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Abstract

This thesis investigates aspects of Coxeter groups along two main lines of research, both
using similar combinatorial methods.

After presenting the basic notions of graph theory together with the geometric and com-
binatorial foundations of Coxeter groups in Part [I| (Chapter , Part [[Iis devoted to the
study of folded galleries and Coxeter shadows. While folded galleries have numerous ap-
plications across mathematics, their rich intrinsic combinatorial structure remains only
partially understood. This work aims to develop methods for describing folded galleries
and shadows in affine Coxeter complexes with Weyl chamber orientations, establishing
the foundation for extending these ideas to more general orientations. Central to this
study is the introduction of folding patterns in Chapter [3] which encode the combina-
torial possibilities of folding minimal galleries. The main result of this chapter is that
we characterize all applicable folding patterns of a given minimal gallery by establishing
a bijection between folding patterns and directed paths in Bruhat moment graphs in
Theorem [3.3.9] reducing the complexity of the problem to the study of finite graphs.
Furthermore, we also prove how to determine the spherical direction of the end alcove of
a positively folded gallery with respect to Weyl chamber orientations by drawing another
link to Bruhat moment graphs in Theorem [3:3.18] Building on these connections, we
introduce folding pattern polytopes in Chapter [l which describe the sets of end vertices
of folded galleries with a given folding pattern. For a special subset of group elements,
these tools allow us to provide a combinatorial framework for computing the complete
Coxeter shadow in Theorem while for arbitrary group elements, we propose the
notion of the Cozeter umbra for the subset of the shadow constructed this way (cf. The-
orem [I4-3).

Part [[TI] addresses involutions in Coxeter groups, i.e., elements of order two. We study
the number ccs of conjugacy classes of involutions, a group-theoretic invariant previously
determined by Deodhar and Richardson [Deo82; |Ric82|, in Chapter Our combinatorial
approach (cf. Theorem is based on the introduction of higher-rank odd graphs, a
natural generalization of the odd graphs that have been used in the study of conjugacy
classes of reflections (see [Bra+02]). This framework allows us to provide closed formulae
for cco in all irreducible finite and affine Coxeter groups in Theorems [5.4.3] and [5.4.4]
Moreover, we apply our method to compute the number of conjugacy classes of involu-
tions for triangle groups and right-angled Coxeter groups.

Uniting both directions of research is the pervasive use of graphs as our combinatorial
tool of choice, which provides a common language for the objects under consideration.
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Zusammenfassung

Diese Dissertation untersucht Aspekte von Coxeter-Gruppen entlang von zwei Haupt-
forschungsrichtungen, die auf dhnlichen kombinatorischen Methoden beruhen. Nachdem
in Part [I| (Chapter [2]) grundlegende Begriffe der Graphentheorie sowie die geometrischen
und kombinatorischen Grundlagen von Coxeter-Gruppen dargestellt werden, widmet
sich Part [[T| der Untersuchung gefalteter Galerien und Coxeter-Schatten. Obwohl gefal-
tete Galerien zahlreiche Anwendungen in verschiedenen Teildisziplinen der Mathematik
haben, ist ihre innere kombinatorische Struktur bislang nur teilweise verstanden. Ziel
dieser Arbeit ist es, Methoden zur Beschreibung gefalteter Galerien und Schatten in
affinen Coxeter-Komplexen mit Weyl-Kammer-Orientierungen zu entwickeln und damit
die Grundlage fiir eine Erweiterung dieser Ideen auch auf andere Orientierungen zu
schaffen. Zentral fiir unsere Untersuchungen ist die Einfiihrung von folding patterns
(dt. Faltungsmuster) in Chapter |3} die die kombinatorischen Mdglichkeiten des Faltens
minimaler Galerien kodieren. Das Hauptresultat dieses Kapitels besteht darin, dass wir
alle anwendbaren Faltungsmuster fiir eine gegebene minimale Galerie charakterisieren,
indem wir in Theorem [3:3.9 eine Bijektion zwischen Faltungsmustern und gerichteten
Pfaden in Bruhat-Moment-Graphen herstellen und so die Komplexitét des Problems auf
die Untersuchung endlicher Graphen reduzieren. Dariiber hinaus beweisen wir in The-
orem wie man die sphérische Richtung der End-Alkoven einer positiv gefalteten
Galerie in Bezug auf Weyl-Kammer-Orientierungen bestimmt, indem wir eine weitere
Verbindung zu Bruhat-Moment-Graphen herstellen. Aufbauend auf diesen Ergebnissen
fithren wir in Chapter 4| folding pattern polytopes (dt. Faltungsmuster-Polytope) ein,
die die Menge der End-Ecken gefalteter Galerien zu einem gegebenen Faltungsmuster
beschreiben. Fiir eine spezielle Teilmenge von Gruppenelementen ermoglichen uns diese
Werkzeuge den Entwurf einer kombinatorischen Vorgehensweise zur Bestimmung des
vollstéandigen Coxeter-Schattens in Theorem wihrend wir fiir beliebige Grup-
penelemente den Begriff der Cozxeter-Umbra fiir die auf diese Weise konstruierte Schat-
tenteilmenge vorschlagen (vgl. Theorem .

Part [[TI] behandelt Involutionen in Coxeter-Gruppen, d.h. Elemente der Ordnung zwei.
In Chapter [5] untersuchen wir die Anzahl cco der Konjugationsklassen von Involutio-
nen, ein gruppentheoretisches Invariant, das zuvor von Deodhar und Richardson |[Deo82;
Ric82| bestimmt wurde. Unser kombinatorischer Ansatz (vgl. Theorem basiert auf
der Einfithrung von higher-rank odd graphs (dt. ungeraden Graphen von héherem Rang),
einer natiirlichen Verallgemeinerung der Odd-Graphen, die in der Untersuchung von Kon-
jugationsklassen von Spiegelungen verwendet werden (vgl. [Bra+402]). Dies erlaubt es
uns, geschlossene Formeln fiir ccy in allen irreduziblen endlichen (Theorem und
affinen (Theorem Coxeter-Gruppen anzugeben. Dariiber hinaus wenden wir unsere
Methode an, um die Anzahl der Konjugationsklassen von Involutionen fiir Dreiecksgrup-
pen und rechtwinklige Coxeter-Gruppen zu berechnen.

Beide Teile der Dissertation verbindet der Einsatz von Graphen als bevorzugtes kom-
binatorisches Werkzeug, welches eine gemeinsame Sprache fiir die betrachteten Objekte
bereitstellt.
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CHAPTER 1

Introduction

Coxeter groups are finitely generated groups that admit a presentation of the form
(s1,++ y8n| 87 =1, (s;8;)™ =1Vi,j € [n]), myj € Nsg U {c0}.

Their invention was motivated by the study of symmetry groups of convex polytopes,
which are generated by reflections. Harold Scott MacDonald Coxeter translated this
property to the abstract presentation, giving a full classification of finite Coxeter groups
in 1935 [Cox35| and also classifying all discrete reflection groups in Euclidean space,
leading to these groups being named in his honor. Compare also Figures [AT1] and [A72]

From this invention, it is obvious that Coxeter groups naturally appear in geometry.
However, their influence reaches far beyond: They are closely related to Weyl groups
and thus appear in Lie theory as well as in numerous areas of mathematics ranging
from algebra to combinatorics and beyond. Much like a chameleon, the study of Cox-
eter groups often allows both geometric and combinatorial approaches, making them a
versatile bridge between disciplines of mathematics.

One generally distinguishes between three main classes of Coxeter groups: The finite
groups, generated by reflections across the sides of a polytope, that act cocompactly
on some n-sphere; the Euclidean or affine Coxeter groups, which are infinite groups
that act cocompactly on some n-dimensional Euclidean space, and the rest, of which
some act as geometric reflection groups on some hyperbolic space. Finite and Euclidean
reflection groups are well understood due to their geometric nature and classification,
but every Coxeter group is associated with natural constructions of spaces on which
it acts discretely via reflection-like generators. Since Coxeter groups are generated by
involutions, i.e., group elements of order 2, an important theme is the relation between
involutions and reflections: In this setting, a reflection is defined as any conjugate of a
simple generator s;. All reflections are involutions, but not all involutions are reflections,
raising questions about the discrepancy between those sets.

The rich combinatorial structure and the interplay between combinatorics and geometry
motivated the introduction of further geometric and combinatorial objects related to
Coxeter groups. In the 1990s, Peter Littelmann introduced folded galleries, a combina-
torial substructure of the Coxeter complex, to study Kac-Moody algebras [Lit94} Lit95|.
Since then, folded galleries in Coxeter groups have found applications in various areas
of mathematics, for example to study the affine Grassmannian |GLO5| and affine flag
varieties [Mil+24|, while also revealing an intricate combinatorial structure of their own
that is not yet fully understood.

The aim of this thesis is to develop new methods for understanding folded galleries and
involutions in Coxeter groups, using graphs as our primary combinatorial tool.

3



4 1. INTRODUCTION

This thesis is organized as follows: Part [[] collects basic notions on graph theory as well
as geometric and combinatoric foundations of Coxeter groups. The Chapters [3| to
contain our results, topicwise separated into in two parts. We focus on folded galleries
in Part [T} studying the combinatorial possibilities of folding galleries in affine Coxeter
complexes in Chapter 3] and giving a closed description for the set of alcoves contained
in the Coxeter shadow of certain group elements in Chapter [l We address involutions
in Coxeter groups in Part [T, where we give a combinatorial approach to the number of
conjugacy classes of involutions in all Coxeter groups in Chapter [5| Open questions and
further directions of research that appeared throughout the text are gathered in Part [[V]
and Appendix [A] contains a reference table of irreducible spherical and affine Coxeter
groups.

Part [[T: Combinatorics of folded galleries for Coxeter shadows

We will call v = (cg, p1,€1,-..,Pn,Cn) with alcoves ¢; and panels p; a gallery, and say
that v is folded at p;, if ¢c;—1 = ¢;. See Figure for an example: The orange gallery
~9 is folded at its third and ninth panel. As mentioned above, folded galleries were
introduced first by Peter Littelmann: They appeared in his path model to answer repre-
sentation theoretic questions on symmetrizable Kac-Moody algebras |Lit94; Lit95|. He
used the dimension of galleries to compute weight multiplicities of irreducible highest
weight representations and determined the irreducible components of the tensor prod-
uct of two highest weight representations of semisimple complex Lie algebras. Later,
together with Gaussent |GLO5|, they proved correspondencies between folded galleries
and Mirkovi¢-Vilonen polytopes. They interpreted folded galleries in the Bruhat-Tits
buildings associated with a semisimple algebraic group and connected them to the struc-
ture of the corresponding affine Grassmannian. Since then, folded galleries have shown
to be a valuable combinatorial tool for studying problems of broadly diversified topics,
compare [Ram06;, KMO04; Sch06b; Ehr10; MST15|.

S1 52
a1 + a2 a1 + a2
51592 S$281

518281 = 525182

FIGURE 1.1. On the left: Coxeter complex of Ay with folded galleries.
On the right: Bruhat moment graph of As.
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It then was a natural question to ask for the set of (end alcoves of) galleries that can
be obtained from a given (minimal) gallery ~ by folding it. This was approached by
Graeber and Schwer in , starting to study folded galleries as combinatorial objects
on their own, without pursuing a case of application, and introducing the notion of a
Cozxeter Shadow for this set. Figure[[.2]illustrates an example of such a Coxeter shadow,
demonstrating its remarkable regularity and partial symmetries, which motivate the
search for a closed description.

The notion of shadows is closely related to the study of buildings. Mili¢evié, Naqvi,
Schwer, and Thomas showed in that the shadow of an element x € W for
an affine Coxeter system (W,S) with respect to a certain orientation is the image of
a retraction based at infinity of the pre-image of another retraction in a thick affine
building. In a different context, this observation already appeared in . As folded
galleries, Coxeter shadows appear and have applications in various contexts, for example
in the study of affine Grassmannians and affine Deligne-Lusztig varieties [MST15}
MST?22|. An accessible and enyojable survey of these appearances is given by Schwer in
[Sch22].

FIGURE 1.2. Shadow of a) with respect to ¢,,,. The orientation defining
Weyl chamber is indicated by the light blue arc. The alcoves obtained
by folding a minimal gallery for ay once are shown in green, by folding
twice in blue, and folding three times in purple (cf. Figure .

So far, Coxeter shadows can be computed recursively |[GS20; Mil+424|, but they lack a
closed description. This leads to the central research problem of this part of the thesis:

Give an explicit description of the alcoves contained in the Cozeter shadow Sh(z) of a
group element x.
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We address this question for a specific subset of group elements x with respect to a
certain class of orientations of affine Coxeter complexes. For this, we will analyse the
combinatoric possibilities to fold minimal galleries for z in Chapter [3] and then use
these results to give a geometric construction of subsets of the Coxeter shadow which,
in exceptional cases, cover it entirely in Chapter [4

Chapter Folding patterns for Coxeter shadows

To give an explicit description of Coxeter shadows, it is essential to understand the
combinatorial options of folding minimal galleries without having to inspect every single
panel that the gallery crosses. This arises the following question:

Given a minimal gallery v for x, at which panels can v be folded at positively only using
the information given by the corresponding word and group element x?

We answer this question for a certain type of orientation of the Coxeter complex, called
Weyl chamber orientation, using the Bruhat moment graph of the associated spheri-
cal Weyl group Wy. To the authors knowledge, moment graphs were first introduced
by Goresky, Kottwitz and MacPherson |[GKM97| to study the topology of a complex
equivariantly formal variety, and later used by Peter Fiebig to interpret Lusztig’s and
Kazhdan-Lusztig’s conjecture as problems on moment graphs |[Fie07; [Fiel0|; compare
also the survey [Fiel6).

To obtain our main result, we use moment graphs associated with root systems of fi-
nite Coxeter groups, so called Bruhat graphs. As described in [BB06|, Bruhat graphs
also illustrate a poset structure on the elements of the Coxeter group, defined by the
reflections of the group. For a gallery, we call the sequence of roots perpendicular to the
hyperplanes containing the panels that the gallery is folded in the folding pattern. For
example, the orange gallery ~» in Figure has the folding pattern (a3 + a2, 7). Using
this and the relation of spherical and affine Coxeter groups, we obtain the following result

(compare Theorem [3.3.9)):

Theorem. Fiz an affine Cozeter system (W, S) with associated spherical group Wy. Let
the affine Coxeter complex be equipped with a Weyl chamber orientation ¢, w € Wy and
let v be a minimal gallery starting in ce. Then the directed paths in the Bruhat moment
graph of Wy determine the possible ¢, -positive sequences of folding hyperplanes of ~y.

This result provides a complete description of the folding options of galleries with respect
to Weyl chamber orientations. A crucial ingredient of the theorem is the periodicity of
the orientation, which allows for a description of the folding options on the level of
parallelism classes of hyperplanes instead of considering individual hyperplanes.

An example is shown in Figure[I.I} The green and orange galleries 1, 72 can be obtained
from the unfolded minimal gallery v by folding positively with respect to the Weyl
chamber orientation defined by sisgs;, marked in blue. The galleries are folded in
hyperplanes perpendicular to the roots a; + a9, and a1 + a9, aq, respectively. This
coincides with the labels of a directed path in the Bruhat moment graph, depicted on
the right of Figure starting in the node labeled sy, which is the Weyl chamber + ends
in. One can see as well that 3 is not positively folded with respect to this orientation,
since it is folded in a hyperplane perpendicular to the root ase, and there is no directed
edge leaving the node so in the graph.
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A further natural question concerns the inclusion of Coxeter shadows:

Given a group element x, is this element contained in the Cozeter shadow of another
element y? That is, can a minimal gallery ending in y be positively folded with respect
to a given orientation, such that the folded gallery ends in x?

Regarding this question, we observe that folding obviously affects the spherical direc-
tion of the end alcove of a gallery. In Theorem [3.3.18] we draw a connection between
the Bruhat moment graph of the associated spherical Coxeter group and the spherical
direction of end alcoves of galleries, allowing us to deny such inclusions in certain cases.

It remains an open problem to generalize these results to other orientations.

This chapter is organized as follows: We introduce combinatorial galleries and provide
some technical results in Section [3.I} Section [3.2] defines foldings of galleries, explains
Coxeter shadows, and discusses some of their properties. Our main results of this chapter
are presented and proven in Section [3.3]

Chapter [4f Umbrae of Coxeter shadows

We build upon the results of the previous chapter to construct alcoves of the Coxeter
shadow, thereby answering our initial question to give an explicit description of the
Coxeter shadow in the case of Weyl chamber orientations. From our earlier results, it
follows that every alcove in the shadow can be obtained by applying a permissible folding
pattern to a minimal gallery. To analyse this systematically, we begin by fixing a folding
pattern and studying the set of alcoves obtained from it. More precisely, we ask:

Given a group element x = t*w in an affine Cozeter group and a folding pattern (@j,i)ien)
that can be fully applied to x. Which group elements y arise as end alcoves of folded
galleries obtained from folding minimal galleries v : cg ~ X with this pattern?

Taking the union over all folding patterns yields the Coxeter shadow.

We will not solve this problem in full generality for arbitrary x, but provide a construction
of a subset of this set of alcoves. In the special case when = = t*w with \ being regular
and w a particular spherical direction, such that the alcove is the gate of A, i.e, the
alcove at A that is closest to the origin of the Coxeter complex (cf. Definition , we
obtain a complete description of the shadow. Gates are especially convenient because
their galleries cross exactly the same hyperplanes as any minimal vertex-to-vertex gallery
ending at A. This property is essential since a part of our framework is formulated in
terms of vertex-galleries.

Our construction relies on generalized root operators. Originally introduced by Gaussent
and Littelmann |GLO5| for positive simple roots to prove a dimension formula for pos-
itively folded galleries, they can be used to manipulate vertex-to-vertex galleries in a
controlled way by adding or deleting folds and changing the position of folds. Building
on the work of Mili¢evié, Schwer, and Thomas |[MST15|, who used root operators to
construct families of ¢-positively folded galleries and thereby, in our language, identified
certain alcoves in the Coxeter shadow, we adapt these tools to keep track of the folding
pattern of the gallery and exhaust all options of applying a pattern to given minimal
galleries.
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Motivated further by the results of Schwer |Hit10|, who proved that the vertices of alcoves
in the Coxeter shadow lie in a polytope defined by the Weyl orbit of A, we show that the
end vertices of all folded galleries with fixed folding pattern obtained by this procedure
are contained in a lattice polytope, which we introduce as the folding pattern polytope.
The picture on the left of Figure illustrates the folding pattern polytopes for the
coroot A for all applicable folding patterns.

By combining the vertices of the folding pattern polytope with the spherical directions of
the corresponding end alcoves, obtained from the Bruhat graph in Chapter [3] we obtain
a full description of the Coxeter shadow of gates (cf. Theorem [4.3.12)):

Theorem (Coxeter shadow of gates). Let (W,S) be an affine Coxeter system with
(Wo, So) the associated spherical system. Let the Coxeter complex ¥ = X(W,S) be
equipped with a Weyl chamber orientation ¢.. Let further x = t*u be the gate of \
and A € T regular. Then y = t*v € Shy, (x) if and only if p is contained in the folding
pattern polytope of x for an applicable folding pattern and v is the end node of the path
labeled by the pattern starting in the node w in the undirected moment graph Gy .

Since the gate at A is the alcove closest to the origin of the Coxeter complex, every
minimal gallery to another alcove at A also crosses the hyperplanes a gate gallery crosses,
ensuring that the same foldings are permissible. The spherical direction of the end
alcoves at the coroot lattice endpoints of the so folded galleries differ, but, as above,
can be obtained by our results from Chapter [3| Since this construction of alcoves is the
same procedure for all alcoves at a vertex A, forming some kind of core of the shadow, we
introduce the notion of the Coxeter umbra for this set of alcoves. Nevertheless, since the
gallery may cross further hyperplanes, the umbra may not always yield the entire shadow.
However, we will see examples of equality beyond gate shadows (cf. Figure , leading
to Theorem .4.4] below.

Theorem (Umbrae and shadows). Let ¥ = (W, S) be an affine Coxeter complex with
periodic orientation ¢ and let x = t"w € W with X a reqular coroot lattice point. Then

Um¢,(a?) Q Sh¢(3}).
Furthermore, if x = ay, then Umgy(x) = Shy(z).

The picture on the right of Figure illustrates the alcoves contained in Umg(x) high-
lighted in the set of grey alcoves of the shadow Shy(x).

In summary, for group elements in gate position, these results provide a closed description
of the Coxeter shadow, fully answering our initial question in this case. The description
of the difference between Coxeter shadows and umbrae, as well as generalizations to
other orientations, remain open problems.

This chapter is organized as follows: We introduce gates of coroot lattice points, compute
them for regular coroot lattice points, and examine some properties of their corresponding
gate galleries in Section Section [:2] recalls root operators and their key properties.
In Section [£.3] after introducing folding pattern polytopes, we present and prove our
main result Theorem of this chapter. In the last Section [£.4] we use this result
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FI1GURE 1.3. On the left: Folding pattern polytopes of ay for all applica-
ble folding patterns of length 1 in green, length 2 in blue, and length 3 in
purple (cf. Figuresto. Examples of folded galleries obtained from
the minimal grey gallery are shown in the corresponding colours. On the
right: Coxeter shadow of x with highlighted alcove sets ), of the Coxeter
umbra. The green alcoves are obtained from folding pattern polytopes
with folding patterns of length 1, the blue alcoves from patterns of length
2, and the brown alcoves from pattern with length 3, respectively. The
non-highlighted alcoves are not contained in the Coxeter umbra.
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to give an explicit description of the Coxeter umbra that, in some cases, is the Coxeter
shadow, partly answering our intial question of this part of the thesis.

Part [T} Involutions in Coxeter groups

Recall that an involution in a group W is a nontrivial element of order two. Recalling the
presentation of Coxeter groups, we see that every Coxeter group is generated by a set .S of
involutions corresponding to (abstract) reflections under Tits’ geometric representation.
The set of all reflections is precisely the set of W-conjugates of the standard generators
in S, which lead to the conjugacy classes of involutions being a natural and extensively
studied object. Although every reflection is involutory, the converse does not hold in
general: Not every involution is also a reflection. While the set of reflections depends on
the choice of S, the set of involutions does not. This led to the following questions:

What can one say about the potential discrepancy between reflections and involutions
in a given Coxeter group? When are these two sets equal? Is there a combinatorial
characterization of conjugacy classes of involutions in terms of the Cozeter diagram of
a given system?
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Chapter Conjugacy classes of of involutions in Coxeter groups

The study of the classification of conjugacy classes of involutions has a long history.
Building on work of Frobenius [Fro00|, Schur [Sch08|, Young [You30a; You30b|, and
Specht [Spe37|, conjugacy classes of involutions in (finite) Weyl groups were completely
classified by Carter in terms of graphs in his 1972 paper |Car72|. Springer |Spr82|,
and also Deodhar |Deo82] and Richardson |Ric82] made substantial contributions in
the early 1980s, showing in particular that conjugacy classes of involutions of W are
determined by central involutions of certain spherical parabolic subgroups. By work of
Moussong |[Mou88|, who proved that all Coxeter groups are CAT(0), Coxeter groups
have solvable conjugacy problem as all CAT(0) groups do [BH99, Theorem III.T".1.12].
Later, Krammer [Kra09| provided a polynomial time algorithm for the solution of the
conjugacy problem in all finite rank Coxeter groups. This led to the question whether
there exist minimal length representatives of every conjugacy class.

Precise descriptions of conjugacy classes in all finite Coxeter groups and characteriza-
tions of their minimal length elements were given by Geck and Pfeiffer (see |[GP93]|
and |[GP00, Chapter 3|). The question on representatives already appeared in Cohen’s
book [Coh94] and was independently studied for twisted Coxeter groups by Geck, Kim,
and Pfeiffer [GKPO0O], for all affine Coxeter groups by He and Nie [HN12|, and for arbi-
trary Coxeter groups by Marquis [Mar21| (building up on the work of Geck and Pfeiffer
in |[GP93|). More recently, Mili¢evi¢, Schwer and Thomas gave a closed, geometric de-
scription for all conjugacy classes in affine Coxeter groups [MST24] and, more generally,
for arbitrary split subgroups of the full isometry group of Euclidean space [MST25|.

For a Coxeter system (Wr,S) with Coxeter diagram I', denote by cca(Wr) the total
number of conjugacy classes of involutions in Wr. In the works mentioned above, De-
odhar and Richardson showed that cco(Wr) < 2151 — 1 (by [Ric82, Theorem Al) and is
thus finite, and that there is a procedure to determine this number by an algebraically
determined subcollection of spherical parabolics in Wr (cf. [Deo82, Section 5]).

It turns out that one can combinatorially characterize the number of conjugacy classes of
reflections as the number of connected components of the odd graph I',qq, obtained from
the Coxeter diagram I' by removing all edges with even or co labels. See for example
Lemma 3.6 in |Bra+02].

Recalling the last question mentioned above, this motivated the idea of generalizing
the concept of odd graphs to determine the number of conjugacy classes of involutions
(not just reflections) by counting connected components of higher rank odd graphs T'¥,
1 < k < |V(I')]. These graphs are derived directly from the Coxeter diagram I' by
identifying subgraphs corresponding to subgroups of inc-type, short for ’irreducible with
nontrivial center’, and studying their relations inside the diagram. The first graph I'!
coincides with the aforementioned odd graph. For the precise definitions see Section [5.2
In doing so, we give an alternative — in our view, more combinatorial — version of the
Deodhar—Richardson method that could be easier to implement and that quickly outputs
cco(Wr). We will prove our main result as Theorem below:

Theorem (Counting conjugacy classes of involutions). Let I be a Cozeter diagram and,
for each k > 1, write T for its corresponding k-odd graph (cf. Definition . Then,
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FIGURE 1.4. On the left: Coxeter diagram of B4. The pink and blue
circles mark subdiagrams of type As which are odd-adjacent via the green
edge. On the right: k-odd-graphs of B4. The two highlighted nodes of
I'2 that correspond to the two subdiagrams spanned by the nodes of I'g,
labeled s; and s3, and s; and s4 are connected by the green edge. The
other nodes of I'? and I'? are either of different types, or not odd-adjacent,
and therefore isolated.

the cardinality of the set of connected components of T'* is equal to the cardinality of the
set of conjugacy classes of involutions of rank k in the corresponding Cozeter group Wr.
The total number cco(Wr) of conjugacy classes is obtained as

[V (ID)l
CCQ WF Z ‘7‘(’0 Fk

An illustrative example of our method is given in Figure[I.4] where the four k-odd-graphs
of the Coxeter group of type B4 are displayed.

The key ingredient to the proof of this result is the following theorem (Theorem [5.3.6]),
which provides an explicit criterion using odd-adjacency relations (cf. Section [5.2)) for
spherical standard parabolic subgroups with nontrivial centers to be conjugate.

Theorem (Conjugating parabolics with nontrivial centers). Let T' = (S, E) be a Coxeter
diagram with S = {s;| i € I} and write W = Wr for the associated Cozeter group. For
J,K C1I, J # K let Wy and Wg be the corresponding standard parabolic subgroups,
and assume they are spherical with longest elements being central elements. Then the
subgroup Wy is conjugate to Wi if and only if both following conditions hold:

(1) There exist £ € N and L,M,X C I such that W; = W x Wx and Wi =
War x Wx with Wr, &£ Wy =2 (Z/QZ) and

(2) there ezists a finite sequence of standard parabolic subgroups Wi, ..., Wy, such
that Wy = Wy, Wy, = Wik, and W; is odd-adjacent to Wiy fori=1,...,m—1.

We view this theorem as a combinatorial form of Richardson’s concept of W-equivalence,
which is useful for dealing with concrete examples. A crucial ingredient of its proof is
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Krammer’s combinatorial version of results due to Deodhar, which we have restated as
Theorem see Krammer |[Kra09, Section 3| and Deodhar [Deo82, Proposition 5.5]
for the original statements. In the finite case this was shown earlier by Howlett [How80).
In our formulation, the Deodhar—Richardson procedure to fully determine conjugacy

classes of involutions is obtained as follows (cf. Corollary [5.3.8)).

Corollary (Representing conjugacy classes of involutions). With notation as above, the
connected components of T* are in bijection with the conjugacy classes of involutions of
rank k. To obtain a representative for such a conjugacy class, one may choose any vertex
in the corresponding connected component in T* and take as representative the longest
element in the parabolic subgroup corresponding to it.

We use our methods to explicitly compute cco in several cases in Section [5.4] Most
prominently, we derive formulae for cco(Wr) for all irreducible spherical and affine Cox-
eter groups, besides explicitly computing cco(Wr) for all triangle groups. We also give
an alternative, geometric way to compute ccy for right-angled Coxeter groups (RACGs).

Looking forward, it remains subject to further research whether the concept of k-odd
graphs can be extended to study the number of conjugacy classes of torsion elements of
order m # 2.

This chapter is organized as follows: We establish the notion of Coxeter groups of inc-
type in Section [5.1]and collect helpful facts on them that allow us to transfer the problem
of determining the number of conjugacy classes of involutions to the problem of counting
the conjugacy classes of standard parabolic subgroups with irreducible components of
inc-type. In Section [5.2] we introduce higher rank odd graphs and develop tools for
their computation. After discussing some technical prerequisites, we present and prove
our main results of this chapter in Section We provide examples in Section [5.4
where we explicitly compute cco for several subclasses of Coxeter groups, including the
presentation of our closed formulae for ccs in irreducible spherical and affine Coxeter
groups. The proofs of these formulae are found in Sections [5.5 and



CHAPTER 2

Preliminaries

In this chapter, we will collect basic concepts and fix our notation for the rest of this
thesis. As graphs will be our combinatorial tool of choice to study Coxeter groups, we
will give a very compact collection of notions required for our formulations in Section [2.1
The more comprehensive Section 2.2 will give a brief introduction to Coxeter groups and
their geometry.

2.1. Basic concepts of graph theory

Throughout this text, graphs will appear in various contexts to describe or visualize
combinatorial properties of objects we are interested in. The goal of this section is to
introduce the notation we will use for graphs below, following the textbook of Diestel
[Die05).

Definition 2.1.1 (Graphs). A graph (or diagram) is a tuple of sets G = (V, E) with
E C V2. The elements of V are called nodes or vertices of the graph, the elements of
E are called edges. If the edges e € E are unordered tuples e = {v,w} with v,w € V,
we call the graph undirected. If the edges are vectors e = (v, w) with initial node v and
terminal node w, we call the graph directed. The edges then are referred to as directed
edges or arcs. A graph is finite, if V' is finite; otherwise it is called infinite. If every edge
of a graph G connects distinct vertices and no two edges share more than one vertex, we
say that G is simple.

Further, we can assign a vertex labeling or edge labeling to a given graph G, which is a
map Ly : V(G) — L, resp. Lg : V(G) — L that assigns an element of the label set L to
every vertex or edge.

Unless explicitly stated otherwise, by a ’graph’ we will mean an undirected simple graph.
There is a natural way to associate an undirected graph with a directed one by converting
all directed edges to undirected edges. Compare Example 2.1.0]

We will denote most of the graphs by a calligraphic letter G, while using the Greek
uppercase letters I', A for Coxeter diagrams and presentation diagrams. These two special
graphs will be introduced in Definition [2.2.3] and Definition 2:2.10] To visualize graphs,
we will represent the vertices as dots, connecting them with arrows when they form a
directed edge, and using lines for undirected edges. For an example, refer to Figure 2.1]

Definition 2.1.2 (Degree of vertices). Let G = (V, E) be a graph and v,w € V. We
call w a neighbour of v if {v,w} € E and denote the set of neighbours of v by Lk(v). We
call |[Lk(v)| the degree of the vertex v and denote it by deg(v).

Certain subsets of graphs can also be considered graphs themselves:

13
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Definition 2.1.3 (Subgraph). Let G = (V| E) be a graph. The full (or induced) subgraph
spanned by a subset X C V(G) is the subgraph Gx of G whose vertex set is X and which
contains all those edges in F(G) whose incident vertices are in X.

Some subgraphs have special properties that are of great interest to us. For easier
reference, we assign names to them:

Definition 2.1.4 (Paths, circles and trees). Let G = (V, E) be a graph and let Gx be
the subgraph induced by X C V. Then Gx is a

e path in G,if X = {v1, -+, v} and E(Gx) = {{v1,v2},{ve,vs}, -+, {vg_1, vk }}.
If G is a directed graph and the terminal vertex of every contained edge coin-
cides with the initial vertex of the following edge, we call the path directed.
Furthermore, we say that two vertices can be connected by a path in G, when
they are contained in the vertex set of a path in G.

e circle in G, if Gx is a path in G with vertex set X = {vy,--- ,v;} and E(Gx) =

{{v1,v2}, {v2, v}, - -+ {og, v1}}-

e forest, if it does not contain a circle, and tree, if furthermore every two vertices
of Gx can be connected by a path.

Notice that all these defintions can be applied to Gx = G. In this case, we call G a path
graph, circle graph, or simply a forest or tree.

With this in mind, we can introduce:

Definition 2.1.5 (Connectivity). Let G = (V, E) be a graph. A vertex v € V is called
isolated if it is not joined by an edge to any other vertices, i.e., if deg(v) = 0. A graph all
of whose vertices are isolated is called discrete. A connected component of G is a maximal
nonempty full subgraph all of whose vertices can be connected by a path. We denote by
70(G) the set of connected components of the graph G, and G is connected when G # ()
and |mo(G)| = 1.

Example 2.1.6. Figure shows an example of a directed graph G4 on 8 vertices,
along with its corresponding undirected graph G. Notably, the vertices v, v4, v5, vg in
G all have a degree of 2, while the vertices labeled v1,v7,vg have a degree of 1, and
deg(vs) = 3. The subgraph spanned by X = {vy,vs,v3} forms a directed path in Gg.
Observe further that both graphs contain no circles, and that G is a tree.

Ug Us
U1 (%) V3 V4 Vs V6 v7 U1 (%) V3 V4 Vs V6 (V%rd

FIGURE 2.1. On the left: A directed graph Gg On the right: the
corresponding undirected graph G.
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The following two constructions of subgraphs of undirected graphs will be important in

Part [TTk

Definition 2.1.7 (Graph neighbourhoods). Let G = (V, E) be an undirected graph. We
define the neighbourhood Ng(X) of a subset of vertices X C V in G as the subgraph of
G induced by the vertex set

{vi € V\ X | there exists vy € X such that {v;,v;} € E}.

In particular, for X = {v;,v;}, the neighbourhood Ng(X) is the full subgraph of G with
vertex set (Lk(v;) ULk(v;)) \ {vs,v;} and G\ Ng(X) is the full subgraph on the vertices
|4 \ {Lk(vl) U Lk(v])} U {UZ’, ’Uj}.

Definition 2.1.8 (Cocliques). Let G = (V, E) be an undirected graph. A vertex set
X C V is called a coclique of G if the full subgraph Gx spanned by X is discrete. The
size of a coclique is the cardinality of its vertex set.

Cocliques are also known as independent sets and sometimes referred to as (internally)
stable sets; cf. [BerO1; |GRO1].

Example 2.1.9. Consider the graph G from Example 2.1.6] once again. It holds that
Ng(vs,vq4) = {va,v5,v8}. Figure illustrates the graph G \ Ng(vs,vs4). Observe that
this graph has 3 connected components and that the two subgraphs spanned by the
vertex sets {vs,vs4} and {vg,v7} are both path graphs. Furthermore, the vertex set
X ={v1,v3,v6} is a coclique in G \ Ng(vs,vs) as well as in G.

° *—o *—o
(%1 V3 V4 Ve (Ord

FIGURE 2.2. The graph G\ Ng(vs,v4).

2.2. An introduction to Coxeter groups and their geometry

In this section, we will review the basic definitions and properties of Coxeter groups and
establish the notation we will use throughout the text. Section [2.2.1] introduces Coxeter
systems and complexes. Following that, we will discuss root systems in Section [2.2.2]
and provide a bief introduction to Bruhat order on Coxeter groups in Section [2.2.3] The
last two subsections focus on affine Coxeter groups. First, in Section [2.2.4] we collect
essential concepts and observations regarding the geometry of affine Coxeter complexes.
Then, we study orientations of Coxeter complexes in Section [2.2.5] For more background
on Coxeter groups and their geometry, the reader may refer to one of the many good
textbooks on the topic; the author especially recommends |Dav08], [ABO§|, [Hum90|,
and [BBO6].

2.2.1. Coxeter systems and complexes. Coxeter groups are abstract reflection
groups that generalize the symmetry groups of regular polyhedra. They are named after
Harold S. M. Coxeter, who gave a classification of all finite groups that allow a certain
presentation |[Cox35|:



16 2. PRELIMINARIES

Definition 2.2.1 (Coxeter group, Coxeter system and reflections). A group W is a
Cozxeter group if it is isomorphic to a finitely presented group of the form

(S| (sis5)™ Vi, j € 1),

where S = {s; | i € I} for a finite index set I and m;; = 1 for all i € I and m; ; = m;; €
N>o U {oo} for all i # j. A sequence of generators w = s;,s;, - - - s4,, with i; € I is called
a word in S with length [(w) = m and represents, not necessarily uniquely, a group
element that we usually denote by a letter z,y, or z. A pair (W, S) is called a Cozeter
system of rank n = |I| = |S|. The elements of R = UyepwSw ™! are the reflections in
W with respect to S.

Since all the information needed for the presentation is contained within the exponents
m; ; of the products of generators, we can use the Cozeter matriz to store this information
in a more compact form:

Definition 2.2.2 (Coxeter matrix). Let (W,S) be a Coxeter system with
S = {s; | i € I} for a finite index set I. The matrix M = M (W, S) € (NU {oo})I**I®!
with M; ; = m; ; Vi,j € I is called Cozeter matriz of (W, S).

By writing down symmetric matrices with diagonal entries equal to 1 and other entries
in N>oU{oo}, we can construct numerous examples of Coxeter groups. As usual, we use
Cozxeter diagrams, also called Cozxeter-Dynkin diagrams, to encode Coxeter systems:

Definition 2.2.3 (Coxeter diagram). Let (¥, S) be a Coxeter system. The undirected
labeled graph I' = (V, E) with vertex set V' = S and edges e = (s;,5;) € E < m;; > 3
with labels m; ; is called Coxeter diagram. The Coxeter matrix serves as the adjacency
matrix for I', while edges labeled 2 are omitted. Usually, also edges labeled 3 are left
unlabeled. We will sometimes use the terminology odd-labeled (or simply odd) when
referring to edges of a Coxeter diagram which are unlabeled or labeled by an odd number.
We call ' (or Wr) odd or even, respectively, if all edges are odd-labeled, or even or oo
labeled. Given a Coxeter diagram I', the associated Coxeter group is denoted by Wr.

Example 2.2.4. An example of a Coxeter group is the symmetric group Ss, which
permutes the elements of a 3-element set. In the left picture of Figure we observe
that S3 encodes the symmetries of a regular triangle as a reflection group: It permutes
the vertices of the triangle through reflections along the dashed lines and by rotating the
triangle. The group is generated by the two reflections s; and so, which correspond to
the reflections along the diagonal dashed lines. When such a reflection is applied twice,
we return to the original triangle. Combining both reflections results in a rotation of the
triangle by 2%; performing this rotation 3 times returns us to our original triangle. Thus,
we can derive a presentation for S3 that aligns with the structure of Coxeter groups:
S3 = (s1,80] 57 = 55 = (5182)° = 1)

with corresponding Coxeter matrix

M(S3) = <:1)) i’) .
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e

Ay o——0
S1 59

S18281

FIGURE 2.3. On the left: Coxeter complex of S3. On the right: Coxeter
diagram of type As.

The Coxeter diagram of S3 is shown in the right picture of Figure Note that
every symmetric group S,11 is a Coxeter group. To see this, identify the transpositions
(12),---,(nn+1) of the symmetric group with the generators s1,--- , s,. Then observe
that all transpositions are involutions, two non-consecutive transpositions commute, and
two consecutive transpositions form a cycle of length 3. This family of Coxeter groups is
referred to as the Coxeter groups of type A,. Their diagrams are displayed in Figure

The union of Coxeter diagrams again gives a Coxeter diagram:

Definition 2.2.5 (Irreducible Coxeter groups). We say that a Coxeter diagram I' or the
associated group Wr is reducible (or otherwise irreducible) if the graph I' is a disjoint
union of at least two nonempty full subgraphs I'y and I's. This is equivalent to stating
that Wr decomposes as a direct product Wr, x Wr,.

Some subgroups of Coxeter groups are Coxeter groups as well:

Definition 2.2.6 (Parabolic subgroups and closure). Let (W, S) be a Coxeter system.
A standard parabolic subgroup of W is a group of the form W := (S;), where J C [
and Sj := {s; € S| j € J}. The pair (W, Ss) then is again a Coxeter system whose
Coxeter diagram is the full subgraph I'y := I's, on Sy in I'. A parabolic subgroup
of W is any conjugate of a standard parabolic. The trivial group and W itself are
considered parabolic subgroups, corresponding to the subsets () and I of I, respectively.
The parabolic closure Pc(X) of a subset X C W is the smallest (with respect to set-
theoretic containment) parabolic subgroup of W containing X.

Coxeter groups can be classified into three categories: The first category is the category
of finite Coxeter groups. It includes products of the three infinite families A, for n > 1,
B, for n > 2 and D, for n > 4 of increasing dimension n, one infinite family I(m)
for m > 7 in dimension 2, and eight exceptional types Eg, E7, Es, F4, Go, Ho, H3, and Hy of
irreducible finite Coxeter groups. All of these groups act on some n-sphere. We call T’
(or Wr) spherical, if Wy is finite. Every spherical Coxeter group has a unique longest
element (see [Hum90, p. I.1.8]) which we denote by wy.

The second category is the category of affine Coxeter groups. These are infinite groups
that are derived from finite Coxeter groups by adding a generator and one or two edges
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in the Coxeter diagram, such that the finite Coxeter group is a quotient group of the
affine Coxeter group when divided by a suitable normal abelian subgroup. There are
four infinite families in this category: A, for n > 2, B, for n > 3, C,, for n > 2 and
D,, for n > 4 of increasing dimension n. In addition, there are six exceptional types
E, E7, Eg, F4, Go, and I;. All affine Coxeter groups act cocompactly on some R”. A full
list of the Coxeter diagrams for all types of finite and affine Coxeter groups is shown in
Figures and

The third category includes all Coxeter groups that do not belong to the first two cat-
egories. Some of these groups can act on hyperbolic spaces. Since this thesis focuses
primarily on finite and affine Coxeter groups, we will not go into the details of this
category. For more information, interested readers may refer to [Hum90| or [Dav08|.

Independent of its category, every Coxeter system (W,S) has a geometric realization
as an abstract simplicial complex ¥ = (W, S) that it naturally acts on. The formal
definition is as follows:

Definition 2.2.7 (Coxeter complex). Let (W, S) be a Coxeter system of rank n + 1.
Consider the set ¥ = X(W,S) of left-cosets £W; of the standard parabolic subgroups
Wy :=(Sy), where J C I and S := {s; € S| j € J}, partially ordered by the reverse
inclusion order: For subsets J, K C I and elements x,y € W we set

Wy < yWg & yWi C xWj.

This poset ¥ is an abstract simplicial complex. We call it the Cozeter complex of (W, S).
The O-dimensional elements of 3, the wvertices, correspond to the cosets of maximal
parabolic subgroups with generating sets S; = S\ {s;}. The maximal dimensional
simplices of X are in bijection with the group elements of W. We call them alcoves and
denote them by bold lowercase letters, e.g. ¢ or x, while we denote the corresponding
group elements by ¢ or z. Their codimension one faces will be called panels, denoted by
P, q. Since every panel corresponds to a parabolic subgroup of the form =W, for some
s € S, we can assign a type T(p) = s to every panel.

Example 2.2.8. The Coxeter group S3 = As acts on the hexagonal tiling of the blue
circle that is depicted in the left picture of Figure 2.3 which illustrates the Coxeter
complex of S3. The six simplicial segments of the circle, formed by intersecting it with
the reflection hyperplanes of the triangle, correspond to the six group elements of S3. The
panels bounding the alcove labeled e correspond to the generators s; and sy, coloured as
grey and red dots, respectively. As S5 acts type-preserving on the panels of the Coxeter
complex, this allows to determine the types of the remaining panels.

