Stochastic Mechanics and

Neural Networks

Dissertation

zur Erlangung des Doktorgrades der Naturwissenschaften
(Dr. rer. nat.)

der Naturwissenschaftlichen Fakultat 11
Chemie, Physik und Mathematik

der Martin-Luther-Universitat

Halle-Wittenberg

vorgelegt von

Herrn Kai-Hendrik Henk

Gutachter: Prof. Dr. Wolfgang Paul
Prof. Dr. Steffen Trimper
Prof. Dr. Bernd Rosenow

Datum der offentlichen Verteidigung: 25.11.2025






"Well I suppose now is the time for me to say something profund.

Nothing comes to mind, let’s do it.”
Jack O’Neill - Stargate-SG1






Zusammenfassung

Die Quantenmechanik ist eine der erfolgreichsten Theorien der modernen Physik. Ihre In-
terpretation ist jedoch immer noch umstritten und viele Interpretationen werden heute 6f-
fentlich diskutiert. Die Nelsonsche stochastische Mechanik bietet einen alternativen Ansatz
zur nichtrelativistischen Quantenmechanik auf der Grundlage der Newtonschen Mechanik.
Die Quanten-Hamilton-Gleichungen, abgeleitet aus dem Quanten-Hamilton- oder Pavon-Prin-
zip unter Verwendung der stochastischen Theorie der optimalen Steuerung, kénnen zur Berech-
nung der osmotischen Geschwindigkeitsfelder mit der Bender/Steiner-Methode verwendet
werden. Dieses Geschwindigkeitsfeld enthilt alle Informationen dieser Beschreibung. Die
Bender/Steiner-Methode jedoch rechnerisch ineffizient, schwer verstandlich und schwer zu

programmieren ist.

In dieser Arbeit leiten wir das stochastisch mechanische Aquivalent zum Rayleigh-Ritz-Prinzip
der Quantentheorie her. Dieses Prinzip wird anschliefend verwendet, um einen genetisch-
en Algorithmus zu erstellen, der den quantenmechanischen Grundzustand berechnet, also
die osmotische Geschwindigkeit zusammen mit der Grundzustandsenergie berechnet, indem
zunéchst das abgeleitete Energiefunktional minimiert und dann eine Riccati-Gleichung gelost
wird. Die osmotischen Geschwindigkeiten werden mithilfe neuronaler Netze parametrisiert.
Der Algorithmus wird an drei eindimensionalen Potentialen getestet, wobei die Grundzustédnde
und angeregten Zustdnde durch Berechnung der Grundzustédnde der supersymmetrischen

Partner-Hamilton-Funktionen berechnet werden.

Der in dieser Arbeit entwickelte Algorithmus wird dann verwendet, um den Grundzustand
zweier Tweezerpotentiale zu 16sen. Diese werden unter Verwendung von Methoden der Zeitrei-
henanalyse miteinander und mit dem harmonischen Oszillator verglichen. Zusétzlich verwen-
den wir die It6-Formel, um zwei gekoppelte stochastische Differentialgleichungen herzuleiten,
was eine Phasenraumbeschreibung der Quantenmechanik liefert, ohne die Heisenbergsche
Unschérferelation zu verletzen. Diese Beschreibung wird verwendet, um die Heisenberg-
Unsicherheit des Grundzustands der beiden Tweezerpotentiale und des harmonischen Os-
zillators, ihre Phasenraumportrits sowie Phasenportriats der kohdrenten Zustdnde des har-

monischen Oszillators zu berechnen.






Abstract

Quantum mechanics is one of the most successful theories of modern physics. Its interpreta-
tion however is still controversial with many interpretations being discussed in public today.
Nelson’s stochastic mechanics description offers an alternative approach to non-relativistic
quantum mechanics based on Newtonian mechanics. The quantum Hamilton equations, de-
rived from the quantum Hamilton or Pavon principle using stochastic optimal control theory
can be used to calculate the osmotic velocity fields using the Bender/Steiner method. That
velocity field contains all the information in this description. The Bender/Steiner method is

however computational inefficient, difficult to understand, and to program.

In this thesis, we derive the stochastic mechanical equivalent to the quantum-mechanical
Rayleigh-Ritz principle. This principle is then used to build a genetic algorithm that deter-
mines the quantum mechanical ground state, ergo calculates the osmotic velocity together
with the ground state energy by first minimizing the derived energy functional and then solv-
ing a Riccati equation. The osmotic velocities are parametrized by using neural networks.
The algorithm is tested on three one-dimensional potentials, calculating their ground states
and their exited states by computing the ground states of the supersymmetric partner Hamil-

tonians.

This new and efficient algorithm is then used to solve the ground state of two tweezer poten-
tials used in levitodynamics. These are then compared to each other and with the harmonic
oscillator by using methods from time series analysis. Additionally, we use the Ito-formula to
derive two coupled stochastic differential equations, which yields a phase space description of
quantum mechanics without violating the Heisenberg uncertainty principle. This description
is applied to calculate the Heisenberg uncertainty of the ground state of the two tweezer
potentials and the harmonic oscillator, their phase space portraits as well as phase portraits

of the coherent states of the harmonic oscillator.
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Chapter 1

Introduction

The advent of quantum mechanics at the beginning of the 20th century lead to an explo-
sion of research concerning microscopic systems. The theoretical works of Planck [Pla01],
Einstein [Ein05], Schrédinger [Sch26a; Sch26b; Sch26¢; Sch26d; Sch26e], Heisenberg [Hei27],
Max Born and Pascal Jordan [BJ25; Bor26], John von Neumann [Von32], Nils Bohr [Boh05;
Boh13a; Boh13c; Boh13b], Paul Dirac [Dir81; DF26] together with experimental work of Louis
Alvarez [AB40; Hab07], Ernest Rutherford [Rut12], Otto Stern and Walther Gerlach [GS22],
Robert Milikan [Mil10], J.J. Thomson [Tho95; Tho98], Davisson and Germeer [DG27] lead
to a new understanding of the universe. Contrary to classical physics, what physics before
1900 came to be called, one could no longer predict and measure trajectories with arbitrary
accuracy. On small scales, one could only predict probabilities of measurements. Quantiza-
tion explained a lot of previously unexplainable phenomena like the spectra and stability of

atoms as well as the frequency distribution of black body radiation.

Quantum mechanics also lead to new developments in technology. The theory of semicon-
ductors lead to the rise of electronics and with it computers, the internet and smartphones.
Lasers have become a ubiquitous technology, having given rise to new research methods, uses
in medicine and engineering among other things. Understanding of the inner workings of
nuclei brought about the adoption of nuclear magnetic resonance as a diagnostic method in
medicine and as a research method. This thorough understanding of the nucleus also lead to
the utilization of nuclear fission in nuclear power plants and nuclear weapons. Nuclear fusion,
touted by some as the energy source of the future, has only been applied in thermonuclear
weapons up until now, with uses in fusion reactors not yet getting past the experimental

research phase.

Even though quantum mechanics is one of the most successful theories of physics, being
thoroughly tested and applied in many ways, the interpretation of quantum mechanics was
controversially discussed. Many questions were raised by quantum mechanics, like "Where
does classical physics end and quantum mechanics start?” and "What is the wave function
and is it real (in a metaphysical context)?” had to be answered. The answers to these ques-

tions distinguish the many interpretations of quantum mechanics.

The most popular, due to it being the way quantum mechanics is being taught in univer-
sities around the globe, is the Copenhagen interpretation, named after the place of work
of its biggest supporter, Nils Bohr. The particle obeys the Schrédinger equation, ergo is
described by the wave function, until it interacts with a classical object. Then, the wave

function collapses, something that is not predicted by the Schréodinger equation and becomes
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a classical object and is measured. Many measurements yield a distribution of measurements
as predicted by the Schrodinger equation. This interpretation has a lot of issues. One is its
anti-realism. The wave function is not something real but only contains all knowable infor-
mation of the quantum systems. Whatever happens before the measurement is not knowable.
Quantum mechanics thus does not describe nature but only predicts measurement outcomes.
So, the measurement becomes the central aspect of the Copenhagen interpretation. This
point of critique was already made by Schrédinger with his famous thought experiment of
Schrédingers cat. In the Copenhagen interpretation, a cat in a closed box with a death trap
that is triggered by a quantum mechanical process is simultaneously dead and alive. This
absurdity is commonly used to explain quantum mechanics to laypersons. A proponent would
defend this absurdity by claiming the classical nature of the cat. This however only points
to the next problem of the Copenhagen interpretation. The classical and quantum realms
are strictly but not properly divided, which is also called the Heisenberg cut. What makes
a detector classical and a particle quantum until it reacts with the detector? And is the
detector not made of atoms that have to obey quantum mechanics? These questions cannot
be answered by the Copenhagen interpretation.

Eugene Wigner criticized the role of the measurement process in the Copenhagen interpreta-
tion with his thought experiment of Wigner’s friend [Wig95]. Consider a measurement of a
quantum system. The wave function collapses for the researcher and he makes an observation.
His friend however is outside the room. While the researcher makes an observation, for his
friend the researcher and the quantum system are entangled, ergo the wave function of the
quantum system did not yet collapse for the friend of the researcher. Only when the friend
enters the room and asks the researcher, what observation he measured, the wave function
would collapse from the friends point of view. Thus, a paradox occurs with two different
times at which the quantum system’s wave function collapses. All of those contradictions and
paradoxes lead to many less commonly known interpretations.

To explain the ad-hoc loss of quantum-ness at measurement, many objective-collapse theories
were proposed over the years. They search to formulate a realistic theory of wave function col-
lapse. The most famous of those is the Di6ési—Penrose model, proposed by Lajos Diési [Dio87]
and Roger Penrose [Pen96] which predicts gravitationally induced wave function collapse.
This theory makes predictions on collapse times which have not been experientially verified.
Related to objective-collapse theories is the von Neumann-Wigner interpretation [WMG6T;
LBL39; PE97], that proposes that consciousness is necessary to make the wave function col-
lapse, to conclude a measurement. It argues, that a detector is part of the physical world and
thus has to obey quantum mechanics. The human mind however is the external observer and
thus cannot be treated quantum mechanical. Thus, consciousness collapses the wave func-
tion. This theory however only delays the measurement from the detector to the researcher.
Is consciousness a measurable quantity, and if yes, how much is deeded to collapse a wave
function? And what even is consciousness? Thus, the only thing this theory accomplishes is
a replacement of physical questions concerning the measurement process with philosophical
questions regarding the nature of consciousness and the human mind.

Another work around of the wave function collapse is the many-worlds theory. First proposed
by Hugh Everett III [Eve57], it explains the wave function collapse by not having one at all.
If a quantum particle interacts with a detector, entanglement occurs. The detector entangles
with the particle and then with the researcher operating the detector and so on and so on. The

researcher only sees one of the possible outcomes of the measurement, because he experiences
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only one part of the wave function that now describes him, the detector and the particle. In
another part of the wave function, another world in terms of Everett, he experiences another
possible measurement. Of course this entanglement does not stop with the researcher and
did not start with that particle. The entire universe is a shared wave function of all particles
describing ever larger branching upon each interaction of two particles. This means that the
predictions of this theory are congruent with the ones predicted by the Schréodinger equation
without the need for the ad-hoc, unmathematical collapse of the wave function. The many
worlds however cannot communicate with each another, thus it is not possible to put this
theory to test. (There exists a thought experiment called quantum suicide or quantum im-
mortality [Teg07], in which a researcher would place himself into an experiment similar to the
Schrodinger’s cat experiment only to lower the probability of survival to a minimum. If the
researcher would however exit this contraption alive, many-worlds proponents believe, this
would be prove their favored interpretation.)

There are of course many more interpretations like, without any claim to completeness, quan-
tum Bayesianism, also called QBism [Hea23], relational quantum mechanics [Rov25] or modal
quantum mechanics [LD24]. The last class of interpretations that will be discussed here are
the hidden-variable theories. The most prominent of the hidden-variable theories is the de
Broglie-Bohm or pilot-wave theory. Here, particles exist even if unobserved and have tra-
jectories that are guided by a pilot wave. This pilot wave obeys the Schrédinger equation.
The particle trajectory is given by a differential equation which depends on the pilot wave.
Thus, the wave function does not have to collapse for a measurement to occur. However, the
measurements proposed by this theory are the same as predicted by the Schrédinger equa-
tion. Hidden variable theories are commonly disregarded due to a misunderstanding of the

violation of Bell’s inequalities.

In their 1935 paper [EPR35], Albert Einstein, Boris Podolsky and Nathan Rosen described
a thought experiment of two entangled particles. If the two particles are then placed far
away from each other and one is measured, it would instantaneously influence the other
particle, violating the cosmic speed limit of the speed of light. This they called "spooky
action at a distance” and they deduced, that quantum mechanics must be incomplete. Based
on this thought experiment, David Bohm proposed an experiment of two entangled parti-
cles with spin % If the correlation of the measurement as a function of the angle disobeys
an inequality, now called Bell’s theorem or Bell’s inequality [Bel64], nature is non-local. A
similar experiment with photons was later conducted and resulted in the experimentalists,
Alain Aspect, John F. Clauser and Anton Zeilinger receiving the Nobel price of physics in
2022. There is however a common misconception, that the violation of Bell’s inequality dis-
proves all hidden-variables theories. This misunderstanding is even propagated by the Nobel
committee [Rel22]. The violation of Bell’s inequality only proves the impossibility of local
hidden-variable theories [MGS24]. The pilot-wave theory is however non-local and its disre-

gard for this reason premature.

Another hidden-variable theory and the focus of this thesis is Nelson’s stochastic mechan-
ics interpretation of quantum mechanics. First proposed by Edward Nelson in 1966 [Nel66]
to derive the Schréodinger equation from Newtonian mechanics. Nelson proposed that mi-
croscopic particles undergo a conservative Brownian motion with Newtons second law being
obeyed in the mean. With this he derived the Madelung equations [Mad26], which are a
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hydrodynamic formulation of the Schrédinger equation, which are equivalent in the ground
state of quantum systems. This was an attempt to give a realistic description of quantum me-
chanics [Nel85]. It has a big advantage in its relation to time. Time predictions can naturally
be made in this interpretation, even though quantum mechanics has no time measurement
operator. Thus Nelson’s stochastic mechanics approach yield new predictions which are in
agreement with experiments. However, the treatment of quantum mechanical systems with
this interpretation relied on first solving the Schrodinger equation and from the resulting wave
function deriving the velocity fields needed for the calculation of the stochastic trajectories.
Michele Pavon derived a variational principle similar to the Hamilton principle in classical
mechanics [Pav95], thus called the quantum Hamilton principle or Pavon principle.

In 2017, Jeanette Koppe et al. derived from this principle the quantum Hamilton equa-
tions [K618; KGP16], finalizing a family of formalisms for quantum mechanics similar to the
different formalism of classical mechanics. The quantum Hamilton equations offer an ap-
proach of calculating the velocity fields without relying on the Schrodinger equation. The
method implemented was introduced by Christian Bender and Jessica Steiner [BS12]. The
two quantum Hamilton equations, coupled stochastic differential equations, were iteratively
integrated, one forward and one backward in time. The resulting velocity fields are the Nash
equilibrium, solving the problem of having to rely on the Schrédinger equation.

Michael Beyer et al. derived in 2023 [BP23; Bey23| a way to describe particle spin in stochas-
tic mechanics by extending it to curved manifolds and employing Euler angles to describe
spin using the s0(3) rotation group. This resulted in quantum Hamilton equations for all
three Euler angles with their conjugate momentum. The velocity fields could be obtained nu-
merically with the Bender/Steiner algorithm reproducing the Stern-Gerlach experiment. But
more importantly, using two simultaneous Stern-Gerlach experiments, it was shown, that the
stochastic mechanics approach to quantum mechanics also violates Bell’s inequality, once and
for all disproving that Bell’s theorem rules out all hidden-variable theories.

Coming back to the origin of the different interpretations, the question of the nature of the
wave function is solved by not needing it in the first place. The particle was always a par-
ticle. The classical realm and the quantum realm are also not strictly divided. There is a
continuous transition from the quantum domain to the classical domain with growing mass
of the particles. The larger the mass of a particle, the less influence of the stochastic motion
exists, the “more deterministic” the particle behaves.

Nelson’s stochastic mechanics has also a few shortcomings. Aside from a few mathematical
concerns regarding stochastic quantization, raised by Timothy C. Wallstrom in 1994 [Wal94],
the biggest disadvantage of this interpretation is the practicability. The Bender/Steiner al-
gorithm is slow, inefficient and suffers greatly from the curse of dimensionality. One could
of course solve the Schrodinger equation. This is however conceptually very dissatisfying,
having to rely on other interpretations of quantum mechanics to do anything practical in this

interpretation.

Neural networks have been used in the sciences for a long time. Their almost universal
applicability is due to them being almost universal function approximators, only being lim-
ited by computational restrictions due to limited resources.

After being proposed by Kolmogorov [Kol57] in 1957 as a solution to Hilbert’s 13th of his
23 [Hil02] problems and the Dartmouth Conference of 1956, they gained ever more popular-

ity in the fifties and sixties. After a short slowdown in applications, they resurfaced in the
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1980s. In 1985, John Hopfield proposed the eponymous Hopfield networks [Hop82; Hop84|
which he used together with David W. Tank to find a solution of the traveling salesman
problem [HT85]. One year later, it was shown, that backpropagation is a valid method to use
neural networks for practical regression problems [RHWS86], giving the foundation for deep
learning.

In 1990, neural networks were started to be used at CERN for analysis and simulation of
particle collider experiments [Glel8]. In 1996, IBM’s Deep Blue beat Garry Kasparov in
chess [CHHO2]. Then in 2012, convolutional neural networks were used [KSH12] to win the
ImageNet 2012 challenge [Car25]. This resulted in a boom of applications of neural networks.
DeepMind used neural networks in 2021 to solve the protein folding problem [JMJ21], re-
sulting in a Nobel price in 2024 [Rel24a]. In the same year John Hopfield received a Nobel
price [Rel24b] together with Demis Hassabis and John Jumper for their work on Hopfield
networks and restricted Boltzmann machines, respectively. It thus makes sense to use neural

networks for parametrization to solve physical problems.

There are many methods of finding the optimal weights and biases of neural netowrks. Genetic
algorithms offer another approach to use neural networks. First proposed by Alan Turing in
1950 [TURA50], they were studied by many different scientists with the aim of finding a good
optimization tool which took inspiration from evolution. In the 1960s, genetic algorithms
as we know them now were invented by John Holland(e.g. [Hol62]). The original goal was
to simulate natural occuring adaptation. The definitve framework of genetic algorithms was
published by him in 1975 [Hol75].

Genetic algorithms were used for example in accelerator physics to find the optimal param-
eters of an accelerator beam [BPC16]. They are also a staple in bioinformatics, financial

mathematics and engineering.

This thesis will first give an introduction to stochastic processes and their underlying math-
ematics. Then the stochastic mechanics approach to quantum mechanics will be discussed
together with its connections to classical and conventional quantum mechanics. The fourth
chapter will give a conceptual introduction of genetic algorithms. The fifth chapter is the first
of two main parts of this thesis. First the stochastic mechanics equivalent of the Rayleigh-Ritz
variational principle will be derived. Then, a genetic algorithm will be developed. As a proof
of concept this algorithm will be tested on three different potentials, followed by a discussion
of the parameters of this algorithm. The sixth chapter will further inquire the advantages
of Nelson’s interpretation of quantum mechanics. First, the use of time series analysis will
be shown by treating a particle subject to three different potentials and comparing their
properties to one another in order to gain valuable insight for experimental uses. Then a
method is derived to gain sample paths in phase space that nonetheless obey the Heisenberg
uncertainty principle. Finally, the thesis is concluded with a summary of all the results and

with an overview of open questions and an outlook to future research.






Chapter 2

Stochastic Calculus

To get a thorough understanding of the description of quantum mechanics as conservative
Brownian motion [Nel66], one must first understand stochastic processes. This chapter aims
at giving a basic mathematical description of the fundamental concepts of stochastic analy-
sis [K618; Gar09].

2.1 Random Variables and Stochastic Processes

A stochastic process (X (t)):er is a family of R? (or complex-valued) random variables with
an index set I [K618; Arn73]. To signal that X; is a stochastic process, one commonly writes
X; instead of X (¢). Random variables are described by a sample space €2, all possible events,
F a subset of Q2 which denotes the outcomes we want to study and a probability measure
P : F — [0, 1] which gives the probabilities of certain events, which all obey a Borel-o-Algebra,

which means
e Qe F
e F is closed under complementation, ergo if A € F, then A¢:=Q\ Ae F
e F is closed under countable unions, ergo if A; € F then U2, A; € F

Usually P is given by a probability distribution px(A4) = P(A) such that for a random
variable X : Q — R the expectation is

IE[X]:/QX(w)dP(w):/ xp(x)dz (2.1)

Rd

with X being said to be integrable if E[|X|] < oo. The variance is defined as
Var[X] = E[(X — E[X])?] = E[X?] - E[X]?. (2.2)
If f is a function of x, then its mean is
E[f(X)] = /Q FX@APE) = | f@pl)ds. (2.3)

One of the most important stochastic processes is the Wiener process. In 1827, Robert Brown
examined pollen in water under a microscope and observed irregular motion. Norbert Wiener
described that motion with a stochastic process, the Wiener process W;, with the following

properties:
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FIGURE 2.1: Three realizations of a one dimensional Wiener process (o =
4/0.01). Here one can observe the continuity, non-differentiability of the
Wiener process.

o Vs,t €[0,T] with s < ¢ the increments W; — Wy are homogeneous and independent,

e the increments are Gaussian-distributed with mean 0 and standard deviation ¢ =

VIt — s|, ergo Wy — Wy o« N(0, [t — s]), Vs, t € [0,T7,

o W, is a continuous process,

In 1905, Einstein explained Brownian motion, what the Wiener process is also sometimes
called, with the collision of many fluid molecules with the much larger pollen. The paths of
the Wiener process are continuous but nowhere differentiable. This means there doesn’t exist

a velocity in a conventional sense [DEKG60].

