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Abstract

While there is an increasing amount of literature about Bayesian time series analysis, only few
Bayesian nonparametric approaches to multivariate time series exist. Most methods rely on
Whittle’s Likelihood, involving the second order structure of a stationary time series by means
of its spectral density matrix. This is often modeled in terms of the Cholesky decomposition
to ensure positive definiteness. However, with such nonlinear transformations, the modeling of
certain prior knowledge aspects such as mean or variance often proves to be difficult. Further-
more, and most importantly, asymptotic properties such as posterior consistency or posterior

contraction rates are not known.

A different idea is to model the spectral density matrix by means of random measures. This is
in line with existing approaches for the univariate case, where the normalized spectral density is
modeled similar to a probability density, e.g. with a Dirichlet process mixture of Beta densities.
In this work we present a related approach for multivariate time series, with matrix-valued mix-
ture weights induced by a Hermitian positive definite Gamma process. The process construction
is inspired by Kingman’s construction of the Gamma process and utilizes an infinitely divisible
Hermitian positive definite Gamma distribution.

In conjunction with Whittle’s Likelihood, our proposed Bayesian nonparametric procedure for
spectral density inference is shown to perform well for both simulated and real data. Important
theoretical properties such as posterior consistency and contraction rates are also established.
As a preliminary result for these asymptotic considerations, we establish mutual contiguity of
Whittle’s Likelihood and the full Gaussian Likelihood for stationary multivariate Gaussian time
series, a fact that has so far only been known in the univariate case.

We also present a semiparametric model extension, accommodating a parametric linear model
in which the nonparametric time series component constitutes the error term. This model is
investigated with both numerical simulations and in terms of asymptotic properties of the joint

posterior and the marginal posterior of the linear model coefficients.



Zusammenfassung

Trotz zunehmendem Interesse an Bayesscher Zeitreihenanalyse in der Fachliteratur existieren
bis heute nur wenige Bayessche nichtparametrische Ansétze zur multivariaten Zeitreihenanalyse.
Die meisten Verfahren basieren auf der Whittle Likelihood, welche die Abhéngigkeitsstruktur der
Zeitreihe in Form der Spektraldichtematrix einbezieht. Letztere wird oft mithilfe der Cholesky
Zerlegung modelliert, um positive Definitheit zu garantieren. Die Modellierung gewisser As-
pekte des Bayesschen Vorwissens wie zum Beispiel Erwartungswert oder Varianz gestaltet sich
jedoch oft schwierig bei Verwendung solcher nichtlinearer Transformationen. Dariiber hinaus ist
die Giiltigkeit von asymptotischen Giitekriterien wie Konsistenz und Kontraktionsraten der a
posteriori Verteilung nicht bekannt.

Eine andere Idee besteht darin, die Spektraldichtematrix mithilfe von zufalligen Maflen zu mod-
ellieren. Dies ist in Anlehnung an ein aus der Literatur bekanntes Verfahren fiir den univariaten
Fall, in welchem die normalisierte Spektraldichte analog zu einer Wahrscheinlichkeitsdichte mod-
elliert wird, zum Beispiel mit einer Dirichlet Prozess Mischung von Beta Dichten. In dieser Ar-
beit prasentieren wir einen verwandten Ansatz fiir multivariate Zeitreihen, mit matrixwertigen
Mischungsgewichten, welche von einem hermitesch positiv definiten Gamma Prozess induziert
werden. Die Prozesskonstruktion ist inspiriert von der Konstruktion nach Kingman und beruht
auf einer unendlich teilbaren hermitesch positiv definiten Gamma Verteilung.

Zusammen mit der Whittle Likelihood liefert das hier vorgestellte Bayessche nichtparametrische
Verfahren zur Spektraldichteschatzung sowohl fiir simulierte als auch fiir echte Daten gute Resul-
tate. Wichtige theoretische Eigenschaften wie Konsistenz und Kontraktionsrate der a posteriori
Verteilung werden auch hergeleitet. Als vorausgehendes Resultat fiir diese asymptotischen Be-
trachtungen leiten wir zudem die gegenseitige Kontiguitat der Whittle Likelihood und der vollen
Gaussschen Likelihood fiir multivariate stationdre Gaussche Zeitreihen her. Dieses Resultat war
bisher lediglich fiir den univariaten Fall bekannt.

Dariiber hinaus préasentieren wir eine Modellerweiterung in Form eines parametrischen lin-
earen Modells, in welchem die nichtparametrisch modellierte Zeitreihe den Fehlerterm darstellt.
Dieses wird sowohl in Form von numerischen Simulationen, als auch mittels asymptotischen
Giitekriterien der gemeinsamen a posteriori Verteilung und der marginalen a posteriori Verteilung
der linearen Modellkoeffizienten untersucht.
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Preface

Spectral Modeling of Stationary Time Series

Spectral theory is a very popular approach to mathematically describe the dependence of a time
series. The idea is to decompose the linear dependence structure as a superposition of peri-
odic components of different frequencies. Such a frequency-domain representation (or spectral
representation) lends itself naturally for inspection and quantification of periodic phenomena
in the data. To elaborate, consider the weak stationary and centered d-dimensional time se-
ries {Z,: t € Z} with autocovariance function I'(h) = E[Z,,,Z}] € R, The famous Herglotz
Lemma (see Theorem 11.8.1 in Brockwell and Davis (1991)) states that I' can be written in
terms of a superposition of 2m-periodic trigonometric functions:

T(h) = / exp(ihw)F(dw), heZ,
[0,27]

for a Hermitian positive semidefinite matrix valued measure F' = (F}, k)‘jk_ 1 on [0,27], that is,
F};; = F; are finite measures and, for j # k, Fj; = ( ) + zF(k), where both F(k) and F(lz are
differences of finite measures and, for all measurable sets B, the d x d-matrix F'(B) is Hermitian
positive semidefinite (Hpsd). The integral in the above representation is understood component-
wise. It may be noted that — despite their natural occurrence in spectral analysis of multivariate
time series — Hpsd measures have also emerged as mathematical research objects in their own
rights. For further details on them and their role in multivariate time series analysis, see e.g.
Salehi (1968), Robertson and Rosenberg (1968), Rosenberg (1974) and the references therein.

Throughout this work, we denote by || A|| the Frobenius norm of a d x d matrix A, see (B.3) in the
Appendix. If the autocovariance function of Z, is absolutely summable, i.e. >, , [[T(h)] < oo,
then F' possesses a continuous Lebesgue density f: [0,27] — S’j, where 5’; denotes the set of
Hpsd matrices. In this case, f is given by an inverse Fourier transform of I':

flw) = % }%I‘(h) exp(—ihw), 0<w < 2. (0.1)
Since T'(h) € R¥? and T'(—h) = I'(h)” holds for for all h € Z (with AT denoting the transpose
of a matrix A), it is immediate that f(27 — w) = f(w)? holds for 0 < w < 7. Due to this
symmetry property, it suffices to consider F' and f on [0, 7] respectively. Since there is a one-
to-one relation between I' and f, the spectral density matrix contains all the linear dependence
structure of the time series {Z,}. It constitutes the object of primary interest in this work.



Bayesian Nonparametrics

Consider a statistical model with data (Z1,...,7,) obeying a likelihood function Pj', with a
parameter 6 belonging to some set © of possible parameters. In the Bayesian framework, 6 is
modeled as random. Any knowledge about it (before observing any data) has to be employed in
terms of the prior distribution P(df). The connection between data and parameter is described
in terms of the likelihood Pj(Zi,...,Z,) = P(Zi,...,2Z,]0). Once the data (Z1,...,Z,) are
observed, they are considered as fixed in the Bayesian paradigm and the prior is updated with
the likelihood to yield the posterior distribution P(d@|Z,...,Z,), which is given by Bayes’
formula

 P(Z,....Za|0)P(d9)
" Jo P(Z1,..., Z,|0)P(df)

P(db|Zy,...,7Zy) x P(Zy,...,Z,|0)P(d6), (0.2)
where the notation p(z) o ¢(z) refers to the existence of a positive constant (not depending
on z) such that p(z) = cq(z) holds. Often the posterior distribution is not available in closed-
form to analyze, but can be approximated numerically by drawing a large random sample based
on (0.2), e.g. using Markov Chain Monte Carlo (MCMC) methods. There are many different
aspects that make the Bayesian paradigm appealing, such as having the inference results at hand
as a whole in terms of one single mathematical object, i.e. the posterior distribution. However,
the discussion of the advantages and disadvantages of the Bayesian framework in comparison
to the classical (frequentist) approach is far beyond the scope of this work and the reader is
e.g. referred to Section 1.1 in Ghosal and van der Vaart (2017).

A model is called parametric, if the parameter space is finite dimensional, e.g. © C R¢. Para-
metric models are known to be very powerful if they are well-specified (i.e. if the data generating
process belongs to the parametric class in consideration), however inference may be misleading
in case of misspecification, as discussed in Kleijn and Van der Vaart (2012).

On the other hand, in a nonparametric model, the parameter space is of infinite dimension.
Exemplary objects to think about include infinite series, measures or functions — such as the
spectral density of a stationary time series. Despite being less powerful than parametric ap-
proaches, nonparametric models are typically much more flexible in the sense that they cover
a much larger class of data generating processes for which “valid” (in an asymptotic sense to
be specified later) inference can be conducted. However, establishing such validity results in
Bayesian nonparametrics is much harder than in the finite dimensional case: In fact, an impor-
tant difference is that the prior matters even asymptotically and much care has to be taken not
to choose an “unfortunate” prior that ruins validity. Due to advantages in theory and due to
increasing computational power and capacity for numerical posterior approximation, Bayesian
nonparametrics have seen a steady growth over the last few decades and are currently a very
active field of research.

A semiparametric model consists of both a parametric and a nonparametric part. Semipara-
metric models exist in numerous variants (see Chapter 12 in Ghosal and van der Vaart (2017)
or Chapter 4 in Bickel et al. (1998) for examples) and in this work, we will restrict our attention
to partitioned models, i.e. parameters of the form (6,n) € © x H, with © being finite dimen-
sional and H being infinite dimensional. Often 6 is considered the parameter of interest and 7



a nuisance parameter. As an example from the scope of this work, consider 6 = u € R? being
the mean and n = f being the spectral density of a stationary time series.

Outline

This work is structured in three main parts and an Appendix.

Part I presents the construction of an Hpsd Gamma process. After an introduction into random
processes and revisiting Kingman’s process construction from the univariate case in Chapter 1,
we will consider the infinitely divisible Hermitian positive definite (Hpd) Gamma distribution in
Chapter 2. Based on this distribution, we will construct an Hpd Gamma process in Chapter 3.
We will investigate distributional properties of the process concerning support and lower bounds
for probability masses. A practical representation in terms of an almost surely convergent infinite
series is derived and the Chapter is concluded with a numerical illustration of random samples
from the process.

Part II discusses a new Bayesian nonparametic method for multivariate spectral density infer-
ence, based on the Hpd Gamma process from Part I. The starting point is an elaboration of
Whittle’s Likelihood in Chapter 4. A main result of this Chapter is the mutual contiguity of
the full Gaussian Likelihood and Whittle’s Likelihood for Gaussian stationary time series, which
serves as a foundation for later asymptotic considerations and constitutes a result of independent
interest beyond the scope of Bayesian inference. A new nonparametric prior for the spectral
density matrix will be introduced in Chapter 5, where also the issue of numerical simulation of
posterior samples is discussed. Chapter 6 contains an illustration of the proposed method, in
terms of a real data example and a comparative simulation study. In Chapter 7, L'-consistency
of the posterior distribution is established and posterior contraction rates in the Hellinger topol-
ogy are derived.

Part III presents a semiparametric Bayesian linear model, consisting of a parametric Bayesian
linear model and a time series error term that is modeled nonparametrically. In Chapter 8, the
model is presented, in which the Gaussian stationary and centered error time series is modeled
with the spectral density matrix prior from Part II. The performance of the proposed method
is illustrated in terms of a comparative simulation study. Chapter 9 specializes to the case
of a mean model, in which the linear model consists only of an intercept and mean vector.
Contraction rates for the joint posterior of mean and spectral density are derived, and it is also
shown that the marginal posterior of the mean converges at a parametric rate under rather
mild prior assumptions. The chapter concludes with an outlook on how a Bernstein-von-Mises
theorem for the mean could be established.

Appendix A summarizes all the mathematical assumptions that have been used throughout this
work, whereas Appendix B contains several auxiliary definitions and results. To emphasize,
Section B.1 contains all important definitions and results from matrix algebra which are used
extensively throughout this work. The notation is summarized in Appendix C.






Part 1.

Matrix-Valued Gamma Process



Introduction

We start our considerations by a brief literature review about existing Bayesian nonparametric
approaches to time series analysis in Section 1.1. One of the most famous tools in Bayesian
nonparametrics is the Dirichlet process, which — along with its close connection to the Gamma

process — we will revisit in Section 1.2.

1.1. Bayesian Nonparametric Time Series Analysis

The standardized spectral measure F' = F/F([0,7]), of a univariate stationary time series is
a probability measure on [0,7]. In particular, the corresponding standardized spectral den-
sity f = f/F([0,7]) is a probability density. This property has been used in several Bayesian
nonparametric modeling approaches, where well-established methods for modeling compactly
supported probability densities have been tailored to this application. As a prominent example,
the Bernstein-Dirichlet prior from Choudhuri et al. (2004a) relies on a mixture of Bernstein
polynomials with mixture weights induced by a Dirichlet process to model the normalized spec-
tral density f on [0,7]. To elaborate, let Gy be a measure on [0,1] and M > 0. Then the
Bernstein-Dirichlet prior is defined as

k . .
f<m>=;G<(T,;])b<xu,k—j+n, 0<u<t,

G ~ DP(MGy),
k ~ p(k),

(1.1)

with b(-|j,k — 7 + 1) denoting the density of the Beta(j,k — j + 1) distribution (see (B.20) in
the Appendix) and DP(MGj) denoting the Dirichlet process with base measure MGy (see the
upcoming Section 1.2 for a detailed discussion thereof). Here, Gy = EG is the prior mean of
the random probability measure G' and the prior variance is proportional to M~! (thus M is
also called precision or concentration parameter). We refer to measure-valued random vari-
ables as random measures. Accordingly, random probability measures are random variables that
take values in the space of probability measures. Furthermore, p(k) in (1.1) denotes the prior
probability mass function for the polynomial degree k € N. The random function f in (1.1) is
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continuous and integrates to 1, because Z?Zl G(((7—1)/k,j/k]) = G((0,x]) = 1 with proba-
bility 1. See Appendix B.2 (and Lorentz (2012) and Petrone (1999)) for further details on the
Bernstein polynomial approximation of compactly supported functions.

It is also possible to model the normalized spectral measure F itself with a Dirichlet process:
F ~ DP(MFy), (1.2)

where Fjy is a measure on [0, 7] that reflects the prior mean. However, with probability one,
the draws of a Dirichlet process are discrete probability measures (Blackwell, 1973), i.e. they
consist of countably many random probability mass atoms. It may be emphasized that the
notion of discreteness of measures is not to be confused with topological discreteness. While
the former is defined as consisting of at most countably many mass atoms, the latter denotes a
minimum distance between the atoms. The model (1.2) is not suited for inferring the spectral
density function, since the resulting spectral measure is discrete and in particular not absolutely
continuous with respect to the Lebesgue measure.

Instead of modeling the normalized spectral density f and the normalized spectral measure F'
respectively with a Dirichlet process as in (1.1) and (1.2), it is also possible to model the
(unnormalized) spectral density f and the (unnormalized) spectral measure F' respectively with
an unnormalized process, i.e. a random measure F' on [0, 7] such that F'([0,7]) < oo holds with
probability 1. As an example, a Gamma process (that is, an independent increment process with
Gamma distributed increments) is used in Section 4.4 in Hjort et al. (2010) for this purpose:

F(dw) ™ Ga(a(w), B(w)), a(w) = M(w)fow)dw, Blw)=Mw), 0<w<m, (13)
where fp is the continuous density of the prior mean spectral measure, and M : [0, 7] — (0, c0)
is a measurable concentration function. The notation in (1.3) is understood as the infinitesimal
increments of the random measure F' on [0, 7] being Gamma distributed (see the upcoming
Section 3.1 for a mathematically rigorous explanation of this rather vague statement). Similarly,
it is possible to formulate a prior for f as in (1.1), but with a Gamma process prior for the
mixture-weight inducing random measure G instead of a Dirichlet process.

In fact, the Dirichlet process is strongly related to the Gamma process, since it can be obtained
by a normalization thereof, see Chapter 9 in Kingman (1992). The Gamma process is a special
case of a more general concept, namely completely random measures. These are widely used
in Bayesian nonparametrics (see James et al. (2009), Lijoi (2010)). Before having a closer look
at the Gamma process and its connection to the Dirichlet process, we consider the problem of

spectral inference for multivariate time series.

In view of (1.1)—(1.3), the question arises whether there is an extension of the Gamma process or
of the Dirichlet process for modeling the spectral measure and density of multivariate time series.
Bayesian nonparametric approaches for related problems exist. For example, in Zhang et al.
(2014) the joint prior distribution of a set of random matrices is modeled by means of Dirichlet
processes, where the base measure is a matrix-variate distribution. The authors refer to this prior
as matriz-variate Dirichlet process. Since the number of matrices in consideration is fixed there
(to the observation length n), it is not clear how this approach could be embedded in a mixture
setting such as in (1.1). In Dunson et al. (2008), a matrix of (dependent) probability measures
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is constructed by stick-breaking, to which the authors refer as matriz stick-breaking process.
This method offers an alternative to parametric hierarchical models when clustering studies with
mutual borrowing of information is of interest. The constructed matrices of probability measures
do not obey any particular structure (such as Hermitian positive definiteness). In Belitser et al.
(2015), Bayesian nonparametric estimation of the intensity of an inhomogeneous Poisson process
is considered. Although it does not fall into the scope of time series analysis, the work of the
authors is related to this thesis in terms of the intersection between Poisson processes (see the
Hpd Gamma process construction in the upcoming Section 3) and asymptotic results in the
Bayesian nonparametric framework (see the upcoming Section 7). In Wolpert et al. (2011),
the parameters of a Bayesian wavelet mixture model are described by a Lévy random field and
in Zheng et al. (2009), the spectral density of a random field is modeled nonparametrically with a
Dirichlet process in conjunction with multi-dimensional Bernstein polynomials. This constitutes
a generalization of the Bernstein-Dirichlet prior (1.1) that is orthogonal to the method presented
in this thesis. In fact, an interesting idea for future research would be a combination of both
ideas, towards a Bayesian nonparametric method for multivariate random fields. In Cadonna
et al. (2016), a hierarchical Gaussian mixture model is employed in conjunction with Whittle’s
Likelihood for the log spectral density of multiple time series. The proposed method of the
authors yields computationally efficient inference for the spectral densities of the replicated
series, whereas the cross-correlation between the series is not of interest.

Surprisingly, there exists no approach for Bayesian nonparametric modeling of matrix-valued
measures, though there are several reasons that make such a modeling appealing. Most previous
approaches to nonparametric Bayesian multivariate time series analysis rely on a nonparametric
model of the components of the Cholesky decomposition of £~ (Rosen and Stoffer, 2007; Zhang,
2016) to ensure positive definiteness, a methodology that has recently been extended to the case
of locally stationary time series Li and Krafty (2018). However, due to the non-linearity of the
Cholesky decomposition, it is difficult to employ prior knowledge about the mean and covariance
structure of f. Furthermore, the asymptotic properties of these procedures such as posterior

consistency and posterior contraction rates are not known.

1.2. The Dirichlet Process and the Gamma Process

The Dirichlet process is arguably one of the most widely used tools in Bayesian nonparametric
modeling. There are several equivalent characterizations of the Dirichlet process, which will be
briefly discussed in the following. These characterizations form the basis for many extensions
of the Dirichlet process (see Lijoi (2010) for an overview). We will also emphasize the strong
connection between the Dirichlet Process and the Gamma process before revisiting the famous
Kingman construction thereof, which constitutes the key technique for the construction of the
matrix-valued Gamma process in the upcoming Chapter 3. For what follows, let the underlying
space X fulfill the following assumption.

Assumption X'1. Let X be a Polish space, i.e. a topological space that is homeomorphic to a
complete metric space having a countable dense subset. Let X be equipped with a locally compact
and o-finite and non-trivial Borel measure denoted by dzx.
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As suggested by the notation in X1, we may think of dx being equal to the Lebesgue measure
if X is a subset of a Euclidean space. This is e.g. the case for spectral inference (with X = [0, 7]),
but the process construction discussed in this section is not limited to this case. Furthermore,
we denote by M the set of finite measures on X', endowed with the smallest o-algebra such that
the mapping M > ® — ®(A) is measurable for all ® € M and all A C X measurable (with
respect to the Borel o-algebra). We denote by M™* the set of probability measures on X'

The Classical Dirichlet Process

The original definition of the Dirichlet process (as given together with the proof of its existence
in Ferguson (1973)) is stated as follows: Let Go be a probability measure on X and M > 0. A
random probability measure G on X is a Dirichlet process if for all (measurable) finite partitions
of X, the corresponding probability vector follows a Dirichlet distribution:

G ~ DP(MGy) : <=

k (1.4)
(G(A1),...,G(Ap)) ~ Dir(MGo(A1),..., MGo(Ay)), Vk, VY Aj=2X,
j=1

where ) denotes the disjoint set union, and the Dirichlet distribution is as defined in (B.24) in
the Appendix. From this definition, it follows readily that the expected value of G is G, with
variance proportional to M ™!, see (B.25) in the Appendix (justifying the names base measure
or center measure (Ghosal and van der Vaart (2017)) for Go and prior precision or concentration
parameter for M).

Another equivalent definition of DP(MGy) was given by Sethuraman (1994) and is of great
importance for many practical applications, as e.g. the sampling methods presented in Ishwaran
and James (2001). Indeed, in case of its existence, the Dirichlet process can be constructed by
a stick-breaking with independent identically distributed (iid) Beta weight proportions and Gy
distributed atoms:

G~ DP(M G()) <~
d = iid iid (1.5)
G=> pidz, pi=Vi[[@-W), V;~Beta(l, M), Z;~ G,
j>1 =1

where the sequences {V;} and {Z;} are independent and dz denotes the Dirac delta function.
The name stick-breaking comes from the conception of the probability mass G(X) of G being a
stick of length 1. The first atom weight p; is given by breaking a (random) fraction V; from the
stick. From the remaining fraction (1 — V7) of the stick, a fraction V5 is broken to determine po.
And so on. For further details on the stick-breaking, see Sethuraman (1994) or Section 4.2.5
in Ghosal and van der Vaart (2017).

Recall the definition of the Gamma distribution from (B.26) in the Appendix. The Dirichlet
process can also be conceived as a normalized Gamma process. This is an infinite-dimensional
extension of the well-known construction of the k-dimensional Dirichlet distribution as vector
of k independent Gamma variables divided by their sum:

V; g Ga(ay,1), j=1,... .,k = <£17”£Ify) ~ Dir(aq,...,a), (1.6)
j j
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(where this distributional equality can readily be verified by using the densities of the Gamma
and Dirichlet distributions). To elaborate, let ® be a completely random measure on X, i.e. ® is a
random measure (an M-valued random variable) such that the random variables ®(A4;),..., ®(Ag)
are independent for all disjoint subsets Aq, ..., A of X and all £ > 0. Furthermore, let the in-
crements of ® be Gamma distributed:

O(dx) ™ Ga(MGo(dz), M). (1.7)
The infinitesimal notation in (1.7) is understood as
®(A) ~ Ga(MGy(A), M), for all measurable A C X

and the notation will be made more precise for the more general multivariate setting in the
upcoming Section 3.1. For convention, we define Ga(0, M) to be the degenerate measure at {0},
for every M > 0. We shall refer to ® also as completely random Gamma measure, or (in particular
for X C R) as Gamma process with independent increments or — whenever the context is clear

— simply as Gamma process. It is known (see Chapter 9 in Kingman (1992)) that

G ~DP(MGy) = G2 @(‘DX), B as in (1.7),
which is an infinite-dimensional generalization of (1.6). The Gamma process ® from (1.7) is
called homogeneous, because the precision parameter M is a fixed constant that does not vary
along X. In the more general case of an inhomogeneous process, M is a measurable mapping
from X to (0,00) and ®(dx) nd Ga(M(x)Go(dx), M(x)), where this notation will be made
precise later in (3.5). The Dirichlet process is by far not the only process than can be constructed
by normalization. In fact, the class of random probability distributions that are obtained by
a normalization of completely random measures are known as normalized random measures
with independent increments (NRMIs) in the literature Regazzini et al. (2003). Applications
of NRMIs in a Bayesian nonparametric framework have been considered in James et al. (2009)
(see also Lijoi (2010) for an overview). Before proceeding to the Hpd measure setting, we will
highlight the Kingman construction of ® in the following section. This technique shows how
the Gamma process ® (and hence also the Dirichlet process) can be constructed from a Poisson

process IT on X x [0, 00).

Kingman’s Construction of the Gamma Process

In this section, we briefly revisit the Kingman construction (see Chapter 8 and Chapter 9 in
Kingman (1992)), of the Gamma process ® from (1.7). The construction is based on Poisson
processes and for a brief introduction into this topic along with the most important results, the
reader may confer Section B.4 in the Appendix. Let X fulfill Assumption X1 and consider the
Borel space ) := X X [0,00), endowed with the product o-algebra. Let Gy be a probability
measure on X and M > 0. Define the measure o on X as a(dr) = MGo(dx) and consider
the mapping 8: X — (0,00), given as 3(x) = M. Let II be a Poisson-process on ) with mean
measure

exp(—p(z)2)

v(dx,dz) = .

dza(dr). (1.8)
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The infinitesimal notation for v in (1.8) is understood as follows: Let B C ) be measurable.
Then v(B) = [, ]lB(x,z)Mdza(dw), with 15 denoting the indicator function of the
set B. Now define

¢ ~ CRM(v) : <=

®(4)= Y la(@)z, A€B(X), II~PPw), (1.9)
(z,2)€ll

with B(X) denoting the Borel sets in X'. It follows from the independence property of IT (see
Appendix B.4) that ®(A;),...,P(Ax) are independent for each disjoint partition Ap,..., Ay
of X. Hence ® defines a completely random measure, motivating the notation ® ~ CRM(v).

The measure v is called the Poisson mean measure of ®.

Remark. An intuition of (1.9) is as follows: A realization of Il consist of a countable set of
pairs (x,z) € X x[0,00). Fach such pair can be interpreted as a mass atom x and a corresponding
weight z. The (random) measure value ®(A) of A C X is given by summing up all the weights z
corresponding to atoms x € A of (x,z) € II. The mean measure v of II controls the mass/weight
distribution.

Campbell’s Theorem (see Theorem B.19 in the Appendix) describes the distribution of & ~
CRM(v) in terms of the Laplace transform:

Eexp(—t®(A)) = exp <— /y (1 —exp(—tlg(x)z)) v(dx, dz)) o)

1.10

= exp <—MG0(A) /Oo (1 —exp(—tz)) exp(—Mz)zldz>
0

for ¢ > 0. It is known (see e.g. (9.6) in Kingman (1992)) that the last line in (1.10) is equal
to (1 + M~1t)~MGo(4) which shows that ®(A) ~ Ga(MGo(A), M). In particular, the total
mass ®(X) ~ Ga(M,M) is finite with probability one. Accordingly, the construction (1.9)
indeed yields the Gamma process (1.7). The key property of the Gamma distribution for this
construction to be valid is its infinite divisibility. Recall that a probability distribution P is
called infinitely divisible if, for every n € N, there exist iid random variables X, 1, ..., X, , such
that X, 14+...+ X 2 p. This property is needed because of the one-to-one relation between
infinitely divisible laws and so called Lévy—Khinchine representations such as (1.10). We will
elaborate this in more detail in the upcoming Section 2.1.

The Gamma process has received considerable attention in the Bayesian nonparametric liter-
ature. As an example, in Roychowdhury and Kulis (2015) a Gamma process is used for prior
modeling of latent structures within a count data framework. The authors also derive a stick-
breaking representation of the Gamma process similar to (1.5) and quantify truncation error
bounds.

The Matrix Case: A Negative Result

The most famous extension of the Dirichlet distribution to the random Hpd matrix case is the
complex matrix variate Dirichlet distribution, see Troskie (1967), Cui et al. (2005), Gupta and
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Bedoya (2007) and Nagar and Gupta (2009). To elaborate, let £ > 0 and aq,..., o > (d —1).

The k-vector of Hermitian d x d matrices (Uy,...,Uy) is said to follow the complex matrix
variate Dirichlet distribution Dirgxq(a1, ..., ag), if its joint probability density function is given
by
k k
p(Ul,...,Uk) x H’Uj|aj7d, 0<U; <1y, ZUj:Id, (1.11)
j=1 j=1

where |A| denotes the absolute value of the determinant of the matrix A and A < B is un-
derstood as B — A being Hpd. The question arises whether there exists a generalization of the
Dirichlet process (1.4) with the matrix variate Dirichlet distribution Dirgy g4, to a matriz variate
Dirichlet process. A negative answer to this question has been given in Bobecka et al. (2010).

A deeper insight can be gained by the following observations. Consider the complex Wishart
distribution CWishgx4(n, ), which is defined on the set Sj of Hpd matrices in terms of the
probability density

1
fw(Z2) = ————etr(-2712)|Z|"¢, ZeST, (1.12)
La(n)|Z]7
where 1 > d—1 denotes the degrees of freedom and ¥ € Sj the covariance matrix. See Goodman
(1963) for further details. A similar relation as (1.6) connects the complex Wishart distribution
with the matrix variate Dirichlet distribution (see Theorem 1.8 in Cui et al. (2005)):

W, " CWishaxa(nj, I2), j=1,....k,

= (2;1}/2“/12;{}/2*’ . -721_}[}/2Wk2‘_4}/2*> ~ Dirgxq(nt, ..., ),

(1.13)

here /7 d he Hpd B.15) in the Appendix) of Sy = 3% W
where Xy denotes the Hpd square root (see (B.15) in the Appendix) of Zw = > 7 Wj.
From (1.12), it can be seen that the probability density of the complex Wishart distribution is
an Hpd matrix-valued generalization of the Gamma distribution. But a process construction as
in Section 1.2 can not be conducted with the complex Wishart distribution, because it lacks the
neccessary property of infinite divisibility (Lévy, 1948).

A closely related approach has been presented in Bru (1991), where the authors defined ran-
dom processes with Wishart distributed marginals in terms of solutions to stochastic differential
equations. This can be conceived as a generalization of a univariate process with y2 -distributed
marginals (which can be constructed as the sum of squares of m independent standard Wiener
Processes), to the case of non-integer values of m and to the matrix case. Although the Wishart
marginals of these processes are positive semidefinite (even positive definite for m large enough),
this property does not translate to the process increments (think of a non-increasing process,
where the increments may be negative). Accordingly, this approach is not suited for the frame-
work of random measures, where nonnegative increments are an intrinsically necessary property

for modeling the random measure increments.

Motivated from these negative results, we will present a different generalization of the Gamma
distribution to the random Hpd matrix case that has the desirable property of infinite divisibility
in the upcoming Chapter 2. This distribution will be used to construct an Hpd Gamma process
(similar to (1.9)) in the upcoming Chapter 3.



Infinitely Divisible Hpd Gamma
Distributions

A class of cone-valued infinitely divisible Gamma distributions has been proposed in Pérez-
Abreu and Stelzer (2014). There the authors also considered the special case of the cone of
symmetric positive definite (spd) matrices, yielding the class of infinitely divisible spd Gamma
distributions. In the following Section 2.2, we present a similar specialization thereof: the class
of infinitely divisible complex Hermitian positive definite (Hpd) matrix Gamma distributions.
Several properties of the spd matrix distributions derived in Pérez-Abreu and Stelzer (2014)
will be translated to the Hpd matrix case. Distributional properties will be investigated in
Section 2.3 and a special case (the Hpd AI' distribution) discussed in Section 2.4.

2.1. Preliminaries

We will start our considerations by a brief introduction into infinitely divisible distributions on
cones and in particular the famous Lévy Khinchine representation. This is followed by a brief
introduction into the basic concepts of matrix calculus and functions of matrix argument.

2.1.1. Infinitely Divisible Distributions on Cones

Recall that a cone K is a subset of a Hilbert space (X, (-, )), which is closed under multiplication
with the positive real numbers, i.e. «Z € K for all & > 0 and Z € K. A cone is called proper, if
it is closed, not equal to the trivial cone {0} and if it does not contain a straight line through 0.
The dual cone of K is defined as K' := {® € X': (©,Z) > 0 for all Z € K}. Let X be endowed
with the Borel g-algebra. For a probability distribution g on K, the Laplace transform of u is
defined as

L,.(®) ::/’Cexp(—<®,Z>)u(dZ), ®ck.

It is clear that the real half-line [0,00) is a proper cone. Another important example is the
space S; of Hermitian d x d matrices, endowed with the inner product (X, Z) := tr(X2Z)
and the open cone Sj C Sy of Hermitian positive definite matrices and its closure Sj, the
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closed cone of Hermitian positive semidefinite matrices. It is clear that Sj is proper and it
follows from Lemma B.7 in the Appendix that (S;)’ = SJ. The boundary SJ \ S; consists of
all Hermitian positive semidefinite matrices that are not invertible. For a random element X
in §; with probability distribution , the Laplace transform becomes L, (©) = Eetr(—©X)
for ©® € S, where etr(Z) := exp(tr Z) denotes the exponential trace. Recall that a probability
distribution p is called infinitely divisible if for every n € N there exist independent identically
distributed random variables X ,,..., X, , such that the sum Z?:l X has distribution p.
The following result will be of great importance.

Theorem 2.1 (Lévy Khinchine representation on proper cones). Let K be a proper cone on
a finite-dimensional Hilbert space and let o be a probability distribution on K. Then p is in-
finitely divisible if and only if there exists Ty € K and a measure v on K with v({0}) = 0
and [, min(1,\/(Z, Z))v(dZ) < oo such that the Lévy Khinchine representation

L,(©) = exp ((@,r0> - /K(1 — exp(—(O©, Z>))u(dZ)) , @cK, (2.1)

holds for the Laplace transform L, of .
Proof. See Theorem 1 and Remark 2 in Pérez-Abreu and Rosinski (2007). O

The measure v in Theorem 2.1 is called the Lévy measure of . The parameter I'g can be
conceived as a mere translation parameter. Indeed, for a random element X ~ p in K with p
as in (2.1), let X ~ i with [i defined in terms of the Lévy Khinchine representation

Li(©) = exp (- /Ku — exp(— (O, Z)))V(dZ)> , @cK.

Then it is not difficult to see that X 4 X +Ty. The result from Theorem 2.1 can be extended to
infinite-dimensional spaces, see Dettweiler (1976) and Pérez-Abreu and Rosinski (2007). For a
formulation of the Lévy Khinchine representation for Euclidean spaces instead of cones (involv-
ing the Characteristic Function rather than the Laplace transform), see e.g. Section 8 in Sato
(1999). In what follows, we will neglect the translation parameter Ty from the Lévy Khinchine
representation (2.1) and assume I'y = 0.

A particularly important class of infinitely divisible distributions are the Compound Poisson
distributions, which are characterized by the following result.

Theorem 2.2. Let IC be a proper cone on a finite-dimensional Hilbert space and v* be a prob-
ability measure on K. Consider the random matriz X := Sy with Sy := 0 and Sy := Z§:1 Y;

for k > 1 and Y} “ v* and a random variable N ~ Poi(C) which is independent of {Y;},
where C is a positive constant. Then X is called Compound Poisson. The Laplace transform
of X 1is given by

Eexp(—(©,X)) =exp (C(L,+(®)-1)), ©cKk’

In this case, we write X ~ CPoi(C,v*).
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Proof. The result is shown for R? (involving the Characteristic Function rather than the Laplace
Transform) in Theorem 4.3 in Sato (1999) and the proof for the cone case follows along the
lines. O

Any infinitely divisible distribution with finite Lévy measure v is Compound Poisson, as the

following result summarizes.

Lemma 2.3. Let K be a proper cone on a finite-dimensional Hilbert space and let X be an
infinitely divisible random element in K with finite Lévy measure v. Then X ~ CPoi(C,v*)

with C :=v(K) and v* := §.

Proof. From Theorem 2.1, we get

Eexp(—(©, X)) =exp (— /’C (1 —exp(—(O®, Z))) V(dZ)) , ®@eck.

Since v is finite, the right hand side can be computed as

exp (/’C exp (—(©, Z)) v(dZ) — y(/q> = exp (C (/K exp (—(©, Z)) v*(dZ) — 1)) ,

which — in view of Theorem 2.2 — concludes the proof. O

Generally speaking, any infinitely divisible distribution p with Lévy measure v (not necessarily
finite) can be approximated by a sequence of Compound Poisson distributions CPoi(Cy, ;")
with C), — v(K) (which may be +00) as n — oo, see e.g. p.44 f. in Sato (1999). We will make
use of such an approximation technique in the proof of the following results, see e.g. the proof
of the upcoming Theorem 2.6.

For an infinitely divisible random element X in 5’;, the Lévy Khinchine representation special-
izes as

Eetr(—®X) = exp (— /S‘+(1 - etr(—@Z))u(dZ)) ., @€, (2.2)

with Lévy measure v on S fulfilling v({0}) = 0 and fg; min(1, \/tr(Z?2))v(dZ) < co. On Sy, we
will consider the trace norm || Az := tr((X?)'/?), where AY/? denotes the Hpd square root of the
Hpd matrix A (see (B.7) and (B.15) in the Appendix). The trace norm is not the norm induced
by the inner product (A, B) = tr(AB). However, we will use it in the following considerations
because for A € 87 it obeys the particularly convenient representation || Az = tr A (see (B.9)
in the Appendix). Let S; denote the unit sphere in (Sy,| - [|r). Let ST = S; NSy be the
intersection of the unit sphere with the cone, and S('; its closure. Note that

Sy ={UeS8;: U =1}. (2.3)

Every Z € S \ {0} can be decomposed into a radial part r := || Z|7 € (0,00) and a spherical

part U := ﬁ €S, such that Z = rU. We call this decomposition S} = ST x [0, c0) the Polar



16 2.1. Preliminaries

decomposition of the cone Sj. With respect to this Polar decomposition, the Lévy Khinchine
representation from (2.2) for an infinitely divisible random element X in 5’; specializes as

Eetr(—®X) = exp (— /ng /000(1 — etr(—rG)U))V(dU,dr)> , ©eS], (2.4)

with the Lévy measure v being defined on S} x [0,00) and fulfilling v(S}, {0}) = 0 as well
as [g+ [ min(1,r)v(dU,dr) < co.
d

2.1.2. Matrix Calculus

For Z € &y, write Z = Zy +iZ> with Z1 = (z1;1) € R4 being symmetric and Z, = (225k) €
R?*4 heing skew symmetric. Then the Lebesgue measure dZ on Sy is defined as

d d d d
dZ :=dZ\dZ;, dZy:=[[]]dzr dZ:=]] [[ deos (2.5)
j=1k=j j=1k=j+1

The infinitesimal notation in (2.5) is understood as follows: For any measurable A C Sy, the
Lebesgue mass Ls,(A) of Ain S5 = R” is

Ls,(A) ::/5 14(2)dZ := /Rd2 14(Z1 +iZ2)dZ1dZs,
d

see (1.2.10) and (3.0.2) in Mathai (1997). Similarly, for any measurable function g: S; — [0, 00),
the Lebesgue integral

/ g(Z)dZ = g(Zl + ’LZQ)ledzl
Sa Rd?

is defined as usual.

For U € Sg, write U = U; + iUy with real matrices Uy, Us, where we observe from (2.3) that
the last diagonal entry of U; can be written as ujqq = 1 — Z;l;% uyjj. Thus any measurable
function h: S} — [0, 00) can be written in the form h(U) = h(@,, Us), where 1, is a real vector
of dimension d := @ — 1 containing all functionally independent entries of U;. Accordingly,
we define dU = du,dU; (with d@; denoting the Lebesgue measure on RY and dU, defined as

in (2.5)) and
/S+ h(U)dU := /Rd21 ]l{U1+iUgeSd+}h(U1 + iUs)dt, dUs>.
d
In particular, for B C S} measurable, the Lebesgue mass ESI (B)of Bin S} is
d Rd2-1

[,§+ (B) = /g+ ]lB(U)dU = ]lB(Ul + iUQ)d@ldUQ (26)
d

Some further results from matrix calculus are collected in Appendix B.1 and referenced whenever
needed.
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2.2. A Class of Infinitely Divisible Hpd Gamma Distributions

Let « be a finite measure on S} and let 3: S — (0,00) be measurable such that the following
assumption is fulfilled:

Assumption al. The integral fsj log (1 + ﬁ) a(dU) is finite.

The infinitely divisible Hpd Gamma distribution Gagyx (o, f) with parameters a and 3 is defined
by means of its Laplace transform in Polar decomposition (see (2.4)):

X ~ Gagxd(a, B) : <=

exp(—A(U)r) (2.7)

)
Eetr(—©X) = exp (— /S*/o (1 —etr(—r®OU)) dra(dU))
d
for all ® € 5’2_. The distribution of type (2.7) has been presented in Pérez-Abreu and Stelzer
(2014) for general cones, and we will investigate the special case of Hpd matrices in more
detail. It has been shown in Pérez-Abreu and Stelzer (2014) (see Proposition 3.3 there) that
the Gagxq(a, §) distribution (2.7) is well-defined if and only if Assumption a1 is fulfilled. In
this case, it follows from Theorem 2.1 that

/ /wmin(l,r)e)q)(_wdm(dUKoo. (2.8)
St /o

r

If 8= 5y > 0is constant, Gagxq(a, ) is called homogeneous. Conducting the integration with
respect to the radial part dr in (2.7) (see Proposition 3.10 in Pérez-Abreu and Stelzer (2014)
for the precise argument) yields the alternative representation of the Laplace transform

Eetr(—®X) = exp (— /Sj{ log <1 + tléfg?) a(dU)) . (2.9)

Being defined in terms of the Lévy Khinchine representation of its Laplace transform (2.7),
the Hpd Gamma distribution Gagyxq(a, 3) is necessarily infinitely divisible, according to the
characterization of Theorem 2.1. The measure

v(dU, dr) := eXp(_f(U)T)dm(dU) (2.10)
from (2.7) is the Lévy measure of Gagxq(a, 8) on 8§ = ST x [0,00). It may be noted that (2.10)
accommodates the one-dimensional Gamma distribution, since for d = 1 we have S = {1},
reducing « to a nonnegative number and S to a positive number. Considering this, the name Hpd
Gamma is justified since P(X € Sj) = 1 and, under appropriate assumptions on «, even
P(X € 8) = 1, see the upcoming Theorem 2.6. In Pérez-Abreu and Stelzer (2014), the
authors investigated a real spd version of the Gagyg distribution in more detail and the Hpd
Gamma distribution has similar properties as its spd counterpart. As an example, in the next
result, the distribution under Hpd-preserving invertible linear transformations is given.

Lemma 2.4. Let X ~ Gagyq(a, B) with a and B fulfilling Assumption al. Let C € C¥*? be
invertible. Let C~* := (C*)~! be the inverse of the Hermitian conjugate of C. Define the C-
weighted trace norm as ||B||¢ := ||C'BC~*||r and denote the unit sphere in S} with respect
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to|l-llc by S& :={V €S :||V|lc =1}, and the closure thereof as S&. Then'Y := CXC* is
distributed as Gagxq(ac, BNC), where

ac(E) :/ 1g <V> ac(dV), E CSJ measurable,
s P\ VIr
o) = e (- ) 10lle. U e
c =bc \ s (o}
Ule ¢

with the measure ac on SJCC and the mapping Bc : Sé — (0,00) given by

a(CT'FC™), F C S§ measurable,
glc~tve™), Vv eS§.

ac(F)
Bec(V)

with CT'FC~ .= {C~'VC~™: V € F}.

Proof. The result is well-known in the literature (see Proposition 5.3 in Pérez-Abreu and Stelzer
(2014)), however since there is no proof available, it will be presented here for the sake of
completeness. For © € Sj, we compute, using (2.7),

Eetr(—O@Y) = Eetr(—-OCXC*) = Eetr(—C*"OCX)

— exp <_ /S+ /000(1 ~ etr(—rC*OCU))
— exp <— /S+ /000(1 _ etr(—r@CUCH))

Employing the transformation St 5 U — Ug := CUC* € SJCC yields

exp(—rﬁ(U)) dTOé(dU))

exp(-rB(U)) (U))dm(dU)) :

Eetr(~@Y) = exp (— || a- etf(—TGUC))eXp(TBC(UC))drac(dUc)> ,
S& Jo r
Now consider the transformation S§ > Uc — V := |Uc|;'Uc € S*. Note that Uc =

|[V|&'V. Denote by ac the measure on S* induced by ac via the transformation Ug + V.
Then

* exp(—r p
Eetr(—©Y) = exp (— /S+/0 (1 —etr(—rO®|V||'V)) p( ﬁCEaHVHC V)

— exp <_ /S ) /O 00(1_etr(—p@V))eXp(_”fC(V))dpaC(dV)>,

where the transformation (0,00) 3 7+ p := ||[V||5'r € (0,00) was used in the last step and Be

drac(dV)>

is as in the claim. This concludes the proof. ]

2.3. Distributional Properties

In general, there is no closed form probability density available for the Gagxq(a, ) distribution.
Quantifying its support within the cone of Hpsd matrices is still possible — using different
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techniques that rely on the Lévy Khinchine representation instead. Such a result will be derived
in this section, see the upcoming Theorem 2.6.

Recall that for any measure u on a Borel space X, the support of u is defined as
supp(p) := {x € X: u(U,) > 0 for every open neighborhood U, of z}. (2.11)

For a random variable (or matrix) X, the support supp(X) of X is defined as the support of
the probability distribution Px of X. Recall the notion of compound Poisson distributions from
Theorem 2.2. We will start with a general result for Compound Poisson random matrices.

Lemma 2.5. Let v be a finite nontrivial measure on S with v({0}) = 0 and let C = v(S])

as well as v* = &. Consider the Compound Poisson random matriz X ~ CPoi(C,v"). Then

the probability distribution Px of X fulfills

| —

i, (2.12)

o

Px = exp(—C) Z
k=0

where v* denotes the k-fold convolution of v (see Section 1.3.1 in Rudin (1962)), i.e. 10 =

k=1« v with the convolution py * po of two finite measures pi1, 12 on a Borel

S0 and V¥ = v
space X being defined as (p1 * p2)(E) = [y [y 1e(x + y)pi(dz)pa(dy) for E C X measurable.

In particular, it holds

supp(v) C supp(X) C Sj.

Proof. The representation (2.12) follows from X 4 Sy with N ~ Poi(C) and Sy, for k£ > 0 as in
Theorem 2.2. Since P(N = 1) = C'exp(—C) > 0, this implies supp(v) = supp(v*) C supp(X).
Furthermore, for every k € N it holds supp(S) C S:[ by Lemma B.27 in the Appendix and
since supp(X) is the closure of | J;—, supp(Sy), this concludes the proof. O

Theorem 2.6. Let «, 8 fulfill Assumption a1 and let X ~ Gagxq(a, 3).
(a) Then supp(X) C S .

(b) If supp(a) contains at least d* linearly independent (in Sy) elements, then the distribution
of X has a probability density with respect to the Lebesgue measure on Sg. In particu-
lar, P(X € S\ S;) =0 in this case.

(¢) If supp(a) = S}, then supp(X) = S .

