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ABSTRACT

This thesis considers structure-preserving system-theoretic model order reduction for
certain structured input-output systems, particularly network systems. In the first part,
our focus lies on the clustering-based approach to reduce network systems. Therein, we
begin by considering clustering-based model order reduction for linear multi-agent sys-
tems. This approach finds a reduced model whose dynamics evolve over a smaller net-
work. To measure the reduction error, we use the Hs-norm and consider the Hy-optimal
clustering problem. Since clustering is generally a difficult combinatorial problem, we
propose a framework based on relaxing the discrete problem to find an Hy-suboptimal
clustering. Following on this, we directly extend the framework to a class of nonlinear
multi-agent systems.

Next, we derive upper bounds for Hy and H,, clustering-based reduction errors
for linear multi-agent systems based on almost equitable partitions. These results
generalize work for multi-agent systems with single-integrator agents. Using a similar
approach for power systems, which are a special class of nonlinear multi-agent systems,
we find conditions for exact clustering-based reduction.

Additionally, we study subsystem reduction for network systems. We propose a
balancing-based approach that guarantees stability preservation under a small-gain
condition. Furthermore, we consider the Hs-optimal subsystem reduction problem.
We derive Gramian-based first-order necessary Ho-optimality conditions and use a
gradient-based optimization method to fulfill them.

Finally, we apply the structure-preserving Hs-optimal model reduction approach for
network systems to other structured systems. In particular, we consider JHy-optimal
model order reduction of second-order systems, port-Hamiltonian systems, time-delay
systems and Hy ® Lo-optimal model order reduction of parametric systems. Here, we
also derive Gramian-based Hy-optimality conditions and use an optimization approach
to construct a reduced model. For some structured systems, we also derive interpolatory
Hs-optimality conditions under additional assumptions on the reduced model.
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ZUSAMMENFASSUNG

Diese Arbeit beschéftigt sich mit der strukturerhaltenden systemtheoretischen Model-
lordnungsreduktion fiir bestimmte strukturierte Input-Output-Systeme, insbesondere
Netzwerksysteme. Im ersten Teil liegt unser Fokus auf dem clusterbasierten Ansatz
zur Reduktion von Netzwerksystemen. Zunéchst betrachten wir dabei die cluster-
basierte Modellreduktion fiir lineare Multiagentensysteme. Dieser Ansatz findet ein
reduziertes Modell, dessen Dynamik sich iiber ein kleineres Netzwerk entwickelt. Zum
Messen des Reduktionsfehlers verwenden wir die Ho-Norm und betrachten das Hos-
optimale Clustering-Problem. Da das Clustering im Allgemeinen ein schwieriges kom-
binatorisches Problem ist, schlagen wir ein Framework vor, welches darauf basiert,
das diskrete Problem zu relaxieren, um ein Hs-suboptimales Clustering zu finden. Im
Anschluss daran erweitern wir das Framework direkt auf eine Klasse nichtlinearer Mul-
tiagentensysteme.

Als néchstes leiten wir obere Schranken fiir Hs und H, clusterbasierte Reduktions-
fehler fiir lineare Multiagentensysteme her, basierend auf nahezu gerechten Partition-
ierungen. Diese Ergebnisse verallgemeinern die Arbeit fiir Multiagentensysteme mit
Single-Integrator-Agenten. Unter Verwendung eines dhnlichen Ansatzes fiir Energiesys-
teme, die eine spezielle Klasse nichtlinearer Multiagentensysteme darstellen, finden wir
Bedingungen fiir eine genaue clusterbasierte Reduktion.

Zusatzlich untersuchen wir die Subsystemreduktion fiir Netzwerksysteme. Wir schla-
gen einen balancierenden Ansatz vor, der die Erhaltung der Stabilitat unter Small-Gain-
Bedingungen gewihrleistet. Weiterhin betrachten wir das Hs-optimale Subsystemre-
duktionsproblem. Wir leiten gramschenbasierte notwendige Ho-Optimalitdtsbedingun-
gen erster Ordnung her und verwenden eine gradientenbasierte Optimierungsmethode
um diese zu erfiillen.

Schliefslich wenden wir die strukturerhaltende Hsy-optimale Modellreduktion fiir Net-
zwerksysteme auf andere strukturierte Systeme an. Insbesondere betrachten wir JH,-
optimale Modellordnungsreduktion von Systemen zweiter Ordnung, Port-Hamiltonscher
Systeme, zeitverzogerter Systeme und Hy ® Lo-optimale Modellordnungsreduktion von
parametrischen Systemen. Auch hier leiten wir gramschenbasierte Ho-Optimalitéts-
bedingungen her und verwenden einen Optimierungsansatz um ein reduziertes Modell
zu konstruieren. Fiir einige strukturierte Systeme leiten wir auch interpolatorische
Ho-Optimalitdtsbedingungen unter zusétzlichen Annahmen an das reduzierte Modell



her.
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CHAPTER 1

INTRODUCTION

Contents
1.1 Motivation . . . . . . . . 1
1.2 Outline of the thesis . . . . . . . . . . 2

1.1 Motivation

Large-scale dynamical systems, consisting of many ordinary differential equations (ODEs),
appear often in applications. Such systems typically arise from detailed discretizations
of partial differential equations (PDEs). Another source are interconnected systems,
forming large-scale network systems, see, e.g., [New10, EFHO10, BEF*14] for applica-
tions in complex networks, smart-grids, distributed systems, transportation networks,
biological networks, and networked multi-agent systems. Due to the increasing demand
for computational resources to analyze, simulate, or control such large-scale systems,
there is an interest in using model order reduction (MOR) methods. The idea be-
hind MOR is to find a reduced-order model (ROM) with a much smaller number of
ODEs, making it easier to simulate, while reproducing the original model sufficiently
accurately.

Direct application of established MOR techniques, such as balanced truncation,
Hankel-norm approximation, and Krylov subspace methods, see, e.g., [Ant05, BMS05,
BOCWI17], to structured models generally leads to a loss of structure. Additionally,
for multi-agent systems, properties such as consensus and synchrony are important
to preserve in the reduced model (see [Mor05, OSMO03, LDCH10, MZ10]). Structure-
preserving MOR methods allow preserving the physical interpretation of the model,
which can also improve accuracy. Additionally, analysis or optimization methods tai-
lored to specific model structures allows reusing them for the reduced model.

MOR techniques specifically for networked multi-agent systems with first-order agents
have been proposed in [IKIA14, TKGT 15, CKS16]. Extensions to second-order agents
have been considered in [[115, CKS17] and to more general higher-order agents in [[KI16a,
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BSJ16, MTC13]. Some of these methods are based on clustering nodes in the network.
With clustering, the idea is to partition the set of nodes in the network graph into
disjoint sets called clusters, and to associate with each cluster a single, new, node
in the reduced network, thus reducing the number of nodes and connections and the
complexity of the network topology.

Complementarily, methods for subsystem reduction in more general network systems
have been proposed in [RS07, RS08b, VVDO08, SM09]|, with applications in, e.g., multi-
body systems. There, the network in the reduced model stays the same and only parts
of the system in the nodes are reduced.

1.2 Outline of the thesis

This thesis is structured as follows. In Chapter 2, we review different topics used
throughout the thesis. We begin with the necessary topics from linear algebra, particu-
larly properties of eigenvalues and the Kronecker product. Then we give an overview of
some topics from functional analysis. In particular, we will need differentiability con-
cepts for functions between arbitrary Hilbert spaces in Chapter 5 and Chapter 6. Since
the considered MOR methods are based on systems theory, we review system properties
such as stability, controllability, and observability. Additionally, we cover Hardy spaces,
particularly the Hy space. Next, we provide overview for some projection-based MOR
methods, including balanced truncation and interpolatory methods. For multi-agents
systems, we revise some basic concepts from graph theory. Then, we cover modeling
and some properties of linear multi-agent systems used in Chapter 3 and Chapter 4.

In Chapter 3, we study clustering-based MOR of multi-agent systems. The goal is to
find good partitioning of the nodes of the graph over which the dynamics is evolving.
Clustering then produces a multi-agent system evolving over a smaller graph. First, we
focus on linear multi-agent systems and consider the problem of Hs-optimal clustering-
based MOR. Since clustering is generally a very difficult combinatorial problem, we
relax the discrete problem to a continuous Hs-optimal MOR problem. To recover a
discrete solution, we interpret it as a problem of approximating a subspace. We propose
using a clustering algorithm over the sets of rows of a matrix used to project the original
model. Then, we generalize this to a framework of combining a projection-based method
with a clustering algorithm and apply it to nonlinear multi-agent systems. The results
for linear multi-agent systems with single-integrator agents are published in

P. Mlinari¢, S. Grundel, and P. Benner, Efficient Model Order Reduction
for Multi-Agent Systems Using QR Decomposition-Based Clustering, Pro-
ceedings of the 54" IEEE Conference on Decision and Control (CDC), pp.
4794-4799, December 2015.

An extension for linear multi-agent systems with more general agents is published in

P. Mlinari¢, S. Grundel, and P. Benner, Clustering-Based Model Order
Reduction for Multi-Agent Systems with General Linear Time-Invariant



1.2 Outline of the thesis

Agents, Proceedings of the 22" International Symposium on Mathematical
Theory of Networks and Systems (MTNS), pp. 230235, July 2016.

The results for nonlinear multi-agent systems will be published in a forthcoming paper.

In Chapter 4, we turn to more theoretical consideration of error due to clustering.
First, we look at linear multi-agent systems and derive Hy and H,, error bounds when
using an almost equitable partition (AEP), extending known Hy-error expressions for
multi-agent systems with single-integrator agents. We also propose an extension to
arbitrary partitions using the distance to a graph for which the partition becomes
almost equitable. These results are published in

H.-J. Jongsma, P. Mlinari¢, S. Grundel, P. Benner, and H. L. Trentelman,
Model Reduction of Linear Multi-Agent Systems by Clustering with 3y and

He Error Bounds, Mathematics of Control, Signals, and Systems, vol. 30,
April 2018.

Next, we consider power systems, which are a type of nonlinear multi-agent systems.
There, we derive equivalent conditions for clustering with zero error. These conditions
involve graph symmetries and equitable partitions. The results are published in

P. Mlinari¢, T. Ishizaki, A. Chakrabortty, S. Grundel, P. Benner, and
J. Imura, Synchronization and Aggregation of Nonlinear Power Systems
with Consideration of Bus Network Structures, Proceedings of the European
Control Conference (ECC), pp. 2266-2271, June 2018.

In Chapter 5, we study the problem of subsystem reduction for linear network sys-
tems. This is a complementary approach to clustering, where the underlying graph
is preserved and only the subsystems at the nodes are reduced. In the first part, we
extend a balancing-based MOR method which preserves stability for network systems
satisfying a certain small-gain condition. Using the known a priori H,, error bound,
it allows automatic choice of the order of the reduced subsystems. The results are
published in

P. Benner, S. Grundel, and P. Mlinari¢, Stability Preserving Model Reduc-
tion for Linearly Coupled Linear Time-Invariant Systems, Proceedings in
Applied Mathematics and Mechanics, vol. 16, pp. 817-818, October 2016.

The second part is about Hy-optimal subsystem reduction. Using the Gramian-based
formulation of the Hy-error, we derive gradients with respect to matrices defining the
ROM. Therefore, we also obtain Wilson-type necessary optimality conditions. These
results are subject of a forthcoming article.

In Chapter 6, we use the ideas from the second part of Chapter 5 to other structure-
preserving Hs-optimal MOR problems. In particular, we consider structure-preserving
MOR for second-order systems, port-Hamiltonian systems, and time-delay systems.
Additionally, we also consider Hs® Lo-optimal MOR for parametric systems. We derive
Wilson-type necessary optimality conditions and for some systems also the interpolatory
optimality conditions. The preliminary results for parametric systems are published in
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M. Hund, P. Mlinari¢, and J. Saak, An H, ® Lo-Optimal Model Order
Reduction Approach for Parametric Linear Time-Invariant Systems, Pro-
ceedings in Applied Mathematics and Mechanics, vol. 18, pp. e201800084,
December 2018.

Finally, in Chapter 7 we summarize the results of the thesis and discuss possible
future directions.
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2 Mathematical Preliminaries

2.1 Linear algebra

Here, we recall some definitions and properties related to eigenvalues and matrix equa-
tions.

2.1.1 Eigenvalues and eigenvectors of matrices and matrix pairs

We begin with the definition of eigenvalues, right and left eigenvectors, spectrum, and
spectral radius of a matrix.

Definition 2.1 (|[GV13, Section 7.1.1]):

A scalar A € C is an eigenvalue of a matrix A € C™™ if there exists a nonzero
vector © € C" such that Az = Az. The vector z is called a (right) eigenvector of
A corresponding to the eigenvalue A. A nonzero vector y € C" is a left eigenvector
of A corresponding to the eigenvalue A\ if y*A = Ay*. The set of eigenvalues of A is
called the spectrum and is denoted by o(A). The spectral radius of the matrix A is

p(A) = maxycq(a) |A| O

Next, we continue with diagonalizability of a matrix and simultaneous diagonaliz-
ability of two or more matrices.

Definition 2.2 ([HJ85, Definition 1.3.6]):
The matrix A € C™*" is said to be diagonalizable if there exists an invertible T € C"*"
such that T-1AT is a diagonal matrix. O

Definition 2.3 ([HJ85, Definition 1.3.11, 1.3.18]):
Two matrices A, B € C™" are said to be simultaneously diagonalizable if there exists
an invertible 7' € C™" such that T-'AT and T~!BT are both diagonal matrices.

A simultaneously diagonalizable family & C C"*" is a family for which there is a
single invertible matrix 7' € C™*" such that T-'AT is diagonal for every A € 7. O

The following theorem gives necessary and sufficient conditions for simultaneous diag-
onalizability. Recall that two matrices A and B are said to commute if AB = BA. A
family & C C™*" of matrices is a commuting family if every pair of matrices from F
commute [HJ85, Definition 1.3.16].

Theorem 2.4 ([HJ85, Theorem 1.3.12, 1.3.19]):
Let A, B € C™" be diagonalizable. Then A and B commute if and only if they are
simultaneously diagonalizable.

Let F C C™™" be a family of diagonalizable matrices. Then F is a commuting family
if and only if it is a simultaneously diagonalizable family. O

Next definition is for eigenvalues and eigenvectors of a matrix pencil A — AB (or
matrix pair (A, B)) with invertible B matrix.
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Definition 2.5 (|[GV13, Section 7.7]):

A scalar A € C is an eigenvalue of a matrix pencil A — AB, A, B € C™", B invertible,
if there exists a nonzero vector x € C" such that Az = ABxz. The vector z is called
a (right) eigenvector of A — AB corresponding to the eigenvalue A\. A nonzero vector
y € C™is a left eigenvector of A— AB corresponding to the eigenvalue A if y*A = ABy*.
The set of eigenvalues of A — AB is denoted by o(A, B). O

Notice that o(A, B) = a(B~1A).

The following result gives bounds for the eigenvalues of a “projected” symmetric ma-
trix, where we use that the eigenvalues of a symmetric are real (|[HJ85, Theorem 2.5.6])
to label them in increasing order.

Theorem 2.6 (Interlacing property, [MIN99, Section 11.10]):

Let A € R™ " be a symmetric matrix with eigenvalues A;(A) < Ag(A4) < -+ < A\, (A4),
P € R™" a matrix with orthonormal columns, and B = PTAP. Then the eigenvalues
M (B) < X\y(B) < -+ < A\ (B) of B satisfy

Ai(A) < Xi(B) < Anpri(A),

fori=1,2,...,7r. O

2.1.2 Kronecker product, vectorization, and matrix equations

We start with the definition of the Kronecker product and vectorization operator.

Definition 2.7 (|[GV13, Section 1.3.6]):
For A = [a;;] € R™" and B € RP*? the Kronecker product A ® B € R™>" and
vectorization vec(A) € R™ are defined by

allB s CllnB ﬁ’;
A® B = : : , vec(A) = | O
a1 B - ampB A'

Next, we state some properties of the Kronecker product and its relation to the vector-
ization operator.

Proposition 2.8 ([GV13, Sections 1.3.6 and 1.3.7]):
We have for any scalar a and all matrices A, B, C, D of compatible dimensions:

. ( A®B)@(C=A® (B (),

2. (td)®B=A® (aB) =a(A® B),
3. (A+B)@C=A®C+B&C,

1. A(B+C)=A®B+A®C,
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5. (A® B)(C® D) = (AC) ® (BD)

6. (Ao B)T = AT ® BT,

7. (A® B)™' = A™' @ B~ (for invertible A and B),

8. vec(ABC) = (CT @ A) vec(B),

9. 0(A® B) = {\u| A € 0(A), p € o(B)} (for square matrices A and B). O

Note that the Kronecker product is not commutative, but the result is equal up to a
permutation of rows and columns.
We will be interested in matrix equations of the form

AXBY +CXD" +E =0, (2.1)

where A,C' € R"™", B, D e R™*™ X, FE € R"™™, and B and C are invertible. Vector-
ization of (2.1) gives

(B A+ D®C)vec(X) = —vec(E) .

Clearly, the above equation has a unique solution if and only if the matrix BQA+DRC
is invertible. The following theorem gives the equivalent condition.

Theorem 2.9 (|[Chu87, Theorem 1]):
The matrix equation (2.1) has a unique solution if and only if A\ + p # 0 for all
A€ o(A,C)and u € o(D,B). O

Notice that if o(A,C) C C_ and o(D, B) C C_, then the condition in Theorem 2.9 is
satisfied.

2.2 Functional analysis

Here, we give necessary basics of calculus in Banach spaces. In particular, we present
differentiability, implicit function theorem, and Lagrange multiplier method. We base
the presentation on the textbooks |Zei85a, Coll2].

2.2.1 Fréchet and Gateaux differentiability

We only consider vector spaces over the field of real numbers R. For normed vector
spaces X, Y, we use B(X,Y') to denote the space of bounded linear operators A: X —
Y. The dual space of X is denoted X* := B(X,R).

We begin with the definition of Fréchet differentiability.
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Definition 2.10 ([Col12, Section 2.2], [Zei85a, Definition 4.5]):
Let X and Y be normed vector spaces with norms ||-|| and |-||y-, respectively, and
f: U —Y a function, where U is an open subset of X and = an element of U.

The function f is Fréchet differentiable at x if there exists an operator A € B(X,Y)
such that
N f(@+h) = fz) = Ahlly

lim
h—0 17l x

= 0.

If it exists, this A is called the Fréchet differential of f at x and is denoted by D f(x).0

It can be seen that the operator A in the above definition is unique (see [Col12, Propo-
sition 2.2|), which justifies using the notation D f(z).

For a function r: U C X — Y, defined on some open neighborhood of zero, we write
r(h) = o(||h|") to mean

)
w T =

Then, for a function f which is Fréchet differentiable at x, we can write
f(@+h) = f(z)+Df(x)h+ of[[h]])-

Similar properties as for finite-dimensional spaces hold here.

Proposition 2.11 ([Col12, Proposition 2.7], [Zei85a, Proposition 4.9]):

Let X and Y be normed vector spaces, U an open subset of X, and z an element of
U. If f,g: U — Y are Fréchet differentiable at z, then f + g is differentiable at x, as
is af, for any a € R, and

D(f +9)(x) = Df(z) + Dg(z), D(af)(x) =aDf(z). 0

Proposition 2.12 ([Col12, Theorem 2.1|, [Zei85a, Proposition 4.10]):

Let X, Y, Z be normed vector spaces, U an open subset of X, V' an open subset of Y, x
an element of U, and f: U — Y and ¢g: V — Z functions such that f(U) C V. If f is
Fréchet differentiable at x and g is Fréchet differentiable at f(x), then g o f is Fréchet
differentiable at x and

D(g o f)(x) = Dg(f(z)) Df(x). %

The following is the extension of continuously differentiability to functions between
normed vector spaces.

Definition 2.13 ([Col12, Section 2.4], [Zei85a, Definition 4.22]):

Let X and Y be normed vector spaces and f: U — Y a function, where U is an open
subset of X. The function f is of class C* if it is Fréchet differentiable at every x € U
and Df: U — B(X,Y) is continuous. O
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Next is the extension of directional derivatives.

Definition 2.14 ([Col12, Section 2.1], [Zei85a, Definition 4.5]):
Let X and Y be normed vector spaces and f: U — Y a function, where U is an open
subset of X containing = € X.

1. For h € X, if the limit

L J e th) — [(2)

t—0 t

exists, we call it the directional derivative of f at x in direction h and denote it

by df(x;h).

2. The function f is Gateaux differentiable at x if df(x;h) exists for all h € X and
there exists an operator A € B(X,Y') such that df(z;h) = Ah for all h € X. If it
exists, the operator A is called the Gateaux differential of f at x and is donated

by D¢ f(z). O

Similarly as for Fréchet differential, the Gateaux differential of a function is unique if
it exists.
The following result gives the relation between Fréchet and Gateaux differentials.

Proposition 2.15 ([Zei85a, Proposition 4.8]):
Let X and Y be normed vector spaces and f: U — Y a function, where U is an open
subset of X containing x € X. Then,

1. if f is Fréchet differentiable at x, then it is also Gateaux differentiable at x and

Df(x) = D¢ f(x),

2. if f is Gateaux differentiable in some neighborhood of z and D f is continuous
at x, then f is Fréchet differentiable at z and Df(z) = D% f(x). O

This result provides an alternative way of proving a function is Fréchet differentiable
and finding its differential. In particular, assuming ¢t — f(z + th) is continuously
differentiable, we have that

df(z;h) = lim flo+th) - fx)

t—0 t

d

t=0

Therefore, methods for computing derivatives of functions of a real variable can be used
to find a candidate for the Fréchet differential.

Notice that if Y = R, then D f(z) € B(X,R) = X*. Therefore, if X is a Hilbert space,
functional D f(z) can be identified with an element of X by the Riesz representation
theorem ([Col12, Theorem 6.4]).

10
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Definition 2.16 ([Col12, Section 6.4]):

Let X be a Hilbert space with inner product (-,-)y, U an open subset of X, and
f: U — R a function. Let f be Fréchet differentiable at x € U. The element a € X,
such that Df(z)h = (a, h) y for all h € X, is called the gradient of f at x and is denoted
by Vf(z). O

Next is the extension of partial differentials.

Definition 2.17 (|Zei85a, Definition 4.13]):
Let X, Y, Z be Banach spaces, U and open subset of X x Y, (zg,yo) an element of U,
and f: U — Z a function.

Define an open subset Uy, = {z € X : (z,y) € U} C X and a function g: U,y — Z
with g(x) = f(z,yo) for all z € U,,. Let g be Fréchet differentiable at . Then Dg(x)
is called the partial Fréchet differential of f at (xq,yo) with respect to the first variable
x and is denoted by D, f(xq, yo). O

The differential D, f(xo, yo) is defined similarly.
The following result states the relation between Fréchet and partial Fréchet differen-
tials.

Proposition 2.18 ([Zei85a, Proposition 4.14]):
Let X, Y, Z be Banach spaces, U and open subset of X XY, (zg,4) an element of U,
and f: U — Z a function.

1. If f is Fréchet differentiable at (zg,v0), then its partial Fréchet differentials
D, f(xo, o) and Dy f(xo, yo) also exist and

D f(zo,y0)(h, k) = Daf (20, y0)h + Dy f(20, yo)k,
foralhe X and k €Y.

2. If f has partial Fréchet differentials D, f and D, f in some neighborhood of (zg, yo)
and if these are continuous at (xg, yo), then f is Fréchet differentiable at (z, yo).

3. The function f is continuously Fréchet differentiable in a neighborhood of (g, yo)
if and only if all partial Fréchet differentials are continuous in a neighborhood of

(70, Y0)- O

Partial differential of a function of more variables f(zy,xo,...,x,) are defined similarly
and the above result can be directly extended. Furthermore, partial Gateaux differ-
ential, partial directional derivatives, and partial gradients can be defined in a similar
way.

2.2.2 Implicit function theorem

We can now state the implicit function theorem.

11
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Theorem 2.19 ([Zei85a, Theorem 4.B], [Col12, Theorem 8.2]):
Let X, Y, Z be Banach spaces, U an open subset of X x Y, (zg,y0) an element of U,
and f: U — Z a function. Suppose that

L. f(x()?y()) = 07
2. D, f exists on U and D, f(zo,yo) is bijective,
3. fand D, f are continuous at (o, yo)-

Then there exist open subsets Uy C X and Uy C Y and a bijection g: Ux — Uy such
that ¢ € Ux, yo € Uy, g(x0) = vo, and f(z,g(x)) =0 for all z € Ux.

Additionally, if f is of class C'' on a neighborhood of (x¢,%o), then g is of class C*
on a neighborhood of z and Dg(xo) = =D, f(z0, 9(x0)) " Daf(zo, g(0))- O

2.2.3 Constrained optimization and Lagrange multipliers

We conclude with the theorem about Lagrange multipliers. First, we need to define
when is a function a submersion |Zei85h, Definition 43.15].

Definition 2.20:
Let X, Y be Banach spaces, U an open subset of X, xg an element of U, and g: U — Y
a function. The function ¢ is a submersion at xq if

1. g is of class C! in a neighborhood of z,
2. Dg(xp): X — Y is surjective,

3. the null space ker(Dg(zg)) splits X, i.e., there exists a continuous projection
operator P of X on ker(Dg(zy)). O

Note that the third condition is immediately satisfied if X is a Hilbert space.
Next is the theorem about constrained local minima.

Theorem 2.21 (|Zei85b, Theorem 43.D]):
Let X, Y be real Banach spaces, U an open subset of X, zg an element of U, f: U — R
and ¢g: U — Y functions.

Suppose f is Fréchet differentiable at xo and ¢ is a submersion at xg, and that f has
a constrained local minimum at xy with respect to {x € U : g(z) = 0}. Then there
exists A € Y* such that

Df(xo)h — A(Dg(wo)h) = 0,
for all h € X. O

For Hilbert spaces, we can use gradients.

12
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Corollary 2.22:
Let X, Y be real Hilbert spaces, U an open subset X, xy an element of U, f: U — R
and ¢g: U — Y functions.

Suppose f is Fréchet differentiable at xg, g is of class C! in a neighborhood of x,

Dg(zo) is surjective, and that f has a constrained local minimum at xy with respect to
{r € U : g(x) = 0}. Then there exists A € Y such that

<Vf(l'0), h> - <)‘7 Dg<x0)h> = 07

for all h € X. O

2.3 Linear time-invariant systems

We consider finite-dimensional, continuous-time, linear time-invariant (LTT) systems of
the form

(2.2)

with system matrices E, A € R"™" input matrix B € R™™ output matrix C € RP*™,
and feedthrough matrix D € RP*™, Furthermore, t € R is time, xg € R" is the initial
condition, while z(t) € R™, u(t) € R™, and y(t) € RP are respectively the state, input,
and output of the system. We call dimension n of the state x(¢) the order of the
system (2.2). Throughout this thesis, we assume F to be invertible. Thereby, the state
equation in (2.2) is a system of ODEs after multiplying from the left by E~'.

If there is only one input and one output, i.e., if m = p = 1, we will refer to such
a system as a single-input single-output (SISO) system. Otherwise, we will call it a
multiple-input multiple-output (MIMO) system.

We will use (E; A, B,C, D) to denote the system (2.2). If D is a zero matrix, we
will also use (E; A, B, C). Furthermore, we will use (A, B,C, D) and (A, B, C) to mean
(I; A, B,C, D) and (I,; A, B, C), respectively.

In this thesis, we focus on continuous-time systems. Results for discrete-time systems

Ex(k+1) = Az(k) + Bu(k), x(0) = zo,
y(k) = Cx(k) + Du(k),

should be directly extendable due to similarities to continuous-time systems (see [Ant05]
for more details).

13
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2.3.1 Solutions and stability

It can be verified that, for given initial condition zy and input u, the state and output
of the system (2.2) satisfy

t
o(t) = P gy + / eET AR Bu(t — 1) dr,
0

t
y(t) = CeP Az + / Ce™™ "AE Bu(t — 1) dr + Du(t).
0

The system (2.2) can also be solved in the frequency-domain. Assuming X, U, and
Y exist as Laplace transforms of x, u, and y, by applying Laplace transform to the
system (2.2), we find that

sEX(s) — Exg = AX(s) + BU(s),
Y(s) = CX(s) + DU(s).

After eliminating X (s), we obtain
Y(s) = C(sE — A)"'Exo + (C(sE — A)"'B+ D) U(s).

The function H(s) = C(sE — A)"'B + D is called the transfer function, and it char-
acterizes the input-output relationship when zy = 0.

For any pair of invertible matrices S, T € R™" if we define a new state z(t) =
T—x(t), we obtain an equivalent system

SETZ(t) = SATZ(t) + SBu(t), %(0) =T 'a,,
y(t) = CTZ(t) + Du(t),

in the sense that the input and output remain the same. Notice that also the transfer
function H is independent of the choice of S and T'. It is of interest to see which other
system properties are invariant under this transformations.

Important properties of LTI systems are stability and asymptotic stability.

Definition 2.23 ([Ant05, Section 5.8]):
The autonomous system FEix(t) = Az(t) is called stable if all of its solutions x are
bounded for positive time, i.e., the set {z(¢)|t > 0} is bounded. If additionally
limy o z(t) = 0, it is called asymptotically stable.

The system (F; A, B, C, D) is (asymptotically) stable if the corresponding autonomous
system Ei(t) = Axz(t) is (asymptotically) stable. O

It is known that the system (F; A, B,C, D) is
e asymptotically stable if and only if o(A, E) C C_.

e stable if and only if o(A, E) C C_ and all purely imaginary eigenvalues are semi-
simple (their geometric multiplicity and algebraic multiplicity are equal).

14
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We call a matrix A (a matrix pair (A, E)) asymptotically stable or Hurwitz if o(A) C C_
(6(A, E)  C_). Additionally, we call a transfer function H(s) = C(sE — A)"'B+ D
asymptotically stable or Hurwitz if its poles are all in C_.

Notice that if the system (E; A, B,C, D) is asymptotically stable, then its transfer
function is also asymptotically stable, but the converse does not hold (e.g., if B or C'
is a zero matrix).

2.3.2 Controllability, observability, and Gramians

Further important properties are reachability and observability. We first discuss reach-
ability and controllability (see [DP00, Section 2.2] and [Ant05, Section 4.2.1]).

Definition 2.24:
Let (E; A, B,C, D) be a system with A € R"*" and B € R"™. A state x; € R" is
reachable by time t > 0 if there exists an input u € £5(0,¢) and a trajectory x such
that 2(0) =0, z(t) = x1, and Fi(r) = Az(7r) + Bu(r) for almost all 7 € (0,1).

The set R(t) C R" of all reachable states by time ¢ > 0 is called the reachable set at
time t.

The n X nm matrix

C(E;A,B)=C(ET'A,E™'B)=[E"'B E'AE'B ... (E'A)" ' E'B]

is called the controllability matriz.
For t > 0, the controllability Gramian is the n X n matrix

t
P(t) = / AT BBTE e T L, 0
0

We have the following result relating the reachable set, controllability matrix, and
controllability Gramian.

Proposition 2.25 ([DP00, Theorem 2.2]):
For all ¢t > 0, equality

R(t) = im(C(E; A, B)) = im(P(t))
holds. 0

Since C(F; A, B) does not depend on ¢, we have that R(t) and im(P(t)) are also con-
stant.