2.1.1 The Markov and Martingale Properties

The Wiener Process has two important properties that will come up time and again in the
description of other stochastic processes. To describe them on needs to understand conditional
probabilities. Conditional probabilities give the probability given a number of past events,

written as
P[Xn+1|X1,X2...Xn] =D, (24)

which means the probability of the event X, ; happening, given that the events X; to X,
already happened is p. The Wiener process is a Markov process, meaning that the future of
the process is not dependent on the past, only on the present state of the process, which is

sometimes phrased as the process having no memory [PB13], written in terms of conditional
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probabilities
PlXnt11X1, Xo ... Xp] = Pl Xnp1|Xn]. (2.5)

This property is not limited to stochastic processes. In deterministic Newton mechanics,
where a state is described by position and velocity of all particles, this property gives rise
to the Laplacian demon, that all future states can be predicted by knowledge of the position
and velocity of all particles at time ¢ [LTE02]. In reinforcement learning, it is very important
to know whether the problem to be solved is Markov or not due to the increased difficulty
and memory needed to solve a non-Markovian problem [SB20]. In stochastic mechanics, this
property simplifies the simulation and analysis of stochastic processes by a huge margin,
because it it not necessary to compute the memory of the problem.

The Wiener process is also a Martingale process. If for each event A,

E[An] = 07 E[An+1|A17 ey An] =0 (26)

the expectation value is
ElXn] X1, ..o, Xn] = E[Xpq1 A An] = X (2.8)

Such a sequence is called martingale. For stochastic processes, this means that the best

prediction for the next step of the process is its current value
E[X,11]X1, Xo ... Xp] = Xpn. (2.9)

Related to the martingale property are the submartingale and supermartingale properties

that occur, if the best prediction is larger than the current value

E[Xp11]X1, Xo ... X)) > X (2.10)
or smaller than the current value

E[X,11]X1, Xo ... Xp] < X (2.11)

respectively. A martingale process describes a process with the mean value for the jump size
of zero, ergo with equal probability of jumping “right” or “left” [PB13]. Also related is the

semimartingale property, that a stochastic process X; can be decomposed into
X, = M, + A, (2.12)

where M; is a local martingale process and A; is an adapted (also called non-anticipating),
meaning that the value of X; is known at time ¢ and is a cadlag function, meaning continuous

from the right and having a limit to the left.
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2.2 Stochastic Differential Equations

Differential equations are well suited for describing the universe. Because ordinary and par-
tial differential equations are deterministic, we need another kind of differential equation to
describe stochastic processes. One can motivate them from ordinary differential equations,

for example

% =b(t, X (1)), (2.13)
by multiplying by dt,
dX = b(t, X (t)dt, (2.14)
and adding a noise term
dX; = b(t, Xy )dt + o(t, X¢)dE, (2.15)

where the first, deterministic term is called drift term and the second, non-deterministic term
is called the diffusion term. In this thesis, only stochastic differential equations (SDEs) are
treated, where the noise process d¢ has the properties of a Wiener process and is thus denoted
as dW;. It is of course hypothetically possible to have stochastic differential equations with
other noise processes, however this will break most if not all rules of standard stochastic
calculus. Thus, the Wiener process is the only noise process used in this thesis.

To integrate SDEs

t t
Xt = X() + / b(t, Xt)dt + / O'(S, XS)dWS (216)
0 0

one can see, that the drift term can be treated with the common Lebesgue or Riemann integral.
The Lebsegue integral is defined via a measure p and a corresponding decomposition of the

f(&) axis ¢; and corresponding sets A;,
JEGIEED SN} (2.17)

while the Riemann-integral is defined over a decomposition of the argument axis Ax; and the

supremum or infimum of the function f resulting in so called lower and upper Darboux sums:
L=> inf(f)Az;, (2.18)

U= Zsup(f)Axi, (2.19)

i

which equal in the limit to the Riemann integral

/f(m)dx = Alirgo Z inf(f)Az,; = Alﬂicrgoz sup(f)Ax;. (2.20)

The diffusion term however is a stochastic integral and has to be treated differently [Gar09].
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First, we have to divide the integral into n subintervals using the partition points
bo<t1 <+ <tp_1<t (2.21)
and intermediate points 7; with
tic1 <7 < L, (2.22)

similar to Riemann integrals. Now we define the stochastic integral as the limit of the partial
sums

n

Sp=>_o(m)[We, = Wi,_,]. (2.23)

i=1

However we didn’t set a specific value for the intermediate points. There are two main choices
one can make here. The first one is choosing the intermediate point to be the "left” edge of

the interval
T = ti—l (2.24)

which is called the It6 integral [Gar09]

1

/ta(s,Xs)dWS— o(t,) (Wi, — Wy) (2.25)
0

G+l J
—

<

for elementary functions. For general measurable functions (see Appendix A.2) we define the

It6 integral using

Theorem 1 For every measurable function f :[0,T] X Q@ — R™ exists a sequence of elemen-

tary functions ¢, such that

n—>00

T
lim E[/O (f(t) —qbn(t))th} =0 (2.26)
almost surely (proof see [Arn73]).

Definition 1 Let f be a measurable function f :[0,T] X Q — R"™, then

¢ T
/ f(s, Xo)dW, = ms-limn_>oo/ & (t;)dWy (2.27)
0 0

is called the Ito integral with ms-lim denoting the convergence in the mean square [Ko18;
Gar09; Bey23; Arn78; Oks10](see Appendiz A.1).

The It6 integral has the following properties [K618]:

(i) it is linear,

T T T
/ (af(t,Xt)+Bg(t,Xt))th:a/ f(t,Xt)th+B/ ot X)dW,  (2.28)
0 0 0

with o, 8 € R,
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(ii) for a,b € [0,T],a < b holds
T
/ WiapdWy = Wy, — W, (2.29)
0
(iii) f0< U < T
T U T
| rexgawi= [ s xoawe+ [ s xoaw (2.30)
0 0 U

holds for almost all X4,
fo f(t, X)dWy] =0,
fo f(t, X)) dW,]? = E| fo f(t, Xy)dt] = f E[f(t, X;)?]dt,
(vi) fo f(t, X;)dW, is measurable,
(vii) The Itd integral has continuous realizations with probability 1.

With these properties one can obtain a chain rule for stochastic processes. A function of
a stochastic process is itself again a stochastic process Y; = f(t,X;) and its differential is
described with the It6 formula [Bey23; 1t644; Oks10] (sometimes called It6’s lemma)
1
dY; =0, f(t, X¢)dt + Ox, f(t, X)d X, + idXtT(af(tf(t, Xt))dX; (2.31)
=[0cf(t, Xt) + b(t, X¢)Ox, f(t, X¢) (2.32)

+ %Tr[aT(t, X1)(0%, f(t, X¢))o(t, Xp))Jdt + AW, dx, f(t, Xy).

The other common choice of intermediate point is using the middle point

t;_ t;
= 71; . (2.33)

This yields the Stratonov-integrals (see Appendix A.3) which are indicated with a circle, like

/T f(t, Xy) o dW, (2.34)
0

for example. It0 integrals are more easy to solve numerically, whilst Stratonov integrals are
better for stochastic calculus, especially on manifolds, because they preserve the standard
rules of calculus [Bey23|. In this thesis we will focus on It6 integrals. Stochastic processes
who fulfill the SDE

dXt = b(t, Xt)dt + O'(t, Xt)th (235)

are called It6 diffusion processes. All It6 diffusion processes have the semimartingale property.
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2.3 Numerical Methods for Solving Stochastic Differen-

tial Equations

There are three numerical integration schemes for solving SDEs directly. The first one is

similar to the Euler method used for ordinary differential equations,
Xt+At = Xt +b(t,Xt)At+0'(t7Xt)AWt (236)

It differs from the ordinary Euler scheme by a third term and is called Euler-Maruyama
scheme. This scheme has a strong convergence order of 1[Klo02]. To get a higher order of
convergence one can use the Heun scheme, sometimes called the improved Euler scheme. Here

we take an Euler step as a predictor step and then use a corrector resulting in

Xe = Xt +b(t,Xt)At+O'(t,Xt)AWt (237)

1 1
Xevar = Xe+ S0t X0) +b(t + A X)A + S(0(t, X0) + 0t + AL X)AW,  (2:38)

where AW, is the same in both steps. This scheme has a strong convergence order of 1 [Klo02].
The third method is the Milstein scheme (see Appendix A.5), a one-step scheme which adds a
term to the Euler scheme. This however doesn’t lead to a higher convergence order compared
to the Euler-Maruyama scheme for constant o (¢, X;) and is thus not used in this thesis [Sch99].
Both methods are written here for the one-dimensional case but can easily be expanded to
higher dimensions.

There exist higher-order Runge-Kutta schemes for the solution of stochastic differential equa-
tions [R10; R09]. However they become increasingly complicated and require substantial
computational effort. Also they don’t necessarily lead to a higher convergence order (see
Appendix (A.4) [KP11; Haa21]).

2.4 The Fokker-Planck Equation

As stated in (2.1), stochastic processes are related to a probability measure often described
by a probability distribution p(¢,x). This probability distribution usually changes over time.
For 1t diffusion processes (2.35), this time evolution is described by a partial differential

equation, the Fokker-Planck equation

Owp(t, x) = =04, (bi(t, x)p(t, x)) + %(‘3%%. (oi(t,x)ok(t, x)p(t, x)). (2.39)

given here for the multidimensional case. One can derive this equation by using the It6
formula [Bey23; Gar85|(see Appendix A.6). This means that one can also solve a SDE by
solving its corresponding partial differential equation.

If one writes the Wiener process in the SDE as
da = dW, (2.40)

one sees, that in the notation of the Ité diffusion, eq. (2.35), that b(¢, X;) = 0 and o(¢, X;) = 1.

If one inserts this into the Fokker-Planck equation, it gives the one-dimensional diffusion
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equation
L.
with % as the thermal diffusivity and the boundary conditions

xgrjrzloo p(x,t) = 0. (2.42)

2.5 Example: The Langevin Equation

Another way of describing a large particle with mass M in a fluid consisting of much smaller

molecules is the Langevin equation
do(t) = —yo(t)dt + %dW(t) (2.43)
with its coupled SDE for the position
dz(t) = vdt (2.44)

(v viscosity, o strength of the Wiener process dependent on the temperature). We will
simulate this model as an example for the concepts from this chapter.
To gather some sample paths, we use the Heun scheme, leading to the numerical steps
V. =V, — AV, AL + %Awt, (2.45
o
Viear = Vi = 3 (Vi + Vo) AL+ AW, (2.46
Xe = X + VLA, (2.47
1
Xitar = X¢ + §(Vt+At + Vo)At, (2.48
with the initial values Xy = 0,Vy = 0. For the sake of simplicity, we set v = 0 = M =
1 for this simulation and At = 0.01 and limit ourselves to one-dimensional motion. In
Fig. 2.2 one can see large, quick changes in velocity but only small/slow changes in position.

The probability distribution of the velocity is described by the corresponding Fokker-Planck

equation

0?1
Oep(t,v) = 0y (vp(t,v)) + Wiagﬂ(tvv)- (2.49)

Equation (2.43) has similarities with another stochastic process, namely

dz = —azdt + odW, (2.50)

the Ornstein-Uhlenbeck process. For the Ornstein-Uhlenbeck process the probability distri-

bution is the Gauflian distribution

(67

2
plx,t) = N(Xt_oeat, g—(l - eQO‘t)), (2.51)
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FI1GURE 2.2: Three sample paths of the velocity and its corresponding po-
sition of the one dimensional Langevin equation with Xo = 0,V = 0,7 =
o = M =1 integrated via the Heun scheme.

which means that this is also the probability distribution for the velocity of the Langevin

equation

2

p(v,t) = N(Vt_oe_'yt, 2}\04727 (1- e_QO‘t)>. (2.52)
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Chapter 3

Nelson’s Stochastic
Interpretation of Quantum

Mechanics

After Schrodinger argued the equation, now named after him, into existence in 1926 [Sch26b;
Sch26¢; Sch26d; Sch26e], it quickly, together with the matrix formulation, which is equivalent
to the wave mechanics [Sch26f], how it was called at the time, became the only way to look
at quantum mechanics. However, Schrodinger’s aim was to find the quantum mechanical
equivalence to the classical Hamilton-Jacobi formalism. So why should not there be other
formalisms for quantum mechanics? In this chapter, I will give a short recapitulation of
the formalisms of classical mechanics and how they are interconnected. Then the stochastic
mechanics approach to quantum mechanics will be introduced with its connection to the
Schrodinger equation. Eventually, advantages and disadvantages and connection to other

quantum mechanical formalisms will be disclosed.

3.1 Basics of Classical Mechanics

Isaac Newton developed the foundation for theoretical classical mechanics with Newton’s

three laws of motion. Especially, the second Newton equation
mi = F (3.1)

transforms the search for the trajectory of a particle into solving an initial value problem.

For conservative forces one can define a potential with

—

F=-VV. (3.2)

Rowan Hamilton was looking for an underlying principle that determined the specific trajec-

tory of particles and derived the Hamilton principle
T
55:5/ L@, s @12 D)L = 0, (3.3)
0

which means the particles, take the trajectory which minimizes the action functional. From

variational calculus (see Appendix B.1), we know that the functional is extremized, if the
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trajectories obey the Euler-Lagrange equations

d /oL oL

for each coordinate x;. In general one uses here g; for the generalized coordinates to indicate

that we can also describe motion on non-Euclidean manifolds. This notation is omitted here.
This partial differential equation is the core of Lagrangian mechanics. Until now, we didn’t
specify how the Lagrangian L should look like. To recover Newtonian mechanics, we set
L =T —V with T being the kinetic energy, so for a single particle on a one dimensional

Fuclidean manifold
L(z,%) = %9&2 —V(2), (3.5)
and if we put this Lagrangian into the Euler-Lagrange equation
0 =m& + 0, V(x) (3.6)

we recover Newton’s second law (3.1). One can go now from configuration space to phase

space by performing a Legendre transformation. First we need the conjugated generalized

momentum
oL
R — 3-7
to arrive at the transformation
N
H(x1,...,2N,P1,---,PN,t) = me —L(z1,...,2xN,%1,...,EN,t) (3.8)
i=1

where H is called the Hamiltonian or the Hamilton function. Taking the total differential of
H yields

N N
dH = (dpid; — dzip;) — Y (O, Ldw; + 9, Ldii;) — 0, Ldt (3.9)
=1 =1
N
= (#idp; — 0Ly, da;) — O, Ldt (3.10)
i=1
N
= Z(-rzdpz — pzdxl) - &ngt. (3.11)

Il
-

Comparing this expression with the definition of the total differential

N
dH = (0p, Hdp; + 0., Hdz;) + 0, Hdt (3.12)

i=1

we deduce the Hamilton equations

, (3.13)

(3.14)
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also called the canonical equations, which are the core of Hamiltonian mechanics. To recover

Newtonian mechanics, we set the Hamilton function

H=T+YV, (3.15)
so for the example above
p?
H =— . 1
(e.0) = 2 + V(@) (3.16)
The Hamilton equations then become
. p
=L 3.17
p=L (3.17)
p=—-0,V(x). (3.18)

Performing the total derivative of (3.17) with respect to time and inserting it into equation

(3.18), eliminating p, we get
mi = F, (3.19)

Newton’s second law.

In phase space, one can not simply change variables. If one wants to change variables and
still keep the original canonical equations one needs a canonical transformation. Now, we
want to find a canonical transformation that makes our set of variables Z;, p; cyclic (meaning
pi=0,Yi=1,...,N ). For this we transform the Hamiltonian using a generating function of
the second kind Fs(z;, p;, t)

~ 0Fy
H=H+ —=0. 3.20
+ 5 (3.20)
Using
0F,
P = ) 3.21
- oF:
i = 8—];, (3.22)
we obtain the Hamilton-Jacobi equation
0F; OF, 0F,
Hlzy,....,2n,=—, ..., 7,1 — =0, 3.23
(“””1 N D B > BT (3:23)

the core of Hamilton-Jacobi mechanics [Nol14].
To show the physical meaning of the generating function Fs(z;,p;,t) we take its total time

derivative

(3.24)

N
dF OF, . OF,.\  OF
FraD® (agcf”’+ a;sf’) BT

i=1
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and use equations (3.20), (3.21) and (3.22) together with p; = 0 to find

o= > pidii— H (3.25)

where the right hand side is the inverse Legendre transformation from phase space to config-

uration space, ergo from the Hamilton to the Lagrange function

dFy

Integrating this function

T
Fy = / Ldt, (3.27)
0

we find that F» is the action functional S from the Hamilton principle (3.3) [Noll4]. To

recover Newtonian mechanics, the Hamilton-Jacobi equation has to have the form

N
1 98 DS
> o oms T V(zy,...ox)+ — =0, (3.28)

; ot
i=1

taken from the form of the Hamiltonian (3.15).

This derivation shows that there are at least four, more or less equivalent (see Appendix

B.2) [CA21], mathematical descriptions of classical mechanics. Schrédinger with his equation

wanted to recover Hamilton-Jacobi mechanics for quantum mechanics.

3.2 Standard Formulation of Quantum Mechanics

Classical physics failed to explain certain phenomena at the brink of the 20th century. The
most prominent is probably the photoelectric effect. When monochromatic light is send on
a metal surface, electrons are emitted if the frequency is high enough. The “classically”
problematic part is that for lower frequencies one could not simply increase the intensity
of the light to get electrons to be emitted. This is of course a contradiction to the wave
interpretation of light. This problem was solved by Planck [Pla01] and Einstein [Ein05] by

introducing photons, quantized energy particles with the energy
E = hf. (3.29)

This contradicted the classical understanding of light as an electromagnetic wave (Maxwell
[Max65]).

Another problem was the structure of the atom. Ernest Rutherford found in 1911 that the
atom was build of a heavy nucleus and electrons rotating around that nucleus [Rut12]. But
these electrons, being accelerated charges, should emit electromagnetic waves, loose energy,
and collapse into the nucleus, resulting in unstable atoms.