Proof. The proof of (a) is inspired by the one-dimensional case (see Theorem 24.7 in Sato (1999)),
and relies on the idea of approximating the distribution of X by a sequence (X,,) of compound
Poisson distributed variables. To elaborate, for the Lévy measure v(dU, dr) of the Gagxq(a, 5)
distribution from (2.10), define vy, (dU,dr) := 11 /p o0)(7)v(dU, dr) and define the distribution
of X, for n € N in terms of the Laplace transform

Eetr(—©X,,) := exp <_ /S+ /000(1 ~ etr(—rOU)) vy (dU, dr)) . @csh
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Since

/ / Vn(dU,dT'):/ / V(dU,dr)Sn/ / min(r, 1)v(dU,dr) < oo
st Jo St J1/n Si Jo

for every n by (2.8), it follows from Lemma 2.3 that X, is Compound Poisson. Since supp(v,,) C
supp(v) C S, (where the second inclusion is trivial by the definition of v from (2.10)), it follows
from Lemma 2.5 that supp(X,,) C S} for every n. As n — oo, it holds

Eetr(—-©X,) - Eetr(-0X), ©€cS;

by an application of Lebesgue’s Dominated Convergence Theorem. The Lévy Continuity The-
orem for Laplace transforms (see Theorem 4.3 in Kallenberg (1997)) yields that X,, converges
to X in distribution. In particular, it holds 1 = P(X,, € §J) — P(X € §]) as n — oo,
concluding (a). Part (b) is Proposition 3.6 in Pérez-Abreu and Stelzer (2014) and part (c) will
be shown in the upcoming Corollary 3.5. 0

2.4. The Hpd AI Distribution

In its general parametrization from Section 2.2, the infinitely divisible Hpd Gamma distribution
offers great flexibility in terms of its parameters o and 5. We now consider a special case thereof,
the so-called AI' distribution which has been considered for the spd matrix case in Pérez-Abreu
and Stelzer (2014). Tt has the desirable properties that all its cumulants are available analytically.
This makes modeling of key distributional features such as mean and covariance structure easily
possible, as will be shown in the upcoming Lemma 2.9.

Let n >d—1and let w > 0 and ¥ € Sj. Denote by X/2 the Hpd square root of ¥. Then
the AT" distribution with parameters n,w and X is defined as

Y ~ AT(n,w,8) : = Y £ 22X 512 with X ~ AT(n, w, L),

(2.13)
X ~AT(n,w, 1) : <= X ~ Gagxa(woy, 1),
where the measure a;, on S; is defined as
I'(d
ay(dU) = L), rn-dqy, (2.14)
La(n)

with the Gamma function T' and the complex multivariate Gamma function I'y (see (B.14) in
the Appendix). From Lemma B.10 in the Appendix, it follows that a, is a probability measure
and in particular (2.13) is well-defined, since way, is a finite measure, having total mass w. The
next Lemma shows that even for ¥ # I, the AI'(n,w,X) distribution is also a member of
the Gagxq(a, ) family and gives explicit formulas for the distributional parameters « and £.

Lemma 2.7. The AI'(n,w, %) distribution is the Gagxq(way, s, Bx) distribution with
s (dU) = |27 tr(Z271U) " Ma, (dU)

and
Bs(U) = u(27'0)

and oy, as in (2.14).
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Proof. By Lemma 2.4 with C = £/2 and a = ay,, it holds B (U) = tr(X7'U) and a¢(E) =
w [1g(V/|V|r)ac(dV) = way, s (E). Without loss of generality, we take w = 1 in the follow-
ing. This yields

wstB)= [ e () emntav)
=1/2

21/2U21/2
= 1 dU i
/S;: E(HWUWHT @l(dU) (218)

1/2 1/2
:F(nd)/ ]lE‘ 231/2 UZi/Q |U|n—ddU’
La(n) Js} [S12US2|7

where the transformation 821/2 SV » U =X 12ve-1/2 ¢ S; was employed. We will

introduce an auxiliary radial Gamma component, to lift the integral from the sphere S;r to the
cone SJ, where in the latter we can apply transformations whose Jacobians are known. Indeed,
using the transformation transformation

Z=rU, dZ=r""'drdU (2.16)

from Lemma B.8 in the Appendix, we obtain

1 > SV U2\ e
ops(E) = =—— 1 &L exp(—=r)|rU|"*drdU
0= b ) e (HEU%UWHT Pyl

1 »i/27zn1/2
= ~/ ]]_E W etr(—Z)‘Z‘n_ddZ.
La(n) Jsf |22 ZE12|p

Employing successively the transformation

X =%2z32 eSS, dz =|B[YdX

from Lemma B.9 in the Appendix and (2.16) yields

ays(E) = (7;'2' / 1g (H;(H >etr(—2—1X)\Xy"—ddX
_77§|2|77/S+/ 15(U) etr(—rZ~tU)r YU 4drdU
—(5,2‘ / 15(U) U p(U)dU,

o0 -~ _ '(nd)
_ 1 nd—1 _
p(U) = /0 etr(—rXU)r dr = 7tr(2 gy

This shows o, x(dU) = || 7" tr(E271U) %, (dU), completing the proof. O

From (2.10), we find that the Lévy measure v, 53 of AT'(n,w,3) has the Lebesgue density

Lind)  sm1gy-njy et CrET0)

S VO

, UES;,T>O.
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We call g, s the Lévy density of AI'(n,w,X). Applying the transformation from Lemma B.8
yields the alternative form

wl(dn) etr(—=X712)
F(n)sp (a(5 12))

g :(Z) = iz, zes). (2.17)
The next Lemma is in line with Proposition 5.9 in Pérez-Abreu and Stelzer (2014). It is a general

result that relates the cumulants of the AI' distribution to moments of the complex Wishart
distribution from (1.12).

Lemma 2.8. Letn > d—1 and q > 0 and let the set H be given either by H = ST or H = (S, )®P
for some p > 0 or H = [0,00). Let h: S:lr — H be a g-homogeneous function, i.e. h(rZ) =
r9h(Z) for all v > 0. Then for the Lévy density g, s from (2.17) of the AT'(n,w, %) distribution
it holds

/3+ WZ)gns(Z)dZ = wB(nd,q)ER(W), (2.18)

d

where B(a,b) = FIS?(I)JI;E)I;) denotes the beta function and W ~ CWishgyq(n, X).
Proof. The proof is analogous to the proof of Proposition 5.9 in Pérez-Abreu and Stelzer (2014).
O

Lemma 2.8 is applicable e.g. for the matrix power h(Z) = ZP or the tensor product power h(Z) =
Z®P with ¢ = p (i.e. Z®' := Z € C¥¢ and Z®™ := Z @ Z®(m=1D) ¢ C¥" %™ for m > 1) or the
determinant power h(Z) = |ZP (with ¢ = dp). When applied to h(Z) = Z®P, (2.18) relates the
cumulants of the AI'(n,w, ¥) distribution to the moments of the CWishyy4(n, X) distribution.

In particular, we obtain the following result for the mean and covariance structure.

Lemma 2.9. Let X ~ Al'(n,w,X). Then, with CovX := E[X®2] — (EX)®2 ¢ CT* it holds

EX =295, CovX =

- m(nIdg—l—H)(E@E).

where I is the d* x d? identity matriz and H = Z’ij:l H,; ; ® H;; with the matrices H; ;

having a one at (i,7) and zeros elsewhere.

Proof. Using Lemma B.29 in the Appendix and the result from Lemma 2.8, we obtain

EX = /+ Zgyx(Z)dZ = wB(nd,1)EW
Sd

for W ~ CWishgxq(n, X). It is known (see e.g. Maiwald and Kraus (2000) or Graczyk et al.
(2003)) that EW = nX¥ and CovW = nH (X ® X). Using the properties I'(z + 1) = 2I'(2)
for z > 1 and I'(n) = (n — 1)! for n € N (with 0! := 1) of the Gamma function, we also
obtain B(nd,1) =T'(nd)I'(1)/T'(nd+1) = 1/(nd), concluding EX = w/dX¥. Similarly, we obtain

CovX = /_+ Z®Zgys(Z)dZ =wB(nd,2)E[W @ W|.
Sd
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From E[W@W| = CoyW+EWQEW = nH (E@X)+n’Z®X and B(nd, 2) = I'(nd)['(2) /T (nd+
2) = 1/(nd(nd + 1)), this leads to

CovX = (nlpe+H)(Z®Y).

v
d(nd+1)
O]

Remark 2.10. The parameter n of the AT'(n,w, ) distribution can be interpreted as a reqularity
parameter. Decreasing n results in more mass put towards the boundary (i.e. the non-invertible
elements) ofgS_’j. This is similar to the spd case, see the discussion in Remark 5.7 in Pérez-Abreu
and Stelzer (2014) for further details.



The Hpd Gamma Process

In this section, we utilize the Hpd Gamma distribution from Section 2 to construct an Hpd
Gamma process. The construction in the upcoming Section 3.1 will be similar to the Kingman
construction (1.9) of the Gamma process from Section 1.2. Support properties and lower bounds
for probability mass of the process will be investigated in Section 3.2 and an almost surely con-
vergent series representation will be derived in Section 3.3 whereas in Section 3.4 it is explained

and illustrated how random samples from the process can be generated numerically.

3.1. Kingman’s Construction Revisited

Denote by B(S;) the Borel sets in SI. Let X fulfill Assumption X'1. Throughout this section,
we will make the following assumptions on the process parameters a(zx,-) and f(z,-) on X:

Assumption GP1. (a) Let a: X x B(S}) — [0,00) such that {a(z,")}sex is a family of
finite measures on 5’; and such that for all B € IB%(S;{) the mapping X > x — a(z, B) is

measurable.

(b) Let B: X xS — (0,00) be measurable.

We start by defining the mean measure v of the underlying Poisson process on X X 5’; =
X xS} x[0,00) as
v(dz,dU,dr) = exp (=B(z, U)r)droz(m,dU)dx. (3.1)

r

The notation in (3.1) is understood as follows: Let A C X x S} x [0,00) be measurable (with
respect to the product Borel sigma algebra). Then

v(A) ::/x/w /OOO (e, U, SR EB@UI) o aU ) da

r

In addition to Assumption GP1, let the process parameters a(z,-) and 5(z,-) be such that v
fulfills the following assumption:

Assumption GP2. The integral fXxS}x[O o0) min(1, r)v(dx,dU,dr) is finite for v as in (3.1).
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For x € X, the measure

€Xp (_6(xa U

" ) dro(z,dU)

v(z,dU,dr) =

on S} x [0,00) corresponds to the Lévy measure from (2.10) of the Gagxq((z, ), B(z,)) distri-
bution (provided that a(z,-) and S(z,-) fulfill Assumption «1). The dependence on = models
changing parameters of Gagxq along X. This is similar to the one-dimensional Gamma process,
see (1.8) in Section 1.2.

Remark. For our later application of modeling the spectral measure of a multivariate time se-
ries, we will use X = [0, 7| and the process parameters a(x,-), 5(x, ) may be chosen to represent
the prior knowledge about the spectrum at 0 < x < . In this case (and generally, whenever X is
a bounded measurable subset of R* for some k > 0), Assumption GP2 is fulfilled if o is a family
of uniformly bounded measures (i.e. there exists ag > 0 such that a(z,S}) < ag for allz € X)
and B is uniformly bounded away from 0 (i.e. there exists By > 0 such that S(z,U) > By for
allx € X and all U € S;) This follows readily from

/ min(1,r)v(dz, dU, dr) < ao/ dx/ min(1, ) exp( Bor)dr < 0.
A xS x[0,00) X 0

r

Denote by II ~ PP(v) the Poisson process on X xS} x [0, 00) having mean measure v from (3.1).
By Assumption GP2, the assumptions of the existence theorem for Poisson processes are fulfilled
(see Theorem B.17 in the Appendix) and hence II is well-defined. Indeed, v has no mass atoms
due to the absolutely continuous radial part dr and v is o-finite because the measure with
density [r — exp(—pfr)/r] on [0,00) is o-finite for all > 0. Based on II, we define

P ~ CRMdXd(V) L
B(A)= > lala)U, AeB(X), I~PP(), (3.2)

(z,U,r)ell

where B(X') denote the Borel sets in X'. We call ® in (3.2) an Hpd Gamma process on X with
parameters a = a(x,-) and S = f(x, -), or completely random Hpd measure, as already indicated
by the notation CRMgxq(v).

Remark 3.1. Let Ay,..., A be a disjoint partition of X. For j = 1,...,k, consider the
measure vi(dr,dU,dr) := 14,(x)v(dz,dU,dr). It is clear that v = Z?zl vj. Let Iy, ... IIj be
independent Poisson processes, with respective mean measure vj. By the Superposition Theorem
(see Theorem B.18 in the Appendix), it follows that 11 is equal in distribution to Ug‘f’:lﬂj. Since

®(A;j) 4 Z Ta,(2)rU = Z rU,

(w,U,r)eU?zlﬂj (x,U,r)€ell;

it follows from the independence of the 11;’s that ®(Aq),..., ®(Ag) are independent.

The name completely random Hpd measure is justified by the independence property from
Remark 3.1. The following result shows that the increments of ® are Hpd Gamma distributed.
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Theorem 3.2. Let X fulfill Assumption X 1 and let o, 8 and v fulfill Assumptions GP1 and GP2.
Let ® be defined as in (3.2) and let A C X be measurable. Then ®(A) € S with probabil-
ity 1. Furthermore, the distribution of ®(A) is given in the Lévy-Khinchine representation of
its Laplace transformation

Eetr(—O®(A)) = exp ( /§+ /000 (1 —etr(—r®U)) I/A(dU,dT)> , ©®eS],

with Lévy measure on S:{ x [0,00) given by

exp(—ﬂ(x, U)T')

VA(dU,dr):/a(:r,dU) drdx. (3.3)

A

Proof. Fix A C X and consider the measurable mapping ¢: X X S; x [0,00) 3 (z,U,r) —
d(z,U,r) = |[1a(z)rUl||r = La(x)r € [0,00). Let II ~ PP(v) be the Poisson process with mean
measure v from (3.1). Per definition, II is a random subset of X x S} x [0, 00) consisting of at
most countably many elements. Put these elements in some order, such that the distributional

representation
d .
= {(z;,Uj,rj): j = 1}

holds. By assumption GP2, ¢ and II fulfill the assumptions of Campbell’s Theorem (see The-
orem B.19 in the Appendix). An application thereof yields the almost sure convergence of
the infinite series }-, 17 yen ¢(2, U, ) = 3272, é(z;,Uj, ;). The definition (3.2) of ®(A) can
equivalently be written as

‘I)(A) = i1A<xj>rjUj' (34)
j=1

Since [|®(A)|l7 < > 72, ¢(x;,Uj, ) < oo with probability 1, it follows that any partial sum
sequence of (3.4) is a Cauchy sequence in the Banach space S; of Hermitian matrices endowed
with the trace norm || - ||, hence ®(A) € S; with probability 1. Since all summands are from
the closed cone S, it also holds ®(A) € S with probability 1.

Now let © € 5‘; and consider the measurable mapping
po: X x ST x[0,00) > (z,U,r) = ¢o(z,U,r) = tr(0La(z)rU) € [0, 00).

By (B.9) and Lemma B.4 (b) and (d) in the Appendix, it holds |¢e(z,U,7)| < [|®||2¢(z, U, ).
Thus, by similar argumentation as above, we can apply Campbell’s theorem to the random
variable

r(O@B(A) = Y delx,U,r)

(z,U,r)ell

to obtain for any ¢ > 0

Eetr(—tO@®(A)) = Eexp (—ttr(O@P(A)))

= exp (—/ ) (1 —exp(—too(x, U,T)))I/(d:v,dU,dr)) .
X><Sl'i"><[0,oo)
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In particular, for ¢ = 1, the right hand side is equal to

exp <—/A/S+ /OOO (1 — etr(—r®OU)) eXp(_ﬂﬁx’U)T)dra(a:,dU)dx>

— exp <_ /g+ /OOO (1 - etr(—rOU)) VA(dU,dr)) ,

by Tonelli’s theorem (which is applicable by assumption X'1). O

Remark 3.3. Let ® ~ CRMyxq(v) with v from (3.1). If B(x,U) = B(U) does not depend
on x € X, then ® is called homogenous. In this case, Theorem 3.2 shows that ®(A) is a
random matrix with Lévy measure

exp(—B(U)r)

r

vA(dU ,dr) = ay(dU) dr,

where the measure aq on S; is defined as the mixture of the a(x,-)’s with respect to the Borel
measure dz on A, i.e. aa(E) = [, a(z, E)dz for any measurable E C S . With a view on (2.7),
this shows that ®(A) ~ Gagxq(aa, 5).

In the general (non-homogeneous) case (3.1), the distribution of ®(A) is not Hpd Gamma. But
according to Theorem 3.2, its Lévy measure is a mixture of Hpd Gamma Lévy measures with
parameters «(z,-) and [B(z,-) for z € A with respect to the Borel measure dx on A. In this
sense, the (infinitesimal) increments ®(dx) among x € X are independent and locally Gagyxg
distributed, which we will denote as

&(de) ™ Gagualal,-), B(x, ). (3.5)

3.2. Distributional Properties

In this section, we will investigate the support and probability mass of the Hpd Gamma Process.

3.2.1. Support

We will start by giving sufficient conditions for full support with the upcoming Theorem 3.4. To
formulate these results, we will need to strengthen the assumptions on the process parameters:

Assumption GP3. (a) There exists N C X with [y dz = 0 such that supp(a(z,-)) = S,
holds for all x € X \ N.

(b) The function B is locally bounded, i.e. for every xo € X there exists a neighborhood Uy
of xog such that SUD 14, U St Bz, U) < 0.

Theorem 3.4. Let X fulfill Assumption X 1 and let o, 5 and v fulfill Assumptions GP1 and GP2
as well as Assumption GP3. Let ® ~ CRMgyxq(v). Let A C X be measurable with fA dx > 0.
Then supp(®(4)) = S; .
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Proof. First recall that the Lévy measure v4 of ®(A) is given as in (3.3). The proof is a slight
modification of the one one-dimensional case (see Theorem 24.10 (iii) in Sato (1999)). The
idea is to split up ®(A) into a large jumps part Y and a small jumps part Z. To elaborate,
for ¢ > 0, define vy (dU,dr) := 1.2 »)(r)va(dU,dr), and vz(dU,dr) := 1y /9(r)va(dU, dr)
and let Y, Z be independent defined in terms of the Laplace transforms by

Eetr(—OY) := exp (— /S+ /000(1 — etr(—r@U))Vy(dU,dr)> , (3.6)

Eetr(—©®Z) := exp (— /S+ /000(1 — etr(—r@U))uZ(dU,dr)> , (3.7)

for ® € 8. Then it holds Eetr(—@®(A)) = Eetr(—OY )Eetr(—©2) for all ©, and hence
(since Y and Z are independent) ®(A) LY +7Z Let X € S with | X||r > ¢, ie. X = roUy
with 79 > € and Uy € S. We will show X € supp(®(A)) and start by showing X € supp(vy).
To do so, let L{$d+ be an open neighborhood of X, where the openness refers to the topology
in S (as indicated by the subscript). Since S; = (0,00) x S, there exist 71,7y with /2 <
ry < rg < r3 < oo and an open neighborhood US;{ (with respect to the topology in S;r) such
that [ry, o] X Usy C Ugy. This yields

T2 T2
vy (Us:) > / / vy (dU , dr) = / / vA(dU, dr).
1 L{S;r 1 MS:{

Using that the function r — exp(—pr)/r is monotonically decreasing on (0, c0) for every > 0,
we get

/:Z/u vA(dU, dr) = /Tm/u /Aexp(_ﬁ£x7U)r)Ol($,dU)dxdr

-7

r2
> LS+Aexp(—B(x, U)re)a(z,dU)dz.

T2

Now let A C A such that Jidx >0 and SUP,e 4 Uest B(z,U) =: B; < oo. Note that A and f;
exist by Assumption GP3. Then

/L{S+AexP(_ﬂf”’U)m)a(w’dU)d:cz /M ) /A exp(—B(x, U)rs)a(z, dU)dz
26XP(_BlT2)/L1+/Aa($’dU)dx'

By Assumption GP3, it holds oz(x,Z/{S:lr) > 0 for every z € A\ N (with N being a Lebesgue null
set), yielding

/ /oz(:z,dU)dx = / a(z,Ugr )dz > 0,
Uy JA A d
d

which concludes l/y(Z/{S;) > 0 and hence (since USI was an arbitrary neighborhood of X)),

X € supp(vy). Since vy ([0,00),S}) < oo by Assumption GP2, we find from Lemma 2.3
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that Y is compound Poisson and an application of Lemma 2.5 yields supp(ry) C supp(Y),
which concludes X € supp(Y).

By Lemma B.27 in the Appendix, it suffices to show 0 € supp(Z), to conclude X € supp(®(A4)).
Since Z = 0 is equivalent to tr Z = || Z||z = 0 for Z € S7 (see (B.9) in the Appendix), we will
show 0 € supp(tr(Z)). Recalling trU = 1 for U € S}, the (one-dimensional) Laplace transform
of tr(Z) is given as, for t > 0,

Eexp(—ttr(Z)) = Eetr(—(tI3)Z) = exp <— /S* /000(1 - etr(—rtU))VZ(dU,dr)>

Sy TE——

with the one-dimensional Lévy measure

Pz (dr) = /S vz (AU, dr) = L. (r) /A /S ) (A& U)o a7 dudr (3.9)

+ r
d

For any 0 < § < /2 it holds

1)
5[0, 50)) > 72([0,5]) > exp(—ﬁﬁ)/Aa(:n,SZ{)dx/o %dr - .

Furthermore,

1 €/2 1
/ rvg(dr) = / / / rv(de,dU, dr) < / / / rv(dz,dU,dr) < oo
0 0 AJst 0 JxJst

by Assumption GP2. Thus the assumptions of Lemma B.28 in the Appendix are fulfilled and
this yields 0 = minsupp(tr(Z)). Since the support is closed by definition, this concludes the
proof. O

The full support property for the Gagxq(c, 8) distribution can be obtained as a special case of
the previous Lemma. The result has already been stated in Theorem 2.6, and is restated and
proven in the following Corollary.

Corollary 3.5. Let o, 8 fulfill Assumption a1 and let X ~ Gagxg(a, 3). Assume that a is of
full support, i.e. supp(a) = gz{, Then X is of full support, i.e. supp(X) = 5:{.

Proof. Let X = [0,1] and consider &: X xB(S]) with a(z, dU) = a(dU) and f3: X xS} — (0,00)
with 3(z,U) = B(U) for x € X and U € S Denote by & the Hpd Gamma Process with
parameters & and 3. Since X ,a and B fulfill the assumptions of Theorem 3.4, we conclude
for A = X = [0,1] that supp(®(A)) = 8. On the other hand, from Remark 3.3 it follows
that ‘I}(A) ~ Gagxq(a, B), which concludes the proof. d

3.2.2. Probability Mass Bounds

In this Section, we will derive lower bounds for the probability mass of the Hpd Gamma process.
The main results are Theorem 3.7 and Corollary 3.8. We will need the following stronger
assumptions on the underlying space and the process parameters:
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Assumption GP4. (a) It holds o(x,dU) = g(x,U)dU for a measurable function g: X X
Sy — (0, oo)_. Furthermore, there exist positive constants go, g1 such that go < g(x,U) < ¢
for allU € Sz and all x € X \ N, where N C X is a null set, i.e. dex =0.

(b) There exist constants 0 < By < 1 < 0o and a null set N C X such that By < B(z,U) < B
holds for all U € S} and all z € X \ N.

Assumption X2. It holds [, dx < cc.

First we observe that Assumption GP4 and Assumption X2 imply Assumption GP2. Further-
more, it may be noted that Assumption X2 is implied by Assumptions GP2 and GP4, since in
this case it holds

oo>// / eXp(_B(%’U)Tdra(:t,dU)dacZgo/daz/ dU/ Mdr>0.
x JstJ1 r x St 1 r

The assumption g(x,U) < g; is actually not needed for the results in this Section but included
for the sake of later reference to avoid notational overhead. In fact, this particular assumption
will be needed for the derivation of posterior contraction rates (see the upcoming Section 7.2
and Section 9.1). We start our considerations with the observation that the total weight of « is

finite under the assumptions of this Section.

Lemma 3.6. Let X fulfill Assumptions X1-X2 and let o, B and v fulfill Assumption GPJ.
Then Cy = [, oz, S])dx is finite.

Proof. By Assumption GP2 and Assumption GP4 it holds

OO>/X/S}' /looa(m,dU)eXp(_ﬂﬁx’U)r)drwZ/Xa(ﬂfygj)d:c/l exp(rﬁﬂ“)

and since [ eXp(Zi'B”)dr > 0 it follows that Co = [, oz, S])dx is finite. O

The following result gives a lower bound for the probability mass that the distribution of ®(A)
puts in balls of radius €.

Theorem 3.7. Let X fulﬁll Assumptions X 1 and X 2 and let o, B and v fulfill Assumption GPj.
Let A C X with L’( = [ydz > 0. Let Xg € 8 with | Xo|r < 7 for some 7 > 1. Then,
with Cy( fA x, S+ dx it holds

P(||®(A) — Xollr < ) > Cra(A)exp ((d* + Ca(A) + 1) loge),

for all € > 0 small enough, where C is a positive constant only depending on Po, 1 (as in
Assumption GP/), d and 7. Furthermore, ko(A) is defined as

() = expl—cCa)) (1-exp (3 (5 ) ) ) et

with go from Assumption GP4 and c being a positive constant only depending on By, f1 and T,
and W denoting the Lambert W function (see (B.27) in Section B.5 in the Appendiz).
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From Theorem 3.7, we obtain the following immediate corollary.
Corollary 3.8. Under the assumptions of Theorem 3.7, it holds
P(||®(A) — Xo|| <€) > Cra(A)exp ((d* + Co(A) + 1) loge),

for all ¢ > 0 small enough, where C is a positive constant only depending on Py, 1, (as in
Assumption GP4), Cy,d and 7. Furthermore, r,(A) is defined in Theorem 5.7.

Proof. The result follows from Theorem 3.7, because the matrix norms || - ||z and || - || are
equivalent. n

Before proceeding to the proof of Theorem 3.7, we will consider the concrete example of the

Hpd AT'(n,wX) process and establish conditions under which the result is applicable.

Lemma 3.9. Let X fulfill Assumptions X1 and X 2 and consider the Hpd AT (n,w,X) distribu-
tion from Section 2.4. Let n = ng be fized, and let w: X — (0,00) measurable and X: X — Sj
measurable. Let ® be an AT (no,w,X) process on X, i.e. an Hpd Gamma process with param-
eters a(x,dU) = w(z)ay, 5(2)(dU) and B(z,U) = B ) (U) (see Lemma 2.7). Let the process

parameters fulfill the following assumptions:

(a) no =d.
(b) It holds

inf Apin(B(z)) =70 >0, sup Apax(X(2)) =11 < 00,
reX reX

with Amin(A) and Amax(A) denoting the smallest and the largest eigenvalue of A € Sj.
(c) It holds

inf w(z) =wo >0, supw(x)=w; <.
TEX xeX

Then ® fulfills Assumption GP4. In particular, Theorem 3.7 is applicable to P.

Proof. From Lemma 2.7, we know that
oz, dU) = g(z,U)dU, g(z,U) = Cw(z)|Z(z)| T tr (El(nft)_lU)id2
with a positive constant C, as well as
B(z,U) = tr (B(z)"'U).
An application of Lemma B.4 (d) in the Appendix yields
0<7‘1_1§,3($,U)§7'0_1<OO, xeX,UeSj,
and similarly, also using Lemma B.5 in the Appendix,
0< C’<JJ07'6l27'1_d2 <g(z,U) < C'w17'0_d27'1d2 <oo, z€X,UE¢€ S;r.

concluding the proof. O
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To prove Theorem 3.7, we will use the same idea of splitting up ®(A) Ly 1 Zinto a large
jumps compound Poisson component Y and a small jumps component Z, as in the proof of
Theorem 3.4. To do so, we need the following two auxiliary results. The first Lemma 3.10 shows
that the Lévy measure of ®(A) puts enough mass in a neighborhood of Xy. It will be used
later to show that the distribution of Y also puts enough mass in a neighborhood of Xy. The
second Lemma 3.11 will be used later to show that the distribution of Z puts enough mass in
a neighborhood of 0.

Lemma 3.10. Let the assumptions of Theorem 3.7 be fulfilled. Then with
B:(Xo) ={X €87 : | X — Xo|lr <},

the Lévy measure v4 from (3.3) of ®(A) fulfills
va(B:=(Xo0)) > CgoL(A)exp ((d* +1)loge),

for all € > 0 small enough, where C is a positive constant only depending on (1,d and T.

Proof. Write Xy = rqUy with Uy € S;r and 0 < rg < 7. For any X =rU € Sd+ we have
1 X — Xollr < rol|lU — Upl|lr + |r — ro| < 7||U — Upllr + |1 — ro]-

Hence, recalling S = (0,00) x S, we find that B.(Xo) D Be/a(ro) x B(Uy), with B(Uy) =
B 27 (Up) N S, where B, J(2r)(Up) denotes the ball in Sy around Uy of radius ¢/(27) (with
respect to || - ||7). Recall that B(x,U) < B for all x outside a null set and all U by Assump-
tion GP4. Thus, using that r — e)(p(;iﬁm is monotonically decreasing, and that ,rg < 7, we
compute

(B:(Xo)) = / /S+ /OO ]lBE(XO)(TU)eXp(_ﬁﬁx’U)T) dra(z,dU)dx

/ / /TO+8/2 exp(= (:c U)T)droz(:v dU)dx
B(Uyp) Jro—e/2 ’

B ro+e/2 «
> aA(B(Uo))/ . e p(rﬁlr)

> au(BU) eXp(;f/%ﬂ)

with the measure a4 on S+ being defined as au(dU) =: [, « 4oz, dU)dz. For this, we compute

s (B(Uy)) = /A /B PREX TR /B o0

by Assumption GP4. Now we use I'(a) = [~ 2 ! exp(—z)dx for a > 0 and the transforma-
tion Sj 5Z=rU withr=trZ >0and U € Sj, dZ = r¥~1drdU from Lemma B.8 in the

appendix to obtain

1 o
dU = / r& =L exp(—r)drdU
/B(Uo) L(d?) Jawe) Jo =)
1

= Caa(B(Uy))e,
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We will now show that B.;u,(Us) C {Z € Sf: Z/tx(Z) € B(Up)}. To do so, let Z €
B.4r)(Up) and compute

Z
tr Z ||

<t '1 - \ 1217 (3.9)

|7z, v

<12 - Usllr + H

Noting || Z|l7 = tr Z and |1 — ;| = 5|1 — tr Z| yields
’1—‘HZHT—fl—tTZ|—|tr(U0)—t1"( = 6T — 2)].

For A € §;, denote by A\1(A) < ... < Ay(A) the eigenvalues of A in nondecreasing order. With
this notation, we recall the characterization (B.7) of the trace norm and continue to compute

d
Z)\ U —
=1

which concludes [|1— 2 ||7]| Z|r < £ and thus Z/ tr(Z) € B(Uyp) by (3.9). For e small enough,
it holds tr Z < 7. We use this result to obtain

1
/B(Uo) v = m /8; ]IB(UO)(Z/ tr(Z))etr(—2Z)dZ

exp(—7)
etr(—Z)dZ > / dz.
I'(d?) /BE/(4T)(U0) I'(d?) B. /(47)(Uo)

By the equivalence of matrix norms, there exists a positive constant C' (depending only on d
and 7), such that with |a|s := max{|Ral, |Sa|} for z € C it holds

d
| te(Up — 2))| }zj (Vo= 2)| = |Us = Zllr < -

>

Bcg7maX(U0) = {Z € Sd ]IillaX ’U()Zj Zij‘oo < 08} C Ba/(4T)(U0),

thus, recalling the definition of the Lebesgue measure dZ on Sy from (2.5),

/ 4z > / dZ = (Ce)?,
B. /(ar)(Uo) Bee max(Uo)

yielding the claim. O

Lemma 3.11. Let v be a measure on [0, 1] such that f[o 1] rv(dr) < co. Let Z be a nonnegative
random variable distributed with Lévy measure v, i.e.

Eexp(—tZ) = exp (—/ (1- exp(—rt))u(dr)) , t>0.
[0,1]
Assume that the distribution of Z is non-trivial, i.e. not equal to a Dirac Delta distribution. Let
P(u) = / (exp(ur) — 1 —wur)v(dr), wueR.
[0,1]

Then the derivative ¢'(u) is continuous and strictly monotonically increasing on R. Denote
by u = u(§) the inverse function of &€ = '(u) for & € (0,00). Then for every § > 0 it holds

P(Z > 6) < exp (- /Oéu(f)d§> .
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Proof. See Lemma 26.4 in Sato (1999). O
Now we can present the proof of the main result.

Proof of Theorem 3.7. Let va(dU,dr) denote the Lévy measure from (3.3) of ®(A). We will
split up ®(A) into a large jump compound Poisson component Y and a small jump component Z.
The idea is to bound (from below) the probability of Y being close to X and the probability
of Z being close to 0. To elaborate, let vy (dU, dr) := 1(c/2,00)(r)va(dU, dr) and vz(dU,dr) :=
Lip.c/9(r)va(dU,dr) and let Y and Z be independent with distribution as in (3.6) and (3.7).

Then ®(A) £ Y + Z. From | ®(A) — Xollr < |Y — Xollr + | Z]|r it follows
P(®(A) € B.(Xo)) = P(Y € B.js(X0))P(Z € B.5(0)). (3.10)

In view of (3.10), it is sufficient to show the following two results:

(a) There exist positive constants ¢, C' only depending on Sy, $1,d and 7 such that

P(Y € B./3(Xo)) = CgoL(A) exp(—cCq(A)) exp ((d* + Co(A) + 1) loge).

(b) It holds

P(Z € B.j5(0)) > 1 —exp (—;W <Ca2(A>)> _

First recall from Lemma 2.3 that Y is compound Poisson. From Lemma 2.5 we obtain

o

P(Y € Bepp(Xo)) = exp(~Cy) Y 11 (Bopa(X0)) = exp(~Cy o (Beynl(X0),
k=0

with Cy := vy (S]) < oo and 14, being the k-fold convolution of vy. We get

B * exp(—pB(z,U)r) n exp(—for) ﬁOT)
CY_/A/S; /5/2 . d’roc(x,dU)de/Aa(x,Sd)d:ﬁ/&ﬂ "

The right hand side is equal to Co(A)E1(Boe/2), with

Bi(z) = /OO ) s, (3.11)

r

denoting the exponential integral function. Using the bound (see 5.1.20 in Abramowitz and
Stegun (1964))

1 1
Eq(x) < exp(—x)log <1 + ) < log (1 + ) , x>0,
x x

we arrive at

Cy < Co(A)log <1 + 2) < Co(A)log ha

3
Boc Boe Cu(A) <log % —log 6)
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for e < fBy. Letting ¢ := max{1,log(3/5p)} > 0, this yields

P(Y € B.j5(X0o)) = exp(—cCa(A)) exp(Ca(A) loge)ry (B a(Xo))
= exp(—cCy(A)) exp (Co(A)loge) v(B, 5(X0)),

where B, /5(Xo) C supp(vy) (and hence vy (B, /3(Xo)) = v(B./2(Xo))) for £ small enough was
used in the last step. An application of Lemma 3.10 for v (B, /(Xo)) yields

P(Y € B.j5(X0)) > CgoL(A) exp(—cCa(A)) exp(Co(A) loge) exp((d® + 1) loge),

concluding (a).

To show (b), we will apply Lemma 3.11 to tr Z in order to bound P(Z € B, /5(0)) = P(tr Z <
£/2) from below. Recall from (3.8) that the Lévy measure of tr Z is given by

vz(dr) = Lo /2 (T)/A/S+ exp(—ﬁﬁx, U)T)a(x,dU)dxdr.

For ¢ small enough (i.e. € < 2), the support of Uz is contained in [0, 1]. Since

€/2
/[(n] rvz(dr) = /0 /A/SZ{ exp(—B(z, U)r)a(z, dU)dzdr < gCQ(A) < o0,

it follows that vz fulfills the assumptions of Lemma 3.11. Consider the function
P(u) = / (exp(ur) =1 —ur)vgz(dr), wueR.
[0,1]

The derivative of ¢ can be computed by an application of Lebesgue’s Dominated Convergence
Theorem as

Y (u) = /[071] (exp(ur) — 1) rogz(dr)

_ /0 o /A /S ; (exp(ur) — 1) exp(—B(z, U)r)a(z, dU)dzdr

€/2

_ A/S+ (/0 exp ((u — Bz, U))r)dr — /06/2 exp((—ﬁ(x,U))r)dr) o(d, dU)dz
_ /A/S+ L(u— Bz, U)) - L( — Bz, U)) e, U)da

with the function L: R — (0,00) being defined as L(z) = % for  # 0. Since L is

continuously differentiable with derivative L'(z) = (e/22=1) :(Qp(e/ 21)“, it follows from the Mean

Value Theorem that for u > 0, there exists 7 = 7(x,u,U) € (—B(x,U), —B(x,U) + u) such that

L(u — B(z, U)) - L( — B(z, U)) =L'(7(z,u,U))u.
This yields

V' (u) = p(wu, u>0, (3.12)
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with
p(u) = /A/S+ L'(r(x,u,U))a(z,dU)dx.

By Assumption GP4 it holds 7(z,u,U) € (=1, —8o + u) C (=B, u) for all z,U and all u > 0.
Let 0 := ¢/2. From Lemma B.25 in the Appendix, we find that L'(t) > 0 for all t € R

and L'(t) < 62/2exp(6u) for t € [0,u]. Furthermore, since L’ is monotonically increasing
[(6t—1)2+1] exp(t)—2
3

on R (this can be seen by computing the derivative L"(t) = and by observ-
ing that L”(t) > 0 for all t € R is equivalent to log(z? — 2z 4+ 2) + z > log2 for all z > 0
and log(z% + 2z 4+ 2) — z < log 2 for all z > 0 and these properties are fulfilled, since the func-
tion h(z) := log(z? — 2z + 2) + z is monotonically increasing on [0, c0) with h(0) = log 2 and the
function h(z) := log(z? 4+ 2z + 2) — z is monotonically decreasing on [0, c0) with 2(0) = log 2), it
even holds L/(t) < 6%2/2exp(du) for all ¢t < u. This concludes L'(7(x,u,U)) € (0,6%/2exp(du)),
which leads to p(u) € (0, 3Ca(A)8% exp(u)), and from (3.12) we arrive at

Cn(A)0? exp(du)u, u > 0. (3.13)

| =

0 < (u) <

Denote by u = u(§) > 0 the inverse function of & = ¢/(u) for £ € (0,00). Then (3.13) is
equivalent to

28

ROV £€>0. (3.14)

du(&) exp(du(§)) =

Applying the Lambert W function (see (B.27) in Section B.5 in the Appendix) to the left hand
side of (3.14) yields

W (0u(§) exp(u(§))) = du(§).

Since W is strictly monotonically increasing on (0, 00), this yields du(§) > W(C:(i) 5) or

u(§) > %W <ca2(§1)5> , £>0.

An application of Lemma 3.11 yields

P(tr Z > 5) < exp (— /Oau(ﬁ)d§> < exp <—(15 /Oéw (Caii)(;) d5> .

Using that W is concave on [0,00) and that W (0) = 0 yields W(Cj(il)é) > §W(%(A)) for 0 <
£ < 4, hence

which concludes the proof. ]
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3.3. An Infinite Series Representation

In (3.2), we defined an Hpd Gamma process ® ~ CRMgy4(r) on X based on the infinitely
divisible Hpd Gamma distribution. The mean measure v from (3.1) of the underlying Poisson
process 1l was chosen as a mixture of Lévy measures of Hpd Gamma distributions, where the
distributional parameters « and g are allowed to change over X'. For a practical usage (as e.g. in
Bayesian nonparametric inference), an almost surely convergent series representation of ® (and
IT respectively) involving iid random variables is of great usefulness. As an example of such a
representation, the Dirichlet process obeys the well-known stick-breaking (1.5), which expands
the process as an infinite sum involving iid random variables drawn from a Beta distribution
and the base measure Gy. In this section, we derive an almost surely convergent series represen-
tation for ®. It is not based on stick-breaking, but on LePage’s method (LePage, 1981), which
can be conceived as a generalization of the Inverse CDF Transform Sampling for non-uniform
random variables (Devroye, 1986). The almost sure convergence of such series has been dis-
cussed in Rosinski (2001). The following Lemma summarizes the results that are needed for our
construction.

Lemma 3.12 (LePage’s Method). Let Y be a Borel space. Consider a Poisson process II on

Y x [0,00) with o-finite mean measure v being of the form
v(dy, dr) = p(drly)a”(dy), (3.15)

where o is a probability measure on' Y and {p(-ly): y € Y} is a family of absolutely continuous
measures on [0,00), such that for all measurable B C [0,00), the mapping [Y >y — p(Bly)] is
measurable. Denote by

p~(wly) = inf{r > 0: p([r,0)|y) < w} (3.16)

the inverse of the tail of p(-ly). Then the following almost sure representation for I1 holds:

J
8. — id iid
L {(yy, 0 (wilys)biz1, w5~y wj=) v v~ Exp(l), (3.17)
i=1
where {y;};>1 and {vj}j>1 are independent.

Proof. The proof is a minor adaption of Section 3(B) in Rosinski (2001). We start with a
Poisson Process Iy on (0,00) with mean measure vy(dr) = dr being equal to the Lebesgue
measure. From the Interval Theorem (see Theorem B.20 in the appendix), we can conclude the

representation in distribution
d J iid
11
H() = {’u}j}jzl, w; = Zvi, v ~ EXp(l). (3.18)
i=1

With the Marking Theorem (see Theorem B.21 in the appendix), we can use Iy to construct a
Poisson Process II; on Y x (0, 00) having mean measure vy (dy,dr) = o*(dy)dr as follows:

iid 4

d
M = {(yj,wj) }j>1,  y; ~ o,
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where the sequence {w;};>1 is as in (3.18) and {y; } >1 being independent thereof. Now consider
the mapping h: ) x (0,00) — Y x [0,00), defined as h(y,r) = (y, p~ (r|y)) with p~ from (3.16).
For s > 0, let h='(y, s) := (y, p([s,o0)|y)). Then for A C Y measurable and 0 < a < b it holds

vioh 1) (A X [a,b) = dra*(dy) = a,b)|y)a* (dy),
(110 B 1) (A x [a,)) /A /{p([bm)ly),p([am)ly» (dy) /A p(la. b)y)a (dy)

which is equal to v(A4 x [a,b)) with v from (3.15). Thus v = vy o h~! by Carathéodory’s
extension theorem (recall that the measure extension is unique, because v is assumed to be o-
finite). Applying the almost sure mapping theorem (see Theorem B.22 in the appendix) to II;
and h yields the representation (3.17) for II, with possibly different sequences {v;}, {y;} which
are, however, equal in distribution. ]

The result from Lemma 3.12 can now be applied to derive a series representation for the Gamma
process ® from (3.2). To do so, we will need the following strengthened version of Assump-
tion GP2:

Assumption GP2’. The integral C,, := fX a(z, S:{)daz 1s finite and there exists a constant Sy >
0 such that B(x,U) > By holds for all U € S:{ and all x € X \ N, where N C X is a null set.

Lemma 3.13. Let X fulfill assumption X 1. Let ® ~ CRMyxq(v) with v as in (3.1) fulfilling
Assumptions GP1 and GP2’. Then the following series representation holds for ®:

(1] a':& Z(Sl«j?”jUj, (xj, Uj) %i Oé*,
Jj=1
J ;
rj =p (w;|Ca, B(z;,Uj)), w;= ZUi, Vi %ZEXP(Dv
=1

o(z,dU)dx

where o is the probability measure on X X S:{ induced by «, i.e. a*(dzx,dU) = o) with

C, as in Assumption GP2’ and p~ is the inverse of the tail of the radial Gamma measure p:

dr.

p~ (wla,b) = inf {r > 0: p([r,0]|a,b) < w}, p(dr|a,b) = aexp(r—br)

Proof. We first observe that Assumption GP2’ implies Assumption GP2: Indeed, we find

/// min(1, r)v(dz,dU,dr)
x J§F Jo
1 oo
:// /rl/(d:z:,dU,dr)—i—/// v(dz,dU,dr)
x J§T Jo x J§T J1

=: /X /SI Ri(z,U)a(z,dU)dz + /X /Sj Ry(z,U)a(z, dU)dz
with
1 1
Ri(z,U) :/0 exp(—f(x,U)r)dr </0 dr=1
and
> exp(—p(z,U)r) exp(—5o)

Ry(z,U) :/1 . dr < /1 exp(—por)dr = —
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This yields

/ [ /oo min(l’T)V(dm’dU7dr) < Ca <1+ eXp(ﬁ—ﬁg)) < 00,
x Jsy Jo A

with Cy from Assumption GP2’. Hence Assumption GP2 is satisfied and ® is well-defined by
Theorem 3.2. Denote by II ~ PP(v) the underlying Poisson Process. Let J := X X SZ{ be
endowed with the product o-algebra and write y = (z,U) as well as dy = (dz,dU). Denote
by & the measure on ) given as a(dy) = a(z,dU)dz. Then v can be written as

exp(—B(y)r)

where a*(dy) = %ﬁy) denotes the probability measure on ) induced by @. Since p(dr|a,b) is

v(dy,dr) = dra(dy) = p(dr|Ca, B(y))a* (dy),

a o-finite measure for all a,b > 0, it follows that v is o-finite and an application of Lemma 3.12
to II yields
s — iid <
= {(yj, 0™ (wj|Cas Byi)) }iz1, vy = (25, Uj) ~ &7
and {wj;};>1 as in the claim and independent of {y;}. Recalling the connection between ® and II
from (3.2) concludes the proof. O]

Remark 3.14. The result from Lemma 3.13 requires the computation of the total mass C, of
the measure o on X X S:{. In many cases, this can be derived analytically. For example, when
employing the AT'(n,w,X) distribution from Section 2.4 withn=mn9>d—1 and w = w(xz) >0
and ¥ = X(z) € 8§ for x € X, it holds fgj a(z,dU) = w(x) ij Oy 5(2)(dU) = w(z), and
hence Cy = [ w(z)dz.

There is no analytically closed form available for the inverse tail of the Gamma measure p~(-|a, b).

1

However, we have p~(wl|a,b) = b~ E] (a 'w), where E; is defined as the inverse exponential

integral function:
> exp(—2)

dz.

El (w) :=inf{r > 0: E1(r) <w}, Ei(r)= / -

As noted in Wolpert and Ickstadt (1998), the values of E; can be approximated numerically
by tail probabilities of rescaled x? distributions and the values of E; by the corresponding
quantiles:

.2 2 ~ 1
Ey(r) = lim EIP(X(% > 2r) & (%IP(X?;O >2r), By (s) =~ gae (1- 260/2) (3.19)

for some small value &y (e.g. 6o = 10712), with 02 (p) denoting the p-quantile of the Chi Squared
distribution with k degrees of freedom.

3.4. Numerical Simulation of Prior Samples

In this Section, we discuss the non-trivial task of drawing random samples from the Gagxq(«, )
process. We restrict our attention to the AI'(n,w,X¥) distribution from Section 2.4, for the
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following two reasons. On the one hand, it offers a great amount of prior modeling flexibility
while retaining a simple parametrization in terms of only the three parameters n,w,X. On
the other hand, the density of its Lévy measure is available in analytical form (see (2.17))
and this property is in fact necessary for the methods we will present in Section 3.4.2. As
discussed at the end of this Section, the techniques can be extended to many other Gagxq(c, 3)
processes. Some illustrations will be shown in Section 3.4.3 and a straightforward extension to
simulation of random samples from the AT distribution (rather than the process) is presented
in Section 3.4.4. The methods rely on Markov Chain Monte Carlo (MCMC) algorithms such
as the Gibbs sampler and the Metropolis-Hastings algorithm. A description of both algorithms
(along with a comprehensive introduction to MCMC) can be found in Section 6.3 in Christensen
et al. (2011). We start our consideration in Section 3.4.1 with a convenient and practical
parametrization for elements of the sphere S}.