Definition 2.26:
The system (E; A, B,C, D) is reachable if R(t) = R", for some ¢ > 0. O

For continuous-time systems, reachability is equivalent to controllability in the following
sense (see [Ant05, Theorem 4.18]).

15
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Definition 2.27:

The system (E; A, B, C, D) is controllable if for any pair of states xg, z; € R” there exist
a time t > 0, an input u € £9(0,t), and trajectory x such that x(0) = o, z(t) = z,
and E#(7) = Az(7) + Bu(r) for almost all 7 € (0,1). O

Thus, we will use both terms. The following theorem gives equivalent conditions for
controllability.

Theorem 2.28 ([Ant05, Theorem 4.15]):
The following are equivalent:

1. The system (E; A, B,C, D) is controllable.

2. The controllability matrix is of full rank: rank(C(E; A, B)) = n.

3. The controllability Gramian P(t) is positive definite for all ¢t > 0.

4. If v is a left eigenvector of (A, F), then v*B # 0.

5. rank([)\E—A B]) =n for all A € C. O

The following proposition gives an interesting property of the controllability matrix.

Proposition 2.29 (|[DP00, Proposition 2.11]):
Suppose E, A € R™" and B € R™*™. Then im(C(E; A, B)) is invariant under E~*A.{

In particular, we can see that im(C(FE; A, B)) is the smallest subspace which contains
im(E~!B) and is invariant under E~1A.
Next, we discuss observability (see [DP00, Section 2.4] and [Ant05, Section 4.2.2]).

Definition 2.30:
Let (E; A, B,C,D) be a system with A € R™™ and C' € RP*"™. A state o € R" is
unobservable if C’etE*lAa:O =0 for all t > 0.

The set N C R" of all unobservable states is called the unobservable set. If N = {0},
the system is called observable.

The np x n matrix

C
CE'A
O(E;A,C)=C(E'A,C) = :
C(E-tA)"

is called the observability matrix.
For t > 0, the observability Gramian is the n x n matrix

t
Qt) = / E-TeAT T OT O T A E gt O
0

16
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Here is a result relating the unobservable set and observability matrix.

Proposition 2.31 ([DP00, Theorem 2.20]):
The unobservable set satisfies

N = ker(O(E; A, C)). O

The following gives equivalent conditions for observability. Notice the analogy with
Theorem 2.28.

Theorem 2.32 (J[Ant05, Theorem 4.26]):
The following are equivalent:

—_

. The system (E; A, B,C, D) is observable.
2. The observability matrix is of full rank: rank(O(E; A,C)) = n.
3. The observability Gramian Q(t) is positive definite for all ¢ > 0.

4. If v is a right eigenvector of (A, ), then C'v # 0.

ot

. rank([AET — AT CT]) =nforall A € C. O

We introduced controllability and observability Gramians which depend on a finite
time ¢. Important concepts are infinite Gramians [MS05, Section 3.2.4].

Definition 2.33:
For an asymptotically stable system (E; A, B, C, D) the (infinite) controllability Gramian
is

P = / A BRT T gy
0
and the (infinite) observability Gramian is
Q= / T TATE T T B A gy O
0

They can also be represented in the frequency domain.

Proposition 2.34 ([Ant05, Section 4.3], [MS05, Section 3.2.4]):
Under the assumptions of Definition 2.33, the Gramians satisfy

P= 2i (wE — A)"'BBT(—wF — A) ™" dw,
T J -0

Q= QL/ (—wE — A)"'CTC(wE — A dw. O
T J -

Solving Lyapunov equations can be used to find the Gramians.

17
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Proposition 2.35 ([Ant05, Proposition 4.27]):
Under the assumptions of Definition 2.33, the Gramians are the unique solutions to the
following Lyapunov equations:

APE" + EPAT + BBT =0,

ATQE+ ETQA+CTC =0. O
Compared to Definition 2.33 or Proposition 2.34, Proposition 2.35 provides an approach
to efficient computation of Gramians (see surveys [BS13, Sim16]).

2.3.3 Hardy spaces and system norms

The transfer function H(s) = C(sE — A)~'B+ D is a rational matrix function. Under
some assumptions, H is an element of Hardy spaces H5 ™ and/or HEX™.

Definition 2.36 (J[Ant05, Section 5.1.3]):
Hardy space HH™ ™:

H i lyti d
FEXM = {H .C, — Crrm 1s analytic an } ’

SUPesg [ o I|H (€ + ww)||p dw < o0

with norm

[H |3, = \/Sup/ 1H (& + ) [§ dw.
>0 J -

Hardy space HEX™:

[e.e]

FHEPX™ = {H :Cp — P

H is analytic and }
supyec, [[H(s)ll, < o0

with norm

[Hll3, = sup [[H(s)]|,- O
SE(C+

For simplicity, we will often write Hy and H,, instead of H5 ™ and HEX™.
It can be seen that if the system is asymptotically stable, then H is an element of
Heo- If additionally D = 0, then H is also an element of J(s.

Remark 2.37:
Functions from Hardy spaces can be extended to the imaginary axis. Furthermore, H,
can be shown to be a Hilbert space with inner product

[e.9]

(H,G)g,

2 2m J_ o

tr(H (w)*"G(w)) dw

and H,, a Banach space with norm
1 H |y = sup [ H (2w)][,.
weR

For more details, see [Ant05] and [ZDGI6]. O

18



2.4 Model order reduction

The following results states that the Gramians can be used to compute the Ho-norm.

Proposition 2.38 (JAnt05, Section 5.5.1]):
For an asymptotically stable system (2.2),

|H|3., = tr(CPCT) = tr(B"QB). 0

2.4 Model order reduction

2.4.1 Projection-based model reduction

We consider the system (2.2). Here, we assume homogeneous initial conditions, i.e.,
xo = 0. For some recent work on MOR approaches for inhomogeneous initial conditions,
see [HRA11, BGM17].

We can write the system (2.2) in variational form (see [ABG10, Section 2.2]):
Find x(¢) contained in R™ such that
Ei(t) — Ax(t) — Bu(t) L R".
Then the associated output is y(t) = Cx(t) + Du(t).

Petrov-Galerkin projection consists of choosing two r-dimensional subspaces V.'W C
R"™, where r < n is the reduced order, and defining the ROM by

Find v(t) contained in V such that
Eu(t) — Av(t) — Bu(t) L 'W.
Then the associated output is y(t) = Cv(t) + Du(t).

, we have v(t) = VZ(t)

Choosing V, W € R"™*" such that im(V) =V and im( ) =
= 0 A state-space form of the

for some Z(t) € R” and WY (EVZ(t) — AVZ(t) — Bu(t))
ROM is
EZ(t) = AZ(t) + Bu(t), 7(0) =0,
j(t) = CE(t) + Duf(t),
with

E=WTEV, A=WwT%AV, B=W'B, C=CV, D=D.

In the following sections, we give an overview of some particular projection-based meth-
ods.
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2.4.2 Balanced truncation

This method is based on the controllability and observability energy functionals
Flao) = inf { Jully o) | B() = Ax(t) + Bu(t), #(=00) =0, 2(0) = o},

- 2
E,(zy) = HC’etE 1Aa:0‘ .
L2(0,00)

We can interpret E.(xg) as the energy necessary to reach state xg and E,(zq) as the
observed energy from the system when it starts from state xy. The following result
relates energy functionals to Gramians.

Proposition 2.39:
For a controllable system (E; A, B,C, D), we have

E. (o) =x5 P 'zg  and  E,(x0) = 5 ETQFEx. O

For a controllable and observable system, it is possible to transform the system such
that P and ETQFE become equal to a matrix ¥ = diag(o1, 09, ...,0,) where 01 > 09 >
- = 0, > 0 (see [Ant05, Lemma 7.3]). If there exists an r such that o, > 0,41,
then we say that, in the new coordinate system, the states ey, ..., e, are easy to reach
and easy to observe, while the states e, 1,...,e, are difficult to reach and difficult to
observe. The idea is then to truncate the latter states. Balanced truncation (BT), using
the balancing-free square root method, is described in Algorithm 2.1. The following
theorem gives the a priori error bound which allows automatic choice of the reduced
order.
Theorem 2.40 (J[Ant05, Theorem 7.9]):
Let (E; A, B,C, D) be an asymptotically stable, controllable, and observable system of

AN N A A A

order n and (E; A, B,C, D) a ROM obtained by BT of order r < n. If 0, # 0,41, then
the ROM is asymptotically stable, controllable, observable, and

|H = Hlly <2 o

i=r+1

where H and H are the transfer functions of the two systems. O

2.4.3 Rational interpolation

MOR using rational interpolation, also called moment matching or Krylov methods, is
described here. The main idea is formulated in the following theorem.

Theorem 2.41 ([ABG10, Theorem 2[): U

Let H(s) = C(sE — A) "B+ D and H(s) = C(sE — A) B+ D be two transfer func-
tions with £ = WTEV, A= WTAV, B=W?TB, C = CV, and D = D. Furthermore,
let o, u € C be such that sEF — A and sE — A are invertible for s = o,p. If be C™ and
¢ € CP are fixed nontrivial vectors, then
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2.4 Model order reduction

Algorithm 2.1: Balancing-free square root balanced truncation method

N

'

Input: Asymptotically stable system (E; A, B, C, D) of order n, reduced order
T.

Output: Reduced-order model (E7 E, B\, 6, 13)

For Gramians P and () solving Lyapunov equations

APE" + EPAT + BBT =0,
ATQE+ ETQA+C*C =0,

find Cholesky decompositions P = ZpZ} and Q = ZQZg, with Zp, Zg € R™",
or low-rank approximations Zp € R"*"?, Z,5 € R™" with r < min(rp,rg).
Compute a singular value decomposition

¥ 0] vt
asse-to [ 2[4

where >; € R™",

Use thin QR decompositions to find V., W € R"*" with orthonormal columns
such that im(V') = im(ZpV;) and im(W) = im(ZyU;).

Project to get reduced matrices

~ ~

E=WTEV, A=WwTAV, B=WTB, C=CV, D=D.

1. if
(0E—A)'E) (0E—A)'Bbeim(V) fori=0,1,...,N—1,  (2.3)
then
H® (oo =H®(o)b for k=0,1,...,N —1,
2. if

((ME - A)*TET)J (WE — A) O e e im(W) for j=0,1,.... M —1, (2.4)

then
cTH(k)(,u) = CTH(’“)(”) for k=0,1,...,. M —1,

3. if both (2.3) and (2.4) hold and o = p, then

TH® (o) = TH® (o) for k=1,2,...,M + N — 1. O
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In particular, if

im(V) = im([(01E — A)"'Bby (02E — A)"'Bby -+ (0,E—A)"'Bb,]),
im(W) =im([(mE — A)""CT¢; (ueFE —A) "CT¢; - (B —A)"C",]),

then we have
H(o:)b; = H(o;)b; and ¢FH(p;) = T H(w), for i =1,2,...,r
If additionally o; = u;, then also
cTH'(0,)b; = T H' (0,)b;, fori=1,2,....r.

This case is particularly relevant for Hs-optimal MOR, where the ROM necessarily
satisfies such interpolatory conditions. More details follow in the next section.

2.4.4 H,-optimal model order reduction

There are a few approaches for Hy-optimal MOR, of first-order systems. We will in
particular focus on two: interpolation-based and Gramian-based.

Meier and Luenberger [MLG7| derived interpolatory necessary optimality conditions
for SISO systems. Gugercin, Beattie, and Antoulas [GAB08, ABG10] generalized this
to MIMO systems and proposed iterative rational Krylov algorithm (IRKA).

Wilson [Wil70] developed Gramian-based optimality conditions in form of coupled
matrix equation. Xu and Zeng [XZ11] used this to propose two-sided iteration algo-
rithm (TSTA). The same algorithm was proposed in parallel by Van Dooren, Gallivan,
and Absil [VDGAO08, VDGA10]. Benner, Kohler, and Saak [BKS11] investigate some
implementation issues in TSIA related to Sylvester equations and orthonormalization.

Let us take the first-order system (2.2) as the full-order model, with E invertible
and A\E/ — A an asymptotically stable matrix pencil. The Hs-optimal MOR problem

is finding a ROM (E A, B,C ZA)) with transfer function H (s ) = C(SE A) B+ D,
such that the Hy-error | H — HH% is locally minimized. Here, E, A € R™", B € R™™,
C e RP*"and De RP*™ with r < n. For the J{y-error to be defined, it is necessary

that D = D. In particular, we can assume D = D = 0.

2.4.4.1 Interpolation-based approach

The motivation for the interpolation-based approach are the interpolatory necessary
optimality conditions, given in the following theorem. A transfer function H is called
real if (H(s)) = H(3) for all s in the domain of H.
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2.4 Model order reduction

Algorithm 2.2: Iterative rational Krylov algorithm (IRKA)
Input: System (E; A, B, C), initial shifts o; and tangential directions b;, ¢;,
1=1,2,...,r o
Output: Reduced-order model (E; A, B, C).
while not converged do
2 Find VW € R™*" with orthonormal columns such that
im(V) =im([(oc;E — A)"'Bb, --- (0,E — A)"'Bb,]),
im(W) = im([(alE — A)fTCTcl oo (0.F — A)fTC’Tc,,]) )

s | Project E=WTEV, A=WTAV, B=WTB,C =CV.

4 | Compute diag(\;), X,Y € C™" such that YTAX = diag();) and
YTEX = 1.

5 Update interpolation points and tangential directions:

:—)\i, biIETYGi, ci:aXei, fori:1,2,...,r

[uny

Theorem 2.42 ([ABG10, Theorem 5]):

BT
Suppose H € Hy and H(s) = > ., ;Z_b/{i, with \; pairwise distinct, are real transfer

functions. Let H be a locally JHy-optimal ROM of order r. Then

H(=\)b; = H(=)\)b, (2.5a)

cTH(=N) = cTH(=N), (2.5b)

T H' (=\)b; = ¢TH' (= )b, (2.5¢)

fori=1,2,...,7r. O

This results states that the transfer function H of a locally Hs-optimal ROM is a
bitangential Hermite interpolant, at the reflected poles of H, of the full-order model’s
transfer function H.

For given \;, b;, ¢;, the interpolation conditions in (2.5) can be achieved by a Petrov-
Galerkin projection (see Theorem 2.41) where V' and W span tangential rational Krylov
subspaces

im(V) =im([(-\E — A)"'Bb, -+ (=\E—A)'Bb,]),
im(W) =im([(-\ME—A)""'CT¢; -+ (=ME—A)""C",]).
The difficulty is that \;, b;, ¢; are not given in advance. Gugercin et al. [GABOS, ABG10)|

proposed IRKA (see Algorithm 1 in [ABG10]). The pseudocode is presented in Algo-
rithm 2.2.
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2.4.4.2 Gramian-based approach

which solve reduced Lyapunov equations

APE™ + EPAT + BB" =0, (2.6a)
ATQE + ETQA+ C™C =0. (2.6b)
Furthermore, we have that the controllability and observability Gramians of the error
system
E 0] [z)] [A 0] [=(t) B
{0 E} {f(t)] ~ o ﬁ} BN
—_—— —— —~—
Eerr Aerr Berr
~ ~1 |x(t
v -3t = [o ~c] [4p].
i |
Cerr
are
P P Q Q
Perr = ﬁT ﬁ and Qerr = [@T @] )
where ]3, @ € R™™" solve Sylvester equations
APE™ + EPAT + BB =0, (2.7a)
ATQE + ETQA - CTC =o. (2.7b)

Gramian-based approach uses Wilson conditions [Wil70], given in the following theo-
rem. We include a proof because the result is generalized to include invertible matrices
E and E. Additionally, the proof uses Lagrange multiplier method, instead of com-
puting the derivatives directly as in [Wil70] or [VDGAO08]. We will use the following
lemma in the proof.

Lemma 2.43:

Let A € R™™ B e R™™ C € R™™ and f,g: R"™*™ — R such that f(X) = tr(AXT)
and g(X) = tr(BXCX"). Then Vf(X,) = 4 and Vg(Xy) = BX,C + BT X,C" for
arbitrary X, € R™*™, O

Proof. We have
f(Xo+H) = tr(A(Xo + H)T> =tr(AXy ) +tr(AH") = f(Xo) + (A, H),

from which it directly follows that f is Fréchet differentiable at Xy and V f(X,) = A.
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2.4 Model order reduction

For g we have

g(Xo+ H) = tr(B(XU + H)C(X, + H)T)
= tr(BXoCXy) 4 tr(BX,CH") + tr(BHCX, ) + tr(BHCH")
= g(Xo) + (BXoC + B'XoC", H) + o(|H]|),
so g is also Fréchet differentiable at Xy and Vg(X,) = BX,C + BTX,C™. H

Theorem 2.44:
Let (E; A, B, C) be a locally Hy-optimal ROM for (E; A, B,C). Then

QTEP + QEP =0,
OTAP + QAP =0,
© - QA Iy (2.8)
Q"B+ Q@B =0, O
CP—CP=0.
Proof. The proof consists of applying the Lagrange multiplier method to the optimiza-

tion problem

minimize tr(CerrPerrC;Er) ,
subject to  (2.7a), (2.6a).

The Lagrange function is

AN AN A AN~ A~ A~

¥ tr <7\T (AﬁET + EPAT + BéT))
+ tr <7\T (ﬁﬁET + EPAT + §§T>) :

where A € R™" and A € R™" are the Lagrange multipliers. The gradients of £ with
respect to the Gramians are

VL = —207C + ATAE + ETAA,
VL =CTC + ATAE + ETAA.

From VL = 0 and VL = 0 it follows that A= 2@ and A = @ The Lagrange
function now simplifies to

L=tr <C’PCT —20PCT 1 6?6T>
Ftr (2@TA]5ET +20"EPAT + 2@TB§T>

+tr (2@2}3ET + @EET) .
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Algorithm 2.3: Two-sided iteration algorithm (TSIA)

Input: System (E, A, B,C) and initial reduced-order model (E, 121\, E, (7)
Output: Reduced-order model (F, A, B, C') approximately satisfying (2.8).

1 while not converged do

> | Solve APET + EPAT + BBT = 0 and ATQE + ETQA — C*C = 0.

3 Find V,W € R™" wi

im(W) = im(Q).

'y

Project E= WTEV,

ith orthonormal columns such that im(V) = im(P) and

~

A=WTAV, B=W"'B,C =CV.

Finally, the gradients of the Lagrange function with respect to the reduced matrices

are

which completes the proof.

Vil = 2QTAP +2QAP,
Vil =2Q"EP +2QEP,
VL =2Q"B +2QB,
Vel = —20P +2CP,
O

Based on these optimality conditions, Xu and Zeng [XZ11] proposed TSIA, given in

Algorithm 2.3.

Let (A, E) be e diagonalizable and A, X,V € C™" such that YTEX =1, and YTAX =
A. Then also sz =\ E'xZ and AT Yi = N\ ETyZ, where A = diag(A1, A, ..., An), X =

[xl Tog - T},andY

[y1 Yo - } Then we have

AT@E@- + ET@gx, — CTéxi =0,

which implies

Therefore,

(A+ NE)PE"y; + BB y; = 0,
(AT + NETYQExz; — C"Cux; = 0.

ﬁ./E\TyZ = (-AZE — A)_lBB\TyZ’,
@E{El = —(—)\lE — A)iTCTaZIIZ’,

which shows the connection to IRKA. This can also be used to prove interpolatory

conditions in Theorem 2.4

2 using the Wilson conditions from Theorem 2.44, as given

in the following theorem (see [VDGAOS, Theorem 4.1]).
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2.4 Model order reduction

Theorem 2.45: - R
Let H(s) = C(sE—A) B = >, L:ib;\, with ); pairwise distinct, STET = I,

STAT = A = diag(A1, Aa,.. ., A), bY = sTB, s; = Se;, ¢; = Ct;, and t; = Te;.
Then

(P —GP) E%s, = (H(-A) — A(-))) b,

|
&
H
N\
O
;%
oy
+
O
o)
SN—
Il
o
S
N
=
>
|
E>
>
N

Q1
H
o
v
_|_
Q)
S
.
&)
H
»
I
@)
=

fori,j=1,2,...,r, 1 # j. O

Proof. From STET = I, and STAT = A, we get At; = \;Et; and S;FA\ = )\,-s;FE. Next,
from

APE"s; + EPATs, + BBTs; = 0,
APE"s, + EPA%s, + BB"s, = 0,
ATQFEt, + ETQAt, — C"Ct; =0,
ATQEt; + ETQAt, + CTCt; = 0,
we find
PE"s; = (=\E — A)"'Bb;,
PE"s, = (-\E~A)  Bb,
QFEt; = —(-NE — A "C",,
QFt = (-NE-4) e,
Now it follows that
(P~ GP) Es, = C(~\E — A)'Bb — O (-\E - g)‘l Bb:

= (H(-2) — H(-A)) b
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and
~TE" (Q'B+QB) = fC(-NE ~ A)'B -0 (-NE-A) B
= Cz‘T (H(_)‘i) - ﬁ(_)\z)> .

From

H'(s)=—-C(sE— A 'E(sE—A)"'B

H(Sl) - H(SQ) == —(81 — 82) C(SlE — A)ilE(SQE — A)il
[sH(s)] = —C(sE — A)"'A(sE — A)"'B,
SlH(Sl) - 82H<82> = —<81 - 52) C(SlE - A)_IA(S2E - A)_IB,

we find

{TET <@TEﬁ + @Eﬁ) ETs;

= PO(NE — A E(-NE — A) ' Bb + FO(-NE — A B(-ME — A) ' Bb,
=l (H'(=x) = H'(=))) by

{TET <éTE13 + @Eﬁ) ETs;

=~ PO(=NE — A 'E(-ME — A Bb, + TO(-NE — A) T E(—)\E — A) ' Bb
o (H(—A» —H(=N)  H(=N) - ﬁ(—m) b,

(=) = (=4) (=) = (=4)
{TET (@TA]5 + @Eﬁ) ETs;

= PO(-NE — AT A(-NE — A) 7By + EC(-NE — A) T A(-NE — A) By,
_ ([SH(S)HS__A sH(s)'| ) b

{TET (QTAP - QAP>

= —'C(—=NE — A)” 1A( ME — A)7'Bb; + ¢ C(—NE — A)

which concludes the proof. O]

2.4.4.3 Comparison of the two approaches

The interpolation-based and Gramian-based approaches differ in two important ways.
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The first is the assumption of diagonalizability. Notice that Theorem 2.42 has
the assumption that the ROM has pairwise distinct poles, while Theorem 2.44 does
not. Diagonalizability of E~'A is a generic property, in the sense that the set of
non-diagonalizable matrices forms a set of measure zero in the set of all matrices,
which justifies this assumptions for unstructured first-order systems. But for struc-
tured systems, where the assumption of simultaneous diagonalizability of two or more
matrices appears, will no longer be a generic property. Additionally, as illustrated by
Van Dooren, Gallivan, and Absil [VDGA10], even in the case of first-order systems, if
the optimal ROM has a higher-order pole, this can cause numerical issues in IRKA,
while TSIA will still converge. The difference in the algorithms is in solving sparse-
dense Sylvester equations, where the (generalized) Schur decomposition of A and E' is
sufficient (details in [BIKS11]).

The second difference is that the Gramian-based approach gives necessary optimality
conditions which are equations that the reduced matrices need to satisfy. In particular,
for first-order systems, it is clear from Theorem 2.44 that the ROM is necessarily
obtained by Petrov-Galerkin projection, assuming P and () are invertible. This is not
immediately clear from Theorem 2.42, where the interpolatory necessary optimality
conditions do not explicitly give the equations for the reduced matrices.

One advantage of the interpolation-based approach is its direct application to MOR
of infinite-dimensional systems where it is possible to evaluate the transfer function
and its derivative. This was used to develop the transfer function IRKA in [BG12]. In
the Gramian-based approach, access to matrices F, A, B, C' is necessary. One possibil-
ity could be to extend these results to infinite-dimensional systems where F, A, B,
become operators. Then the corresponding Sylvester equations could be solved in a
similar way as Lyapunov equations in [ORW13], but this is outside the scope of this
thesis.

2.4.5 Model order reduction of unstable systems

So far, we assumed the system to be asymptotically stable. Since we will also need to
consider systems which are not asymptotically stable, we need to see if and how the pre-
viously discussed MOR methods could be applied to such systems. Therefore, here we
consider a system (E; A, B, C, D) with an invertible £, but which is not asymptotically
stable. We will not assume minimality (i.e., both controllability and observability),
which means that its transfer function H may be asymptotically stable.

In the following chapters, we will be interested in finding ROMs for which the 3y-
error ||H — H|4, or the H-error ||[H — H|[5_ are small. Particularly, for these quan-
tities to be defined, it is necessary that the transfer function H — H is asymptotically
stable. This implies that the ROM’s transfer function H needs to have the same un-
stable part as the original H. Therefore, we will consider additive decomposition into
the asymptotically stable and unstable part as in [Enn&5].

There are works ([YCDAGX93, Zil91, BNBG10]) about MOR for unstable systems

29



2 Mathematical Preliminaries

using shifting, but this approach does not guarantee preservation of unstable poles.
The work in [ZSW99]| gives an extension for BT, assuming there are no poles on the
imaginary axis. There is also work extending Hs-optimal MOR to unstable systems
(IMBG10, BBG19]), which also assumes there are no poles on the imaginary axis or
cannot preserve unstable poles.

Let H = H_ + H,, where H_ has poles in C_ and H, in C,. Furthermore, let S
and 7" be such that

STET — [EO— L?J STAT - [/é— XJ TR [gj Land OT = [C_ (4],

where
T=|[T- T,]€eC” and S=[S_ S| eC™,

with o(A_, E_) c C_ and o(A,, E,) c C,. Notice that H_(s) = C_(sE_ — A_)"'B_
and H,(s) = Cy(sE, — A,)"'B,. To find a ROM H = H_ + H,, we can apply
Petrov-Galerkin projection to the asymptotically stable part (E_; A_, B_,C_) to get
(E_;E_,E_,G_) with

E=W'EV, A =WTAV, B =W'B., C_=C_V..

Then we have

_ [mg—T ﬂ (s. 8 E[r. T [‘g— (}}

=[sow. S.TE[TV. T

In a similar way, we find A = WTAV, B=WT™B, C =CV for V = [T_V_ T,] and
W = [S_W_ S+]. Therefore, Petrov-Galerkin projection of (F_; A_, B_,C_) can be
represented as a Petrov-Galerkin projection of (E; A, B,C). BT can also be applied to
the asymptotically stable part and the H..-error bound will hold since ||H — Hl; =

|H- — PALH%OO. Alternatively, IRKA can be applied to H_ to find H_ which is a local
minimum for |H_ — H_|| 5,- Lhis implies that H = H_+ H, is a local minimum for
|H — ﬁHj{Q Notice that H — H = H_ — H_, which can be used to compute the H, or
H, error.

2.5 Graph theory

Parts of this thesis are about systems defined over networks. Thus, we present some
basic concepts from graph theory here. Notation is based on [ME10] and [GROL].
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2.5.1 Basic concepts

A graph & consists of a vertex set U and an edge set € encoding the relation between
vertices. Undirected graphs are those for which the edge set is a subset of the set of all
unordered pairs of vertices, i.e., € C {{i,j} : 4,7 € U, i # j}. On the other hand, a
graph is directed if € C {(7,7) : 4,7 € B, i # j}. We think of an edge (7, j) as an arrow
starting from vertex ¢ and ending at j.

Remark 2.46:

Notice that we exclude graphs with multiple copies of the same edge, i.e., multigraphs.
Furthermore, we exclude graphs containing self-loops, i.e., edges of the form {i} or (i,1).
Therefore, we will only consider simple graphs. O

We will only consider finite graphs, i.e., graphs with a finite number of vertices n := |]|.
Without loss of generality, let 0 = {1,2,...,n}.

For an undirected graph, a path of length ¢ is a sequence of distinct vertices ig, i1, . . ., is
such that {ix, i1} € € for k = 0,1,...,¢ — 1. For a directed graph, a directed path
of length ¢ is a sequence of distinct vertices ig, i1, ..., such that (i, ixy) € € for
k=0,1,...,£—1. An undirected graph is connected if there is a path between any two
distinct vertices 7,7 € 0. A directed graph is strongly connected if there is a directed
path between any two distinct vertices i, € 5.

We can associate weights to edges of a graph by a weight function to: € — R. If
(e) > 0 for all ¢ € &, the tuple & = (U, €, tv) is called a weighted graph. In the
following, we will focus on weighted graphs. In particular, we will directly generalize
concepts for unweighted graphs from [ME10, GRO1], as was done in [MTC14].

The adjacency matriz A = [a;]; .., € R™" of an undirected graph is defined
component-wise by

0, otherwise,

. {w,j}), i {i.j) e e

and for a directed graph as

0 {m<<m'>>, it e e,

0, otherwise.

For every vertex i € U, its in-degree is 0; = Z;:l a;;. The diagonal matrix © :=

diag(9y, 02, ...,0,) is called the in-degree matriz. Notice that © = diag(A1).
Let e1,ez,...,¢/¢ be all the edges of & in some order. The incidence matriz R €
R™I€ of a directed graph & is defined component-wise

—1, if e, = (4,7) for some j € T,
R],, =<1, ife,=(j,i) for some j € U,
0, otherwise.
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Figure 2.1: An undirected, weighted, connected graph

If & is undirected, we assign some orientation to every edge to define a directed graph
$°, and define the incidence matrix of & to be the incidence matrix of °. The weight
matriz is defined as 20 = diag(1o(e;), tw(e2), ..., 10(eje)).

The (in-degree) Laplacian matriz £ is defined by £ := © —2(. For undirected graphs,
it can be checked that £ = RWNRT, using

%QU%T = Z aij(ei — 6]‘)(61‘ — Gj)T,

{i,j}e¢

which is independent of the order of edges defining R and 2 or the orientation of edges
in &°. From the definition of £, it directly follows that the sum of each row in £ is
zero, i.e., £1 = 0. From £ = RWRT, we immediately see that, for undirected weighted
graphs, the Laplacian matrix £ is symmetric positive semidefinite.

Example 2.1:
For the graph in Figure 2.1, the adjacency matrix is
02310
20130
A=13 1 0 0 2],
1 300 2
00220

degree matrix ® = diag(6, 6,6, 6, 4), Laplacian and incidence matrix

6 —2 -3 -1 0 -1 -1 -1 0 0 0 0
-2 6 -1 =3 0 1 0 0 -1 -1 0 0
£L£=1-3 -1 6 0 —-2|, R= 0 1 0 1 0 —1 0],
-1 -3 0 6 —2 0 0 1 0 1 0 —1
0 0 —2 -2 4 0 0 0 0 0 1 1
and weight matrix 20 = diag(2,3,1,1,3,2,2). O

The following theorem states that connectedness of a graph is related to the spectral
properties of £.
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2.5 Graph theory

Theorem 2.47 (|[ME10, Theorem 2.8]):

Let & = (2, €&, w0) be an undirected weighted graph, £ its Laplacian matrix, and
0 =X < X < - < A\, the eigenvalues of £. Then the following statements are
equivalent:

1. & is connected,
2. Ay >0,
3. ker(£) =1im(1). O

2.5.2 Graph partitions

A nonempty subset € C U is called a cluster or cell of UB. A graph partition 7 is a
partition of the vertex set 0. Vertices ¢ and j are called cellmates in 7 if they belong
to the same cell of . The characteristic vector of a cluster € C 0 is the n-dimensional

column vector p(€) defined as
1 ifiec,
[p(Q)]; = {

0 otherwise.

