: truncated SVD and CUR decompositions

CUR-DEIM yields lower approximation errors than CUR-RANDOM like the results
observed for the two real-world datasets presented in Figure 2.1.

For CUR-DEIM-DP, the number of clusters is set to 50, and a pruning ratio of 0.3
is applied. While CUR-DEIM-DP exhibits a higher approximation error than the trun-
cated SVD, it outperforms the other CUR-based methods. Specifically, CUR-DEIM-DP
improves the approximation errors by 0.4% ~ 6.7% compared to CUR-DEIM.

For the implementation of CUR-GEN, the population size and the number of genera-
tions are set to 20 and 30 respectively with a crossover probability of 0.3 and a mutation
rate of 0.5. Under this configuration, CUR-GEN achieves a performance improvement
of 0% ~ 3.77% over CUR-DEIM. In constrast, CUR-DEIM-DP outperforms CUR-GEN
by 0.4% ~ 6.7% at most reduced dimensions, except at r = 8, where CUR-DEIM-DP
results in a 1.6% higher error compared to CUR-GEN. However, compared to the DEIM-
based methods, CUR-GEN not only incurs higher computational costs but also depends
on several critical hyperparameters that require careful tuning.

Figure 5.2 shows a comparison of the reconstruction errors of four low-dimensional
parametrization methods for varying reduced dimensions, r = 2,4,8,12,16, 32, 48, 64.
Regarding the training errors, the performance of all methods generally improves as the
reduced dimension r increases. Among them, POD consistently achieves the lowest re-
construction error in both the training and test ranges, [0, 10] and [10, 16].

PCD-AE yields reconstruction errors comparable to those of PCD for r < 32. However,
at higher dimensions, r = 48,64, PCD-AE appears to be insufficiently trained, despite
using the same decoder as PCD.

In contrast to the results observed in Figure 4.5, PCD-PAE exhibits the highest re-
construction errors. This discrepancy suggests that PCD modes depend on negative
coefficients to accurately reconstruct states, a property that is inherently restricted in

106



5.4 Simulation Results

1> 1= %i | w/ 1% | m (Train)

L3 %= % ll w/ I i | w (Test)

0.50 0.50
0.10 Wy 010 |
= \.u\__. ‘ k
~ '-"\'--*__ "
I\l T . .‘I;-
‘H. r . By e — _ ¥ o M
h ".\ .-'%'\,_. e e  E——— —A
0.01 1 e 0.01 . - S
-~ - °
. ® o U
T T T T T T -I‘-". T T T T T T T
2 10 20 30 40 50 60 70 2 10 20 30 40 50 60 70
reduced dimension r reduced dimension r
- POD @ PCD —4— PCD-PAE PCD-AE

Figure 5.2: Reconstruction error as a function of the reduced dimension r, averaged over
5 runs for the single-cylinder case. The shaded regions show uncertainty from
multiple runs.

PAEs due to the convex combination constraints (5.9).

The small standard deviations indicate that the variability in training results is low.
For the reconstruction of periodic flows in the test range, all the models achieve error
levels comparable to their respective training errors.

A pretrained model is selected for each ROM based on the lowest training reconstruction
error specific to each model reported in Figure 5.2. In our simulations, PCD and PCD-AE
share the same decoding matrix C, and therefore their ROMs produce identical results
regardless of their encoding architectures.

Figure 5.3 presents the modes obtained from each method. Since the centered data x—x
are used to obtain POD, PCD, and PCD-AE modes, the magnitudes of these modes are
smaller than those of the PCD-PAE modes.

To satisfy the initial condition of the full order model (2.18) in PCD-based models, the
first column vector ¢; of C' is defined as a vector corresponding to the initial state x; as
illustrated in the first mode for PCD-PAE in Figure 5.3. In PCD-PAE, the first latent
state z; is the first unit vector [1,0,---,0]; i.e.,

X1 =C = CZl.

In PCD and PCD-AE,

Xl—)i:q:C’zl,

where z; is the first unit vector [1,0,--- ,0].
Remark 5.2:
Let c1,co, -+, ¢, be PCD modes obtained by a CUR decomposition of the centered data

X —X. Thenc; +x€ X,i —1,2,--- 7. O
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Figure 5.3: The first 5 modes out of 64 for each models when r = 64: the POD basis is
obtained by applying truncated SVD to the centered data x —x, the PCD-AE
modes are identical to the PCD modes which are derived via CUR decom-
position of the centered data x — X, and PCD-PAE modes are actual states
selected from the data x.

