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Abstract

Subject of this work is the geometric evolution equation called mean curvature flow.
It evolves a surface pointwise into the direction of its normal with a velocity that is
given by the mean curvature at that point. We restrict our attention to surfaces in
R3 of torus type. The aim is to approximate a reparametrized version of the flow and
derive error estimates for the fully discrete problem. Our strategy is to apply a variant
of the well-known DeTurck trick for the reparametrization. The generated evolution
equation depends on a parameter o that determines a tangential velocity. Using a
finite difference method, we discretize this flow and derive a family of semi-implicit
fully discrete approximations. In the convergence proof we obtain optimal-order error
bounds in discrete analogs to different Sobolev norms like a discrete H?-norm as well
as a discrete L>°-norm. This analysis is complemented with a numerical simulation of
the approximated flow. We compute the experimental order of convergence to support
the theoretical results and provide an illustration of the influence of o on the approxi-
mation.

Kurzzusammenfassung

Gegenstand dieser Arbeit ist der Mean Curvature Flow. Diese geometrische Evolu-
tionsgleichung bewegt eine Flache punktweise in Richtung ihrer Normalen mit einer
Geschwindigkeit, die gleich der mittleren Kriimmung in diesem Punkt ist. Wir beschran-
ken uns auf Flichen im R? vom Typ des Torus. Das Ziel ist, eine Umparametrisierung
des Flusses zu approximieren und Fehlerabschatzungen fiir das vollstandig diskrete
Problem herzuleiten. Die Vorgehensweise besteht dabei darin, eine Variante des bekan-
nten DeTurck Tricks fiir die Umparamterisierung anzuwenden. Dies fiihrt auf eine
Evolutionsgleichung, welche von einem Parameter o abhangt und eine durch diesen
Parameter bestimmte Geschwindigkeit in tangentialer Richtung besitzt. Der modi-
fizierte Fluss wird mittels einer Finite-Differenzen-Methode diskretisiert und somit eine
Familie von semi-impliziten, vollstandig diskreten Approximationen erzeugt. Der Kon-
vergenzbeweis liefert Fehlerschranken optimaler Ordnung in verschiedenen diskreten
Normen, welche als Analogon von Sobolev-Normen wie der H?- und der L*-Norm
betrachtet werden kénnen. Die Analyse wird durch eine numerische Simulation des
Flusses erganzt. Wir berechnen zum einen die experimentelle Konvergenzordnung, um
die theoretischen Ergebnisse zu stiitzen, zum anderen illustrieren wir den Einfluss von
« auf die Approximation.
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1 Introduction

A family of hypersurfaces {I'(t)}tepr; € R™*! is said to move according to mean
curvature flow, if at each point it moves into the direction of the normal with a velocity
that is given by the mean curvature. That is, if

V=1, (1.1)

where H denotes the mean curvature, defined as the sum of the principal curvatures,
and V' is the normal velocity of I'(t). For n =1, i.e. for curves, one obtains the curve
shortening flow, where the mean curvature is replaced by the curvature. Note that for
the unit outward normal v we let the sign of the mean curvature of a sphere be negative
in our sign convention. One can show that the first variation of the area functional of
a surface in direction of the normal can be represented by the mean curvature. This
gives rise to the interpretation of mean curvature flow as the L?-gradient flow of the
area functional, moving a surface pointwise into the direction of the steepest descent
of its area. In particular, for the total area it holds that

d

—|T(t)|=- [ H*dA

Ginen == [ maa
I'(t)

compare e.g. [37]. The flow therefore appears naturally in situations where a surface
energy is involved. Imagine for example boundaries between the phases of a system
that are formed in a way such as to minimize their energy given by the area of the
interfaces. Applications to the flow by mean curvature are various, and for further
explanations we refer to [16].

As a matter of fact, the sphere is one of the few exact solutions of the mean curvature
flow. It shrinks to a point without changing shape, which can be seen in the following
way: Let I'(t) = 0Bpy)(z) C R™™! be a family of spheres. On dBp)(z), we have that
V =R/(t) and H = —n/R(t), and so (1.1) reduces to the ordinary differential equation

for which we assume the initial datum R(0) = R. The solution to the mean curvature
flow are hence spheres with radius R(t) = V/R? — 2nt that tends to zero as t approaches
the maximal time of existence R?/(2n). The absence of a broader range of exact solu-
tions is one reason for an interest in numerical approximations of the flow, which we
will make the subject of our discussion later.

Huisken’s work [31], where he actually proved that convex hypersurfaces shrink to
points with asymptotically spherical shape in finite time, was seminal. In the case
of curves the result is even stronger. By the curve shortening flow, closed embedded
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plane curves become convex, [25], and then shrink to a ‘round’ point in finite time,
[24]. This does not hold for surfaces, where non-convexity can lead to the formation
of singularities before the extinction. Indeed, developing a singularity in finite time
is a rather typical behaviour. It occurs when the curvature at a point becomes un-
bounded for some reason. Grayson in [26] was the first to rigorously prove the existence
of a surface with such evolution, the dumbbell shape: Two spheres, connected by a
thin tube that shrinks much faster than the spheres do. The tube, also called neck,
then pinches off, and the two spheres each continue to flow by their mean curvature un-
til they vanish. A collection of results on the study of singularities can be found in [33].

Investigating the problem of the flow by mean curvature can be approached in several
ways. One is the parametric formulation that will be used throughout this work. It
is based on tracking the evolution of a parametrization F(-,t) : M — R"*! where
t € [0,T), such that I'(¢t) = F(-,t)(M), where M C R"*! is a reference manifold. This
fixes the topological type of the hypersurface and is thus a limitation since we know
that topological changes can occur, like in the example of the dumbbell. Describing
M by a local parametrization & :  — R*"!, where Q C R”, and setting x = F o & we
can write

xy = Hv (1.2)

to define the flow by mean curvature. Multiplication by v restores the description in
(1.1).

Defining the metric on I'(¢) through g;;(u,t) = .y, (u,t) - 74, (u, t) for (u,t) € Qx [0, T]
and i,j € {1,...,n}, Mean Curvature Flow can equivalently be represented by

n

1, . " L
Ty = Z T = (glj\/gxuj)ui = Z gwmuiuj - Z gl]gkl(xuiuj : Jﬁuk)l'ul, (13)
i,j=1 \/g i,5=1 1,5,k,l=1

where (gi;) = (9ij)ije(1,..n} denotes the matrix of the induced metric coefficients, g =
det(g;;) the area element and ¢” the components of the inverse matrix of (g;;). A
derivation of the identity in (1.3) and how this follows from (1.2) will be given in the
subsequent chapter of this work.

The spatial operator in (1.3) clearly depends on the metric and the metric evolves in
time. In particular, the evolution equation is nonlinear and degenerate in the tangential
direction. By degeneration we mean that the partial differential equation describing
mean curvature flow is not strongly, but weakly parabolic. For a formal derivation of the
link between the degeneration and the notion of weak parabolicity see [3]. The author
also provides a proof of the invariance of the flow under tangential reparametrization.
More detailed information on the mean curvature flow from a parametric point of view,
including important analytic results and references to further literature, are thoroughly
prepared in [37]. Ecker in [21] also provides a comprehensive introduction to Mean
Curvature Flow including some examples and basic results.



Another possibility to study the flow is given if the surfaces can be written as the graph
of a function u, i.e. I'(t) = {(z,u(z,t)) | x € Q@ C R"}. Note that it is not sufficient
if this is true for the initial surface since this feature can be lost during the evolution.
The flow is given by a scalar nonlinear parabolic partial differential equation for w in
non-divergence form. It has for instance been investigated in [32], where the author
proved a global existence result under some regularity assumptions.

Brakke in [9] considered mean curvature flow from the viewpoint of geometric measure
theory. By extending the evolution from manifolds to varifolds, he introduces weak
solutions that can be described through and beyond singularities.

A further approach is to represent the hypersurface and its evolution by the level sets
of a function u, i.e. I'(t) = {x € R"™! | u(z,t) = 0}. This turns the evolution equation
into a nonlinear degenerate and singular partial differential equation for w. Both the
works of Chen, Giga and Goto, [10], and Evans and Spruck, [23], supplied the basis for
the theory which utilizes the notion of viscosity solutions. The level set formulation of
the motion by mean curvature also allows to define a global solution including times
after the appearance of a singularity.

Another way that enables a global description of solutions is the phase field approach.
Like the level set formulation, it is implicit and makes use of a level set function u°,
here called phase field function. However, one considers a diffuse interface I'.(t) of
width O(e) that approximates I'(¢) as e tends to zero. The corresponding evolution
equation is formulated for u® and reads

1
u; = Au® + gua(l — (u)?).

It is a nonlinear equation of reaction-diffusion type that appears as a model equation
in many applications.

As stated above, research has also been highly interested in approximating mean curva-
ture flow. Dziuk in [18] has achieved pioneering work in presenting the first numerical
approximation of mean curvature flow in the parametric setting. His finite element
method is based on approximating the surface I'(¢"*) by a polyhedron I'}* and on find-
ing, in each time step, :L‘Z”rl € X} such that

1
- /(a:hmﬂ —id) - o dA + /Vrznxznﬂ ) Vrzngph dA=0 Vg, € X",
Fm

m
l_‘h. h

where X" is the space of all continuous, piecewise linear functions on the polyhedral
surface I';". Here, T denotes the time step size, id the identity map on I'}" and Vrm is
the tangential gradient. The new surface is defined as I'}"** = 2"*1(I'™). The author
presented numerical examples that can be computed to a point of time very close to
singularities. Still, to our knowledge, up to now no convergence proof has been found
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for this algorithm.

