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Abstract

Predicting the dynamic behavior of rotor systems with hydrodynamic bearings requires a
careful consideration of the nonlinear fluid-structure interaction. This is accomplished by
transient rotordynamic simulations that rely on time-integration schemes and incorporate
the Reynolds equation to account for the hydrodynamic forces. Solving the Reynolds equa-
tion numerically at every time step entails a considerable computational effort, but faster
approaches based on simplified analytical models or on database methods often do not pro-
vide the desired accuracy. In the work at hand, a semi-analytical solution based on the scaled
boundary finite element method (SBFEM) is proposed as an alternative, aiming to achieve
a fast but accurate computation. The hydrodynamic pressure field is discretized along the
circumferential coordinate of the lubrication gap, while the axial direction is treated ana-
lytically. Several algorithms are presented, involving different cavitation assumptions, and
are verified using the method of manufactured solutions. The developed approach is applied
in transient simulations of exemplary rotor-bearing systems and is compared to standard
numerical models. Two systems are considered, including a simple one consisting of a point
mass in a single bearing, as well as a more complex one representing a semi-floating tur-
bocharger rotor, modeled as a flexible finite element beam. The simulated rotor vibrations
(unbalance-excited and self-excited) and the required computational times are analyzed and
compared between the solution techniques, illustrating the advantages and disadvantages of
the proposed method in terms of accuracy and efficiency.
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Kurzfassung

Zur rechnerischen Vorhersage des dynamischen Verhaltens gleitgelagerter Rotorsysteme ist
eine Abbildung der nichtlinearen Fluid-Struktur-Interaktion erforderlich. Dies bedarf tran-
sienter Rotordynamiksimulationen unter Zuhilfenahme von Zeitschrittverfahren und unter
Einbezug der Reynoldsgleichung, welche als Grundlage zur Berechnung der hydrodynami-
schen Lagerkrafte dient. Die Berechnung der Lagerkréifte ist in jedem Zeitschritt notwendig
und dominiert den rechentechnischen Gesamtaufwand der Simulation, sofern die Losung der
Reynoldsgleichung numerisch erfolgt. Weniger aufwendige Methoden, welche beispielswei-
se auf vereinfachte analytische Modelle oder auf Kennfelder zuriickgreifen, bieten hingegen
oftmals nicht die geforderte Genauigkeit. In der vorliegenden Arbeit wird die Reynoldsglei-
chung mittels der scaled boundary finite element method (SBFEM) semi-analytisch gelost,
um eine schnelle und dennoch genaue Berechnung zu gewéhrleisten. Das semi-analytische
Modell diskretisiert die Druckverteilung entlang der Umfangskoordinate des Schmierfilms,
handhabt die axiale Richtung jedoch analytisch. Es werden mehrere Algorithmen vorgestellt,
welche sich unter anderem in Bezug auf die Kavitationsannahmen unterscheiden, und anhand
einer exakten Referenzlosung (method of manufactured solutions) verifiziert. Die entwickelte
Methodik wird in transienten Simulationen exemplarischer Systeme getestet und mit einem
gebrauchlichen numerischen Losungsverfahren verglichen. Betrachtet werden sowohl ein ein-
faches Gleitlager mit einer als Punktmasse abstrahierten Welle als auch ein wesentlich kom-
plexeres System, welches einen schwimmbuchsengelagerten Turboladerrotor darstellt und
diesen als elastischen Finite-Elemente-Balken modelliert. Die berechneten Rotorschwingun-
gen (unwuchterregt sowie selbsterregt) und die erforderlichen Rechenzeiten werden ausge-
wertet und zwischen den untersuchten Losungsmethoden verglichen, wodurch die Vor- und
Nachteile des semi-analytischen Ansatzes im Hinblick auf dessen Effizienz und Genauigkeit
aufgezeigt werden.
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skew-symmetric matrix with (-) - s = ()xs

averaged in the axial direction

time derivative

relative time derivative (rate of change perceived in the BFRF)
dimensionless time derivative

derivative with respect to z

nth derivative with respect to €

central node (only in Chapter 3, and not in case of Eg)
additional contour

bearing

bearing boundary

boundaries (bearing boundary and oil-supply boundary)
body-fixed coordinates of body B

cavitation zone

conjugate-gradient iteration

contact (Chapter 2) or constant (Chapters 3 and 4)
critical

infinitesimal quantity

diametral

dynamic (addressing inertia effects)

element or sector

external

“eastern” neighboring node

friction

homogeneous solution

hydrodynamic

inner bearing partner (shaft)

matrix entry in the ith row and jth column

internal

interface

global coordinate system (fixed in inertial reference frame)
manufactured solution

modified
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Symbols

Symbol  Description

( In1=n2 node 1 and node 2
(n northern neighboring node
()o outer bearing partner (shell)
o() body- xed coordinates of the outer bearing partner
(Jos oil supply
()out output
(e polar
()P pressure zone
( )par particular solution
(pts previous time step
(Drer reference value
(rel relative/nondimensionalized
Orig rigid
()sim simulation
()stat static
()s southern neighboring node
Ow western neighboring node
() test function (Chapter 2) or relative error (Chapters 4 and 5)
@@) partial derivative
() increment
() centrifugal, coriolis, and gyroscopic

Variables, parameters, and other symbols

Symbol  Unit Description Chapter/Section
a1 Pas Vogel parameter 22,5
ay, a3 Kor C Vogel parameters 22,5
A12-34=14=23 see Eq (3222) 3
AN=E=S-W see Eq. (3.2.25) 3

A body- xed coordinate origin 2.4

A m? area 2.5, 3
b m thickness 2.5
by, bs Pa contact parameters 2.3

b, 1=m contact parameter 2.3

o} Pa ssm? contact parameter 2.3
be-w see Eq. (3.3.19) 3

B body 2.4

B matrix of transformed EVP 3

c m radial clearance 2.1,2.2,5
[ m position vector relative to pointA 2.4

C point in the center 2.1
C,C integration constants 3,4

d m diameter 1,3,5
D arbitrary point 24

D (various)  damping matrix 2.5

e element or sector 3,4



Symbol  Unit Description Chapter/Section
E Pa Young's modulus 23,25

E Pa reducedE for contact pair 2.3

Eo- coe cient matrices 3,4

f Hz frequency 5

f shaft Hz rotational frequency of the shaft 5

f shat Hz fshart @t which the oil whirl begins 5

f,f N=m?3 volume load 2.1

f N, Nm vector of external loads 2.5

F,F N force 2.3,24,25,3,5
g switch function 21,3,4

g nodal switch functions 3

G Pa shear modulus 2.5

G kg n? gyroscopic matrix 2.5

G N=kg gravity 5

h m gap height/function, Im thickness 2.1, 2.3, 3

H dimensionless gap function 21,3,4
H dimensionless nodal gap functions 3

I inertial system 2.4

I m* second moment of area 2.5

] identity matrix 21,2.4,25,3
J kgm? matrix of MMIs 2.4

J,J Jacobian matrix and determinant 3, 4

Kk kgm=s see Eq. (2.5.5) 2.5

Kad dimensionless arti cial di usivity 3

K (various)  sti ness matrix 2.5

K sti ness matrix 32,5

Kn RHS matrix of EVP derivative 3.3

| m length 1,25,3,5
=y m element side length 3

| N, Nm vector of forces and moments 2.4

L x=y dimensionless element side length 3,4

L,L kg m?=s angular momentum 24,25

m kg mass 22,24,3,5
m (various) mass matrix 2.4

M, M Nm moment 22,25,3
M (various) mass matrix 2.5

Ny=y=tot number of nodes 3,4,5

Nmax order of the Taylor series 3

N number of asperities 2.3

N, N shape-functions vector or matrix 25,3, 4

@] origin of global coordinates 2.4

p Pa pressure 1,21,23,3,5
P dimensionless pressure 2.1,3,4

P reference value folP 4

P nodal dimensionless pressures 3,4

p Pa pressure-like function 2.1

P kgm=s linear momentum 24
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Symbol  Unit Description Chapter/Section
q m absolute eccentricity 2.1
q N=m line load 2.5
Q J heat 2.2
Q in nitesimal slice of a beam 25
Q spatial rotation matrix 2.4
Qn see Eq. (3.3.54) 3
r m radius 2.1,22,3
r m position vector relative to pointO 2.4
R RHS vector 3,4,5
S J=(kgK)  specic heat capacity 22,5
S exemplary/arbitrary vector 2.4
S center of mass 2.4
S source term (manufactured soln.) 4
So Sommerfeld number 5
S planar rotation matrix 2.4
t S time 2.1,2.2,23,24,3,5
tol tolerance 5
T dimensionless time increment 3
u m=s velocity component inx 2.1,3,4
U kgm unbalance 5
u, u m displacement 2.5
U m, rad vector of solutions 2.5
0 m, rad vector of nodal solutions 2.5
v m=s velocity component iny 2.1
v m=s velocity 2.4
w m=s velocity component inz 2.1
W J work 2.5
W test function 3
w vector of nodal test functions 3
X m coordinate 21,24,25,3
X rad vector of Cardan angles 2.4
X rad angular circumferential coordinate 2.1, 3,4, 5
X att rad attitude angle 2.1
y m coordinate 2.1,24,25,3
Y dimensionless axial coordinate 21,3, 4
z m coordinate 21,23,24,25,3
z (various) state-space vector 24,25
rad angle between bearing surfaces 2.1
1=K thermal expansion coe cient 2.2
rad Cardan angle 2.4
m radius at the top of an asperity 2.3
rad Cardan angle 2.4
rad Cardan angle 2.4
W power 2.2
m asperity height reduction 2.3
" relative eccentricity 2.1, 3



Symbol  Unit Description Chapter/Section

"-point where series is constructed 3

natural coordinate 25,3, 4
# Im fraction 21,3,4,5
# reference value fo# 4
# nodal Im fractions 3
Kor C temperature 22,5
1=m? asperities per area 2.3
corrective shear coe cient 2.5
eigenvalue 3
_ matrix of eigenvalues 3,4
Pas dynamic viscosity 2.1,22,3,4,5
Poisson's ratio 23,25
dimensionless axial coordinate 2.1, 3,4
dimensionless pressure-like function 2.1, 3, 4
o nodal dimensionless PLFs 3,4,5
kg=m? density 2.1,25,3,5
Pa normal stress 2.1
m standard deviation of height 2.3
arti cial-di usion parameter 3
Pa shear stress 2.1
_ Pa stress deviator 2.1
slenderness ratio 3,4,5
' =m height distribution 2.3
Y rad bending angles 2.5
_ modal matrix 3,4
natural coordinate 3,4
_ modal matrix of transformed EVP 3
[ rad=s angular velocity/speed 1,22,24,25

2.
rad=s polar angular-velocity component 2.5
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Acronyms

Acronym  Description

BC boundary condition

BFRF body- xed reference frame
BiCGStab biconjugate gradient stabilized
BLAS Basic Linear Algebra Subprograms
BM backward mode

BVP boundary value problem

CD convection-di usion

CDR convection-di usion-reaction

CG conjugate gradient

CPU central processing unit

DOF degree of freedom

DSTEDC  double-precision, symmetric, tridiagonal eigenproblem, divide & conquer
EVP eigenvalue problem

FDM nite di erence method

FE nite element

FEM nite element method

FFT fast Fourier transform

FGM functionally graded material

FM forward mode

FRB oating-ring bearing

FVM nite volume method

GLL Gauss Lobatto Legendre

IC incomplete Cholesky

ID identi cation number

ILU incomplete lower-upper

JFO Jakobsson, Floberg, and Olsson
LAPACK Linear Algebra PACKage

LBT long-bearing theory

LHS left-hand side

MKL Math Kernel Library

ODE ordinary di erential equation
OSGS orthogonal subgrid scales
PARDISO PARAallel Direct SOlver

PDP product development process
PLF pressure-like function

RAM random-access memory

RHS right-hand side

SBFEM scaled boundary nite element method

SBT short-bearing theory



1 Introduction

Hydrodynamic bearings are machine elements designed to guide and support moving parts
with minimal solid contact. The two bearing partners transfer loads to one another through a
pressure build-up in a thin lubricant Im between their surfaces, most commonly consisting of
mineral oil. The tangential and normal surface movements induce this pressure generation by
forcing the uid into a converging gap or by squeezing it, respectively. Depending on the type
of relative motion and on the load direction, hydrodynamic bearings can be subcategorized
as journal bearings (rotation, radial load), thrust bearings (rotation, axial load), or slider
bearings (linear motion). The one that is illustrated in Figure 1.1 belongs to the journal-
bearing category, which the work at hand will be focusing on; the terrjournal will be
omitted in the following. In most applications of this type of bearing, a shell that is xed at
the machine frame supports a rotating shaft, but constructions with rotating shells exist as
well.

As one of the most prevalent bearing types, hydrodynamic bearings are used in various kinds
of technical systems, including, e.g., turbochargers [Kir14], automotive engines [GP92], steam
and gas turbines [UaWKB12], gearboxes [DN21], and centrifugal pumps [LY\R3]. An
advantage over roller or ball bearings lies in the avoidance of wear during nominal operation,
at least under ideal conditions (pure uid friction). Moreover, hydrodynamic bearings o er
large load-carrying and damping capacities, and they are suitable for high-speed applications.
On the downside, a reliable oil supply system is required that keeps the bearing lubricated
continuously. Even if this aspect is accounted for, solid contact and wear still need to be
tolerated during the startup or shutdown of a machine, when the rotational speed is too low
for the uid Im to generate a pressure that is able to carry the shaft. Another disadvantage

is the signi cant friction power at high rotational speeds, causing thermal loads and reducing
the energy e ciency.

A peculiarity of hydrodynamic bearings lies in their highly nonlinear mechanical character-
istics. The sti ness and damping coe cients depend strongly on the de ection of the shaft,
and the directions of the sti ness and damping forces aren't parallel to those of the de ec-
tion and velocity, respectively. These properties give rise to nonlinear phenomena that may
a ect the operating behavior of the overall system in particular to a type of self-excited,
subharmonic oscillation referred to as oil whirl or, more generally, uid whirl. These oscilla-
tions are induced by the uid Im itself, as opposed to by an external excitation (unbalance
excitation, base excitation, etc.), and they are especially prominent in fast-rotating sys-
tems with a rather small static radial load, a classical example being turbocharger rotors.
Signi cant subharmonic amplitudes tend to occur when a whirl frequency coincides with a
natural frequency of the rotor and causes resonance, which is then referred to as a whip
(Figure 1.2). One of the rst experimental demonstrations of whirl/whip phenomena was
performed by Newkirk and Taylor [NT25], who also provided a theoretical explanation. In
simple terms, they argued that the pressure building up in the converging-gap region creates
a force component in the tangential direction, which may propel the shaft forward in an
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Figure 1.1: Sketch of a hydrodynamic bearing (not to scale), wherg and d, are
the length and diameter, respectively! is the angular speed of the
shaft, and p illustrates the circumferential pressure distribution in the
oil- lled gap. The dark green area in (a) represents an oil supply groove,
through which fresh oil is fed into the bearing, as shown in more detalil
in the cross-sectional view (b).

orbital motion if the system does not nd an equilibrium position. They also observed that
the whirl frequency is approximately equal to half the rotation frequency of the shaft (at
least in the absence of a whip), which they were able to explain by considerations regarding
the conservation of the oil volume during the ow through the variable-sized gap. How-
ever, in the case of whip, the whirl frequency locks into the excited natural frequency of the
rotor, meaning that the system remains in a prolonged state of resonance even as the shaft-
rotation frequency is increased [Sch10]. Further studies on whirl and whip oscillations were
carried out, e.g., experimentally by Grissom [Gri85], analytically by Muszynska [Mus86],
and numerically by Schweizer [Sch09a] as well as by Woschke et al. [WDN17], to name just
a few. In general, these excitation mechanisms are regarded as an adverse property of hy-
drodynamic bearings, due to their possibly detrimental e ects on the life cycle (wear and
damage), energy e ciency, and noise emission of the a ected machine, in the case of high
amplitudes [NS15]. A common countermeasure is to use special bearing geometries that are
more resilient to whirl/whip excitation, such as elliptic, multilobe, lemon-bore, or o set-
halves bearings [Chal6]. Another strategy consists of nesting two bearings concentrically
inside one another ( oating-ring bearings), for an improved damping behavior [Sch10].

A crucial part of the product development process (PDP) of technical systems is the math-
ematical prediction of physical e ects that may impact the performance or life cycle. This
allows identifying problems and possible remedies at a su ciently early stage of the PDP

to allow major design changes. In the case of rotor systems with hydrodynamic bearings
that are prone to whirl/whip oscillations, a prediction as to under which conditions these
oscillations occur and which amplitudes can be expected is desirable (or even essential, in
some cases). However, the nonlinear interaction in the bearings renders theses analyses
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Figure 1.2: Spectrogram (short-time FFTs) of measured shaft oscillations of a tur-
bocharger rotor during run-up.

particularly challenging. The consideration of all relevant physical in uences and of their
interactions leads to coupled di erential equations that are computationally expensive to
solve, resulting in time-consuming simulations; see Section 1.1 for a survey of the common
methods. Depending on the complexity of the system, on the desired accuracy, and on the
available CPU power, the computational time can amount to several hours or even days,
which is problematic in the context of a time-critical PDP. The interest in a reduction of
the computational cost by use of e cient algorithms for the bearing analysis is therefore
signi cant, and constitutes the motivation behind this work.

1.1 Simulation of hydrodynamic bearings: overview
and related work

A basis for the mathematical analysis of hydrodynamic bearings was established by Reynolds
[Rey86], who formulated a partial di erential equation describing the pressure generation in
the uid Im (now referred to as Reynolds equation), motivated by Tower's experimental
investigations [Tow83]. The Reynolds equation is derived from the Navier-Stokes equations
in combination with the continuity equation, under speci c assumptions related to the ow
properties in narrow gaps. For instance, the pressure (dependent variable) is assumed to be
constant in the gap-height direction, i.e., to vary only along the circumferential and axial
coordinates, simplifying the originally three-dimensional problem to a two-dimensional one.
The in uence of the gap height on the pressure generation is accounted for by the presence
of a function describing the gap geometry (gap function), which is formulated based on the
kinematic variables of the bearing partners and substituted into the Reynolds equation.

Simulations of hydrodynamic bearings almost always rely on the Reynolds equation (except
for cases where the more general Navier-Stokes equations are preferred), but the concrete
simulation models may di er substantially from each other even for similar bearing designs,
depending on the considered interactions with other physical e ects and on the chosen solu-
tion methods, as will be outlined in the following.
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1.1.1 Analytical methods

The rst successful solutions of the Reynolds equation were exact analytical formulations
for hypothetical special cases that allow simplifying the partial di erential equation to an
ordinary one. Concretely, a solution for in nitely long bearings (long-bearing theory, LBT)
was established by Sommerfeld [SomO04], and one for in nitesimally short bearings (short-
bearing theory, SBT) was proposed by Michell [Mic29] and Cardullo [Car30]. The results
obtained with these theories are often considered to be somewhat acceptable if the slender-
ness ratio (lengthl, divided by diameter d,, Figure 1.1) of a bearing is greater than 2
or smaller than 0.5, respectively, but these properties do not apply in the majority of
cases, and even when they do, several studies still challenge the validity of these approxima-
tions [Farl4, PGDW21d, VBQ11]. However, for axially sealed bearings, where the sealing
may prevent the formation of axial pressure gradients, the LBT can be justi ed regardless
of the slenderness ratio [GNP06]. The SBT is sometimes applied to the outer oil Ims of
oating-ring bearings, due to a circumferential groove that divides the lubrication gap in
two sections of particularly small length [Nit16].

Analytical approximations assuming a nite bearing length have been derived by, e.g., Bar-
rett et al. [BAG80] and Capone et al. [CDG94], using separation of variables, as well as
by Gong et al. [GLW' 16] and by Merelli et al. [MBVQ19], using perturbation methods.
An exact analytical solution was accomplished by Sfyris and Chasalevris [SC12, CS13], but
this formulation is also more expensive than the aforementioned approximations, as it in-
volves the construction of a power series (truncated after a desired number of terms) and an
eigenvalue problem.

A disadvantage of analytical solutions is their restriction to rather simple boundary condi-
tions (BCs) and gap geometries. Moreover, they are incapable of considering mass-conserving
cavitation (Section 1.1.3).

1.1.2 Numerical methods

Numerical solutions overcome these limitations, as they are applicable to general BCs and
gap geometries, and allow incorporating a broad range of physical in uences and interactions.
They enable simulations accounting for mass-conserving cavitation (Section 1.1.3) [EA74,
KB91, AvOE15, NWSS16], considering shaft tilting [XZG 15, WDN17, EIli18], including de-
tailed interactions with thermodynamic and thermomechanic e ects [Chal8, INW19, Wos13],
or coupling two uid Ims hydraulically [WDNS11].

The numerical approaches that are most prevalent, speci cally in the context of the Reynolds
equation, are the nite element method (FEM) [Red69, SP02], the nite volume method
(FVM) [AANO2, WDN17], and the nite di erence method (FDM) [FK11, DDF13]. They

rely on subdivisions of the computational domain into nite elements, control volumes, or
interconnected nodes, respectively, and on discretizations of the dependent variable, meaning
approximations with nite numbers of degrees of freedom (DOFs).

The FEM uses a weak form of the dierential equation, often motivated by a Galerkin
formulation, and discretizes this form using shape functions that interpolate the solution
between de ned nodes [OK18]. These nodes are located at the element vertices and, in the
higher-order case, also elsewhere at the element's edges, faces, and interior. In the FVM,
a weak form is obtained by integrating the di erential equation over the control volume,
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whereupon parts of the resulting expression are rewritten as surface integrals over the control
volume faces [Maz16]. The integrals simplify to sums, as the functions in the integrands
are approximated using DOFs de ned at a point inside the control volume and assuming
interpolations between the DOFs of neighboring control volumes. The FDM evaluates the
strong di erential equation at each node, while approximating the involved derivatives based
on assumed interpolations between the nodal DOFs in the vicinity [Maz16].