We close this section by giving our notation for two important sets of Coxeter groups.
First, we introduce triangle groups:

Definition 2.2.9 (Triangle group). Let A be the complete labeled graph on three ver-
tices {s1, 2,53} with edge-labeling p, ¢, € N>g U {o0}. The associated group defined
by the presentation

A(p,q,7) := (51,52, 53 | 51,53, 53, (s152)7, (5153)% (s253)")

is called triangle group A(p,q,r).
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For example W3, = A(3,3,3) is a triangle group. Notice that A(p, ¢, r) is infinite if and
only if at least one edge-label is oo or % + % + % < 1, since the parameters determine the
T om

angles of a triangle as D a

and T.
Right-angled Coxeter groups, commonly referred to as RACGs, are another notable
subclass of Coxeter groups that will appear in Part [[T]] below. To prepare for this, we

also include the common notation for RACGs here:

Definition 2.2.10 (Right-angled Coxeter group). Let (W,S) be a Coxeter system. If
the exponents m; ; for i # j are all equal to 2 or oo, we say that W is a right-angled
Cozeter group (RACG). Typically, RACGs are given via their presentation diagram (or
defining graph) A = (V, E), which is a finite simple graph, such that

W(A) = (V(A) | v* for all v € V(A), and (vw)? for all {v,w} € E(A)).

2.2.2. Roots. Besides this combinatoric perspective on Coxeter groups and com-
plexes, there is also an algebraic approach to certain finite and affine Coxeter groups via
their root systems. Here, we will only outline the essential notation. For more details,
refer to [Bou02, Chap. 6]. For this, let V be a vector space over R with dual vector
space V* and denote by (z,y") the evaluation of y € V* on z € V.

Definition 2.2.11 (Root system). Let V be a real vector space. A finite subset
O ={ai, - ,a,} CV is called root system if the following conditions hold:

e 0 ¢ ® and ¢ generates V;

e for all @ € ® there exists ¥ € V* with (a,aV) = 2;

e @ is invariant under the reflection s, ov : @ — 2 — (z,a¥)a;
e for all @« € ® it holds aV(®) C Z.

The elements of ® are called roots and the dimension of V' is the rank of the root system.

The reflection s, ,v is uniquely determined by c«, which justifies the short notion
Sq 1= Sq,qv- See [Bou02, p. VL.1.1.].

Given two root systems ®; and ®,, we can construct another root system ® = ®; U ®o
such that span(®) = span(®;) @ span(P2). Root systems that can be decomposed in
this manner are called reducible, otherwise irreducible.

The automorphisms of V' that stabilize the root system & form a group, and the sub-
group generated by the reflections s, with o € ® is known as the Weyl group of the
root system. The finite Coxeter groups of types A,, By, Cpn, Dy, Eg, E7, Es, F4, G2, and their
corresponding affine Coxeter groups are Weyl groups of some root systems.

Definition 2.2.12 (Basis of roots, positive/negative roots). Let ® be a root system
in V. A root basis ®* C & is a basis of V such that every root # can be expressed
as an integer linear combination of base roots o € ®* with all coefficients being either
non-negative or non-positive. The elements of ®* are also referred to as simple roots.
Given a root basis ®*, we call the roots that can be expressed via ®* using non-negative
coefficients positive roots and denote them by ®*. Analogously, the roots with non-
positive coefficients are called negative roots, denoted as ®~.
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Note that positivity of roots depends on the choice of a root basis.

Example 2.2.13. Let V; C R3? be the subspace consisting of all vectors whose coor-
dinates sum to zero. Denote the vectors of canonical standard basis of R3 by e; for
i € [3]. The set of six vectors ® = {e;—e;| 1 < 4,5 <3, i # j} forms a root system
for the Coxeter group S3 = W, of type Ay. A root basis is given by the two vectors
d* = {a1 = €1 —€2,xg = €3 —63}.

On the other hand, consider the Coxeter group Ws,, which has eight elements. Compare
Figure[A.1} Let Vo = R? be a real vector space with canonical standard basis. Then the
set of eight roots ® = {£e;, +ej teg| i € [2],1 < j <k <2} is aroot system of Wh,.
A root basis is given by the two vectors ®* = {ay = e; —eg, a3 = ea}.

Notice that the roots of W), all have the same length, whereas the root system of Wg,
contains both short and long roots. The illustrations in Figure [2.4] show these two root
systems.

Remark 2.2.14. Given a root basis of a root system ®, the base roots define a sector of
the Coxeter complex through the reflection hyperplanes associated with the reflections
Sa- When we identify the generators of the Coxeter group with the reflections defined by
the base roots, this sector coincides with the alcove that represents the identity element.

Q2
L]
[ ®
< >
aq
& ®
@

FIGURE 2.4. On the left: Root system of As. On the right: Root system
of By. The blue cone represents the positive sector defined by the root
basis shown in purple.

We close this section by stating our notation on coroots, weights, and coweights in root
systems:

Definition 2.2.15 (Coroots, weights and coweights). Let ® be a root system in V' with
root basis ®*. We denote by oV = é%) the coroot associated with the root a € .
Then & = {a"| a € ®} is a root system in V*, and (®*) := {a¥| a € ®*} is a basis
of the dual root system. We denote the coroot lattice by RY = @ Zay C Z", and use
lower case greek letters such as A, y, and v for its elements. The fundamental weights
wq and co-weights w,, are dual bases to (®*)" and ®*. We denote the weight lattice by

X =Zw1 ® - P Zwy,.
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2.2.3. Bruhat order. All Coxeter groups come with a partial order structure, the
Bruhat order, which simultaneously encodes algebraic, geometric, and combinatorial
properties. The Bruhat order on Weyl groups was first studied by Verma |[Ver68|. How-
ever, significant contributions to the concept of Bruhat order on Schubert varieties were
made earlier by Ehresmann [Ehr34|, and later by Bjorner, who further developed the
notion and whose notation we will follow for this section. Compare |[BB06, Section 2].

Definition 2.2.16 (Bruhat order). Let (W, S) be a Coxeter system and v, w,u € W.
Denote by R = {wsw™!: w € W, s € S} its set of reflections. Write v — w if there
exists r € R with v™'w = 7 and I(v) < I(w). Then we say that u < w in Bruhat order
if there exist u; € W such that

U=Uuyp —>Up — " —>Ugp—1 — U = W.

We denote intervals in Bruhat order by [u,w] := {v € W| u < v < w} and call them
Bruhat intervals.

One can show that this definition is equivalent to the following:

Proposition 2.2.17 (Subword property). Let (W, S) be a Coxeter system and v, w € W.
Let w = s1---8m be a reduced expression. Then v < w in Bruhat order if and only if
there exists a reduced expression v = 8y, -+ Sy, with 1 <wvyp < --- <y, <m.

This implies immediately:

Corollary 2.2.18. Let (W, S) be a Cozeter system and v,w € W. Then [v,w] is finite
with card([v, w]) < 21,

The Bruhat order can be visualized via the Bruhat graph:

Definition 2.2.19 (Bruhat graph). Let (W, S) be a Coxeter system and R = {wsw™! :
w € W, s € S} its set of reflections. The Bruhat graph of W is the directed graph
By = (V,E) with V = {w : w € W} and e = (v,w) € E < l(u) < l(w) and

w = r(u) = u-r for a reflection r € R.

Example 2.2.20. Consider the spherical Coxeter groups Wy, and Ws,, both generated
by two generators denoted s; and so. Their Bruhat graphs are depicted in Figure [2.5
The nodes of the graphs represent the six and eight group elements of Wy, and Wg,,
respectively. The unique longest elements wp = 515251 = s25152 in W), and wy =
51525152 = $2515251 in Wp, have no outgoing edges in the Bruhat graph, visualizing that
no element of the group is greater in Bruhat order.

2.2.4. Geometry of affine Coxeter complexes. For most of this text, we will
restrict to the study of affine Coxeter systems. In this case, the group W has the structure
of a semi-direct product W =T x Wy, with a translation group 1" = Z™ corresponding
to the coroot lattice RY, and an associated spherical Weyl group Wy. This structure
allows us to express a group element z € W as = t*v with A € T and v € Wy. For
notation, we fix:
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e e
51 52
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5152 5251
5152 S251
518251 528152
515281 = 525182 51528182 = 52818281

FIGURE 2.5. On the left: Bruhat graph of W), On the right: Bruhat
graph of Whg,.

Definition 2.2.21 (Spherical direction). Let (W, S) be an affine Coxeter system with
corresponding spherical Coxeter group Wy and let = t*w € W. Then, we denote by
sph : W — Wy, x — sph(z) = w the map that records the spherical direction of the
group element x.

Definition 2.2.22 (Vertex of an alcove). Let (I, S) be an affine Coxeter system with
corresponding spherical Coxeter group Wy and let = t*w € W. Then, we denote by
vtx : W — T, x — vtx(z) = X the map that records the vertez of the group element
x. The vertices of ¥ whose stabilizer in W is isomorphic to Wy are called the special
vertices.

As already mentioned in Section affine Coxeter groups act cocompactly on some
R™. More precisely, for an affine Coxeter group W, we can identify ¥ with a tiled n-
dimensional Euclidean vector space that W acts on. We will refer to the hyperplanes H
of this tiling as walls. Observe that every reflection r in W fixes a wall H, in X which
we call the reflection hyperplane of r. For example, see the hyperplane shown in purple

in Figure

We denote the origin of the vector space V by vy = 0 and choose the geometric realization
of ¥ in a way such that vg is a special vertex, fixed by all elements in Sy = {s1,...,s,},
which is the subset of S = {sg, s1,...,8,} that generates the spherical Weyl group Wj.
The walls of the Coxeter complex ¥ through the origin vy, which is the set of reflection
hyperplanes for reflections in W that fix this vertex, are in fact the linear hyperplanes
perpendicular to the roots a € ® of the root system associated with W. For the notation,
we establish:

Definition 2.2.23 (Reflections and reflection hyperplanes). Let (W, .S) be an affine Cox-
eter system with root system ® and associated spherical Weyl group (W, Sp) with root
system ®g. We write H, := {z € V|(z,a") = 0} for the hyperplanes that contain the
origin vy and call them fundamental hyperplanes or linear hyperplanes. The correspond-
ing reflections are called fundamental reflections and are denoted by 7.

Furthermore, we consider the affine hyperplanes H, ; := {z € V|(z,a") = k} for each
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root & € ®, and the two associated half-spaces HY, = {z € V| (z,a") > k} and
H_ , ={z € V| (z,a") < k}. We denote by rq the reflection along the hyperplane

o
H, . Sometimes, we also index the associated generator of Sy (resp. S) by the root
perpendicular to their fundamental reflection hyperplane: Sy = {sq,0 = sq;| & € @0},

S = {500 = 50, @i € B},

Notice that this aligns with the notation established in Section For evaluating
coroot lattice points on hyperplanes, we introduce the following brief notion:

Notation 2.2.24 (Hyperplane coordinates of coroot lattice points). Let (W, S) be an
affine Coxeter system with root system ®. Let further A € T be a coroot lattice point
and o € ®T. We denote by hy := (\, @) the hyperplane coordinate of A with respect to
the root a.

When studying geometric constructions in affine Coxeter complexes, we will also utilize
the notions of positive and negative cones (cf. [Bou02|):

Definition 2.2.25 (Positive and negative cones). Let (W, .S) be an affine Coxeter system
with root system ® and ®V the corresponding system of coroots. We denote by C* the
positive span of all positive simple coroots and refer to it as the positive cone of ®V.
Analogously, we denote by C~ the positive span of all negative simple coroots and call
it the negative cone of ®V.

The set of walls H ) through a special vertex A divides the space V into card(Wj) sim-
plicial cones that are of significant interest to us:

Definition 2.2.26 (Weyl chambers). Let (W, S) be an affine Coxeter system with Cox-
eter complex X (W, S). Let further H, denote the set of reflection hyperplanes that
contain the special vertex A. We call the closures of the connected components V' \ H
Weyl chambers and denote the Weyl chambers with cone point the origin vg by C,, in-
dexed by the spherical group element v with t°v C C,,.

We denote the Weyl chamber with cone point at the origin vg corresponding to the par-
allelism class of Weyl chambers that is represented by the identity element e € Wy by
Cy, and call it the fundamental Weyl chamber.

Remark 2.2.27. Let (W, S) be an affine Coxeter system with associated affine Coxeter
complex ¥ and corresponding spherical Weyl group Wy. The set of parallelism classes of
rays in X form a sphere at the boundary of ¥ which we call the boundary sphere 0%.. This
sphere is also a Coxeter complex, associated with the spherical Weyl group Wy, inheriting
its structure from ¥ by taking the parallelism classes of hyperplanes as hyperplanes in
0% that induce a simplicial tiling of 9%. The parallelism classes of Weyl chambers in
> correspond to the maximal dimensional simplices of this tiling, which coincide with
the alcoves of the Coxeter complex of the spherical Weyl group Wy. Therefore, we
can identify 0% with the Coxeter complex ¥y = X (W, Sp) and sometimes refer to the
alcoves of the spherical Coxeter complex associated with an affine Coxeter complex as
Weyl chambers too. For an illustration of this connection, see Figure [2.6] where the
Weyl chamber Cs,s, corresponds to the alcove sas1 € 9% in the boundary, which is also
highlighted in light blue.
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Using this notion, we can introduce our notation for alcoves in affine Coxeter complexes:

Notation 2.2.28 (Fundamental alcove, alcoves). Let (W, S) be an affine Coxeter system
with Coxeter complex ¥(W,.S). The unique alcove of ¥ contained in Cy that has vy as
a vertex is called fundamental alcove and is denoted by cg. Then, the W action on X
identifies alcoves in 3 with group elements w € W as w = wce. We will denote them by
bold lowercase letters.

We illustrate this collection of concepts with the following example:

Example 2.2.29. Figure shows the affine Coxeter complex of Wy with its boundary
complex 0. The six alcoves adjacent to the origin vg are labeled with their correspond-
ing group elements. All hyperplanes of the parallelism class as, such as the wall H,, i
depicted in the image, correspond to the hyperplanes in 0¥ that are highlighted in
purple.

FIGURE 2.6. Affine Coxeter complex of Wy, with boundary complex 93..

Because of the semidirect product structure of an affine Coxeter Group W = Wy x T
with Wy a spherical Coxeter group and T" = Z", we can find the tiling of R™ given by
the Weyl chambers with cone point vy also at every other coroot lattice point pu € T.
This gives the Coxeter complex ¥ a structure similar to infinitely many local copies of
Y(Wo, Sp) at every p € T. Since we want to make use of this local-to-global-geometric
structure below, we introduce the following:

Definition 2.2.30 (Local Weyl chamber). Let (W, .S) be an affine Coxeter system with
(Wo, So) the corresponding spherical Coxeter system. Let x = tfw € W with u € T,
w € Wy and define ho(p) = (p, ") for all positive roots o« € ®*. Denote by HX* o (12)
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the half-space determined by the hyperplane H, () that contains the alcove x. Then
we call the cone

Cow = [ Hahoi)

acdt

the local Weyl chamber at p with direction w. Notice that x is the alcove at the tip of
the cone, and u is the cone point.

Below, we will frequently utilize the parallelity of hyperplanes in affine Coxeter com-
plexes. The following notions will help us to describe our observations more easily:

Definition 2.2.31 (Parallelism class of a hyperplane). Let (W, .S) be an affine Coxeter
system with root system ®. Let H, j be a hyperplane in the associated Coxeter complex
¥ perpendicular to a positive, not necessarily simple root o € ®*. We call a the
parallelism or root class of H, . Sometimes, we also call H, j an a-hyperplane.

Definition 2.2.32 (i-strip). Let ¥ = X(W, S) be the affine Coxeter complex correspond-
ing to the Coxeter system (W,S) and let o € ®* be a positive root of W. Denote by
Hgfo the half-space defined by H, o that contains the fundamental alcove c¢ and by Hgfl
for i € Z the half-space corresponding to H,; that satisfies H'; € Hfy or HSf, O HZf,.
Denote the second half-space defined by H,; by H_*. Then, we define the i-strip with
respect to o to be 7

C. —C.
Sai = Hafi N Hwil.
By using half-spaces defined by hyperplanes perpendicular to roots, we can define another
convex hull in the Coxeter complex, besides the Euclidean convex hull:

Definition 2.2.33 (Convex hull/Euclidean convex hull). Let (W, S) be an affine Coxeter
system and let x,y be two simplices of the associated Coxeter complex ¥ = X(W,S5).
Let further X and Y be two finite subsets of the vector space V' underlying 3. We define
the convex hull in the Cozxeter complex as

conv(z,y) = ﬂ {H§k| z,y CHypy a € Ot ke Z},

and the EFuclidean convex hull as

conv*(X,Y) = {Zaizi] 7z € XUY, Zai =1,a; >0,n GN}.

i=1 =1

2.2.5. Orientations. In this subsection, we introduce orientations of Coxeter com-
plexes, using the Definitions of |GS20, Section 3|. Although orientations can be assigned
to all families of Coxeter groups, we will later restrict to orientations defined for affine
Coxeter complexes only.

Definition 2.2.34 (Orientation of ). Let (W, S) be a Coxeter system with Coxeter
complex ¥. An orientation ¢ of ¥ is a map that assigns to every pair of alcove ¢ and
panel p contained in c either +1 or —1. We say that an alcove c is on the positive (resp.
negative) side of p if ¢(p,c) = +1 (resp. ¢(p,c) = —1). An orientation ¢ is called
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wall-consistent if for any wall H in 3 and alcoves ¢, d contained in the same half-space
defined by H and having panels p,q in H, one has:

d(p,c) = +1 & ¢(q,d) = +1.

Then, it makes sense to consider the ¢-positive (resp. ¢-negative) side of the wall H.
We call ¢ periodic if ¢ is wall-consistent and it holds: Let H; and Hs be two parallel
walls with corresponding half-spaces H' and H3? satisfying Hi' C H5*. Then Hf{' is
the ¢-positive side of H; if and only if H5? is the ¢-positive side of Hy.

There are various methods to introduce trivial and natural orientations on Y. One
approach is to assign +1 (resp. —1) to every panel of the Coxeter complex, resulting in
the trivial positive (resp. negative) orientation. Another option is to define orientation
based on a specific simplex within the complex:

Definition 2.2.35 (Simplex orientation). Let (W, .S) be a Coxeter system with Coxeter
complex Y. Let further b be a simplex in X, ¢ an alcove, and p a panel of c. Define
op(p,c) = +1 if and only if ¢ and b are on the same side of the wall H containing p or
if b C H. The orientation ¢, obtained this way is called simplex orientation towards b.

For example, we can choose a vertex or an alcove of the Coxeter complex to be the
orientation-defining simplex b. The reader interested in further details may refer to
[GS20L Section 3]. Throughout this text, we will mainly restrict to two types of orienta-
tions of affine Coxeter complexes. The first one is a specific type of (boundary) simplex
orientation that implicitly appeared first in the works of Littelmann |Lit94; Lit95] and
Gaussent and Littelmann |[GLO5| on the Littelmann path model:

Definition 2.2.36 (Weyl chamber orientation). Let ¥ be the Coxeter complex asso-
ciated with an affine Coxeter system (W,S) and 0¢, the simplex orientation of the
boundary complex 9% towards a chamber v € 9%.. Then, we can assign a wall-consistent
orientation to X by choosing the side H® of a hyperplane H to be the positive (resp.
negative) side if and only if 9H® is the positive (resp. negative) side with respect to d¢,.
We denote the resulting orientation of ¥ by ¢, and call it the Weyl chamber orientation
with respect to v.

Remark 2.2.37. Using the connection between the Coxeter complex ¥ and the bound-
ary complex 0% for affine Coxeter systems (W, S) that we discussed in Remark
Graeber and Schwer showed in |[GS20, Lemma 3.12| that Weyl chamber orientations are
wall-consistent and periodic; because of their definition via the boundary complex, they
are also referred to as induced affine orientations or orientations at infinity.

Also, observe that our definition of Weyl chamber orientations is equivalent to the fol-
lowing alternative formulation: The Weyl chamber v € 03 corresponds to a parallelism
class of Weyl chambers in ¥. Define the orientation ¢, by setting ¢,(p,c) = +1 if and
only if v has a representative cone C, in the same half-space defined by the supporting
hyperplane H, of the panel p as the alcove c.

Example 2.2.38. Figure 2.7 illustrates the affine Coxeter complex of the Coxeter group
Wj, equipped with the Weyl chamber orientation ¢, induced by w = s3s51 € Wy. Ob-
serve that all hyperplanes of a parallelism class, indicated in the figure by violet, green,
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and orange colours, are oriented in the same direction: The positive side of a hyperplane
H,, marked with +, always faces the half space H; that contains the Weyl chamber
Cyw, which is represented by the blue shaded cone. Additionally, Figure illustrates
the simplex orientation towards w € 9% of the boundary complex 0%. Observe that the
hyperplanes in the boundary that correspond to a parallelism class of walls in ¥ marked
with the same colour are oriented in the same direction as the affine hyperplanes.

FIGURE 2.7. Affine Coxeter complex of type Ay with Weyl chamber ori-
entation ¢,, induced by the chamber C,,, which is highlighted in light blue.
The corresponding spherical Coxeter complex 0% of type Ao is oriented
by the simplex orientation towards the alcove w € 9X. Hyperplanes of
the same colour are oriented in the same direction.

The second family of orientations we are interested in is known as chimney orientations.
Chimneys arise in the context of buildings and were introduced by Rousseau ;
Rou01] as the closure of a geodesic half-line and a geodesic segment with common origin
in one single apartment A of an affine building X. While we will restrict to the affine case
again, chimneys may also be introduced in non-affine buildings. The interested reader
may find a different approach in . Although we do not require the full generality
of the concepts for buildings for this text, as we are working in a single apartment (i.e.,
a single Coxeter complex), we will continue in the terminology of buildings throughout
this section, following the notion of chimneys introduced by Milicevic, Naqvi, Schwer,
and Thomas in [Mil4-24|, which differs from Rousseu’s definition. Readers who may be
unfamiliar with buildings can imagine using the same affine Coxeter complex 3 whenever
we refer to an apartment A or a building X in the following discussions. The following

definitions are taken from |[Mil+24, Def. 3.1, 3.7, Def. 3.23|.

Definition 2.2.39 (Chimneys and sectors). Let X be an affine building of type (W, .S)
and A an apartment of X with fixed identification with the wvector space V.
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Let ® = {a1, -+ ,a,} be the root system. Denote by o™ the half-apartment of A
corresponding to the hyperplane H, ; that contains a subsector of the Weyl chamber
Cw. Let J C {1,...,n} and ®; the corresponding root system. We call the follwing
collection of half-apartments in A the j-chimney (in A):

€)= {ak’em €l k< o} U {ak’wola € ot k> 1} U {ﬁkmm DT\ Dl ke Z}.

For any collection of integers {nz € Z| € <I>+\<I>JJF} we define the corresponding J-sector
as the subcomplex of A given by

Sy ({ng}) == ﬂ a%enatvo | N ﬂ 318 :wo

acdh Bedr\ot

For y € W, the (J,y)-chimney &7, is obtained by acting on the J-chimney on the left
by y as £, :=y - &y. With y = t*u with u € RY and u € Wy, we have

§ly = {(ua)k+<“a’“>’“]a € (D}', k< 0}
U {(ua)k+<“a’“>’“w0|a €Dt k> 1} U {(uﬁ)’f’uwom cdt\ Dt ke Z} .

Analogously we define the (J,y)-sector Sy, ({ng}) :=y - S;({ng}) for all y = tfu € W
and any set {ng € Z| B € T\ @1} as

SJ,ZJ ({nﬂ}) = ﬂ (ua)<“a’”>’" N (ua)lJr(ua,u),uwo N ﬂ (uﬁ)nBJr(uﬁ,,u),uwo
acdt Bedt\ot

One can view a J-sector as a representative of the J-chimney £; within the apartment
A, while &7 can be interpreted as a direction at infinity of the building X. Having this,
we can introduce chimney-induced orientations.

Definition 2.2.40 (Chimney-induced orientation). Let X be an affine building of type
(W,S), A an apartment of X with fixed identification with the vector space V', and
let J C {1,...,n}, y € W. Let further ¢ be an alcove of A and p a panel of ¢ with
supporting hyperplane H. The orientation induced by the (J,y)-chimney, ¢, is defined
as ¢jy(c,p) = +1 if the half-apartment determined by H which contains ¢ is not an
element of the (J,y)-chimney; else ¢;,(c,p) = —1.

We can give an alternative formulation of Definition in terms of (.J,y)-sectors:
For this, observe that every half-apartment of the set {a™¢| o € &%, k < 0} con-
tains the sector-defining half-apartment a€. Similarly, every half-apartment of the set
{akwo| o € ®@F, k > 1} contains the sector-defining half-apartment al*°. For the
half-apartments {3%%0| 3 € &+ \ @}r, k € 7}, one of the following two cases applies:
Either they contain the (J, y)-sector, or they intersect with it in infinitely many alcoves.
In summary, all half-apartments within the (J,y)-chimney have a specific, non-empty
intersection with every (.J, y)-sector:
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Lemma 2.2.41. Let J C{1,...,n}, y € W. Let ¢ be an alcove and p a panel of ¢ with
supporting hyperplane H. Let ¢, be an orientation of ¥ induced by the (J,y)-chimney.
Then ¢54(p,c) = +1 if and only if the half-apartment determined by H which contains
¢ has empty or finite intersection with the (J,y)-sectors and does not contain the sector.

Notice that the orientation does not depend on the choice of sector for a given chim-
ney and that chimney-induced orientations are always wall consistent (see |Mil+24,
Lemma 3.24]).

We conclude this section by presenting an example of a chimney orientation:

Example 2.2.42. Let (Wj,,S) be a Coxeter system of type Ay with root system ®
and root basis ®* = {ay,as}. Consider the group element y = t*e with A\ = —ay and
the (J,y)-chimney with J = {1}, which implies ®; = {a}. Figure illustrates the
Coxeter complex of Wj, with chimney-orientation ¢,. The chimney is represented by
the (J,y)-sector Sy, which is coloured in purple and is bounded by the hyperplanes
H,, —2 and H,, —1. Notice that ¢, is not periodic: All hyperplanes of the parallelism
class a9 as well as those of the parallelism class a7 + ag are oriented the same way
as shown for the fundamental hyperplanes in Figure 2.8, However, for hyperplanes of
the parallelism class a1, the orange hyperplanes are oriented in the opposite direction
compared to the green hyperplanes.

N YNA WA N NAVAN

FIGURE 2.8. Affine Coxeter complex of type Ay with (.J, y)-chimney ori-
entation for ®; = {a;} and y = t'e. A sector Sy representing the
chimney is shown in purple.
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CHAPTER 3

Folding patterns for Coxeter shadows

Sections and of this chapter are based on the author’s article [Rei24]. Our
goal is to combinatorially characterize the options of folding a minimal gallery in an
affine Coxeter complex positively with respect to a given Weyl chamber orientation of
the complex. For this, we will introduce the notion of folding patterns that represent
these options. Furthermore, we will characterize all applicable folding patterns of a
given minimal gallery by drawing a connection between the gallery’s end alcove, the
Weyl chamber of the affine Coxeter complex in which that gallery ends, and the Bruhat
moment graph of the associated spherical Coxeter group.

In Section [3.1], we introduce combinatorial galleries in Coxeter complexes in Section [3.1.1
and prove some technical properties of galleries in affine Coxeter complexes in Sec-
tion We study folded galleries in Section [3.2] Therefore, we introduce our notation
and explain the technique on folding galleries in Section In Section [3.2.2] we recall
the notion of Coxeter shadows as given in [GS20]. Furthermore, we examine a translation
property and the symmetry of Coxeter shadows in relation to diagram automorphisms.
We also establish a connection between Coxeter shadows with respect to Weyl chamber
and chimney-induced orientations. In the final Section [3.3] we study relations between
Bruhat moment graphs and folding patterns. We establish a connection between folding
patterns with respect to Weyl chamber orientations and the Bruhat moment graph of
the associated spherical Weyl group in Section [3:3.I] Moreover, we construct the set
of group elements such that for every element, there exists a minimal gallery ending in
the alcove corresponding to that element, to which the folding pattern can be applied.
We conclude by showing a link between the Bruhat moment graph and the spherical
direction of the end alcove of a folded gallery in Section [3.3.2]

3.1. Minimal galleries

In this section, we establish our notation for galleries in distinguishing between
two closely related notions and following the notion used in [MST15]. Observe that
our perception is slightly different from the more general one used in [GLO5|, where the
concept of folded galleries appeared earlier. In Section we derive the number of
crossed hyperplanes of a given parallelism class for minimal galleries in Lemma [3.1.11]
Furthermore, we characterize minimal galleries by the directions of their hyperplane
crossings with respect to Weyl chamber orientations, as shown in Lemma[3.1.14] and the
position of their end alcove, as discussed in Lemma [3.1.16]

3.1.1. Notion and notation. We begin with our definitions of galleries.

33
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Definition 3.1.1 (Vertex-to-vertex gallery). A vertez-to-vertex gallery in X is a sequence

Y= ()\OaCO;placla e ,pnacnaAn)

of vertices Ag, A, € T, alcoves c;, and panels p; with p; € ¢;—1, p; € ¢;, Ag € ¢g, and
An € Cpy.

Definition 3.1.2 (Alcove-to-alcove gallery). An alcove-to-alcove gallery in X is a se-
quence

Y= (C07p17 Cl, " ,DPn, Cn)
of alcoves c; and panels p; with p; € ¢c;_1 and p; € c;.

Definition 3.1.3 (Length and minimality of galleries). We define the length £(y) of an
alcove-to-alcove gallery v = (co,p1,C1, - ,Pn,Cpn) Or a vertex-to-vertex gallery
v = (A0,€C0,P1,C1,"** s Pns Cny An) to be n + 1, which equals the number of alcoves con-
tained in «, counted with multiplicity. We say that a gallery is minimal if there is no
shorter gallery with start alcove ¢y and end alcove c,,, resp. start vertex A\g and end
vertex A,,.

The length function for galleries defines a natural metric on the set of alcoves of a Coxeter
complex. For two alcoves c¢; and cg, we define the distance d(cy, c2) as the length of a
minimal gallery that starts in ¢; and ends in co.

Remark 3.1.4 (Simplex galleries). One can easily generalize these definitions to simplex-
to-simplex galleries by taking an alcove-to-alcove gallery and choosing simplices sg C ¢g
and s, C ¢, as the start and end simplices of the gallery. In particular, this allows the
construction of alcove-to-vertex and vertex-to-alcove galleries.

Given an alcove-to-alcove gallery, there is a canonical way of transforming it into an
alcove-to-vertex or a vertex-to-vertex gallery, and vice versa. Our notion for this proce-
dure is inspired by music theory and was introduced in [MST15|.

Definition 3.1.5 (Extension and truncation of galleries). Let v = (co,p1,€1,- -+ ,Pn,sCn)
be a minimal alcove-to-alcove gallery with ¢y = t*v and ¢, = t*w. We define the
associated alcove-to-vertex gallery 7% as

’yﬁ = (007171; C1,P2,€C2,...,DPn,Cn, )\n)

Also, we define the associated vertex-to-vertex gallery v as

ﬁtt:(

Y A07C0,p1,cl,p2,c27«~-,pnacna)\n)-

For a vertex-to-vertex gallery v = (Ao, €o,P1,C1,** , Pn, Cny An) We define the associated
vertex-to-alcove gallery 4 as

b
Y= (>\07007p1,017p2,027 <y Pn, Cn)'

Furthermore, we define the associated alcove-to-alcove gallery 7” as

bb:(

Y C07p1aclvp2ac2a"'7pnacn)‘
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Note that (vtm)bb = ~ for every alcove-to-alcove gallery v, and whilst v is a vertex-to-
vertex gallery, it holds (7)) = .

Often, we do not require all the information on the alcoves and panels a gallery passes
through; instead, we only require knowledge of its starting and /or ending alcoves or ver-
tices. For this purpose we denote a gallery v = (cp = x,p1,€1,...,PnCyp = y) abbrevia-
tory by v : x ~ y, and write 7 : A\g ~ A\, for a gallery 4 = (Ao, €0, P1,C1, - PnCn, An)-
In some cases, we are only interested in the coroot lattice point of the end alcove of an
alcove-to-alcove gallery or the final vertex. Analogous to Definition we use vtx(7y)
to indicate the end vertex or the vertex of the end alcove of a given gallery ~.

It is important to note that we do not require ¢; # ¢;—1 Vi € {1,...,n}, so that ¢; = ¢;—1
is explicitly allowed. We will call such galleries stammering, and notice that they are
not minimal. Since a non-stammering alcove-to-alcove (resp. vertex-to-vertex) gallery
~v is uniquely determined by its first alcove and its panels (resp. and the first and last
vertex), it is meaningful to introduce the type of a gallery:

Definition 3.1.6 (Type of a gallery). Let v be a gallery. We define the type of v as the
word

T(y) == 7(p1) - 7(pn) = spy -~ 5y,
in .S, where p; denotes the i-th panel of ~.

Notice that one can also introduce types for stammering galleries, but that they do not
give a unique description: Multiple stammering galleries may have the same type. To
deal with this, sometimes the notion of a decorated type is used, marking (types of)
panels between identical alcoves. For further details, see [GS20, Def. 4.7].

We collect some basic properties of the types of galleries in the following proposition. A
proof of these results can be found in |GS20, Section 4].

Proposition 3.1.7. Let (W, S) be a Cozeter system. Fiz an alcove ¢ € ¥ = (W, S).
It holds

(i) Words in S are in bijection with the unfolded galleries starting in c.
(ii) Reduced expressions in S are in bijection with minimal galleries starting in c.

(iii) Decorated words are in bijection with all galleries starting in c.

This result allows us to represent all group elements of W by minimal galleries, although
not uniquely in general. A question that arises when considering the non-uniqueness
of minimal galleries is which alcoves can be contained in minimal galleries between two
alcoves (or vertices). Recall from Definition that conv(-) denotes the convex hull
in the Coxeter complex here.

Proposition 3.1.8. Let (W, S) be a Coxeter system with Cozeter complex X(W, S). Fiz
three alcoves a,c,d € . Then there exists a minimal gallery v : ¢ ~ d with a € v if
and only if a € conv(c,d).
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PROOF. First, let 7 : ¢ ~ d be a minimal gallery with a € 4. According to |[Bro89,
Chap. 1., Prop. 4], v crosses each hyperplane that separates ¢ and d exactly once. We
denote this set of walls by H(c,d). This implies that a is separated from ¢ and from
d by walls in H(c,d). Let ny,k be a half-space defined by H, j that contains ¢ and d,
where o € ® is a positive root and k € Z. Observe that H,j ¢ H(c,d). For any wall
H,,; € H(c,d), it follows H,; C H{ ;.. This shows that a is contained in every half-space
that contains ¢ and d, and thus a € conv(c,d).

Conversely, let a € conv(c,d). Then, a is contained in every half-space containing c
and d. If now H, j is a hyperplane that either separates ¢ and a or a and d, it holds
H.j € H(c,d). Again, referring to |Bro89, Chap. I., Prop. 4|, which states that a
minimal gallery crosses exactly once each hyperplane that separates its start and end
alcove once, we deduce that the set of hyperplanes crossed by a minimal gallery 7 : ¢ ~ a
or 2 : a~ d is a subset of H(c,d), because H(c,a) C H(c,d), resp. H(a,d) C H(c,d).
Therefore, we can extend the galleries v, or 75 to form a minimal gallery v = v/ x v
or v = y2 7", which crosses exactly the walls in H(c,d). This shows that a € v for a
minimal gallery v : ¢~ d. O

Since the type 7 of a gallery is a word in .S and concatenation of words gives words again,
we can also define concatenation of galleries:

Definition 3.1.9 (Concatenation of galleries). Let v1 = (co1,P1,1,€1,1,°** s Pn,1,Cn,1)
and v2 = (€p2,P01,2,€1.2,"** ,Pm.2, Cm,2) be galleries in ¥ with 7(7;) = w in S. We define
the concatenation 7 := 79 x 1 of 71 and 9 as:

Y= (CO,lapl,lacl,la ***,DPn,1,Cn1,W.Co,2, W.P1,2, W.C1 2, " - 7w'pm,27w-cm,2)-

VA AVA AVARV

FIiGURE 3.1. Minimal alcove-to-alcove galleries 71, v2, and 3 = 2 * 1
in a Coxeter complex of the group Wy,

Example 3.1.10. Consider the minimal galleries v = (c¢, p1,1,€1,1,-* , Pn,1,Cn,1 = X)
and v2 = (c¢,P1,2,€1,2,° * ,Pn2,Cn2 = y). An illustration of the galleries is given
in Figure It holds 7(v1) = sps2s1Sps1s2 =: w and 7(y2) = $18051525051. The
concatenated gallery

V3= xk = (Cf7P1,1, Ci,1," " yPn,1, X, W.Cs,W.P1,2,W.C1 2, "+ ,W.Pp 2, W.Y = Z)
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has the type 7(73) = s0S251508152518051525081. Observe that 7(73) is a reduced expres-
sion for z and that ~3 is a minimal gallery.

3.1.2. Crossings of minimal galleries. In the next lemmata, we will study two
properties of minimal galleries 7 : ¢g ~ x = t*w in affine Coxeter systems: The number
of crossed hyperplanes of a given parallelism class and, given a periodic orientation of
the Coxeter complex, the direction of these crossings.

Observe that the number of crossed a-hyperplanes only depends on three ingredients:
The height hq(A) = (X, a") of the coroot coordinate A of x over the root «, the spherical
direction sph(z) = w of the element, and the Weyl chamber containing x (which is
implicitly given by the first two bits of information). Given this, a short distinction of
cases enables us to determine the number of crossed hyperplanes of a given parallelism
class. See also Lemmal4.1.7, where we discuss this property for a special kind of galleries.

Lemma 3.1.11 (Numbers of crossings of minimal galleries). Let (W,S) be an affine
Coxeter system and let x = t*w € C, with v € Wy. Let further v : cg ~ X be a
minimal gallery. Denote by M (x, «) the number of a-hyperplanes crossed by v and write
ha(N) := (\, ") for a positive root o. It holds:

ha(X) — 1, if cg and v are separated from w by H,,

M(z,a) = ha(N), if ce, v, W are in a common half-space defined by Hy o,
’ |ha(N)], if c¢ and w are separated from v by He o,
|ha(MN)| 4+ 1, if v and w are separated from cg by Hyp.

PROOF. First, observe that every minimal gallery of v : cf ~ x is crossing all a-
hyperplanes that separate c¢ and .

We distinguish two cases: If c¢ and v are contained within a common half-space defined
by Hap, we find that ho(A) > 0. Consequently, c¢ and A are separated by the a-
hyperplanes {H | i € {1,...,hq(X) — 1}}, but not the hyperplane H, . Now, if c¢ is
separated from w by H, o, then due to the semidirect product structure of W, it follows
that t*cg is also separated from t*w by Hg p(x)- This implies s (A) > 0, and cf and x
are separated by the h,(\) — 1 a-hyperplanes {H, ;| i € {1,...,hq — 1}}. Moreover, if
cr is not separated from w by H, o, then it follows, again due to the semidirect product
structure of W, that t*c¢ is not separated from t*w by Hg b0 This implies hq(A) >0
and cf and x are also separated by the wall H, j, (1). Therefore, the alcoves are separated
by the hq () a-hyperplanes {H, ;| i € {1,...,ha}}.

For the second case, consider that cf and v are separated by H, o. It follows hq(A) < 0.
Therefore, cf and X are separated by the a-hyperplanes {H, ;| i € {0, ..., |ha| —1}}. As
above, observe that if c¢ is separated from w by H, o, the semidirect product structure of
W indicates that t}cg is also separated from t*w by He ho(n)- This leads to ha(N) <0,
and cf and x are also separated by the wall H,p,(n)- As a result, the alcoves are
separated by the |hq(A)| + 1 a-hyperplanes {H, ;| i € {0,...,|hq|}}. And if cf is not
separated from w by H,, it follows from the semidirect product structure of W that

t*ct is also not separated from t*w by Hg ho(n)- Hence, the alcoves are separated by the
ha(X) a-hyperplanes {H, ;| ¢ € {0,...,|hq| — 1}}. O
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Example 3.1.12. Consider again the minimal galleries 5 and 73 as depicted in Fig-
ure The gallery 2 ends in y = t*u C C,, with u = 5189 and w = s1. We have

hay(N) = (A, of ) = 0;
ha2(>‘) = <)‘704¥> =3;
hartaz(A) = (A, (a1 + a2)") = 3.

Since cy is separated from u and w by Hg, o, it follows with Lemma [3.1.11]that o crosses
|hay (A)] +1 = 1 ag-hyperplanes. Additionally, since c¢, u and w are not separated by
H,, o, it follows with Lemma that o crosses hq,(\) = 3 ag-hyperplanes. Further-
more, since cg and w are separated from u by the hyperplane Hy, 44,0, Lemma
shows that the gallery crosses hq,+a,(A) — 1 = 2 hyperplanes of class a; + ao.

The gallery ~3 ends in z = t*cy C C,. We have

hay (/\) = <)‘704Y> = 06;
ha2(>‘) - <)‘704¥> =-3;
hartaz(A) = (A, (a1 + a2)") = 3.

Since cf is separated from v by Hg, 0, it follows with Lemma that ~3 crosses
[Py (A)] = 3 ag-hyperplanes. And because c¢ and v are not separated by the hyper-
planes Hq, 4a,,0 and Hg, o, Lemma shows that the gallery crosses hq,+4a,(A) =3
hyperplanes of class a3 + ag and hq, (A) = 6 hyperplanes of class ;. Observe further
that the number of crossed hyperplanes is the same for all minimal galleries starting in
c¢ and ending in z. For example, see the minimal gallery v depicted in Figure [3.3]

Next, assume that the Coxeter complex has a Weyl chamber orientation. We will now
determine whether a given gallery is minimal by analysing the crossing directions of the
gallery. To do this, we introduce first:

Definition 3.1.13 (Positive /negative crossing). Let (W, S) be a Coxeter system, and let
the associated Coxeter complex be equipped with an orientation ¢. Consider a gallery
~ crossing a hyperplane H at the panel p; from c¢;_; to ¢;. We say, that the crossing
of H at p; is a positive (resp. negative) crossing or in positive (negative) direction if
¢(pi, ci—1) = +1 (resp. ¢(pi,ci—1) = —1).

Lemma 3.1.14. Let (W, S) be an affine Coxeter system and x € W, x = t*w with
w e Wy and A € T. Let ¢ = ¢, be a Weyl chamber orientation of the Cozeter complex
Y = X(W,S) with respect to the chamber v € 9X. Then 7y : cg ~ X is a minimal gallery
if and only if every positive root o € ® satisfies one of the following three conditions:

(1) (N, ") # 0 and all crossings of hyperplanes of class « are either positive or all
negative;

(2) (\,a¥) =0, the alcoves cg and w are not separated by Hy o, and y crosses no
a-hyperplane;

(3) (\,a¥) = 0, the alcoves cg and w are separated by He, and vy crosses one
single a-hyperplane once.
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PROOF. Suppose first that 4 : ¢ ~ x is minimal. Then it follows from [Bro89, I.
4D, Prop. 4] that every hyperplane crossed by v is crossed only once, and the set of
crossed hyperplanes is the set of hyperplanes separating c¢ and x. We distinguish two
cases:

Case 1: (\,a") = 0. It follows that = € Sa,0 if cg and w are not separated by H, o, and
that € So,—1, if c¢ and w are separated by H,o. If x € Su0, then v does not cross
an a-hyperplane, since c¢ is also contained in the 0-strip with respect to a. Hence every
minimal gallery « : cg ~ x satisfies v C S,,0 and case (2) of the assertion. If x € So 1,
then v has to cross H, o that separates c¢ € S,,,0 and x. However, then  cannot cross
another a-hyperplane without exiting the strip Sq0; and with x € S, it has to end in
the strip and therefore has to enter it again, which contradicts the minimality of v. In
particular, the crossing of the hyperplane H, ¢ is the only crossing of an a-hyperplane
that such a minimal gallery does, hence case (3) of the assertion.

Case 2: (\, ) # 0. First, observe that cg and x are separated by at least one hyperplane
of class «a, hence v has to cross a-hyperplanes. Now it follows from the periodicity of
¢ that crossings of v are either all positive or all negative: Suppose = crosses not all
a-hyperplanes in the same direction, that is, one hyperplane H; is crossed positively and
another hyperplane Hy (with H; = Hy not forbidden) is crossed negatively. Since x is
on the e-side and cf on the —e-side of all a-hyperplanes separating them, this implies
that ~y is either crossing a hyperplane not separating cg and x, or crossing one of them
more than once, both items contradicting the minimality of the gallery.