Another contradiction to classical mechanics was observed, when the double slit experiment
was repeated with particles and interference was observed, a feature previously exclusively

associated with waves, but not with particles. A solution was found in the Schrédinger
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Hamilton principle
85 =6 [ L(1,...,aN, @1, .., 7N, t)dt = 0

Variational Calculus

Lagrange
Newton -
. L=T-V d(oL) _ oL _
mi =F at \ oz, o
Legendre transformation
Hamilton
4. — OH
y Ti= op;
H=T+YV ’
5, = —9H
Pi= " ga;
1 1 858 ; s _ Canonical
|Z,,] mﬁ‘#‘(lb...l;\/)‘#ﬁ 70| |

transformation

Hamilton-Jacobi

1 88 \ . 98S _
i=1 Zm oz, T V(@1 2N) + 50 =0

FIGURE 3.1: Classical formalisms and their connections to each other.

equation
iho, U = HU, (3.30)
or
HU = EV (3.31)

in its stationary form by using complex arguments to generalize the Hamilton-Jacobi-equation
for the quantum realm. The complex function ¥(z,t) is called the wave function (despite
the Schrodinger equation not being a wave equation but a heat equation with complex
coefficients). Schrodinger didn’t derive the Schrédinger equation but argued it into exis-
tence [Sch26b; Sch26¢; Sch26d; Sch26e]. He started with the ansatz of matter waves, first
introduced by de Broglie in his dissertation in 1924 [Bro24].
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Using the Hamilton-Jacobi formalism for conservative systems one can write the action

) — Et. (3.32)

y

S(7,p,t) = W(F,

With the cyclic nature of ﬁ, W = const. defines an area in configuration space, that the

S = const.-areas, the action waves, move through. Using
0=dS =V, Wdr'— Edt (3.33)
one can define a wave and phase speed @ by
V,Wi=E, (3.34)
which is orthogonal to the action wave fronts. The momentum of the particle is
p=V,.W=mv (3.35)

and because the particle speed must be parallel to the wave speed, one can write

E E
u=— = — — uv = const. (3.36)
p  mv

Thus we can derive the classical wave function by inserting this energy formula into the

Hamilton-jacobi equation

05 05 . 09

(zlﬂ TN, a.’L']’ 5 8.17]\/') + ot 0 (3 37)
with (3.32) and get the equation
w.52= L (Y (3.38)
w2 ot ) ’

the wave equation for action waves. This gives rise of the so called wave-particle dualism.
From this, one can search for similarities between light waves and matter waves. Starting
with the wave function for the scalar potential known from classical electrodynamics

9 n? 9%¢ B

-5 =0 (3.39)

(c the speed of light in vacuum, n the refractive index). Per analogy we find that

u= % (3.40)
and with n = const. the plane wave
O(F,t) = gpe! ) (3.41)

solves this equation with the dispersion relation

=T (3.42)

n
k=w—
c
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If n = n(7), we take the ansatz
$(7,t) = po(F)eln LTt (3.43)
which leads to the eikonal equation
(VL(P)? =n= —. (3.44)

With L = const. we analogously get the wave fronts similar to the above. The corresponding
trajectories are the light beams known from optics, the special case of wave optics. Thus it
is alluring to postulate an analog wave mechanics for matter for which classical mechanics is
a special case. Thus from comparison, the phase factor from (3.43) for the action waves is
S =W — Et, which means

k U
Ex—-c=kux—-=f A4
o ¢ U 5 , (3.45)

so we obtain (3.29), Planck’s ansatz for the energy of photons. With

u E h
A=—=— = — 3.46
I of »p (3.46)
we obtain for the momentum
h
= — 4
= (3.47)

where X is the de Broglie wavelength. Using (3.43) to eliminate the time-derivative in the

wave equation, we obtain

4 2
Av+ % =0, (3.48)
and with
42 p?  2m
SRtk (E—-V) (3.49)

we obtain the stationary Schrédinger equation
B2
( ——A+ V)\I/ =FEV¥ (3.50)
2m

with U instead of ¢ to differentiate this from the light waves. The part in parenthesis is

defined as the Hamilton operator

R K2
H= —%A + V(7). (3.51)

Using the analogy from the wave equation and (3.43), we get

0
E il (3.52)
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-

AX

FIGURE 3.2: Scheme of the gamma ray microscope thought experiment
(taken from Wikimedia Commons [Com20]).

and

~ 0

HY(7,t) = ihallf(ﬁ t), (3.53)
the time-dependent Schrodinger equation [Noll3; Sch26b; Sch26¢; Sch26d; Sch26e].
The interpretation of this equation was a matter of debate and the interpretation of the wave

function not clear. The solution was the Born rule
2
pla) = ¥, (3.54)

which connected the wave function to the probability density and gave quantum mechanics

a statistical interpretation [Bor26]. This of course imposes the normalization condition

1 :/|\IJ|2da: (3.55)

for the wave function. In this interpretation W is not something that exists in the real world
but is a mathematical tool to describe the statistical behavior of particles.
The wave function W is part of the separable Hilbert space H of square-integrable complex-

valued functions. Observables are represented by self-adjoint operators,
/ UT(AW)d7 = / (ATehwdr, (3.56)

with a spectrum of real eigenvalues.
Another important property is the interdependence of measurements. Heisenberg illustrated
the problem in his y-microscope thought experiment [Hei27]. In contrast to a classical setting,

the influence of a measurement of an observable on a particle is not negligible. In his thought
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experiment, Heisenberg wanted to measure position and momentum of a particle with a
single photon, hence the name ~-microscope. From optics, we know that the uncertainty of
the position measurement is proportional to the wavelength A. In the moment, at which the
photon hits the electron, is reflected or scattered, the momentum of the electron is changed.
The change is the larger, the smaller the wavelength, ergo the more certain we are of the
position, the more uncertain we are of the momentum [Hei27]. In the same year E.H. Kennard
derived

AjAE > L g (3.57)
27

the Heisenberg uncertainty relation in its most common notation [EH27].

To find out, if one can measure two different observables interchangeably, one applies the

operators in both permutations and looks at the difference. If this difference is zero, one can

measure the corresponding observables interchangeably; if not, one can not measure both

observable arbitrarily accurate independently from one another, which is not the case for the

position and the momentum operator:
ip — p& = ih = [, p]. (3.58)

[,:] is called commutator. Here it should be mentioned, that there are two schools with
a slight difference in interpretation. The common way to view the wave function is a way
to describe the behavior of a particle. The other, less common, way first proposed by Bal-
lentine [BAL70] sees the wave function as a statistical ensemble of many measurements. In
the second view, it should be theoretically possible to break uncertainty relations in single

experiments. This however has not been checked experimentally yet.

When the nature of the quantum realm was revealed and the standard mathematical frame-
work was developed in the beginning of the 20th century, the interpretation of the quite
unusual findings were intensively discussed. The most commonly taught is the Copenhagen
interpretation. Here, the wave function is not interpreted as real but as a description of our
knowledge of the problem to solve. During the measurement with a classical apparatus, there
is an instantaneous collapse of said wave function, the wave nature of the particle disappears
and the particle appears to us as such. The duality of wave and particle nature are coupled
in the concept of complementarity, which says that the experiment determines the nature of
the quantum particle - wave or particle.

This interpretation has some shortcomings. One is the anti-realism of the complementarity
concept, which erases the concept of an objective observer, a quite important concept of mod-
ern science [Keu07; Fral9]. Another one is the arbitrary separation of the classical and the
quantum world. And last but not least, the interpretation of the wave function as something
purely mathematical displeases many physicists, who want to give physical meaning to this
integral part of conventional quantum mechanics. These inconsistencies are the the reason
why the Copenhagen interpretation is sometimes derogatorily called the ”Shut up and calcu-

late” interpretation after the famous quote by David Mermin:

"If T were forced to sum up in one sentence what the Copenhagen interpretation
says to me, it would be: ”Shut up and Calculate! But I won’t shut up.” [DM8&9].

More in regards to the different interpretations of quantum mechanics will be said in a later
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section of this thesis.

3.3 Nelson Mechanics

Edward Nelson formulated the stochastic description of quantum systems in 1966 [Nel66].
The main idea is that quantum systems can not be viewed as closed systems. Nelson started

from three assumptions

o The particle is subject to a mean acceleration E[a] given by Newton’s second law
F = mEla). (3.59)

e The particle is undergoing Brownian motion by being coupled to a stochastic back-
ground field, which gives the diffusion coefficient o2 = % o « m~!, because for
heavier objects the Brownian motion is irrelevant and we recover Newton mechanics.

o o« h will be needed later to recover the Schrédinger equation.

e The diffusion process is conservative, ergo non-dissipative, and thus can be described

by a time-reversible stochastic process.

The derivation starts with the following n-dimensional stochastic differential equation of mo-

tion
dX (t) = Cp(X(t), )t + od W, (t) (3.60)

with Cy(X(t),t) being the forward drift and dW,(¢) the forward Wiener process. Most
stochastic processes are dissipative. In quantum mechanics, we need an on average constant
energy. According to the Noether theorem, energy conservation either in the mean or exactly

results from time reversibility. Thus we need a corresponding SDE backwards in time,
dX (t) = Cp(X(t), t)dt + odW(t) (3.61)

with C} being the backward drift, W;(¢) being the backward Wiener process.

In the next step we derive the form of the drift terms, which have to have the units of a
velocity. As described in the previous chapter, the stochastic processes are nowhere differen-
tiable. Thus, using the Markov property of the Wiener process and the Brownian motion, we

introduce alternative mean forward and backwards derivatives

DyX (1) = Jim E {X(t i AAti — X(®) ’X(t)] (3.62)
DyX(1) = lim B {X ®) = it(t +At) 'X(t)] (3.63)

with the forwards and backwards drift given by
D X(t) = Cr(Xy,t) (3.64)

and

DyX (1) = Cy( Xy, ) (3.65)
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and with the acceleration of the particle being
F 1
= Ela(t)] := i(DbDf + D;Dy) X (). (3.66)
From the corresponding forward and backward Fokker-Planck equations
Qip(x,t) = =V - (Cy(x,)p(x,1)) + 0 Ap, 3.67)
Oyp(z,t) = =V - (Cy(z, t)p(z, 1)) — 0 Ap, 3.68)
we derive by adding the two equations
1o
Oip(z,t) = =5V - ((Cr(z, 1) + Col(z,1))p(, 1)) (3.69)
the continuity equation
Drplast) = —V - (v(w, p(a,1)) (3.70)
with the current velocity
1
v(z,t) == i(C’f(x,t) + Cp(z,t)). (3.71)
Subtracting the two Fokker-Planck equations, we get
V- (Crp— Crp) = 20VVp (3.72)
and after integration we obtain
Cip—Crp= 20V p, (3.73)
with another velocity field
1
u = §(Cf - Cb), (374)
called the osmotic velocity, which is connected to the probability density by
2
_T Ve (3.75)
2 p
Comparing the sums of u and v
vhu= SO 4G+ iC -0 = C (3.76)
T2 S Tt T T T '
v—u—lc +EC—1C +EC—C (3.77)
PR R DA R '
one can express the forward and backwards equations of motion of the particles as
dX (t) = (v(X(t),t) + u(X(t),t))dt + ocdWy(t), 3.78)
dX(t) = (v(X (1), t) — w(X(t),t))dt + odW,(t). 3.79)
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These are coupled forward-backward stochastic differential equations (FBSDEs) that are con-

nected by the continuity equation (3.70) and describe a Markov process.

3.3.1 Connection to the Schrodinger Equation

The next step is to show that the equations of Nelson mechanics are equivalent to the
Schrodinger equation. From the formulations from the previous chapter, we will derive the
Madelung equations, which are equivalent to the Schrédinger equation for node-free or ground
states.

Starting with an arbitrary, smooth function f(X,t) and the It6 formula

o= (Lr oL £ 2L a0

and the zero mean of the Wiener process yield the mean derivatives

2
Dy ppf (K1) = [0, + Cpp¥ £ 5V (K1), (3.81)

Using the second stochastic derivative or the mean acceleration (3.66) we get

1
E[a] = a(Dbe + DbCf) (3.82)
_1 1.2 1 _ 1
=50+ v+ 50 alcy+ . 0.+ v S0 alcy (3.83)
1
= 0w+ (vVV)v — (uV)u — 502Au (3.84)

and using F = mE[a] = —-VV
1 1,
0w = —EVV + (vV)v+ (uV)u + Pl Au (3.85)

The partial time derivative of the osmotic velocity can be written

o? \Y%
o2 _Op
= —V— 3.87
5V ) (3.87)
and with the continuity equation
a2 _V(vp)
o2
= 7V(?VU — vu) (3.89)
we have
1,
Opu = —3° Av — A(uw). (3.90)

For the ground state, v = 0, the osmotic velocity is constant in time (but not in space).
These coupled non-linear partial differential equations (3.85) and (3.90) describe the entire
stochastic process but are difficult to solve.

These two partial differential equations are now be derived from the Schrédinger equation



3.3. Nelson Mechanics 29

from the two assumptions
1 2
u= §Vln p(x,t) = 0“VR(x,t) (3.91)
and
1
v(z,t) = —VS(z,t) (3.92)
m
stemming from the wave function
U = eftis, (3.93)
With these the Schrodinger equation reads
h2

; i _ i Ly
ih(O.R + hatS)\If = 2m(A(R+ hS) + V(R + hS) U+ VU (3.94)

with after dividing by ¥ can be divided into real and imaginary parts

1 , h°[AR
1 1
OR+ —R(AS)*> + —VRVS =0, (3.96)
2m m

resulting in the two Madelung equations. Using the two assumptions (3.91) and (3.92) and
applying the nabla operator on both equations, we obtain two partial differential equations
for the two velocity fields(3.87) and (3.85).

The Madelung equations were first published by Erwin Madelung in 1926 [Mad26]. This
description is also called the hydrodynamic picture of quantum mechanics due to its resem-
blance to the hydrodynamic Euler equations [Red17], if one replaces R and S by p and v.
With the wave function ansatz ¥ = \/ﬁe%s, one obtains hydrodynamic equations for the

probability density and the current velocity

Orp = V(pv), (3.97)
d
V= Orv + (VV). (3.98)

Madelung wanted to derive a more graphic description of quantum mechanics. In his initial
description, a particle is not point-like but rather a continuous density distribution which
behaves like a fluid [Mad26]. Nowadays however, the interpretation of p as the probability
density is more common [Red17]. Since the Madelung equations are non-linear partial differ-
ential equations, they are difficult to solve and are thus not often used in praxis.

Now, we know how stochastic mechanics describes quantum systems. But to actually use it,
we have to know the velocity fields u and v. To obtain these from stochastic mechanics and

not from the Schrédinger equation, one has to derive the quantum Hamilton equations.
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3.4 Derivation of the Quantum Hamilton Equations of
Motion

If the velocities u and v are known, equations (3.78) and (3.79) are enough to get sample
paths for the problem at hand. But if they are not known, one has to develop the differential
equations with equivalence to the Hamilton equations of motion in classical mechanics, the
quantum Hamilton equations. The equations (3.78) and (3.79) were derived from Newtonian
mechanics. Like in classical mechanics, shown in a previous chapter, one can also look towards
variational principles to get different methods of describing stochastic mechanical problems.

We start with the equivalent to the least-action-principle
T
Ji[v,u] = minmaXE[/ L( X, ug, v, t)dt + S(zo)]- (3.99)
v u 0

We are searching for the optimal u; and v, that minimize the functional. Both u; and v; are
feedback controls, meaning they depend on the position and time of the particle [Pav95]. We

choose the Lagrangian

L= %(vf —w?) — V(t, Xy) (3.100)

in equivalence to classical mechanics with the additional term —%uf and in accordance to
Guerra’s optimal control ansatz [GMS83]. The sign of the osmotic velocity can also be chosen
to be positive like in[Yas8la; Yas81b; Yas83; Yas80]. To motivate the minus sign, we can

take the expectation value and use (3.91)

E{Z‘uf} - /<hAp(t’x)>p(:v,t)dx = E[Vp) (3.101)

2m p(t,x)

which is the expectation value of the quantum potential from Bohmian pilot wave theory,
thus the negative sign. Due to the different signs of the velocities, we have to minimize the
action with regard to the osmotic velocity and maximize the action with regard to the drift
velocity.

The second variational principle introduced by Pavon [Pav95] is
T
Jav,u] = maxminE[/ moudt + hR(zo)] (3.102)
v u 0
an entropy production principle. The configurational entropy of the system

Sut) = — / ot ) In(p(t, ))dz (3.103)

with

/ In(p(z, ) + 1)dz (3.104)
/ z,t))(In(p(z,t)) + 1)dz — /2mvupdx (3.105)
%(5(0) IE[ / mvudt] (3.106)
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is to be maximized. Thus, in quantum mechanics there is one more variational principle than
in classical mechanics. The entropy production principle disappears in classical mechanics
due to u = 0 in the classical limit.

Now, one can combine these two variational principles into one single principle, by defining a

quantum velocity from the osmotic and drift velocities in the complex plane
Vg =V — iu, (3.107)

resulting in the quantum Hamilton principle
Tm
Jvg] = extremizevq]E[/o 51}2 —Vdt+ q)o(xo)}, (3.108)

sometimes all so called the Pavon principle. It separates into the two variational principles
by taking the real and imaginary parts of the cost functional. ®q(z) is an initial cost under
the constraint that exp{%®(z)} is sufficiently integrable (has L1 norm).

The obtain the SDE, which obeys the quantum Hamilton principle, we combine Nelsons
forward (3.78) and backward equations (3.79) into the complex SDE

dX; = vg(t, X;)dt + %((1 — AW} + (1 +0)dWy), (3.109)
with the diffusion part being simplified by defining the quantum noise
1
AW, = 5 (1 = )dWy + (1 + )dWs). (3.110)

We recover (3.78) and (3.79) if we again take the real and imaginary part. Like in classical
mechanics, we have to find a Hamiltonian, which corresponds to the quantum Hamilton
principle. For this, we need to find the correct conjugate variables. Due to the stochasticity,
we get two costate variables, instead of only one in classical mechanics. From [BG10] we

obtain the Hamiltonian as

m h1l+i
H(t,z,vq,p,Q) z—EvZ—FV(x)—vaq— “E 5 Q (3.111)
with p(t) and Q(¢) being costate processes. To obtain the extremum of the Pavon principle,
we set
OH
— =0 3.112
Ovg ’ ( )
resulting in
p(t) = mug(t). (3.113)

From [BG10] we also obtain a backwards stochastic differential equation for the costate process
dp(t) = -0, Hdt + QdW(t) (3.114)
with the initial condition

p(T)

—0,®(x(T)). (3.115)
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This we can enter into the position SDE (3.109) resulting in

dz(t) = Wdt + \/Zqu(t). (3.116)

Now, because we describe conservative Brownian motion, we have time invariance, meaning we
can split the forward and backward equations into equivalent forward and backward equations,

i.e. for the Hamiltonian

m h1l+i4

Hy(t,z,v4,p,Q) = —Evg + V() + ppvg — 1/ P Qp (3.117)
m o hl+i

Hi(t,z,vq,p, Q) = ~ 5V +V(x)+prog — p— Qy. (3.118)

Due to (3.112), we get

Pf =Dppb =D = Mg (3.119)

we get also two equivalent equations for the momentum,

dpp(t) = =0,V (x)dt + QpdWy(t), (3.120)
dps(t) = =0,V (z)dt + QpdWy(2), (3.121)

which can be added together:
dp(t) = =0,V (z)dt + %(Qdef(t) + QpdWy(t)). (3.122)

We still need to know, what @/, is. Looking at p(x(t),t) as a function of a stochastic process
x(t) we can use the Itd formula which yields another SDE that describes the process p(t). We

only have to remind ourselves that we are in complex space with
AW, (£)dW, (1) = —idt, (3.123)

which we have to use as a factor for the third term of the drift part of the It6 formula,

resulting in our SDE

dp(a(t),t) = |0s + v0y — 1'27;”84 p(a(t), t)dt + \/Zaxp(x(t), )W, (1). (3.124)

Comparing the diffusion terms from the two SDEs yields

Qv = Vhm(1 = 1), v4(, 1) (3.125)
Qs = Vhm(1 + )00, (x, 1) (3.126)

for the costate processes and also

—0Vy = |0 + 040, — z%@i m(v(z,t) —iu(x,t)). (3.127)
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Thus we have a complex SDE for the momentum,
h
dp(z,t) = =0,V (x)dt + Eﬁxp(l’,t)qu(t). (3.128)
which was also derived by [Pav95]. Splitting (3.127) into a real and imaginary part,

1 oy
—EﬁVw = 0v + v0,u — %@zu(aj, t)), (3.129)
h
0 = dyu + udyv + %Q%v(x, 1), (3.130)

where the first equation is equal to (3.66) and both are equivalent to the Madelung equations

Op(z,t) + %8x(p(x,t)8x5(x7t)) =0, (3.131)
v(x,t) = %amS(x,t), (3.132)
0;S(x,t) + i(@mS(@",t))Q + V(z,t) — %L “[)'(Oix;;) = 0. (3.133)

To get the formulation in real space, we have a forward equation for the position and a

backward equation in momentum

da(t) = (v + u)dt + \/Zdwf(t), (3.134)
dp(t) = md(u — iu) = =0,V (x)dt + Vhm(1 4 )0, (v — iu)dW;(t), (3.135)

where we again split the momentum into the real and imaginary part

dv = —%QTV(x)dt + \/Z@z(u + v)dWy(¢), (3.136)
du = \/Z@w(u —v)dWp(t) (3.137)
(3.138)

and adding them together
dp(t) = d(v +u) = =0,V (z)dt + 2V hmoyudWy(t) (3.139)

to get the real-valued SDE for the momentum process. Here we can see, that classical behavior

is recovered in the classical limit
h
—=0=>u—=0 (3.140)
m

with

dz(t) = v(t)dt = 9,Hdt, (3.141)
dp(t) = —8, Hdt (3.142)
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being the classical Hamilton equations(3.17, 3.18). Taking the expectation values, we recover
the Ehrenfest theorems

d<9;(tt)> _ WTW ’ (3.143)
d@;sft» = (F(z(t))). (3.144)

Equations (3.134) and (3.139) are called the non-stationary quantum Hamilton equations due
to their similarities to the classical Hamilton equations.

For the stationary ground state we have to perform a different derivation, because the math
in [BG10] is only valid for non-stationary problems. We follow [#S14] and [@ks10]. In the

stationary case, the action function separates into
S(xz,t) = So(x) — Et (3.145)
with the position-dependent part disappearing for ground states. Thus, the drift velocity is
v=20 (3.146)

for Sp(z) = 0. Because of that, we only have one cost functional

u

J[u] = maxE UOT ( RS V(x(t)))dt + S(xo)] (3.147)

giving the controlled forward and backward SDEs

dX = u(z(t))dt + \/Zde, (3.148)
dX = —u(z(t))dt + \/Zde. (3.149)

From the Pontryagin maximum principle (see Appendix C.1), which introduces an additional

control u, we obtain the Hamiltonian

[ h
H(xz,u,\,p,q) = —%uQ —V(z) 4+ M+ pu+ q (3.150)

with A being a forward adjunct process to the backward drift, p being a backward adjunct
process to the forward drift and ¢ being the adjunction process to the backward Wiener

process. The A process follows the equation
dx=0 (3.151)
and with the initial condition A(0) = 0 it is zero for all times. The p process is governed by

the backward equation

ap() = 4 gnyaw (3.152)

with dt < 0. We can use the maximum principle again

Oy H =0, (3.153)
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which leads to
mu=p+A=p. (3.154)

To obtain an equation for the ¢ process, we again employ the It6 formula to get

h 1
0 = Opu + udyu + —02u — —9,.V, (3.155)
2m m

q(t) = Vhmo,u(z), (3.156)

with the first one being the equivalent of the time-dependent Schrédinger equation, which

leads to a set of coupled forward/backward stochastic differential equations (FBSDEs)

dz(t) = u(z(t))dt + \/Zde, (3.157)

du(t) = L+ Lyar ¢ \/Z@xu(x(t))dwb(t), (3.158)

T mdx

which are the quantum Hamilton equations (QHE) for the ground state.