3.4.1. Parametrization of the U,’s

In this section, we derive a practical parametrization of Hpd matrices U € Sz{ with unit trace
(see (2.3)). We use a minor adaptation of the hyperspherical coordinates approach derived
in Mittelbach et al. (2012). To elaborate, let U = ULU; denote the Cholesky decomposition
and denote the elements of Uy, as follows:

Y1
Y2 —1y3 Ya
Ur = Ys — 1Ys Yyt —1ys Yo
Y(d—1)2+1 — W(d—1)2+2 ce e Y22 — W21 Yg2
The components y1,...,y42 are represented in hyperspherical coordinates 1, ..., @pzp2_1, i.e.
—1 . .
yi = COS(SDj) H.l?:1 Sln((pl), J=1... d2 -1 (3 20)
i = i—1 . . :
g:1 Sln(@l)a J= d27
where the range of ¢; is given by
0,7/2), j=0Fforl=1,...,(d—1
P (RN, (d-1) o)

(0,7), else,

for j = 1,...,d*> — 1, see (60)-(63) in Mittelbach et al. (2012). This yields the parametriza-
tion ¢ := (p1,...,¢42_1) for U. Denote by T': ST — T := ®;.l2:_111j the transformation T(U) =
. Then the absolute value of the determinant of the Jacobian Jp-1 of the inverse mapping T’ -1
is given by (see Section IV.A and Section II.B in Mittelbach et al. (2012))

d2-1

[Jr-1(@)l = ] cos” () sin® (i25) (3.22)
j=1

with the exponents

(d+1)—1, j=0Cforl=1,...,d—1

pj =
’ 0, else
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and
gj=d*—(1-0)d—1-1-m, forj=0C4m, j=1,...,d—1, m=1,...,1,

see (27)-(31) in Mittelbach et al. (2012).

3.4.2. The Algorithm

First, let us briefly revisit the AI' distribution. Let g > d—1, wp > 0 and X( € S;. Recall the
following distributional properties of the AI'(ng,wp, o) distribution (see Lemma 2.7 and the
proof thereof, and Lemma 2.9):

e The AT'(no,wo, Xo) distribution is the Gagyxq(woy,,=,, fx,) distribution with the proba-
bility measure oy, 3, on S:{ and the mapping Sy, : Sz — (0,00) from Lemma 2.7.

e For X ~ ATl'(no,wo,X0) it holds EX = =23 and CovX o wpXg ® Xo, where the
proportionality is understood component-wise.

Let X fulfill Assumption X'1. We define an AI'(n,w,¥) process on X under the following
assumptions on the process parameters 7, w, 3:

Assumption AT'1. Letn =y > d—1 andw: X — (0,00) be measurable such that [, w(zx)dr <

0o. Let 3: X — 8 be measurable such that sup,cy Amax(E(2)) < 7 < 00.

Consider the Poisson mean measure v on X X S:{ x (0,00) given as

v(dz,dU,dr) = exp(—ﬁz;(m) @)r) drw(z)ay, () (dU ) dz. (3.23)

and let ® ~ CRMgy4(v). First observe that by Theorem 3.2 and Lemma 2.9 it holds

1
E[®(A)] = d/ w(x)X(z)dr, A C X measurable. (3.24)
A
Denote by « the measure on X' x S defined as a(dz,dU) = w(x)oy, 5, (dU)dz. Let Cy =
a(X, S+ = [y w(z)dr < oo by Assumption AT'l (where the last equality is due to Remark 3.14)
denote its total mass and o := C—a its normalization. Under Assumption AI'l, the assumptions

of Lemma 3.13 are fulfilled since C,, < 0o and, using Lemma B.4 in the Appendix, it holds

B
Amax(2(2))

forallz € X and all U € S;. From Lemma 3.13, we obtain

3

By (U) = tr (B(2)"U) 2 Ain (Ba) ™) tx(U) = >

iid _
a:S Z(sxjrj IE ,CC],U]) ~ Ol*, Ty =p (wJ|CavﬁE(xj)(U]))a
i (3.25)
w; = Zvi, v; id Exp(1),
i=1
where the v;’s are independent of the (x;,U;)’s and the inverse tail p~ of the Gamma measure
as in Lemma 3.13. In practice, the representation (3.25) is truncated at some large positive
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integer L, yielding the approximate form ® = Zle dz;7;U; (the part after (5.5) in Section 5.2
for a more detailed discussion of the truncation issue).

In this approximation, ® is represented by the 3L parameters (x1,...,z5,71,...,75, U1,...,UL).
To generate random samples of ®, one needs to generate random samples from the probability

distribution o* on X x S}. Let w*(z) = wéz). Denote by

L (nd)w* ()| U]

e oo T T T
the probability density of a*. We observe

9" (z,U) =w*(z)g*(Ulz), z€X,UES) (3.26)
with

g (Ulz) = G Uest

fd(n)!E(:c)\n tr (E(:c)—lU)dTi’

being the Lebesgue density of the a5 ,) measure on SZ{ for fixed x € X. Assume that the
function w is such that we can draw random samples from (the probability distribution with
density) w*. Then it follows from (3.26) that a random sample (z,U) from a* can be generated
by first drawing x from w*, and then — given = — drawing U from «,, 5;(;;). This idea is summarized
in Algorithm 1. In view of Algorithm 1, a reasonable idea is to set w* to the (known) probability

Algorithm 1: Generate a draw from the AT'(n,w, X) process
input : L e N, n>d—1, functions w: X — (0,00) and 3: X — S;r

Compute Cy + [ w(z)dr;
Draw v1,...,vp S Exp(1) and compute wy, ..., wr, from (3.25);
Draw x1,...,xr independently with pdf w* = o
for j «+ 1 to L do
Draw Uj from o, 5(4;), €.g. with Algorithm 2;
Compute rj <= p~ (w;|Ca, Bx(z,)(Uj));

end

output: ® + ZJLZI 0z;7U;

density function of a continuous random variable on X, such that samples from w* can readily be
obtained. A common example for the case X = [0, 1] are the Beta densities and finite mixtures
thereof. If however w* does not belong to a known family, a numerical sampling method such
as Rejection Sampling or MCMC techniques (see Chapter 6 in Christensen et al. (2011)) can be
employed to draw from w*.

Algorithm 1 relies on random draws from the probability distribution oy, s, on Sj for some X €
Sj. An efficient method for this purpose can be derived with the following key observation:

The measure oy, 5, is generated by the measure oy, = oy 1, from (2.14) under the transforma-

1/2 1/2
. 4 3V,
tion S; >V — V)

in Algorithm 2, and it remains to derive a method to draw random samples from o,.

€ S;, see (2.15) for the precise argument. This idea is summarized
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Algorithm 2: Generate a draw from oy, 5,
input :ny>d—-1, EOESC;r
Compute Hpd matrix square root 2(1)/ 2 ;
Draw random matrix V' from o, e.g. with Algorithm 3;
51/2y51/2
output: U + W
Since ay, has the Lebesgue density
I'(nd
s = Dt ey, (3.27)

 Taln)

random samples from «, can be obtained efficiently with the Metropolis Hastings algorithm

(see Section 6.3.3 in Christensen et al. (2011)), with the parametrization for elements of the
sphere S;r from Section 3.4.1. This is illustrated in Algorithm 3. Note that the Jacobian of the

re-parametrization has to be taken into account for the target density (see Line 3). Also note

that uniform proposals are used under the re-parametrization (see Line 4). If 79 = d, the ay)

Algorithm 3: Generate a draw from a,, (Metropolis-Hastings)

input :ny>d—1, Npym € N

Initialize g(l) + Unif(Z) with Z = ®?2:_111j from (3.21);
Set UM < 771 (W) with T from (3.22);

Let prarget () = 96(T " (0))|Tr-1(9)l;

Let pprop () o< 1z(p):

for i < 1,..., Npyn do

Retrieve g(iﬂ) from an MH step with target density prarget, proposal density pprop and

previous value g(i);
Set U+ T_l(cp(”l));

end

output: U Noun+1)

measure corresponds to the uniform probability measure on S;. In this case, even more efficient

methods for generating random samples exist (see Mittelbach et al. (2012)).

3.4.3. Illustration

As an example, we will consider three AT-processes ®; on X = [0, 1] in dimension d = 2, given

by the following parameters w;, 3; for i = 1,2,3 and b(z|j, k) denoting the probability density

of the Beta(j, k) distribution:

wi(z) =2, Xi(x) = I,
2

wa(z) = 2(1 + 9b(2[1,10)), Xa(x) = el

I2a

wy(z) =2, X3(z) = fvar(mz|B, S),

(3.28)

(3.29)

(3.30)
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Figure 3.1.: Visualization of wy(z) and —— from (3.29).

wa(z)

for 0 <z <1 and fyar(:|B,S) denoting the spectral density of a VAR(1) model
Zt = BZt71 +ep, € Nd(Q) S)u

(the formula of fyar can be found in (6.7)), with VAR parameter B and covariance matrix S
given by

B 05 0 . S= 1 —0.5 .
0 =07 -05 1

A visualization of we(x) is shown in Figure 3.1 and a visualization of ¥3(x) is included in
Figure 5.1(c) and Figure 5.1(d).

The increments d®;(z) of ®; among 0 < x < 1 are independent and AI'(n, w;(z), X;(z)) dis-
tributed, see (3.5). In particular, it follows from (3.24) that E[d®;(z)] = %Ei(m)dx and
hence

E[d®,(z)] = E[d®2(x)] = Iodzx, E[d®3(x)] = fyvar(nz|B, S)dz.

Furthermore, since by Lemma 2.9 it holds Cov[d®;(z)] x w;(z)X;(x)®X;(x) (the proportionality
being understood component-wise) it follows that the deviation of the increments of ®; are
homogeneous among x, whereas the deviation of the increments of ®s is proportional to wa(z) ™,
i.e. strictly increasing as x approaches 1, see Figure 3.1. The (cumulated) mean curve of the
process ®; is given as

B[ ([0, 2])] = ;/Ox () Ss(t)dt, 0<z<1. (3.31)

A visualization of the pointwise distribution of the ®;’s is shown in Figure 3.2. It can be seen
that, while the mean curve of ®; and ®5 coincide — the two processes clearly differ by the second
order structure, since the increase of uncertainty is stronger at the right boundary of ®,, which
is in line with the choice of wa(x). A higher truncation threshold of L = 300 is needed for the
approximation of ®5, to render the strong inhomogeneity properly, whereas a value of L = 60
was sufficient for @1 and Ps.

A visualization of two AI'(n,w,X) processes with 1 # 2 is shown in Figure 3.3. Recall from
Remark 2.10 that n is a regularity parameter of the underlying AI' distribution. With small
values of 7, more probability mass is put towards the boundary of Sz{ (favoring nearly-singular
matrices). This behavior is mirrored in the corresponding AI-process. It can indeed be seen
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Figure 3.2.: Visualization of the
process ®;([0, z]) for (a) ®; from (3.28), (b) ®2 from (3.29) and (c) ®3 from (3.30).
The pointwise mean is drawn in solid black, the area between pointwise upper and
lower quartile in shaded red and the area between pointwise 0.95 and 0.05 quantile in
shaded blue. The visualizations are based on 10,000 samples respectively generated

with Algorithm 1 with L = 60 (L = 300 for (b)).
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Figure 3.3.: Visualization of the pointwise (among 0 < z < 1) distribution of the cumulated
process ®1([0,z]) with ®; from (3.28) for (a) n =8 and (b) n = 1.1

in the larger scale of the off-diagonal entries in Figure 3.3(b) in comparison to Figure 3.2(a).
For n = 8, the AI'(n, w, X) distribution is more regular, yielding a smaller off-diagonal scale in
Figure 3.3(a).

3.4.4. Numerical Simulation of Hpd Gamma Matrices

Algorithm 1 can readily be adapted to draw random AI" matrices. Indeed, for the homogeneous
process case w = wo > 0 and ¥ = Xy € S, we recall from Remark 3.3 that ®([0,1]) ~
Gagxd(omg, 50, As,)- On the other hand, we get ®([0,1]) ~ Zle r;Uj; from (3.25). Accordingly,
Algorithm 4 describes how random samples from the AI' distribution can be drawn.

Algorithm 4: Generate a draw from the AI'(ng,wo, Xo) distribution
input : LeN ng>d—1,wy >0, 20683'

Draw v1,...,vg id Exp(1) and compute wy, ..., wr, from (3.25);
Draw Uy,...,Uy, i Oy, 5, €.8. With Algorithm 2;

for j <— 1 to L do Compute r; < p~ (w;|Cyq, Bx, (Uj));
output: Z «+ Ele r;U;

Algorithm 1 and Algorithm 4 are not restricted to the AI' distribution, but can be extended to
other Gagyq distributions, as long as the finite measure « on X’ x §d+ has a Lebesgue density g,
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the local spherical mass function w(x) := fsd+ ga(z,U)dU is available and there exists a method
to draw random samples from (the probability distribution with Lebesgue density)

9(z,U)

—— L Ues]
Jst 9(2, V)dV” d

g(Ulz) :=

forall z € X.






Part 11.

Spectral Density Inference



Whittle’s Likelihood

4.1. Introduction

Consider a Gaussian stationary time series {Z,} in R? with EZ, = 0. Denote by I'(h) :=

E[thah] € R4 for h € 7 the autocovariance function of {Z,}. For a sample z1,...,z2, of
size n, denote by z := (27,...,2I)T € R™ the vector of stacked observations. The Gaussian

likelihood P™ is given in terms of the Lebesgue density
1

1
ne.N _ L T d
p'(2) = o) T exp ( 52 Fndz> , z€eRY (4.1)

with covariance matrix T',,q = E[ZZT] € R given by

r(0) r{) ... T(n—1) ro) r(1) T'(n—1)
_ T
ro r(' 1) T(0) _ r(‘1) r(0) 42)
r(—ﬁ +1) ... r'(0) T'(n - nr ... r(0)

with the last equality following from I'(h) = I'(—h)T for h € Z. Since T, is consisting of n?
blocks of size d x d, we will also follow the notational convention of writing

Taa(l,1) ... Tu(l,n)
Tua(n,1) ... Tha(n,n)

with T'4(7, k) = T'(—j + k). This notation will become particularly useful when comparing T';,4
with other block matrices. There are several issues with the likelihood (4.1) that make it
unappealing in computational applications. First of all, it relies on the inversion of the nd x nd
covariance matrix I',,q — a task of considerable computational cost (with O(d®n?) floating point
operations, see Akaike (1973)), which is also prone to numerical instabilities even for moderate
values of nd. Aside from this, and relevant in the context of spectral inference, the likelihood P™
depends on the spectral density f (given its existence) only indirectly through T';,4 in terms of
the Herglotz Lemma representation

I'(h) = " (w) exp(—ihw)dw, h € Z. (4.4)
0
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This indirect dependence on f comes at an additional computational cost of computing I'(—n +
1),...,T'(n—1) from f through (4.4) to get I',q.

A different idea constitutes the usage of a frequency domain representation of the data itself.
To elaborate, consider the Fourier Coefficients

. 2mj . n

Z; = fZZtexp —itw;j), wj:i= 0 j:O,...,L§J. (4.5)
The values wy, ..., w|, /2] are called the Fourier Frequencies. We observe that ZO = ﬁ D1 Zy
corresponds to the (rescaled) sample mean and, for n even, Z, j2 = ﬁ S (=1)'Z, to the

(rescaled) alternating sample mean. There is a one-to-one relation between the Fourier Coef-
ficients (which, in what follows, we will also equivalently call frequency domain observations)
and the sample Z,, ..., Z, (which we will also call time domain observations). In fact, it is well

known that the Fourier inversion formula

=

1 n—1 ~ .
Zy = M;Zj exp(itw;), t=1,...

holds, where for j > |n/2], the values of Z are defined as Z =7 ; for n even and Z
Zn j+1 for n odd. Thus the Fourier coefﬁments contain the same amount of statistical 1nf0rma—
tion as the time domain observations. Asymptotically, the Fourier coefficients are in a certain
sense independent and normally distributed. To elaborate, for ¥ € S}, denote by C'Ny(0,X)
the complex multivariate normal distribution, as given by the Lebesgue density

1

)= ——exp(—2*¥7'2), zeC% 4.6

We) = e (), (16)
Then, as n tends to infinity, for all m € N and all sequences wy, ., ..., wy,, , of Fourier frequencies
with wy, . — wj € [0, 7] for j =1,...,m, the joint distribution of (le e ,len) converges to

the distribution of an m-vector of independent normals, with the following limiting distributions:

Nd(07 27r.f(0))7 wj = O’
CNd(Oa 27Tf(wji))7 wj € (0777)
Ng(0, 27 f (7)), wj = .

This statement holds true for a wide class of time series models, even beyond Gaussianity, see
e.g. Theorem 13 in Chapter 4 of Hannan (1970). For Gaussian time series, we will derive an
even stronger result, involving measure contiguity rather than asymptotic distributional equality,
in the upcoming Section 4.3. Closely related to the Fourier coefficients is the periodogram
matrix jj = %Z jZ; The above results yield that (any finite selection of) the periodogram
ordinates are asymptotically independent with asymptotic mean being equal to the spectral

density matrix:

EJ; ~ f(w;), j=0,...,|n/2]. (4.7)
Motivated by these considerations, Whittle’s Likelihood Py}, is defined to resemble the asymp-
totic distribution of the Fourier coefficients, i.e. in terms of the Lebesgue density

[n/2]
pw (Zgs - - ,Zm/QJ |f) = H j|f (4.8)
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with
0,n/~ 1 ( 1 =T -1z >
s (Zg) = exp | ——2z 0) "z, |,
Py (70) (27T)d|27'rf(0)| Y 4 20 f( ) 20
j 1 1 n
JT )= — _ % - _1~, | — — | —
2w %) = S £y eXp( or 20T (1) ZJ) ca=teafg]-n
pn/2’n(2 ) = L exp (—12T f(m)7'z ) for n even
w “n/2 (27T)d‘277'f(7[')| 47T—n/2 “n/2 | .

Whittle’s Likelihood has several conceptual advantages over the full Gaussian likelihood P™.
Being a product likelihood, it comes with much less computational costs to evaluate (i.e. O(nd?)),
since only n d x d matrices have to be inverted rather than one nd x nd matrix. This also makes
the evaluation much more numerically stable. Furthermore, since it depends directly on the
spectral density f, it lends itself naturally to spectral inference. Since it is only asymptotically
justified, it may be noted that there are situations when the Whittle likelihood approximation
tends to produce biased results, in particular in situations where the effective sample size is
small and this may even be the case for moderate sample sizes if the auto-dependence in the
time series is strong, see Contreras-Cristan et al. (2006). There exist methods to mitigate this
effect to some extent (see Sykulski et al. (2016)) which are however beyond the scope of this

work.

4.2. A Real Valued Formulation

We will sometimes work with a real-valued formulation of Whittle’s likelihood, which will be
described in the following. Let N := [%W — 1. Let

~ R? x CHV x R9, n even,

R? x CV, n odd,

n -

and consider the multivariate Discrete Fourier Transform (mDFT) operator Fpq: R™*¢ — Dy,
Fra((Zy,...,2,)T) = (Zy, ... ,me). We will first derive a real-valued version of F,,4, which
will be more convenient in many subsequent considerations. To elaborate, consider the isomor-
phism vecg: D, — R defined by stacking real and imaginary parts of (Z,...,Z inj2]) € D,
suitably below each other:

Z L= VGCR(ZO,...,Z\_”/QJ)

( T T T

. RZ RZ -
Z(j;, V2 Ofl V2 OTN ,Zﬁﬂ , T even,
Sy SZy (4.9)
- RZ RZ
Zg,\/i o2 2N , n odd,
SZ, SZn

\

recalling that ®Z and $Z denote the real- and imaginary parts of a complex vector Z. Denote
by Z := (Z¥,...,Z1)T € R™ the column vector of stacked time domain observations. The
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following result shows that the real-valued frequency domain vector Z from (4.9) can be obtained
from Z by applying a linear, orthogonal transformation.

Lemma 4.1. There exists an orthogonal matriz Fy € R sych for all Zy,...,Z, € RY
with Z = (ZF, ... ,ZZ)T c R gnd Z = VGCR(ZO, .. ’ZLN/%) € R™ it holds

Z=F,Z. (4.10)

Proof. We start with the case d = 1. It is well known (see e.g. Section 10.1 in Brockwell
and Davis (1991) or Section 2.1 in Kirch et al. (2017)) that in this case the transformation
matrix F;, := F},; can be obtained as follows: With

1 —2mij/n _—Awij/n —2n ij/n)T . n
- i, e, i)
& \/ﬁ(e ¢ ¢ J 2

and ¢ = \/§§jo, 8j 1= ﬂ%gj, we define

T
(QO’Ql’ﬁlv s )QNaﬁNaQn/2) , noeven,

F, = T
(§07Q1’§17---,2N7§N) > n odd.

It is also well known that F;, is orthogonal. From F,, we can construct the transformation
matrix F;,q4 for the case d > 1 as follows. Denote by R, the matrix fulfilling for all X1,..., X4 €
R the following equality:

R, g (X1, X, .o, Xna) = (X1, Xay1s -+ Xn—1)d+1, X2 Xaro, -+, Xna), (4.11)
ie.

(Rna(X1, s Xod)) r—1ynti = X(im1)dtr (4.12)
forallr=1,...,dand i = 1,...,n. Being a permutation matrix, it follows that R, is orthogo-

nal. Define the block diagonal matrix F.,=I,®F,. Since F, is the one-dimensional transfor-
mation matrix, the frequency domain vector of the j’th component is given by (Zl, Goeeos ij)T =
Fo(Z1jy..., Zn )t for j =1,...,d, hence

FoaZi1,y o 21y Zras ey Zon)t = (Z0ase ooy Znns Z12y oo Zna) (4.13)

)

Note also that Fl,g is orthogonal, since, by Lemma B.1 in the Appendix,
(I;@F)I;@ F)T = (I F)I; @ FN) = I; @ (F,FY) =1, @ I, = Iy

(and (I ® F,)" (I;® F,) = I,,4 is shown analogously). On the other hand, the right hand side
of (4.13) can also be obtained as RndZ , which is equivalent to Z = RgdﬁnandZ . Thus the

matrix
Frq = RZanand = RrTLd(Id ® F,)Ryg (4.14)

fulfills (4.10) and noting that F,, is orthogonal concludes the proof. O
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The following algebra isomorphism describes the connection between the covariance matrix of a
complex normal random vector and the covariance matrix of its real-valued counterpart.

Lemma 4.2. Consider the mapping

(4.15)

B: C™* — R*2 BA = <%A _3A> :

A RA
Then it holds
(a) B is an algebra isomorphism.

(b) A € C™9 is Hermitian if and only if BA is symmetric. In this case the absolute value of
the determinant of BA fulfills |BA| = |AJ2.

Proof. The mapping B has been considered in the proof of Theorem 13 in Chapter IV (The Law
of Large Numbers) in Hannan (1970). The results are also derived there. O

The algebra isomorphism B establishes a direct link between the complex multivariate normal
distribution and the multivariate normal distribution of double dimensionality, as the following
result shows.

Lemma 4.3. Let Z be a random element in C? with mean zero and E [||Z||?] being finite. Denote
by X := E[(Z — EZ)(Z — EZ)*] the covariance matriz of Z. Assume that £ € SF. Consider
the real-valued version X = (vV2RZT,v/2327)T € R*¢ of Z obtained by stacking (and rescaling)
the imaginary part below the real part. Then Z ~ CNy(0,%) if and only if X ~ Noy(0,BX).

Proof. Tt is shown in the proof of Theorem 13 in Chapter IV in Hannan (1970) that for z € C¢
and z := (v2Rz",v2327)T € R?4, it holds

1
2*¥z = §gT(BZ)g.
Thus, denoting by pz and px the probability densities of Z and X respectively, this yields
*y1—1 1 T —1
pz(z) o exp (—g by g) <= px(z) x exp <—23: (BY) 3:) ,

concluding the proof. O

As an immediate consequence of Lemma 4.3, the formula for Whittle’s likelihood in terms of
the real-valued frequency domain observations Z is given by the following Lebesgue density:

1 1
n (s - - 2T py-13 = nd
pw(Zlf) = T D exp( 52 Dndz), ZeR (4.16)

with the following nd x nd block diagonal matrix (note that the block sizes are visualized by
the size of the surrounding squares, where the block size for f(0) and — if applicable — f(7) is
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given by d and by 2d for all other blocks):

£(0)
Bf(w1)
Dy = Doalf] =27 -
Bf(wn)
f(m)
for n even and - -
10)
Bf(wi)
Dyq = Dpglf] =27 -
Bf(wn)

for n odd.

4.3. Mutual Contiguity of Whittle’s Likelihood and Full
Gaussian Likelihood

Two sequences (P,) and (Q,) of measures on measurable spaces X,, are called mutually contigu-
ous, if for every sequence (A, ) of measurable sets it holds: P,(A4,) — 0 if and only if @, (A4,) — 0.
In this case, convergence in probability under P, is equivalent to convergence in probability un-
der (),. In this section we will show that for stationary multivariate Gaussian time series, the
full Gaussian likelihood and Whittle’s likelihood are mutually contiguous. We will make the
following assumption on the underlying true spectral density matrix f:

Assumption f1. The eigenvalues of f(w) are uniformly bounded and uniformly bounded away
from 0. That is, there exist positive constants by, by such that

)\min(.f(w)) Z b07 Amax(.f(w)) S b17 0 S w S .
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Assumption f2. The autocovariance function T'(h) 2m f(w)exp(ihw)dw of f fulfills

= Jo
D IT@)IR < oo,

heZ

for some a > 1.

In Choudhuri et al. (2004b), mutual contiguity of Whittle’s Likelihood Pjj, and the full Gaussian
Likelihood P™ has been established in the case d = 1 under Assumptions f1-f2. A related result
(also in the univariate case) has been derived in Cai et al. (2013), where the authors showed an
asymptotic equivalence result (in the Le Cam sense) for estimation of the log spectral density.

Let us briefly discuss Assumptions f1-f2. An application of Lemma B.15 in the Appendix
yields that Assumption f2 implies that f is continuously differentiable with derivative being
Holder of order a — 1 > 0. In fact, this already implies (since f is a continuous function defined
on a compact interval) that the part Apax(f(w)) < by of Assumption f1 holds for some positive
constant b;. The additional assumption Amin(f(w)) > bo is in this case equivalent to | f(w)| # 0.
The boundedness of the eigenvalues away from 0 has a statistical interpretation in terms of
decay of so-called linear dependence coefficients, see Theorem 1.7 in Bradley (2002), whereas
the Assumption f2 concerns the decay of the autocovariance function.

It is of course possible to conduct inference under more general assumptions. As an example,
in Rousseau et al. (2012), a Bayesian nonparametric approach to spectral inference for long-
memory processes is presented, allowing for spectral densities having a pole (of certain order)
as w — 0. However, it is known that for such models the Whittle approximation P}, is no longer
justified (see Section 3 in Robinson (1995)) and these models have to be treated differently. The
following Theorem is the main result of this section.

Theorem 4.4 (Contiguity of Gaussian and Whittle measure in multivariate case). Let {Z,}
be an Re-valued time series with mean zero, spectral density matriz f and autocovariance
function T'(h), h € Z. Consider the multivariate Discrete Fourier Transform (mDFT) co-
efficients ZO’”'aZLnﬂJ from (4.5). Denote by P™ the joint distribution of (Z,. .. ’Zln/%)‘
Denote by Py, = Py (-|f) the joint distribution of (Zy, ..., Z|,)) under the Whittle likelihood,
that is, Z, ... 1L |nj2) are independent and

. Pn

Zy ~ Ng(0,27£(0)),

Z W ONy0, 20 f (W), forj=1,..., [E] .
Zyjy ¥ Ng(0,20f(x)), if n is cven.

Let f and T' fulfill assumptions f1-f2. Then P" and Pjj, are mutually contiguous.

We have the following immediate corollary from Theorem 4.4.

Corollary 4.5. Let the assumptions of Theorem /.4 be fulfilled. Denote by P™ the joint dis-
tribution of (Zl,...,ZM/Q],l). Denote by Py, the joint distribution of [n/2] — 1 indepen-
dent complex d-variate normal random vectors with mean zero and covariance matriz 2 f(w;),
j=1,...,[n/2] — 1. Then P" and P}, are mutually contiguous.
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Despite being a very powerful result, the applicability of Theorem 4.4 is restricted to Gaussian
time series and the contiguity result does not hold for non-Gaussian time series. As a very
simple example, consider Zi,..., 72, I3 P with a univariate distribution P having mean zero
and variance o2. In this case, the spectral density is f(w) = % for 0 < w < w. Consider the

sample excess kurtosis

R 1 «— . R
o= g D (2 =)' =3, 0h=

1 n
Zj— ), fn==_ 7

J=1 J=1

It is known that (under regularity assumptions on the existence of moments), &, is a consistent

estimator of the excess kurtosis k = Eazﬁ — 3, a result that in fact holds true under much more
general conditions (see Theorem 3 in Bai and Ng (2005)). If P is leptokurtic (e.g. Student ¢,
Laplace) then x > 0 and if P is platykurtic (e.g. uniform) then x < 0 and in these cases it
holds &, 25 K # 0. Under Pjj, = P, (:|f) however, Z1, ..., Z, are iid Gaussian (see Section 2.1

Pn
in Kirch et al. (2017)) with excess kurtosis zero, such that &, — 0. This shows that P" and Py},

cannot be mutually contiguous.

The boundary frequencies wo = 0 and w,/; = 7 (the latter occurring for n even) have to be
taken into account or left away consistently to get mutual contiguity. As an example, under the
assumptions of Theorem 4.4, denote by P™ the full Gaussian likelihood in the frequency domain,
i.e. the joint distribution of (ZO, o Z In/2 J), and by P" the sample mean centered (and sample
alternating mean centered) version thereof, i.e. the joint distribution of (Z, ..., Z, /1) from
Corollary 4.5. Then P™ and P™ are not mutually contiguous, even though {Z,} has mean zero.
To see why this is the case, consider the distribution of v/nZ, = ﬁ Z}l:l Z;. Under P",
V/nZ, is asymptotically normally distributed, with mean zero and asymptotic covariance equal
to 27w £(0), see Section 11.2 in Brockwell and Davis (1991). Under P however, it holds v/nZ,, =
0 — 0 as n — oo. Thus P and P" cannot be mutually contiguous and similarly, P™ and J—:’{{/
cannot be mutually contiguous.

The proof of Theorem 4.4 will be presented in the upcoming Section 4.3.3. For the proof, a
version of Szegd’s strong limit theorem is needed. This will be presented and proven in the
upcoming Section 4.3.1. Furthermore, a result on the convergence speed of frequency domain
covariance matrices is needed, which will be discussed in Section 4.3.2.

4.3.1. Szego’s Strong Limit Theorem

Being a classical result in matrix theory, Szegd’s strong limit theorem relates the asymptotic
determinant of the time-domain covariance matrix with the integrated log spectral density. In
the multivariate setting, the covariance matrix is of block Toeplitz structure (see (4.2)) and
the spectral density function is matrix-valued. The result has been generalized to this setting
in Widom (1974) and Widom (1975) (see also Widom (1976)). Although the result can be stated
in more generality, the following formulation is sufficient for our purposes.

Theorem 4.6 (Szegd’s strong limit theorem for Block Toeplitz matrices). Let f: [0,2n] — S
be measurable and fulfill Assumptions f1-f2. For n > 0, define the nd x nd Block Toeplitz
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matriz generated by f as

'(0) (1) I'(n—1)
L= it = | o T (4.17)
L(—n+1) --- I'(0)

with T'(h) for h € Z as in Assumption f2.

(a) Let G := exp (% OQW log |27rf(w)|dw> > 0. Then there exists a positive constant E, such
that

T,
lim 22l _ (4.18)

n—o00 n

(b) Denote by T, the nd x nd block Toeplitz matriz generated by the function w v+ f(w)™1,
i.e. T = (D7 (—i +j))2;:10 with '~ (h) = 027r f(w) Lexp(ihw)dw for h € Z. Then
g —T.T, || = O(1), asn— oo, (4.19)

where I,q denotes the nd x nd-dimensional identity matriz.

The remainder of this Section is devoted to the proof of Theorem 4.6. First, we need some
background from the theory of Toeplitz operators on Banach spaces. We start with the definition
of an infinite-dimensional version of the block Toeplitz matrices T;,. Denote by L?l the complex
Hilbert space of C%-valued functions on the interval [0, 27] with square integrable components,
endowed with the inner product L2 3 ¢, ¢ — (¢, 1) := 027r ¢(z)*(x)dz. Recall that any ¢ € L2

can be written in terms of its Fourier series

1 2m

0= 5.2 dyep(=ih), &, = [ o@)exp(iha)de, he L,
heZ

the series being convergent in L2. Denote by HZ the Hardy Space on [0,27], i.e. the space of
all ¢ € ]Li such that Qh = 0 holds for all h < 0. Note that H?i is a closed subspace of ]L?i. Denote
by II; the projection of L3 onto H2. The matrix-vector multiplication with f (from left) can
be conceived as a bounded linear operator ]L?i > ¢ foe }Lfl. The Toeplitz Operator on Hz,
generated by f is defined as

T:Hj - Hj, T¢:=T(f9). (4.20)

The operator T' can be thought of as an infinite-dimensional version of the matrix 7;,. In-
deed, the latter can as well be conceived as a bounded linear operator acting on the Hardy
Space Hﬁ through matrix multiplication with the vector of the first n Fourier coefficients ¢,, :=

(¢g:-- 0l )T eC:
To: HG = HE,  (8,)h>0 = (Tu®)n)nz0 = (Tun,0,0,...). (4.21)
In Section 7.5 in Bottcher (2006), it is shown that

T, = T|| =0, n— o0 (4.22)
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holds, where || - || denotes the operator norm.

Denote by L3, the Banach algebra of C**?-valued functions on [0,27] with bounded com-
ponents, endowed with pointwise matrix-matrix multiplication and the maximum Frobenius

= SUPg<u<r |g(w)]|. Define the Besov Space Byxq as the space

norm L35, >
of C™9-valued functions on [0, 27] with components belonging to

2
{g cL?: Z |h||gn|? < oo, with g = /0 g(w) exp(ihw)dw>} . (4.23)

heZ

Finally, we define the Krein Algebra Kgyq as

Kaixa == {f € Li%q: axa — Maxd) f € Baxa and guqf € Bixa}

where I;.q denotes the identity operator on LZ5 ; and Il;x4 denotes the projection onto the
closed subspace de g of ]de g (with de 4 being defined analogously to H?i) We will use the
following result to show Theorem 4.6.

Theorem 4.7 (Szegd’s strong limit theorem, abstract formulation). Let f € Kyxq and the
Toeplitz operator T' be defined as in (4.20). Let the Toeplitz matrices Ty, be as in (4.17) and G :=
exp (% f log |27 f (w ]dw) > 0. Assume that T is invertible. Then there exists a constant E #
0 such that

Tl
e gn ~ P
Proof. See Theorem 10.30 in Bottcher (2006). O

For part (b) of Theorem 4.6, we will also need the following result.

Lemma 4.8. Let f: [0,27] — Sj such that f € Byxqg and f~1 € Byxq. Let the nd x nd block
Toeplitz matrices T,, and T, be defined as in Theorem 4.6. Then it holds

g — T T, || = O(1), asn— oc.

Proof. The proof for the univariate case d = 1 can be found in Lemma A1.4 in Dzhaparidze and
Kotz (2012) and the proof for the multivariate case d > 1 follows along the same lines. O

Now we have all the tools at hand to show Theorem 4.6.

Proof (of Theorem 4.6). To derive part (a), we will verify that the assumptions of Theorem 4.7
are fulfilled. To this end, it suffices to verify that f belongs to Kgxq and that the Toeplitz
operator T from (4.20) is invertible. We first observe that each component of T fulfills [T'(h),s| <
C|h|~® for some universal constant C' > 0, uniformly in the components r,s = 1,...,d by
Assumption f2 and since |I'(h),s| < ||T'(h)[|. In particular, since a > 1,

> hIT(h)ns? <00 and > (- h)rs|? < 00, (4.24)

h>0 h<0
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which shows that I . qf and (Igxq—Igxq) f are both belonging to Byxg. This shows f € Kjxgq.
For 0 # 2z = (gg, o2 )T e € it holds

yEn—1

n—1 2
1
2Tz = j;ozjr(k — iz, = o J, Z(w) fw)Z(w)dw,

with Z(w) = Z?:_Ol zjexp(ijw). Since f(w) is positive definite for 0 < w < 27, this implies
that T, is positive definite (in particular invertible) for all n. By Assumption f1, the eigenvalues
of f(w) stay uniformly bounded away from 0 and so do the eigenvalues of T, as n — oo.
From (4.22), this concludes that 7" is invertible. Now an application of Theorem 4.7 yields (4.18)
for a constant E # 0. Recalling that T;, is positive definite for all n yields |T},| > 0 for all n and
since G > 0, it holds E > 0, concluding (a).

To show (b), we first observe that f € Byy4 holds by (4.24). Using Lemma B.16 in the Appendix,
we find that the function f~! also fulfills Assumptions f1-f2 and hence f~! € Bgxq can be
concluded by the same argument as for (4.24). The result now follows from Lemma 4.8. O

Remark. The constant E in (4.18) is given by E = [];50(1 + A;(R)), with (\;(R)); denoting
the sequence of eigenvalues of the operator R := I —TT~ for the Toeplitz operator T from (4.20)
(and T~ being defined analogously with £~ instead of f). Although there is no closed-form
expression known for E for the case d > 2, it is sufficient for our purpose to know E > 0. See
Section 1.6 and Remark 10.29 in Bottcher (2006) for further information.

4.3.2. Convergence Rate of Frequency Domain Covariance Matrix

The following result quantifies the speed of convergence of the covariance matrix in the frequency
domain. It is very similar in spirit to Theorem 1.1 in Hannan and Wahlberg (1989), where the
result is shown in a complex valued formulation. See also Section 3 in Davies (1973), where a

related result is shown with a slower rate of convergence but under more general assumptions.

Theorem 4.9. Let {Z,} be a stationary R¥-valued time series with mean zero and spectral
density matriz f fulfilling Assumptions f1-f2. Denote by Tpg € R™ " the time domain
covariance matriz of Zy,...,Z, from (4.2). Let Hyg = ndI‘nanTd — D,y with the block
diagonal matriz Dyg from (4.16) and the Fourier transformation matriz F,q from Lemma /j.1.
Denote the d x d-blocks of Hy,g by Hynq(i,5) € R fori,j =1,...,n (as in (4.3)). Then it
holds

sup || Hpa(i,j)|| Snt

ij=1,..n

for all n € N, with proportionality constants not depending on n.

The proof of Theorem 4.9 relies on an approximation of the covariance matrix I';,4 by a so-called
block circulant matrix. To elaborate, a matrix M € R™>*"d ig called block circulant if there
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exist m(0),...,m(n — 1) € R™? such that

m(0) m(1) m(n—1)

m(n—1) m(0) m(n —2)

M=|mnh-2) mn-1) m(n — 3)
m(1) m(2) m(0)

In the case d = 1, M is called circulant. There is a close connection between block circulant
matrices and the multivariate Discrete Fourier transform. Indeed, the eigenvalues of a block
circulant matrix M are related to the Fourier coefficients of m(0), ..., m(n—1) and M is block
diagonalized by the Fourier basis (see part (b) of the upcoming proof of Theorem 4.9). In view
of this insight, it is not too surprising that circulants play an important role for the asymptotic
behavior of the frequency domain covariance matrix of a stationary time series. A comprehensive
introduction into circulant matrices can be found in Gray (2006). The following proof follows
the ideas from the univariate case, which is presented in Proposition 5.2 in Brockwell and Davis
(1991).

Proof of Theorem 4.9. We will follow the notational convention from (4.3) of denoting the d x d
blocks of any matrix A € R">" by A(i,5) € R™*? for i,j = 1,...,n. Consider the following

symmetric block circulant matrix in R™@*n
ro) ra ... T(n/2]) r©(n/2-1)" ... @7 r’
Co r()t ro) ... T(n/2-1) T (|n/2]) . T )t
r@) r(é) r([n/zﬁ—nT r([n/é1—2)T r(i)T r(b)T

We will show the claim by verifying the following three assertions:

(a) With Gy := Fq(Tpa — Cra) FL, it holds

sup  [|Gra(, j)] Snt

i,j=1,...,n
for all n € N, with proportionality constants not depending on n.
(b) It holds Fnanng,; = And with And = Dnd[fn]; where
1 .
fo(w) = o Z I'(h) exp(—ihw), 0<w <27,
[h|<[n/2]

denotes a truncated series representation of f and D,4[f,] is the block diagonal matrix
from (4.16) corresponding to f,.

(¢c) With A4 from (b), it holds

sup  [|Ana(i, ) — Dpa(i, 5)|| Snt

i7j:17"'7n

for all n, with proportionality constants not depending on n.



62 4.3. Mutual Contiguity of Whittle’s Likelihood and Full Gaussian Likelihood

Assertion (a) states that the full covariance matrix I',,4 can be approximated (in the frequency
domain) by the block circulant matrix C,4. Assertion (b) states that the frequency domain
representation thereof is of block diagonal structure A,4, which in fact closely resembles the
asymptotic frequency domain covariance structure (under Whittle’s Likelihood) and this re-
sembling is made mathematically rigorous in Assertion (c¢). Once we have shown (a)-(c), the
assertion of the theorem readily follows from

[ Hrna(i, j)|| = |Gnali, j) + Anali, ) — Dna(i, j)I| < [[Gna(i, )1l 4 || Ana(i; 5) — Dra(i, 4)|-
To show (a), first note that for 1 < 4,5 < n it holds
Grali, j) Z Foa(i, k) (Tna(k, 1) — Cpa(k,1)) nd(]vl)T'
k=1

Since the entries of F),4 are bounded in absolute value by (2/n)"/? (see the definition of F,q in
the proof of Lemma 4.1), it follows || Fp,q(4, j)|| < n~/? and hence, using ||AB|| < || A||||B]| (see
Lemma B.4 in the Appendix)

N N
[Gra(i NS — > [Tnalk, 1) = Cralk, D)

k=1
1 [n/2]—1 [n/2]-1
= Z mHI‘(n—m)—I‘(m)TH—i— Z mHI‘(n—m)T—I‘(m)H
m=1 m=1
1 [n/2]-1 n—1
S Y o m|Tm)|+N > (T
m=1 l=n—[n/2]+1
> 1
S- Z m|T(m)|| < — Z m|Em)l| S
m:l

uniformly in 4, j, where the last inequality follows from Assumption f2. This concludes (a).

Let us now prove (b) and investigate the frequency domain transformed version of C,,4. Recalling
the representation F,,; = Rgd(Id ® F,)R,q of the Fourier transformation matrix from (4.14)
with the permutation matrix R,q from (4.11), part (b) is equivalent to

(Id ® Fn)énd = And(Id ® Fn>7 (425)

with Cpg = Rnanngd and A,g = RndAndRZd. For a matrix A € R"*"? with block compo-
nents A(i,7) € R4 for i,j = 1,...,n, denote by A" := (A(,J)rs)i =1 € R™™ the matrix
consisting of the (7, s)-th entry of all block components, for r,s =1,...,d.

We will first investigate the structure of the transformation A +— RndARgd. For this purpose,
denote the elements of A by ay,; for k,l = 1,...,nd. Write k = (r —1)n+ ¢ and | = (s —
1)n + j with r;s € {1,...,d} and 4,5 € {1,...,n}. Since R,4 is a permutation matrix, the
operation A — R,4A only reorders the elements within the columns of A and similarly, the
operation A — AR? only reorders within the rows. By (4.12), the (k,[)-th entry of R,qART,

is

(Rt AR )it = ((RuaA)Rly).
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with (R,qA)ks € R denoting the k-th row of R,qA. Using (4.12), we find

(RnaA)gs = (a(ifl)dJrr,la . aa(ifl)d+r,nd)~

The [-th entry of (RndA)k*RZd = [Rnd(RndA)f*]T 1S @(i—1)d4r,(j—1)d+s DY (4.12). On the other
hand, the (i,j)-th entry of A" is given by A(i, J)rs = Q(i—1)d4r,(j—1)dt+s Dy definition. We
have just established the following equality:

A(1,1) ... A(1,n) ALY AL
R.AR; =Ry | L | Ru=| :
A(n,1) ... A(n,n) AL  Aldd)

This shows that by multiplication from left and right, the permutation matrix R4 reorders the

elements of A from a d-nesting to an n-nesting. Thus (4.25) is equivalent to

(1,1) (1,d) (1,1) (1,d)

FCYY .. F.CY ALVE, o ANYF,
: : = ; : : (4.26)
(d,1) (d,d) (d,1) (d,d)

F,CcY%Y .. F,CY AYYE, . A%F,

Note that the matrices C’S;l’s) € R™"™ are circulant for 1 < r, s < d and symmetric and circulant
for r = s. Denoting the entries of f,(w) € SJ by fr(f’s) (w) for r,s =1,...,d, it follows from the
structure of D,  (as defined after (4.16)) that

AP = 2 ding (00, 070, S5 ) 5 )

as well as, for r # s and n even,

£ (0)
R wr) =S (wr)
ASY =2 S W) RET (wn)
£ ()
and for n odd,
£7°(0)

RIS w1) —SH (wr)

AT Z o S wr) R (wr)

RI @lna) =S @ agay)
g £rs) (Wins2)) Rp) (Win/2)

It is well known (see e.g. Proposition 4.5.1 in Brockwell and Davis (1991) or Theorem 3.1 in Gray
(2006)) that FnC’g;f) = AS&S)Fn holds for r,s = 1,...,d, concluding representation (4.26) and
in particular (b).
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To derive (c), we use f(w) = 5= >,z T'(h) exp(—ihw) to obtain

n|| fn(w) — f(w)| g% TS > T,
h>|n/2] h>|n/2]

which is bounded from above by a positive constant by Assumption (f2). This shows || f,(w) —
FW)| £ n! wniformly for 0 < w < 27, yielding ||Anq(i,§) — Dpa(i, 5)|| < n~! uniformly
for i,j =1,...,n, which concludes (c). O

4.3.3. Proof of Contiguity

The main idea to establish contiguity is summarized in the following Lemma, which gives suf-
ficient conditions for mutual contiguity and is well known in the literature. Since there was no

proof readily available, it is presented for the sake of completeness.

Lemma 4.10. Let {P,},{Qn} be sequences of probability measures, with P, and @, being
defined on a measurable space X,,, such that P, and @, are mutually absolutely continuous for
alln. Let A, :=log 352 be the log Radon-Nikodym derivative. Assume that {EA,} and {VarA,}
are bounded sequences under both P, and Q,. Then P, and Q,, are mutually contiguous.

Proof. We first show that under the assumption of mutually absolutely continuity, it suffices
that A, is tight under both P, and @, in order to obtain mutual contiguity. To see this, we
employ the following characterization of contiguity from Le Cam’s first lemma (see Lemma 6.4
in van der Vaart (2000)):

~dPy,
- dQm

where (), < P, is the notation for (), being contiguous with respect to P,, and A, %1 B means

Qn < P, < If for a subsequence m = m(n) Up U, then P(U >0)=1, (4.27)

that the sequence of random variables A,, converges weakly under @, to B.

We now show that tightness of A, implies contiguity. To do so, assume that A,, is tight under @Q,,.