To prove the converse, let v be a gallery that satisfies one of the stated conditions for every
choice of positive root o € ®*. We prove via contradiction that this gallery is minimal
by showing that a non-minimal gallery fails all three of the stated conditions for at least
one root ;. Suppose 7y is not minimal. Then v crosses at least one hyperplane H, j with
k € Z more than once. Since ¢ is wall-consistent, a multiple crossed hyperplane is crossed
at least once each in the positive and the negative direction. It follows immediately that
~ fails the condition of crossings of a-hyperplanes being all positive or all negative for
(\,a¥) # 0, hence not case (1) of the assertion. However, v also fails the conditions of
not crossing an a-hyperplane, hence not case (2), or only crossing a single a-hyperplane
once, hence also not case (3). This is a contradiction, hence v has to be minimal. O

N

FIGURE 3.2. Examples of minimal galleries satisfying the three condi-
tions of Lemma with respect to the root ar1. The blue arc indicates
the orientation defining Weyl chamber.
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Example 3.1.15. Figure shows examples of the three possible situations of crossings
d

discussed in Lemma 4l The picture on the left shows a gallery ending in z = t*w
with (A, ) = 3. Tt crosses two aj-hyperplanes, with the second and the fourth panels.
Both crossings are in the same direction.

The picture in the middle shows a minimal gallery ending in z = t*w with (), ay) =0
and w C Hgio. That is v C Sy, 0, hence 7 crosses no a;-hyperplane.

The picture on the right shows a minimal gallery ending in = = t*w with (), ay) =0
and w ¢ H;io. The gallery crosses H,, 0 and no other a;-hyperplane.

We now want to study the directions of crossings with respect to a given Weyl chamber
orientation in more detail. Given A € T and o € ®*, observe that sgn((\, ")) only
depends on the spherical Weyl chamber C,, which contains the lattice point A. Hence,
the direction of crossing a-hyperplanes with respect to a Weyl chamber orientation is
the same for all minimal galleries in this chamber and can be deduced by checking if w
is on the same side of H, o as cg. We will discuss this in the following lemma.

Lemma 3.1.16 (Crossing directions of minimal galleries). Let (W, S) be an affine Cox-
eter system with corresponding spherical group Wy. Denote by ¥ = X(W, S) its Coxeter
complex and let ¢ = ¢, be the Weyl chamber orientation of 3 with respect to w € Wy.
Let further O¢,, be the alcove orientation of the spherical Cozeter complex 0% that in-
duces ¢n,. Then one has for all v € Wy, x € Cy, and every minimal gallery v : cg ~ x
that crosses a hyperplane H: v crosses H in 3 positively with respect to ¢, if and only
if v is on the 0¢y-negative side of the hyperplane OH in 0X.

PROOF. Recall that since v is minimal, no hyperplane is crossed more than once by
the gallery, and it is reasonable to talk about the crossing of the hyperplane.
First, let H, j with o € T, k € Z be a hyperplane v crosses in ¢,,-positive direction in
. It follows that € H_,, and with Lemma condition (1) or (3), also z € H_ .
Since C, is bounded by Hpg o for suitable 5 &1 it holds either C, C Ho—i_,O or C, C H(;,o-
But we have seen that x € H_ ), and with = € C, it follows C,, C H;,0~ With v C C,, the
claim now follows from the definition of induced spherical orientation on 9.
On the other hand, if v is on the d¢,,-negative side of a hyperplane 0H in 0%, it follows
from the definition of induced affine orientation that C, C H_ ,, with o the parallelism
class of the hyperplanes in ¥ that belong to the hyperplane OH in the boundary. Since
x €Cy, it holds z € H 0,0 Furthermore, since ~ is minimal, with Lemma case (1)

or (3), we further have x € H_, for all a-hyperplanes in X that ~ crosses. O

See Figure [3.3] for an example. The result of Lemma [3.1.16] also applies to minimal
galleries not starting in the fundamental alcove:

Corollary 3.1.17. Let (W,S) be an affine Cozeter system with corresponding spherical
group Wy. Denote by ¥ = X(W,S) its Coxeter complex and let ¢ = ¢y, be the Weyl
chamber orientation of X with w € Wy. Let further O¢,, be the alcove orientation of
the spherical Cozeter compler 0% that induces ¢,. Then one has for all u,v € Wy,
y=thu e W, x € Cy, and every minimal gallery vy : y ~ X that crosses a hyperplane H :
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VANWAN

F1GURE 3.3. Visualization of Lemma . The light blue circle indi-
cates the boundary sphere 0Y.. The depicted gallery v ends in C,. Since
v € 0% is on the O¢,-negative side of the horizontal hyperplane 0H,
crossings of horizontal hyperplanes of v in 3 are positive. Since Ov is
on the d¢y,-positive side of the boundary hyperplane corresponding to
hyperplanes in ¥ perpendicular to «q, all crossings of aj-hyperplanes of
7 are ¢, -negative.

The crossing is ¢y -positive if and only if v is on the d¢py,-negative side of the hyperplane
OH in 0.

PROOF. Let v : y ~ x be a minimal gallery of type s, s, ---s,, and H, the set
of crossed hyperplanes. Assume that y = t%u, that is, one vertex of the alcove y is the
origin. Then z € Cp, = Cy. Let 7, : ¢¢ ~ y be a minimal gallery with corresponding
word Y = 8y, 8y, - - 5y,, and set of crossed hyperplanes H,. We distinguish two cases:
Case 1: HyNH, = (. Then the concatenation 7' := =y *~y, : ¢f ~ x is a minimal gallery.
Application of Lemma proves the assertion.

Case 2: HyNH, # 0. Then the concatenation 7' := 7 % 7, : ¢ ~ x is not a minimal
gallery. We observe: For a hyperplane H, the following two assertions hold:

e H € H, if and only if c¢ and y are on different sides of H and H contains the
origin;

e H ¢ H, if y and v are on different sides of H; with equivalence if H contains
the origin.

Hence for H € H, N H,, we have that c¢¢ and v are on one side and y is on the other
side of H. Furthermore, for hyperplanes H with H € M, and H ¢ H, containing the
origin, we have that c¢ and y are together on one side of H and v is on the other side of
H. Given this, let now H be a hyperplane crossed by . We consider the two possible
situations:

Case 2A: H € HyNH. Then H is crossed twice by 7/, once in every concatenated part.
With our observations from above and the periodicity of the orientation ¢,,, this gives
us that v is crossing H ¢,-positively if and only if v, crosses H ¢,-negatively. With
Lemma this is equivalent to sph(y) = u being on the d¢,,-positive side of 0H in
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0%.. Moreover, as noted above, this holds if and only if v is on the 0¢,, negative side of
OH in 9%, hence the claim.

Case 2B: H € Hy and H ¢ H,. It follows from our observation above on c¢ and y
being on the same side of H, that a minimal gallery 4 : ¢f ~ x crosses H in the same
direction as 7. Hence v crosses H ¢,-positively if and only if 4 crosses H ¢,,-negatively.
Application of Lemma to 4 gives: 4 crosses H ¢q,-positively if and only if v is on
the 0¢,, negative side of 9H in 9%. This proves the assertion.

To see now that this also holds for y = t*u with p # 0, let v : y ~ t%u be a minimal
gallery and consider 7" := yx7; = t7#(7y). Since ¢y, is periodic, v" crosses all hyperplanes
in the y-part in the same direction as . The application of the results above to this
part proves the claim. O

From Lemma [3.1.16] it follows that all minimal galleries with end alcoves in a common
Weyl chamber show the same behavior in terms of crossing directions of parallel hyper-
planes with respect to a Weyl chamber orientation ¢,,. This will be crucial when it comes
to positively folding these galleries, as we will see in the next section and Theorem [3.3.3]
below.

3.2. Folded galleries and Coxeter shadows

In this section, we present our notation of folds and their positivity in Section [3:2.1] We
introduce Coxeter shadows with respect to different orientations in Section [3.2.2] where
we also discuss some fundamental properties.

3.2.1. Folds. We now introduce folded galleries. Although stated for alcove-to-
alcove galleries here, notice that all definitions of this subsection also apply to alcove-to-
vertex and vertex-to-vertex galleries.

Definition 3.2.1 (Folded gallery). Let v = (cg,p1,€1,** ,Pn,Cn) be a gallery. If
c; = c¢;_1 for some i, we say that the gallery is stammering and folded at the panel
p;, otherwise, we call it unfolded.

When considering only the end alcove, folding a gallery v at a panel p; is equivalent to
deleting the letter 7(p;) = sp, from the word for . But notice that every folded gallery
/', obtained from an unfolded gallery -, satisfies: 7(7") = 7(). Geometrically, folding a
gallery v at a panel p; reflects the remaining part of the gallery 7, := (¢;, Pi+1,* - , Pn,Cn)
at the hyperplane H containing the panel p;. The following definition of an explicit
(un-)folding of a gallery is taken from |GS20|, Def. 4.15] and states this more precisely:

Definition 3.2.2 ((Un-)Folding a gallery). Let v = (co, p1, €1, ..., Pn,Cn) be a gallery
and denote by r; the reflection across the wall H),, spanned by the panel p;. Then we
call

1.
Y= (C07P1,C17 -y Piy TiCqy TiPit 1, TiCi4-1,5 - - - ,Tipnﬂ"z‘cn)

a (un-)folding of v at the panel p;.

We want to study folded galleries in relation to orientations of >:
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AVA A4

F1GURE 3.4. Folded galleries.

Definition 3.2.3 (Positive/negative folds). Let ¢ be an orientation of the Coxeter com-
plex ¥ and v = (co,p1,-.--,Pn,Cn) be a gallery in 3. We say, that v is positively (resp.
negatively) folded with respect to the orientation ¢ at the panel p; if ¢; = ¢;—1 and
d(piyc;) = +1 (resp. ¢(pi,ci) = —1). We say further, that ~ is positively (resp. nega-
tively) folded with respect to the orientation ¢ if for all i € {1,...,n} either ¢; # c;_1,
that is v is unfolded, or ¢; = ¢;—; and ¢(p;, ¢;) = +1 (resp. ¢(p;,c;) = —1).

Note that it is possible to fold a gallery at several panels simultaneously and that foldings
commute: (’yi)j = (vj)Z and (7")Z = . This was proven in |GS20, Lemma 4.17]. Denote
the set of indices of panels, where v has a fold in, by F(v). Since reflections are type
preserving on ¥, it holds 7(y) = 7(v). Depending on whether v was already folded at
the panel p;, the number of folds |F()| of the gallery v increases or decreases by one
for each folding. Given this, it is reasonable to introduce notation for galleries of the
same type being folded onto each other: We will denote v —  for i = 4! with index set
I C{1,...,n}\ F(y). If in this notation the gallery ~ is folded positively with respect to

a given orientation ¢, we represent this by labeling the arrow with ¢, written as v LA Lb

Example 3.2.4. Figure [3.4] shows two galleries 71 and 72 obtained by folding the grey
gallery ~v. ~; is folded once at the fourth panel. With respect to the Weyl chamber
orientation defined by s1s951 = wo € 9%, this fold is positive, since the repeated alcove
is on the positive side of the aj-hyperplane containing the fourth panel. -9 is folded
twice at the fifth and sixth panels. The fold at the fifth panel is positive with respect
to ¢uw,, but the second fold is negative: The repeated sixth and seventh alcove of s is
on the negative side of the aj-hyperplane containing the sixth panel. Hence 2 is not
positively folded with respect to ¢y, .

The positivity of a fold with respect to a Weyl chamber orientation ¢,, only depends
on the parallelism class of the hyperplane the folds panel is contained in. With our
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results from Lemma above, that galleries ending in the same Weyl chamber cross
parallel hyperplanes in the same crossing direction, we conclude that the set of hyperplane
classes these galleries can be folded in positively must coincide. Hence we introduce the
following:

Definition 3.2.5 ((Positive) Folding pattern). Let v be a gallery that is obtained from
a minimal gallery by performing n folds. If the i-th fold, counted with a rising index
number, is in a panel that has a supporting hyperplane in the parallelism class o for
a positive root a;, then we call the n-tuple (a;;)ic[n) the folding pattern of the gallery
. If the Coxeter complex ¥ = (W, S) is equipped with a periodic orientation ¢ and
all foldings in a folding pattern (aj,i)ie[n] are positive with respect to ¢, we call this a
¢-positive folding pattern.

Remark 3.2.6. Sometimes we refer to folding patterns as a sequence of folds within
fixed parallelism classes of hyperplanes without specifying a gallery. In this case, we
say that a pattern (Oéjﬂj)ie[n] applies to a minimal gallery, if the minimal gallery can be
folded such that the folded gallery has the folding pattern (Oéj,i)z‘e[n]- Note that, as a
consequence, it might be impossible to apply a fixed folding pattern to a minimal gallery,
because, e.g., the gallery is too short. If a folding pattern applies to a minimal gallery,
restricting to periodic orientations of ¥ when defining positive folding patterns allows
the application of a pattern to arbitrary crossed hyperplanes of the given parallelism
class for a fixed gallery v while keeping the positivity.

3.2.2. Coxeter Shadows. The concept of Coxeter shadows was first introduced by
Graeber and Schwer in their article [GS20|. For our work, we will adopt their definition
and present it below. To clarify the notion of Coxeter shadows, we first need to introduce
braid-invariant orientations. These orientations are motivated by the work of Matsumoto
[Mat64] and Tits |[Tit69], who proved in the 1960s that different reduced expressions for
a given element x € W can be transformed into each other through a sequence of braid
moves. Therefore, it is desirable to have compatibility between positively folding a
gallery with respect to an orientation and modifying the gallery by braid moves on the
underlying word while keeping the folds positioned at the same panel indices. Braid-
invariant orientations, as introduced in [GS20], fulfill this requirement.

Definition 3.2.7 (Braid-invariant orientation). Let ¥ be a Coxeter complex and ¢ an
orientation of 3. We say, that ¢ is braid-invariant if for every two braid equivalent words

v,w in S with corresponding galleries v and +' and every x € W one has ~ LA v, if and

only if v/ LA Vi

Thus, for a braid-invariant orientation we introduce the simple notation x LA y for
x,y € W to express that there exists a minimal gallery v, : ¢f ~ x which can be ¢-
positively folded onto a gallery v, : cg ~ y corresponding to a word for y.

In general, orientations are not braid-invariant. However, it can be shown that the Weyl
chamber orientations introduced in Definition above are indeed braid-invariant.
For a proof, refer to [GS20, Prop. 5.4].

With this, we are ready to give the definition of Coxeter shadows, following |GS20)].
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Definition 3.2.8 (Coxeter shadow). Let (W, .S) be a Coxeter system with Coxeter com-
plex £(W,S) and ¢ an orientation of . We define the Cozeter shadow of a word w in
S with respect to ¢ as

Shy(w) = {y e W| v A Vy} )

where v, denotes the gallery associated to the word w and v, : cg ~ y.
If ¢ is braid-invariant, we define Shy () := Shy(w) for any choice of a reduced expression
w for v € W.

There is an interesting connection between Coxeter shadows and Bruhat order (see Sec-
tion that follows from the subword property (see Proposition and allows us
to use Coxeter shadows to describe intervals of the form [1,z] in Bruhat order. A proof
of this result can be found in |GS20| Prop. 6.8].

Proposition 3.2.9. Let (W,S) be a Cozeter system and x,y € W. Denote by e,
the alcove orientation towards the fundamental alcove, and by ¢ the trivial positive
ortentation. Then one has

xzy@x(ﬁ—%y@xﬁy.
In particular, Shy, (z) = Shy, (z) = [1, 2].

Open question 3.2.10. One can also use Coxeter shadows to describe other intervals
[#,y] in Bruhat order (cf. |[GS20, Remark 6.10]). For this, consider Shy, (y) and derive
all elements represented by alcoves z € Shy, (y), such that a minimal gallery v : cg ~ z
can be folded onto x. Motivated by these results, it is an open question to describe
connections between Coxeter shadows and other order relations.

One natural modification of the notion of Coxeter shadows is to consider vertex-to-vertex
galleries instead of galleries ending in an alcove. For this, we introduce:

Definition 3.2.11 (Vertex shadow). Let (W,S) be a Coxeter system with Coxeter
complex (W, S) and ¢ a braid-invariant orientation of ¥. Let z € W, A € ¥ a vertex,
and v = (0,cg,p1,€1,- -+, Pny Cny A) @ minimal vertex-to-vertex gallery. We define the
vertex shadow of x as the set

Shy™(z) := {VtX(y) e W]y % 'Yy} ,

where 7, : ¢f ~ X denotes a minimal alcove-to-alcove gallery and 7, : ¢cf ~ y is
an alcove-to-alcove gallery. We further define the wvertex shadow of the vertex A with
respect to ¢ as

vix : ¢
Sh() 1= {p € | Iy, with vix(y,) = 1, 7(7) = 7(3) and 1 L}

where v, denotes a vertex-to-vertex gallery 7, : 0~ p.

Remark 3.2.12. Given Shg(x) and the set of galleries 7, : ¢ ~ y for y € Shy(x)
constructed to obtain the shadow for # = t*w € W and an orientation ¢, it is straight-

forward to obtain the vertex shadow Sh;’)tx()\). This can be achieved by considering the

canonically associated alcove-to-vertex galleries 'yg and collecting their end vertices.
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From this observation, the next lemma follows immediately.

Lemma 3.2.13. Let (W, S) be a Cozeter system with Cozeter complex (W, S) and ¢
a braid-invariant orientation of ¥. Let further x = t*w, y = t*v € W. Then Sh;tx(x) =

Shétx(y).

PROOF. Notice that the sets H, and H, of hyperplanes crossed by minimal galleries
Yz : ¢f ~ x and 7, : ¢¢ ~ y only differ in hyperplanes containing A. Furthermore,
observe that points on a hyperplane are fixed under the reflection along this hyperplane.
Now recall that folding a gallery at a panel p is reflecting the remaining part of the
gallery along the supporting hyperplane of p. Together, this proves the assertion. O

We include a well-known observation on the geometry of vertex shadows here that follows
from the theory of galleries in affine buildings:

Lemma 3.2.14. Let (W,S) be an affine Cozeter system with associated spherical Weyl
group Wy. Furthermore, let the corresponding Cozeter complex be equipped with an orien-
tation ¢. Fix X € T. Then Sh;’stx(A) C conv*(Wy.\), where conv* denotes the Fuclidean
convex hull.

PRrOOF. This follows from [Hit10, Prop. 3.2] with the observation that every affine
Coxeter complex is an apartment in a thick affine building. O

We visualize a shadow Shg(x), resp. Sh;;tx()\), as the set of end alcoves y (resp. end ver-
tices) of galleries that can be obtained by positively folding a minimal gallery
Y i Cg~> X, resp. Yy 0~ Al

Example 3.2.15. Consider z; = t}sg € Wi, with A = 2a1 +2ay that we already studied
as the end alcove of the minimal gallery presented in Figure and x5 = t*s159. With
respect to the Weyl chamber orientation ¢,,, induced by wy € Wy, the corresponding
Coxeter shadows are illustrated in Figure [3.5] We observe that both Coxeter shadows
appear as subsets of the Bruhat interval [1,z1] and [1, z2], respectively, which equals the
Coxeter shadow with respect to the trivial positive orientation.

To compute the vertex shadow Sh¢w0 (M), following Deﬁnition we have two options:

Either we consider the gallery 7% : ¢g ~ X\ and compute the set of end vertices of Duwo-
positively folded galleries. Alternatively, we can apply the vertex operator to all alcoves
y € Shy, (z1). Invoking Lemma we could also use Shg, (z2) for the second
option. The set of coroot lattice points obtained both ways is the same and is illustrated
as black dots in the pictures of Figure [3.5

Open question 3.2.16. As stated here, Coxeter shadows are introduced for arbitrary
Coxeter groups, but to date, they have not been studied in hyperbolic Coxeter groups.
For this, it is necessary to implement the concept of braid-invariance for orientations of
hyperbolic Coxeter complexes, which is open.
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FiGURE 3.5. Coxeter shadows with respect to the Weyl chamber orien-
tation ¢y, of the group elements z; on the left and x5 on the right. The
direction of the Weyl chamber defining the orientation is indicated by
the light blue arc. The elements of the shadow are highlighted as purple

alcoves. The vertex shadows Sthz(o (1) and Shgz‘o (w2) coincide and are

shown as black dots. The Bruhat intervals [1,z1] on the left, respective
[1, 2] on the right are illustrated as grey and purple alcoves.

We continue with three observations on Coxeter shadows: one addressing a translation
property, one considering their symmetries, and one developing a connection between
shadows with respect to different orientations.

Translation of Coxeter shadows. In the following, let (W, .S) be an affine Coxeter
system and let the corresponding Coxeter complex ¥ = (W, S) be equipped with a
periodic orientation ¢. We start with an example.

Example 3.2.17. Let W = Wj, and let the Coxeter complex X be equipped with
the Weyl chamber orientation ¢,,, induced by wg € Wy. Figure (3.6 shows the Coxeter
shadows of the three group elements x1,x2,x3 € W. Observe that a translation of the
Coxeter shadow of 21 = t*sy with A = 20 + 20@’ is contained in the two other Coxeter
shadows. For o = t#sy with ;= 3a) 430y, we observe 1 t3 (Shg,, (z1)) C Shy,, (22).
For 23 = 1859 with & = 4a) + 3ay, we observe t2a1vt°‘2¥(Sh¢w0 (z1)) C Shg,, (23). Fur-
thermore, notice that no translation of Shy,, (x2) is contained in Shy,, (3).

The following proposition describes our observations from Example

Proposition 3.2.18 (Translation of Coxeter Shadows). Let (W, S) be an affine Coxeter
system and let the corresponding Cozeter complex ¥ = (W, S) be equipped with a pe-
riodic orientation ¢. Let x € W, and w, = wyw, be a reduced expression for x, such
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FIGURE 3.6. Coxeter shadows of z1,z2,73 € W}, with respect to the
Weyl chamber orientation ¢,,,. The orientation defining Weyl chamber
is indicated by the light blue arc. A translation of the set of alcoves of
Shy,,, (1) is contained in Shy, (22) and Shy, (23). The corresponding
alcoves are marked purple.

that wy is a reduced expression for the translation y = tr with X € T, and w, a reduced
expression for z € W. Then y(Shy(z)) C Shy(z).

PRrROOF. Let a € Shy(z). Then we find a minimal gallery 7, : ¢ ~ z that can
be ¢-positively folded onto a gallery 7, : ¢ ~ a. Now let v, : cg ~ y be a minimal
gallery of type w,. Since w, = wyw, is reduced, the concatenation 7y := 7, x 7, is
also a minimal gallery with v : ¢ ~ b. With Definition [3.1.9] follows b = yz = x.
Moreover, since ¢ is periodic, the folds in the panels of v, are also positive in . In other
words, the concatenation 4/ := ~y, % v, with 7/ : ¢f ~ y.a is ¢-positively folded. Hence
y.a € Shy(z). O

Coxeter shadows and diagram automorphisms. Now let X(W, S) be equipped
with a Weyl chamber orientation ¢,, induced by the chamber w € 0.
It follows from the poset theoretic definition of ¥ (cf. Section 1.5.1]) that the
Coxeter complex has reflection symmetries with respect to its hyperplanes. However, 2
has even more symmetries, and we can describe some in terms of diagram automorphisms

(cf. [Dav08, Def. 9.1.6]).

Definition 3.2.19. Let (W, S) be a Coxeter system. An automorphism f : W — W
with f(S) = S is called diagram automorphism. We denote by Aut(I'yy) the group of
diagram automorphisms of W.

A diagram automorphism is a permutation of the generators S that is induced by an
automorphism of the underlying Coxeter diagram I'yy. It is determined by f|s: For any
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group element w € W, choose a reduced expression w = (Syy, -+ - Sy, ) and compute the
image under f as f(w) = f(Sw, - - Sw,) = f(Sw,) - f(Sw, ). Note, that f preserves the
Coxeter matrix: m(s,t) = m(f(s), f(t)) Vs, t€S.

We want to study Coxeter shadows under the application of diagram automorphisms.
To prepare for this, we need to prove the following two lemmas.

Lemma 3.2.20. Let (W, S) be a Coxeter system with Cozeter complex ¥ = X(W, S) and
f W = W a diagram automorphism of W. Then f maps galleries in ¥ onto galleries

in f(X).

PrOOF. We show that for two adjacent alcoves c,d with common panel p the images
f(c) and f(d) are adjacent along the panel f(p) after applying f:
Since c¢ and d are adjacent, we find s; € S such that ¢ = d - s;. Because f is a diagram
automorphism, we have f(c) = f(d-s;) = f(d) - f(s;) with f(s;) € S. This proves that
f(c) and f(d) are again adjacent with common panel f(p) of type f(s;). O

For affine Coxeter groups of type A, we have:

Lemma 3.2.21. Let (W, S) be an affine Cozeter system of type A, and let the Coxeter
complex > = (W, S) be oriented by the Weyl chamber orientation ¢.,. Denote by W
the associated spherical Weyl group. Then Aut(T'w) acts on the set of chamber-induced
orientations of 0%, i.e., Aut(T'w) ~ Wo, via f.¢uw = @ fw)-

PROOF. For S = {s1,...,s,}, recall that Ty is a circle, and it has the symme-
try group of a regular n-gon, which is A,_; (compare Figure . This implies that
Aut(T'y) = Wy. Let now f € Aut(I'yy). Then f induces an isometry ¢ of the Cox-
eter complex Y, which, in turn, induces an isometry ¢g : 0% — 9. For v € 0%,
it holds py(v) = w € 0X. Remember that we can identify Wy and 0¥X. Regarding
the isometry ¢, let us consider v,w € 0¥ with minimal expressions v = s, - - - s, and
W= Sy, *** Sw,,- Thenv-w =u € 0¥ and Sy, - - - Sy, *Sw, * * * Sw,, 15 a word for u. Further-
more, it holds pg(v-w) = ©a((Sv; = Su,) - (Swy *** Sw,)) = Po(Suy =+ Suy, * Swy * ** Swy) =
0o (Svy) - a(Sv,) - Pa(Swy) - a(Sw,,) = wa(u). This shows that ¢ acts on the set of
Weyl chamber orientations via ¢.¢, = @y (y).- O

Lemma [3.2.21] implies that the orientation ¢,, of ¥ is preserved:

Corollary 3.2.22. Let ¢, be a Weyl chamber orientation of the affine Cozeter complex
Y(Wj ,S). Let further f be a diagram automorphism of FWﬂn’ and let ¢ () be the Weyl
chamber orientation of ¥ induced by f(w) € 0X. For all alcoves ¢ € ¥ with panels p C c,
the following holds: If ¢u(p,c) = +1, then ¢ 1) (f(p), f(c)) = +1.

We are now ready to present our findings on the behavior of Coxeter shadows when
applying diagram automorphisms.
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Proposition 3.2.23. Let (W, S) be an affine Cozeter system of type A. Let x € W and
odw be an orientation of ¥ = X(W,S) induced by w € 9¥. Also, let f : W — W be a

diagram automorphism. Then we have the following equality:

[ (Shg, () = Shg(,, (f(2)).
In particular, it holds f (Shg, (x)) = Shy, (f(x)) if f fires w € OX.

PROOF. First, let z € f (Shy, (z)). Then we find y € Shy, (z) and a corresponding
¢w-positively folded gallery v, : c¢ ~ y obtained from a minimal gallery 7, : cf ~ x with

V& it Yy, such that z = f(y). Let 7(vz) = s1--- s, and 7(yy) = S1 - 8i—18iSi41 -+ Sn.
If v, has multiple folds, apply the following arguments to all folds. Since y and z are
uniquely determined by the decorated type of ,, and f is an automorphism, we have

z= f(s1---8i-18iSiy41- - sn) = f(51)f(s52) -+~ f(si-1) [ (3:) f(si1) -~ f(5n)-

This word corresponds to a gallery 7, that can be obtained from the gallery ;) : cg ~
f(x) with 7(y¢(z)) = f(s1) -~ f(sn) by folding at the panel p;. Invoking Lemma
shows that the fold at the panel p; is positive with respect to the Weyl chamber orien-
tation ¢y(,), hence z € Shy, . (f(2)).

On the other hand, let z € Shy, . (f(2)). Then we find a minimal gallery vf(,) : cf ~
f(x) that can be positively folded onto a gallery 7, : ¢ ~ z with respect to ¢p(yy. If
7. has multiple folds, apply the following arguments to all folds. For the type of vy, it
holds 7 (Yf(z)) = f(x) = f(s1---sn) = f(s1) - f(sn). The factorization is permissible,
since f is a diagram automorphism. By definition of the Coxeter shadow, v, has the
same type and the decorated type

T(v2) = f(s1) - f(si=1) f(80) f(Si41) -+ f(sn) = f(s1° - 8i-18i8i41 "~ Sn).

Hence the type of 7, is the f-image of the type of a gallery v, : c¢ ~ y with 7(v,) =
81+ 8i—18iSi41 - sp and 7(yy) = s1--- S, = x. Furthermore, v, can be obtained from
Yz : Cf ~ X with 7(v;) = s1--- 8, by folding at the panel p;. Since the fold in ~, was
¢ (w)-POsitiv, Lemma ensures that the fold in v, is positiv with respect to ¢,.

This implies 7, P vy and y € Shy, (x). It follows z € f (Shg, (x)). O

Example 3.2.24. Consider Wi, with S = {s1,s2,50} and fix the Weyl chamber
w=s3 € Wy. Let f: Wi, — Wy, be the diagram automorphism defined by f(s1) = s2,
f(s2) = s1 and f(sg) = sp. Compare also Figure for the Coxeter diagram of Wy, .
Consider z = s152505251525052. The left picture of Figure [3.7 shows a minimal gallery
Yz : ¢ ~ x and Shy, () with respect to the orientation induced by the Weyl chamber
w. Applying the diagram automorphism f to X(W,.S), its boundary complex 93, and
Shg,, (x) leads to the set of alcoves shown in the picture on the right. This is the same
set of alcoves as obtained by applying f to z, obtaining f(z) = s251505152515051, and
to w, obtaining f(w) = s1, and computing the shadow Shy,  (f(2)) with respect to the
(different) orientation induced by the Weyl chamber f(w).



3.2. FOLDED GALLERIES AND COXETER SHADOWS 51

FIGURE 3.7. Illustration of the symmetry of a Coxeter shadows in W,
under the diagram automorphism f : W — W. The blue arc indicates
the orientation defining Weyl chamber. On the left: Shy, (x). On the

Relation between chimney and Weyl chamber shadows. We conclude this
section with a connection between Coxeter shadows with respect to Weyl chamber
orientations and chimney-induced orientations. Notice that it was shown in ,
Prop. 3.28] that chimney-induced orientations are braid-invariant, which ensures that
Coxeter shadows Sh(x) for group elements x are well-defined with respect to these ori-
entations.

We begin by defining our notation for these Coxeter shadows, which we adopt from
[Mil4-24, Def. 3.29|, where the authors introduced shadows with respect to chimney
orientations in a more general setting.

Notation 3.2.25 (Chimney shadows). Let (W,S) be an affine Coxeter system. Let
J C{l,...,n} and xz,y € W. We denote the Coxeter shadow of & with respect to the
(J,y)-orientation by Sh, (z). We will also refer to Sh, () as the (J, y)-chimney shadow.
Note that with the amalgamations explained in Definition [3.2.11] and Remark [3.2.12] it
is also possible to study (J, y)-chimney shadows of vertices.

Remark 3.2.26. Chimney shadows are closely linked to the study of affine buildings.
One can show that the chimney shadow of an element z € W for an affine Coxeter system
(W, S) is the image of a chimney retraction applied to the pre-image of a retraction
centered at cf in a thick affine building. In a different context, this observation already

appeared in |Hit10] and was later explored in more detail in [Mil+24].

We continue with an example of chimney shadows.

Example 3.2.27. Consider z,y € Wy, where z = te and A = 3a) + 3. Let y = the
with g = 2oy —3ay and z = tYe with v = of + . Let J = 1, and therefore ®; = {1 }.
The left picture of Figure illustrates Shy y(x) and Shy, (x) for w = sgs1. Observe
that the sector (1,y) does not intersect the polytope in ¥ defined by the Weyl orbit Wy.A



52 3. FOLDING PATTERNS FOR COXETER SHADOWS

and that the polytope and the sector can be separated by the wall H,, _7. Furthermore,
notice that both shadows coincide.
The right picture of Figure illustrates Shy .(x) and Shy, (z) for w = s2s1. In this
case, the sector (1,z) is located near c¢ and intersects conv(Wy.\). Here, we can see
that Shy ,(x) C Shg, (x). The set of alcoves missing from Sh; ,(z) is contained within a
cone that is cut off from Shy, ().
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FIGURE 3.8. Coxeter shadows of 2 = t*e with respect to chimney orien-
tations (purple) and Weyl chamber orientations (blue). The orientation
defining chimneys are illustrated as purple sectors Si, and S7 . and the
orientation defining Weyl chambers are indicated by the blue arc. The
orange polytope illustrates the convex hull of the orbit Wy.A.

Motivated by our observations in Example we now prove that shadows with
respect to Weyl chamber orientations are exceptional instances of chimney shadows,
where the sectors are positioned far away from the gallery.

Proposition 3.2.28. Let (W, S) be an affine Cozeter system. Let J C {1,...,n} and
z,y € W with x = t\w. Then Shy,(z) = Shy, (x) for a Weyl chamber v € 9%, if the
following two conditions hold:

(i) For all positive roots o € @ 5, the (J,y)-sector can be strictly separated from the
convex hull of the Weyl group orbit conv(Wy.\) by a wall Hy j;;

(ii) and for all positive roots « € ®T \ @, the (J,y)-sector intersects the convexr
hull of the Weyl group orbit conv(Wy.\) in a finite or empty set of alcoves.

Notice that conv(-) denotes the convex hull in the Coxeter complex here.

PROOF. Let 7, : ¢ ~ x be a minimal gallery and denote the (J,y)-sector by J.
Denote further ho(A) = (A, @). Recall that we observed in Lemma [3.2.14] that for every
orientation ¢ it holds Sh;’stx(a:) C conv*(Wy.A). Here, conv*(-) denotes the Euclidean
convex hull. This implies Sh;@tx(fn) C conv(Wy.\) and Shy(7) C yeo Haho()+1 = P-
Denote by H the set of hyperplanes H with H NP # (). Observe that all hyperplanes
crossed by 7, and galleries obtained by folding ~, are contained in H.
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For a € ®;, let H, be a strictly separating hyperplane between J and conv(Wy.\).
Notice that H, j also separates J and P, and that the side of H, j towards the halfspace
H? , with P C Hf , is the ¢ -positive side of H, . Now observe that for all H, € H it
holds H, C H,. Tor all these hyperplanes, the side towards the half-space containing
J is the negati\}e side with respect to ¢ .

For a € %\ @, we find a wall H, ; with P C HE ; and J N HG is empty or a finite set
of alcoves. Let now Hy € H. Then Hy C Hg, ;. Denote H € for the half-space satisfying
HE C H aj- Then the side of H, towards the half-space HE with J N HE being an
empty or finite set of alcoves is the ¢ ;,-positive side of H,.

Together, this shows that ¢, is periodic on the hyperplanes H.

Now fix a coroot lattice point n € P and let H,,,..., H,, be the hyperplanes for the
positive roots o; € ®* containing 7. It holds Hy,, ..., Ha, € H. Denote by HJ the
halfspaces towards the ¢, -positive sides. The intersection ﬂie[k] H;: then defines a
local Weyl chamber C,,, with J NC,, empty or finite. Since ¢, is periodic on H, the
Weyl chamber v € 9% represented by C, , is the same for all n € P. It follows, that
¢Jy = ¢ on H, where ¢, denotes the Weyl chamber orientation induced by v € 9.
Since the shadow of x only depends on the orientation of the hyperplanes in H, it follows
the claim. O

Open question 3.2.29. As in Example we observed that chimney shadows,
which do not meet the assumptions of Proposition|3.2.28] are subsets of the Weyl chamber
shadows with missing alcoves contained in a cone that is cut off from the shadow. It
remains open question to describe these cones in relation to the chimney. Additionally, it
would be interesting to precisely describe how the orientations of the hyperplanes change
as a sector moves from being far away from the gallery to being closer to it.

Recall further, that every (J,y)-chimney & that is represented by a sector containing
more than one alcove (and thus, containing infinitely many, cf. [Mil+24, Lemma 3.10])
is represented by sectors bounded by two adjacent hyperplanes of the same parallelism
class. Since this parallelism class corresponds to a panel in the boundary complex 0%,
which lies within certain Weyl chambers, it might be worthwhile to study the chimney
orientation ¢, in relation to these Weyl chamber orientations of X.

3.3. Connection to moment graphs

In this section, we point out two connections between the Bruhat moment graph of the
spherical Weyl group Wy associated with an affine Coxeter group W and the ¢-positive
folding patterns in W for a Weyl chamber orientation ¢,,. We start by giving a general
definition of a moment graph, following |Fiel6]:

Definition 3.3.1 (Moment graph). Let A = Z" be a lattice. A moment graph G over
A is a labeled simple directed graph G = (V, E) with vertices V', directed edges F, and
labeling map fg : E — A\ {0}.

The moment graphs that are important to us are the moment graphs obtained from
Bruhat graphs. Refer to Definition in Section [2.2.3] for our notion and notation.
We already noted above in Proposition [3.2.9] that the Bruhat order has a geometric
interpretation via galleries: For group elements =,y € W it holds y < x in Bruhat order
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if and only if a minimal gallery <, : ¢f ~ x can be folded onto a gallery v, : ¢c¢ ~ y of
the same type. We will prove another connection between Bruhat graphs and positive
folding patterns of galleries below.

Since there is a 1-on-1 correspondence between reflections in Wy and the positive roots
of the affine Coxeter group W, each reflection r corresponds to one parallelism class of
hyperplanes in the affine Coxeter group. Therefore, we can index the reflections with
their affiliated positive root in W and obtain a moment graph:

Definition 3.3.2 (Bruhat moment graph). Let (Wp, Sy) be a spherical Coxeter sys-
tem with root system ® and ®T the set of positive roots. Recall, that we denote by
X = Zwy & -+ @ Zw, the weight lattice. The labeled graph Gy, = (V, E,®") with
vertex set V = {w : w € Wy} and edges e = (u,w) € E if and only if [(u) < [(w) and
w = 7q,(u) for a reflection r,, € R with a; € &1 a positive root in Wy is called the
Bruhat moment graph. We set fg,, (e = (u,w)) = ;.

For example, the picture on the right of Figure [I.I] depicts the Bruhat moment graph of
the Coxeter group of type As.

3.3.1. Folding patterns and moment graphs. We can now present the main
result of this chapter: The Bruhat graph encodes adjacency relations via reflections of
group elements in Wy, and the labeling of the Bruhat moment graph gives the parallelism
classes of the hyperplanes corresponding to these reflections. Because of the semidirect
product structure of affine Coxeter groups, the reflections in Wy encoded in the Bruhat
graph each represent a class of reflections in parallel hyperplanes in the associated affine
group W. For periodic orientations of its Coxeter complex ¥, it then suffices to study
a single representative of a hyperplane class to understand the positivity of foldings
in affine Coxeter groups, hence a Bruhat moment graph. This leads to the following
connection:

Theorem 3.3.3 (Positive folding patterns and moment graph). Let (W, .S) be an affine
Cozxeter system and Wy the corresponding spherical Coxeter group with moment graph
Gw, = (V, E, @%ﬂ). Denote by ¥ the affine Coxeter complex corresponding to (W, S) and
let @y, be the Weyl chamber orientation on X with wg € Wy the unique longest element.
Let x € C, and v : cg ~ x be a minimal gallery. Then (Oéj,i)z‘e[n] is a positive folding
pattern for v if and only if (aj1,42,...,a5y) is the label index sequence of a directed
path in Gy, starting in the vertez v.

Before we present the proof, we first obtain a well-known result about the maximum
number of positive folds of a minimal gallery with respect to a Weyl chamber orientation
from this (cf. |GS20, Prop. 4.24]):

Corollary 3.3.4. Let (W,S) be an affine Coxeter system and Wy the corresponding
spherical Coxeter group with unique longest element wg € Wy. Let further v be a gallery
that is obtained by positively folding a minimal gallery with respect to the Weyl chamber
orientation ¢y,. Then one has for the number of folds |F(v)|:

[E'(v)] < U(wo),

where I denotes the word length of an element in Wy.
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PrOOF. This follows immediately from Theorem [3.3.3| since no directed path in the
Bruhat moment graph is longer than I(wy). O

Next, we will describe a connection between directed edges in the moment graph and the
Weyl chamber orientation ¢,,, for wy € Wy. This serves as a preparation for the proof
of Theorem [3.3.3

Lemma 3.3.5 (Bruhat moment graph and ¢, ). Let Gy, be the moment graph corre-
sponding to the spherical Cozeter group Wy and affine Coxeter system (W,S), and let
u,w € Wy. Denote by 0% the Cozeter complezx associated with Wy in the boundary of 3
and by Oy, the Weyl chamber orientation of 0¥ induced by the unique longest element
wo € Wy. Then there exists a directed edge e = (u,w) € Gw, if and only if the Weyl
chamber uw C 0% is on the O¢y,-negative side and w C 0% is on the Opy,-positive side
of the reflection hyperplane H, with w =r(u) =u-r, r € R.

PROOF. First, let e = (u,w) € Gy, be a directed edge from u to w in the moment
graph of Wy. Tt follows that w = u - r for a reflection r € R and I(u) < l(w). Observe
with [Hum90, Section 1.8|, that

I(u) < l(w) & —1l(u) > —l(w) < l(wo) — L(u) > l(wy) — l(w) < 1(u wy) > l(w  wy)
< d(u,wp) > d(w, wp).

Let OH, be the hyperplane in the Coxeter complex 0% corresponding to 7. The chambers
u and w lie on opposite sides of OH, and it follows from the definition of ¢,,, that wy is
on the ¢y,,-positive side of 0H,. Hence, if w = wop, w is on the ¢,,,-positive side of IH,
and there is nothing more to show. If w # wgy, we show that w is on the ¢,,,-positive
side of 0H, via contradiction. Suppose that w is on the ¢,,,-negative side of OH,. Then
u is on the ¢y,-positive side of OH,. And since wq is on the ¢,,,-positive side of all
hyperplanes in 9%, this implies d(u,wp) < d(w,wp), because: Let v : wy ~ w be a
minimal gallery in 93. Then we have ¢(y) = d(w,wp). Since OH, separates wy and
w, 7 crosses OH, with a panel p. Now fold v at p to obtain the gallery 4. Then ~'
is stuttering, hence not minimal, and fully contained in the half-space defined by 0H.,
that contains wg and, since w = u - r, 7 : wg ~ u. But then we can shorten 7' to
obtain a minimal gallery 7" : wg ~ u with £(7") < £(v") = £(v). With d(u,wy) = £(v")
follows the claim: d(u,wp) < d(w,wp). But this is a contradiction. Hence w is on the
@uw,-positive and u on the ¢,,,-negative side of 0H,.

To prove the converse, let u be on the ¢,,,-negative and w be on the ¢,,,-positive side
of the hyperplane 0H, with w = u-r and » € R. Then surely (u,w) or (w,u) is an
edge of the moment graph Gy, depending on whether I(u) < l(w) or l(w) < I(u).
Since w is on the ¢y, -positive side of the hyperplane 0H,, it follows from the definition
of the orientation O¢,, that w and wp lie on the same side of the hyperplane 0H,.
Because JH, separates w and u, we see with the same argumentation as above that
d(w, wp) < d(u,wp). And with this, we have with [Hum90, Section 1.8| again:

d(w,wp) < d(u, wp) < l(u) < l(w).
Hence, (u,w) € Gw,. O

With this, we are ready to prove Theorem [3.3.3}
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FIGURE 3.9. On the left: Coxeter complex of By with folded galleries.
On the right: Bruhat moment graph of Bs.