The non-stationary quantum Hamilton equations do not simplify to the stationary ones by
simply setting the current velocity to zero. One still has a factor of 2 in the diffusion term,

that vanishes in the stationary case. This discrepancy should be a concern for future research.

3.5 Solving the Quantum Hamilton Equations with the
Bender/Steiner Method

The quantum Hamilton equations can be solved numerically without using the Schrodinger
equation with the iterative scheme proposed in [BS12] and first used in [KGP16] for the quan-
tum Hamilton equations. One starts with an initial guess of the osmotic velocity u°(x). The
convergence of the algorithm doesn’t depend on the initial guess, so one can choose u°(z) = 0.
This guess is then used to solve the forward SDE numerically. This solution is then used to
find an update of the osmotic velocity. This solution is then used to solve the forward SDE
etc.. This iterative procedure is repeated until convergence is reached. The forward solutions
and backward solutions are generated multiple times per iteration to achieve convergence

faster. The general scheme is as follows:
o initialize u®(z) =0
e repeat N times or until convergence
— repeat over all time steps and over all sample paths
x 2™(0) = xg
* propagate m-th particle forward in time: 27" = ' + u(xo) At + c AW
* update u(x)

— average over all u-updates

The forward propagation is straightforward by using, for example, the Euler-Maruyama or

the Heun scheme. However, there are different methods for updating the osmotic velocity.
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One is solving the ordinary differential equation (3.155) iteratively,

du’ (z) ldzuj () dV(z)

0=/t 3.159
b dz 2 dz? dz ’ ( )
with the boundary conditions
w (Xr) = v~ (Xr), (3.160)
du’ dui—1
v (x) _ (@) (3.161)
dz [,_x., dz =Xr

There, j is the iteration step for each forward realization. Eventually, one averages over each
solution. This method is only valid for the stationary case.

Another method is to directly evaluate the backward SDE. For this, we take each forward
propagation X; of the position, start at ¢ = T and propagate the osmotic velocity path
backward in time:

) ) d dud
w =l — xg(x) At; — “d (z) AW; (3.162)
’ o €L =X €L r=X4.
with the initial conditions
uh = w T (Xp), (3.163)
dud
w(z) =0 (3.164)
dx r=Xr

(At; and AW, discretizations of the time and the Wiener process respectively). Sometimes
taking the gradient of the osmotic velocity does not work. One then has to replace the
gradient of u in the backward equation by the adjoint process g(z). This process is based on

conditional expectation (see [K618] for more details). One then obtains the iterative backward

propagation
ul, =N XY, @, =0, (3.165)
, 1 . 1 M
@ = pp o), ol =47 ;W(Xti)uthWi, (3.166)
. . dv .
wl =l - (z) At; — . AW, (3.167)
/ / dz r=X4,

7

with a being the functional basis of the conditional expectation [GLWO05] and 7 being a dis-
cretion vector of the space to make the equations suitable for computation and M being the
total number of sample paths. The update after each iteration is done by calculating the
average over all u/-realizations.

Another option is replacing ¢ by using another approach concerning conditional expecta-

tion [Bey18]. The forward process implies the conditional expectations

E[f(t:) AW (t;)]z(t:)] = 0, (3.168)
Elg(x(t:))|z(t:)] = g(t:) (3.169)
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for any functions f(¢),g(z(t)) € R™ which are adapted to the forward path. Taking the

conditional expectation on (3.167) one obtains
u™ (™I () = =0,V (™ (t;) At + Bu™ (2™ (t;41))|2™ ()] (3.170)

with 7 indicating sample path and j indicating the time step. Consider that E[g(z(s))|z(t)] #
g(t) if s > t. (3.170) can be approximated by using N sample paths

N
T = oy B 6) — e — OV )AL (@17

where [ represents the sample path out of N which is analyzed and #x!(t;41) is the number

of times the position x!(t;,1) was visited by the other sample paths.

As one might guess, the implementation of appraoches is challenging, prone to errors and
needs a lot of computational resources. It suffers also heavily from the curse of dimensionality.
The parameters N, M, n, At also have to be chosen very carefully to guarantee convergence.

A discussion of the parameters can be found in [K618].

3.5.1 Example: One-Dimensional Harmonic Oscillator

To solve the harmonic oscillator, we use the gradient approach described in the previous

section, resulting in the following algorithm

x1  xo 4+ ul®D (20) At + e AW, (3.172)
") (20) < w9 (20) — VV (1) Ar — o[0,ul%D (z0) (z1)| AW, (3.173)

The resulting osmotic velocity, shown in Fig.3.3. One can see, that we get a very close to
correct result for 2 € (—2,2). The areas a little bit further out have started to converge but
do so much slower and the areas from |z| > 4 have not started to converge at all, being still at
the the initial condition. From the osmotic velocity one can calculate the probability density

using a formula described and derived in [K618]:

p() cexp{2/w u(:c')d:r}, (3.174)

—0o0

c= [/Z eXp{Q/g; u(x')dx}d:z:]_l. (3.175)

The ground state energy then reads

Fo = / h (;u(xﬁ +V(x)> p(z)dz (3.176)

— 00

which gives the numerical value Ey = 0.5611 (correct value: 0.5). Much better results can be

obtained by fine-tuning the parameters of the algorithm [K618].

3.6 Exited States

In section 3.3.1 we have seen that the Nelson formulation is equivalent to the Madelung

equations. But the Madelung equations are only equivalent to the Schrédinger equation
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X NUMeric approx.
44 —— correct solution

ul(x)

FIGURE 3.3: Osmotic velocity and corresponding probability density for

the 1-D harmonic oscillator using £k = ¢ = m = 1 and atomic units a

discrete time step of At = 0.5, 10000 time steps, 10 sample paths M and

N = 10 episodes. The probability density was calculated using (3.174)

and the trapezoidal method. Numerical ground state energy was calculated
using (3.176) Eo = 0.5611 (correct value: 0.5).

for node-less states, e.g. the ground states of quantum systems. The standard method of

calculating exited states for the stationary case in Nelson mechanics is given in [Pat18].

Using atomic units here for simplicity, the ground state Hamiltonian

1

for bound states, which obey the Schrédinger equation

HoU? = EOn

can be factorized with the two adjoint operators

resulting in

_ 1
Q" = (-0, + W (@),

Hy=QTQ +¢

with an yet undetermined constant €. Applied to the ground state,

1 1 1
(QTQ™ +e)U = < — 532 + 5W2 - 5agcw + s) T) = HyW),

(3.177)

(3.178)

(3.179)

(3.180)

(3.181)

(3.182)
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and compared to the Schrodinger equation, results in the following Riccati-equation (see
Appendix D)

W? —0,W =2(V, —¢). (3.183)

Substituting W (z) = f% leads to

1
—iaiw +(Vo—e)p=0 (3.184)
which is satisfied if
0,9 0
W(z) = —5 = =0, In ¥y, (3.185)
\IIO
e=Fj. (3.186)

The factorized Hamiltonian has a super-symmetric partner with reversed order of the adjoint

operators
Hi =Q Q"+ EY, (3.187)
which results in
[Py
H, = —iam + Vi(x) (3.188)
Vi(x) = Vo(z) — 0. (3.189)

Thus the adjoint operators read

QT = (=02 — 0, (In WY)), (3.190)

1
;)
_ 1
© =5

One can take the new Hamiltonian H; and calculate the ground state wave function, which

(0 — 0, (In UY)). (3.191)

solves the corresponding Schrédinger equation for 9. From this one can obtain the corre-

sponding adjoint operators by replacing the ground state U9 by W9, resulting in

Qf = —=(=0: — 0,(¥Y)), (3.192)

r—\%‘r—l
[\}

Q1 = —=(0: — 0:(¥Y)). (3.193)

S

From this one can calculate Hy with the corresponding wave functions and energies and so
on. Thus it is possible to calculate every exited state from the ground state for all systems,
which have a bounded ground state (see Fig. 3.4).

But how do we obtain the exited states in the Nelson formulation? Starting with the ground

state Hamiltonian

1
Hy = =5 A+ V() (3.194)
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results in the stationary case in the QHE

dX = udt + \/%dwf, X(t=0)=29cR¥, (3.195)
_ 1 q(t) _
du(t) = —VVdt + = =2dWy(t),  w(X(T)) = 0. (3.196)

From this, we can calculate the ground state solution wg, and thus 1) and the partner

Hamiltonian
1
H, = —§A+Vl($) (3197)

Using eq.(3.189) with the connections to the Schrédinger formalism (3.91) and (3.93) we can
get Vi (z) by

Py = e~ o), (3.198)
Oz Ro(z) = =0, In9) = —up, (3.199)
Vi = Vo — dpu, (3.200)

which results in the new QHE for the first exited state

dX = uydt + \/%dwf, X(t=0)=z0 € R, (3.201)
_ 1 q(t) _
duy(t) = —VVidt + Zo2dW(t),  u(X(T)) = 0. (3.202)

Like in the Schrédinger formalism, one calculates all bound exited states from the ground

state using the iterative scheme

Hy 22Zs 4,
d
calculate Hy = Hy — —uyp

dx
HE
H1 Q—) Ul

3.7 Tunneling and Tunneling Times

A huge advantage of stochastic mechanics is that time becomes a measurable entity. In wave
mechanics, there is no time measurement operator, thus time is not an observable there. Ad-
ditionally, because we do not view quantum systems as closed, rather as open systems, there
is no need for the concept of tunneling to describe barrier crossings. Since energy fluctuates,
the particle does not tunnel through a barrier, but goes over the barrier. This process is
driven by quantum fluctuations.

Previous attempts in wave mechanics to determine the duration of tunneling processes did
predict anything from instantaneous tunneling to superluminal speeds to traveling of particles
with the speed of light. Stochastic mechanics instead gives simple explanations and tools to

obtain results that fit with reality.
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FIGURE 3.4: A Hamiltonian and its partner Hamiltonians for the the first

and second exited states are related to each other by way of the ladder opera-

tors. The ground state energies for the first and second partner Hamiltonian

are equal to the corresponding exited energies of the original Hamiltonian
(figure from [K6+18]).

The first method is simulating many sample paths X; and measure for each path, when a
barrier is crossed. Then one calculates the mean first passage time ¢,,¢p; by taking the arith-
metic average over all first passage times.

Another method is using Kramer’s theory, sometimes called Kramer’s problem [PB13]. Kramer’s
problem can be formulated in one sentence: “If we have a particle undergoing Brownian mo-
tion in a metastable (local minimum) or equilibrium state (global minimum) in a potential,
how long does it on average take to move a particle from one of these into another local or
global minimum of the potential?” H.A. Kramer developed this method to describe chemical
reactions [Krad0]. Using the Fokker-Planck equation one can derive expressions for the mean

first passage time

2m [t da’ o
tinfpt(T) = 7/ m/ po(z")dz" (3.203)

for potentials, where there are areas, in which the particle does not interact with the potential

and

2m [T ot da’ @
tonge() = 2 / po(2) / < @) / polz")da” (3.204)
—00 x 0 —00
where po(z) is the renormalized probability density from po(x) averaged over all starting

points between —oo and z’.

3.8 Stochastic Mechanics and Wigner’s Friend

In [Wig95], Eugene Wigner proposed a thought experiment to show the paradoxical nature
of conventional quantum mechanics, which results from the contradictory nature of the wave
function collapse and the time evolution dictated by the Schrédinger equation.

Consider a qubit system, a two-state quantum system S with both states, labeled |0) and |1),
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10)510) £

FIGURE 3.5: Sketch of the Wigner’s friend thought experiment(taken

from [Bau23]). While the friend observes a collapse of the wave function,

from Wigner’s point of view, his friend and the system entangle with one
another in accordance with the Schrodinger equation.

being possibly measured with equal probability, ergo

|ms=§;ms+my. (3.205)

This system is observed by two observers colloquially labeled Wigner W and his Friend F'. F
is inside the laboratory, while W waits outside. Now, if F' measures the system, the system
and friend can be described by the entangled wave function

me=§;ms®mF+ms®mm7 (3.206)

where |0/1) » denotes that F' observes |[0/1) g [LB21]. If Wigner now enters the laboratory and
asks his friend, what was measured, the friend will answer |0) or |1). In conventional quantum
mechanics, the wave function of the lab collapsed. However, for the friend the systems wave
function alerady collapsed with their measurement, the entanglement did not occur. This is
a paradox, because it is not clear, when the wave function of the system collapsed.

Other interpretations of quantum mechanics resolve this paradox in some ways. The many-
worlds interpretation does not have wave function collapse at all but the wave functions
includes more and more entangled systems. In the present case, Wigner would entangle with

his friend and the system, resulting in

1

W) sp ﬁ(|0>s®|0>F®|O>W+|1>s®|1>F®|1>W)- (3.207)

In Bohmian mechanics, the paradox is resolved by having the system following classical tra-
jectories, that are however unknown due to the uncertainty in the initial conditions. The
result of the measurement by the friend was set by those initial conditions. Wave function
collapse is thus not needed here either [LB21].

Stochastic mechanics resolves this paradox in a similar fashion. Which stochastic trajectory
the particle takes before the measurement is unknown. What the friend measures does not
result in an entangled state of them and the system. Firstly, because Nelson’s stochastic
mechanics does not need a wave function. But secondly, because stochastic mechanics has

a clear and continuous separation of classical mechanics and quantum mechanics due to the
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FIGURE 3.6: Comparison between Bohmian trajectories[Norl7] and
stochastic trajectories from [Bey23] for the double-slit experiment. Both
theories reproduce the results of quantum mechanics.

mass dependence of the diffusion term
X ——. (3.208)

The quantumness of the friend and Wigner are thus trivially inconsequential and negligible

and the paradox is resolved.

3.9 Equivalency to other Formulations of Quantum Me-

chanics

We have already shown that stochastic mechanics is equivalent to the Schrodiner equation
and the Madelung equations.
In Bohmian mechanics, the particle “surfes” on a wave that obeys the Schrodinger equation.

Its trajectory is related to the phase of the wave function with the differential equation

dX _ 1 95(,t) (3.209)
dt m  Ox s=X(1)
which can also be written as an equation in term of the wave function as
X 1 v pU
ax _r. (6(:sz)> — Re (p(x’t)> 7 (3.210)
dt  m U(x,t) Ox r=X (1) V(z,t) ) mxq

resulting in smooth deterministic particle trajectories [Norl7]. A comparison between the
different kinds of trajectories can be seen in Fig. 3.6. From equation (3.92), one can see that
the velocity of the Bohmian picture is the same as the current velocity of stochastic mechanics.
The Bohmian trajectories follow the quantum potential

h A|U]

__ Al 211
Vo om 0] (3.211)
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which can be expressed in terms of the osmotic velocity [Bey23]

__mpa_h
Vo=—5u" —5Vu (3.212)
with expectation value
E[Vo] = E Bzﬁ] . (3.213)

The difference between stochastic mechanics and Bohmian mechanics is that the wave func-
tion is not needed in the former. The osmotic velocity and the current velocity are the source

of quantum effects in stochastic mechanics, not the wave function.

The description of Nelson mechanics is equivalent to Feynman’s path integral formulation
of quantum mechanics [FHS10]. The paths that are integrated over in Feynman’s path inte-

gral formulation of quantum mechanics
1 i ! s g/ 1"
W, t) = & / et I LGt g (0 Dy (3.214)

(C the normalization factor, £ the Lagrangian of the problem, Dx denotes the integral over

all possible paths) are the stochastic paths in this description. This is proven in [Pav00].
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Quantum Hamilton principle
J[vg] = extremize, E [ fOT Zog — Vdt + Do (x0)
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FIGURE 3.7: Relations of different formulations of quantum mechanics.

3.10 Connection to other Interpretations of Quantum

Mechanics

The many-worlds interpretation regards the wave function of the Schrodinger equation as
something existing (ontological). In contrast to the Copenhagen interpretation, where the
wave function collapses if a measurement with a classical object occurs, in the many-worlds
interpretation the interaction with the measurement apparatus is described by a single wave
function which includes the quantum object and the apparently “classical” measurement ap-
paratus. This can then be extended outwards until the entire universe is described by a single
wave function, the universal wave function. The fact that we as human beings are living in
a classical world is due to the fact that we can only observe a single superposition within
the universal wave function. E.g. if we measure the spin of an electron, that was previously
unknown, our measurement apparatus can either say the electron is spin up or spin down.

There is a superposition of the wave functions of purely spin up and purely spin down. If
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we measure the spin and get a measurement of up, the superposing wave function extends
to us an we are now part of the spin up superposition. But the spin down superposition
did not cease to exist, like in the Copenhagen interpretation, but it still exists in another,
for us unobservable, part of the universal wave function. Of course there is another world,
another part of the wave function, where we measured spin down, but this world or part of
the universal wave function is unobservable to us.

On the surface, this interpretation seems completely different from Nelson’s random paths.
But let us consider a random path of a free electron in a cloud chamber. In Nelson mechanics,
the electron obeys the equations of motion of a free particle of classical mechanics disturbed
by the noise of the Wiener process. What path the electron takes if it was to go through
the cloud chamber is random. In the many-worlds interpretation, the universe splits into
different superpositions, one for each possible path, and we observe only one path because
we become part of the different superpositions ourselves. This way one could interpret the
Wiener process c AW (¢;) as a discrete universe splitter. Nelson mechanics is usually seen as
a hidden variables theory (and all the hidden variables amount to the Wiener process in the
QHES) and the many worlds interpretation is usually seen as not being a hidden variables
theory. This means they are usually seen as epistemologically opposed. The above suggests

that the many-worlds theory can be formulated without the use of wave functions.

Stochastic Mechanics is as a remark also connected with interpretations of quantum me-
chanics that require wave function collapse like the Copenhagen interpretation. This can be

shown by the use of Bayes’ theorem [Pav99).

3.11 Controversies

The stochastic mechanics description of quantum mechanics is not very popular. The reasons
for this are manifold. One is the grip that the Copenhagen interpretation still has on the way
quantum mechanics is taught in universities. Another one is a presuming misunderstanding
of Bell inequalities in the physics community. It is commonly believed that their violation
disproves all hidden variable theories, even though they only disprove local, or Bell-separable,
hidden variable theories, a mistake even made by the Nobel committee in 2022 [Sci22]). A
historical reason is John von Neumanns “No-hidden-variables-proof” which he published in
his foundational book on quantum mechanics [Von32], even though it was proven false in 1935
by Grete Herrmann [Her35; Seel6], her critique was ignored by almost all physicists at the
time.

However, there are still valid points of critique in regard to the Nelson picture. Wallstrom
showed that for systems with non-zero angular momentum, one needs additional ad-hoc con-
ditions to get the same exited states as the Schrodinger equation [Wal94]. He derived this
result also for the Madelung equations.

Another point of criticism is the origin of the background field. Many different ones have been
proposed. Nelson proposed cosmic background radiation as a possible candidate [Nel85], and
gravitational waves were proposed in [Red17]. The specific nature will not be discussed fur-
ther in this thesis.
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Chapter 4

Genetic Algorithms

Genetic algorithms are a class of algorithms under the umbrella of evolutionary algorithms.
The general idea is to mimic natural evolution in a simplified way for solving optimization
problems. The description of the basic concepts of evolutionary algorithms will be taken
from [Spe00; Gol89; Mit98].

In what follows, we take concepts and principles from biology and transform them to our
needs. To underline this origin, we will use biological terminology.

The main principle of genetic algorithms is “survival of the fittest”. Fitness is an abstract
concept in nature and is still, after almost 200 years after Herbert Spencer coined the term
(Charles Darwin popularized the term in the fifth edition of his foundational text “The Origin
of Species”), not entirely understood and is still subject of research in evolutionary biology.
Here we will introduce a first simplification. To find the fittest individuals, we need to compare
them, ergo we need a scalar function f, called fitness function. This function measures the

fitness of each individual in a population. The population is the set of all individuals.

4.1 Genotype, Phenotype

For this we need to first describe our individuals, genotype and phenotype. In nature, geno-
type is the sequence of the four nucleotide bases, adenine, guanine, cytosine, thymine, in the
entirety of the genome of an organism. This parametrization is simplified, ergo we do not use
base-4 but base-2, 0’s and 1’s. This parametrization leads to a phenotype, the measurable
characteristics of the individual. This phenotype is what is used to calculate the fitness of
each individual and is what is of interest in genetic algorithms. To repopulate after each

selection, there are two main methods, Recombination and Mutation.