The scheme in [6] by Barrett, Garcke and Niirnberg is related to the approximation of
Dziuk in [18] but adds intrinsic discrete tangential motion. This does not change the
given evolution because the evolution in (1.1) is defined only by the normal part of
the velocity. The authors have employed this technique in a series of papers including
works on the curve shortening flow, e.g. in [7], and on the mean curvature flow, e.g.
in [6]. Their motivation is that, when simulating geometric evolution equations such
as the mean curvature flow, mesh degeneration seems to be a typical issue. In fact,
as the evolution equation for the flow only determines the normal component of the
velocity, numerical schemes based on (1.2) only move nodes in normal direction. As a
consequence, in regions of high curvature nodes can concentrate, while in other regions
the opposite can occur and as a result the mesh degenerates or causes lower accuracy.
To avoid this, the algorithm in [6] includes a remeshing within the computation of the
flow. Like in Dziuk’s method, polyhedral surfaces I'}" are constructed to approximate
[(t™) and, in each time step, the new surface is parametrized via I} = zm+1(T'm).
The idea of the scheme is to find z}**! and &}"*' such that

T
h

1
1 / (27— id) - (™) dA — / K g dA =0 Vo€ X,
oy

/nhm“um ondA+ /Vr;ya:zn“ VrpendA =0 Vo, € (X3,
rm i

where X" is the space of all continuous, piecewise linear, scalar functions on I'}* and

Vm

is the outward unit normal to I'}'. The second equation imposes a condition on
the normal that induces the desired tangential motion. The authors provide a proof
for the good redistribution of mesh points for the semidiscrete problem. In the fully
discrete case, they give numerical examples that show a good mesh behaviour. As
the tangential motion in the scheme is added artificially, the discrete solution cannot
converge toward the solution of the mean curvature flow, whose tangential velocity is
zero. Whether the approximation converges to another limit, for example a flow by

mean curvature with a prescribed tangential velocity, is an open question.

Recently in [35], Kovécs, Li and Lubich chose a different approach to derive a surface
finite element approximation of mean curvature flow. Instead of using (1.2) combined
with a weak formulation of Arid as done in [6] and [18], they discretize a weak formu-
lation of the system of (1.2) together with the evolution equations of the unit normal
and the mean curvature found by [31],



v=Hvy,
0°v = Ary + [Vrgr['r,
O°H = AryH + |V H,

where v(x,t) is the velocity at a point = € I'(t) and 9* denotes the material derivative.
Vr again is the tangential gradient and Ar is the Laplace-Beltrami operator on I'. For
the discretization, they use an evolving surface finite element method for the spatial
variable together with a linearly implicit backward difference formula for the time
variable. The authors derive convergence results for x, v, v and H in the semi- as
well as the fully discrete case and are the first to present an error analysis for an
approximated mean curvature flow in the parametric setting. The estimate for the
fully discrete version with respect to the spatial grid size h and the time step size 7 in
a norm of the error in the position on the surface then reads

1(2)" = idll oy < e(h* +77),

where ¢ is given by the choice of the g-step backward difference formula for ¢ < 5
and k > 2 is the degree of the polynomials used in the finite element method. Here,
(z7)" is the lift of the position on the discrete surface onto the exact surface I' at time
t". The condition k& > 2 arises from the requirement of controling the W1 >-norm of
the position error, where the H'-error bound and an inverse inequality enter. Thus,
for second order convergence with respect to h in the H'-norm, quadratic polynomials
are necessary. Still, for the cost of solving four additional equations, Kovacs, Li and
Lubich get error estimates for v and H that do not result from an approach that is
only based on (1.2). Yet the authors remark that it would be desirable to improve
their algorithm with the help of tangential redistribution of mesh points, which is not
provided by their approximation.

Because of the described issues connected to mesh degeneration and the question of
convergence of an approximation of the flow by mean curvature with an additional tan-
gential velocity, Elliott and Fritz in [22] presented a “built-in” approach. That means,
they introduce intrinsic tangential movement to the evolution equation before the dis-
cretization. The invariance of the flow under tangential reparametrization implies that
specifying a tangential velocity in the mean curvature flow leads to a solution that can
be traced back to the solution of the original problem by reparametrization. In the
literature, this has been exploited by making use of the so called DeTurck trick. It
originates in a paper by DeTurck, [17], and was further specified in [28]. The concept
was introduced in order to prove short-time existence for the Ricci flow, but has been
used for similar results on other flows like the mean curvature flow, see for instance
[3] and references therein. The idea of the trick consists in reparametrizing the mean
curvature flow with diffeomorphisms that are solutions to the harmonic map heat flow.
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Combining the heat flow with the reparametrized equation generates a flow which
still represents the evolution of mean curvature flow but which is non-degenerate and
strongly parabolic. It can be written as

L 1 L
Ty = Y T ——1 G ( Ty - T )T 1.4

=3 + (5 );:g P (-0, (1.4
and will be called Mean Curvature DeTurck Flow in the following. The parameter a
has the meaning of an inverse diffusion constant in the heat flow and will determine
the scale of the tangential motion in the resulting equation.
Although the DeTurck trick originally was an analytic tool, it supplies a nice option
that is of interest for numerical analysis and numerics of mean curvature flow, too, as
the work [22] of Elliott and Fritz demonstrates. Note that the elliptic part of the Mean
Curvature DeTurck Flow is not in divergence form and does not admit a weak formu-
lation. For realizing a finite element approximation, the authors in [22] consequently
aimed to simplify the spatial term. A first step in achieving this is another trick they
performed on (1.4), by which the parameter « is shifted onto the time derivative and
this way weights and separates the time components. This is motivated by the special
case of the curve shortening flow, where this shifting leads to an equation from which
a weak formulation can be derived directly. However, in the general case, this trick
does not immediately yield a divergence form and some computations are necessary
beforehand. For this reason, Elliott and Fritz also introduced a second variant of the
DeTurck trick for which the resulting flow is almost in divergence form after the shift-
ing of the parameter o. For both variants, the authors obtained a weak formulation
and implemented it, but did not give an analytical convergence proof. Both algorithms
induce tangential motion that leads to a redistribution of mesh points on the discrete
surface. The experiments in [22] illustrate how this increases the mesh quality of their
schemes, e.g. compared to the algorithm of Barrett, Garcke and Niirnberg in [6]. The
latter performs well in many cases, but yet fails to converge in an example found by
Elliott and Fritz, where the approximation in [22] leads to a good behaviour of the
mesh.
In the case of curves, the authors in [22] provided a convergence analysis. In this case,
the scheme can be considered as a generalization of the approximation in [14], which
in turn results from [22] for &« = 1. Error bounds have been given in [14] and the proof
has been adapted by the authors in [22]. The choice aw = 0, which is only possible after
the trick that splits the time derivative, unveils a link to the scheme in [7] for curves.
As mentioned above, no error analysis exists for the schemes of Barrett, Garcke and
Niirnberg. The error bound in [22] indicates a possible reason: The constant depends

1

exponentially on ™" and thus blows up for a approaching zero.

The above approximations all have in common that they are based on the finite ele-
ment method. Seemingly, discretizing via finite differences has not yet been used for



parametric mean curvature flow. However, in [11], the authors applied the finite differ-
ence method to the level set formulation of the flow. A corresponding error estimate
has been proved in [12]. Other convergence results have been obtained for the mean
curvature flow of graphs, see e.g. [13] and [15]. In both works, optimal error bounds
were obtained. A general overview of numerical approximations of geometric evolution
equations like the mean curvature flow can be found in [5], [16] and [20].

In this thesis, we let n = 2 and consider the flow of hypersurfaces of torus type.
We choose the reference manifold M to be the standard torus and parametrize it
globally on Q = [0,27]? so that T'(t) = z(Q,t) for a map z : Q x [0,7] — R?, which
we suppose to be 2m-periodic in both spatial variables. The aim is to construct an
approximation based on the Mean Curvature DeTurck Flow (1.4), which we use in
order to prescribe a tangential velocity and thus to overcome the obstacles connected to
the degeneration. Moreover, the goal is to prove error estimates for the approximation
of the reparametrized flow.

Our approach differs widely from that of Elliott and Fritz in [22]. First of all, we do
not make use of their trick that separates the time components but discretize (1.4)
directly despite the, to some extent, difficult spatial differential operator. Secondly, in
order to avoid a Weak formulation, we discretize Via a finite difference method. For a
spatial grid size h = 57 and a time grid size 7 = 57 Wlth u; = (kh,lh) and t° = sT we
define the mesh G = {(uk,l, )}k,lE{O,...,N},se{o,,“,M} C [0, 27)* x [0, T]. The fully discrete
problem reads:

For a function z, : G — R3 that is 27-periodic with respect to the spatial grid we
demand that for all k£,1 € {0,..., N} and s € {0,..., M — 1}: :1:271 =20 and

S+ e
Tht — Tk Z g”’SA xs+1 (_ _ 1) Z gl’ijlsg;nlns Aiszﬁl . Kmmi,l)ﬁnl’i,l,
i,j=1 4,J,m,n=1

where A;; denote second order and A, denote first order difference operators, Th 18
the evaluation of x), at a gridpoint (uy;,t°) € G and g,i];f are suitable discrete inverse
metric coefficients. By choosing a semi-implicit time differencing, the nonlinearity in
the unknown of the numerical scheme is removed. Hence, in each time step, a linear
system of equations has to be solved.

We assume that (1.4) has a smooth solution x : Q x [0,7] — R? that is regular in the
sense that g > 2¢ > 0. We denote by ej ; the evaluation of the error e, := r — z, at
the grid points. Our main results are the following optimal order error estimates in
discrete integral norms.

Theorem. Let a € (0,1]. There exist positive constants ¢, ¢ and h*, such that for all
0 < h<h* and T < h? the estimates
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Ale
se{%l%XM}(thl“hQZZ' ’”') <l 7).

k,l=1 k,l=1 r=1
(55 (30 1 ey B )
T h? + h? <c(h®+71),
s=1 k=1 k,l=1147=1
max  max_|el;| < ¢[In(h)]2(h® +7)

s€{0,....M } k,le{1,...,.N}
hold and the constants only depend on x, T and o™}

We use energy methods to derive these estimates from the error equation for our fully
discrete approximation. For the sake of convenience, we supply the reader with an
illustration of some key steps in a continuous example. Consider the solution (1.4) for
« = 1 and test the equation with —Aux:

2

iy
- E /xt * Lupuy, — § /g ]xuiuj * Lupuy -
r=1 Q

,J,r=1

Integration by parts yields

2 2 2
1d g
i 0 [l =3 [ o == 3 [+ [0
r=1 Q r=1 Q i,7,r=1 Q Q
where G(z) summarizes lower order terms. The sum of second spatial derivatives of
can then be estimated by the smallest eigenvalue A of (¢) and a norm of the second
derivatives,

2 2
E 2 § : i
)\ ‘xuzur‘ S g xuiur : 'T’u,j'u,r7

i,r=1 4,7,r=1

so that

By controlling the integral of G, integrating over ¢ and applying the lemma of Gronwall
we can infer bounds on the L?(2)-norms of first and second derivatives. To obtain the
discrete L?-norms of first and second order differences displayed above, we transfer this
proceeding onto a discrete level. That means testing the error equation with a suitable
discrete Laplacian, summation by parts and applying the lemma of Gronwall in a dis-
crete version. The most interesting and involved of the results are the estimates for the
discrete first order spatial derivatives, where superconvergence effects lead to a second
order convergence in space. This enables us to control the geometry of the discrete



surface within an inductive argument. In particular, due to the quadratic convergence
in the discrete H}-norm, an inverse estimate yields a W'~ bound for e, that is linear
in the spatial grid size h. This is crucial to infer a uniform in space bound on the
discrete area element by imposing a smallness condition on h.