PROOF OF THEOREM B.3.3l First, let (j;);c[n) be a positive folding pattern for .
Suppose, (Oéj,i)ie[n} is not a label index sequence of a directed path in Gy, starting in v.
Then we find an index j,k with & € {1,...,n}, such that (a;1,...,a;k—1) is an index
sequence of a directed path £ = (v, ..., u) in Gw, with v, u vertices, and (o 1,...,a; k) is
not. Consider the gallery 7/ which is obtained from ~ by application of the folding pattern
(aj,i)z‘e[k;—l] to a feasible choice of panels, such that 4/ crosses at least one hyperplane
of class ajj in the remaining unfolded part behind the last fold. If we can not find
such a gallery, the folding pattern (a;;);c[r) does not apply to 7, and since the pattern
(@ji)iek—1) corresponded to a directed path in the graph Gy, starting in v there is
nothing to show. So we find such a gallery 4'. Denote the unfolded remaining part of
the gallery 7/ by v, : y ~ z with y = t#w and z = tw’. Since 7,. is minimal and assumed
to cross at least one hyperplane Hai,k,h with a; , the next element in the positive folding
pattern for v, we know that z satisfies z C Hozkh with respect to the orientation ¢y, .

Hence we conclude with Corollary that z C C,, v with ' on the ¢, -negative side
of the hyperplane 0H,, , » in 3. Then Lemma 3.3.5 shows that there is a directed edge
e labeled o 1 leaving the node v in the moment graph. So we can prolong the directed

path £ above with e such that the label index sequence (a1, ..., ;) does correspond
to a directed path in the moment graph Gy, .
To prove the converse, let (au,, Qy,, - .., y,, ) be the label index sequence of a directed

path in Gy, starting in the node labeled v. Then v is on the J0¢,,,-negative side of the
hyperplanes aH%, fori € {1,...,n}. It follows from Lemma that for a minimal
gallery v C C, it holds: If vy crosses a corresponding hyperplane H,, ; withi € {1,...,n}
and k € Z in X, then + crosses this hyperplane from the qbwo—positix;e to the ¢,,-negative
side. Hence, we can fold the gallery v with positive folding pattern (au,, tyy, - @y, ). O

Example 3.3.6. Figure[3.9|visualises Theorem The grey unfolded minimal gallery
~ on the left ends in Cs,. The galleries v; and vy are obtained from 7 by folding it at
the fourth and fifth, or the first, fourth, and fifth panels, respectively. Let ¢, be the
Weyl chamber orientation defined by dwg, marked with a light blue arc. With respect to
¢uw,, M1 1s positively folded with folding pattern (o, a2). This corresponds to the label
sequence of a directed path in Gg, starting in the node s;. The gallery v, is folded with
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folding pattern (aq, g, aqp) as is obtained from ;7 by adding the fold in the first panel.
We read off from the moment graph Gg, depicted on the right of Figure that this
folding pattern does not correspond to a label sequence of a directed path in the graph
starting in s;. The gallery ~; is not positively folded with respect to ¢,,,, since the first
fold is not positive. This also shows that when a new fold is added to a folded gallery
before the existing folds, the positivity of these folds may be reversed.

With a modification of the moment graph, the results of Lemma[3.3.5and Theorem [3.3.3
can be generalized to Weyl chamber orientations ¢,, with w # wg. Recall that in a Bruhat
moment graph, directed paths correspond to minimal words in W with the labels of the
used edges giving the parallelism classes of the hyperplanes a gallery corresponding to
this word is crossing.

Now imagine a minimal gallery in Wy starting in v # e. Then, the end alcove of the
longest minimal galleries will not be wp, but the alcove w maximizing d(v,w). To
represent this translation in folding patterns, we shift the labels of a Bruhat moment
graph and obtain a modified moment graph:

Definition 3.3.7 (Modified moment graph). Let Gy, = (V,E,@*VE,O) be a Bruhat mo-

ment graph with labels fg,, (e = (u,w)) = ;. Now let ¢ : V' — V be a bijection on the

set of vertex labels and v : fg,, (E) — Sfgmoa (E) a bijection on the set of edge labels,
0

such that it holds:
{u,w} € E(Gw,) < {p(u), p(w)} € E(gﬁ}gd) as undirected edges,
(1, w) € E(Gy) = (9(), p(w)) € E(GRZ) with o(u') = u, p(w') = w,
fow, (e ={u,w}) = a; & fgir}nvod(w(e) = {¢(u), p(w)}) = a; as undirected edges;

That is, the labels of the Bruhat moment graphs are rotated. Let v be the vertex in the

modified graph with no ingoing edges. Then we call the labeled graph g{;,gd = (e(V), E)

with edge labels fgwod(w(e) = (¢(u),p(w))) = aj € @ modified moment graph with
0

minimal element v.

Analogous to Lemma [3.3.5] we draw a connection between a modified moment graph

and ¢,:

Lemma 3.3.8 (Modified moment graph and ¢,). Let Q{,”ng be the modified moment graph
corresponding to a spherical Coxeter group Wy with minimal element vwy. Let (W, S)
be the affine Coxeter system associated with Wy with Coxeter complex ¥ = X(W,S) and
let u,w € Wy. Denote by 0 the Cozeter complex associated with Wy in the boundary
of ¥ and by 0¢, the Weyl chamber orientation of 0% induced by v € Wy. Then there
is a directed edge e = (u,w) € Qa}gd if and only if the Weyl chamber u C 0% is on the
0y -negative side and w C 90X is on the O¢,-positive side of the reflection hyperplane H,

withw=r(u)=u-r, r € R.

PROOF. Notice that it follows from Definition [3.3.7] of a modified moment graph,
that (undirected) incidences between vertices and their corresponding edge labels are
preserved as in a Bruhat moment graph. Hence we have a directed edge e = (u,w) or
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e = (w,u) in a modified moment graph gv@gd with minimal element vwy if and only if

u can be reflected onto w with w = r(u) = u-r, r € R. Observe also that this edge is
labeled q; if and only if the reflection hyperplane H, is in class «;. Recall further that
we have a directed edge e = (u,w) in a moment graph if and only if d(e,u) < d(e,w)
(resp. d(u,wp) > d(w,wp)) and w = r(u) for a reflection » € R. Since in ggﬂvgd the vertex
label vwy is mapped onto the vertex e in Gy, and (undirected) incidences of vertices
and edge directions are kept, we have that d(u,v) < d(w,v) and w = r(u) if and only if
e = (u,w) is a directed edge in ggg,gd with minimal element vwy.

Together with the observations above on distances in Wy and the fact that v is on the
O¢,-positive side of all hyperplanes in 0%, the first direction of the proof follows by the
same argument as given in the proof of Lemma [3.3.5] Exchange wg by v.

To prove the converse, let u be on the ¢,-negative and w be on the ¢,-positive side of
the hyperplane 0H, with w = u -7 and r € R. Then (u,w) or (w,u) is an edge of Q{’&gd.
Since v is on the ¢,-positive side of all hyperplanes in 0% and w is on the ¢,-positive
side of the hyperplane 0H,., it follows from the definition of the orientation d¢, that
w and v lie on the same side of the hyperplane 0H, and uw and v are separated by H,..
It follows that d(u,v) > d(w,v). But this implies that the edge is directed towards w,

hence (u,w) € E(Q‘C”ng). O
With this, we can generalize Theorem and state our main result of this chapter:

Theorem 3.3.9 (Positive folding patterns and modified moment graph). Let (W, S) be
an affine Cozeter system and Wy the corresponding spherical Coxeter group with modified
moment graph ggg,gd =(V,E, @*VE,O) with minimal element wwy. Denote by X the affine
Cozeter complex corresponding to (W,S), and let ¢, be the Weyl chamber orientation
on X with defining element w € Wy. Let x € C, and v : ¢cg ~ X be a minimal gallery.
Then (ji)ic[n) s a ¢u-positive folding pattern for v if and only if (a1, a2, ..., n) is

the label index sequence of a directed path in Q‘C”ng starting in the vertex v.

PRrROOF. Use the same argumentation as in the proof of Theorem [3.3.3] replacing
Gw, with g{/”ng, the orientation ¢,,, with ¢,,, and Lemma with Lemma 3.3.8l U

Remark 3.3.10. With our construction of paths in the (modified) Bruhat moment
graph, we recover and generalize a construction of alcove paths presented by Guilhot
and Parkinson in [GP19, Lemma 6.2] for type Gp. This construction was utilized by
the authors as a technical tool to prove Lusztig’s conjectures regarding the structure of
Hecke algebras with unequal parameters for type Go [Lus03]. Specifically, the alcove path
they constructed corresponds to the vertex sequence of a directed path starting from the

vertex v in Q{,[”/gd

Recall that, in general, not all ¢,-positive folding patterns for a gallery v can be ap-
plied to it, e.g., because the gallery is too short. Therefore, we introduce the sets
X(Cv, P, (@ji)icin)) S X(W,S) of alcoves x € C, that allow for the application of a
pu-positive folding pattern (a;;)ic,) to a minimal gallery ending in x. It is then a
natural question to also ask for the intersection set, that is, the set of all alcoves in a
common Weyl chamber, satisfying that every ¢,,-positive folding pattern can be realized
in a folding of a gallery ending in these alcoves.
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Definition 3.3.11. Let (I, S) be an affine Coxeter system and let its Coxeter complex

Y(W,S) be equipped with a Weyl chamber orientation ¢,,. Let further C, be a Weyl

chamber of 3(W, S). We define the set X' (C,, ¢,) of alcoves x of C,, for which every ¢,,-
mod

positive folding pattern obtained from the modified Bruhat moment graph Gjjo® starting
in the vertex v can be realized for at least one minimal gallery v : ¢f ~ x as:

X(C’U7¢w> = ﬂ X(va¢wa (a],l)zé[n})
(a5,4)ign)
Here, X (Cy, duw, (@ji)ic[n)) denotes the set of alcoves x € X(W,S), satisfying that for
mod

the folding pattern (a;)ic[n) obtained from Go® starting in the vertex v there exists a
minimal gallery 7 : ¢g ~ x such that « can be folded following this pattern.

Remark 3.3.12. Observe that, restricting to folding patterns associated with directed
paths in Qﬁ}gd starting in the node labeled v, is not a restriction when defining the sets
X(Cu, buw, (aji)icn)): Tt follows from Theorem @l that folding patterns not associated
with such paths cannot be applied to minimal galleries ending in C,, hence the defined
alcove sets would be empty.

Observe further, that if (a;);c[n] is a ¢u-positive folding pattern that continues the ¢,-
positive folding pattern (a;)icfn), then X(Co, dw, (aj:)iem) € X(Co, Pw, (aj)iremn)-

Below, we present a naive construction of a set of alcoves in X (C,, ¢,,). For this, we need
a modified notion of shrunken Weyl chambers as introduced in |G6r+06|, Def. 7.2.1]:

Definition 3.3.13 (Shrunken Weyl chamber). Denote by w,’ the fundamental coweight
corresponding to a positive simple root a;. Let k € N. We define the k-shrunken Weyl
chamber C,, C C,, as

(fw,k:Cw—H{:- Z wwiv.

i wa; >0

The k-shrunken Weyl chamber contains all the alcoves from C,, that do not lie between
the hyperplanes Hya,0 and Hy, j, for positive simple roots a.

Proposition 3.3.14 (Naive subset of X' (Cy, ¢u)). Let (W, S) be an affine Coxeter system
and its Cozeter complex (W, S) be equipped with a Weyl chamber orientation ¢,,. Let
further C, be a Weyl chamber of X(W,S) and 1, the length of a longest directed path in
gg;gd starting in the node labeled v. If x C C~w,lp, then every ¢y, -positive folding pattern

corresponding to a directed path in gg”[,gd starting in v can be realized in a folding of a

minimal gallery v : cg ~ X.

Proor. We prove the claim for C, = C¢. To see the proof for C, # C;, follow the
same arguments and apply v to the roots and cones.
Denote by p := %Z aca+ @ the half sum of positive roots. Observe, that a minimal
gallery 7 : wg ~ c¢ crosses a single hyperplane of every parallelism class. Observe
further, that v, : ¢g ~ t?wpg is minimal, ends in the alcove at the tip of C t, and that
the concatenation 7 x y; : cg ~ tPce crosses at least one hyperplane of every parallelism
class. Compare |[MST15, Sec. 6.2]. Now let x C C~f7lp. Then every minimal gallery
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v : ¢ ~ x also crosses all hyperplanes a minimal gallery ~;; : cg ~ t'Pwq crosses. In
particular, every minimal gallery 7 crosses at least [, hyperplanes of every parallelism
class. With this, one can construct a folded gallery for every ¢,,-postive folding pattern
(@j,i)ie[n) obtained from g;nvgd starting in the node e out of v as follows: Let H; be the
first hyperplane of class a1 that 7 crosses, and denote the corresponding reflection by
r1. Fold ~ at its panel contained in Hy. Then, the remaining part of v is reflected by
r1 and the parallelism classes of the hyperplanes v crosses in this reflected part may
change. But, since 7 crosses [, hyperplanes of every parallelism class and the mapping of
hyperplane classes under reflections is bijective, the remaining reflected part of vy crosses
at least [, — 1 hyperplanes of every parallelism class. Hence, find the first hyperplane
Hs of class a2 7 crosses in this remaining part and fold the gallery again at its panel
contained in Hs. With the same argument as above we see, that we find a gallery
~ such that the remaining part of the gallery behind these two folds crosses at least
l, — 2 hyperplanes of every parallelism class. Repeat the construction for the remaining
elements of the folding pattern (a;;);c[n)- The claim then follows by proving that [, > n,
which follows immediately from the construction of [, and Theorem O

Example [3:3.15] demonstrates that the set constructed this way is a proper subset of
X (Cw, ¢v). We also give an example of how to construct the exact set X' (Cy, dy).

Example 3.3.15. Consider Wj, with generating set S = {so, s1, s2} and positive roots
d+ = {a1,a9,a1 + az}. Let the Coxeter complex ¥ = (W, S) be equipped with the
Weyl chamber orientation ¢,,,. We want to determine all x C Cy, such that for every ¢,,,-
positive folding pattern we find a minimal gallery 7y : ¢f ~ X, to which the pattern can be
applied. With Theorem [3.3.9} we read off the longest ¢.,,-positive folding patterns from
the Bruhat moment graph: (g, ag,a1), (a1, a1 +ag, ), (ag,ar,a9), (ag, a1 +ag, a1).
Compare Figure Observe that a reflection in a fundamental hyperplane H,, o of class
«; maps the other two positive roots onto each other. This implies that by applying a
reflection across a hyperplane of class «; onto a gallery when folding it in a panel con-
tained in this hyperplane, the hyperplane classes o; of the hyperplanes crossed after this
fold swap for j # 4, and stay fixed for j = 4. It follows, that a gallery v : ¢cg ~ x
must cross hyperplanes of classes (a,7q, (01 + 02),7a; (Ta1tas(@2))) = (a1, a2, 1)
such that we can apply the folding pattern (a1, a1 + ag,as2). For the folding pattern
(a1, g, 1) we derive, that the gallery must cross hyperplanes of classes (a1, a1 +ag, a2);
for the pattern (ag, a1, as) we derive the hyperplane class sequence (ag,a; + ag, aq);
and for the pattern (ag, 1 + ag,a1) we obtain (g, a1, a2). Together, it follows that
for alcoves x satisfying x C Hofl,z N H:{%2 N H;rﬁa%l = H;1,2 N H;z’z all four folding
patterns mentioned above can be applied to a minimal gallery v : ¢ ~ x. We note that
CraC H;FLZ N H;;z = X(Cy, uy)- Figure visualizes this set of alcoves.

Open question 3.3.16. As observed in Example the naive construction pre-
sented in Proposition only provides a proper subset of X(Cy,,¢y). It remains
to give a sharp (geometric) description. Furthermore, it could be interesting to study
X(Cy, ¢) with respect to other types of orientations ¢.

3.3.2. Moment graphs and spherical directions. We will now present a second
connection between folded galleries and Bruhat moment graphs: Folding a gallery not
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JANWAN

F1cURE 3.10. Visualization of Proposition . The light blue arc in-
dicates the orientation defining Weyl chamber Qwg. The green cone in the
picture on the left depicts the naive set constructed in Proposition [3.3.14]
and the three i-folded galleries 71 ; obtained from the minimal gallery 1,
illustrate the folding procedure presented there for the folding pattern
(a1, a1 + g, ). The blue cone depicts X (Cy, puy, (1, 1 + a2, a2)) as
computed in Example 3.3.15] The galleries 72 and 72,3 give an exam-
ple of how to apply the pattern there. The brown cone in the picture
on the right shows X (Cyf, ¢w,). The pink, green, orange, and blue gal-
leries are obtained from the grey gallery by ¢,,,-positive folding, using all
feasible folding patterns (aq, e, 1), (a1, a1 + ag,a2), (ag,ag,as), and
(a2, a1 + g, 1), respectively.

only affects the directions of crossing hyperplanes in a way that is encoded by Gyy,, but
it also changes the spherical direction of the end alcove of a gallery. These changes follow
a structure that is encoded in an undirected version of a Bruhat moment graph, which
we introduce as follows:

Definition 3.3.17 (Undirected moment graph). Let Gy, = (V, E) with vertex set V =
{w: w e Wy} and edges e = (u,w) € E if and only if I(u) < l(w) and w = ry,(u) for
a reflection r,, € R with a; € ®* a positive root in Wy be the Bruhat moment graph
corresponding to a spherical Coxeter system (Wj,Sy). Consider the undirected graph
Giwe = (Vun, Eupn) obtained from Gw, = (V, E) by replacing every directed edge with
an undirected edge between the same vertices and keeping the labels. Then we call this
graph the undirected moment graph of Wj.

Observe that an undirected moment graph keeps the geometric information of a Bruhat
moment graph on the adjacency of alcoves with given spherical direction in the corre-
sponding affine Coxeter group, and also gives the information on the parallelism class
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a panel (resp. a hyperplane) in between two such alcoves has. However, the ordering
information on the length of the group elements in Wy is lost.

Theorem 3.3.18 (Undirected moment graph and end alcoves of folded galleries). Let
(W, S) be an affine Cozeter system with (Wy, Sy) the associated spherical system and let
v 1 ¢ ~ MV be a minimal alcove-to-alcove gallery in the affine Cozeter complex oriented
by a Weyl chamber orientation ¢,,. Let further (aj,i)z‘e[n] be a ¢y, -positive folding pattern
that can be applied to ~y.

Consider the path in the undirected moment graph Gy associated with Wy with label
sequence (aj1, . .., ap) starting in the vertexv. Then the end vertex of the path coincides
with the spherical direction of the end alcove of every gallery ' that is obtained from ~y
by folding it with the folding pattern (Oéj,i)ie[n].

PROOF. First, note that each vertex v of an undirected moment graph Gy has a

degree of deg(v) = ‘@;[,0’ and is adjacent to an edge labeled « for every a € @%0.

Therefore, every folding pattern can be realised uniquely as the label sequence of an
undirected path starting in any vertex of this graph.

Furthermore, recall that folding a gallery with end alcove t*v at a panel contained within
a hyperplane of class « is applying a reflection r, with reflection hyperplane in class «
to the end alcove. For this holds:

ra(t)‘v) = tr“(A)ravwo (v),

where 7, 1, denotes the reflection with reflection hyperplane in class o in Wy. According
to Definition we have that r, w,(v) =: u is the vertex adjacent to v in the
undirected moment graph along the edge labeled a.

These two observations together show that the end vertex of the path in Gy starting

in v with label sequence (o, , a;,, ..., ;,) coincides with the spherical direction of the
end alcove of a folded gallery +' obtained by folding 7 following the folding pattern
(@ji)icn): O

Open question 3.3.19. It is an open question to investigate potential connections
between the folding patterns of galleries in relation to other orientations of the Coxeter
complex and different order relations of the group. The concept of folding patterns,
as introduced in Definition [3.2.5] only provides information about the parallelism class
of the hyperplanes involved in the folds. While this is useful for periodic orientations,
it requires modification for non-periodic orientations. In such cases, it is necessary to
develop a notion of folding patterns that incorporates information about the height of the
hyperplanes where the folds occur. Jacinta Torres and the author are currently exploring
this question.



CHAPTER 4

Umbrae of Coxeter shadows

In this chapter, our goal is to provide an explicit description of the alcoves contained
within the Coxeter shadow of a group element x. We will not investigate this topic
in full generality; instead, we will focus on Weyl chamber orientations of affine Cox-
eter complexes and group elements = t*w, where X is a regular coroot and w is a
specific spherical direction, such that x represents the so-called gate of \. With the
results obtained from these restrictions, we can describe a significant subset of the Cox-
eter shadow for arbitrary group elements in affine Coxeter groups with respect to Weyl
chamber orientations.

In Section [4.1| we introduce the concept of gates of coroot lattice points. We will derive
gates of regular coroot lattice points and examine some properties of their corresponding
gate galleries. Section introduces (generalized) root operators, which are the combi-
natorial tools used to manipulate folded galleries for our main results. We will further
note some fundamental properties and illustrate them with an example. In Section
we introduce the notion of folding pattern polytopes in Section Our main result,
Theorem is presented in Section and addresses how to construct the entire
Coxeter shadow of group elements in gate position using folding pattern polytopes. We
will also explore an example related to this construction. In the final Section [£.4] we
utilize the results from the previous sections to compute a subset of the Coxeter shadow
in Theorem[4.4.4] Additionally, we draw a connection between folding pattern polytopes
and vertex shadows. We will also examine examples and propose open questions for
further investigation.

4.1. Gates and gate galleries

Recall that we denote by d(cq,c2) the distance of two alcoves ¢ and cg, which equals
the length of a minimal alcove-to-alcove gallery v : ¢; ~ c2. One can show that for any
A € T and any alcove c there exists a unique alcove d € star(\) that has minimal distance
to d with respect to this function. A proof of this is found in [ABO8| Section 5.1|. This
observation allows the following definition, which we have adapted from [MST23|:

Definition 4.1.1 (Gate of A). Let A € T be a coroot lattice point. The gate of A is the
unique alcove in star(A) that has minimal distance to cg. We denote the gate of A by a,.

The next lemmas describe gates of regular and irregular coroot lattice points:
Lemma 4.1.2 (Gates of regular ). Let A € Cy, be a regular coroot lattice point. Then

a) = tAwa.

63
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PROOF. Observe first, that for 4 € T with ho(u) = 1 Yoo € ®* it holds a, =
thwg. This is, because a, is the reflection of c¢ along the adjacent hyperplane Hg, |,
d(cg, tFwg) = 1, and d(cg, tHw) > 1 Yw # wp. It follows with the action of S on the
Coxeter complex, that a,,, = t*wwq for w € S. For arbitrary A € T', observe that every
hyperplane separating c¢ and t*wwy also separates c¢ and tMu for u # wwp. The claim
then follows by invoking [MST23, Lemma 4.2|. O

For irregular A € T, the gate of A\ depends on the fundamental walls that contain the
coroot lattice point, which makes the computation of a) more complicated. To demon-
strate this, we include a result for two-dimensional Coxeter complexes here. However,
we will restrict to regular coroot lattice points throughout most parts of this chapter.

Lemma 4.1.3 (Gates of irregular A in dimension 2). Let ¥ = X(W,S) be a twodimen-
sional Cozeter complex and A € T with 0 # X € C, NCy. Let further d(v,cg) < d(w, c¢).
Then ay, = t*wwy.

PrOOF. Observe first, that 0 # A € C, N C, implies that the two Weyl chambers
Cy and C, are adjacent, and therefore v and w are adjacent as well. It then follows
d(v,cf) # d(w, c¢) and we see that the assumption d(v,cg) < d(w, cf) is no restriction.
We denote the hyperplane separating C, and C, and v and w by H,o. Let t*u with
u # wwy be an alcove with vertex \. We need to prove that d(ce, wwg) < d(cg, u).
Assume first A € Cy. This implies v = e and ¢(w) = 1. Since u # wuwyp, the alcoves
t*u and t*wwg are separated by a set of hyperplanes. If the wall H, o is separating t*u
and t*wwy, observe that d(v,cg) < d(w,cg) implies that c¢ and v are contained in a
common half-space defined by H, o and c¢ and w are separated by H, . This implies,
since also t*u and t*wwyg are separated by H, o, that t*cs and t*wwyg are contained in
a common half-space. As well, because of the semidirect product structure of W, c¢ and
t*cg are in a common half-space defined by H, o and, hence c¢ and t*wwyg are contained
in a common half-space defined by H, o too. This shows d(c¢, t*"wwyo) < d(cg, t ).
If the wall H, is not separating t*u and t’\WWO, observe that t/\Cf,t)\ll,tAW(),W are
contained in a common half-space defined by H,o. Again, invoking the semidirect
product structure of W, this implies that c¢, u, and wwg are contained in a common
half-space defined by H,o as well. We conclude two insights from this: First, with
the fact, that the alcove c¢ has a panel that is contained in the wall H,(, it follows
d(cg, u) # d(cg, wwyg) from this. Second, since u is in a common half-space defined by
H, o with c¢, it follows u # wq. This implies d(cg, u) < £(wg) — 1. Because £(w) =1, it
follows £(wwg) = ¢(wp) — 1. Combining this with d(cg, u) # d(cg, wwyg) gives d(cg, u) <
d(cg, wwo).
Now, consider a hyperplane Hg j that separates t*u and t*wwyg and observe the following
two facts on this: First, since A # 0, the wall Hg ) separates cg and t*cg. Second, it
follows from the semidirect product structure of W that Hpg separates u and wwyg.
Together, this implies that t*u and c¢ are separated by H 8.k, but t*wwyg and c¢ are not
separated by Hg . This proves d(cg, t*wwg) < d(cg, t*u).
For \ # Cy, use the argumentation above for v™'X\ € Cs. Then act with v again to prove
the claim. O
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Open question 4.1.4. Generalize Lemma to Coxeter complexes of higher dimen-
sion.

Definition 4.1.5 (Gate gallery). Let A € T' be a coroot lattice point and a) the gate of
A. Then we call a gallery 7 : cg ~ ay a gate gallery of \.

Note that the gate of A is unique, but a gate gallery of A, in general, is not.

W

GO
VAYA\ WAYA

\

X2 [e5])

ANAYEA

FIGURE 4.1. Two minimal galleries v; and 2 ending in the gate ay of
the coroot lattice point A. Shown in orange is a third minimal gallery
ending in ¢ at the vertex A.

Example 4.1.6. Figure shows two minimal gate galleries y; and 7o for the coroot
lattice point A. They both end in the same alcove ay shown in red, which is the gate
of A\. This demonstrates that minimal gate galleries are not unique. Observe that the
alcove c also contains the vertex A\. But because the minimal gallery v3 : c¢¢ ~ c is longer
than ~1 and 9, c is not the gate of .

There is the following simple connection between the numbers of crossed hyperplanes of
a given parallelism class of a minimal gate gallery of A and the coordinates of the coroot
lattice point A:

Lemma 4.1.7 (Numbers of crossings of minimal gate galleries). Let A € T' and ay the
gate of X. Let further v : cg ~ ay be a minimal gallery. Denote by M (X, «) the number
of a-hyperplanes crossed by v and write ho(X\) :== (X, V). Then:

(N =1, ifha(d) >0
Mve) = {rhaw ik <0
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PROOF. Recall first that a minimal gate gallery of X is crossing all a-hyperplanes
that are separating cg and A. If now hy(A) > 0, both A and cf are contained in a common
half-space defined by H, . Therefore, the minimal gallery « is crossing the hyperplanes
{Hqi| i€ {1,...,hq—1}}, but not the hyperplane Hy . It follows M (A, ) = hq(X)—1.
If ho(A) < 0, cg and X are contained in different half-spaces defined by H, . Hence,
7 is crossing the hyperplanes {H, ;| i € {0,1,...,hq(X) — 1}} and M (A, ) = ha(A).
If ho(X) = 0, there exist alcoves t*w with w € Wy in both halfspaces defined by Hg .
This implies that the minimal gate gallery v is not crossing H, o, hence it is crossing no
a-hyperplane, and it holds M (A, o) = 0. O

4.2. Root operators

In this section, we establish our notation for generalized root operators associated with
positive (not necessarily simple) roots and record some of their properties. For our
definition, we follow |GLO05, Section 6], and consider vertex-to-vertex galleries 7' : 0 ~»
A with A € T. We assume that A is regular to exclude degenerated vertex-to-vertex
galleries. Note that when we obtain our vertex-to-vertex galleries from alcove-to-alcove
galleries v : ¢f ~» x with x € C,, as 4, they will also be nondegenerate.

Notation 4.2.1. Let A\ € T be regular and let 4’ : 0 ~ X\ be a minimal vertex-to-vertex
gallery. Let further v : 0 ~ v be a (folded) vertex-to-vertex gallery with 7(v) = 7(v/).
Let a € ®* be a positive root. Define m = m(vy,«) € Z to be minimal such that there
exists a panel or vertex p € v with p C Hy y,. Define M = M(v,a) € Z to be maximal
such that there exists a panel or vertex p € v with p C H, .

(I) If M > 2, let k = k(v,«,I) be minimal with py C H, p and let j = j(vy,a,1)
be maximal such that 0 < j < k and p; € Hy pr—1.

(II) If M > (v,a") — 1, let j = j(v,,1II) be maximal with p; C H, p and let
k = k(v, o, II) be minimal with j <k <n+ 1 and py C Hq, m—1-
Notice that the two cases (I) and (II) do not exclude each other.

Definition 4.2.2. We define the root operators e, and f, for (I) and (II):
(I) M > 2: In this case, we define the vertex-to-vertex gallery e, () to be
604(7) - (Oa Cg)vplla C/17 tee 7C/nv,u/)
with
c fori <j—1,
ci =< ram—1(c;) forj<i<k-—1,
" (¢5) for i > k.

(II) M > (v,a") + 1: In this case, we define the vertex-to-vertex gallery f,(7) to

fOt(Py) = (07 Cé)?pi?c?l? A 7C117/’l//)
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with
Cj fori <j—1,
¢ = ram(ci) forj<i<k-1,
" (¢;)  fori > k.
Remark 4.2.3. e Notice that we explicitly allowed v = 4’ in Definition [4.2.2]

above. This allows us to use the root operator e, to create a folded gallery
ea(7') if o crosses a hyperplane of parallelism class «. By construction, this
fold will be along the hyperplane H, pr—1.

e For M = (v,a) + 1, application of f, to the gallery will erase the fold in the
hyperplane H,, js, such that f,(7) has one fold less compared to .

e For the iterative application of a root operator e, resp. fq, to a gallery e, (y),
resp. fa(7), we abbreviate notation to e2(y), resp. f2(7y). For the k-fold
application, we write X (), resp. f¥(v).

e We can apply generalized root operators also to an alcove-to-alcove gallery -~y
by applying them to the canonical associated vertex-to-vertex gallery .

e Although all our vertex-to-vertex galleries have vertices inside the fundamental
hyperplanes as they contain the origin, observe that with our definition of root
operators, we do not allow applying root operators to place foldings inside these
hyperplanes. With this, we secure that all our galleries have the first alcove cs.

Remark 4.2.4. Observe with Notation that the root operators e, are specifically
designed for application to minimal galleries that end in the fundamental Weyl chamber
Cy with respect to the chosen root basis ®*: Given a minimal gallery that ends in Cy at
distance far enough from the origin, it is possible to apply e, for all positive roots, while
minimal galleries ending in other Weyl chambers C,, with v # e will not satisfy conditions
(I) and (II) for at least one positive root a € ®*. However, since u(®*) forms a basis of
roots for ® as well, we can construct a new set of root operators yeq, fo With respect
to this basis for minimal galleries ending in C,. As before, all minimal galleries that end
in this Weyl chamber at a sufficient distance from the origin will allow the application
of ,e, for all positive roots a € u(P*).

The following lemma collects some basic properties of generalized root operators. Along
with several additional properties that we do not need here, they are proven for root
operators in [GL0O5, Lemmas 5 - 7].
Lemma 4.2.5. Use the notation as in Notation [{.2.1]

(1) ea(7) is defined if and only if M (y,a) > 2. eq(7) then ends in the vertex v—a.

(i1) fa(7y) is defined if and only if M(vy,a) > (v,a") + 1. fu(7y) then ends in the

vertex v + aV.

(iii) If eq () is defined, then fo(eq(7y)) is defined and fo(eq (7))
(i) If fo(7y) is defined, then eq(fo(7)) is defined and eq(fo(7y))

v
-
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(v) If ea(y) or fo(7y) is defined, then eq(7y) and fo(7y) is of the same type as 7.

PRrROOF. The items (i) to (v) follow immediately from Definition and the fact
that folding preserves the type of a gallery. O

/N /N /\ AN /N /N /

FIGURE 4.2. The two pictures show applications of root operators to the
minimal vertex-to-vertex gallery v,. The picture on the left shows multi-
ple applications of the root operator e, to vy, such that the pink, blue,
green, and dark green galleries are obtained. The picture on the right
shows application of the two different root operators eq, and ey, to 7y,
such that the 2-folded pink gallery is obtained. The orange, green, blue,
and dark green gallery are constrcuted by applying the root operators
iteratively to the pink gallery.

Example 4.2.6. Figure illustrates the application of root operators to folded gal-
leries. The pictures shows a minimal gallery -, in grey. Observe that 7, is the canon-
ically associated vertex-to-vertex gallery with the gate gallery v of A discussed in Ex-
ample Application of the root operator e,, produces the folded gallery eq, (7))
shown in pink in the left picture, which ends in p. Since (u,ay) < M(eq, (), a2), we
can apply the root operator e,, to the pink gallery again. This produces the gallery
egQ (7x) with a fold in the hyperplane H,,3. Observe that, again, we can apply the
root operator iteratively two more times to obtain the galleries €7, (v») and €3, (v»). For
€2, (7x) ending in £ € T, observe that (£, ay) +1 =0 < M(e3,(72), a2) = 2. Therefore,
we can apply the root operator fq, to this gallery and obtain fa,(e3,(72)) = €2,(72)-
This illustrates Lemma (iii). Note that with every application of eq,, resp. fa,,
the fold along the hyperplane H,, ; it translated to a fold along the hyperplane H,, ;j_1,
resp. Ha, ji1-

The picture on the right of Figure f.2] demonstrates the application of the two root op-
erators ey, and ey, to the gallery ). This results in the 2-folded gallery with folding
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pattern (g, 1) which ends in ¢ € T and is shown in pink. Checking the conditions

stated in Definition we see that it is allowed to apply both root operators again

to the gallery. Examples of this iterative application of root operators are the galleries
2 .3

€% €ay(7x) shown in orange, eq, €3, (7)) shown in green, €2 €3, (7)) shown in blue, and

eglei2 (7x) shown in dark green. Observe that the application of e, to the pink gallery
€ay€asy(72) Produces a gallery with different folding pattern than the pink gallery, but
that the folding pattern for all the other illustrated folded galleries is the same: The
pink, the blue, the green, and the dark green galleries have the folding pattern (g, ay).
Invoking Theorems [3.3.3] and [3.3.9] we see that this is a positive folding pattern with
respect to the Weyl chamber orientation induced by wg € Wy, but not with respect to
the Weyl chamber orientation induced by s;s2 € Wy. The orange gallery has the folding
pattern (a1, a1 + az). Theorems and show that this is a positive folding pat-
tern with respect to the Weyl chamber orientation defined by si1se € Wy and wg € Wy.
This demonstrates that the application of root operators to folded galleries may also

change the positivity and negativity of folds.

With the following lemma, we describe the observation on the parallelism classes of folds
that we made in Example [£.2.6] in full generality. Compare also Example [£.3.1] The
analogous result for root operators as introduced by Gaussent and Littelmann can be
found in [GLO5, Lemma 6.

Lemma 4.2.7 (Parallelism classes of folds and root operators). Use notation as in[4.2.1]
and let the gallery v be folded with folding pattern (aji)icn)- Let o € (@ji)igin)- If €a;
resp. fa, can be applied to vy and the gallery has no folds between c; and ci_1, then eq (),
resp. fa(7), also has the folding pattern (cvj;)icpn)- In particular, if v was positively folded
with respect to a periodic orientation ¢, then eq(7y), resp. fo(7y), is ¢-positively folded
too.

PROOF. Since the alcoves and panels p; and ¢; with ¢ < j — 1 and j > k are fixed
or translated when applying a root operator e, or f,, all folds contained in these parts
of the gallery e, (), resp. fa(7y) are in hyperplanes of the same parallelism classes as
the corresponding folds in . Since no folds are contained in between c; and cj_1, the
reflection of these alcoves due to the application of the root operator has no effect on the
folds. If e, can be applied, it holds that the fold in v was at the panel p; and that both
alcoves cj_; and c; were on the same side of the panels supporting hyperplane H, js.
In eq () this fold will be translated into the panel p;. And because of the reflection of
the panel and alcoves in between, c;_1 and c; will be on the same side of the panels
supporting hyperplane and also on the same side of H, s as cx—1 and cj, in . The same
argument holds for f,, if applicable. Exchange M and M — 1 and j and k. This proves
the claim. O

Remark 4.2.8. Observe that the change of the folding pattern of a gallery v due to the
application of a root operator that we observed in Example [£.2.6) may also change the
positivity or negativity of a fold in v. Since we are usually interested in positively folded
galleries, we will often restrict our application of root operators to galleries to the case
of Lemma [£:2.7] where the folding pattern of the original gallery is preserved.
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4.3. Folding pattern polytopes

We have discussed in Sections and [3.3that for a given Weyl chamber orientation ¢y,
of the Coxeter complex, all ¢,,-positiely folded galleries have one of the folding patterns
that are encoded in the Bruhat moment graph. To determine the Coxeter shadow of a
group element x, it is therefore sufficient to compute all end alcoves of minimal galleries
ending in x that were folded according to a folding pattern that applies to them and
then construct the union of all these alcove sets for all possible folding patterns.

In Section we introduce folding pattern polytopes for group elements z, with whom
we will describe the set of all vertices of alcoves obtained by folding minimal galleries
ending in x with a fixed folding pattern. Moreover, in Section [£.3.2] we will demonstrate
with an example how to derive the whole Coxeter shadow by using folding pattern

polytopes and Theorem [3.3.18]

4.3.1. Construction of a folding pattern polytope. Here we describe the set
of coroot lattice points A that are vertices vtx(y) of end alcoves of galleries 7' : cg ~ y
that are obtained from minimal galleries v : c¢¢ ~ x by folding v with a fixed folding
pattern (a;)icn)- We will see that this set forms a lattice polytope in the coroot lattice
T, and we will denote it as the folding pattern polytope of (Ozj,z')ie[n} and x. Together
with Theorem [3.3.18 on the spherical direction of the end alcove of a folded gallery, these
polytopes will construct the Coxeter shadow. Note that, in general, these polytopes are
nonempty: for every folding pattern with respect to the Weyl chamber orientation ¢,
we may find a minimal gallery ending in x inside the opposite Weyl chamber C,,, such
that the folding pattern can be applied to a minimal gallery v : c¢ ~ x.

Our construction of the folding pattern polytopes will be as follows: We apply root
operators e, ,; as often as possible to minimal, unfolded galleries in the ordering of the
folding pattern. Given a minimal gallery v : cf ~» X = t*w, note that in general it is not
sufficient to apply all the root operator e, ; haj’i()\)—many times, since the ordering of
the folds and the parallelism classes of hyperplanes after folding the gallery may change.
The following example illustrates this problem:

Example 4.3.1. Consider the 2-folded gallery eq, eq, (7)) ending in ¥ € T that is ob-
tained from folding the minimal vertex-to-vertex gallery v, with the folding pattern
(a2, 7). Both galleries are shown in Figure

Since 1 = (J,a1) < M(eq,€a,(7n), 1) = 2, we can apply the root operator e,, to the
gallery eq, €q, (7)) again. By Definition the part of the gallery located in between
the panels pg C H,, 1 and p1; € H,, 2 is reflected along the wall H,, 1 when apply-
ing eo,. This implies that also the first fold of the gallery at the panel p1g C Ha, 4 is
reflected: It holds sq,.1(p10) € Hay+as,5- This has two significant consequences: First,
the fold at the panel pig is no longer inside a hyperplane of parallelism class as, but
inside a hyperplane of class a; + ag. Second, the ordering of the folds changes, because
the application of ey, shifted the second fold of ey, eq,(vx) to a panel before the first
fold of the gallery. Therefore, the constructed gallery egleoé2 (7x) has the folding pattern
(a1, a1 + ag), which is different to the folding pattern of ey, €q,(72)-

Remark 4.3.2. Let 7 be a minimal gallery that ends in C,. As discussed in Re-
mark [:2.4] the ability to apply root operators e, to v in order to obtain a ¢-positively
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folded gallery depends on the chosen root basis. In contrast, the application of the root
operators e, to v is possible whenever the requirements of Definition are met. To
avoid unnecessary complications in our notation throughout the remaining chapter, we
will always write e, when referring to a root operator applied to a minimal gallery + that
ends in Cy, instead of 4e,. This is beneficial for us, as we intend to apply root operators
to minimal galleries, regardless of the Weyl chamber that contains their end vertex in
our upcoming constructions.

We observed in Lemma [:2.7] that we may avoid the changing of the folding pattern
illustrated in Example [£.3.1] when applying root operators. For our definition of folding
pattern polytopes, we will explicitly not allow the application of root operators that
change the folding pattern.

Recall that folding a gallery is reflecting the part of the gallery behind the fold along the
folding hyperplane. Therefore, multiple folds result in more than one reflection applied to
the ending of the gallery. To simplify our notation below, we introduce an abbreviation
for a product of reflections associated with a folding pattern:

Notation 4.3.3 (Reflections associated with folding patterns). Let (v ;)c[n be a folding
pattern of length n. We denote by uy := sjx_15j,—2--5;1 the product of the first £k —1
(fundamental) reflections associated with the folding pattern, where s;; is the reflection
associated with the root «; ;.

It follows, that uy(cy; ) describes the parallelism class of hyperplanes for the k-th fold.
Before applying the first fold, the hyperplanes crossed by a minimal gallery are of the
original parallelism classes. Observe that, correspondingly, u; = e. Be careful to note
that applying up to panels or hyperplanes of a gallery does not give the exact affine
hyperplane of the panels in the corresponding folded gallery. For this, we would require
a product of affine reflections.

Example 4.3.4. Consider the minimal gallery vy : 0 ~ X as shown in the pictures of
Figure The gallery eq,€q, (7x) shown in pink in the left picture is folded two times
with the folding pattern (ce, ). Consider the panel pi; in ). For the unfolded gallery
v, the parallelism classes of the supporting hyperplanes of p11 is a1 +ag = ug (a1 +ag) =
e(a1+az2). That is: For the unfolded gallery and for panels inside galleries obtained from
~x before a first fold, the parallelism classes of the supporting hyperplanes are as in the
unfolded gallery. By application of the root operator eq, to 7y, the last two alcoves,he
panel p11 in between them, and the final vertex A are reflected along the hyperplane Hy, 4.
See also the pink gallery e, (7)) shown in the picture on the left of Figure With the
notion introduced above, we can derive the parallelism classes of the hyperplanes in the
folded part of the gallery as ua(cj) = Sa,(;). This implies for the supporting hyperplane
of the panel p;; that it has parallelism class us(a) + ag) = sq,(1 + a2) = aq in the
gallery eq,(7v)). Therefore, application of the root operator e,, to the gallery eq,(7y)
results in the gallery eq,eq, (1), which has its second fold at the panel p;;. Although
this gallery does not cross any further hyperplanes after the second fold, we could derive
the parallelism classes of their supporting hyperplanes by applying us = sq, %2 = Sq; Sas
to the parallelism classes of the hyperplanes in the unfolded gallery ~y.
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Using this, we are now ready to introduce folding pattern polytopes:

Definition 4.3.5 (Folding pattern polytope). Let ¥ = (W, S) be an affine Coxeter
complex with periodic orientation ¢. Let further z = t*w € W and let (@ji)iem) be a
folding pattern with respect to ¢ that is applicable to a given minimal gallery ~ : ¢f ~ x.
Denote by max;(y) € Ny the upper bound on the number of applications of the root

operator ey, (4, ) to a gallery eﬁi_l el (7), such that the folded gallery has

i—1(0,i-1) u1(aj,1)

folding pattern (c;)icpn)- Define

Ay = U {Vtx (eIZZ(aj,n) o eﬁll(a“)(’y))} '

7y:cg~>x minimal,
1 S kz S max;

Then we call the set
P(x, (a)i)icm)) = conv™ (Az)
the folding pattern polytope of x for the pattern (aji)icn-

Notation 4.3.6. Although we provide a definition of folding pattern polytopes for ar-
bitrary & = t*w € W, we will restrict our attention to group elements that are the gate
for their vertex A and A being regular. In this case, we denote the vertex set A, by Ay
and the folding pattern polytope by P(ay, (@i)ic[n))-

Remark 4.3.7. Let ¥ = 3(W, S) be an affine Coxeter complex with a periodic orienta-
tion ¢. Consider z,y € W with z = t*w, y = t*v and let (@j,i)ie[n) be a folding pattern
with respect to ¢. Even though the set A, as defined in Definition[d.3.5] is a subset of the
vertex shadow Sh;’,tx(:?:), and we have proven in Lemma [3.2.13] that Shy"™(z) = Sh¥"*(y),
it does not hold true in general that A, = A,

Example 4.3.8. The vertex set A) for the folding pattern (ca2) of length 1 was computed
above in Example Compare also the left picture of Figure [£.2] All folded galleries
obtained from the minimal gallery v, drawn in grey are shown. Since the folding pattern
has length 1 and the gallery -y, crosses all hyperplanes of class as that separate cg and A,
it follows that every folded gallery with folding pattern (cz) obtained from an arbitrary
minimal gallery starting in c¢f and ending in A ends in one of the end vertices of these
four folded galleries. Observe that for folding patterns with length 1, the whole set Ay
can be constructed using an arbitrary minimal gate gallery v : cf ~ a), because all
minimal galleries cross the same set of hyperplanes that separate c¢ and ay. For a proof
of this observation, refer to [Bro89, Section 4E|. From this we see, that conv*(Ay) =
P(ay, (az)) = conv*(u, k), and the folding pattern polytope contains precisely the four
coroot lattice points {u, v, &, k}.