4.2 Selection and Survival

The other part of the Darwinian principle is survival, meaning that only a set number of
individuals survives each generation. Each generation, we calculate f of each individual and
then pick survivors. Fitness and probability of survival are closely linked to one another: the
higher the fitness, the higher the probability of survival. This could be simply achieved by
picking the fittest ones and discarding the rest. But one could also introduce a probability
measure p(f). Again, there are a lot of choices to be made. A simple method would be

for example to divide the fitness of the i—th individual by the sum of fitness of the entire
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population of size IV,

fi
= ————, (4.1)
S

which works if the possible fitness values are all positive semi-definite. Then randomly pick
survivors according to the possibilities.

One could also implement a rank choice system in which the individuals are ranked with regard
to their fitness. Then we choose a probability constant p., for which the fittest individual

survives. If the fittest one is not chosen to survive we go down the list until the last one ergo

P1 = DPe
p2 = (1 = pe)pe

4.2
Pi = (1 - pc)i_lpc ( )

PN = (]— 7pc)N71~

There are many other methods of picking survivors.It should be kept in mind that the higher
the fitness, the higher the probability of survival.

4.3 Repopulation

After the survivors are picked, the population is repopulated.

4.3.1 Recombination/Crossover

Recombination, also called crossover, is the simplified version of biological, sexual reproduc-
tion. We take the chromosomes of two surviving individuals and recombine them in some
way. In theory, we could take chromosomes from more than one individual, however this is
rarely done. This recombination can be done by, for example, splitting the genotype of the
parents into parts at the same locations and then mixing them up to get two individuals with

mixed chromosomes.

parents: 011/010101]011; 000]000111]111
splitting: 011 010101 011;000 000111 111 (4.3)
children: 011/000111]011; 000[010101|111

The method of choice for recombination is of course dependent on the genotype at hand. One
can also reject recombination and just use mutation, similar to organisms that propagate by

mitosis.

4.3.2 Mutation

Like in nature, mutation is a random change in the genotype. Again there are a multitude
of ways of implementing mutation. One can use boolean mutation. There is a probability

for a bit flip p, which is applied to the entire genome of bits of a new individual. Another
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method is permutation, where parameters or bits in the genome switch position. If we mutate
parameters «, not bits, the simplest way to mutate is to add a random variable corresponding
to a previously set probability distribution, for example Gaussian mutation, Cauchy mutation

or uniform mutation,

aj a;+B B o< N(z,0),C(x0,7),0r U(a,b). (4.4)

4.4 Example: Simple Regression Problem

As can be seen in the previous sections, one has a lot of choices to make if one wants to
implement a genetic algorithm. To get a grip on the nature of genetic algorithms, we take a
look at an example problem and how one could go towards solving it within this framework.
For this purpose, we take a look at a simple quadratic regression problem: we want to minimize

the mean square error. Hence, we choose our fitness function to be

(“=” because we want the fitness to grow). (Of course one could also just minimize the error.
We maximize the fitness in this example for conceptual reasons).

The individuals are polynomials of second degree,

Thus the genes are the coefficients with the phenotype being the graph of the parabola. Fach

generation, we choose survivors with survival probability

pi = (1 — Z];lfllfI> (4.7)

For a repopulation scheme, we use crossover and mutation. For crossover, we take two
survivors and split the coefficients of each individual into two sets. The first offspring inherits

the first coefficient set of the first parent and for the second offspring vice versa

parents: aq|bi,c1;  aslbe, o
splitting: a1 b1, c1; az by, co (4.8)

children: aq]|bs, co; az|by, 1.

The children get mutated afterwards by randomly taking one of the coefficients and changing
them by a Gaussian distributed number A/(0,0.1). This is done for G = 2000 generations.

The result is summarized in Figure 4.1.

4.5 Advantages and Disadvantages of Genetic Algorithms

From the previous example, one can deduce a few advantages and disadvantages. Starting
with the disadvantages [KCK20], the initial population has to be chosen a priori. If the pop-
ulation size is too large, it will significantly slow down the solution search. However if one

chooses the population size too small, the solution will be poor. Usually, the population size
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FIGURE 4.1: Solutions (1.) and fitness function (r.) of the polynomial

regression with the given points (-3,3), (0,0) and (5,10). One can see that

the described algorithm improves the result with the growing number of
generations.

stays constant from generation to generation. There are methods with using variable popu-
lation sizes [HL99; HH10], but their efficiency still relies on the initial choice.

Connected to a to small population size is premature convergence. This describes a loss in
diversity of the population during the execution of the algorithm. This can happen due to
a small population size but also due to the selection method used in the algorithm. It can
happen, that the selection method is decreasing the diversity too much, leading to premature
convergence.

Another issue is the fitness function. The fitness function is of course dependent on the prob-
lem at hand. However, finding a suitable fitness function is generally not a trivial task. This
means, that one has to really understand the problem one wants to solve in depth.

Also, the degree between the crossover and mutation operators has to be kept in mind. If one
completely disregards mutation, then the searchable solution space is limited by the initial
population. However, the probabilistic nature of mutation makes an optimal ratio between
the two operators difficult.

Another issue is the choice of encoding for the genome. There are are many possibilities,
like binary (see eq.(4.3)) or value encoding (like was used in the prior example (section4.4))
but also octal, hexadecimal. More sophisticated encodings are the tree encoding, where the
chromosomes are a tree of functions or commands [KCK20], and the permutation encoding,
that is a string of numbers that represents a position in a sequence, that is mostly used in
ordering problems. However, there is no general method of choosing an encoding scheme.
Thus, an educated guess has to be made.

Another problem at the computational end is the speed and computational cost of genetic
algorithms. These algorithms are usually quite slow. The example algorithm of the previ-
ous section is of course much slower than solving the regression problem with for example
steepest descent. The execution can also be very computationally costly, especially with large

population sizes and genomes.

However genetic algorithms have some advantages that makes them a valid choice for a
solution finding algorithm.

One of the advantages is the possibility of parallelization. This can be implemented in var-
ious ways. If the selection method chosen is only dependent on the individual and not the

entire population then this part can be parallelized. Mutation and crossover can be trivially
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parallelized [San18].

If premature convergence is avoided, then a much larger part of the solution space is searched
then in conventional solution finding algorithms. This also means that the chance of being
stuck in a local optimum is way smaller than in other algorithms.

Genetic algorithms are also way better suited for highly complex and multi-objective problems
due to the nature of the fitness function. As long as the problem can be feasibly be expressed
in a fitness function, a problem can be solved with genetic algorithms. For multi-objective
problems, another advantage is that the algorithm can give a multitude of solutions.

Due to the large solution space that is searched, genetic algorithms are also very resistant to
noisy fitness functions.

They are also modular. This is useful, if one adapts to other problems, but also if one wants
to use genetic algorithms in combination with other algorithms. For example, a current field
of research is automated machine learning (AutoML). Deep learning, training artificial neural
networks with back propagation schemes, is highly dependent on hyperparameters (learning
rate, neural network architecture, choice of optimization scheme etc.). AutoML algorithms
seek to find the optimal choice of hyperparameters. Some of them use genetic algorithms to

find these optimal hyperparameter sets [VJ23].
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Chapter 5

Stochastic Mechanics and

Neural Networks

One of the disadvantages of stochastic mechanics is the non-trivial solution of the problem
of finding the velocity fields u and v. In stochastic mechanics, they contain all of the in-
formation about a system, like the wave function in conventional quantum mechanics. The
Bender/Steiner algorithm described in section 3.5 is not only very slow but also suffers heavily
from the curse of dimensionality. In this chapter, a new algorithm will be introduced to solve
this problem [HP23].

The algorithm will be a genetic algorithm (for general information, see chapter 4.5). Due to
the modularity of genetic algorithms, we have to introduce many elements of genetic algo-
rithms that had to be adapted to this problem.

Most results in this chapter are taken from “Machine learning quantum mechanical ground
states based on stochastic mechanics” by Henk and Paul [HP23].

5.1 Derivation of the Fitness Function

We start with the quantum Hamilton principle [Pav95] introduced in eq. (3.4),

v u

J[0, 0] = minmaxE{ /dt Bm[v(x,t) —du(x,t))? — V(x,t)} + cbo}. (5.1)

In the following we will consider the stationary ground state only, i.e., the quantum mechanical
action is given by S(z,t) = —FEt, where F is the energy of the system, and limit ourselves
to one-dimensional problems, which we will treat numerically later on. The above variation

principle then simplifies to

J[ug) = max]E{ /OT dt[— %muz(x(t)) - V(m(t))] + SO} , (5.2)

u

which is equivalent to

Tuo] = muinﬂa{; /OT i BmuQ(x(t)) + V(m(t))} + 50} , (5.3)

The variation principle of eq. (5.3) aims to find an osmotic velocity such that the expectation
value of the time-averaged energy along a particle trajectory is minimized. The integrand is
the stochastic energy of the particle H(x) = mu*(z)/2 + V(z), which is a fluctuating quantity

whose average is equal to the quantum mechanical expectation value of the Hamiltonian in
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the ground state. Using the ergodicity of the Brownian diffusion in the ground state, this

time-averaged energy is equal to the ensemble-averaged energy and we can write

J{ug] = min / dap(z) BmuQ(x) + V(a:)] . (5.4)

The quantum Hamilton principle of the stationary ground state is therefore equivalent to the
Rayleigh-Ritz principle for the quantum mechanical ground state. The ground state osmotic

velocity ug gives rise to a ground state density
2 x
Dy = exp{%n / uo(x’)dx'} . (5.5)

The Rayleigh-Ritz principle is the variational principle in conventional quantum mechanics.

To derive it, one starts with the expectation value for the energy
(U| H |W). (5.6)
Using |n) eigenfunctions of the Hamilton operator
Hn) = e, |n) (5.7)
and entering the a unit-matrix with a sum over the all projection operators
(| H W) = (V[ H Y |n) (n|¥) = > (V[ H |n) (n] V) (5-8)
= eal (U I (5.9)
which gives
S eul (W) [2 2 ¢ 3 (W) P = B (W]9), (5.10)
€ergo
(U| H |U) > Eo (0]0). (5.11)

This, we can reformulate as a variational principle by parametrizing [¥) , resulting in a

v

minimization principle for the ground state energy

U, H |,
Eozmin7< | | >

) (5.12)

the Rayleigh-Ritz principle [Rit09]. The principle was developed independently from the
Schrédinger equation and predates it by almost 20 years with polynomial parametrizations
or Fourier series parametrizations in mind.

We derived the Rayleigh-Ritz principle for stochastic processes from the Pavon principle for
ground states. If one starts from the standard Rayleigh-Ritz principle and uses that for the

ground state

v) =7 (5.13)
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holds, and the Hamilton operator for one-dimensional one-particle systems has the structure

2 dt

o
2m dz?

V(z),

one gets

~ 2mda?
_ m;n/(;f((?; + V(m))p(x)dx _ / % <pﬁéx))dx

which by entering the osmotic velocity

Eozmgn/M[ i d +V(m)] Vp(z)de

becomes

2

By = min / (;mu(m)z + V(sc))p(x)d:c _ / N ),

4m

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

One can see that one obtains an additional term compared to (5.4). This term is zero in the

ground state due to the normalization condition

/00 p(z)dz =1

— 00

o0 d2
/ @p(x)dx =0.

Also the integrand of the second term can be rewritten using (5.5) as

R h
7p”(l‘) — (mu2 + 2u/>p

4m

and with (5.18)

Eo = min / dx(;mu(x)Q + V(m)) p(z) — / (mu2 - Zu’) pdz

or after rearranging

0= /dx<;mu(x)2 + V(z) — mu® + gu - E0> p(x)dw.

The ground state probability density is nowhere zero, if

moe hdu oo
Pt g~ V@~ Fo

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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holds everywhere.
With Ej given, eq. (5.26) is the Riccati equation,

y(2) = f(2)y*(z) + g(x)y(x) + h(w) (5.27)

in its general form. If one takes the stationary Schrédinger equation

R d2
<2mde + V(x)) U(z) = EY(x) (5.28)
and transforms it with
o= %, (5.29)
then one obtains
o +o?— QH—T(V(@ — Ey) =0, (5.30)

ergo the Ricatti equation with y(z) = o, f(z) =1, g(x) = 0 and h(z) = %—Z’(V(x} — Ey) for
the ground state of the problem, which is equivalent to the stationary Schréodinger equation
(for more details, see Appendix D).

This results in two fitness functions that will be used in this algorithm

fi= / (%ff—kV) pdz +

hZ fp//dl'

4m [ pdz

The second uses Eq. (5.26) and Ey from the first phase of the algorithm to improve the

estimate for ug

f2=

%zﬁ + g%u —V 4+ Ey— 0. (5.32)
We need two fitness functions, because of their specific properties. Since in fi, both terms
contain the probability density p, the osmotic velocity is well approximated in regions where
p is large, but relatively poorly approximated otherwise. The reason is that the probability
density acts like a weight function. For the second term, the absolute value has to be used,
because elsewise the integral can become negative for some solutions. Negative values for the
second term result in wrong solutions that would none the less minimize the fitness function.
We also added the normalization condition in the denominator of the second term for better
numerical stability.

f2 has the problem, that Fj is not a priori known but has the advantage, that p does not
appear. Thus the osmotic velocity improves even in regions where the corresponding proba-
bility density values are small.

So we have two phases of the algorithm. The first gives a good first approximation of the os-
motic velocity and the ground state energy. The second one improves the osmotic velocity in
regions, where p(x) is small. Now, to go back to chapter 4.5, we have to find a parametrization

for the osmotic velocities that the individuals in the population will use.
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5.2 Neural Networks

Artificial neural networks, also called neural networks, have become a multitool in all of the
sciences. They are often used because they can approximate almost every function, only being
limited by their architecture. Before discussing their use in this work, we have to clarify the

terminology of neural networks.

5.2.1 Artificial Neuron

Neural networks owe their name to the artificial neurons (see Fig. 5.1), henceforth only called
neurons, that they are made of. Neurons are based on perceptrons, a logic unit, introduced to
simulate the nerve network in the brain. A perceptron is connected to multiple input values

x; and gives an output o; by

1 cw;iix; +b>0
0j = 20 : (5.33)
0 else

with w;; being the weights, connecting each input x; to the perceptron. The bias simulates

the action potential of naturally neurons. Based on this, we get neurons

Oj = ¢ (Z wijmi + bj> (534)

with ¢ being a so-called activation function.

Bias
g b
Xy O—v-
Activation
function
Output
wo—
Input
values . . .
. . 5 umming
. . function
xﬂl -
\

weights

FIGURE 5.1: General scheme of a singular neuron [Alo+22] (edited). The

input values x; are each multiplied with the corresponding weight w; and

are summed over. Then the bias b is added. This value is then entered into
the activation function ¢(-), whose value is the output of the neuron.

5.2.2 Activation Function

The activation functions are usually non-linear, because the argument is already a linear
combination of values. Moreover, if one wants to model a non-linear function, one needs
non-linearity in the model. Activation functions help the neural network to approximate

non-linear functions. If the approximated function is linear, the activation function can also
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be omitted
o(x) = . (5.35)

Popular activation functions are the ReLU-function

T x>0
p(x) = ) (5.36)
0 else
the positive definite sigmoid function
I — (537)
C l4e @’ ’
the hard limit function
1 x>0
o(x) = ; (5.38)
0 else
the softmax function
e
o(x;) = S (5.39)
and the hyperbolic tangent
et — e
=tanh(z) = —. 5.40
b(a) = tanh(z) = S (5.40)

The latter is used in this thesis due to it having positive and negative outputs, being non-
linear and being easy to implement.

The choice of activation functions depends on the problem to be solved. For each layer, one
could also have a specific activation function (see next section 5.2.3). Especially the activation
function for the output layer should be handled with care, due to the limits an activation

function puts on the possible output values.

5.2.3 Layers

A neural network is an ensemble of interconnected neurons. Omne has to choose how to
interconnect a chosen number of neurons. For most function approximations, the arrangement
of neurons into layers is a sensible choice. The two layers almost all neural networks have are
the input layer and the output layer. As their name signals, the input values are put into the
input layer and the output layer gives the output values. The hidden layers are in between
those two layers. There are however many different kind of layers.

The most common one is the fully-connected layer, also called dense layer. In this kind of
layer, every neuron is directly connected with each and every output of the previous layer and
using these outputs as inputs for themselves. This kind of layer is found in almost all kinds of
neural networks. They can become computationally costly, if they contain a large number of
neurons. Neural networks that only consist of fully-connected layers are called feed-forward
neural networks (see Fig.5.2).

Another common type of layer are convolutional layers. These are very popular for image
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classification tasks and perform a convolution between a kernel of weights and the input by
way of the dot product. Neural networks that comprise of convolutional layers are called
convolutional neural networks.

Recurrent layers function similar to a fully-connected layer. The neurons however calculate a
hidden state in each step, that they enter into the next calculation, which makes them useful
for time-dependent tasks by retaining information of prior states.

In deep learning, ergo training the neural network on previously collected data by using
backpropagation to regress the weights and biases to fit the neural network to the data, it
can be useful to employ dropout layers, which during the training phase set the weights an
biases of a random number of neurons to zero, preventing the model to rely to heavy on
single neurons. This procedure improves performance on new data, the neural network is not
trained on.

The number of neurons in each layer, the number and kind of layers, and the activation

function in each layer is called the architecture of the neural network.

Input Hidden QOutput
Layer Layer Layer

—
—
‘@-
—
FIGURE 5.2: Example architecture of a feed-forward neural net-

work [AGY23]. The arrowheads indicate where values are propagated to.
The hidden and the output layer are fully-connected layer.

5.2.4 Neural Networks as (Almost) Universal Function Approxima-

tors

Neural networks were developed to solve the thirteenth of David Hilbert’s 23 problems he
presented on the International Congress of Mathematics in 1900 in Paris [Hil02]. The problem

was formulated as follows: Is it possible to find a function that finds the solution to
2" +az® +br® +cr+1=0 (5.41)

as a chain of two-argument functions of the coefficients a, b, ¢? [Hil02]
Kolmogorov’s theorem, also called Kolmogorov—Arnold representation theorem, states, that a
three-layer neural network, meaning one input layer, one hidden layer and one output layer can

approximate any multivariate continuous function, if the hidden layer has an infinite number
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of neurons [K192]. It was the first of what would later be called universal approximation
theorems [Aug24]. Here, a few universal approximation theorems will be treated. A more
exhaustive overview can be found in [Aug24| and [FD22].

Taylor’s theorem (1715) states that any smooth and continuous function can be approximated

at point a by the polynomial
Z f *)(a), (5.42)
k=0

also called the Taylor series. Fourier’s theorem (1807) says that any continuous and periodic

function can be approximated by

ft) = 0%0 + i(ak cos (#t) + by sin (2;jkt>>, (5.43)

k=1

with the Fourier series coefficients being

T
2 [z 2rk
ap = f 7% f(t) [¢0)] (Tt) dt, (544)
T
2 [z . 27k

(5.46)

It was later extended to non-periodic function, laying the foundation for the Fourier transform,
discrete Fourier transform and the fast Fourier transform. Fourier’s and Taylor’s theorem can
be called early universal approximation theorems.

The Weierstrass approximation theorem (1885) later stated that any function f : [a,b] — R

can be approximated with arbitrary accuracy € by a finite polynomial

N .
= Z Gzt (5.47)
i=1

laying the foundations for polynomial regression [Aug24] and interpolation.
Kolmogorov’s theorem (1959) states [Kol57], that any multivariate scalar function f : [0, 1]™ —

R can be written as

2n—+1
flz1,za,... 2y Z @(Za” (z4) > (5.48)

n=1

with the functions «a;; : [1,0] = R and 3; : R — R.

With the popularization of neural networks many more universal approximation theorems
were proposed for different activation functions, width (the number of neurons per layer)
and depth (the number of layers). It has been shown [LF87] that any real-valued continuous
function can be approximated with only two hidden layers and monotonic activation functions.
In [IM88] it was proven that any arbitrary function can be approximated with a neural network

with a single hidden layer with and infinite number of neurons. In [GWO01] it was shown that
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with one hidden layer and a monotonous ”cosine squasher” activation function

0 —co<xr <3
p(z) = $(cos(z + 2F) +1) -5 <z <+35, (5.49)
1 T>5

the neural network can give the Fourier series approximation of any L?(-) function on a
compact set. All of this resulted in the theorem by Funashi, Hornick et al that any function
function on the compact subset f : X € R" — R can be approximated by the finite sum

fz)— Zagja(ai’jf—i— bij)| <e Ve eX (5.50)

Jj=1

with o(-) being the sigmoid activation function (see eq.5.37), meaning that any neural net-
work with one hidden layer and the sigmoid approximation function can approximate any
continuous multivariate function with arbitrary accuracy. Similar theorems exist for other
activation functions [GI18], tanh, ReLU for univariate functions and one hidden layer. This
architecture however can be proven to not be able to approximate multivariate functions with
arbitrary accuracy [GI18]. Thus there are also univeral approximation theorems for arbitrary
depth and fixed width.

In[Lu+17], it was proven that any Lebesgue-integrable function f : R” — R can be ap-
proximated with a neural network with n + 4 or more number of neurons per layer and the
ReLU activation function with arbitrary accuracy. For multivariate functions, it was proven
in [Par+20], that that any Lebesgue-integrable function f : R® — R™ can be approximated
by a neural network with the width max(n + 1, m) with arbitrary accuracy.