The characteristic matriz of a partition 1 = {€1,C,,..., &} of the graph & is the
matrix P € R"** defined by

B=[p(€) p(€) -+ p(€)].

For a given vertex ¢ € U and a cluster €, € 7, we define the in-degree of vertex i with
respect to cluster €, by

The partition 7 is an equitable partition if (i, €,) = 9(j,&,) for all vertices i,j € €,
and any two clusters €,, €, € 7 (they can be the same cluster). The partition 7 is
an AEP if 0(i,&,) = 09(j,¢,) all vertices i,j € €, and for any two different clusters
¢, & em.

Example 2.2:
For the partition 7 = {{1,2},{3,4},{5}}, the characteristic matrix is
1 00
1 00
‘=101 0
010
0 01

Notice that 7 is an equitable partition for the graph in Figure 2.1. Furthermore, notice
that {{1,2,5},{3,4}} is an AEP, but not an equitable partition. O
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The following theorem gives necessary and sufficient conditions for equitableness and
almost-equitableness (see [ME10, Lemma 2.24], [MTC14, Lemma 5|, and [CDRO7,
Proposition 1]).

Lemma 2.48:
Let & be an undirected weighted graph with adjacency matrix 2l and Laplacian matrix
£. Furthermore, let m be a partition of the graph &. Then,

e 7 is equitable if and only if im () is A-invariant,
e 7 is almost equitable if and only if im(B) is L-invariant. O

Notice that {0} and {{1},{2},...,{n}} are always AEPs. We will refer to them as
trivial AEPs.

Remark 2.49:
To the best of our knowledge, there is no known polynomial-time algorithm for finding
nontrivial AEPs of a given graph. There is a polynomial-time algorithm for finding
the coarsest AEP which is finer than a given partition (see [ZCC14]), but there is no
guarantee that it will find a nontrivial AEP.

Furthermore, it is not clear whether a given graph has any nontrivial AEPs at all.
On the other hand, a graph can have many AEPs, e.g., every partition of a complete
unweighted graph is an AEP. O

2.6 Linear multi-agent systems

2.6.1 System description

Our goal here is to unify definitions from Besselink et al. [BSJ16], Cheng et al. [CKS16,
CKS18], Ishizaki et al. [IKIA14, IKGT 15, IKI16a|, and Monshizadeh et al. [MTC13,
MTC14]. In particular, we focus on LTI multi-agent systems. Additionally, we restrict
to multi-agent system on a undirected, weighted, and connected graph & = (U, &, ).

We base the derivation on [BSJ16] and [CKS18]. The dynamics of the ith agent, for
i€V ={1,2,...,n}, is

with system matrices F, A € R™", input matrix B € R™™ output matrix C' € RP*",

state z;(t) € R™, input v;(t) € R™, and output z;(t) € R?. We assume the matrix F to
be invertible. The interconnections are
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2.6 Linear multi-agent systems

for © = 1,2,...,n, with inertia m; > 0, coupling matrix K € R"*P, external inputs
ur(t) € R™, k = 1,2,...,m, where A = [a;;] is the adjacency matrix of the graph
®. Here, we allow m and p to be different, and for this reason also need a (possibly
non-square) coupling matrix K. The outputs are

Yye(t) = Z cejz(t)

for £ =1,2,...,p. Define
M = diag(m;) € RV, B = [by] € RV™, € == [¢] € RP*",
x(t) = col(x;(t)) € R™, v(t) = col(v;(t)) € R™, z2(t) := col(z(t)) € R™,
u(t) = col(ug(t)) € R™, and y(t) = col(y,(t)) € R,
Then the agent dynamics can be rewritten as
(Ih @ E)i(t) = (1n @ A)x(t) + (In ® B)o(t),
2(t) = (In @ C)al(t),
interconnection as
M L)o(t) = (—L K)z(t) + (B @ L,)u(t),
and output as

y(t) = (€@ Ip)z(t).
Therefore, we have

(M@ E)i(t) = (MR A— L0 BKC)z(t) + (B @ B)u(t),
y(t) = (€ Cha(d).
This can be generalized further by replacing B in the input matrix 8 ® B or C' in the
output matrix €® C. For example, output y(t) = (€® I,,)z(t) is used in [[KI16a], with
¢ = [,,. We can consider
MR E)E(t) =M A—-L£ BKC)x(t) + (B @ F)u(t),
y(t) = (€& G)x(t),
where F' and G can be different from B and C respectively (including the dimensions).
Of particular interest are leader-follower multi-agent systems where only some agents
(leaders) receive external input, while other agents (followers) receive no inputs. Let

m € {1,2,...,n} be the number of leaders, Uy, = {vy,0s,...,0,} C Y the set of
leaders, and Up = U \ Yy, the set of followers. Then, with B defined by

b 1, ifi=mvj
v 0, otherwise,

(2.9)
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the system (2.9) becomes a leader-follower multi-agent system. One important class are
multi-agent systems with single-integrator agents, i.e., withn=1 A=0, B=C =1,
and K = 1. Thus, system (2.9) becomes

Mi(t) = —La(t) + Bu(t),
y(t) = Cx(t).
In particular, [MTC14] uses 9 = I, and € = 2029RT, while [IKG15] and [CKS16] use

¢=1,.
The property of interest for multi-agent systems is synchronization.

Definition 2.50:
The system (M@ E)i(t) = (MR A — £® B)x(t) is synchronized if

(2.10)

lim (z;(t) — z;(t)) =0,

t—o0
for all 7,7 € U and all initial conditions z(0) = z. O

For system (2.10), this is equivalent to (£ ® I,,)z(t) — 0, because the multi-agent
system is defined on a connected graph. The following results gives another equivalent
condition.

Proposition 2.51 ([LDCH10, Theorem 1|, [MTC13, Lemma 4.2]):
The system (MR E)i(t) = (MRA—L®B)x(t) is synchronized if and only if (A—\B, F)
is Hurwitz for all nonzero eigenvalues A of (£, 90). O

2.6.2 Clustering-based model order reduction
By choosing some matrices V, W € R"™* we get the ROM for (2.10)

WIMVz(t) = —WreVE(t) + WIBu(t),

R R (2.11)
y(t) = V()
or, for (2.9),

(WTmMV @ B)z(t) = (WT™MV @ A — W'V @ BKC) &(t) + (W8 @ F) u(t),

y(t) = (V& G)z(t),
(2.12)
which is not necessarily a multi-agent system. Different projection methods are sug-
gested in literature:

LV =9, W=9($TP) " (MTC14),

2.V =W =P (PIP) * ([IKIA14]),
3. V=W = (|CKS16]),
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2.6 Linear multi-agent systems

where 3 is a characteristic matrix of a partition 7 of the vertex set . Since im (V') =
im(W) = im() in all cases, all methods give equivalent ROMs. They each have
their advantages. The first preserves structure when 9t = I, in the sense that the
ROM represents a multi-agent system defined on a directed, symmetric graph [MTC14].
The second gives the realization for which it is easy to apply the interlacing property
(Theorem 2.6), from which it follows that all these methods preserve synchronization.
The third preserves the structure in the general case.
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3.1 Introduction

In this chapter, we study methods for clustering-based MOR for multi-agent systems
(see Section 2.6 for an overview). Clustering was proposed in the literature as a way to
preserve the multi-agent structure. Here, we will be interested in finding optimal (in a
specific error measure) partitions. Since clustering is generally a difficult combinatorial
problem (see, e.g., [Sch07]), we will propose a heuristic approach for finding suboptimal
partitions.

References [MEB08, RIME09, MEB10] introduce leader-invariant equitable partitions
and corresponding quotient graphs, which can be used for eliminating some uncontrol-
lable states, thus performing no model reduction error. Reference [CM11] proposes
leader partitions, which introduce “only small model errors”. The authors of [IKIA14]
develop a clustering-based H,, MOR method based on positive tridiagonalization and
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3 Suboptimal Clustering-Based Model Order Reduction

O-reducible clusters, applicable to LTT systems with asymptotically stable and symmet-
ric dynamics matrices.

In [MTC14], the authors focus on leader-follower linearly diffusively coupled multi-
agent systems with agents having single-integrator dynamics. In particular, these sys-
tems have Laplacian-based dynamics, which means they are not asymptotically stable.
The authors demonstrate how using partitions for MOR can be transformed to using
Petrov-Galerkin projections, while preserving network structure and consensus in the
ROM. Further, they derive a simple expression for the relative Hy-error when using an
AEP and establish a lower bound based on AEPs when using any partition.

The authors of |[BSJ16| study networks of identical passive systems over weighted
and directed graphs, but confine to interconnections with tree structures. Otherwise,
these systems would be more general then those in [MTC14]. They present a clustering
method relying on the analysis of the corresponding edge system to find adjacent sub-
systems to cluster. Furthermore, they prove that this method preserves the consensus
property. Nonetheless, clustering only adjacent subsystems might be restrictive.

The paper [IKGT12| presents an efficient clustering-based method for Hy MOR of
positive networks, which include systems with Laplacian-based dynamics. Similarly
to [IKIA14], the method is based on #-reducible clusters and an Hy-error bound. How-
ever, it is not clear how the ROMs resulting from this method compare to the Js-
optimal ones.

To the best of our knowledge, there is no efficient method for finding an Hs-optimal
ROM using graph partitions. In Section 3.2, we propose an efficient H,-suboptimal
method, originating from the Hs-optimal MOR problem for LTI systems, and illustrate
it on an example. Results indicate that the method finds a partition close to the optimal.
In Section 3.3, we extend the approach to a class of nonlinear multi-agent systems.

3.2 Hy-suboptimal clustering

The outline of the section is as follows. In Section 3.2.2, we motivate and describe
our MOR method, together with the issue of computing the Hs-error for systems with
Laplacian-based dynamics. We illustrate the method on an example in Section 3.2.6
and conclude with Section 3.4.

3.2.1 Single-integrator agents

We first consider multi-agent systems with single-integrator agents as in (2.10). Let

H(s) = C(sM + L) '8,
H(s) = eV (sW™mv + WTev) ' w's
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3.2 Hy-suboptimal clustering

be the transfer functions of systems (2.10) and (2.11), respectively. We consider the
following Hs-optimal MOR problem:

inimi H-H 3.1
minimize | 3¢, - (3.1a
subject to V' =B, (3.1b

W =%,
rmell, |r|=-r,

TN~
W w
)—‘;_l
[oVNe}
N N N S—

where II is a set of all partitions of the vertex set 0.

To the best of our knowledge, there is no efficient method to exactly solve the op-
timization problem (3.1). Additionally, since many graph clustering problems are NP-
hard (see [Sch07]), we assume the same is true for the above problem.

The problem (3.1) is actually a discrete optimization problem over the set of parti-
tions of the set {1,2,...,n} with v clusters. Thus, our idea is to solve a relaxed, contin-
uous optimization problem, and use that solution to find a feasible solution for (3.1).
We hope that this feasible solution is then close to the optimal solution as it is close to
the optimal solution of the relaxed problem.

We relax the problem (3.1) by dropping all constraints (3.1b), (3.1c), and (3.1d).
Thus, we obtain the Hs-optimal MOR problem for an LTI system. Note that the
system (2.10) is not asymptotically stable. See also Section 3.2.4 below for some elab-
oration on the technicalities associated to this problem.

Applying an Hs-optimal method, such as IRKA, to (2.10) will not in general solve
the original problem (3.1). Therefore, IRKA will return as a result matrices V' and
W which will not (in general) satisfy the constraints. However, note that in Petrov-
Galerkin projection, the subspaces V and W are enough to determine the transfer
function of the ROM. Therefore, the constraints (3.1b) and (3.1c) can be replaced by

im(V) = im(P), (3.2a)
im(W) = im(P) , (3.2b)

without changing H and the cost (3.1a). The expressions (3.2) motivate us to look for
a partition 7 such that im () is “close” to im(V') and/or im(W).

3.2.2 QR decomposition-based clustering

We know that the condition (3.2a) is equivalent to the existence of a invertible matrix
Z such that V = PZ. In general, condition (3.2a) will not be satisfied, so there
will be an error A such that V = BZ + A. A very similar problem of finding a
partition m was encountered in [ZHD 01, §3|, where a proposed solution is a clustering
algorithm based on the QR decomposition with column pivoting. Algorithm 3.1 outlines
the procedure. The motivation behind it is the result of the following lemma, which
says that if V' =7, the procedure will return the correct result. Therefore, the idea is
that if the error A is small, then Algorithm 3.1 should still return the correct partition.
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3 Suboptimal Clustering-Based Model Order Reduction

Algorithm 3.1: Clustering using QR decomposition with column pivot-
ing [ZHD"01, §3]

Input: Matrix V' € R™" of rank t.

Output: Partition 7 such that im(P) ~ im (V).

Compute QR decomposition with column pivoting for the matrix VT, i.e., find
orthogonal () € R™*, upper-trapezoidal R € R™", and a permutation matrix
P € R™" such that VTP = QR.

Partition R as [Rn Rlz], with Ry, € R™" upper-triangular and Rys € R (=)

3 Solve the triangular system Ry X = Rys.

4 Compute Y = P [I; X]T = [y;;] € R™".

5 Find a partition 7 = {€;, &, ..., &} such that i € ¢; if and only if
J = argmaxy, |yix|-

=

N

Lemma 3.1:
Algorithm 3.1 returns 7 with 37 as input, for an arbitrary partition 7 and a invertible

matrix 7. O
Proof. Let the number of clusters in 7 be ¢, i.e., |1| = t. Let us denote the rows of
Z with z{,2],...,2F. Furthermore, without loss of generality we can assume that
L = diag(]l‘cl‘, Licyy - s ]1\0,\)7 where 1, € R* is a vector of all ones (this structure

can be achieved by relabeling the vertices of the graph). Then we have
7T = [zl zlg, - zlg]. (3.3)

Therefore, ZTBT has repeating columns in blocks. If we perform the QR decomposition
with column pivoting on (3.3) (ignoring the orthogonal matrix) and then undo the
permutation of columns, the result is

[zl]lch'l\ 22]1|TC2| zt]ll%r\]’ (3.4)

where a permutation of the columns of [51 Zy v Et] gives the upper-triangular
matrix R;; from Algorithm 3.1. We see that multiplying (3.4) on the left by R} (B2
having full rank implies that Rj; is invertible) and transposing produces B, possibly
with permuted columns. Thus we conclude that Algorithm 3.1 returns the partition
. O

Furthermore, note that the number of floating point operations in Algorithm 3.1
is O(nt?) and the size of additional storage is O(nt). Therefore, it is efficient in the
large-scale setting if t is small compared to n.

3.2.3 Clustering by k-means algorithm

The motivation for using the k-means algorithm ([HW79]) is the following result about
how a change in the Petrov-Galerkin subspaces affects the ROM.
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3.2 Hy-suboptimal clustering

Theorem 3.2 ([BGW12, Theorem 3.3]):
Let ‘/17 ‘/27 W17 W2 € RHXI’,

Vi =im(Vi), W; = im(W;), Hy(s) = CV; (sWEV, — WTAV;) ™ W B,
for i = 1,2. Then
| — Hallg,
L s, + 1 Holly,.)

< M max(sin ©(Vy, Vy), sin O(Wq, Wy)),

where
M = 2max(M;, M),
maxuex [Clly [Vi (WE BV = WEAV) " WEB|| |16
b min,er cos O (ker (W5 (awE — A)fl)l ,Va)
L e Vs (Wi BV, = Wi Ava) " Wi | 1B, | )]y
2 = ;

min,ep cos O (im ((wwk — A7 Vi), W)
and O(M, N) is the largest principal angle between subspaces M, N C R". O
The angle between two subspaces Vi, Vo C R™ is defined by (see [BGW12, Section 3.1])
sin ©(Vy,Vs) == sup inf e = vl
ey, eVs o,

If dim V; = dim V,, then we have

sin©(Vq, Vo) =sin©(Vo, V) = |[(I — VA1) Va|
where V; = im(V;), Vo = im(V3), and both V; and V5 have orthonormal columns. If

_1

additionally V; =9 (BT9) ? and Vo =V from IRKA, then

27

im0 V) < (1 - (™) %) V]|

2

[ p(€y)”
=[| - [p(@) -+ p(&)] : v

-1 T

F
v 1 2
=D |Veu — P(Qi)mﬂfci\vei,:
i=1 ¢ F
T 1 2
D9 AT A
=1 pec; qeC; F
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which is equal to the k-means cost functional. Therefore, applying the k-means algo-
rithm to the rows of V' will minimize an upper bound on the largest principal angle
between im(V') and im(*P).

The advantage of using k-means compared to QR decomposition-based in that the
latter can only, given V' € R" ", return a partition with v clusters. On the other hand,
k-means clustering can return a partition with any number of clusters, which makes it
more efficient if the number of clusters is relatively large.

3.2.4 Computing the Hs-error

When using an AEP, the relative Ha-error can be computed directly [MTC14, Theo-
rem 6]. In other cases, we need to solve Lyapunov equations to compute the Hy-norms.

As discussed in Section 2.4.5, we can use the eigenspaces to find the asymptotically
stable part of the system and use it to compute the Hy-norm. We are looking for an
invertible matrix 7" such that

m_ 0

T —
TQJIT_[O .,

} and TT£T = [’g 0},

0 £

where o(—£_,9M_) C C_ and o(—£,,M,) C C,. We see that if

T=[T 1,],
then
TImT. Tl TreT 0
T _ — — n T _ —
TYRT = | ey ]1;fzmnn] and TTLT = { 0 0] .

To have TN, = 0, we need for the columns of T_ to be orthogonal to 91,. Addi-
tionally, 7_ should be such that both TTOMT_ and TTLT_ are sparse. We choose

o -
—b1
T = 5,
e e
i —Ba-1
for some oy, 3; > 0,1 =1,2,...,n— 1, which we determine next. From e TT91, = 0,

we find aym; = Bim;, ;. If we additionally set a? + 82 = 1, we get

m;4 m;
Q; > > and 3; = > >
my+my, my+my
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3.2 Hy-suboptimal clustering

Algorithm 3.2: QR decomposition with column pivoting for matrices with
block-columns
Input: Matrix X € R™*™" of full rank and v < n.
Output: Orthogonal matrix (), upper-triangular matrix R, and permutation
matrix P such that XP = QR
1 Denote X = [Xl Xo - Xn], where X; € R"™",
2 Find a block-column X; with the largest Frobenius norm and swap it with Xj.
3 Perform QR decomposition with column pivoting on Xi, i.e. find an orthogonal
Q1 € R™ "™ an upper-triangular R; € R™*" and a permutation matrix
P € R™™ such that X1 P, = Q1 R;.
4 Multiply all block-columns in X from the right by P;.
5 Multiply X from the left by QT.
6 Repeat the procedure for X, 1. nt1:mn, Which computes the matrices @Q;, R;,
and P, for i € {2,3,...,t}.
7 Return QQ = Q1Q2--- Q,, R = X, and P with all of the column permutations
recorded.

3.2.5 Extension to higher-order agents

For multi-agent systems (2.9) with agents of order n, the constraints (3.2) become

im(V) = im(P @ 1,), (3.5a)
im(W) = im(P @ I,) . (3.5D)

QR decomposition-based clustering can then be extended as in Algorithm 3.2 by clus-
tering the block-columns of VT (or WT). For the k-means algorithm, we can show in
a similar way as in the single-integrator case that clustering the block-rows leads to
minimizing an upper bound of the largest principal angle. Therefore, k-means can be
directly applied to the vectorized block-rows of V or W.

Additionally, we need to consider synchronization preservation. In the single-integrator
case, clustering using any partition preserves synchronization. In the general case, us-
ing Proposition 2.51, we need that (A — A, E') is Hurwitz for all nonzero eigenvalues A
of (£, ﬁ) This is true for AEP because o(Z£, 5)\1) is a subset of o(£,M). Note that
if (A— A\ E) is Hurwitz for all A € [Ay, ..., A\y], where 0 = A\ < Ay < -+ < )\, are
the eigenvalues of (£,901), then from Theorem 2.6 we get that every partition preserves
synchronization.

3.2.6 Numerical example

We use the example from [MTC14]. Tt is a leader-follower multi-agent system, defined
on a undirected, weighted, connected graph with 10 vertices, shown in Figure 3.1.
Agents 6 and 7 are the leaders of the multi-agent system. The Laplacian and input
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3 Suboptimal Clustering-Based Model Order Reduction

matrices are

We chose an edge ordering and orientation such that the

matrices are

and 20 = diag(5,3,2,1,2,3,5,2,6,7,6,7,1,1,1).

For this example, we focus on partitions with five clusters. There are in total 42,525
Table 3.1 shows the best 20 partitions of size 5 and their relative
Ho-errors. Figure 3.2 shows all relative Ho-errors for all partitions with five clusters.

such partitions.
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3.2 Hy-suboptimal clustering

Table 3.1: Top 20 partitions with 5 clusters for reducing the multi-agent system in

Figure 3.1
Rank Relative Hy-error Partition
1 0.128053 {{1,8},{2,3,4,9,10},{5},{6},{7}}
2 0.131311 {{1,2,3,4},{5,8},{6},{7},{9,10}}
3 0.137466 {{1,2,3,4,9,10},{5},{6}, {7}, {8}}
4 0.137473 {{1,3,8},{2,4,9,10}, {5},{6},{7}}
5 0.143700 {{1,5,8},{2,3,4},{6},{7},{9,10}}
6 0.145900 {{1,2,3},{4,9,10},{5,8},{6},{7}}
7 0.146196 {{1,8},{2,3,4,9},{5,10},{6},{7}}
8 0.146196 {{1,8},{2,3,4,10},{5,9},{6},{7}}
9 0.147022 {{1,2,3,8},{4,9,10}, {5}, {6}, {7}}
10 0.149240 {{1,8,9},{2,3,4,10},{5},{6},{7}}
11 0.149240 {{1,8,10},{2,3,4,9},{5},{6},{7}}
12 0.149654 {{1,8},{2,4,9,10},{3,5},{6},{7}}
13 0.150440 {{1,5},{2,3,4,9,10},{6}, {7}, {8}}
14 0.150654 {{1,3},{2,4,9,10},{5,8},{6},{7}}
15 0.151684 {{1,2,8},{3,4,9,10}, {5}, {6}, {7}}
16 0.153100 {{1,2,3,4,9},{5,8},{6}, {7}, {10}}
17 0.153100 {{1,2,3,4,10}, {5,8},{6},{7},{9}}
18 0.153819 {{1},1{2,3,4,9,10}, {5, 8},{6},{7}}
19 0.154374 {{1,3,8,9},{2,4,10},{5},{6},{7}}
20 0.154374 {{1,3,8,10},{2,4,9},{5}, {6}, {7}}
The partition
{{1,2,3,4},{5,6},{7},{8},{9,10}} (3.6)

is an AEP of the graph in Figure 3.1 (see Figure 3.3) used in [MTCI14]|. It has five
clusters, so we compare the relative Hs-errors of different ROMs of order v = 5. The
partition (3.6) is actually the only AEP with five clusters, among the total of five AEPs
of the graph in Figure 3.1.

From [MTC14, Theorem 6], it follows that for the AEP in (3.6), the relative Hy-error
is

e L

)+ (1 -

- %)

where H Aep 1s the transfer function of the ROM using the graph partition (3.6).
Next, we used IRKA to find a ROM of order v = 5. It found a ROM with relative

) ~ 0.527046, (3.7)

1 = Hawelly, _ \/(1—

1
2
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0.8 .

0.6 |- .

Relative Hy-error

0.2 / |

1 10,000 20,000 30,000 40,000
Partition 1D

Figure 3.2: Relative Hs-errors for all partitions with five clusters

Hy-error of

IH — Hirga s,

~ 0.0330412, (3.8)
1H |15,

which is almost 16 times better than (3.7).
The partition resulting from Algorithm 3.1 applied to IRKA’s V' matrix is

{{1,3},{2,4,9,10},{5,8},{6},{7}}, (3.9)

and is shown in Figure 3.4. The relative Hy-error of a ROM using partition (3.9) is

K 2 1

5 1

Q_© &©-6)
|

Figure 3.3: Graph with partition
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@

1 &
2

@
15’4

ol
Figure 3.4: Graph partition (3.9) with five clusters. The assignment of vertices to
clusters is represented with different patterns.

T e

|5 — Hylly,
1 5,
which is more than 4 times worse than (3.8), but 3 times better than (3.7).

We notice by (3.2b) that W can also be used to find a good partition. In this example,
Algorithm 3.1 returns the partition

{1,2,3,9,10}, {4,8}, {5} {6}, {7}}. (3.11)
The relative Hy-error when using the partition (3.11) is
|H — Hyy ||y,
1 |,

~ 0.150654, (3.10)

~ 0.179746,

which is worse than (3.10).

We notice that partition (3.9) is the 14th partition and that the best partition pro-
duces about 1.18 times better error. Table 3.1 does not show that partition (3.11) is
192nd and partition (3.6) is 5996th. Thus, the new method gets a lot closer to the op-
timal partition than the AEP in this example. Using the k-means algorithm to cluster
the rows of V and W results in the 6th and 27th partition, respectively, which is in
this case an improvement over QR decomposition-based clustering.

Furthermore, from Table 3.1 we see that, in all of the top 20 partitions, leaders 6
and 7 appear in singletons. This makes sense, because this way no input is diffused
over more agents. However, further research is needed to see if, in general, the best
partition has leaders appearing in singletons.

3.3 Clustering for nonlinear multi-agent systems
In this section, we extend the approach from the previous section to certain nonlinear

multi-agent systems. We describe the class of multi-agent systems in Section 3.3.1.
Next, in Section 3.3.2, we extend clustering by projection to this class of systems.
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3 Suboptimal Clustering-Based Model Order Reduction

3.3.1 Nonlinear multi-agent systems

Here, we consider a class of nonlinear multi-agent systems. In particular, let the dy-

namics of the ¢th agent, for i =1,2,... n, be
ai(t) = f(@i(t)) + gla(t))vi(t),
zi(t) = h(zi(t)),

with functions f: R" — R", g: R" — R™™ h: R" — RP*" state x;(t) € R", input
v;(t) € R™, and output z;(t) € RP. The interconnections are

t) =Y ayk(z(t) — z:(t) + > biug(t)
=1 =1

for i = 1,2,...,n, with coupling k: R? — R™ external input w,(t) € R™, ¢ =
1,2,...,m, Where 20 = [a;;] is the adjacency matrix of the graph &, and ‘B = [byf].
Addltlonally, let the external output be

t) = Z ¢ij2(t)

with € = [¢;;]. We assume functions f, g, h, k are continuous and that there is a unique
global solution x(t) = col(xy(t), x2(t), ..., x,(t)) for any admissible u(t).

3.3.2 Clustering by projection

We want to find the form of the reduced order model obtained from Galerkin projection
with V =P ® I,,. We can write

(BB L) Z(t) = (B" @ 1) F((B @ L,)2(1), u(t)),
y(t) = G((P @ L)z(1)).
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3.4 Conclusions

Premultiplying the first equation with eg ® I, we find

!%!@(ﬂZZ(f( p(1)) + (T, (t (Zam (1)) - h(fp(t)))JerwW(t)))

ie¢,

= |Q:p| f(/x\p( ))

py Z aisk(A(Tog) (1) = h(@p(0)) + D D buud(t)

iee, j=1 i€e, (=1

= |Cp| f(@p(1))

DSOS auk(h(@ (1) = h(@E0) + DD bieus(?)

q=1i€¢, jeC, (=1 i€c,

= ’¢p| f(/x\p( ))
+ g(@y(t (Z apgk( Z petie(t )

for

qu = Z Z QAij, /b\pg = Z big.

i€C, je€, i,

Defining 2A := [a,,] and B = [Epg], we see that 2 = PTAP and B = PTB. For the
output we have

= cih(@e () =YD eih(@(t) =Y Cgh(Z,(t)
Jj=1 Jj=1 jee, j=1
where
/C\iq = Z Cij-
Jjey

Thus, for € = [Ciq), we have ¢ = @P. Therefore, we showed how to construct a ROM
of the same structure as the original multi-agent system. Based on this, to find a good
partition, we can apply any projection-based MOR method for nonlinear systems (e.g.,
proper orthogonal decomposition [HV05]) and cluster the (block-)rows of the matrix
used to project the system.

3.4 Conclusions

In Section 3.2, we presented our method, combining IRKA and a clustering algorithm,
for MOR of multi-agent systems using graph partitions. It seems heuristically that

ol



3 Suboptimal Clustering-Based Model Order Reduction

this method is able to create a partition whose Hs-error is small. We furthermore
elaborated that this method is scalable to large-scale systems. Our numerical test for a
small network shows that, among 42 525 partitions, our algorithm found the 14th best
approximation whose error is of the same order of magnitude as the error of the best
partition. A theoretical foundation that the algorithm always finds a partition in some
sense close to optimal remains an open problem for future work.

In Section 3.3, we showed how to extend the approach to nonlinear multi-agent
systems by combining a projection-based method and a clustering algorithm.
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4 Graph Symmetries and Equitable Partitions in Clustering-Based Model Order
Reduction

4.1 Introduction

Here, we consider theoretical aspects of clustering-based MOR, using graph symmetries
and equitable partitions.

The work in [MTC14] showed upper bounds for H, model reduction error using AEP
for leader-follower multi-agent systems with single-integrator agents. In Section 4.2, we
extend these results to more general agents, including also upper bounds for H, error
and arbitrary partitions.

The results of [RIME09]| on clustering using graph symmetries and equitable parti-
tions for linear mutli-agent systems are extended in Section 4.3 nonlinear power systems.

4.2 Error bounds for clustering-based model order
reduction of linear multi-agent systems

4.2.1 Introduction

In [MTC14], MOR by clustering was put in the context of MOR by Petrov-Galerkin
projection. The results in [MTC14] provide explicit expressions for the H, model
reduction error if a leader-follower network with single integrator agent dynamics is
clustered using an almost equitable partition of the graph. Here, our aim is to generalize
and extend the results in [MTC14] to networks where the agent dynamics is given by
an arbitrary multivariable input-state-output system. We also aim at finding explicit
formulas and a priori upper bounds for the model reduction error measured in the
Hoo-norm. Finally, we will consider the problem of clustering a network according to
arbitrary, not necessarily almost equitable, graph partitions. The main contributions
of this section are the following:

1. We derive an a priori upper bound for the Hy model reduction error for the case
that the agents are represented by an arbitrary input-state-output system.

2. We extend the results in [MTC14] for single integrator dynamics by giving an
explicit expression for the H,, model reduction error in terms of properties of the
given graph partition.

3. We establish an a priori upper bound for the H,, model reduction error for the
case that the agents are represented by an arbitrary but symmetric input-state-
output system.

4. We establish some preliminary results on the model reduction error in case of
clustering using an arbitrary, possibly non almost equitable, partition.