In the numerical illustrations of this work we are interested in the tangential motion
induced by our scheme, especially in a comparison for different choices of . Because
of the good results in [22] for small o, we expect similar results in our experiments.
Note that, in contrast to [22], we are not able to choose & = 0 in our equations. In the
case a = 1, our scheme approximates the differential equation

2

o
Ty = E 97 Tyu;

1,j=1

Although an analog equation for curves has been approximated and analysed in [14],
this seems not to be the case for surfaces. Apparently, no existing approximation with
a convergence proof for mean curvature flow of surfaces can be linked to the DeTurck
trick so far.

The outline of this thesis is as follows. Chapter 2 supplies basic notation and sketches
how the reparametrization works. In Chapter 3 some information on the chosen finite
differences in combination with the setting are collected. This explains how the periodic
boundary conditions are integrated into the analysis. In particular, some formulae for
summation by parts are presented since they are one important instrument in the proof
of convergence. The fully discrete approximation is presented and its consistency is
shown. This estimate makes for a first contribution to the convergence proof which
is conducted in Chapter 4. We set up an induction to derive some necessary bounds
from the induction hypothesis in the first paragraph. The error estimates for discrete
first and second order derivatives, where superconvergence effects occur, are achieved
in the induction step and can be considered as the main part of the work. Estimates
in other discrete norms are of interest, too, but are less involved and can be derived
directly once the convergence of the first and second discrete derivatives is established.
Chapter 5 is devoted to numerical examples for torus-like surfaces. These comprise an
illustration of the shrinking property of the flow by mean curvature, a study of the
mesh quality for different choices of the parameter o and the experimental order of
convergence. The results are recapulated and resumed in the last part of the thesis,
where finally a short outlook on possible pursuing work is given.






2 Background information

The first part of this chapter is devoted to providing basic knowledge that is needed for
the approximation and the convergence analysis presented in this work. In the second
part, a derivation of the Mean Curvature DeTurck Flow is given.

2.1 Basics

Elementary inequalities

The following inequality is known in a more general formulation and proved as such
in the literature given below. We state a special case that we frequently use in our

analysis.

2.1 Theorem (A Young inequality). For a,b >0 and e > 0 we have

1
b<ea?+ —0b Y
ab < €a +45 ()

Proof. Follows from 1V.2.15 in [1] for £ = v/2ca, n = \/%fsb and p=p' = 2. O
We now formulate a discrete analog of the lemma of Gronwall.

2.2 Theorem (A discrete lemma of Gronwall). Let m € N, I = {0,...,m} and K be
a nonnegative constant. Suppose (z;)icr and (w;);er are nonnegative sequences in R. If

foralll el
-1

2 < K+ Zwizia
i=0
then for alll € T

-1
21 < K exp (Zw,) )

=0
Proof. See [29]. O

Basic differential geometry

We next aim to introduce some basic facts from differential geometry and thereby settle
some notation. These explanations are restricted on formulations in local coordinates.
For further information we refer to [36].

In what follows, let Q C R? and I' an immersed surface that is locally parametrized
by x : Q — R3. That means I' = 2(Q) and at each u €  the Jacobi matrix Dz (u)
has rank 2. We suppose x € C*(€Q). Let p = x(u) with coordinates u = (uy,u) € Q.
We make use of the convention to sum over repeated indices. By - we denote the

11
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Euclidean scalar product in R and by | - | its induced norm. To shorten the notation
of the partial derivative of f, we index the function with the corresponding variable:
fu, = g—i. Sometimes, 97 = 01727) is used as a differential operator with multi-index
when partial derivatives of order three or four occur to shorten the notation.

2.3 Definition (Tangent plane). At each u € Q) we define the tangent plane as

Tux = Span{xm (u)7 Ly (u)}

Formally, the first fundamental form maps each point p € I' at the restriction of - on the
tangent plane at p. Because we always have a basis of T,,x due to the parametrization
xz(u) = p, we can represent the scalar product by a matrix and thus formulate the
following definition that is not the most general, but sufficient for our setting.

2.4 Definition (First fundamental form). At each p = x(u) € T, the first fundamental
form can be represented by the positive definite matriz (g;;). Fori,j € {1,2} the matriz
entries are

Gij = Tu; * Tuy-

We will also refer to the g;; as metric coeflicients. The determinant of (g;;) is denoted
by g, i.e.

g = det((gw)) = |xu1|2|xu2|2 _ (‘/Eul . Iu2)2.

With a small abuse of notation we will call g the area element instead of ,/g.
Of importance is also the matrix (¢”) = (g;;) ', where

=L (_( T2 (e >) |

g Ly $u2) |$u1‘2

containing what we call inverse metric coefficients. Note that this relation implies that
9ij¢’* = dir, where &;; is the Kronecker-Delta.

2.5 Definition (Unit normal field). A map v : Q — R3 is called unit normal field of
L, if v(u) L Tyx and |v(u)| = 1. In terms of local coordinates we can compute

S Ty X Ty
Ty X T,y ||

Like for the first fundamental form, also for the second fundamental form we do not
give a general definition, but restrict it to a formulation that is possible due to the
local parametrization.

2.6 Definition (Second fundamental form). At each p = z(u) € T, the second funda-
mental form can be represented by the matriz (h;j). Fori,j € {1,2} the matriz entries

12



2.1 Basics

are
hz‘j =V- l’uiu]..

In the literature, the mean curvature H is defined as the sum (or the arithmetic mean)
of the principal curvatures of a surface, that is the sum (or the arithmetic mean) of
the eigenvalues of the Weingarten map. This way of introducing the curvature is not
necessary here: Having the second fundamental form at hand and working in local
coordinates, we can give the following formula.

2.7 Definition (Mean curvature). At each p = z(u) € I', the mean curvature H of a

surface T" is given as
— i

2.8 Remark. v and hence H are up to a sign independent of the choice of parametriza-
tion. Since a change of the sign in v implies a change of sign in H, the product Hv is
independent of parametrization and sign.

The following statements justify the use of the definitions of mean curvature flow given
in (1.2) and (1.3).
2.9 Lemma. With H,v and ¢¥ given as above, the following identity holds:

ij Kl

Hy = gijxul,u], — 979" (Tugu, * Tuy ) Lo, - (2.1)

Proof. Note that ¢" ¢* (2, 2w, )y, € T, is the projection of gz, onto the tangent
plane. To see this, we show that for any vector w € R3 the term w — g (w -z, )z, is
orthogonal to T,x:

(w — gkl(w Ty )Tayy) * Ty, = W+ Ty, — gkl(w Ty )Gim = W + Ty, — Opm (W - 2y, ) = 0.
The right hand-side of (2.1) is thus a vector of normal direction and we can write
99T, — 07 M (T * Tu )Ty = B
for some g € R. Multiplying by v we infer
B =0"uu; v = 979" (@u,  0u) (@0, v) = g T, v
The above definitions of H and h;; yield

H = gzjxuzuj V= ﬁ

and thus the proof is completed. O

13



2 Background information

2.10 Lemma. With g and g given as above, the following identity holds:

L i i
_g (g J\/E'ruj)ui =49 jxuiuj -9 Jgkl(xuiuj ’ ZL’uk)l’ul. (22>

Proof. Because of

(g J\/gxuj)ui =g uniuj + (g ])Uixuj +—=9 ]<\/§>Uixuj7 (23>

V9

L
NG

it remains to find the derivatives of ¢ and ,/g. Since

(9 = (9005 = (9™ ) 919" = —9" (911)ur 9"
where equality in the last step holds through 0 = (gik Gkl)u, = (gik)urgkl "’gik(gkl)um we
have that

(67)us = —9% 6" (g11) ;-

Furthermore, from
g Ogm Kl

9= Ggn ou, Y (k1) u;

it follows that 1

— _ 1 kl

(V)

Thus,

iy 1 ii ik 1 1 i'l
(9 ])Uixu]' +—=9 ](\/g)uia:uj =—4g kgl] (gkl)uixw +—=9 ]5\/§gkl(gkl)uixuj

V9 V9
ik lj tk lj

=—g4g (xukul : xul)J;Uj —99g (xuk : xului)xuj

1 . 1 .
+ §gwgkl(xukuz' ’ xul)xuj + §gwgkl<xuk ’ xului)xuj'
By renaming indices in the summand g% ¢" (2, - @)y, successively, precisely ¢ to k,
k to | and then [ to i, the term is reformulated to gklgij(mul . xuluk)a:uj Hence

(g”)uixuj' + _gzj(\/g)uixuj' = - nggl] (xuku, : wul)xuj-

V9

1 i 1 i
- ég ]gkl(xukui ’ xul)‘TUj + 59 jgkl(xuk ’ xului)xuj'

Switching & and [ in the last term and making use of the symmetry of g¥ we obtain

. 1 .. . .
(glj)uizuj + ﬁglj(\/g)uil’uj = _nggl](xukui 'xul)xug' (24)
and the assertion of the lemma holds. O

14



2.2 Mean Curvature DeTurck Flow

2.11 Corollary. Equations (1.2) and (1.3) yield equivalent definitions of the motion
by mean curvature.

Proof. The assertion is a direct consequence of (2.1) and (2.2). O

2.2 Mean Curvature DeTurck Flow

In what follows we explain the derivation of the Mean Curvature DeTurck Flow as
given in (1.4). The flow arises when the mean curvature flow is reparametrized with a
solution to the harmonic map heat flow. Showing every detail exceeds the intention of
this work, we rather want to give the idea of this procedure, which is a variant of the so
called the DeTurck trick. In contrast to a derivation which is given by the authors in
[22], we only work with local coordinates here, as our further computations are entirely
based on these fomulations.

Let z : [0,27]? x [0, 7] — R3 be a smooth parametrization of a family of hypersurfaces
I'(t) of torus type that move according to mean curvature flow. Recall that we choose
the reference manifold M to be the standard torus that can be parametrized globally
on [0,27]%. Let g;; denote the metric coefficients with respect to the coordinates uy, us,
ie. gij(u,t) = xy,(u,t) - 2y, (u,t), g% the corresponding inverse metric coefficients and
g = det((gi))-

The Harmonic Map Heat Flow is given by

1 .
ary = — (g” 9773.) : 2.5
P (v, 2.5
where « is a positive constant. We assume n®(-,t) : [0,27]> — [0, 27]? to be a diffeo-
morphism for every ¢ € [0, 7] with the initial condition n*(-,0) = id(-) for the identical
map id on [0, 27]%. We also require the Jacobi matrix of n® to fulfill det(Dn®) > 0.