The FEM is often perceived as the most complicated among the mentioned numerical ap-
proaches, but its extension to higher-order discretizations or to irregular meshes is compar-
atively straightforward [OK18]. An advantage of the FVM is that the uxes between two
neighboring control volumes (e.g., mass or heat uxes) satisfy the conservation principles
exactly, at least in an integral sense (integral over the control volume face) [Maz16]. In ad-
dition, this formulation o ers intuitive physical interpretations of the terms and coe cients

in the discretized di erential equation.

All of the three discussed methods yield systems of equations that must be solved to de-

termine the discrete solutions represented by the DOFs. Since re ning the accuracy of a

numerical model requires increasing the number of DOFs (which entails a larger system

of equations) or using a higher-order discretization (which renders the preprocessing more
expensive and leads to a denser system of equations), a tradeo between accuracy and com-
putational speed is usually necessary.

1.1.3 Modeling of cavitation

Conversely to the crucial pressure build-up in the load-bearing part of the lubrication gap,
low pressures arise in other regions. The high-pressure and low-pressure domains correspond
to the converging and diverging sections of the gap, respectively (Figure 1.1b), unless the
pressure generation is heavily in uenced by squeeze ow, i.e., by the translation (as opposed
to rotation) of the bearing partners. In general, once the pressure decreases to a point where
the lubricant releases dissolved gas or even evaporates, the e ect of cavitation occurs, mean-
ing that gas phases (gas cavities) begin to form [DT79]. This alters the e ective physical
properties of the uid Im and causes the pressure decrease to stagnate [DT79]. For experi-
mental investigations and visualizations of this e ect see, e.g., [DT79, SAD03, Tay63]. In the
context of rotordynamic simulations, accounting for the e ect of cavitation can be essential
for an accurate representation of the bearing sti ness and damping [NWDS13], but that also
introduces further complexities into the model, as will be discussed in the following.

Solutions of the Reynolds equation assuming a fully oil- lled gap without cavitation yield
unphysical results in parts of the bearing, namely pressures far below the threshold at which
cavitation should occur (Figure 1.3, gray curve). Since this threshold is often regarded as
approximately equal to atmospheric pressure (i.e., approximately equal to zero, assuming
relative pressures), a possible strategy for recovering a halfway plausible solution is to set
all negative pressures to zero in a postprocessing step (Figure 1.3, dashed curve). This
method, known as Gumbel (or half-Sommerfeld) approach [GUm21], is popular because
of its simplicity and computational speed, but it is also inaccurate due to violating mass
conservation.

More sophisticated cavitation models overcome this detriment at the cost of rendering the
problem nonlinear, because the precise locations of the cavitation zones and pressure zones
(regions with and without cavitation, respectively) are initially unknown. Swift [Swi32] and
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Figure 1.3: Exemplary pressure curves for an in nitely long bearing, including the
Sommerfeld solution ignoring cavitation (gray curve), the Gimbel so-
lution as the simplest approach to consider cavitation (dashed curve),
and the Swift-Stieber model describing cavitation by means of a non-
linear BC (black, solid curve).

Stieber [Sti33] recognized that mass conservation at the rupture boundary (the onset of the
cavitation zone) is achieved if the pressure and its gradient both approach zero (Figure 1.3,
black solid curve). Under exclusion of the cavitation zone from the computational domain,
this condition can be implemented in the form of a nonlinear BC (Swift-Stieber BC or
Reynolds BC); see, e.g., [Sch08a]. Stipulating boundary values for both the pressure and its
gradient does not result in an overdetermined problem, because the location of this boundary
is determined by the system itself instead of being prescribed. Identifying the location is only
accomplishable by solving nonlinear equations (using iterative techniques), which is why this
BC is classi ed as nonlinear. Jakobsson, Floberg, and Olsson [JF57, Flo57, Ols65] extended
this model to conserve mass also at the reformation boundary (the end of the cavitation
zone), by deriving an additional nonlinear BC. This combination of BCs is now known as
JFO conditions; see [Sch08b] for an analysis and numerical implementation.

Elrod and Adams [EA74, EIr81] used a constitutive equation describing the pressure-density
relationship of compressible oil to eliminate the pressure from the Reynolds equation and
obtain a new formulation with a single, global unknown for both ow regimes. This global
unknown is interpreted as a dimensionless oil density in the pressure zone and as a Im
fraction (the degree to which the lubrication gap is lled with oil) in the cavitation zone.

In the di erential equation, the terms describing the formation of pressure gradients are
disabled in the cavitation zone by a switch function. This formulation allows including the
entire uid Im in one common computational domain, regardless of where cavitation occurs.
The JFO conditions are still satis ed, but they do not need to be enforced explicitly (no
necessity for nonlinear BCs), which enables a relatively straightforward implementation. The
pressure eld in the non-cavitated region is determined in a postprocessing step, based on
the computed densities and on the assumed bulk modulus. The switch function mentioned
above describes the local cavitation states, namely whether or not cavitation occurs at a
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Figure 1.4: Circumferential pressures curves (black) and Im fractions (gray) at
the axial midplane of a bearing for exemplary numerical simulations
under Elrod conditions, with stabilization (dotted curves) and without
stabilization (solid curves). Since the solution without stabilization
does not converge (regarding the iterative scheme), the results after
the rst iteration are shown in this case; a reasonable initial guess was
provided by the converged stabilized solution. The pressure plateau at
a circumferential position of approximately230 is due to oil supply
BCs (Chapter 3).

given point in the domain. This function is derived from the distribution of densities and
Im fractions, i.e., from the dependent variable itself. Since this implies a nonlinearity,
iterative solution techniques are still necessary, as is the case for all sophisticated cavitation
models.

The above described Elrod (or Elrod-Adams) algorithm has been adopted, modi ed, and
extended by numerous researchers, leading to a variety of formulations with slightly di erent
assumptions. For instance, the necessity of a constitutive relationship considering the oil
compressibility is overcome in [KB91]. The approach presented in that work is based on the
assumption that the ratio between the e ective density and the e ective dynamic viscosity
of the liquid-gas mixture remains constant during the cavitation process, as both of these
variables scale proportionally with the Im fraction. Under this condition, a formulation is
derived that involves two dependent variables corresponding to the two ow regimes, namely
the Im fraction in the cavitation zone (where the pressure is equal to zero), and the pressure
in the pressure zone (where the Im fraction is equal to one); see Figure 1.4. A strategy for
merging these two unknowns into a single, global one is proposed in [SP02]. Alternatively,
mixed FEM can be used to solve the problem with two unknowns [LWS14]. Note that
a cavitation model is usually classi ed as a variant of the Elrod algorithm if it assumes
a constant pressure in the cavitation zone and makes use of a switch function to obtain a
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globally valid di erential equation describing the physical properties and interactions of both
ow regimes, in a way that is consistent with the JFO theory.

An alternative to the Elrod algorithm is the two-phase model [PB85, FH86, Now18], which
is more realistic in the sense that it permits some minor pressure variation in the cavitation
zone. More thorough formulations can be achieved by including bubble dynamics, i.e., by
accounting for the transient growth process of the cavities under consideration of various
in uences (e.g. surface tension) [GP08, GAB09, DW23]. Nonetheless, the Elrod algorithm
is more prevalent at the current time, as it is a long-established method and is less compu-
tationally expensive than the more sophisticated models.

A common di culty in the simulation of hydrodynamic systems with Elrod-type cavita-
tion models is a numerical instability arising from an overdetermined problem formulation.
The solution in the cavitation zone is governed by a mere rst-order di erential equation,
as opposed to the second-order di erential equation in the pressure zone, and therefore
cannot satisfy the same number of BCs or interface conditions. In particular, stipulating
CP-continuity at the reformation interface (Figure 1.4, red circle) is not allowed, from an an-
alytical viewpoint. Numerical models enforce this continuity regardless and thereby trigger
an over- and undershooting e ect, causing numerical oscillations that propagate through the
cavitation zone (Figure 1.4, gray solid curve). This issue is well-known also in the general
context of convection-di usion (CD) or convection-di usion-reaction (CDR) equations. A
dominant rst-derivative term (convection-dominated ow) causes steep boundary layers,
which destabilize the solution unless a very ne mesh is provided. In the extreme case,
namely if the coe cient of the second-derivative term (di usion term) approaches zero, the
gradient of the boundary layer theoretically tends to in nity, implying that the numerical
solution is unstable for any level of mesh re nement. That is, unless the number of BCs is
reduced to what is adequate for a rst-order di erential equation.

A solution algorithm allowing the dependent variable to be discontinuous at the reformation
interface would be cumbersome to implement and is usually not considered as an option.
Stabilization can be achieved by other means, such as adding an arti cial di usion term
to the di erential equation [SP02, vOB09, AvOE15]. Since the physical properties of the
system should not be altered more than necessary, and because ner grids require less stabi-
lization, a mesh-dependent de nition of the arti cial-di usion parameter is advisable. As an
alternative to modifying the di erential equation, stability can be achieved through upwind
methods, i.e., by manipulating the discretization scheme for the convection term. In the
context of FEM solutions, upwind methods can be obtained by modifying either the test
function (leading to Petrov-Galerkin formulations) [HBO7, LWS14, HEVM12, LHL20] or the
guadrature formula [BDG' 13]. The conventional upwind scheme in the case of FDM or
FVM algorithms consists of using a backward di erence (relative to the ow direction) in-
stead of the common central-di erence formulation [VKJ89, SJL08]. Since upwind schemes
also, indirectly, add mesh-dependent di usion to the system (in this case, referred to as
numerical di usion), the concepts of arti cial diusion and of upwind schemes are often
interchangeable.

Solutions of the Reynolds equation requiring stabilization usually rely on the approaches
mentioned in the paragraph above. Recently, a more sophisticated stabilization technique,
referred to as orthogonal subgrid scales (OSGS), has been adopted for this problem [GPC24].
In this case, a stabilization term is de ned that involves a projection of the residual of the
governing di erential equation onto a space orthogonal to the nite element space, enabling
optimal convergence under mesh re nement (no impairment of the convergence rate by
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arti cial di usion). On the downside, the OSGS formulation entails an increased numerical
e ort (compared to, e.g., plain arti cial di usion) for a given discretization, due to the
necessity of computing the projections.

Detailed analyses of the mentioned stabilization methods are presented in the literature for
the (linear) CD or CDR equations, but not speci cally for the Reynolds equation; see [Bro81]
for arti cial di usion and upwind schemes, or [Cod00] for OSGS.

1.1.4 Time integration

Predicting the transient behavior of rotor systems with hydrodynamic bearings requires
solving the equation of motion of the rotor under consideration of the hydrodynamic forces.
Since these forces depend nonlinearly on the state variables of the rotor (position, orientation,
elastic de ections, bending angles, and the corresponding velocities or angular velocities), an
exact analytical solution of this equation is unfeasible. Transient analyses therefore rely on
numerical time-integration schemes a class of methods designed to perform this solution
stepwise for a sequence of small time intervals, using linear or higher-order approximations.
The basic approach behind time-integration schemes is illustrated in Figure 1.5. At a given
time step i, the forces and moments acting on the rotor through the bearings and possibly
other force elements (unbalances, contacts, gravity, etc.) are computed based on the current
values of the state variables. For the bearings, this implies a solution of the Reynolds equation
and an integration of the resulting pressure eld over the bearing surface. After that, the
equation of motion is evaluated under consideration of these forces and moments, and a
time-integration using an approximation formula (e.g., the trapezoidal rule) is performed,
yielding the values of the state variables at the next time step+ 1. Starting at de ned
initial conditions, this cycle is repeated until the end of a prescribed time span is reached.
The fact that the Reynolds equation has to be solved at every step can lead to a signi cant
computational e ort overall.

Numerous time-integration algorithms exist, which di er from each other in terms of com-
plexity, stability, accuracy, computational e ort, and intended use cases; see [SCM12] for a
detailed introduction. The transient analysis of rotor systems with hydrodynamic bearings
is just one of the various types of nonlinear initial-value problems that these methods are
applied to. In general, time-integration schemes can be divided into the two categories of
explicit and implicit approaches. The explicit techniques requires less computational e ort
per time step, but the implicit ones achieve the same accuracy with a coarser time dis-
cretization and are more stable. For sti systems, where the rate of change of the state
variables can (suddenly) become very sensitive to minor changes of the state variables them-
selves, implicit methods are usually preferred due to stability considerations. Another aspect
that categorizes time-integration schemes is the distinction between one-step and multistep
methods [SCM12]. The property de ning the one-step type is that no data from earlier steps
(e.g.,i 1) appears in the approximation formula used. A framework for generating meth-
ods of this category was established by Runge [Run95] and Kutta [KutO1]. Depending on
how the parameters in the Runge-Kutta formulation are chosen (Butcher tableaus [But95]),
explicit and implicit one-step schemes can be derived. Low-order as well as high-order ap-
proximations are accounted for, and the simple Euler procedure is included as a low-order
special case [SCM12]. For the higher-order variants, every time step uses multiple support
points within the respective time interval. It is also possible to consider two di erent or-
ders of approximation simultaneously (embedded methods), as in the algorithms proposed
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Figure 1.5: lllustration of a time-integration scheme for the transient analysis of a
rotor system with hydrodynamic bearings.

by Fehlberg [Feh69], by Dormand and Prince [DP80, PD81], or by Cash and Karp [CK90],
which allows estimating the error and adapting the step size automatically over the course
of a simulation. Multistep methods, on the other hand, incorporate data from previous time
steps. An example for the explicit case is the Adams-Bashforth method [BA83], and examples
of implicit formulations are the Adams-Moulton method [Mou26], the BDF (backard di er-
entiation formulae) approach [CH52], and the predictor-corrector technique [Mil49, Ham59].

A broad library of time-integration schemes is provided by MATLAB's ODE (ordinary dif-
ferential equation) Suite [SR97, SGTO03]. An algorithm from this library that is often em-
ployed in the context of hydrodynamic bearings is ode23t, which relies on an embedded
implicit Runge-Kutta approach and is designed for moderately sti systems [SRK99]; see,
e.g., [TP16, VHSS21, OFD22, ZWM20, Wos13, Dan13] for applications in this context.

1.1.5 Database approach

The database approach (or look-up table approach) [C}02] has been established to avoid
the considerable computational e ort that arises if the Reynolds equation is solved numeri-
cally at every time step. The idea is to determine the bearing forces by interpolating a ne
grid of precomputed data points representing the shaft positions (relative to the shell) and
possibly other variables. This approach has been employed in the analysis of turbocharger-
rotor vibrations by, e.g., Zhang et al. [ZMHC19] as well as Chasalevris and Louis [CL19].
Gantasala et al. [GKB23] compared a common database method to a more complex one that
Is able to account for oil supply BCs (Dirichlet BCs prescribing a pressure at the oil supply
groove or hole), which usually requires numerical models.

The interpolation e ort and database size depend on the number of considered independent
variables. In the simplest case, the distribution of data points re ects a variation of the shaft
eccentricity as the only independent variable, while the in uence of the translational shaft
velocity is fully linearized at each of these points. This variant is unsuitable under general
transient conditions with possibly extensive shaft vibrations, and is limited to rotationally
symmetric bearings. Extending this approach to consider the in uence of the translational
velocity more accurately or to model bearings without a rotational symmetry is common,
but that introduces further independent variables into the database. To prevent the method
from becoming computationally ine cient, the in uence of shatft tilting on the bearing forces
(and moments) is generally neglected.
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Variations of the rotational speed or of the viscosity and clearance (due to thermal in uences)
can be accounted for during the simulation without any additional e ort, if the database

is provided in a nondimensionalized form. However, this form impedes the consideration of
inhomogeneous BCs (such as a prescribed oil supply pressure), as the variation of the nondi-
mensionalization factor leads to a non-constant boundary value. Moreover, mass-conserving
cavitation is only accomplishable for the quasistatic case, because formulating the rate of
change of the Im fraction requires information from a preceding time step, which is not
available during the precomputation.

These and other limitations of the database approach are the reason for an increasing trend
towards directly incorporating numerical solutions into the time-integration scheme and tol-
erating the computational e ort. This trend is facilitated by advancements in CPU technol-
ogy, but the choice of an adequate simulation model still usually requires a tradeo between
accuracy and speed.

1.1.6 SBFEM solution

In [PGDW21a, PGDW21b, PGDW21c, PGDW21d, PDW23, PSW23, PGDW23, PGW24,
PSW24], a semi-analytical solution of the Reynolds equation based on the scaled boundary
nite element method (SBFEM, Section 1.3) is presented, as an e cient alternative to the
established approaches. In that model, the pressure eld is discretized along the circum-
ferential coordinate of the bearing, whereas the axial direction is treated analytically. The
system matrices in the SBFEM algorithm are signi cantly smaller than those in fully nu-
merical methods, but the computational e ort is dominated by the solution of an eigenvalue
problem, as opposed to by a mere system of equations. Hence, the relative e ciency of
the developed method compared to numerical models is not obvious without concrete inves-
tigations. Comparisons to the FEM assuming linear as well as higher-order interpolation
functions are performed in [PGDW21d] and [PGDW21b], respectively, for the Gumbel case.
Based on the analyzed discretization errors and on the computational speeds measured in
MATLAB, the SBFEM is observed to be relatively e cient for large slenderness ratios, for
ne discretizations, for simulations without oil supply BCs, or if the oil supply geometry is
simpli ed.

In [PDW23], the SBFEM solution is incorporated into a time-integration scheme for a tran-
sient simulation of a Laval rotor (elastic rotor with concentrated mass). In [PSW23], it is
shown that the eigenvalues and eigenvectors involved in the SBFEM formulation can be
reduced to a small subset without substantially impairing the accuracy of the result, unless
the minimum gap between the shaft and the shell gets close to zero. The integration of a
sophisticated cavitation model (a variant of the Elrod algorithm) into the SBFEM solution

Is accomplished in [PGDW23], under quasistatic conditions. In [PSW24], a strategy for ap-
proximating the in uence of shatt tilting by means of a perturbation method is proposed. An
SBFEM algorithm incorporating eigenvalue problem derivatives is presented in [PGW24];
this formulation avoids the expensive call of an eigensolver at every time step, at least for
rotationally symmetric bearings under Gimbel conditions.
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1.2 Objective of this thesis

As outlined in Section 1.1.6, a semi-analytical solution of the Reynolds equation based on
the SBFEM has been developed recently, with the purpose of reducing the computational
e ort of rotordynamic simulations with hydrodynamic bearings. The work at hand revisits
and thoroughly analyzes a few of the most promising formulations among those derived
in [PGDW21a, PGDW21b, PGDW21c, PGDW21d, PDW23, PSW23, PGDW23, PGW24,
PSW24]. Regarding the cavitation assumptions, a solution under Gumbel conditions (as
in [PGDW21d]) as well as one with Elrod cavitation (see also [PGDW23]) will be discussed.
The Elrod variant has been updated since [PGDW23] and will be presented in its new
version, which is more computationally e cient and accounts for transient terms. Moreover,
a Gumbel solution incorporating the method of eigenvalue problem derivatives [PGW24] will
be considered. The derivations will be presented in detail, and summaries of the resulting
algorithms will be provided. The convergence under mesh re nement will be investigated
using exact reference solutions (method of manufactured solution).

In the previous studies, the performance of the developed SBFEM algorithms has been
analyzed primarily through single calls of the Reynolds equation, and not so much in the
context of time integration schemes, so the thesis at hand will focus on the latter case. To
this end, the SBFEM algorithms are implemented in Fortran and incorporated into a state-
of-the-art multibody program as subroutines. Two exemplary systems will be investigated,
namely a simple one consisting of a single bearing and a shaft modeled as a point mass, as
well as a complex one representing the rotor-bearing system of a turbocharger. The goal is to
evaluate the accuracy and e ciency of the considered variants of the SBFEM solution, under
realistic conditions and in comparison to a standard numerical approach. This will lead to
recommendations regarding future uses of the method, in order to reduce the expenditure
of time for computational analyses of rotor-bearing systems.