The outline of this section is as follows. In Section 4.2.3, we formulate our problem
of MOR of leader-follower multi-agent networks. Section 4.2.4 reviews some theory on
graph partitions and MOR by clustering, and relates this method to Petrov-Galerkin
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4.2 Error bounds for clustering-based model order reduction of linear multi-agent
systems

projection of the original network. Also preservation of synchronization is discussed
here. In Section 4.2.5, we provide a priori error bounds on the Hy model reduction
error for networks with arbitrary agent dynamics, clustered using almost equitable
partitions. In Section 4.2.6, we complement these results by providing upper bounds
on the H,, model reduction error. In Section 4.2.7, the problem of clustering networks
according to general partitions is considered and the first steps towards a priori error
bounds on both the Hy and H,, model reduction errors are made. Numerical examples
for which we compare the actual errors with the a priori bounds established here are
presented in Section 4.2.8.

4.2.2 Preliminaries

In this section, we briefly discuss some basic facts on finite-dimensional linear systems
and how they extend to unstable systems.
Consider the input-state-output system

&(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

with z(t) € R”, u(t) € R™, y(t) € R?, and transfer function H(s) = C(sI — A)"'B. If
A is Hurwitz, then the Hs-norm can be computed as

|13, = tr(BTXB),

(4.1)

where X is the unique positive semi-definite solution of the Lyapunov equation
ATX + XA+ C'C =0. (4.2)

For the purposes of the work in this part, we also need to deal with the situation when
A is not Hurwitz. Let X, (A) denote the unstable subspace of A, i.e., the direct sum
of the generalized eigenspaces of A corresponding to its eigenvalues in the closed right
half plane. We state the following proposition.

Proposition 4.1:

Assume that X (A) C ker(C). Then the Lyapunov equation (4.2) has at least one pos-
itive semi-definite solution. Among all positive semi-definite solutions, there is exactly
one solution, say X, with the property X, (A) C ker(X). For this particular solution
X, we have [|H|[5,, = tr(BTXB). O

Proof. Without loss of generality, assume that

A:[‘% XJ, B:[gj, Cc=[C. 0],

where A_ is Hurwitz, and A, has all its eigenvalues in the closed right half plane. Let
X_ be the unique solution to the reduced Lyapunov equation

ATX_ + X_A_+CTC_=0. (4.3)
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Then X_ = [° eAMCTC_eA-tdt = 0. Obviously then, X = diag(X_,0) is a positive
semi-definite solution of (4.2). Now, let X be a positive semi-definite solution to (4.2)
with the property that X, (A) C ker(X). Then X must be of the form X = diag(X3,0),
and X; must satisfy the reduced Lyapunov equation (4.3). Thus X = diag(X_,0).
Finally, H is asymptotically stable since X (A) C ker(C'). Moreover,

1H )5, = tr (BT / e CTCeM dt B)
0

= tr (BT/ eATtC’TC’_eA*tdt B_)

0
=tr(BIX_B_)
= tr(B"XB). O

We will now deal with computing the H -norm. The result is a generalization of
Lemma 4 in [[KIA14].

Lemma 4.2:

Consider the system (4.1). Assume that its transfer function H has all its poles in the
open left half plane. If there exists X € RP*? such that X = XT and CA = XC, then
[Hllsc., = IHO)]],- 0

Proof. For the first part of the proof, let us assume that (A, B, ') is minimal. Then,
in particular, A is Hurwitz and (A, B) is controllable.

Clearly, the inequality ||S][5_ = [[S(0)]|, is always satisfied. We will prove that
1S]l5. < [[S(0)]l, using the bounded real lemma [Ran96], which states that ||S][; <
if and only if there exists P € R™" such that P = PT and

1
ATP+PA+C"C+ —PBB'P 0.
v

Let us take v = ||S(0)||, = [|[CA™'B||,. This implies that
CA'BBTATTCT 5 471, (4.4)
Defining P .= —A"TCTXCA™! and using (4.4) yields
ATP+PA+CYC + %PBBTP
=-C'xXocA? —A ' CT X0+ C'O
+ %A—TCTX(M—lBBTA—TCTXGA—1
< -C'XCA'-ATC"XC+C'C+ A ToTXXCA™!

= (xCA - ) (XCAT - 0)
= 0.
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From the bounded real lemma, we conclude that ||S|ls_ < [[S(0)][,.
For a non-minimal representation (A, B, ('), applying the Kalman decomposition, let
T be a invertible matrix such that

A 0 A O By
Ay Ay Ay A B

-1 _ 2 3 4 5 -1 _ 2 _

TOAT = 4 o TB= 0| CT=[C; 0 Cy 0],
0 0 As A 0

where (A1, By, C1) is a minimal representation of (A, B, C') with A; Hurwitz. From,

(CT) (I 'AT) = CAT = XCT = X(CT),

A0 A 0

. Ay Ay Ay A
(CT)(TTMAT) =[Gy 0 Gy 0] |7 A 0
0 0 Ag A

= [C14; 0 C1Ag+ ChAr 0],
X(CT)=X[C; 0 Cy 0] =[XC, 0 XCy 0],

we find that C; A; = X . Therefore, the minimal representation satisfies the sufficient
condition and using the result obtained above the proof is completed. O

Continuing our effort to compute the H,,-norm, we now formulate a lemma that will
be instrumental in evaluating a transfer function at the origin. Recall that for a given
matrix A, its Moore-Penrose inverse is denoted by A™.

Lemma 4.3:
Consider the system (4.1). If A is symmetric and ker(A) C ker(C'), then 0 is not a pole
of the transfer function H and we have H(0) = —CATB. O

Proof. 1f A is invertible, then the conclusion follows immediately. Otherwise, let A =
UAU™ be an eigenvalue decomposition with orthogonal U and A = diag(0, As), where
Ay € R™" and r is the rank of A. We denote U = [Ul Ug}, with Uy € R™". Then

ar =t =(o ] |0 O] Y] = vagtor
- - 1 2 0 A2_1 U2T — U249 2 -

Note that CU; = 0. We have
H(s)=CU(sI — AN 'U'B

s 0 Ut
=o' ] o] 8
= CU,y(sI — Ay) 'UJB.
Hence, H(s) is defined at s = 0 and H(0) = —CUQAglUQTB =—-CATB. O

57



4 Graph Symmetries and Equitable Partitions in Clustering-Based Model Order
Reduction

4.2.3 Problem formulation

We consider leader-follower multi-agent systems of the form
2(t) = ([,®A—L£® B)x(t) + (B F)u(t), (4.5a)
y(t) = (£ L)x(b), (4.5b)

defined on an undirected, weighted, connected graph & = (U, &, w) with vertex set U =
{1,2,...,n}, adjacency matrix 2, Laplacian matrix £, leader set Uy, = {01, 0s,...,0,} C
¥, and follower set Yp = UV \ Y. Furthermore, z;(t) € R™ is the state of agent ¢, and
ue(t) € R™ is the external input to the leader vy. Finally, A € R™*" B € R™",
and F' € R™™ are real matrices. Denote z(t) = col(z1(t), z2(t),...,x,(t)) and u(t) =
col(uy (t),ua(t), ..., un(t)).

The goal of this section is to find a reduced order networked system, whose dynamics
is a good approximation of the networked system (4.5a). Following [MTC14], the idea
to obtain such an approximation is to cluster groups of agents in the network, and to
treat each of the resulting clusters as a vertex in a new, reduced order, network. The
reduced order network will again be a leader-follower network, and by the clustering
procedure, essential interconnection features of the network will be preserved. We
will also require that the synchronization properties of the network are preserved after
reduction. We assume that the original network is synchronized, meaning that if the
external inputs satisfy u, = 0 for £ =1,2,...,m, then for all 7, 7 € U, we have

as t — oo. We impose that the reduction procedure preserves this property.

Being a measure for the disagreement between the states of the agents in (4.5a), we
choose y(t) = (£® I,)z(t) as the output of the original network. Indeed, this output y
can be considered a measure of the disagreement in the network, in the sense that y(t)
is small if and only if the network is close to being synchronized.

Note that the state space dimension of (4.5) is equal to nn, its number of inputs
equals mm, and the number of outputs is nn.

Here, we will use clustering to obtain a reduced order network, i.e., a network with
a reduced number of agents, as an approximation of the original network (4.5).

4.2.4 Graph partitions and reduction by clustering

We consider networks whose interaction topologies are represented by weighted graphs
® with vertex set 0. The graph of the original network (4.5a) is undirected, however,
our reduction procedure will lead to networks on directed graphs.

Next, we will construct a reduced order approximation of (4.5) by clustering the
agents in the network using a partition of &. Extending the main idea in [MTC14], we
take as reduced order system the Petrov-Galerkin projection of the original system (4.5),
with the following choice for the matrices V' and W

W = ‘13 (;BT;B)*l @I, c Rnnth’ V= ;B ®I, € R Xt
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The dynamics of the resulting reduced order model is then given by

() = (I, ® A— £® B)Z(t) + (B @ F)u(t),

A - (4.6)
y(t) = (EP ® 1,)z(t),

where .
_ (mT;‘B)* ;BT£;B c RtXt7
— ((/BT(/B)_I mT% c RExm

It can be seen by inspection that the matrix € is the Laplacian of a weighted directed
graph with vertex set {1,2, ..., t}, with v equal to the number of clusters in the partition

7, and adjacency matrix 2 = [a,,], with

1
apq_m Z Qigs

1€Cp,jEC,

where |€,| the cardinality of €,. In other words: in the reduced graph, the edge from
vertex ¢ to vertex p is obtained by summing over all j € €, the weights of all edges to

it € €, and dividing this sum by the cardinality of €,. The row sums of € are indeed
equal to zero since £1, = 0. The matrix B € R™™ satisfies

~ L ifo, e,
[SB]M = {|¢p| ’ .p

0 otherwise,

where vy, 09, ..., 0, are the leader vertices, p=1,2,...,v,and 7 =1,2,...,m

Clearly, the state space dimension of the reduced order network (4.6) is equal to tn,
whereas the dimensions mm and nn of the input and output have remained unchanged.
Thus we can investigate the error between the original and reduced order network by
looking at the difference of their transfer functions. In the sequel, we will investigate
both the Hy-norm as well as the H,,-norm of this difference.

Before doing this, we will now first study the question whether our reduction pro-
cedure preserves synchronization. It is important to note that since, by assumption,
the original undirected graph is connected, it has a directed spanning tree. It is easily
verified that this property is preserved by our clustering procedure. Then, since the
property of having a directed spanning tree is equivalent with 0 being a simple eigen-
value of the Laplacian (see [ME10, Proposition 3.8]), the reduced order Laplacian £
has again 0 as a simple eigenvalue.

Now assume that the original network (4.5) is synchronized. It is well known, see
e.g. [TTM13], that this is equivalent with the condition that for each nonzero eigenvalue
A of the Laplacian £ the matrix A —AB is Hurwitz. Thus, synchronization is preserved
if and only if for each nonzero eigenvalue \ of the reduced order Laplacian € the matrix
A — B is Hurwitz.

Unfortunately, in general A — AB Hurwitz for all nonzero A € o(£) does not imply
that A — AB Hurwitz for all nonzero \ € U(E). An exception is the ‘single integrator’
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case A =0 and B = 1, where this condition is trivially satisfied, so in this special case
synchronization is preserved. Also if we restrict ourselves to a special type of graph
partitions, namely almost equitable partitions, then synchronization turns out to be
preserved. R

As an immediate consequence, the reduced Laplacian £ resulting from an AEP satis-
fies £P = PL. Indeed, since im(P) is L-invariant we have LR = PX for some matrix

X. Obviously, we must then have X = (‘BT‘B)_I PTEP = €. From this, it follows

-~

that o(£) C o(£). It then readily follows that synchronization is preserved if we cluster
according to an AEP:

Theorem 4.4:
Assume that the network (4.5) is synchronized. Let m be an AEP. Then the reduced
order network (4.6) obtained by clustering according to 7 is synchronized. O

4.2.5 Hs-error bounds

In this section, we will formulate the first main theorem. The theorem gives an a priori
upper bound for the Hy-norm of the approximation error in the case that we cluster
according to an AEP. After formulating the theorem, in the remainder of this section
we will establish a proof.

Before stating the theorem, we will now first discuss some important ingredients.
Let H and H denote the transfer functions of the original (4.5) and reduced order
network (4.6), respectively. We will measure the approximation error by the Hy-norm
|H — Hl|4, of these transfer functions. An important role will be played by the n — 1
auxiliary input-state-output systems

1(t) = (A — AB)z(t) + Fd(t),

z(t) = Ax(t), (4.7)

where A ranges over the n — 1 nonzero eigenvalues of the Laplacian £. Let Hy(s) =
A(sI, — A4+ AB)"'F be the transfer matrices of these systems. We assume that the
original network (4.5) is synchronized, so that all of the A — AB are Hurwitz. Let
| Hxllg, denote the Hy-norm of Hy. Recall that the set of leader vertices is Uy, =
{v1,09,...,0,}. Vertex v; will be called leader i. This leader is an element of cluster
¢, for some k; € {1,2,...,t}. We now have the following theorem.

Theorem 4.5:
Assume that the network (4.5) is synchronized. Let m be an AEP of the graph &. The
absolute approximation error when clustering & according to 7 then satisfies

m
~ 1
2
IH — H|[3, < Hiese, Y (1 - @) )
i=1 ¢
where €, is the cluster containing the leader 7, and

Hyaxge, = max _ ||Hyllg, -

A€o (L)\o(L)
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systems
Furthermore, the relative approximation error satisfies
- 1
~ 1— L
||H - H”J{g < (Hmax,ﬁfg)2 1; ( |Q’9i )
2 ~ 1 )
1 I, Huin 3¢, m(1—7)
where
Hmin = i H .
3 mﬂﬁm””m O
Remark 4.6:

We see that, with fixed number of agents and fixed number of leaders, the approximation
error is equal to 0 if in each cluster that contains a leader, the leader is the only vertex
in that cluster. In general, the upper bound increases if the numbers of cellmates of the
leaders increase. The upper bound also depends multiplicatively on the maximal Hy-
norm of the auxiliary systems (4.7) over all Laplacian eigenvalues in the complement
of the spectrum of the reduced Laplacian €. The relative error in addition depends on
the minimal Hy-norm of the auxiliary systems (4.7) over all nonzero eigenvalues of the
Laplacian £. O

Remark 4.7:

For the special case that the agents are single integrators (son =1, A =0, B = 1,
and F' = 1) it is easily seen that Hyax ¢, = %max{)\ cAea(l)\ J(E)} and Hyin g0, =
smin{\ : A € o(L), A # 0}. Thus, in the single integrator case the corresponding a
priori upper bounds explicitly involve the Laplacian eigenvalues. As already noted in
Section 4.2.1, the single integrator case was also studied in [MTC14] for the slightly
different set up that the output equation in the original network (4.5) is taken as
y(t) = (W2RT @ 1,)x(t) instead of y(t) = (£® I,)x(t). Here, R is the incidence matrix
of the graph and 20 the diagonal matrix with the edge weights on the diagonal (in
other words, £ = RWNRT). It was shown in [MTC14] that in that case the absolute
and relative approximation errors even admit the explicit formulas

~ 1 1
H—-H|f, =35> (1- ==

=1

and

~ - 1— 1
15— A2, S ()
1H 5, m(1-13)

In the remainder of this section, we will establish a proof of Theorem 4.5. As a
first step, we establish the following lemma (see also [MTC14|, where only the single
integrator case was treated).
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Lemma 4.8:
Let m be an AEP of the graph &. The approximation error when clustering & according

to 7 then satisfies
02 2 02
1H — Hll3, = [1H |5, — [[1H |5, - Y

Proof. First, note that the columns of 8 are orthogonal. We construct a matrix T =
[B P.], where the n x (n — t) matrix 9, is chosen such that the columns of T form
an orthogonal basis for R". In this case, we have PP, = 0. Next, we apply the state
space transformation z(t) = (¥ ® I,,)Z(t) to system (4.5). We obtain

3/1(75) g |m(t) ~
o) =2 ) B s
0= 50)
where the matrices ;L B , and C are given by
To [LeA-(FTR) T RTepe B — (PTP) PP eB

— (RTPL) IPILPe B L ®@A— (PUPL) I RTLP, @B

(PTR) BB F
(PTPL) BTV F

B= , C=[ePel, P

Obviously, in (4.8) the transfer function from u to y is equal to H. Furthermore, if
the state component Zs is truncated from (4.8), what we are left with is the reduced
order model (4.6). Since 7 is an AEP of &, by Lemma 2.48, im(3) is invariant under
£. From this, it follows that not only BT = 0, but also

PTLP = 0 and P L*P = 0. (4.9)

It is easily checked that R
H(s) = H(s) + Hen(s),

where H,,,(s) is given by

He(s) = (891 @ 1) (1 — (Lie w0 A~ ($191) " BLeP, @ B)>_1

B (4.10)
((pipy) ' pIBe F).
From (4.9) and (4.10), we have H(—s)" He.(s) = 0. Thus, we find that
1H I3, = Il H ll5¢, + || Herel5, -
which concludes the proof. ]
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-~

Recall that, since 7 is an AEP, we have o(£) C o(£). Label the eigenvalues of £
as 0, \o, A3,..., A\, in such a way that 0, Ay, A3, ..., A, are the eigenvalues of e Also,
without loss of generality, we assume that 7 is reqularly formed, i.e., all ones in each of
the columns of 3 are consecutive. One can always relabel the agents in the graph in
such a way that this is achieved. Consider now the symmetric matrix

1

7 = (PTP) T pTeP (PTP)

Ti= (PTR)* £ (B) ‘. (4.11)

Note that the eigenvalues of € and € coincide. Let U be an orthogonal matrix that
diagonalizes £. We then have

UTEU = diag(0, \s, ..., \) = A. (4.12)

Next, take U; = (‘,BT‘B)_% U. The columns of U; are orthonormal:

ULU, =U" (P7p) 2 g (pTp) U =0"T =1
Furthermore, we have that
UfeU, =U"CU = A.

Now choose U, such that U = [Ul U2j| is an orthogonal matrix and

) T A O
AN=U"LU = [0 K}’ (4.13)
where A = diag(Aet1,...,\). It is easily verified that the first column of Uy, and thus
the first column of U, is given by \/Lalln, a fact that we will use in the remainder of this
section.

Using the above, we will now first establish explicit formulas for the Hy-norms of H
and H separately. The following lemma gives a formula for the Hs-norm of the original

transfer function H.

Lemma 4.9:

Let U be as in (4.13). For ¢ = 2,...,n, let X; be the observability Gramian of the
auxiliary system (A — \;B, F,\;I) in (4.7), i.e., the unique solution of the Lyapunov
equation (A — \;B)" X; + X;(A— \;B) +X2I = 0. Then the H,-norm of H is given by:

|H|3, = tr((UTBB U @ I) diag (0, F* X, F, ..., FTX,F)). (4.14)
O

Proof. 1t can be verified, using the fact that A — \; B is Hurwitz for ¢ = 2,3, ..., n, that

Yl @A— L@ B) =1, ® X, (A).
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This immediately implies that X, (I ® A — £® B) C ker(£ ® I). As a consequence of
Proposition 4.1, we have

IH|5, =tr((B" @ FI) X(B® F)),
where X is the unique positive semi-definite solution to the Lyapunov equation
(I@A"-L@B") X+ X(I®A-L0B)+£®1=0 (4.15)

with the property that X, (I ® A — £ ® B) C ker(X). In order to compute this
solution X, premultiply (4.15) by UT ® I and postmultiply by U ® I, and substitute
Z={UT®I)X(U®I) to obtain
(I®A"—A®@B")Z+ZI®A-A®B)+AN*®1=0. (4.16)
Solving (4.16), we take Z as
7 = diag(0, Xo, ..., Xy),

where X, for i = 2,... n, is the observability Gramian of the auxiliary system (A —
NiB, F,\I)in (4.7). Next, X = (U®I)Z(UT®1) is a solution of the original Lyapunov
equation, and it is easily verified that indeed X (I ® A — £ ® B) C ker(X). Thus, we
obtain the following expression for the Hsy-norm of H:
IH|5, = tr((BTU @ FT) diag(0, X, ..., X,) (UTB @ F))
= tr((UTBB'U ® I) diag(0, FT XoF, ..., FTX,F)) . O
We proceed with finding a formula for the JHy-norm for the reduced system. This

will be dealt with in the following lemma.

Lemma 4.10:

Let U be as in (4.12) above. For i = 2,...,t, let X; be the observability Gramian of
the auxiliary system (A—\; B, F, \;I) in (4.7), i.e., the unique solution of the Lyapunov
equation (A — \B)" X; + X;(A— \;B) + A 2I = 0. Then the H,-norm of H is given by

IH |5, = tr((ﬁT (PTP)? BBT (PTP)? U @ I) diag (0, F* X, F, ..., FTXtF)) .
(4.17)
O

Proof. Firstly, it can be verified that
X (I®A—L®B)=1,8X,(A).
This implies that X, (/ ® A— £® B) C ker(£PB ® I). By Proposition 4.1, we then have

|2, = tr((%T ® FT> X (% ® F)) ,
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where X is the unique positive semi-definite solution to the Lyapunov equation

(I@AT—ET@)BT))A(+)?(I®A—£A}®B)+‘I3T£2‘B®I:O (4.18)

ker(X ). In order to compute this

wwlﬂ

satisfying the property that X, (I ® A — £® B)
solution, pre- and postmultiply (4.18) by (‘,BT&B)

= (™) 1) X ((F™) e 1)

® I and substitute

to obtain

(I©AT—2@B") Y +V (I®A—L@ B) + (PIP) 2 PrL*P (P7P) * 0 1 =0.

(4.19)

Recall from Section 4.2.4 that £ = ‘BE. From this it follows that

1 2

(BR) TpT e (BTR) =
Consequently, we can diagonalize the corresponding term in (4.19) by premultiplying
by UT @ I and postmultiplying by U ® I, where U is as in (4.12). Next, we denote

(UT @ 1Y (U ® I) so that (4.19) reduces to

7 =
(I@AT—T\®BT>2+2(I®A—T\®B)+7\2®I:0,

which can be solved by taking
7 = diag(0, Xa, ..., Xy) ,

where again X;, for i = 2,...,t, is the observability Gramian of the auxiliary system

(A — )\13, F, >\ZI> in (47) Next,
K= (") 001)Z (0" ($"9)* @ 1)
then satisfies (4 18), and it can be verified that X, (/ ® A — £® B) C ker(X). Thus
the Hy-norm of H is given by
A2, = tr((%T (PTp)* U FT> diag(0, Xo, . . ., X,) (ﬁT (PTP)° B F>)
= (0 (BTR) T BB (FF)* T 0 1) diag (0, F1XGF, . FUX.F)). O

We will now combine the previous lemmas, and give a proof of Theorem 4.5
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Proof of Theorem 4.5. Using Lemma 4.8, and formulas (4.14) and (4.17), we compute
|H — H|f3, = tr((UTBB U @ ) diag (0, F* X, F, ..., FT X, F))
— (07 (B7)* BB (PR)* 0 @ 1) diag (0, FTXF, .., FIXF))
. ( ( {UF%%TUl UL BBTU,
USBB U, USBB U,
—tr((U; BB U, ® 1) diag (0, FT X5 F, ..., FTX.F))
=tr((U; BB U, @ I) diag(F" X1 F, ..., FT X, F)),

] ® I) diag(0, F" X, F, ..., FTXHF))

(4.20)
where the second equality follows from the fact that
BT (PIR) T =B (FF) " (FF)* 0
=B (PTP) U
=B,
Next, observe that (4.20) can be rewritten as
|H — H|j., = tr((Uy BBV, ® ) diag (F" X F, ..., FT X, F))
= tr((Uy BB U,) diag(tr(F' Xe1 F) ... tr(FT X F)))
— tr((UF BB Us) ding (|| a3, - 11, ) ) -
where H), for i =t+1,...,nis the transfer function of the auxiliary system (4.7). An
upper bound for this expression is given by
. 2
tr((UQT’B*BTUQ) d1ag<||H,\r+1 [ ||HA“||§{2>> < H2, o, tr(UTBBT)

where Hyax 3, = MaXet1<j<n HH Y H%Z. Furthermore, we have
tr(Uy BB L) = tr(UTBB V) — tr (U BB ;)
—m—tr (f,p (FTp) mT%%T) .

Since, by assumption, the partition 7 is regularly formed, P (‘BT&B)_I BT is a block
diagonal matrix of the form

B (BP) P = diag(Pr, Bos - -, B -

It is easily verified that each B; is a |€;| x |€;| matrix whose elements are all equal to
ﬁ. The matrix BB7T is a diagonal matrix whose diagonal entries are either 0 or 1.

We then have that the ith column of P (%Tm)fl PIBBT is either equal to the ith
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column of P (%T‘B)fl BT if agent i is a leader, or zero otherwise. It then follows that
the diagonal elements of 3 (‘,BT‘I?)f1 PIBBT are either zero or 1 if i is part of the

|€’%

leader set, where €, is the cluster containing agent i. Hence, we have

m

and consequently

In conclusion, we have

IH = Hllse, < Hiasoe, D (1 ) @) |

=1

which completes the proof of the first part of the theorem.
We now prove the statement about the relative error. For this, we will establish a
lower bound for HHH;2 By (4.14), we have

|H|3, = tr((UTBB U ® I) diag (0, F* X, F, ..., FTX,F))

— tr((UTBBTU) diag (0, tr(FTXF) ... tr(FTX,F))). (4.21)

The first column of U spans the eigenspace corresponding to the eigenvalue 0 of £ and
hence must be equal to u; = \/Lﬁ]ln. Let U be such that U = [ul m It is then easily
verified using (4.21) that

|H 5, = tr((T"BB™T) diag(tr(FTXoF) ... tr(FTX,F)) )
_ tr((UT‘B‘BTU) diag (|| Ha|l%, - - HHMH%)) .

Finally, since

(T BB = tr(B'TUB) = to(BT (VU — wruf) B) = m - =,

we obtain that HHH;2 >m(1-1) (Huminac,)°. This then yields the upper bound for
the relative error as claimed. O

Remark 4.11:
Note that by our labeling of the eigenvalues of £, in the formulation of Theorem 4.5,

we have that o(£) \ o(£) is equal t0 {Aes1, ..., A} used in the proof. We stress that
this should not be confused with the notation often used in the literature, where the
A;’s are labeled in increasing order. O
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4.2.6 H,-error bounds

Whereas in the previous section we studied a priori upper bounds for the approximation
error in terms of the Hy-norm, the present section aims at expressing the approximation
error in terms of the H,,-norm. This section consists of two subsections. In the first
subsection, we consider the special case that the agent dynamics is a single integrator
system. Here we obtain an explicit formula for the H,-norm of the error. In the second
subsection, we find an upper bound for the H-error for symmetric systems.

4.2.6.1 The single integrator case

Here we consider the special case that the agent dynamics is a single integrator system.
In this case, we have A =0, B =1, and F' = 1 and the original system (4.5) reduces
to

(t) = —La(t) + Bu(t),

y(t) = La(t).

The state space dimension of (4.22) is then simply n, the number of agents. For a given
partition 7 = {€;, €y, ..., &}, the reduced system (4.6) is now given by

(4.22)

~

(t) = —L3(t) + Bu(?t),
ylt) = LP(1),

8)-

where B is again the characteristic matrix of 7 and Z(¢) € R*. The transfer functions
H and H, of the original and reduced system respectively, are given by

H(s) = £(sI, + £) "B,
H(s) = B (sl + £)" B.
The first main result of this section is the following explicit formula for the H,, model

reduction error. It complements the formula for the Hy-error obtained in [MTC14] (see

also Remark 4.7).

Theorem 4.12:
Let 7 be an AEP of the graph &. If the network with single integrator agent dynam-
ics (4.22) is clustered according to 7, then the H-error is given by

max (1 — L) if the leaders are in different clusters,

|- A = U e
1 otherwise,
where, for some k; € {1,2,...,m}, &, is the cluster containing the leader i. Further-
more, ||H|ls_ =1, hence the relative and absolute H.-errors coincide. O
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Remark 4.13:

We see that the H.-error lies in the interval [0,1]. The error is maximal (= 1) if
and only if two or more leader vertices occupy one and the same cluster. The error is
minimal (= 0) if and only if each leader vertex occupies a different cluster, and is the
only vertex in this cluster. In general, the error increases if the number of cellmates of
the leaders increases. O

Proof of Theorem 4.12. To simplify notation, denote Hey,(s) = H(Ss) —PAI(S). Note that
both H and H have all poles in the open left half plane. We now first show that, since
7 is an AEP, we have

HHerngfoo = [[Here (0)]] - (4.23)

~ 1 ~
First note that H(s) = £ (PTP) ° (s[ +£) (‘BT‘B)Q B, where the symmetric
matrix £ is given by (4.11). Thus, a state space representation for the error system is

given by
Cy = [7E 0] B .
xe(t)_{o —2} 1+ [(‘BT‘B)Q ] 0 (4.24)

e(t) = & —op (3790) ] 2 (0)

Next, we show that (4.23) holds by applying Lemma 4.2 to system (4.24). Indeed, with
X = —£, we have

w\»—l

} {—S _OE] _ :_22 P (TTR) 3 ]
= :_22 2;43@ (me)—a}
— [~ o () ]
- X [2 _ep (;BT;B)*%}

& —op (PTE)”

[un

and from Lemma 4.2 it then immediately follows that ||[Hewlls = [[He(0)]ly To
compute || He(0)]],, we apply Lemma 4.3 to system (4.24). First, it is easily verified

that
£ 0 _1
ker [ 0 —E] C ker [g — o (;BT;B) 2] .

By applying Lemma 4.3 we then obtain

11 (L2 0 * B
Ho(0) = [ —op (37) 2 | [0 E} [(me)é%] (4.25)
—e (et - P (PP) T (@) ).
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Recall that U in (4.12) is an orthogonal matrix that diagonalizes £ and that U; =
IFEPN _ o~
P (PTP) 2 U. Then € = UA+UT. Thus, we have

_1
2

P (PIP) T E (PUP) F pT = U AU

Next, we compute
LT = UAUTUATUT

_ T
= UAATU (4.26)
1
= ]n - _ILu]lEa
n

where the last equality follows from the fact that the first column of U is \%]ln. Now
observe that

SUATUL = UNUTULATUT
= U, ANTUT

—UUT - Lar (4.27)
1 n n

= (B7) T - 1]

Combining (4.26) and (4.27) with (4.25), we obtain
Herr(0) = (I = % ($"9) ' ") .
From (4.23) then, we have that the H.-error is given by
|H ~ HI. = Ao (Hewe0)" Howe(0) )
= A (%T (o~ (p™p) ") %)
= Aas (I — BT (B7R) ' PTB)
= 1= A (BT (B79) " PB)

(4.28)

All that is left is to compute the minimal eigenvalue of B (‘BT‘B)_I PTB. Again,
let {v1,0s,...,0,} be the set of leaders and note that B satisfies

‘B:[enl €oy " enm].