1

We reparametrize by defining, for every fixed t, z* := x o (n®)~!'. That means, with

n® = (n%,n$)T we have that
I(Ul;UQ,t) = ja(n?(ul,u27t)7n§(ul7u2,t>,t) V(Ul,UQ,t) c [0’27_(_]2 % [O,T]

Let 41 = n%(up,us,t) and 4y = n$(uy,us,t) denote the new coordinates. In what
follows, we compute both flows with respect to #; and uy. We have

:Cu]' = (i.a © na)uj = nl?,u]' (j’.gk © na) (26)

as well as

ry = Ty + (75, on).

15



2 Background information

For the sake of simplicity, we omit the composition with n* in the subsequent calcu-
lations and advise the reader to keep in mind that = and % are defined for different
parameters.

Let g = det(gi;) and (g¥) = (gi;)"* be defined through the parametrization Z* in
the coordinates u;, in particular g;; = 73 - 75,. Let g denote the corresponding area
element. Note that the metric depends on a.

2.12 Lemma. The reparametrized mean curvature flow is given as
—a a o 1 —1j (==
Ty + My ylq, = ﬁ <g gmUj>ﬁi- (2.7)

Proof. The time derivative of x in the mean curvature flow is given as the product of
the mean curvature H with the normal field v and this product is independent of the
choice of parametrization, compare Remark 2.8. Thus,

x—— N —Hl/——<”\/_x> . (2.8)
o= (aVan,),, = =
O
2.13 Lemma. The harmonic map heat flow can be expressed by
a o —1j —a 1 —1j = —o
ank,t'rﬂk = (g )ﬂixﬂj + _—g (\/E)ﬁiwﬁj' (29>

V9

Sketch of the proof. We will not execute every computation in detail. To begin with,
we explain how to prove the following intermediate result:

gm‘ruzuj = gljlr]?,ulu]jgk + g Iﬁlﬂj' (21())
We use (2.6) to calculate
xui’ufj = n?,u,u]jgk + n?,uinﬁu]'jgkﬂl'

Because of x = 7% o n®, for the induced metric we have (gzj) =
for the inverse (¢¥) = (Dn®)~1(g"¥)(Dn*)~T. Thus, (3¥) = Dn(g

Dn® = (0}, )ije(1,2

)" (9:;)Dn® and
n*)T and, since

(Dn*
) (D

)

—ij __ .« kl o
g7 = nz,ukg 77] u*
We infer
_zyoc _ ~o /e a o e k:lozfoc
g xulu] g uzu] 'g T]k) ;Ui U mﬁk + g nkuuinlvuj xﬁkﬂl nzvuk‘g 773 uy 'U,Z”LL]

o —o
- g nk,uiu]' wﬂk )

i.e. the above claim (2.10) is true.

16



2.2 Mean Curvature DeTurck Flow

Reformulating the harmonic map heat flow and thereby applying (2.3) repeatedly we
finally have that

a o (2 5) 1] a =« 1 17 —Q
a2y = 9N s Ty (9w, T + —=97 (VD i, T

N

(2.6) Ly

=49 ]nk uzu] uk + (g )uixuj + ﬁg ](\/g)uixuj
(2.8) 1 /i~ y

- g nk ulujxuk + ﬁ <g I quj)ﬁi —4g J'Iuiuj
(2.10) , ;s 1

(g”)ﬂi'fgj + _gz] (\/E)ﬁzjg] :

N
O

Proceeding with the DeTurck trick, we combine the reparametrized mean curvature
flow (2.7) with the harmonic map heat flow (2.9).

2.14 Corollary. The Mean Curvature DeTurck Flow can be written as
zg —a 1 —1j =kl —a S«
= 9" Ty,u, a 1)3"g ("Eﬁm] 'xﬁk)xﬂl‘
Proof. Combining the reparametrized evolution equations we conclude

o (2.7) i
xt - nkt uk+7( ]\/_xuj>
29 1

= ((ﬂ)m T2+ jgg (V)T ) +7( 9VIT)

(2_3) ) 1 =1 —Q 1 ~1J = —Q
glzs, ;T (1 - a) <(9J)ﬁixuj + ﬁgj(\/g)mxuj) :

Applying (2.4) yields the evolution equation for the Mean Curvature DeTurck Flow
presented in (1.4). O

2.15 Remark.
e Note that by Corollary 2.11, the non-reparametrized mean curvature evolution is
given by
Ty = gw‘ruiuj' - g”gkl (.’,Cuiuj : xuk)xul'
In comparison with the Mean Curvature DeTurck Flow, observe the additional

term that has tangential direction.

o As the Mean Curvature DeTurck Flow is a strongly parabolic equation, a short
time existence result follows from the theory of parabolic partial differential equa-
tions. We mentioned in our introduction that this fact can then be used to prove

17



2 Background information

short time existence for the original mean curvature flow problem, since a solu-
tion to (1.83) ezists if a solution to (1.4) exists, compare Proposition 3.27 in [3].
The same applies for the uniqueness of this solution.

In what follows, we set u; = u; and write x and instead of z%, but keep in mind that a
whole family of solutions of (1.4) depending on « exists.

18



3 Finite Difference Approximation

In this chapter, a finite difference approximation of the Mean Curvature DeTurck Flow
is introduced. In the first section some basic properties of the difference operators in
use are explained. After presenting the scheme for the discretization of the flow in the
second section, we calculate the consistency error.

3.1 Difference operators on the spatial grid

In the following section we introduce notations for some finite differences which are
relevant in this work as well as relations between them. The latter is connected to the
given setting of periodic boundary conditions and only concerns the spatial variable.
Since in addition to that the time discretization which we want to employ is rather
simple, we restrict our attention to the spatial one in this section.

First of all, we need a grid in [0, 27]? on which the discrete equations can be defined.
That means a domain for the so called grid function that approximates the smooth
solution x of (1.4).

To begin with, we consider one space dimension case. Let {uy}reqo,..n1 C [0,27] with
N € N be a grid dividing [0, 27| into subintervals of equal length h, i.e. uy = kh
and h = 2r/N. For a function f : {u}reqo,..n3 — R?® we denote by fi, := f(uy) the
evaluation of f at the grid points. For the forward and backward differences we write

A fio = fre1 — Ji and AN fi = fr — fi-1
Note that we have

A fp =X fr and X fp = A" fr_q. (3.1)

By addition respectively composition of A" and A~ we derive useful central differences,
namely B
Afy = %(A+ + &) fir = %(flﬁ-l — fi-1),

3.2
NN fio = forr — 25 + fior- (3:2)

In two dimensions, a second direction is added to the one-dimensional grid in order
to divide [0, 27]* into squares of equal edge length. The resulting mesh is denoted by
{uri}ricqo,...Ny, where up; = (kh,lh). By fi; we denote the evaluation f(ug;) of a
function f defined on the grid. We call h the mesh size of the grid. An index i € {1,2}
is attached to the forward and backward difference operators A* as well as A, referring
to the first respectively second component of the vector uy; and therefore indicating
for which direction the difference is formed.

We aim to construct a finite difference method that is consistent of order two. For
Ty, and Xy, ¢ € {1,2}, this order can be achieved by using the central differences in
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3 Finite Difference Approximation

(3.2). We approximate the mixed derivative x,,,, with the help of the difference

Agg i =5(ATAT + ATAY) fr
:%(fk—o—l,l—i-l — fer1d — Jrgr1r + 2000 — foao1 — fom1g + from10-1)

since it has the required order of consistency. Moreover, it can be analyzed because of
the grid points that are involved. For alternative approximations of x,,,, as well as
general information on finite differences we refer to [27].

3.1 Remark. In general, an explicit treatment of the mized derivative via finite dif-
ferences is not trivial. As the author in [27] points out, it is therefore desirable to have
spatial operators in divergence form. This is of course also the case for finite element
methods, where a weak formulation has to be found. We explained in our introduction
how this has been handled in the literature for the mean curvature flow, which is not in
divergence form. Compared to the issues that occured there, choosing a finite difference
method with the above approzimation for x,,,, seems to be a rather practicable way.

Despite the necessity to use a relatively complex approximation that includes seven
grid points for the mixed derivative, in the formulation of our convergence result only
the backward difference A] A is used. This is due to the fact that the forward part
can later be traced to the backward part (as shown in 2. in Lemma 3.5). The orders
of the approximations will be proved in the next section when the time variable is
considered. This needs to be taken into account because of our semi-implicit choice of
time discretization.

As a compact notation for difference operators of second order we introduce

i —

(3.3)

AFAT for i = j € {1,2},
S(ATAT + ATAY) fori#j.

3.2 Remark. All difference operators work componentwise. They commute in the
sense that

(o] O (o] (e}
AJVAZ fro = AZA fi,

where oy and oy stand for + or —. This can be seen by the symmetry of the differences
they produce in the case i = j or o = oy. A short computation shows the commutativity
i the remaining cases. Furthermore, the product rule

A" (firfor) = fiefor — fie—1Sor—1 = A (fie) for + fre—1 A (for) (3.4)

holds.

In order to understand the effect of periodic operands, we first give the following two
definitions.

20



3.1 Difference operators on the spatial grid

3.3 Definition.

77777777

fo= fn. We then define fyi1:= f1 and f_1:= fn_1.

o A function f : {ur}rcqo,..ny — R™ is called 2m-periodic on {uj}reo,. Ny, if

o A function f : {upi}ricqo,. . Ny — R™ is called 2m-periodic on {uw}rcqo,..,
for all k,l € {0,...,N} the zdentzt@es fo,l = fNyl and fro = fun hold.

We then define fk,N+1 = fk,l; fN+1,l = f1,z7 fk,,1 = fk,Nfl and ffl,l = fo1,z
for all k,1 € {0,...,N} as well as fny1n4+1:= fi1 and f-1 -1 = fy_1.n-1-

3.4 Definition.
C? ([0,27];R™) = {f : [0,27] — R™ continuous | f(0) = f(27)},

C’ger([O,QW]Q;R") = {f:10,27]* = R" continuous | f(uy,-), f(-, uz) € C’I?er([(), 27|; R™)}.