Take any subsequence m = m(n) such that fllQLTn 2% 17 holds for some random variable U. Using

the tightness of A, there exists a subsequence m(n) of m(n) such that A 9% 1/ holds for some
random variable V. An application of the continuous mapping theorem reveals U = exp(V') and
hence P(U > 0) = P(V > —o0) = 1. By characterization (4.27), this yields @, < P,. With the
same argument for ZQTT’: = (SQLZ)_l and using the tightness of —A,, (which clearly follows from

the tightness of A,,), we also obtain P, < @, i.e. mutual contiguity of P, and Q.

It thus remains to show that boundedness of EA, and VarA, implies tightness of A, under
both P, and @,. To do so, denote pimax := sup,, |Ep, An| < 0o and o*?nax := sup,, Varp, A,, < oo.
Let € > 0 and choose the compact interval

g g
Ka = |:_,Ufmax - == Mmax + maX:| .

Then, with
\/Varp A, Varp A,
Kp = |Ep A, — Y——"—Ep A, -
P, P, G P, NG
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it holds Kp, C K. for all n and an application of Chebyshev’s inequality yields 1 — P, (A, €
K.)<1-P,(A, € Kp,) <e¢ forall n, i.e. A, is tight under P,. By the same argument, we also
obtain that A, is tight under @, if |[Eg,A,| and Varg, |A,| are bounded. O

Now we can prove the main result of this section.

Proof of Theorem /.4. The proof follows the ideas of the proof for the univariate case from Choud-
huri et al. (2004b). Some of the arguments from there will be repeated here for the sake of

completeness and readability. Similar to the real-valued frequency domain formulation of Whit-

tle’s Likelihood Py}, from (4.16), the true Gaussian likelihood can also be expressed under the

real-valued frequency domain transformation, in terms of the Lebesgue density

i 1 1. 1 s
p"(2) = VR exp {—22T(FndI‘ndF$1) 12} , ZeR™ (4.28)
nd

with T',4 being the time-domain covariance matrix from (4.2). Since vecg is an isomorphism, it
is sufficient to show mutual contiguity in the real valued formulation. It is evident from (4.28)
that the covariance matrix of Z = F,,4Z under P" is given by T,i:= FndI‘nng:i € Rndxnd | et
us have a more detailed look at the structure of f‘nd. Denote by f‘n[j, k] the covariance matrix
between the jth and kth Fourier coefficient in the real valued formulation. Then T, is of the
following block structure — with block sizes visualized by the size of the surrounding rectangles,
where the small squares are d X d and the large squares are 2d x 2d:

T, [0,0] T,[0,1] . T,(0,2 —1] | T,[0,%]

T,[1,0] r,[1,1] T,[1,2—1] | Ty, 2]
f‘nd -

f‘n[gvo] fn[%?ﬂ fn[%»%—l] f‘n[%a%]

for n even, and a corresponding structure for n odd. To show that P™ and Fjj, are mutually
contiguous, we first note that P" and Fjj, are mutually absolutely continuous for all n. Hence,
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by Lemma 4.10, it suffices to show that the log likelihood ratio sequence

n(Z2) 1 1or e i
A, = log Piv(Z) _ 1 (log |Tna| — log [Dua|) + =2 (r;; _ D;dl) Z
p(z) 2 2 (4.29)
1 1
— A 4 ZA(@)
gfn” T 5

has bounded mean and variance under both P" and Py,.

We start by showing the boundedness of AY from (4.29). Using |BA| = |A|? from Lemma 4.2 (b)
and |f(7m+t)| = |f(m —t)T| = |f (7 — t)|, we find log |D,q| = Z?:_ol log |27 f (w;)|. By Assump-
tion f2, f is (component-wise) continuously differentiable (see Lemma B.15 in the Appendix).
Since the eigenvalues of f are uniformly bounded away from 0 by Assumption f1, the func-
tion w — |f(w)| is continuously differentiable and bounded away from 0 (see Theorem 1 in
Section 3 of Chapter 8 in Magnus and Neudecker (2007)). Hence, the function #: [0,27] —
R, ¥ (w) := log |27 f(w)| is continuously differentiable. An application of Lemma B.23 in the

Appendix reveals that the Riemann sum converges at rate n™!:

< Maxp<w<or [ (W)

1 2 1 n—1
L /0 log |2 (w)|de — = 3 log 2m ()| £
§=0

2 n
yielding
n—1
log |Dygl = log |27 f(A;)] = nlog G + O(1) (4.30)
j=0

as n — oo, with

2m
G :=exp {;ﬁ/ log ]27rf()\)\d/\} > 0.
0

On the other hand, an application of Lemma 4.6 (a) shows that there exists a positive constant F
such that

log|T'yp4| =nlogG +log E +o(1) =nlogG + O(1) (4.31)
as n — oo. Putting together (4.30) and (4.31) shows AY = log |T'y4| — log | Dyl = O(1).

For the second summand Ag) from (4.29) we compute the mean and variance under P" and Py,
using Lemma B.24 (a) as

EpnA? = tr (Ind - fndD;dl> : (4.32)
Varpn A?) = 2¢r ((Ind — fndD;C})2> , (4.33)
Epy A® = tr (Dndf;w} — Ind> , (4.34)
Varpp A?) = 2tr ((Dndf;dl - Ind)2> . (4.35)

Now consider the matrix H,g := Iyg — Dpg € R">" a5 in Theorem 4.9. We partition the
matrix H,,; into blocks of the same size as those of f‘nd, and denote these blocks by H,[j, k]
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for j,k =0,...,|n/2]. From Theorem 4.9, we conclude that || H,4[j, k]| < n~! uniformly in j, k.
To avoid the notational case distinction between w € {0,7} and w € (0,7), we introduce the

symbolic notation

oy flw), we{0,7}
Fl): Bf(w), else.

Using the result | tr(AB)| < ||Al2||B|| for A, B € R¥9 from Lemma B.4 in the Appendix, we
obtain from (4.32)

[n/2]
Ep AR = [t (HaaD, )| = 2r | 3 tr (Huli 1 ()
=0
In/2) (4.36)

S2m >0 I H |7 )|,
j=0
< (In/2) + Dn~l5" = 0(1),

with by from Assumption f1, where |[BA| < || Al was used. Similarly, we compute for (4.33)

[n/2]
0 < tr (HuaDyt)") =472 7 tr (Halj, b~ () Hulk, 317 (@)))
4,k=0
[n/2]
SO N Hu G K H e, 51 F wp)ll2ll F " (wn)ll2
4,k=0

< (In/2) +1)*n 6% = O(1),

showing Var Al = o(1).

Now consider a time series with spectral density matrix f(w)™!, 0 < w < 7. Denote by I, the
associated block Toeplitz covariance matrix in the time domain:

r~(0 T (1) ... T (n—1)
I' (-1 r—©) ... 27

T, = (: )ro ) ST = [ f) explie)de
T~ (—n+1) ... T (0)

Clearly, £~ fulfills Assumption f1. Furthermore, from Lemma B.16 in the Appendix, we obtain
that £~ and I, , also fulfill Assumption f2. Let H , := FndI‘;ng:i -D_ dl and denote (similar
to H,q) the blocks of H_, by H [j, k] for 0 < j .k < [n/2]. Applying Theorem 4.9 to I', ,
and f(w)~! yields |H,[j, k|| £ n~' uniformly in j, k. Thus we compute from (4.34)

‘Ep‘;zVAg) ‘ = ‘tr (HnandI‘;;ngi) | (4.37)
< Jtr (HuaFodl g Foa) | + [tr (HnaFra (Tyq = Tyy) Fag)|

Since the Frobenius norm values of the blocks H,[j, k] of H,,q and of the blocks H; [j, k] of H,,
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are uniformly in O(n=1), we get

/2]
| Hog® = tr (HypgHLy) = > tr (Hy[j, K Hy [, k)7
4,k=0
/2]
< > | Ha[j E|I? = 0(1)

4,k=0

(4.38)

and similarly |[H_ || = O(1). For the first summand in (4.37), we obtain
tr (HpgFpal', ,Fily) = tr(H,qD, ) + tr(H,qH,) = O(1),

since tr(H,qD, ;) = O(1) (see (4.36)) and |tr(H,qH, )| < |[Hyadll|H,,| = O(1). For the
second summand in (4.37), we obtain, using that F,,; is orthogonal and hence ||FL H,qF,| =
| Hyq|| (by Lemma B.2 in the Appendix) and |AB| < ||A|2||B] (by Lemma B.4 in the Ap-
pendix)

[t (HnaFoa (T = Tyg) Fa)| < 1 Hoall [T = gl < 1 Hnall (|05 1, [1Ena = Tral -

By (4.38), it holds ||H,4|| = O(1). Furthermore, it is known (see Lemma 2.1 in Hannan and
Wahlberg (1989)) that

Ty < max [I£(w) 2 < by' = 0(1),

with bg from Assumption f1, It thus remains to show the boundedness of HInd — FndF;dH, which
follows from part (b) of Theorem 4.6.

Finally, the variance part (4.35) under Whittle’s likelihood can be computed as

1

SVarPA? = tr (HoaFudl i F) ) = || HuaFoald B
and

Bl B o Bt |+ LB (8~ T, B (439
The first summand in (4.39) is

| Hd B B = | Hoa (D) + B < [ oaDd | + | g = 000,

since HHndD;le = O(1) (see (4.36)) and ||H,qH, || < [[Hnql ||H,,|| = O(1). The second

summand in (4.39) is

| HpaFa (T2 = T0)) FL|| < || Hual|IT, = Tyl = O(1).



Bayesian Nonparametric Method for
Spectral Density Inference

5.1. Definition of Prior and Method

In this section, we use the Hpd matrix Gamma process from Chapter 3 in conjunction with Whit-
tle’s likelihood from Chapter 4 to construct a novel method for Bayesian nonparametric spectral
inference for multivariate time series. To elaborate, let X = [0, 7] and let ® ~ CRMgxq(v),
with the Hpd Gamma measure v from (3.1) fulfilling Assumptions GP1-GP2. For k > 0, let the
equidistant interval partition of [0, 7] of size k be denoted by

) — )7 g7 .
L= ((]k)]k} j=1,... k. (5.1)

We define the Bernstein-Hpd-Gamma prior for the spectral density matrix f as

k
flrx) =" ® (L) b(xljk—j+1), 0<z<1,
i=1 (5.2)

k ~ p(k),

with the Bernstein polynomial basis functions b(-|j,k — j + 1) as defined in (B.20) in the Ap-
pendix. It is assumed that the prior distribution of the polynomial degree k& € N (as given
by the probability mass function p(k)) and the Hpd-Gamma process ® are independent. The
definition (5.2) can be conceived as an extension of the Bernstein-Dirichlet prior (1.1) from the
univariate case to the multivariate case.

Remark. Recall the following approximation property of Bernstein polynomials: Let fo: X —
Sj be continuous. Let Fyy be the spectral measure corresponding to fo, i.e. Fo(A) = [, fo(x)dx

for A C X measurable. Then the convergence
k
> Fo(Iig) bl k—j+1) = fo(rz), 0<x<1,
j=1

holds uniformly and component-wise as k — oo (see Lemma B.12 in the Appendiz). On the
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other hand, the prior mean of f as in (5.2) conditioned on k is given by

k

E(f(ra)|k] =Y E® (I;)b(xlj k—j+1).

Jj=1

In this sense, the Gamma process ® is directly connected to prior modeling of Fy. If an a
priori guess of fo is available, it is reasonable to choose the prior parameters of ® in such
a way that E®(A) = Fy(A) holds for any measurable A C X. As an example, when using
the AT'(n,w, X) process from Section 3.4.2, this can be achieved by choosing the process param-
eters w and 3 in such a way that w(2)E(z) = fo(z) holds, see (3.24).

To complete the Bayesian model specification, we employ the version ]5‘3{/ of Whittle’s Likelihood
from Corollary 4.5, which is defined in terms of the following Lebesgue density for the Fourier
coefficients Z,,...,Zy with N = [n/2] — 1

1
P (Z1, .., 2N\ F) = H d|27rf exp (—%zjf(w]) 1§j) , (5.3)

for Z;,...,Zy € CL Observe that in contrast to (4.8), the boundary frequencies w = {0, 7} are
not considered in (5.3). The reason is that we assume the time series to be mean centered. Since
the boundary frequencies represent the sample mean and the sample alternating mean respec-
tively, we exclude them from inference. This can be done since we are only interested in spectral
density inference and ignoring any structure that is related to the mean. However, if one is
interested in additionally estimating the mean or more generally in inference for semiparametric
models (see the upcoming Chapter 8), the boundary frequencies will have to be included in the
likelihood as well.

A common choice for the probability mass function of k is p(k) = C exp(—cklogk) for k € N for
some positive constants ¢, C. This choice is indeed motivated from asymptotic considerations,
since it yields the “just right” rate of decay (of p(k) as k — o0), which is needed to obtain
consistency and contraction rate results (see Theorem 7.3 and Theorem 7.20, as well as Re-
mark 7.2 and Remark 7.19). Note that the constant C' is only needed for normalization (making
all values p(k) sum up to 1), such that the actual distributional parameter is ¢. Given ¢, there
is no analytically closed form available to determine the normalizing constant C~! = Y en (),
the prior expected value E[k] = Y, Ip(l) or the prior variance Var[k] = > ,on(I — E[k])%p(0).
However, these values can be approximated numerically. As an example, Table 5.1 contains
numerical approximations for some values of ¢c. These have been obtained by drawing 100,000
random samples from the discrete set k € {1,..., kmax} With probability mass function p(k),
where knax = 10, 000.

To draw random samples from the prior (5.2), we can use an extension of Algorithm 1 from Sec-
tion 3.4. Indeed, since k and ® are a priori independent, we only have to extend Algorithm 1 by
random draws of p(k), which can readily be obtained if we restrict k to a finite set {1, ..., kmax }
for some large integer kpmax, since k is discrete. A visualization of draws from the prior (5.2) is
shown in Figure 5.1, where the process priors ®1, ®9 and ®3 from (3.28)-(3.30) have been used
(see also Figure 3.2 for a visualization of the processes ®; themselves for i = 1,2,3). Again, it
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c ‘ 1 05 0.1 0.05 0.01 0.005 0.001
c1 1.29 1.78 487 799 2728  47.53 180.66
E[k] 1.26 1.66 4.14 6.66 22.76 40.00 155.96
Var[k] | 0.27 0.85 10.04 29.82 410.05 1314.881 21024.78

Table 5.1.: Numerical approximations for the normalizing constant C~!, the expected value and
the variance of the distribution p(k) = C exp(—cklogk), k > 1.

can be seen that the pointwise uncertainty of the mixture for ®- is monotonically increasing,
whereas the mixture mean coincides with the mixture mean for ®;. For the VARMA process ®3
mixture mean curve, a choice of ¢ = 0.01 of the prior parameter for k£ is not enough to ensure
that the mean curve is rendered properly a priori (see the discrepancy at the left and right
boundary of the dotted blue VARMA mean curve and the solid black mixture mean curve in
Figure 5.1(c)). This effect is mitigated by the choice of ¢ = 0.001 (see Figure 5.1(d)), which
allows for higher values of k (c.f. Table 5.1) and thus a more detailed a priori resolution.

It can be seen that the pointwise quartiles of the Bernstein mixtures in Figure 5.1 are biased
towards zero at the boundary of X'. This artifact is systematically introduced by the usage of
Bernstein polynomials. It has to be kept in mind when using the mixture prior for spectral
inference. This issue becomes particular severe in a semiparametric context, when the poste-
rior distribution of the parameter of interest depends on f(0) or f(m) (see the examples in the
upcoming Section 8.1). One possible remedy to this artifact constitutes the usage of truncated
Bernstein polynomials, which yield more robust mixture properties at the boundary. To elab-
orate, the beta densities b(:|j,k — j + 1) in (5.2) are replaced by their truncated and dilated
counterparts

by (zlj k—j+ 1) =bn+a(n-—n)jk-j+1), 0<z<l, (5-4)

for some 0 < 77 < 7- < 1. As an example, Figure 5.2 depicts mixtures of the same processes as
in Figure 5.1, with Bernstein polynomials truncated at 77 = 0.1 and 7. = 0.9. It can be seen that
while the artifacts at the boundary are removed, the truncation enforces more effort to render
a priori information at the boundary, in particular in Figure 5.2(c). This effect also comes from
a different approximation behavior of truncated Bernstein polynomials. Indeed, to establish an
asymptotic approximation result as in Lemma B.12 in the Appendix, the truncation bounds have
to be chosen to fulfill ; — 0 and 7. — 1 as k — oo. In the numerical illustrations in this work, we
will employ truncated Bernstein polynomials due to their greater robustness at the boundary,
with fixed values 7; = 0.1 and 7. = 0.9. Asymptotic consideration with truncated Bernstein
polynomials are beyond the scope of this work. It may be noted that the rendering effect can
to some extent be taken into account by choosing a smaller value of ¢, as in Figure 5.2(d).

5.2. Numerical Simulation of Posterior Samples

We start by describing the computational methods to generate posterior samples under the
prior (5.2) on the spectral density matrix f in conjunction with Whittle’s likelihood (5.3).
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Figure 5.1.: Visualization of the pointwise (among 0 < w < 7) distribution of the Bernstein-Hpd-
Gamma prior with (a) ®; from (3.28) and ¢ = 0.01, (b) ®5 from (3.29) and ¢ = 0.01,
(c) @3 from (3.30) and ¢ = 0.01 and (d) ®3 from (3.30) and ¢ = 0.001. The
pointwise mean is drawn in dashed black, the area between pointwise upper and
lower quartile in shaded red and the area between pointwise 0.95 and 0.05 quantile
in shaded blue. The curve $w;(z)%;(z) is shown in solid black. The visualizations
are based on 50,000 samples respectively from Algorithm 1 with L = 30 (L = 300
for (b)) and k sampled directly from {1,..., knax = 500}.



Bayesian Nonparametric Method for Spectral Density Inference

0.8 0.8+
3+ 0.4 0.4 37
) ~—~
N —
— — N N
ok o1 oo | | T | N
N = e 0 I
(0] IS bl
o =
1- — _O 4- _0.4-
01 : : : -0.8, ; : . -0.8 . . : 01, : : ;
0 1 2 3 o 1 2 3 0 1 2 3 0 1 2 3
omega omega omega omega
(a)
0.8
34 0.44 // 0 / 34
[N -
— — N N
A 21 D oo| | D oo| SN~
N = = I
(0] IS el
o =
0, ] . . -0.84, i : . -0.8- ; ; . 01, : : :
0 1 2 3 o 1 2 3 0 1 2 3 0 1 2 3
omega omega omega omega
(b)
d =TT ¥—_/
0.0 0.04
1.5 _
01/ L EE
— c\:li &' ~0.14 N
— 1.01 | 70.21 | N 24
I = = ] I
Y— ) c 0.2 bl
@ -0.31 =
0.5 14
-0.44 —0.31
O.O- T T T T T T T T T T T T O- T T T T
0 1 2 3 o 1 2 3 0 1 2 3 0 1 2 3
omega omega omega omega
(c)
201 oo | ]
= ~ -0.14 :
i N i
: 1.5 ‘_'l &| g 3
w101 b1 = 021 o 21
m — _0.3_
0.5 14 .
_0.4_
0‘0- T T T T T T T T 0- T T T T
0 1 2 3 0 1 2 3 0 1 2 3
omega omega omega omega
(d)

Figure 5.2.: Visualization of the pointwise (among 0 < w < 7) distribution of the Bernstein-Hpd-
Gamma prior as in Figure 5.1, with Bernstein polynomials truncated at 7, = 0.1
and 7. = 0.9.
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Let X = [0,7] and let ® ~ CRMgxq(v), such that Assumptions GP1 and GP2’ and GP4 are
fulfilled. Recall the representation for ® from Lemma 3.13. Since the series representation for ®
is almost surely convergent, it can be well approximated by a truncation

P ~ Z‘szrlUl (5'5)
=1

at some large integer L. The value of L should depend on the data and sample size and can
e.g. be determined numerically according to the desired tolerance for error in computation.
From our experience in simulation studies, a conservative choice can be formulated as L =
d? max{20,n'/3}, where in fact in most considered scenarios a choice of L = max{20, dn'/3} was
already sufficient. See Muliere and Tardella (1998) and Choudhuri et al. (2004a) for discussions
on the similar problem of truncating the stick-breaking representation of the Dirichlet process.

In the following, we assume that the probability measure a* = C% with C,, = foﬁ a(z, Sz{)dx < 00
has a Lebesgue density on [0, 7] x S, which we denote by ¢g* = ¢*(z,U). The truncated series

approximation (5.5) is parametrized by the 3L parameters
Os = (v1,...,v0,21,...,21,U,...,UL) (5.6)

with vy,...,vL Py Exp(1) and (z1,Uy), ..., (z1,UL) % o* as in Lemma 3.13. Accordingly, the
spectral density matrix in the prior model (5.2) is parametrized by (O, k). From Lemma 3.13,
we obtain that the prior probabilities of @4 are given by the Lebesgue density

L
p(Og) = exp <— > (v —logg* (i, Ulﬂ) :

=1

Along with Whittle’s likelihood pjj, from (5.3) for the frequency domain observation Z Loeees Z N
this specifies a full Bayesian model with posterior distribution

p(@<1>, k’Zb cee 7ZN) X ﬁ%(Zb cee 7ZN‘@<I>7 k:)p(@@)p(k). (5'7)

Since this posterior distribution is in general not tractable analytically, we employ computational
methods to generate random samples from it. To do so, we first derive a practically suitable
parametrization of ©4 in Section 5.2.1, before presenting a Metropolis-within-Gibbs algorithm to
sample from (5.7) in Section 5.2.2. The implementation in R is briefly discussed in Section 5.2.3.

5.2.1. Parametrization of the radial parts

Instead of the parametrization (5.6) with vq,...,vr, we use the parameters rq,...,r; from
Lemma 3.13, due to both numerical stability and a clearer interpretation — recalling that the r;’s
are the radial parts of the mass atoms of the Hpd Gamma process ®. Furthermore, we will
employ the ¥, parametrization from Section 3.4.1 for the U;’s. This yields the representation

Op = (7'17”-7TL7‘,1:17"'71;L7£17‘--7£L)- (5.8)
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To work with this parametrization, we derive the Jacobian of the mapping T': [0,00)F —
[0,00)%, (r1,...,70) = (v1,...,vr). Let wi, ..., wr be as in Lemma 3.13. First observe that v; =
wi and

V= W — wWi-1, ’LUl:p([Tl,OO)’Ca,ﬁ(IEl,Ul)), l:277L

Since w; only depends on ry, it follows that v; only depends on rq, ..., r; (and not on ryyq,...,7rp),
such that the Jacobian Jj of T is a lower triangular matrix, and the determinant is given by
the product of its diagonal entries:

L lov L ow Loa
= gu ! d
| Jz(re,...,r0)| = z];[1 o, ll;ll o l]__Il dr[ T, 00 |Ca>5(1‘l,Uz))L:m
Since
exp(—0B(z,U)r
2o ([r, OO)’Ca,/B(:E,U))’ _ ¢, S8 U)r)
" r
we arrive at
\J7(r1s...,7L)| = Ck H exp(— fEl,Ul)Tz) 5

In practice, the transformation 7T is evaluated using the numerical approximation for p ([r,00)]a,b)
from (3.19).

5.2.2. A Metropolis-within-Gibbs sampler

We can now present a Markov Chain Monte Carlo method to obtain random samples from
the joint posterior distribution of ® and k. It is based on the Metropolis-within-Gibbs algo-
rithm. Consider the parametrization Og from (5.8) for ®. The posterior distribution in this

parametrization is given by

L
p(@dM k:|Z1a cee 7Zn) = <H |JT_1(§OZ)|> ’J’f(rlv v aTL)’p(G‘IM k:|Z1a cee 7Zn) (510)

with p(©s,k|Z;,...,Z,) as in (5.7) and the Jacobian determinants of the employed transfor-
mations T and T as in (3.22) and (5.9). To obtain random samples OV ... . ©™) from (5.10),
we employ the Gibbs sampler (see Section 6.3.2 in Christensen et al. (2011)). Since the full con-
ditionals do not belong in general to a known class of distributions, each parameter is updated

with a Metropolis-Hastings (MH) step (Section 6.3.3 in Christensen et al. (2011)).

The starting value o) = ((:)(1) k(l)) for the Markov Chain is as follows: Some large integer
for k) and ’I“gl), . ( ) ~ Exp(1) and azgl), ce T ( ) ~ Unif(]0, 7]) and fgl), e 79051) Py ~ Unif(Z)
with 7 = ® 11], see (3.21). In the i 4+ 1-th 1terat1on of the Gibbs sampler, the proposal

value k* (”1) for the Metropolis-Hastings step of k is

FD = min s, a1, KO 4 [T Y ~ Canchy(0,1)
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and some large integer kpax < 0o which is introduced for computational speed, enabling pre-
computation and storage of the beta densities of degree 1, ..., kmax. A sufficiently large value
of kmax depends on the specific posterior distribution and can be determined numerically by
a preliminary pilot run of the algorithm. For many situations (including all the numerical
illustrations in this work), a value of kpax = 300 was found to be sufficient. Although sampling
from the (approximate) full conditional of k is possible, a Metropolis-Hastings step is used to
avoid the computationally expensive task of evaluating p(@g), klZy,...,Z,) for k=1,... knax
in every iteration of the Gibbs sampler.

The radial parts r1,...,rs are updated one at a time by individual MH steps. The Metropolis
proposal values for the r;’s are drawn from a Log-Normal distribution, centered around the
previous value:

Y ~ LN (log(r"), 02), 1=1,...,L.

8

2

The proposal scaling parameters oy,

are determined adaptively during the burn-in period, to

ensure an efficient mixing of the Markov Chain. To elaborate, every B € N iterations during
(4) ()

burn-in, the proposal log scaling parameters s;, := log(oy,’) are updated, depending on the
acceptance rate af,z) g of the B previous samples rl(%BH), . ,rl(l). If the acceptance rate is too

high, the log scaling parameter is increased, and vice versa:

(i+1) ._ SS’Z) + 62(Li1)apt’ a’g?B > a”
S T L) s () .
Srf 5adapt’ 4., B <a,

(@)
adapt
that the proposal scaling parameters depend on the iteration ¢ only during the burn-in. After a

burn-in period of length Ny, they are fixed to 0’3[ = exp(2sq(nfvb“m)). For all adaptive proposal

where a* € (0,1) is a target acceptance rate and o > 0 is an adaption step width. Note

scalings in this work, we follow the general recommendations from Roberts and Rosenthal (2009)
and use a target acceptance rate of a* = 0.44, an adaption step width of 5£2apt = min(0.05,1/v/%)
and an adaption batch size of B = 50. See Section 3 in Roberts and Rosenthal (2009) for further
details on Adaptive Metropolis-Within-Gibbs.

(i+1)

The z;’s are also with individual MH steps, with proposal values x;’ on [0, 7] given by

:E;k’(iﬂ) = xl(i) + €y, € ~ Unif([—0g,,04,]),
i;,(i+l) . i;k,(i-i—l) <0,

x;k,(i-i-l) — i;«,(iﬂ) o i.;k,(i—i—l) >
i‘}k’(iﬂ), else,

and proposal scaling parameters o5, := ml/(l+2+/n). This proposal suggestion is due to Choud-
huri et al. (2004a), where it has been used for the mass location parameters of a Dirichlet process.
Whereas these proposals yielded feasible mixing properties in all considered examples, it may be
of interest for future research whether the mixing could be improved even further by sampling
the z;’s in a blocked MH-step, with proposal covariance matrix being continuously estimated
based on the samples obtained so far (see Section 2 in Roberts and Rosenthal (2009) for further
details on this idea).
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The components ¢y 1,...,¢; 421 of g are sampled blocked, i.e. the Metropolis-Hastings step is
conducted for the vectors ; and not for each of their components. Besides a computational
advantage (in terms of fewer likelihood evaluations), the blocked sampling is used to take the

posterior correlation between the ¢; ;’s into account. The proposal f}k’(iﬂ) for ¥, on T is given
as
~x.(7 i ind. .
fl’(”l) = gl(z) ey, €pi ~ Unif ([—5£l max(Z;), oy, maX(Ij)D
et +max(Zy), it <o,
w1 ) (it 2%, (i1
o= e —max(z)), @it > max(Z;),
~;}Q+1) , else
forl=1,...,Land j =1,...,d*> — 1. The proposal scaling parameters 0z > 0 are determined

adaptively during burn-in. For the sake of simplicity and to save computational costs, the
proposal scaling parameters do not depend on j.

5.2.3. Implementation

The MCMC algorithm of Section 5.2.2 is implemented in the R programming language (R Core
Team, 2018). The computationally most demanding part is the evaluation of Whittle’s Likeli-
hood that has to be performed in every evaluation of the posterior density in the Metropolis-
Hastings steps within the Gibbs sampler. To conduct the evaluation, it is also needed to re-
construct the spectral density matrix f from the parametrization © = (Q,I,, k). To make the
runtime of the algorithm feasible, all performance critical parts have been written in C+-+
and incorporated in R with the Rcpp and RcppArmadillo (Eddelbuettel and Francois, 2011)
packages. Extensive usage has been made of the efficient linear algebra routines and the data
structures provided by the RcppArmadillo package. As a prominent example, the data struc-
ture arma: :cx_cube has been used to store the values of the spectral density matrix at the
Fourier frequencies (f(w1), ..., f(wpn/21-1) as a complex array of dimension ([n/2] —1) x d x d.
Similarly, the data structure for storing the current value of (Uy,...,Uy) is a complex array of
dimension L x d x d. The current values of (r1,...,ry) are stored in a regular vector of length L.

By (5.5), the mixture weight matrices for f from (5.2) are given by ®(Z; 1) = ZzL:1 1z, , (z)rU,
which can readily be computed for j = 1,...,k in O(n+ k) steps. To speed up the computation
of the mixture, we pre-compute and store the values of the beta densities b(§;,7,k —i+ 1) (or
their truncated versions b72(&;,i,k — i + 1) from (5.4), respectively) with &; = w;/m for j =

1

1,...,[n/2] —landi=1,...,kand k= 1,..., knax-

The Fourier coefficients ZO, oz inj2) are computed once at the beginning of the algorithm
in O(nlogn) complexity with the Fast Fourier Transform algorithm, of which an implementa-
tion is provided in R in the £ft function of the stats package. For the evaluation of Whittle’s
Likelihood, the matrices f(w;) have to be inverted. To keep the algorithm numerically stable,
we keep track of the condition numbers &(f(w;)) = %}M If a parameter ©* is proposed in
a Metropolis-Hastings step such that for the corresponding spectral density matrix f* the con-
dition number at a Fourier frequency is too high, i.e. kK(f*(w;)) > Ccond for some j, we reject ©*

in the Metropolis-Hastings for the sake of numerical stability. By default, we use Cgong = 102
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The implementation of the MCMC algorithm of Section 5.2.2, along with the VAR procedure
(see the upcoming Section 6.2) and the semiparametric extension from the upcoming Section 8.2
comprises around 6,500 lines of R code and around 650 lines of C++ code.

5.3. Forecasting

The Bayesian framework lends itself naturally to forecasting. Recently, Bayesian time series
forecasting has gained new momentum with several leading tech companies publishing software
packages for this purpose. These include, among others, the prophet package (Taylor and
Letham, 2017) by Facebook (implementing a Bayesian additive seasonal time series model), the
CausalImpact package (Brodersen et al., 2015) by Google (implementing a Bayesian approach
to causal impact estimation in time series) and the anomalyDetection package (Boehmke et al.,
2018) by Twitter for network anomaly detection. However, all of those approaches rely on struc-
tural time series models such as ARIMA or VARMA models and are intrinsically parametric.
We will show in the following that forecasting can readily be incorporated in the nonparametric
approach from this work as well.

To produce a one-step forecast in the Bayesian framework, one is interested in the predictive
density p(Z,,1|Z;,-..,Z,) which can be written as a mixture of the conditional predictive
density (given f) with respect to the posterior distribution of f:

P ZpiilZys -5 Zn) = /p(Zn+1|Zlv"'7Zn7‘f)P(df’Z17"‘7Zn)‘ (5.11)

Assume that we have a sample f(l), el f(M) from the posterior distribution P(df|Z,,...,Z,)
at hand, as e.g. obtained by the MCMC method of Section 5.2. Assume further that for
b
sity p(Z,411Z1,---,Z,, f). Then it follows from (5.11) that ZS_?_I, e ,ZS\Q is a sample from
the predictive distribution P(dZ, |Z;,...,Z,). In the following, we will show that the condi-

tional predictive distribution is in fact multivariate normal, such that random samples thereof

each f(i), we can draw a sample Z from the conditional predictive distribution with den-

can readily be obtained.

Denote by X, := vec(Zy,...,Z,41) € R4 Recall the real-valued formulation (4.16) of
Whittle’s likelihood. If n + 1 observations are involved in the likelihood, the frequency domain
covariance matrix is D(,41)q = D(n41)a[f], which is defined as in (4.16) using f evaluated at
the Fourier frequencies wj 41 = % for y =0,..., L“T‘HJ A back-transformation of Whittle’s
likelihood in the time domain yields

1
\@D)EHD

with the inverse (n + 1)d x (n + 1)d time domain covariance matrix

(Xl f) =

1
| €xp (_2X5+1G(n+1)an+1> (5.12)

-1 T
G(n+1)d = F(n+1)dD(n+1)dF(n+1)d'

We denote by G(i,j) € R**? the block components of G(nt1ya for i, =1,...,n+1 (dropping
the subindex (n + 1)d of the block components for the sake of notational convenience). From
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Lemma 4.15 (b) it follows that D, )4 is symmetric, which readily implies that G(,41)q is
symmetric and hence G(i,5) = G(4,7)T holds for all 4,5 = 1,...,n + 1. Furthermore, G(3,1) is
symmetric positive definite for i = 1,...,n + 1. Conditioning (5.12) on Z,,..., Z,,, we obtain

1
P(Zp11Zy,.. . 2, F) < exp <— §[Z£+1G(n +1,n+1)Z,,

n n
+> ZIGGn+ )2+ Zy Gln+ Lj)ZJ})
=1 j=1

1
= exp ( -3 [gZHG(n +1,n+1)Z,

+2 anz?G@,n + 1>Zn+1}>-

=1

Now consider the transformation Y41 := G(n+1,n+1)"/2Z, ;. With this transformation and
with

|

w1 =Y Gn+1n+1)""?G(n+1,i)Z; € R?
=1

it follows

~T
p(Yni1|Z1,... Zn, f) < exp (‘2 [Xg+lxn+l + 25n+1yn+1D

—_

1 =T =T =
X exp <—2 [Zg—l—lxn—kl +2b, 1Y 0+ bn+lbn+1]>

1 B T -
= exp <—2 (Zn+1 + Qn+1> (Xn+1 + bn+1>>

and conducting a back-substitution Z,,,; = G(n + 1,n+1)"Y2Y, ., reveals
p(ZnJ,—l’Zla e 7Zn7 f)

1 . T .
X exp (—2 (G(n +1,n+ 1)1/2Zn+1 + bn+1> (G(n +1,n+ 1)1/2Zn+1 +bn+1>>

1
—exp (5 (Zusr +00) G+ L4 1) (Zos + b))

with

n
by =G +1,n+1)72h, =3 Gn+1,n+1)'G(n+1,i)Z,
i=1
This shows that the conditional distribution of Z,, | given Z,,...,Z,, f is multivariate normal

with mean —b,,; and covariance matrix G(n+ 1,n + 1)~ %

Zn+1|217 cee 7Zn7 .f ~ Nd (_anrl? G(n + 17 n -+ 1)71) . (513)

The above approach can readily be extended to k-step ahead forecasts for any k£ > 1. Indeed,
similar to (5.11), we first observe

P Znsrs-- s ZnyilZys - Zy) = /p(ZnH,---,Zn+k!Zh---,Zn,f)dP(fZl,---,Zn)
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and thus it suffices again to draw from p(Z,,,1,..., Z, 11|21, ...,Z,, f) for any f. On the other
hand, we also have the equality

p(ZnJrl)'"7Zn+k|gl""7gnﬂf):p(zn+1|zl7" Zn)-f) ( n+2|Zlv“'7Zn+1vf)
X... X p(fnJrk‘Zl?""ZnJrkflﬂf)v

giving rise to an iterative procedure to draw from p(Z,  1,...,Z, 1|21, .-, Z,, f): Start with
drawing Z,, | from p(Z, {|Z;,...,Z,, f) using (5.13). Then draw Z,, 5 from

Lny

ZyiolZys- . Zoir f ~ Ny (—Qn+2,é(n+ 2.n+ 2)—1)

with

n+1
bpyo = ZGn-i-Q n+2)" G(n+2,i)Z;
=1

and the inverse (n 4 2)d X (n + 2)d time domain covariance matrix

—1 T
Gni2)d = Flui2)aD 000 Fini2)a

and its block components é’(z §) € R¥™d for i, j =1,...,n+2. This scheme can be continued &
times to finally obtain a sample of p(Z,,,1,...,Z, x|Z1,.... Z,. f)-

5.4. Missing Values

It is conceptually straightforward to accommodate missing values within the Bayesian frame-
work. Assume that we have data Z,,...,Z,, and that there are missing values at positions Z C
{1,...,n}. Denote the missing values by Z; := {Z;: i € 7} and the actually observed data
by Z_ =42, ...,Z,}\ Zz. Following McCulloch and Tsay (1994), the missing values can be
treated as random and included in the inference as latent variables. The object of interest is then
the joint posterior distribution P(df,dZ;|Z_7). To sample from it, the MCMC algorithm from
Section 5.2 can readily be extended by an additional Gibbs step to draw from the full condi-
tional P(dZ;|Z_;, f) for each missing value Z;, € Z7, where Z_; ={Z;,...,Z; 1, Z;\1,.--, Z,}
With the same calculations as in Section 5.3, one can derive the following closed-form expression

for the full conditionals of the missing values:

Z,|Z_;, f ~ Na (=b;, Grnali, i) = Ga(i, ) Grali, )Z;,
J#

with inverse nd x nd time domain covariance matrix G,,q = FndD;lean and its block compo-

nents Gq(i, j) € R4,



Numerical Illustration

6.1. Methodology

We start by explaining how an estimate of the true spectral density fy can be generated from a
posterior sample. The idea is to take the pointwise posterior median of all components (or of their
real and imaginary parts in case of complex values). To elaborate, consider the vectorization
operator G: Sy — R that maps each hermitian matrix A = (ars);‘i <—1 to a vector GA consisting
of the diagonal elements a1, .. ., aqq and the real and imaginary parts of the entries {a,s: r < s}
above the diagonal. Denote the corresponding inverse transformation by G=1': G(S;) — Sy,
where G(Sy) C R% denotes the image of G.

Bayes Estimators

Assume that we have a sample £, ..., f™): [0, 7] — Sj of spectral density functions at hand.
Consider the vectorized versions g(j) = GfY: [0,n] — R% for j = 1,...,N. Denote the
components of g(j) by (gy ), el gc(lé)). Denote the pointwise sample median function by g =

(g1,---,042), i.e. gr(w) is defined as the median of {g,(«l)(w), e ,gf«N)(w)} for 0 <w < mandr=

1,...,d?. Then an estimate of fy can be obtained by
folw) :=G07""4(w), 0<w<m. (6.1)

We call fg the pointwise median spectral density of £, ..., f(N). In subsequent Sections, we
will often use fo as a Bayes estimator of fj (as already notationally indicated by the circumflex).
If fo is known, we can gauge the goodness of fo in terms of the Ll-error

[n/2]—-1

o= foll 1= [ 1o = fofe)ldes~ e > Wiles) = foes (62)
and the L2-error
A T 1/2
1Fo = Folls == < /O 1 folw) - fo<w>u2dw>
Mn/2]-1 1/2 (6.3)

~ (n/211—1 > Ifolws) = Folwy)I?

=1
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Pointwise Credible Regions

Besides an estimator of fy, we are also interested in investigating how much variability the
posterior distribution contains. One might ask e.g. whether most of the posterior probability
mass is allocated within a small neighborhood of fo, or whether the probability mass is spread out
widely in the function space. One possible way of investigating this constitutes the computation
of the pointwise a-quantile spectral density f(ga} functions for 0 < @ < 1. This is done by the
very same construction as fy (employing the a-quantile of {g,(l)(w), . ,gf«N) (w)} rater than the
median). As an example, we will often consider f; L0951 ond f([]0.95}. The region

Cone (w]0.9) 1= {tf[o %)+ (1 -1 f% W) 0<t < 1} L 0<w<m, (6.4)

between the function graphs of f$0.05] f[o %] has the interpretation of being a pointwise 90%
credibility region — that is, for every 0 < w < r, it holds true that the posterior probability of f(w)
to lie in Cpw(w[0.9) is at least 90%. It is important to note that this statement does not hold true
uniformly over 0 < w < 7. In particular, for the graph area Cpy(0.9) := {Cpw(w]0.9): 0 < w < 7}
it does not hold that f € C,w(0.9) with posterior probability at least 90%. The reason is that
pointwise credible regions do not take the multiple testing problem into account that arises when
considering multiple frequencies w simultaneously.

Uniform Credible Regions

One possible remedy for the aforementioned drawback of pointwise credible regions constitutes
the usage of uniform credible regions. These have been used in Hafner and Kirch (2017) (see
also Neumann and Polzehl (1998) and Kirch et al. (2017)) for univariate functions and we will
present a generalization to the matrix-valued case. To elaborate, denote by H: S+ R the
transformation that maps each Hermitian positive definite matrix A = (ars) _, toavector HA
consisting of the logarithmized diagonal elements log aq1, .. .,log agzq and the (non logarithmized)
real and imaginary parts of the entries {a,s: r < s} above the diagonal. For the transformed
versions h) = (h(] ) h( )) = HfY for j =1,...,N, denote the pointwise sample median
function by h := (h17 .. .,ildQ). Let ¢ := (61,... ,&dg) with 6, (w) being the median absolute
deviation of {hgl)(w), . .,hgqN)(w)} for0 <w <mandr = 1,...,d>. For 0 < a < 1/2,
determine &, as the smallest positive number such that

Sga Zl_a

L& W (w) ~ ()
— Z 1 max ~
N iz 0<w<m w)

7“:_1,..._,(12
Let EWZ] = ﬁ — £,6 and ﬁ[l_a/ ] h + £,6 and fa/2 = ’H_lﬁ[am as well as f(gl_a/z] =
HH E[l_a/m. Then the region between the function graphs of f([)a/ 2 and f(gl_a/ 2 is called uniform

(1 — a)-credibility region and will be denoted by Cyni(w|l — a). As an example, we will often
consider a = 0.1, in which case

Cuni (@]0.9) = {tf" P (@) + (1 = )fP P @) 01 <1}, 0w (6.5)
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By construction, it holds that f € Cuyni(w]0.9) with (empirical) posterior probability of at
least 0.9. It is of interest to investigate the frequentist coverage properties of the uniform
credible sets, in particular whether the posterior credibility matches (at least approximately)
the empirical coverage.

6.2. Simulation Study

In this section, we evaluate the performance of our procedure with simulated data. We employ
the Bernstein-Hpd-Gamma prior from (5.2) for f, where the prior probability mass function for
the polynomial degree k is chosen as p(k) o< exp(—0.01klog k) (c.f. Table 5.1). As a prior for @,
we use an A'(n,w, X) process (as considered in Section 3.4.2). We choose process parameters n =
d=2andw=d=2and ¥ = 10*I5. Recall from (3.24) that the prior mean of ® corresponds to
the spectral measure of White Noise, with constant spectral density. Furthermore, the underlying
Poisson Process mean measure v from (3.23) of ® simplifies in this case to

104 1n—4
v(dz,dU, dr) = 20(4) exp(=1077r) , - der,

F2(2) r ™ r

where the right hand side does not depend on U. In this sense, ® is isotropic, i.e. all “directions”
U e S;{ are equally likely to contribute to ® under the prior. The Bernstein polynomial basis
is truncated as in (5.4), with 7; = 0.1 and 7. = 0.9, to improve the mixture properties at the
boundary. Along with this prior, we employ Whittle’s Likelihood (5.3). Inference is conducted
with the Markov Chain Monte Carlo (MCMC) algorithm from Section 5.2.

The Markov Chain is run for a total number of 80,000 iterations, where the first 30,000 iterations
are discarded as burn-in period to ensure that the chain “converged” (i.e. reached states of
actually sampling from the posterior distribution, see Section 6.3 in Christensen et al. (2011)).
These numbers have been determined with convergence diagnostics that have been conducted
in preliminary pilot runs for a few individual realizations. These diagnostics include a visual
inspection of the log posterior trace plot and a validation of the results from chains with different
starting values. It may be noted that a visual inspection of the parameter trace plots is not well
suited for convergence diagnostics, because the marginal posterior of the parameters is often
multimodal.

To decrease the dependence within the sample and to reduce memory consumption, the remain-
ing 50,000 are (equidistantly) thinned by a factor of 5, such that a sample of size 10,000 remains
(see Section 6.3 in Christensen et al. (2011)). By preliminary pilot runs, we found that values
of kmax = 300 for the maximum polynomial degree and L = 20 for the series truncation param-
eter of ® were sufficient for all the considered examples. This procedure for spectral density
inference will be called the NP procedure (where NP stands for nonparametric method) in the
following.
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Comparison Method: Bayesian Vector Autoregression

We compare the NP procedure to a Bayesian Vector Autoregression (VAR). To elaborate, a
(Gaussian) VAR model of order p > 0 is formulated as follows:

P
id
Z,=Y BiZ, i+e, ¢~Ni0,E), t=p+1,....n (6.6)
j=1
with innovation covariance matrix 3 € S;(R) and coefficient matrices B1,..., B, € Réxd,

where B, # 0. For the model (6.6) to be stationary, the constraint |I; — 2521 B;2| £ 0 is
assumed for all z € C with |z| < 1 (see Section 11.3 in Brockwell and Davis (1991)). In this

case, the spectral density is given by

—1 —1
1 P » P )
Fuar(@|By,.... By, B) = o | Is— Y Bje | T |(I;-) BJe (6.7)
j=1 j=1

for 0 < w < 7. The first p observations Z;,...,Z

P

The conditional likelihood for the remaining observations Z,, .4, ..., Z, is

in model (6.6) are considered to be fixed.

pVAR(Zde “ee 7Zn|Z1) cee aZpy Blv ce. 7Bpa 2)

n
= H pVAR(Zj|Zj—17 v 7Zj—p> Bh o aBpa 2)
Jj=p+1

with

pVAR(Zj|Zj715 e 7Z_j—p—17 Bl) vy Bp7 2)

T
1 1 P P
= —F——=exXp| —5 | 4 — BzZ-1> »! (Z‘ - BzZ-l>
V (2m)4| 2| 2 ( J ZZ; J J lz; J

for j = p+1,...,n. The VAR equation (6.6) can also be written in an equivalent vectorized
notation (see Section 2.2.3 in Koop and Korobilis (2010)) as

Z,=Yb+e, t=p+1,...,n, (6.8)

with regressor matrix

Yyr’ o ... 0
T
Y, = 0 X € RIxpd*
0 ... Yl
and regressors Y, = (ZF |,..., Z?_p)T € RP? and vectorized coefficients

d2
b=(Bii1,---,Bi1d,B21,1,.--,Bpad) € RFY.