As before, without loss of generality, assume that 7 is regularly formed. Then the
matrix P (‘BTSB)_I BT is block diagonal where each diagonal block B; is a |€;| x |&;]
matrix whose entries are all @L' Let k; € {1,2,...,¢t} be such that v; € &,. If all the
leaders are in different clusters, then

_ 1 1 1
BT (PTp) ! T%:dia( R )
POHH) ¥ s\ieal el e
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and so
Ao (BT (B7) " BTB) = min (4.20)
I<ism |Q:kz|
Now suppose that two leaders v; and v; are cellmates. Then we have
BIP (FTR) BB — ;) = BTR(BP) B, — ) = 0.
which together with BT (‘,BT‘B)f1 PTB 3= 0 implies
Anin (BT (F7) ' 9TB) = 0. (4.30)

From (4.28), (4.29), and (4.30), we find the absolute H,,-error. To find the relative
Heo-error, we compute ||H||4_ by applying Lemma 4.2 and Lemma 4.3 to the original
system (4.22). Combined with (4.26), this results in the H,,-norm of the original
system:

1
IH 3. = Amax (H(O)TH(O)) = Amax (%T <In — E]ln]lf) %) =1.
This completes the proof. n

4.2.6.2 The general case with symmetric agent dynamics

In this subsection, we return to the general case that the agent dynamics is given by an
arbitrary multivariable input-state-output system. Thus, the original and reduced net-
works are again given by (4.5) and (4.6), respectively. As in the proof of Theorem 4.12,
we will rely heavily on Lemma 4.3 to compute the H.-error. Since Lemma 4.3 relies
on a symmetry argument, we will need to assume that the matrices A and B are both
symmetric, which will be a standing assumption in the remainder of this section.

We will now establish an a priori upper bound for the H,,-norm of the approximation
error in the case that we cluster according to an AEP. Again, an important role is played
by the n — 1 auxiliary systems (4.7) with A ranging over the nonzero eigenvalues of the
Laplacian £. Again, let Hy(s) = A(s] — A+ AB)"'F be their transfer functions. We
assume that the original network (4.5) is synchronized, so that all of the A — AB are
Hurwitz. We again use H, H , and He, to denote the relevant transfer functions.

The following is the second main theorem.

Theorem 4.14:

Assume the network (4.5) is synchronized and that A and B are symmetric matrices.
Let m be an AEP of the graph &. The H.-error when clustering & according to m
then satisfies

~ H2,. 5. max (1 — L) if the leaders are in different clusters,
|H — Hll3_ < T 1<i<m e,

H2

max,Hoo

otherwise,

71



4 Graph Symmetries and Equitable Partitions in Clustering-Based Model Order
Reduction

and

2
H — HI? Mt )" ax (1 1 if the leaders are in different clusters,
15— A

Hmin,(}foc 1<z<m B m
2 ~
||H||ﬂ'foo (M) 2 OtherWISe,
min,Hoo
where
Huaxgto, = max _ |[[Hy|ls_, (4.31)
Aea(L)\a(L)
and
Hmin = min min H, (0 s 4.32
s = i i (A (0) (432
with H) the transfer functions of the auxiliary systems (4.7). O
Remark 4.15:

The absolute H.-error thus lies in the interval [0, Hyax 5. ] With Hpay s, the maximum

over the Ho-norms of the transfer functions Hy with A € o(€) \ o(£). The error is
minimal (= 0) if each leader vertex occupies a different cluster, and is the only vertex
in this cluster. In general, the upper bound increases if the number of cellmates of the
leaders increases. O

Proof of Theorem 4.14. First note that the transfer function H of the reduced net-
work (4.6) is equal to

H(s) = (2513 (PTP) @ 1n> (/- L®A+CTxB)" ((‘BT‘B)% B F) o (433)

with the symmetric matrix £ given by (4.11). Analogous to the proof of Theorem 4.12,
we first apply Lemma 4.2 to the error system

I, A-L®B 0 B

Te(t) = { 0 L®A—§®B} Telt) + [(mTfp)5%®F u(®)

_1
e(t) = [s ®I, —LP(PTP) e In] ze(t),
with transfer function He,,. Take X = I, ® A — £ ® B. We then have

. ILOA—£®B 0
[2@’1" —LP (P1P) 2®In} 0 R A—S®B

_1
=X |eel, —op )t
From Lemma 4.2, we thus obtain that

1
2

[ Hor s, = [ Her (0} = A (Hore(0)" Hn(0))
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In the proof of Lemma 4.8, it was shown that
H(=5)" Hexe(s) = H(=3)" (H(s) — H(s)) = 0.
Since all transfer functions involved are asymptotically stable, in partlcular this holds
for s = 0. We then have that H(O) (f](O) — Ij(O)) =0, ie. H(O) H(0) = fI(O)TfI(O)
By transposing, we also have H(0)"H(0) = H(0)"H(0). Therefore,
Here(0)" Here (0) = (H(0) — H(0))" (H (0) — H(0))
= H(0)"H(0) — H(0)"H(0) — H(0)" H(0) + H(0)"H (0)
— H(0)"H(0) — H(0)"H(0).
By applying Lemma 4.3 to system (4.5), we obtain
HO)'HO0)= (3" FT) (lLeA-£eB)" (*®L)(L,eA-LoB)'(BeF)
=B"F(URL)L®A-A®B)" (A’®1,)
(L®A-A®B)"(UT®IL,)(BaF)
= (BTU @ F") diag (0, \3(A — XB) %, ..., 02(A = \B) ) (UTB ® F)
= (B"U ® 1,,) diag (o, Hy, (0)"Hy, (0), ..., HAn(O)THA"(O)) U™ B @ 1,),
(4.34)

where H, is again given by (4.7). Recall that B = (BPTR) PTM and U, =B (PTP) ° U.
Now apply Lemma 4.3 to the transfer function (4.33) of the system (4.6):

E(O)T?I(O):( Top (T 2®FT) (LeA-L@B)"
(" iB) PP (BT )5®1)
(LeA-ESeB)" ( T%@F)

_ (%Tm (BTP) @ FT) (U ® In) (In A-A® B>+

: (7\2®Jn) (In®A—7\®B>+

(T o) (™) PpTB @ F
= (B U, ® F') diag(0,\3(A — XB) %, ) 02(A - A\B) ) (U B @ F)
— (B"U, @ I,,) diag (o, Hy, (0)"Hy, (0), ... ,HM<0)THM<0)> (UFB ©1,,).

Combining the two expressions above, it immediately follows that
Heo (0)" Ho (0) = H(0) H(0) — H(0)" H(0)
= (8", ® I,,) diag (HM (0)"Hy.,,(0), ..., HAN(O)THAN(O))
(U3 B & Iy) .
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By taking Hyax g, as defined by (4.31) it then follows that

Herr(0) Hewr(0) < (BTU, @ 1,) diag(H2 o sc Ty - - - s Hese ) (U3 B @ 1,,)
= H. o, (BTLUSB @ I,)
= Huxote (%TUn—UlUF)%@I )
= H2 e ((In = B9 (B7F) " P'B) @ L)

Continuing as in the proof of Theorem 4.12, we find an upper bound for the H-error:

| Haell3e. < H2 e A (I — BT (F75) ' 7).

To compute an upper bound for the relative Hoo-error, we bound the H-norm of
system (4.5) from below. Again, let U be such that U = [ul U] and let Hyingc,, be
as defined by (4.32). From (4.34) it now follows that

H(0)"H(0) = (BT ® I, )dlag(H)\Q HAQ(O),...,HA“(O)THAn(O)> (UT% ®Im>
(SBTU®I ) diag(H2 g0 I -, H2 0 )(U%@[m)
Huinsc)? (%TUU B I, )

Hyingc..) < (I——]l ]1T>2B®Im).

Again using Lemma 4.3, we find a lower bound to the H,-norm of H:

1H e = Amax (HO)'H(0)) > B2,

min,Heo ?

which concludes the proof of the theorem. O

4.2.7 Towards a priori error bounds for general graph partitions

Up to now, we have only dealt with establishing error bounds for network reduction by
clustering using almost equitable partitions of the network graph. Of course, we would
also like to obtain error bounds for arbitrary, possibly non almost equitable, partitions.
In this section, we present some ideas to address this more general problem. We will
first study the single integrator case. Subsequently, we will look at the general case.

4.2.7.1 The single integrator case

Consider the multi-agent network

(4.35)
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As before, assume that the underlying graph & is connected. The network is then
synchronized. Let m = {€,&,,..., €.} be a graph partition, not necessarily an AEP,
and let P € R™* be its characteristic matrix. As before, the reduced order network is
taken to be the Petrov-Galerkin projection of (4.35), and is represented by

Z(t) = —L3(t) + Bu(t),
y(t) = £Pa(1),

Again, let H and H be the transfer functions of (4.35) and (4.36), respectively. We will
address the problem of obtaining a priori upper bounds for [|[H — H||4, and [|[H — H|[4_.
We will pursue the following idea: as a first step we will approximate the original Lapla-
cian matrix £ (of the original network graph &) by a new Laplacian matrix, denoted
by £agp (corresponding to a ‘nearby’ graph &agp) such that the given partition 7 is an
AEP for this new graph Gagp. This new graph & ,gp defines a new multi-agent system
with transfer function Hagp(s) = Lapp(sly + SAEP)_IEB. The reduced order network
of Hagp (using the AEP 7) has transfer function ﬁAEP<S) = LappP (sl + EAEp)il B.
Then using the triangle inequality, both for p = 2 and p = co, we have

|H — ﬁH:}(p = ||H — Hagp + Hagp — Hpp + Happ — fA[H;Hp
< | H — Haeellse, + [[Haep — Hagplls, + | Haep — Hlls, -

(4.36)

(4.37)

The idea is to obtain a priori upper bounds for all three terms in (4.37). We first propose
an approximating Laplacian matrix £ gp, and subsequently study the problems of
establishing upper bounds for the three terms in (4.37) separately.

In the following, denote P := (%TEB) ! PBT. Note that P is the orthogonal projector
onto im(*P). As approximation for £, we compute the unique solution to the convex
optimization problem

minimize |[|£ — QAEPHI%“ ;
LAEP

subject to (I, — P)LappP =0,

EAEP — SXEP’ (438)

Lagp = 0,
SAEP]ln = O.

In other words, we want to compute a positive semi-definite matrix £ gp with row sums
equal to zero, and with the property that im(*J3) is invariant under £xgp (equivalently,
the given partition 7 is an AEP for the new graph). We will show that such an £sgp may
correspond to an undirected graph with negative weights. However, it is constrained
to be positive semi-definite, so the results of Sections 4.2.4 to 4.2.6 in this section will
remain valid.

Theorem 4.16:

The matrix Lapp = PLP + (I, — P)L(I, — P) is the unique solution to the convex
optimization problem (4.38). If £ corresponds to a connected graph, then, in fact,

ker(Lapp) = im(1,). O
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Proof. Clearly, £agp is symmetric and positive semi-definite since £ is. Also, (I, —
P)LarpP = 0 since (I, — P)P = 0. It is also obvious that Lagpl, = 0 since P1, = 1,,.
We now show that £agp uniquely minimizes the distance to £. Let X satisfy the
constraints and define A = £xgp — X. Then we have

1€ = Xlf = 1€ = Ll + ANl +26r((€ = Lare)A).
It can be verified that £ — £agp = (I, — P)LP + PL(L, — P). Thus,
tr((£ — Lapp)A) = tr((Ly — P)LPA) + tr(PL(L, — P)A).

Now, since both X and £agp satisfy the first constraint, we have (I, — P)AP = 0.
Using this we have

tr((I, — P)LPA) = tr(PA(I, — P)L) = tr(L£(L, — P)AP) = 0.
Also,
tr(PL(L, — P)A) = tr(L£(L, — P)AP) = 0.
Thus, we obtain
1€ = Xz = 1€ — Lagellz + A%,

from which it follows that ||£ — X||; is minimal if and only if A = 0, equivalently,
X = Lgp.

To prove the second statement, let € ker(£agp), so 21 €agpr = 0. Then both
z'PLPr = 0 and z'(I, — P)L(L, — P)x = 0. This clearly implies £Pz = 0 and
£(I, — P)x = 0. Since £ corresponds to a connected graph, we must have Pz € im(1,)
and (I, — P)x € im(1,). We conclude that = € im(1,), as desired. O

As announced above, £ gp may have positive off-diagonal elements, corresponding to
a graph with some of its edge weights being negative. For example, for

1 =1 0 0 0 10
-1 2 -1 0 0 10
g=10 -1 2 -1 0], P=|1 0f,
0 0 -1 2 -1 0 1
0 0 0 -1 1 0 1
we have
11 7 1
5 —5 —5 0 —3
AV (P S ¢
? 10 149 1 13
Larr=1—5 =5 5 3 5 |
o 0 -3 3 -1
1110 s
3 3 6 2
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ep i
@ 5@

Figure 4.1: A path graph on 5 vertices and its closest graph such that the partition
{{1,2,3},{4,5}} is almost equitable.

CD\H

so the edge between vertices 3 and 5 has a negative weight. Figure 4.1 shows the
graphs corresponding to £ and £agp. Although £agp is not necessarily a Laplacian
matrix with only nonpositive off-diagonal elements, it has all the properties we associate
with a Laplacian matrix. Specifically, it can be checked that all results in this section
remain valid, since they only depend on the symmetric positive semi-definiteness of the
Laplacian matrix.

Using the approximating Laplacian Lxpp = PLP + (I, — P)L(I, — P) as above, we
will now deal with establishing upper bounds for the three terms in (4.37). We start
off with the middle term ||Hagpp — HAEpHg{p in (4.37).

According to Remark 4.7, for p = 2 this term has an upper bound depending on the
maximal A € o(L£agp) \ 0(Larp), and on the number of cellmates of the leaders with
respect to the partitioning 7. For p = oo, in Theorem 4.12 this term was expressed in
terms of the maximal number of cellmates with respect to the partitioning 7 (noting
that it is equal to 1 in case two or more leaders share the same cluster).

Next, we will take a look at the first and third term in (4.37), ie., [[H — Hagp||y,
and Hﬁ — ?[AEPH%. Let us denote AL = £ — Lapp. We find

H(s) — Hpp(s ) (sl + £)7'B — Lapp(sly + Lapp) "B
L(sI, + £)" "B
— Lapp [(sIa + &)+ (sIn + Lapp) 'AL(sI, + L)' B
= (s, + £)7'B — Lapp(sl, + £)'B
— Capp(sly + Lapp) TAL(SI, + £)'B
= AL(sI,+ £)7'B — Lapp(sly + Lapp) 'AL(sl, + £) "B
= [I. — Lapp(shy + Lapp) | AL(sL, + £)7'B.
Thus, both for p = 2 and p = oo, we have

HH — HAEPHU—CP § an - QAEP(SIn—i-,QAEP)_l ‘AS SI —|—£ ‘BH%

[

Using
HIn — Lapp(sly + SAEP)AHU{oo = ||s(sls + SAEP)AH%Oo = sug ||zw(zw[n + SAEP)71H2
we
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|w]
= sup =1,

we get

|1H — Hagplly, < [|AL(sl + 2)*1%”% : (4.39)

It is also easily seen that app = (‘BT‘B)_I‘BTSAEP‘B = (‘,BT‘D)_I PTEP = £ and
LaepP =P (BPTP) “IRT P = PL. Therefore,

~

H(s) — Happ(s) = &P (s[n + E)
— op (sIn n E)
_ (gm - SBE) (sIn + E)_l B

1 B — LappB (8111 + EAEP) 1 B

1%_mz(szn+§) '3

Since (£ — ‘BE)T(E‘B — ‘BE) = PT(AL)*P, for p =2 and p = oo, we obtain

E

|7 = Aawellse, = |[ASP(sy+2) B

(4.40)

U_CP
Finally, combining (4.37), (4.39) and (4.40), we get

E

|H = Ay, < |AS(sTy + 2)7' By, + [ Hap — Hampllg, +[|ALP(sL + 2) B

IHyp

Thus, both in (4.39) and (4.40) the upper bound involves the difference AL = £— L pp
between the original Laplacian and its optimal approximation in the set of Laplacian
matrices for which the given partition 7 is an AEP. In a sense, the difference AL
measures how far 7 is away from being an AEP for the original graph &. Obviously,
AL = 0 if and only if 7 is an AEP for &. In that case only the middle term in (4.37)
is present.

4.2.7.2 The general case

In this final subsection, we will put forward some ideas to deal with the case that
the agent dynamics is a general linear input-state-output system and the given graph
partition m, with characteristic matrix 3, is not almost equitable. In this case, the
original network is given by (4.5) and the reduced network by (4.6). Their transfer
functions are H and H , respectively. Let £agp and EAEP as in the previous subsection
and let

Happ(s) = (Lapp @ L) (ST — [, @ A+ Lapp @ B) (B & F)

and

~

—~ —~ —1
Hagp(s) = (Lapp’P ® I,,) (S] — I, ® A+ Lppp ® B) (B F).
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As before, we assume that (4.5) is synchronized, so H is asymptotically stable. How-
ever, since the partition 7 is no longer assumed to be an AEP, the reduced transfer
function H need not be asymptotically stable anymore. Also, H App and H AEp heed
not be asymptotically stable. We will now first study under what conditions these are
asymptotically stable. First note that, using Proposition 2.51, H is asymptotically sta-
ble if and only if A— B is Hurwitz for all nonzero elgenvalues X of £. Moreover, Hagp
and H Arp are asymptotically stable if and only if A — AB is Hurwitz for all nonzero
eigenvalues A of Lapp. In the following, let Apin(£) and Apax(£) denote the smallest
nonzero and largest eigenvalue of £, respectively. We have the following lemma about
the location of the nonzero eigenvalues of £ and £agp.

Lemma 4.17: R
All nonzero eigenvalues of £ and of £agp lie in the closed interval [Ayin(£), Amax(£)]-O

Proof. The claim about the eigenvalues of £ follows from Theorem 2.6. Next, note that

_1
P = Q.Q7, with Q; =B (quq:%) 2. Since the columns of ); are orthonormal, there
exists a matrix Qo € R™™=% guch that [Ql Qg} is an orthogonal matrix. Then, we
have I, — P = Q»Q3 and we find

Lapp = PLP + (In — iP)S(In — iP)
= Q1Q £Q1QT + Q203 £Q2Q3

_ Q1 £Q 0 Q1

It follows that o(£app) = o(QTLQ1) Ua(QTLQ,). By Theorem 2.6, both the eigen-
values of QT £Q; and QT £Q, are interlaced with the eigenvalues of £, so in particular
we have that all eigenvalues A of £agp satisfy A < Apax(£). In order to prove the lower
bound, note that QT £Q is similar to E, for which we know that its nonzero eigenvalues
are between the nonzero eigenvalues of £. As for the eigenvalues of Q1 £Q5, note that

Q2 = |||, for all z € R** and 17Qy = 0 (since @y (‘,BT%)% 1 = 1). Thus, we
find

min 27 Q5 £Qyr > mln Y Ly = Auin(L).
llzlla=1 ﬁl Hy )
Yllo=

Therefore, the smallest eigenvalue of Q1 £Q); is larger than the smallest positive eigen-
value of £. We conclude that indeed A > A,in(£) for all nonzero eigenvalues A of
LAEP- L

Using this lemma, we see that a sufficient condition for H , Hagp, and H App to be
asymptotically stable is that for each A € [Anin(£), Amax(£)], the strict Lyapunov in-
equality

(A—AB)X + X(A—XB)" <0
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has a positive definite solution X. This sufficient condition can be checked by verifying
solvability of a single linear matrix inequality, whose size does not depend on the
number of agents, see [OP05]. After having checked this, it would then remain to
establish upper bounds for the first and third term in (4.37). This can be done in an
analogous way as in the previous subsection. Specifically, it can be shown that for p = 2
and p = oo we have

|H = Hagpllsg, < (1+ [[(Sare @ L)(sT — [ & A+ Saxp @ B) (L@ B)| )
AL®RL)(SI-L,®A+L@B) ' (B® F)||g{p

and

~ ~ ~ -1
|H — Hagplly, = H(Aﬂp@fn) (31 ~LRA+LQ® B> (BeF)

9(,,.
4.2.8 Numerical examples

To illustrate the error bounds we have established in this section, consider the graph
with 10 vertices taken from [MTC14], as shown in Figure 3.1. Its Laplacian matrix is

OO UINOWN UL

I
cCoCoOWNROOO

|
coococoUROO

)
I
oo ouUoOooOoOWL

| Tl 1]
CONTNN WO
| ol
orOrRO00O0OO
|
—oO—O0000O0O

=1
OOUIREIJOOOO

b=
RFRROO00000

with spectrum (rounded to three significant digits)
o(€) ~ {0, 1, 1.08, 4.14, 5, 6.7, 8.36, 16.1, 28.2, 33.5).

First, we illustrate the H, and H,, error bounds from Theorems 4.5 and 4.14. We
take m = {{1,2,3,4},{5,6},{7},{8},{9,10}} and

A=["008) B=F=]31):
Note that, indeed, 7w is an AEP. Also, in order to satisfy the assumptions of Theo-
rem 4.14, we have taken A and B symmetric. Note that A — AB is Hurwitz for all
nonzero eigenvalues A of the Laplacian matrix £. Therefore, the multi-agent system
is synchronized. It remains to choose the set of leaders Uy. For demonstration, we
compute the Hy and H,, upper bounds and the true errors for all possible choices
of 2Uy,. Since the sets of leaders are nonempty subsets of U, it follows that there are
210 — 1 = 1023 possible sets of leaders. Figure 4.2 shows all the ratios of upper bounds

and corresponding true errors, where we define % = 1. We see that in this example,
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Figure 4.2: Ratios of Hy (left) and H., (right) upper bounds and corresponding true
errors, for a fixed almost equitable partition and all possible sets of leaders.
In both figures, the sets of leaders are sorted such that the ratio is increasing
(in particular, the ordering of the sets of leaders is not the same).
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8.
1.5
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Figure 4.3: True H, (left) and H,, (right) errors and upper bounds, for a fixed set of
leaders and all partitions with five clusters. In each figure, partitions were
sorted such that the true errors are increasing.

all true errors and upper bounds are within one order of magnitude, and that in most
cases the ratio is below 2.

Next, we compare the true errors with the triangle inequality-based error bounds
from (4.37) for a fixed set of leaders and all possible partitions consisting of five clusters.
For the set of leaders, we take Uy, = {6, 7}, as was also used in [MTC14]. With this
choice of leaders, the systems norms are ||S||;, ~ 6.4 and |S]|; =~ 1.03 (rounded
to three significant digits). Figure 4.3 shows true errors and upper bounds for all
partitions of U with five clusters (there are 42525 such partitions). We observe that
the upper bounds vary significantly as the true error increases, but the ratio is still
less than one order of magnitude. Additionally, we notice that partitions giving small
Hy errors give smaller upper bounds, as seen more clearly in the left subfigure of
Figure 4.4. Furthermore, we observe a jump after the 966th partition. In fact, the 966
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Figure 4.4: First 1000 true errors and upper bounds from Figure 4.3.
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Figure 4.5: Relative error of £ by £agp in Frobenius norm for all partitions with five
clusters. The partitions are ordered such that the errors are increasing.

partitions giving the smallest H{y error are all those partitions where the leaders are
the only members in their cluster. For the ., error this is not the case, i.e., there are
partitions with leaders sharing a cluster with more agents that give a smaller H ., error
then a partition with leaders not sharing a cluster. On the other hand, partitions with
the smallest Hy or H,, upper bound are close to the optimal true error.

In the following, we also compute the errors ||£ — Lapp|| for all partitions with five

clusters. Figure 4.5 shows the relative approximation errors HL_&%P”F We see that
F

only a few (six, to be precise) partitions give a relative error less than 0.1. Irrespective
of this, a small triangle inequality-based error bound (4.37) seems to indicate good
partitions.

Finally, we compare the bound (4.37) with those from Ishizaki et al. [[IKIA 14, IKGT15,
[KI16a|. There are also error bounds developed in [CKS16] and [BSJ16], but they de-
pend on the proposed MOR methods and cannot be evaluated for an arbitrary partition.
The Hy and H,, error bounds from Ishizaki et al. are based on the decomposition (see
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Figure 4.6: Comparison with error bounds from Ishizaki et al. [IKIA14, TKGT15,
[KI16a|. The first column shows the Hy errors and bounds, the second

column the H,, errors and bounds. The first row contains values for all
partitions with five clusters, the second row only the first 1000 best ones.

equation (31) in [[KIA14], (20) in [II15], or (17) in [IKI16a])
H(s) — H(s) = 2(s)QQ" X (s),
where

X(s)=(sI—L,o A+ PTeP® B) (B F),
2(s) = (EP® L) (s - ,@ A+ PT€P® B) " (PT® A— PTE@ B) + £® I,

P= (‘,BT‘,B)_I, and () is such that [P Q] is orthogonal. The error bounds are then

|H — ﬁ“g{p < |1=]lg, HQQTXH% = [1Ell5,, HQTX“J{,,’

for p = 2 and p = oco. Figure 4.6 shows the comparison between these bounds, the
triangle inequality-based bound (4.37), and the true errors. In this example, our bounds
are, for most partitions, lower than those from Ishizaki et al. Yet, they do share some
qualitative properties: both vary significantly as the true error increases and those
partitions with the small bounds are close to the optimal.
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4.3 Exact clustering-based model order reduction for
nonlinear power systems

4.3.1 Introduction

A power system is a network of electrical generators, loads, and their associated control
elements. Each of these components may be thought of as vertex of a graph, while
the transmission lines connecting them can be regarded as the edges of the graph.
The vertices are modeled by physical laws that typically lead to a set of differential
equations. These differential equations are coupled to each other across the edges. One
question that has been of interest to power engineers over many years is how do the
graph-theoretic properties of these types of electrical networks impact system-theoretic
properties of the grid model [AA13].

Here, we study synchronization properties of power systems (see [DB14] for an
overview) using graph-theoretic tools. Specifically, we show relations to graph sym-
metry and equitable partitions [RJMEQ9], extending the work in [[KI16b] for linear
systems to nonlinear power systems. Additionally, based on our results about syn-
chronization, we propose a structure-preserving, clustering-based MOR framework for
nonlinear power systems. Further, we show that for certain partitions this reduction is
exact. In general, the dynamics of the reduced system can be used to approximate the
dynamics of the original power system.

The motivation for clustering, in addition to reducing simulation time, is the possi-
bility to simulate or control only a certain part of the grid, or a certain phenomenon
that happens only over a certain time-scale. Some recent work on clustering of linear
network systems can be found in [[KIA14, IKGT15, MGB15, CKS16, XC16, CKS17].

In Section 4.3.2, we describe the system we analyze. Next, we introduce synchro-
nization for a pair of generators and prove necessary and sufficient conditions in Sec-
tion 4.3.3. In Section 4.3.4, we continue in a similar way with two notions of synchro-
nization with respect to a partition. We discuss clustering-based MOR in Section 4.3.5.
Finally, we demonstrate our results in Section 4.3.6.

4.3.2 System description

We use the power system example in Figure 4.7 to introduce the type of system we
analyze and to illustrate our results. As in the example in Figure 4.7, we consider
power systems consisting of generators and buses, where each generator is connected
to exactly one bus and buses can be classified into generator buses (those connected
to one generator and some buses) and non-generator buses (those connected only to
other buses). We follow the classical model of a synchronous generator [Kun94], which
means that the generators’ voltage amplitude is constant over time ¢.

Let = {1,2,...,n} and § == {n + 1,n+2,...,n + 7@} denote the label sets of
generator and non-generator buses. In the example in Figure 4.7, we have n = 5 and
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Figure 4.7: Power system consisting of generators (circles) and buses (vertical bars),
where the ith generator is only connected to the ith bus. See Table 4.1 for
the notation.

n = 2. The vector of currents from generators to generator buses is given as

Iy(t) = - Lo (Bs(1) — Vi(1) (1.41)

where the vectors of voltages of generators and generator buses are denoted as

Eg(t) = [Ei(cos 6;(t) + 2sin ;(t))],cq € C",
Vs(t) = [Vi(t)(cos 05(t) + 2sin 0;(t))],.q € C",

and Lp is a positive diagonal reactance matrix given as

Lp = diag([xfl]z-es) ’

where y; is the reactance between the ith generator and its bus (see Figure 4.7). We
assume the generator voltage amplitudes F; and reactances y; are given constants.
Additionally, we assume the line resistances to be negligible.

The relation between the currents and voltages is given as

RERE L] ()
where the voltage vector of non-generator buses is denoted as
V5(t) = [Vi(t)(cos 0;(t) + 2sin 0;(1))] ;.5 € C*
and £ = [£;;] € R"X47) denotes the weighted graph Laplacian of the reactance

network. In particular, the (7, j)-th element of £ is —X[jl if the ith and jth buses are
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Table 4.1: Notation
Symbol  Description
lail;eg  vector (a;, @iy, ..., a4,), if S = {i1,iz,... in}
sin, cos  functions applied element-wise to a vector or a matrix
S label set of generator buses
g label set of non-generator buses
Eq(t) voltages of the generators at time ¢
E; voltage amplitude of the ith generator
0;(t) voltage phase of the ith generator at time ¢
Vs (t) voltages of the generator buses at time ¢
V5(1) voltages of the non-generator buses at time ¢
Vi(t) voltage amplitude of the ith bus at time ¢
0;(t) voltage phase of the ith bus at time ¢
Ig(t) currents from generators to generator buses at time ¢
Xi reactance between the ith generator and its bus
Xij reactance between the ith and jth bus
Lp reactance matrix, diag([x;l]ieg)
£ [£ijli,jeq1,2}, weighted graph Laplacian of the reactance network
a(t) [0:(t)];cg
M diagonal matrix of inertias M; of the generators
D diagonal matrix of dissipativies D; of the generators
f vector of powers f; to the generators
X (Lp + €11 — £285¢5) " Ip
T Lp(Lp + €11 — £12850€5) ' Lp
Vij [F]i_jl
E [Ei]ieg
Vo) [Vit)lieq
Os(t)  [0i(D)icq
Xij subspace of synchronism {z € R" : z; = z,}
IL;; permutation matrix that swaps ith and jth components
8ij set of symmetrical matrices {A € R™"*"™ : All,; = II;; A}
e Mees Nijee, Xis
el e mi,jGGé 8ij

connected (see Figure 4.7) and the ith diagonal element is } Xi_jl' In the following,
we assume that the reactance network is connected, i.e., £ is irreducible. This assump-
tion can be made without loss of generality because the same arguments can be applied
to each connected component. For the example in Figure 4.7 with x;; = 1 for all 4, 7,

we have
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The dynamics of generators is given by

M3E(t) + Dé(t) = f — {w sin(6,(t) — Qi(t))] | (4.432)

i €9
with voltage phases 0(t) = [6;(t)],cq, inertia constants M = diag([Mi];cq), M; > 0,
damping constants D = diag([Di]ieg), D; > 0, and input powers f € R™ [Kun94].
Eliminating Ig(t) from (4.41) and (4.42), we obtain

Lp (Es(t) = Vs())| _ € Liz| | V5(1)
0 L L) |V5(1)]”
The set of equations (4.43) forms a differential-algebraic system. We can remove the
algebraic constraints to find an equivalent set of differential equations using Kron re-
duction [Kro39]. First, from (4.43b), we find
Vg(t) = _£2_21£1T2‘@(t)»
Vi(t) = X Eq(t), (4.44)

(4.43Db)

where
1

X = (Lp+ &1 — £12€5 L35)  Lo. (4.45)
It follows that
_ -1
I'=Lp (LD + £ — 212822121T2) Lp =LpX

is a positive definite matrix with positive elements, since Lp + £11 — 2122521£1F2 is
positive definite and an irreducible M-matrix [BP94, pp. 141]. We denote its elements
by %;1 = [['];;- Then, multiplying (4.44) from the left by Lp, we find

1€§

Vi) = ; COS 0;
{ ” cos Hl-(t)] o ['[E; cos 0;(t)]

Vi) = ; Sin 0;
[ ” sin Hi(t)} . =TI[E; 5Z(t)]i€9 ,

which, when inserted in (4.43a), gives us

MS(t) + Dé(t) = f — {w (sin 63(1) cos B5(1) — cos 5 (£) sin Qi(t))] .
. . v,
=f- (d1ag([Ei sin 5i(t)]ieg) [%

cost (1)

€S9

=f- (diag([Ei sin 51’(75)]1»69) ['[E; cos 5i(t)]z‘eg
— diag ([E; cos 6;(t)];cq) T [Eisin 6;(1)];) -

— diag([E; cos 6i(t)),cq) {V;(t) sin Gi(t)} iES)
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Thus, now by using sin 6;(¢) cos §;(t) — cos d;(t) sin d;(t) = sin(d;(t) — 9,(¢)), the Kron-
reduced system of (4.43) is given as

n

M261<t) + D151<t) =fi— Z ElEk
k=1 Yik

Sin(8i(t) — 0 (1)), (4.46a)

with generator buses’ voltages and phases satisfying
LpVs(t) =T Eq(t). (4.46b)

Denoting E = [Ejl,cq, V(t) = [Vi(t)];cq, and Og(t) == [0(t)]
and (4.46a) more compactly as

ME(t) + Dé(t) = f — Lo (E o Vi(t) osin(d(t) — (1)) , (4.47)

i€ icg» We can write (4.43a)

and

ME(t) + Dé(t) = f — (r o EET o sin (5(15)113 - Mmﬁ)) 1.