There are many more universal approximation theorems. All of these show, that neural net-
works are a valid and solid choice of parametrization, if one has limited information about

the solution.

5.2.5 Architecture for the Algorithm

Because we expect the osmotic velocity to be a continuous function, we choose an architecture
with two hidden layers. For d-dimensional problems, the osmotic velocities are functions
u : RY — R? Since we treat one-dimensional problems in this thesis, we only need one
output and one input neuron. We chose tanh as activation function, because we expect the
osmotic velocity to be smooth with positive and negative values. The osmotic velocity is not
bounded between one and minus one, hence the output layer does not have an activation
function. The number of neurons in the hidden layers chosen from experience to be n = 7
and n = 25 for each layer (Fig.5.3).

5.3 Other Components and Overview of the Algorithm

Having found a parametrization of the osmotic velocity, more details of the algorithm should

be discussed.
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Inpat Layer = BI Hidden Layer & R7 Hidden Layer € RT Outpist Layer & R

FIGURE 5.3: Architecture of the neural networks for the n = 7 case. The

network consists of four layers, one input layer with one neuron, two hidden

layer with n neurons and one output layer. Every layer except the output

layer uses the tanh activation function. The output layer does not have an
activation function.

5.3.1 Recombination and Mutation

Recombination is a non-trivial choice for neural networks. Montana and Davis [MD89] com-
pared a few like crossover-weights, taking each weight and either putting in the value of the
first or the second parent, and crossover-neurons, where instead of weights the entire neuron
is picked from either the first or second parent. In[MD89], the operators were tested for
a data classification problem. For our problem, recombination was abandoned to keep the
algorithm simple and fast.

[MD89] also introduced mutation operators for neural networks. Firstly, unbiased-mutate-
weights, having a fixed mutation probability for all weights and replacing it with a randomly
distributed number. Biased-mutate-weights is having a fixed mutation probability for all
weights and adding a random number to the unmutated weight. With mutate-neurons one
takes a random number of neurons and bias-mutate every weight of that neuron. Mutate-
weakest-neuron evaluates every neuron by setting for each neuron every weight to zero and
comparing the output with and without the neuron being set to zero. The neuron with the
smallest difference gets mutated. For simplicity, biased mutation was chosen. The added
random number was Gaussian distributed r oc - N'(0,1), with o a set learning rate. The

mutation only works if the genotype is a direct encoding, which was also chosen here.

5.3.2 Selection and Population Size

In chapter 4.5, a lot of different selection methods were described. Montana and Davis [MD89]
calculated for each individual a survival probability depending on performance and selected
randomly. Beeler et al. [Bee+19] however yielded good performances by simply picking the
best performing neural networks. This method was chosen here. The population size was

also fixed.
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5.3.3 Workflow of the Algorithm

Having determined all details of the genetic algorithm, here is an overview of its workflow.
The population size and the number of selected survivors were set by evaluation. This will
be expanded on later in this chapter.

First, we have to initialize the population of 100 individuals. This is done by randomly
picking for all neural networks in the initial population every weight and bias from a uniform

distribution
wf’j xU(-1,1) Vp € [1,100], 4, j. (5.51)
The following steps are repeated until convergence is reached. This is chosen to be having no
improvement of the best performing network for ten generations.
e Calculate f; for each neural network
e Pick the 25 best neural networks, discard the rest

o Create 75 new neural networks by copying randomly from the pool of survivors and

mutate these copies with Gaussian, biased mutation

One obtains a population of well-performing neural networks and the ground state energy
Ey. The second phase is needed to get good results in the regions with small p(z). Thus, we

replace f1 by fo and repeat until convergence is reached.

5.4 Calculating Ground States

The first task of the algorithm is to find the osmotic velocity of the ground state of three

different one-dimensional potentials: the harmonic oscillator

2
wm 4

Vio(z) = 52 (5.52)
the symmetric Poéschl-Teller potential
R: o U(l+1)
Vpr(z) = — , 5.53
PT( ) 2mx% cosh(a;/xo)z ( )
and the quartic double well
%
Vow (z) = z—i(ch —x2)2. (5.54)

0

The harmonic oscillator is a standard problem in physics. The quantum harmonic oscillator

is exactly solvable with equidistant energy eigenvalues
1
E, = hw n+§ ,n=0,1,2.., (5.55)

which lends it for testing numerical methods. In reduced units, the osmotic velocity for the

harmonic oscillator is

ugo(x) = —x. (5.56)
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FIGURE 5.4: The harmonic oscillator,the Péschl-Teller potential and the
quartic double well potential in reduced units.

The symmetrical Péschl-Teller potential, also called the modified Péschl-Teller potential [Flii12],
is used to describe two-atom systems, is also analytically solvable [PT33]. The wave functions
are the Legendre-polynomials P/*(tanh(z)) with [ being the number of bound states and p
being the index of the bound state [Wil03]. The energy spectrum is given by

R 2

Bor =%

p=1,2..01-1,1 (5.57)

For our calculations [ = 3 was chosen.
The quartic double-well potential is only numerically solvable. The reference solution was
created by solving the Schrédinger equation using the Numerov method [Bla67; Joh77] and

using eq. (5.17) to obtain the osmotic velocity from the wave function.

5.4.1 Units

For the calculation, dimensionless units, also called reduced units, were used. For the har-

monic oscillator the energy formulas yield

2

Eno = Su(@)? + "-a?, (5.58)
E - 1m 9  lmw o
o 2hwu(m) + 57 L (5.59)

resulting for position, velocity and energy

[mw [m Eno
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For the Poschl-Teller potential one arrives at

m R I+ 1)
Epp = —u(z)? — , 5.61
PT 9 ( ) le‘% COSh((E/iL’())Q ( )

2ma3 12m2x3 5 (l+1)
——FEppr = - () — ———=, 5.62
Rz T T 22 (=) cosh(z/z)? (5.62)

resulting for position, velocity and energy in
2 2maiFE
Ty VEImwe, o 2madBer g (5.63)
xo h h

The quartic double well potential does not have an obvious translation from reduced to SI-

units. For our purposes

VO =2 , Lo = 1.5 (564)

was chosen (see Fig.5.4).

5.4.2 Osmotic Velocities, Probability Densities and Energies

Once the Algorithm is finished, one obtains the osmotic velocities and with that the proba-
bility densities and ground state energies of the three potentials.

The osmotic velocities are shown in Fig. 5.5. One can see, that there are no visual differences
for large areas around = = 0. Slight derivations are visible at |z| > 3.9. In the subfigure of
(5.5a), the result of the algorithm where the second phase with fo omitted is shown. There
one can already see large differences at || > 2.5, hence the second phase of the algorithm
improves the result significantly.

The probability densities were calculated with equation (5.5), shown in Figure 5.6. These
results are more important, because the probability density is actually measurable, while the
osmotic velocity is not. And due to the nature of equation (5.5), the slight errors in the
osmotic velocity are not visible in the probability density, even in logarithmic scaling.

The ground state energy is also experimentally measurable and is thusly very important to
be predicted correctly by any numerical algorithm. The energies can be observed in Table
6.1. These energies are predicted with high accuracy (small relative error). For consistency,

the energies in that table are those calculated from the final osmotic velocity by

Bo= [ (uate? + Vo) m(e)is (5.65)

and not from the value calculated by the first phase using f;. The value produced by the first
phase differs only slightly from the second phase (in the sub-percentage scale).

Potential ‘ correct FE ‘ calculated Ej ‘ relative error
HO 0.5 0.50007 0.014%
PT -4.5 -4.49939 0.0135%
DW 1.10342 [K6+18] 1.10337 0.00453%

TABLE 5.1: Correct and calculated ground state energies for the three po-
tentials with relative error in reduced units.
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FIGURE 5.5: Osmotic velocities of the harmonic oscillator (top), Poschl-
Teller potential (bottom left) and quartic double well (bottom right) in
reduced units. Visually, there is no difference between the references (con-
nected red dots) and the solutions of the algorithm (continuous blue lines).
In the subplot of (A) one can see the result if the second phase of the algo-
rithm is omitted. There, the difference is much larger and clearly visible.
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FIGURE 5.6: Probability densities of the harmonic oscillator (top), Pdschl-

Teller potential (bottom left) and quartic double well (bottom right). All

figures use reduced units. No visible differences between the references(con-

nected red dots) and the corresponding probability densities to the calcu-
lated osmotic velocities (continuous blue line) (eq.5.5) exist.

5.5 Exited States

As shown in section 3.6, the super-symmetric partner Hamiltonians are given by

n—1 )
H,=T+Vy— —Uj;. 5.66
Y ; oz (5.66)

Because the osmotic velocities in the sum are not known a priori, one has to solve the ground
state and the exited states until the n—1-th state, iteratively until one obtains the n-th partner

Hamiltonian. Thus one has to repeat the algorithm n times for each partner Hamiltonian to
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FIGURE 5.7: Osmotic velocities for the first four exited states and the ground

state of the harmonic oscillator, separated by AE (for visibility), (left) and

corresponding probability densities (right)(given by eq.5.66) (GA n indi-

cates the result of the genetic algorithm for the ground state n = 0 and the

nth exited state). The error in the osmotic velocity increases with excita-

tion. This has only very small influence on the error in the corresponding
probability densities.

get the exited states.

These are however not entirely the correct exited states. Exited states wave functions have
nodes. There the probability distribution becomes zero and because of eq. (5.17), there are
singularities in the osmotic velocity. The ground states of the SUSY partner Hamiltonians

however are nodeless.

As can be seen in Figures 5.7 and 5.8, the osmotic velocities are approximated very well.
At x > 3.5 the slight numerical errors of the lower states are propagated by each excitation
cumulate towards larger, but still small deviations from the reference values. The harmonic
oscillator is a suitable potential, where this can be observed, because the Hamiltonian only

changes by a constant
——u(z)=——(—x)=1=AF (5.67)

between exited states. The osmotic velocity is left unchanged. In Fig.5.7 one can see the
growing error in the osmotic velocity very well. But the error in the corresponding probability
densities (unchanged from state to state) is very small. The probability density does not
change from excitation to excitation, because we calculate the ground state of the super-
symmetric partner Hamiltonians and not the true exited states. This propagated error can
also be observed in Fig.5.8 as the slight rightwards shift of the center of the probability
densities of the higher exited states, which should be at x = 0 because of the symmetry of
the potential.

Three exited states were calculated for the Pdschl-Teller potential, because we chose [ = 3,
the number of bound states. If one would try to calculate the 4-th exited state, the algorithm
would give wrong results: The state corresponding to the higher energy would not be a bound
state but a scattering state. Because the Rayleigh-Ritz-principle is the basis for this algorithm,
the algorithm, like the Rayleigh-Ritz principle does not work for scattering states [Bur77].

The harmonic oscillator and the quartic double well do not have that problem, because
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FIGURE 5.8: Densities for the first four exited states and the ground state
for the quartic double well (left) and the first two exited states and the
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ground state of the Pdschl-Teller potential (right). The error of the numer-
ical calculation of the divergence in eq. (5.66) propagates and grows from

excitation to excitation resulting in a slight shift of the symmetry axis of

the densities (should by at x = 0).

limg 1o, V(z) = 0o and thus these are no scattering states.

5.6 Discussion of Hyperparameters and Parameters
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FIGURE 5.9: RMSE and MAE for the different potentials versus learning
rate (left) and population size (right).

10°

The algorithm contains a set of hyperparameters which can be adjusted to optimize the
performance of the algorithm. These are called hyperparameters to differentiate them from

parameters which are the weights and biases in the neural networks. Typically, the learning

rate « should be small, to allow for a more accurate, sensitive search of the solution space

and the population size should be rather large to allow for search in a larger volume of the

solution space.

For evaluation purposes, the the relative energy error

AE — |EO - EOreference

(5.68)
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(N the number of discrete positions) mean absolute error MAE

N
1 Z .
i=1

and root mean square error RMSE

(5.70)

with respect to the reference curves were used. A learning rate of v = 0.001 was found most
useful (see Fig.5.10a). Larger values resulted in large deviations in the RMSE and MAE were
found (see Fig. 5.10a) with a decrease in magnitude in the errors for a decrease in magnitude
in a. Experience shows that the population size should not be smaller than 100. Larger
populations improve the results, but an increase in order of magnitude did not have the same
magnitude in improvement in the errors (Fig.5.10b). The 25% survivor rate was chosen,
because an increase didn’t result in a increase in accuracy but lowering the rate did result in
lower accuracy. So at least for the problems described here, 25% were optimal.

Regarding the architecture, two hidden layers were sufficient for these problems with no
significant improvement by a third hidden layer. This is consistent with the corresponding
universal approximation theorem for real-valued continuous functions [LF87].

For the number of neurons n, experience showed that for the harmonic oscillator and the
Poschl-Teller potential n = 7 was adequate. For the double well potential, n = 25 was used
(see Fig.5.3)
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—¥— PT MAE —¥— PT MAE
—A— PTRMSE 154 —A— PT RMSE
—— DW MAE —— DW MAE
1072 4 —e— DW RMSE —e— DW RMSE
e 1.0
0.5
1073
- @ —_ . 0.0
10 20 30 40 50 60 70 0.2 0.4 0.6 0.8 1.0
neurons survival rate

(4) (B)

FIGURE 5.10: RMSE and MAE for the three potentials versus number of
neurons (left) and survival rate (right).

5.7 Advantages over the Bender/Steiner Algorithm

Being a genetic algorithm, the proposed algorithm has all the advantages and disadvantages
already discussed in section 4.5. The here described genetic algorithm has a many advantages
over the stochastic optimal control algorithm described in section 3.5.

Firstly, it is conceptually easier to understand an energy minimization scheme than a scheme

with two coupled forward backward stochastic differential equations. It is thusly also easier
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to program and the program is less prone to bugs. The algorithm is also much faster and

yields a much better approximation in a much larger region of the coordinate space.
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Chapter 6

Time Series Analysis and Phase

Space Dynamics

One of the big advantages of the stochastic mechanics approach to quantum mechanics is
the treatment of time. In conventional quantum mechanics, due to the absence of a time-
measurement operator, it is difficult to make predictions on, for example, how long a process
takes on average. In stochastic mechanics, this is not a problem: One solves the stochastic
differential equations of the problem and measures the time it takes for each realization of
the process and takes the average.

Having stochastic trajectories of quantum processes has also the advantage of having a signal
over time. Thus, one can use all the tools from time series analysis. Also, one can derive
phase space portraits of quantum states.

Most of the results can also be found in this preprint Levitodynamics: An analysis of quantum

fluctuations based on stochastic mechanics, Henk and Paul [HP25].

6.1 Introduction to Time Series Analysis

Time series analysis is a set of methods concerning time series, a set of data z; measured at
a specific time ¢t. The two main types of time series are discrete and continuous time series,
with only the former being treated in this thesis. The aim of time series analysis is to obtain
additional insights from the time series. But first, we have to check what kind of time series

the stochastic trajectories of quantum systems are.

6.2 Stationary and Ergodic Time Series

In general, stationary time series are such that their key properties do not change over
time [BD16]. In physics, stationary generally means that the (mean) energy is constant and
that pair correlations only depend on the time difference, like is the case in quantum me-
chanical ground states. In time series analysis however, one distinguishes different kinds of

stationary systems.

Definition 2 {X;} is a strictly stationary time series if two subsets (Xi,---,X,) and
(Xi4nys- -y Xnin) share the same joint distribution function for all integers h,n > 1
(noted with (X1, , Xp) £ (X14ns- - - Xngn)) [BD16].

This is definitely the case for the trajectories of quantum mechanical ground states, because
the X; values are proportional to a probability distribution, X; « p(z), that does not change

with time.
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Definition 3 {X;} is a weakly stationary (sometimes called wide sense stationary) time

series if

e the mean of the time series is independent of time,

o the covariance function is yx (t + h,t) is independent of time ¢
[BD16].

Before the covariance function is treated, we should take a look at some properties of strictly

stationary time series [BD16]:
e X; are identically distributed,
® (Xla"' ,Xn) = (X1+hw~,Xn+h) »
o {X;} is weakly stationary if E[X?] < oo for all times ¢.

With the last property, we can show that the stochastic trajectories in this work are weakly

stationary. The Heisenberg uncertainty relation is fixed for quantum mechanical ground states

ergo
I
AzAp > 5= const. = ¢ (6.1)
which yields
Az =+/E[z?] — E[z]? 6.2
c =(E[z?] — E[z]*)Ap 6.3
21 _ ¢ 2
Elx ]—Ap+IE[:U] < o0 (6.4)

for Ap # 0 and E[z] < oo, which is the case for physical systems. This means that they are
weakly stationary.

Ergodicity is another important property of time series and concerns the moments.

Definition 4 If the time average of a process is equal to the mean from the probability

;/OT xedt = /scp(:zc)d:v (6.5)

for large enough times T', the process is mean-ergodic or ergodic in the first order.

distribution

Closely connected to stationarity and ergodicity are the autocovariance and autocorrelation
functions [BD86].

Definition 5 The autocovariance function (ACVF) is defined via
vxx(s,t) = Cov(Xs, Xt) = E[(Xs — E[X])(X: — E[X])], (6.6)

with the autocorrelation function (ACF) being

rxx(s,t) = XXED (6.7)

VX X(0,0)
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For weakly stationary processes, both functions depend only on the time difference 7 = s — ¢:

Yxx(7) = Cov(Xpyr, Xi) = E[(Xi4r — E[X])(X: — E[X])], (6.8)
_xx(7)
rxx(T) = ex(0)° (6.9)

The ACVF and ACF are useful since they measure the degree of interdependence between

the values of a time series [BD16].

Definition 6 Processes are second-order ergodic, if

Jim E[{rxx(r))r] = rxx(7), (6.10)
Tlgl(l)O Va'/’[<7"X)((T)>T] =0. (6.11)

Second-order ergodic process are sometimes called wide sense ergodic. Processes are ergodic,
if one can deduce ensemble statistics from single sample paths, if the paths are long enough.
This is the case for the stochastic trajectories of quantum mechanical ground states, which are
thus ergodic in the first order. All ergodic processes are stationary, however not all stationary

processes are ergodic (for further discussion, see Appendix C.3).

6.3 Sampling the Ground States

|

trap
center

beam

B T .
walst

laser A light

FIGURE 6.1: Scheme of an optical tweezer (taken from Wikimedia Commons
[Com24](edited)). A dielectric particle is trapped in the intensity maximum
due to the force acting along the gradient of the electric field of the laser.

This analysis in this chapter was inspired by the work of Magrini et al. [Mag+21]. In the exper-
iment [Mag+21], a dielectric silica sphere of diameter 70 nm with a mass of m ~ 2.8 10718 kg

is trapped in the intensity maximum of the focus of a laser beam (see Fig.6.1). The form of
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1.2 4 —— Harmonic Oscillator Potential
Gaussian Potential

Lorentzian Potential

[neV]

o 3

V(x

—-20 -10 0 10 20
z[pm]

FIGURE 6.2: The three potentials, that were analyzed. All of them approx-
imate the harmonic oscillator in the first order.

the confining potential is given by the shape of the laser beam which is often approximated

as Gaussian (we call the relevant position variable x in the following)

Vo(z) = Vo (1 - 62%> (6.12)

or Lorentzian

Vi(z) =Vo (1 - = ! ) : (6.13)

222 +1
Both can be approximated by a harmonic potential

mw? Vo 22
0

(see Fig.6.2). The energy and length scales are set by Vj and xg, respectively. The typical
length scale for the harmonic oscillator is 22 = % with the energy scale V) = hw. The
three potentials can be seen in Fig.6.2. The Gauss and Lorentz potentials are in first order
approximation equal to the harmonic oscillator. However both have a softer confinement of
the particle than the harmonic oscillator. The ground state energies differ as well (see Tab.

6.1).
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Potential FEy
harm. Osc. | 0.50004

Gaussian | 0.40559
Lorentzian | 0.36484

TABLE 6.1: Ground state energies of the three potentials.

Using the algorithm from chapter 5.7, we obtain the osmotic velocities of the three po-
tentials depicted in Fig. 6.3. Using the Heun-scheme (see section 2.3), we solve the stochastic
differential equation with discrete time step At = 10~% for 107 time steps, obtaining three
sample paths (see Fig.6.4),that are to be treated with time series analysis. In[Mag+21],
only harmonic confinement is considered. Even though all potentials simplify to the har-

monic oscillator in the first order, one has to inspect the possible differences important to

experiments.
harmonic oscillator
200 Gauss
Lorentz
100 A
glz
— 0 -
8
SN——
S
—100 A
—200 A
T T T T T T T
—40 —30 —20 —10 0 10 20 30 40
z[pm]

F1GURE 6.3: Osmotic velocities of the three potentials. The Gauss and
Lorentz velocities are almost identical, even though their potentials differ
significantly.
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FIGURE 6.4: Three sample paths to be treated with time series analysis.
There are no immediate, qualitative differences observable, making it nec-
essary to treat them with statistical methods.