Figure 5.4 illustrates the relative trajectory reconstruction error defined as

|x — Xroa|Im
%[ m

plotted over time for four ROMs: POD, PCD, PCD-AE, and PCD-PAE. xron repre-
sents the reconstructed state obtained by linearly projecting the latent state z during the
numerical solution of the reduced dimensional system (5.7). During the transient phase
from relatively stable flows to periodic flows at around ¢ = 5, all ROMs exhibit an increase
in reconstruction error. After then, the POD trajectory stabilizes around a higher error
plateau of approximately 107! indicating its limitations in capturing nonlinear dynamics.
In contrast, the PCD-based models demonstrate superior performance in the range of
periodic flows. All the models continue to plateau at suboptimal performance indicating
the robustness of the extrapolation in the time range of [10, 16].

Compared to Figure 5.2, these results demonstrate that PCD-based modes lead to
better reconstruction in the ROM simulation, indicating that the approximation errors
of the dimensionality reduction methods are not necessarily proportional to the resulting
simulation errors.

Table 5.1 presents a quantitative comparison of the ROMs using the interpolation error,
extrapolation error, and divergence error at » = 64. The interpolation error, measured
over the time domain [0, 10], reflects how well the ROMs reconstruct trajectories within
the time span of the training data. Among the models, PCD/PCD-AE achieves the lowest
interpolation error at 0.0908. Additionally, the PCD-based models exhibit significantly
lower errors compared to POD, highlighting their generalization performance beyond the
training time domain. In terms of the divergence error, FOM, as expected, exhibits almost

Y
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Figure 5.4: Comparison of relative trajectory reconstruction error across ROMs when
r = 64: the dashed line distinguishes between the training phase and the
extrapolation phase for the single-cylinder case.

Metric FOM POD PCD/PCD-AE | PCD-PAE
Interpolation error - 0.1257 0.0908 0.1365
Extrapolation error - 0.1415 0.0485 0.0472

Divergence error | 5.51 x 107 | 8.40 x 10~* 1.31x 1077 2.90 x 1077

Table 5.1: ROMs for » = 64: the interpolation error is defined as the mean reconstruc-
tion error over the time domain [0, 10]. The extrapolation error is the mean
reconstruction error over the time domain [10, 16]. The divergence error is the
mean of ||Jx||, for all x.

divergence free behavior. Compared to POD, the divergence error of PCD/PCD-AE is
approximately 6.41 times smaller, and that of PCD-PAE is about 2.90 times smaller.
Overall, PCD/PCD-AE demonstrates superior performance in both state reconstruction
accuracy and adherence to the divergence free condition.

Figure 5.5 presents a qualitative comparison between FOM and the reduced-order
approximations obtained from POD, PCD/PCD-AE, and PCD-PAE at selected times
t =0,2,6,9,16 with a reduced dimension r = 64. The FOM results serve as the ref-
erence snapshots capturing the detailed spatiotemporal evolution of the flow field. The
POD-based reconstruction reproduces the large-scale velocity snapshots but exhibits vis-
ible smoothing and loss of finer-scale structures, particularly in the wake region at later
times. In contrast, the PCD-based models improve the reconstruction of vortex dynamics.
These results highlight the superior representational capability of PCD-based models in
capturing periodic vortex behaviors within reduced-order frameworks.
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Figure 5.5: Comparison between the reference produced by FOM and the snapshots gen-
erated by POD, PCD/PCD-AE, and PAE at t = 0,2,6,9,16, r = 64
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Figure 5.6: Incompressibility: averaged Lo error of the divergence of each mode d; at
r =64

In Figure 5.6, the averaged divergence error of each mode d;, ¢ = 1,2,--- 64 is mea-
sured to assess the incompressibility preservation in the modes when r = 64. Approxi-
mately the first half of the POD modes exhibit very low divergence errors; however, the
divergence increases significantly for higher-index modes. This behavior indicates that
the low-energy POD modes struggle to satisfy the incompressibility constraint, particu-
larly in regions associated with finer-scale flow structures. In contrast, the PCD-based
methods maintain consistently lower divergence errors across all modes. Among them,
the PCD-PAE approach achieves the lowest error magnitudes effectively preserving the
divergence-free condition throughout the entire reduced basis.

Figure 5.7 shows the relationship between the divergence error and the correspond-
ing singular values of the POD modes. The results indicate a clear trend in which
modes associated with smaller singular values tend to exhibit significantly larger diver-
gence errors. This inverse correlation highlights a key limitation of standard POD-based
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Figure 5.7: Averaged L, error of the divergence vs. singular value for each POD mode d;

methods. While higher-energy modes are more physically consistent, lower-energy modes
may compromise the physical fidelity of the reduced-order representation. These findings
emphasize the importance of incorporating physics-based constraints, particularly when
retaining lower-energy modes.

5.5 Conclusion

This section presents the development of physics-preserving ROMs based on the POD and
PCD frameworks. The results indicate that PCD-based models achieve reconstruction
errors comparable to those of POD in reduced-order simulations. Notably, PCD-based
models exhibit superior performance in capturing periodic vortex-dominated flows.