Thus, elements of the just defined spaces fulfill Deﬁnition 3.3 when being restricted on

..........

The main advantage of periodicity is that by the periodic extension of a function f to
points outside the domain, we can apply the established difference operators to f; for
all grid points uy, k,l € {0, ..., N}. This also yields that the sum over all mesh points
is independent of the concrete index (i.e. grid point). For a 2w-periodic function f on

-----

N N+1 N

;fk = 2 Z k+fN+i0_ fi= Zflm

N N-1 N (3'5)
fir=Sfe=3 it fo—In=3f

; k—1 2 k kz k u/ Z k-

=0

Adding the second variable, i.e. an index over which we sum, does not change the
asserted equations since we can fix the value of the index for the second variable as
shown in the proof of 1. in Lemma 3.5.

From (3.5) we can deduce some important relations between the operators, as it is
shown in the following lemmata.

3.5 Lemma.

,,,,,

N N
Z |AF fral? = Z AL fal.

k=1 k=1

21



3 Finite Difference Approximation

,,,,,

N N
D IATAL fral = D IATAS frl®

k=1 k=1

Proof. 1. Let r = 1. Applying (3.5) to kaJ := | fey1s — fra|? for fixed [ yields

N N N N N N
STIATFalP =D erra = fual? = DD fra = feral = D AT fral®
k,l=1

I=1 k=1 I=1 k=1 k=1
For r = 2 the steps are the same after renaming indices.

2. Using (3.5) for each direction of the mesh we obtain

N N
Z IATAS fral? = Z | fratirr = Srr1g — fogrr + fral?

k=1 k=1

N
= Z | frasr = fea = Feriin + froral?

ki=1
N N
= fid = frimt = fomra + froraal? = D IATAS frl.
ki=1 ki1
[

For brevity, the following lemma is formulated for a one-dimensional grid. As demon-
strated above, this is easily transferred to a two-dimensional grid.

3.6 Lemma. Let f, f : {urtrego,... Ny = R™, B {ur}treqo,...ny — R be 2m-periodic grid
functions. Then the differences AT fi, and — A~ fi, result from each other by summation
by parts. Two variants are possible, precisely

1.
N N N
D Befi (AT fi) ==Y B(Afi) - fe = Y (A7) feor - fi (3.6)
k=1 k=1 k=1
In particular, for B =1 we have
N N
D e (AT == (A ) (3.7)
k=1 k=1
2. N
Zﬁkfk (A*fi) = Zﬁk HATf) - fo =D (A B fi (3.8)
k=1
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3.2 Approximation and consistency

Proof. The sum on the left-hand side is the same in the first and second claim and can
be rewritten as follows:

ﬁkfk ’ (fk+1 - fk)

WE

N
> Bife- (AT fi) =
k=1

e
Il
—

Befi - frer — Zﬁkfk i

WE

i

1

N Bt fi fk—25kfk fi.

k=1 k=1

=z

For the resulting terms, there are two possibilities to rejoin them. On the one hand

N B N ~
> Beafer- fo—=Y Beke fi
k=1 k=1

N N

== Blfe = fom1) - o = D> _(Be = Bret) for - fi
= . k=1 7

== B A fe) fe = D (A B frr - i
k=1 k=1

which corresponds to the assertion in 1. On the other hand

N N
Zﬁk—lfk—l . fk - Zﬁkfk : fk
k=1 k=1

N N
= _ Zﬁk_1(fk — fe1) - fe — Z(ﬁk — Br=1)fr * [
k;l ) N k=1 )
== B A f) fe = D (AB) - S
k=1 k=1
by which the equation in 2. is proved. [

3.2 Approximation and consistency
In the following we present the approximation of the Mean Curvature DeTurck Flow
i 1 ij mn
Tt = G Luuy + (a - 1)9 g (xumj ’ xum)xun

which will be studied in the further course of this work. We will also estimate the cor-
responding consistency error. That is, the error that results from inserting the solution
x of the differential equation into the difference equation.
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3 Finite Difference Approximation

In addition to the established spatial grid we introduce the grid {t*}sco,..ay in the
time interval [0,7]. Let T'= M for a time step size 7 and t* = s7 be the grid points
for s € {0,..., M}. We choose a forward difference quotient to approximate the time
derivative and propose the following

Finite Difference Approximation of Mean Curvature DeTurck Flow.

Find xp, : {u}bieqo,... Ny X {t}seqo,... vy — R?, with evaluation rhy = Ta(ugy, t°) at the
mesh points, such that for each k,l € {1,...,N} and s € {0,..., M — 1} the function
solves

s+1

T — Ty i 1 y _ _
— = g1 Ayt + (a - 1) g e (Dgaitt - Ay ) Apa,  (3.9)
where . - N -
11,5 1A wz,z||A2 $i,l| 22,5 |A] xi,z||A1 $Z,z|
ey = gli,l y9kr = g’il )
12, Awi,z ' Aﬂi,l 21 (3.10)
ey = 5 = Gk >
Gk,
G = |AT 2L | |AT 2 || AT 23 || Ay 23] — (A - Aﬂ}iz)?

We obtain a complete difference scheme by specifying the initial and boundary condi-
tions: For all s € {0,..., M}

2%, = w(upy,1°), Yk,1 € {0,..., N},
ro, = Ty, VI €{0,..., N}, (3.11)
Tho = Tpn, V€ {0,...,N}.

3.7 Remark. Note that the operators defined at the beginning of this chapter are dif-
ferences, not difference quotients. Division by some corresponding power of the spatial
grid size h to approximate the derivatives is of course taken into account in all calcu-
lations. Still, when describing the objects in words, for simplicity we do not make a
distinction. For instance, |Af zy || A; x| are called the discrete versions of the squared
length elements though they need to be divided by h? to approximate the squared length
elements, as can be seen in Lemma 3.10.

3.8 Remark. The equations in (3.9) are formulated for uy; with k,l € {1,...,N},
while information on uyo, oy € {Uny}tricio,.. Ny 15 given via (3.11). In (3.9) the nature
of the chosen differences additionally requires involving the points wy y+1 and uni1;
for k,l € {1,...,N} as well as uny1 ny+1 when operating on functions evaluated at
ugy for k = N orl = N. As given in definition 3.3, these values are provided by
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3.2 Approximation and consistency

the periodicity of the function. This definition also allows for function evaluations at
U,—1 und u_y;, which are not directly involved in the above difference equation. Their
application will become more obvious later on within the scope of summation by parts
and some preliminary considerations in the next chapter. There we have differences of
the quantities g“ and we apply our difference operators to functions which are evaluated
at up—1,; and ug;—1, respectively.

In order to avoid an extra index, just like in the continuous case we omit the fact that
the discrete solution xz;, depends on the parameter o and we thus actually have a family
of solutions. During the analysis of the approximation, the dependence on o will enter
into the constant of the estimate. In the numerical part of this work, the influence of
the parameter will be considered explicitly.

Scheme (3.9) is semi-implicit and requires a linear system of equations to be solved.
Under certain assumptions on the discrete solution at ¢® this system has a unique
solution (x‘f{l, e ,ch\f }V), as we show in the subsequent lemma. These assumptions
will be ensured by conducting an induction within the convergence proof, where it
becomes apparent that the constants C,,, C’g, i,7,m € {1,2}, depend on = but not on
h or 7. Bounding 7 by h? as postulated below is necessary for the convergence analysis

as well and is thus no further restriction.

3.9 Lemma. Let s € {0,...,M — 1} and xj, : {uri}ricqo,.. . Ny — R? the discrete
solution at t*. Assume that there are constants C,,, C¥, i,j,m € {1,2}, such that
|Apay,| < 2C,h and ]g,?;ﬂ < CYh=2. Then there exists a constant ¢ > 0 only
depending on x§ such that (5.9) has a unique solution provided that 7 < 'h?.

Proof. The system is of the form
s+1 s+1 s+1 s+1y\ _ S S
(xl,l y e 7xN,N) - TA($1,1 e 7xN,N) = (%,17 e axN,N)

for a matrix A € R33N with entries A;;. For X € RN the corresponding homoge-
neous system reads X — 7AX = 0, from which we infer that for each i € {1,...,3N?}

3N2

j=1

[ Xi| =7

< cr max | A;;| max | X;|.
j j

Note that ¢ corresponds to the number of non-zero entries of A in a row and is inde-
pendent of h. Thus, if we can bound

ermax|Ag| < 1,
J
we obtain that |X;| < 1max; |X;|. In particular, this holds for the maximum over all

i€ {l,...,3N?}, which yields
1 max | X;] <0.
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3 Finite Difference Approximation

Hence, the homogeneous system has the unique solution X = 0 € RV * and the
inhomogeneous system has the unique solution (a:f{l, o ,x‘;’\f}v) e RV,

It remains to show that A can be bounded as required. The non-zero entries of A
define the coefficients of the points on the surface. Let xi’yn denote the components of
such a point zj ; € R3. Depending on k,! and ¢, the entries of A are, except constants
that are determined by the coefficients in A;;, given by

2 2 3
7,8 1 15,8 _mmn,s A s\(M~x _s(q)
S (2 1) 8 s B Bl

ij=1 ij=1r=1

or

2 3
1 15,5 _MN,s A 5(MA ,.5(0)
(5 B 1) DD g By By,

ij=1 r=1

All in all, each entry of A is hence bounded by c4h™2 and c4 only depends on zf.

Making use of the condition 7 < ¢'h?, where ¢/ = ﬁ, leads to the desired estimate. [

In what follows, by a solution to (3.9), we mean a 2m-periodic function that can be
extended as in Definition 3.3 and consequently automatically fulfills the boundary con-
ditions in (3.11). They are integrated into the error estimate because they allow the
use of one equation for all grid points including those on the boundary.

The choice of the above discretization is motivated on the following pages. For this
aim, first a consistency estimate for the length elements is given. Since the assertion
is valid for both directions of the spatial grid and independently of time, the consid-
erations are restricted on a one-dimensional spatial grid. We then continue to prove
consistency for the area element, where we also omit the time dependence.

3.10 Lemma. Let z € Cp,.([0,27];R*) N C*([0, 27); R?) with 0"z € Cy,,.([0, 27];R?)

for |v| <2 and let |x,| > ¢ > 0. Then the restriction of x onto the grid {ux}refo,..N}
Ty, = x(ug), satisfies for all k € {1,...,N}

AT T [AT 24| = B2 |2y (ug) |2 + Qk, (3.12)
where |Qy| < ch* and ¢ only depends on .