1.3 Scaled boundary nite element method (SBFEM)

The SBFEM is a semi-analytical method proposed by Song and Wolf [WS95, SW95], and
originally designed for but not limited to the simulation of wave propagation in un-
bounded media; see [Son18a] for a detailed introduction. The computational domain is di-
vided into a nite number of star-convex subdomains (Figure 1.6), which are also referred to
as SBFEM domains or as superelements. The dependent variable of the di erential equation
Is discretized using trial functions, but only in the direction(s) parallel to the superelement
boundary. During this boundary discretization, the remaining spatial dependency within the
superelement is not subjected to any sort of approximation but treated as entirely unknown,
in order to be determined analytically later. Thus, a problem withn spatial dimensions
(n =2 orn =3)is discretized in onlyn 1 directions. For the two-dimensional examples in
Figure 1.6, the coordinates and represent the numerically treated direction (discretization
direction) and the analytically treated direction (scaling direction), respectively. This semi-
discretization transforms the original partial di erential equation into a system of ordinary

di erential equations (SBFEM equation), which often can be solved exactly by analytical
means. In contrast to the boundary element method (BEM), the SBFEM does not require
prior knowledge of a fundamental solution.
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Figure 1.6: Examples for SBFEM superelements and meshes in the case of a two-
dimensional problem, including (a) a bounded star-convex superele-
ment with a scaling center (yellow- lled circle), (b) a bounded rectan-
gular superelement where the natural coordinate system (blue arrows
and symbols) is Cartesian, (c/d) two partly unbounded superelements
that otherwise correspond to the types shown in (a) and (b), respec-
tively, (e) a quadtree mesh using the superelement type from (a) (see
also [MSN 14]), and (f) a mesh incorporating the superelement types
from (a) and (d) (see also [Gral8]). The red curves exemplarily high-
light some of the line nite elements used for the boundary discretiza-
tion, and the black- lled circles represent the corresponding nodes (not
displayed in (eff)).
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Depending on the context in which the SBFEM is employed, several advantages over standard
numerical approaches can be identied. The method excels at wave-propagation analyses
in unbounded media, because the direction in which the domain extends towards in n-
ity can be handled analytically, leading to a relatively small problems size while allowing
the solution to exactly satisfy the radiation condition at in nity [WS95, SW95]. Another
advantage of the SBFEM is its highly exible mesh generation, due to the versatility of
the star-convex superelement type displayed in Figure 1.6 (or its three-dimensional equiva-
lent) [OMNS15, Chil4]. In the case of a quadtree mesh, as in Figure 1.6e, using this superele-
ment avoids the di culties that are usually associated with hanging nodes in the FEM con-
text (displacement incompatibility) [MSN* 14, GSSB17]. Furthermore, the semi-analytical
nature of the SBFEM formulation o ers an accurate description of stress singularities, with-
out the local mesh re nement that is normally required [SW02]. Due to these advantages,
the SBFEM has been adopted for various types of mechanical problems, including elastody-
namics [Son09], acoustics [LLCO6], fracture mechanics [SON18b], elasto-plasticity [OSTL14],
adaptive analysis [YZLO11], plate bending [MSGTL12], di usion [SW99], uid-structure in-
teraction [WLH15], and electromagnetics [LLWL10]. An overview of several types of shape
functions used for the boundary discretization in SBFEM models is given in [GSD21].

For problems involving functionally graded materials (FGMs) or nonlinearities, an exact
analytical solution of the SBFEM equation is usually unfeasible, but a concept for this case
was presented by Chiong et al. [COSTL14]. In the rst step, the semi-analytical SBFEM
formulation assuming spatially constant material properties is used to generate the so-called
scaled boundary polygon shape functions. Then, in the analysis of the FGM, the superele-
ment is treated like an ordinary nite element using these shape functions, enabling an
approximate solution also in the scaling direction. The method can no longer be regarded as
semi-analytical under these conditions, but it retains the meshing-related advantages given
by the highly exible, star-convex superelement geometries.

The SBFEM solution of the Reynolds equation analyzed in the work at hand models the
entire computational domain with a single superelement, namely of the type shown in Fig-
ure 1.6b, with a Cartesian coordinate system. This allows choosing the axial coordinate
of the bearing as scaling direction, which, combined with the assumption of a parallel gap
(no variation of the gap height in the axial direction, i.e., no shatft tilting), leads to a quite
manageable SBFEM equation. A disadvantage of this choice is that it restricts the do-
main geometry to a rectangular shape, possibly requiring a simpli cation of the oil supply
BCs. Alternatively, the star-convex superelement (Figure 1.6a) could be used to generate a
quadtree mesh (Figure 1.6e) for handling more general cases and, at the same time, account-
ing for accuracy and e ciency through local mesh re nement and coarsening. However, the
resulting SBFEM equation would be complicated and rather expensive to solve, unless the
gap height is treated like the FGMs in [COSTL14] or approximated by a constant value
within the (su ciently small) superelement.
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2 Governing eqguations

This chapter presents the di erential equations behind the physical e ects to be considered
in the simulations. The focus of this work lies on the Reynolds equation (Section 2.1, hy-
drodynamics), but the overall simulation models of the systems that will serve as examples
for evaluating the proposed method in a time-integration context will also account for ther-
modynamic e ects (Section 2.2), for contact phenomena (Section 2.3), and for the dynamic
behavior of rigid bodies (Section 2.4) and of elastic rotors (Section 2.5).

2.1 Hydrodynamics

A theoretical basis for the analysis of the pressure generation in hydrodynamic bearings is
conveyed in this section, including a derivation of the Reynolds equation (Section 2.1.1) and
the incorporation of a cavitation model (Section 2.1.2). The resulting di erential equation

is then nondimensionalized (Section 2.1.3), for the purposes of facilitating the notation and
improving the condition numbers of the systems of equations that will be derived later.

2.1.1 Derivation of the Reynolds equation

In this section, a derivation of the Reynolds equation is presented (see also [Rey86]). The
rst part consists of deriving the Navier-Stokes equations, based on the conservation laws for
momentum and mass. The Reynolds equation is obtained after incorporating a few assump-
tions regarding the speci c ow properties in the narrow lubrication gaps of hydrodynamic
bearings.

Figure 2.1a illustrates a stationary, in nitesimal control volume with the side lengthsdx,
dy, and dz, corresponding to the direction, y, and z of the displayed Cartesian coordinate
system. The momentum ows into and out of this volume are illustrated, exemplarily, for
the momentum in the x-direction. A detailed discussion of the momentum balance will be
given for this direction only, as the treatment of the other two directions is analogous. The
symbolsu, v, and w describe the ow velocities inx, y, and z, respectively, and is the
density of the uid. Figure 2.1b shows the forces acting on the surface of the control volume
in the x-direction. Here, () and () are the normal and shear stresses, respectively, in the
deviatoric part of the stress tensor, which will be denoted by. The pressurep represents
the spherical part of the stress tensor pl. With the displayed momentum ows and forces,
the conservation of momentum can be expressed by

2
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Governing equations

Figure 2.1: (a) Momentum ow through the surface of an in nitesimal volume (for
the momentum in the x-direction, exemplarily), (b) forces acting on
the surface of an in nitesimal volume (for thex-direction, exemplarily),
and (c) mass ow through the surface of an in nitesimal volume (based
on [Wos13])).
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where @ u )=@ accounts for a change of momentum in the control volume, arig represents
the body forces (e.ggravity). Dividing Eq. (2.1.1) by dxdydz and rearranging a few terms
leads to
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After incorporating the relations
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and enforcing the conservation of mass (cf. Figure 2.1c)
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Analyzing the forces and momenta iry and z, analogously to the above derivation for the
x-direction, yields
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A constitutive equation describing uids which are Newtonian (i.e assuming viscous stresses
proportional to the strain rate) and isotropic, while ensuring that_ is trace-free (deviatoric),
Is given by
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where is the dynamic viscosity (see also [Sto45]).
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Substituting Eq. (2.1.8) into Egs. (2.1.6) and (2.1.7) leads to the Navier-Stokes equations
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which play a central role in computational uid dynamics.

For an application to hydrodynamic bearings, Eq. (2.1.9) is simpli ed with the assumptions
listed below, accounting for the ow properties in narrow lubrication gaps. The position
and orientation of the coordinate systenf x; y; zg are chosen as depicted in Figure 2.2. A
sketch of the entire bearing is given in Figure 2.3. Note that the curvature of the domain
and of the x-coordinate can be neglected, as the gap heightis several orders of magnitude
smaller than the bearing diameter (Figure 2.3 is not to scale).

N

The pressure and the viscosity are constant in the gap-width direction, meaning that
@®=@ =0 and @= @ =0.

The gradients ofw (velocity in the gap-width direction) in all directions are negligible,
leading to @Qv=@& = @v=@ = @v=@ = 0.

The gradients of the velocitiess and v in the directionsx andy are negligible compared
to those inz, leading to Q=0 = Q=Y = @=0C = @=@ = 0.

The forces acting on the uid due to inertia or gravity (or other body forces) are small
compared to the viscous forces. This allows settirfg = f, = f, = 0 and neglecting
the terms that describe the rate of change of the momentum; the latter include the
entire left-hand side (LHS) of Eq. (2.1.9).

Applying these assumptions to Eq. (2.1.9) yields two strongly simpli ed Navier-Stokes equa-
tions, namely

0= @, G ,_ @, 0 (2.1.10)

& @ @ @
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Figure 2.2: Section of a lubrication gap (based on [Wos13]). The symbals v,
and w describe the ow velocities of the lubricant, whileu(y, v,
and w(, are the surface velocities of the bearing partners (shaft and
shell).

According to Figure 2.2, the ow velocitiesu and v are subjected to the BCs
U(z=0)= Ushet, U(z=h) Ushart, V(Z=0)= Vshen, V(Z= h)= Vspatt, (2.1.11)

assuming that the surfaces of the bearing partners provide no-slip conditions, and that the
angle is small. With these BCs, and with the assumptiornvshey = Vshatt = O, integrating
Eq. (2.1.10) twice with respect toz yields

us= Zlg(zz hz) + ( Ushatt ushell)% + Ushell, V= Zlg)(zz hz) : (2.1.12)

By use of the Leibniz rule [AS68]

b x) b x)
Q... _ @ _ N N}
@f (x;z)dz = & f(x;z)dz f(x; b)@ + (X a)@, (2.1.13)

a(x) a(x)

and under the assumption@= @ = 0, the mass balance (Eq. (2.1.5)) is integrated over the
gap height ({'()dz), leading to
0 1 0 1

2 2 g
@dz+—@@ udz 54 @@ vdzA + ng:O, (2.1.14)

A = 4+ =
@ @ ushaft@("'@

0 0 0
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Figure 2.3: De nition of coordinate systems for the bearing analysis. The bearing
consists of a shaft (inner bearing partnet );, blue), a shell (outer bear-
ing partner ( )o, red), and a lubrication gap in between. The coordinate
system f,X; oY; 0zg represents the body- xed reference frame of the
shell and, if the shell rotates, may have a di erent orientation than the
coordinate system representing the global reference frame; |vy; | zg.
The intersection of the ,x-axis with the shell surface de nes the ori-
gin of the coordinate system for the Reynolds equatioix; y; zg. The
coordinatesX, Y, and are nondimensionalized variants ok and vy.
The displacement of the center of the shai€; relative to the shell C,
(which determines the gap functionh(x)) is de ned by x; and ,y; or,
alternatively, by an eccentricity g in combination with an attitude an-
gle X4 . As to the axial positioning of the coordinate systems, the
origins of f oX; oY; 0zg and fx; y; zg are located in the center plane of
the bearing. Gravitational forces act on the bearing partners in the
negative, y-direction.
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with (cf: Figure 2.2)

h i h i
h
WJO = "W(Z = h) W(Z = 0) = (Ws:'haft + U shaft) #Wshell
@) @)
Wahatt + @Ushaﬁ Wehell = @Ushaﬂ + @ ; (2.1.15)

Substituting Egs. (2.1.12) and (2.1.15) into Eqg. (2.1.14), and solving the integrals, yields the
Reynolds equation

1@ h3@)!+ 1@ h3@3!_ushaﬂ+ushell@h)+ @h)
1@ 10 hoe _ , (2.1.16)
ke &« 126 @ 2, &, @,

Couette ow squeeze ow

Poiseuille ow

which constitutes the basis for mathematical analyses of pressure elgéx;y) in hydrody-
namic bearings.

The gap functionh is given by (ct Figure 2.3)
h(x)= ¢ qcos ri Xat +ha()= 1 "cos ri Xar C+ha(x),  (2.1.17)
b b

if shatft tilting is not considered. Here,ry, is the bearing radius (shell radius)gc is the radial
clearance (di erence between the radii of the bearing partnersj,is the absolute eccentricity,

" = q=cis the relative eccentricity, and X, is the attitude angle. The function hyc(x)
describes an additional contour, in case of a non-cylindrical shell geometry. A gap function
considering shatft tilting (h = h(x;y)) can be obtained by, e.g., formulatingy (or ") and X 4

as functions ofy.

Most of the solution algorithms implemented and analyzed in this work assume that the
nodes of the computational grid are xed at the surface of the shell and, if the shell rotates,
follow its motion. This is optional, but it facilitates the modeling of non-cylindrical shell
geometries or oil supply grooves contained in the shell, as it prevents any motion of these
features relative to the nodes. An exception is made in Section 3.3.4, where an SBFEM
formulation using eigenvalue problem derivatives is presented. In that case, the grid needs
to follow the attitude angle X 5, in order for this particular formulation to be feasible.

In Figure 2.3, the coordinate system and reference frame that will be used for the bearing
analysisfx; y; zg (or fx; yg, as none of the variables appearing in the Reynolds equation
depend onz) is de ned. The origin of this coordinate system is assumed to be xed at the
shell surface and to follow the circumferential motion due to the shell's rotation. Because
of the overall negligence of inertia e ects, the time derivatives involved in the Reynolds
equation do not have to be expressed for an inertial observer. They may also be interpreted
as rates of change perceived in, e.g., the body- xed reference frame (BFRF) of the shell
(where the coordinate systenfx; y; zg is attached), even if the shell is subjected to an
angular velocity or acceleration. In any case, the formulation of the surface velocities in the
Couette term must be consistent with that of the time derivative in the squeeze term. The
surface velocities perceived in the BFRF of the shell atgnat = | Ushatt 1 Ushent @Nd Ughen = 0,
where| Ughart @and | Usne @are de ned in a non-rotating frame. Note that the velocitieSUghaft=shel

(or | Ushat=shen) are independent ofx andy, as they are derived solely based on the angular
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velocities and radii of the bearing partners (the local variation due to translational or tilting
motion is neglected here).

The bearing analysis could also be performed in other reference frames. Choosing one that
doesn't rotate (even if the computational grid does) is also quite common and leads to,
€.0., Ushaft = | Ushait @Nd Ushe = | Ushe. Switching the reference frame a ects both terms on
the right-hand side (RHS) of the Reynolds equation when analyzed individually (as they
both involve velocities or other time derivatives), but their sum is not a ected (the changes
compensate each other). If the grid of a computational model is moving relative to the chosen
reference frame, some caution is required with approximations lik=@ = (a, a )=t
(where a is some physical quantity de ned at the nodes); in this case; anda;  must be
evaluated at the same point in the reference frame, not at the same node (meaning that

may require a spatial interpolation between the nodes).

A few things should be noted concerning the applicability of the Reynolds equation in the pre-
sented form (EqQ. (2.1.16)). While inertia forces are not considered in the derivations above,
they can indeed have a non-negligible in uence on the pressure build-up in certain bearing
types, including thrust bearings [NHJ 19] and squeeze- Im dampers [DAW21]. Depending
on the operating point and geometric features of a bearing, the inclusion of a turbulence
model may be necessary or at least bene cial to the accuracy of the simulation [BFC22].
Moreover, the oil supply grooves and pockets contained in hydrodynamic bearings are often
incorporated into the computational domains (as opposed to prescribing a constant supply
pressure in these regions), allowing an analysis of the local pressure generation and ow
velocities, but the groove depth is usually orders of magnitude greater than what is consid-
ered a su ciently narrow gap for the assumptions behind the Reynolds equation to hold.
Thus, some studies analyze the uid ow in the grooves using the full Navier-Stokes equa-
tions (Eq. (2.1.9)) instead of the Reynolds equation [GM07, FCPL5]. The probably most
critical aspect is the inclusion of a cavitation model, which will be addressed in the following.

2.1.2 Cavitation model

The e ect of cavitation (formation of gas cavities inside the uid Im, see Section 1.1.3)
is accounted for by means of a model proposed by Kumar and Booker [KB91], which is
consistent with the JFO theory [JF57, Flo57, Ols65] and is usually classi ed as a variant of
the Elrod algorithm, as the assumptions are similar to those by Elrod and Adams [EA74,
Elr81]. The relative oil content in the possibly cavitated uid Im is described by a Im
fraction #(x;y;t). Since smeared-mass assumptions apply (no distinct liquid and gas phases
are modeled), this allows an approximation of the density by = # .;, neglecting the gas
density. With the relation = = 4= 4, and under the assumption of an incompressible
oil (i.e., i being constant), Eq. (2.1.16) can be written as

| |

1@ @ 1@ h°@ _ Ushent Ut @) = QH#)

12@ o & 120 o @ 2 (X @
The Im fraction is equal to # =1 in the pressure zone, and the pressure is assumed to
be p=0 in the cavitation zone (meaning that the cavitation pressure is approximated by
atmospheric pressure), whilg is unknown in the pressure zone ané is unknown in the
cavitation zone. The fact that the locations of the pressure and cavitation zones are also
unknown renders the problem nonlinear.

(2.1.18)
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Shi and Paranjpe [SP02] suggest de ning a pressure-like functigx; y) as a global depen-
dent variable describing the pressurg in the pressure zone and the Im fraction# in the
cavitation zone. With a binary switch function g(x;y), de ned asg =1 in the pressure zone
and g = 0 in the cavitation zone,p and # can be substituted by

p=9go; #=(1 g)p+1: (2.1.19)

Note that this substitution does not need to be performed in the strong form of the di erential
equation. In [SP02], the variablep and # are discretized separately, and the substitution by
a pressure-like function is performed after the discretization, i.e., with respect to the discrete
nodal quantities. This approach is adopted in the work at hand.

The switch function g is initially unknown and must be determined iteratively, starting from
an initial guess. A step of this iterative scheme consists of computinigfor the current g
by solving Eq. (2.1.18), under consideration of the substitutions de ned in Eq. (2.1.19), and
then updating g according to

0 8p< 0 (cavitation zone) |

1 8p O (pressure zone) (2.1.20)

g =
The solution is considered convergent when two subsequent iterations yield the same nodal
switch functions. Since the derivative@=@ is either zero or unde ned, Newton-Raphson
algorithms can only be used in combination with a regularization, as in, e.g., [NWSS16].
The work at hand uses xed-point iteration instead, as is common for this cavitation model.

Some simulations in this work are conducted under Guimbel conditions, meaning that= 1

is assumed in the entire computational domain and no further iteration is performed. The
negative pressures are simply set to zero after the solution. This approach violates mass
conservation and is less accurate overall, but it is sometimes preferred for its computational
speed.

2.1.3 Nondimensionalization

For the purpose of avoiding large condition numbers in the systems of equations that will
be derived in Chapter 3, Eq. (2.1.18) is nondimensionalized. This is achieved by means of
the substitutions (based on [Nit16])

i
P= PretP , Pret = J ngzf ® | U= Ughell + Usnait,» h= CH, X = X, y = rpY,

"
oil = ref rel s % = eri( )O, (2121)

where P is a dimensionless pressurgy.s iS a reference pressure,, is the bearing radius
(rp = dp=2), u is the sum of the circumferential surface velocitie$] is a dimensionless gap
function, f X;Y gis a dimensionless coordinate system (Figure 2.3),s is a chosen reference
viscosity, (e IS a dimensionless viscosity (or relative viscosity, hence the subscrip}e),
and ()%is a dimensionless time derivative. This leads to the dimensionless form

i7@ iggl + i7@ H73@| =S n(u) @H#)
12@( rel @( 12@( rel @( g @(

+(H#)° (2.1.22)
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of the Reynolds equation (Eqg. (2.1.16)). In accordance with the nondimensionalization of the
pressure (fromp to P), the pressure-like functionp de ned in Section 2.1.2 is now replaced
with a dimensionless one . Egs. (2.1.19) and (2.1.20) become

P=g; #=( 9 +1 (2.1.23)
and
(
_ 0 8 <0 (cavitation zone)
97 18 O (pressure zone) ' (2.1.24)
respectively.

In cases wherel = 0, a di erent nondimensionalization must be chosen, due to the factguj
in the equations forp.s and for @ )=@ in Eq. (2.1.21). Often, this issue can be avoided
simply by starting the run-up with a small nonzero angular speed.

2.2 Thermodynamics

A consideration of thermal in uences on the viscosity ; and on the clearancec requires
knowledge of the temperatures in the bearing. As the thermodynamic analysis does not lie
in the main focus of this work, a relatively simple (but transient) model assuming a spatially
uniform oil temperature in the lubrication gap is used; for more thorough approaches see,
e.g., [Chal8, INW19]. This temperature depends on the friction power, on the mass ow,
and on the temperature of the freshly supplied oil upon entering the bearing. The heat ow
through the bearing partners is not considered, as that would require knowledge of additional
thermal BCs. When applied in transient simulations (i.e., in time integration schemes), the
model assumes that a prior oil temperature is known from a previous time stéps shortly
before the current ond.

The basis for the thermal model is a global energy balance of the uid Im
Q Qps=Qps t+ ¢ t, t=1 s, (2.2.1)

where Q is the heat stored in the oil,  is the friction power, and Qus = (d Q=dt)ys IS
the heat ux through the boundaries (which is de ned to be positive if the ux is directed
into the bearing). The boundaries( )ps include what will be referred to as the bearing
boundary ()pn, Where oil ows freely out of the bearing and into the surrounding space,
as well as an oil supply boundary( ).s, through which fresh oil is fed into the bearing.
Eqg. (2.2.1) is approximated by

M im Soil pts Mim s Soil = 0sMosSoil t+ psMopSoil t+(!shat ! shen)My T,
(2.2.2)

where s is the supply temperature,m,, is the oil mass inside the bearings,; is the specic
heat capacity of the oil (the heat capacity of the air cavities is not considered) shas=shell IS
the angular-velocity component of the respective bearing partner about its polar axis, and
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My, is the friction moment. This leads to the temperature
1 h i
= ———— osMosSoil t+ psMopSoil T+ (!shat  !she)Mgr t+ psmMyy pts Soil -
Mm Soil
(2.2.3)
The quantities m |, , Myp-0s, @and My can be derived from a solution of the Reynolds equation
(i.e., can be derived from the distribution of pressures and Im fractions), as will be described

in Chapter 3. A relationship between the mass uxesn,, and mgg is given by the mass
balance

M im M im pts = Mps t=Mes t+ My t, (2-2-4)

leading to

m m
m m pts Mpp - (225)

Mgs = i n

Thus, only one of the two mass uxes needs to be derived directly from the solution of the
Reynolds equation; the respective other one can be computed by Eq. (2.2.5) afterwards.