The order p is not included into the Bayesian inference, but determined in a preliminary model
selection step with Akaike’s Information Criterion (AIC, see Akaike (1974)), based on a Yule-
Walker estimate and the full likelihood of Z, ..., Z,, for each VAR order in consideration. For
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the parameters of the VAR(p) model, we employ the Independent Normal-Inverse- Wishart prior
in parametrization (6.8), under which b and ¥ are independent and distributed as

b~ N,p2(0,V), X~ Wish;!,(v,S),

where the inverse Wishart distribution VVishC;X1 4 1s as defined in (B.2) in the Appendix. Note
that this prior specification does not enforce causality or invertibility of the parametric working
model. The prior parameters are chosen as V = 10*I; and v = 10~* and S = 10~*I;. This
choice can be interpreted as “vague”, since the prior covariance V of b is “large” and the
prior of ¥ is improper. Posterior inference is conducted with a Gibbs sampler, where the full
conditionals are available due to conjugacy properties of the prior and the Gaussian likelihood
(see Section 2.2.3 in Koop and Korobilis (2010)). The Markov Chain is run for a total number
of 80,000 iterations, with a burn-in period of 30,000 iterations and a thinned factor of 5, yielding
a sample of size 10,000. We will refer to this inference method as the VAR procedure in the
following.

Simulated Data

We consider simulated data drawn from the following bivariate VAR(2) model:

05 0 0 0 iid 1 09
Z, = Z Z 4N, (o . 6.9
£ ( 0 —0.3) L1 (0 —0.5) L2t e &~ ( (0.9 1 )) (6.9)

This model is chosen because it has already been analyzed in the literature (see Rosen and
Stoffer (2007)). Furthermore, we will also consider the following bivariate VMA (1) model:

—0.75 0.5 iid 1 0.5
7, — i (o 6.10
Li=gt < 0.5 0.75> &-1 & ™2 < <0.5 1 )) (6.10)

which is chosen because it is a simple example of a linear multivariate time series that does
not belong to the family of VAR models. Exemplary realizations from models (6.9)—(6.10) are
shown in Figure 6.1. We consider the sample sizes n = 256, n = 512 and n = 1024. For each
sample size, we generate N = 500 independent realizations of model (6.9) and model (6.10) and
compare the inference results of NP and VAR procedure.

Results

First, let us compare the Bayes estimators. We will use the pointwise median spectral den-
sity (6.1) for this purpose. Exemplary visualizations of the estimates from the NP and VAR
procedure for n = 256 are shown in Figure 6.2. First note that the individual spectra are visual-
ized on a logarithmic scale, whereas real and imaginary parts of the cross spectra are shown on
a regular scale. It can be seen in Figure 6.2 (a) that both procedures yield reasonable spectral
estimates for VAR(2) data. However, the VAR procedure fits better than the NP estimate to
the true spectral density. This is not too surprising, since the fitted VAR model is well-specified.
For the VMA(1) data in Figure 6.2 (b), it can be seen that the VAR procedure struggles to cap-
tures the rough shape of the ground truth spectral density (introducing erroneous wavy bumps).
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Figure 6.1.: Realization of (a) VAR(2) model (6.9) and (b) VMA(1) model (6.10) of respective
length n = 256. The left panel depicts the first component and the right panel the
second component of the time series.

This comes from the fact that the VAR order p is determined in a preliminary model selection
step based on AIC and in the misspecified case, high orders are preferred to account for the
model bias. On the other hand, the fit of the NP procedure looks much closer with appropriate
smoothness. This exemplifies the power of using the NP procedure, which is (in comparison to
the parametric VAR procedure) to a much less extent susceptible to misspecification.

The corresponding 90%-credibility regions (pointwise regions from (6.4) and uniform regions
from (6.5)) are shown in Figure 6.3 for the VAR(2) example and in Figure 6.4 for the VMA(1)
example. It can be seen that both procedures yield reasonable regions for the VAR(2) example,
where the NP procedure struggles slightly more to catch the main features (yielding wavy
regions) than the well-specified VAR procedure. For the VMA(1) example however, it can be
seen that the VAR procedure infers a much larger degree of uncertainty (in terms of size of
credible regions), which — similar to the corresponding spectral estimate from Figure 6.2 (b) —
look very wavy and bumpy. This does not hold true for the NP procedure, where the regions
adhere a degree of smoothness that seems appropriate for the ground truth of this example.

Exemplary runtimes (as measured for one respective realization) are shown in Table 6.1. It
comes as no surprise that the NP procedure — due to its larger number of parameters — is
computationally more demanding than the parametric VAR procedure. In fact, the runtimes
are roughly one order of magnitude larger. Considering the increased robustness of the NP
procedure subject to model misspecification, this can be considered as an acceptable tradeoff.
It can also be observed that the runtimes of the NP procedure are larger for VAR(2) data than



Numerical Illustration 87

0.20
0.15+

0.10+

Im(f_12)
log(f_22)

0.054 §

log(f_11)
|

0.00+

0.349 .. 0.00
-0.054 °

-0.104

log(f_11)
Re(f_12)

Im(f_12)
Iogif_22)

-0.154

omega

Figure 6.2.: Spectral estimates for a realization of length n = 256 of (a) the VAR(2) model (6.9)
and (b) the VMA(1) model (6.10) for the NP procedure (dashed) and the VAR
procedure (dotted), where the true spectral density is shown as solid black line.

Time (s)
n = 256 n =512 n = 1024
NP VAR NP VAR NP VAR
VAR(2) data 8271 14.48 137.17 27.33 360.91 50.01
VMA(1) data 70.92 20.79 108.63 37.36 303.93 89.70

Table 6.1.: Average runtime of 1000 MCMC iterations for NP procedure and VAR procedure

for one respective realization of model (6.9) and (6.10).
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Figure 6.3.: Posterior credibility regions for a realization of length n = 256 of the VAR(2)

model (6.9) for (a) NP and (b) VAR. Pointwise 90% region is visualized in shaded
red and uniform 90% region in shaded blue and the true spectral density is shown

as solid black line, whereas the periodogram is shown in gray.
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Figure 6.4.: Posterior credibility regions for a realization of length n = 256 of the VMA(1)
model (6.10) for (a) NP and (b) VAR. Pointwise 90% region is visualized in shaded
red and uniform 90% region in shaded blue and the true spectral density is shown

as solid black line, whereas the periodogram is shown in gray.
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for VMA(1) data. This is due the fact that the VMA(1) spectral density is smoother than
the VAR(2) spectral density in consideration, hence the NP procedure needs to employ less
effort to capture the spectral features of the data. Indeed, for the length n = 256, the average
posterior mean of the polynomial degree k is 45.86 for VAR(2) data and 14.32 for VMA(1) data,
with average posterior variance of 85.22 and 14.94 respectively. As for the VAR procedure,
the behavior is the other way round. This is due the fact that for VAR(2) data, the model is
well-specified, whereas for VMA (1) data, the model complexity has to be increased considerably
to capture the misspecified spectral features. Indeed, for the length n = 256, the average VAR
order p (as chosen by the preliminary AIC-based model selection step) is 2.24 for the VAR(2)
data and 7.50 for the VMA(1) data.

A more systematic insight in the results can be gained from Table 6.2, which contains the
average L'-error and average IL2-error (as defined in (6.2) and (6.3)) of the Bayes estimates among
the 500 independent realizations from each model, for different sample sizes. The table also
contains the empirical coverage of the uniform 90% region and the median (among replications)
of the median (among frequencies) width of the components of the uniform 90% region. It can be
seen that the VAR model yields smaller errors for the well-specified VAR(2) data and performs
worse for the misspecified model, in which case the NP procedure yields superior results (in
terms of smaller errors). This is in line with the above discussion from Figure 6.2. In the well-
specified case, the VAR procedure yields honest credibility regions, i.e. the empirical coverage
matches (approximately) the corresponding posterior probability mass of the regions, 90% in
this case (we borrowed the notion of honesty from Szabd et al. (2015)). In the misspecified case,
coverage of the VAR procedure is much larger, indicating a higher degree of posterior volatility,
which matches the observations from Figure 6.2.

The NP procedure yields less coverage in all examples. The investigation of frequentist coverage
properties within the Bayesian nonparametric framework still remains a delicate and difficult
matter (see e.g. the discussion in Section 3.5 in Rousseau (2016)), with only few results known
to this day. To achieve honest credible sets, a balance has to be achieved between enough prior
flexibility on the one hand (yielding coverage) and enough penalization of prior complexity on the
other hand (yielding consistency). This is closely related to the commonly known bias/variance-
tradeoff. In other words, following the insights from Szabé et al. (2015), the prior should be
chosen to slightly undersmooth the truth (for coverage), but not too much (for consistency).
It is conjectured that the Bernstein polynomial prior used in the NP procedure is not suitable
for this idea because Bernstein polynomials tend to oversmooth the truth, as suggested by
their suboptimal approximation rates, see Lemma B.13. It will be of great interest for future
research to consider different basis functions and to investigate whether it is possible to establish
conditions under which the posterior distribution yields (asymptotically) honest confidence sets.

6.3. Analysis of the Southern Oscillation Index

In this Section we analyze the Southern Oscillation Index and Recruitment series from Shumway
and Stoffer (2010), which have also been analyzed in Rosen and Stoffer (2007). Both series consist
of monthly data for 452 months ranging over the years 1950-1987 and are available as datasets
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VAR(2) data

n = 256 n =512 n = 1024

NP VAR NP VAR NP VAR
L'-error 0.105 0.071 0.081 0.050 0.064 0.034
LL2-error 0.133 0.094 0.107 0.066 0.085 0.045
Coverage 0.52  0.90 0.37  0.90 0.26 091

Width fi1 0.287 0.200 0.166 0.116 0.107 0.074
Width Rf12  0.177 0.111 0.124 0.069 0.088 0.046
Width Sfi2 0.225 0.129 0.154 0.078 0.108 0.051
Width foo 0.419 0.183 0.246 0.106 0.160 0.068

VMA(1) data

n = 256 n = 512 n = 1024
NP VAR NP VAR NP VAR
L!-error 0.095 0.155 0.070 0.121 0.053 0.091
L2-error 0.113 0.187 0.084 0.144 0.064 0.108
Coverage 0.61  0.99 0.44 0.98 0.27  0.96

Width fi1 0.266 1.233 0.184 0.623 0.131 0.395
Width Rf12  0.122  0.485 0.090 0.327 0.077 0.225
Width S fi2 0.200 0.584 0.139 0.390 0.100 0.273
Width fo 0.408 1.889 0.281 0.952 0.206  0.598

Table 6.2.: Average L'-error, average LL?-error, empirical coverage and median width of uni-
form 90% credibility regions of the NP procedure and the VAR procedure for 500
realizations of model (6.9) and (6.10).
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Figure 6.5.: The SOI and Recruitment series after mean-centering and re-scaling.

soi and rec in the R package astsa Stoffer (2017).

The Southern Oscillation Index (SOI) is defined as the normalized difference in air pressure
between Tahiti (French Polynesia) and Darwin (Northern Territory, Australia). It constitutes
a key indicator for warming or cooling effects of the central and eastern Pacific ocean known
as El Nino and La Nina, see Bureau of Meteorology of the Australian Government (2018a).
It is known that the SOI obeys a cyclical behavior, with cycles being classified in different
meteorological phases (see Bureau of Meteorology of the Australian Government (2018b)). Due
to this cyclical behavior, it can be expected that the observations in the SOI time series are
not independent, but obey a time-dependence structure. One possible way to handle this would
be an explicit modeling of the cyclical component (along with possible seasonal effects), e.g. in
terms of cyclostationary time series or seasonal ARMA models. However, similar to the analysis
in Rosen and Stoffer (2007), we make the simplifying assumption that all these effects can (at
least approximately) be described in terms of the autocovariance structure.

The Recruitment Series consists of the number of new spawned fish in a population in the Pacific
Ocean. Since the fish are known to spawn better in colder waters (Rosen and Stoffer, 2007), it
can be expected that there also exists a cross-correlation between the SOI and the Recruitment
series. The number of new fish is intrinsically integer-valued and this could be taken explicitly
into account with integer-valued time series models. The data as provided in the dataset rec
in the astsa package is re-scaled to the interval [0,100] and has been treated as real-valued
in Rosen and Stoffer (2007) and we will follow the same approximation. We analyze the sample
mean centered version of the data, where we also divide the Recruitment series data rec by 50
to ensure that the values of both series are in the same order of magnitude. The last re-scaling
step is not necessary, but introduced for the sake of more numerical stability within the MCMC
algorithms. In fact, it ensures that the spectra of both time series are (roughly) of the same
order of magnitude, which stabilizes the numerical evaluation of Whittle’s Likelihood — recall
that the spectral density matrices at the Fourier frequencies have to be inverted for this purpose.
Furthermore, since we are considering linear dependence structure, the inference results could
easily be scaled back. See Figure 6.5 for a visualization of the transformed data with which we
are working in the following.

We employ the NP procedure, with the same prior and MCMC parameters as discussed in
Section 6.2. We parse the data in terms of a bivariate time series, with SOI constituting the first
and Recruitment the second components. Note however that (unlike procedures that work with
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Figure 6.6.: Estimated spectra for the SOI and Recruitment series from the NP procedure. The
posterior median spectral density is shown as solid black line, the pointwise 90% re-
gion is visualized in shaded red and the uniform 90% region in shaded blue, whereas

the periodogram is shown in gray.

the Cholesky decomposition of f) the results are the same if the components were swapped,

since the employed prior is isotropic.

The results are shown in Figure 6.6. It can be seen that a spectral peak at wyearly := 27/12 = 0.52
is estimated in the first individual spectrum (which belongs to the SOI time series). Since we
have monthly data, the frequency wyearly corresponds to a temporal distance of 12 months. The
peak thus has the interpretation of the SOI series having a prominent annual (i.e. at lag 12)
covariance. It can also be seen that cross-periodogram ordinates peak at wyearly. However, this
seems to affect the spectral estimate only to a minor degree and the NP procedure smooths out
this feature. This is because this cross-periodogram peak only consists of one single periodogram
ordinate. To get a deeper insight in the inferred cross dependence structure, we investigate the
squared coherency function |k|?> between the components, where the coherency function r is
defined as

r(W[f) =

fia(w) .

(fu(@) a2l 7 7

The coherency can be thought of as a frequency-domain version of the cross-correlation and it
holds |r(w|f)]? < 1 for 0 < w < 7, see Section 11.6 in Brockwell and Davis (1991). We compute
the squared coherency functions |k (-, £))|? for all of the posterior samples (1), ..., £(10,000)
Figure 6.7 shows the results. It can be seen that the posterior squared coherency also has a
peak at Wyearly, concluding that a prominent annual cross-correlation between the time series
has been inferred. Furthermore, the squared coherency shows several minor peaks, which are
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Figure 6.7.: Estimated squared coherency (pointwise posterior median) between SOI and Re-
cruitment series. The pointwise 90% credible area is shown as shaded red area. The
dotted vertical lines indicate the annual frequency wyearty = 27/12 ~ 0.52 and its
harmonics lwyearly, [ = 2,...,5.

approximately located at the harmonic (i.e. integer multiple) frequencies of wyeary. These ob-
servations are in line with the findings that have been discussed in Rosen and Stoffer (2007).
In fact, the squared coherency of the NP procedure shares the same qualitative features as
the in the referenced literature (Rosen and Stoffer, 2007), except for having a higher degree of
smoothness. One further observation which is also in line with previously known findings, is
that there is another peak indicated in the low-frequency part (i.e. w approaching 0) of both fi1
and |x|2. This corresponds to a time-dependence in the order of magnitude of several years and

can possibly be explained by the aforementioned meteorological cycles.

6.4. Discussion

We investigated the performance of the proposed NP procedure with both simulated and real
data. In Section 6.2, we have seen that the procedure performs well for simulated data, taking
full advantage over parametric procedures by not being susceptible to misspecification. The
examples have also shown that there is a need for further theoretical investigation of frequentist
properties to make “honest” uncertainty quantification possible (i.e. credible sets that are also
confidence sets, at least asymptotically).

As for real data, we have seen in the Southern Oscillation Index example from Section 6.3 that
the NP procedure yields results that are in line with previous findings from the literature, with
curve estimates that may be smoother than for some other approaches. This property is due to
the usage of Bernstein polynomials, which are known to have suboptimal approximation rates
(see Remark B.14 in the Appendix) and have the tendency to produce over-smoothed results
(see the simulation section in Edwards et al. (2017)). If this property is not desirable, there
are several options to remedy. One obvious option constitutes the use of a different polynomial
basis. As an example, in Edwards et al. (2017) a B-Spline basis with flexible choice of knot
locations is employed to improve the estimation of sharp peaks of the spectral density of a
univariate time series. It is conceptually straightforward to extend the NP procedure from this
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work in the same direction, although great care will have to be taken to provide an efficient
software implementation, since the precluding evaluation of the basis functions further increases
the computational and numerical complexity of the MCMC algorithm. Another option is to
generalize Whittle’s Likelihood to incorporate a parametric working model that can help to
estimate rough spectral features. This has been done in the univariate case in Kirch et al.
(2017).



Asymptotic Properties

For existing approaches to Bayesian nonparametric analysis of multivariate stationary time
series, it is not known if posterior consistency holds. In the following Section 7.1, we will settle
this question to the affirmative for the proposed nonparametric method from Chapter 5. We
will also derive contraction rates of the posterior distribution in Section 7.2.

7.1. Posterior Consistency

We start our considerations with a brief overview on posterior consistency results in Section 7.1.1.
While the famous Bernstein-von-Mises theorem (see van der Vaart (2000), Section 10.2) ensures
asymptotic normality — and in particular consistency in case of well-specification — of the poste-
rior distribution in the parametric setting under regularity and model identifiability assumptions,
this result does not translate to the infinite-dimensional setting of Bayesian nonparametrics in
general. In fact, counterexamples exist where the validity of a Bernstein-von-Mises theorem
or even posterior consistency fails in infinite dimensions (see Diaconis and Freedman (1986)
and Freedman (1999)). The consistency theorem and the assumptions are formulated in Sec-
tion 7.1.2, whereas the proof will be developed in Sections 7.1.3-7.1.5. Section 7.1.6 contains a
discussion of our findings.

7.1.1. Introduction

Let (Z1,...,2,) ~ Pg with § € © and © being some measurable space endowed with a metric d.
Assume that some prior distribution on O is specified. Then the posterior distribution of 6 is
called consistent at 8y € © with respect to d, if for every € > 0 it holds

P(B{(6o)| Z1,...,Zn) — 0, in Py probability as n — oo

with B:(6p) = {6 € ©:d(0,6y) < €} and BE(y) denoting its complement set in O. In other
words, posterior consistency formalizes the convergence of the posterior distribution towards
a degenerate measure at the true value 6. A famous and very general result due to Doob
(see van der Vaart (2000), Section 10.4, or Ghosal and van der Vaart (2017), Section 6.2)
ensures posterior consistency for a possibly infinite-dimensional model, requiring appropriate
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model identifiability and measurability. However, this result is restricted to a subset of the
parameter space with prior mass one. Null-sets in infinite dimensions may be large: In fact, a
null-set may even contain a dense subspace — think e.g. about the space of polynomials which is
densely embedded in L2, but may attain prior mass 0 if e.g. a Fourier basis prior is employed.
Thus the result by Doob — despite its generality — is too pessimistic for many situations. See
the discussion in Section 6.2 in Ghosal and van der Vaart (2017) for another example.

A more practical result for the iid setting is the famous theorem from Schwartz (1965) and in
particular the extensions by Barron et al. (1999) and Ghosal et al. (1999). Besides full prior
support in terms of Kullback-Leibler neighborhoods, a stronger form of model identifiability,
i.e. exponentially powerful testability, is required to get consistency of the posterior distribution.
The extended formulation from Barron et al. (1999) relies on sieves of the parameter space and
is of great practical usefulness. In fact, it is known (see e.g. Section 5 in Barron (1989)) that
an exponentially powerful test sequence (g,) for testing Hyp: p € U against Hy: p ¢ U does
not exist for neighborhoods in many relevant topologies (e.g. L' or Hellinger) in general. This
renders the fact that a sieve is needed to get consistency in these topologies.

The following result is another extension of Schwartz’s theorem to the case of independent, non-
identically distributed random variables. It will be the key tool for proving posterior consistency
of the spectral density under Whittle’s likelihood.

Theorem 7.1 (Extended version of Schwarz’ Theorem for non-iid observations, Theorem A.1 in
Choudhuri et al. (2004a)). Let Z1 y, ..., Zyn be independently distributed having density p; (+|0)
with respect to a o-finite measure on a Borel space fori=1,...,n, where § € © and © is some
measurable space. Let 0y € ©. Denote the joint distribution of (Z1y,...,Zpn) under 0 by Py.
Denote the Kullback-Leibler divergence from 0y to 0 at Z; , and the associated variance by

Din(Zinlbo)

Din(Zinlbo)
pi,n(Zi,n ’6) ’

Ki,n(eo, 9) = E90 log (Z ’9) .

Vin(0o,0) := Vary, log (7.1)

Let K, (00,0) := 13" | K;n(00,0). Consider a sieve sequence (0,,) with ©,, C © and let U C ©

denote a neighboﬁhood of ©g. Let a prior P be given on ©. Let the following support assumptions
on the prior and testability assumptions on the model be fulfilled:
e Prior positivity of neighborhoods: There exists B C © with
(a) P(B) >0,
(b) liminf, oo P ({0 € B: K,,(00,0) <¢e}) >0 for all e > 0,
(¢) 530 Vin(60,0) = 0 for all 6 € B asn — oc.

e Existence of uniformly exponentially powerful tests: There exists a sequence (yy) of tests
and constants cy, ca, c3 not depending on n, such that

(d) Eo,on, — 0 as n — oo,
(e) supgepeno, Eo(1 — ¢©n) < exp(—cin) and
(f) P(©y5) < caexp(—c3n).
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Then
PU Z1ny- s Znm) — 0, in Py, probability as n — oo

with U5 = O\ Uy,
Let g: X — R be measurable and bounded. Then for a weak neighborhood of the form

v =0 = { ] [ stawontan) ~ [ semntan) <<}, (72)

a test sequence (p,) fulfilling the assumptions (d)-(f) from Theorem 7.1 can always be con-
structed, at least for the special case of iid observations (see Example 6.20 in Ghosal and van der
Vaart (2017)). However, since only one fixed function g (or at most finitely many ¢’s) are con-
sidered, the topology is too weak, i.e that the neighborhoods U(g) are too large, as e.g. argued in
Section 1 in Barron et al. (1999). For consistency in stronger topologies, it is typically necessary
to explicitly derive an appropriate test sequence (). Under the prior positivity of Kullback-
Leibler neighborhoods assumption, the exponentially powerful testability condition is sufficient
and necessary for P(US|Z1, ..., Zy) to decay to 0 exponentially (see Theorem 3.11 in Choi and
Ramamoorthi (2008)).

Figure 7.1 depict an illustrative example of data from a VAR(2) process and the corresponding
pointwise and uniform spectral posterior credibility regions inferred by the NP procedure from
Section 6.2. It can be seen that, with growing sample size, the size of the credibility regions is
shrinking and that their location is approaching the ground truth spectral density fy, indicating
that all posterior mass is asymptotically allocated near fy.

7.1.2. Posterior Consistency for the Spectral Density Matrix

In this section, we will establish posterior consistency for the spectral density for stationary
Gaussian time series under the Bernstein-Hpd-Gamma prior from Section 5.1 and Whittle’s
likelihood. The proof extends the ideas from Choudhuri et al. (2004a) (see also Section 7.3.3
in Ghosal and van der Vaart (2017)), where a similar result has been shown for the normalized
spectral density of a univariate stationary Gaussian time series with a Bernstein-Dirichlet prior
and Whittle’s likelihood. See also Kirch et al. (2017), where posterior consistency has been
established for a semiparametric procedure with a Bernstein-Dirichlet prior on a nonparamet-
ric correction of the spectral density of a univariate stationary Gaussian time series under a
parametric likelihood. These approaches rely on the assumption that the normalizing constant
(i.e. the integral of the true spectral density) is a priori known. Our method of proof does
not rely on this assumption, but instead requires a pointwise upper bound for the (eigenval-
ues of the) spectral density to be known a priori. Indeed, to achieve exponentially powerful
model testability, we will conduct a truncation of the Bernstein-Hpd-Gamma prior such that
the eigenvalues are bounded by a universal constant with prior probability one. Note that this
is in line with Assumption f1 for the true spectral density fy. The truncation will be done
by a suitable restriction of the prior parameters (k, ®). There should be no confusion between
the truncated Bernstein-Hpd-Gamma prior (which bounds the eigenvalues of f by a universal
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Figure 7.1.: Visualization of posterior consistency: Credibility regions of the NP procedure for
data drawn from the VAR(2) process (6.9) of length (a) n = 128, (b) n = 1024 and
(c) n = 8192, where the periodogram is visualized in gray.
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constant and which will be derived in the following) and the truncated Bernstein polynomials
from (5.4) (which are merely a restriction of the polynomial basis functions to get better mixture
properties at the boundary of [0, 7]).

To elaborate, let the positive integers N be endowed with the power o-algebra Fn. Denote
by Mgxq the set of all Hpsd measures ® on [0, 7] fulfilling ||® ([0, 7])|| < oo, endowed with the
smallest o-algebra Fq,, , such that the mapping

Maxa> ® — ®(A) €S

is measurable for all measurable A C [0, 7]. Let the product space N x M x4 be endowed with
the product o-algebra Fyxam,, , of Fv and Fpy,, . Consider the space Dyyq of continuous S‘j—
valued functions on [0, 7], endowed with the o-algebra Fp,, , induced by the maximum Frobenius

norm
1fllpee = max [ f)l,  f € Daxa- (7.3)

The Bernstein-Hpd-Gamma prior (5.2) is actually a prior on the parametrization (k, ®) € N x
Mgxq- It can also be conceived as a prior P on f € Dy«q via the mapping

k
B: N X Maxa = Daxa, Bk, ®):= Y ®(Lx)b(-/7j, k), (7.4)
j=1

with I, the interval partition from (5.1) and b(-, j, k) the Bernstein polynomial basis functions
of degree k for j = 1,...,k from (B.20). It is argued in Section 2 in Petrone (1999) that B
i (FNxMyygs FDarq)-measurable. Let 7 > 0 and consider the set

Cr i ={f € Dyxa: Mmax(f(w)) <7 forall 0 <w < 7}. (7.5)

Note that C, is measurable, i.e. C. € Fp,,,. Assume that the prior P on f fulfills P(C;) > 0
(this is e.g. the case if the prior on @® fulfills Assumption GP3 and if the prior on & fulfills
Assumption k1 below, see the upcoming Lemma 7.4). Then we define the truncated Bernstein-
Hpd-Gamma prior P, as the restriction of P to C;:

_ P(FNC,)

P.(F):= W, for F' C D4xq measurable. (7.6)

Note that k£ and ® are no longer independent under P.. In what follows, we will conceive P, as
a prior on f or (equivalently) as a prior on (k, ®), whatever is more convenient. For our main
theorem of this Section, we will make the following assumption:

Assumption k1. There exist positive constants ¢, C such the prior probability mass function

of k fulfills

0 < p(k) < Cexp(—cklogk), keN.

Let us briefly discuss this prior assumption on k.
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Remark 7.2. Clearly, any prior probability mass function of the form p(k) = C exp(—cklogk)
for k € N and positive constants ¢, C fulfills Assumption k1. Many other prior choices are of
course possible and Assumption k1 states full support and a decay condition on the tails. As
another example, if k ~ Poi(C) a priori, i.e. with probability mass function p(k) = Ck—f exp(—C)
fork € N and a positive constant C, then Assumption k1 is fulfilled. Indeed, it clearly holds p(k) >
0 and an application of Stirling’s Formula (see Abramowitz and Stequn (1964), p. 257) re-
veals log(k!) = klogk — k+ O(logk) 2 klogk and hence

k

p(k) S % = exp (klog C —log(k!)) < exp (—k <logé + clog k)) < exp(—cklogk)

for positive constants c, c.

Denote by P{LV,T( flZ,,...,Z,) the pseudo-posterior distribution of the spectral density matrix f
when employing the truncated Bernstein-Hpd-Gamma prior P, from (7.6) in conjunction with
Whittle’s likelihood ]5{]{, from (5.3). Recall that the Fourier coefficients occurring in ]5{%, are

- 1 « , 21j n
Zj:\/ﬁtleteXp(—ztwj), wj =" n=1,...,N, N:= {5—‘—1. (7.7)

The following result establishes consistency for the spectral density matrix in the L' topology.

Theorem 7.3. Let {Z,} be a Gaussian stationary time series in R? with mean zero, true spectral
density matriz fo and corresponding true autocovariance function Tg fulfilling Assumptions f1-
f2. Denote by P the joint distribution of the Fourier coefficients Zl, . ,ZN from (7.7) un-
der fo. Let T € (b1, 00), with the upper bound by on the eigenvalues of fo from Assumption f1.
Let the prior on the spectral density matriz f be given by the truncated Bernstein-Hpd-Gamma
prior Pr from (7.6), with the prior on ® fulfilling Assumptions GP1, GP2 and GP3 and the
prior on k fulfilling Assumption k1. Then, for all e >0 and Uz := { []" || f(w) — fo(w)[dw < e}
1t holds

Py (US| Zy, ..., Z,) — 0, in Py probability as n — oo.
We will prove Theorem 7.3 by showing that the assumptions of Theorem 7.1 are fulfilled.
As a first important observation, it is sufficient to prove Theorem 7.3 under Whittle’s like-
lihood. This follows from the mutual contiguity result of Corollary 4.5, which implies that
convergence of Py, (Uf|Zy,...,Z,) in Pf probability is equivalent to convergence in P fo)
probability. We may thus assume that the Fourier coeflicients Z,,...,Z, are distributed as
under 1517‘,(\ fo), that is, independent and complex multivariate normal with mean zero and

covariance matrix 27 f(w;).

7.1.3. Prior Positivity of Neighborhoods

We start the proof with the prior positivity of neighborhoods. The idea is to show prior positivity
of a || - || Feo-neighborhood and then show that the former is contained in a Kullback-Leibler
neighborhood. The upcoming results from Lemma 7.4 and Lemma 7.6 are generalizations of
Section B1 in Choudhuri et al. (2004a) and some steps in the proofs are similar.
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Lemma 7.4. Let the assumptions of Theorem 7.3 be fulfilled. Let € > 0,

B, = {f € Ddxd: ”f - fOHF,oo < 5} (78)
and denote the non-truncated Bernstein-Hpd-Gamma prior from (5.2) by P.
(a) Then it holds P(B.) > 0.

(b) Furthermore, for 0 < e < T7—by, it holds Be C C; for the prior truncation set C; from (7.5).
In particular, it holds P(C;) > 0.

(¢) It holds Pr(B¢) > 0.

Proof. Let Fy(A) := [, fo(w)dw for A C [0, 7] denote the spectral measure matrix corresponding
to the spectral density matrix f (where the integral is understood component-wise). Choose kg
such that || fo —B(k, Fy)||F,ee < § holds for all k > ko, with the Bernstein polynomial expansion
operator B from (7.4). This can be done according to the uniform approximation property of
Bernstein polynomials, see Theorem B.12 in the Appendix. Then for k£ > kg and f = B(k, ®),
we use |[b(-, 7,k — 7+ 1D]|oo < k (see (B.21) in the Appendix) and get

k
€ €
15 = Follroo < 1 — B0 Bl o+ § < kD2 12(050) ~ FolLi)l + 5.
=1
where the interval partition {I;: j =1,...,k} is given by (5.1). Since k and ® are independent
under P, this yields

goee

3
PB) = 3 9P (mx, 19(050) ~ ()] < )
Z R0

Since the prior on k has full support on N (i.e. p(k) > 0 for all k¥ € N) by Assumption k1, it
suffices to show that there exists k > ko such that

P (Jgaxk HtI)(IjJ;) - FO(I].’,;)H < 222) >0 (7.9)

holds. For ® ~ CRMx4(v), the probability on the left hand side of (7.9) simplifies to

j]jlp <H<I>(I].J;) - By(I) < 2;)

by the independence property of ® (see Remark 3.1). Since [, . dx = m/ k > 0, an application
J»

of Theorem 3.4 yields supp(i’(ljjc)) = Sj for all j = 1,...,k. This leads to

g . g
P (H@(IM) - FO(I].@)H < 21;2> >0, j=1,....k

and in particular P(B.) > 0, concluding (a). By assumption it holds 7 > b;. Recalling || fo(w)|2 =
Amax(fo(w)) from (B.9) in the Appendix, it follows from Lemma B.4 (a) in the Appendix that

Amax (f (w)) < [[f(w) = fo(w)ll2 + Amax(fo(w)) < [[f(w) = fo(@)]| + Amax(fo(w)),
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yielding B. C C; for 0 < ¢ < 7 — b;. In particular, we have P(C;) > P(B:) > 0 by part (a),

concluding (b). Recalling Pr(B;) = %, it also readily follows P.(B.) = (B:)) 0,

ie. (c). O

The following result links the Kullback-Leibler terms of mean zero complex multivariate normals

to the distance of their covariance matrices.

Lemma 7.5. Let Xp,X € Sd+ and denote by p;(z) the Lebesgue density of the C'Ny(0,X;)
distribution for i = 0,1. Consider the Kullback-Leibler divergence and variance term

K(Xo,%1) ::/c log Ei;po( )dz,
po(2)

2
VS = [ (1ogpf(z) —K<20,2>) pol2)dz.

(a) Then it holds
V(20721) < AmaX(EO)ZHE(;l - EI1||2
and
V(3p,%1) < 71
0y <1) >
Amin( )

with Apin(X) and Amax(X) being the smallest and largest eigenvalue of ¥ € Sy.

51120 — X7,

(b) Let Q := 21_1/22021_1/2. Then Amin(Q) > 5 implies K (20, 31) < ||Q — Iy||*. In partic-
ular, in this case it holds

K(Em 21) < )‘maX(EO)2H261 - 23171”2
and

1
K303 < —— I3 — 34112
(20,31) < )\min(zl)gu |

Proof. First we observe that

po(2) P2 1 —1 d

=logi— +2" (X7 — X, )z, 2ze€C%
pl( ) ‘20’ ( 1 0 )
For Z ~ CNy(0,%p) and A € Sy, an application of Lemma B.24 in the Appendix yields
E(Z*AZ) = tr(AX)) and Var(Z*AZ) = tr(A¥(AXy). This yields, using Lemma B.5 and
Lemma B.2 in the Appendix,
1%

K(X0, %) = log = +tr (B7180 - 1) = tr(Q — 1) — log |Q| (7.10)

log

and

V(Z0,4) = tr (((2;1 - 251)20)2) . (7.11)
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From (7.11), we derive the bound, using Lemma B.4 (c) in the Appendix
_ _ _ 12
V(S0 31) < (37! = =) %0l < [Zol3 =7 = S5 |° = Mmax(Z0)? | =70 - 55|
and similarly, using that Amax(A™') = Amin(A) 7! for A € S,

V(0,21 = tr ((57(Z0 = 20))”) < Auin(0) 2 50 - =],

el

Concluding part (a). Denote by A1,..., s the eigenvalues of Q and assume that Ay, (Q) >
ie. \; > 1 fori=1,...,d. From (7.10) we obtain

d

d
K(%0,%1) = Z(/\i —1—log\;) = Z </~\i — log(1 + S\z‘))
=1 i=1

with \; = A\; — 1. Note that \; > —% by assumption. Using the inequality = — log(1 + z) < 22
for x > —%, we get

d d
K(Z, %) gz Z N —1)?=1Q — I

Finally, applying Lemma B.6 to Q € S, we also get

1Q — Il = [Zo=1" — Lall = [Zo(ET" = Zg ) < Mnax(Z0) 137 = Zg|
and similarly [|Q — I < Amin(Z1) 7|20 — 21]|, concluding (b). O
The following Lemma shows prior positivity of Kullback-Leibler neighborhoods under the trun-
cated Bernstein-Hpd-Gamma.
Lemma 7.6. Let the assumptions of Theorem 7.3 be fulfilled. Let Zl, e ,ZN be the multivariate

Fourier coefficients as in (7.7) with N = [n/2] — 1. Let

- 1, s - .
by E1f) = SEF@)1L). LECh oL N (1)

1
@) F(w) < 2
denote the probability density of Zj under Whittle’s Likelihood ]513”,(|_f) and

~(fo f fj oo f) Koo £) — By log 2l (7.13)
0 0 7 i,N\J O, = T a0 .
= ’ ’ piN(Z;|f)
piN(Z;| fo)
Vv (fo, ) = Varg, log ==——="—=, (7.14)
pj,N(Zﬂf)
for j =1,...,N, where Eg, and Varg, denotes the mean and variance under Pl (-|fo). Then
for e small enough and Be from (7.8) it holds
o 42
liminf P- (  f € B-: Kn(fo,f) <5 ¢ ) >0, (7.15)

N
1
w2 2 Vin(fo, £) = 0. for all f € B- as N = . (7.16)
=1
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Proof. By Lemma 7.4, we have Pr(B.;) > 0. Let f € B, for ¢ > 0 small enough. We start by
showing the following two auxiliary results:

b
S0 Awin(F(@) > 5, (7.17)
i i (£ fofw) f)2) 2 5, (7.18)

with by from Assumption f1. From the Min-Max principle of Courant-Fisher (see Lemma B.3
in the Appendix), it follows Apin(A + B) > Apin(A) + Anin(B) for A, B € Sy, and by
Lemma B.4 (b) in the Appendix this yields Apin(A+B) > Amin(A) —max{Amax(B), —Amin(B)} >
Amin(A) — ||B]| and hence

Amin(f (W) = Amin(fo(w) + f(w) = fo(w)) = Amin(fo(w)) = |[f = foll = bo — €

for 0 < w < m, yielding (7.17) for ¢ < by/2. Define Q(w) := f(w) 2 fo(w)f(w)~/2 (the
notation Q is chosen to avoid confusion with the similarly defined function Q(w) as in the up-
coming Corollary 7.10). Note that Q( ) is Hermitian positive definite. Since (7.18) is equivalent
0 Amin(Q(w))—1 > —1/2, it suffices to the show the stronger statement (Amin(Q(w))—1)% < 1/4.
In fact, to show (7.18), we will show the even stronger statement

max ; <)\Z(Q(w)) — 1)2 < 1, (7.19)

0<w<rr 4 4
1=

where A\1(A),..., \q(A) € R denote the eigenvalues of A € S;, counted with their respective
multiplicity. To show (7.19), first recall from (B.8) in the Appendix that the representation

3 (@ - 1) =3 (3 (@) - 1)) = 10 - 1

= [[#) 72 (Folw) = £ @) F@) 2|

holds. We use (7.17) and ||AB|| < Amax(A)|B|| = Amin(A)||B|| for A € 8§ and B € S, from
Lemma B.4 (d) in the Appendix to get

W

[ #7172 (o) — 7)) £ < Amin(F@) 2 o() — F@IP < 15* <

()
=

for 0 < w < 7 for ¢ small enough (¢ < %). This shows (7.19) and in particular (7.18). An
application of part (b) of Lemma 7.5 yields, since (7.18) holds,

4e2

Kjn(fo, f) < 5l folw;) — Flwi)® < 2

v
~ Amin(f (W)

for 5 = 1,...,N, where (7.17) was used in the last step. This yields Ky(fo, f) < 4()%2 for
0
every f € B, i.e.

PT<{f€Bs¢KN(fo,f) 4bi2}>>P<B> 0
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by Lemma 7.4, concluding the proof of (7.15), since P;(B.) does not depend on N. Similarly,
an application of part (a) of Lemma 7.5 yields V; n(fo, f) < 4})%2 for j =1,..., N, which implies
0

1 Y 1 [4e\?
_— : < | =

as N — oo, concluding (7.16). O

7.1.4. Exponential Testability

Now we show the existence of a sieve (©,,) of the parameter space © = Dy, 4 and a sequence of
tests (py,) fulfilling the assumptions (d)-(f) of Theorem 7.1. For k > 0, let

S7hi={W: W = (Wi,...,Wy) with W; € S forj=1,...,k}.

For W = (Wy,..., W) € Sjk, let B(k,W) = Z§=1 W;b(-|4,k — j +1). Recalling the trunca-
tion set C; from (7.5), we now define the sieve ©,, as

k
" on
I . +k I
0, = kLle {‘B(k‘, W): W esS, } NCr, kp:= LognJ , (7.20)

with § > 0 to be specified later. We need the following auxiliary result.

Lemma 7.7. Let W = (W1,... ., W) € S;lfk, Then it holds
W] < Vd|B(k,W) oo, j=1,....k,

where || - ||[Foo denotes the mazimum Frobenius norm from (7.3).

Proof. Let Wy := Z?Zl W; € S and let j € {1,...,k}. It is clear that W; < Wy (in the Hpsd
sense, i.e. Wy — W € SJ). Clearly, this implies Amax(Wo) > Amax(Wj) (because otherwise it
would hold z*(Wy—Wj)z < 0 for 0 # z being an eigenvector of W; corresponding to Amax(Wj),
which would contradict W; < Wj). Using this along with Lemma B.4 in the Appendix yields

W < VdAmax(W;) < VdAmax(Wo) < Vd||[Wy||. (7.21)

Furthermore, using [ b(w/7|j,k — j + 1)dw = 7Tf01 b(z|j, k — j+ 1)dx = 7 it holds

k
1 T L/
Wo=-> Wj/ b(w|j, k —j+1)dw = / B(k, W)w]dw
™ = 0 ™ Jo
and in particular

1 ™
Wall < < [ 1k Wil < 1 (65, W)

Combining this with (7.21) concludes the proof. O
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The following Lemma quantifies the metric entropy of ©,, with respect to the maximum Frobe-
nius norm || - || Fc in terms of the e-covering number. Recall from (B.28) in the Appendix that
the e-covering number is defined as the smallest number of e-balls needed to cover ©,. This
result will be needed for the construction of tests, where we will use the technique of covering the
alternative set with small balls — and the bound for the entropy is needed to derive consistency
of the test under the null hypothesis.

Lemma 7.8. The e-covering number N(g,0y,| - |

Foo) Of ©n from (7.20) in the mazimum
Frobenius norm || - ||poo ts bounded by

d3/2
10g N(2, O, || - [ Fro0) < Fn (40[2 log k,, + 2d* log 0 8 Ty 1)
with ky as in (7.20).

Proof. The proof is an adaption of the proof of Lemma B4 in Choudhuri et al. (2004a). Let (:);w =
{B(k,W): W € 8%} nC,. Since ©,, = Uk Oy, it holds

kn

N(&,0n, || lr0e) D N(E,Okm || - [ 7r00)- (7.22)
k=1

Let k <k, and let W, W, € Sgk, such that f; .= B(k,W,) € C:);w for ¢ = 1,2. We consider
the norm |W,]|; := E?:l |[Wijll1 on S;'k, with the 1-norm |[W;;||1 as defined in (B.4). By
Lemma B.4 in the Appendix, it holds ||A||; < d||A|l and together with Lemma 7.7, this yields

k k
IWalls = Wil < dY Wyl < d*k|| fill poo < d*/?kr. (7.23)
j=1 j=1

Recalling ||b(-, j, k—j+1)|lcc < k from (B.21) in the Appendix and ||A| < ||A||; from Lemma B.4
in the Appendix, we obtain

| f1 — fol

k k
Foo Sk Y Wi — Wyl <k Wiy — Wl = kW, — Whlly. (7.24)
j=1 j=1

Combining (7.23) and (7.24) with Lemma B.32 (b), we get

~ S
N(eOnr | llroo) < N (7 {W € S7*5 W < d¥2k7 |- ]1)

<N (5 {2 2l <27} )1 Ih)

where we conceived Sjk as a subset of Ck? in the last step. Noting for z = x + iy € C
(with z,y € R) the inequality |z| < |z|+ |y|, it follows that the right hand side is bounded from
above by

602120\ (62"
€ 2kd? | 3/2 T nT

— < . < - < JERRE—L
N (2]4:’{&6 R |zl < A<kt ) || H1> < ( . ) < ( . ) ,
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where the first inequality was obtained with an application of Lemma B.31 in the Appendix.
From (7.22), this yields

6d% %7

log N(g,0,, || - | Foo) < logky + 4d%ky, log ky, + 2d%k,, log

3/2
<k, (4d2 log kp, + 2d2 log 6d5 T4 1> .
0

To construct uniformly exponentially powerful tests, we need the following results. They trans-
late the integral condition [ [|f(w) — fo(w)||dw > e (occurring in the test alternatives) to
suitable pointwise conditions that hold at sufficiently many Fourier frequencies — making testing
possible at these frequencies. The results are similar in spirit to Lemma B2 in Choudhuri et al.
(2004a), where the univariate case under the assumption [ f(w) — fo(w)dw = 0 is treated.
Some arguments of our proof of the upcoming Lemma 7.9 are similar to the proof of Lemma B2
in Choudhuri et al. (2004a) and are included for the sake of completeness and readability.

Lemma 7.9. Let —00 < a < b < oo and fo: [a,b] — Sy be continuous. Lete > 0. Let Qy,(a,b) :=
{a,a+ (b—a)/n,...,b—(b—a)/n,b}. Then there exists ko € N such that for every k > ko and
every f: [a,b] — Sq with components frs, r,s = 1,...,d being polynomials of degree k, it holds
true that f; | f(x) — fo(x)||dx > & implies

— 4k,

e ne
#{x € Qn(a,b): || f(z) — fo(z)[| > 4(b—a)} = 8p(b— a)

with #E denoting the cardinality of a set E and p := max{|| f||F.co, || fol| F,00 } -

Proof. Put A := {:c € [a,b]: ||f(z) — fo(x)| > m}. By the uniform approximation property
of Bernstein polynomials (see Lemma B.12 in the Appendix) there exists kg € N such that for

all £ > ky the Bernstein polynomial approximation of degree k

B a %(b—a) _
fo(x)::z</+ fo(t)dt>b(w‘j,k—j+1), a<z<b,

=1 \JatI (-a)
fulfills
s [1Fo(e) = Folo)ll < 5= (7.25)
Put A := {:): € [a,b]: |f(2) — fola)] > m} Because of
17) = o)l < 15 ) = fol@)| + 55— 5+

it holds A C A and we continue by bounding the cardinality of A N Q,,(a,b) from below. The
integrated Frobenius norm of f — fo decomposes as

b ~ ~ ~ ~
[ 1@ = fo@ar = [ 15~ ol + [ 156 - fotwlde < 20£00) +
a A Ac

DN ™
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where £ denotes the Lebesgue measure on R. Combining this with the assumption f; Il f(x) —
fo(z)||dz > e and (7.25) yields

b b
e < [ 18~ fola)ldn < [ 1£) ~ Fata)ldz + 5 < 20(0) + 5

4
and thus £(A) > g, Since A= {:c € [a,b]: t(z) > ﬁ} with t(x) := tr ((f(x) — fo(w))2>
being a polynomial of degree 2k, it follows that A is the union of at most 2k open intervals.
Denote these intervals by Aj,..., A, with m < 2k and let hj be the length of interval flj
for j = 1,...,m. Since any subinterval of [a,b] having length h contains at least % -2
many z’s from Q,,(a, b), it follows that the cardinality of A NQ,(a,b) is bounded from below by

Z(nhj —2>:n£(A)—2mz"€ — 4k.
st b—a b—a 8p(b— a)

O]

For the construction of tests, a slightly different characterization is needed. This follows readily
from Lemma 7.9 under the additional assumption that all eigenvalues are strictly positive, and
is formulated in the following corollary.

Corollary 7.10. Let the assumptions of Lemma 7.9 be fulfilled. Assume additionally that fo(z) €
8§ fora < x <b. Let ko and f be as in Lemma 7.9. Let Q(x) = Folx)"Y2f(x) fo(z)~1/2.
Then f; | f(z) — fo(x)||dx > e implies

) ~ ne
#{2 € 0(0,0): ax(Q(x)) > 1+ or Auin (Q(@)) < 1 -2} > S0 —a

S

with € = m and p = maX{HfHFpo, HfOHF,OO}

Proof. Denote the sorted eigenvalues of Q(z) by A\1(z) < ... < A\g(z) for a < z < b. First observe

that for every § > 0, Z?Zl()\i(a:) —1)2 > 62 implies either A\g(z) > 1+ % or A\i(z) <1— %, as

otherwise |\;(z) — 1] < % for i = 1,...,d. Therefore, we will bound the cardinality of the set

d
A= {:L‘ € Qn(a,b): Z()\Z(x) —1)?2 > d§2} .