Although all methods theoretically satisfy the divergence-free condition, numerical di-
vergence errors are inevitably introduced during reconstruction. Among the considered
approaches, the PCD-based models exhibit lower average divergence errors compared to
POD. In particular, the higher-index POD modes tend to produce larger divergence er-
rors, while the PCD modes consistently maintain lower and more uniform divergence
levels across the basis.

Our simulations revealed that the accuracy of CUR decompositions is highly sensitive
to the selection strategies used for determining the matrices C' and R. To address this
issue, a DEIM-based selection method incorporating data pruning was proposed, resulting
in improved approximation accuracy by increasing the diversity and representativeness of
the selected samples. Despite this improvement, the development of effective and robust
selection strategies remains a challenging direction for future research.
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This chapter provides the concluding remarks of this thesis, summarizing the main
contributions and insights gained through the research. In addition, it outlines several
potential directions for further investigation and development that build upon the findings
presented in this study.

6.1 Summary

This thesis explored advanced autoencoder-based methods for constructing low-dimensional
parametrizations of fluid flows. The investigation began with the development of deep
clustering architectures called iCAEs. They integrate deep learning with local bases for
low-dimensional parametrization and state reconstruction. These models demonstrated
that nonlinear approaches, especially when complemented by clustering in the latent
space, can outperform POD, particularly in scenarios requiring extremely low-dimensional
representations.

To realize linear projection onto a polytope which is bounded, the concept of PAEs
was introduced. PAEs enforce reconstructions within a convex polytope, allowing for
geometrically and physically meaningful state representations. Furthermore, a smooth
clustering network was incorporated into the decoder, enabling the construction of a dif-
ferentiable decoder that selects local bases via soft assignments. This structure allows
the model to generate latent states that serve as convex coefficients for polytope vertices,
thereby bridging nonlinear dimensionality reduction with the linear framework of poly-
topic LPV systems. As demonstrated in [60], PAEs with smooth clustering enhance LPV
approximations in the context of nonlinear feedback control design.
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FOM PCD-PAE

Figure 6.1: (left) The three-dimensional reference is obtained from the FEM simulation
(2.18) at Re = 500 with the state dimension n = 107691, and (right) an incom-
pressible flow is reconstructed by a PCD-based ROM with reduced dimension
r = 128.

As another task for reduced-order modeling, we proposed physics-preserving reduced-
order models using PCD. These models leverage the interpretability and data property
preservation offered by CUR approximations, while achieving simulation accuracy com-
parable to POD. In particular, we demonstrated that the proposed PCD-based ROMs
maintain incompressibility, a critical physical constraint in fluid dynamics, and exhibit
improved extrapolation capabilities compared to POD.

6.2 Outlook

Smooth clustering models enable soft transitions between clusters, which helps mitigate
the mislabeling of flow regimes, particularly in highly chaotic flows. This soft assign-
ment mechanism improves robustness in partitioning the latent space. However, it also
introduces a risk of overfitting, as the model may over-adapt to irregular patterns in tur-
bulent or highly nonlinear flow data. Future work could focus on refining existing smooth
clustering techniques (e.g., [83]) or proposing deep clustering architectures that balance
flexibility and generalizability.

In terms of network architectures, we employed affine linear decoders to maintain the
linearity of the decoding process, facilitating the efficient application of our models to LPV
representations and physics-preserving reduced-order models. While this design ensures
compatibility with existing linear control and modeling frameworks, it inherently limits
the expressiveness and accuracy of state reconstruction, particularly in highly nonlinear
regimes. To overcome this limitation, future work could explore the design of nonlinear
decoders that preserve essential properties, such as convex reconstruction, interpretability,
and physical fidelity, while enhancing reconstruction accuracy.

Another promising research direction lies in strengthening the robustness of low-dimensional
parametrizations obtained from the PCD and PAE frameworks. The proposed methods
not only exhibit strong performance in two-dimensional fluid flows but also possess con-
ceptual components, such as sparse interpolation and convolutional structures, that can
be naturally extended to three-dimensional simulations. In practice, preliminary tests
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(e.g., Figure 6.1) suggest that such extensions are feasible. Nevertheless, their effec-
tiveness in three-dimensional settings remains to be rigorously validated. In particular,
applying these approaches to three-dimensional flows introduces additional challenges due
to the increased complexity, which may impact both the reliability and the accuracy of
the resulting reduced-order models; see, e.g., [70, 18, 36]. Exploring their applicability in
such settings is essential, particularly for real-world scenarios like aerospace design and
climate modeling, where robust and scalable reduced-order models for high-dimensional
systems are critical.
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