The vertex set Ay for the folding pattern (aw, aq) is shown as green dots in Figure
Notice that not every element of the vertex set can be obtained by application of root
operators to the minimal gallery ~y shown in grey. Comparing Example and the
left picture of Figure [£.2] we observe that, for example, the coroot lattice point 7 may
be obtained by applying root operators to the gallery ). But the resulting gallery
€2 €ay(7r) has the folding pattern (cy, a1 + a2). Therefore, this construction of a folded
gallery does not imply that 7 € A,. However, we find another minimal gallery 7, as
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shown in Figure to which the root operators e,, and e,, may be applied to obtain a
folded gallery with folding pattern (g, ). The resulting gallery eilem (7x) is shown in
blue and ends in the coroot lattice point 7. These observations show that it is necessary
to consider the set of all minimal galleries ending in A when computing the set Aj.
Note that for both examples discussed here, the vertex set Ay includes all coroot lattice
points that are contained in the corresponding folding pattern polytope.

NIAN /N /N /\

FIGURE 4.3. Folding pattern polytope P(ay, (a2, @1)). The blue gallery
e L€as () illustrates an option to construct the vertex 7 of the polytope.

Our observation from Example [£.3.8 motivates the following proposition:

Proposition 4.3.9. Let ¥ = X(W, S) be an affine Coxeter complex with periodic orien-
tation ¢ and let A € T be regular with gate ay. Let further (aj,i)z‘e[n] be a folding pattern
for ¢ that can be applied to a minimal gallery v : cg ~ ay. Then

P(ay, (O‘j,i)ie[n]) NT = A,.

PROOF. Ay C P(ay, (Olj,i)ie[n})mT is by construction of the folding pattern polytope.
To demonstrate that P(ay, (a,i)icp))NT C Ay, we assume that A € Cy. For A € Cy ¢ Cy,
consider w® and apply the same arguments.
We first observe that P(ay, (aji)icjn)) € A + C~ for the negative cone C~ (compare
Definition . This follows from Lemma Now let p € P(ay, (@i)iepn)) N
T. With p € T, we can express f1 as ft = A — Y o koo with k., € Z. But with
Definition for Ay and p € P(ay, (aji)icn)), it follows that u € conv(Ay), that is,
w=A- Zie[n} k‘ga;{i with the bounds 1 < k! < max; and k] € R. This implies that
we find an expression for p as p = A — Zae‘b koo with k, € Z and k, = 0 for all
a ¢ (j,i)ie[n)- Together, this proves the claim. O



74 4. UMBRAE OF COXETER SHADOWS

Open question 4.3.10. As proven in Proposition the set Ay is the set of all
coroot lattice points that intersect with the folding pattern polytope P(ay, (aj,i)ie[n])'
Many of these points are contained in its interior. Recall that in Definition the
polytope is defined as the Euclidean convex hull of Ay. Given that A4 may have a
large cardinality, it is desirable to understand the structure and know the number of the
extremal points of P(ay, (a,i)icin])-

Open question 4.3.11. There appears to be a potential connection between fold-
ing pattern polytopes and pseudo-Weyl polytopes: A A-Weyl polytope is defined as
P(A) = conv*(W - \), where conv*(-) denotes the Euclidean convex hull. Weyl polytopes
can also be characterized as the intersection of dual hyperplanes within the Coxeter com-
plex. From this, pseudo-Weyl polytopes are constructed by translating the hyperplanes
of a \-Weyl polytope |[Kam10)].

The examples of folding pattern polytopes we have studied so far suggest that they might
be pseudo-Weyl polytopes. It remains an open question to provide a proof for this ob-
servation and, if possible, to describe folding pattern polytopes in terms of pseudo-Weyl
polytopes.

Additionally, it is worth noting that Ehrig explored connections between Mirkovié-
Vilonen polytopes, which are pseudo-Weyl polytopes, and folded galleries as well |[Ehr10)].

4.3.2. Description of Coxeter Shadows of gates. Using the folding pattern
polytopes, we can construct the entire Coxeter shadow of a gate ay = x with z = t*u
and regular A € T with respect to a given Weyl chamber orientation ¢,, as follows: Use
the Bruhat moment graph and Theorem to derive all ¢,,-positive folding patterns
for minimal galleries ending in ay. Afterwards, compute all corresponding folding pattern
polytopes P(ay, (@,i)ic[n))- Besides that, use Theoremfor every applicable folding
pattern to determine the spherical direction of the end alcoves of galleries obtained from
minimal galleries ending in ay that are folded with the pattern. With this information,
construct a set of alcoves for every folding pattern by combining all coroot lattice points
contained within the computed folding pattern polytope with the spherical direction
obtained in the previous step. The union of these alcove sets then gives the Coxeter
shadow.

For the case of group elements = = t*u that are the gate of their vertex ), this answers
the question which alcoves are contained within their Coxeter shadow:

Theorem 4.3.12 (Coxeter shadow of gates). Let (W,S) be an affine Cozeter system
with (W, So) the associated spherical system. Let the Coxeter complex ¥ = S(W,S) be
equipped with a Weyl chamber orientation ¢,. Let further x = t*u be a group element
such that X € T is regular and x is the gate of \. Then y = t'v € Shy, (x) if and only
if there exists a ¢y, -positive folding pattern (Oéjﬂ;)ie[n] that is applicable to x such that
p € P(ay, (aj:i)ie[n) and v is the end node of the path labeled (cji)ic[n) starting in the
node w in the undirected moment graph Gy .

PROOF. Combine Proposition [£.3.9 and Theorem [3.3.18] O
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Open question 4.3.13. It is a natural question to ask for a generalization of Theo-
rem for non-regular coroot lattice points A\. To apply similar methods as presented
here, it is necessary to first answer Open question [1.1.4]

The remainder of this subsection is dedicated to the computation of an example illus-

trating Theorem

Example 4.3.14. Consider a Coxeter group W of type Ay and the group element
x = t*wy with x = ay that is the last alcove of the galleries v» and 7, we discussed
in Examples [4.2.6] [4.3.1] and [4.3.8 Compare also Figure [4.3] We want to compute the
Coxeter shadow of x with respect to the Weyl chamber orlentatlon dw, induced by the
unique longest element of the associated spherical Weyl group wg € Wj.

For this, observe first that x € Cy. It follows that, invoking Theorem [3.3.3] we may read
off the possible folding patterns for = from the Bruhat moment graph Gy, associated
with Wy as the label index sequences of directed paths starting in the node labeled e.
For the Bruhat moment graph of Ay, see Figure [I.1l We obtain the following folding
patterns:

e 3 folding patterns of length 1: (aq), (a2), and (a1 + ag);
e 4 folding patterns of length 2: (a1, a9), (a1, a1 +0a2), (a2, a1), and (a2, a1 +aq);

e 4 folding patterns of length 3: (o, g, 1), (a1, a1 + ag, a2), (ag, a1, a2), and
(g, a1 + a2, ).

Next, we compute the folding pattern polytopes for all these folding patterns. It holds
(a1, A) =2, (a2, \) = 5, and (aq + ag, \) = 7. It follows with Lemma that every
minimal gallery v : c¢g ~ x crosses 1 aj-hyperplane, 4 ao-hyperplanes, and 6 a3 + aso-
hyperplanes. With our observations made in Example [£.3.8] we may use the minimal
gallery 7, displayed in Figure [4.I] to compute the vertex sets Ay for the three folding
patterns (a1), (a2), and (a1 + a2). We obtain

Ax((en)) ={A -}

Ax((a2)) = {A — kag| k € [4]};
Ax((a1 + ag) {A—k(ag + ag)v‘ k € [6]}.
Recall that we computed Ay ((c2)) in Example For an illustration see the left
picture of Figure 4.2
We have sph(z) = wp. Invoking Theorem [3.3.18] we can derive the spherical directions
of the end alcoves of galleries obtained from minimal galleries ending in x by applying

the three folding patterns of length 1. Again, refer to Figure for a picture of the
moment graph. The spherical directions of the end alcoves are

)
)
)
)

e sos; for the folding pattern («y),
e 5159 for the folding pattern (a2),
e ¢ for the folding pattern (ay + ag).

Together, we can construct the set of alcoves of Shy, (x) that can be obtained as end
alcoves of galleries by folding a minimal gallery of x once.
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FIGURE 4.4. On the left: Illustration of the vertex sets A, and folding
pattern polytopes for the gate alcove ay for the folding patterns («;) in
orange, (a2) in pink, and (a1 + a2) in green. On the right: The sets of
corresponding end alcoves of galleries folded with these patterns.

The left picture in Figure [£.4] shows the vertex sets Ay and folding pattern polytopes for
the folding patterns of length 1. The picture on the right shows the set of alcoves.

Next we consider the 4 folding patterns of length 2:

Observe that we already computed the vertex set Ay and the folding pattern polytope for
(a9, 1) in Example See also Figure For the remaining three folding patterns
of length 2, we obtain the following vertex sets:

Ax((a1, 02)) = {A — of —kag| k € [5]};
Ax((a, 01 + a2)) = {\ — af — k(a1 +a2)Y| k € [4]};
Ax((ag, a1 + a2)) = {\ — kay — (a1 + a2)Y| k € [4]}.
We again apply Theorem to derive the spherical directions of the end alcoves

of galleries obtained from minimal galleries ending in x by applying the four folding
patterns of length 2. The spherical directions of the end alcoves are

s1 for the folding pattern (o, ag),

(

sg for the folding pattern (aq, a1 + a2),
(
(

1
Q,Ckl),

so for the folding pattern («

sy for the folding pattern (aw, a; + a2).
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Together, we can construct the set of alcoves of Shy, () that can be obtained as end
alcoves of galleries by folding a minimal gallery of x twice positively with respect to
Ow,- An illustration of the vertex sets A, and the constructed alcoves is provided in

Figure [£.5]
/ ) N A N

/\ /N /\

FIGURE 4.5. On the left: Illustration of the vertex sets Ay and folding
pattern polytopes for the gate alcove a) for the folding patterns (o, a3 +
ag) in orange, (e, + ag) in pink, (a1, a2) in green, and (ag, ;) in
blue. On the right: The sets of corresponding end alcoves of galleries folded
with these patterns. The dashed lines indicate where the galleries ) and
7y,\ differ.

At last, we examine the 4 folding patterns of length 3 and obtain the following vertex
sets:
Ax((a, 2,01)) = {A\—kay —lay| 2< k<5, k<1<5};
Ar((a1, 00 + g, a2)) = 0;
Ax((qo, a1, 09)) = {\—kay —lay| 2< k<5, k<1<5};
Ax((ao, a1 + ag, 1)) = {\ — 4oy — (o1 + a2)Y — kay| k € [3]}).
By invoking Theorem [3.3.18| once more, we can derive the spherical directions of the

end alcoves of galleries obtained from minimal galleries ending in x by applying the four
folding patterns of length 3.

Together, we can construct the set of alcoves of Shy,, () that can be obtained as end
alcoves of galleries by folding a minimal gallery of x thrice positively with respect to ¢, .
These alcoves are illustrated in Figure[£.6] The union of the alcove sets constructed above
gives the Coxeter shadow of z. An illustration is given in Figure [1.7]

Remark 4.3.15. Observe that the folding pattern polytopes have different dimensions:
In the example discussed above, the polytopes of folding patterns with length 1 are 0- or
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FIGURE 4.6. On the left: Tlustration of the vertex sets Ay and fold-
ing pattern polytopes for the gate alcove ay for the folding patterns
(a1, a9, aq) in pink, (a9, a1, a2) in blue, and (a2, @1 + a9, ) in orange.
On the right: The sets of corresponding end alcoves of galleries folded
with these patterns. The dashed and dotted lines indicate where the gal-
leries 7y, 4, and 74 differ.

1-dimensional, while the polytopes of folding patterns with length 2 and 3, if nonempty,
have dimension 1 or 2.

Observe further that the alcove sets constructed from the folding pattern polytopes and
application of Theorem are not disjoint. For example, see Figure [£.7, where some
of the alcoves of Shy, (z) can be obtained by folding a suitable gallery once or three
times. Alternatively, compare Figure where P(ay, (a1, a2)) NP(ay, (a2, 01 +az)) =
P(ay, (a2, a1 + a2)) and the alcoves obtained from these folding pattern polytopes have
the same spherical direction. This implies that some elements of the Coxeter shadow
can be obtained as end alcoves of folded galleries by applying different folding patterns
to suitable minimal galleries ending in x. As a consequence, to compute the whole Cox-
eter shadow, it is not necessary to compute the folding pattern polytopes for all folding
patterns, but a subset of them, to compute the whole Coxeter shadow in the example
we discussed above.

This remarks motivates the following questions:

Open question 4.3.16. Given an affine Coxeter group of rank n 4+ 1 and a folding
pattern (a;)iex) of length k, what is the dimension of the folding pattern polytope

P(ax, (@ji)iem)?
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FIGURE 4.7. Shadow of a) with respect to ¢,,,. The orientation defining
Weyl chamber is indicated by the light blue arc. The alcoves obtained

by folding a minimal gallery for ay once are shown in green, by folding
twice in blue, and folding three times in purple.

Open question 4.3.17. Let (W, S) be an affine Coxeter system, and let the associ-
ated Coxeter complex 3 = (W, S) be equipped with a Weyl chamber orientation ¢,,.
Consider y € Shy, (z) for z = t*v. It would be interesting to study the multiplicities
of y in Shy, (x), distinguishing between two different types: First, we can explore the
pattern multiplicity of y in Shg, (x), which is the number of folding patterns (c;)icn)
such that there exists a minimal gallery v : ¢¢ ~ x that can be ¢,-poyitively folded
onto y following the folding pattern (cv;)icpn)- Additionally, we could study the gallery
multiplicity of y in Shy,, (x), which refers to the number of galleries « : ¢¢ ~ x such that
there exists a folding pattern (Oéj,i)z‘e[n} allowing the gallery to be ¢,-poyitively folded
onto y following the folding pattern (Oéj,i)z‘e[n]- This inquiry is closely related to the
study of the co-Shadow Shfbo(x) of x with respect to the orientation ¢, which denotes the
set of group elements y for which there exists a minimal gallery v : c¢ ~ y that can be
¢-positively folded onto a gallery 7' : cg ~ x.

4.4. Coxeter umbrae

We will now use our results from Section [£.3]to compute a subset of the Coxeter shadow
with respect to Weyl chamber orientations for arbitrary group elements in affine Coxeter
groups. For this, we introduce the notion of the Coxeter umbra.



80 4. UMBRAE OF COXETER SHADOWS

However, we note the following connection between folding pattern polytopes and the
vertex shadow beforehand.

Proposition 4.4.1 (Folding pattern polytopes and vertex shadow). Let ¥ = X(W,S)
be an affine Coxeter complex with periodic orientation ¢. Let further v = t\w € W
with A € T reqular. Denote by Fn the set of folding patterns with respect to ¢ that are
applicable to a minimal gallery v : ce ~ x. Then

Sh;tx(x) = U P(a/\’ (aj,i)ie[n])¢
(aj,i)iem € Fn
where ay denotes the gate of \.

PrOOF. Combine Theorem [4.3.12 and Lemma [3.2.13] O

Given the folding pattern polytopes of the gate ay of a coroot lattice point A, we can
quickly derive a subset of the Coxeter shadow of an element x = t*w by using the same
method as in Section We will use the following notation:

Notation 4.4.2. Let ¥ = X(W, S) be an affine Coxeter complex with periodic orienta-
tion ¢. Let further x = t*w € W and a, be the gate of A. Denote by Fn the set of
folding patterns with respect to ¢ that are applicable to a minimal gallery v : ¢g ~ x.
Recall that we denote by Ax((;,i)ie[n)) the coroot lattice points that intersect with the
folding pattern polytope P(ay, (j)ic[n))- Then we denote for (ay;)icm) € Fp:
Ve((@)i)iem) =y = tv| p e Ax((@j1)iepm)), v is the end node of a
path labeled (cv;)iepn starting in w in Gy }.

Having this, we are ready to introduce Coxeter umbrae:

Definition 4.4.3 (Coxeter Umbra). Let ¥ = X(W,S) be an affine Coxeter complex
with periodic orientation ¢. Let further 2 = t*w € W with A\ € T regular. Denote by
Fn the set of folding patterns with respect to ¢ that are applicable to a minimal gallery
7 : ¢f ~ x and use the notation as in Notation [£.4.2] Then we define the Cozeter Umbra
Umyg(z) of x with respect to ¢ as

Umg(z) = U Yelei)icm)
(aj,1)ien € Fn
where a) denotes the gate of A.
Theorem 4.4.4 (Umbrae and shadows). Use the notation as in Definition[{.4.3 Then
Umg(x) € Shyg(x).
Furthermore, if x = ay, then Umgy(x) = Shy(z).

PROOF. Combine Proposition with Theorem [3.3.18] The equality follows from
Definition 4.3 and Theorem [£.3.12] O

We close this section with the discussion of examples of Coxeter umbrae.
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Example 4.4.5. Consider the three group elements = = t'sy, y = t'e, z = t*wg € Wi,
with A\ = 3a; + 4ag. Observe that z = a) is the gate of A. Fix the opposite Weyl
chamber orientation ¢ = ¢,,,. We have discussed the folding pattern polytopes and the
shadow of ay with respect to ¢ in Example For this, we also computed the vertex
sets Ay for all applicable folding patterns and the umbra of z,y, and z there.

We will now compute the subset of Sh(z) that is given in Theorem m To derive the
alcove sets Vi ((aji)icpn)), use Theorem to determine the spherical directions of
the alcoves with vertices in Ax((ji)ic[n)). Note that sph(z) = s1. We obtain

e ¢ for the folding pattern (a;);

e sys; for the folding patterns (aw);

e 5159 for the folding patterns (o + ag);

e sy for the folding patterns (aq, az) and (a9, a; + a2);
e wy for the folding patterns (a1, a1 + a2) and (ag, ay);

e and s;s9 for the folding patterns (aq, ag, aq), (a2, a1, a2), (a1, a1 +ag, ag), and
(a2, a1 +az,a1).
An illustration of the shadow, the vertex shadow, and the alcove sets ), is provided in
Figure
For y = t*e, we can compute the subset of Sh(z) that is described in Theorem m
analogously. For the spherical directions of the alcoves in ), we obtain
e s for the folding pattern (a1);
e s, for the folding patterns (as);
e wy for the folding patterns (a1 + ag);
e 5951 for the folding patterns (o, ag) and (ae, a + a2);
e 5159 for the folding patterns (ay, a1 + a2) and (ag, a1);
e and wy for the folding patterns (aq, ag, 1), (a2, a1, a2), (a1, a1 + ae, ), and
(a2, 01 + g, a1).

An illustration of the shadow, the vertex shadow, and the alcove sets ), is provided in

Figure [£.9]

Remark 4.4.6. Observe that the alcoves of the Coxeter umbra cover all alcoves of the
Coxeter shadow that are ‘close’ to the origin. In other words, the alcoves of the Coxeter
shadow Sh¢(:v) that cannot be constructed as alcoves of the sets ), are found at the
outer boundary of the Coxeter shadow. Currently, this observation lacks a rigorous
description.

On the other hand, there exist examples of group elements x with x # ay where the
Coxeter umbra covers up the entire Coxeter shadow. That is, in these cases we have set
equality in Theorem [£.4.4] An example is illustrated in Figure [£.10]

These observations motivate the following two questions:



AV N AV
Ay VS JAVAY VA
AV AV AN
A AL AA Ay VAv.V AAAAA
VAVA VAV VvV AAA WVAVA. YAV Y AVAVAVAN
\VVAVA VAV V'  AVAVYAV VaVA NAV.N  ANavi
VAVA. VAYA. VAV YV ASVAVA AVA¥A. NV A

AV Vavh VAVA VAV AVAVAVAéVAVAAVVV
v% AV, VAV VAV

AVA. VAV
\WVAVA. Vv
iV VAVA AVAVAVAVAN
VA AVAVAVAVAVAV

JAVAVAN

FIGURE 4.8. On the left: Coxeter shadow of z = t*s; with vertex shadow
marked as black dots. The light blue arc indicates the orientation defining
Weyl chamber. On the right: Coxeter shadow of x with highlighted alcove
sets YV, of the Coxeter umbra. The green alcoves are obtained from folding
pattern polytopes with folding patterns of length 1, the blue alcoves from
patterns of length 2, and the purple alcoves from pattern with length 3,
respectively. The non-highlighted grey alcoves are not contained in the
Coxeter umbra.
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Open question 4.4.7. Let ¢ be a periodic orientation of the affine Coxeter complex
¥ = %(W,S), and let z = t*w € W. Describe the set of alcoves D := Shy(z) \ Umy()
in terms of A, w, and ¢. This would then allow us to describe the Coxeter shadow as
Shy(z) = DUUmg(z).

Open question 4.4.8. Let ¢ be a periodic orientation of the affine Coxeter complex
Y = X(W,S), and let z = t*w € W. We denote D := Shy(z) \ Umg(z). Under what
conditions on z and ¢ does it hold that D = (7 In other words, when is it true that
Shyg(x) = Umg(z)?

Furthermore, the following question naturally arises:

Open question 4.4.9. It would be desirable to generalize the concept of folding pattern
polytopes to other orientations. We conjecture that as long as the orientation is periodic,
folding pattern polytopes should be convex polytopes of the coroot lattice. This is the
next step in generalizing our findings to other orientations, specifically those induced by
chimneys.
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FIGURE 4.9. On the left: Coxeter shadow of y = t}e with vertex shadow
marked as black dots. The light blue arc indicates the orientation defining

Weyl chamber. On the right: Coxeter shadow of y with highlighted alcove
sets ), of the Coxeter umbra. The green alcoves are obtained from folding

pattern polytopes with folding patterns of length 1, the blue alcoves from
patterns of length 2, and the purple alcoves from pattern with length 3,
respectively. The non-highlighted grey alcoves are not contained in the
Coxeter umbra.
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FIGURE 4.10. Coxeter shadow of ay = t*wg in purple and z = t*sqs;
in blue with vertex shadow marked as black dots. The light blue arc
indicates the orientation defining Weyl chamber.
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Involutions in Coxeter groups






CHAPTER 5

Conjugacy classes of involutions in Coxeter groups

This chapter is based on the article [Rei+25|. Our goal is to combinatorially characterize
the number cco of conjugacy classes of involutions in any Coxeter group. For this, we will
introduce the notion of higher rank odd graphs, which naturally generalizes the concept
of odd graphs that was used previously to count the number of conjugacy classes of
reflections (cf. |Bra+02]). Moreover, we will provide formulae for finite and affine types,
besides computing ccq for all triangle groups and RACGs.

In Section [5.1] we set notation and establish the notion of Coxeter groups of inc-type. We
will further collect some useful facts on them that allow us to transfer the problem of
determining the number of conjugacy classes of involutions to the problem of counting
the conjugacy classes of standard parabolic subgroups with irreducible components of
inc-type. Section [5.2|introduces higher rank odd graphs and provides means to compute
such graphs under specific conditions. Section [5.3.1] concerns technical results about
conjugation of parabolic subgroups with nontrivial centers. In Section [5.3.2] we prove
our main results. In Section we explicitly compute and discuss ccy, the number of
conjugacy classes of involutions, for several subclasses of Coxeter groups, mostly applying
Theorem [5.3.7] and the techniques from Section [5.2] More specifically, triangle groups
are dealt with in Section |[5.4.1, RACGs are discussed (with an alternative, geometric
argument) in Section d the final Section concerns spherical and affine
Coxeter groups. Given that the proofs of our results from Section [5.4.3] are extensive
and repetitively utilize the same techniques as presented in Section [5.2] we will split
them into Sections and

5.1. Coxeter groups of inc-type

We start by giving the definition of an involution:

Definition 5.1.1 (Involution). An involution in W is a nontrivial element of order two.
The rank of an involution is the rank of its parabolic closure.

Note that the rank of an involution thus depends on the chosen Coxeter system. Note
further that all reflections are involutions, but not all involutions are reflections.

Example 5.1.2. Consider the Coxeter group We, = (s0, 51, s2), where s1, so generate the
finite Coxeter group of type By. From the Coxeter diagram (see Figures and , we
read off that the relation (s152)* = 1 holds. This implies that the element w = 51525152
is an involution in both Wg, and W, .

Let V = R? be equipped with the standard basis. We can describe s; as the reflection

87
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along the vertical y-axis, represented by the matrix

(1 0
81—0_1.

Similarly, so represents the reflection along the line # = y and is given by the matrix

(01

S9 — 1 0 .
0 1

5182 = -1 0}/

which indicates that sjsg is a rotation by 7. Next, we calculate w:

w = (s182)% = (‘01 _01) .

This matrix represents a rotation by m, which only fixes the origin of V. Therefore, w is
not a reflection.

Now, we compute

Recall that the center of a group W is the set of group elements that commute with
every element of W. For Coxeter groups, the classification of all groups with nontrivial
center is well known. We recall this result in the following lemma.

Lemma 5.1.3 (Center of a Coxeter group). Let W be an irreducible Cozeter group.
The center of W is nontrivial if and only if W = Wpr with I' isomorphic to one of the
diagrams in Figure [5.1. Moreover, in case I' is one of the diagrams in Figure the
center of Wr is precisely the subgroup (wq), with wqy the longest element.

PROOF. For W an infinite Coxeter group cf. [Dav08, Theorem D.2.10|, |[ABOS,
Proposition 2.73] or |Qi09]. For W spherical the ‘if and only if’ statement that T" is
isomorphic to one of the diagrams in Figure follows from Coxeter’s classification
of finite irreducible Coxeter groups; see, for instance, |Ric82, Preliminaries, 1.9-1.12]
or [Dav08, Remark 13.1.8]. The additional claim about the center being (wq) for the
longest element wg has been long known for Weyl groups (see [Car72|), and can be readily

checked for the remaining types H and I; for two elementary proofs, we refer the reader
to |[ABO8, Corollary 1.91]. O

Notation 5.1.4. The Coxeter diagrams displayed in Figure [5.1] are referred to as the
diagrams of inc-type. Moreover, we call Wr of inc-type if I' is of inc-type. Here ‘inc’
abbreviates “irreducible with nontrivial center”.

Remark 5.1.5. We remark that a subset J C S generating an irreducible parabolic
of inc-type is equivalent to the Coxeter system ((J),J) satisfying the ‘(—1)-condition’
(or ‘being of (—1)-type) of Richardson; cf. |Ric82, Section 1.12]. We adopt new termi-
nology since we deal directly with the group-theoretic condition about centers, whereas
Richardson’s (—1)-property is representation-theoretic, using root systems.
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FiGURE 5.1. The Coxeter diagrams of inc-type yielding irreducible
Coxeter groups with nontrivial centers.

Besides determining the center of (spherical) Coxeter groups, longest elements can also
be used to represent conjugacy classes of involutions, as done below in Lemmal[5.1.6, We
note that Lemmas [5.1.6] and [5.1.7| correspond to part (a) of |Ric82, Theorem A|. We
include a different proof which makes use of Springer’s work [Spr82].

Lemma 5.1.6 (Involutions and longest elements). Let (W,S) be a Coxeter system of
finite rank |I| and let ¢ € W be an involution. Then there exists a subset J C I such
that Wy is spherical, the longest element wg of Wy is central, and c is conjugate to wy.

PRrROOF. Consider the parabolic closure Pc(c). Since ¢ has finite order, a result due
to Tits (cf. |Dav08|, Corollary D.2.9]) together with the minimality of parabolic closures
implies that Pc(c) is in fact spherical. Moreover, Pc(c) is conjugate to some standard
parabolic Wx with |K| minimal; see, e.g., |Qi07, Theorem 3.4]. Thus, ¢ is conjugate to
some involution in Wi . In case Wi has irreducible components of classical types A, to
G2, apply [Spr82, Proposition 3| to conclude that such an involution is conjugate to the
longest element of a (unique, standard) parabolic subgroup W; C Wg (with J C K)
whose longest element is central. In case types H,, or Iz(n) are involved, one can directly
check that the conclusion of Springer’s proposition still holds true. Hence the lemma. [

Lemma 5.1.7 (Conjugated longest elements). Suppose W; and Wy are standard par-
abolic subgroups whose irreducible components are of inc-type. Let cj and cx be the
longest elements of Wy and Wi, respectively. Then Pc(cy) = Wy, Pe(ex) = Wk, and
cy is conjugate to cx if and only if W and Wy are conjugate.

PRrROOF. By Lemma [5.1.3] c; is central. Since a reduced expression for ¢y involves
all letters of S; and c¢; commutes with all such generators, it follows that Pc(cy) =
Wjy. (Similarly for cx.) Now assuming c¢; = wcxw™!, we obtain W; = Pc(cy)

Pc(wegw™t) = wPe(eg)w™! = wWiw™t. The converse follows from Lemma [5.1.6, [
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Lemmas [5.1.3] [5.1.6] and [5.1.7] imply that the number of conjugacy classes of involutions
cca(Wr) is equal to the number of conjugacy classes of standard parabolic subgroups
whose irreducible components are of inc-type.

5.2. Odd-adjacency and higher rank odd graphs

Recall that the odd graph T',4q, the graph obtained by deleting all edges labeled even
or oo from a given Coxeter diagram, can be used to determine the number of conjugacy
classes of reflections by counting the number of connected components of I',qqy. See
[Bra-+02]. In this section, we generalize the concept of odd graphs and determine the
number of conjugacy classes of involutions by counting connected components of these
graphs. Notice that the odd graphs discussed here are not related to the family of odd
graphs generalizing the Petersen graph as introduced by Biggs and Gardiner in the 1970s.
See, e.g., |Big72].

5.2.1. Generalization of odd graphs. We start by introducing our notion of
subgraph adjacency and odd-adjacency. Notice that our definition of subgraph adjacency
is tailored to Coxeter diagrams and differs from the one commonly used in literature.

Definition 5.2.1 (Adjacent subgraphs). Let I' be a Coxeter diagram. Two full subgraphs
I'; and 'k are adjacent if both T'; and T' i are isomorphic and the vertex sets V(I'y) = S
and V(') = Sk satisfy: S;N Sk =S5\ {s;} = Sk \ {sx} with s; # sp.

59

{o—+e 0 0 °
S1 S92 S3 sS4 S5 S6 S7 S8
FIGURE 5.2. A Coxeter diagram of type Eg with three subgraphs of
type A3, highlighted in pink, orange, and blue.

Example 5.2.2. To illustrate adjacency of subgraphs, consider the affine Coxeter group
Wg, of type Es. Figure shows its Coxeter diagram with three subdiagrams I' ;,I'g,
and I'f, of type As. They are spanned by the vertex sets V(I'y) = {s3,54,55}, V(') =
{s4, 85,56}, as well as V(I'r) = {s5,56,57}. It holds I'y = I'y = I'.. Since V(I'y) N
V() = V([y) \ {ss} = V(I'k) \ {s6}, it follows that I"; and ' are adjacent. But
since V(I'y) NV (') =0 and V(I'x) N V(') = {ss}, I'z is not adjacent to I'; nor to
T'k.

We record a quick observation on the union of adjacent subgraphs of inc-type:

Lemma 5.2.3. LetT" be a Cozeter diagram and let I'j and Ui be two adjacent subgraphs.
If Ty is of inc-type (see Figure and of rank at least 2, then the standard parabolic
subgroup generated by V(I';) UV (I'k) = Sjuk is infinite.

PROOF. Let s; be the unique vertex in V(I'y) which is not in V(I'x). Note that
s;j is connected to some vertex in V(I'y) N V(I'k). Thus the claim follows from the
characterization of finite irreducible Coxeter groups. (]
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We now generalize the concept of odd-adjacency to higher rank parabolic subgroups.

Definition 5.2.4 (Odd-adjacent standard parabolics). Let I' be a Coxeter diagram.
Two full subgraphs I'; and I'x are called odd-adjacent if the following hold:

(1) 'y and ' are adjacent with S; N Sk = S5\ {s;} = Sk \ {sx} and s; # s;
s; 1s an isolated vertex of I'j and si 1s an isolated vertex of 1'k;
2) sji isolated fI d i isolated fT
e vertices s; and si are connected in y an odd-labeled edge.
3) Th i ; and dinI'b dd-labeled ed

In this case, we also say that W; and Wk are odd-adjacent. If J = {s}, K = {t}
are singletons and I'; and 'y are odd-adjacent, we also call the vertices s,t € V(T')
odd-adjacent in I', in which case we call the edge {s,t} € E(I") an odd edge.

Example 5.2.5. To illustrate odd-adjacency, let us consider the affine Coxeter group
Ws, again and compare Figure Then the parabolic subgroup Wy, s, s6,s5,50} 18 0dd-
adjacent to the parabolic subgoup Wi, o, s6.s5,59), Decause the vertices corresponding to
the generators s; and s2 are odd-adjacent via the bold orange edge {s1, s2}.

@
51 S9 S3 S1 S5 S6 S8

S7

FIGURE 5.3. A Coxeter diagram of type Eg with two odd-adjacent
subgraphs of type A7, highlighted in pink and orange.

To simplify the upcoming definition of a higher rank odd graph, we introduce the graph-
theoretic term of cocliques of inc-type.

Definition 5.2.6 (Inc-type cocliques). Let IT" be a Coxeter diagram with vertex set
V(') = S. A vertex set C C V(I') is called an inc-type coclique if the connected
components of I'c are diagrams of inc-type. The size of an inc-type coclique is the
cardinality of its vertex set.

Remark 5.2.7. Note that an inc-type coclique is not necessarily a coclique of I', but
for subdiagrams of type I_IleAl7 the notions of coclique and inc-type coclique coincide.
Notice further that inc-type cocliques are simply cocliques of graphs obtained from I' by
identifying (collapsing) all vertices contained in common full subgraphs of inc-types.

Example 5.2.8. The illustration in Figure shows our concept of inc-type cocliques
within a Coxeter diagram of type Es. The vertices Cy = {s9, 83, 84, S6, S9 } span a subdi-
agram of type D4 LI A7, which is highlighted in blue. Its connected components, spanned
by the nodes labeled ss, s3, 54, 59 as well as the single node sg, are subgroups of inc-type.
Therefore, C] is an inc-type coclique. Note that C] is not a coclique in the usual graph-
theoretic sense since the node labeled s3 is adjacent to the nodes ss, s4, and sg.

On the other hand, the vertex set Cy = {s1, s7,sg} spans a subdiagram of type A; LI Ay,
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which is highlighted in pink. C5 does not form an inc-type coclique because the subdia-
gram spanned by the nodes labeled s7 and sg is of type As and, therefore, not of inc-type.
Moreover, Cs is not a coclique as well.

®)59

@ [ ) o —O&—@&
S1 52 53 S4 S5 56 S7 S8

FIGURE 5.4. A Coxeter diagram of type Eg with two subgraphs of type
D4 LI Ay and Ay LI Ao, highlighted in blue and pink.

Definition 5.2.9 (Higher rank odd graphs). Let I' be a Coxeter diagram with vertex set
S indexed by I. For k > 1, the k-odd graph T* = (V(T'*), E(T*)) is defined as follows:

e The set of vertices V (I'*) is the set of rank-k standard parabolic subgroups W
for J C I with S being an inc-type coclique of I';

e A pair of vertices Wy, Wk spans an edge in I'* if and only if W; and W are
odd-adjacent.

Note that ' = T'ygq with labels removed, and T* = @ if k£ > |V(I')|. Moreover, it is
known that |mo(T'!)| is independent of the chosen Coxeter system (W,S), see [MV24]
Proposition 2.2|.

Example 5.2.10. To illustrate the concept of higher rank odd graphs, we compute
I = (V(I'), E(T®)) for the Coxeter group We,. A complete discussion of all k-odd
graphs of this group can be found in Section [5.6]
We start by identifying all rank-5 standard parabolic subgroups of Wg_, which have a
generating set that is an inc-type coclique of Iz, Comparing Figure we note that
the diagram contains the inc-type cocliques

C1 = {s2, 53, 54, 86, 59},

Co = {52, 83,54, 57, 9},

C3 = {52, 83, 54, 88, 9},
which span the subgroups W, = W, = W, of type Dy LIA;. The coclique C; is shown
in Figure Furthermore, the diagram I'z contains the following inc-type cocliques:

04 = {317 54,56, S8, 89}7

Cs = {52, 84, 86, 88, 9 }-
These sets of nodes span the subgroups We, = We. of type A7. Therefore, the vertex
set of ' is given as

V(F5) = {WC17W027 WC37 WC’4> WC5}'

Because the subdiagrams spanning W, and W, are odd-adjacent as shown in Exam-
ple the corresponding nodes in I'® are connected by an edge. Observe further that
the subdiagrams I'c, and I'c, are odd-adjacent since they only differ in one node and
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the node labeled s¢ is adjacent via an odd-labeled edge to s7. Similarly, I'c, and I'c,
are odd-adjacent as well as they only differ by a single vertex, and the nodes s7 and sg
are adjacent along an odd-labeled edge. Therefore, we obtain the edge set E(I'®) of I'®
as follows:

E(F5) = {{WC1 ’ WCQ}? {WCQ’ WCg}’ {WC47 WC5}} .
An illustration of I'® is shown in Figure .

*————o

We, We, We, We, Wes

FIGURE 5.5. The 5-odd graph I'® of the Coxeter diagram Iz,

Remark 5.2.11. Although we have introduced higher rank odd graphs I'* as graphs
themselves, derived from a Coxeter diagram T, it turns out that (V(T'), V(T'¥)) can be
interpreted as a k-uniform hypergraph. In this set-up, connected components in each I'*
correspond to certain subgraphs of (k — 1)-line graphs. We refer the reader to |Brel3|
for more on hypergraph theory, and to [BHS77| for an introduction to s-line graphs.

5.2.2. Edges and connectivity of higher rank odd graphs. Next, we collect
some conditions under which edges of I'* can be quickly derived. The first criterion is gen-
eral, while the subsequent ones work for diagrams containing certain line subdiagrams.
These criteria allow us to study connectivity in I'* for these particular cases.

For a given odd-edge {s;,s;} € E(I') the next lemma describes precisely which standard
parabolic subgroups of inc-type are odd-adjacent via this edge. Recall that we denote
by Nr(K) the neighbourhood of a vertex set K in I'.

Lemma 5.2.12 (Edges in I'"). Let I' = (S, E) be a Coxeter diagram and {s;,s;} € E
be an odd edge, and let T =T\ Nr(si, s5). If m > 2, then {(Sk,si), (Sk,sj)} € E(I'™)
if and only if Sk C V(f) \ {si, 85} is an inc-type coclique of size m — 1. In particular,
(Sk,si) and (Sk,sj) are standard parabolic subgroups of Wr of rank m with irreducible
components of inc-types.

PROOF. Let first {(Sk,si), (Sk,sj)} € E(I'"™). Then the vertices (Sk,s;) and
(Sk,s;) of I'"™ are standard parabolic subgroups of rank m of inc-type. In particu-
lar, |Sg U {s;}| = m implies |Sx| = m — 1. Since these two vertices form an edge in
I'™ by hypothesis, the parabolic subgroups (Sg, s;) and (Sk, s;) are odd-adjacent. Note
that Deﬁnitionimplies that (Sk, s;) = Wi, x Wx and that (Sk, s;) = Wi x Wy for
some index sets L, X C KU{i}, and M, X C KU{j}. In addition, Wy, = Wy, = (Z/2Z)"
for some ¢ > 1. Moreover, |[L\ M| =|M\ L| =1 with {i} = L\ M, {j} = M \ L and
the edge {s;,s;} € E(I') is odd. Thus the standard parabolic subgroups (s;), (s;) com-
mute with Wy, Wy, and Wx. This implies that the intersection of V/(Nr(s;,s;)) with
S U Sy U Sy is empty. Hence S C V/(T) \ {si,s5}

Conversely, let Sx C V(') \ {s;, sj} be an inc-type coclique of T of size m — 1. Then
the standard parabolic subgroups (Sk,s;) and (Sk, s;) are of rank m. Further, the ir-
reducible components of (Sk,s;) and of (Sk, s;) are of inc-type since s; and s; are not
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adjacent to any vertex in Sk, hence (Sk,s;) = Wi x (s;) resp. (Sk,sj) = Wk x (s;).
By assumption {s;,s;} € E(T") is an odd edge, thus {(Sk, si), (Sk,s;)} € ET™). O

Example 5.2.13. Figure [5.0] illustrates the construction of edges with Lemma [5.2.12]
for the subgroups W¢, and W, discussed in Example [5.2.10and pictured in Figure [5.3]
above. The pair {s1,s2} is an odd-edge in I'z.. It holds NFES (s1,82) = {s3}. Since
the vertex set Sk := {su, S6, Sg, S9} is an inc-type coclique in I, \ {ss3}, it follows that
{{Sk, 1), (Sk,82)} = {(C), (C5)} € E(T).

@59

FIGURE 5.6. Illustration of g, \NFE8 (s1,s2) with two subgraphs of

type A, marked with pink and orange circles.

The tools presented next concern path graphs (cf. Definition [2.1.4]). These graphs are
particularly useful as they show up as subdiagrams in most classical families of spherical
and affine Coxeter diagrams. We start with the Klapperschlangen-Lemma.

Lemma 5.2.14 (Edge paths in T'* from odd sublines). Let I' be a Cozeter diagram and
let Wy = Wi x Wx, Wg = Wy x Wx € V(TF) be distinct vertices in the k-odd graph T'*
for some k > 1 with Wi, = Wy = (Z/2Z)¢, ¢ € N. Suppose there exists a full subgraph
G C T satisfying all of the following conditions:

(1) The full subgraphs I'y, and I'pp corresponding to the union of the components of
type Ay in Wy and Wy are both contained in G;

(2) G is a path graph with odd edges only;
Then there exists an edge path connecting Wy to Wi in the k-odd graph T'*.
PROOF. The intuitive idea of the proof is to ‘play’ with the path graph G as a
‘Klapperschlange’ toyEL folding it step-by-step to connect the given parabolics.
As G is a path graph, by Condition (2) we may linearly order its vertices as follows:

V(g) = {a’la e ,am}a

where a; and a,, are the endpoints (leaves) of G and a;; is the obvious successor of a;
in this linear ordering. Note that any edges in I' connecting any two a;,a; € V(G) must
already be contained in G since G is assumed to be a full subgraph of I'.

By definition, I';, and 'y are also full subgraphs of I', which in turn are, by Condition (1),
contained in the full subgraph G. By assumption I';, # I'j; and hence |V (G)| =m > { =

IThe German word for ‘rattlesnake’; ‘Klapperschlangen’ toys (or ‘Zauberklapperschlangen’) have wooden
bits of same size that can be folded.



5.2. ODD-ADJACENCY AND HIGHER RANK ODD GRAPHS 95

[V(I'r)| = |V(T'ar)|. We may write
V(Tr) ={ai,...,ai, |91 <ig <...<igand |if —ip| > 2 for f,h e {1,...,0}};
V(Cy) = {ajl,...,ajé | 71 < jo <...<jeand ’jf—jh| >2for f,he{l,...,0}}.