The temperature given by Eq. (2.2.3) determines the oil viscosity ,; via the Vogel equation

a:
ol = a1 EXP 2a3 , (2.2.6)

wherea;, a,, and ag are empirical parameters [NS15].
The radial clearancec is given by

C= Cref +( shel shaft) ( ref) T » (2.2.7)

where ghei=shat are the thermal expansion coe cients, (g is a reference temperature, and
Cef IS the radial clearance at = (. This formulation assumes the temperatures of the
bearing partners to be spatially constant throughout the respective body and equal to the
oil temperature , simplifying the thermomechanical problem.

2.3 Surface contact

Contact between the bearing partners can arise in case of an overloaded bearing, due to a
high-amplitude vibration, or during the starting process of the machine. Incorporating the
contact forces into the computational bearing analysis allows considering this phenomenon
and maintaining a positive gap functionh in the Reynolds equation, as the surface roughness
leads to contact even before the gap is entirely closed. The contact model established by
Greenwood and Williamson [GW66] is widely used in this context, and will be analyzed
below.

Figure 2.4 illustrates a model of the roughness pro le. The deviations from an ideally smooth
surface (dashed line, reference plane) are modeled as asperities of stochastically distributed
height. This height distribution is described by a function' (z), where z is a coordinate
perpendicular to the surface. For an asperity with an undeformed height ofz;, contact
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Figure 2.4: Model of a rough surface, with a function (z) describing the height
distribution of the asperities (based on [Pop15]).

with the surface of another body is assumed to occur f is greater than the gap heighth
between the reference planes representing the two surfaces (Figure 2.5a). The probability
for this to be the case is

4
prob(z >h)= ' (z)dz, (2.3.1)
h

as illustrated by the area highlighted in gray in Figure 2.5b. IN asperities are present, the
number of contactsn is

4
=N '(2)dz: (2.3.2)
h
The summits of the asperities are approximated by spheres with the radius and Hertzian

contact [Her81, FCO7] is assumed. This allows computing the contact forég,,, for an
asperity i by

4 103 . 1 1 2 1 2
Foon, = §E 2 2 with £ EAA + z B (2.3.3)
where ;| = z h (Figure 2.5a). The symbolsE,-z and A-g denote the elastic moduli

(Young's moduli) and Poisson's ratios, respectively, of the surfacésand B (Figure 2.5b).
The total contact force F¢,, can then be expressed by

4 2 .
Feon = §NE 2 (z h)z2' (z2)dz: (2.3.4)
h

Assuming a Gaussian distribution for the heights of the asperities leads to
z2 |

. (2.3.5)

. _ 1
(2) = pﬁ exp

where is the standard deviation. The parameters and can be deduced from measure-
ments of real surfaces; see, e.g., [TomO05].
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Figure 2.5: lllustration of a contact model, where an asperity of a rough surfaceA
has contact with another surfaceB if its undeformed heightz; is greater
than the gap heighth.

The transient bearing analyses in this work do not directly involve solutions of the integral
in Eq. (2.3.4). Instead, for the sake of computational speed, a precomputed exponential t
is employed, as in, e.g., [Nit16]. First, an equation for the contact pressupe,, is derived
from Eq. (2.3.4), namely

Peon = 3 E 2 (Z h)%I (Z) dz, (236)

where describes the number of asperitied per areaA. With de ned values for , E , ,
and , the relationship peon(h) is then approximated by a function of the form

Peon = b exp(tph) + bs: (2.3.7)

Eg. (2.3.5) assumes a continuous height distributioh (z) yielding nonzero (albeit small)
values for largez, but the implemented contact model is used only if the gap height falls
below a distinct thresholdh; . It is therefore de ned that

_ (liheXIO(bzh)+ b; if h<hgi .

pcon - 0 |f h hcrit . (238)

Choosing the exponential approximation and the parametdr.;; in such a way that
by exp(eheit) + 3 =0 (2.3.9)

allows the function peon(h) de ned in Eq. (2.3.8) to be C-continuous. A term representing
the contact damping can also be incorporated assuming, e.g., linear dependenciegGon@®
and on the penetration depthh.i;  h, which leads to

8

2 expoh)+ by bu(hee ) if h<hg
on - S p crit @ crit (2310)

O If h hcrit

Pc

although the choice of the parameteb, is not obvious.
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More thorough approaches may include, e.g., an incorporation of tangential contact forces
or a reduction of the local hydrodynamic pressure for an increasing relative contact area.
Since the focus of this thesis does not lie on the investigation of contact phenomena, these
extensions are not necessary. The main motivation for incorporating a contact model is to
prevent the gap functionh from becoming negative or (close to) zero, which would impair the
hydrodynamic analysis or at least would require further adjustments, such as excluding the
contact region from the computational domain and setting the local hydrodynamic pressure
to zero. The contact formulation de ned above is su cient, in the sense that it provides a
positive gap height.

2.4 Spatial dynamics of rigid bodies

In this section, an equation of motion for rigid bodies is derived in a form that can be
handled by conventional solvers for numerical time integration. The rst steps consist of
parametrizing the spatial orientation of the body and de ning the necessary relationships for
transforming vectors between reference frames and formulating their time derivatives. After
that, the linear and angular momentum equations are evaluated in the coordinates of the
body- xed reference frame (BFRF) and are combined into a common system of di erential
equations, which is then transformed from second-order to rst-order type by means of a
state-space transformation. For details see [Baull, Ohk03, Woe22, Dan13].

Figure 2.6 illustrates an exemplary bodyB. The coordinate systenf g X; gY; gzg represents
the BFRF of B, while f,x; ,y; ,zg de nes a global, inertial reference frame. The pointé
and S are the origin of the body- xed coordinate system and of the center of mass, respec-
tively, whereasD may represent any point of the body. The vectors ) andr ) describe the
positions of these points relative to the pointA and O, respectively, whereO is the origin

of the global coordinate system. Regarding the notation of vectors in the derivations below,
any vector s that is being expressed with respect to a speci ¢ coordinate systenor | will

be indicated bygs or s, respectively.

The spatial orientation of a body can be de ned by a set of angular coordinates describing
the relative rotation between the body- xed coordinate system and the global one. Two
common variants are Cardan or Euler angles, but since they involve singularities for certain
con gurations, a more robust formulation based on quaternions is sometimes preferred. The
derivations below assume Cardan angles, exemplarily. These angles will be denoted by

, and , and they will be combined into a vectorx = | ]". They de ne a sequence of
three elemental rotations, where describes the rotation angle around, aroundy, and
around z. The chosen rotation sequence is-y-z, where the orientation of the coordinate
system de ning the rotation axes follows each rotation. This is equivalent to a rotation
sequence of-y-x with xed rotation axes. These de nitions lead to a rotation matrix Q
de ned by

Q=S S S (2.4.1)
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Figure 2.6: Exemplary body B with a body- xed coordinate systemfX; gV; g2z0
de ned in the reference pointA. The point S is the center of mass,
and D is an arbitrary point of B. The coordinate systent,Xx; ,v; ,zg
is xed in the global, inertial reference frame. See also [GH%3].

with
2 3 2 .3 2 . 3
1 0 0 coSs 0 sin cos sin O
§=90 cos sin%,§=9 0 1 Og,gzﬁsin cos 04:
0 sin coSs sin 0 cos 0 0 1
(2.4.2)

With this matrix, a vector s can be transformed between the coordinate systerhsand B
by

1S=

e}

BS, B§:2T 1S, QT Q=Q QTILZ (2.4.3)

Note the relationships

g2T=|§= = gT Q=pgE= sk’ (2.4.4)
with
2 0 | , 3 2 3
L, 1y Iy
(9=d(§t), =91, 0 s, 1L=5%14 (2.4.5)
|
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where! is the angular velocity associated with the change of the orientation, and is a
skew-symmetric matrix with the property

T

s=1 s: (2.4.6)

The rate of change of a vectog s perceived in the inertial frame, but expressed in body- xed
coordinates, is given by

B§:9T |3_ng 2 Bg_ng

. T
Q S +Q

=S tgl S, (2.4.7)

[te;

()
vs)
ln

Il
vs)
N

+
w
T
v3]
ln

where the relative time derivative( )" describes the rate of change perceived by a comoving
observer in the BFRF. A relation between the angular velocity and the rate of change of the
Cardan angles is given by

2 3 2 3
1 sin()tan( ) cos( )tan( )
x=924=90 cos( ) sin() & ,1: (2.4.8)
_ 0 sin( )=cos() cos( )=cos()
Note that Cardan angles are unsuitable for rotations involving the cagej = =2, as that

leads to a singularity (Gimbal lock).

The equation of motion ofB will be be derived based on the relations
z z Z X
Ppdm = dEey ) ¥y dm = Eexti ) (2.4.9)
y Z y i
o pdm= ¢ dFexq ) Co Podm= AM ey, (2.4.10)
|
expressing Newton's second law (Eq. (2.4.9)) as well as its rotational equivalent (Eq. (2.4.10)).
Here, F o« represents the external forces acting on the body, including those resulting from
interactions with other bodies through, e.g., springs, dampers, or bearings. Analogously,
the external moments are dgnoted b§M ..., where” () indicates the point of reference (cf.
Figure 2.6). The expression ( )dm implies a mass integral over all pointd of the body,
and the total mass will be denoted bym. Note that the integral on the LHS of Eq. (2.4.9)
can be interpreted as the rate of change of the body's linear momentum (translational mo-
mentum) P, where
z
P= rpdm: (2.4.11)

The de nition of an angular momentum AL, and how it relates to Eq. (2.4.10), will be
discussed in the next paragraph. In order for Eqgs. (2.4.9) and (2.4.10) to be valid, the
internal forcesE i, (or dE i) must satisfy the conditions
z
dEine =0 (2.4.12)
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and
z

respectively. These statements are commonly considered to be true, as Eg. (2.4.12) can
be justied by Newton's third law (action equals reaction), and Eq. (2.4.13) is known as
Boltzmann's axiom.

Due to the rigid-body assumption, Eq. (2.4.9) simpli es to

X

In other words, the linear momentumP. simpli es to that of a point mass following the path
of S (center of mass), i.e., to

P =mrg: (2.4.15)

Eq. (2.4.10) can be written as
& pdm _ g rpdm= My (2.4.16)

) AL o rpdm= AMey, (2.4.17)

which is an angular momentum equation for the rotation oB about the reference pointA.
The angular momentum”L is de ned by
z
AL= ¢y rpdm: (2.4.18)

The integral in Eq. (2.4.17) vanishes for special cases whéecoincides withS, or whereA

is xed in the inertial frame |, but the derivations below will not be limited to these special
cases. As the quantity’L does not have to appear explicitly in these derivations, Eq. (2.4.10)
will be used instead of Eq. (2.4.17).

An overall equation of motion for the bodyB will be established by analyzing Eqgs. (2.4.14)
and (2.4.10) in body- xed coordinates. In the case of Eq. (2.4.14), an expression describ-
iNng g ¥s IS required, which can be derived by (cf. Figure 2.6)

Bls = gla * 8Cs
=gla¥e&stel 8Gs
=gVat gl BGCs
) BPs = g¥at gL gCs*+ gl ZB%+BL 8 Cs
=gVa 8C sLtel (L &C)
=gVa 80 sl tgl (gL 8Cs): (2.4.19)

Here, g c5 disappears because the body is assumed to be rigid. Note that the derivative
of the angular velocity has the propertyg! = g! . With a skew-symmetric matrix g &
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representingg Cs (in analogy to k- and! , see Eq. (2.4.5)), Eq. (2.4.19) yields

5Ps = gVa t g8 gl *+5l (L BCS)
=gVat+tgl Vot gl +tgl (gL &Cs), (2.4.20)
and Eq. (2.4.14) becomes
X

_ _ . T . )
sFextj = MgPs = MgVy + Mgl pgvy+ Mges gl +mg! (gL pCs) @ (2.4.21)

Evaluating Eqg. (2.4.10) in body- xed coordinates and describing ¥, by an expression anal-
ogous to Eqg. (2.4.19) yields

X z
A —
‘ BMexti - BCp Y5} dm
' Z h i
= , 8¢ 8¥a 8% (& sl)*et (L (gL &) dm
h i
= . 8¢ 8¥a 8% (& &sl) sL (&% (% gl)) dm
h i
= G gVa &% sl gk g€ gl dm
z z
= MgCs gVat p€dm !+ gk s€dm gl
=MgCs gVa+tgd gl +pk g gl
= MgCs gVat Mgls (gl gVa)* g gl +gk 40 gl
= Mg6 gVa+ Mgls (gL gVa)* g gl +gk gJ gL, (2.4.22)
R R
where the matrixfJ = g dm= & g€l dm represents the mass moments of inertia

(MMiIs). Combining Egs. (2.4.21) and (2.4.22) into one common system of equations leads
to

2 3. 4 2P 3 2 3
4 ML mgel. VA _ §pi BEEX“% 4Mel gvat+tmgl (gL gCs) g
Mges sl eMex, MgCs (gL sVa)+t gk £ gl
| {z } Iz 3 | {z

ul B lext el

(2.4.23)

where £m is a mass matrix, 4l contains the external forces and moments, angll, de-
scribes centrifugal, coriolis, and gyroscopic e ects.

Computing the positionr s, orientation x, velocity va, and angular velocity! as functions
of t requires solving the di erential equation de ned by Eq. (2.4.23). The interaction with
other bodies is considered through the vectdfl.,;, which may be a function oft and of
the positions, orientations, velocities, and angular velocities of the interacting bodies. In
the general, nonlinear case, numerical time integration (Section 1.1.4) is the only reliable
method to accomplish a solution. The solvers available for this task usually assume rst-order
di erential equations, i.e., problems given in the form

z=f(t2): (2.4.24)
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This form is achieved by introducing a state-space vecta de ned as, e.g.,

2 3 2 3
1A |

=2l e=f

z : (2.4.25)

RESEeES

Using the coordinates of the inertial frame instead of the body- xed ones is optional here,
but it makes the interpretation of the state variables more intuitive.

The function f in Eq. (2.4.24) can be established as follows. The velocjty, is given by, v,,
and the rate of change of the Cardan anglesis determined by Eq. (2.4.8). The accelerations
Va and, ! (or k) are de ned by

- - - - T -
Va=Q sVa=Q (gVatsl sVa), 1E=Q gk Q =Q gk

o,

) \'
with 5% =fm* Bl 8L, BMA:QT 1 VA BQ:QT 'k Qr (2.4.26)

Since Eq. (2.4.23) has been formulated in the body- xed coordinate system, the mass ma-
trix £m is constant and therefore needs to be inverted only once.

2.5 Elastodynamics of rotating shafts

The rigid-body assumption often does not hold for slender shafts, especially in systems
where resonance excitations due to, e.g., unbalances or nonlinear e ects in the bearings
are a possibility. In this section, the equations for simulating the dynamic behavior of
elastic rotors will be derived based on beam theory and on the FEM. The analysis will
focus on transversal deformations (bending and shear), which interact more prominently
with hydrodynamic bearings than axial e ects do. These deformations are described by
the de ections u and the bending angles , as shown in Figure 2.7a. The analysis will be
performed using a stationary coordinate systerfix; y; zg, where thez-axis corresponds to
the undeformed longitudinal axis of the rotor. Since this coordinate system is xed in an
inertial reference frame, a notation that is consistent with Section 2.4 would beXx; v; | zg,

but the subscript, () is omitted here for notational simplicity.

It is assumed that the rotor has a straight longitudinal axis in its undeformed state, that the
cross sections which are initially normal to this axis remain plane during the deformation,
that Hooke's law applies, and that the deformations are su ciently small to justify using

a linear theory. Concretely, the Timoshenko beam theory (Appendix A.1l) is used, which
accounts for transversal deformations due to bending and shear [Och21, Raoll, Tim21,
TWW?73, Nel80]. The simpler Euler-Bernoulli beam theory does not take shear e ects into
account, which renders the solution inaccurate if the diameter-to-length ratio is too large.
Under static conditions, a ratio of0:1 is often regarded as the threshold for the validity of the
Euler-Bernoulli formulation, but dynamic analyses involving higher-order vibration modes
would require even smaller ratios. Another assumption used in the derivations below is that
the rotor is rotationally symmetric.

Due to a lack of exact, closed-form solutions for rotating Timoshenko beams under general
BCs and parameters, analytical formulations usually aren't feasible for realistic technical
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Figure 2.7: (a) De nition of translational and rotational deformations of an elastic
shaft modeled by beam theory. The de ections are denoted hy and
the bending angles by . (b) Sign conventions assumed for external
forcesF, momentsM , and line loadsq (as opposed to those for internal
forces and moments, which di er between positive and negative faces,
Figure A.1).

systems. Besides, for geometrically complex rotors, an analytical beam model would be
about as computationally expensive as a numerical one, because of the many discontinuities
at the locations where two shaft segments with di erent diameters meet, or where additional
masses are attached. Among the numerical approaches, the one that is usually chosen for
analyzing beams is the FEM.

A discretization with nite elements requires the problem to be given in the form of a weak
di erential equation, which may be obtained by, e.g., the principle of virtual work. For a
Timoshenko beam of the lengtH, the virtual-work formulation reads

Wint + Wayn = Wext (2.5.1)
with

Z . , !
Q@ x)@x+@ y) @y 4z

Wit = Elg
t o @ @ @ @
Z !
X @IX X/ 1 @IX 1 1
+OGA @é)@ @é)y y@"' y'y dz
Z !
@ uy) @‘Iy @ uy). 1 @ly 1 1
+ GA @ @ + @ <t X@+ « x dz, (2.5.2)
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Z 7

Wayn = A (UxEe + uyey)dz+ "k + 'k dz, (2.5.3)
0 0
7

Wext = (UXQX"' uyq)/) dz
0
+(UF)T0 (R (T M)+ (M)
+( uyFy)Z=0 +( uyFy)Z=I +( kM) (M )F (2.5.4)

as derived in Appendix A.1. Eq. (2.5.1) balances the virtual work due to internal forces
and moments ( Wiy ), due to inertia ( Wgyn), and due to external loads (Wey). The terms
with ()% or ()% in Eq. (2.5.4) account for external loads in the form of single forces and
moments acting on the boundaries, assuming the sign conventions in Figure 2.7b. In FEM
algorithms, it is often preferred to analyze the individual nite elements without considering
these terms, and to incorporate external loads of this kind at a later point, namely after the
assembly of the global system of equations. Line loads (due to, e.g., gravitation) acting in
the x- or y-direction are considered througlg, or q,, respectively. The symbols u and '
represent the virtual displacements and rotations, but they can also be interpreted as test
functions (weighting functions), if the virtual-work formulation is motivated by the method

of weighted residuals (Appendix A.1). The symbol& and G denote the elastic and shear
moduli, respectively, of the material. Furthermore,A is the cross-sectional ared,y is the
diametral second area moment, and is the corrective shear coe cient. The latter depends
on the cross-sectional geometry and on the Poisson's ratio of the material; see [Cow66]. The
vector k = [ky ky k,]" is de ned by

k = L%=b, (2.5.5)

whereL? is the angular momentum of an in nitesimally thin slice of the bean® (highlighted
area in Figure 2.7), andb is the in nitesimal thickness of Q. The point of reference ofL?

is the center of mass of), which, for the given assumptions, lies on the neutral axis of
the beam @-axis, if the beam is undeformed). For rotordynamic systems, the formulation
of k is not trivial, as Q may be subjected to a fast rotation with about its polar axis
(where = ! g441). This rotation may contribute signi cantly to the angular momenta
about the stationary axesx and y, as soon as the shaft bending caus€® to tilt even
slightly. These angular momenta, expressed in terms kf(i.e., relative to b), are given by

ke = (la'x+' y
ky: (ldl_y X , (2.5.6)

where is the density of the material, andl, is the polar second area moment. The time
derivative of Eg. (2.5.6) can be approximated with

ke = (la'*x+ '"ylp ),
ky = (lay "xlp ), (2.5.7)
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if' — ' ,andifthe second area moments are constant over time. The latter assumption is
the reason why this derivation is limited to the case of a rotationally symmetric cross-section,
where every in-plane axis passing through the center is a principle axis and yields the same
second area momenity. With Eq. (2.5.7), the virtual work of the inertia forces (Eq. (2.5.3))
becomes

Z Zl
Wayn = A (uxe, + uyey)dz+ La( " x'ex+ 'y'oy)dz
0 0
ZI
+ (" x'y 'y x)dz: (2.5.8)
0
The FEM analysis relies on a partition of the domain (i.e., of the range= 0 ::: 1, in this case)

into a su cient number of elements to accomplish an accurate element-wise approximation
of the solution by de ned trial functions. This approximation is considered a discretization,
because the trial functions have nite numbers of DOFs. These DOFs represent the values
of the solution at de ned points referred to as nodes, allowing adjacent elements to interact
with each other via the nodes at their boundaries. A peculiarity of the beam element type
is that it incorporates not only the displacements but also the rotations (bending angles) as
unknowns, leading to four DOFs per nodeuyy, uy, ' x, and"' y), at least for spatial problems
(as opposed to planar ones).

The trial functions for beam elements are usually chosen as cubic and quadratic polynomials
for the displacements and the rotations, respectively, and are de ned in such a way that the
relationship between the displacements and the rotations stipulated by the strong formu-
lation of the beam theory (Egs. (A.1.1) through (A.1.5)) is satis ed exactly at least for a
static special case with@EI 4)=@ = 0, @GA )=@ = 0, and g, = 0. The simultaneous
use of translational and rotational DOFs, and the mentioned constraint between their trial
functions, are the reasons why beam elements usually have fewer nodes (two in total, one at
each end) than what is common for the given polynomial degrees.

The trial functions will not be de ned or derived here concretely; see [Raoll, DHW72, Nit16]
for further information. Formally, they can be written as

h iT
U()= u() r‘jy() "x() () _
= QT( ) uxnl uynl I Xn1 I ¥Yni anZ uyn2 I Xn2 I Yn2 !
=N"() O (2.5.9)
with = (2): (2.5.10)

Casting the trial functions into this form means decomposing them multiplicatively into a
vector of yet unknown nodal solutions (vector of DOFsY) as well as a set of interpolation
functions (shape functions) contained in the matriN ( ). The symbol represents a nor-
malized, local coordinate (natural coordinate), and the subscripts),; and (), indicate the
two nodes of the element.