=1

To do so, we compute for a < x <b

d
Y Nilz) =1 = tr ((Q(2) — 1) (Q(x) — 1) = | Q(x) — Lyll?

=1
—|I1£5 2 (F @) = fola)) £y 22

From Lemma B.4 in the Appendix, we get
£ 2 (@) = Fol@)) Fo 1% = Amax(fo(2) 2 () — fol)|* > p12\|f(ﬂf) — fol@)[I*.

This shows A C A with A := {x € Qu(a,b): || f(z) — fo(z)]| > \/gpé}. An application of
Lemma 7.9 shows that the cardinality of A is at least % — 4k, concluding the proof. O
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Now we can construct a uniformly exponentially powerful test as follows: First, we will derive a
test that is exponentially powerful for a fixed alternative. This will be done in Lemma 7.14. The
proof makes use of the previous pointwise distinguishably results of alternatives at sufficiently
many Fourier frequencies. The exponential rate is due to a large deviation result for complex
multivariate normal random variables, which is presented in the upcoming Theorem 7.11. The
proof of Theorem 7.11 is involved and relies on some auxiliary results, which are presented in
Lemma 7.12 and Lemma 7.13. Afterwards, we will construct a uniformly exponentially powerful
test by covering the whole alternative by small balls in Lemma 7.15, where the covering number
is controlled by the entropy result from Lemma 7.8.

Theorem 7.11. Let Yy,...,Y,, be independent with Y ; ~ CN4(0,3;) and X; € Sd+ for j =
1,...,m. With 3¢j,%1; € ST, consider testing

Hy:3; =30 forj=1,...,m against Hy:X; =3 forj=1,...,m
with either

Ao (zgjl/QEUEg;/?) S14e, j=1,....m, (7.26)
or

Amin (25].1/221]-2(;].1/2) <l—g, j=1,....m, (7.27)

where AY/? denotes the Hermitian positive definite matriz square root of A € Sj and € > 0 does
not depend on m. Then there exists a test pp, fulfilling

Ef,pm < exp(—com) (7.28)
Em, (1 - SOm) < eXp(*Clm) (7.29)

for all m, with positive constants cy,c1 depending only on €.

To prove the result of Theorem 7.11, we need the following two technical Lemmas.

Lemma 7.12. Let 30,3, € S;. For 0 # a € C%, define 1(a) = 2218 - Depote by a

a*¥oa’
and a,,;, an eigenvector corresponding to the largest (and smallest) eigenvalue Amax (and Amin)

of the matriz 261/221251/2. Then

max

Sigw(@) = 0(2y P tna) = A, g;gw@ = (2 P tpnin) = Amin-

Proof. 1t holds

_ x5 o1/2
1/}(20 1/26L ): Amax 20 1< a,

—max

max

= Amax = SUP¢(Q)7
||Qmax”2 * a#0

where the characterization of A\ ax from the Minmax-theorem of Courant-Fisher (see Lemma B.3
in the Appendix) was used in the last step. The representation for Ay, follows analogously. [
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Lemma 7.13. Let E,ZND € SCJ[ and Z ~ CNy(0,%). Let 0 # a € C®. Consider the random

quadratic form ¥, (Z) = ga*ZEZ:Q Then

where X3 denotes the Chi-squared distribution with k degrees of freedom.

Proof. We first observe that, by the cyclic property of the trace (see Lemma B.2 in the Appendix)

ZZ%a=tr(a*ZZ%a) = w(Z°AZ) = Z*AZ,

Q*

with the Hermitian matrix A := aa*. By Lemma B.24, we obtain Z*AZ 4 Zle i X2,
where Aq,...,\g are the eigenvalues of ¥ A and X1,..., X, i CN(0,1). Since X A is of rank 1,
d — 1 eigenvalues are equal to 0. Without loss of generahty, assume A1 # 0. This implies the

representation Z*AZ ~ A|X1|?. On the other hand, we have
a*¥a = tr(a*Xa) = tr(AXY) Z)\ =\,

which shows ¥, 5(Z) ~ |X1|®. From Lemma 4.3, we know that X; ~ CN(0,1) is equivalent
to R(X1), 3(X1) X N(0,1/2), yielding | X1 |2 ~ 1x3. Since ¥, (Z) = £22¥, 5(Z), the result

follows. O

Proof (of Theorem 7.11). The proof is an adaption of Lemma B3 in Choudhuri et al. (2004a) and
Lemma A2 in Kirch et al. (2017). We first consider the case (7.26). Let Q; := 2&1/221]-2&1/2
for j = 1,...,m. Denote by 0 # b; € C? an eigenvector of Q; corresponding the largest

eigenvalue Apax(Q;) and let a; =3, 1/ 2b . Consider the test statistic

m a}Y ;Yza,
Ty = Z‘I’gj,EOj &), Va3, () = m

and define the corresponding test ,, as follows:
¢m=11me>m(1+g), om = 0 else.

Then, with 1 < z :=1+5 < % (for e < 1), we obtain for arbitrary z > 0 with Markov’s
inequality

Enypm = Pry (T > max) = PHO(eT’"Z > ") < e*mszHoeTmz.

11 . 2
Under Hy, it holds \I’gﬁgoj (XJ) id X2 ,j=1,...,m, by Lemma 7.13, i.e. T), % Thus the
moment generating function )y, of Tm exists and is given as ¥y, (2) = Eg,el™* = (1 — 2)™™

for z < 1, yielding

En,om < exp(—m(log(l —z)+zz)), foral0<z<1.
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The function g(z) = log(1 — z) + zz attains its maximum at 2* :=1—1 € (0,1) and g(2*) =
log 2 —1+2 =2—(1+logz) > 0 since z > 1. This yields Eg,¢m < exp(—com) with co = g(2*),
concluding (7.28).

Under Hy, it holds

. ;¥ a; &
Tm ~ Z - Xj - g )\max(Q])Xj
— a*3ja ,
]:]_ J ]:1
iid L%

with X1,..., X, ~ 22 by Lemma 7.13 and Lemma 7.12. Using assumption (7.26), this yields,

5 2
with S, ~ X2Tm,

Em (1= ¢n) = Py (Tn <m (142)) < P (1 +0)8m <m (14 ) = P(Sw < ma)

with Z := 1?_{12 € (%, 1). With the same arguments as under Hy, we get for 0 < zZ < 1,

P(Sy < mit) = P(e™5"% > ¢™™) < exp(—mllog(1 + 2) - &2)).

The function §(%) = log(1 4+ Z) — % attains its maximum at z* := 1 — 1 € (0,1) and §(z*) =
log: — 1+ > 0 since 0 < # < 1. This yields (7.29) with ¢; = §(Z*), concluding the proof for

the case (7.26).
The proof for the case (7.27) is similar, using the test statistic

~ *~
QijZij

N
a; X054,

)

Tm = Z qjéjyzﬂj (Zj)7 \II@]-,EOJ‘ (Yj) ==
j=1

where a; := 26]-1/ 2@ and 0 # ﬁj € C? being an eigenvector of Q; corresponding to the smallest

eigenvalue A\yin(Q;). The test ¢y, is then defined as
gomzlime<m<1—§>, om = 0 else

and the proof of (7.28) and (7.29) is similar as for the case (7.26). O

Together with Corollary 7.10, we can now use Theorem 7.11 to construct an exponentially
consistent and powerful test against a fixed alternative.

Lemma 7.14. Let fo: [0,7] — S:[ be continuous and fulfill Assumption f1. Let T > by with by
Jrom Assumption f1. Let f € ©, NUS, with U. = {f: [7||If(w)— fo(w)|dw < e} and O,
from (7.20). Let Zl, e ,ZN be distributed as the multivariate Fourier coefficients under the
Whittle likelihood Pﬁv(lf), i.e. Zj ~ ONy(0,27 f(w;)) forj=1,...,N = (2] — 1. Then there
exists a test op ., depending only on f and fy to test

Hy: f=fo against Hip: f=7
such that

Enyen,pe < 2exp(—con), Eg,(1—¢nre) < exp(—cin)

for all n, with positive constants cg, c1 depending only on e, 7 and d.
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Proof. For j=1,...,N, let Q; := fg(wj)_1/2f(wj)f0(wj)_1/2 and a; := fo(wj)_l/zgj with 0 #
a; € C¢ being an eigenvector of Q; corresponding to the largest eigenvalue Apax(Q;). Similarly,
let b; 1= fg(wj)_l/géj with 0 # éj € C% being an eigenvector of Q; corresponding to the smallest
eigenvalue A\pin(Q;). Let € :=

I3 . + —
pr—yel Consider the two tests P fe and ¢, fe defined as

7.7

+ 1= =I)) =j + € + —
Spny,f& 1 If ; Q]‘fo w] a >m (1 + 2) ) Spn“f’g =0 elSev

AR 5
SIEGEGE JJ - -
Cnfe= 1 if Z b*.fo )b -<m (1—2>7 P = 0 else,

with
I+f = {71 Amax(Qy) > 148}, mT = #IT,
= {J: Main(@Qy) <18}, m™=#I .

By Corollary 7.10, it holds m™ +m~ > % — 4k, > n(m — 5) > 0 by the choice

of ky in (7.20), if 0 is chosen small enough. Thus, with § = %(m — 5) > 0, it holds
either m* > 6n or m™ > dn. We define the test as

Pn,f,e i= Max {]l{m+25n}sortf,s’ ﬂ{m*ZSn}wg,f,s} :
Applying Theorem 7.11 to {Zj: je I:er} and {Zj: S I;f} yields

EHO‘PIL,f,s < 2exp(—c$mf), Eg, (1- ‘Pl,f,s) < exp(—c];mT),

for t € {+,—} and constants cl-L only depending on &, i.e. depending on € and 7 and d. This
yields the desired properties of ¢, ¢ . with co = Smin{cg, ¢y} and ¢ = dmax{c], ¢ }. O

Now we can construct a uniformly exponentially powerful test, by combining the tests against
fixed alternatives from Lemma 7.14 with the bound for the covering number from Lemma 7.8.

Lemma 7.15. Let fy: [0, 7] — S:[ be continuous and fulfill Assumption f1. Let T > by with by
from Assumption f1. Let U. = {f: [ ||f(w) — fo(w)|| <&} for e >0 small enough and let Oy,
and ky, be as in (7.20) with § > 0 small enough. Let Zl, e ,ZN be as in Lemma 7.14. Then
there exists a test @, to test

Ho: f=fo againt Hy: f € UNO,
such that

Egon =0 and sup  Ef(1—pp) < exp(—cin)
feusne,

as n — oo for some constant c; > 0, where Ef denotes the expected value under the joint
distribution of Z1,...,Zx.
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Proof. The proceeding is as described e.g. in Section 6.4 in Ghosal and van der Vaart (2017).

We start by covering U N ©,, with balls of radius § in [ - ||Fe, with centers fi,..., fa.,
where Ne = N (5,605, - ||Foo) is the €/2-covering number. Then we use the tests ¢y ; :=
Pn,fie/20 =1, Ne from Lemma 7.14 against the respective simple alternative f; to define
a test

on i=max{n1,...,PnN.}

For f € US N Oy, let j(f) be such that || fjr) — fllFeo < 5. Then by Lemma 7.14, we readily
obtain that ¢, is uniformly exponentially powerful:
sup Ef(l—¢p) < sup Ep (1 — gamj(f)) < sup exp(—cin) = exp(—cin),
FeUsno, feusno, feusno,
because ¢; does not depend on f € US N O,. The size of ¢, can be bounded with an upper

bound for the covering number N., which has been given in Lemma 7.8. Together with the size

obtained for the ¢, ;’s in Lemma 7.14, this yields

Ne

Efyon < Y Efons, < 2Nz exp(—con) < 2exp (k:n (4d2 log kn + é) - con>
j=1

where C' is a constant that depends only on 7,¢ and d. Now recalling from (7.20) that k, =
|on/logn]| with 6 > 0 sufficiently small, we obtain for sufficiently large values of n

= log o log 1
kn(4d2 logk, + C) — con < 8d%ky, log ky, — con < 8d20n °8 +1-— oglogn
logn logn 8d2§

which is bounded from above by —én for a positive constant & if 6 < min{1, g%}, because in

this case
log & log logn o o
1-— — <1l-—7=-<0.
logn + logn  8d% 8d%
This shows Eg ¢, S exp(—cn) — 0 as n — oo. O

7.1.5. Proof of Consistency Theorem

The following result bounds the prior mass of the sieve complement.

Lemma 7.16. Under the assumptions of Theorem 7.3, there exist positive constants C,¢ such
that the complement OF, = Dyxq \ O of O, from (7.20) fulfills

P.(0]) < Cexp(—cn)

for all n.

Proof. Since

Prten) = ) < P = s e
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it suffices to show the existence of a positive constant ¢ such that » ;. , p(k) < exp(—én), with
the prior p(k) fulfilling Assumption k1. We start with

o

Z p(k) <C Z exp(—cklogk) < C exp(—czlog z)dz,
K>k K>k kn

where in the last step it was used that the function (0, 00) 3 x — exp(—cz log x) is monotonically
decreasing. We continue with

/ exp(—cxlogw)dwﬁ/ exp(—czlog ky,)dx = exp(—cky, log k).
kn kn

clog k.,
Clearly it holds m < 1 for n large enough. Furthermore, using k, = ngnJ > lfgn for
any 0 <6 <& (for n large enough), it follows
con ~
exp(—cky logk,) < exp (— <log5 + logn — loglog n))
logn
~ con ~
= exp (—cén + — (log logn — log 5))
logn
)
< exp (—0571 Ml loglog n) < exp(—én)
logn
for n large enough for a positive constant ¢. O

Now we can collect all the previous results and present the proof of the consistency theorem.

Proof (of Theorem 7.3). We show that all assumptions of Theorem 7.1 are satisfied. By Lemma 7.4
and Lemma 7.6, it follows that B := {f € Dgxa: ||f — follF,eo < €} fulfills the assumptions (a)-
(c) of Theorem 7.1. Let the sieve ©,, be as in (7.20), with § > 0 small enough (as specified in the
proof of Lemma 7.15). Then it follows from Lemma 7.15 that the testability assumptions (d)
and (e) of Theorem 7.1 are satisfied. Finally, assumption (f) of Theorem 7.1 is fulfilled by
Lemma 7.16, concluding the proof. O

7.1.6. Discussion

We have shown posterior consistency of the spectral density of a multivariate time series. Our
proof technique relies on the assumption that the prior on f is supported on a set {f €
Daxa: |fll2 < 7} for some 7 > 0 sufficiently large to cover the ground truth fy. This as-
sumption is needed for our proof of exponentially powerful model testability, which would not
work for arbitrarily high-peaked alternatives. Prior restrictions of this type are common practice
in the theoretical analysis of Bayesian nonparametrics (see e.g. Section 5 in Shen and Wasser-
man (2001), Section 4 in Wu and Ghosal (2010), Section 2.2 in van der Vaart and van Zanten
(2009) or Section 6 in Ghosal and Van Der Vaart (2007), among others). However, one may
ask if it is possible to relax the prior restriction, e.g. to allow for the truncation bound to grow
with the sample size, i.e. 7, — 00 as n — co. Such assumptions (involving 7, prior restrictions
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on both f and its derivative) have been considered in Ghosal and Roy (2006) and Choi and
Schervish (2007) in the context of nonparametric regression and it will be of interest for future
research if they can also be employed in the scope of this work.

It may be noted that, although the formulation (and the proof) of Theorem 7.3 involves the
Frobenius matrix norm, the result can equivalently be stated for any other matrix norm, say ||- ||
This is due to the equivalence of matrix norms. The statement of the Theorem then translates
to neighborhoods of the form U., := {f € Dgxq: [y |If(w) — fo(w)|l«dw < e}. In fact, the
Frobenius norm has been chosen mainly for mathematical convenience to conduct the proofs —

due to its close connection to eigenvalues and the trace.

One further interesting aspect for future research is to widen the class of stationary time series
for which consistency holds beyond Gaussianity. Our proof technique relies heavily on the
mutual contiguity of the exact likelihood and Whittle’s likelihood approximation for Gaussian
time series. For different classes of distributions, this result is not true in general (see the
discussion after Corollary 4.5) and hence a different proof technique will be needed to establish
consistency in the non-Gaussian case. Another interesting extension would be to consider the
high-dimensional asymptotic setting, in which the dimension d of the observations is allowed to
depend on n and to grow to infinity as n tends to infinity.

7.2. Posterior Contraction Rates

A posterior consistency result states that the posterior distribution converges asymptotically
to the degenerate measure at the true parameter #y. In other words, for every arbitrarily
small (but fixed) neighborhood U of 6y, all posterior probability mass will eventually aggregate
within U as the sample size grows to infinity. It is natural to ask how fast this convergence takes
place. The idea of how to measure this constitutes the usage of shrinking (instead of fixed)
neighborhoods U, of 6y. The question is then, how fast the radii of these neighborhoods can
shrink to 0, such that they still capture all posterior mass asymptotically. This idea is made
mathematically rigorous by the notion of contraction rates. A brief introduction into posterior
contraction rates is given in Section 7.2.1. Our main theorem, establishing contraction rates for
the spectral density matrix in the Hellinger topology is presented in Section 7.2.2. The proof of
the theorem will be developed in Sections 7.2.3-7.2.5 and the final Section 7.2.6 concludes with

a discussion of our findings.

7.2.1. Introduction

Let (e,,) be a sequence of positive numbers, typically fulfilling €, — 0 as n — oo (although the
latter property is not needed technically for the definition). Let (Z1,...,2,) ~ Py, with 0 € ©
and © being some parameter space endowed with a metric d. Then (e,) is a contraction rate
at 6y with respect to d, if for every sequence (M,,) of positive numbers with M,, — oo it holds

P (B§y,.,(00)Z1,. .., Zy) — 0, in P probability as n — oo, (7.30)
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with B.(6p) = {0 € O:d(0y,0) < €}. Here, for every sequence (M,) in particular refers to
sequences that diverge arbitrarily slowly to infinity as n grows. In fact, there are examples in
which the sequence M,, can be replaced by a positive constant M (see e.g. Section 2 in Ghosal
et al. (2000)), however for many proof techniques this is not possible. Still, for M,, tending to
infinity arbitrarily slowly, the radius Mye, in (7.30) can be viewed as close enough to e, such
that e, allows to be interpreted as order of convergence speed. For a more detailed discussion,
see e.g. Chapter 8 in Ghosal and van der Vaart (2017).

Theorem 7.1 is not suited to derive good contraction rates, since it is usually necessary to employ
stronger assumptions on the model and the prior. Of course, it can be expected that model
testability and prior positivity will also be needed and it is additionally required to quantify
how much mass the prior distribution puts in certain regions and how fast the convergence of
the model tests takes place — this will be made precise in the upcoming Theorem 7.17, which
can be conceived as an extension of Theorem 7.1.

Rates of convergence for iid models have been derived in Ghosal et al. (2000), and — using a
different entropy measure — also for certain regression models in Shen and Wasserman (2001). A
general theory for non-iid observations has been developed in Ghosal and Van Der Vaart (2007),
where the authors also established contraction rates for the spectral density of a univariate
Gaussian time series for a truncated version of the Bernstein-Dirichlet prior from Choudhuri
et al. (2004a) and Whittle’s likelihood in the Hellinger topology. Furthermore, the authors also
derived conditions for contraction rates in the L2-topology, using the full Gaussian likelihood

and prior distributions that are confined to uniform Holder classes.

Theorem 7.17. Let Zyy,...,Znyn be independently distributed having density pjn(-,0) with
respect to a o-finite measure on a Borel space X; for j =1,...,n, where 0 € © and © 1is some
measurable space. Let 6y € ©. Denote the joint distribution of (Zip,...,Znn) under 8 € ©
by Pj. Let the Kullback-Leibler (KL) divergences Kj, and variance terms Vj, be defined as
in (7.1) and let

n

1 1<
Kn(f0,0) := ~ > Kjn(60,0),  Vi(6o,0) = - > " Vin(6o,0).
7j=1 j=1

Consider the KL-type neighborhoods
By2(00,6) :== {0 € ©: K, (00,0) < 62, V(60,0) < 6°}.

Let P be a prior on © and consider a sieve sequence (O) with ©, C O. Let (&5,) be a sequence
of positive numbers with &, — 0 and ne2 — oo as n — oco. Let dy, e, be two semimetrics (as
defined in Definition B.30 in the Appendix) on ©. Let the following assumptions be fulfilled:

e Prior mass of neighborhoods: There exists ¢ > 0 such that
(a) P(Bna2(0o,en)) > exp(—cne?).

e Existence of tests: There exist £, K > 0 such that for all 6 > 0 and 01 € © with d,(01,6y) >

0, there exists a test @, with

(b) Ef pn < exp(—Knd?),
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(¢) supgee; en(0,01)<ES Eg(1—py) < exp(—Knd?),
where Ey refers to the expected value under Py'.
e Sieve entropy and complement mass: With the & > 0 from (c) it holds

(d) sup.s., N(&e,{0 € On: dy(0,00) < 22}, €,) < exp(ne?),

(e) % = o(exp(—2ne?)) as n — .

Then ey, is a posterior contraction rate with respect to d,, in the sense of (7.30).

Proof. The result is Theorem 1 and Lemma 1 in Ghosal and Van Der Vaart (2007). Indeed, we
observe that Assumption (a) implies

Pf € O,: je, < dn(0,00) < 2jey,)

< exp(Kne2j?/2
P(Bn,Q(GO,Sn)) — p( j / )

for all sufficiently large j € N, since the numerator on the left hand side is smaller or equal to 1.
Hence Assumption (2.5) in their Theorem 1 is fulfilled. Furthermore, Assumptions (b) and (c)
correspond to Assumption (2.2) in Ghosal and Van Der Vaart (2007), and Assumption (d) to
Assumption (2.4). Finally, Assumption (e) corresponds to the assumptions of their Lemma 1. [J

When comparing the assumptions of the posterior contraction Theorem 7.17 with the posterior
consistency Theorem 7.1, the following differences are prominent. The assumptions of prior
positivity (assumptions (a)-(c) of Theorem 7.1) are strengthened to an actual prior mass quan-
tification of neighborhoods (assumption (a) of Theorem 7.17). The assumption of uniformly
exponentially powerful testing (assumptions (d) and (e) of Theorem 7.1) have been modified
towards an assumption for local testing against fixed alternatives, at an exponential né? con-
vergence rate (see assumptions (b) and (c) of Theorem 7.17) and a stronger upper bound for
the sieve entropy in terms of covering numbers (assumption (d)). The prior mass of the sieve
complement (assumption (f) of Theorem 7.1) has been refined to assumption (e). The result
from Theorem 7.17 can be stated for more general experiments (e.g. dependent observations)
and under suitable conditions it is also possible to strengthen the posterior contraction rate
from convergence in Pj' probability to Fj' almost sure convergence, see Section 8.3 in Ghosal
and van der Vaart (2017) for further details.

In view of these differences, there are two main challenges when extending a consistency result
towards posterior contraction rates. Namely, the choice of a suitable topology (semimetrics d,,
and e,, fulfilling the testability assumptions (b) and (c) from Theorem 7.17) and to establish the
prior mass condition (a) of Theorem 7.17. Regarding the first issue, the L! topology (integrated
Frobenius norm) is not suited, since it is too restrictive. In fact, an inspection of the proof of
Lemma 7.15 reveals that an exponential nd? rate cannot be established by our proof technique.
A default choice in the setting of independently, non-identically distributed random variables is
the root average squared Hellinger distance

1 n
st (0.00) = | > 03(40). D (-, 00) (731)
j=1
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(see (3.1) in Ghosal and Van Der Vaart (2007)), with the Hellinger distance dg(p, q) between
two probability densities p, ¢ on a Borel space X being defined as

dhlpa) =3 | (Vo) - Vi) d = 1= [ Vallaii

It is known that tests satisfying assumptions (b) and (c) from Theorem 7.17 exist for d,, = e, =
dp, (with K = 3 and € = %), as the following result summarizes.

Lemma 7.18. Let © be a measurable space and let Z1 y, ..., 2y, be independently distributed
with densities p;(-,0) with respect to a o-finite measure on a Borel space for j = 1,...,n,
where § € ©. Let ¢ > 0 and 6,01 € © with d,, g(0,60p) > €. Then there exists a test oy such
that

1 1
Ef§, on < exp(—=ne?), sup ES(1 — ¢n) < exp(—=ne?),
2 0€0: d 1 (0,.0)<5 2
where Ej denotes the expected value under the joint distribution of (Zip,. .., Znnl0).
Proof. See Lemma 2 in Ghosal and Van Der Vaart (2007). O
It is known that a contraction rate of g, = n~%(+2%) (log n)(1+22)/(2+24) for an a-smooth spectral

density (where we use the notion of smoothness in the sense of Assumption f2) for a € (1,2)
of a univariate Gaussian time series with respect to d, gy under Whittle’s likelihood can be
achieved with a Bernstein-Dirichlet prior (see Ghosal and Van Der Vaart (2007) and Exam-
ple 9.19 in Ghosal and van der Vaart (2017), where the authors present a result for a € (0, 2],
however their argument is only valid for a € (1,2), since their proof technique relies on the
mutual contiguity result from Choudhuri et al. (2004b), which is only valid for a > 1). This
rate can be improved when using splines, which are known to have better approximation prop-
erties than Bernstein polynomials (c.f. Remark B.14 in the Appendix). It it thus of interest
to investigate whether these rates can also be attained in the multivariate setting under the
Bernstein-Hpd-Gamma prior. In the upcoming Section 7.2.2 (see Theorem 7.20), we will settle
the answer to affirmative.

7.2.2. Contraction Rates in the Root Average Squared Hellinger Distance

As for posterior consistency (see Section 7.1.2), we will also consider a truncated prior. The
truncation is conducted two-sided, keeping the eigenvalues of the spectral density matrices uni-
formly away from both zero and infinity a priori. This is in line with Assumption f1 on the
ground truth spectral density (c.f. the discussion after Assumption f2 for a brief discussion of
the statistical interpretation of these conditions). To elaborate the prior, let 0 < 71 < 79 < 00

and consider
Cror =A{Ff € Daxa: Mnin(F(w)) > 70, Amax(f(w)) <7 for all 0 <w < 7}. (7.32)

Denote by P the Bernstein-Hpd-Gamma prior as in (5.2) and assume that P(Cr, ) > 0 holds
(this is e.g. the case if the prior fulfills Assumption GP4 and Assumption k2 below, see the
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upcoming Corollary 7.21). Define the two-sided truncation of P as

P(FNCrmy)
P F) = —0’17
R 2
We will employ the following assumption on the prior probability mass function of the polynomial

F C Dyyq measurable. (7.33)

degree k:

Assumption k2. There exist positive constants A1, Ay and positive constant k1, ko such that

Ay exp(—riklogk) < p(k) < Ayexp(—rok), ke N.

We shall give a brief discussion of this assumption.

Remark 7.19. (a) Any prior probability mass function of the form p(k) = Cexp(—cklogk)
for k € N and positive constants ¢, C clearly fulfills Assumption k2. Similarly, so does any
prior with probability mass function of the form p(k) = C exp(—ck).

(b) If k ~ Poi(C) a priori, i.e. with probability mass function p(k) = %exp(fC') for k e N
and a positive constant C, then Assumption k2 is also fulfilled. This follows with the same

argument as in Remark 7.2 (b).

Based on the general result from Theorem 7.17 and the existence of tests for d,, i from Lemma 7.18,
we can now formulate the contraction rate results for the spectral density matrix with respect
to d,, g, under suitable assumptions on Bernstein Hpd Gamma prior.

Theorem 7.20. Let {Z,} be a Gaussian stationary time series in RY with mean zero and
spectral density matrix fo fulfilling Assumptions f1-f2 with 1 < a < 2. Let 79 € (0,by) and 71 €
(b1,00) (with by and by from Assumption f1). Denote by Py the joint distribution of the
Fourier coefficients Z1,...,Zy from (7.7). Let the prior on the spectral density matriz f be
given by the truncated Bernstein-Hpd-Gamma prior Py, -, from (7.33) with prior on ® fulfilling
Assumption GP/J and prior on k fulfilling Assumption k2. Then

2+2a)( )(1+2a)/(2+2a)

en = n~( logn

is a contraction rate with respect to the root average squared Hellinger distance d, g under
Whittle’s likelihood P, (from (5.3)), i.e. for every positive sequence (M) with M,, — oo forn —
oo it holds

Py iromy AF o dnu(f, fo) > Myent|Zy,...,2,) — 0, in Py probability as n — oo,

r=n

where PI?V;ro,n denotes the pseudo posterior distribution obtained by updating the P, r, prior

with Whittle’s likelihood Py, .

We first observe that in the setting of Theorem 7.20, the average squared Hellinger distance d?% I%
is given by

N
& 5 (f, fo) = %Z d% (pjn Gl fo),pin CIF)) (7.34)
=1

with p1 n,...,pn N from (7.12). We will prove Theorem 7.20 by verifying the assumptions of
Theorem 7.17. Since the assumptions of the contiguity result from Corollary 4.5 are fulfilled,
we can without loss of generality assume that Z Loeeos Zn are independent and distributed as
under P (-] fo).
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7.2.3. Prior Mass of Neighborhoods

The two-sided truncation in (7.33) is well-defined under the above assumptions, as the following

result summarizes.

Corollary 7.21. Let the assumptions of Theorem 7.20 be fulfilled. Let ¢ € (0, min{by — 79,71 —
b1}) and

B. :={f € Daxa: |f — folFee <€}

Then it holds B: C Cry 5 for the two-sided truncation set Cr, r, from (7.32). In particular, it
holds P(Cry ) > 0.

Proof. First observe that from Lemma B.3, we obtain Apin(A + B) > Apin(A) + Amin(B)
for A, B € §;. Let f € B.. These considerations lead to

)\min(-f(w)) > )\min(.f(w) - fO(W)) + Amin(.f()(w)) > )\min(f(w) - fO(W)) + bo

for 0 <w < 7. Since £2 > || f(w)— fo(w)||?, it follows from (B.8) in the Appendix that |A;(f(w)—
fo(w))| <efor j=1,...,d, and in particular Amin(f(w) — fo(w)) > —¢, yielding Amin(f(w)) >
bg —e > 1 for 0 < & < by — 79. With the same argument as in the proof of Lemma 7.4, we also
obtain Apax(f(w)) < 7 for 0 < e < 7 — by. This shows f € Cr -, and the rest of the proof is
analogous to the proof of Lemma 7.4. O

Similar to (7.20), we define a sieve structure ©,, on © = Dy, 4 by

kn,
0. = {qs(k,m); W e sjk} NCryms ki = pep e, (7.35)
k=1

with a from Assumption f2 and €, as in Theorem 7.20 and p is a positive constant to be specified

later. We start with quantifying the prior mass of neighborhoods of ®.

Lemma 7.22. Let fy fulfill Assumptions f1-f2. Let ky, be as in (7.35). Let ® ~ CRMyxq(v)
with Poisson mean measure v from (3.1) fulfilling Assumption GP4. Let

Fy(A) := /Afo(w)dw, A C [0, 7] measurable, (7.36)

denote the spectral Hpd measure corresponding to fo. Denote by (Ij,:j = 1,...,ky,) the
partition of [0, 7] from (5.1). Then there exist positive constants cy, Cy not depending on n such
that

€n

’ > Cp exp(cokn logey,)

Fon
P> @k, — FoIjn,)| <
j=1

holds for all n with &, as in Theorem 7.20.
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Proof. First we note that

~ €
> N®(ik,) — Follix )l < 7 | > P max |®(Ik,) — Fo(Lix,)| < 5
T kn j=1,....kn ]{7

Since it holds ;= > &, for n large enough, the probability on the right hand side is bounded
from below by

P (s 19(030,) ~ Folls, ) < 1) = HP 1B(1,) — Rl < =2)

J=1L..,kn

where the independence property of ® from Remark 3.1 was used in the last step. Since X =

[0, 7] fulfills Assumptions X'1 and X2, the assumptions of Theorem 3.7 and Corollary 3.8 are ful-

filled. With Cy 5, == [, X a(z,S;)dz, an application of Corollary 3.8 yields, for j = 1,. .., kn,
J,kn

P ([|®(Ij,) — FolIin)ll <&3) > Chaj, exp ((d° + Cojk, +1)3logen)

with

1 2
Keajkn = €XP(—cCla,j k,) (1 — exp {—2W <C’ " )}) 90L (L k,)
&, 7,Rn
1 2
=exp(—cCq j k) (1 — exp {—2W (C’ . )}) gk(:)l’
Q,],Rn n

with go from Assumption GP4 and positive constants ¢, C' only depending on (p, 81 as in As-
sumption GP4, d and by as in Assumptions f1. Using Z?Zl Cajn = f(;T a(z, Sjl')dzv = C,, this
leads to

kn
[P (1% n,) - Bl < <2)
j=1

. (7.37)

> Chn H Kayjkn | €XP ((Ca + kn(d2 +1))3log en),
j=1

gom o Jon 1 2
0
Hﬁa]kn exp(—cCly) < T ) H <1 _eXp{_QW (Ca,j,kn>}> '

Jj=1

with

Since, by Assumption GP4 and Lemma B.10 in the Appendix it holds

r
O‘Jkn / / I‘ dU dx <gl/ dm/ dU = M d(d) S C]_
Jkn Jkn ¥ (d)

for all j =1,...,k, and hence, recalling that the Lambert W function (as defined in (B.27) in
the Appendix) is strictly monotonically increasing on (0, c0),

1 2 1 2
— —= >1- =:c
1 exp( 2W(Ca,j,kn>) 1 exp( W(C'1>> c >0,
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we get

~ kn
emgo _
I | Kayjkn = €xp(—cCyq) ( k:g ) > exp(—cCly) (ﬂcgo)k” Efl".

n

With (7.37), this leads to
kn )
H P(|®(i,) — FolLig)ll <el) > O exp(—cCly) exp ((Ca + kn(3d* + 4)) logey,)
j=1

for a positive constant C. The right hand side is equal to

C, logC

exp(—cCy) exp | kyloge, | 3d% +4 + +
k: loge,

) ) > Cp exp(cokn logey)

for all n, where Cp := exp(—cC,) > 0 and ¢ is a positive constant, since 3d? + 4 + {Cq/kn +
log C'/loge,} is bounded from above. O

The following result quantifies the prior mass of neighborhoods of fy under the truncated
Bernstein-Hpd-Gamma prior.

Lemma 7.23. Let the assumptions of Theorem 7.20 be fulfilled. For j = 1,...,N let the
Kullback Leibler terms K n(fo, f), Kn(fo, f) and V; n(fo, f) be as in (7.13) and (7.14) and

define Vn(fo, f) := % Zjvzl Vin(fo, f). Fore >0, let
Bna(fo,e) == {f € On: Kn(fo. ) <% Vn(fo. f) <}, (7.38)

with the sieve ©,, from (7.35). Then there exists a positive constant ¢ such that

Pryr (Bya(fo,en)) > exp(—cne;,)

holds for all n with e, = n~%(+20) (1og n)(1+20)/(2420) 45 in Theorem 7.20.

Proof. The proof is similar to Section 7.3 in Ghosal and Van Der Vaart (2007) and Section 9.3
in Ghosal and van der Vaart (2017), where a related result has been shown for the univariate case.
Let &, = bo% and Bz, :={f €O, ||f — follFoo <én}. Let f € Bs,. From Lemma 7.5 (a),
we get

Vin (fo, F) < dmin(F(w)) 2oy — Flwpll? < e j=1,...,N,

where in the last step it was used that Amin (f(wj)) > bO by (7.17) for n large enough By (7.18),
the assumptions of part (b) of Lemma 7.5 are fulﬁlled7 yvielding K; n(fo, f) < €2. We conclude
that Bz, C Bn2(fo,en) and proceed by bounding the prior mass of Bz, from below.

For &, small enough, it holds Bz, C C;, r, (with the two-sided truncation set C, ,, from (7.32))

by Corollary 7.21 and hence Py, -, (Bz,) = ]Z(z )) > P(Bz,), where P denotes the Bernstein-
70,71

Hpd-Gamma prior without truncation.

Let f = Z?ll D (11, )b(-/7|j, kn — j + 1). Recall that the components of fy are (by Assump-
tion f2 and Lemma B.15 in the Appendix) continuously differentiable with derivative being
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Holder of order a — 1 > 0. Denote by Fj the spectral (Hpd) measure corresponding to fo as
in (7.36). An application of Lemma B.13 in the Appendix yields || fo — B (kn, F0)| Fe0 < Cln®/?

and hence, using [|b(:|j,k — j + 1)||co < k (see (B.21) in the Appendix),

kn
1 = Follroo < I1f = B(kn, Fo)llpoc + Chy /% < ke Y 19 (Ljk,) — Fo(Li, )| + Chyy 2
j=1

(recall the definition of the equidistant partition of [0, 7| from (5.1)). Choosing p in (7.35) large
enough yields Ck,, o2 _ ¢ p~ 2, < %" and thus

kn ~
E?’L
P(Bz,) > P (4 (k,®): kb =Fn, ko Y _ [ ®(I,) — FolIin,)ll < &
—
k J (7.39)
n én
( ) J;H ( ],kn) O( J,kn)H < 2%,

where in the last step it was used that k and ® are independent under the prior. By the choice
of k,, it also holds

-2 -3
kplogk, = —k,loge, + kylogp < —k, loge, (7.40)
a a
for n large enough. Hence, by prior assumption £2 it holds
P(k = ky) = p(kn) > Ay exp(—r1ky log ky) > Ay exp(éi1ky, logey,)

for a positive constant ¢;. Furthermore, it follows with Lemma 7.22 that

kn, ~
3 ~
P 18Um) = Bl < 51 | = Cexpleakyloge,)
=1 "

for positive constants C, é2. Combining these results into (7.39), we arrive at
P(Bz,) > C exp(skn logen) = C exp(pése, 2/ *logey)

for a positive constant ¢3. Furthermore, ¢, fulfills (for n large enough)

2+ 2a 2+ 2a

> 5 —a2 nl/(1+a)(logn)l—(l/a+2)/(1+a)
T 24 2a
= —C4nn_a‘/(1+a) (log n)(a—l/a—l)/(1+a)

en 2/ loge, = n!/ 1+ (logn) (/@ +2)/(1te) <_a logn + +2% Joglog n)

= —¢ynn~%/(1+a) (log n)(1+2a)/(1+a)‘0(1)|,
ie.
e 2% oge, > —cqne?|o(1)| (7.41)
as ne2 — oo for a positive constant cs. Hence it follows
P(B:,) > Cexp(—péscane?) = exp(log C — pézcane?) > exp(—2péscane?), (7.42)

yielding the claim with ¢ = 2péscyqy > 0. O
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7.2.4. Sieve Entropy and Complement Mass

The next result quantifies the sieve entropy in terms of covering numbers with respect to d,, 5.
The idea is to bound d, g from above by means of the maximum Frobenius norm (see the
upcoming Lemma 7.24), and then apply the existing result for the latter from Lemma 7.8.

Lemma 7.24. Let 31,35 € ‘S'd+ wWith Amin(2;) > 70 > 0 and Apax(X;) < 11 < o0 fori=1,2.
Denote by p; the density of the CNy(0,%;) distribution for i = 1,2. Then the squared Hellinger
distance between p1 and ps can be bounded from above by

d(p1,p2) S |21 — 3o

for proportionality constants depending only on 9, T and d.

Proof. The normalizing constant of the probability density of the CN4(0, X~1) distribution is

e

exp(—2"¥2)dz = =, X €S .
/Cd b ¢

With this we compute, using the results from Lemma B.5 in the Appendix,

d(p1,p2) =1 — /(Cd Vp1(2)Vp2(2)dz

1 DINEED Ve
-1 | 2L =2 d
delwﬂ/@exp( : [ T }z) .

9d 2z sy
RN RS e PIES N
From this, we compute
25255 _ 21, 121,
Bl s s s sy (s, s s e
_ 21| _|2n)
|Ef1/421/2 1/4+E 1/ds, 1/42 N —1/ds, 1/4| |Q+Q|’
with Q = 3, /21?5, € St and @ = 5, V'V x5 V%,V € ST and T4 denoting

the Hpd square root of 12 for ¥ e Sj. Note that the elgenvalues of Q and Q are bounded
away from 0 (this follows from the Min-Max Theorem of Courant Fisher from Lemma B.3 in
the Appendix, since the eigenvalues of 3y and 3; are bounded and bounded away from 0 by
assumption) and hence |Q + Q| > H?:1()\i(Q) + Xi(Q)) (see Lemma B.5 in the Appendix) is
bounded away from 0. This yields

Q+Q| - [214] _
Q+ Q) s

where the proportionality factor depends ‘only on 79,71 and d. Observe that the eigenvalues

Q+Q
2

d%(p1,p2) =

‘ ‘Id’7

of Q + Q are also bounded, i.e. )\max( Q) < 7 for some positive constant 7 (depending only
on 79,71 and d). Using [I;| = 1 and || < Apax(X)? for T € S yields

~ d
0 < dqu(PhPQ) rg (Amax (Q ;_ Q)) -1
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It follows that 7 > )\maX(Q%Q) > 1, which implies that the largest eigenvalue Q;Q — I, is

nonnegative (note however that % — I; is not positive semidefinite in general, but may have

eigenvalues smaller than zero as well). By Lemma B.26 in the Appendix, there exists a positive
constant 7 such that

~ d ~ ~
(Amax (Q—;Q>> _1§7~_<)\max (Q—;Q> _1) SAmaX (Q;Q) -1

By Lemma B.4 in the Appendix, we find

)\max <Q+Q> _1:Amax <Q+Q_Id> <

Q+Q
2 2 2 d

2
1 1, ~
<5 11Q — ILilly + 51Q — Lall2,
2 2
and it follows

dty(p1:p2) S 1Q = Lall +[1Q — L]- (7.43)

For the first summand in (7.43) we get, using Lemma B.6 in the appendix (and recalling ||AB|| <
| A[l2]|BI|)

—1/21/2 —1/2 1/2 1/2 —1/2 1/2 1/2
1Q — I = ||=5 22V — 1)) < 1252121277 = =52 < 7 2212 — =22

Consider the mapping W: Sj — Sj defined as the Hermitian positive definite matrix square
root X+ ¥(X) := X2, Then for X; # Xy it holds

[W(%0) - W (Eo)| _ [[¥(Z1) - ¥(%n) - W(Z0)[Z — S]] | [[W(321)[Z2 — 3|

. (7.44
RSN A IS R

where W’ is as in Lemma B.11. The first summand on the right hand side of (7.44) is the
difference quotient of W(Z) at Z = 3; and converges to 0 as ||¥; — Xa|| — 0, since ¥
is Fréchet differentiable by Lemma B.11. In particular, it is bounded for all 3,35 with
bounded eigenvalues. The second summand on the right hand side of (7.44) is smaller or equal
to ||®’(X1)]], which is bounded by a constant (only depending on 7y and d) by Lemma B.11.
This yields | E1/? — £/%|| < [|21 — 2| and thus

1Q — Lal| < %1 — |- (7.45)
For the second summand in (7.43), we first observe
Q- L <@ - Q7'+ 1Q~" — L.
With the same argument as for (7.45), we readily obtain [|Q ™1 — I < ||21 — X2||. Furthermore
A - —1/d—1/4 —1/d—1/4 1/dgr—1/21/4
o e TR e i
—1/4,5—1/4 ~1/4 1/2v—1/2521/2\ 2 —1/4
=%, / (2 / P22 / _22/ 2 / 22/ )2, / |
—1/2 | xa—1/4 —1/4 1/2v—1/21/2
S T
—1/2 | sa—1/4 —1/4 1/2 1/2v—1/251/2 1/2
e T R R LT
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and
1/2«—1/21/2 1/2 1/2 1w —1/2w1/2 T1 1/2 1/2 1/2
=57y - 22 < A - < () 1= - 2 S 1
as well as
—1/4 —1/4 1/2 —1/4 —1/4 1/2 1/2 1/2
[Pomis 555 >R SHE D SRS 575 SRt > [ D> S
—1/2 1/2 1/2
<7 P = =) + 127 - =57
S I3 — |
yield [|Q — I|| < ||21 — 22||. Combining this with (7.45) and (7.43) yields the claim. O

Lemma 7.25. Let the assumptions of Theorem 7.20 be fulfilled. Then for sieve ©,, from (7.35),

the e-covering number in the root average squared Hellinger topology fulfills

log sup N(&e,{f € On: dn u(f, fo) <2e},dnu) < ne?

E>En

with €, as in Theorem 7.20.

Proof. The proof follows the arguments of Section 9.5.2 in Ghosal and van der Vaart (2017).
Recall the representation of d,, i (f, fo) from (7.34). From Lemma 7.24 we conclude for every f €
O,

&2 i (F, fo) < j_HllaXNd%{ (pjNClS0), pinCIF)) SNIF — foll Froo-

=1,...,

From this, an application of Lemma B.32 in the Appendix yields

IOg sup N(&f, {f € @n5 dn,H(.f7 fO) < 25}a dn,H) < logN(ﬁsn, Gna dn,H)

e>en
< log N(c&%ep, On, || - |
< Clkin IOg kin — Cgk?n log En tcC3

F,oo)

for positive constants ci, ca, c3, where the result from Lemma 7.8 was used in the last step.
Using (7.40) and (7.41), this is bounded from above

-3 3
(a - CQ) kploge, +c3=—p <a + 02> e Noge, + c5 < netlo(1)] + 3

as ne2 — oo. Since it also holds c3 = nec3/(ne?) = |o(1)|ne2, this leads to

log N(c€%ep, O, || - | Fo0) < mepfo(1)] < nep (7.46)

for n large enough, concluding the proof. O
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7.2.5. Proof of Contraction Rate Theorem

The last piece in the puzzle is to bound the prior mass of the sieve complement ©¢ = Dy, 4\ Oy,
which will be done in the following Lemma.

Lemma 7.26. Let the assumptions of Theorem 7.20 be fulfilled. Then it holds

PTO,TI(GTCI>
P’Fo,ﬁ (Bn,Q(an En

with Oy, as in (7.35) and By 2(fo,en) from (7.38).

— 0 |ex _n€2
7= (exp(—2ney,))

Proof. The proof follows the arguments of Section 9.5.2 in Ghosal and van der Vaart (2017).
First note that — by the same argument as in the proof of Lemma 7.16 — there exist positive
constants C, ¢ such that

P, (05) < exp(—cky, log ky,) < exp(—cky, log k)

log Ky,
holds for n large enough. With k,, as in (7.35) and ¢, as in the assumptions, we get ¢k, log k,, >
pne2 with (7.40) and (7.41). This yields

Pry 7, (©5) < exp(—pne;.). (7.47)

Using the result from Lemma 7.23, we arrive at

Pry 1 (05)
PTO,Tl (BN,2 (an En

and choosing p sufficiently large (such that p — ¢ > 2 and in accordance with the choice be-
fore (7.39)) yields the result. O

5y < o (—(p = c)ney)

Now we can show the main result of this section by putting all previous results together.

Proof (of Theorem 7.20). We will apply Theorem 7.17. By Lemma 7.18, assumptions (b) and (c)
of Theorem 7.17 are fulfilled, by Lemma 7.23, also assumption (a). Furthermore, assumption (d)
follows from Lemma 7.25. Finally, assumption (e) from Theorem 7.17 is fulfilled for the sieve ©,
from (7.35) by Lemma 7.26. O

7.2.6. Discussion

We established posterior contraction rates for the spectral density matrix of a multivariate
Gaussian time series in the Hellinger topology. The rates coincide with the univariate case,
which has been considered in Ghosal and Van Der Vaart (2007). It is known that these rates
can be improved when using a different polynomial basis than the Bernstein polynomials.