Now suppose I'r, and I'p; only differ by one vertex, say a;, € V(I'r) \ V(I'y) and
aj, € V(I'nr) \ V(I'r) for some p, X € {1,...,¢} with ¢ # A. Without loss of generality,
assume i, < jy = i, +n with n > 1. In case n = 1, it is clear that W and Wy
are odd-adjacent, hence also W; and Wy are odd-adjacent and thus connected in I'**
by an edge. So assume 1 > 1, in which case |V(G)| = m > ¢+ 1. Looking at the
intersection V(I'r) NV (I'as) we see that, for every other vertex a;, € V(I'p) \ {a;,} and
ar S V(FM) \ {CL]‘A} with 7, 7é jf, it holds
i — x| =2 < |jf - i@|-

In particular, we may search for the smallest possible indices i, < j, < m with the
following properties: the pair of distinct vertices a;, € V(I'y) and aj, € V(I'ar) \ V(I'L)
is such that none of the vertices a;, 41, @; 42, - - ., aj,—1 of the path graph G lying between

a;, and a;, is contained in V(I'y) U V(I'yr). (Note that it might well be the case that
e =y and g = A. It could also happen that a;, € V(I'p).)

Given such indices i, and jg, we can ‘fold the line” between those vertices a;, and a;, to
create a path in I'* as follows: since all other elements of (V(I'y) UV(I'a)) \ {ai.,a;,}
lie before a;, or after aj,, it still holds true that

lin — (ie +q)| >2 forall a; € V(I't)\{a;,} and g¢e{1,...,j; —i—1}.

Now define for each p € {1,...,j, —i.} the vertex set V}, := {a; 4, } UV (') \{a;, } € G,
and write V(I'rs) for the last term V(I'r/) = Vj, ;.. Take the parabolic subgroup W),
corresponding to the diagram spanned by V,UV (I'x). By construction, such a parabolic
corresponds to a vertex of I'* that is odd-adjacent to Wp1, and W7 is odd-adjacent to
Wj. Moreover, the generating set of the endpoint Wy := Wy (r ,juv(ry) of this k-
path simply replaces a;, by a;, while keeping the remaining vertices of I'j. Therefore
W either coincides with Wi, or their Coxeter diagrams still differ by a single vertex.
However, there is one less pair of indices ies < jy < m such that a;, € V(I'r/) and
aj, € V(I'n) \ V(I'ry) with the property that none of the vertices of G lying between
a;,, and a; , is contained in V/(I'z/) UV(I'ar).

Thus, replacing W by Wy if necessary and iterating the above procedure for W and
Wi instead, we inductively construct a path from W to Wy in T'*, as required.

In the remaining case, an inductive argument finishes off the proof. Indeed, if I';, and
Iy differ by more than one vertex (hence |V(G)| = m > £ + 2), we can iterate the
procedure above to first construct an edge path in ¥ from W; = Wy x Wy to another
vertex Wrn x Wx € V(I'*) with V(I'rv) € V(G) such that ' and Ty differ by one
vertex less than I';, and I'ps. The lemma follows. O

Example 5.2.15. We demonstrate the central idea of Lemma [5.2.14] at the vertices
Wis, 53,851 and Wi, oo oy of the 3-odd graph corresponding to Wg, - Using the notation
introduced in the proof of Lemmal5.2.14] it holds Wx = () and the graph G is spanned by
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the nodes V(I'g,) \{so}. We further have V(I'r) = {a1, a3, as} and V(I'nr) = {a1, as, as}-
It follows a;, = a3 and aj, = ag. With p € {1,2,3}, we define the vertex sets

V= {a4} U {al, ag},

Vy = {a5} U {al, ag},

Vs = {a6} U {al,ag} = V(FM)
In Figure 5.7 the nodes of these sets are marked with blue, green, and pink circles,
respectively. Now observe that the subgraphs spanned by these vertex sets are odd-
adjacent in G since Vi and V5 as well as V5 and V3 differ by only a single node, and an
odd-labeled edge connects these nodes. This odd-labeled path, which links ag and ag, is

highlighted with a bold line in G Figure Together, this demonstrates that W, o, o0
and Wy, o s} are odd adjacent and the corresponding vertices are connected by an edge

in 3.

as a4 as ag

FIiGURE 5.7. Illustration of the proof of Lemma [5.2.14| with two
subgraphs of type A3 in a Coxeter diagram of type Eg and the graph G
below. A detailed explanation of the colours and shapes is given in

Example [5.2.15

The (sub)diagrams G appearing in Lemma [5.2.14] are depicted in Figure . A typical
example of such a graph is the spherical Coxeter diagram of type A,.

Restricting to diagrams not containing subdiagrams of type H, the arguments used in
the proof of Lemma [5.2.14] also point out to the following observation.

mi2 mM23 Mp—1,n
o ————o—© —0

S1 52 83  Sn—1 Sn

FIGURE 5.8. Odd-labeled path graph; if m; ;11 = 3, the label is
understood as omitted.

Proposition 5.2.16 (Vertices and connectivity in odd lines). Let I be a Cozeter path
diagram as in Figure with all edges odd, with n = |V(I')] > 2, and containing no
subdiagram isomorphic to Hy. Then T'' = T' (as unlabeled, simplicial graphs) and the
vertez set of T* for k > 2 is given as follows:

V(Fk):{<sjl77sjk>‘]1 <j2<"'<jk7 |.7f_.7h’227 f7h€{17-~-7k}}7
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in case 2 < k < [2]; otherwise V(I'*) = @. Moreover, for 2 < k < n, the odd graph T*
consists of a single vertex if and only if n = 20 + 1 and k = £ + 1; otherwise, if T'* has
at least two vertices, then it is always connected.

PROOF. By definition the only (relevant) subdiagrams of inc-type that are contained
in such a graph I" are of type A;. Compare Figure[5.1] This yields the description of the
vertices of T'*. In particular, pigeonholing vertices of I' to obtain potential vertices of I'¥,
one readily checks that T'* is empty for k > [5]. By the same principle, the only vertex
of T*1 in case n = 2¢ + 1 corresponds precisely to the parabolic subgroup spanned by

all vertices of I' indexed by an odd number. The remaining claim about connectivity of
I'* is a direct consequence of Lemma [5.2.14 O

After analysing odd lines, one quickly deduces similar properties for higher odd graphs
of ‘odd circles’, depicted in Figure [5.9] A typical example of such a circle is the affine
Coxeter diagram of type A,. In such a diagram we call s;;1 with i + 1 mod n + 1 the
successor of s;, and similarly s;_1 with ¢ —1 mod n + 1 is the predecessor of s;.

Sn
mo.n, n,n—1

S0 mo,1 Mpn—2n-1 g, 4

FIGURE 5.9. Odd-labeled circle; if an edge label equals three, the label
is understood as omitted.

Lemma 5.2.17 (Vertices in odd circles). Fiz n > 2 and let T' be a Cozeter diagram as
shown in Figure 5.9 That is, T is a circle on n + 1 vertices S = {s; | i € {0,...,n}}
whose edges are odd. Suppose further that T contains no subdiagram of type Hy. Then I'
is isomorphic to T (as unlabeled, simplicial graphs) and the vertices V(T'¥) of T*, with
2 <k <mn, are of the form

V(Fk):{<531’a51k> ’]1 <]2<<]k7 |]f_]h| 22m0dn+17f7h€{077n}}

n

In particular, T is empty if and only if k > [51. In the case k < [§], a vertex
(Sjry-s85.) € V(T¥) is isolated if and only if

(1) jms1 = Jm+2Vme{l,... .k}, and
(2) jk +2=j1 modn+1.

PROOF. The description of V(T'*) is obtained similarly to that in Proposition
Now, since every vertex s; of I' is odd-adjacent to s;—1 and to s;4+1 mod n + 1, we can
always find in T'* a vertex odd-adjacent to (8j15---,5j,) by exchanging one of the s;,, by
Sj+1 O 85,1 mod n + 1, except possibly when

(1) jm+1 = jm + 2 for all m € {1,...,k} — in this case, every predecessor and
successor of a generator s;,, of the corresponding parabolic in V(T*) is odd-
adjacent in I" to another generator of the same parabolic. This contradicts the
fact that the given parabolic has irreducible components of inc-type; and
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(2) jk +2 = j1 mod n+ 1 — here, also the successor of sj, is adjacent in I'* to
the predecessor of sj;.

Thus no rank-k parabolic that is odd-adjacent to the given vertex of I'* can be found. O

The previous results lay down some foundations to implement a practical algorithm to
compute the higher rank odd graphs of Coxeter diagrams. In Section we will use
those to compute examples.

5.3. Conjugate parabolic subgroups

The main goal of this section is to prove Theorems and [5.3.7 showing how to com-
pute the number of conjugacy classes of involutions by counting connected components
in I'*. Before doing so in Section we establish a series of auxiliary results describing
conjugation between parabolic subgroups in Section [5.3.1

5.3.1. Conjugation of parabolics. We start the discussion with a combinatorial
reformulation of a result by Krammer |[Kra09, Section 3| and Deodhar |[Deo82, Proposi-
tion 5.5].

Theorem 5.3.1 (Combinatorial Deodhar-Krammer Theorem). Let Wr be a Cozeter
group with generating set S = {s;| i € I'} and Wy, Wi, JJK C I, J # K be spherical
standard parabolic subgroups. The subgroups Wy and Wi are conjugate if and only if

(1) there exist a finite sequence of subdiagramsT'1, ..., Ty, C T such that V(I'y) = J,
V([yn) = K and T; is adjacent to Uiy fori=1,...,m—1,

(2) fori=1,...,m—1 the subgroup Wy (r)uv (Tig) 8 spherical and not of inc-type,
and

(8) fori = 1,...,m — 1 there exists a; € Wy (r,)uv(r such that ainiai_l =

Wr

i+1)
i1

As a consequence we obtain the following characterization of conjugacy for irreducible
spherical standard parabolic subgroups with nontrivial center:

Lemma 5.3.2. Let Wt be a Coxeter group with generating set S indexed by I. Suppose
J # K are subsets of I such that Wy and Wg are of inc-type. Then Wy is conjugate to
W if and only if J = {j}, K = {k} and there exists an odd-path from s; to sy in T

PrROOF. Applying Theorem to conjugate parabolics of inc-type, we observe by
item (2) and inspecting Figure , that such parabolics must have rank 1. As shown
in [Bou02, p. 5, Proposition 3|, two standard generators s; and s, are conjugate if and
only if there exist s1,...,s, € V(I') such that s; = s;, sy = 55, and with ord(s;s;4+1) odd
for i = 1,...,¢ — 1. This is equivalent to the existence of an odd path in I' from s; to
Sk, whence the result. O

For conjugated pairs of (not necessarily reduced) standard parabolics the following holds:
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Lemma 5.3.3 (Conjugacy of irreducible components). Let Wt be a Cozeter group. Let
Wy and Wi be standard parabolic subgroups of Wr. If Wy is conjugate to Wy, then the
irreducible components of Wy are conjugate to the irreducible components of Wi .

PRrROOF. By |Dav08, Proposition 4.5.10| the subgroup W; is conjugate to W if and
only if there exists w € Wr such that wSyw™' = Sg. Further, the conjugation by w
induces an isomorphism of graphs I'y and I'x. The lemma follows. O

Combining Lemmas [5.3.2] and we obtain a splitting for the conjugated subgroups
as follows:

Corollary 5.3.4. Let W;, Wy be distinct parabolic subgroups whose irreducible compo-
nents are of inc-type in Wp. If Wy is conjugate to Wi, then there exist £ € N and a
spherical standard parabolic Wx such that Wy = (Z/2Z)" x Wx, Wi = (Z/2Z)" x W,
and Z./27 is not a direct factor of Wx.

PROOF. Let W; = Wx, x ... x Wy, and Wi = Wy, x ... x Wy, be the direct
decompositions into irreducible components. Since the longest element in W resp. in
Wi is central, the subgraphs of I' induced by X1, ..., X, resp. Y1,...,Y,, are of inc-type.

If Wy is conjugated to Wi, then Lemma [5.3.3] shows that n = m and there exists a
permutation ¢: {1,...,n} — {1,...,n} such that fori = 1,..., n the standard parabolic
subgroup W, is conjugated to Wy, . Let i € {1,...,n}. If the subgraph induced by
X is not of type A1, then by Lemma we obtain the equality X; = Y, ;).

By assumption J # K. Hence, after isolating the Z/2Z factors of the direct product
decompositions for W; and Wx above, we obtain some ¢ € N and a (spherical) standard
parabolic subgroup Wy such that W; = (Z/2Z)" x Wx and Wy = (Z/2Z)" x Wx with
Z/2Z not a direct factor of Wx. O

A final ingredient for the proof of Theorem [5.3.6]is the following proposition describing
conjugacy of parabolics by means of connecting odd-paths.

Proposition 5.3.5 (Conjugate, odd-connected parabolics). Let Wr be a Coxeter group.
Let Wy = (Z/2Z)" and Wi = (Z)27)" be elementary abelian spherical standard parabolic
subgroups of same rank. Then Wy is conjugate to Wi if and only if there exists a finite
sequence of standard parabolic subgroups Wi, ..., Wy, such that W1 = Wy, Wy, = Wk
and W; is odd-adjacent to Wiy fori=1,...,m — 1.

PROOF. Let W = Wy = (Z/27)" be conjugated. By Theoremthere exists a fi-
nite sequence of standard parabolic subgroups Wr,, ..., Wr, with V(I';) = J, V(T');,) =
K and T'; adjacent to I';41 for all i = 1,...,m — 1. In particular, I'; and I';; differ by a
single vertex. Moreover, Lemma together with parts (2) and (3) of Theorem
implies that the vertices that differ between I'; and I';; 1 must be connected via an odd-
labeled edge in I' since Wr, and Wr, | are conjugated via an element a; € Wy, uy (r
Hence Wr, is odd-adjacent to Wr

i+1 i+1)”

41"



100 5. CONJUGACY CLASSES OF INVOLUTIONS IN COXETER GROUPS

Conversely, let Wy = Wy, Wy, ..., W,, = Wg be a finite sequence of odd-adjacent
standard parabolic subgroups. Let {si1,...,s.} be a generating set for W; and let
{81,-..,8c—1,te} be a set of generators for W4, with i € {1,...,m — 1}. Since W;
and W,y are odd-adjacent, then ord(sct.) = ¢ is odd. Define w; := Sctcse - - te where
the length of w; is 2¢ — 1. Then an easy calculation shows that wiWiw;1 = Wis1.
Iterating this process, it follows that the subgroups Wy and Wy are conjugated. U

5.3.2. (Proofs of the) main technical results. We are now ready to prove our
main results of this chapter.

Theorem 5.3.6 (Conjugating parabolics with nontrivial centers). Let I' = (S, E) be a
Cozeter diagram with S = {s;| i € I} and W = Wr the associated Coxeter group. For
J,K C1I, J # K let Wy and Wg be the corresponding standard parabolic subgroups,
and assume they are spherical with longest elements being central elements. Then the
subgroup Wy is conjugate to Wi if and only if both following conditions hold:

(1) There exist £ € N and L,M,X C I such that W; = Wi x Wx and Wk =
Wi x Wx with Wi, &2 Wy = (Z/QZ) and

(2) there ezists a finite sequence of standard parabolic subgroups Wh, ..., Wy, such
that Wy = Wy, Wy, = Wk, and W is odd-adjacent to Wiy fori=1,... m—1.

PROOF. Item (1) is a consequence of Corollary To check item (2), apply
Proposition to the abelian factors Wy and Wy,.

Conversely, if W; and Wy satisfy items (1) and (2), the claim follows immediately from
Proposition applied to the abelian factors. O

Theorem 5.3.7 (Counting conjugacy classes of involutions). Let I' be a Cozeter diagram
and, for each k > 1, let T* be its corresponding k-odd graph. Then, the cardinality of
the set of connected components of T'* is equal to the cardinality of the set of conjugacy
classes of involutions of rank k in the corresponding Cozeter group Wr. The total number
cca(Wr) of congugacy classes is obtained as

[V(D)|
CC2 WF Z |7T0 Fk

Corollary 5.3.8 (Representing conjugacy classes of involutions). With notation as in
Theorem the connected components of T* are in bijection with the conjugacy classes
of involutions of rank k. To obtain a representative for such a conjugacy class, one
may choose any vertex in the corresponding connected component in T* and take as
representative the longest element in the parabolic subgroup corresponding to it.

PROOF OF THEOREM AND COROLLARY [5.3.8l The conjugacy class of an ar-
bitrary involution ¢ € Wr is, by Lemma represented by a central longest element
in a suitably chosen spherical parabolic subgroup. (Note that this representative might
be a standard generator.) The choice of a representative is unique up to conjugation, by
Lemma [5.1.7] The set of conjugacy classes of involutions is thus completely described
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once we know which parabolics of Wr whose irreducible components are of inc-type are
conjugate to one another. But Theorem shows that these conjugacy classes corre-
spond bijectively to connected components of the k-odd graphs I'*. The theorem follows,

as does Corollary (]

The following two open questions arise naturally from Theorem [5.3.7]

Open question 5.3.9. Investigate the complexity of the algorithm obtained from The-
orem [5.3.71

Open question 5.3.10. Is it possible to define a similar family of graphs which allows
one to compute the number of conjugacy classes of torsion elements of order m # 27

It remains to prove Corollary [5.3.11] presenting some results on Coxeter groups attaining
certain bounds on the number of conjugacy classes of involutions.

Corollary 5.3.11 (The extreme cases). Let I' be a Cozxeter diagram of rank n.

(1) Every involution in Wr is a reflection if and only if the diagram T" is complete
and every edge label in T is odd or co, in which case cca(Wr) = |mo(T'Y)| < n.

(2) There is only one conjugacy class of involutions in Wr, i.e. cco(Wr) = 1, if
and only if the Cozeter diagram T is complete, the odd graph T'' is connected,
and every edge label in T is odd or cc.

(3) If n > 4 and cco(Wr) is equal to the upper bound 2™ — 1, then Wr is spherical
and even, but not necessarily abelian.

(4) If Wr is not spherical, then cco(Wp) < 2™ — 2. In case equality holds, then

cither T = o—» (thus Wp = Dy ) or T is a triangle with labels 2p, 2q, 2r € N
(so that Wt = A(2p,2q,2r)).

PROOF. Let I' be a Coxeter diagram of rank n. Since I'! is always nonempty, by
Theorem there is only one conjugacy class of involutions in Wr if and only of
|To(T'1)] = 1 and the vertex set of T'* is empty for 2 < k < n. By definition of higher
rank odd graphs, V(I'*) is empty for 2 < k < n if and only if ' is complete and every
edge in I' is odd or co. This proves item (1).

Further, by Theorem every involution in Wr is a reflection if and only if V(I'*) is
empty for 2 < k < n. The proof of part (1) shows that this is the case if and only if T
is complete and every edge label in I" is odd or oo, hence item (2).

For items (3) and (4), first note that if the upper bounds are to be attained, then the
k-odd graphs must have as many connected components as possible, which requires I'
to have only even or oo labels. Since Wr is trivially a parabolic subgroup of itself, then
the highest odd graph I'" must be empty in case Wr is not spherical, so that the trivial
upper bound decreases to 2" — 2.

To construct nonabelian (spherical) groups attaining the upper bound, define I' as fol-
lows: if n = 2k is even, I" is the disjoint union of k = n/2 dihedral diagrams Is(2m;),
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.., Io(2my) with m; > 2; in case n = 2k + 1 is odd, I" is the disjoint union of Is(2m;),
..., Ia(2my) with one A;, again with m; > 2. This concludes item (3). To finish off
item (4), the previous paragraph shows that Wp must be even of rank < 3. The two
types of groups (infinite dihedral and even triangle) attaining the bound show up in

Sections [5.4.1] and [5.4.2] below. O

Open question 5.3.12. The ‘universal’ upper bound for cco(Wr) can only be attained
by infinite groups of rank at most three. That is, the bound cco(Wr) < 2™ — 2 is not
optimal if |V(I')| > 4 and Wr is infinite. In turn, lowering the bound down by one to
2" — 3, one can construct reducible examples in rank four with cco(Wr) = 13 = 2% — 3;
take, e.g., T = Co LI Ay.

Restricting ourselves to irreducible examples, the anonymous referee of |[Rei+25| pointed
out to a family of groups with (asymptotically) many conjugacy classes: Define I" as a
tree with one central vertex and k ‘arms’ of length two, such that all edge labels are
(finite) even numbers > 4. Thus I" has n = 2k + 1 vertices. After some deliberation and
initial calculations, cco(Wr) seems to be roughly 27~ + k - 28~1 plus some constant C.
These considerations leave open the following subtle problem: Is there a function f :
N>4 — N such that cca(W) < f(n) for all infinite irreducible Coxeter groups W of rank
n > 4, with some (infinite, irreducible) Coxeter group Wy of rank ny > 4 attaining
equality ccao(Wp) = f(no)?

We finish this section by recording the additive properties for the number of conjugacy
classes cc,, of elements of finite order m in free and direct products.

Lemma 5.3.13 (Free and direct products). Let G, H be groups and m > 2.

(1) ccp, ts additive on free products if finite. That is, suppose ccp(G) and ccp,(H)
are finite, then

cCm (G x H) = ccp(G) + cep (H).

(2) Suppose that for every (k,1) € N x N with lem(k,l) = m, the values cck(G) and
cc(H) are finite, then the number of conjugacy classes of elements of order m
of a direct product G x H 1is also finite and given by

cem(G X H) = Z cci(G) - cey(H).
(k,l)ENXN
lem(k,l)=m

In particular, for a prime number p we have

cep(G x H) = ccp(G) + cep(H) + cep(G) - ccp(H).

PROOF. In case (1) let w € G x H be an element of order m. Using the action of
G x H on the associated Bass—Serre tree T one shows that w is contained in either
a conjugate of G or of H, see [Ser80, 1§86, Proposition 21|. Moreover, w cannot be
simultaneously conjugated to an element of G and an element of H, since otherwise w
would fix an edge in T, g. Additivity follows.
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In case (2) let w = (g,h) € G x H be of order m. In case either g = 1, respectively
h = 1, an easy calculation shows that w is conjugated to an element of order m in H,
resp. in G.

If g # 1 and h # 1, then ord(g) = a, ord(h) = b with their least common multiple
lem(a,b) = m. One easily checks that (g, h) can only be conjugated to an element in
G\ {1} x H\ {1}. Further, two elements (g1, h1), (g2, h2) of order m in G\ {1} x H\ {1}
are conjugated if and only if lem(a,b) = m, one has ord(g;) = ord(g2) = a, ord(h;) =
ord(hz) = b and g; is conjugated to g and h; is conjugated to hy. Hence, the statement.
The conclusion for p prime follows readily. O

Open question 5.3.14. The number cco(Wr) is, by definition, a group-theoretic invari-
ant of Wr. Also |m9(Tpaq)| = |m0(I'Y)| does not depend on ' by [MV24, Proposition 2.2].
However, the connected components of higher rank odd graphs do a priori depend on the
chosen Coxeter diagram I' for Wr. It would be interesting to see how the higher rank
odd graphs behave with respect to moves (such as twists [Mih00; Bra+02] or blow-ups
[Miih06|) between the various Coxeter diagrams for a given group.

5.4. Applications to some subclasses of Coxeter groups

To provide extended examples we compute in Section [5.4.1] the number of conjugacy
classes of involutions in any given triangle group and discuss in Section [5.4.2] the sub-
class of right-angled Coxeter groups. In Section [5.4:3] we determine ccy in all of the
(irreducible) spherical and affine cases. Note that these results can be easily extended
to reducible Coxeter groups by invoking Lemma [5.3.13]

5.4.1. Triangle Coxeter groups. The family of triangle groups, compare Defini-
tion [2.2.9] witnesses sharpness of the upper bounds for cco. Using Theorem [5.3.7] we now
compute the number of conjugacy classes of involutions for all infinite triangle groups.
We start by demonstrating this at an example:

Example 5.4.1. Consider the triangle group A(2,4,4). Its Coxeter diagram I is a path
graph on three vertices connected by two edges, both labeled 4. Compare also Figure[A.2]
This structure implies that when constructing the odd graph I'', both edges are omitted.
As a result, T'! consists of 3 isolated vertices and hence has 3 connected components.
To compute I'2, we search for subdiagrams of inc-type in the diagram of A(2,4,4). We
observe that it contains two subdiagrams of type By, which are not odd-adjacent, and
one subdiagram of type A?. This implies that I'? also consists of 3 isolated vertices and
has 3 connected components. Since the diagram I' itself is not of inc-type, it follows that
I'® is empty. Together, this demonstrates that cca(A(2,4,4)) = 6.

The number of conjugacy classes of reflections is given by |mo(I'!)| (cf. [Bra+02, Lemma
3.6]) — our findings thus give quick means to check the discrepancy between the conju-
gacy classes of reflections and of involutions in A(p, g, 7).
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For p,q,r € N we have

if p,q,r are even,

if p,q,r are odd,

A =
CC2( (p, q, 7“)) if exactly one edge label is Odd,

I =)

if exactly one edge label is even;

5, if ¢ and r are even,

cca(A(c0,q,7)) =1 1, if ¢ and r are odd,
{3, if (¢ + r) is odd;

4, if r is even,

cez(A(00, 00,7)) = {2 if 7 is odd

Finally, for the universal Coxeter group of rank three we have cca(A (00, 00,00)) =

cco(¥3_17,/27) = 3 by Corollary [5.3.111 This completes the list.

It is interesting to see that all possible values from 1 to 6 = 23 — 2 are realized. We have
no structural explanation for this phenomenon at the moment.

5.4.2. Right-angled Coxeter groups. Note that, for many RACGs, the number
cco of conjugacy classes of involutions can be computed by first looking at decomposi-
tions, applying Lemma to reduce complexity, then invoking Theorem [5.3.7] Here
we offer alternative means to determine ccso for such groups. The proof has a geometric
flavour and for it we do not need the results from Sections [5.2] and [5.3.2] nor those of
Richardson and Deodhar. Recall that we denote by A the presentation diagram of a
right-angled Coxeter group W (A), see Definition

Proposition 5.4.2. Let W(A) be a right-angled Cozeter group. The number cco(W (A))
of conjugacy classes of involutions in W(A) is equal to the number of nontrivial cliques
(i.e., complete subgraphs of rank at least one) in the defining graph A.

PROOF. Let W(A) be a right-angled Coxeter group and let X be the associated
Davis—Moussong complex (cf. [Dav08, Chapters 7 and 12|), on which W (A) acts geo-
metrically. We denote this action by ®: W(A) — Isom(X).

Let w € W(A) be an involution. By the Bruhat-Tits fixed point theorem [ABO8, Theo-
rem 11.23] we know that Fix(®(w)) is nonempty. Since the action ® is type-preserving,
there exists a vertex in F' := Fix(®(w)). Let then y € F be a vertex. By definition of X
we have y = gIW(A), where A is a nontrivial clique in A. Further, w € gW (A)g™.

We define Ay := (g (aer giW(A;)g; . Since we have w € ¢;W(A;)g; ' for every
giW(A;) € F, the intersection A,, is nontrivial. Moreover, A,, is a parabolic subgroup
since it is an intersection of parabolics; cf. [Qi07]. Thus A, = zW(A")z~! for some
z € W and some nonempty clique A’ in A. Hence w € A, is conjugate to vivs...v,
where V(A") = {v1,..., v}
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Let now Ay and As be two nontrivial cliques. Let wy = z1...2, and wy = y1 ... ym be
involutions where V(A1) = {z1,...,zp} and V(A2) = {y1,...,ym}. If w;i is conjugate
to ws, then the parabolic closure of w; is conjugate to the parabolic closure of ws
by Lemma As the parabolic closure of w; is W(4;), it follows from [AM15,
Corollary 3.8| that A; = As. O

5.4.3. Spherical and affine Coxeter groups. The irreducible finite and affine
Coxeter groups have been classified in a short list of infinite families A,,, B, = C,, Dy,
Io(m), Ay, B,, Cn, D,, and some exceptional types. In this section we provide formulae
for ccy for all such classical families. Combined with Lemma this gives means to
compute ccy for all finite Coxeter groups, as well as all direct and free products of all
spherical and affine Coxeter groups. Since the proofs of these formulae require various
case distinctions while making hard use of Lemma in repeated arguments, we
outsource them into Sections and

Theorem 5.4.3 (Families of spherical Coxeter groups). The number of conjugacy classes
of involutions of Coxeter groups of types Ay, Bp, = Cp, Dy, and Io(n) is given by

k, if n =2k,
CCQ(WAn) = f

k+1, ifn=2k+1;
k2 + 2k, if n = 2k,
K2 4+3k+1, ifn=2k+1;
(K2 +3k+2), ifn=2k,
(k% + 3k), if n =2k + 1.

CCQ(WBn) = {

1
CCQ(WDn) = { %
2

3, ifn=2k,
CC2(WIz(n)) = {1 ifn=2k+1.

The numbers of conjugacy classes of involutions of Cozeter groups of irreducible spherical
exceptional types are as in the following table:

Type ofF E6 E7 Eg F4 G2 H2 H3 H4
ccoWrp) |4 (9 |9 |7 |3 |1 |3 |4

The next result summarizes our findings for the irreducible affine cases.

Theorem 5.4.4 (Affine Coxeter groups). The number of conjugacy classes of involutions
of Coxeter groups of types Ay, By, Cn, and D, for alln are given by the following formulae,
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respectively:

k, if n = 2k,

W" pu—
cea(Wg,) {k+2, ifn=2k+1;

1 3 19 :
cer(Ws ) = T34+ 3K+ 2k +1,  ifn=2k,
Bn T2k + Mk 42, ifn=2k+1;

- {4k2+2k, ifn =2k,

cea(Ws ) = 9 )
A2 46k +2,  ifn=2k+1;

Cn
1 2 o
cea(Ws ) = (f(k+1)(k + 5k + 18), if n =2k,
" | GR(R £ 6k o+ 11), ifn=2k+1.

The number of conjugacy classes of involutions of Cozeter groups of irreducible affine
exceptional types are as in the following table:

Type of ' || Eg E7 Eg F4 62 fl
CCQ(WF) 5 1915|124 |2

Remark 5.4.5. The number of classes of type E; has previously been computed by
Richardson |Ric82, Example 3.4]. Note that Richardson found 20 conjugacy classes as
he also considers the trivial element to be an involution.
The delicate behavior of conjugacy classes in type D in particular also became clear in
recent work of Mili¢evi¢, Schwer, and Thomas [MST25|.

Proposition [5.4.6] provides a formula for the number of conjugacy classes of involutions for
all Coxeter groups whose Coxeter diagram is an odd-labeled circle, provided it contains
no subdiagram of type Hs. Note that this class includes groups of type A,. The relevant
diagrams are shown in Figure [5.9in Section [5.2

Proposition 5.4.6 (Computing cce in odd circles). Let n > 2 and T' be a Coxeter
diagram as shown in Figure[5.9, with only odd-edges and assuming ' contains no subgraph
isomorphic to Hy. Then

/, ifn =20,

W p—
cex(Wr) {e+2, ifn=2041.

PROOF. Lemma implies that, for k& < ¢, the graph I'* does not have isolated
vertices. To determine the connected components of I'* in this case, the same argument
as in the proof of Proposition works, showing that I'* is always connected for
k < £. (Note that here the distance between indices of generators of a given standard
parabolic in T* must also be at least 2, but now indices are taken mod n+ 1.) Since I is
a circle, taking [ > ¢ gives I'! = @ for n = 2¢; in turn, for n = 20+ 1, the graph I'**! con-
tains precisely two isolated vertices, namely (sg, s2, S4, . . ., So¢) and (s1, $3, S5, - . . , S204+1)-
Finally, T for I > ¢ + 1 is also empty. This completes the proof. O
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5.5. Proof of Theorem [5.4.3

This section is dedicated to the proofs of our findings on the number of conjugacy classes
of involutions for the families of spherical Coxeter groups, as stated in Theorem [5.4.3

PROOF OF THEOREM [5.4.3| FOR A,, AND Iz(n). The formula for type A is a straight-
forward corollary to Proposition [5.2.16] Type I is a triviality by the definition of higher
rank odd graphs. U

It remains to prove the formulae for the families of type B, D, and the exceptional types.
We start with type B. For this, observe the following:

Lemma 5.5.1. Consider a Cozeter group of type By, with diagram I's,. Then, all vertices
of the m-odd-graph I'™ are of the form

B; LIAT,
with i € {0,1,...,m}.

Remark 5.5.2. Notice that the notation X refers to an empty diagram of type X.

B 4

>”2 ——eo —0---0—9
=281 82 83 Sn—1 Sp

FIGURE 5.10. Coxeter diagram of B, = C,,.

PRrROOF. For the sake of simplicity in our arguments below, we will refer to the nodes
of I'g,, by their indexed generator, enumerating from left to right as shown in Figure
Recall that I's, has n nodes, with nodes s; and sy being adjacent via an edge labeled
4, while all other edges are labeled 3. Subgraphs spanned by the vertices si, so,..., Sy
with £ € {2,...,n} are diagrams of type By. Moreover, by choosing a set of pairwise
non-adjacent vertices, one can obtain a collection of subgraphs of type A; from I'y,. For
this, notice that non-adjacency for these vertices means a distance of at least 2 between
their index numbers. From these insights, it follows that one can identify subgraphs
of the form B; U A} with i,j € Ny in a type B,, diagram. Furthermore, it is critical to
observe that I's, does not encompass any other of the Coxeter diagrams presented in
Figure , as it explicitly excludes E7, Eg, F4, Go, Hs, Hy alongside I2(2¢) and Dy for ¢ > 2.
Consequently, the only subdiagrams within B, that lead to irreducible Coxeter groups
with nontrivial center manifest in the form B; LI AT"™* with ¢ € {0,1,...,m}. Therefore,
these specific subdiagrams represent the sole vertices of I'"". O

PROOF OF THEOREM FOR B,,. We see immediately from the structure of I'p |
that T'! has 2 connected components for all B, since all edge labels except for a single
one of I'y, are odd, so that I'! is an unlabeled graph with two connected components.
We now derive the closed formula by counting the connected components of I'™ for the
different types of subgraphs as given by Lemma We discuss them separately below.
Before this, we derive lower and upper bounds on the size of the subgraphs contained
in T, : It follows from our arguments given in Lemma above that the span of the
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nodes labeled s1, s9, ..., with £ € {2,...,n} forms a subgraph of type B,. Hence, I'y,

contains a single subgraph of type Bo,...,B,, each.
Furthermore, we observed in Lemma above that I's, contains up to [§] many

copies of type A1 subgraphs, located at every other node of the path between s; and s,,.

We now compute the number of connected components for the various types of subgraphs.
Different types of subgraphs always yield different connected components in I'™ because
they are never adjacent since their diagrams are not isomorphic. However, subdiagrams
of the same type can be adjacent. Compare Lemma [5.2.14]

For all the computations below, assume n = 2k or n = 2k + 1.

Subdiagrams of type By, :

As discussed above, for 2 < m < n, the graph I's, only contains one subdiagram of type
B, spanned by the vertices si, So,...,Sy,. Hence, this diagram produces an isolated
vertex labeled (sg, s1,...,Sm—1) in I'™, giving one connected component of the graph. It
follows, that the number of conjucagy classes cco(Wp,, By,) of By, obtained from subgroups
of type B, can be counted as:

I
[y
I
S
|
—_

cca(Ws,, ,Bm)

Subdiagrams of type AT*:

Subdiagrams of I'g, of type AT" are characterized as m non-adjacent nodes. An applica-
tion of Lemma [5.2.14] shows that many of these subdiagrams are connected as vertices
in I'" since every edge of I'y, except for (s1, s2) is odd-labeled. Subdiagrams containing
the node labeled s; cannot be odd-adjacent to subdiagrams not containing s; since this
node has degree 1 and its adjacent edge is labeled 4. Therefore, we distinguish two cases
of subdiagrams to count the number of conjugacy classes of B, obtained from subgroups
of type AT":

Case 1: The node of I's, labeled s; is not contained in a vertex of I'* of the connected
components under consideration.

To form vertices of I'™ not containing s, one then has to choose m isolated nodes among
the nodes labeled so, ..., s,, which gives 2m —1 <n—1 & m < §. Substituting n = 2k
yields m < k, and substituting n = 2k + 1 gives m < k+ % Using m, k € Z, this implies
m < k. Tt thus follows from Lemma that for fixed m and n, all vertices of I'™
corresponding to subgraphs of I'g, satisfying the conditions of this case are odd-adjacent.
Hence, they are all contained in a common connected component of I'".

Case 2: The node of I'g, labeled s; is contained in all vertices of I'™ of the connected
components under consideration.

To form vertices of I'"* that do contain s1, one can pick m — 1 isolated nodes from nodes
that are non-adjacent to s;, that is, from s3,...,s,. Therefore, we get
2m—-1)—-1<n—-2&m< "TH For n = 2k, this ismgkj—}—%. Since m € Z, we can
also write m < k. For n = 2k + 1, we get m < k + 1. Again, invoking Lemma [5.2.14
we see that for fixed values of m and n, all subgraphs satisfying these constraints are
odd-adjacent and therefore reside in a common connected component of I'".
Considering both cases together, we can determine the number of conjugacy classes
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cca(Ws,,,AT") of Wp, that arise from subgroups of type A" as

n=2k:  ccy(Ws,,AT) 21+Z1—2 —1);

k+1
n=2k+1:  cco(Ws,,A]) Zl+21_2k—1

Subdiagrams of type ATI”_i UB;:

Since we already counted the connected components of I'™ with vertices associated with
subgraphs of type AT" and B,,, above, we will now focus on the case where ¢ # 0 and m > .
This implies m > 3. According to Lemma [5.5.1] I's, contains subgraphs of type B; for
i €{2,...,n}. For the subdiagrams of type A{""*LB; discussed here, we are interested in
the subdiagrams spanned by the nodes labeled s1,...,s; for i <n —2. Next, we need to
select m — i isolated nodes from the set {s;;2,...,s,} in order to construct a subgraph
of type AT% LIB;. The construction is as follows: Place B; at the nodes labeled sq,...,s;.
To find m — i isolated nodes spanning a subdiagram of type Ai”_i, it requires 2(m — 1)
nodes of I'g,. This leads us to the condition i 4+ 2(m — i) = 2m — i < n. Combining this
with the requirement that m — ¢ > 1 provides 2 < ¢ <n—2,and 3 < m < "T‘“ By
substituting n = 2k, we find 2 < ¢ <2k —2and 3 < m < k—i—%. Forn =2k + 1, we
obtain 2 <i<2k—land3<m < k+ ”1 The next step is to determine the number
of connected components of I'™ spanned by vertlceb corresponding to subgraphs of type
AT ‘UB,. As shown in Lemma 4 for fixed m and ¢, all subdiagrams of type A7"""LIB;
that satisfy the stated conditions are odd-adjacent. Thus, they are all contained Within
a common connected component of I'". We can count the number of conjugacy classes
CCQ(WBn,ATInii LIB;) of Wp, that correspond to subgroups of type AT% LI B; as follows:

2%k—2 k+%

n =2k : cco(Ws, , AT LUB; Z Z 1=(k—1)?

=2 m=i+1
ok—1 k+1

n=2k+1: cco(We,, A7 "UB) = > Y 1=k(k—1).
=2 m=i+1

Sum of all conjucagy classes:
Eventually, the number of conjugacy classes of a Coxeter group of type Wg, can be
derived as follows:

cco(Wa,) = 24cca(Wa, , Bm) + cca(Wa,, AT) + cca(Wa, , AT LI B;);

n =2k : cco(Wa,) =242k —1+2(k—1) + (k- 1)® = k* 4 2k;
n=2k+1: cco(Wa,) =242k +2k — 14+ k(k — 1) = k* + 3k + 1.
0

Notice that we gave an illustration of I'* for B4 in Figure . We continue with the proof
of Theorem [5.4.3| for Wp,,. As a preparation, we prove first:
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Lemma 5.5.3. Consider the affine Cozxeter group Dy, with diagram I'p, . Then, all ver-
tices of the m-odd-graph I'™ are of the form

Y
AT | Doy,

with j € Np.

Proor. To simplify speech in our arguments below, we will refer the nodes of I'p,
by their indexed generator, enumerated from left to right as shown in Figure[5.11] Recall
that I'p, has n nodes, with all edges labeled 3. Subgraphs spanned by the nodes labeled
SnySn—1,---,8¢ with £ € {1,...,n — 3} are diagrams of type D,,_sy1. Furthermore, by
selecting a set of pairwise non-adjacent nodes, one can obtain subgraphs of type A;
from D,. Notice that the condition of non-adjacency for subdiagrams of type A; among
the nodes labeled s1, s, ..., s,_2 necessitates distance of the index numbers of at least
2. Additionally, the nodes s,_1 and s, are non-adjacent to each other and all nodes
with indices less than or equal to n — 2. From these observations, along with the fact
that subdiagrams of type D; are admissible as vertices of I only for even ¢ (compare
Figure , we obtain that subgraphs of the form ATﬁQJ LIDy; with j € Ny are feasible
for a diagram of type D,. Further, I'p, does not contain any other Coxeter diagrams
cataloged in Figure , as it does not contain E7, Eg, Fy, Go, Hs, Hy as well as I5(2¢) and
By for £ > 2. Consequently, subdiagrams of the form AT_QJ LIDy; with j € Ny are the
only subdiagrams of D,, that yield irreducible Coxeter groups with nontrivial center, thus
defining the sole vertices of I'". U

Sn—1

Sn

FI1GURE 5.11. Coxeter diagram of D,,.

PROOF OF THEOREM FOR D,,. From the structure of I'p,, it is evident that
I'! has a single connected component for all D,,. This arises from the fact that all edge
labels are odd, thereby yielding to I'! being an unlabeled connected graph.
We derive the closed formula by counting the connected components of I for the
different types of subgraphs as given by Lemma[5.5.3] We examine these different types in
detail below. Beforehand, we derive lower and upper bounds on the size of the subgraphs
contained in I'p,: As demonstrated in our preceding discussion in Lemma [5.5.3] the
nodes labeled s, sp—1,...,8¢ with £ € {1,...,n — 3} span a subgraph of type D,,_y:1.
Consequently, I'p, contains precisely one subgraph of type Doj for j € {2,..., 5}
Furthermore, we have observed in Lemma above that I'p, contains subdiagrams
of type A; and that these are isolated if the index numbers differ by more than 2. An
exception arises for the nodes labeled s, _1 and s,, which are solely adjacent to the node
labeled s,,—2. This indicates, that I'p, contains up to k41 isolated copies of subdiagrams
of type Ay for n = 2k and n = 2k + 1.

We will now compute the number of connected components associated with the various
types of subgraphs. Different types of subgraphs invariably lead to different connected
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components in I', as they cannot be odd-adjacent. This follows from the fact that
their diagrams are not isomorphic. Nonetheless, subdiagrams of the same type can be
adjacent, as shown, e.g., in Lemma [5.2.14]

Subdiagrams of type Dy, = Da;:

Given that only subdiagrams of the type D,, with m even are permissible, it follows that
m = 2j > 4. Based on our analysis in Lemma [5.5.3] we already know that I'p, contains
a single subgraph of type Dy, for 4 < m < n. Thus, we have j < § = k for n = 2k
and j < ”T_l = k for n = 2k + 1. This implies that for each even m, we obtain an
isolated vertex of type D, within the graph I'™. Therefore, we can quantify the number

of conjucagy classes cco(Wp,, ,Dyy,) of Dy, that arise from subgroups of type Dy, as follows:

k
cca(Wh,, , D) = Z 1=
J=

Subdiagrams of type AT*:

Subdiagrams of I'p, of type A" are characterized as m non-adjacent nodes. The ap-
plication of Lemma [5.2.14] reveals that many of these subdiagrams are odd-adjacent,
which indicates that the associated vertices in I'"* are connected, given that every edge
of I'p,, is odd-labeled. Note that subdiagrams that include both nodes labeled s,_; and
sn cannot be odd-adjacent to those that do not contain both nodes. This restriction
arises from the fact that these two nodes are only adjacent to the node labeled s,_o.
Consequently, the vertices of I associated with these subdiagrams are not contained
within the same connected component. Thus, for counting the connected components
of '™ it is necessary to make a distinction between subdiagrams that encompass s,_1
and s,, and those that do not include them.