Proof. Considering the periodic boundary conditions described above, we can see that
the following assertions are valid for all k € {1,..., N}, where the periodicity require-
ment for its derivatives is necessary to ensure that they can be evaluated at grid points
on the boundary. Let thus uy € {ug}reqo,..ny for arbitrary & € {1,..., N}. According
to Taylor’s formula, we have
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3.2 Approximation and consistency

1 1
Tpa1 = x(ug £ h) = x(ug) £ haoy,(ug) + §h2xw(uk) + éhgscuuu(c,f), (3.13)

where xuuu(g“,f), with a little abuse of notation, denotes the evaluation of the vector
Tyuy at (possibly) different points for each component, i.e.

1),+ 2),+ 3),+
Zuua (CF) = (), (¢EV%), 2@ (%), 23) (¢))

and C,gq)’f € (ug_1,uy) respectively c,ff’)’* € (up,upy1) for ¢ € {1,2,3}. For the sake
of brevity, the argument wu; of the derivatives is omitted, whereas the evaluation of
functions at points in between is always given in the abbreviated notation xuw(g,;t)

From (3.13) we infer

- - - 1 1 _
A7 Ex] = |2k = Tpa| = [haow = Sh7 0w + éhgxuuu<Ck )]
and 1 1
|A+Zf'k| = |i’k+1 — i’k| = |hl‘u + §h2l’uu -+ éhgxuuu(cg_)'

In order to further rewrite |[A~Zy| as well as |[A*Z,| we make use of the fact that the
euclidean norm of a vector can be defined as the square root of the standard scalar
product of the vector with itself:

|A™ T
=((hn L2 + L5 (&) h L2 + Ly (&) v
1 1 1 1
2, 2 Lis. o4 N Lis 1.4 2
(h || 2h Ty Ty + 6h Ty Tuuu(Cy ) 2h Ty Ty + 4h | Loy
1/2
1o N — 15 — I —\2 /
- Eh Lyy * xuuU(Ck ) + éh Loy xuuU(Ck ) — Eh Loy xuuu(gk ) + %h |xuuu(§k )l

‘xu|2 4 |2 |? §|xu‘2

. 1 2 1

1 3 Luu
6 [zu]?

B 1/2
ih4 | (G )P
36 |2, |2

Loy Ty — 12

where in the radicand terms of order two and higher are resumed in Q;, i.e. |Q; | < ch?
holds. Note that this requires |x,| > ¢;, as assumed and also note that the constant ¢
only depends on x. Abbreviations of this kind will be introduced repeatedly in order
to keep the calculations as clear as possible.
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3 Finite Difference Approximation

For further approximation, the square root is reformulated by the Taylor series expan-

sion 1
Vity=1+gy+r(y),

where |r(y)| < cy? for |y| < 3. This yields

_ . Lowy -2y 1

with |ry| < ch? and |Q;| < ch?, if | — h=Ese 4+ Q)| < ch < 1, ie. if h is sufficiently
small.

Analogously,
. Ly L g +
AT 2| = |ha, + §h Tyu + Eh T (G|
Ty T e 1 =z
=h u 1 h “ L h2 - o> - uuu ;-
g '( et (G g el ))

1/2
1

6 |zy)? 36 |z u|2

T . 1/2
:h]xuy(uh “ “"+Q,j)

|zul?

:L‘u xuu

1

where |r;f| < ch? as well as |Q]| < ch?.

We therefore have

| A7 Z || AT Z
1l z,-x 1 1l z,-x 1
12 2 U [ — — U [ + +
1 u uu ]'
= Rl L4+ Sh= + SO+
lzu> 2
1 z,-x 1 Ty X 21 x - x 1 {IJ - x
ST (|a:u|2) e e
+Qk+h| |2Qk+ Qka+ Qk
_ 1 Ly * Ty _ 1 _ _
+Tk+2h (2 T, +§7‘ka + 7y ZF>
= h2’$u’2 + Qka
where |Qg| < ch?. O
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3.2 Approximation and consistency

3.11 Lemma. Let x € C3([0,27)%R3) NCY ([0, 27]% R3) with 07z € C2. ([0, 27| R3)

per per

,,,,,

[0, 27)* with (uy;) = (kh,lh), h = 25. Furthermore, let
Grt = | AT T || AT Tral |AS T || A Tral — (A1Zgy - Dodipy)?

denote the approzimation of the area element g. Under the regularity assumption that
0 < 2¢ < g, we have that for all k,1 € {1,..., N}

ke = h'g(urs) + Ri, (3.14)

where |Ry;| < ch® and ¢ only depends on x. In particular, if h < hg for some hg > 0,
the restriction of the area element satisfies

Gry > ch*. (3.15)

Proof. Due to the periodicity of x, we can formulate the following computations for
all k,1 € {1,...,N}. The central differences A,, which were defined at the beginning
of this chapter in (3.2), can be expressed by the Taylor expansion in (3.13): For all
k,l€{1,..., N} we have that

23155/@1 = Tpp1g — Th-10 = 2h@y, (upg) + Ri(il)v

L ) p (3.16)
280%k1 = Thgpr — Trgo1 = 2haa, (ury) + Ry,
with [Ry)| < ch®, |R{?)| < ch®. This yields
— . _— 1 . . 1 . -
Aﬂk,l : Aka:,l = §($k+1,l - Ik—l,l) : §($k,l+1 - $k,l—1)
Lo )
= (hx,, + =R, /) (hzy, + =R
2 1 1 2
o)+ S R e, B+ L) R
3
= Z(xm FTuy) + Rl(c,l)7
where |R,(€32 | < ch?.
We use the statement of the preceding lemma, which says that
AT EIAT Bl = W + B, 3.18)
185 0l|AF Bl = Bl + RY)
with ‘R1(<;4z)| < ch?, |R,(€5l)| < ch* and k,l € {1,..., N}. The boundedness
|7, > cr, (3.19)
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3 Finite Difference Approximation

which is necessary for the application of Lemma 3.10, follows from the assumed lower
boundedness of g by means of a compactness argument. Consequently,

AT E AT Eal | A5 Tl | AT Eit| = (B[, P + RED) (W2, + RY))
= 1|y, Pl P + W2|2u, PRY) + 12w, PR + RERY)
= W20, [*2a, | + RY),
where |R,(€6l) | < ch®.
For the approximation §i; of the area element it follows that
~ . - . . — — _ \2
gkl = |A1 L,l Aka,lHAg $k,l||A;1’k,l| - (Alxk,l : Aﬂk,l)
= o Lol + R = (14, - 20)? + 2030, - 2 B+ (BE)?)
7
= W (|, Pl * = (@0, - 70,)?) + RY),

= htg + R,gl),

where ]R,(:l)| < c¢h®. This way we can also derive a lower bound for g;. Since we
presumed g > 2¢, we have

Gra > htg — |RY)| > 2eh* — ch® > ch?,

in case h < y/c/c.

]

We advise the reader to bear in mind that this result means that g(uy ) is approximated
by gx./h*, compare Remark 3.7. Despite this fact, we often call g, the approximated
area element for simplicity.

After these preliminary results we are ready to formulate the consistency statement for
the whole difference scheme.

3.12 Theorem. Let x € C*([0,27]? x [0, T];R3) N C°([0, T]; C2,.([0, 27)* R?)) be the

per

solution of the continuous problem (1.4) with 'z € C°([0,T]; C),,.([0,27]* R?)) for

7| < 3. For k,l € {0,...,N} and s € {0,..., M} let ¥}, := x(upy,t°) denote the
restriction of x to the mesh { (g, t*) rieqo,....Nysef0,....a3 With (ugg) = (kh, k), h = 2%,

and t® = st, T = %, as well as
— A8 + s — 5.8 + 48
11,5 |A; xk,zHAz xk,l’ ~22s |A; xk,lHAl xk,l‘
kil ~s » Ikl — ~s y
i1 Ikl
N .58 N 58
Gi2e = AqZy - Dolyy g (3.20)
kL — ~s = Ykl >
’ Ik ’

éi,z = |Asz,z Afﬁ,lHAgi’z,zHA;f;l - (31552,1 ) 32952,1)2-
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3.2 Approximation and consistency

If0 < 26 < g, h < hg for some hg > 0 and 7 < h? for some ¢ > 0, then for all
k,le{l,...,N} and s € {0,..., M — 1} the following equation holds:

i’?l_l - iz,l _ ~ijs ~s+1 1 ~15,5 ~mmn,s ~s+l A ~S \A ~S Qs
= 9k Ay + <a - 1> G0 Grn (A - ATy )AnTy + Ry,

(3.21)
where |Rzls| < cp(h* + 7) and ci only depends on x and «.

Proof. Again, the subsequent assertions hold for all points of the spatial grid, i.e.
for all k,1 € {1,..., N}, because of the periodicity of the solution function and its
derivatives. In the previous lemmata, the difference operators of first order have been
investigated. In order to examine the remaining differences in view of their consistency,
we need Taylor polynomials of higher degree and therefore now additionally require the
derivatives of third order to fulfill the periodic boundary conditions. The evaluation of
differences of second order at time t**1, s € {0,..., M — 1}, also requires to include the
time variable in the expansion. Note that we did not consider a time dependence so
far and that the quantities we studied only appear at time ¢° in our difference scheme.
We can thus directly transfer these results without addressing the further variable in
the Taylor expansions. For clarification, we add the index s to the remainder terms
obtained earlier.

Since we always expand around (uy,t*), we do not note the argument of derivatives
except from the case of the Lagrangian remainder. For the remainder, analogously to
(3.13), we write 07z (£) but mean that each component of the derivative is evaluated
at a different €. Let s € {0,..., M — 1} if not stated otherwise. We have

Tiing = w(ugg £ her, t° + 1) = a((k £ 1)h, lh, (s + 1)7)

1
=I5, + T2 & hay, + §(h2$u1u1 + 2012y, + Ty)
1

5 (£ n20000 0 4 32700 0e £ 3hr°01 0% 4 7000V

1
o2 (R 700 (),
_ 71!ys! ’
|(71,0,73)|=4

where &, € ((k — 1)h,kh) x {lh} x (s7,(s + 1)7) and &, € (kh, (k + 1)h) x {lh} x
(s7, (s + 1)7). Likewise it holds that

N - 1
xiﬁil =Ty, + 1o £ hay, + i(thuwQ + 207Xy 4+ T y)

+ %( + B3O8 4+ 3027002 g 4 3290 D g 4 739003 )

1
§ + )2 773 9072:78) 4 is ’
’)/2"}/3'( ) (gl7 )

(0,72,73)|=4

where &, € {kh} x ((I = 1)h,1h) x (s7,(s + 1)7) and &, € {kh} x (lh, (I + 1)h) x
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3 Finite Difference Approximation

(s7,(s + 1)7). The expansions in both spatial variables and in time of :%Zilll 41 and

~s+1 S
T3y at (upy,t°) are

~5+1

T e = 2(ugg (L1, 87 + 1) =2((k £ 1)h, (I £ 1)h, (s +1)7)
= 5527[ + Txy & hay, = hay,

1
+ §(h21’u1u1 + 2h2xu1u2 + h2$u2U2 £ 2hT Xy £ 2hTXy e + 72$tt>
+ é( + h39(3:0.0) 4 + 3h270200 1 4 35 729(10:2) . 4 31392:1.0) 4 4 3139(1:2:0) .