4.3.3 Synchronization of generator pair
Let us denote the subspace of the synchronism between the ith and jth elements by

In this notation, we introduce the following notion of synchronism for the power sys-
tem (4.43).

Definition 4.18:
Consider the power system (4.43). The ith and jth generators are said to be synchro-
nized if

5<t> c DCz-j and Vg(t) € f)Cij, for all ¢ 2 0

and for any initial condition §(0),4(0) € X,;. O
To characterize this generator synchronism in an algebraic manner, let us define a set
of symmetrical matrices with respect to the permutation of the ¢th and jth columns
and rows by

Sij = {A S R™*™ . AHU = HijA}, (448)

where II;; denotes the permutation matrix associated with the 7th and jth elements,
i.e., all diagonal elements of II;; other than the ith and jth elements are 1, the (i, j)-th
and (7,7)-th elements are 1, and the others are zero. Note that §;; is not the set of usual
symmetric (Hermitian) matrices; the condition in (4.48) represents the invariance with
respect to the permutation of the ¢th and jth columns and rows, i.e., H;S»AHZ-]- = A.
The following lemma gives necessary and sufficient conditions for a symmetric matrix
to be symmetrical.
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Lemma 4.19:

Let A € R™" be a symmetric matrix and 7,j € {1,2,...,n} such that i # j. Then
A € §;; if and only if a;; = aj; and a;; = a;i, for all k # 14, 5. O
Proof. From the definition, it can be seen that A € §;; is equivalent to a; = ajj,
a;j = ji, Qi = Gji, and ay; = ag; for all k& # 4,j. Using that A is symmetric, the
conditions of the lemma follow. n

Some basic properties of symmetrical matrices are given in the following lemma.

Lemma 4.20:
Let A, B € §;; for some i, j € {1,2,...,n} such that i # j and «, 8 € R. Then,

1. CYA—FBB € Sij7
2. AB € 8ij> and

3. if A is invertible, then A7 € §;;. O

Proof. Follows directly from the definition of §;; in (4.48). ]

We state the main result about synchronization of a pair of generators and prove it
in the remainder of this section.

Theorem 4.21:
Consider the power system (4.43). The following two statements hold.

1. Let n = 2 and M; = M;. Then the two generators are synchronized if and only
if Dy = Dy, fi = f2, and E} = Eb.

2. Let n > 3 and M € 8;;. Then the ith and jth generators are synchronized if and
only if D e Sij7 f S :X:ij, E e f)Cij, and I' € 81] <>

Remark 4.22:
Essentially, this result shows that the ith and jth generators are synchronized when
the system equation are invariant under swapping the ¢th and jth label. O

We arrange the proof of Theorem 4.21 into a sequence of propositions in this section.
We begin by analyzing the equations of the system (4.43) without assumptions on n
and M.

Proposition 4.23:
The 7th and jth generators are synchronized if and only if

D, D,
— == 4.49
i (4.492)
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Ji_ Ji 4.49b
-t (4.490)

E; E; o
— , for k 1,7, 4.49¢
My My . ( )
X _ ﬁ, for k # 4, j, and (4.49d)

Yik Vik

Xl | Xilyj _ Xiti  Xit5 (4.49¢)
Yii Yij Vji Vij O

Proof. From (4.46a), we get

E,E,
Mivik M

(51 —5] = ——— Sin(5j — 5k)) .

It is clear that, if (4.49a), (4.49b), and (4.49¢c) are true, then &, € X;; implies 0 € X;;.
For the other direction, let us assume that the 7th and jth generators are synchronized.
Then we necessarily have

D; D; f; f) - ((EEk EEk> , )
o + — 4L - sin(d; — 0 =0,
(M M, > (M M Zk:l My~ My ) S 7 %)

for any ¢;, 51‘; and dy, k # i,7. Choosing 5; =0 and &, = d;, condition (4.49b) follows.
Taking §; = 1 and 6 = &;, we find condition (4.49a). Lastly, with §; — 0, = 5 for some
k #1,j and §; — 9, = 0 for ¢ # i, j, k, condition (4.49c¢) follows for the chosen k.

From (4.46b), we have

iEi B B B
V;cosB; — V;cosh; = <X N ) 0S 0; +(X M) cos d;

Vii Vji Vij Vij
Xi
+ — 2= | B} cos Oy,
Z (%k %k:)
k:;ézj
Visin®;, — V;sinf; = (X —XJ—> in o, —|—(X M) sin d,
Vii Yyi Yij Yij
Xi
+ — FErsind
> (3 - 22) meanas
k#zy

Similarly, if we assume conditions (4.49d) and (4.49¢) to be true, then §; = ¢; implies
Vicost = Vjcosf; and V;sint; = V;sin6;, which in turn implies that V5 € X;.
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Conversely, we have

B B GE  xGE ~ [ Xi
OZ(X +X i Xt Xy j)COS(Si—FZ(X——&)EkCOS(Ska
. ,

Yii Vij Vji Yij w1 \Vik  Tjk
k#i,j
0:<X X XX )smé—i—Z(X — )Ek31n5k7
Vii Yij Vi Vi Yik  Vik
k;éz J

for arbitrary 9; and § for k # i,5. By appropriate choices of §; and J;, condi-
tions (4.49d) and (4.49¢) follow. O

The following lemma gives an important property of the matrix X.

Lemma 4.24:
For X as in (4.45), we have X1 = 1. O

Proof. Recalling the definition of X from (4.45), after some algebraic manipulation, it
is clear that X1 = 1 is equivalent to

(211 - £12£521£1T2) 1=0,
which follows from £1 = 0. O

Let us now assume that E; # E; and find what follows from conditions of Proposi-
tion 4.23. From (4.49d) and Lemma 4.24, it follows that 3t + % = % + % Then,
by (4.49¢) and E; # Ej;, it is necessary that ;‘; = % and % = % This, together
with (4.49d), means that the ith and jth rows in X are equal, which is a contradiction
with X being invertible. Therefore, for ith and jth generators to be synchronized, it is
necessary that I; = E;. This allows us to simplify the statement of Proposition 4.23.

We can simplify it further by assuming M; = M;, which gives us the following corollary.

Corollary 4.25:
Let M; = M;. Then the ith and jth generators are synchronized if and only if

Di - Dj,
fz' = fjv
Ei - Ej,
Yik = Vik, for k 7& i?j? (450&)
Xi ﬁ, for k # 1, j, and (4.50Db)
Yik Yik
Xio X Xjo X (4.50c)
“Vii Yij Vi Yii O

In the following, we separate the n = 2 and n > 3 cases. First, we use Corollary 4.25
to prove part 1 of Theorem 4.21.
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Proof of Theorem 4.21, part 1. This is true since (4.50a) and (4.50b) are empty state-
ments, while (4.50c) follows immediately from Lemma 4.24. O

Finally, to prove part 2 of Theorem 4.21, we simplify the statement of Corollary 4.25
for the case of n > 3. This gives us the following corollary.

Corollary 4.26:
Let n > 3 and M; = M;. Then the ith and jth generators are synchronized if and only
if

D, =D,
fi=1j,
E: = E,
Yik = Vjk, for k # 1, J, (4.51a)
Xi = xj» and (4.51D)
Yii = Vij- (4.51c¢)

¢

Proof. Condition (4.51b) follows from (4.50a) and (4.50b), using that there are at least
three generators. Then (4.51c) follows from (4.50c), (4.51b), and symmetry ~;; = 7;;.00

Corollary 4.26, together with the following lemma allows us to complete the proof of
Theorem 4.21.

Lemma 4.27:
Let 7,7 € {1,2,...,n} be such that ¢ # j. We have I" € §;; if and only if Lp € §;; and
L1 — L1285, L1, € 845 O

Proof. Follows from Lemma 4.20.

First we show that Lp € §;;. Using I' = Lp X, II;;1 = 1, and X1 = 1, from
I'TL;1 = II,;I'1 it follows that Lpl = II;;Lp1. Since Lp is a diagonal matrix, from this
we see that Lp € 8;;. Now £ — £,85, L% € §;; follows from Lemma 4.20. O

Now we can complete the proof of Theorem 4.21.

Proof of Theorem 4.21, part 2. Conditions (4.51a) and (4.51c), by Lemma 4.19, are
equivalent to I' € 8;;, which, by Lemma 4.27, is in turn equivalent to Lp € §;; and
11 — £12L55 £], € 8;5. Therefore, (4.51a) and (4.51c) imply (4.51b). O

4.3.4 Synchronization of generator partition

Let m = {€},.5 be a partition of the set G, where G = {1,2,...,n} and n < n. Let us

denote
f)Ccl = m ﬂ .')Cl-j, Scl = ﬂ ﬂ SU

2€G 4IEC, 0€G LI
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and P the characteristic matrix of the partition 7. Notice that Xy = im(*B).
We define two notions generalizing the synchronization of two generators to a parti-
tion of generators.

Definition 4.28:
The system (4.43) is said to be strongly synchronized with respect to partition 7 if the

1th and jth generators are synchronized for all 7,7 € €, and all ¢ € §, ie., §(t) € Xy
and Vg(t) € X;; for all ¢ > 0 and for any (5(0),5(0) € Xij, 1,5 € €, and £ € S.

The system (4.43) is said to be weakly synchronized with respect to partition 7 if, for
arbitrary 0(0),4(0) € X, there exist functions 5: [0,00) — R™ and ‘Afgz [0,00) — C?
such that §(t) = ‘Bg(t) and Vg5(t) = ‘B‘/}@(t), ie., 0(t) € Xgand Vg(t) € X forallt >0
and for any 6(0),0(0) € Xq. O

Remark 4.29:
Notice that strong synchronization is equivalent to X;; x X;; x X;; being an invariant

set for (6, 5, ‘7@) for any 7,7 € €, and ¢ € §, while weak synchronization is equivalent
to an invariant set being X, X X, X X.. This means that, if the power system is
strongly synchronized, when two generators and their buses in the same cluster have
equal state, they will remain equal. If the power system is weakly synchronized, then
when the states of every generator and its bus are equal to all others in the same
cluster, they will stay equal. From this, we see that that if the system (4.43) is strongly
synchronized with respect to m, then it is also weakly synchronized with respect to 7,
since Xg X Xg X X € Xy x Xy X Xy, for all 7,5 € € and all £ € G.

Further, the ith and jth generators are synchronized if and only if (4.43) is either
strongly or weakly synchronized with respect to {{i,j}} U {{k}: k #1,j}.

Finally, notice that (4.43) is always both strongly and weakly synchronized with
respect to {{i} : i € G}. O

In the following, we show necessary and sufficient conditions for the two synchronization
notions. To start, in the next proposition, we present cases when the structure of I' has
no influence. It also illustrates the relation between strong and weak synchronization.

Proposition 4.30:

Let 1 = {G}, M, D € 84, and f, E' € X. Then the system (4.43) is weakly synchronized
with respect to {G}. If additionally n = 2, then (4.43) is also strongly synchronized
with respect to {G}. O

Proof. From the assumptions, it follows that M = ml, D = dl = ]/C\]l, and F = EIL,
for some m >0, d > 0, and f, F € R. Notice that for 7 = {G}, we have P = 1.

Let us assume that §(0),6(0) € im(1). To prove weak synchronization, we need
to show that §(¢) € im(1) and Vg(t) € im(1). For the former, it is enough to show
that 6(t) € im(1) if (i(t), 6(15) € im(1), which is clear, since then 5(t) = —M‘1D5(t) +
M=1f = —%5(75) + %IL. For the latter, we see that Vg = L;'T'Eg € im(1) whenever
Eg € im(1), which is equivalent to § € im(1).

The second part follows from part 1 of Theorem 4.21. ]
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We continue with the first main result of this section—the necessary and sufficient
conditions for strong synchronization. Here, symmetrical conditions for I' are relevant.

Theorem 4.31:
Let n > 3, 7 arbitrary, and M € 8. Then the system (4.43) is strongly synchronized
with respect to 7 if and only if D € 8., f € X, E € X, and I € 8. O

Proof. Follows from applying part 2 of Theorem 4.21 for every ith and jth generator
where 7, € €, and ¢ € G. m

We conclude this section with the second main result—the necessary and sufficient
conditions for weak synchronization. Instead of symmetrical conditions, X being I'-
invariant is one of the conditions. Since Xy = im(*R), this actually means that 7 is an
equitable partition for a graph whose adjacency matrix is I' (see Lemma 2.48).

Theorem 4.32:
Let |7| > 2, M, D € 8, and f, E € X. Then the system (4.43) is weakly synchronized
with respect to 7 if and only if

Lpe8q and X is I-invariant. (4.52)
O

Proof. From the definition, we see that (4.43) is weakly synchronized with respect to
7 if and only if

(V6.0 € Xa) M (=Dé+f— (Do BET osin(617 — 1,67)) 1,) € X (4.53)
and
(V6 € Xa) Lp'TEg € Xa. (4.54)
Since M, D € 8§, and f € X, condition (4.53) is equivalent to
(V6 € Xa) (Fo EET osin(d1) — 1,,67)) 1, € Xa.

Using 6 = ‘,Bg, E = ‘BE, 1, = P15, and that v € X is equivalent to II;;u = v for all
1,7 € & and ¢ € G, we find that the above condition is equivalent to

(vS € ]Rﬁ) (W € §) (Vi,j € &) .
(P = 11,09) o PEET o sin (517 — 1:67) ) 1, =0, (4.55)

In a similar way, we find that the condition (4.54) is equivalent to

(¥B; e ) (¥ € §)(vij € @) Lp'TBE; = L5 THE,
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or, more simply,
(veeB)(vijee) Lp'TP = MLy T, (4.56)

It is straightforward to check that (4.52) implies (4.55) and (4.56). For the other
direction, choosing § = ey, for 5 # ¢ in (4.55), we find from the ith row that

(w,@ € Gt # e) (Vijee) Y I 3 1 (4.57)

ke, VF gee,, ik

The ith row and fyth column in condition (4.56) gives

£

Since the assumption is that there are at least two clusters in 7, from (4.57) and (4.58)
we find that x; = x;, for all 7,7 € € and all £ € G, ie.,, Lp € 8. This, together
with (4.58), gives

(vg,@ e§>(Vi,j €C) Y, - - > -

)
kEQ:zQ ’ka k6¢z2 'ng

which is equivalent to im(TB) C X, i.e., Xy C Xy O

4.3.5 Clustering of power systems

Let us assume that the system (4.43) is weakly synchronized with respect to a Apartiti(/)\n
7. Let also the initial condition satisfy §(0),5(0) € Xq. Then there exist 6 and V5
such that §(t) = Po(t) and V5(t) = PV;5(¢), which also gives us V(t) = PV5(¢) and
0g(t) = Pog(t). Inserting this into (4.43) with dynamics rewritten as in (4.47), we find

~ ~

MP3(t) + DB3(t) = f — Lo (E o PV5(t) o sin (mﬁ(t) ~ q&%(z))) ,

bo (0= BH50)| _ [o 2] (8001,

Assuming additionally that F € X, i.e., E = mE for some E € R", and premultiplying
the above dynamics and first block-row of the constraint by BT, we obtain

M(t) + Do(t) = T — I (E o Vy(t) o sin (3() — B5(0)) ) (4.508)
[ED (Ag(%_ Vi) Ei; i;j] {;—im ! (4.59b)
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where M = R"MP, D = PTDP, [ = B'f, In = P LoP, L = B'LuP, L =
BT L1, Moreover, from §(t) = Po(t) follows that §(0) = (&BT‘,B)_l PBLS(0) and 6(0) =
1 .
(BR) PBo(0).
Notice that the reduced model (4.59) is again a power system of the same form
as (4.43). In particular, we have that M, D, and Lp are positive definite diagonal

matrices and that £ is a Laplacian matrix. Additionally, note that this projection-
based MOR can be done for arbitrary power system and arbitrary partition. In general,

we can take (4.59) with 0(0) = (BTR) " BT6(0), 6(0) = (PTP) " PTH(0), and E =
(‘,BT‘B)_I SPTE. We can also apply Kron reduction to this reduced model.

4.3.6 lllustrative example

For the example in Figure 4.7, let x; = 1 and x;; = 1 for all 4, j. Then we have

BE
r —1321
2
5

D 1

NN N = Ot
[ENeeler] V] V)
O 00NN
OB NN

2

Additionally, let M = D =I5, f =0, and ¥ = 15. Then, using Theorem 4.21, we see
that the first and second generators are synchronized, and that the same is true for the
third and fourth. By definition, this implies that the system is strongly synchronized
with respect to {{1,2},{3,4},{5}}. On the other hand, from Theorem 4.32 and

1 13 3 10 1
|- 5| 1 - 1] Goee ).
16 214 01 16

we see that the system is weakly synchronized with respect to {{1,2},{3,4,5}}, but not
strongly. Using the partition 7 = {{1, 2}, {3,4,5}} for clustering, we find the following
reduced quantities: M = D = [29], f =0, E = 15, Lp = £1; = [29], £ = [ %],
I = £[% 3 ]. The Figure 4.8 shows the partition and Figure 4.9 the associated reduced
power system. From the definition of weak synchronization, we know that this reduced
power system exactly reproduces the initial value response of the original system for
any initial condition §(0),5(0) € X, taking the initial condition of the reduced model

to be 8(0) = (BTP) " PT5(0) and 5(0) = (PTP) " RT(0).

To demonstrate the possibility to cluster using any partition, including those with
respect to which the power system is not weakly synchronized, and any initial condition,
we show simulation result for partition {{1, 2,3}, {4,5}} in Figure 4.10. We see that, in
this case, the reduced model matches the steady state and approximates the transient
behavior. Finding sufficient conditions for matching the steady state and deriving error
bounds is a possible topic of future research.
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Figure 4.8: Partition {{1,2},{3,4,5}} applied to the original power system in Fig-
ure 4.7 with x; = x;; = 1 for all 4, j.

EL /8, Vil0, ValOs Vil0, VolOy Eyloy

O+ +—++1-0

Figure 4.9: Reduced power system obtained by clustering the system in Figure 4.8 with
M:D:I5,f:0,andE:]l5.

ol
Nl=

4.4 Conclusion

In Section 4.2, we have extended results on MOR of leader-follower networks with sin-
gle integrator agent dynamics from [MTC14] to leader-follower networks with arbitrary
linear multivariable agent dynamics. We have also extended these results to the case
that the approximation error is measured in the H,.-norm. The proposed MOR tech-
nique reduces the complexity of the network topology by clustering the agents. We
have shown that clustering amounts to applying a specific Petrov-Galerkin projection
associated with the graph partition. The resulting reduced order model can be inter-
preted as a networked multi-agent system with a weighted, directed network graph. If
the original network is clustered using an almost equitable graph partition, then its
consensus properties are preserved. We have provided a priori upper bounds on the
Hy and H,, model reduction errors in this case. These error bounds depend on an
auxiliary system related to the agent dynamics, the eigenvalues of the Laplacian ma-
trices of the original and the reduced network, and on the number of cellmates of the
leaders in the network. Finally, we have provided some insight into the general case
of clustering according to arbitrary, not necessarily almost equitable, partitions. Here,
direct computation of a priori upper bounds on the error is not as straightforward as
in the case of almost equitable partitions. We have shown that in this more general
case, one can bound the model reduction errors by first optimally approximating the
original network by a new network for which the chosen partition is almost equitable,
and then bounding the Hy and H, errors using the triangle inequality.

In Section 4.3, we analyzed power systems consisting of generators and buses. We
introduced a notion of synchronization for a pair of generators and two for a partition of
the set of generators. We proved equivalent conditions depending on the Kron-reduced
system being symmetrical or equitable. This additionally gives a relation between
symmetrical matrices and equitable partitions. We showed how a synchronized power
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Figure 4.10: Initial value response of the original power system from Figure 4.7 and
a reduced system obtained by clustering with partition {{1,2,3},{4,5}}.
Original system’s parameters are x; = x;; = 1 for all 4,5, M = D = I,
f =0, and £ = 15. The initial value is 6(0) = (0,0.1,0.2,0.3,0.4) and

5(0) = 0.

system can be exactly approximated with a reduced system by clustering generators and
their buses. Furthermore, this provides a clustering-based MOR method for arbitrary
power systems, although finding bounds for the approximation error remains an open
problem.

These results give motivation for further research into efficient clustering methods
for linear and nonlinear multi-agent systems.

98



CHAPTER 5

LSUBSYSTEM REDUCTION FOR INTERCONNECTED
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5.1 Introduction

Here, we consider MOR  of interconnected systems, in particular of LTT systems linearly
interconnected through their inputs and outputs. Moreover, we want to preserve the
interconnection structure by only reducing the subsystems, while also preserving the
stability of the coupled system. This is a complementary approach to clustering-based
methods discussed in previous chapters.

Several approaches were investigated in the literature. Reis and Stykel [RS07, RSO8b]
proposed using BT for each subsystem and proved a sufficient condition for stability
of the interconnected system. Furthermore, they developed an a priori error bound of
the network system based on the error bounds for the individual subsystems. Vanden-
dorpe and Van Dooren [VVDO08| showed sufficient conditions for transfer function inter-
polation of the interconnected system while preserving the interconnection structure.
Sandberg and Murray [SMO09] used block-diagonal generalized Gramians to extend BT
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for unstructured LTI systems to interconnected systems. Monshizadeh et al. [MTC13]
proposed methods preserving stability or synchronization for multi-agent systems.

We consider balancing-based and JHy-optimal MOR of interconnected systems in
Section 5.2 and Section 5.3, respectively.

5.2 Stability-preserving balancing-based model order
reduction

5.2.1 Preliminaries

We extend the stability-preserving MOR method, based on bounded real balanced trun-
cation (BRBT), for multi-agent systems from [MTC13] to coupled systems considered
in [RSO7]. More information about BRBT is in the following section.

Reis and Stykel [RS07] study systems of n coupled LTI subsystems

Eixi(t) = Ajxi(t) + Biug(t),

ui(t) = Coaa(t). (5.1a)
with interconnections and external input
wi(t) = Kpyi(t) + - - - + Kinya(t) + Fiu(t), (5.1b)
and external output
y(t) = Guya(t) + - - - + Gaya(t), (5.1¢)

where i € {1,2,...,n}, E;; A; € R"*™ B, € R C; € RPi*™ x,(t) € R™ is the
state, u;(t) € R™ is the internal input, y;(¢) € R? is the internal output, K;; € R™*Ps,
F; e R™>*™ y(t) € R™ is the external input, G; € RP*Pi and y(t) € R? is the external
output. Here, we assume the matrices FE; are invertible and that the matrix pencils
A; — \E; are asymptotically stable. The LTI system (5.1) can be written (see [RS07])
as

Ex(t) = Az(t) + Bu(t),

y(t) = Cx(t),

with £, A € R B € R C € RP*™ and z(t) = col(xy(t), xo(t), ..., z.(t)) € R™,
where

(5.2)

8 - ED> A = AD —|— BDKCD, B = BDF, @ = GCD, (53)
ED = diag(El, EQ, R ,En) s AD = diag(Al, A27 e ,An) s
Bp = diag(By, By, ..., By), Cp =diag(Cy,Cs,...,Cy),

Kll K12 Tt Kln Fl
Ky K Ko, F

K — 21 ‘22 2 ’ F— 2 : G _ [Gl G2 Gn:|
Knl Kn2 Knn Fn
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5.2 Stability-preserving balancing-based model order reduction

Algorithm 5.1: Bounded real balanced truncation [OJ8§]
Input: Asymptotically stable system (E; A, B, C) and > 0 such that
|Hly, <7
Output: ROM (E; A, B, C).
1 Compute the maximal solutions P and @) of

1
APE" + EPA" + BB" + S EPCTCPE" =0,
fy

1
ATQE + E'QA+ CTC + =ETQBBTQE = 0.
gl

2

2 Proceed as in Algorithm 2.1 using the obtained P and Q).

Denote H;(s) = C;(sE; — A;) "' B; and H(s) = C(s& — A)""B the transfer functions of
the subsystems and the interconnected system respectively. Furthermore, let Hp(s) =
Cp(sEp — Ap) ™' Bp = diag(H,(s), Ha(s), ..., Hy(s)). Then, we have

H(s) = G(I — Hp(s)K) 'Hp(s)F = GHp(s)(I — KHp(s))'F.

5.2.2 Bounded real balanced truncation

BRBT is a modification of the standard BT method, originally developed to preserve
strict bounded realness, or equivalently the bound [ H|[, < 1, of the original sys-
tem [OJ88|. Algorithm 5.1 describes a straightforward extension of BRBT which pre-
serves the bound |[H|[; < 7, for any given v > 0. The following theorem presents
some properties of BRBT and an H-error bound, and is also a straightforward exten-
sion of results in [OJ88].

Theorem 5.1:
Let H(s) = C(sE — A)"'B be an LTI system of order n such that | Hl[3. < v and

ﬁ(s) = a(sE\ — g)_lé its ROM of order r < n obtained by BRBT. Then H is asymp-
totically stable, || H|; <7, and

|H—Hls <2 ) &

i=r+1

where &; are the bounded real characteristic values (square roots of eigenvalues of
PETQE in Algorithm 5.1). O
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5 Subsystem Reduction for Interconnected Systems

5.2.3 Stability-preserving model order reduction

In the above setting, the multi-agent systems studied by Monshizadeh et al. [MTC13]
can be represented with

Ei:[na Ai:Ah B’i:Bla C’i:Cl; fori:1,2,...,n,

(5.4)
K:—£®Im1, mi = p1,

where £ is the Laplacian matrix of an undirected interconnection graph. For these
systems, the following sufficient condition for asymptotic stability was proven.

Lemma 5.2 ([MTC13, Lemma 3.1]):
If [[£]], [[H1]lg . < 1, then the multi-agent system (5.2) with (5.4) is asymptotically
stable. 0

Based on this, they propose using BRBT to reduce the subsystem (A;, By, ;) to
(Ay, By, Cy) with transfer function H; such that Hﬁlnwm < m Since the inter-
connection structure is preserved in the reduced network system, i.e., the Laplacian
matrix £ remains the same for the reduced multi-agent system, asymptotic stability is
also preserved.

On the other hand, Reis and Stykel [RS07]| prove the following sufficient condition
for asymptotic stability of the interconnected system (5.2).

Theorem 5.3 ([RS07, Corollary 2.3]):
Let ¢, € R™" be given by

[Kully [[Kll, - [ Kl
[Kanlly [[Kall, - [[Kaul,
Q) = . . _ .
||Kn1||2 ||Kn2H2 ||Knn||2
and ¥ € R™" by
U = @y diag (|| Hills, » 172l - [ Hallse) -
If p(¥) < 1, then the system (5.2) is asymptotically stable. O

The similarity between the conditions in Lemma 5.2 and Theorem 5.3 motivates us to
extend the use of BRBT from multi-agent systems to general interconnected systems.
Notice that in the case of multi-agent systems, we have & = |£|, ¥ = |£] ||Hy|lq_,
and p(V) = p(|£]) |[H1lls_ . Next, from [HJ85, Theorem 8.1.18], we have p(|£|) >
p(£). Since £ is positive semi-definite, we have p(£) = ||£], and thus p(|£]) > || £]l,.
Therefore, p(0) > 1], [l

The following result allows us to extend the idea from [MTC13] for preserving the
sufficient condition for asymptotic stability by applying BRBT to subsystems of the
interconnected system (5.1).
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5.2 Stability-preserving balancing-based model order reduction

Proposition 5.4:
Let p(¥) < 1 and

~ 1
Hi < —= H,L ,fori:1,2,...,n.
1Hillse., 0T [Hillse.,
Then p(\ff) < 1. O
Proof. We see that there must exist o € (0, 1) such that
~ 1
|Hilloe < a——||Hillo_, fori=1,2,...,n.
e T p(w) T
It follows that
= p(®s diag (| H1llse 1 H2llse. - [ Hallse..)
«
<o ®, dlag( = -2 E, )>
( il s~ Wl oo [l
o
= ®, diag (|| H H H,y
)’ p(P2 lag(|| o - 1ol - - - I Hallse,, )
<1,

where we used that p is increasing on nonnegative matrices (|HJ85, Corollary 8.1.19|)
and homogeneous. O]
Clearly, || H;lls < ﬁ |Hill5 when p(¥) < 1. Thus, the idea is to apply BRBT to
H; with v, = ﬁ | Hill_ - Using Theorem 5.1, we find that

| = Hilly <2 Y &700), (5.5)
Jj=ri+1
where 7; is the order of H; and éi) (i), Eéi) (Vi) - - L&) (i) are the bounded real char-

acteristic values of H;. From Corollary 4.2 in [RS( )7], we find the upper bound for the
Hoo-error from reducing subsystems by BRBT in the interconnected system (5.1).

Theorem 5.5:
Denote

0= max 2 E 5(1 (i),
i=1,2,...,n
-7 T’L+]~

the maximum of the bounds from (5.5). Furthermore, let

= 1K= HE) e s 91 = |GUT = HE) ||y s 92 = [[(T = KH) " Fy,

(5.6)
e = g([Flly + g lHFly ), and 2 = go([|Bll, + g [GH]ls,,)-
If g0 <1, then
J
|| H — fH||5{ mln{cl,CQ}—. (5.7)
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5 Subsystem Reduction for Interconnected Systems

Algorithm 5.2: Balancing method for network systems preserving stability and
structure
Input: Network system (€;A, B, C) from (5.2) with p(V)
Output: Asymptotically stable reduced network system (
1 = Hllye,, <&
1 Compute v; = ﬁ | Hil[gc fori=1,2,...,n

1, tolerance € > 0.

<1,
& A, B, C) with

2 Compute bounded real characteristic values 5]@ (i) fori =1,2,... n,
j=12,...,n;.

3 Compute g, ¢1, and ¢ from (5.6).

4 Find minimal r; such that

2 Y () < -

min{cy, ca} + ge

fori=1,2,...,n.
5 Reduce the ith subsystem to order r; using BRBT with v = ~; (see
Algorithm 5.1), fori =1,2,...,n.