We begin by examining subdiagrams that contain the nodes labeled s,_1 and s,. It
follows that m > 2. Next, it remains to choose m — 2 isolated nodes of the nodes labeled
S1y-+-y8n—3. This gives 2(m —2)—1<n—-3 < m < "TH When we substitute n = 2k,
we find m < k+ 1. For n = 2k + 1, this results in m < k + % Given that m, k € Z,
this implies m < k + 1 in both cases. It then follows with Lemma that for fixed
m and n, all vertices of I'™ that correspond to subgraphs of I'p, and satisfy the condi-
tions discussed are odd-adjacent. Consequently, they all belong to a common connected
component of I'"™.

Now, consider subdiagrams not containing both nodes s,_; and s, simultaneously. We
must select m isolated nodes from the set of nodes labeled sq,...,s,. If
2m—-1<n—-2&m< ”2 , we can find m isolated nodes, thereby yielding m subgraphs
of type A, exclusively from the nodes labeled s1,...,s,_2. Invoking Lemma we
can ascertain that all subdiagrams of this type, including those that involve either s,,_1
or sy, are odd-adjacent. Consequently, the subdiagrams of type A" for 2 < m < ”Tfl that
do not contain both s,_1 and s, simultaneously are located within a shared connected
component of I'. By substituting n = 2k and using m € Z, we find that 2 <m < k—1.
Considering n = 2k + 1 results in 2 <m< k

Ifn—-2<2m—-1<n-1<% "5 <m < 7, we can identify up to two subdiagrams
that meet our conditions: For n = 2k, we obberve k — % <m < k< m=k. This
leads to an identification of the two subdiagrams spanned by si,s3,s5,...,5,—1 and

51,83,85,.--,5n—3,5n. oince these are not odd-adjacent in I'p, , they each establish a
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connected component in I'". For n = 2k+ 1, we obtain k < m < k+ %, which has no so-
lution for m € Z. As a result, no subdiagram of type A7 exists within these constraints.
In conclusion, we can enumerate the conjugacy classes cco(Wh,, , Al") of Wp,, derived from
subgroups of type A" as follows:

k+1 k—1
n=2k:  cco(Wp, A") =) 14> 1+2=k+k—2+2=2k
m=2 m=2
k+1
n=2k+1:  cco(Wp,,AM) Zl—i—Zl_k—i—k—l_Qk—l

Subdiagrams of type Doj LI AT

Since we have already counted the connected components of I'* of type AT* and D,,
above, we will focus exclusively on the case where j # 0 and m —25 > 0 here. Therefore,
we require m > 5. From our prior observations in Lemma [5.5.3] we know that I'p,
contains subgraphs of type D, for m < n. Thus, we conclude j < 5§ = k for n = 2k, and

j < 2= =k when n = 2k + 1. Observe that two subgraphs of type AT —2 Dy; and

AT 2] UDy;s can only be odd-adjacent if m = m' and j = j’, as they are not isomorphic
as diagrams otherwise. This implies that for different values of j, we can count the
connected components of m separately. Since j # 0, we will first consider the subgraph
of type Dgj. Given the structure of I'p,, this subgraph can only be spanned by the nodes
labeled s,,—2j41,...,5,—1,5n. For a vertex of I'™ with the desired type, we must choose
m — 2j feasible isolated nodes from the remaining nodes labeled s1, ..., s,_2;. Note that
we cannot select the node labeled s,_o; because it is odd-adjacent to s, _2j41. Therefore,
we can place the isolated nodes at si,...,s,-2;-1. To ensure all m — 2j nodes remain
isolated from each other, it requires a total of 2(m — 2j) — 1 nodes from s1, ..., sp,—2j_1.
Consequently, we derive that 2(m —2j) —1<n—-2j—1<2m—-2j<n<&m< "2—2]
For n = 2k, we can reformulate to m < k+j. For n = 2k + 1, we obtain m < k+j + %
However, since k,j € Z, this yields the same upper bound. Observe that we explicitly
do not allow m = 2j. Thus we do not consider subgraphs of type Da; as a subclass of
Do, I_JAT_QJ in this context. Finally, it only remains to quantify the number of connected
components of I' defined by the vertices corresponding to these subgraphs of I'p, .
Lemma [5.2.14] shows that all the vertices defined by the subgraphs of the same type and
size described above are odd-adjacent. Therefore, I'™ contains one connected component
of type DQjHAT_zj forevery 2 <j <k, 2j+1<m<k+j.

In summary, we can count the number of conjugacy classes CCQ(WDn,ng LIAT 2 ) of Wp,

for n = 2k and n = 2k + 1 obtained from subgroups of type Dg; LI A7"™ ™ as:
k+j
cea(Wh, , Dy; LI AT %) Z > 1_7 —1)(k—2).
j=2m=2j+1

Sum of all conjucagy classes:
In conclusion, we can derive the number of conjugacy classes of a Coxeter group of type
Wh,, to:

cca(Wh, ) = 14cca(Wp, , D) + cea(Wh, , ATY) + cco(Wp,,, AT~ L Doj);
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1 1
n =2k : cea(Wh,) =14k —1+2k+ (k= 1)(k—2) = §(k2+3k+2);

1 1
n=2k+1: ccQ(WDn):1+k—1+2k—1+§(k—1)(k—2):§(k2+3k).
O

It remains to present the proofs for the numbers of conjugacy classes of the exceptional
types of spherical Coxeter groups:

PROOF OF THEOREM [£.4.3] FOR THE EXCEPTIONAL TYPES. To determine the num-
ber of conjugacy classes of the exceptional types of spherical Coxeter groups, we use
arguments similar to those in Lemma and count the number of subdiagrams of
the types presented in Figure [5.1

CC2(E6):
S6
Eg Q—O—I—O—Q

51 52 53 S4 S5

FI1GURE 5.12. Coxeter diagram of Eg.

Since all edges of I'g, are odd-labeled, I'! is a connected graph. Comparing Figure we
observe that for m = 2 and m = 3, the diagram I'g; contains only subgraphs of type A7".
The structure of I'g, resembles that of a path graph with an additional edge attached to
the node labeled s3. Invoking Lemma [5.2.14] we conclude that all these subgraphs are
odd-adjacent and form a connected component in I'™. This implies that I'? and I'® are
connected graphs. Moreover, it is impossible to find 4 isolated nodes in I'g,, indicating
that T'* does not include vertices representing subgroups of type A‘ll. However, I'g, does
feature a subdiagram of type D4, which is spanned by the nodes labeled s, s3, $4, ¢ (see
also Figure . For m > 5, I'g,; lacks the required subdiagrams listed in Figure
Consequently, we find that I'® = () and I'0 = (). In summary, the number of conjugacy
classes of a Coxeter group of type Eg is as follows:

cco(Wgg) =14+14+1+1+0+0=4.

CCQ(E7):

D—O—IS’?—O—O—Q
E7

S1 S92 S3 S4 S5 S6

FiGure 5.13. Coxeter diagram of E7.
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Since all edges of I'g, are odd-labeled, T'! is a connected graph. Comparing Figure
as for Eg above, we observe that for m = 2 and m = 3 the diagram I'g, contains only
subgraphs of type AT". Note that I'g, has the structure of a path graph with an additional
edge connected to the node labeled s3. Using the arguments from Lemma we see
that for m = 2, all subgraphs of type A? are odd-adjacent and thus form a connected
component within I'2. For I'}, we find 2 connected components of the graph with vertices
representing subgroups of type A3. The nodes labeled s; and s7 are only adjacent to the
node s3 and have a distance of 2 to their neighboring nodes in their spanned path
subgraph. Therefore, the subdiagram spanned by sy, sg, s7 is not odd-adjacent to other
subdiagrams of type A3, such as those spanned by s, 54,57 or 51, s3,55. For m = 4, the
diagram I'g. contains subdiagrams of type A and D4 from the list presented in Figure
Again, applying Lemma we find that all subdiagrams of type A} are odd-adjacent
and therefore belong to a common connected component of I'. Additionally, I'g, contains
a single subdiagram of type D4 spanned by the nodes labeled so,s3,s4,57. Because
of its type, this subdiagram is not odd-adjacent to the other subdiagrams of type A}
discussed earlier, resulting in its corresponding vertex in I'* forming a separate connected
component. Thus, I'* has two connected components. For m = 5, note that I'g, does not
contain a subdiagram of type AJ; it only includes a subdiagram of type D4 LI A} spanned
by the nodes labeled so, s3, 54, g, 57 according to the list of graphs shown in Figure [5.1

Hence, I'® contains a single vertex and, therefore, has one connected component. For
m = 6, I'g, contains only the subdiagram of type Dg, spanned by the nodes labeled
9,83, 84, S5, 56, S7. Similar to I'®, we conclude that I'6 has a single connected component.
For m = 7, we observe that I'g, itself is of inc-type, indicating that I'” has one connected
component as well.

Eventually, we can summarize the number of conjugacy classes of a Coxeter group of
type E7 to:

cco(Wg,)=1+142+2+14+1+1=09.

cca(Eg):

S8
Eg b—O—I—O—O—O—Q

S1 52 53 S4 S5 S6 S7

FIGURE 5.14. Coxeter diagram of Eg.

Using the same arguments as presented in the proof for Wg, above, we observe that I'!,
I'2) and I'® each have one connected component consisting of vertices of the type A7
For m = 4, note that I'gy; contains a subgraph of type D4, which is spanned by the nodes
59, 83,54, 88. It further contains several subgraphs of type A}. Again, Lemma
shows that all subgraphs of this type are odd-adjacent, thereby forming a connected
component in I'*. Since the corresponding subgroups are not isomorphic to Dy, the
vertex of I'* representing this subgroup is not odd-adjacent to the other nodes. Thus,
I'* has two connected components.
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For m = 5, similar to Wg,, we find that the diagram only contains a subgraph of type
D4 LI A from the list displayed in Figure Consequently, I'® consists of a single node
and therefore has one connected component.

For m = 6, we identify a subgraph of type Dg that is spanned by the nodes labeled
S2, 83, 84, S5, S¢, Sg. Note that we cannot find a subgraph of type Dy LI A% because we
cannot identify two isolated nodes in I's; with a subgraph of type D4 spanned by the
nodes labeled s9, s3, s4,53. Hence, I'6 consists of one vertex and has one connected
component.

For m = 7, we only find the subgraph spanned by the nodes labeled s1, s3, s3, 54, S5, S¢, S8
of type E7. This implies, again, that I'" has one connected component.

Finally, for m = 8, since I'g, is of inc-type, we find the entire graph as a subgraph and
obtain that I'® has one connected component.

Given these observations, we can summarize the number of conjugacy classes of a Coxeter
group of type Eg:

ccoWgg) =1+1+1+42+1+1+1+1=09.

CCo (F4) ;

4

Ff e—e—0——o
S1 52 53 S4

FiGURE 5.15. Coxeter diagram of Fy.

Since I'r, is a path graph and the edge connecting the nodes labeled sy and s3 is the
only edge with an even label, I'' has two connected components, which are spanned by
the nodes labeled s1, so and sz, s4.

For m = 2, observe that I contains vertices representing subgraphs of type A? and
subgraphs of type Ba. The only subgraph of I'r, of type By is spanned by the nodes
labeled s9,s3. Since groups of type By are not isomorphic to groups of type A2, this
vertex is not connected to vertices representing other subgroups in I'?, thus forming
a separate connected component. Subgroups of type A? are represented by the nodes
labeled s1,s3, and sq1,s4, and s9,s84. The nodes labeled s3 and s; are adjacent along
an odd-labeled edge, making the first two subdiagrams odd-adjacent. Additionally, the
nodes labeled s; and so are also adjacent along an odd edge, ensuring that the last two
subdiagrams are odd-adjacent as well. This guarantees that all corresponding vertices
of I'? are connected and form a connected component. Together, this shows that I'? has
two connected components.

For m = 3, note that I'r, only contains two subdiagrams of type Bs from the list displayed
in Figure ﬂ, which are spanned by the nodes labeled si, s9, s3, and ss, s3, s4. Since the
nodes labeled s; and s4 are not adjacent in I'g,, the corresponding vertices in I'* are not
connected, resulting in 2 connected components in I'3.

Finally, for I'#, we observe that T'g, itself is of inc-type, which indicates that I'* has one
connected component.

In summary, we can derive the number of conjugacy classes of a Coxeter group of type
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F4 as follows:
cco(Wg,) =2+24+2+1=T1.

cca(Go):

GQ = 12(6) S.lis.g

FIGURE 5.16. Coxeter diagram of Gs.

Since I'g, contains two nodes and the single edge of I'g, connecting them is even labeled,
I'' comprises two isolated vertices and therefore has two connected components. Addi-
tionally, as I'g, itself is of inc-type, I'? consists of a single isolated node, resulting in one
connected component. Thus, we can count the number of conjugacy classes of a Coxeter
group of type Go as:

cca(We,) =2+1=3.

cca(Ha):

5

Hy o——o
S1 52

FIGURE 5.17. Coxeter diagram of Hs.

Since T'y, has two nodes and the sole edge of I'g, is odd-labeled, it follows that I'! is an
unlabeled connected graph and therefore has one connected component. Furthermore,
since I'y, is not of inc-type, I'? is empty.

Therefore, we can determine the number of conjugacy classes of a Coxeter group of type
Hy as follows:

cco(Wy,) =1+0=1.

CCo (Hg) :

5

H3 o——e——o
s1 S22 83

FIGURE 5.18. Coxeter diagram of type Hs.
Since all edges of I'y, are odd-labeled, and the graph contains no isolated nodes, we

conclude that I'! is a connected graph with one connected component.
For I'2, observe that 'y, contains the two isolated nodes labeled s; and s3, which together
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form a subdiagram of type A?. As this is the only contained subdiagram with two nodes
from the list in Figure I'? consists of an isolated vertex, resulting in one connected
component.

Regarding I'?, we recall that Ty, itself is of inc-type. Thus, I'® also consists of one isolated
vertex and has one connected component.

In summary, the total number of conjugacy classes of a Coxeter group of type Hz can be
expressed as:

cco(Wiy) =1+141=3.

cco(Hy):

5

H oe—e—9o
81 82 83 84

FI1GURE 5.19. Coxeter diagram of Hy.

Since all edges of I'y, are odd-labeled and the graph is connected, I'" is a connected
graph with a single connected component.

For T'?, note that I'y, contains subdiagrams of type A?, which are spanned by the nodes
labeled si,s3, and s1,s4, and sg,s4. According to Lemma [5.2.14] these are all odd-
adjacent and thus form a connected component in I'2. Since I'y, does not include any
other subdiagrams from the list mentioned in Figure with two nodes, I'? also has one
connected component.

In I'3, there exists a vertex corresponding to a subdiagram of type Hz spanned by the
nodes labeled ss, s3, and s4. As I'y, contains no other subdiagrams from Figure s
consists of one isolated vertex and has one connected component.

For I, since I'y, itself is of inc-type, we find that I'* also consists of one isolated vertex
and has one connected component.

In summary, we can conclude that the number of conjugacy classes of a Coxeter group
of type Hy is:

ceo(Wy,)=1+14+1+1=4.

5.6. Proof of Theorem [5.4.4]

This section provides proofs of our findings regarding the numbers of conjugacy classes of
involutions for the families and exceptional types of affine Coxeter groups, as presented
in Theorem [5.4.4]

PRrROOF OF THEOREM FOR A,,, 52, AND I;. The formula for type A, follows
immediately from the more general Proposition . Types Go and I; were already
covered above: Wiz = Z/27 x 7/27 and Wg, = A(2,3,6), hence cco(Wz,) = 2 and
CCQ(WEQ) =4, O
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To verify the remainder of Theorem we will distinguish between the three infinite
families and the exceptional types, starting with B,,. First, observe the following:

Lemma 5.6.1. Consider the affine Cozeter group B, with diagram I's . Then, all ver-
tices of the m-odd-graph I'™ are of the form

B; U A} LDy,
with i, 5,1 € Np.

Remark 5.6.2. Recall that the notation Xy refers to an empty diagram of type X.
~ Spn—1
Sn
FIGURE 5.20. Coxeter diagram of B,,.

PROOF. To simplify our notation below, we will refer the nodes of I'y by their
indexed generator, enumerating from left to right as shown in Figure Recall that
I'; has n + 1 nodes, with node sy and s; being adjacent via an edge labeled 4, while

all other edges are labeled 3. Subgraphs spanned by the vertices sq, s1,...,sy where
te{2,...,n—1} or sg,S1,...,S,—2, S, are diagrams of type Byy; and B, respectively.
Further, subgraphs spanned by the vertices s;, $p—1,...,8¢ for £ € {1,...,n — 3} are

diagrams of type D,,_s11. By selecting a set of m pairwise non-adjacent nodes, one can
also create subgraphs of type AT" from B,. Note that non-adjacency among the nodes
80,81, -+ ,8n—2 implies that the indices must differ by at least two. Additionally, s,_1
and s, are non-adjacent to each other and all vertices with index numbers less than or
equal to n — 2. From these observations, along with the fact that subdiagrams of type
Dy are only permitted as vertices of I when £ is even, we conclude that subgraphs of
the form B; L Al1 LI Dg; with 4,7, € Ny are valid for a B, diagram. Furthermore, we
observe that I'y ~does not contain E7, Es, Fy, G2, Hs, Hy as well as I2(2¢) for £ > 2. Thus,

subdiagrams of the form B; IJAl1 LDy, with 7, j,1 € Ny are indeed the only subdiagrams of

B,, yielding irreducible Coxeter groups with nontrivial centers. Therefore, these are the
only vertices of I'". O

PRrROOF OF THEOREM FOR B,,. We can observe immediately from the struc-
ture of T that T'! has 2 connected components for all B,,, since all edge labels except for
one of I'y are odd. This results in I'' being an unlabeled graph with two connected
components.

Next, we will derive the closed formula by counting the connected components of I'™ for
the various types of subgraphs described in Lemma We will discuss them sepa-
rately below. Before we proceed with that, let us first establish lower and upper bounds
on the size of the subgraphs contained in I'j :

Based on our arguments given in Lernrnaf)i?iﬂ7 we find that the span of the nodes labeled
80581, ...,80 with £ € {2,...,n — 1} forms a subgraph of type Byy1. Additionally, the
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nodes labeled sg, s1, ..., Sn—2, sp yield a subgraph of type B,,. Therefore, I'y = contains
one subgraph of type Bs,...,B,_o each, and two subgraphs of type B,,.

Furthermore, as noted in Lemma @ 'z, also contains subgraphs of type D;,_¢41 that
are spanned by the nodes labeled sy, spy1,,...,5,. Depending on the parity of n, this
implies that I'; - contains subgraphs of type Dy; for j € {2,..., %5} when n is even, and for

jed{2,..., ”—71} when n is odd. Additionally, I'; contains up to 3+ [ "5* 3 | subgraphs of
+L7L 3

type A1. The type A subgraph contains the nodes labeled sg, s,—1, Sp, and every
second node along the path in between sg and s,,_3.

We will now compute the number of connected components for the different types of
subgraphs. Note that different types of subgraphs always yield different connected com-
ponents in I'"* since they are never adjacent as their diagrams are not isomorphic. How-
ever, subdiagrams of the same type can be odd-adjacent, as discussed in Lemma [5.2.14]
For all the computations that follow, assume n = 2k or n = 2k + 1.

Subdiagrams of type By,

We distinguish between two cases:

Case 1: 2 <m < n —1. In this scenario, the graph I'; contains only one subdiagram of
type By, which is spanned by the nodes labeled sg, s1, ..., $m—1. As aresult, this diagram

produces an isolated vertex in I'", labeled (sg,s1,...,Sm—1), defining one connected
component of the graph.

Case 2: m = n. As noted in Lemma when m = n, I'y contains two subdiagrams
of type B,,. These subdiagrams are spanned by the nodes Tabeled 80, S1y---,8n_2 and

either s,_1 or s,. Although these only differ by a single vertex and are isomorphic,
there is no edge connecting s,—1 and s, in Iy . Consequently, these subdiagrams are
not odd-adjacent, resulting in two isolated vertices in I labeled (sq, s1,...,Sn—1) and
(80,51, --,Sn—2,5n). This gives rise to two connected components of the graph I'™.
Thus, the number of conjucagy classes cco(Wg ,By,) of B,, obtained from subgroups of
type B,, can be determined as:

n—1

cco(Wg,,Bm) =2+ > 1=2+n—-2=n.

m=2
Subdiagrams of type AT*:
Subdiagrams of I‘g of type AT* are characterized as m pairwise non-adjacent nodes. In-
voking Lemma [5 we observe that numerous of these subdiagrams are connected as
vertices in I'™, given that every edge of I’y , aside from (so, $1), is odd-labeled. Subdi-
agrams that comprise the node labeled sy cannot be odd-adjacent to those that do not
contain sg since this node has degree 1 and its adjacent edge is labeled 4. Consequently,
we need to distinguish between two cases of subdiagrams in order to count the number
of conjugacy classes of By,:
Case 1: The node labeled sqg is not contained in any vertex of I'"* of the connected com-
ponents under consideration.
First, observe the following: The nodes of F~ labeled s,,—1 and s, both have degree 1
and are adjacent to the common node labeled sn 2. Hence, subdiagrams of type AT" that
contain both nodes labeled s,_1 and s, simultaneously are not odd-adjacent to subdla—
grams that do not include both of these nodes. Therefore, the corresponding vertices of
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I'"™ are not contained in a common connected component. It follows that, for counting
the connected components of I'", we need to distinguish between vertices that include
the nodes labeled s,_1 and s,, and those that do not contain them.

We start by considering subdiagrams that contain s,_; and s,. This implies m > 2. It
then remains to choose m — 2 isolated nodes from those labeled s1, ..., s,_3, which gives
2m—-2)—-1<n-3<&m< ”TH Substituting n = 2k yields m < k + 1, and substitut-
ingn =2k+1givesm < k + % Since m, k € Z, this implies m < k 4+ 1. By invoking
Lemma we observe that for fixed m and n, all vertices of I corresponding to
subgraphs of I'; ~satistying the conditions of this case are odd-adjacent. Thus, they are
all contained in a common connected component of I'".

Now, consider subdiagrams that do not contain both nodes labeled s,_; and s,,. One has
to choose m isolated nodes from those labeled s1,...,s,. f 2m—1<n—-2 < m < ”Tfl,
a subgraph of type A" can also be realized by only using the nodes labeled sy, ..., s,_2.
Therefore, all of these subgraphs, including those containing s,_1 or s,, are odd-adjacent
because the node labeled s,_o is adjacent via an odd-labeled edge to the nodes labeled
sp—1 and s,. Consequently, the subdiagrams of type AT* for 2 < m < "Tfl that do not
comprise Sg, and simultaneously do not comprise s,—1 and s,, are all contained in a
common connected component of ['". If n—2 <2m—-1<n—-1<¢« ”Tfl <m < 3,
we can find up to two subdiagrams that satisfy our conditions. For n = 2k, we have
k— % <m < k< m =k, resulting in two subdiagrams spanned by si, s3, S5, ..., Sn—1
and s1,83,85,...,8,-3, Sp. Since these are not odd-adjacent in I'z, . each forms a sepa-
rate connected component in I'. Forn =2k+ 1, we find k <m < k + %, which has no
solution for m € Z. Hence, no subdiagram of type A" exists with these constraints.
Case 2: The node labeled sq is contained in all vertices of I'™ of the connected compo-
nents under consideration.

As in Case 1, we differentiate between subgraphs that contain both nodes labeled s,_1
and s, and those that do not. First, we examine subgraphs that include the nodes la-
beled s,_1 and s, simultaneously. To select from nodes which are non-adjacent to s,
Sn—1, and s,, we need to choose m — 3 isolated nodes from so, ..., s,_3. This requirement
leads to m > 3. Furthermore, we derive 2(m —3) —1<n—-4 < m < ”T‘Hs For n = 2k,
this translatesto 3 < m < k+ % Since m € Z, we can also express thisas 3 < m < k-+1.
When n = 2k + 1, we find 3 < m < k + 2. Again, according to Lemma for fixed
values of m and n, all subgraphs that meet these criteria are odd-adjacent and thus
belong to a common connected component of I'".

Next, we consider subgraphs that do not contain both nodes s, 1 and s,. When
selecting the node labeled sy, we must choose m — 1 other isolated nodes from the
set of nodes labeled s2,...,5,. If 2(m —1) -1 < n -3 & m < %, then all iso-
lated nodes of the subgraph can be selected from s, ..., s,—2. Therefore, all selected
subgraphs, including those containing either s, 1 or s,, are odd-adjacent, and the
corresponding vertices in I are contained in a common connected component. If
n—5<2m-2-1<n-4<« %2 <m< " wecan find up to two subdia-
grams of type A" that satisfy our conditions. For n = 2k, we get k <m < k + % Since
m € Z, this implies that no subdiagram of type A]® meets our conditions. In the case
where n = 2k 4+ 1, we get k—i—% <m<k+1& m=k+1 Here, we identify two
subdiagrams that fulfill the requirements: One spanned by sg, $2,84,...,8,—1 and the
other by so, s2,84,...,Sn—3, Sn. These two are not odd-adjacent in I’z , meaning they
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each constitute a separate connected component in ',
By considering both cases, we can count the number of conjugacy classes ccz(Wgn,AT)
of W5 arising from subgroups of type A" as:

n =2k : ceo(Wy, AT") §1+1§1+1§1+2+Z1
: 2

—k+k—2+k—1+2+k—1_4k¢—2;
k+1 k+2

n=2%+1: cea(W , AT") Z1+21+21+2+Z1

:k+k—1+k+2+k—1:4/~c.

Subdiagrams of type Agnﬂ' L B;:
We have already counted the connected components of I'™ related to subgraphs of type
7" and By, above. Therefore, we now focus on the case i # 0 and m > 4, which implies
m > 3. According to Lemma 'z contains subgraphs of type B; for ¢ € {2,...,n}.
For the subdiagrams of type A7""" LI B; that we are examining now, we are interested in
those of them that are spanned by the nodes labeled s, ..., s;_1 for i <n—2. Next, we
must choose m — ¢ isolated nodes from s;41,..., s, to form a subgraph of type Agnfi L B;.
To simplify the counting of connected components in I'"*, we differentiate between three
cases:
Case 1: The subgraph of type A’lnfil_IBi is formed using only the nodes labeled sq, . . ., s,—2.
Note that in this scenario, we will not use both nodes labeled s,,_1 and s,, together in the
subgraph of type A71”_i. We place B; at the nodes labeled sq, ..., s;—1. To identify m — i
isolated nodes that span a subdiagram of type A{”_i, we will require a path subgraph
with 2(m — 4) nodes from I'y . This implies i +2(m — i) = 2m — i < n — 1. Combining
this with m—i > 1, we derive 2 < ¢ <n-—3 and 3<m< "_Hi If we substitute n = 2k,
Weobta1n2<z<2k dand3<m < k+%52 Forn—2k+1 this gives 2 < ¢ < 2k —2
and 3 < m < k+ 5. Finally, we need to determme the number of connected compo-

nents of I'" that are spanned by vertices corresponding to subgraphs of type A’ln_i LI B;.
Lemma shows that for fixed values of m and ¢, all subdiagrams of type A’ln_i L B;
satisfying the conditions mentioned in this case are odd-adjacent. Therefore, they all
belong to a common connected component of I'"™.

Case 2: The subgraph of type A7""" U B; cannot be spanned by only using the nodes
labeled sq, ..., s,_2 and does not contain both nodes labeled s,_; and s,.

In other words, the subdiagram cannot be spanned by the nodes sq,...,s,—2 and re-
quires one of the nodes s,_1 or s,. As in case 1, we require the ¢ nodes labeled
S0,-..,8i—1 to span a subgraph of type B;, along with additional 2(m — 7) nodes in a
path subgraph for m — ¢ isolated nodes for Arlnfi. Consequently, case 2 only occurs when
i+2(m—i)=n<2m—i=n. Given m—1i > 1, it follows 2 < i < n — 2. Furthermore,
the solutions of 2m — ¢ = n depend on the parity of n: If n = 2k, then ¢ must be even.
If n = 2k + 1, then ¢ must be odd. To determine the number of connected components
of I'"™ that are spanned by vertices discussed in this case, we note the following: For
3 <1 <n-—2andieven when n = 2k, resp. 7 odd for n = 2k + 1, we can identify two
subdiagrams of I'; ~ that satisfy the conditions of this case. Specifically, they are spanned
by the nodes labeled sq, ..., 8;—1,Si+1s- -, Sn—3, Sp—1 and Sg, ..., Si—1, Si+1,- - -, Sn—3, Sn-
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Note that s;111o(m—i)—4 = S2m—i—3 = Sn—3. These two subdiagrams are not odd-adjacent
in F~ since both nodes labeled s,,_1 and s,, have degree 1 and are adjacent to the node
labeled Sn—2. Therefore, the vertices of I obtained from these subdiagrams each form
a separated connected component.

Case 3: The subgraph of type A’lnfi LI B; contains the nodes labeled s,_1 and s,.

Since i # 0, this implies that m > 4, m —¢ > 2, and i < n — 2. As above, we place
the subgraph of type B; at the nodes labeled sg,...,s;_1. Additionally, we want to se-
lect m — ¢ — 2 isolated nodes from the set labeled s;, ..., s,_3, and we will also include
sn—1 and s, as isolated nodes to form a subdiagram of type AT_i. This leads us to
i+2(m—i—2) <n—2< 2m—i<n+2. From this, we obtain the bounds 2 <i <n—2
and i1 +2 <m < %2“ By substituting n = 2k, we obtain i + 2 < m < k—i—l—i—% for
the second constraint. Similarly, forn =2k +1, weget i+2<m < k+1+ % Again,
as Lemma shows, for fixed values of n, m, all the subgraphs discussed in this case
are odd-adjacent in Iy and therefore contained in a common connected component of
rm.

In summary, we can count the conjugacy classes CCQ(Wgn,AT_i LB;) of Ws  that corre-
spond to subgroups of type AT% LI B; as:

2%—3 k+51 k-1  2k—2k+1+3
n =2k : CCQ(W’E:”,AT_Z‘UBZ‘):Z Z l—i-ZQ—i-Z Z 1
i=2 m=i+1 i=1 i=2 m=i+2
=(k—2)(k—1)+2(k—1)+ (k- 1)%
ok—2 k+i ok—1 k+1+5EL
n=2k+1: cco(Wy, , AT "UB) = > Y 1+Z2+Z o1
=2 m=i+1 =1 =2 m=i+2

=(k-1)242(k-1)+k(k—-1).

Subdiagrams of type Doj; LI ATJ] :

Since we already counted the connected components of I of type AT* above, we will
focus only on the case where j # 0 here, which requires m > 4. From our previous ob-
servations in Lemma @ we know that I' contains subgraphs of type D,,, for m < n.

Therefore, we have j < 5 = k for n = 2k and j < 2= =k for n =2k + 1. Note that

two subgraphs of the types Ay Al Do and A" =2 I_I Dy; can only be odd-adjacent if
m = m’ and j = j/. This is because they are not isomorphic as diagrams otherwise.
This observation allows us to count the connected components of I'™ for different values
of j separately. In doing so, we will distinguish between two cases:

Case 1: The node labeled sg in an is not included in a vertex of I'" of the connected
component under consideration.

This case distinction is possible because subgraphs of I'y ~ that include the node labeled
so cannot be odd-adjacent to subgraphs that do not contain it. This is because the
node has degree 1 and is only adjacent to the node labeled s; by an edge labeled 4.
Therefore, in this case, we are only searching for subgraphs of type Da; LI Arlnf% within
the graph spanned by si,..., sy, which equals the diagram I'p, . Given that j # 0, we
first consider the subgraph of type Dg;. Due to the structure of I'y , this subgraph can
only be spanned by the nodes labeled s,,—2j41,- .., Sn—1,5n. Compare Figure For
a vertex of I'", we need to select m — 2j feasible isolated nodes from the remaining
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nodes labeled s1,...,s,_2;. Note that we cannot choose the node labeled s,_; since
it is odd-adjacent to s,_2j41. Consequently, we can select the isolated nodes from the
set labeled s1,...,5,-2j_1. To ensure that all the m — 2j nodes are isolated from each
other, we require a total of 2(m — 2j) — 1 nodes from sq,...,s,-2;—1. From this, we
derive that 2(m —2j) =1 <n—-2j—-1&2m—-2j<n<sm< %2] For n = 2k, we
can rewrite this as m < k 4+ j. For n = 2k + 1, we obtain m < k+ j + % However,
since k,j € Z, both cases yield the same upper bound. Note that we explicitly allow
m = 2j, meaning we also consider subgraphs of type Dy; as a subclass of Dyj U A]"™ 2
Finally, it remains to quantify the number of connected components of I'" deﬁned by
the vertices corresponding to these subgraphs of I's,. According to Lemma all
vertices defined by the subgraphs of the same type and size that we discussed above are
odd-adjacent. Therefore, I'™ has one connected component of type Da; I_IArlnfzj for every
2<j <k, m<k++jin this case.

Case 2: The node of F~ labeled sg is contained in all vertices of I'™ within the connected
component under conmderatlon

Observe that case 1 and case 2 together encompass all possible connected components
of I'". As in case 1, we have j # 0, and a subgraph of type Dy; can only be spanned
by the nodes labeled s,—2j11,...,5,-1,5,. Consequently, we need to choose m — 2j
feasible isolated nodes from the remaining nodes labeled so,...,s,—2;. However, we
cannot select the node labeled s,_o; since it is odd-adjacent to s,_2;41. Additionally,
since we must include the node sg, we cannot choose the node labeled s;. Together,
they would form a subgraph of type By and subgraphs of the form Dy; L AT_zj " UB;
will be discussed below. Not including the node s; leads to two implications: First, it
implies that 2j < n — 1, ensuring that the subgraph of type Da; does not contain the
node labeled s1. Second, after selecting the isolated node sg, one must choose m —2j — 1
feasible isolated nodes from sg, ..., s,—2j—1. From this, we derive 2(m —2j —1) =1 <
n—2j—2e2m—-2j—1<nem< % Substituting n = 2k and using k,j € Z,
we obtain m < k + j. Moreover, for the case n = 2k + 1, we find that m < k+j+ 1. As
above, applying Lemma [5.2.14] shows that all vertices defined by the subgraphs of the
same type and size described above are odd-adjacent. Consequently, I'™ in this case has
one connected component of type Dy; LI AT_QJ for each 2 < j < %‘1, with m < k+ j for
n=2k,orm<k+j+1forn=2k+1.

Summarizing our results for both cases, we can count the conjugacy classes
cca(Wg ,Daj U A" 2‘7) of W5 obtained from subgroups of type Da; LI AT_QJ as:

k+j k—1 k+j
n =2k : cca(Wg, ,Do; LIAT"™ 23 2214—2 Z 1=(k-1)%
Jj=2m=2j J=2m=2j+1
. ko ktj ko kil
n=2k+1: CCQ(Wgn,DquAT_QJ):Z Z 1+Z Z 1:]€(k)—1)
Jj=2m=2j 7=2m=2j+1

Subdiagrams of type Doj; LI AT_QJ_Z L B;:

Since we already counted the numbers of conjugacy classes corresponding to subgraphs
of type Dyj LI AT_%, A" U B;, By, and AT above, we will assume i > 2, j > 2, and
therefore m > 6. Based on our observations regarding subgraphs of type Da; above,
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this implies 2 < 5 < ”2 Let us consider subgraphs of type Dg; first. From the struc-
ture of I’z , we determine that a subgraph of type Dy; is spanned by the nodes labeled
Sp—2j41s-+-38n—1,5n. Out of the remining free nodes s, ..., s,_2;, we can select nodes
from sq, ..., Sp—2j—1 to span subgraphs of type B; and A]"" -2 without selecting odd-
adjacent nodes to the subgraph of type Dy;. Thus, for 2 < i < n — 27, we can find a sub-
graph of type B; spanned by the nodes labeled sq, ..., s;—1. The nodes Sidly---sSn—2j—1

m—2j—

are then available for selection for the subgraphs of type Ay . To ensure we choose

non-adjacent nodes for the subgraphs of type A7"™~ 2= , We derlve the following boundary
condition on m: 2(m —2j —i) — 1 <n—2j—z—1<:>m< Lt 4 j. For n = 2k, this
can be expressed as m < k+ j + 5, whereas for n = 2k + 1, it becomes m < k + j + ”1
Again, it follows from Lemma [5.2.14] that all vertices of I'™ defined by subgraphs of
type Do; U ATﬁQj*i LI B; with ﬁxed i,J € Z are odd-adjacent. Consequently, for every
2<j< "—*2 and for all 2 < i <n —2j, ' contains one connected coponent of vertices
of type ng U AT 2= B;. Therefore, we can derive the number of conjugacy classes
CCQ(WBn,DQJ LAY AN B;) of W, obtained from subgroups of type D; L AT Tty B;,
as:

o k—1 [k—j k+i+j k—j—1  k+j+i
n =2k : CCQ(W’B’n,DQj ] AT_QJ_Z U Bi) = Z Z Z 1+ Z Z 1
7=2 \ i=1 m=2i+2j5 =1 m=2i+25+1
2k — 3
= (k= 2)(k - 1)
k—1 [k—j k+i+j k—j k+j+i+1
n=2k+1: ce(W5, Dy UAT 2 TTUB)=> (> Y 1+> Y 1
j=2 i=1 m=2i+2j i=1 m=2i+25+1
k—1
=k(k—2)——.
(k—2)"

Sum of all conjucagy classes:
Finally, we can derive the number of conjugacy classes of a Coxeter group of type Wy
as:

cea(Wg ) = 24cca(Wg ,Bim) + cea(Wg , AT") + cea (W5, , AT B,)
+CC2(W§n, Do; U A71n_2j) + CCQ(Wgn, Do; U AT_Qj_i LIB;);

n=2k:  cca(Wy,)=2+2k+4k -2+ (k—2)(k—1)+2(k — 1) + (k — 1)?

+(k—1)2+(k—2)(k—1)2k_3

1, 3, 19
== — = 1
LR L
n=2k+1: cco(Wg ) =242k + 144k + (k— 1) +2(k — 1) + k(k — 1)
k—1
+k:(k:—1)+k(k—2)T

1 14
=422+ —k+2.
S 2R+ ok
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We continue our proof of Theorem for W5 . As a preparation, we first prove:

Lemma 5.6.3. Consider the affine Cozeter group C,, with diagram I's . Then, all ver-
tices of the m-odd-graph I'™ are of the form

B; L A{,
with 1,7 € Np.
En oio—c——fo—oio
n23 sy 1 82 Sp—2 Sn—1 Sn

FIGURE 5.21. Coxeter diagram of C,,.

PROOF. Similar to Lemma above, we will refer to the nodes of I'z by their
indexed generator, enumerating from left to right as illustrated in Figure Notice
that I's has n + 1 nodes of degree 2. Among these, the nodes sg and sq, as well as
sp—1 and sy, are adjacent through an edge labeled 4, while all other edges are labeled
3. Subgraphs spanned by the nodes labeled s, s1,...,s, with ¢ € {2,...,n — 1} are
diagrams of type Bpy1. Due to the symmetry of I'z , the subdiagrams spanned by the
nodes Sp_g, Sp—g+1,-- -, Sn—1, Sp are also diagrams of type Byy1. Furthermore, nodes that
are pairwise non-adjacent form collections of subdiagrams of type A;. Regarding this,
notice that nodes of I';  are non-adjacent if and only if the distance of their index numbers
is greater than 1. From these observations, it follows that one can find subdiagrams of
the form B; LI A] where j € Ny, i € No \ {1} within T’z . Additionally, I’y = does not
contain any other Coxeter diagrams of inc-type. Therefore, the subdiagrams described
above are the only ones within this graph that yield irreducible Coxeter groups with
nontrivial center and, consequently, the only vertices of I'™. O

PROOF OF THEOREM FOR C,,. We can immediately observe from the struc-
ture of I';  that I'! has 3 connected components for all groups of type C,,. Compare also
Figure |'5iT|
Following the method we used for groups of type B,, above, we now compute the number
of connected components of I' with m > 4 for the different types of subgraphs of I, as
determined in Lemma [5.6.3] above.

Subdiagrams of type By, :
We find that the diagram I'; contains two subdiagrams of type By,. These are spanned
by the nodes labeled sq, $1, ..., Sm—1 and Sp—m+1, Sm—n+2,-- -, Sn—1,Sn for 2 < m < n.
Since they differ in more than one vertex, these subdiagrams are not odd-adjacent and
yield two isolated vertices in I'™. Consequently, we obtain:
2k
n=2k:  cco(Wg ,Bm)=> 2=2(2k—1)=4k—2
i=2
2k+1
n=2k+1:  cco(Wg ,Bm)= » 2=2(2k)=4k.
i=2
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Subdiagrams of type AT*:

First, observe that the nodes labeled sg, s, in the diagram I' are not odd-adjacent to any
other node of I'z . This means that all subdiagrams of type AY" containing either so, s1,
both snnultaneously, or neither, are only odd-adjacent to other subdiagrams of the same
type that also include sg, s1, both simultaneously, or neither. Using Lemma
conclude that all vertices of I'™™ corresponding to subdiagrams of type A}" that Contain
the node labeled sg, or s1, both simultaneously, or neither, are contained in a common
connected component of the graph.

Now, recall that I'z contains n + 1 nodes. To identify a subgraph of type A", we need
at least 2m — 1 nodes of I's . It 2m —1 <n —1, it is possible to find subgraphs of type
AT that do not include the nodes labeled sp and sp,. Thus, for m < 5, the graph I'"™ has
four connected components for subgraphs of this type. When 2m — 1 =n&sm= %H,
subgraphs of type A" must contain at least one of the nodes labeled sy and s,. As a
result, I will then have three connected components for subgraphs of this type. If
2Zm—1=n+1&m= ”T”, subgraphs of type A" will include both nodes labeled sg
and s,. In this case, I'™ will have only one connected component containing vertices
corresponding to subgraphs of this type. In conclusion, we can count the number of

conjugacy classes CCQ(W’én, AT") of Wz obtained from subgroups of type A7" as follows:

k

n=2k:  ceo(Wg AP") =) 4+1=4k—3;
=2
k

n=2k+1:  ceo(Wg AP")=> 4+3=4k—1.
1=2

Subdiagrams of type AT% L B;:

First, note that subdiagrams of type Agnfi LIB;, where i # 0, require m > 3. Additionally,
a subgraph of type A’ln_i LIB; requires 2m — ¢ nodes from the diagram I'z . Since I'; has
n -+ 1 nodes, it follows that 2m — ¢ < n+ 1. Now, suppose m > n+ 1. From this, we get
2n+2—1<n+1< n+1 <i. Thisleads to a contradiction with our earlier observations
about subgraphs of type B,,. Consequently, we conclude that m < n. From this, it also
follows that ¢ < n — 1, since i < m < n. Recall that we can identify two not odd-
adjacent subdiagrams of type B; for i € {2,...,n — 1}. These subdiagrams are spanned
by the nodes sq, s1,...,8;—1 and Sp_j+1,Sp—i+2,-..,8n. If © = n — 1, we can construct
two non odd-adjacent subdiagrams of type A; U B,,_1, spanned by the nodes labeled
S0, 81y« -+, Sn—2,5y, and Sg, S2,83,...,S,. This results in two connected components of
I'™. Forie€ {2,...,n—2}, it follows m < n—1, since 2m —i < n+ 1. If we then further
have 2m — i1 < n & m < ”;”, we can find subgraphs of type A’ln_i L B; such that the
set of spanning nodes may either include both nodes of degree 1 of I'z or exclude them:

We can locate a subdiagram of type B; at so,s1,...,8i—1 OF at Sp—it1,Sn—i+2;-- -, Sn.
In addition, we find m — ¢ isolated nodes that span a subdiagram of type A]""*. These
nodes are taken from the sets A := {s;11,...,8,}, resp. B := {s0,...,8p—i—1}. Since

|A| = |B| = n —i and given that n —i > 2m — 2i > 2(m — i) — 1, we can also find m — ¢
isolated nodes as a subset of A\ {s,}, resp. B\ {so, }. Consequently, no node of degree 1
is spanning the subgraph. Now, observe that subdiagrams of type AT_iUBZ-, which do not
contain a degree-1-node in their AT_i—part, are only odd-adjacent to subdiagrams that
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are not containing it as well. Furthermore, subdiagrams of type ATﬁi LB; that include a
degree-1-node in the A’ln_i—part are only odd-adjacent to subdiagrams that also contain
a degree-1-node. With Lemma we observe that all subdiagrams of type AT_i LB;
that contain the same subdiagram of type B;, and that either do not contain (resp.
do contain) a degree-1-node in their Agnfi—part, are contained in a common connected
component of I'"™.