It may be argued that the Hellinger topology is not the most “natural” topology for a curve
estimation problem and it will be of interest for future research to establish rates in different
topologies (such as L'). As an example, in Ghosal and Van Der Vaart (2007) the authors derived
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conditions for L.? contraction rates for the spectral density of a univariate time series. These
conditions include prior assumptions that are related to an a priori bound of the derivative.
One main challenge for rates in different topologies is to show the existence of appropriate tests
(condition (b) and (c) of Theorem 7.17). As an example, the tests for the L! topology from
Lemma 7.15 do not lend themselves to this purpose, since they do not yield the needed ne2
rate. On the other hand, the technique from Theorem 7.17 is not the only feasible way of
deriving posterior contraction rates. In fact, it has been argued in Hoffmann et al. (2015) (see
Section 5.3 there for a detailed discussion) that this proof technique has limitations and may
yield suboptimal rates for certain models and topologies.
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Semiparametric Model



Bayesian Semiparametric Linear Model

In many cases, a stationary centered time series is not the only object of interest, but merely de-
scribes the error sequence in a model with an additional finite-dimensional parameter of interest.
Examples of such a situation range from linear models (with model coefficients being parameters
of interest) and change point analysis (with change points being parameters of interest) to non-
linear regression (with the regression function being parameter of interest). Such models have
seen recent attention in the Bayesian nonparametric literature. For example, in Amewou-Atisso
et al. (2003), a Bayesian linear regression model is analyzed, where the density of the iid noise
is modeled nonparametrically with Polya Tree or Dirichlet Process mixture of normals. In Ed-
wards et al. (2015), the noise time series of a parametric gravitational wave signal has been
modeled nonparametrically with a Bernstein-Dirichlet prior on the spectral density. Despite
the existence of many other Bayesian semiparametric approaches in this spirit (see Section 12.3
in Ghosal and van der Vaart (2017) and the references therein for further examples), only few
Bayesian semiparametric models for time series analysis have been considered in the literature,
in particular from an asymptotic perspective.

8.1. Model and Prior Specification

We consider the following multivariate Bayesian linear model:
Z,=XiB+e, t=1,...,n, (8.1)

where {Z,} is the observed time series in R? and X; € R%*" is a (fixed) design matrix and B € R”
the linear model coefficient. The noise {e,} is assumed to be a stationary Gaussian time series
in R? with Ee, = 0. The model equation (8.1) can equivalently be written in a vectorized

formulation

Z=XB+e,
with the stacked observations Z = (Z71,...,Z0)T ¢ R™ and e = (el ,...,el)T € R as well
as X = (X{,..., X7 € R, In what follows, we assume that the design matrix X is

of full rank such that X7 X is invertible. Denoting by F,q € R">*"? the orthogonal Fourier
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transformation matrix from Lemma 4.1, the above formulation can equivalently be written in

the frequency domain as
Z=XB+¢, (82)

with Z = F,,Z € R and é = F,ge € R™ as well as X = 1aX € R™*T - Recall from
Section 4.2 that Z contains the stacked real- and imaginary parts of the frequency domain
observations. This representation invites us to employ Whittle’s Likelihood to conduct inference
about B and f in the frequency domain. Under Whittle’s Likelihood Pjj, from (4.16), the
frequency domain noise vector € is multivariate normal with mean zero and block diagonal
covariance matrix D,4 as in (4.16), i.e. € ~ Npq(0, D,q). Thus Whittle’s Likelihood for the
model (8.1) is given by the Lebesgue density

Py (1B, f) = M exp (—; (:-xB) D} (z- m)) , 83)

for Z € R™. The Bayesian model is completed by a prior specification for B and f. If one
does not want to rely on any parametric assumption about {e,} (aside the Gaussianity), it
seems natural to model it nonparametrically in terms of a nonparametric model for f. In this
case, the above model is a semiparametric model, consisting of a parametric (finite dimensional)
parameter of interest B and a nonparametric (infinite-dimensional) component f. We will
consider independent priors of the form P(dB,df) = P(dB)P(df). For the spectral density
matrix f, we employ the nonparametric Bernstein-Hpd-Gamma prior from Section 5.1. For
the linear model parameter B, many priors are possible and commonly used (see e.g. Section 9
in Christensen et al. (2011) for an overview). One particularly popular noninformative prior
choice which we will also employ for the numerical illustration in the upcoming Section 8.3 is
the Standard Improper Reference (SIR) Prior (where the name is due to Section 9 in Christensen
et al. (2011)), given by p(B) o 1.

Examples

Let us consider some exemplary models that are accommodated in the model formulation (8.1):

(a) Spectral density model: Z = & with the spectral density matrix f being the only parameter.
This is included in formulation (8.1) by letting r = 0.

(b) Mean model Z, = p + ¢,: Letting r = d and B = (u1,...,pq)" as well as Xy = I, for t =
1,...,n corresponds to each time series component having an individual mean (instead of
assuming mean zero). It can readily be seen that the frequency domain representation is
given by Z = i+ e with i = (v/np,0,...,0) € R"™. Note that the only occurrence of the
mean g from the time domain in the frequency domain is at w = 0. This is illustrated
in Figure 8.1(a). As an important consequence, the full conditional of ;1 under Whittle’s
Likelihood (8.3) only depends on f through f(0). We will have a more detailed look at
this model from an asymptotic perspective in the upcoming Chapter 9.

(c) Linear trend model Z;, = pu+bt+e¢;: Letting r = 2d and B = (u1, ..., fta, b1, - . ., ba) as well
as Xy = (Ig,t1y) € R¥*24 corresponds to the inclusion of a linear trend for each component
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8.2. Numerical Simulations of Posterior Samples

Time domain Frequency domain
1.50
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Figure 8.1.: Time and frequency domain representation of (a) a mean signal S; = p for t =

8.2.

1,...,n and (b) a linear trend signal S; = bt for t = 1,...,n, for the exemplary
signal length of n =16 and p =1 and b = %.

(with individual slopes and intercepts). The frequency domain representation of this model
is more involved. In fact, a linear trend in the time domain yields a trigonometric signal in
the frequency domain that is visible at all Fourier frequencies. To elaborate, with Sy :=t
observe that ﬁzyzl St = M is the frequency domain representation at w = 0

and with w; = 27 for j = 1,...,|n/2] it holds (see Appendix A12 in Kammler (2000))

ﬁ Sy Srexp(—itwj) = @(1—#1’ cot %5 ) with the cotangent function cot w = 3¢ for 0 <
w < m. This is illustrated in Figure 8.1(b). As a consequence, the full conditional of b
under Whittle’s Likelihood (8.3) depends on f through f(0), f(w1),..., F(wn/2)), i-e. at

all Fourier frequencies. This is an important difference to the mean p model from (b).

Linear trend model with common slope Z; = pu + bt + ¢;: Letting r = d + 1 and B =
(1, - - -, pra, 0) as well as Xy = (Iy|(t,...,t)T) € R>*(@HD corresponds to the inclusion of a
linear trend for each component (with common slope and individual intercepts).

Numerical Simulations of Posterior Samples

We employ a Gibbs sampler to draw samples from the joint posterior Py, (dB, df| Z) of (B, f)
in model (8.1) under Whittle’s Likelihood PJ},(dZ|B, f) from (8.3). To draw from the full con-
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ditional of f, the Metropolis-within-Gibbs algorithm from Section 5.2.2 is used. We will show
in the following that the full conditional of B is available, if the SIR prior p(B) o 1 is em-
ployed. Indeed, recall that under Py}, (-|B, f), it holds that é is multivariate normal with mean 0
and covariance matrix D,4. The conditional likelihood of B in this case is (see Section 9.2.2
in Christensen et al. (2011))

B|Z,f ~ N (B.(X"Dg X)), (8.4)

where B = (X TD;le )X nglz is the maximum (conditional) likelihood estimator of B.
Under the SIR prior (being flat), the full conditional coincides with the conditional likelihood.
Consider the mean model (b) from Section 8.1 as an example. The maximum likelihood estima-
tor fi, is the sample mean, which under Py is distributed as the first Fourier coefficient Z (0)
corresponding to w = 0. Hence conditional likelihood (and the full conditional under the SIR
prior) of y is

W2, f N (3, 20 fO), G, = D02, (8.5)
t=1

If another prior instead of the SIR prior is used, the distribution in (8.4) does not constitute
the full conditional of B. However, it can still be used as a proposal distribution in an MH step
for B. From our numerical experiments, we found that good mixing properties can be achieved
for other prior choices than the SIR prior, when employing an MH step with the following
random walk proposal scheme based on (8.4):

B ~ N, (B9, (XD X) 7). (8.6)

It is important to note that the Bernstein-Hpd-Gamma prior from Section 5.1 does not en-
force f(0) to be symmetric positive definite (rather, it is Hermitian positive definite). The
property of f(0) being spd is however desirable and in fact mandatory for a valid statistical
inference in the semiparametric model: Unlike for the spectral density inference from Chap-
ter 5, the boundary frequencies (corresponding to w = 0 and w = 7) can not be left away from
Whittle’s Likelihood because otherwise the parameter B would not be identifiable in the model.
Consider the mean model (b) from Section 8.1 as an example. We have seen that in fact the
only occurrence of p in the frequency domain representation (8.2) is at the first Fourier coeffi-
cient Z(0) corresponding to w = 0. With a view on the full conditional of p from (8.5), This
emphasizes the conceptual need of f(0) to be spd. Therefore, we will discard the imaginary part
of £(0) (and similarly the imaginary part of f(7)) in the Bernstein mixture parametrization (5.2)

of f.

8.3. Numerical Illustration

In this Section, we evaluate the performance of the proposed procedure for a multivariate linear
model. We consider the linear trend model with common slope from (d) in Section 8, which can
be written as

Zy=p+bt+e, t=1,...,n. (8.7)
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Similar to the simulation study in Section 6.2, we compare the NP procedure with the VAR
procedure. Additionally, we also consider the results of a procedure, in which the residual time
series e; is modeled as Gaussian White Noise. This procedure is denoted by the WN procedure
(where NP stands for White Noise model). It corresponds to the VAR procedure, where the
order is fixed to p = 0 and it is included to illustrate the necessity of taking an existing time
dependence in the residuals into account.

The respective prior on the parametric part B = (u”', b)7 is given by the SIR prior p(B) o 1 and
the respective prior on the time series component is independent of p(B) and as in Section 6.2
(i.e. Bernstein-Hpd-Gamma prior on f for NP and the Independent Normal-Inverse-Wishart
prior for VAR) with the same prior parameters as in Section 6.2. The order p for the VAR
procedure is determined in an AIC based model selection step, with the noise e;, ..., e, directly
(which is available for simulated data). The Gibbs sampling algorithms of NP and VAR are
amended by an additional step for B to accommodate the linear model, with a conjugate Gibbs
step drawn from (8.4) for NP and an MH step with proposal (8.6) for VAR. Each Markov Chain
is run for a total length of 80,000 iterations, where the first 30,000 iterations are discarded as
burn-in period and the remaining 50,000 are thinned by a factor of 5, yielding a respective
posterior sample size of 10,000.

Simulated Data

We consider simulated data drawn from the linear model (8.7) for dimension d = 2 with pu; =1
and pg = —1 as well as b = 0.01. For the noise time series {¢,}, we use the VAR(2) model
from (6.9) and the VMA(1) model from (6.10). For each noise model, we generate N = 200
independent realizations for each sample size of n = 256 and n = 512 as well as n = 1024.
Exemplary realizations are shown in Figure 8.2. For each component of B = (u1, p2,b), we
consider the posterior median as Bayes estimator and compute 90% credibility regions with
the 0.05 and 0.95 quantile of the respective empirical marginal posterior distribution. We then
compare the average (among the N replications) Root Mean Squared Error (RMSE) of the
Bayes estimators and the empirical coverage of the credibility regions. The median width of the
credibility intervals is also considered. Furthermore, we will also consider L'-error and L?-error
of the posterior median spectral density and the empirical coverage of uniform 90% regions for f
as in Section 6.2.

Results

The results can be found in Table 8.1. First of all, we observe that all results of the WN
procedure are worse than for the VAR and NP procedure. Whereas this is not too surprising
for spectral density inference results (in particular L'-error and L2-error), the results for pi1, o
and b illustrate the point that when the time dependence of the nuisance component is ignored
in the model, the inference quality for the parameter of interest will suffer.

It can be seen that the L' error and L? error of the Bayes estimate of f is smaller for the
VAR procedure for VAR(2) data, whereas for VMA (1) data, the NP procedure performs better.
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Figure 8.2.: Realization of linear trend model (8.7) with (a) VAR(2) noise from (6.9) and (b)

VMA(1) noise from (6.10) of respective length n = 256. The left panel depicts the
first component and the right panel the second component of the time series Z, in
gray. The linear trend is visualized as dashed line.



138 8.3. Numerical Illustration

VAR(2) data
n = 256 n =512 n = 1024
WN NP VAR WN NP VAR WN NP VAR
Ll-error f 0.277 0.104 0.072 0.276 0.082 0.052 0.276 0.063 0.035
L2-error f 0.299 0.132 0.096 0.297 0.107 0.070 0.297 0.085 0.047
Coverage f 0.00 048 091 0.00 035 0.88 0.00 0.26 0.88

RMSE 1y 0.193 0.135 0.131 0.138 0.094 0.092 0.095 0.066 0.066
RMSE ps 0.147 0.055 0.049 0.107 0.037 0.035 0.073 0.026 0.025
nx RMSE b 0.285 0.085 0.069 0.209 0.057 0.049 0.142 0.038 0.035

Coverage 11 0.75 0.86 091 0.74 0.87 0.90 072 0.87 0.90
Coverage [12 0.87 088 092 0.86 087 091 0.84 089 0.89
Coverage b 0.80 0.88 091 0.78 0.88 0.89 078 0.89 0.88

Length 14 0.433 0.406 0.441 0.306 0.288 0.309 0.216 0.205 0.216
Length po 0.438 0.178 0.167 0.309 0.120 0.116 0.218 0.083 0.081
n x Length b 0.721 0.276 0.232 0.511 0.179 0.163 0.362 0.120 0.114

VMA(1) data
n = 256 n =512 n = 1024
WN NP VAR WN NP VAR WN NP VAR
Ll-error f 0.311 0.093 0.155 0.310 0.070 0.121 0.309 0.054 0.093
L2-error f 0.323 0.110 0.189 0.322 0.084 0.146 0.321 0.064 0.110
Coverage f 0.00 0.62 0.98 0.00 045 0.96 0.00 0.27 0.96

RMSE 1y 0.136 0.047 0.046 0.098 0.032 0.031 0.066 0.023 0.023
RMSE o 0.186 0.132 0.132 0.131 0.092 0.092 0.092 0.067 0.067
nx RMSE b 0.257 0.040 0.034 0.187 0.023 0.020 0.125 0.016 0.014

Coverage 111 0.89 0.88 0.95 0.90 0.86 0.93 0.90 0.85 091
Coverage 12 0.81 0.81 091 0.81 0.83 0.90 0.80 0.84 0.89
Coverage b 0.85 096 1.00 0.84 095 0.99 0.85 0.87 0.98

Length 1 0.439 0.145 0.190 0.310 0.095 0.120 0.219 0.066 0.079
Length 1o 0.472 0.354 0.480 0.334 0.255 0.322 0.236 0.186 0.221
n X Length b 0.721 0.170 0.205 0.511 0.089 0.113 0.361 0.052 0.067

Table 8.1.: Average L'-error, average L2-error, RMSE, empirical coverage and lengths of uni-
form 90% credibility regions of the NP procedure and the VAR procedure for 200
realizations of the linear trend model (8.7) with noise from (6.9) and (6.10).
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Furthermore, the NP procedure produces less coverage for f, whereas the VAR procedure yields
approximately honest regions in the well specified case and larger regions for f than NP in both
models. These observations are in line with the results from Section 6.2 (see Table 6.2).

The RMSEs of the parameters are very similar for both the NP and VAR procedure, whereas
a tendency of the NP procedure to yield slightly more biased estimates (in terms of higher
RMSE values) can be conceived, especially for the slope b. This bias effect is diminishing with
increasing sample size, indicating that it may have been introduced by the Whittle Likelihood

approximation, c.f. the discussion at the end of Section 4.1.

As for the coverage for the linear model coefficients, it can be observed that for the VAR(2)
data, both NP and VAR procedures perform well and yield credibility regions that are close to
being honest (i.e. with an empirical coverage close to 90%), where the length of the credibility
intervals of NP are smaller than of VAR for p; and larger for ps and b. For the VMA(1) data
on the other hand, the VAR procedure yields much wider intervals for all components of B and
produces almost unit coverage for b, whereas the NP procedure produces coverage slightly below
honesty for p1, o and slightly above honesty for b.

Discussion

If the main interest lies in inference about the linear model coefficients B (and the marginal
posterior for f is not of interest), then there is no “clear winner” based on this simulation study.
As for the joint posterior of (B, f), the NP procedure is more robust against misspecification as
the parametric VAR method, as seen in terms of the IL! errors for f and the intervals lengths for b
in Table 8.1. We found that the NP procedure yields slightly more biased Bayes estimates of B
(particularly for small and moderate sample sizes) and whereas it is conjectured that this effect
is introduced by the Whittle Likelihood approximation, it will be of interest for future research
to investigate this effect in more detail. A further direction for future research constitutes the
empirical comparison of the procedures for non-Gaussian data.



Asymptotic properties

In this Section, we will have a closer look from an asymptotic perspective at the mean model
Ziy=p+e, t=1,....n (9.1)

where the mean vector u € R is the parameter of interest and e, is a stationary Gaussian time
series in R? with Ee, = 0 and spectral density f, constituting the noise in this model. Recall
from (8.3) that Whittle’s Likelihood for model (9.1) is given in terms of the Lebesgue density

P ) = e {5~ D)) 9.2

for 2 € R™ with the frequency domain mean vector i = (\/HHT,O, 5,07 € R, We will

also consider the complex-valued frequency domain formulation of Whittle’s Likelihood, which

(similar to (4.8)) is defined in terms of the Fourier coefficients Z,,, . . . 7ZL”/2J from (4.5) as
Ln/2]
p%(§0>"'7§\_n/2j |H7 ) Po,n ZO|/'L> H p]n Z |f (9'3)
with

Z = ! ex —ié—nT Lz, —vn
pon(Zolp, f) = 22 0] p< 47r(70 Vp)© F0)7 (2 \Fﬂ)>

and, for n even,

1 1
(27T)d|271'f(71')| €Xp ( 7—n/2f( ) n/2> ’

and pj, for j = 1,...,[n/2] —1 as in (7.12). We will consider a prior of form P(du,df) =
P(du)P(df), i.e. p and f are a priori independent. The question arises which conditions
on P(dy) and P(df) are sufficient to ensure that the joint posterior of (u, f) behaves “well” in

pn/Z,n(zn/Qlf) =

an asymptotic sense. Furthermore, if the primary interest lies in inference about u, the question
is how the marginal posterior of y behaves asymptotically. As an example, in the parametric

iid setting it is well known that (under regularity assumptions) the posterior for u contracts at

1/2

rate n~ /% around the true value and that the asymptotic limiting distribution of the posterior
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is Gaussian, a result that actually holds true in much wider generality and is well-known as
Bernstein-von-Mises phenomenon (see Section 10.2 in van der Vaart (2000) for a formulation in
the parametric iid setting or Theorem 2.1 in Kleijn and Van der Vaart (2012) for a more general
formulation that includes the non-iid case and a possible model misspecification). Thus, we also
wish to investigate: Is it possible in the model (9.1) to get the same rate of contraction for u as
if f was actually known (i.e. n=1/ 2)? And does the marginal posterior of 4 converge to a known
distribution (e.g. Gaussian), i.e. can we establish a Bernstein-von-Mises type result?

We will investigate these questions in the following sections. In Section 9.1, we establish con-
traction rates for the joint posterior distribution of (i, f). It will be shown there that the same
rate of contraction in the Hellinger topology can be achieved as for f in Section 7.2.2 — under the
same prior assumptions for f and under prior positivity and regularity assumptions on p. This
has the clear interpretation that the “bottleneck” for the rate of contraction is the nonparametric
part f. Indeed, we will see in Section 7.2.2 that the posterior contraction is highly anisotropic:
The marginal posterior of u is shown to contract at rate n~1/2. Tt is rather surprising that the
conditions on P(df) to achieve this are even much weaker than the ones employed for the joint
contraction rate theorem. The question of whether a Bernstein-von-Mises theorem can be es-
tablished remains open. It is indicated by considerations in the final Section 9.3 that additional
assumptions have to be employed to achieve this goal. The reason is that for marginal asymp-
totic normality of y, it is needed that the marginal posterior of f(0) is consistent. However,
consistency in L' as shown in Section 7.1.2 is not strong enough for this purpose.

9.1. Joint Posterior Contraction Rates

We will work with the following prior assumption for pu:

Assumption pl. The prior P(dp) on p is such that all moments exist. Furthermore, it is
assumed that in a neighborhood of Hy» @t possesses a Lebesgue density that is continuous and
bounded away from 0.

We can now formulate the main result of this Section, stating that the same contraction rate
can be achieved for the joint posterior of (u, f) as in Section 7.2.2.

Theorem 9.1. Let {Z,} be a Gaussian stationary time series in R? with mean Ko and spectral
density matriz fo fulfilling Assumptions f1-f2 with 1 < a < 2. Let 19 € (0,by) and 71 € (b1, 00)
(with by and by from Assumption f1). Let the prior on (u, f) be given as Pr - (dp,df) =
P(dp)Pry 7, (df), with P(dp) fulfilling Assumption ;i1 and the truncated Bernstein-Hpd-Gamma
prior Pr - from (7.33) fulfilling Assumptions GP4 and k2. Then

a/(2+2a)( )(1+2a)/(2+2a)

En=mn" logn

is a posterior contraction rate for (u, f) with respect to the root average squared Hellinger dis-
tance dy i, i.e. for every positive sequence (My) with M, — oo for n — oo it holds

Py o <{(u, £ dnm (s f), (1y: f0)) = Mypen}|Zy,. .., Zn) —0, in P&o’fo) probability
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as n — oo, where Pl om denotes the pseudo posterior distribution obtained by updating
the prior with Whittle’s likelihood Py, from (9.2) and P& o) denotes the joint distribution
2o

of Zy,...,Z, under (u,, fo)-

In the setting of Theorem 9.1, the average squared Hellinger distance is given by, with N :=

[n/2],

di,H((ua f)7 (M07 .f)) =

1 (9.4)

N
1 i (ol £).p0nCligs £0)) + D iy (0in 1), 2 o)

Jj=1

with po p,...,pnn from (9.3). To show Theorem 9.1, we will proceed similar to Section 7.2.2 by
showing that the assumptions of the general contraction rates Theorem 7.17 are fulfilled. The
proof will rely on the contiguity result from Theorem 4.4. We will start with the prior mass of
neighborhoods in Section 9.1.1, continue with the sieve entropy in Section 9.1.2 and collect the
result for the proof of Theorem 9.1 in Section 9.1.3.

9.1.1. Prior Mass of Neighborhoods

The following result bounds the KL terms between multivariate normals from above in terms of
distances of the respective matrices and mean vectors. It is similar in spirit to Lemma 7.5 and
will be important for translating the KL prior mass conditions into prior mass conditions for p
and f.

Lemma 9.2. Let p, p, € R? and 3o, £ € S5 (R), where S (R) denotes the cone of symmetric
positive definite matrices in R¥*%. with Apin (i) > 70 and Amax () < 71 fori = 0,1 and some
positive constants 1y, T1. Assume that Amin(El_l/onZl_l/Q) > %

the Nd(ﬂi’ 3.;) distribution for i = 0,1. Denote by

Let p; denote the density of

Y B 112 I, o oo P02) 2 N
k= Rdl gpl(é)p(](’)d” V= /]Rd (l S niz) K) Po()dz

the Kullback-Leibler divergence and associated variance term from py to p1. Then it holds

K <%0 = S| + llgy — a2 (95)
and

VS 180 = Bl + g = syl + g = 2y |12 (9.6)

with proportionality constants only depending on 19, 7 and d.

Proof. We start by computing for z € R?

po(2)

2log
p1(2)

= log |1 —log [Zo| + (z — p, )" =7z — ) — (2 — 1)) " 25 (2 — 1y)-
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The third summand can be decomposed as

(2= pu) STz 1) = (2= my + iy — 1) Tz — g + 1y — 1)
= (2= py) "2 (2 — ) + 201y — 1) Z0 Nz - )
+ (g — 1) =0 (g — 1)

where the symmetry of Zfl was used in the last step. This yields

2log Po(2)
1

Do = los 1l —log o] + (z— )" (B0 =20") (2 — 1)

(9.7)
+ 20y — ) BT (2 = ) + (= 1) BT (g — 1)

Letting [1(z) := log |31 |—log |Eo|+(§—H0)T (Zfl - Eal) (2—p,,) we observe that 2 [ l(z)po(z)dz
is the Kullback-Leibler divergence between an Nq(g,, Xo) and an Ng(p,, £1) distribution. Since

by assumption it holds )\min(El_l/zZoEl_l/Q) > 1, we find that the assumptions of Lemma 7.5 (b)
are fulfilled. While Lemma 7.5 is actually formulated for the complex multivariate normal C'Ny
distribution, the results and the proof are valid completely analogous for the real multivariate
normal Ny distribution. Thus we can conclude

! dz S ——= 130 — Z1)* S |20 — =4
[ 1@z S B0 = 2P 5 20— =i

Letting lo(z) := 2(p, — Hl)TEl_l(;— 1) it follows that [ la(z)po(z)dz = 0, since po is the mean
under pg. Since it also holds

_ 1
(BO - Hl)Txl I(HO _Hl) < ?OHHO - H1H2 S HHO _H1H2

by the Minmax theorem of Courant-Fisher, assertion (9.5) follows.

To show (9.6), let Z ~ N4(0,X0). Then V = Var|log %] and from (9.7) this yields
4V = Var |27 (57" = B51) Z+ 20, - 1) Z) = Var i +na],

which can also be written as

Var[n1 + o] = Var[m] + Var[nz] + 2Cov (1, n2).

Note that Var[n] is the KL variance term between an N;(0,3¢) and an Ng(0,3;) distribution.
From part (a) of Lemma 7.5 (recalling that the result there is formulated for the C'Ny distribution
but valid and proven analogously for the Ny distribution), we get

Var[n] < 1120 — 1| S 120 — 3%

B S
)\min(zl)

AsEZ =0, it follows E[(HO—Hl)TZflz] = 0 and an application of Lemma B.24 in the Appendix
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yields

2757 1y = 1)ty — 1) 172
= tr (02 (y — 1) — 1))

= tr ((1ty — 1) =T B0 (g, — 1)

< Amax (Z7" 2021 g — 12,1

S ey — 1117,

where the cyclic property of the trace from Lemma B.2 in the Appendix was used. For the
covariance term, we use the Cauchy-Schwartz inequality to obtain

1/2
[Covnrme)| < (Varmi]Varlno]) ' £ 1120 = Zilllly — 1, S Nty = 1,
yielding (9.6). O
Recall the definition of the Bernstein polynomial expansion operator 8B from (7.4) and of the two-

sided prior truncation set Cr, -, from (7.32). We will consider the following sieve structure ©,,
on the parameter space © = R? x Dy

O, = G)S) X @;2),
o) .= {H eR%: |yl < Mn}, M, := exp(pine2),

) (9.8)
o® = {%(k,m): W e Sjk} NCroms Ko = poe?/,
k=1

with positive constants p; and po that are to be specified later. In fact, po will be chosen
sufficiently large and p; sufficiently small in later considerations. The next result quantifies the
prior mass of shrinking Kullback-Leibler neighborhoods. It is similar in spirit to Lemma 7.23.

Lemma 9.3. Let the assumptions of Theorem 9.1 be fulfilled. Let N := |n/2|. Consider the
KL divergence

Ko ((pgs Jo)s (. F)) = %ﬂ Ko (g, fo), (1, £)) + iKm(fo,f)
with ]
Kon((1y: o) (1t ) = o) log Im,
Kjn(fo. ) = B, g log Im —1,....N,
With Do, -, DN a5 in (9.3), and the corresponding KL variance term
Vit Fobs (1 1)) o= g | Vol o), (1)) + S Vo f)

j=1
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Fore >0, let

By 2 (py, Jo,€)

(9.9)
= {01 € 0 Kol(atg S0), 10 1)) < 2 Val sy 0. (. 1) < 27}

with the sieve O, from (9.8). Then there exists a positive constant ¢ such that
Py (B2, fo,€n)) > exp(—cne;.)
holds for all n € N large enough, with €, = n~%/(2+2a) (log n)(1+2a)/(2+2a)'

Proof. Let (p, f) € Bn2(p, fo,€n). First recall from (7.17) and (7.18) that for &, small enough,
it holds

min Auia(F()) > 2 min A (£0) 2 fo(@) F0) ) = 1

0<w<m 0<w<m
with by from Assumption f1. Thus an application of Lemma 7.5 yields
Kjn(fo, £) S IF (i) = fowp)l®s Vin(Fo, £) S I (w)) = Folw))I?

for j = 1,...,N. Similarly, an application of Lemma 9.2 to Ko, (recalling that po,(:|y, f) is
the density of the Ny(y/np, 27 £(0)) distribution) yields

KO,n((Hov f0)7 (H: f)) 5 TLHH - HOHQ + Hf(o) - fO(O)H27
and
Vi (s £0). (11 F)) S 02 11 = gy | + mll = gy | + 1 £(0) = £o(0)]
S (Il = gl + e = 1I2) + 1£0) = £o(0)]2

This yields

Kty $0)- (5. 1)) £ 575

N
nllp = poll? + D £ (w)) = Folwp)l?
7=0

Sl = p I+ 11f = Sfollfroe

with the maximum Frobenius norm || - || peo from (7.3) and similarly

Vn((HO)fO)v (Ha .f)) S HH_HOH + HH_HOHQ =+ Hf - fO”zF,oo

Thus, there exists a positive constant ¢ such that B, (Ho) X Bee,, (fo) C Bmg(ﬂo, fo,en) with € =
min{e,,e2} and B, (1,) denoting the ball (in R?) of radius c&, and B, (fo) = {f €
Daxa: | — follFoo < cen} the ball in Dyyq with respect to || - || poo-

We continue by bounding the prior mass of Bez, (1) X Bez,, (fo) from below. First we recall from
Assumption p1 that there exists a positive constant C' such that the Lebesgue density of P(du)
fulfills p(p) > C for all p € Bes, (p,) for n large enough. Since &, = g2 for n large enough, this
yields (with £ denoting the Lebesgue measure in R%)

P(Bes, (Ho)) > CL(B.e2 (Ho)) > Ce?d = exp(log C + 2dloge,) > exp(—cine?)
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for a positive constants C, where in the last step it was used that e, fulfills

—2/a

logé +dlogey, > ¢, "logey, > —cmei

for some positive constant ¢; for n large enough by (7.41). From (7.42), it follows that the
Bernstein-Hpd-Gamma prior fulfills Pr, 7, (Bee, (fo)) > exp(—cone?) for a positive constant co,
yielding that the joint prior for (u, f) fulfills

Pryiry (Beza(119) % Beey(£0)) = P(Bez, (1)) Pryirs (Bee, (£0)) = exp (= (c1 + e2)me).

which concludes the proof. ]

9.1.2. Sieve Entropy and Complement Mass

The following result bounds the Hellinger distance between two multivariate normals from above
in terms of distances of the respective matrices and mean vectors. It is similar in spirit to

Lemma 7.24 and will be important for quantifying the sieve entropy.

Lemma 9.4. Let p,p, € R and 1,35 € S;(R) with Amin(X;) > 70 and Amax (i) < 71
for i = 1,2 and some positive constants 19, 71. Let p; denote the density of the Nd(ﬁi,zi)
distribution for i = 1,2. Then it holds

dir(pr,p2) S 121 — Sall + [l —

with proportionality constants depending only on 19, 7 and d.

Proof. We start by noting the representation (see Pardo (2005), p.51)

21/2 1
d2 =1- — =y, — )T (B4 20) 7 (p, —
H(p17p2) |2122|1/4|21—1+22—1|1/2 eXp( 4(&1 H2) ( 1+ 2) (Hl Mg))
9d/2 9d/2

1-— + X
1SS VAR + B2 B S4BT 4 252

<1 —exp <_i(u1 — )" (1 + B2) " (g, — M2))>

By analogous arguments as in the proof of Lemma 7.24, it holds

9d/2
0<1-— — — <]
|2122‘1/4|21 +22 |1/2

|31 — o

Using the boundedness assumption of the eigenvalues, we obtain from Lemma B.5 in the Ap-

pendix

il >, 1= > B > 2n) 7Y
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hence

2d/2 1
1-— [ _ T » » -1 _
=3 AS, 4 3, 112 < eXp< 2B = 1y)" (B4 Ee) ™ M2)>>

S1—exp (—i(ﬂl — )" (B + )" (1, — Mg))

1 _
<1—exp <—4)\max ((21 + 22) 1) ||H1 _'u2||2>
=1 —exp(—cllp, - ﬁQHQ)a

where the Min-Max theorem of Courant-Fisher (see Lemma B.3 in the Appendix) was employed.
The function h.: [0,00) — [0,00), he(z) := 1 — exp(—cz?) has a point of inflection at z* =
(2¢)~1/2, where the maximal derivative is attained, with value h.(z*) = v2cexp(—1/2) > 0.
Thus we compute

1- exp(—c”&l —H2”2) < hlc(fl,'*)HHl —HQH 5 ||H1 - HQH’

which concludes the proof. O

With the previous result, we can derive an upper bound for the metric entropy of the sieve ©,,.

Lemma 9.5. Let the assumptions of Theorem 9.1 be fulfilled. Then for the sieve ©,, from (9.8),
the e-covering number in the root average squared Hellinger topology fulfills

log sup N (€2, {(4 £) € On: 2.4y (s, fo), (1, 1) < 26} ) < e

E>En

Proof. Recall the representation of di} gy from (9.4). Let N = |[n/2]. From Lemma 9.4, we
obtain

@ (p1n(150) D1 1)) S IFo(wy) = Fw)ll, =1, N,

and from Lemma 9.4, recalling that po,(-|p, f) is the density of the Ng(y/nu, 27 f(0)) distribu-
tion, we obtain

&% (o.n (it £0): PonClis, £)) S 02l = wll + 1 £6(0) = £(0)

yielding

&2 (s £0)s (11 ) S 072 |y — pll + |1 fo — f]

Fioo-
Thus, by Lemma B.32 in the Appendix, there exists a positive constant ¢ such that
log N (e, On, dn17) < log N(en'/2e%, O, || -|]) +log N(ce®, 0, || - || moc)-

In particular, this yields

log sup N (58, {(p, f) € Oy di,H((H()? fo), (1, f)) < 25},dn,H)

E>En
< log N(&§en, On, dn, 1) (9.10)
<log N(c€?n'?e}, OV, || - |}) +log N (e}, O, || - || Fioo)-
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Recalling the definition of M, = exp(pine2) from (9.8), an application of Lemma B.31 in the
Appendix reveals
log N (cg?n'/2e5 O, | - ||) < d(log(3M,) — log(c*n'/?e}))
= dlog3 + dpine — dlog(c§2n1/2£%) < 2dpine?

n

for n large enough. Choosing p; small enough, this yields

1
log N(c&*n' /el O0) || - ||) < 5nel.

From (7.46), we obtain

n?

1
logN(CéQEzm@?(zQ)a H : HF,oo) S 5”52

and in view of (9.10), this concludes the proof. O

9.1.3. Proof of Joint Contraction Rate Theorem

It remains to bound the prior mass of the sieve complement, which is the following result.

Lemma 9.6. Let the assumptions of Theorem 9.1 be fulfilled. Then it holds
PTOﬂ'l (@%)
P7'07T1 (Bn,2(ﬁoa fo, 5n))

with ©,, as in (9.8) and Bn,z(BO,f0,€n) from (9.9).

=0 (exp(—QnefL))

Proof. First observe that
o° = (@ﬁﬁ X @9)0 _ (@;Uc x @<2>) U (@@) X @90) :

with @55)0 denoting the complement of @53) in ©@ for i = 1,2, where ©) = R? and 0@ = Dy.
Since p and f are a priori independent, this yields

PToﬂ'l (sz) = P(ngl)c) + P7'077'1 (8;2)6)'
By Assumption 1, all prior moments of p exist. Thus we compute with M, = exp(pine?)
for § > 0 with Chebyshevs inequality

P(OI) = Pl > My < Mo [ 0 Pldg) £ Mo
N llll>My N

with proportionality constants depending only on 6, p; and P(du). Since M, ofpr _ exp(—dne?),
it follows from Lemma 9.3 that

P’rg,ﬁ (Bn,2 (EO’ an En

for § > 2 + ¢. On the other hand, it also holds

M Sexp(—(6 —e)ne2) =o (exp(—an-:i))

2)c
Pryr, (O17)
Prym (Bn,2(ﬁ07 Jo.en))

by (7.47) and Lemma 9.3, hence the result follows. O

=o (eXp(—Qnai))
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Now we are able to present the proof of the main result.

Proof (of Theorem 9.1). We will apply Theorem 7.17. By Lemma 7.18, assumptions (b) and (c)
of Theorem 7.17 are fulfilled and by Lemma 9.3, also assumption (a). Assumption (d) is fulfilled
by Lemma 9.5 and assumption (e) for the sieve ©,, from (9.8) by Lemma 9.6. O

9.2. Marginal Contraction at Parametric Rate

The following result gives sufficient conditions for the marginal posterior to contract at para-

metric rate and motivates the following considerations in this section.

Theorem 9.7. Let X1,...,X, be random variables in some Fuclidean space with likelihood
function P(dXy,...,dX,|0,n) where the parameter is partitioned as (6,1) with 6 € © and n €
H and O, H being (jointly) measurable spaces. Let (0p,mp) € © x H. Assume that some
prior P(df,dn) is specified on © x H. Denote by P} the joint distribution of Xi,..., X, un-
der (6o,m0) and by Ef the corresponding expected value operator. Let (ey,) be a sequence of
positive numbers. Assume that there exists a sequence (Hy,) of subsets of H such that

(a) the marginal posterior of n concentrates on H, asymptotically, i.e.

P(n € HplX1,...,Xn) = 1, in Py probability as n — oo,

(b) the conditional posterior of 0 contracts uniformly at rate €, i.e. for every sequence (M)
of positive numbers with M, — oo it holds

8 sup P(HQ_HOH >5nMn|77>X17'-->Xn) — 0.
nEHn

Then the marginal posterior of 8 contracts at rate ey, i.e.
P(||6 — 0| > enMp|X1,...,X,) =0, in By probability as n — oo

for every positive sequence (M,) with M, — oo.
Proof. See Theorem 6.2 in Bickel and Kleijn (2012). O

The goal of this Section is to apply Theorem 9.7 to show that the marginal posterior of u

1/2

contracts at rate n~'/<. This result will be presented in Theorem 9.9. Consider the following

space of Hpd functions that are bounded and bounded away from zero:
wim { £ 0 S1 sw @ <00, s 157 < oo
0<w<n 0<w<m

and, for constants 0 < 79, 71 < 00, the following subset:

HTOJl = {f €EH: /\min(f(o)) > 7o, /\max(.f(o)) < 7'1} . (9.11)

Observe that in contrast to the prior restriction set from (7.32) as considered previously, the re-
striction by 79 and 71 in (9.11) only applies to f(0). We will work with the following assumptions
on the prior on p and f:
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Assumption ;2. The prior on (u, f) is of the form P(du,df) oc P(df), i.e. p and f are a
priori independent and the prior on p is improper with p(u) o< 1. The prior on f is assumed to
Julfill P(f € Hryry) =1 for some 0 < 19 < 11 < 00 with Hr, - from (9.11).

We will use the following notational shorthand for y € R? and ¥ € S (R):

N BB = s [ e (5w S e ) de

for B C R? measurable. Furthermore, for r > 0, denote by By (p,) ={p € RY: ||lp — Boll <}
the Euclidean ball of radius . We will need the following Lemma.

Lemma 9.8. Let r > 0 and X1,3Xs € S:[(R) such that Apmin(X2) > Amax(X1). Then

Na(0,31) [B(0)] > Nq(0, %2) [B-(0)] -

Proof. Denote by 23/2 the spd square root of ¥; for ¢« = 1,2. First we compute, using the
substitution z = E;/QEfl/zy, dz = |Zo|Y2|34 |7V 2dy:

1 L
N0 B2) B0 = s o (533 )

R Ty 1y ) d
(2m) /2|3 |1/ /Br(O)eXp( 2 =1 y) g

= Nal0,%1) [ B,(0)]

with B,(0) := {y € R%: |]2;/22;1/2g\\2 < r2}. Tt suffices to show B,(0) C B,(0). To do so, we
employ the Min-Max theorem of Courant-Fisher and get

1/2—1/2 1/2@—1w1/2 1/2@—1w1/2
||22/ 3 / QHQ = QTEQ/ > 122/ Y = Amin (22/ > 122/ ) ||y|!2

Since by Lemma B.3 in the Appendix it holds

. 1 1 Aumin (Z2)
Amin 21/22 121/2 _ > _ _ Amin >1
(=:275%) M (2577205, 7). T As(Z3 Pome(B1) A (2]

by assumption, we get ||2;/22I1/2g]\ > |lyl| and thus B,(0) € B,(0), concluding the proof. [J

Now we can formulate the main result of this section.

Theorem 9.9. Let {Z,} be a stationary Gaussian time series in R? with mean Ko and spectral
density matriz fo fulfilling Assumptions f1 and f2. Let the prior fulfill Assumption pu2 with 0 <
70 < Amin(f0(0)) and Anax(fo(0)) < 71 < oo. Denote by Py (dp,df|Zy,...,Z,) the joint
posterior of (p, f) when updating P(du,df) with Whittle’s likelihood (9.2). Then the marginal

_1/2, i.€.

posterior ofﬁ contracts at rate n
Pﬁ/(nl/QHH—ﬁOH > M,|Z,,...,Z,) =0, in Py probability as n — oo

for every sequence (M,) of positive numbers with M, — oo, where P denotes the joint distri-
0
bution of (Zy,...,Z,) under (p,, fo).
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The Assumption f2 on fy in Theorem 9.9 is only needed to justify the Whittle approximation
(see Theorem 4.4). If the full Gaussian likelihood is used instead of Whittle’s Likelihood, it can
be relaxed. In fact, an inspection of the upcoming proof reveals that it is sufficient to assume
that fo is continuous and fo € H, -, (with Hy, - from (9.11)) in this case.

Proof of Theorem 9.9. Due to the contiguity result from Theorem 4.4, we can assume that
the joint distribution of (Z,...,Z,) is given by P (g, fo). By Assumption p2, the prior
on p is flat and hence the conditional posterior of p is equal to the conditional likelihood.
Hence it follows from (8.5) that Py (du|f,Z,,...,Z,) is a d-variate normal distribution with

=R}

mean fi = LS 1 Z, and covariance matrix n~ 27 £(0). Since it holds
Py (f € HrymlZy,... 2Z,) =1, forall (Z,,...,Z2,).

by Assumption 12, it follows that assumption (a) of Theorem 9.7 is satisfied and we will continue
to show that assumption (b) is also satisfied, which is equivalent to

By s Pl (n' || = poll > Myl f, Z4, .., Z,) = 0. (9.12)
€ 70,71

The conditional probability on the left hand side of (9.12) is equal to
P%/(nl/2||ﬁ - H()H > Mn|f’Z17 o )Zn) = P{IL/(H §‘é Bn*1/2Mn(H0)|faZI’ s 7Zn)
=1-— DNy (ﬁn,n_IQﬂ'f(O)) [Bn*1/2Mn (HO)]

and (9.12) is equivalent to

El inf Ny (gn,n’127rf(0)> [Bn,l/zMn(Ho)} S (9.13)

feHry,mn

Under Py, (+|p,, fo), it holds fi = p +r,, with r, ~~Nd (0,n'27 f(0)). This follows from (4.8),
noting that En is equal to the Fourier coefficient Z; at the zero frequency. Using translation
by p, we obtain

Na (ft, 712 F(0)) [ B, ()] = N (1:m7'25£(0)) [By -, O]

Let 7 := /n(21)"'/2r,,. Then 7 ~ N4(0, fo(0)) and, using |aA| = |a|*|A| for a € R and A €

R4 we compute

Ny (ry,n~ 127 £(0)) [By,-1/24, (0)]
nd/2

- EEUTIONE /|z|<n—1/2Mn exp (_E(é — 1) F0) Nz — In)) dz

e (‘3 (V) 10 (7 ‘f>> =

Employing the transformation y = Vn(2m) 122 with dz = (27r)d/2n_d/2dy, this reveals

Ny (r,n~ 127 £(0)) [B,-1/211,(0)]
1

- (2m) 42| £(0)[1/2 /y|<1\?ln exp <_ (y _f)Tf(O)_l (y— 7:)) dy
= Nu (. £(0) | By, (0)]

—_

\)
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with M, = (2r)~Y/2M,,. Thus the left hand side of (9.13) is equal to

B inf  Nu(E, £(0)) [By, (0)]

FeHm,m
1 1 _ )
- GTRET Ju (‘ff "o ) At Nule £O) [ B, ] ar
1 L 7 -1 . i
> (27) /2| £ (0)] /2 /BNIn/Q(O) exp <—27“ Jo(0) 7“) fe%li,ﬁ Nqg(r, £(0)) [BMn (Q)} dr.

For ||r|| < M,/2 it holds By, 2(0) € By (—1) and thus
Na(r, £(0)) | By, (©)] = Na(0, £(0) [ By, (~1)| = Na(0, £(0)) [ By, 1,(0)]
for any f € Hr, -, yielding

By nf Na(7 £(0) [By, )]

fEHTO,Tl

1 1 T -1 . .
S CEIOIEE /BW(O) exp (‘27“ $o(0) ) sl Na(0,F(0) [ By, o(0)] dr

= Nu0. $o(0) | By, p(Q)] ,_inf  Na(0. £(0)) | By, (0)]

T0>T1

Now consider the matrix T := diag(ry,...,71) € R®? By assumption, it holds £(0) < T for
all f € H,, -, and an application of Lemma 9.8 yields

Na(0. 0(0) [Byg, (0)]  inf  Na(0. F(0)) [ By, 1»(0)]

70,71

> Na(0, £0(0)) [ By, 12(0)] Na(@.T) [Byg, (0] = 1,

because M, = (2r)""/2M,, — oo as n — co. We have shown that the assumptions of Theo-
rem 9.7 are fulfilled, and an application thereof yields the claim. O

9.3. Outlook: Bernstein-von-Mises

In Section 9.2, we have seen that an n~1/2

rate of contraction can be achieved for the marginal
posterior of p. The question arises whether the limiting distribution of the posterior distribution
is Gaussian, i.e. whether a Bernstein-von-Mises type theorem can be established. In a parametric
setting, it is necessary that the likelihood is asymptotically equal to a properly scaled Gaussian
location model, a property known as Local Asymptotic Normality. It can be expected that this
property is also needed in the semiparametric context. The following general theorem gives

sufficient conditions for scalar parameters of interest.