Theorem 5.5 enables us to adaptively choose reduced orders ry, 7y, ...,y of the subsys-
tems. To see this, let ¢ > 0 be a tolerance for the error |[3 — H[[;_. From (5.7), we
see that the bound [|3 — 3||;._ < & can be achieved by enforcing

)
1—yg

min{cy, ca } 5 <e,

which is equivalent to

3

min{cy, e} + ge

0 <

Finding minimal 7; such that the right hand side in (5.5) is less than or equal to
mler a7 g: Suarantees that |3 — H][; < e. Note that g - e < L which is
the assumption in Theorem 5.5.

5.2.4 Numerical example

We use the interconnected string-beam example from [RS07, Section 6], illustrated
in Figure 5.1. After discretizing the associated partial differential equation by finite
differences, the string subsystem has n; = 1006 states, m; = 3 inputs, and p; = 2
outputs, while the beam subsystem has ny, = 1006 states, ms = 2 inputs, and py = 2
outputs. The interconnected system has n = n; + ny = 2012 states, m = 1 input, and
p = 2 outputs. The left figure in Figure 5.2 shows magnitude plots of the subsystems
and the interconnected system.
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5.3 Hy-optimal subsystem reduction

Mul 7

K1 K2

Figure 5.1: Interconnected string-beam example from [RS07|
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Figure 5.2: Magnitude plot of the full-order and error systems

For this system, we have p(¥) = 0.9157 < 1, which guarantees the interconnected
system is asymptotically stable by Theorem 5.3. Furthermore, this allows us to use the
method described in the previous section.

Let us set the reduction error tolerance for the coupled system to ¢ = 1073, From this,
we find that the error tolerance for each of the subsystems is = 8.5821-1075.

min{cy,c2 }+ge
Applying BRBT from Algorithm 5.1, with v; = % and adaptive reduced order
decision, we determine reduced orders to be r; = 30 and ro = 14 for the string and beam
subsystems respectively. We find that ||H; — Hl”}c =1.2001-107°, ||Hy — H2||g{
3.544 - 107°, and [|H — K|, = 2.3893 - 107° < 107%. The right ﬁgure in Figure 5.2
shows magnitude plots of error systems.

5.3 Hy-optimal subsystem reduction

Here, we are interested in subsystem reduction for interconnected systems (5.1) which
minimizes the Hs-error of the overall network system. We also consider multi-agent
systems, where the additional constraint is that all subsystems are equal.

Notice that one special case of subsystem reduction for interconnected systems is
weighted MOR [VVDO0S8, Section 4], for which there are interpolatory Hy-optimality
conditions [ABGA13, BBG15]. We will focus on the general case.
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5 Subsystem Reduction for Interconnected Systems

5.3.1 Interconnected systems

We use the same notation as in the previous section. We want to find a reduced model
with reduced subsystems

~

Ezﬁ/iz(t) A\zxz( ) + § 1/2 ( )

. (5.8a)
yi(t) = Cﬂ’i( ),
but preserved interconnections and external input
wi(t) = Kayi(t) + - -+ + Ku(t) + Fiu(t), (5.8b)
and external output
/y\(t) = Gl/y\l (t) et an//\n<t)7 (58(3)

where EZ,A\, € Rmixri B e Rraxmi C e RPix7™ - for some r; < n;, 1 = 1,2,...,n.
Similarly as for the original system the reduced system (5.8) can be represented by

Ea(t) = AZ(t) + Bul(?),
5.9
3(0) = (5.9)

ex(1),
with 2(t) = col(Z1(t), Ta(t), . . ., Tu(t)) and
E=E, fl:A+§K6, B=DBF, C=GC, (5.10)

~

E:dlag El,Eg,...,En>, A\: diag(gl,//l\g,...,An»
B\:diag<Bl,Bz,...,§n>, azdiag(al,ég,...,a,).

To find Gramian-based optimality conditions, we need to find gradients of the squared

Ho-error R
J(Ei, Ay, B;, C;) = || H — H‘|§fz~ (5.11)

With the Gramian-based formulation of the Hy-norm, we can think of J as a function
f: X — R given implicitly by f(z) = g¢(x,y), where h(z,y) = 0 and Dyh(z,y) is
bijective for all x and y. Here, x would represent the matrices of the ROM and y the
Gramians. The following lemma states that we can use Lagrange multiplier method to
compute D f(z).
Lemma 5.6:
Let XY, Z be Banach spaces, U an open subset of X, zy an element of X, and f: U —
Z,g:UxY — Z, h: U xY — Y functions. Furthermore, suppose there exists 1o € Y’
such that h(zg,yo) = 0, g is Fréchet differentiable at (xg,yo), Dyh exists on U x Y,
D, h(z0,yo) is bijective, and h is of class C! in a neighborhood of (zg,yo). Additionally,
let L: U XY x B(Y,Z) — Z be such that L(z,y,\) = g(x,y) — Mh(z,y)).

Then f is Fréchet differentiable at xy and

D f(zo) = D.L(x0, Yo, Ao)
where ) is such that D, L(z0, Yo, Ao) = 0. O
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5.3 Hy-optimal subsystem reduction

Proof. Using Theorem 2.19 on h, we get that there exists an open subset U,, of U
and a function k: U,, — Y such that k(zo) = yo, h(z,k(z)) = 0 for x € U,,, and
Dk(x0) = —Dyh(xo,yo) " Dah(, yo). Then

D f(x0) = Dyg(0, y0) + Dyg(z0, yo) Dk(zo)
= ng(l’m yo) - Dyg(%, yo)Dyh(%, yo)_l th(ﬂcm ?Jo)-

On the other hand, we have

DIL (3707 Yo, )‘0) = ng(x(]? yO) - )\0 D:):h(mO; yo), (512&)
Dy L (20, Y0, Ao) = Dyg(x0, o) — Ao Dyh(xo, yo). (5.12b)

Therefore, from (5.12b) we get Ay = Dy g(z0, yo)Dyh(xo, yo) " and inserting it into (5.12a),
we find

DL (0, Yo, Mo) = D2g(wo, yo) — Dyg(zo, yo)Dyh (o, yo)_l D.h(z0,Y0),
which completes the proof. m

The following theorem gives the gradients of the squared Hy-error (5.11).

Theorem 5.7:
Let (5.2) and (5.9) be an asymptotically stable systems. Then

7=1 J,k=1

n n
+2 Z QijAj Py + 2 Z Qi Bj Kk Cy Pri,
j=1

jik=1
Vaid=2> QLE;Pi+2) QyE;P;,
j=1 j=1
V5d=2> QLEPuCIKL+2Y QLBFF!
jk=1 Jj=1

+2 3 QuE;PyCr K +2) QfBFF],
j=1

jk=1

Ve d=-2) GIGCiP+2) GIG,CiP;
j=1 j=1

n n
+23 KIBIQNEP+2 Y KEBIOL EP o

J,k=1 J,k=1
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5 Subsystem Reduction for Interconnected Systems

Proof. We proceed as in the proof of Theorem 2.44. We find similarly that the Lagrange
function is

L= tr(GiPGT — 2€PCT + é@@ﬂ
+tr <2§TAEJ3§T 4 20TePAT + 2§TB@T>
+tr <2§ﬁ§>§T + @@@T) ,
and after inserting (5.3), (5.10),
L=tr <GCTGTGT — 2GCPCTGT + GG%TGT)
+tr (QE)T(A + BKC)PE" + 20" EP (2 + EK@)T + 2§TBFFT§T)
+tr (2§ (?1 + EK@) PET + QEFFT§T> .
Now we find the gradients
Vil =2 Z QLA P +2 Z Q. B; K ;.Cy Py
=1 jk=1

+2 Z QijA; Pji +2 Z Qi Bi K1 Ci P,
j=1

Jk=1

7j=1 7j=1

Vgl =2 Z @ﬁngﬂkagKi + 22 @ﬁBjﬂﬂT
j=1

Jk=1

n n
+2)  QuEPRCIK +2)  QLBFF,
j=1

J,k=1

Ve b =-2) GIGCiPi+2) GIGCiP;

K3

J=1 j=1
n » . n
+2 3 KIBTQLEP, +2 Y KLBIQLEPe.
Jik=1 Gk=1
Using Lemma 5.6 completes the proof. O

The following corollary gives Wilson-type necessary optimality conditions for J,-
optimal subsystem reduction for interconnected systems.
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5.3 Hy-optimal subsystem reduction

Corollary 5.8:
Let (5.9) be an Hy-optimal reduced network systems for (5.2). Then

0= Z @};Eyﬁn + Z Qij E; Pji,
j=1 j=1

0= QRA;P;i+ > QiA;P;
j=1 =1

+ Z @J‘TiBjKjkaf)ki + Z Qi B, KC Py,

jk=1 jk=1

n n
0=> QLB,FF' +Y QLB F;F’
j=1 j=1

n n
+ 2 QREPRCIES + Y QuE Pyl K,
]chl J,k‘zl
n n

0=—-> GIG;C;P;+Y GIG;CiPy

j=1 j=1

+ > KIBTQLEP. + Y KEBIQL B P o

J,k=1 J,k=1

5.3.2 Multi-agent systems
Here, we consider multi-agent systems of the form
Ex(t) = Ax(t) + Bu(t
e, 15
with
E=MRE, A=MRIA-LR®BKC, B=8B®B, C=CxC(, (5.13b)

where £, A € R"" B € R™™ (C € RP*" and K € R™*P. We want to find a ROM
with reduced agents

)
)

-~

() + Bul(t),
z(t),

e (t)

5.14a
y(t) o1

Il
)

with
E=MeE, A=MoA-L®BKC, B=B®B, C=¢®C, (5.14b)

where E,A\ e R™" Be R™™ and C € RP*" for some r < n.
We proceed similarly to the previous section.
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5 Subsystem Reduction for Interconnected Systems

Theorem 5.9:
Let (5.13) and (5.14) be asymptotically stable systems. Then for the squared Hy-error,

we have

ij=1 ij=1
—2 Z m;[€],, QL BKC Py — 2 Z m;[£],,Qi; BKC Py,
i,5,k=1 i,5,k=1
VgH =2 Z mlm]@ﬁE i+ 2 Z mzijm jis
7,7=1 2,7=1
S Z m; (€], QREPRC KT —2 > my[e], Qi EPC K"
i,5,k=1 i,7,k=1

+2>  [BB7,QLB+2) (838"].Q;B5,

ij=1 i,j=1

Vad = —2KB" Z m; (2], QLEPy, — 2K B" Z m;[£], Qi EP

1,5,k=1 i,5,k=1
—20 > [€h], Py +2C Y [€7€], Py O
Ji.k=1 j.k=1

Proof. As in the proof of 5.8, the Lagrange function is
C— tr((ct ®C)P (€T @ CT) —2(€ @ C)P (@T ® GT) ((’: ® (7) (@T ® (JT>>
+ tr<2@T(9n ®A— £ BKC)P (sm ® ET>)
+tr (2@T(9ﬁ ® E)P (sm R AT — T éTKT§T>)
Tt (2@'T(% ® B) (%T ® §T>>
+tr(2@ (931@?1—2@@[(6) ﬁ(fvt@ET) +@<%®§) (%T®§T)> .
The gradients are
Vet =23 mmGiAP, 123 mm,Q, AP
ij=1 ij=1

~2 Z my (L], QEBKC Py — 2 Z m;[£],, Qi BEC Py,

i,5,k=1 i,5,k=1
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5.3 Hy-optimal subsystem reduction

n n
VL =2 Z m;m; N;FZE]BJZ +2 Z mimj@ijﬁﬁjia

ij=1 ij=1

Vab=-2>" m; (€], QLEP CTKT — 2 > m;[&],, Qi EP; CTK™

1,3,k=1 i,,k=1

+2 Z [%%T]ji ~;‘Fz‘B +2 Z [%%T]ji@\ij§7

ij=1 ij=1
Vel = —2K BT Z m;[2], QL EP;, — 2K BT Z m;[£]., Qi EPiy
i,j, k=1 ij,k=1
—20 ) [€h], Py +2C Y [€7e], Py O
Ji:k=1 j.k=1

As a direct consequence of the previous theorem, we get the Wilson-type necessary
optimality conditions for Hsy-optimal MOR of multi-agent systems.

Corollary 5.10:
Let (5.14) be an Hy-optimal reduced multi-agent system for (5.13). Then

0= Z mimj@;-riA.ﬁji + Z mimj@z‘jgﬁ)ji

ij=1 ij=1
n . _ n PN N
i,j,k=1 i,j,k=1
ij=1 ij=1
0=— > m[e],QLEPKC KT — > my[g], Q,EPC K"
i,j,k=1 i,j,k=1
+ > [BBT] QLB+ > [B8T],Q,5,
i,j=1 6j=1
0= —KET Z m][S]Zk@jTZEJSJk — KET Z mJ[S]Zk@UEﬁ]k
i,j,k=1 i,j,k=1
n _ =N n N
—C D 1€ Py +C ) €7 Py 0
Ji:k=1 j.k=1
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5 Subsystem Reduction for Interconnected Systems

5.4 Conclusion

In Section 5.2, we developed a stability-preserving method consisting of applying BRBT
to subsystems. The preservation of asymptotic stability is based on a sufficient condi-
tion. As such, the method can only be applied to asymptotically stable interconnected
systems which additionally satisfy this sufficient condition. On the other hand, it could
be possible in practical applications to design the interconnected systems to satisfy this
condition. This would not only allow the use of the developed method, but also give an
a priori guarantee for the asymptotic stability of the original interconnected system.

In Section 5.3, we derived Wilson-type necessary optimality conditions for Hsy-optimal
subsystem reduction of interconnected and multi-agent systems. These conditions can
be used with a gradient-based optimization, with backtracking line search to ensure
asymptotic stability of the ROM, to find locally Hsy-optimal ROMs.
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6.1 Introduction

In this chapter, we discuss Hy-optimal MOR of structured systems which are not rep-
resented using networks as in the previous chapters. Just as before, we are interested
in structure-preserving MOR, which can be beneficial for preserving the physical inter-
pretation of the system. Additionally, simulation and optimization methods tailored
for specific system structures can be used for the ROMs.

Second-order systems are considered in Section 6.2, port-Hamiltonian systems in
Section 6.3, parametric systems in Section 6.4, and time-delay systems in Section 6.5.
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

6.2 Second-order systems
Here, we consider LTI second-order systems

Mi(t) + Ei(t) + Ka(t) = Bul(t),

y(t) = Cpa(t) + Cyi(t), (6.1)

where M,E, K € R*™" B ¢ R™™ (C,,C, € R*" z(t) € R", u(t) € R, and
y(t) € RP. We assume that M is invertible and that the matrix pencil \2M + \E + K
is asymptotically stable. These systems appear, e.g., when analyzing mechanical or
electrical systems. We want to find a ROM of the same structure

u(t),
p2(t) + CL(t),

=
2
+
&
/%—3\).
4
=
/H\)
I

(6.2)

)
=
I
A UJ)

where ]\/J\,E,I? e R™", B € R™™  and ép,@ € RP*" with r < n, such that
|H — H |3, is minimized. In particular, the matrix pencil AN2M + M\E + K should
be asymptotically stable.

There is some work towards Hsy-optimal MOR of second-order systems. Beattie
and Gugercin [BG09] showed it is possible to find a structured ROM which interpo-
lates the original model. Wyatt [Wyal2] proposed several iterative methods based on
IRKA using the result from [BG09|, but Hs-optimality was not investigated. Beattie
and Benner |[BB14] derived interpolation-based necessary Ho-optimality conditions for
second-order systems, but the ROM was restricted to be modally-damped, i.e., such
that M~'E and M~'K are simultaneously diagonalizable. Additionally, ﬁndmg an
algorithm which would achieve the interpolation conditions remains an open problem.
Sato [Sat17] developed a method based on Riemannian optimization for Hs-optimal
MOR of second-order systems with symmetric positive definite mass, damping, and
stiffness matrices. We consider a more general setting here.

There are several balancing-based methods which preserve the second-order struc-
ture [MS96, CLVVDO06, RS08a|. They can also find ROMs with small Hs-errors, but
there is no a priori error bound as for the standard BT.

We derive Wilson-type necessary Hy-optimality conditions for second-order systems
in Section 6.2.1 and corresponding interpolatory conditions in Section 6.2.2.

6.2.1 Wilson-type conditions

In [BB14, Section 5|, the authors focus on interpolation-based necessary optimality
conditions for Hs-optimal MOR of second-order systems. Here, we use the Gramian-
based approach to derive Hy-optimality conditions similar to Wilson conditions for
first-order systems. In the next section, we derive interpolatory conditions and compare
them to the results from [BB14, Section 5].
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6.2 Second-order systems

As is well known, the second-order system (6.1) has an equivalent first-order repre-
sentation

[(I) AOA i(t) = [_g( _IE] 2(t) + {g} u(t),

¥ X Ry
y(t) = [C, Cu] 2(t),
————

where z(t) = col(z(t), #(t)), €, A € R B € R*™™ and € € RP*?". Let P € R¥*%n
and Q € R?"*2" be the controllability and observability Gramians of this system, i.e.,
solutions to the following Lyapunov equations:

APET + €PAT + BBT =0,
AToe + eToA +cTe = 0.

An equivalent first-order representation of (6.2) is
I 0]~ [0 I 0
{0 J\?} 2(t) = R —E} 2(t) + L@] u(t),
~—— —_——— ~~
g B

i =[G, ]z,
w_/

) )

with €, A4 € RZ*2 B ¢ R¥*m © ¢ RP*¥ and Gramians P,Q € R gatisfying
APET + EPAT + BBT =0, (6.3a)
ATQE + ETQA + CTC = 0. (6.3b)

The error system is

b ol [o Al [50)+ 5] 0

with Gramians

Terr =

AR
QD) N
—
)
| @)

H D
10 DN
| I |
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

where P € R2"2 and Q € R2™2" gatisfy Sylvester equations

APET + ePAT + BBT = 0, (6.42)
ATQE 4+ £TQA —CTe = 0. (6.4b)
We denote
P Bpp ijv _ gpp Iipv Q— Qpp va Q— C;g\pp va
Pvp va Pvp va va vi va vi

where 15;-]-, @i]— € R™" and ]3ij, @ij e R™" for 4,5 € {p,v}.
We find the squared Hs-error as in Theorem 5.7.

Theorem 6.1:
Consider the second-order system (6.1). Let (6.2) be asymptotically stable. Then for
the squared Hs-error J, we have

Vid = —2QL, KB, +2QL,P,, — 2Q%, EP,, — 2Q,,KP,, + 2Q%, P,, — 2Q,,EP,,,
V3d = —2QL Py, — 2Q, MP,, — 2Q%, B,, — 2Q,,MP,,

Vid = —2Q" P,y — 2Q% M P,, — 2Q% B, — 2Q,,, M P,,

V5d =2Q5,B +2Q..B,

Ve d = —2C,Py — 20, P,y + 2C, Py + 2C, P,y
Ve d = —2C,B,, — 2C, Py, + 2C, P, + 20, P,,.

y O

Proof. Similar to the proof of Theorem 5.7, the Lagrange function is
¢ = u(eper — 2678 + EPeT)
+ tr(ATAPET + KTePAT + ATBET)
+tr (T\Tﬁﬂ?@T + ATEPAT + KT@@T> :
where A € R and A € R ¥ are the Lagrange multipliers. From (6.4b), (6.3b),

and

Vsl = —2CTC + ATAE + €TAA,
Vsl = CTC + ATAE + ETAA,
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6.2 Second-order systems

it follows that A = 2Q and A = Q. Inserting this into the Lagrange function, we find

~ T o 17T A T o~ T 17T
L:tr(GTGT—Z[Cp c)?|C, ¢| +|¢, ¢|?|6, ¢l )
o 110 01" ~.[1 0o]l=[0 117"
—|—tr 2Q {—K —E:|ip[0 ]/\21 —|—2Q {0 M}ﬂ)[—k —E‘|
T 0 0 T
+ tr 29 {B‘| |:§:| )

T T
~1 0 I |~ O ~10]1]0
+ tr 29 |:_[/(\_ —E1?|:O ]/W\:| +Q|:§:| |:§1 >

= tr(€PE" — 26, B, Cf — 20, P CF = 20, P, Cf — 26,7, )

+tr ((7 B,,Cr +2C,P,Cr + C,P,,CF >
+tr( —2QL K By +2QF P, — 2@T EP, )

2QT KP,M" +2Q% P, —2Q EP,,M )
+tr(2 o +2QT MPW>

QQPUP pf(T —2Q" B, BT —2Q" M P, K" — 2@EUM§,,UET>

—2Q" KP,, +2Q" P, QQT EP, )

—2Q" K P,,M" + 2Q" P,,M" — 2Q" EP,, M )

Therefore,
Virl = =2Q0 K Py 4 205, Pou = 200, EPuy = 200K By + 205, Pov = 2QuuE P,
Vil = —2Qp, Py — 2Q8,MP,, — 2Q, By, — 2©wz\713w,
Vik = =205,y — 200, M Py = 20, B = 200 M Py,
V5L =2Q8 B+ ZQM
Ve b =—2C,B,, — QCvPvp +2C,P,, + 2C, Py,
Ve b = —2C,P,, — 2C,P,, +2C, By, + 2C, P,

The statement follows from Lemma 5.6. O]

As a direct consequence, we obtain the Wilson-type necessary optimality conditions.
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

Corollary 6.2:
Consider the second-order system (6.1). Let (6.2) be its locally Hs-optimal ROM. Then

~ T —~ T
va I 0]x va I 0 D
@ [o Ml"”*[@w] o w7
@pv ' O ] va O I ﬁpv_ _O
évv -K —-FE Q’U’U [? _E ﬁvv -
~ ~ T -
Q| |0 Qpo| (0] _
[@w ol e el
¢, ¢]P-[C, C|P=0. 0

We can also consider second-order systems (6.1) with C,, = 0, where one would then
want enforce C,, = 0 in (6.2).

Corollary 6.3: R
Consider the second-order system (6.1) with C,, = 0. Let (6.2) be its locally Hs-optimal

ROM with 61, = 0. Then

@,v I 0 va I 0]~
o~ —_~ ? p—
Qu| [0 M | Lo 370
~ A7 ~
va 0 I va OA ]A ﬁpv =0
vi -K -E vi -K -FK va ’
Q00 B+Q),B =
Cplgpp - apﬁﬁop =0. O

Proof. Following the proof of Theorem 6.1, we see that it is enough to ignore Vg £
and replace C, and @, with zero. O

Similarly, we can consider the case of C,, = 0 and (7,, = ( and the results can be obtained
as in Corollary 6.3.

6.2.2 Interpolatory conditions

The following theorem shows how to derive interpolatory conditions using Wilson-type
conditions, similar to Theorem 2.45. As in [BB14, Section 5|, we assume that the ROM
is such that M~'F and M~'K are simultaneously diagonalizable. This is the case for
second-order, modally damped dynamical systems.
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6.2 Second-order systems

Theorem 6.4:
Consider the second-order system (6.1). Let (6.2) be a locally Hy-optimal ROM, such

that M~'E and M- 1K are simultaneously diagonalizable, i.e., there exist invertible
S and T such that STMT = I, STET = —(A1 + Ay), STKT A1 Ay, where A =
diag(A1;) and Ay = diag(Aa;). Addltlonally, let all A\;; and Ay; be pairwise distinct.
Denote t; = Te;, cp; = apti, Copi = C Wi, s; = Se;, and bT = STB which gives us

~ (cpi + 8Cu4)bF
H(s) = : TP
(S) ; (8 — )\1’1‘)<S — )\2’1')

Then,
—Ai) — f[(—kzi» bi,
) — heH(— AM)) bi,
(€ + M) (H(=Ai3) = H(=)5,)) = ( T (H(=2) = H(=x.).
(Cpi 4 AviCod) TH' (= A1.0)bs = (cpi + Aacos) TH' (= A1i)bi,
(Cpi + Aaico) T H' (= Aoi)bi = ( VU H' (= Xa,i)bs,
fori=1,2,...,7. O

Proof. From the assumptions, we have Eti = —(A1; + )\271')]/\4\1;1', S;FE = —(A; +
)\Qyi)SiTM, Ktl = )\171')\27th1', and SZTK = )\171‘)\271‘87;TM. Postmultlplymg (64&) by

[M\Tsi O] _—Az,i _>\1,i:|

(H(=A1) — H(=A2:)) bi
(Al,iH(_)\l,i) - )\21 )\21 2

()\
Cp,i + )\l,icv 7 T

sz+)\216vz

and using
0 —Aides | [“Xas —Ai]  [“Aei —Ai] [ O
1 At Ao | 1 1|71 1|0 X
we find
~ —)\2 Z']/\ZTSZ' —>\1 i]/\ZTSi =~ —)\2 i]/W\TSi —)\1 i]/\ZTSi )\17; 0
AP = = + &P = =2 ’
MTs, MTs, M7Ts, M7Ts, 0 Ay
+B b b =0.
This gives us
—)\22‘ Bpp ]/\ZTSi + pr ]/\ZTSZ' = (-Al 18 — A)_l Bbz,
7 Pvp va ’
—)\11‘ Bpp ]/\ZTSZ‘ + pr ]/\ZTSZ' = (-/\QZ(C: — A)_l ‘Bbz,
7 Pvp va ’
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

which implies

=

(Ari = Ag) | 7 i = (=M€ —A) T Bb; — (=& —A) " Bby,

(Ari — Aay) Do MTs; = Ay (=M€ — A) 7 Bb; — Ao (—Aai€ — A) " Bb;.

p -1 -1
s = Aos) | 57| 317, = (—A“éi - A) Bb; — (—Agls - A> Bb;,
up
__/P\ U- /\T ~ —1 N =1
O\l,i - >\2,i> LU M s = Ay (—)\1 i€ A) Bb; — Ao (—)\2,1'8 — .A) Bb;

Analogously, postmultiplying (6.4b) by

t; O 1 1
0 | | My A2

0 1 1 1] |1 1 Ay O
=AM ALt Aea| [ Mg Aaa] A Aol | 00 Aeul’

and using

we find
[ ti 1t: O 5[ i A 0
- ; ; i T i 7 1,2
A*Q L‘Lthi )\Z,thJ {0 Mtj &0 L‘Lthi )\Q,thi:| [ 0 )\2,1}
—er [Cpﬂ' + Al,icv,i Cp,i T )‘Zicvzi] =0.

This in turn gives us

Qpp tz + /\1’1‘ va ]/\th == —(—)\171‘8 — A)_TGT<CP’Z‘ + /\l,icv,i)7
_va_ _vi_

vap tz + /\2’1‘ va ]/\th == —(—)\2718 — A)_TGT(CP’Z‘ + /\271‘01}71‘)7
_va_ _vi_

which implies

()\1,z‘ — )\2,1’) [%pv] ]\/4\751- = —(—)\1,18 — ‘A)_TGT(CP,Z' + )\Licv,i)

+ (—)\2716 — A)_TGT(Cpﬂ' + )\277;01)77:).
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6.2 Second-order systems

We similarly find

A |- o N-T
()\1,i — )\272') [Q\pv] Mtz = <—>\17Z’8 — .A) GT(CpJ‘ + )\172‘61),1')

vi (68)

B <_)\2,i§ - ﬁ) N /G\T(Cpﬂ' + AgiCui)-

Now we use the Wilson-type conditions from Corollary 6.2 to derive the interpolatory
conditions. Postmultiplying

€, )P, &]P=o,
by diag (]/\ZTS,', ]/\ZTSZ) and using (6.5) and (6.6), we get

C (=M€ —A) " Bb — C(=Npi€ —A) ' Bb;
—~ —~ ~\ —1 o~ ~ —~ N\ —1 o~
—¢ (—Al,ie _ A) Bb;, — C <—)\2,i8 _ A) B,
A€ (=& — A) T Bb — Xg i€ (=Ngi€ — A) " B
—~ —~ ~\ —1 o~ —~ —~ N\ —1 o~
= A€ (—AM& - A) Bb; — Ao,iC (—Ama . A> By,
ie.,

(H(=Mg) = H(=X)) b = (H(=A:) = H(=2o) ) b
LH (A1) = Ao (=X00)) by = (M (=Ma) = Do, (=23,)) b

which are exactly the first two optimality conditions. Premultiplying
T

) bl

Quo
by tTMT and using (6.7) and (6.8), we get

T

-

(Cp,i + )\17iCU7i)Te (—)\171‘8 — .A)il 3 - (Cpﬂ' + /\2,icv,i)Te (—)\271'8 — A)il B
~ o~ ~\ —1 ~ _~ ~ ~
= (i + Micoy)TC (—Au& - A) B — (Cpi + AoiCos)"C (—Azﬂ-e - A)

G
Q'U’L)

1
B,
ie.,

(Cp,i + A1,in,i)T (H(=M1;) — H(=X2)) = (Cp,i + )\l,icv,i)T (ﬁ(—/\l,z‘) — ﬁ<_/\2,i>> )
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

which is the third optimality condition. From
~ 9T ~ 1T
va I 0|5 va I 04 o
[@w o )" |Q ren
we get

Qu| 0 M
((epi + Aicoi)TC(=A1€ — A) ™ = (cpi + Aoicoi) TC (= Ao i€ — A) )
& (A€ — A)TIBb — (=X & — A) T BY)

_ <(cm + Avicos)tC (—AME _ ﬁ) (e + Mascns) @ (—AZ,E _ ﬁ) 1)
2 ((_m ~A) " Bo— (8- A) @bZ) |

((Cp’i + Al,icv,i)TG (—)\171'8 — .A)_l — (Cp,i + )\Q,icvﬂ-)TG (—)\Q’Z’E — .A)_l)
€ (M (=M€ — A) B — Aoy (o€ — A) T Bb)

-~ ~ ~\ —1

& (s (A=) B (- ) B,

~\ —1

= <<Cp,i + /\l,icv,i)T/é <—)\1,i§ — .A)

thus
(cpi + )\l,icv,i)THl(_)\l,i)bi + (cpi + )\2,icv,i)TH/(—)\2,i)bz‘
= (Cpi + Al,icy,i)Tﬁ,(—/\l,i)bi + (cpi + )\Q,icv,i)Tﬁ/(_/\Q,i)bia
Mi(epi + Al,icv,i)TH/(_)\l,i)bi + A i(cpi + )\Q,icv,i)TH/(_)\2,i)bi
= Ari(Cpi + )\l,icv,i)Tﬁ[,(_/\l,i)bi + Agi(cpi + AQ,in,i)TfI’(—)\z,i)bi,
i.e., since A\ ; # Ao,
(Cpi + Aicoq) H' (= A1i)bi = (cpi + )\l,icv,i>Tﬁ,<_/\1,i)bia
(Cpi + AziCoq) T H' (= A2i)bi = (cpi + )\Q,icv,i>Tﬁ,(_/\2,z’)bia
which are the final two interpolatory optimality conditions. ]

Here are the interpolatory conditions with additional assumptions that C, = 0 and
C, = 0, as derived in [BB14, Section 5| using a different approach.