Otherwise, if "T'H <m < n—1, we again find two not odd-adjacent subdiagrams of type
B; as mentioned before. In this case, the ATﬁi—part of a subdiagram of type A’lnfi LI B;
is always spanned by a set of nodes containing the second node of I' with degree 1.
Invoking Lemma once more, we conclude that two connected components of I'™
are spanned by vertices derived from these subdiagrams. In total, this proves that
there are 4 connected components of I'™ with vertices representing subdiagrams of type
AT*i LI B;. Thus, we can count the number of conjugacy classes CCQ(WEn,AT*i LIB;) of

W5 that arise from subgroups of type AT_i LI B; as follows:

‘ 2k—2 [ k3 2k—2 [ K+
TLZQICZ CCQ(WEn,AT’_ZUBZ‘):Q—i—Z Z 4 + Z Z 2
i=2 \m=i+1 =2\ m=k+i+l
k=1 / k+i k=2 [ k+i k—2
SEE5 91 (5 o) B0 S SRV ED o
i=1 \m=2i+1 i=1 \m=2i+2 i=1
= 4k* — 6k + 2;
ok—1 [+ 2%h—1 k144
n=2k+1: CCQ(WEn,AT_iUBZ‘):Q-F'FZ Z 4 +Z Z 2
i=2 \m=i+1 =2\ mekt 141
k-1 k+i k-1 k+i+1 k-1
(3 ) (3 a)ex
i=1 \m=2i+1 i=1 \m=2i+42 i=1
= 4k* — 2k.

Sum of all conjucagy classes:
Eventually, we can calculate the number of conjugacy classes of a Coxeter group of type
Wﬁn for n > 4 as follows:
cea(Wg ) = 3 + cca(Wg ,Bi) + cea(Wg , AT") + CCQ(W’C‘n,Arlnii LI B;);
n =2k : cea(Wg ) =3+ 2(2k — 1) + 4k — 3 + 4k* — 6k + 2 = 4k> + 2k;
n=2k+1: coa(Wg, ) = 3+ 2(2k) + 4k — 1 + 4k* — 2k = 4k* + 6k + 2.

O

We proceed with the proof of Theorem [.4.4] by deriving the formula for groups of type
D,,. As a preparation, we show first:
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Lemma 5.6.4. Consider the affine Coxeter group D,, with diagram I'5 . Then, all ver-
tices of the m-odd-graph I'™ are of the form

Do; U A;n—Qi—Qj U Daj,

with 1,7 € Np.

~ S0 Spn—1

D, o

n24 S2 83 Sp-3 Sp—2

S1 Sn
FIGURE 5.22. Coxeter diagram of D,,.
PROOF. Asin Lemma we refer to the nodes of I'; by their indexed generator,

enumerating them from left to right as shown in Figure Observe that I'; ~ has

n + 1 nodes. The nodes sg, 1, Sn—1, S, each have degree 1, while the nodes sy and
sn—so have degree 3. All remaining nodes having degree 2. Additionally, all edges are
labeled 3. The subdiagrams spanned by the nodes s, s1,...,s, with £ € {3,...,n — 2},
are diagrams of type Dgiq1. Due to the symmetry of I', subdiagrams spanned by the
nodes Sp_¢, Sp—g+1, - - -, Sp are also of type Dy1 1. Moreover, by selecting a set of pairwise
non-adjacent nodes, one can find a collection of subdiagrams of type A;, which form
subdiagrams of type AT*. Observe that two nodes s;,s; € {s2,...,S,—2} are non-adjacent
if the distance of their index numbers is at least two. Additionally, the nodes labeled sg
and s; are not adjacent, nor are s,—; and s,. From this observation, and considering
that subdiagrams of type Dyy1 can only be vertices of I' when ¢ is odd, we conclude
that subdiagrams of the form Dy; LI AT 272 | Dg; with 4,5 € Ng are possible in I'g .
Furthermore, note that I'y ~ does not contain any other Coxeter diagrams of inc-type.
m—2i—

Therefore, subdiagrams of the form Do; LI A} 2 Dy; with 4,5 € Ng are indeed the
only subdiagrams of I'; that yield irreducible Coxeter groups with nontrivial center,
making them the only vertices of I'™. O

PROOF OF THEOREM FOR D,,. We can see right away from the structure of
I'5, that I'! is always connected, as all edge labels of I';, are odd.
Next, we will derive the formula by counting the connected components of I'"* for the
various types of subdiagrams as given in Lemma We will discuss each type of
subdiagram separately below.

Subdiagrams of type Doj = Dy, :

As observed in Lemma above, we identify subdiagrams of type Do; = D,, for m
even, 4 < m < n. When m < n, these subdiagrams are spanned by the nodes labeled
80,51y -++,52%—1 and Sp_2i4+1, Sp—2i+2, - - -, Sp. Since the nodes labeled sq, s1, sp—1, and
sp are pairwise non odd-adjacent, these two subdiagrams of type Do; are also not odd-
adjacent. In the case where m = n and n is even, we find 4 not odd-adjacent subdiagrams
of type D,,. These are spanned by the nodes labeled as follows: sg,s1,...,8,-1, and
50,81, --,8n—2,8n, and Sq, S2, 83,...,8n, and S1,S9,...,8,. Moreover, since the nodes
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of I'5 ~ with degree 1 are pairwise not odd-adjacent, all four of these subdiagrams are
also not odd-adjacent and form isolated vertices of I'™. Note that for n odd, we do not
have inc-type subdiagrams of type D,,. Therefore, we can count the number of connected
components ccz(Wﬁn, Dy;) of W5 obtained from subgroups of type Dy; as follows:

k
n=2k:  cco(Wy Do) =2+ » 2=2+2(k—1)=2k;
=2
k
n=2k+1: cco(Wy, ,Dai) = 2 =2(k — 1) =2k — 2.

i=2
Subdiagrams of type AT*:
We observed in Lemma that we can identify pairwise not odd-adjacent nodes in
I'5, representing subgroups of type A; by selecting nodes from the set {s2,...,8n—2}
that have a distance of at least 2 in their index numbers. Additionally, note that the
nodes labeled s, s1, and s,_1, s,, are both odd-adjacent to the same node labeled s,
resp. sp—2. Moreover, the nodes labeled sg, s1, resp. s,_1, Sn, are not adjacent. See also
Figure [5.22] It follows that the vertices of I'™ that include the nodes s, s1 or sp—1, Sy,
are not odd-adjacent to vertices that do not contain these nodes. Consequently, to count
the number of connected components of I'™, we can distinguish five cases:
Case 1: The subdiagram of type A" includes the nodes labeled {so,s1,sn—-1,5n}. It
follows immediately that m > 4 and n > 4. By selecting the four isolated nodes
80,81, Sn—1, Sn, we can form a subdiagram of type A‘ll. Additionally, we can choose more
isolated nodes from the subset {ss, ..., s,—3}. While maintaining a minimum distance of

index numbers of at least 2 between any two chosen nodes, we can select up to (W}

isolated nodes. Depending on the parity of n, this results in up to %T_4 = k — 2 isolated
nodes for n = 2k, and similarly, up to 2’”% = k — 2 isolated nodes for n = 2k + 1.
Thus, it holds for n = 2k: 4 <m <4+ k-2 =k + 2. And for n = 2k + 1 it holds:
4 <m <4+ k—2. By applying Lemma [5.2.14] we can conclude that for a fixed value
of m, all vertices of I obtained from a subgraph of type A7" in case 1 are contained
within a common connected component of the graph. Therefore, for both n = 2k and
n = 2k + 1, the number of connected components of I'”* in case 1 can be expressed as:
k+2
ceo(Wy , AT", case 1) = Z 1=k-1.
m=4

Case 2: The subdiagram of type A]" includes the nodes labeled {sp, s;} and does not
include the nodes s,,_1 and s, simultaneously. We select the two nodes labeled sy and
s1 as subdiagrams of type A;. Note that both nodes are adjacent to the node labeled s,
which means we cannot find another isolated subdiagram of type A; at this node. When
seeking m — 2 additional subdiagrams of type A1, we distinguish between two cases: For
m—2< "T_?’, we can choose the m —2 isolated nodes from the nodes labeled so, ..., s,_2.
Invoking Lemma [5.2.14] we see that the vertices of I'"™ obtained from these subdiagrams
are odd-adjacent to subdiagrams of type A" that also include s,_; or s,, along with sq
and sy. Therefore, for m —2 < k—2, whenn =2k, and m—2 < k—1, whenn =2k +1,
we obtain one connected component of I in this case.

For the case when n = 2k even and m = k + 1, we find two subdiagrams of type A"
that satisfy the conditions of this case. These subdiagrams are spanned by the nodes
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labeled sq, s1, s3, S5, - . -, Sn—3, Sn—1 and sq, S1, $3, S5, - - . , Sp—3, Sp. Since the nodes labeled
sn—1 and s, are not adjacent in I'y , these subdiagrams are not odd-adjacent, and the
corresponding vertices of I'™ each form a separate connected component of the graph.
Finally, note that we cannot find more than k£ + 1 isolated nodes in FWﬁn in this case
because we have restricted our selections to avoid choosing s,—1 and s, simultaneously
with sg and s;. Thus, we count the number of connected components of I'" in this case
as:

k
n=2k: ceo(Wg . AT, case2):2+21:2+k—1:k+1;
m=2
k+1
n=2k+1: cea(Wy , AT", case 2) = lek.
m=2

Case 3: The subdiagram of type AT" includes the nodes labeled s,_1, sp,, but it does not
contain both nodes sy and s; simultaneously. Due to the symmetry of I'; , we can
determine the number of connected components using the same reasoning as in case 2

above:
n=2k: cea(Wy ,AT", case 3) =k +1;
n=2k+1: ceo(Wp , AT", case 3) = k.

Case 4: The subdiagram of type AT" includes either the node labeled sg or sq, as well as
either s,_1 or s,, and it is not odd-adjacent to subdiagrams that do not contain these
two nodes. This situation arises when the subdiagram contains two of the nodes with
degree 1 on each outer side of the diagram, along with every second node in between
them. Given that I'5, has n + 1 nodes, this implies that n has to be even. Futhermore,
we have m = "7_2 +1= %T_2 + 1 = k. Now, observe that in this case, we find four
vertices of I'™ derived from subgraphs of type AT". The following combinations of nodes

span these subgraphs:

(1) 50,53,85,..,50-3,5p-1;
(2) 51,53,85,...,50-3,5n—1;
(3) 80,538,855, 8n—3, Sn;

(4) and s1, 83,85, .., S,-3, Sn.

Note that all four vertices are isolated in I because they differ in non-adjacent nodes.
Consequently, if n = 2k even, we obtain four connected components of I'™. If n = 2k+1
is odd, no vertices of I'"* satisfy the conditions of this case. Thus:

n=2k: ceo(Wp , AT", case 4) = 4;
n=2k+1: cco(Wy , AT", case 4) = 0.

Case 5: The subdiagram of type AT* includes at most one node from {so, s1, Sn—1, Sn}-
Since two nodes from the set {s1,..., s,—1} are isolated if and only if their index numbers
have a distance of at least 2, it follows from the symmetry of I'5 that m <1+ anzs
This observation leads to the following conclusions: For n = 2k, we have m < k —1, and
for n = 2k + 1, we have m < k. With Lemma [5.2.14] and the fact that the node labeled
s1 (resp. sp—2) is odd-adjacent to the nodes labeled sy and sg (resp. s,—1 and sy), it
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follows that for fixed m, all vertices of I'™ that arise from subdiagrams satisfying the
conditions of case 5 are odd-adjacent, which means they are all contained in a common
connected component of the graph. As a result, we count one connected component for
every such m. This gives:

k—1
n=2k: ceo (W5, , AY", case 5) = 1=k-2
m=2
k
n=2k+1: ceo(Wp , AT, case5):21:k—1.
m=2

In summary, after considering all five cases, we can calculate the number of connected
components cco(Wj ,AT") of W5 obtained from subgroups of type A7" to:

n=2k:  cco(Ws AP =k—1+k+1+k+1+4+k—2=4k+3;
n=2k+1: ceo(Wp A" ) =k —1+k+k+0+k—1=4k—2.

Subdiagrams of type Do; L A’lnfm :

Since ¢ > 2 and m > 2i, it follows that m > 5. Recall that Fﬁn contains two subdi-
agrams of type Dy; for each ¢ € {2,...,|5]}. These subdiagrams are spanned by the
nodes labeled sq, s1,...,52—1 and Sp—2i41, Sn—2i+2 ..., Sp. In the following discussion,
we consider subdiagrams of type Do; L AT_% which contain a subdiagram of type Dg;
spanned by sq, s1, ..., S9;_1 first.

Notice that, with the subdiagram of type Do; being spanned by the nodes labeled
S0,81,---,52—1, we need to select m — 2i isolated nodes from the nodes that are la-
beled s9;, 5911, - - ., S, to construct a subdiagram of type AT_%. Since m > 2i and the
nodes labeled s,—1 and s, are both adjacent to the node labeled s,_o, the subdiagram
Dy; must not include the node s,,_5. Thisleadsto 2t —1<n—-2 i< "T_l Therefore,
we obtain 2 <4 < k — 1 for both cases n = 2k and n = 2k + 1. To count the number of
connected components of I obtained from subdiagrams of type Do; U A%’_m, we differ-
entiate into three cases: ‘

Case 1: The set of nodes that spans the subdiagram of type Do; LI AT_QZ includes the
nodes labeled s,,_1, . Since both of these nodes are adjacent to the node labeled s;,,_2
and have degree 1, subdiagrams of type Dy; I_IAT*Q" with fixed values of m and i are never
odd-adjacent to subdiagrams of this type that do not include these two nodes. Recall
that 2 < ¢ < k—1. We place two copies of A; at the nodes labeled s,,_1 and s,,. Addition-
ally, we can place m —2¢ — 2 more copies of A; at the nodes labeled s9;11, 5242, ..., Sn—3.
This results in 2(m —2i —2) <n—2—(2i+1)+1 & m—2i—2 < 2=2=2 For n = 2k
and n = 2k + 1, we derive 2 < m — 2i < k — i + 1. Applying Lemma shows that
for fixed values of m and i, all vertices of I obtained from subdiagrams we discussed in
this case are contained within the same connected component of the graph. Therefore,
we count the number of connected components from this case as:

' k=1 / k+itl b1
cco(W5, , Dai AT case 1) = Z ( Z 1) = (k— 2)T

=2 \m=2i+2

Case 2: Consider subdiagrams of type Dg; U A’lnfzi with m = k + ¢, and ensure that the
set of nodes spanning the subdiagram does not include both nodes labeled s,,—1 and s,
simultaneously. The condition m = k—+1 implies that the subdiagram cannot be spanned
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without using the nodes labeled s,,_1 and s,: As noted earlier, since Dy; is spanned by the
2i nodes s, . . ., $2;—1, there are n—2i+ 1 remaining nodes in I'; . To place m —2i copies
of Ay there while using exactly one of the nodes s,_1 and s,, we require the conditions
2(m—2i) < n—2i < m < %+i, and simultaneously n—2i—1 < 2(m—2i) < Z+i—1 < m.
Combining these results, we find that k& 4+ ¢ — % <m<k+iem=k+iforn=2k,
and k+i<m < k+ % +1¢ for n = 2k + 1. Therefore, this case applies only when n = 2k.
Next, for fixed 2 <4 < k — 1 with m = k + 4, we can identify two subdiagrams of type
DgiLIAT_m. These are spanned by the nodes labeled sq, s1, ..., 52i—1, 2i+1, $2i+3, - - - s Sp—1
and S0, 81, .-+, 821, 82415 52i+3, - - - Sn (TESP. 80, 81, - - -, 82i—1,8,). Since the nodes la-
beled s,_1 and s, are not adjacent, these subdiagrams are not odd-adjacent and are
therefore contained in two different connected components of I'™. Consequently, the
number of connected components in this case totals:

n=2k: ccz(Wﬁn,Dgi U AT_%, case 2) = 2 =2k — 4.

Case 3: Consider subdiagrams of type Dg; L AT_% that can be spanned without using
the nodes labeled s,_1 and s,. Given m > 2i, the contained subdiagram of type Dg;
must not be spanned by a set of nodes containing s,_3, S,_2,5,_1 and s,. This leads
to the condition 21 < n —3 & i < "53 Thus, for n = 2k, we have 2 < ¢ < k — 2, and
2<i<k-—1forn=2k+1. Foreach fixed i, the graph I'; will then have n + 1 — 2i
additional nodes. Without placing a copy of A; at either of the nodes labeled s,_1 and
Sn, it follows from 2(m — 2i) < n—1-2i & m < ”2 + ¢ that m < k+1¢—1 for
n=2k andm < k+4+iforn=2k+1. Or,1 <m-—2i <k—1, forn=2k+1,
and 1 < m — 2t < k—1i—1, for n = 2k. Since both nodes labeled s,,_1 and s, are
adjacent to the node labeled s, _o, all subdiagrams of type A’ln_% spanned by a subset of
89i415 S2i42, - - - , Sp_are odd-adjacent. Consequently, we can apply Lemma [5.2.14] which
indicates that all the subdiagrams of type Do; LI A71”72¢ that correspond to vertices in I'™
are contained within a common connected component of the graph. Thus, we count the
connected components for this case as:

' k—2 / k+i—1 e — 9
n=2k: CCQ(W’[‘)’n,DQi L A;”*Ql, case 3) = Z < Z 1) = (k- 3)T;

=2 \m=2i+1
k=1 / k+i
; k— 1
-2
n=2k+1: cco(W5, ,Doi LIAT™™, case 3) E < E ) (k—2)— 5
1=2 \m=2i+1

Observe that due to the symmetry of I'5 , when considering subdiagrams of type

Dy; LI A’lnfm, with the subdiagram of type Dg; containing the nodes labeled s,_; and
Sn, we obtain the same results as discussed in cases 1,2, and 3 above, simply by adjust-
ing the index numbers of the nodes sq, ..., s, accordingly. Compare Figure again
for clarity. Therefore, when we combine all three cases and multiply the results by 2, we
arrive at the total count of connected components CCQ(WBn,DQi uATﬁQi) of W5 obtained
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from subgroups of type Do; LI ATH%:

n=2k: cea(Wy ,Dy; LIAT ™) =2 (k—2)k;1+2k:—4—|—(k—3)k;2>
= 2k(k — 2)
n=2k+1: CCQ(Wﬁn,DgiI_IAT_zi):2<(k:—2)k;1—|—(l<;—2)k;1>
=2(k—2)(k—1)

Subdiagrams of type Do; LI A’lnlef% LI Dg;j: .

Since we have already considered subdiagrams of type A" and Dg; U A’ln_2Z above, we
assume that ¢, j > 2, which implies that m > 8. Recall that subdiagrams of type Do;, resp.
Dy, are spanned by the nodes labeled sg, s1,...,52;—1, resp. S,—2j4+1,...5,. Therefore,
we have 2i <n—4 < i < k—2. For fixed i, the diagram Fﬁn contains n—2i+1 additional
nodes that do not span the subdiagram Do;. For the second isolated subdiagram of type
Dyj, we then find 2j < n —2i & j < k —i. With these two subdiagrams of type Do;
and Dg; being spanned by 2i + 2j of the n + 1 nodes of I’ , we can select m — 2i — 2j
isolated nodes from the remaining n + 1 — 2i — 2j nodes of the graph to find subdiagrams
of type A;n_m_%. Note that two nodes of the set {s2,...s,_2} are isolated in I'; if and
only if the distance of their index numbers is at least two. Consequently, we have that
m—2i—2j < %(n—l— 1-2i—2j—1)=k—1i—j. Applying Lemma we find that
for every feasible choice of m,1,j, all vertices of I'"™ obtained from subgraphs of type
Dy; L Agn_zl_% LDy, are contained within a common connected component of the graph.
Thus, we can calculate the number of connected components cca (W , DgiUAT_ZZ_% LID2;)

of W5, obtained from subgroups of type Dg; LI AT_Qi_Qj LIDg; as:

k=2 [k—i [k—i—j
n=2k, n=2k+1: CCQ(Wﬁn,DQi (] AT72272J L ng) = Z ( Z 1)
i—2 \j=2 \ m=0
k—1
= (k-2

Sum of all conjucagy classes:
Eventually, we can derive the number of conjugacy classes of a Coxeter group of type

W5, as:
cca(Wy,) = 1+ cca(W, , D) + coa(Wy, , AT") + cea(Wp, , Dai LI AT )
+ CC2(W’]‘5TL, Do; U A71n_2i_2j U ng);

k-1
n=2k: CCQ(WBn):1—|—2k—|—4k—|—3—|—2k(k¢—2)—|—(k—3)(k:—2)T
1
= 6(k+1)(k:2+5k:+18);
1
n=2k+1: ccQ(Wﬁn):1+21g—2+4k—2+2(k—2)(l-¢—1)+(1~c—3)(/lg—2)/"€T

1
= 61{:(1:2 + 6k + 11).
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We conclude the proof of Theorem by proving the formulae for the exceptional
types of affine Coxeter groups:

PROOF OF THEOREM [5.4.4] FOR THE EXCEPTIONAL TYPES: To determine the num-
ber of conjugacy classes for the exceptional types of affine Coxeter groups, we employ
similar arguments as those used in Lemma [5.2.14] and count the number of subdiagrams
of inc-types shown in Figure [5.1]
cca(Eg):

87

S6

E
6 S1 59 53 S4 S5

FIGURE 5.23. Coxeter diagram of Eg.

First, observe that PE6 is an odd-labeled connected graph, which implies that I'' has one
connected component. Furthermore, according to the list presented in Figure , Iz,
contains only (copies of) A; and Dy as subdiagrams of inc-type. Thus, for m = 2 and
m = 3, it only includes subdiagrams of type A? andA$, respectively. Since I'z, has the
structure of two path graphs that are glued together at the node labeled s3, we can apply
the arguments of Lemma [5.2.14] to conclude that all these subdiagrams are odd-adjacent.
This indicates that the corresponding vertices in I'> and I'® are connected. Therefore,
both I'? and I'® have one connected component each.

For m = 4, we find that FEG contains a subdiagram of type D4, which is spanned by
the nodes labeled s9, s3,54,56. As there are no other subdiagrams of this type, the
corresponding vertex in I' is isolated. Additionally, there are four non-adjacent nodes
labeled s1, s3, 85, 7 in the graph, representing a subgroup of type A‘ll, which also forms
an isolated vertex in I'%. Since this is the only subgroup of this type, we can conclude
that I'* has two connected components.

For I'>, T, and I'”, we find no subgraphs of I'z, as listed in Figure hence these
graphs are empty.

In summary, we can count the connected components of WE6 as:

ceo(Wg,) =1+1+1+24+0+0+0=5.

CC9 (E7) N

Since Iz is an odd-labeled connected graph, I'' is an unlabeled connected graph that
consists of a single connected component. It follows from the structure of the graph that
I'z_ contains only subdiagrams of type Ay, D4, Dg, and E7 from the list of subdiagrams of
inc-type as presented in Figure See also Figure[5.24] For I'? and I'®, we conclude that
I'z_ includes only subdiagrams of type A?, resp. A3, given by two and three non-adjacent
nodes in the graph, respectively. Note that I'z_ is a path graph, with an additional edge
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b—o—o—ISS—o—o—q
E7

S1 S92 S3 S4 S5 S6 ST

FIGURE 5.24. Coxeter diagram of E7.

glued to the node labeled s4. Based on this and the arguments used in Lemma [5.2.14]
we observe that for m = 2, all of these subgraphs are odd-adjacdent. Hence, they are
contained within a common connected component of I'. This demonstrates that I'? is
indeed a connected graph.

For m = 3, we observe that not all subdiagrams of type A} are odd-adjacent. Specifi-
cally, the two subdiagrams spanned by the nodes labeled s1, s3, ss and ss, s7, sg are not
adjacent to any other subdiagram of this type. This is because their nodes are only ad-
jacent to other nodes that have a distance of 2 or less from two of the contained nodes.
Consequently, the corresponding vertices in I'® are isolated. In contrast, for every other
subdiagram of type A3, for instance, the one spanned by the nodes labeled si, s3, s5 or
s9, S5, Sg, the arguments of Lemma confirm that these are indeed odd-adjacent.
This implies that the corresponding vertices in I'* are part of a common connected com-
ponent. Overall, this shows that I'* consists of 3 connected components.

For T'*, we note that the diagram contains a single subgraph of type D4, which is spanned
by the nodes labeled s3, s4, s5, and sg. Since all other subdiagrams represent groups that
are not isomorphic to D4, the corresponding vertex in I'* is isolated. Additionally, Iz
contains three sets of subgraphs of type A}, with none of the representatives from one
set being odd-adjacent to any graph in another set. The first set consists of one sub-
graph spanned by the nodes labeled s1, s3, s5, and s7. This graph is not odd-adjacent
to any other subgraph of this type in I'z_ since all spanning nodes have a distance of
exactly 2 to their adjacent neighbors. Therefore, the corresponding vertex in I'* is iso-
lated. The second set comprises subdiagrams containing the nodes labeled s1, s3, sg, and
one of the nodes labeled ss,sg, or s;. By applying Lemma [5.2.14] we see that these
are odd-adjacent subdiagrams of the same type, and thus they are contained within a
common connected component in I'*. The third includes subdiagrams that contain the
nodes labeled ss, s7, sg, along with one of the nodes labeled s1, s9, or s3. Again, using
Lemma [5.2.14] we find that these subdiagrams are odd-adjacent and of the same type,
meaning they are part of a common connected component in I'*. In conclusion, this
shows that I'* has 4 connected components.

For I'®, we note that I'z. contains a single subgraph of type A?, which is spanned by the
nodes labeled s1, s3, 55, 57, sg. The corresponding vertex in I'’ is isolated, thus forming a
connected component. Additionally, we identify two subdiagrams of type D4 LI A1, which
are spanned by the nodes labeled si, s3, 4, S5, 88 and s3, s4, S5, S7, Sg. Since the nodes
labeled s; and sy are not adjacent, these two subdiagrams are also not odd-adjacent,
indicating that the corresponding vertices in I'> are isolated. Together, this shows that
I'> has 3 connected components.

For I'S, note that I'z. contains two subdiagrams of type Dg. The first is spanned by the
nodes labeled s1, so, s3, S4, S5, Sg, and the second by the nodes labeled s3, s4, s5, sg, 57, Ss-
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Since these two subdiagrams differ in more than one node, they are not odd-adjacent
and thus form two isolated vertices in I'6. Additionally, we find a single subgraph of
type D4 LU A2, spanned by the nodes labeled s1, 53, 84, S5, 57, 53. This subgraph also corre-
sponds to an isolated vertex in I'. In total, this shows that I'® consists of 3 connected
components.

For I'7, we identify two subdiagrams of type E7, which are spanned by the nodes labeled
s1, 82, 83, 84, S5, S¢, Sg, and Sg, S3, S4, S5, S¢, S7, Sg. Since the nodes labeled s; and s; are
not adjacent, these subdiagrams are not odd-adjacent, resulting in the corresponding
vertices in I'7 being isolated. Additionally, we find two subdiagrams of type Dg LI A;
that are spanned by the nodes labeled s1, s3, s4, s5, Sg, S7, Sg, and s1, S2, 83, S4, S5, S7, S8.
Again, since the nodes labeled s and sg are not adjacent, the corresponding vertices in
I'" are isolated. Since these are the only contained subgraphs of inc-type spanned by 7
nodes, we conclude that I'” has 4 connected components.

Furthermore, because Iz itself is not of inc-type, it follows that I'® = (). Thus, we can
determine the number of conjugacy classes of W§7 to:

coa(Wg,) =1+1+3+4+3+3+4+0=19.

~—o—189—o—o—o—o—~
Es

S1 52 53 S4 S5 56 St 58

cco(Eg):

FIGURE 5.25. Coxeter diagram of Eg.

Since all edges of I'z | are odd-labeled and the diagram is connected, it follows that I' s
also connected and, consequently, has one connected component.

Comparing Figure with Figure we observe that FEG can only contain (copies) of
subdiagrams of inc-types A, D4, Dg, D, E7, and Eg. Note that I’z has the structure of a
path graph with an additional edge attached to the node labeled s3. For I'> and I'®, this
implies that Iz contains only subdiagrams of types A7 and A3, respectively. Using the
arguments from Lemma we can see that these subgraphs are all odd-adjacent.
Hence, the corresponding vertices in I'? and I'® are connected. Therefore, both I'? and
I'® each have only one connected component.

For T, we identify a single subdiagram of type D4 and several subdiagrams of type Af.
The subdiagram of type D4 is spanned by the nodes labeled ss, s3, s4,s89. This corre-
sponds to an isolated vertex in I'* because the group is not isomorphic to a group of
type A}. Most of the subdiagrams of type A] are odd-adjacent, as can be seen with
the arguments of Lemma [5.2.14} we omit the listing of them here. Consequently, all of
these odd-adjacent subdiagrams of type A} are contained within a common connected
component of I'*. Notably, there is a single subdiagram of type A} spanned by the nodes
labeled s4, sg, Ss, S9, which is not odd-adjacent to any other subdiagram of this type.
This arises from the fact that all spanning nodes are at a distance 2 from another node
spanning the subgraph, and they are not adjacent to nodes with a distance greater than
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2 from other spanning nodes. Consequently, this diagram is not odd-adjacent to another
subdiagram of type A} and is represented by an isolated vertex in I'*. In conclusion, this
shows that I'* has 3 connected components.

Further observe that the diagram I'z  contains three subdiagrams of type D4 LIA;. These
are all odd-adjacent due to Lemma [5.2.14] They are spanned by the nodes labeled
$2, 83, S4, S9, and one of the isolated nodes sg, s7, or sg. The corresponding vertices in
I' form a connected component. Additionally, I'z, contains two subdiagrams of type A3.
These are spanned by the nodes labeled sy, sg, s, s9, along with one of the two nodes
labeled sq, or so. Again, using Lemma we find that these two subdiagrams are
odd-adjacent. Hence, the corresponding vertices in I'® are part of a common connected
component. Based on our observations regarding subdiagrams of inc-type that are in-
cluded in I'z , we conclude that these two classes of subgraphs are the only ones present in
I'®. Therefore, I'® consists of two connected components. Compare also Example
For F6, we observe that FES contains a single subgraph of type Dg, which is spanned
by the nodes labeled s, s3, 54, S5, S¢, S9. Additionally, there is a single subgraph of type
Dy U A%, spanned by the nodes labeled so, s3, s4, S¢, Sg, Sg. Since the groups represented
by these subgraphs are not isomorphic, they correspond to two isolated vertices in I'6.
Furthermore, as noted earlier, Iz contains no other subgraphs of inc-type. Therefore,
it follows that I'® has 2 connected components.

For I'7, we observe that T' g, contains a single subgraph of type E7. This subgraph is
spanned by the nodes labeled s1, s, s3, $4, S5, S, and sg. Additionally, there is a single
subgraph of type Dg LI A1, which is spanned by the nodes labeled ss, s3, s4, S5, Sg, Sg, and
sg. Therefore, I'7 consists of 2 connected components.

For I'®, we identify three subgraphs corresponding to vertices in the graph: The first sub-
diagram of type Dg is spanned by the nodes labeled ss, s3, s4, S5, S¢, 7, Sg, Sg. The second
subdiagram of type E7LIA; is spanned by the nodes labeled s1, s9, s3, $4, S5, S, S8, S9. And
the third subdiagram of type Eg is spanned by the nodes labeled s1, s9, $3, S4, S5, S, S7, S9-
Since the corresponding groups are pairwise non-isomorphic, these diagrams correspond
to isolated vertices in I'8. Thus, I'® has 3 connected components.

Since I’ £, is not of inc-type, I'® is empty.

Together, we can count the conjugacy classes of Wy as follows:

ceo(Wg,) =1+1+1+3+2+2+2+3+0=15.
CCQ(F4),'

F o—oio—o—o
4 S1 52 53 S4 S5

FIGURE 5.26. Coxeter diagram of Fy.

Since I'z, is a path graph with one edge labeled 4 and all other edges odd-labeled, it
follows that I'' consists of two connected components. For I'2, we note that I'z, contains

subdiagrams of inc-type with two vertices of types By and A?. Precisely, we identify a
single subdiagram of type By, which is spanned by the nodes labeled sy and s3. This dia-
gram corresponds to an isolated vertex in I'2. Further, we find two classes of subdiagrams



138 5. CONJUGACY CLASSES OF INVOLUTIONS IN COXETER GROUPS

of type A?. The first class includes subdiagrams spanned by the nodes labeled s; and
S3, 84, Or S5, as well as so and s4 or s5. Invoking Lemma these are odd-adjacent
subdiagrams, which means their corresponding vertices in I'? belong to a common con-
nected component. The second class consists of the subdiagram spanned by the nodes
labeled s3 and s5. This subdiagram is not odd-adjacent to the subdiagrams discussed
beforehand, meaning the corresponding vertex in I'? is isolated. In summary, this shows
that I'2 has 3 connected components.

For I'3, we identify subdiagrams of the types A3, By LI Ay, and By from the list presented
in Figure in Iz, . The nodes labeled s1, s3, and s5 span the only subdiagram of type
A$. Tt corresponds to an isolated vertex in I'. We also find two subdiagrams of type
B3, which are spanned by the nodes labeled s1, so, s3, and s9, s3, 4. Since the nodes la-
beled s; and s4 are not adjacent, these two subgraphs are not odd-adjacent, meaning the
corresponding vertices in I'® are disconnected and form two separated connected compo-
nents. Additionally, we find a subdiagram of type Bs LI A1, spanned by the nodes labeled
s9, 83, 85, which also corresponds to an isolated vertex in the graph I'3. Altogether, this
demonstrates that I'® has 4 connected components.

For I'*, we identify a single subdiagram of type F4 spanned by the nodes labeled s;s9, s3,
and sy, which corresponds to an isolated vertex in I'*. We also find a single subdiagram
of type By, spanned by the nodes labeled s9, s3, 84, 85, which likewise corresponds to an
isolated vertex in I'*. Furthermore, we find a single subdiagram of type B3 LAy, spanned
by the nodes labeled s, s2, 53, and s5. Together, this shows that T'* has 3 connected
components.

Since I', itself is not of inc-type, we conclude that I'® is empty.

In summary, we can count the conjugacy classes of W5, as follows:

ceo(Wg,) =2+3+4+3+0=12.
CCQ(EQ):

~ 6
Go e——o——o
2 S1 52 S3

FIGURE 5.27. Coxeter diagram of Go.

Since W5 = A(2,3,6), it follows with our findings in Section that cco(Gy) = 4.

2

CC9 (Tl ) N

~ 00
I, e——=o
S1 52

FIGURE 5.28. Coxeter diagram of I;.

Since Wy = Z\ 2Z x 7\ 2Z, it follows with Lemma [5.3.13| that cco(I1) = 2. This closes
the proof. O
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CHAPTER 6

Further questions and research impetus

The results presented in this thesis open up several avenues for further research. Through-
out this work, we have identified some research problems and explicitly marked them
as open questions. The purpose of this section is to consolidate these questions into a
coherent overview and, where appropriate, to provide additional explanatory remarks.
For the reader’s convenience, we provide a reference for every question to the relevant
passage in the thesis where it was initinally discussed.

Further questions from Chapter

e Open question[3.2.10} Proposition [3.2.9 describes a connection between Coxeter
shadows and intervals of the form [1,z] in Bruhat order. Notice that one can
also use shadows to describe other intervals [z, y] in Bruhat order (cf. [GS20,
Remark 6.10]). For this, consider Shy, (y) and derive all elements represented by
alcoves z € Shy_ (y), such that a minimal gallery + : c¢ ~ z can be folded onto
x. Motivated by these results, it is an open question to describe connections
between Coxeter shadows and other order relations.

e Open question[3.2.16} Definition [3.2.8 enables the construction of Coxeter shad-
ows in arbitrary Coxeter groups; however, to date, they have not been studied
in hyperbolic Coxeter groups. For this, it is necessary to further develop the
theory of orientations in hyperbolic Coxeter complexes to implement the con-
cept of braid-invariance, which, to our knowledge, remains open. This issue was
previously mentioned in [Sch22|.

e Open question [3.2.29; Recall that Weyl chamber orientations of affine Cox-
eter complexes are a special case of chimney-induced orientations. In Exam-
ple we observed that chimney shadows, which do not meet the assump-
tions of Proposition [3.2.28] are subsets of the Weyl chamber shadows with
missing alcoves contained in a cone that is cut off from the shadow. It remains
open question to describe these cones in relation to the chimney. As a first step
for this, it would be interesting to precisely describe how the orientations of the
hyperplanes change as a sector moves from being far away from the gallery to
being closer to it.

Recall further, that every (J,y)-chimney £ that is represented by a sector con-
taining more than one alcove (and thus, containing infinitely many, cf. [Mil+24,
Lemma 3.10]) is represented by sectors bounded by two adjacent hyperplanes
of the same parallelism class. Since this parallelism class corresponds to a panel
in the boundary complex 0%, which lies within certain Weyl chambers, it might
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be wothwhile to study the chimney orientation ¢;, in relation to these Weyl
chamber orientations of 3.

Open question Recall that we introduced the set X(C,, ¢y) of alcoves
x to which every ¢,-positive folding pattern can be applied for at least one
minimal gallery 7 : ¢g ~ x. As observed in Example the naive construc-
tion presented in Proposition only provides a proper subset of X (Cy, ¢y)-
It remains to give a sharp (geometric) description. Furthermore, it could be
interesting to study X(C,, ¢) with respect to other types of orientations ¢. We
assume that the study of X(C,, ¢,) might provide insights to the co-shadow,
see also Open question

Open question[3-3.19} It is an open question to investigate potential connections
between the folding patterns of galleries in relation to other orientations of the
Coxeter complex and different order relations of the group. The concept of
folding patterns, as introduced in Definition [3.2.5] only provides information
about the parallelism class of the hyperplanes involved in the folds. While
this is useful for periodic orientations, it requires modification for non-periodic
orientations. In such cases, it is necessary to develop a notion of folding patterns
that incorporates information about the height of the hyperplanes where the
folds occur. Jacinta Torres and the author are currently exploring this question.
This may also help to generalize the results of Chapter [4

Further questions from Chapter

e Open question[f.1.4 We describe gates of irregular coroot lattice points in affine

Coxeter complexes of dimension 2 in Lemma It is open to generalize this
result to Coxeter complexes of higher dimension to obtain a general description
of irregular gates. This would be the next step in generalizing Theorem [.3.12]
compare also Open question [£.3.13]

Open question As proven in Proposition the set A, is the set
of all coroot lattice points that intersect with the folding pattern polytope

P(ax, (aji)icin))- Many of these points are contained in its interior. Recall
that in Definition [£.3.5] the polytope is defined as the Euclidean convex hull of
Ay. Given that Ay may have a large cardinality, it is desirable to understand
the structure and know the number of the extremal points of P(ay, (@i)ic[n))-
This would give a more compact description of the folding pattern polytope.

Open question There appears to be a potential connection between
folding pattern polytopes and pseudo-Weyl polytopes: A A-Weyl polytope is
defined as P(\) = conv*(W - ), where conv*(-) denotes the Euclidean convex
hull. Weyl polytopes can also be characterized as the intersection of dual hy-
perplanes within the Coxeter complex. From this, pseudo-Weyl polytopes are
constructed by translating the hyperplanes of a A-Weyl polytope |[Kam10)].
The examples of folding pattern polytopes we have studied so far suggest that
they might be pseudo-Weyl polytopes. It remains an open question to provide a
proof for this observation and, if possible, to describe folding pattern polytopes
in terms of pseudo-Weyl polytopes.

Additionally, it is worth noting that Ehrig explored the connections between
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Mirkovié-Vilonen polytopes, which are pseudo-Weyl polytopes, and folded gal-
leries as well [Ehr10].

e Open question It is a natural question to ask for a generalization of The-
orem for non-regular coroot lattice points A. To apply similar methods
as presented in this thesis, it is necessary to first answer Open question [4.1.4

e Open question[4.3.16f Given an affine Coxeter group of rank n+1 and a folding
pattern (a;j;i)iepx) of length k, what is the dimension of the folding pattern

polytope P(ay, (aji)ic[k])?

e Open question Let (W,S) be an affine Coxeter system, and let the
associated Coxeter complex ¥ = X (W, S) be equipped with a Weyl chamber
orientation ¢,,. Consider y € Shy, () for z = t*. It would be interesting to
study the multiplicities of y in Shy, (), distinguishing between two different
types: First, we can explore the pattern multiplicity of y in Shy, (x), which
is the number of folding patterns («;;)ic[, such that there exists a minimal
gallery ~ : c¢g ~ x that can be ¢,,-poyitively folded onto y following the folding
pattern (aj;)icjn)- Additionally, we could study the gallery multiplicity of y
in Shg, (), which refers to the number of galleries 7 : cg ~ x such that there
exists a folding pattern (a ;)i allowing the gallery to be ¢,,-poyitively folded
onto y following the folding pattern (a;);e[n)- Multiplicities are connected to
the study of structure constants in Hecke algebras, cf. [Sch06a; Ram06|. This
inquiry is closely related to the study of the co-Shadow Shg’(a:) of x with respect
to the orientation ¢, which denotes the set of group elements y for which there
exists a minimal gallery = : c¢g ~ y that can be ¢-positively folded onto a gallery
v iep ~ x.

e Open question 147t Let ¢ be a periodic orientation of the affine Coxeter
complex ¥ = %(W,S), and let 2 = t*w € W. Describe the set of alcoves
D := Shy(z) \ Umg(x) in terms of A, w, and ¢. This would then allow us to
describe the Coxeter shadow as Shy(z) = DU Umg(x).

e Open question Let ¢ be a periodic orientation of the affine Coxeter com-
plex ¥ = (W, S), and let x = t*w € W. We denote D := Shy(x) \ Umg(z).
Under what conditions on x and ¢ does it hold that D = ()7 In other words,
when is it true that Shy(z) = Umg(x)?

e Open question [£.4.9 It would be desirable to generalize the concept of folding
pattern polytopes to other orientations. We conjecture that as long as the
orientation is periodic, folding pattern polytopes should be convex polytopes of
the coroot lattice. This is the next step in generalizing our findings of Chapter [4]
to other orientations, specifically those induced by chimneys.

Further questions from Chapter

e Open question Recall that we used higher rank odd graphs to determine
the number of conjugacy classes of involutions in Theorem It is open to
investigate the complexity of the algorithm obtained from this.
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e Open question [5.3.10; As we introduced the family of higher rank odd graphs

I'* to compute the number of conjugacy classes of involutions in Coxeter groups,
is it possible to define a similar family of graphs that allows one to compute the
number of conjugacy classes of torsion elements of order m # 27

Open question The ‘universal’ upper bound for cco(Wr) can only be at-
tained by infinite groups of rank at most three. That is, the bound
cca(Wr) < 2" — 2 is not optimal if |[V(I')] > 4 and Wr is infinite. In turn,
lowering the bound down by one to 2" — 3, one can construct reducible exam-
ples in rank four with cco(Wr) = 13 = 2% — 3; take, e.g., ' = Cy LIA;.
Restricting ourselves to irreducible examples, the anonymous referee of [Rei-+25|
pointed out to a family of groups with (asymptotically) many conjugacy classes:
Define I' as a tree with one central vertex and k ‘arms’ of length two, such that
all edge labels are (finite) even numbers > 4. Thus I' has n = 2k 4 1 vertices.
After some deliberation and initial calculations, cca(Wr) seems to be roughly
2=l 4 k. 28=1 plus some constant C.

These considerations leave open the following subtle problem: Is there a func-
tion f : N>4 — N such that cca(W) < f(n) for all infinite irreducible Coxeter
groups W of rank n > 4, with some (infinite, irreducible) Coxeter group Wy of
rank ng > 4 attaining equality cca(Wp) = f(no)?

Open question The number ccy(Wr) is, by definition, a group-theoretic
invariant of Wp. Also |mo(Togq)| = |mo(T'!)| does not depend on T' by [MV24,
Proposition 2.2|. However, the connected components of higher rank odd graphs
do a priori depend on the chosen Coxeter diagram I' for Wr. It would be
interesting to see how the higher rank odd graphs behave with respect to moves
(such as twists [Miih00; Bra+02| or blow-ups |[Miih06]) between the various
Coxeter diagrams for a given group.
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FIGURE A.1. Coxeter diagrams of the finite irreducible Coxeter groups.
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