The given weak form of the di erential equation permits approximate solutions, but only
if the test functions () are discretized as well. It is common to formulate () with the
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same trial functions that have been chosen for the solution itself. This strategy is asso-
ciated with a particular variant of the weighted-residuals approach, namely the Galerkin
method [HDSBO1]. For the beam element, this yields

UO= w0 w0 0 O |
= QT( ) uan uynl ' Xn1 ' Yni anZ uyn2 ' Xn2 I Yn2 !
= :T( y O: (2.5.11)

The weak di erential equation (Eqg. (2.5.1) combined with Egs. (2.5.2), (2.5.4), and (2.5.8)) is
evaluated for a given nite element as follows. The integrals are transformed into the natural
coordinate (to obtain a formulation with d instead ofdz), the limits are chosen according
to the locations of the element boundaries, the discretization is enforced (meaning that
", u,and ' are approximated using Egs. (2.5.9) and (2.5.11)), and then the integrals are
solved. The resulting equation can be expressed in the form

00 M 0+ GB+K 0 =0 1, (2.5.12)

whereM is interpreted as a mass matrix, G as a gyroscopic matrixK as a sti ness matrix,

andf as a vector of external loads. Eq. (2.5.12) must be satis ed for arbitraryQ, meaning
that it can also be written as

M O+ G B+K O=1: (2.5.13)

The assembly process, i.e., the accumulation of the systems of equations of the individual
elements (Eqg. (2.5.13)) to a global one, is described in textbooks [Rao05]. The resulting
system of equations can still be written in the form stated by Eq. (2.5.13), but it then contains
the global matrices and vectors, incorporating all DOFs and their interactions. Notation-
wise, no distinction between the local and global quantities is made here. Such a distinction
will, however, be necessary in Chaper 3, because the FEM and SBFEM formulations of the
Reynolds equation will be presented at a higher level of detalil.

After the assembly, rigid bearings (or geometric BCs in general) can be enforced by a penalty
method or by eliminating DOFs [Rao05]. Linear elastic bearings may be considered by
incorporating their sti nesses into K. The vector f can be modied to consider external
forces and moments due to, e.g., unbalances, nonlinear bearings, or the weight of the attached
bodies.

Additional bodies mounted to the shaft can often be regarded as rigid, but their contribution
to the inertia of the rotor must be accounted for. To this end, Eq. (2.5.8) is now analyzed for
the special case of a rigid body, meaning that the rotatioris are constant overz and are the
gradients of the displacement functionsi(z). Assuming that the body will be attached to an
FEM node of the shaft, with the node number, these displacements and rotations can be

formulated in terms of the nodal DOFsu(), and ' (), (and the test functions analogously),
leading to

ux:Uxi"'(Z Zi)lyia Uy = Uxi+(Z Zi)'yia 'x:Ixi, "x = Ixi1

Uy = Uy (2 Z) x, W= U (2 2) %, "y='y, "y= 'y, (2514)
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wherez; is the location of nodd. Solving the integrals in Eq. (2.5.8) under these assumptions
yields

Wdyn = m( uxux)i + m( uyuy)i + Jp( ' xl_y)i Jp( I yl_x)i
+(Ja+ m(zs  Z)?)( ") (Ja+r m(zs  z)P)( 'y
+m(zs  z)( Ux'ey+ "yEy)i M(Zs  z)( Uyex ' ey, (2.5.15)

where m is the mass of the rigid body, andzs is the location of its center of mass. The
symbols J4 and J, denote the MMIs of the body around its diametral and polar axes,
respectively, using the center of masg; as point of reference. As was the case for the elastic
shatft, it is assumed that the rigid body is rotationally symmetric or, at least, has an angular
symmetry that provides a consistent diametral MMI. Eq. (2.5.15) can also be written as

2 31 O 2 3 2 31
Ux; Blx; Uy;
Wdyn = E -uyiz %&rig E'U é + Gng E}iyég (2.5.16)
Xi ®x X
"y *yi i
with
2 m 0 0 m(zs z)
M. _E 0 m m(zs z) 0
o 0 m(zs z) Ja+ m(zs z)? 0 ’
Zm(Zs z)) ; 0 0 Ja+ m(zs  z)?
00 O 0
_foo0 O oz

Including the body into the FEM model is achieved by adding the entries d¥l i3 and Gyig
to the corresponding entries oM_and G, respectively.

Extending the di erential equation to
M 0+ D+ G B+K O0=1 (2.5.18)

allows a consideration of damping, where the arti cially incorporated damping matriD
may be modeled by, e.g., a linear combination ¢fl and K (Rayleigh damping) [LG95].

If f contains nonlinear forces, the only robust approach for accomplishing a dynamic analysis
Is to solve Eq. (2.5.18) in the time domain (as opposed to in the frequency domain), using a
numerical time-integration scheme. Since many of the commonly available time-integration
algorithms have been implemented only for rst-order di erential equations, a state-space
transformation of Eq. (2.5.18) may be necessary, leading to, e.g., [Nit16]

2 3 " # 2 3
0 . 0
3 with z= 4(}5 ; (2.5.19)

S z+
K M!® D+ G “'M

o
[1=—

z=4

M f
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3 Solution of the Reynolds equation

In this chapter, solutions of the Reynolds equation (Eq. (2.1.22)) for simulating hydrody-
namic bearings will be derived. Section 3.1 clari es the BCs as well as a few further assump-
tions. The derived solutions include a numerical one (Section 3.2) as well as a semi-analytical
one based on the SBFEM (Section 3.3). The prior is a widely established approach and,
in the work at hand, mostly serves as a reference solution. The latter has been developed
recently and constitutes the main focus of this thesis.

Regarding the termnumerical, it should be noted that the SBFEM formulation also has some
properties of a numerical method but will only be classi ed asemi-analytical (or simply
addressed by the termSBFEM) throughout this work, for the sake of a clear distinction
between the two discussed approaches. The tertomputational method(or computational
model) will refer to both the numerical solution (Section 3.2) and the SBFEM (Section 3.3).

3.1 Boundary conditions and further assumptions

While the numerical solution discretizes the Reynolds equation in both the circumferential
direction X and the axial direction Y, the SBFEM model uses only a circumferential dis-
cretization and handles the axial direction analytically. After the circumferential direction
has been discretized, the analytical formulation of the dependent variable (which may
representP or #) in the axial direction is somewhat straightforward. However, it becomes
complicated if the independent variables on the LHS of Eq. (2.1.22) are functions ¥t
In general, these independent variables may include the gap functiéh, the viscosity e,
and due to the substitution of P in Eq. (2.1.23) also the switch functiong. To ob-
tain a manageable and computationally e cient formulation, the SBFEM model assumes
that H;y =0, ;v =0,andg; =0.

The assumptionH;y = 0 implies that the in uence of shatft tilting on the gap function

is not considered. This assumption is used in analytical solutions (e.g. [Som04, Ocv52,
CDGY94, VBQ11, WLKY12, SC12, GLW 16, MBVQ19]) and in look-up table approaches
(e.g. [CIX"02, NDP*17, ZMHC19, CL19, GKB23]). Regarding numerical analyses, the
various studies presented in the literature dier as to whether shaft tilting is considered
(e.g. [XZG" 15, WDN17, EIi18]) or neglected (e.g. [EVOR15, Chal8, PVRD24]). As far as
the simulations in the work at hand are concerned, the numerical model will be analyzed with
and without shatft tilting, whereas the SBFEM will not consider this e ect. A strategy for
incorporating the in uence of shatft tilting into the SBFEM model by means of a perturbation
method is proposed in [PSW24] (see also Appendix A.3) but has not been implemented in
multibody or rotordynamic software so far.

The assumption ,¢;y = 0 applies in all simulations conducted throughout this work, not only
because it facilitates the SBFEM formulation but also because the thermodynamic model
(Section 2.2) assumes a uniform temperature in the entire uid Im. With Eq. (2.2.6),
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Figure 3.1: Visualization of the mass balance at the interface separating pressure
and cavitation zones. The illustrations correspond to (a) the exact, lo-
cal mass conservation stipulated by the di erential equation, (b) a dis-
cretized formulation as in numerical models, and (c) a lumped formu-
lation used in the SBFEM solution. The red and blue arrows indicate
the mass ows leaving a zone through the interface and those entering
the next zone, respectively.

this leads to a uniform viscosity, regardless of whether the Reynolds equation is solved
numerically or with the SBFEM.

The assumptiong;y = 0 simpli es the cavitation model in the SBFEM solution, in the sense
that the interface between a pressure zone and a cavitation zone is always parallel to the
axial coordinate Y. In the investigations performed so far [PGDW23], this did not a ect
the solution very much on a global level. However, unphysical results were observed locally
in the close vicinity of the interface, involving pressure® far below zero as well as Im
fractions # far above one. In some cases, a regularization was necessary to prevent the loca-
tion of the interface from oscillating between two neighboring nodes over the course of the
iterative cavitation algorithm. The SBFEM model presented in the work at hand overcomes
these di culties by means of an additional assumption, namely;y = 0. With this, the spa-

tial dependencies of the pressure-like function are now = (X;Y) in the pressure zone
(where = P)and = (X) inthe cavitation zone (where = # 1). Moreover, speci -
cally at the interface, the conservation of mass implied in the Reynolds equation is simpli ed
to a lumped formulation. Figure 3.1a illustrates the exact mass balance corresponding to
the strong di erential equation, Figure 3.1b shows a discrete formulation as in numerical
solutions (not applicable to the SBFEM model, where the axial direction is not discretized),
and Figure 3.1c describes the lumped variant to be used in the SBFEM model (a global mass
balance for the entire interface). The unphysical results and oscillations that were observed
in [PGDW23] can be explained by a con ict between the assumptiagy = 0 and the attempt

of satisfying the strong mass conservation at every point along the interface. The new set
of assumptions (still includingg;y = 0, but in combination with the simpli ed mass balance
and with #;y = 0) does not only solve these problems but also improves the computational
e ciency, as the eigenvalue problem involved in the SBFEM solution (Section 3.3) becomes
symmetric (it was unsymmetric in [PGDW23]). The e ects of these simpli cations on an
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Figure 3.2: Computational domain and BCs for (a) the numerical solution and (b)
the SBFEM solution. The BCs include ambient pressure BCs (Dirich-
let) at the bearing boundary (red), a symmetric BC at the axial cen-
ter of the bearing (green), periodic BCs (blue), and oil supply BCs
(Dirichlet, gray). The dashed lines in (a) are relevant if the solution is
unsymmetric, i.e., if the symmetric BC cannot be used.

exemplary solution (and on the resulting functionsP and #) are visualized in Figure 3.4,
but the BCs need to be discussed before these results are analyzed.

Figure 3.2 illustrates the computational domain in which the Reynolds equation is solved
(unwinded lubrication gap of a hydrodynamic bearing, cf. Figure 2.3), and states the di erent
types of BCs involved in the boundary value problem (BVP). Due to the nondimensionaliza-
tion in EqQ. (2.1.21), the circumferential direction X -direction) is expressed by angles froi
to 2 , and the dimensionless bearing length in the axial directionY(-direction) is equal to
twice the slenderness ratio (becausdy=r, =2I,=d, =2 ).

Figure 3.2a corresponds to the numerical model and Figure 3.2b to the SBFEM model. In
both cases, the pressure at the bearing boundaries (red) is assumed to be equal to zero
(atmospheric pressure), as is common in the literature, except for bearings where these
boundaries are sealed or pressurized.

If the pressure eld is symmetric with respect to the green line aY = 0, a symmetric
BC P;y (X;Y =0)=0 can be used, limiting the axial range of the computational domain
to0 Y and rendering the BC atY = obsolete. This will be the case in the
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SBFEM model and, most of the times, in the numerical model as well. Only if shatft tilting

is considered (as will be the case in some of the numerical simulations), the pressure eld is
unsymmetric and the entire axial range Y must be included, meaning that the
dashed lines in Figure 3.2a apply instead of the green line.

Periodic BCs are required at the boundaries highlighted in blue. Unlike the other BCs,
they will not be discussed any further throughout the derivations, since their enforcement
is straightforward. The degrees of freedom (DOFs) & =2 are simply merged with their
respective counterparts atX = 0.

The oil supply groove (gray, see also Figure 3.3a), which feeds pressurized oil into the bear-
ing, is considered by setting the pressure equal to a prescribed supply pressye Here,
the SBFEM model makes use of a simpli cation in order to facilitate its analytical formu-
lation in Y, namely that the length of the oil supply groove extends across the entire axial
range of the domain, i.e., is equal to the bearing length. An accurate modeling of the groove
geometry has been achieved in [PGDW21d], but that requires partitioning the domain into
two superelements instead of using just one, leading to a larger number of DOFs and a com-
paratively ine cient SBFEM solution. The mentioned simpli cation of the groove geometry
causes a conict between two boundary values at the corners where the groove boundary
meets the bearing boundary (black circles in Figure 3.2b). The oil supply BCs will be priori-
tized at these points, leading td® = P,srather than P = 0. As a result of the circumferential
discretization, the boundary value between the node at the corner and the neighboring node
in the X -direction is interpolated betweenP,s and 0. Note that multiple oil supply grooves,
distributed across the circumference, may be present in a single bearing.

While Figures 3.2 and 3.3a assume an axial oil supply groove, the alternative of a circum-
ferential groove (Figure 3.3b) needs to be discussed as well. This design is often used in the
outer oil Ims of oating-ring bearings (FRBs), such as the one depicted schematically in
Figure 3.3b. Here, a simple and popular approach consists of interpreting the segments A
and B as two individual bearings with very small slenderness ratios and then applying the
short-bearing theory (SBT) as an analytical approximation (Appendix A.2). FRB analy-
ses relying solely on numerical methods (no SBT) are also available in the literature; see,
e.g., [EVOR15, WDN17]. Simulations of entire FRBs with only the SBFEM have not been
performed so far and will not be part of the work at hand either; this is a possible topic for
future studies. The main objective of the simulations conducted in this work is to compare
the SBFEM to a common numerical solution under equitable conditions, rather than to com-
pete with the modeling depth pursued in the recent literature on FRB analyses. Thus, in all
simulations with FRBs (Section 5.3), the outer oil Im will be handled by the SBT, while the
SBFEM or the numerical solution will be applied to the inner Im. The solution algorithms
that will be compared to each other are quite numerous, since each of the two computational
methods (SBFEM and numerical) can be combined with several di erent assumptions (e.g.,
Gumbel or Elrod cavitation, see Tables 5.1 and 5.3). Thus, limiting the outer oil Ims of
the FRBs to SBT approximations reduces the overall complexity of the study reasonably.

Above, the BCs for the computational models have been formulated with respect to the
pressureP, but they still need to be translated to the pressure-like function . This is
trivial in the pressure zone ¢ = 1), becauseP = g = . In the cavitation zone (@ = 0),
the pressure-like functions represents a Im fractios#, with #=(1 g) +1= +1. Since
the Reynolds equation (Eq. (2.1.22)) contains no derivatives #fwith respecttoY, the Im
fraction does not require any BCs aty = orat Y = 0. If prescribing a Im fraction

in the oil supply groove is desired (meaning thaP,s = 0 and #,s < 1), the oil supply BC
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Figure 3.3: Sketches of (a) a hydrodynamic bearing with an axial oil supply groove
and (b) a hydrodynamic FRB with a circumferential groove in the outer

bearing.
becomes = = #,s 1; otherwise, itis = Py In the cavitation zone, the pressure
inherently satis es the ambient pressure BC® (X;Y = ) = 0 as well as the symmetric
BC Py (X;Y =0)=0, because®P =g =0 =0.

Since the Reynolds equation contains axial derivatives Bf but not of #, the local cavitation
state determines whether or not a point at the bearing boundary requires a BC for.
Accounting for this distinction is inconvenient in the numerical model, as that would cause
the number of DOFs to change at every iteration of the cavitation model. For the sake of
simplicity, the numerical model assumes that the nodes at the bearing boundary always lie
in a pressure zoned = 1), meaning that the ambient pressure BC = P = 0 applies
and that the Im fraction is equal to # = 1 (cf. Eq. (2.1.23)). This simpli cation is used
in, e.g., [KB91, SPO02]; it has no physical justi cation, but its in uence on the solution
Is insigni cant on a global level, since the assumed cavitation pressure is consistent with
the boundary valueP = 0 and because the di erential equation does not contain any terms
with #;y. As far as the SBFEM model is concerned, the earlier discussed assumption= 0
(leading to ;y = 0 in the cavitation zone) forbids prescribing at the bearing boundary
for any circumferential position where cavitation occurs.

Figure 3.4 compares an exemplary SBFEM solution (a/c/e) and numerical solution (b/d/f),
illustrating the computed pressure-like functions (a/b) as well as the corresponding pres-
suresP (c/d) and Im fractions # (eff), for one half of the bearing 0 Y with, in this
example, =1). Overall, the agreement between the results obtained by the two methods
IS quite good, especially in the region of signi cant pressure generation. A more detailed
comparison reveals some deviations, which are most apparent far These deviations are
caused by some of the simpli cations discussed earlier, nametyand g being constant in
the axial direction (SBFEM model), the strongly simpli ed mass balance at the cavitation
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Figure 3.4: Comparison of the SBFEM model (a/c/e) and the numerical model
(b/d/f) for an exemplary bearing analysis. The results are visualized
for one half of the bearing@ Y with, in this example, =1),
and they include the pressure-like function (a/b) as well as the cor-
responding pressuré® (c/d) and Im fraction # (eff).
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interface (SBFEM model), the length of the oil supply groove being equal to the bearing
length (SBFEM model), and the BC = 0 applying to the entire bearing boundary (nu-

merical model). Note that both models assume a parallel gap (i.e., no shatft tilting) in this
example. An analysis as to how the assumptions of the SBFEM model a ect the dynamic
behavior of a rotor-bearing system in a transient simulation will be conducted in Chapter 5.

The discretizations in both the SBFEM model and the numerical model will be based on
linear interpolation functions. Higher-order formulations, as have been used in [PGDW21b,
PGDW21c, PGDW23], o er a faster error convergence over mesh re nement for smooth
solutions, but they are less robust under non-smooth conditions, e.g., in combination with
Elrod cavitation or in case of a high eccentricity. Combining the advantages of linear and
higher-order interpolation functions in one simulation could be achieved by an adaptive dis-
cretization that automatically selects the local element size and polynomial degree based
on the current properties of the solution at the current time step. This is probably more
straightforward in the case of the SBFEM formulation than in numerical models, due to the
merely one-dimensional discretization, but the work at hand will not explore this approach.
An advantage of exclusively using linear interpolation is that the systems of equations in-
volved in the computational methods are very sparse, meaning that the matrix has a small
bandwidth and a small percentage of nonzero entries. The SBFEM solution involves an
eigenvalue problem which, in the case of linear interpolation functions, can be formulated
with a tridiagonal matrix. This enables the usage of e cient, specialized eigensolvers, with-
out any expensive prior transformation.

3.2 Numerical solution

In this section, a numerical solution of Eq. (2.1.22) is derived, which will be used as a refer-
ence solution for evaluating the accuracy and relative e ciency of the SBFEM model. The
derivation starts with a quite general nite element formulation, but a few particular assump-
tions regarding the discretization scheme will then be incorporated, leading to an expression
that is identical to typical nite di erence or nite volume schemes for this problem. Con-
cretely, a regular grid, a linear interpolation (as discussed above), and an integration scheme
based on nodal quadrature will be assumed. Due to the equivalence of the FEM, the FDM,
and the FVM under these conditions, the model will be referred to asumerical in all later
sections and chapters, with no further speci cation of any concrete underlying method.

As discussed, the derivation begins with a rather general FEM formulation. For that, a
weak form of the di erential equation (Eq. (2.1.22)) is required. This form is obtained by
means of the Galerkin method [HDSBO01], meaning that the equation is multiplied by a test
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function W and integrated over the computational domaih

zZ 2 ! Z 2 !
1 @ H3@E 1 @ H3EP
— W— — — dXdY+ — W— —— dXdY
120 0 @( rel @( 120 0 @( rel @(
z2 z2
= sgn(u) w @&#) dx dy + W (H#)%dX dY : (3.2.1)
00 00

Integration by parts is applied to the Poiseuille terms, and the entire equation is multiplied
by 1

Z 2 3 X X X 3 ) Z 2 3
0 0 rel 0 rel OXX)( 00 rel
X XZ& 3 A z2 z2
E x\?@ﬂx%} dX = sgnu) W @H#) 4 ay W (H#)°dX dY :
120 rel XOX»( 0 0 @ 0o

(3.2.2)

The second and the fourth term describe an integration over the boundary of the compu-
tational domain. The second term vanishes because of the periodic BC, and the fourth
term vanishes at the Dirichlet boundary becaus&/ =0 and at the symmetric boundary
because@ =@ = 0. In general, these terms are required for the incorporation of inhomo-
geneous Neumann BCs, but this type of BC does not occur in the given BVP.

The partition of the computational domain into nite elements allows an element-wise solu-
tion of the integrals. These are now formulated with respect a nite elemerg by use of a

local, natural coordinate systenf ; gwith 1 land 1 1, yielding
|
187K e e |,
12 11 rel @( @( @( @(
VA4S Z1 71
= sgn(u) W@&#)Jd d W(H#)%d d |, (3.2.3)
11 11

whereJ(; ) is the Jacobian determinant (which will be de ned later).