Corollary 6.5: R

Let the assumptions in Theorem 6.4 hold. Additionally, let C, = 0 and C, = 0. Then,

(H(=Aig) = H(=X)) b = (H(=A13) = H(=2o) ) b

cpi (H(=A1;) — H(=)X)) = ¢, <A(—>\1,z‘) - ﬁ(—)\zi)) :
C;iHI(—)\l,i)bi = Cg:i?[/(_)\l,i)bia
C;EZ-HI(—)\QJ‘)bl = C]Eiﬁ/(_)\li)bi:
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6.3 Port-Hamiltonian systems

fori=1,2,...,7r. O

Proof. Proceed as the proof of Theorem 6.4, using the Wilson-type conditions from
Corollary 6.3. N

6.3 Port-Hamiltonian systems

We consider LTI, input-state-output port-Hamiltonian systems (see [vdSJ14]) without
algebraic constraints of the form

i(t) = (J — R)Sz(t) + Bul(t),

y(t) = BT Sx(t), (6.9)

where, J, R, S € RV, B R™™ JV' = —J R0, and S = 0. Matrix S is called the
energy matriz and R the dissipation matriz.

Remark 6.6:
The standard notation in literature for the energy matrix is ). Since we use ) for the
observability Gramian, we decided to use S to denote the energy matrix. O

The Hamiltonian 2 (t)*Sx(t) defines the total energy of the system. The state z(t) €
R™ are called the energy variables, while u(t),y(t) € R™ the power variables. The inner
product of the power variables u(t)y(t) is the power supplied to the system. The
system is passive, i.e., the rate of increase of total energy is bounded by the power
provided to the system, as seen from

% (%x(t)TSx(t)> = u(t)Ty(t) — z(t)"SRSz(t) < u(t) y(t).
We are looking for a ROM

2(t) = (f - J?z) S2(t) + Bul(t),

S (6.10)
i(t) = BTSa (1),

which preserves the port-Hamiltonian structure in (6.9) (in particular, such that JT =
—J, R = 0, S > 0) and minimizes the Hy-error ||H—I/d\']|g{2, where H and H are
respectively the transfer function of (6.9) and (6.10). Additionally, we assume (J —R)S
is Hurwitz, which is guaranteed when R > 0.

An equivalent form of the port-Hamiltonian system (6.9) is using the co-energy vari-
ables e(t) = Sx(t), given by

STIe(t) = (J = R)e(t) + Bu(?), (6.11)
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

From this, we see that a system is port-Hamiltonian if it has an equivalent representa-
tion (E; A, B, BY) with £ = 0 and A+ AT < 0. Clearly, applying a Galerkin projection
to (6.11) with some full-rank matrix V' € R™*" will preserve the structure, since

(VEIV)T = —VTIV, VTRV =0, and (VTS™'V)™' > 0.
In [GPBvdS12], the authors propose projecting the matrices by
J=WTJW, R=WTRW, §=V"SV, and B=W"B,
where W = SV(VTSV)_I, giving the ROM
(Wrgw —WTRW) VTSV, W'B, BTWVTsV). (6.12)

It can be seen that system (6.12) is equivalent to projecting (6.11) by Galerkin projec-
tion Vg = SV and to projecting (6.9) by Petrov-Galerkin projection

Voo =V =V (VTSV) VTSV,
Wpe = SV (VTSV) ™,

also showed in the proof of [GPBvdS12, Theorem 7|.
If V' is chosen such that

im(V) =im([(o1] — (J = R)S)'Bb; -+ (0. —(J—R)S)"'Bb,]),

then, according to Theorem 2.41, we have

~

H(O’z)bZ:H(O'z)bz, 1= 172,...,7”.

Based on this, [GPBvdS12] proposes an iterative algorithm similar to IRKA, called
IRKA-PH, which finds a ROM with a transfer function

T

-~ Clb;F
H(s)=)_ p—

=1

which, upon convergence, satisfies

~

This is one of the interpolatory necessary Hs-optimality conditions for unstructured
first-order systems (see Theorem 2.42). The idea is that IRKA-PH should give a ROM
which is close to Hsy-optimal. But, it is not clear a priori how close it will be.

Theorem 1 in [BB14] shows the following interpolatory necessary Ho-optimality con-
ditions.
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6.3 Port-Hamiltonian systems

Theorem 6.7 ([BB14, Theorem 1]):
Suppose that H is an Ho- optlmal ROM with R = 0, has r distinct poles, and is

represented as H (s)=>"_ . Then

zls

7

ci (H(=XNi) = H(=\j)b; = ¢} (ﬁ(—&') = ﬁ(—)\j)> bj,
cTH' (= \)b; = ¢EH' (= \)b,
fori,j=1,2,...,r. O

Similar to the interpolatory necessary optimality conditions for second-order systems,
an algorithm which would satisfy these conditions is not known.

In the following sections, we will find Wilson-type optimality conditions and derive
interpolatory conditions as in Theorem 6.7.

6.3.1 Wilson-type conditions
Similar to Section 6.2.1, we first derive gradients of the squared Hy-error.

Theorem 6.8: R L A
Let (6.10) be asymptotically stable, with S = I, J = J; — j;r, and R = RyR). Then
for the squared Hs-error J, we have

V33 =2Q"P - 2P"Q + 2QP - 2PQ),
Vi,d = —2Q PR, — 2P"QR, — 2QPR, — 2PQR,,
V3d = —2PT"SB+2PB +2Q" B + 2QB. O

Proof. As in the proof of Theorem 2.44, we find the Lagrange function is
¢ = w(B"SPSB - 2B"SPB + B'PB)
+ tr(2@T(J — R)SP +2Q"P (jg — Ty — EQEZT) + QQTBET)
+ tr(2@ (fQ —JF - figﬁ;f) P+ @EET) .
Gradients with respect to the reduced matrices are
V3L =2Q"P - 2PTQ +2QP — 2PQ,
VRQL - —2@Tﬁﬁg - 2§T©§2 - 2@?&2 - 2ﬁ@§2,
V3L = —2PTSB +2PB +2Q" B + 2QB.

The result follows from Lemma 5.6. ]
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

As a consequence, we get the Wilson-type necessary optimality conditions for H,-
optimal structure-preserving MOR . of port-Hamiltonian systems.

Theorem 6.9: R
Let (6.10), with S = I, be an Hy-optimal ROM for (6.9) with R > 0. Then

QP+ QP =0,
sym(@T(J — R)SP+Q" (j— ]:?) ﬁ) =0,
(éT—ﬁTS>B+<@+ﬁ)§=0. 0O

Proof. From Theorem 6.8, we have
0=G"F- PG+ 0P PO,
0=Q PRy + P"QRy + QPR, + PQR,,
0=-P'SB+PB+Q"B+QB.
Using that R, is invertible, it follows that
QP+ QP =0, (6.13)
(@T — 15Ts> B+ (@ + 13) B=o. (6.14)

Summing

and using (6.13) and (6.14) gives

sym@T(J ~R)SP+0Q (fz - RQRQT> P) —0. 0

6.3.2 Interpolatory conditions

Here, we derive interpolatory conditions using Theorem 6.9. Assuming diagonalizability
of J— R, we obtain results about bitangential interpolation from [BB14, Theorem 1] (see
Theorem 6.7). Under an additional assumption, we derive a tangential interpolation
condition.

126



6.3 Port-Hamiltonian systems

Theorem 6.10:
Let the assumptions in Theorem 6.9 hold. Furthermore, let 7" be an invertible matrix
such that 7-1(J — R)T = A = diag()\;), where A-s are pairwise distinct Denote
ti=Te;, sT = eXT1, ¢; = B™t;, and bF = sTB so that H(s) = >}

=1 s

e (H(=Ns) = H(=\)) by = cF (H(=N) - ﬁ(—m) by
el H'(=X\)b; = ¢ H'(=\)b;,

fori,j=1,2,....r
Additionally, if T can be chosen to be unitary, which is equivalent to J — R being

normal and to J and R commuting, then H(s) = Yot s b b/\ and also

(H(=Ni) + H(=\)") b = <ﬁ(_)‘z) + H<_/\i)*> bi,
fori=1,2,...,r. O
Proof. From the assumptions, we have (J — R)t; = Ait; and sT(J — R) = A;sZ. From

(J — R)SPs; + P (—f— f?,) si+ BB"s; =0,

we get

(J — R)Sf’si + )\Zﬁsi + BB\TSi =0,
and then

Ps; = (=\ — (J — R)S) ™' B,

Ps,= (~n1-(7-R)) " B,

Qt; = —(—=\I — (J — R)S) " "SBq;,

Qti= (M~ (7-R)) Be
From this and proceeding as in the proof of Theorem 2.45, we find

7 (QTP+QP) si = el (H'(=X) = H'(=\)b,

T (Ars AL (H(EN) = H(=N)  H(=X) = H(=))
(@ ”QP)SJ"CZ'( S R Y R Py Yy )bf'

Let additionally 7™ L=~ which is possible if and only if J— R is normal. We can
see that (J — R)(J — R)" (J R) (J — R) is equivalent to JR=RJ, ie., Jand R
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

commute. From T—! = T*, we have s; = {; and ¢; = b;. Then
£T (@T—ﬁ%’) B+1tT (@Jrﬁ) B
—t7Q"B — s'PTSB+tTQB + s*fﬁé

— —IBS(=\I — (J — R)S) ' B =B (—X; —R)S) SB
+cTBT (-A,J - (f— ﬁ)) B+ BT ( ( E))T B
= b} (H(=X) + H(-M)) 7 (B2 + H(=0)) 0

6.4 Linear parametric systems
Consider a parameterized LTI (PLTI) system

E(p)i(t,p) = A(p)x(t, p) + B(p)u(t),
y(t,p) = C(p)x(t,p),
where p € P is the parameter, P C R? is a compact set, and E(p), A(p) € R™",

B(p) € R™™ (C(p) € RP*™ are continuous matrix-valued functions. We assume F(p)
is invertible and o(A(p), E(p)) C C_, for all p € P.

(6.15)

6.4.1 H, ® Lo-optimal model order reduction
Following [BBBG11], we define the Hy ® Lo-norm of (6.15) with

1l = 5 [ [ W Gwp)E dwdp = [ 18P, d,
where H is the parameterized transfer function of (6.15):
H(s,p) = C(p)(sE(p) — A(p)) " B(p).
The norm is well-defined since ||H (-, p)H?Lf2 is continuous with respect to p and P is

compact.
We are interested in finding an Hy ® Lo-optimal ROM

A(p)z(t, u
~ (6.16)
C

with a parameterized transfer function H, where E(p), A(p) € R™", B(p) € R™™,
C(p) € RP*". But, clearly, |H — H||%2®L2 () is minimized if and only if [[H (-, p) — H (-, p)|l4,
is minimized for all p € P. This would mean that, in this setting, H, ® Lo-optimal
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6.4 Linear parametric systems

MOR would consist of performing Hs-optimal MOR for every parameter value p € P,
which is a bottleneck if the ROM (6.16) needs to be computed for many parameter
values.

To overcome this, we need to restrict the structure of the ROM (6.16). One possible
approach is to take that the parametric matrices are separable (see [Haal7, Defini-
tion 2.6])

BEp) =Y 0F(pE, A@p) =Y 6} (p)A,
- P (6.17)
B(p) =Y 0P(p)B.. Clp)= 6 (p)C.

where 0F 04 08 0C. P — R are given continuous functions, and then to optimize the

R A A A )

non-parametric matrices Ei, A\i, B\i, @ Clearly, with the form (6.17), if additionally ¢,
43, 95, qg are small and functions 0F 024, 08, 0F are easy to compute, the ROM (6.16)

can be computed for many parameter values in an efficient manner.

Parameter separability is a beneficial property for full-order matrices in projection-
based methods. To see this, let A(p) = Y% 6#(p)A;. Then, when using a Petrov-
Galerkin projection to find reduced matrices, we have WTA(p)V = Y% 04(p)WTA;V.
Therefore, after precomputing matrices WT A,V the matrix WTA(p)V can be assem-
bled for any parameter value p € P with time complexity which is independent of the
order of the original model. If the assumption of parameter separability is not satisfied,
an approximation is done, e.g., using the empirical interpolation method [BMNP04|
(see also [Haal7, Section 2.3.7|). Here, we will only assume that the ROM has separa-
ble parametric matrices. This enables structure preservation when full-order matrices
are separable and otherwise avoids an intermediate approximation step.

The following theorem gives the gradients of the squared Hy ® Lo-error.

Theorem 6.11:
Let (6.16) be of the form (6.17) and asymptotically stable for all p € P. Then for the
the squared Hy ® Lo-error, we have

<
N
Qn
I
)
'U\
>
=)
—~
O
=
H
o
=
!
=
+
)
s
)
=
s
=
~
o,
S
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

Proof. Since P and P are continuous functions over a compact set P, we have P e
Lo(P;R™™) and P € Lo(P;R™"). Similar to Theorem 2.44, we find the Lagrange
function is

- / tr(CEIPE)IC(P)T = 20()P(R)C(P)" + C(p)P()C(p)") dp
= [ (R A@PEEE) +R6) EE)Pr)AE) +A6)Br)BE)T) do
+ / tr(A(p) " A(p) P(p)E(p)" + A(p)"E(p) P(p)A(p)" + A(p) " B(p)B(p)") lp.

We see that the gradients with respect to P and P are

Vsl = —20TC + ATAE + ETAA € £y(P;R™),
Vsl = CTC + ATAE + ETAA € Ly(P; R™T).

Equating with zero, it follows that A= 2@ and A = @ Therefore, the Lagrange
function simplifies to

0 —
/Ptr(c(p)P(p)C(p)T —20(p)P(p)C(p)" + C(p)ﬁ(p)é(p)T) dp
+ /Ptr(Qé(p)TA(p)lg(p)E(p)T +2Q(p)"E(p)P(p)A(p)" + 2@(p)TB(p)§(p)T> dp

-~

+ /P tr(2Q()A(p) P(p) E(p)" + Q(p) B(p) B(p)") .

Finally, the gradients with respect to reduced matrices are

Vet =2 [ 67(6) (Q0) AGIP) + Qp)AP)P(D)) d,
Vit =2 [ 030 (AT EGIP(r) + Qp)ER)P(R) do
Vst =2 [ 05(6) (QE)BG) + QpB®) b,
Vet =2 [ 0906) (~CRIP() + C0)P(o) .
The claim follows from Lemma 5.6. ]

Directly, we obtain the Wilson-type necessary optimality conditions for 3y ® Lo-optimal
MOR.
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6.4 Linear parametric systems

Corollary 6.12:
Let (6.16) be an Hy ® Lo-optimal ROM with the form (6.17) for (6.15). Then

~

1616} (G EG)P () + Q) B

(P)P(p))dp=0,  i=12,...4qz
JCICORDOEOROROEE
B
(p)P(p)

[ #7®) (G Be) + QeI (e
[0 (co1Pe) -

6.4.2 Interpolatory conditions

Using Corollary 6.12, we derive interpolatory necessary optimality conditions. To have
the pole-residue form of the ROM, we assume A(p) and E(p) can be diagonalized using
parameter-independent transformation matrices. Note that we also assumed diago-
nalizability for second-order systems in Theorem 6.4 and port-Hamiltonian systems in
Theorem 6.10.

Theorem 6.13:

Let (6.16) be an Hy ® Lg optimal ROM with the form (6.17) for (6.15). Assume that
{E1_1E2, o ,E lE E 1A1, ce Eflgqg} is a simultaneously diagonalizable family of
matrices. Let S and T be invertible matrices such that STEZ-T = AEi = diag (x\f ’) and
STfAlZT = A = diag (x\]Ai>, with AP = I,.. Furthermore, let

_ T_ T
tj="Te;, s; =¢;5,

N N M)
=D 0 PN AT(R) =D 0P (AT A(p) = T
i=1 i=1 Aj (p)
by(p) = 5 —B(p)s;. and e,(p) = ——Clp)t
= sj, and ¢;(p) = — ,
’ A7 (p) ’ ’ M)
where \;(p) are pairwise distinct for almost all p € P. Then H(s,p) = > i1 A?(p)%
and
/9?(p)-H(— i(P) dp—/GC ) - H(=X;(p), p)b;(p) dp, i € lggl,
P
/Qf(P)'Cj(P)TH(—Aj(P),P) dp = /QZB(P) +¢;(p)"H(=X;(p), p) dp, i € [qp];
P P
/P 07 (p) - 5 (p) H'(=;(p). P)b; (p) dp = / 01(p) - ¢s(p) " H'(=25(p),P)b;(P) dp, i € [az],
for j=1,2,...,r, where [k] .= {1,2,... k}. O
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

PT’OOf. We have Ezt] = )\JEiﬁlt]‘, ;Lt] = /\?\iﬁlt]‘, S;FEZ = )\]EAiS;rEh S;FAAz = )\?ZS;FEl
Therefore, we also have E(p)t; = )\f(p)ﬁltj, Alp)t; = /\?i(p)f?ltj, s;rﬁz(p) = A7 (p)sT
SJTEZ(p) = /\]Ai(p)s;rﬁl. From

A(p)P(P)E(p)"s; + E(p)P(p)A(p)Ts; + B(p)B(p)"s; = 0,

it follows that

Then

and similarly

(P)Ert; = (=X(P)E(p) — A(p) ™" C(p)"¢;(p),
() Ert; = (- E() — A(p))  Clp)"es(p).

From

/Pef(p) (C(p)P(p) — é(p)ﬁ(p)> ETs; dp =0,

/Pef(p)tfﬁf (Qe)"B(p) + Q(P)B(p) ) dp =0,

~ o~

LRI E (G EG)PG) + QR P(p)) B'sjdp =0,

we find the statement of the theorem. O]

6.5 Linear time-delay systems

We consider a linear time-delay (LTD) system with a single delay
Ei(t) = Apx(t) + A;x(t — 1) + Bu(t),
y(t) = Cx(t),

where F, Ay, A, € R"™" B € R™™ and C € RP*" with F invertible. Additionally,
we assume the system to be exponentially stable.
The transfer function of this system is

(6.18)

1

H(s)=C(sE—Ay—e ™A;) B.
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6.5 Linear time-delay systems

As shown in [JVMTI1], the Ho-norm [[H[4, can be computed using the Gramians
similarly as for LTI systems without delay. The Gramians of the system (6.18) are
solutions to a boundary value problem involving a delay differential Lyapunov equation:

P(t)ET = P(H) ALY + P(t — 7)AT, t > 0, (6.19a)
P(—t) = P(t)*, (6.19b)
—BBY = A)P(0)E" + EP(0)AY + A, P(1)E" + EP(—1)AL, (6.19¢)
and
QU)E = Q(t) Ay + Q(t — 7)A,, t >0, (6.20a)
Q(—t) = Q(1)", (6.20b)
~CTC = A7 Q(0)E + ETQ(0)Ag + ATQ(T)E + E*Q(—7)A.. (6.20c)

The Ho-norm can then be computed as (see [JVMI11, Theorem 1])
|H|3, = tr(CP(0)CT) = tr(B"Q(0)B)..

The system (6.19) can be solved analytically, as done in [JVMI1, Section IIL.A]. First,
notice that differentiating (6.19b) gives us —P(—t) = P(t)T. Now, transposing (6.19a),
substituting ¢t with —t + 7 and using the previous expression, we find

EP(t—71)=—AyP(t—7) — A.P(t), t <.
Defining z(t) = col(vec(P(t)),vec(P(t — 7))) gives us a system of ODEs with a bound-
ary value condition
E@I 0 ]... [4Ael Aol
P E R o i SN U O}
—vec(BB* A®E A ®F EQA, EQA
[ A o B P

which can be used to find the analytic solution. Therefore, an equivalent form of (6.19)
Is

Pt)E" = P)AL + P(t — )AL, t [0, 7], (6.21a)
EP(t—7)= —AgP(t — 1) — A, P(t), t € [0, 7], (6.21b)
—BBT = A)P(0)E" + EP(0)Ay + A, P(1)E" + EP(—1)AT, (6.21c)

and similarly, system (6.20) is equivalent to
QMVE = Q(t)Ay + Q(t — 7)A,, t €0, 7], (6.22a)
ETQ(t —7)=—-ATQ(t — 1) — ATQ(t), t € [0,7], (6.22b)
~CTC = AFQ(0)E + ETQ(0)Ag + ATQ(T)E + ETQ(—7)A,. (6.22c)

We will prefer this form in the following.
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6 Ho-Optimal Model Order Reduction of Further Structured Systems

6.5.1 Wilson-type conditions
We want to find Hs-optimality conditions for the ROM

()+A x(t—T)—i-Bu()

EZ(t) = Ay
_ (6.23)
=Cx

with E, 121\0, A\T e R™", Be R™™ and Ce RP*" where E is invertible. Just as for the
full-order model (FOM), the Gramians of the ROM (6.23) satisfy

P()E" = P(1) AT + P(t - 1)AT, t € [0,7],
EP(t—7) = —AP(t —7) — A.P(t), t €
—BB" = A4,P(0)E™ + EP(0)AT + A, P(r)E™ + EP(—7)A"
and
OWE = Ot) Ay + Ot — 1A, t € [0,7],
E™Q(t —7) = —ATQ(t — ) — ATQ(), t € [0,7),
~CTC = ATQ(0)E + ETQ(0) Ay + ATQ(7)E + ETQ(~7)A,

<[5 8] e=7) + (3w

|

We find the Gramians of the error system have the form

We can define the error system as
E 0 ( )| |4 O
0 F ( )10 Ay

v -3t = [o -] |4

t
t

t
t

8]) 8

(t)
()
(t)
(t)

P(t)  P(1) [NQ(t) Q(t)]
P(-t)T DP(t) Q1T Q)|’
where
P(H)E™ = P(t)A7 + P(t — ) AT,
EP(t —7) = —AgP(t — 7) — A, B(t),
—BBT = AyP(0)E™ + EP(0)AY + A, P(r)E" + EP(—7)A~,
and

QWE = Q()Ay+ Q(t — 7) A,

E™Q(t — ) = —ATQ(t — ) — ATQ(),
CTC = ATQ(0)E + ETQ(0)Ay + ATQ(7)E + ETQ(—1) A,
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6.5 Linear time-delay systems

Theorem 6.14:
Let (6.23) be asymptotically stable. Then for the squared Hy-error J, we have

_ / O(r — )T A, B(1) dt + 20(0)" A P(0) + 20(0)" A, P(7)
_ 2/0 O(r — )" A, P(t) dt + 20(0) A, P(0) + 20(0) A, P(r),
Vid=2 / " G(r — T AL B(t) dt + 20(0)TEB(0)
+2/ Q(r — )" A, P(t)dt +20(0)EP(0),
V4= 2/ O(r — )T A P(t — ) dt + 20(0) EP(—7)

+2/ Q(r —t)TA, P(t — 1) dt + 2Q(0) EP(~7),

Bg—QQ TB+2Q( )
Vead = —2CP(0) 4+ 2CP(0). O

Proof. We proceed similar to the proof of Theorem 5.7. The Hy-error is given by

%)

- tr(CP(O)CT —20P(0)CT + (713(0)6T> .

P(0) P(0)
P(0)™ P(0)

\H - H|2, = tr<[c -

Therefore, we consider the optimization problem

_ minimize  tr (C’P(O)C’T — QCﬁ(O)éT + (713(0)6T) )

EAOA BC’PP )
subject to P(t)ET = P(t )A\T + P(t — T);E, t €0, 7],
EP(t—7) = —AP(t — 1) — A, B(t), tel[0,7],
—BBT = A P(0)E™ + EP(0)AY + A, P(r)E™ + EP(—7)A”,
P(t)ET = P()AT + P(t — nAT, te[0,7],
EP(t — 1) = —AgP(t —7) — A, P(t), te 0,7,
—BB" = AyP(0)E™ + EP(0)A} + A.P(r)E™ + EP(—7)AT

T

where we have P € H([-7,7); R"*") and P € H([—7,7]: R"™*"). The Lagrange func-

135



6 Ho-Optimal Model Order Reduction of Further Structured Systems

tion is

L=tr (CP(O)CT —20P(0)CT + 6’13(0)6’T)

(A1) (ﬁ(t)ET ~ P(OAT — P(t — T)XF)) dt

T

where Ay, Ay € HY([0, 7]; R™T), Ay € R AL A, € H([0, 7]; R™"), and Ay € R™"
are Lagrange multipliers.

Directional derivatives with respect to P and ﬁ, in directions D and 13, are

~ ANy~ ~

d5L(D) = /0 ' tr((—ETAl(t)T ~ATR ()T + /~\2(t)TAT> f)(t)) dt
+ /T tr(( ATA (0T = A(0)TE + T\Q(t)TAO) D(t— r)) dt,
+ tr(( 207C — E"A(0)" + Ao(r)"E + ETAT Ay + EOTKSTE) 5(0))
+tr<<ETA1 Ty BTATA )D( ))
((-Ra(0)"E + ATATE) D(-))
d,L(D) = /0 t((FE"R0) ~ AR ()" + Rat)"A,) D))
+ /T tr((—Z{f\l ()" = Ra(t)TE + /A\Q(t)TE()) D(t — T)) dt
o (7€ - B"8,(0)" + Ralr)"E + E"RIA, + AR E) D(0))
+ tr(@TKl ()T + ETK&TT) E(T))
+ tr((—KQ(o)TE + A‘EEE) f)(—T)) .

+ tr
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6.5 Linear time-delay systems

Equating with zero, it follows that
Kl(t)E = — A (1) Ay + ATAy(t), for ae. t €[0,7],
E™As(t) = ATAo(t) — Ay () Ay, for ae. t € [0,7],
207C = ATAE + ETA3 Ay — A (0)E + ETAy(7),
Kl(ﬂ = —AIK&

Ao(0) = AsA,,

and
()E: ()A0+ETA2() for a.e. t € [0, 7],
K (t) ZETK (t) — A (t)A,, for ae. t €[0,7],
—0"C = ATR,E + E™Ay Ay — Ay (0)E + E™Ry(7),
Ai(7) = —ATA,,
Ao (0) = AsA,.

The solution is
Ay (t) = —2ATQ(1 — ), KQ( ) =2Q(—t)A,, As=2Q(0),
A(t) = —ATQ(r — 1),  Ay(t) =Q(-t)A,, A3 =Q(0).

Gradients with respect to reduced matrices are
Vil = / A(O)TP(t) dt + AT (Aoﬁ(o) + ATJB(T))
0

+ / "ROTP) dt + / R P(t— )Tt

+ ATAOP(O) + 7\32013(0) +ATA P(r ) + AsA P(—7)T

/ t)dt + ATEP(0)
- R

dt+/ Ay()P(t — )T dt
+ AsEP(O)" +A§£E13(0)
i / "O(r — 1T A P(t) dt + 20(0)TEB(0)

+2/ Q(r — )T A, P(t)dt + 20(0) EP(0),

137



6 Ho-Optimal Model Order Reduction of Further Structured Systems

ViL=-— / ' A(t)*P(t —7)dt + AT EP(—7)

T 0
- / CRy(TB(t— )+ / "R P at
0 0
+ AEP(7)T + ATEP(—7)
i / "Gr — )T APt — ) dt + 20(0)" EP(—7)
0

+ 2/ Q(r — )T A, P(t — ) dt + 2Q(0)EP(~7),
0
Vgl = K?,TB + Ksé + /A\;)PB\
=2Q(0)" B +2Q(0)B,

Vel = —2CP(0) + 2CP(0). O
From the previous theorem, we directly find the Wilson-type necessary optimality con-
ditions for Hs-optimal MOR of LTD systems.
Corollary 6.15:
Let (6.23) be an Hsy-optimal ROM for (6.18). Then

3

0= CP(0) — CP(0). 0

6.6 Conclusion

We derived Wilson-type necessary optimality conditions for Hs-optimal MOR of second-
order systems, port-Hamiltonian systems, LTD systems with a single delay, and Ho®Lo-
optimal MOR of PLTT systems. Similar approach can be taken for, e.g., Hy-optimal
MOR of linear time-varying (LTV) systems and Ls-optimal MOR of stationary para-
metric systems.
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CONCLUSIONS AND OUTLOOK

Contents
7.1 SUMMATY . . . . o o 139
7.2 Future research perspectives . . . . . . . . ... 140

7.1 Summary

In this thesis, we have investigated structure-preserving MOR problems for different
types of structured systems, mainly network systems.

In Chapter 3, we studied clustering-based MOR. of multi-agent systems. In the first
part, we have focused on linear multi-agent systems and considered the problem of J,-
optimal clustering-based MOR. Based on the relaxation of the discrete optimization
problem, we have proposed combining IRKA with a clustering algorithm. Next, we
have generalized this to a framework of combining a projection-based method with a
clustering algorithm and applied it to nonlinear multi-agent systems.

In Chapter 4, we have considered more theoretically the error due to clustering. First,
we have looked at linear multi-agent systems and derived Hy and H, error bounds when
using an AEP. We have also proposed an extension to arbitrary partitions using the
distance to a graph for which the partition becomes almost equitable. Next, we have
considered nonlinear power systems, a type of nonlinear multi-agent systems. There, we
derive equivalence conditions for clustering with zero error based on graph symmetries
and equitable partitions.

In Chapter 5, we have studied the problem of subsystem reduction for linear network
systems. In the first part, we extend a balancing-based MOR method which preserves
stability for network systems satisfying a certain small-gain condition. Using the known
a priori H,, error bound, it allows automatic choice of the order of the reduced sub-
systems. In the second part, we considered Hsy-optimal subsystem reduction. Using
the Gramian-based formulation of the Hs-error, we have derived gradients with respect
to matrices defining the ROM. Thereby, we have also obtained Wilson-type necessary
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optimality conditions.

In Chapter 6, we have used the ideas from Chapter 5 to other structure-preserving
Ho-optimal MOR problems. In particular, we have considered structure-preserving
MOR for second-order systems, port-Hamiltonian systems, and time-delay systems.
Additionally, we have also considered Hs ® Lo-optimal MOR for parametric systems.
We have derived Wilson-type necessary optimality conditions and for some systems
also the interpolatory optimality conditions.

7.2 Future research perspectives

We considered different aspects of structure-preserving MOR, which motivate future
research in new methods for network systems and other structured systems.

In Chapter 3, we have found on a small-scale example that combining a projection-
based method and a clustering algorithms gives a partition close to the optimal one.
However, it is not clear whether this is true in general. Deriving an error bound for
this approach would be an interesting goal for future research. Furthermore, comparing
different clustering algorithms and with a theoretical analysis would be a worthwhile.
Additionally, extending the framework to multi-agent system evolving over directed
graphs should be possible.

In Chapter 4, we have derived error bounds for clustering-based MOR. of certain
linear multi-agent systems. Extending the results to more general multi-agent systems,
e.g., with different output functions or with directed underlying graph, would be an
interesting problem. Finding easy to compute error bounds for non-almost equitable
partitions remains an open problem. For power systems, we have focused on reduction
with zero error. Deriving general error bounds remains an open problem.

In the first part of Chapter 5, we have considered subsystem reduction for network
systems satisfying a particular small-gain condition. Relaxing this condition, e.g., by
dissipativity, would extend the applicability of this approach. In the second part, we
have derived Wilson-type necessary Hs-optimality conditions. Finding interpolatory
conditions and developing an interpolatory method could be an interesting problem.

In Chapter 6, as in the previous, finding interpolatory conditions for JHy-optimal
MOR of time-delay systems would be an interesting research question. Additionally,
efficient implementation for large-scale systems is an open problem.
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