6.4 The Autocorrelation Function

Correlation is a measure of statistical dependence between two observations. This statistical
dependence does not have to be causal. It is defined by
Cov(X,Y) E[X —(X))(Y —(¥))]

rxy = = 5 (6.15)
0Xx0y OXx0y

with ox/y being the standard deviations of the two processes, introduced to normalize the
corelation to the interval [—1,41] which is not the case for the covariance. If the correlation
is at 41, the two variables X and Y are fully correlated,at —1 fully anti-correlated and at 0
uncorrelated.

ACF shows how much a signal is correlated with itself over a time difference 7, which does
not depend on the reference time for stationary problems. The ACF starts at rxx (7 =0) =1

and converges to lim,_, 7xx(7) = 0 per the above definition.

To calculate the ACF for the sample paths of the three potentials, each sample path was
separated into windows which ended all at the last point of the sample path. The starting
point varied. Here, every 1000th value was used as starting point. For each window, the ACF
was calculated and finally over each window-ACF was averaged.

There are slight differences observable in the ACFs of the three potentials (see Fig.6.5). All
show the expected behavior of starting at 1 at 7 = 0 and converging to 0, ergo uncorrelation
for t — oo. There is an area of rxx(7) < 0 due to numerical errors. The decay of the
harmonic oscillator ACF is faster, ergo it decorrelates more quickly than the other two. The

Gauss and Lorentz ACFs are quite similar to one another.
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7[ns]
FIGURE 6.5: ACF of the three potentials. The three lines only differ

marginally. The reference ACF of the harmonic oscillator is the analytic
result for the Ornstein-Uhlenbeck process.

All three oscillators show however very similar behavior in the ACF although their potentials

differ substantially.

6.5 The Power Spectral Density

The power spectral density (PSD), also called power spectrum, is a measure of how much of
the total power in a signal comes from each frequency. It can be used in an experimental
setting to find sources of and reduce noise in the signal.

The PSD is defined as

Sxx(f) = Jim 2| F(G)P, (6.16)

where F(X;) is the Fourier transformed signal.

Using the convolution theorem

1 9o o 1 o1
Tlgréo T\}"(Xtﬂ = Th_{r;@ T}"(Xt)}"(Xt) = Tll_{r;@ f}"(Xt * X¢) (6.17)
: 1 * —i2nfr
:/ {Th—rgoT/Xt (t — 7) X (t)dt| e~ 7dr, (6.18)

tells that the inner integral is equal to the autocorrelation function, if the signal X is er-
godic. Thus, we arrive at the Wiener-Khinchin theorem [Khi34], that the PSD is the Fourier
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FIGURE 6.6: PSD of the three potentials with and without added experi-

mental noise (top) to compare with experimental data published [Mag+21]

(bottom). The slight differences in the theoretical PSD would not be visible
in an experimental setting due to experimental noise.

transform of the autocorrelation function

oo
Sea(f) = / oo (T)e 2™ Tdr = F(rxx(7)). (6.19)
This gives us two methods for obtaining the PSD, either by Fourier transforming the signal
directly or by Fourier transforming the ACF. Practically, if one would use the former method
the use of Welch’s method [Wel67], that is segmenting the signal into overlapping windows,
Fourier transforming those (these Fourier transformed signals are called periodigrams) and
averaging over them, is preferable.

In this thesis, we use the Wiener-Khinchin theorem, obtaining the PSD S,,(f) by Fourier
transforming the ACF from the previous section resulting for real-valued autocorrelation

functions in

Son(f) = /_ " ex (1) cos(2r fr)dr = Flrxx (1), (6.20)
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resulting in Fig. 6.6. The results are consistent with the experimental results from [Mag+21],
with a decay into experimental noise to 100kHz. Again, the results for the Lorentz and Gauss
potential are quite similar to each other, with the small differences from the ACFs propagating
to the PSDs. The decay of the harmonic oscillator into the residual experimental noise is
slower compared to the other two. However, the residual noise in the experiment [Mag-+21]

should be to large for the differences in the PSDs to be measurable.

6.5.1 Units

For simulation purposes, we used reduced units as before (section 5.4.1)
d
T e Lo (6.21)

The potentials have a generic Vj prefactor which for the harmonic oscillator is equal to hw.
Because the other potentials originate from laser potentials, they depend on the strength of

the laser, ergo
Vo o |E?|. (6.22)

Starting from the energy, reduced by using hw

E P2 mwax?

hw - 2mhw + 2hw

| h

po = Vmhuw, (6.25)

(6.23)

resulting in position and momentum

respectively. For the time, we use
to=w L. (6.26)

To facilitate the comparability with the experiment [Mag+21], we put in the settings from

the experiment

m = 2.8 10" kg, (6.27)
w = 27 - 10*kHz, (6.28)

to obtain SI units for the simulations:

to = 0.159 - 107 7s, (6.29)
To=T1. -107"m, .
7.742-10713 6.30
po = 1.884.- 10’19kg%, (6.31)
up = %0 = 67.3%. (6.32)

These are used in Fig.6.5 and 6.6. For the analysis of phase space dynamics, we use reduced

units.
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6.6 Phase Space Dynamics

As shown in [Mag+21], it is possible to extract a phase portrait of a quantum particle from
an experimental setup. Therefore, it is desirable to deduce a theoretical method for obtaining
such trajectories. For classical systems, this is a simple task. But for quantum systems one
has to find phase space trajectories, which obey the Heisenberg uncertainty principle.

The Heisenberg uncertainty relation is one of the foundational principles of quantum me-
chanics. It was motivated in 1927 using the y-microscope thought experiment (see section 3.2
for a detailed discussion). Its connection to Schrodinger’s wave mechanics [Sch26b; Sch26¢;
Sch26d; Sch26e] is evident, if one considers the Fourier transformation [Qui0O6] of the wave

function in position space, i.e. the wave function in momentum representation
T(p) = F[¥(x)]. (6.33)

Consider a one dimensional wave function and its Fourier transforms

B (k) = FW(a)] = V% /_ " G(a)eitedg, (6.34)
W(z) = FUI(k)] = JLTW [ = (ke dr, (6.35)

yielding for the mean position and wave vector

(z) = / T () e (a)da, (6.36)

— 00

(k) = /OO (k) kW (k)dk. (6.37)

— 00

Both are set to zero by a shift in position and frequency space

(z) = (k) =0, (6.38)
resulting for the standard deviations
02 ={((z - (2))?) = /:X’ U(z)*(z — (2))?¥(x)dz = /:’0 U (z)* 22 W (x)de, (6.39)

02 = ((k— (k))?) = /_oo U(k)*(k — (k)20 (k)dk = /_OO (k) k> (k)dE. (6.40)

Multiplying both expressions and using the Plancherel theorem

—i%\ll(x) = kU(k), (6.41)

we rewrite the first integral as

020l = /OC \If(x)*(—z'i)?xy(x)dk /OO U(x)* 2V (x)de. (6.42)
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With the Cauchy-Schwarz inequality we have

x| [
_ (/_O:C d‘g; )x\I/(x)*dx> (/_Z —idq;(xx)*xkll(x)dx> (6.44)

> Im{ (/Z idif) x\If(x)*dx> }2. (6.45)

We solve the first integral by partial integration, (|(¥(£o00)|? = 0)

(/Ziﬂ?ﬂ:@)*@) () U(a)* io —Z/Z %W(z)dx (6.46)

_ Z( [ : \If(:c)*\I/(sc)da:) - z< [ O;xd@d(j)* \If(x)dx> (6.47)
— iy ( / 4@ xq/(x)*dx)* (6.48)

2

z¥(x)"dx (6.43)

resulting in

=2 Im{ ( [ o; z‘d\zf) x\p(x)*dx) } (6.49)

Im{ </Zidi;$) x\I/(x)*dx)} = % (6.50)

Eventually we arrive at the Fourier uncertainty relation

o202 > Im{ (/_O; idiix)xllf(a:)*da:> }2 - i (6.51)

and with p = hk we arrive at the Heisenberg uncertainty relation [Qui06]

0202 > = I? Im{ (/: fzd‘zf) x\I/(ac)*dx) }2 = %2 (6.52)

ergo

by taking the positive square root

| St

0z0p 2>

(6.53)

At first glance, phase space dynamics in quantum mechanics similar to classical mechanics
contradicts the Heisenberg uncertainty relation. It is commonly said that the Heisenberg
uncertainty principle is concerned with the measurement process. However its derivation is
not concerned with any measuring process, as seen in the preceding.

Historical criticism was raised by Ballentine BAL70] in 1970. It concerns the nature of
the wave function. Ballentine interpreted the wave function not as describing properties of
singular systems but as a statistical ensemble of many measurements of equally prepared
systems. Thus, it could be possible to break the Heisenberg uncertainty relation for singular
experiments. This has not been done experimentally.

Contemporaries of Heisenberg, in particular Herbert Weyl and Eugene Wigner, developed



84 Chapter 6. Time Series Analysis and Phase Space Dynamics

an approach to make quantum-mechanical calculations in phase space (QMPS). The basis of

their formalism is the Wigner function

1

flon) = 5o [ AW (e = Spe P+ ) (6:54)

which can be calculated from the wave function of the system or the Moyal equation

of Hxf—fxH
()] (6.55)
with the x-product being defined

* =7 (050, =0,70.7) (6.56)

{{:,-}} is the Moyal Bracket and H is the classical Hamiltonian for the system. Detailed re-
views and overviews of QMPS can be found in [CZ12; CFZ16]. f(z,p) is a pseudo-probability
distribution, because it can give negative values, in contrast to conventional probability dis-
tributions. This counter-intuitiveness and the complicated nature of QMPS may explain its
relative obscurity.

With the quantum Hamilton equations (in reduced units),

dx
dp

pdt + dW; (6.57)
0.V (x)dt + Oyu(z)dWy , (6.58)

we can propagate X; forward and P; separately backward in time. However, it is not trivially
possible however to simply reverse the time direction of the backward equation for the mo-
mentum. We could solve the position forward in time and then solve the momentum equation
separately, but that is not the same as in classical mechanics, where there is no difficulty to
propagate both position and momentum forward in time. To find a forward stochastic differ-
ential equation for the velocity, which is equivalent to finding one for the momentum due to

p = mu, we use [td’s lemma
du(z(t)) = Opu(x(t))dz(t) + %83u(x(t))dt

= {61u(x(t))u(m(t)) + ;aiu(x(t))} dt + Opu(z(t))dWy, (6.59)

and with replacing the stochastic process u(z(t)) with the stochastic process of the momentum

itself U;, we arrive at the forward stochastic differential equation for the momentum
1
dU; = {&Cu(x(t))Ut + 26211(30(75))} dt + Oy u(x(t))dWy. (6.60)

For the harmonic oscillator in reduced units with w(z) = —z the position and momentum

equations decouple:

AU, = —Udt — dW. (6.61)
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FIGURE 6.7: Phase space sample paths for the three potentials. For the

ground state, we have an Ornstein-Uhlenbeck process for the position and

momentum(see egs. (6.62) and (6.61)) for harmonic oscillator and similar

processes for the Gauss and Lorentz potential (see egs. (6.63) and (6.64)).

The equivalent classical trajectory of the harmonic oscillator, which is a

circle in reduced units is also drawn to highlight differences between classical
and quantum mechanical trajectories.

This is the Ornstein-Uhlenbeck process, the only stationary Gaussian Markov process. We

obtain the same process for the position of the harmonic oscillator,
dX; = =X dt + dWy. (6.62)

The sign in front of the diffusion term is not important because of the symmetry of the
Gaussian distribution A/(0,dt). Their respective position and momentum distributions are
identical Gaussians, consistent with the minimum uncertainty of the ground state of the
quantum harmonic oscillator.

The velocity and position processes of the Gauss and Lorentz potential do not decouple:

dX; = u(X,)dt +dWy, (6.63)
au, = ( R el L (6.64)

There, uppercase letters indicate the value of the corresponding stochastic process at time ¢
and lowercase letters indicate the functions, obtained beforehand, of the stochastic position
process. It has to be mentioned, that these paths are sample paths, possible paths of the
particles.

These sample paths can be see in Fig.6.7 with the corresponding probability densities in
Fig.6.8. The probability densities are consistent with what would be expected for the three
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FIGURE 6.8: Probability distributions for position and momentum of each

of the three potentials. For the harmonic oscillator, they overlap quite

well as expected in reduced units. The distribution of the position for the

Gaussian and Lorentzian potentials and for their momenta also overlap but
are broader.

potentials with the densities of the harmonic oscillator almost completely overlapping, only
deviating from one another slightly due to numerical errors. The probability density of the
position of the other two potentials overlap, as do the distributions of the momentum. Both
distributions of the other two potentials are broader than that of the harmonic oscillator,
resulting in a larger uncertainty (see Tab.6.2). It has to be mentioned that the ground
states of quantum mechanical (harmonic) oscillators do not oscillate. This is consistent with
conventional quantum mechanics. If one wants to observe quantum mechanical oscillators

that acually oscillate, one has to look at coherent states.

0.5

harm. Osc. | 0.48500 0.03
Gauss 0.83675 0.6735
Lorentz 0.93271 0.86542

Potential AzxAp ‘AxAp—l'

TABLE 6.2: Heisenberg uncertainties of the ground states of the three po-

tentials as multiples of the reduced Planck constant i and the difference to

the expected harmonic oscillator value, the minimal uncertainty ( %) One

can see that the Gauss and Lorentz potential yield larger uncertainty than

the harmonic oscillator. The uncertainty of the harmonic oscillator being a
little bit less than the minimal uncertainty is a numerical error.
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6.7 Coherent States

Coherent states, also called Glauber states, first proposed by Schrédinger in 1926 [Sch26a],
are bound, non-stationary states of the harmonic oscillator, that in the classical limit behave
like the equivalent classical state of the harmonic oscillator [Gla63; KS85]. Coherent states

can be written either as a series of superposing eigenstates with [Per77]

@)=Y % In) (6.65)

n=0
or with a unitary operator acting on the ground state [Per77]
ed —ata gy (6.66)
Coherent states are eigenstates of the lowering operator
ilay = ala). (6.67)

In [PB13] it is shown that from the classical phase space trajectories (), pei(t) one can

derive the probability density

(m—z gy (1))

p(z,t) = (2n5)2e™ 35— (6.68)
with ¢ = ﬁ and the action
1 1
S(z,t) = xpa(t) — ixd(t) - ihwt. (6.69)
The drift and osmotic velocities
pcl(t)
t) = 6.70
o(e,t) = 2L (6.70)
u(z,t) = —w(z — zq(t)), (6.71)
yield for the propagation in space
_(Pal®)
dz = w(r — zq(t)) |dt + odWy. (6.72)
m
Employing [t6’s lemma and using
p=m(v(Xe, t) + u(Xy, t)) (6.73)

we obtain

m

8$Cl(t) 1 8pcl(t) @
+M< st o dt + ——dWy (6.74)

_ Oza(t) . 1 palt)\) 4, _
= <th +M( Sy At — wdWy. (6.75)

dP, = (gﬁ (pd(t) —w(r — wcz(t)))
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The starting points used were Xy = 0, Py = 3 which yield the classical trajectories

Zei(t) = xo coswt + % sinwt = 3sin(wt), (6.76)
pei(t) = po coswt — Mwxg sinwt = —3 cos(wt). (6.77)

This results in a coherent state being a quantum mechanical ground state with a superposed

classical motion in phase space. The resulting trajectory is shown in Fig. 6.9a.

coherent state

classical trajectory

4 coherent state
classical trajectory
3
2
14
Q04
14
—92 -
—34
74 -
2 2 0 2 i
Xz
(B)

FIGURE 6.9: Phase space trajectory with(bottom) and without (top) time-
moving average for smoothing applied. The phase portrait with the time-
moving average looks quite similar to a classical oscillator.
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In Fig.6.9b one can see, that the result is much closer to a classical oscillator due to
an applied time-moving average. The probability densities match the expected values very
closely.

Coherent states are minimal uncertainty states. This can be shown with the ladder operators

for the position and momentum operators

b=yg —(a+ ah, (6.78)
b= —i me(afaT), (6.79)
(6.80)

(o) = 1/ g {0l (a-+ 1) o) =/ (o + ), (6.81)

) = iy " (0 (0 - ) o) = iy " (0 - o), (6.52)
as well as the second moments
(z?) = %((a +a*)? +1), (6.83)
0% = " (0~ a")? 1) (689
with the uncertainty
Aztp =/ — o - Bl = 5 (6.85)

if ¢ is known in regard to the classical motion in phase space. This finding is consistent
with the coherent state being a quantum mechanical ground state superposed with classical
motion in phase space, with the latter naturally having an uncertainty of zero. Integrating
and normalizing equation (6.68) over time, we get a uncertainty larger than the minimal one
(see Fig.6.10).

To verify the correctness of this stochastic ansatz concerning coherent states, one can increase
the energy of the coherent state by changing the starting point and thus the classical phase
space trajectory. Consistent with the correspondence principle, the larger the energy, the
more the classical behavior should dominate over the quantum mechanical ground state, with
the latter ones energy being naturally fixed at Ey = %" This domination of the classical
behavior over the quantum mechanical one should be visible in the phase portrait. Changing
the starting points to be Xy = 0, Py = —100, we increase the energy of the classical trajectory
by two orders of magnitude. The resulting coherent phase space trajectory is almost identical

to the corresponding classical phase space trajectory (see Fig.6.11).
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FIGURE 6.10: Probability densities for the position and momentum corre-

spond with the expected values. Even though coherent states are minimal

uncertainty states [Gla63], if the time ¢ is that of the classical motion, here
we integrate over time, finding larger uncertainty than %
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FIGURE 6.11: Coherent and classical phase space trajectory for much larger

energies than in the initial simulation. The energy is increased by changing

the starting points to Xo = 0, Ph = —100 in reduced units. For higher

energies, the classical behavior dominates over the ground state fluctuations,
which is to be expected.
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FIGURE 6.12: Phase space trajectory of the cooling process with the
time-moving average applied.

6.7.1 Modeling the Cooling Process

In [Mag+21], the phase space trajectory along the cooling process, where the energy of the
system is decreased to get near the ground state, is also shown. To model this, we replaced
the conservative, classical trajectory of the coherent state by that of a damped harmonic

oscillator

Teool(t) = 21 (t) - e/t = 3sin(wt) - e/t (6.86)
Deool (t) = pear(t) - ettt = 3 cos(wt) - e tta (6.87)

with the damping time equal to the reaction time of Kalman filter, {; = 32 ns. The shift
of the oscillation frequency can be neglected for this choice of damping. The result can be
seen in Fig.6.12. The cooling trajectory closely resembles the cooling trajectory for energy
E = 2.71hw shown in [Mag+21], although here we cool down completely to the quantum

mechanical ground state.
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Chapter 7

Conclusion

The stochastic mechanics description of quantum mechanics stores all information about the
system at hand in two velocity fields, the current velocity v(z,t) and the osmotic velocity
u(z, t), like the wave function ¥(z,t) in conventional quantum mechanics. The wave function
solves the Schrodinger equation which is comparatively easy to solve, being a partial differ-
ential equation and an eigenvalue problem in the stationary case. Calculating the velocity
fields is however a non-trivial task. If one does not want to rely on the Schrodinger equation,
one had to find the Nash equilibrium of the quantum Hamilton equations by using the Ben-

der/Steiner algorithm.

In this thesis, I have shown that the Pavon principle is equivalent to the Rayleigh-Ritz prin-
ciple of conventional quantum mechanics, if one considers the stationary ground state of a
quantum system. This fact was applied in a genetic algorithm which uses neural networks
to parametrize the osmotic velocity. to minimize first the energy functional and then solving
the Ricatti equation. Like in conventional quantum mechanics, solving the ground state of
one-dimensional systems is enough to obtain all exited states with corresponding eigenener-
gies by finding the ground states of the supersymmetric partner Hamiltonians. This ansatz
of finding the osmotic velocity has a lot of advantages compared to the Bender/Steiner al-
gorithm: It is more efficient, easier to program, yields better results along a larger part of
the coordinate space, and is conceptually easier to understand. This algorithm was applied
to solve the harmonic oscillator, the Poschl-Teller potential and the quartic double-well as
a proof of concept. The ground states and the exited states were solved together with the

eigenenergies.

A big advantage of the stochastic description of quantum mechanics is its relation to the con-
cept of time. Conventional quantum mechanics lacks a time-measurement operator. Many
workarounds were proposed over the years, but none yielded results that matched experimen-
tal results. Having stochastic trajectories X; makes time measurements a simple task, by

solving the stochastic differential equation and analyzing the results.

The proposed algorithm was used to obtain the osmotic velocities of three potentials, the
Gauss potential, the Lorentz potential and the harmonic oscillator. With the osmotic veloc-
ity, the stochastic differential equations were solved. Then using methods from time-series
analysis, the autocorrelation function and the power spectral density, the results were com-
pared to each other and to experimental results. In the experiment, optical tweezers were
used to levitate a spherical nanoparticle. The two potentials acting on that particle were the

Gauss and the Lorentz potential, which were both approximated by a harmonic oscillator.
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The simulations yielded no experimentally measurable, significant differences in the autocor-
relation functions and the power spectral densities, but larger differences in the ground state

energy among the three potential forms.