Theorem 9.10 (Semiparametric Bernstein-von-Mises). Let Zi, ..., Z, be random variables in
some FEuclidean space with likelihood having Lebesque density p(Z,...,Zy|0,n), where the pa-
rameter is partitioned as (0,m) with 6 € © C R and n € H and H is a measurable space. Let 0
and n be independent under the prior, i.e. P(df,dn) = P(df)P(dn). Let (0,) and (H,) be
sequences of measurable subsets of © and H. Assume that the following properties hold:
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(a) Local Asymptotic Normality: There exists a tight sequence (G,) of random wvariables
(i.e. the sequence of distribution functions of G, is tight) and a sequence of positive num-
bers (ay), bounded away from 0, such that the log likelihood ratio can be written as

p(Zl,...,Zn|0,77) . B _1 B 9
p(Z1,...,Zp|00,7m) = V(0 = 60) G Qna”w Oo|® + Rn(8,m)

for all (0,n) € © x H with a remainder term R, (0,n) fulfilling

sup s
00, .net, 1+ 1|0 — 0o

log

—0, asn— oo. (9.14)

The sequences (Gr) and (an) may depend on (6p,m0), but not on (6,n).

(b) Prior positivity: In an open neighborhood of 0y, the prior on 6 possesses a continuous

Lebesgue density that is positive and bounded away from 0.
(¢) Joint and uniform conditional nuisance posterior concentration: It holds
PO cOn,neMtnZn,....2Z,) =1
as well as

Jnf P(n € HnlZi, ... Zp,0) = 1.

Then for the marginal posterior P(d0|Z1,...,Zy,) of 0 it holds
Eobrv [P(0 € -|Z1, ..., Zn),N(6o + a;,'Gn,nay )] = 0,

with Ey denoting the expected value under (6p,n9) and oty denoting the total variation distance
between two measures.

Proof. See Theorem 12.9 in Ghosal and van der Vaart (2017). O

It may be noted that Theorem 9.10 can be formulated in more generality, employing so-called
least favorable transformations of the nuisance parameter, see Section 12.3.2 in Ghosal and
van der Vaart (2017). However, the above formulation is sufficient for our considerations. Let
us restrict our attention to the univariate case d = 1 and investigate how the assumptions of
Theorem 9.10 translate to the mean 8 = p of a time series with nuisance parameter n = f being
the spectral density. With Whittle’s Likelihood (9.3), the log likelihood ratio is

pW(Zlv .. ',Zn‘:ua f) o } (ZO — \/ﬁ,uo)Q _ (ZO _ \/E/JJ)Q
8 o Zar o Tl /)2 ( > (9.15)

27 £(0) 27 f(0)

with the Fourier coefficient at w = 0 given by Zy = % Yy Zt. Let Gy = Zo — /npo. Un-
der Py (-|p0, fo), it holds G,, ~ N(0, 27 fp(0)). Hence the sequence (G,,) is tight. Furthermore,
the right hand side of (9.15) is equal to

1 1
7 0) (Gi — (Gn = v/n(p — Mo))2) = 570 (2¢/nG (1t — o) — (i — 1))
1 1
~ 21/0(0) (ﬁGn(M = ko) = 5nln— M0)2>

+ Ro(ps f)



154 9.3. Outlook: Bernstein-von-Mises

with remainder term

Rulin 1) = 5 (VG = 1) = gt =07) (565~ 707
= (RO () + R () (f(lo) - foto)> :

From these considerations, it follows that assumption (a) of Theorem 9.10 is fulfilled if the
remainder fulfills the decay condition (9.14). Thus we compute
0 s )
n WAF@ T R@)| o Valp—pol|Gal | 1 1 ’
L+n(p—po)* 7 T+n(p—po)® | f(0)  fo(0)

Recall the set Hr, -, from (9.11). It follows from (9.16) that

7w (- )|,

(9.16)

sup R R
PER, fEH 7y 1, 1+ n(p — po)?
Furthermore, we compute
(2) 11
’R" (1) (W f0(0)>’ o np—p) |11 ‘
L+n(p—po)* 7 1+n(p—po)?|f(0) fo(0)

Thus, for condition (9.14) to be fulfilled, we need to find posterior concentration set sequences (05,)
and (H,) such that either sup,cq, n(u — po)* — 0 holds or

sup |f(0) — fo(0)] = 0, asn — co. (9.17)

feHn
The first condition can in general not be expected to hold, since it is known from the parametric
case that the posterior of y does not contract faster than with rate n~'/2? (see Section 10.2
in van der Vaart (2000)). Thus it follows from Theorem 9.10 that a Bernstein-von-Mises the-
orem for p can be established if a posterior concentration (in the sense of condition (c) of
Theorem 9.10) set sequence (H,,) can be found such that condition (9.17) is fulfilled. The condi-
tion (9.17) is of different nature than the previous results of this work (IL! posterior consistency
in Section 7.1.2 and Hellinger contraction rates in Sections 7.2.2 and 9.1), since it involves point-
wise consistency at w = 0. The question under which conditions this can be established remains
open. For future work, it will be of great interest to investigate if consistency or contraction
rates employing pointwise conditions can as well be established and this could be used to estab-
lish (9.17), implying a Bernstein-von-Mises result for p. One possible approach to tackle this
issue would be to establish consistency in the supremum norm, a road that has been taken in

the recent literature for some special models, see Castillo (2014) and Yoo and Ghosal (2016).

In the previous Sections, we restricted our attention to the mean model. It is conjectured that
the results and proof ideas can readily be carried over to more general models, as e.g. the linear
model (8.1). A possible difficulty in this context will be that the Fourier Transform of the design
matrix induces a frequency domain signal not only on w = 0 but on all Fourier Frequencies (see

the examples in Section 8.1).
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Assumptions

Chapter 1 and Chapter 2

Assumption al. The integral fg; log (1 + ﬁ) a(dU) is finite.

Assumption X'1. Let X be a Polish space, i.e. a topological space that is homeomorphic to a
complete metric space having a countable dense subset. Let X be equipped with a locally compact

and o-finite and non-trivial Borel measure denoted by dx.

Chapter 3

Assumption AT'1. Letn =y > d—1 andw: X — (0,00) be measurable such that [, w(zx)dr <
0o. Let 3: X — 8 be measurable such that sup,cy Amax(E(z)) < 7 < 00.

Assumption GP1. (a) Let a: X x B(S]) — [0,00) such that {a(z,")}sex is a family of
finite measures on Sj and such that for all B € ]B%(S;) the mapping X 3 x — «a(x, B) is

measurable.
(b) Let B: X xS} — (0,00) be measurable.
Assumption GP2. The integral fXXS;l"X[O,oo) min(1,r)v(dz,dU,dr) is finite for v as in (3.1).

Assumption GP2’. The integral Co := [, a(x, S:{)dx is finite and there exists a constant By >
0 such that B(z,U) > By holds for allU € S:{ and all x € X \ N, where N C X is a null set.

Assumption GP3. (a) There exists N C X with [y dx = 0 such that supp(a(z,-)) = S
holds for all x € X \ N.

(b) The function B is locally bounded, i.e. for every xo € X there ezists a neighborhood Uy
of xo such that SUP 14, UeS ) Bz, U) < 0.

Assumption GP4. (a) It holds a(x,dU) = g(z,U)dU for a measurable function g: X X
Sz{ — (0,00). Furthermore, there exist positive constants gg, g1 such that go < g(z,U) < ¢1
for allU € Sj and all x € X \ N, where N C X is a null set, i.e. de:c =0.
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(b) There exist constants 0 < By < 1 < oo and a null set N C X such that By < B(z,U) < 3
holds for allU € S} and all z € X \ N.

Assumption X2. It holds [, dx < cc.

Chapter 4

Assumption f1. The eigenvalues of f(w) are uniformly bounded and uniformly bounded away
from 0. That is, there exist positive constants by, by such that

)\min(f(W» > b07 )\max(f(w)) < bla 0<w< .

Assumption f2. The autocovariance function T'(h) = 027r f(w)exp(ihw)dw of f fulfills

D IT@)|[IA]* < oo,

heZ

for some a > 1.

Chapter 7
Assumption k1. There exist positive constants c,C such the prior probability mass function
of k fulfills
0 < p(k) < Cexp(—cklogk), keN.
Assumption k2. There exist positive constants A1, Ay and positive constant k1, ko such that

Aqexp(—ri1klogk) < p(k) < Asexp(—kek), k€N,

Chapter 9

Assumption pl. The prior P(du) on p is such that all moments exist. Furthermore, it is
assumed that in a neighborhood of Hy» it possesses a Lebesgue density that is continuous and

bounded away from 0.

Assumption p2. The prior on (u, f) is of the form P(du,df) oc P(df), i.e. p and f are a
priori independent and the prior on p is improper with p(u) o< 1. The prior on f is assumed to
Julfill P(f € Hryry) =1 for some 0 < 19 < 11 < 00 with Hy, -, from (9.11).
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B.1. Matrix Algebra

For A, B € C™9 the Kronecker product of A = (ai;) and B is defined as

anB e aldB
A®B:=| : | et (B.1)
anB ... aqyB

The following calculation rules apply.

Lemma B.1. Let A, B,C, D € C%? Then it holds

(A B)"=A"®B", (A®B)(C®D)=(AC)® (BD).
Proof. See Section 2 in Chapter 2 of Magnus and Neudecker (2007). O

Let m > d—1and S € S (R) with S; (R) denoting the set of symmetric positive definite R%*¢
matrices. The Inverse Wishart distribution Wish7| ,(m, S) with m degrees of freedom and scale
matrix S is defined in terms of the Lebesgue density

|S‘m/2

P2 = 3Pt (o 2)

|Z |2 gy <_;5X1> . ZeS®), (B-2)

where I'g denotes the multivariate Gamma function (see Chapter 1.4 in Gupta and Nagar (1999)).

Norms and Eigenvalues

For a matrix A € Sy, denote the eigenvalues of A by A\(A),..., \q(A) € R. Furthermore,
denote by Amin(A) and Apax(A) the smallest and largest eigenvalue. The trace is defined as

d d
tr(A) == ai =Y _Ni(A).
=1 =1

The following cyclic property of the trace applies:
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Lemma B.2. Let A, B,C € C*?. Then

tr(ABC) = tr(BCA) = tr(CAB).
Proof. See Section 10 in Chapter 1 of Magnus and Neudecker (2007). 0

The following result is well-known as the Min-Max principle of Courant-Fisher.

Lemma B.3 (A.1 in Marshall et al. (2011)). Let A € S4. Then

Zz*Az
)\max (A) = - 5

Amin(A) ZAz
min = = max —-=.
0#£zeCt || z||?

= min ——-—=
0#£zeCd ||z]|?”

In this work, we consider the following matrix norms. Let A = (a;5) € C9*4, Then the Frobenius
Norm is defined as

lA = /er(AA7) =

The 1-Norm is defined as
d
Al =" Jail, (B.4)
ij=1
whereas the Fuclidean Norm is defined as
|All2 :== v/ Amax(AA¥) (B.5)
and the Maxz Norm as

Ao :=  max _ag]. (B.6)

The Trace Norm is defined as
d
|Allr =t ((A49)'2) = 37 /(0;(447) (B.7)
j=1

where (AA*)l/ 2 denotes the Hermitian positive semidefinite matrix square root of AA* € 5;,
see (B.15). For A € Sy the Frobenius and trace norm simplify to

d d
Al =D X(A)2 [Allr =) [M(A)] (B.8)
i=1 j=1

and for A € 5’;, we have the particularly convenient representations
||A||T = tI"(A), ||A||2 = Amax(A)- (Bg)

We will frequently need the following inequalities.
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Lemma B.4. (a) For A € C it holds

1
FlAl = lAl <Al flAfl < Al < Vd|All2, Al < d| Ao,
and
[UAU"|| = [|A]l
for all unitary U € C*4,
(b) For A € S, it holds

Amax(A) < [[All2, [ Amin(A)] < [[A][2-

(¢c) For A, B € C™ it holds

[tr(AB)| < [AlllBll, [AB|l <[Al:lBl, [[AB]| <|[AllB]

(d) For A,B €S} and C € Sy it holds
Amin(A) tr(B) < tr(AB) < Amax(A) tr(B) (B.10)
and

Amin(A)||C]| < |[AV2C A2 < Auax(A)|C. (B.11)

Proof. Part (a) and (b) and (c) are standard results, see e.g. Appendix II of Davies (1973).
Part (c) can be found in Appendix I of Dzhaparidze and Kotz (2012). For a proof of (B.10),
see Sections H.1.g and H.1.h in Chapter 9 of Marshall et al. (2011). To show (B.11), we use the
cyclic property of the trace from Lemma B.2 to compute

|AY2C AV = tr (AI/QCACAW) = t1(ACAC) > Anin(A) tr(CAC),

where (B.10) was used in the last step for A € Sj and CAC € Sj. By the same argument, it
also holds

tr(CAC) = tr(ACC) > Amin(A) tr(CC) = Amin(A) | C| %,

yielding the lower bound in (B.11) and the proof for the upper bound follows along the same
lines. O

The absolute value of the determinant of A € C%*? is abbreviated by
|A| :=|det(A)]. (B.12)
The following results for the determinant are used frequently.

Lemma B.5. (a) For A, B € C¥ it holds
det A =J[(A), det(AB) = det Adet B,
7j=1

with A\ (A),..., i(A) € C denoting the eigenvalues of A.
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(b) For A € 8] it holds
Al =det A, |AV?[=|AIV2 A7V = A,

with A2 denoting the Hpd matriz square root of A from (B.15).

(c) For A,B € 8] it holds
d
[A+B| > [ (ni(4) +x(B)),
i=1

with A (A) < ... < \g(A) and \(B) < ... < \y(B) denoting the eigenvalues in nonde-

creasing order.

Proof. Part (a) and (b) are standard results an can e.g. be found in Section 9 in Chapter 1
of Magnus and Neudecker (2007). For part (c), see Section G.2.a in Chapter 9 of Marshall et al.
(2011). O

The following result can be useful when working with the Frobenius norm.

Lemma B.6. Let A, B € Sj. Then
IB'?AB'Y? — 1| = |BA - 1| = |AB — I = |A"*BA"? — I,

where A2 e SJ denotes the Hermitian positive semidefinite square root.

Proof. By the cyclic property of the trace from Lemma B.2 it holds

tr(BY/?ABAB'?) = tr(ABAB) = tr(A'?BABA'?) = tr(BABA)
and the result follows from

|C — I||> = tr ((C — I))(C — I))*) = tr(CC*) — 2tx(C) +d
for C = BY2AB'Y2 or C = AB or C = AY2BA'? or C = BA. O
The following result gives some insight into the structure of the cone Sj of Hermitian positive
semidefinite matrices.
Lemma B.7. Let A€ S,;. Then A € SCJ[ if and only if tr(AB) > 0 holds for all B € 5;.
Proof. By Lemma B.4, it holds tr(AB) > 0 for all A,B € S). Assume that A € S5\ S;.
Denote by A1, ..., Aq the eigenvalues of A. Then it holds \; < 0 for some i (because otherwise,
it would hold A € 6—’;). Without loss of generality, let A\; < 0. Let U € C%*? be unitary such

that A = UAU™*, with A = diag(\1,...,\q). Let B := U Diag(1,0,...,0)U*. Then it clearly
holds B € §] and tr(AB) = A\, < 0. O
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Jacobians of Transformations

Recall the definition of the Lebesgue measure dZ on S, and dU on S, from (2.5) and (2.6).
We need the following results.

Lemma B.8. Let Z € Sj and let U = %Z € S; withr =tr Z > 0. Then dZ = r©~1drdU.
Proof. To show the result, we re-parametrize the complex matrices Z and U as real vectors and

derive the Jacobian determinant of the vector-to-vector transformation. To elaborate, for Z =
(zij)gjzl and U = (uij)lii,jzl and r = tr Z we will consider the transformation z — ¢, where

. d2
z = (211, R212, S212, . .., S24-1.d5 2aa) € RY,

. d2
Y= (T, w11, Ruqe, Suqe, .. ., %’LLd_Ld) € R*.

This parametrization is in line with the definition of the Lebesgue measure dZ and dU from (2.5)

and (2.6). We will compute the determinant of the Jacobian J = (gif )?3:1 by the following
cofactor expansion along the first column of J: -
d2
det J =Y CinJu, Cin=(—1)""det Ay (B.13)
i=1

and A;; denoting the (i, j)-minor matrix of J, i.e. the (d*> — 1) x (d? — 1) matrix obtained by
deleting the i-th row and j-th column from J. The values C;; are called the cofactors of J. The
matrix J is of the following structure:

0,
7% T'Id2_1
J =
a§d2
9
First observe that, since Z =rU and ugg =1 — Z;l;ll ujj, the first column of J is given by
Oz d—1 T
il OER Ruiz, Suiz, ..., Sug—1,4,1 — Zujj
7=1
Furthermore, for ¢ = 1,...,d? — 1, the row vector (9z;)/(dy) contains exactly one non-zero

element aside from the its first entry, namely (9z;)/(0y, +1) = r. The last row (0z42)/(0p) =
(0zaa)/(Op) contains exactly d — 1 non-zero entries aside from its first entry, namely the en-
tries (0z4q)/(0uj;) = —r for j =1,...,d— 1. Thus, all cofactors Cj; of J along the first column
are zero, except for the ones corresponding to z;’s fulfilling z; = zj, for some k (because for all the

other z;’s, the (i — 1)-th column of the corresponding cofactor-submatrix is zero). Denote these
d?—1)x(d?-1)

)

non-zero cofactors by Cj and the corresponding cofactor-submatrices by A € R(

d?—

k=1,...,d. Since A, is diagonal with entries r, we have det Ay = r% ~! and hence

Cq = (—-1)"*  det Ag = (~1)THrEL,
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For k=1,...,d — 1, the matrix Ay, is of the following structure:

0
TIa E Oaxb
Ak) - )
TObXa E Ib
0
* —r *

where a +b = d?> — 2. A cofactor expansion along the last row of Ay, yields
det Ay, = (_1)k+d2—1(_r)rd2—2 _ (_1)d2+krd2—1

and hence
Cp = (-1)""Fdet Ay = ()T k=1,...,d-1

Combining these insights with (B.13) reveals

d—1 d—1
det J = Z upkCr + (1 — Z ukk> Cy

k=1 k=1

d—1 d-1
= (—1)d2Jrl Zukwdzfl + (—1)Ul2+1 (1 - Zukk> rd*-1
k=1 k=1

_ (_1)d2+lrd2—1
hence |J| = ¥~ concluding the proof. O

Lemma B.9. Let Z ¢ Sj and let ¥ € C*? pe invertible. Let Y = XZX*. Then dY =
]EZ*\ddZ.

Proof. See Mathai (1997), Theorem 3.5. O
Let n > d — 1. The complex multivariate Gamma function is defined as

d
]h@ﬁ:1£+ad—ZﬂZW‘%Z::#WiUQIIFUr—j+1L (B.14)

d j=1

where I'(a) = [;° 2% ! exp(—2)dz is the Gamma function, being defined for a > 0.

Lemma B.10. Letn >d —1. Then

—d _ a(n)
éyw"dU_HWy

[
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Proof. The proof is an adaption of Proposition 5.5 in Pérez-Abreu and Stelzer (2014) and uses
the same idea of transforming the spherical integral to an integral over the whole cone S, by
employing a one-dimensional Gamma radial component. Observe that for any a > 0 we have

1
U|" U =
/S; i (@)

1
= Z) M etr(~2Z)|Z["dZ
w7 L w2y an(-2) 21z,

where the transformation

pa—nd+d’—1 exp(—r) |TU|’7*ddrdU

+
Sd

Z=rU, r=trZ, drdU=r"""4z

from Lemma B.8 was used in the last step. Now choosing a = nd and using the definition (B.14)
of the complex multivariate Gamma function concludes the proof. O

Hpd Matrix Square Root

Any matrix A € S; can be written as A = UAU™ with U being a unitary matrix containing
the eigenvectors of A as columns and A = diag(Ay,...,\q), being the diagonal matrix of the
eigenvalues A\i,...,\q € Rof A. If A € S', it holds Aj > 0for j =1,...,d and we can define
in this case

AV UAVPU*, AV = diag(\)?, . 0. (B.15)

We call A the Hermitian positive semidefinite square root of A (or Hpd square root if A € Sj)
It is clear that AY/2 € ST (and AY/? € S if A € SJ) and that A/2A1/2 = A.

Similar to the one-dimensional case, the matrix square root is differentiable and uniformly
Lipschitz, if the domain of definition is uniformly bounded away from 0 (in terms of eigenvalues),
as we will show in the following. Recall that a function ¥: S; — Sy is called Fréchet differentiable
at Z € Sy, if there exists a linear function ¥/'(Z): S; — Sy and a positive constant C' such
that || ®'(Z)[A]]] < C||A| holds for all A € S; and
|¥(Z +X)—¥(Z) - ¥'(Z)X]|
[1X]]

0, as||X| —o0. (B.16)

Lemma B.11. Consider the mapping ¥ : Sjl' — 8; defined as the Hermitian positive definite
matriz square root W(Z) = Z'/%. Then W is Fréchet differentiable. For Z € Sj, the Fréchet
derivative W' (Z): Sg — Sy 1is given by

U'(Z)[A] = Up(U*AUU*, AeS, (B.17)
with
¢(A)zg = \/)T.a_:j\/y’ A = (dij) S Sd,
4 J

where A1, ..., g > 0 are the eigenvalues of Z and U is unitary such that Z = UAU™*, with A =
diag(A1,...,\q). Furthermore, for all 7 >0 and S ‘ :={Z € 8§ : Amin(Z) > 7} there ezists a
positive constant C' only depending on T and d such that

I (Z)|| < C, forall Z €S, (B.18)
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with || ®'(Z)| := supg,acs, W% denoting the operator norm of W'(Z).

Proof. Applying the Fréchet differential operator to the left and right hand side of ¥(Z)¥(Z) =
Z and using the chain rule (see Chapter 8, Section 2, equation (15) in Magnus and Neudecker
(2007)) yields

U(Z)|A)¥(Z) + O (Z)V(Z)[A] = A, AcS, (B.19)

First assume that U = I, i.e. Z = A = diag()\1,...,\qg). Let B = W/(Z)[A]. Then (B.19)
becomes

BAY2 L AV2B = A, A2 = diag(VA, ...,V ),

from which a;; = (Vi + ﬁj)bij and hence b;; = ﬁﬁ]ﬁ can directly be concluded. For the
i J

case U # I, let X € §; such that A + X € Sj. Recalling W(Z) = ZY/? = UAY?U* and the
unitary invariance of the Frobenius norm (i.e. |[UAU*|| = ||A|| for all unitary matrices U and
all A € C%? see Lemma B.4) we consider the difference quotient

[(UAU* + X)Y/2 —UAV2U* — U¥' (A)[U* XU|U*||

1X|
U(A+U*XU)V2 - A2 — (AU XU U
1 Xl
A+ X)Y2 - AV2 (AU XU 0
|U*XU| ’

as || X || — 0 by definition of ¥’(A). This shows that ¥'(Z)[A] = U¥'(A)[U* AU]U*, conclud-
ing the proof of (B.17).

Consider the max norm || - ||oc from (B.6). By the equivalence of matrix norms, there exist
positive constants cj, cy only depending on d such that ¢1]| Al < ||A|l < 2] Al|oo holds for
all Ac C™4 For Z € S, and A € S, we get

ik
I'(Z)[A]]| = [Us(U"AU)U"| = |p(UAU)| < c2]|p(U"AU) |,

where the unitary invariance of the Frobenius norm ||| was used in the second step. Furthermore

it clearly holds

1 1
U'AU)||oo < ————||U"AU |00 < =—=|lU"AU || 0,
60 Ao € 5| AU € 522 0" AT
and finally
x | T 1
I[U"AU|| < —[[U"AU| = —||A]|
C1 C1
yields
C2
v'(Z)[A]|| < A
19 2)(Al] < 522 A,
which concludes (B.18) with C' := ;-2~. O

2c1+/T
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B.2. Bernstein Polynomials

The Bernstein polynomial basis of degree k € N on [0, 1] consists of the following k& Beta density

functions:

T'(k+ 1)

. : P 1—2) I, 0<z<1, j=1,...,k B.20
T +p° 470 (:20)

with I'(j) = fooo 771 exp(—j)dr denoting the Gamma function. Given some mixture weights w :=
(w1, ..., wy) € R¥, the Bernstein polynomial mixture of degree k is defined as

k
Bk, w)lz] ==Y wblalj,k—j+1), 0<z<l.
j=1

By Section 1 in Petrone (1999), it holds fol b(x|j, k—j+1)dr = 1 and maxo<z<i |b(x|j, k—1+1)| <
k for all k € N and all j =1,..., k. This implies

=1,...,

1 k
/0 B(k,w)[x]de = jz:;wj, (nax, IB(k,w)[z]| <k max |wj|. (B.21)

We first present some approximation properties of Bernstein polynomials.

Lemma B.12. Let f: [0,1] — C%™*? be continuous. For k € N, consider the Bernstein polyno-
mial

k

fu@) =3 (/’“1 f(t)dt) baljk—j+1), 0<z<I, (B.22)

j=1
where the integral is understood component-wise. Then it holds

ax [f(z) = fu(@)] =0, as k= oo.

Furthermore, if f takes only values in Sj (or Sj), then so does fi..

Proof. Let € > 0. Consider the components f,s for r,s = 1,...,d of f. By the uniform approx-
imation property of Bernstein polynomials (see Theorem 1.6.1 in Lorentz (2012) or Section 1
in Petrone (1999)), there exists for every > 0 a positive integer ko ,s such that for all & > ko s
it holds maxo<z<1 |frs(x) — frrs(2)| < 6, with

k

frrs(@) = Z (/jkl frs(t)dt> b(z|j,k—j5+1), 0<z<1

J=1

denoting the r,s-th component of fj. Since fé/_kl)/k ft)ydt € S for f:[0,1] — S, it fol-
lows fi(z) € S for 0 <z <1 in this case. Similarly, if f takes values in S, then it holds

" "
z*(/(j f(t)dt>z=/J SF(zdt >0, =1,k

i—1/k (G=1)/k
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for all z € C%, which shows that f(]/f 1)/k ft)dt € Sj Hence fj only takes values in Sc'l|r in
this case. With k > ko := max, =1 4kors it holds maxo<y<i1 || f(z) — fr(z)||cc < d. Note
Aps| > L||A|| for all A € C**4. Choosing § < & we obtain for k > ko from

that max, s—1,. 4

Lemma B .4
_ < _
ax [[f(z) = fr(@)] < d max [[f(z) = fu(@)lloo <&
concluding the proof. O

The preceding result can be strengthened to get a rate of convergence, under additional regularity
assumptions on f, as the following result shows.

Lemma B.13. Let f: [0,1] — C¥9 and fi, be defined as in (B.22).

(a) If the components of f are Holder of order 0 < a < 1, then there exists a positive constant C
such that
max || f(x) — fr(z)| < Ck~*/?

0<z<1
holds for all k € N.

(b) If the components of f are continuously differentiable with derivatives being Hélder of
order 0 < a <1, then there exists a positive constant C such that

max [|f(x) — fi(2)| < Ck~0+0/2

0<z<1

holds for all k € N.

Proof. The rates of approximation for the components of f is well-known, see e.g. Theorem 1.6.1
and Theorem 1.6.2 in Lorentz (2012), or Lemma E.3 in Ghosal and van der Vaart (2017). The

rate in the matrix norm can be obtained with the same argument as in Lemma B.12. O

Remark B.14. The approzimation rates achieved by Bernstein polynomials (see Lemma B.13)
are not optimal. It is known that for a function f on [0,1] of smoothness a, there exists a
polynomial fi, of degree k such that || f — fi||lco < Ck™® holds for all k € N and some constant C' >
0, see Section 1.6 in Lorentz (2012). These rates can e.g. be attained by splines, see Lemma E.5
in Ghosal and van der Vaart (2017).

B.3. Fourier Series

Let (bg)rez be a sequence of matrices in C**¢ such that Y, ., [bx/|? < co. Let
flw):= Z by exp(—ikw), weR. (B.23)
keZ

Clearly, f is 2m-periodic and by Parceval’s Theorem, the components of f are in L2([0, 27]).
For 0 < a < 1, we denote by C7, ; the space of continuous 27-periodic functions g which are
Holder of order a, i.e.

Civg = {g: R — C¥4 2r-periodic: sup ||g(w + 0) — g(w)|| < C|d]|* for some C > 0} .
w€eR
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The following Lemma summarizes some regularity conditions for f from (B.23), in terms of
decay of the Fourier coefficients by.

Lemma B.15. Let (by)rez be a sequence of matrices in C¥¥9,

(a) If 3 ez llb]| < oo, then the series in (B.23) converges uniformly for 0 < w < 2m. In
particular, f is continuous.

(0) If > ez |K|*l|br|| < o0 for some 0 < a <1, then f € CY, .

(c) If > rez |EI?[|br]| < oo for some positive integer s, then f is s times continuously differ-
entiable with derivative f®)(w) = Y kez(—k)*brexp(—ikw) for w € R, where the series

converges uniformly for 0 < w < 2.

(d) If > ez |kIFT|bi|| < oo for some 0 < a < 1 and some positive integer s, then & ece,

Proof. Let N > 0 and consider the trigonometric polynomial fy := Z,]fv:o by exp(—ikw). For N >
M >0, we get

| fv — fullFoo =

N
< 3 bl

F,00 k=M+1

N
Z by exp(—ik-)

k=M+1

Since (by)g>o (being convergent) is a Cauchy sequence in ¢!(C%*?), so are the components
of (fn)n>0 a Cauchy sequence in the Banach space C([0,27], ||+ ||o0), thus convergent. Similarly,
also (fn)n<o is convergent, yielding (a).

To show (b), let 6 € R and define Dsf(w) := f(w+9) — f(w). It suffices to show ||Dsf(w)| <
C6|* for some constant C' that does not depend on ¢ or w. With & (w) := exp(—ikw), we
compute
[ Dsr(@)| _ |Drs&a(kw)| _ Clk5|"
0] I

= Clk[*,
where the constant C' does not depend on k,w or ¢, since & € C% Thus
Ds f(w D& (w a
DTN < 5 g P2 < 5 g e
1] kez 4] kez
This yields (b), since the right hand side is finite and does not depend on J.

Part (c) follows readily from the dominated convergence theorem, using part (a). Part (d)
follows by a combination of part (b) and (c). O

We will also encounter the following regularity class, which is defined in terms of decay of the
Fourier coefficients. For a > 0, let

dxd = {f = brexp(—ik): > [lby[|k]* < OO} :

kEZ kEZ

It is known that A§, , with the pointwise matrix multiplication is a Banach algebra (see Sec-
tion 13.1 in Grochenig (2013)). The next result is a generalization of Wiener’s Lemma, stating
that the invertible elements in AJ, _, are characterized by pointwise invertibility.



Mathematical Appendix 169

Lemma B.16. Fora >0, let f € A9, , with |f(w)| #0 for 0 <w < m. Then f~' € A% ,.

Proof. The proof can be found in Lemma 13.3.2 in Grochenig (2013). O

B.4. Poisson Processes

Let )V be a Borel space, i.e. a topological space endowed with the Borel o-algebra. A Poisson
process I1 on ) is a random countable subset of ), such that for all k¥ > 0 and all disjoint
subsets Ay, ..., A of Y, the random variables N(A;),..., N(Ag) are independent with N (A;) ~
Poi(v(A4;)), where N(A4;) = #{IIN A;}. The measure v on ) is called the mean measure of II.
We write II ~ PP(v). The proofs of the next four results can all be found in Kingman (1992)
(see Sections 2.2, 2.5, 3.2, 4.1 and 5 there).

Theorem B.17 (Existence Theorem). Let v be a o-finite measure on a Borel space Y such that
for ally € Y, the set {y} is measurable with v({y}) = 0. Then there exists a Poisson process 11
on Y with mean measure v.

Theorem B.18 (Superposition Theorem). Let {Il;: j € N} be a countable collection of in-
dependent Poisson processes having respective mean measure v; on a Borel space Y. Denote
by 11 := U, I1; their superposition. Then it holds II ~ Poi(v) with v := Y22, v;.

Theorem B.19 (Campbell’s Theorem). Let II be a Poisson process with mean measure v on
a Borel space Y and let g: Y — [0,00) be measurable. Then the sum ® := 3 ;19(y) is
absolutely convergent in probability if and only if fy min{|g(y)|, 1}v(dy) is finite. In this case,
the distribution of ® is given in terms of the Laplace transform

Eexp(—t®) = exp <— /y (1- exp(—tg(y)))y(dy)> . t>0.

Theorem B.20 (Interval Theorem). Let II be a Poisson process on [0,00) with mean mea-
sure v(dy) = Ady, where dy denotes the Lebesgue measure and X is a positive constant. Let y; :=
infII and yj41 := inf{II\ {y1,...,y;}} for j > 1. Then the increments

zi=y1, Zipi=yi -y (G21),
are independent with z; ~ Exp(X) for j =1,2,....

Theorem B.21 (Marking Theorem). Let Y, Z be Borel spaces and let I1 be a Poisson process
on Y with mean measure v. Consider a mapping a: Y X B(Z) — [0,00) (with B(Z) denoting
the Borel o-algebra in Z) such that for every y € Y, a(y,-) is a probability measure on Z and
that for every measurable B C Z, the mapping Y > y — «a(y, B) is measurable. Consider the
following random subset of Y x Z:

ind.
Mo = {(y,my): y € I}, myly "~ aly, ),

consisting of each element y € Y of Il and a respective marking m, € Z, drawn independently

from a(y,-). Then Ily is a Poisson process on Y X Z with mean measure

vo(A) = / 14y, 2)aly,dz)v(dy), A C X x)Y measurable.
YxZ
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Theorem B.22 (Almost sure mapping Theorem). Let ), Z be Borel spaces and let 1,11 be
Poisson processes on'Y and Z with mean measure v and U respectively. Assume that there ex-
ists a measurable function h: Y — Z such that 7(B) = v(h=Y(B)) for every measurable B C Z.
Assume further that the underlying probability space of II is rich enough to carry a Unif([0, 1])
random variable (i.e. having the continuous uniform distribution on (0,1)) which is indepen-

dent of TI. Let {z;}j>1 2 II. Then there exists a sequence {Z;}j>1 of random wvariables in Y

with {Zj}j>1 4 {2j}j>1 such that the almost sure representation T1 = {h(2;)};>1 holds.

Proof. The conclusion IT g {h(2;)}j>1 is standard, see e.g. Section 2.3 in Kingman (1992). The
argument for the almost sure representation is given in Proposition 2.1 in Rosiniski (2001). O

B.5. Miscellaneous

Let £ > 1 and aq,...,ar > 0. The Dirichlet distribution Dir(aq,...,ax) is defined on the
standard (k — 1)-simplex, in terms of the probability density

P(Zk;:la’.> k . k
I U7 wneae e (0,1), S ay =1 (B.24)

p(xla"'axk): k
Hj:lr(aj) j=1 ’ j=1

For (Xy,...,Xx) ~ Dir(ay,...,ar) with ag := Z§:1 a; it holds

EX; =2, VarX; =

i A s DA S I B.25
ap ag(aoJr 1) J ( )

The Gamma distribution Ga(a,b) with shape parameter a > 0 and rate parameter b > 0 is
defined in terms of the Lebesgue density
bCL

p(x) = I‘(a)xa_l exp(—bx), x>0. (B.26)

The following result of Riemann sum convergence speed is well known in the literature. However,
since a reference of the proof was not readily available, the proof is included for the sake of

completeness.

Lemma B.23. Let g: [0,1] — R be continuously differentiable. Then, with xj := j/n for j =
0,...,n—1 4t holds

[ ot LS (0| < oz (@)
r)axr — — Zj — .
0 g n jzog T n

Proof. First observe that

/Olg(ﬂf)dfC = :i:j/:w g(x)dz, ;fg(xj) - ni/mj“ o) da.
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This leads to

/ d:c——Zga?] <Z/ ) — g(x;)|de.

By the mean value theorem, there exist z; € [j/n, (j+1)/n] for j =0,...,n—1 such that g(z)—
g(z;) = L8 This yields [g(z) — g(x;)| < 2X0s==1l0@ 454 hence

-1 ., -1
Sl K iyt |g z)| _ maxo<e<i|g'(2)]
l9(z) - — e T,
j=0"%i j:()
concluding the proof. O

The following result describes the distribution of random quadratic forms for the multivariate

normal and complex multivariate normal distribution.

Lemma B.24. (a) Let £ € S§(R) and Z ~ Ny(0,X). Let A € S4(R). Consider the random
quadratic form U(Z) := ZT AZ. Then

L d
= X,
=1
iid

where A1, ..., \qg are the eigenvalues of XA and X1,...,Xq ~ N(0,1). In particular, it
holds

d d
Z = Var¥(Z) =Y 2\ =2tr ((ZA)?).

=1

(b) Let X € SF and Z ~ CNy(0,%). Let A € Sy. Consider the random quadratic form ¥(Z) :=
Z*AZ. Then

J d
= X
=1
1d

where A1, ..., A\q are the eigenvalues of XA and X1,...,Xq ~ CN(0,1). In particular, it
holds

d d
Z =tr(ZA), Var¥(Z)=> X =tr((ZA)%).

i=1

Proof. See the Appendix in Ibragimov (1963). O

The Lambert W function is defined as the inverse function of R 5 z — x exp(z), such that
W(z)exp(W(z)) =z, for z> —exp(—1). (B.27)

Since z +— zexp(zr) is not injective, W consists of two branches for —exp(—1) < z < 0, see
Section 1 and Figure 1 in Corless et al. (1996). It is evident that W is strictly monotonically
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increasing on (0,00). Furthermore, W is concave on [0,00) (see Section 3 in Corless et al.
(1996)).

We will also need the following results.

Lemma B.25. Let o > 0. Then

2

2 -1 1 2
% exp (aa:) < (az )ex2p(ax) * < % exp(az), x>0
x

and

(ax — 1) exp(az) + 1 S a?
-2

= exp(az), x<0.

Proof. Using basic algebra, we find that the upper bound m_l)exw < %2 exp(azx) forz > 0
is equivalent to

(ax —1)2 +1 —2exp(—azx) >0, x>0,

or equivalently h(z) > 0 for z > 0 with h(2) := (z — 1)+ 1 — 2exp(—=z). Since h(0) = 0 and the
derivative A’ of h fulfills

B (2) =2(z —1+exp(—2)) >0, 2z>0,

the upper bound follows. The proofs for the lower bound for x > 0 and the results for x < 0 are
analogous. 0

Lemma B.26. Let 7 > 1 and a > 0. Then there exists a positive constant C, only depending

on T and a, such that

22—-1<C(z—1), 1<z<T.

Proof. Consider the function g(z) := 2% — 1. Assume first that a < 1. In this case, g is
concave, yielding g(z) < ¢(2)(z —1) < a(z — 1) for z > 1. If a > 1, then g is strictly
convex, and the function graph of g is below the straight line between ¢(1) and g(7), which
yields g(z) < T=t(z — 1) for 1 < z < 7 in this case. O

T—1

Lemma B.27. Let X,Y be independent random elements in Sq. Then the support of X +Y
is the closure of {A+ B: A € supp(X), B € supp(Y)}.

Proof. The result is Lemma 24.1 in Sato (1999), by identifying Sy with R, O

Lemma B.28. Let Z be a nonnegative random variable with distribution given by its Laplace

transform
Eexp(—tZ) = exp (—/ (1-— exp(—rt))y(dr)> , t>0,
0
and Lévy measure v on [0, 00) with v([0,00)) = oo and fol rv(dr) < co. Then minsupp(Z) = 0.

Proof. See Corollary 24.8 in Sato (1999). O
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The following result gives an explicit formula for mean and covariance of infinitely divisible
random Hpd matrices.

Lemma B.29. Let X be a random element in 5’; with infinitely divisible distribution given in

terms of the Lévy Khinchine representation (see Theorem 2.1) of its Laplace transform

L(®) = Eetr(—O©X) = exp (— /S+(1 - etr(—@Z))u(dZ)) , @S]

with Lévy measure v.
(a) Iffgj |Z||v(dZ) < oo, then EX = fg{[ Zv(dZ).

(b) Ifij | Z||?v(dZ) < oo, then CovX := E[X®%—(EX)®? is well-defined and it holds CovX =
Js+ Z © Zv(dZ).

Proof. The cumulant generating function of X is defined as K(©) := log L(—©) for ® € S;
with SJ denoting the cone of Hermitian negative semidefinite matrices. Differentiating K and
evaluation at ®@ = 0 yields the cumulants. The functional derivative of K in direction T € Sy

is given by
iKT((a) ~ lim K(©® +cT) - K(O)  lim etr(@Z) — etr((© + gT)Z)V(dZ).
00 e—0 € =0 /st €

By Theorem 1.2 in Mathai (1997) it holds %[tr(@Z)] = Z, which implies %[etr(@Z)] =
etr(®Z)Z and hence

lim etr(@Z) —etr((©@ +T)2)

e—0 e

=etr(®@Z)tr(TZ).

An application of Lebesgue’s dominated convergence theorem reveals

%KT((—)) = /Sj etr(@Z)tr(TZ)v(dZ),

where the integral on the right hand side is well-defined since 0 < etr(®Z) < 1 holds and
since |[tr(T'Z)| < ||T||||Z]|, which is v-integrable by assumption. This shows

ai)K(e) = /S; etr(®Z)Zv(dZ)

and letting ® — 0 concludes (a). Similarly, for the second cumulant we use %[etr(@Z )Z] =
etr(®@Z)Z @ Z (see Magnus and Neudecker (2007), (24), p. 208) to get

82

@K(@) - /S+ etr(®@Z)Z @ Zv(dZ)

and letting ® — 0 concludes (b). O
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Metric Entropy

We will need the notion of a semimetric.

Definition B.30. Let X be a set and d: X x X — [0,00) be a symmetric function satisfying the
triangle inequality d(x, z) < d(z,y) + d(y, z) for all z,y,z € X and d(z,xz) = 0 for all x € X.

Then d is called a semimetric.

Semimetrics generalize the notion of a metric and they lack the identity of indiscernibles (that
is, d(z,y) = 0 to imply x = y). For ¢ > 0, the e-covering number of a set X with respect to a
semimetric d on X is defined as

N
N(e,X,d) :=inf ¢ N € N: 3ay,..., 2y € X with X = | | Be(x) ¢ , (B.28)
j=1

where B.(z) = {y € X: d(z,y) < €}. The following lemma gives a bound for the covering
number of closed balls in Euclidean spaces.

Lemma B.31. For z = (z1,...,24) € R%, denote for p > 1 the p-norm of z by |z|l, =
(Zgzl |2i|P)Y/P. Then for M >0 and 0 < e < M it holds

- €

d
Ve fe e B lal, <00 1) < (22)

Proof. See (A.9) in Ghosal and Van Der Vaart (2007). O

The following calculation rules for covering numbers apply.

Lemma B.32. (a) Let dy,ds be semimetrics on a set X such that there exists a,b > 0 with
d{(z,y) < bda(z,y), forallxz,ye X.

Then N (e, X,d1) < N(5, X, dp).

(b) Let X,Y be sets and d be a semimetric on X and e be a semimetric on Y. Let f: X — Y

be surjective such that there exists a,b > 0 with

e (f(z), fly) <bd(x,y), forallz,yeX.
Then N(e,Y,e) < N(5-, X, d).
Proof. We only show part (b), because part (a) is actually a special case thereof (with X =)

and f being the identity). Let By,..., By be a covering of X with respect to d with radius %,

l.e.

Bj:BE;zd(wj):{meX:d(:C,xj)<eb}, j=1,....N

for some z1,...,zn € X such that X = Ujvzl Bj. Let f(Bj) := {f(z): x € B;j}. Since f is
surjective, it also holds Y = Ujvzl f(Bj). Consider B; := B..(f(z;)) for j = 1,...,N. By
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assumption, it holds e(f(x), f(z;)) < bY/dY%(z,x;) < ¢ for all x € By, yielding f(B;) C B;.
Thus it also holds Y = U;V:1 Bj and it follows that By, ..., By is an e-cover with respect to e
of Y. This argument shows that any %—cover (with respect to d) of X' induces an e-cover (with
respect to e) of ) the same size, concluding the proof.

O]



Notation

Throughout this work, matrices are written in bold as A and vectors underlined as Z. Mea-
sures in the Bayesian context (prior, posterior or likelihood) are usually denoted by capital
letters, e.g. P(df|Z) and (in case of existence), the corresponding Lebesgue density in lower
case, e.g. p(0|Z). The used symbols are summarized in the following.

Functions and Operators

14 indicator function for set A
|-l Foo maximum Frobenius norm, see (7.3)
B(k,P) Bernstein polynomial expansion operator, see (7.4)

b(-l7,k—7+1) density of Beta(j, k — j + 1) distribution, see (B.2)
b7 (-[j,k —j+1) truncated Bernstein polynomial basis function, see (5.4)

Ox Dirac Delta function at x
Ey exponential integral function, see (3.11)
E[X] expected value of random variable X
f(w), F(dw) spectral density and spectral measure matrix, see (0.1)
L(a),T4(n) Gamma and complex multivariate Gamma function, see (B.14)
I'(h) covariance function of stationary time series
L.(©) Laplace transform of measure y, see Section 2.1.1
Var[X] variance of random variable X
VeCcR stacking operator, see (4.9)
Matrices
|A| absolute value of determinant
A<B B-AcS;
IIA]l Frobenius norm, see (B.3)
| Al 4 for # € {1,2,00,T}: matrix norms, see (B.4)—(B.7)

A2 Hermitian positive definite square root of A € SI, see (B.15)



177

AT A* transpose and Hermitian conjugate

A®B Kronecker product, see (B.1)

BA isomorphism from C%*? to R24*24 from (4.15)
det A determinant

etr A exponential trace, i.e. exp(tr A)

F,4 Fourier Transformation matrix, see Lemma 4.1
I d x d identity matrix

Amin(A); Amax(A) smallest and largest eigenvalue of Hermitian matrix A
tr A trace

Probability Distributions

AT (n,w, X) AT distribution, see (2.13)

CNg(0, %) complex d-variate normal, see (4.6)

CWishgxq(n,X) complex Wishart distribution, see (1.12)

CPoi(C, v*) Compound Poisson distribution, see Theorem 2.2

CRM(v) Completely Random Measure with Poisson mean measure v, see (1.9)
CRMgxa(v) Completely Random Hpd Measure with Poisson mean measure v, see (3.2)
DP(G) Dirichlet Process with base measure G

Ga(a, B) Gamma distribution with «, 5 > 0

Gagxq(a, B) Hpd Gamma distribution, see (2.7)

Ng(p, X) d-variate normal with mean p € R? and variance ¥ € SJ (R)

Poi(C) Poisson distribution

Unif (&) Uniform distribution on X

Wish;1,(n, %)  Inverse Wishart distribution, see (B.2)

Spaces and Sets

B(X)  Borel sets on a topological space X
C complex numbers

Dyxa  set of continuous SJ—Valued functions on X

Lx Lebesgue measure on Euclidean space X

L? measurable functions with Lebesgue integrable absolute pth power (1 < p < c0)
Mgxq set of finite Hpd measures on X

N positive integers

R real numbers

Sy space of Hermitian d x d matrices

Sj cone of Hermitian positive definite d x d matrices

ST(R) cone of symmetric positive definite d x d matrices

Sa set of Hermitian d x d matrices with unit trace, see (2.3)

S(J{ set of Hermitian positive definite d X d matrices with unit trace

Z integers
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an < by there exists a positive constant C' such that a, < Cb, for all n
dp. o root average squared Hellinger distance, see (7.31)
E closure of a subset £ C X of a topological space X
#E cardinality of set F
Sz imaginary part of z € C
N(e,X,d)  e-covering number, see (B.28)
p(z) o< f(z) there exists a positive constant C' such that p(z) = Cf(2)
Rz real part of z € C
supp(u) support of measure p, see (2.11)
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