+ 200V £ K39030 4 3R279 02 g £ 3h720 01D 4 3900 )

1
+) ﬁ(ih, th, )02 (€L,

|v|=4

where for the arguments of the remainders &, € ((k — 1)h,kh) x ((I — 1)h,lh) x
(s7,(s+1)7) and &, , € (kh, (k+1)h) x (IR, (I4+1)h) x (s7, (s+1)7) hold, respectively.
Besides we have

s s 1 s
xkjgl =Ty + 7T+ 572xtt(uk,l, Y ), (3,22)

where ¥° € (s7, (s + 1)7).

We obtain the order of consistency of the operators A;;, i € {1,2}, compare (3.3) and

previous notations, by inserting the above expressions into the corresponding differ-
ences:

~s+1 _ ~s+1  oss+l ~s+1
A11%,1 =Tyl — 20 20,

- 1
=Ty, + 7o+ hay, + §(thulu1 + 2hT 2oy + T2y

+ é(h?’a(?”o’“)x + 3027000y + 3hr201 02 g 4 739003 )

~5 2 S
- 25%1 — 272 — T xy (U, U°)

- 1
+ xz,l + T — hxul + §(h2:vulul — QhTIult + T2xtt) (323)
+ %( — p39B00) 0 4 3529201 _ 3p729(10.2) 0 4 738(0’0’3)3@)
1
+ Z S (£h) 17 (a(w,&%)x(fzs) + 3(71,0,v3)x(§k_’s))
|(11.073)[=4 77

8
= h’2‘rulul + RIE:,Z),57
where |R1(jz),s| < ¢(7? 4+ h*1 + h'), and analogously
Nopiit = ity — 2054 + B30y = PP ugu, + R (3.24)

where |R1(35),5| <o+ WPt + hY).
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3.2 Approximation and consistency

Furthermore,
~s+1
2A12$kl
_ ~s+1 ~s+1 ~s+1 s+1 _ ~s+1 ~s+1 ~s+1
=Tp1ip1 — Tpyprg — Tpppr T 2% — Ty — Ty, 2300,

=Z,(1-1-1+2-1-141)+72,(1-1-142-1-1+1)
+hr, (1—-1—=(=1)+(=1)) + hxy,(l —1—(=1)+ (-1))

+ %hmult(z —2—(=2)+(-2) + %thu2t<2 —2—(=2)+(-2))

1 1 1
+ 5h%cum(l —1-14+1)+ §h2xulu2(2 +2) + 5h%:umu —1-1+1)

1 1 1

+ 2572%7&(“1@,1,198) + (572%% + 673(8(0’0’3)33))(1 —1-1-1-1+ 1)
1 1

+ 6113(8(3’0’0):1:)(1 —1— (=) +(-1)+ 6113(8(0’3’0)33)(1 —1—(=1)+(~1))
1

+I((0100) + (00292))(3 + (-3))

+ 120200 5) 4 (09202))(3— 3 — 34 3) + éh2r(8(1’1’1)x)(1 +1)

6
1
ST (0V2) + (0 P2))(3 = 3 — (=3) + (=3)
1
tOd T TGl + 00 (g )
[(y1,0,73)[=4 77"
1
T2 R (00l + 00 (g )
[(0,72, ’Ya)| 4
+ Z (D, R, 7)Y (07 (E,0) + ()
Iv|= 4

= 2h2$u1u2 + Rk l,s?
(3.25)
where \R,(:loi\ < (% + k%1 + hY).

Inserting the continuous solution function z into the difference equation we obtain for
each k,l € {1,..., N} the consistency error

Ra,s L fi—;l_fiz, ~zgsA ~s+1 1 1 ~z]s mns A ~s+1 E ~s Z ~5 3.96
3 - Ok BT 5T G0 G (A - Ay ) ATy, (3.26)

~17,8 ~1j,5 ~mn,s

In view of the definitions of g;/;" and the appearance of the product g, g,;", we
multiply this equation by (gk,l)z. By replacing the differences by the expressions we
obtained from the Taylor expansions, we calculate the consistency error of the approx-
imated Mean Curvature DeTurck Flow. Remember that, compared to Lemmas 3.10
and 3.11, we indicate the time dependence of  and the remainder terms by a further

index. We start with the following intermediate computation using the definition of
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3 Finite Difference Approximation

gijls in (3.20) as well as (3.17), (3.18) and (3.24), (3.25):
i lgk lSA xﬁl
= [AF T AT T AT — 2(80y, - Doy ) Aoy + [AT T |AT TS )| Aoy
= (B, + B (W + RY)
= 200 (@, + ) + B (W s + R
+ (B, P+ R ) (0 g, + L)

8 5 5 8
= h4|xu2’2xu1u1 + h2|xu2’2Rl(c,l),s + hQRl(c,l),s$uw1 + Rl(c,l),sRl(c,l),s
10 3
- 2(h4(xu1 ’ Iu2)$u1u2 + h2(xu1 ’ IU2)RI(c,l,?9 + h2R](€ l)sxuluz Rk l stll)

+ h4|xu1 |2xu2u2 + h2|xu1 |2Rl(cgl)s + h2Rl(c4l)sxuw2 Rl(c4l)stgl)s

4 2 4 4 2
=h |xu2’ Luyuy — 2h (.17“1 xuz)xmw + h ’$U1‘ Luguy + Rk,l,s
— pdat
= h"99" Ty, + Rk,l,s?

(3.27)
where |R,(€1l11,| < ch?(1? + h?7 + h*). From this we infer with the help of (3.14) that

~8 17,8 ~3 ( 27 ) 17 11
(T )29ka A kJE = 9kl(h499 uniu] Rl(cls>
(3.14)

(h'g + Ry) )(h' 997 T, + wm
i 11 7 11
= h%¢*g' unzuj +h! (sz)s + Rk 1 sg xuzuj> + R R

k,l,s" "kl s
_ 18,2 17 (12)
=h’g°g Tysuy; T+ Rk,l,s?

(3.28)

where \R,(js\ < ch8(12+h21+h*). Likewise we have for m,n € {1, 2} because of (3.27)
and (3.16), that

~s ~1j,8

Ik,19k, (Ai'i'sﬂ ‘ Zmi'z,z)

(11
= (h'99" Ty, +Rk11) (hz,, + lels)
i D (11 11 m
= 199" (Tupu; - Tu,,) + lh499 (L, - Rk 1 s) + h(Rkll Tu,,) + %(Rl(cli : Rl(c,l,)s)
= h599 (xuzug Ty, ) + Rk 18
where |R,(€113)s| < ch3(7? + h*7 + h*), and hence
ar zgilgjls(Aiji'ZT ’ mei,z)ﬁnii,l
= <h5ggw (xuw]_ Ty, ) + R,(€1131> (hxun + %RI(%L)
i 3 n
= hﬁgg (xu U xum)xun lh5gg ](:Uuiuj ) xum)Rle + th 1sTun %Rl(gllz; v

k,l,s
= hGQQ (xuzu xum)mun + Rkllzlsm &

)
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3.2 Approximation and consistency
where |Rkll48m M| < ch (72 4 W27 + h).
Note that (3.17) and (3.18) can be resumed to
Gradiy = hgg™ + Rkllg)smn , myn € {1,2}, (329)

where |R (15,m,m) | < ch*. Thus

~17,8 ~mn,s ~s+1

(§Zl) 9k 9yl (Azﬂkl Amﬁz)znﬁz
= gli lgkln gk lgkl (Az‘j%z 'Amxkl)A mkl
mn ,m,n) ) (14,m,n)
(thg + Rk1l58 ) (h‘Ggg ](gjuzuj xum)xun + Rk],-l,s >

8 i 2 mn p(14,m,n) (330)
= h°gg™ gg](xuzu] Loy, )T, + h7gg Rkls
(15,m,n) (15,m,n 14,m,n
+ Rk‘ s h gg (xuzu] xum)‘run + Rk‘ l,s )R’(ﬂ,l,s )
= 190" (99" Tusu, - T )Tur + Ry
where |R,(€ll62,| < chS(7? + h*1 + h*).
From (3.14) we conclude that
~5 7 17
(370)° = h%(9)” + 20 g R, + (RD)” = h%(9)” + RiL[L,
where |Rkls| < ch!?. So, using (3.22), (3.26), (3.28) and (3.30)
(Gr)* Ry
~3 fﬂl - xk,l ~5 ~1j,8 ~s+1 1 ~5 \2~1j,5 ~mn,s ~s+1 AN ~85 \A A4S
= (gk,l) B (Qk,z) G AuTny — (= = D)7 057 Gy~ (Ainy - Amdy ) Any
T o

1
— (n** + R (xt + 5rau(kh, I, 198)) BB PG, — RUD)

1 mn 7 6
— (= = 1)(R*99™" 99" (Tusu, * Tup)Tu, + R;(iz,l)

Q

y 1 g 1
= h8¢? (xt — 9" Ty — (a —1)g" g™ (Tuyu; - xum)xun) + 57‘h8921‘tt(k5h, lh,¥°)

1 1
+ oTRA (kD 1, 0°) + R Dy = R — (— = R},

s

1 1
- §Th8g2mtt(kh Uh,9°) + TR (Kb, 1 0%) + RYDa = RYP, = (— = DR

where in the last step we inserted the differential equation for the parametrization z
being evaluated at (uy;,t*). Finally,

(ch®1 + ch' + ch®(7* + h*1 + hY)) < (R 21* + 7+ h?), (3.31)
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3 Finite Difference Approximation

since |g; ;| > ¢h* > 0 by Lemma 3.11. Recalling that the relation 7 < ¢'h? is assumed,
|R.7| < cp(h? 4 7) as stated in (3.21). The constant clearly depends on 2 and, since
|2 — 1] needs to be bounded in (3.31), also on a". O

The uniform boundedness of the area element g(u) (and hence of its approximation gy ,
according to (3.15)) is one of the essential requirements for our study of convergence.
The discrete area element gz, can be expected to fulfill a similar bound as g;; as we
will explain in the course of the next chapter.
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4 Convergence analysis

Recalling the notation izl for the restriction of the Solution x of the Mean Curvature
evaluation of the solution xj of the fully discrete problem at mesh points, we define
the error function e;, : G — R? by

Ep ‘=T — Tp
and denote by ej ; its evaluation at (uy,,t°).