While the exact solutions forP and # are unknown, approximate solutions can be computed
based on trial functions with nite DOFs, i.e., using a discretization. In FEM formulations,
these DOFs are usually the values of the dependent variable (here, the functiodAsor #,
depending on the local cavitation state) at the nodes of the nite element. The trial functions
are constructed by interpolating these nodal values within the element. The test functioi

is approximated by an analogous interpolation. This leads to

W=W! N, P=N" P., H#=NT diagH.) #., (3.2.4)

lin Egs. (3.2.1) and (3.2.2), the lower integration limit in the Y -direction is chosen exemplarily asy =0,
which corresponds to the model with a symmetric BC; for the unsymmetric model, the lower limitisY =
. See Figure 3.2 for clari cation.
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whereWe,, P, He, and #, are the vectors of nodal test functions, pressures, gap heights, and
Im fractions, respectively, of elemente, and N( ; ) is a vector of interpolation functions.
The interpolation of the product H# instead of only# is unorthodox from the perspective of
nite element theory in general (sinceH, as opposed td® and #, is a known function), but it
allows expressing the derivativédH#)=@X without a product rule, reducing the complexity

of the equations to be derived. Often, programs for simulating hydrodynamic bearings have
to interpolate H anyway, as this function is communicated to the program in a discrete form,
l.e., via a grid of data points rather than a mathematical expression (otherwise, the handling
of general bearing geometries would be di cult).

The time derivative (H#)? is written as (note the nondimensionalization in Eq. (2.1.21))

2r, @ rp# # #o#
(H#)°= H% + H#0= HO%+ HO2 2 = oy g o0 PE = H%+ P
ju @ jui t tps T
H H . juit  tps)
= 0y = _ = 17 P/
H = # —T#us  with T o (3.2.5)

where ( )ys denotes quantities at a previous time step. Note that the time derivative of the
gap function H°can always be derived from the velocities of the bearing partners (i.e., from
the state-space vector), wherea#® requires an approximation of the form( )= T. With
Egs. (3.2.4) and (3.2.5), Eq. (3.2.3) becomes

1 42 ys
w! = — Nix Ny +N;y N, Jd d Pe
12 11 rel
2 Z1 71
=Wl 4 sgn) N NLJd d diagHe) #.
1 1
71 71

N N'Jd d diag H2+ 1_|_He #e
3
N'Jd d diagHe) #e,.5 : (3.2.6)

€pts

=

Here, the notation aj, is introduced for abbreviating @=@. By use of the interpolation
functions N, the Jacobian determinant] can be computed at any given- and -coordinate
position as

J=det J =X, Y, Y;X (3.2.7)
with
X; = NJ Xe, Y;=NJ Ye, X; =N Xe, Y; =NJ Y, (3.2.8)

where X ¢ and Y, are the vectors of nodal positions of the nite element. The derivatives of
the shape functions with respect toX and Y are given by

Nix = N5 5x +N; ix, Novy=N; ;v+N; vy (3.2.9)



48 Solution of the Reynolds equation

with

PX = 3 P X = 3 by = 7 S J: (3.2.10)

The notion that Eq. (3.2.6) must be satis ed for arbitrary test functions W, leads to the
system of equations

1 2171 H3
1A - H;X MTX +M;Y MTY Jd d Be
12 rel
11
Az
= sgn) N NiJd d diagHe) #
1 1
2171 1
N N'Jd d diag He+ ——He #
11
1 A7
— N N'Jd d diag(He) #eps:

11

+ (3.2.11)

For a straightforward algorithmic implementation, the two complementary unknownsP

and #, are replaced by a universal one. To this end, the substitutions de ned in Eq. (2.1.23)
are now incorporated into Eq. (3.2.11), leading to

1 2171 H3
- H;X MTX +M;Y MTY Jd d dlag(ge) —e
12 11 rel -
2z h i
+sgn(u) N N Jd d diagHe) | diag(@) _e
1 1
4z 1 h i
+ N NTJd d diag Ho+ —H. | diag(@)
11
71l 71 71l 71
= sgn(u) N NLJd d He N N'Jd d H?
11 11
1 &2 h i
+ = N N™Jd d diagHe) | diag(@eys) eps: (3.2.12)
1 1

where __. and ge are the vectors of nodal pressure-like functions and switch functions, re-
spectively, of element.

As discussed in Section 1.1.3, a stabilization is necessary in order to avoid numerical oscil-
lations in the cavitation zone. This can be achieved by adding an arti cial di usion term,
formulated similar to the convection term that causes the numerical instability (second term

in Eq. (3.2.12)), but with the matrix N;x NI instead of N N, and with a factor
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serving as a tuning parameter; see, e.g., [PGDW23]. This leads to a term of the form

Lz h i
sgn(u) Nix Ny Jd d diagHe) | diag(@) _e: (3.2.13)

11

An adequate value for should stabilize but not overly manipulate the problem and can be
motivated by, e.g., a comparison of the arti cial di usion technique to the upwind di erence
method. The latter is a stabilization approach typically used in FDM and FVM solutions and
consists of a backward-di erence or forward-di erence formulation of the convective term,
depending on whether the ow direction is positive §gn(u) = 1) or negative (sgn@u) = 1).
As shown in [Bro81, PGDW23], the stabilization by a backward di erence leads to exactly
the same result as an arti cial di usion method with = Ly =2, whereL  is the element size
in the ow direction (circumferential direction). Similarly, the forward di erence is equiva-
lentto = Lx=2. Thus, consistency with typical FDM and FVM algorithms is achieved
by =Lx=2if sgnu)=1 andby = Lyx=2if sgn@u)= 1. Since the product sgn(u)

is equal to Lx =2 in both of these casés it can be substituted by sgn@u) = Lx=2 in
Eq. (3.2.13). However, for the sake of generality, this substitution is avoided in the equations
to be derived. Instead, a parameteK 44 is introduced, which replaces the expressionsgn(u)

in the stabilization term

2171 h i
K ad Nix NiyJd d diagHe) | diag(@) _e (3.2.14)
1 1

and will be chosen a4y = Lx =2 in this work. This parameter will be referred to as
arti cial di usivity. The addition of the stabilization term de ned in Eq. (3.2.14) to the
LHS of Eq. (3.2.12) leads to

122 Qs
- &;X &Tx +&;Y &Ty Jd d dlag(QE) —e
12 11 rel B
27 h i
+sgn(u) N NiJd d diagHe) | diag(@) e
1 1
2z h i
+ Kad M;x &TX J d d diag(ﬂe) |: diag(ge) —e
1 1
2z 1 h i
+ N NTJd d diag ﬂ2+—Tue | diag(@) _e
1 1
71 71 71 71
= sgnu) N NLJd d He N N'Jd d H?
1 1 1 1
1 &2 h i
t N NTJd d diagHe) | diag(@eys) epss : (3.2.15)
1 1

2As mentioned earlier, the casau = 0 (i.e., sgn(u) = 0) is not considered in this work, as far as the numerical
or SBFEM solutions are concerned.



50 Solution of the Reynolds equation

With this additional term, the discretized weak form (Eq. (3.2.15)) is now an approximation
of

1@ e 10 He @H#)

_ @H# 1))
DX W& T Lo e Ko e

oz + (H#)°

(3.2.16)

Kad

rather than of Eq. (2.1.22). However, because of the mesh-dependent de niting = Lx =2,
the arti cial di usivity converges towards zero under mesh re nement.

Eqg. (3.2.15) can be expressed by

Ke _e=Re (3.2.17)
1 2%y
Wlth ﬁe = 5 - &;X M-;rx +M;Y HTY J d d dlag(ge)
T 12 11 rel -
Az h i
+ (SgNU)N + KagN;x) Ny Jd d diagHe) | diag(ge)
1 1
2171 1 h i
+ N N'Jdd diag Ho+ ——He | diag(g) . (3.2.18)
1 1
2171 7171
Re= sgnu) N N Jdd H. N N"Jd d HQ
1 1 1 1
1 &2 h i
i N N'Jd d diagHe) | diag@eys) eps: (3.2.19)
1 1

whereK . and R, are the sti ness matrix and the RHS vector of elemeng, respectively.

Figure 3.5: (a) Four-node quadrilateral nite element used in the numerical model.
(b) Minimal example with four nite elements.
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The computational domain is partitioned into a regular grid (equal-sized elements of rect-
angular shape), and linear interpolation functiond\ are chosen. The element geometry is
illustrated in Figure 3.5a, whereLyx and Ly describe the element side lengths in the cir-
cumferential and axial directions, respectively, and the black dots are the nodes, humbered
from 1 to 4. The integrals in Egs. (3.2.18) and (3.2.19) are solved numerically by means of
Gauss Lobatto Legendre (GLL) quadrature [Hil13], with the integration points ( 1; 1),

(2; 1), (3;1), as well as( 1;1), and with an integration weight of 1 for each point. Since
the nodes of the nite element are located exactly at these points, a nodal quadrature scheme
Is obtained. Under these assumptions, Egs. (3.2.18) and (3.2.19) become

4 %00 %0 o0 o
K:alz§ n % 0§+a34§oo 0 oz
=" 240 0 O 240 0 @5 o
O 0 00 00 g
2 00 g 000 0 0O
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with
! !
oo Ly HP_oH? Ly H L OHZ
12 24I—X rel1 re|2' ’ 4 24I-X rel3 rel4I ’
Lx HJ  H} Lx H3  HE
ap = + , Ay = + : 3.2.22
“ 24LY rel1 rel4 2 24 Y rel2 rel3 ( )

where the subscriptq )1, ()2, ()3, and ()4 represent the nodes depicted in Figure 3.5a. As
shown in Eq. (3.2.20), the matrix entriesK ¢, 5, K ¢5;, Ke,,, @and K ¢,, vanish for this special
case (nodal quadrature). This reduces the number of nonzero-entries and the bandwidth of
the resulting global sti ness matrix and leads to a faster solution of the system of equations.
A disadvantage of this quadrature method is its lower integration accuracy compared to,
e.g., Gauss-Legendre quadrature [Kop09].

Under consideration of the interactions between all elements (due to the nodes shared by
adjacent elements), Eq. (3.2.17) is expressed globally by

K _=R, (3.2.23)

where __ is the global vector of nodal pressure-like functions an® is the global RHS
vector. The global sti ness matrixK is sparse, and its symmetry depends on the cavitation
model (symmetric only under Gimbel conditions). In this system of equations, the Dirichlet
BCs are incorporated through, e.g, a penalty method or elimination of the corresponding
equations and DOFs [Rao05]. As Egs. (3.2.18) and (2.1.24) indicat€, can be interpreted
as a functionK = K (g(_)), whereg is the global vector of nodal switch functions. This
means thatK has to be updated after every iteration, i.e., each time Eq. (3.2.23) has been
solved for__, until the solution has converged.

The assembly of the global system of equations (Eq. (3.2.23)) from the local sti ness matri-
ces (Eqg. (3.2.20)) and vectors (Eg. (3.2.21)) is thoroughly described in textbooks [Rao05].
Alternatively, for the given assumptions (regarding the element type and the quadrature
scheme), a ve-point stencil formulation can be derived by analyzing a minimal example
as in Figure 3.5b. For these four elements, an overall system of equations is obtained that
contains one equation for each of the nine displayed nodes (every node has only one DOF,
because the dependent variable is scalar); the equation corresponding to nfdeads

L H
(8 + aw + an + as)Go + 2K agi—Ho(1 Qo)+ LxLy HO+ 7-? 1 9 o

L x
Ly Ly
+  agQe t sgn(u)7 Kadr He(1 o) e avOnv N
X
L L
+  awOw t sgn(u)% Kadﬁ Hw(l ow) w asOs s
L H
= Sgn(U)%(HE Hw) LxLyHg+ Lvaf.?. 1 Gops Ops (3.2.24)
with
0 s L 0 e
Ae=w = Ly @HO + A Ay = Ex @HO + NS A (3.2.25)

24 X relg rel e=w 24 Y relg reln=s
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This equation describes how nodé@ interacts with its neighbors N, E, S, and W. The
remaining nodes A, B, C, and D) do not appear in this expression because of the earlier
discussed propertyK ¢;3 = Kegy = Kepg = Kegp = 0 of the matrix K. in Eq. (3.2.20),
l.e., because of the nodal quadrature scheme. Eq. (3.2.24) represents a ve-point stencil
formulation, which usually occurs in the context of the FDM or the FVM. In fact, an equation
exactly identical to Eq. (3.2.24) can be derived from Eq. (3.2.16) by nite di erences or nite
volumes.,

The global system of equations (Eq. (3.2.23)) can be assembled either by element-wise eval-
uation of Egs. (3.2.20) and (3.2.21) or by node-wise evaluation of Eq. (3.2.24)n the latter
case, two things need to be taken into account when Eq. (3.2.24) is evaluated at a n@de
located at the bearing center Y = 0), as far as the model with a symmetric BC is concerned.
First, both sides of the equation have to be divided by 2, as only two of the four elements
displayed in Figure 3.5b are preseht Second, it is assumed that s = y and ags = ay,
which enforces the symmetric B€ and eliminates the undesired DOF s from the equation

(the node S would be outside the computational domain).

After a convergent solution is obtained for the current time step, the global vectors of Im
fractions # and physical (as opposed to nondimensionalized) pressugesan be computed
based on Egs. (2.1.24), (2.1.23), and (2.1.21) at the nodes.

Once the pressurep are known, the hydrodynamic forces and moments can be deduced.
The vector of hydrodynamic forced= 4 acting on the shell (and, with opposite sign, on the
shaft) is given by

2 3 2 3
zdy 872 cosik=ry) s COSK;=Tp)
Fihya = pAsin(x=rp)§ dydx = fsin(xi=r)5 Aip, (3.2.26)
0 lp=2 0 i=1 0

where the three force components correspond to the coordinates; ,Yy; .zg de ned in Fig-
ure 2.3. The symboli indicates theith node, andn,,: = nyny is the total number of nodes,
where n, and n, are the circumferential and axial numbers of nodes, respectivély The
areaA; is de ned asA; = I,ly at all nodes except for those located at the bearing bound-
aries y = 1,=2), where A; = |I,=2 applies. The symbolsl, and |, denote the physical
element side lengths in the circumferential and axial direction, respectively. This simple,

3In general, the de nition of the a-coe cients (Eq. (3.2.25)) may vary in the FDM and FVM depending
on how the expressionH 3= o is averaged between neighboring nodes. EitheH and , are averaged
separately and then substituted into this expression or this entire expression is calculated at both nodes
separately and averaged afterwards (the latter case is consistent with Eq. (3.2.25)).

4Egs. (3.2.20), (3.2.21) and (3.2.24) assume that a regular grid, linear interpolation, and nodal quadrature
are used, which is true for all simulations in this work. Otherwise, a more general algorithm can be obtained
based on Egs. (3.2.18) and (3.2.19). In that case, even triangular elements are possible if the de nition of
the natural coordinatesf ; g and the integration limits are adjusted.

5This division by 2 does not a ect the simulation result, but it provides consistency between the two men-
tioned assembly approaches and, under Guimbel conditions, ensures a symmetric global sti ness matrix.

61f, in contrast, the assembly is performed element-wise (by means of Egs. (3.2.20) and (3.2.21)), the sym-
metric BC requires no further action. This BC arises naturally if no other BC is de ned at this boundary,
as the fourth term in Eq. (3.2.2) has been set to zero.

"Here, ny refers to the entire bearing length, not just the range0 y 1,=2. For the sake of generality,
the equations describing the postprocessing steps assume that the solution is available on a grid covering
the entire bearing length. Thus, in case a symmetric BC has been used, the rangel,=2 y < 0is
incorporated immediately after the solution of the Reynolds equation, using (x; y)= (X;y).
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point-wise integration scheme poses no signi cant loss of accuracy as long as the discretiza-
tion is based on linear interpolations, but the given de nition ofA; restricts this formulation
to models with a regular grid.

Shatft tilting, if considered, results in a hydrodynamic momenM ,, 4 equal to

2 3 2 3
Zdy 1E=2 sin(x=rp) st . SIN(Xi=Tp)
Mg = ypg cos«:rb)g dydx = 8 cos(xi:rb)gAiyi Pi (3.2.27)
0 I,=2 0 i=1 0

acting on the shell, again with respect to the coordinate systemX; oY; ,zg (note the rela-
tionship .z = y), and with the center of the shell as point of reference. The same moment
acts on the shaft in the opposite direction.

The tangential force due to oil friction dFy acting on a surface element of the shetlA in
the positive x-direction is given by [Wos13]

dFy = ( gp;x +# i W) dA, (3.2.28)

which leads to a friction momentMy, equal to

2% 7 u u
My = ( Ep,x +# O”iw) rbdde
0 |b=2
Mot i
= l;(p;x)i"'#i oniwhbm, (3.2.29)
]

i=1

acting on the shell around the,z-axis. The circumferential pressure gradient can be approx-
imated by

(P)o = %: (3.2.30)

X

For clari cation of the subscripts ( )o, ( )e, and ( )w see Figure 3.5b.

The thermodynamic model (Section 2.2) requires knowledge of the amount of oil in the
bearing and of the mass ow through the boundaries. The total mass of the oil Im can be
computed by

Kot
My = # ahiAi, (3.2.31)

i=1

under negligence of any contributions due to gas phases. The mass ow through the bearing
boundaries § = 0:5ly) is given by [Nit16]

Zdb ! !

_ oil 3. oil 3.
Mpp = h>p; h°p; dx 3.2.32
T2 Y e 12a Y (3.2.32)
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and can be approximated with

82 I 3 2 I 3
— Rx <4 Ix oil 1.3 ... 5 4 Ix oil 1.3 ... 5
M = . % 5—h°p 5 NP

] Wy ] 1y .
i=1 " 12 oil y=0:5ly | 12 oil y= 0:5ly i'

II©

(3.2.33)

Here,i addresses theéth node in the circumferential direction, and the subscrip{ )p, Stands

for bearing boundary. The axial pressure gradientp;, at the bearing boundaries are ap-
proximated using backward or forward di erences. At a given nod@ (Figure 3.5b), this

leads to

S Po P
0 S
: I, .
_§ P | Po at y= 05l
y

at y=0:5l,

(Piy)o = (3.2.34)

With the chosen de nition of myy, the oil ow through the bearing boundaries is always
negative (or zero, in some special cases) for the given model assumptions, implying that the
oil ows out of the bearing. An approximation of the (mostly positive) ow through the oil
supply boundarymgg is given in Section 2.2.

Some simulations in this work will be conducted under Gimbel conditions, i.e., with strongly
simpli ed cavitation. In that case, the Reynolds equation is solved with a switch function
ofg=1 (meaning that = P and # = 1) in the entire computational domain, and no
further iterations are performed. Cavitation is considered only in the sense that negative
pressures are set to zero after the Reynolds equation has been solved (but before Egs. (3.2.26)
through (3.2.34) are evaluated). Under these conditions, Egs. (3.2.18) and (3.2.19) simplify
to

122 e
Ke= = — Nix Ny +Njy NJ, Jd d (3.2.35)
T 12 rel
11
71l 71 71 71
Re= sgn(u) N N, Jd d He. N N™Jd d H, (3.2.36)
11 11

Egs. (3.2.20) and (3.2.21) become

2, 100 00 0 o°
K_a12§l 1 o§+a34§oo 0 oz
=" 240 0 O 240 0 1 1
0 0 0O 00 1 1
29 00 1° 2000 0 O
31450 00 oz 3.23§0 1 1 (()é
*58%0 00 05" 2% 1 1 & (3.2.37)
100 1 0 0 0 O
2H2 H13 2H83
_ LY §H2 le I—X I—Y §ng
Be - Sgn(u)j H3 H4 4 Hg ' (3238)
Hs Hy, HY
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and Eq. (3.2.24) becomes
(ag + aw + ay + ag)Py  agPe awPw anPn  agPs

L
= sgn(u)%(HE Hw) LxLyHS: (3.2.39)

3.3 Semi-analytical solution (SBFEM)

In this Section, the SBFEM solution of the Reynolds equation is derived. In 3.3.1, the prob-
lem is discretized in the circumferential directionX , transforming the partial di erential
equation into a system of ordinary di erential equations referred to as SBFEM equation.
Section 3.3.2 describes the incorporation of oil supply BCs. Solutions of the SBFEM equa-
tion under Gumbel and Elrod conditions are given in Sections 3.3.3 and 3.3.5, respectively.
Section 3.3.4 describes how the method of eigenvalue problem derivatives can be used to
accelerate the SBFEM solution in the case of Gumbel simulations with cylindrical bearings
and no oil supply BCs. The di erent variants of the SBFEM algorithm resulting from these
derivations are summarized in Section 3.3.6.

3.3.1 Discretization

The SBFEM discretization of the Reynolds equation (2.1.22) requires a weak formulation in
the discretization directionX . In analogy to Section 3.2 (numerical model), this formulation
is obtained by means of the Galerkin method. However, the Galerkin method is now only
applied in the X -direction, meaning that the strong di erential equation is maintained inY .
Under the assumptionsH;y =0 and ;v =0 (discussed in Section 3.1), this leads to

|
@ H@ 1% H*@P
— W dX + — W——_dX
120 @( rel @< 120 rel @(2
= sgn(u) W @H#) dX + W(H#)OdX: (3.3.1)
0 @( 0

The rst term is integrated by parts, yielding

2 @v H3 @ | S H® @P
120 [ Wgﬂ‘@@ 12 Wﬂ@dx
2 2
=sgn(u) W @g(#) dX + W(H#)%dX , (3.3.2)
0 0

where the second term vanishes due to the periodic BC.