The Heisenberg uncertainties AxzAp were also calculated. Because time reversing the mo-
mentum equation of the quantum Hamilton equation is a non-trivial task, the Itd formula
was used to derive stochastic differential equations for the osmotic velocity process, which
is the momentum if multiplied with the mass of the particle in the ground state, forward in
time. This yielded two decoupled Ornstein-Uhlenbeck processes for the harmonic oscillator
and two coupled stochastic differential equations for the Gauss and Lorentz potential. These
were integrated forward in time, resulting in sample phase space trajectories, which however
still obey the Heisenberg uncertainty relation. The calculated Heisenberg uncertainties for
the Gauss and Lorentz potential were much larger than the one of the harmonic oscillator.
Due to the experimental results for higher energy states in the phase portraits of the sample
phase space trajectories, this ansatz was applied to coherent states that are non-stationary,
bounded states of the harmonic oscillator with classical behavior in the classical limit and for

modeling the cooling process therefore confirming the correspondence principle.

7.1 Outlook

Being one of the youngest descriptions of quantum mechanics, stochastic mechanics has a lot
of open problems, that are already solved in conventional quantum mechanics.

Even though a theoretical extension to multidimensional problems is possible, there is still
a lack of methods that solve such problems effectively, in contrast to conventional quantum
mechanics (for example density functional theory). The algorithm proposed in this thesis,
could be extended to multidimensional systems. It has yet to be determined, how much the
curse of dimensionality influences the performance of the algorithm.

A description of relativistic problems is also yet to be accomplished. Stochastic mechanics on
curved manifolds was used to describe the spin of particles[BP23; Bey23]. Thus, a description
on Lorentzian manifolds should theoretically be possible.

Treating a system of two particles with spin % should also be an endeavor worth pursuing,
especially considering that there might be stable bound states between such particles like in
the hydrogen atom, where the influence of the spins is usually disregarded.

Methods from time-series analysis can be used to support future experiments but also have
the potential of gaining new insight into quantum systems, as do phase space dynamics. The
connection between QMPS and the phase space description derived in this thesis should also

be expanded on.

The results of this thesis extend the foundation of Nelson’s description of quantum mechanics
and its applications and possibilities. There is still a lot of work to be done in this field of

research.
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Appendix A

Elements of Stochastics

A.1 The p-Limit

The p-limit is defined for a sequence X,, € L? with X € LP being a convergence value. If
E[|X, — X|P] =20 (A1)

then the sequence X, converges in the p-th mean towords X. If p = 2 then one can also write

ms-limy,— oo Xy = X (A.2)

meaning the sequence converges in the mean square towards X. If p = 1, the sequence

converges in the mean [K618].

A.2 F-measurable Functions

Consider a probability space (2, F,P), with  denoting the set of all possible outcomes, F
being the o-algebra of subsets of {2, and P assigning a probability from 0 to 1 to all events.
A function f : Q — R? is F-measurable, if for the inverse function and U an open subset of
Rd

fFHU) ={weQ flw)elU)} e F (A.3)

holds [K618]. This means that the preimage (or inverse image) of f lies within the event

space.

A.3 Stratonovich Integrals

Next to the Itd integrals, there exists another class of stochastic integrals, the Stratonovich
integrals [Jks10]

/ Y(x(s), s) o dWy := ms-limy, 00 Z Y (az (tll;_ b > , t1712+ tl) (A.4)
0

i=1

denoted with o to differentiate it from It6 integrals, which can be used to write a Stratonovich

stochastic differential equation

t

x(t) = x(to) + / a(z(s), s)ds + B(z(s),s) o dWs. (A.5)

tg tO
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One can transform Stratonovich integrals into Itd integrals with

t t 1 t
[ satssyoaw. = [ s av 4 [ bl 050000 (A0)
to to to
in which z(s) are the solutions of the connected Itd stochastic differential equation. Using
this and setting

one can see that the Itd stochastic differential equation
dz = adt + bdW, (A.9)

is equivalent to
1

the corresponding Stratonovich stochastic differential equation [@ks10]. Even though both
integrals are equivalent, only It6 integrals and stochastic differential equations are used in
this thesis.

A.4 Convergence Orders

For numerical integrators of stochastic differential equations, one usually distinguishes be-
tween weak and strong convergence. The latter are defined with regard to two constants K

and K, 7, the step size A and arbitrary polynomials g(-). The strong convergence order is
defined as

E(X(T) - X, |) < KzA? (A11)
and the weak order is defined as
[E(g9(Xr)) — E(9(X1))| < Ko 1A, (A.12)

with the largest possible values of v and [ giving the corresponding strong and weak or-
ders [Klo02; Sch10].

Strong order depends on the mean of the difference between the estimated and the exact solu-
tion and the weak order depends on the difference of the mean of the estimated and the mean
of the exact solution. For comparison with deterministic integration schemes, one would use
the strong convergence order. Stochastic integration methods usually have a low convergence
order compared with their deterministic counterparts [Haa21]. However, in physics it is more
common to write down the error of a numerical scheme with regard to the growth of the
error, denoted as O(A™). For the solution methods for stochastic differential equations, each

indicator v and 8 can be seen in table A.1.
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scheme ‘ 5y ‘ B ‘ @)
Euler-Maruyama | 1 | 1 | O(VA) [Pat18]
Heun 1| 1| O(A2)[Bog+23]
Milstein 11| O(A?%)[Mil75]

TABLE A.1: Convergence orders [Klo02] and errors for the three most com-
mon numerical integration schemes for It6-stochastic differential equations.

A.5 Milstein Sheme

The Milstein sheme is another numerical method of solving stochastic differential equa-

tions [Sch99]. It adds a term to the Euler-Scheme resulting in
1
Xn+1 = Xp + alAt + DAW,, + Ebb’ ((AW)2 — At). (A.13)

It is generally better than the Euler-Maruyama scheme with a strong convergence order of
1[Klo02] compared to Euler-Maruyamas of 1 [Sch99]. However, if the diffusion coefficient b
is a constant, as is the case for the quantum Hamilton equation for position, the additional
term becomes zero and thus doesn’t improve on the Euler scheme. That is, why for this thesis

the Heun scheme was chosen (also convergence orders of 1[K618]).

A.6 Derivation of the Fokker-Planck Equation from the

It6 Formula
It6 diffusion processes

have a variety of valid solutions (Xy,,... Xr). Alternatively, one can solve such a stochastic
differential equation by considering the probability distribution p(z,t), giving the probability
of being at time ¢ at x. To find p(x,t) one has to solve the Fokker-Planck equation

8”)(.%, t) = _aIi (a(m, t)p(xa t)) + %8% 8$J (bi7k(x? t)ijC(mv t)p(]), t)) (A15)

or for one dimension
1
Op(z,t) = =0z (a(z,t)p(a,t)) + §8§(b2(x,t)p(x,t)). (A.16)

This is a partial differential equation, which can be derived using the Itd formula [Bey23;
Gar85).
Considering a smooth function f(X;) of X; undergoing an It6 diffusion process, we can use

the It6 formula

df = 0, fdX; + %aﬁ fdXx}? (A.17)

= 0, fla(X,t)dt + b(X, t)dW;) + %det (A.18)
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and after separating the drift and diffusion term we get
df = (0. fa(X,t) + %zﬁag)dt + 0, fO(X, t)dW,. (A.19)
Now taking the expectation of the equation and using E[dW;] = 0, we obtain
E[df] = E[0. fa(X,t) + %b%ﬁ flat, (A.20)

and by dividing by d¢, we arrive at

d 1
SELf] = B0, fa(X, 1) + 51202 (A:21)
Now, introducing the probability distribution p(z,t). We rewrite the expectation values with

integrals over all possible positions,

oo 0o 2(y
% /_ N f(x)p(z,t)dz = /_ oo(a(%t)axf(m)—i- b (2’“ O f(x))p(x, t)dx (A.22)
= [" aw s+ [~ om0 (a2

Both terms can now be treated with partial integration fab w'dz = v’ — fab uw'vdz to get rid
of the partial derivatives of f(x) in both terms on the right side of the equation. For the first

term, we get

/ N a(nt)azf(x)p(m)dx:f(x)a(x,wp(x,t)\_ - / " F@)0uale, ol )de (A.24)

— 00

with

oo

f(ac)a(a:,t)p(m,t)’ =0. (A.25)

— 00

We have to partially integrate the second term twice. Again, only the integral will remain

and the rest becomes zero, thus the second term becomes
| Pai@ende= [ @e e o ) (A.26)

Now we replace the terms in equation (A.23) and get

d o0 o0
— f(z)p(x,t)de = — f(x)0z(a(x,t)p(x,t))dw
d /*00 /*OO (A.27)

+ % /_O:c f(@)O* (0 (z, t)p(x,t))dz.

Rearranging the time derivative of the right side into the integral, it will only act on the
probability density. Then we put all the terms on one side and combine the integrals to

obtain

[ @) gppte0) + (et ) - a0t Jar =0, (A28)

— 00
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Because f(z) is arbitrary, the bracketed part of the integral has to be zero, thus

ap(n@t) = =0, (a(z,t)p(z,t)) + %83 (V*(z,t)p(z,1)), (A.29)

which is the Fokker-Planck equation for an arbitrary Itd diffusion process.
The Fokker-Planck equation is connected to the continuity equation. By taking out one

derivative in space from the right hand side, one gets

0

7P (@ 8) = =0z |(a(z, t)p(z, 1)) — %3x(bz(xat)p(x,t)) : (A.30)

Defining the terms in the bracket as the probability flow, one gets

z,t) = — (A.31)

ap( %J,

the continuity equation. Alternatively, one could derive the Fokker-Planck equation from the

Langevin equation [RF12] or the Chapman-Kolomorov equation [SP10].

Appendix B

Classical Mechanics

B.1 Derivation of the Euler-Lagrange equation from Vari-

ational Calculus

The Hamilton principle is

t1
59 = 5/ L(t, g, d)dt = 0. (B.1)
to

To obtain the Euler-Lagrange equation, we use variational calculus. For simplicity, we restrict

the derivation to one-dimensional problems. We start wit

t1
0= [ 6L(t g q)dt. (B.2)

to

Variation in this context means that a path ¢(¢) is changed by a small amount
q(t) = q(t) +en(t) (B.3)
with

n(to) =n(t1) = 0. (B.4)
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Inserting this into the Lagrangian

£(t.d) = £(1.a(t) + ente). a0 + 4 ), (B.5)

the variation becomes a derivative with respect to ¢

" d . dn(t)
68 = \ dg£<t’ q(t) +en(t),q(t) +e gr )dt (B.6)
which becomes using the chain rule
oL 8q oL 04
— = B.
05 = / dq 85 0q Oe dt. (B.7)

Using partial integration for the second term gives

+ == At (B.8)

5S_/“8L8q oL d dq
~ Ji 0q 0 Oq dt Oe

"oLoq d AL 9L dq|"
_ [ OLog A 0LDa,,  OLog ©9)
1, 0q0s dt dq Oe 0q O¢ |,
where the last term becomes zero due to (B.4). We treat the remaining integral
f d 0L dq
0 — - —— dt = B.1
5= /0 <8q dt@q)@e 0 (B.10)
which can only be valid, if
doL 0L
—_Z= = B.11
dt 9¢ Oq ( )

which is the Euler-Lagrange equation. For more than one dimension, one simply has an

Euler-Lagrange equation for each generalized coordinate g,

daL oL
~ dtdg, Oqn’

(B.12)

B.2 Inequalities of the Classical Mechanics Formulations

It is commonly believed that all formalisms of classical mechanics are equivalent. Even
though this statement is generally true, there exist edge cases, where this statement is false.
For starters, not all Newtonian systems can be described with Lagrangian or Hamiltonian
mechanics, because the force is a vector function F :R" — R™ and the Hamiltonian and the
Lagrangian are scalar functions H/L : R™ — R, ergo, there doesn’t exist a homeomorphic
map from one to another [CA21].

However all Lagrangian systems are Newtonian. This can be shown, by considering the
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Euler-Lagrange equation

(% _ %% (B.13)
; 2 2
- cii?aijgvi + %Gigvi (B.14)
2 2
Y 825% T 811861/ (B.15)
with the last term being equal to
0°L oL 0’L (B.16)

ak 8vk8vi - 81’1 B mvj

Thus we can obtain the acceleration aj if the Hessian of the Lagrangian is invertible, which
is necessary for the stationary action having a unique solution [CA21].
There are however Hamiltonian systems, that can not be described using Newtonian mechan-

ics. For showing this, we derive a formula for the acceleration with the canonical equations

_dy;  dOH 0?H dg; O*H  dpyg
dt dt Op;  0q;0p; dt ~ OprOp; dt

_0*H OH O?H OH

" 0q;0p; Op;  Oprdpi Ogk

(B.17)

(B.18)

ergo we obtain a formulation of the acceleration in terms of position and momentum, not

velocity. To get that expression, the Hessian of the Hamiltonian to be invertible
|Op,vj| = |8p¢6pj/H| # 0, (B.19)

which is not required from the Hamilton formalism. Ergo, we need an additional property
for systems, that can be described in both formalism, the kinematic equivalence, the recov-
erability of the dynamics from the kinematics of a system [CA21].

Hamiltonian and Lagrangian systems can be easily transformed into one another by the Leg-

endre transformation. This is only possible, if

B3] = 100,00, £] £0, (B.20)
the Hessian of the Lagrangian is invertible. Their determinants are also connected

|80, 00, L| = |0, 0p, H| " (B.21)

That means that kinematic equivalency is exactly the invertibility condition of the Hes-
sians [CA21]. Ergo only for systems with the kinematic equivalency condition, Lagrangian
and Hamiltonian systems are equivalent. A connection between the formalisms is sketched in
Fig. B.1.
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Newtonian Hamiltonian
syvstems systems

F1GURE B.1: Connection between the different formalisms of classical me-
chanics. They are not completely equivalent [CA21].

Appendix C

Elements of Stochastic

Mechanics

C.1 Connection to other Variational Principles

The Hamilton principle

t1
55 = 5/ L(t, g, d)dt = 0 1)
to

leads to the Euler-Lagrange equations, which gives a solution, if the matrix with elements

0L
01,01

(C.2)

is non-negative definite. The introduction of a Hamilton function however only works, if the

momentum and the time derivative of the coordinates are invertible,
p=p(z,z,t), z=z(x,p,t). (C.3)

If this is not possible, one has to introduce a more general variational principle, the Pontryagin
maximum principle. We may interpret this variational principle as an optimal control problem

with the additional control

u(t) = s

. (C4)
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yielding a more general Hamiltonian

H(z,u,p,t) = pu— L(x,u,t) (C.5)
with a costate variable
oL
B (C.6)
The canonical equations
OH dx
dp OH
a — 7%7 (0-8)
are extended by
OH oL
Dl e C.9
ou dp (C.9)
with the matrix with elements
0’H
C.10
8ui8uj ( )

being negative definite.
The formalism was used, adapted to stochastic processes, in deriving the quantum Hamilton
equations.

C.2 Different Lagrangians

For the derivation of the quantum Hamilton equations in this thesis, the Lagrangian
L= %(v —iu)? — V(z), (C.11)

proposed by Michele Pavon [Pav95] in 1995 was used, combining the saddle point action
principle and the saddle point entropy production principle.

Multiple Lagrangians have been proposed over the years. Kunio Yasue [Yas81a] proposed in
1981

=5 (B0eP+ F0w?) -V = Fe* ) V). (Ca

which he used to derive Nelson’s stochastic, Newton’s second law, and the gradient conditions
of the velocity fields

h h
u+v=—VS+_—Vinp. (C.13)
m 2m
Two years later, Guerra and Morato [GM83] proposed

£= (?(Dfﬂbex)) —V(z) = %(UQ —u?) = V(z), (C.14)
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which yielded the same results. However, due to the negative sign of the osmotic veloc-
ity, the connection to the quantum potential of Bohmian mechanics becomes evident. This
Lagrangian is the real part, the saddle point action principle part, of Pavon’s complex La-

grangian.

C.3 Stationary but Non-Ergodic Processes

Stationary processes are ergodic, if

;/OT xedt = /mp(m)dx. (C.15)

The left side of this equation concerns the sample paths of a stochastic processes, but the

right side concerns the probability density with
X; x p(x). (C.16)

This means that from a single sample path, if it is long enough, can deduce statistical prop-
erties of the process. From this follows that all ergodic processes are stationary. But not all
stationary processes are ergodic.

Consider a one-dimensional quantum mechanical ground state of a symmetrical potential
consisting of two wells that are separated by a wall of infinite height at position x = 0. This

leads to a root in the probability distribution at position zero. From
u(z) x 0y In p(x) (C.17)

one can see that the osmotic velocity diverges at © = 0. A stochastic trajectory that starts
for example in the left well (z < 0) will never reach the other one at x > 0. Sampling that

trajectory and calculating the mean will yield

1 T
—/ zdt <0  VI'>0 (C.18)
T Jo

Calculating the mean from the probability density will however yield

/xp(x)dx =0 (C.19)

due to the symmetry of the potential. p(z) does not change over time and is thusly sta-
tionary in the physical sense. It is also stationary in the first kind due to (X1, ,X,) 4
(X14h,y .-y Xn+n). This is an example of an stationary process that is not ergodic.

All exited states are stationary but not ergodic, due to the nodes in the wave function. That

is why the supersymmetric partner Hamiltonians were treated in sections 3.6 and 5.5.
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Appendix D

The Riccati Equation

The Riccati equation is a non-linear differential equation of first order [Raj21; Hal97] with

the general form
y' = alx)y® + b(a)y + (). (D.1)
The stationary Schrédinger equation
_ 2m

~U (@) = S5 (B - V(@)Y (D.2)

can be transformed into a Riccati equation with the ansatz

\I’/ , \I/N \IJ/2
= —— = —— 4+ —. D.
w 7 w 7 + 72 (D.3)
With this
U2 2m o’
/ e — J— JR—
yw’ + T 3 (E V(m))W (D4)
results in
2
W =W? + T’”(E — V(). (D.5)

From this equation, one can construct the ground states and the exited states [Raj21]. The

stationary Schrodinger equation is a special case of a Sturm-Liouville equation
a(z)u”(z) + B(z)u(z) + y(z)u(z) = 0. (D-6)
A solution u(x) of this ordinary differential equation also solves the Riccatti equation

/

y+y

2 Bitn (D.7)
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for y = % [Whe04].

Appendix E

Other Applications of the
Algorithm

The algorithm discussed in chapter 5.7 was used, after its first publication in [HP23], for the

solution of other kinds of quantum mechanical problems

E.1 Systems with Radial Symmetry

In Daniel Rodau. “Modellierung der Protonenemission von Thulium-145 mittels der Stochastis-
chen Quantenmechanik.” Bachelor’s Thesis. Martin-Luther-University Halle-Wittenberg,
2024, the algorithm applied to systems with radial symmetry, first the hydrogen atom with

potential
1 e
V(r)=- —. E.1
(r) dmeg 7 (B-1)
and the Woods-Saxon potential
Vo
l+e =

The osmotic velocity of the hydrogen atom is consistent with the previous attempts of

—— osmotic velocity —— probability density

FIGURE E.1: Osmotic velocity and corresponding probability density of the
ground state of the hydrogen atom [Rod24].

calculating the osmotic velocity with the Bender/Steiner algorithm [K6+-18].
The Woods-Saxon potential is an effective potential for a nucleon (a proton in this case) in
a heavy nucleus with Vj = 50MeV being the depth of the potential, Ry = 1.25fm~+/A being
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the radius of the nucleus with the mass number A and a ~ 0.5fm being the thickness of the

nucleon wall, was calculated.

0.0 + —— Potential

—0.2 4

—0.4 4

—0.6 4

—0.8 4

—1.0 4

8
r[fm]

FIGURE E.2: Woods-Saxon potential [Rod24]

The resulting osmotic velocity was used to approximate the half-life for the proton emission

of Thulium-145.

0.0 4 —— osmotic velocity

uln

pln

0.005

0.004

0.003

0.002

0.001

0.000

—— probability density

T T T T T
10 15 20 25 30
r

FIcurE E.3: Osmotic velocity and corresponding probability density of the
ground state of the proton in a nucleus of Thulium-145 [Rod24].

E.2 Periodic Potentials - Rotators

In Paul Reifimann. “Eigenschaften der Methylrotation mittels der Stochastischen Mechanik.”
Bachelor’s Thesis. Martin-Luther-University Halle-Wittenberg, 2025, the algorithm was used

to describe a periodic rotator potential, introduced in [Kle24], to investigate the spectro-

scopic characteristics of molecules with a rotating methyl group (like acetaldehyde CH3sCHO

molecule). The potential is given by

V(g) = 21— cos(3))

(E.3)
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V31 — reference

34 e genetic algorithm

Sils

potential V()
us
osmotic velocity ug(¢)

0 /2 n -n -n/2 0 w2 n
torsion angle ¢ torsion angle ¢

FIGURE E.4: Potential and corresponding osmotic velocity of the rotating
methyl group of the molecule [Rei25].

with the index indicating the %” periodicity of the potential. Higher orders like Vg were not
treated in[Rei25]. The potential and the osmotic velocity can be seen in Fig.(E.4). The
osmotic velocity was used to calculate the time needed in the mean for the methyl group
to rotate from one minimum to another in the same framework like one would calculate the

tunneling time.
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