The SBFEM model relies on a circumferential partition of the computational domain into
sectors, as illustrated in Figure 3.6. In each sector, a local coordinate systém g (blue)

is de ned, where represents the circumferential direction (discretization direction) and
the axial direction. An important thing to note is that the nodes (black dots) are only
numbered in the circumferential direction. There is no distinction between two nodes that
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Figure 3.6: Partition of the computational domain (one half of the lubrication gap)
into sectors for the SBFEM solution (schematic depiction with reduced
number of sectors and nodes). The black number show exemplarily
the suggested node numbering strategy for cases with oil supply BCs;
either the smallest node number 1 or the largest node numbeg (or
both) should be part of an oil supply groove.

occupy the same circumferential position (meaning that these nodes are treated as one), as
far as the discretization process and the incorporation of oil supply BCs are concerned (all
steps in Sections 3.3.1 and 3.3.2). The reason why there are always two nodes occupying one
circumferential position is that they also mark the locations where the other BCs (symmetric
BC and ambient pressure BC) are de ned; these BCs will be incorporated in Section 3.3.3
or 3.3.5, depending on the cavitation model.

By use of the local coordinate systerfi ; g and the relations
7@ = £7@ Q = i7@ daX = Lix
X LLx@ & Ly@° 2

the contribution of a single sector to Eq. (3.3.2) can be expressed as

d, (3.3.3)

1 fevHr® L B H@P

—— — — W———d
6|—X 1 @ rel @ 241—\2( 1 rel @2
Z1 Z1
= sgn(u) W@CH@#) d + sz W(H#)°d (3.3.4)
1 1

whereLy and Ly are the circumferential and axial side lengttfsof the sector with respect
to the global coordinate systent X;Y g (green).

For the discretization of the solution, the vectorsWe( ), Po( ), #e, and H. are de ned,
containing the test functions, pressures, Im fractions, and gap heights, respectively, at the

8As indicated in Figure 3.6, the axial sector side lengthLy is equal to the axial domain side length, i.e.,
to the slenderness ratio (due to the nondimensionalization). Nonetheless, for the sake of generality, the
symbol Ly will not be substituted by  in the equations. A case withLy 6  (which will not be considered
in the work at hand) is shown in [PGDW21d], where the computational domain is split in the axial direction
for modeling the oil supply geometry more accurately.
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node$ of a sectore. The gap functionsH. and Im fractions #. are assumed to be constant
in the -direction (axial direction), while the pressuresP¢( ) are unknown functions of ,
and the test functionsW,( ) are arbitrary functions of . These values and functions are
interpolated in the -direction by a vector of interpolation functionsN ( ). Concretely, the
functions W and P as well as the productH# are approximated by

W=W] N, P=N" P,, H#=N' diagHe) #e: (3.3.5)

The time derivative (H#)° is expressed by (cf. Eq. (3.2.5))

_ H H : _Juj(t tos)
(H#)° = H°+—T # —T#pts with T = Tps (3.3.6)
With Egs. (3.3.5) and (3.3.6), Eq. (3.3.4) becomes
2 3
VARTE Z1 3
wi)4 2 s NTa pa)r X, PN NTd R ()5
6L x L e 24LY . e
2 2
=WI()4sgnu) N NI d diagHe) #
1
Z1
Lx . 1
+ > l N NTd diag ﬂ(e)"' 7Tﬂe #e
Ly & °
oo N ONTd diagHe) #eS : (3.3.7)

1

Since the test functionW( ) is arbitrary, Eqg. (3.3.7) is equivalent to

ZL 3 ZL 3
1 Ly H
——  —N; NJd Pe)+ —N N'd Pg
6|-X 1 reli o 78() 24'—\2( 1 reli o —* ()
ZL L, 2 1
=sgn(u) N N d diagHe) #e+ 7’( N N'd diag H?+ —Tﬂe e
1 1
71
Lx "N NTd diagHy) £ 3.3.8

1

In the next step, the two complementary unknownd® and # are replaced by a universal
one through substituting Eq. (2.1.23) into Eq. (3.3.8). Furthermore, a stabilization term

9Since every sector is attached to two nodes in the circumferential direction, the vector®Ve( ), Pe( ), #e,
and H ¢ have two entries each. In general, the number of nodes per sector depends on the polynomial degree

of the chosen interpolation functions.
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with an arti cial di usivity K .4 is added; see Section 3.2 for details. This leads'to

1 Z:LH3 T LX z H3 T
-~ —N: NT'd dia o)+ —N N'd dia e
CRR 9() _e() 242 T 0Q) _e ()

z h i
sgnt) N NI d diag(He) I diag(@e) _e()
1

5 Zt h i
Kadg N; NT d diag(He) ! diag(ge) _e()
1
z h i
N NTd diag HO+ ——He | diag@) o)
1
Z1 L pal
=sgn(u) N N7 d He+ - N N'd Hg
1 1
Ly & h i
> 1 N N'd diagHe) | diag@eys) —eps( ). (3.3.9)

1

where the vectors_¢( ) and ge contain the pressure-like functions and switch functions,
respectively, at the nodes of secta. The entries of _¢( ) may or may not be functions of ,
depending on whether they represent pressures or Im fractions. In contragje is assumed
to be constant in this direction. Eq. (3.3.9) can be written as -

EOe _e ( ) EZe 76( ): Be (3310)
with
VAT
Epe= —5 —N N 311
Boe” gay ot N4 G0 G310
71
1 H3 .
EZe: 6T —N; &3— d dlag(ge)
X 1 rel
z 2K g h i
+  sgnWN + —=N; Nl d diagHe) | diag(ge)
y Y
1
Ly zZL 1 h i
+—- N N'd diag H+ —H. | diag(g) (3.3.12)

1

10The factor 2=Lx , which appears in the stabilization term but not in the convective term, is because of the
relation N ;x = 2=Lx N; . This factor did not appear in Eq. (3.2.15) because the derivative was written
with X instead of .
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Z L 71
Re=sgn(u) N NT d He+7X N N"d H?
1 1
> T N N'd diagHe) | dlag(gepts) —eprs - (3.3.13)

Since the last term of Eq. (3.3.9) vanishes for nodes that were previously located in the
pressure zonedys = 1), the vector entries ofﬁepts( ) contribute to the system of equations
only if they represent Im fractions, not pressures. Because the Im fraction is assumed to be
constant in the axial direction, the functioniepts( ) can be replaced by its axial average e

(as has been done in Eq. (3.3.13)), reducing the amount of data to be transferred between
the time steps.

As discussed, the computations in this work will be conducted with linear interpolation
functions N. Moreover, analogously to Section 3.2, a nodal quadrature scheme is assumed.
Under these conditions, the solution of the integrals in Egs. (3.3.11) through (3.3.13) leads
to

2 H2 3
Ly | O 0
Eoe = 5 § rel1 3 z , (3.3.14)
= H
24y 0 20
rel2
N #
E. = 1 H? + H) 01 87)
=2e —
- 24 x rel1 rel2 a @
" # " #
L Sgn)  Hi(1 g)) Ho(l @) | Kads Hi(1 @) Ha(l @)
2 Hi(1 @) H2(1 @) Lx Hil @) H(1 @)
2 3
Hi
0
L Hi+ — (1 o) 0
. ng T T ", Z, (3.3.15)
0 HS+ — 1 o)
" g " 2 3
H2 Hl 1 Lx H0 I—X Hl 1 O1 t 1pt
Re =sgn(u) ———— + = 1 4 pts PS5, (3.3.16)
2 1 2 H; 2T Hy 1 Q2pts 2pts
where(); is the rst node (at = 1) and (), is the second node (at = 1) of sectore.

These are the local node numbers of the sector, not the global ones de ned in Figure 3.6. In
the case of theE-matrices, the subscripts( )o and ( ), do not refer to node numbers; these
subscripts have only been chosen for consistency with the SBFEM literature [WS00, SWOO,
Grals].

The assembly of Eq. (3.3.10) over all sectors leads to a global system of ordinary di erential
equations, referred to as SBFEM equation

Eo ; () E2 _()=R, (3.3.17)
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whereE and E are the coe cient matrices, R is the RHS vector, and__ is the global vector
of pressure-like functions. Each equation contained in this system of equations describes the
interactions of a node 0 with its two neighbor€ and W, and can be expressed by

Ly HZE

12_\2(@90 o ()
2K 4 H
(be + bu)go + "~ Ho(l )+ Lx HO+ —3 (L @) o)
1 Kj
bege + Sgn(u)é Ld He( o) e()
X

1 K
bugw + sgn@z T Hw@ gw)  w()
— 1 o Lx
—Sgn(U)E(HE Hw) + LxHg 7TH0 1 Qops  Ops (3.3.18)
with
0 4 gz b

l H E=W
be-w = @2 + A 3.3.19
" 24LX relg rel p=w ( )

based on Egs. (3.3.14) through (3.3.17). Here, E and W are the neighboring nodes in
the positive and negativeX -direction, respectively, which is a notation often used in FVM
solutions [Pat80, AANO2, WDN17]. Although the SBFEM by de nition handles the dis-
cretization direction with nite elements, Eq. (3.3.18) could also be derived based on nite
di erences or nite volumes; hence the chosen notation.

The assembly algorithm (i.e., the construction oE,, E,, and R) can be implemented ei-
ther based on Egs. (3.3.14) through (3.3.16) or based on Eq. (3.3.18), given that linear
interpolation functions and nodal quadrature are desired (as in this work). If a higher-
order interpolation is preferred or a di erent integration techniqué! is chosen, Egs. (3.3.11)
through (3.3.13) have to be used instead, which are more general.

If oil supply BCs are present and linear interpolation functions are used&, can be for-
mulated as a tridiagonal matrix, enhancing the computational e ciency of the SBFEM
algorithm (faster solution of the eigenvalue problems de ned in Sections 3.3.3 and 3.3.5).
This tridiagonal form requires a node numbering scheme where the sectors containing a given
nodei do not contain any other nodes than 1,i, ori+1. Exempt from this rule are nodes
that belong to an oil supply groove, as they are eliminated from the matrices (Section 3.3.2)
after the assembly. A suitable node numbering scheme is illustrated in Figure 3.6. Since the
computational domain is periodic, node number4 (smallest) and ny (largest) are located
next to each other. Without oil supply BCs, this pair of nodes violates the above stated
condition, rendering E, cyclic tridiagonal. The true tridiagonal form is only achieved if
node 1 or nodeny, or both, are eliminated by oil supply BCs.

11f other integration techniques than nodal quadrature are used,Eo should be lumped afterwards, as the
following derivations and the e ciency of the algorithm rely on the diagonal form of this matrix.
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For simulations conducted unter Gumbel conditionsd =1, = P, # =1), Egs. (3.3.11)
through (3.3.13) simplify to
21,3 21,3
Lx H - 1 H T
Eope==——5 —N N'd, E= — —N; N; d, 3.3.20
=0e 24'—\2( 1 el =2e 6L x , el ( )
Z L 71
Re=sgn(u) N NI d He+ - N NTd Hg, (3.3.21)
1 1

2 3 3
Hl 0 3 3 ! #
L § z 1 H3  H3 1 1
Eoe = rel1 , Eoe= + , 3.3.22
=0 24'—\2( 0 Hg 2e 24I—X rel1 rel2 1 1 ( )
rel2
Hy Hy 1. Lx HY
Re = sgn(u)—2 5 ! Lt 7)( Hg’ , (3.3.23)

Eg. (3.3.18) becomes

Ly HE
12—\2( relg

Po; () (be+ bw)Po( )+ BPe( )+ bwPw( )

:sgn(u);(HE Hw)+ LxH{, (3.3.24)
and the SBFEM equation (3.3.25) can be written as

Eo P; () E» P()=R: (3.3.25)

Thus, for the Gumbel solution, Eq. (3.3.25) is assembled based on Egs. (3.3.22) and (3.3.23)
or based on Eqg. (3.3.24) (or, if a di erent interpolation or quadrature technique is desired,
based on Egs. (3.3.20) and (3.3.21)). Note thd, is symmetric under Gumbel conditions,
whereas in the case of the Elrod model, the entries corresponding to the cavitation zone
render E, unsymmetric.

3.3.2 Incorporation of oil supply boundary conditions

The oil supply BCs are incorporated into the fully assembled SBFEM equation (Eq. (3.3.17)
or (3.3.25), respectively) by means of an elimination technique. The columns B$ corre-
sponding to the nodes where these BCs are de nédare multiplied by the dimensionless
supply pressurePys and then added to the RHS vectorR. After that, the matrix rows,
matrix columns, and vector entries corresponding to these nodes are eliminated from all
matrices and vectors in the SBFEM equation.

21n the example in Figure 3.6, these nodes ard, 2, and 3.
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3.3.3 Solution under Gumbel conditions

The SBFEM simulations under Gimbel conditions require a solution of Eq. (3.3.25). Below,
a brief overview of this solution is presented, followed by a more detailed discussion.

The general solution can be expressed by
B( ): Ehom( )+ Epar, (3.3.26)

whereP o, and Py, are the homogeneous and particular solutions, respectively. The par-
ticular solution is de ned by the system of equations

éz Bpar =R, (3.3.27)
and the homogeneous solution is given by
Phom( )= _ (cosh_) * cosh(_) C, (3.3.28)

where__is a diagonal matrix of eigenvalues and is a matrix of eigenvectors, de ned by the
generalized quadratic eigenvalue problem

E, _=Eo _ _* (3.3.29)
The vector C contains a set of integration constants determined by the system of equations

C= Pyar, (3.3.30)

which enforces the BCs at the bearing boundanP( =1)=0).

The homogeneous solution (Eq. (3.3.28)) is derived in [PGDW21d] from an exponential
ansatz, but the symmetric BC ultimately leads to thecoshformulation. The factor (cosh_) *
serves the purpose of normalizing the functionosh(_) at =1 and is the reason why no
coshfunction appears in Eq. (3.3.30).

Although various solvers for generalized eigenvalue problems are available, a transformation
of Eq. (3.3.29) to a standard eigenvalue problem is suggested, as this transformation is trivial,
due to E, being a diagonal matrix. This standard form reads

B = 2 (3.3.31)

whereB is given by (note that E, is positive-de nite)

1

B=E,* E» Eo

. (3.3.32)

The eigenvalue problem is still symmetric after this transformation. Furthermore, iE; is
tridiagonal, then B inherits this property as well, allowing the usage of an e cient, spe-
cialized solver for tridiagonal, symmetric standard eigenvalue problems. In more general
cases Eo not being diagonal), the transformation of symmetric eigenvalue problems from
generalized to standard form can be achieved using, e.g, the Cholesky factorization [Hig09]
of Eo, which at least retains the symmetry.
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After the solution of Eq. (3.3.32), the eigenvectors_ are transformed back to_ by

_=E¢* _ (3.3.33)
The eigenvectors_ are orthogonal toE, and should be normalized to
_" Eo _=L: (3.3.34)

Often, solvers for symmetric standard eigenvalue problems like Eq. (3.3.31) normalize the
eigenvectors__ to a 2-norm of 1. If this is the case, the matrix_ obtained by Eqg. (3.3.33)
automatically satis es Eq. (3.3.34).

Note that the quadratic nature of the eigenvalue problem does not complicate its solution,
as it can be treated as a linear eigenvalue problem ﬁ (instead of a quadratic eigenvalue
problem in _); this is possible because no linear term in is present. After the solution,__is
obtained by evaluating the positive square root of:2. The negative root is not required,
due to the symmetric BC and thecoshformulation in the homogeneous solution. As the
matrix B is either positive-de nite (if oil supply BCs are present) or positive-semide nite (if

no oil supply BCs are present), the quadratic eigenvaluesﬁ are theoretically nonnegative.
However, due to rounding errors, a possibly negative value very close to zero may be present
in the positive-semide nite case. For ensuring that the matrix_ is entirely real, this value
should be set to exactly zero before computing the square root.

The numerical e ort for the computation of the particular solution (Eq. (3.3.27)) is small if
the eigenvalue problem is solved rst, as the normalized eigenvectorshave the property

TE, =_2 (3.3.35)
allowing the inverse ofE, to be expressed by

E,'= 2T (3.3.36)

With Egs. (3.3.27) and (3.3.36), the particular solution is given by

Ppar= E,* R= _ _ 2 T R: (3.3.37)

However, Eq. (3.3.37) only applies if oil supply BCs are de ned. Otherwise, the coe cient
matrix E, is singular and cannot be inverted, while_ contains a zero-eigenvaldé ; = 0
(prohibiting the computation of _ 2). The fact that this zero-eigenvalue and the correspond-
ing eigenvector_; satisfy the eigenvalue problem (Eq. (3.3.29)) indicates thedE, 1 =0.
Thus, the statement

E; (Ppar+ C_1)=Es Ppar+0=Es Ppa (3.3.38)

is true for any value ofC. This means that any multiple of _; can be added toP ., without
violating Eqg. (3.3.27), i.e., that the particular solution is not unique. As Eg. (3.3.37) is not
applicable, P o, may be computed by

Poar = _ (_ Dmod ' R with (_ ?)moa =diag(0 ,2 52 ,%::]), (3.3.39)

13The de nition 1 = 0 assumes that the eigenvalues are stored in ascending order.
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in this case. Here, 2 has been replaced by a modied formulatior(_ 2)mod, Where the
unde ned entry ,? is set to zero, suppressing the participation of ;. The complete par-
ticular solution can then be expressed b, + C_ 1, whereC is undetermined. However,

a term of the form C,__; is already contained in the homogeneous solution, as can be shown
by substituting ; and _; into Eq. (3.3.28) with ; = 0. Thus, including the term C_;
into the particular solution, with an undetermined C, leads to redundancy in the general
solution. Instead, the particular solution computed with(_ “)mod iS Used as it is, which
implies choosingC = 0. In general, any value can be chosen f@, because the integration
constant C; is forced by Eq. (3.3.30) to compensate this arbitrary choice.

With Egs. (3.3.30), (3.3.37), and (3.3.39), the integration constants can be computed by
(

2 TR with oil supply BCs
— 1 — = = —
€= = Bowr= (_ ®mod ' R without oil supply BCs (3.3.40)
and the particular solution is then given as
Ppar= _ C: (3.3.41)

The computation of the hydrodynamic forces requires an integration of the pressure eld over
the bearing surfaces. The integration in the axial direction can be performed analytically
and leads to (with Egs. (3.3.26) and (3.3.28))

71
P= P()d =_ tanh _ _ ' C+ _a, (3.3.42)

0
which is a vector describing the integral of the dimensionless nodal pressures ovdrom
the bearing center =0 to the bearing boundary = 1. Since the integration is performed
over a -interval of length 1, P can also be interpreted as a vector of axially averaged
dimensionless pressures. By use of Eq. (2.1.21), the vector of axially averaged physical
pressuresp is deduced fromP. Before computing the hydrodynamic forces, the Gumbel
condition is enforced inp, meaning that all negative vector entries are set to zero. This is
only slightly less accurate than a full two-dimensional evaluation of the Gimbel condition
because, without shatft tilting, the line that separates the regimes with positive and negative
pressures is almost parallel to the axial coordinate. Moreover, this saves computational
e ort, as the pressure solution (including the potentially expensive functiomosh( _)) does
not need to be evaluated locally at multiple -positions. The hydrodynamic forces acting on
the shell (and, in the opposite direction, on the shaft) can now be expressed by

2 3 2 3
zd 872 cosf=rp) Rx cos;=rp)

F oy = pdsinx=rp)5dydx = = p Isin(xi=rp)5 Ivly (3.3.43)
0 =2 O i=1 O

with respect to the coordinate systent  X; o¥; 0zg de ned in Figure 2.3. Here,l, is the
physical circumferential sector side length. This simple, point-wise integration in the cir-
cumferential direction is adequate as long as the solution is based on linear interpolation
functions.
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The friction moment acting on the shellMy, is given by

My = ( r;(p;x)i + #i oiliw) Mololx (3.3.44)
i=1 [
with
(Px)o = P i Pw . (3.3.45)

Due to the simple Giumbel cavitation model#; = 1 is assumed in Egs. (3.3.44) and (3.3.46).
The Elrod solution (Section 3.3.5) also uses these equations, but without this simpli cation.

The total oil mass in the bearing equals

Rx
Min = # ahilply, (3.3.46)
i=1
and the mass ow through the bearing boundaries is given by
|

3h- R Iy i 3 - . .
hpyy dx =2 hpi;y(y = 0:5l) : (3.3.47)
y=0:5l, i=1 12 ol

Z%
oil

12

Mpp = 2
Here, the nodal axial pressure gradients at the bearing boundapy;, (y = 0:5l,), which can
be stored in a vectorp;y (y = 0:5ly), are de ned by

2prefB; ( - 1): 2pref:
Iy Iy

2
Py (y = 0:5lp) = l—p; (=1= tanh _ _ C: (3.3.48)
P B = =
Before evaluating Eq. (3.3.47), the GUmbel condition requires all positive pressure gradients
in the vector p;, (y = 0:5l,) to be set to zero, as they correspond to negative pressures inside
the bearing.

A summary of the algorithm is provided in Section 3.3.6.

3.3.4 Approximation of the eigenvalues and eigenvectors

If the bearing is rotationally symmetric (cylindrical geometry and no oil supply BCs) and
Gumbel conditions are assumed, the eigenvaluesand eigenvectors_ (Section 3.3.3) can
be e ciently approximated by Taylor series, as shown in [PGW24]. This avoids calling an
eigensolver every time the Reynolds equation is evaluated with a new gap functidn Note
that the gap function usually changes at every time step of the rotordynamic or multibody
simulation, as the eccentricity” and the attitude angle X,; are time-dependent. These
Taylor approximations are
ax " n\n ax " n \n
ey= e )2 T e (3.3.49)

n=0 n! n=0 n!

where" is the current eccentricity, " is the eccentricity where the Taylor series has been
constructed, andn .y is the chosen maximum polynomial degree. The symb)(™ denotes
an nth derivative with respect to". A non-stationary computational grid is used; it's motion
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follows the attitude angle X 5, so that no dependencies oX ; are required in the Taylor
approximations.

The de nitions of the Taylor coe cients (:2)(”) and _" are derived in [PGW24] and will
be presented just brie y in the following. Thenth derivative of the eigenvalue problem given
in Eq. (3.3.29) can be written as

Qn 2 2 Qu+(_ )(n) K, 5350
with
( )
X n!
— T L (k)
&n - o1 kl(n k)léz — gn k
( ( )
T e X K n! o (7"
T ket = - Kl(n kD= ~ =
S 27 (n l>)
O (3.3.51)
M= Q,: (3.3.52)

Eq. (3.3.50), in combination with a typical normalization convention (which de nes the main
diagonal ofQ,) [VATMMO07, KG16], leads to

(. )E:)) Ko (3.3.53)

7(|u)Qn

8
—(ib) y=1: usb (ub)

K, o , (3.3.54)
(D) i6j, (D6 (i)

i6j, ((Day=( i)

where (') ) denotes the matrix entry in theith row and j th column. Regarding the de ni-

tions given in Eq. (3.3.54) fori 6 j, note the case discrimination as to whether or not the
ith and j th eigenvalues are equal. They are considered equal if

(i (CAani <104 ie. if RN
05 (L + (i) 05 2+ ?

= ('J)

(L ) (i

<10 4: (3.3.55)

In the tests performed so far, this tolerance provided a numerically stable and accurate
solution, unlike tolerances chosen a few orders of magnitude smaller (potentially unstable)
or larger (inaccurate).

By means of Egs. (3.3.51) through (3.3.55), thath eigenvalue and eigenvector derivatives
((:2)(”) and :‘”), respectively) can be computed, given that all derivatives of lower or-
der are already known. Thus, the rst step consists of solving the eigenvalue problem
(Eq. (3.3.29)) at" by means of an eigensolver, so that2 and __ (the Oth derivatives) are



68 Solution of the Reynolds equation

obtained. Then,(_?)(M™ and:(”) are computed fom = 1 ::: npax as described by Egs. (3.3.51)
through (3.3.55), in ascending order fon.

The overall strategy developed in [PGW24] (and adopted here) consists of constructing the
Taylor series at a nite number of points in the range0 < " < 1 before initiating the
time integration scheme, allowing to precompute a database of eigenvalue and eigenvector
derivatives. The necessary degree of the Taylor seriegax t0 guarantee an accurate ap-
proximation depends on the distance between two neighboring data points. The database
generated in [PGW24] contains 109 non-equidistant points and assumes an order,Qf = 2.
The distribution of data points is chosen in such a way that the truncation error of the Taylor
series (judging by a relative error norm analyzing the residual of the eigenvalue problem)
is signi cantly smaller than the discretization error of the SBFEM solution forn, = 100,
assuming that" does not exceed:99. A higher order would allow reducing the number of
points while maintaining this accuracy, but would also increase the e ort for evaluating the
Taylor series at every time step.

As observed in [PGW24], the SBFEM solution can be formulated with a strongly reduced
modal basis without any signi cant loss of accuracy, at least for small and intermediate
eccentricities. Therefore, at every analyzetl -point, only a subset of the eigenvalues and
eigenvectors is considered in the database; see [PGW24] for details. The resulting database
size, in terms of occupied memory, i6:6 megabytes.

Regarding the SBFEM simulations that will be conducted in Chapter 5, all cylindrical bear-
ings without oil supply BCs will employ the Taylor approximations de ned by Eq. (3.3.49),
using the database that was generated in [PGW24]. The bearing lengthand diameterd,
do not aect the eigenvectors (apart from their normalization), but the eigenvalues and
their derivatives depend on the slenderness ratio = I,=d,. As shown in [PGW24], the
relationship

|

2
(2™ = 72 (3™ (3.3.56)

applies, wherg ), and( )g are two bearings with di erent slenderness ratios. The clearance

a ects neither the eigenvalues nor the eigenvectors, do to the nondimensionalization. After
the Taylor approximation for __is evaluated, the normalization de ned by Eq. (3.3.34) must
be enforced.

3.3.5 Solution under Elrod conditions

For the solution considering cavitation, the DOFs and equations in Eq. (3.3.17) are re-
arranged according to whether a node is located in the pressure zomge=1) or in the
cavitation zone @ =0), so that Eq. (3.3.17) can be written as
" # " # " # " # " #
ER” Ep° % () EF E¥ () _ R°
E EF () EF E¥ _°() R’

(3.3.57)

where( )P denotes the pressure zone ar{d° the cavitation zone. Since this changes the node
numbering scheme, the overalt ,-matrix is no longer tridiagonal. However, the matriceg 5°
and E5° are still tridiagonal if the order of the nodes is maintained at least internally within
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the respective zon¥. If, in addition to that, the arti cial di usivity is setto K,y = Lx=2
(as is the case in this work) E5¢ even becomes bidiagonal.

Assuming that the switch function is exactly zero in the cavitation zone (no regularization)
and that E, is diagonal, the submatriceEf°, E¢°, and E§° vanish (cf. Eq. (3.3.11)). As
discussed in Section 3.1, the Im fraction is assumed to be constant in the axial direction,
which leads to_ ¢ = 0. Under these conditions, Eq. (3.3.57) becomes

"EPIO "EPP EIOC# " P( )# "RP#
= o Ex ¢ = go (3.3.58)

7‘3 () gp Egc RC

For general BCs at the bearing boundary (including the chosen homogeneous Dirichlet BCs),
this system of di erential equations cannot be satis ed locally (i.e., for every value of) at

the interfaces between the pressure and cavitation zones. An approximate solution is enabled
by integrating the equations corresponding to the cavitation zone over This modi cation

simpli es the mass balance at the interface as has been discussed in Section 3.1; the original,
local mass balance is replaced by a global one addressing the interface as a whole. This leads
to

ER® % () E¥ _°() EY¥ _°=R°, (3.3.59)
Z1 71

E” _P() E¥ _°d = R°d: (3.3.60)
0 0

Analogously to the Gumbel model (Section 3.3.3), the general solution can be written as
the sum of acoshfunction (dependent on ) and a constant term (independent of ), but

the former vanishes in the cavitation zone due to the assumption® = 0. In the follow-

ing derivation, the entire general solution will be substituted into the system of di erential
equations (Egs. (3.3.59) and (3.3.60)) at once; hence, no classi cation of particular or ho-
mogeneous solutions (as in Section 3.3.3) is necessary. Instead, the constant term will be
indicated by the subscript( )con. The general solution read$

" ) # 0" ) # " . L #
()= O 2 e, 7 (cosh) . cosh(_) C (3.3.61)

—_— —Ccon

where_P is a matrix of eigenvectors,_is a diagonal matrix of eigenvalues, an@ is a vector
of integration constants. Substituting Eq. (3.3.61) into Egs. (3.3.59) and (3.3.60) leads to

E¢F P _* EB _P (cosh) ' cosh() C EB" B, E5 (n=R°
(3.3.62)
and, respectively,
EF P _'tanh_ C EF &, EF _n=R% (3.3.63)

14As a minimal example, consider a sequence of three nodes, A-B-C, where A and C are located in the
pressure zone and B in the cavitation zone. After the rearrangement, they should be stored in the order
A-C-B, not C-A-B.

15Similar to Section 3.3.3, the symmetric BC at the axial center of the bearing is already considered in this
solution. The purpose of the factor (cosh ) ! is a normalization eliminating all coshfunctions at the
bearing boundary (at =1). a
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In Eq. (3.3.62), equating coe cients incosh( _) leads to the generalized eigenvalue problem

EFf P=ER P _* (3.3.64)

Under the assumption thatEf" is diagonal, this eigenvalue problem is expressed in standard
form, analogously to Section 3.3.3

B _=_ _°2 (3.3.65)
1 1
with B =ER® * E5® Eg° °, (3.3.66)
1
_P=EY (3.3.67)

whereB is a tridiagonal matrix (if E5” is tridiagonal). Due to the symmetry of all matrices
on the RHS of Eq. (3.3.66), the resulting matrixB is also symmetric. The eigenvectors inP
are orthogonal toEF” and are usually normalized to

PTOER _P=L: (3.3.68)

pl= T EM. (3.3.69)

If the eigenvectors contained in_ are normalized to a 2-norm of 1 (which is performed by
default by many eigensolvers) before they are substituted into Eq. (3.3.67), then Eq. (3.3.68)
is satis ed automatically.

Evaluating Eq. (3.3.62) for the terms constant in leads to
EY % E¥ _Sn=R": (3.3.70)
The BCs at the bearing boundary in the pressure zone f( =1) =0) yield
P C+ =0 (3.3.71)

The vectors_ P ¢, and C are de ned by three coupled equations (Egs. (3.3.70), (3.3.63),

—Ccon’ —con?

and (3.3.71)), which can be solved as follows. Eq. (3.3.71) is written as

1
c= _»° _p (3.3.72)

and substituted into Eq. (3.3.63), leading to
EY E¥ P _Ytanh_ P P EX © =R (3.3.73)

Moreover, Eqg. (3.3.70) is expressed by

1
_tn= EB®  (EY _Gnt+RP) (3.3.74)
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and substituted into Eq. (3.3.73), yielding

1
B P _ttanh_ P EP  EF EF ¢

rm

=R° E¥ EP P _ lianh_ P EP  RP: (3.3.75)
Eq. (3.3.75) is an unsymmetric, linear system of equations for the computation of,,. The
expression in parentheses on the LHS yields a matrix that is either bidiagonal (f&r,q =
Lx =2) or tridiagonal (for any other K ,4), assuming linear interpolation functions and nodal
quadrature. The inverse ofE5” required in Eq. (3.3.75) is given by (cf. Eqg. (3.3.36))

1
- p 2 pT. (3.3.76)

m

After Eq. (3.3.75) is solved for_¢,,, the vectors__P , and C are computed (in this order)

—Ccon

by means of Egs. (3.3.74) and (3.3.72), respectively.

The general solution is then fully determined and can be expressed by
()= _con+ _ (cosh) ! cosh(_) C, (3.3.77)

with
# "H#
—on _" .
_con — c ) = 0 (3.3.78)

—Ccon

Before evaluating Eq. (3.3.77), the original order of the DOFs should be restored, reversing
the rearrangement that was introduced with Eq. (3.3.57). This concerns the order of the
entries in __¢,n, and the order of the rows (but not columns) in_. Note that _ and C are
not a ected. Moreover, the nodes in the oil supply region, which were eliminated by oil
supply BCs, are now incorporated again. Since the supply pressu?gs is constant in the
axial direction, it can be included in__¢on.

Once the solution is known and contains all nodes in the correct order, the switch function
is updated. Here, the assumptiorg; = 0 needs to be considered. To this end, the switch
function is computed based on the axial average of the pressure-like function rather than
its local values along the -coordinate. The vector of axially averaged nodal pressure-like
functions __is given by

71
_= _()d =_tanh _ _ ' C+ _con: (3.3.79)
0

Applying Eq. (2.1.24) to every entry of _ yields the new switch function vectorg.

If the solution has converged, the global vectors of Im fractiong# and axially averaged
physical pressuregp are computed by Egs. (2.1.23) and (2.1.21), based on and g. The
hydrodynamic forcesEhyd, the oil friction moment My, the oil massm,, , and the mass
ow my, are then obtained by Egs. (3.3.43) through (3.3.47). Here, in contrast to the
Gumbel solution, the simulated Im fractions # are used instead of the assumptio# = 1.
The axial pressure gradients at the bearing boundany,, (y = 0:5l,), required in Eq. (3.3.47),
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are now de ned by

2pref
Iy

Py (y = 0:3lp) = diag(@) _ tanh _ _ C, (3.3.80)

instead of by Eq. (3.3.48).

3.3.6 Summaries of the algorithms

Under Gumbel conditions, and without the usage of eigenvalue problem derivatives, the
SBFEM algorithm for solving the Reynolds equation at a given time step can be summarized
as follows. The steps are, in this order,

1) assembly of the coe cient matricesE, and E ; as well as of the RHS vectoR based on
Egs. (3.3.22) and (3.3.23) or based on Eg. (3.3.24), using the node numbering scheme
illustrated in Figure 3.6 (if oil supply BCs are present),

2) incorporation of oil supply BCs (if present) through the method of elimination, as
described in Section 3.3.2,

3) computation of B according to Eq. (3.3.32),

4) computation of :2 and __ by solution of Eq. (3.3.31) with a solver for tridiagonal,
symmetric eigenvalue problems,

5) computation of _ (positive square root of:2),

6) normalization of the eigenvectors contained in_to a 2-norm equal to 1 (if this nor-
malization has not been performed by the eigensolver),

7) transformation of the eigenvector matrix from__to __ by means of Eq. (3.3.33),

8) computation of the integration constantsC by Eq. (3.3.40), where(__ ) mod is de ned
as stated in Eq. (3.3.39),

9) computation of the particular solution P, by Eq. (3.3.41),
10) computation of the axially averaged dimensionless pressufesy Eq. (3.3.42),
11) conversion of the dimensionless to physical pressuke o p) by means of Eq. (2.1.21),

12) computation of the axial gradients at the bearing boundary;, (y = 0:5ly) by means
of Eq. (3.3.48),

13) enforcement of the Gumbel condition, setting all negative entries pfand all positive
entries ofp;y (y = 0:5l,) to zero,

14) computation of the hydrodynamic forces=,, 4, the oil friction moment My, the oil
massm , , and the mass owmy, by means of Egs. (3.3.43) through (3.3.47) under
the assumption that# = 1.

For the Gumbel solution with Taylor approximation of the eigenvalues and eigenvectors, the
steps are (assuming that the database of Taylor coe cients has already been generated and,
if necessary, has been transformed to the given bearing dimensions with Eq. (3.3.56))

1) assembly ofE, and R with Egs. (3.3.22) and (3.3.23) or with Eq. (3.3.24),
2) approximation of:2 and __ by Eq. (3.3.49),
3) computation of _ (positive square root of:2),
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4) normalization of the eigenvectors contained in_according to Eq. (3.3.34),

5) computation of the integration constantsC by Eq. (3.3.40), where(__ ) mod IS de ned
as stated in Eq. (3.3.39),

6) computation of the particular solution P, by Eq. (3.3.41),
7) computation of the axially averaged dimensionless pressuiesby Eq. (3.3.42),
8) conversion of the dimensionless to physical pressufe {0 p) by means of Eq. (2.1.21),

9) computation of the axial gradients at the bearing boundanyp;, (y = 0:5l,) by means
of Eq. (3.3.48),

10) enforcement of the Giimbel condition, setting all negative entries pfand all positive
entries ofp;y (y = 0:5lp) to zero,

11) computation of the hydrodynamic forces=,, 4, the oil friction moment My, the oil
massm , , and the mass owmy, by means of Egs. (3.3.43) through (3.3.47) under
the assumption that# = 1.
With the Elrod cavitation model, the steps are

1) assembly of the coe cient matricesE, and E, as well as of the RHS vectoR based
on Egs. (3.3.14) through (3.3.16) or based on Eg. (3.3.18), with the switch function
vector g from the previous iteration (at the rst iteration, a reasonable initial guess can
be obtained from a previous time step) and under consideration of the node numbering
scheme illustrated in Figure 3.6,

2) incorporation of the oil supply BCs through the method of elimination, as described
in Section 3.3.2,

3) reorganization of the DOFs according to the two ow regimes, as indicated in Eq. (3.3.57),
4) computation of B according to Eq. (3.3.66),

5) computation of :2 and __ by solution of Eg. (3.3.65) with a solver for tridiagonal,
symmetric eigenvalue problems,

6) computation of _ (positive square root of:2),

7) normalization of the eigenvectors contained in_to a 2-norm equal to 1 (if this nor-
malization has not been performed by the eigensolver),

8) transformation of the eigenvector matrix from__to _P by means of Eq. (3.3.67),

9) computation of _P ' and ESP ' according to Egs. (3.3.69) and (3.3.76), respectively,
10) computation of __¢_, by solution of Eq. (3.3.75),
11) computation of 2, and then C by means of Egs. (3.3.74) and (3.3.72), respectively,
12) construction of __.,, and __ as de ned in Eq. (3.3.78),

13) reversal of step 3 (this now concerns the order of the entries of,, and the order of the
rows of ) and of step 2 (the nodes eliminated due to oil supply BCs are incorporated
again),

14) computation of __ by means of Eq. (3.3.79),

15) update of the nodal switch functiongy by substituting __ into Eq. (2.1.24),

16) repetition of steps 1 through 16 (next iteration), if at least one of the nodal switch
functions has changed, or advancement to step 17 etc., if the nodal switch functions
have not changed (convergent solution),
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17) computation of the Im fractions # and axially averaged physical pressurgs based
on__ and g with Egs. (2.1.23) and (2.1.21),

18) computation of the axial pressure gradients at the bearing boundagy, (y = 0:5l,) by
Eq. (3.3.80), and

19) computation of the hydrodynamic forces=, 4, the oil friction moment Mg, the oil
massm, , and the mass owmy, by means of Eqgs. (3.3.43) through (3.3.47).

The developed algorithms are available for download as MATLAB or Fortran implementa-
tions; see [Pfe25].
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4 Convergence study using
manufactured solutions

In this chapter, the computational models for solving the Reynolds equation (numerical
model and SBFEM model, described in Sections 3.2 and 3.3, respectively) are analyzed
with respect to their error convergence under mesh re nement. For this purpose, an exact
analytical reference solution is generated by the method of manufactured solutions [Shi85,
Roa01]. This method suggests prescribing the dependent variable (hdPeand, if cavitation

is considered#) by a more or less freely chosen function, substituting this function into
the di erential equation, and calculating the residual. This residual is then interpreted
as an additional source termS and incorporated into the computational model via the
RHS vector, causing the simulation to converge towards the initially chosen function under
mesh re nement. In a convergence study, this exact reference solution saves the additional
re nement step that is usually necessary for generating a su ciently accurate reference
solution, and it is capable of verifying that the investigated computational method solves
the given di erential equation correctly.

The BCs at the bearing boundaries are as described in Section 3.1 (the manufactured so-
lutions will be chosen to match these BCs), and the periodic BC is also used, whereas oll
supply BCs are not included in this investigatioh®. The additional source termS due to

the method manufactured solution is de ned by the residual of Eq. (2.1.22), that is,

18 W@ 10 We @ _
12@( rel@( 12@( rel@( @( - ,

assuming quasistatic conditions and a positive surface velocily

(4.0.1)

If the Im fraction # in the manufactured solution depends on the axial coordinatg, the
SBFEM simulation converges to a result that di ers from the prescribed function, due to
the simpli cation @=@ = 0 (Section 3.1). Since it is already obvious that this discrep-
ancy exists (and since the e ect of this simpli cation on the bearing forces will be inves-
tigated later, see Chapter 5), the manufactured solution will be chosen to also have the
property @=@ = 0, bypassing this discrepancy for now. Note that this aspect is relevant
only for the investigations with Elrod cavitation, not under Gimbel conditions.

Sections 4.1 and 4.2 de ne manufactured solutions under Gumbel and under Elrod condi-
tions, respectively. The steps necessary for incorporatir®yinto the computational models

16Quasistatic simulations with mass-conserving cavitation and the chosen combination of BCs (homogeneous
Dirichlet BCs at the bearing boundaries, no oil supply BCs at all) usually do not yield reasonable results.
Analytical considerations lead to a trivial solution for P and a non-unique solution for#. For numerical
models, the cavitation algorithm may converge to a rather arbitrary solution with a very small pressure
zone. However, this issue does not occur in the context of manufactured solutions (as long as an initial
guess ofg = 0 is avoided), becauseS acts as an oil source in the pressure zone.
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are described in Section 4.3. Section 4.4 uses the de ned manufactured solutions to investi-
gate the error convergence of the computational models.

4.1 Manufactured solution under Guimbel conditions

For testing the computational models under Gimbel conditions, the manufactured solution

cosh( ) cosh({y) . ~ 1 _ o
cosh() 1 SNX), H(X)=1+ jcosK), #= m= =1

(4.1.1)

P(XY)=

is chosen. Here, represents the slenderness ratio of the bearing as well as, due to the nondi-
mensionalization according to Eq. (2.1.21), the axial coordinate value of the bearing bound-
ary. Note that the function P satis es the desired homogeneous BE(X;Y = )=0.
Substituting Eq. (4.1.1) into EqQ. (4.0.1) yields the source terng

S(X; Y) = So(X) + cosh(Y)Sy (X,

#
. B cosh( ) @3] . @A
with  So(X) = 12[cosh() 1] 3H x cosX) H?3sin(X) '
_ 1 @ _
S/(X) = 4[L cosh( )]H & cos(X): 4.1.2)

The functions P and S (Egs. (4.1.1) and (4.1.2)) are visualized in Figures 4.1a and 4.1b,
respectively.

4.2 Manufactured solution under Elrod conditions

Under Elrod conditions, the manufactured solution is chosen Hs

(P [cosh( ) cosh(f)]X3( X)®* 0 X

P(X;Y):(0 <X< 2
-1 0 X
XD 1 sx e x) <X< 2
1 64 16
T ' 6[cosh() 1]’ 4 (4.2.1)
involving a pressure zone(@ X ) as well as a cavitation zone (< X < 2 ). The

corresponding functionS, according to Eq. (4.0.1), is

S(X;Y) = So(X) +cosh(Y)S,(X) (4.2.2)

17For simplicity, the Im thickness H is now assumed to have a constant value of. The ability of the
numerical and SBFEM formulations to consider a variable Im thickness will be veri ed under Gimbel
conditions (the manufactured solution presented in Section 4.1 assumes thdtl = H(X)).
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Figure 4.1: Manufactured solution under Gumbel conditions, including (a) the
nondimensionalized pressurP and (b) the source termS.

Figure 4.2: Manufactured solution under Elrod conditions, including (a) the nondi-
mensionalized pressur®, (b) the Im fraction #, (c) the pressure-like
function , and (d) the source termsS.
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