The aim of this chapter is to prove convergence for the fully discrete scheme given in
(3.9) for fixed a € (0,1]. To this end, in the first section we investigate how to control
several differences and discrete geometric quantities, respectively. In the second sec-
tion, optimal order of convergence is proved in different norms, starting with discrete
L?-norms on {Uk,l}k,le{o,...,N} of the first and second discrete spatial derivatives of ey.
Assertions on convergence in other norms on the spatial grid, namely discrete L?-norms
of e;, and its discrete time derivative as well as an L*-norm of ¢, follow.

As mentioned before, in the convergence theorem the second order differences will
not be estimated in the form in which they are given in (3.3). The central difference
for approximating x,,,, was chosen to the benefit of a consistency of order 2. In
the convergence estimate, however, instead of A5 we only make use of the backward
difference contained in Ajy. The forward difference can be turned into a backward
difference when summed over all mesh points, compare Lemma 3.5. This will be
carried out in relevant situations. Thus we are going to switch to the notation

AV fori=75=1,2,
A =47 J (4.1)
ATA; fori#j
when appropriate.
The primary goal of the convergence analysis is to show that the estimates
1/2
max hziiw / <c(h®+7)
s€{0,...,M} h? -
k=1 r=1
(4.2)

oo\ 12
(33 AR <

=0 k,l=11,5=1

hold. Error bounds for other norms then follow from (4.2). Recall that the spatial
difference operators are not difference quotients, but merely differences and are thus
divided by powers of h in the presented estimates. For the analysis it is crucial to
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4 Convergence analysis

control certain quantities on the grid, as shown in the following section.

4.1 Control of the geometry of the discrete surfaces

The proof of the estimates in (4.2) is conducted by means of an inductive argument with
regard to the time grid. To begin with, we present the precise estimates of the induction
claim without specifying any prerequisites yet. We then draw important conclusions
from the induction hypothesis to control the geometry of the discrete surface. The
induction step is then proved in the subsequent section.

4.1 Induction claim. There exists a constant W > 0 depending on x, T" and o such

that
S Syl
kd=1r=1 (4.3)
TZhZZZ ” kl < (h? +7)3?
=0 kl=1ij=1

forall s € {0,..., M}.

In consequence of the C*-regularity of the solution z, the periodocity of its derivatives
and the condition 0 < 2¢ < g on the area element, which were both postulated in the
consistency estimation of the last chapter and shall be kept throughout the analysis,
the following can be assumed to hold:

The approximations of the length elements as well as the approximation of the area
element are uniformly bounded, i.e. for all £, € {1,..., N} and for all s € {0,..., M}
the corresponding differences satisfy

ah < |ATE| < Cih,

- = (4.4)
as well as
ch* < gy, < Ch'. (4.5)
Furthermore,
|ALE| < eh’. (4.6)

The constants ¢, ¢, C1, Cy, C, ¢ only depend on z. Due to (3.1) and the fact that the
inequalities in (4.4) hold for all mesh points, the same bounds are valid for |AFZ} |,
i € {1,2}. A proof for the lower bound of g}, for the given bound on g can be found
in the previous chapter, see (3.14) and (3.15). In the same manner lower bounds on
|A; 77, follow from bounds on x,,, 7 € {1,2}. More precisely, we can choose ¢; = 2¢cr,
with ¢z, as in (3.19) and impose a smallness condition on A similar to that in the proof

of (3.15).
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4.1 Control of the geometry of the discrete surfaces

We assume that the norms of interest of the error function fulfil estimates the form in
(4.3) at a point of time ¢°, where s € {0,..., M — 1} is arbitrary but fixed. This is
formulated in the following induction hypothesis (IH). The bounds are trivially satisfied
in the base case s = 0 because 27, = 7} .

4.2 Induction hypothesis. We assume there exists a constant W > 0 depending on
x, T and o such that

h?ZZ <W(h2+r)

k=1 r=1

TZh2 Z Z ZJ kl h2 )3/2

$=0  ki=lij=1
for one s € {0,..., M — 1}.

Note that this implies that the second inequality holds for all preceding sq € {0, ..., s}
since for all i,j € {1,2}, k,l € {1,..., N} we have

S0

Z z]ekl|2 < Z|Az]ekl

s'=0

For the grid point ¢° constraints on the discrete length elements [A "z} | and discrete
area element gj ; follow. The corresponding bounds in (4.4) and (4.5) only need to be
weakened slightly as presented in the next corollary. It is also important to control
discrete second derivatives of xj as formulated in corollary 4.4.

4.3 Corollary. Let s be chosen as in the induction hypothesis. Then there exists a
constant hy > 0, such that for h < hy and for all k,l € {1,...,N}

%h < |Afay,| <20k,
Sh < [Afwy| < 20sh, (4.8)

gh‘* < g, <2Ch"

4.4 Corollary. Let s be chosen as in the induction hypothesis and k,l € {1,..., N}
arbitrary. If T < h? for a constant ¢ > 0, then

1. there exists a constant ca > 0 such that

Th™ AT a: 2 < eohy 4.9
kil

i,j=1
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4 Convergence analysis

2. there exists a constant ho > 0, such that for h < hs

s 2
TY WY AL P < 88T + 1. (4.10)
=1

4,j=1

We begin with the first statement.

Proof of Corollary 4.3. (4.7) together with 7 < ¢’h? implies
N 2
Az e ” < Z Z |ATer * < bt (4.11)
k=1 r=1

On the one hand, it follows for each r € {1,2} that
Ay < A ep | + AT, ] < Veh? + Coh < 2C,h,
if \/c*h? < C,h, i.e. if h < C,/+/c*, and on the other hand for r € {1,2}

Azl > A7 e | = (A7l > (A7 3] = |A e | > eh — Veh? > eh,

1
2

if Verh? < %E,,«h, e if h<e¢,./ 2¢/c*. The first two lines of the asserted inequalities are
thus satisfied. Hence, for the central differences Zile of z;,, and analogously for those
of x because of (4.4), we get

|Asayy| = 310z}, + Ay ay| <
|AiTy, | = %’A:%Zl + AT, <

(2C;h + 2C;h) = 2C;h,

A _ 4.12
(Cih + C;h) = Cih, (4.12)

1
2
1
2
both of which will be frequently used during the convergence analysis.

The established estimates are now used to prove the remaining inequalities for the
discrete area element in (4.8) by finding further upper bounds on the spatial grid size
h. To this end, at first the difference between gi,; and g;; is examined in such a way
as to trace it back to the difference between x and x;. More precisely, in what follows
we will show that

|§l§,l - gZ,zI = ||Af3~72,l“Afjk,z||A2+fz,l|’A5£Z,l| - (lei,z ) Z23772,1)2
— |AT x [|AT 2 [|A 23 [|A 23| + (A, - A233Z,1)2‘ (4.13)
< ch? (|A1_€2,l| + |AT@2,1| + Ay e | + IAJ% ) .

For simplicity, within the scope of this intermediate demonstration we will omit the
time index s since no other point of time is treated here.
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4.1 Control of the geometry of the discrete surfaces

Using (4.4) and the estimates from (4.8) which have already been proved we have

ALz [|AF 2| — | A7 T || A T

AT zpg| = 1A Ze || AT 2] + 1A B || A 2] — [AF |

1Az = 1A, Zial| 2000 + Cob || A | — |AF Ex ]| (4.14)
< 2C,h|A; (hy — Trg)| + Coh|AS (2 — Try))|

< 2C.h (| A er| + |Afer]) -

IA A

This implies, again together with (4.4) and the first two lines of (4.8), that

AT Zp | | AT T || AF T ||AF Tpoa| — AT || AT 2| | A T || AT 20|
= [|AT Z | |AT B[] AF T[] AF Fpot] — [AT Taa || AT 2| | AT Zp || AF Tk

+ AT 2| [ AT 2| A Tl| AT | — AT Zral | AT 200 || A5 i || AT 4]
<AL T |AF Tra| = [AT 2 || AT 2] | [AS Tl | AF T

ATzl AT 2| (1A Tral |AF Tra| — |85 waa||AF 2|
<200h (IATera| + [ATeral) [AS Taa|[AF T

+ | AT g || AT 2.1|2Co 0 (|A2_ek,l| + |A;@k,l|)
< 2C1h (AT erg| + |AT exy]) (Coh)? + (2C10)*2Coh (|AF exy] + |AT exyl)
< ch?® (|AT eral + [AT exal + A7 er| + 147 ex]) -

Furthermore, since
1A Ty — Arwgg] = |80 (T — 2g)| = |Areng] < 5 (1A era| + 1A er])
applying (4.12) we obtain

|AvZgy - Doy — Ay - Doy
<A TR || AoFry — Doxpg] + | ATy — Aoy || Agzy,|
< Cihg (|AF erg] + [AJerg]) + 2 (|AT ery] + |AT ery]) 2Coh
ch (|AT e + |ATera| + [AF exy] + AT exy)

(4.15)

IN

which in combination with (4.4) and their analogs for the discrete solution in (4.8)
yields

[(Ayagy - Aozpy)? — (Aydgy - DoZpy)?

= |Aywpy - Dompy + ArTpy - DoZpg||Avzry - Aopy — ATy - Dodipyl
S ((26_’1h)(26_‘2h) -+ (Clh)(égh))( |Zli’k,l . Zgi’k’l — lek,l . Eka,l| )
< ch* (| AT er + [AT el + A7 exa| + [AF erl).

That means the claimed estimate in (4.13) is valid at ¢*.

41



4 Convergence analysis

Because A can be traced back to A by means of periodicity within the summation
over all k£ and [, compare Lemma 3.5, the above estimate together with (4.11) implies

N 2
s — g8 12 < ch® A7es |? < ec*hll.
|gk,l Ik, r Ck,l
k=1 r=1
Therefore using (4.5) gives,
Gi1 < lgr, — Gial + 1350 < Veerh® + Cht < 2Ch*,
if \/ecrh® < Ch4, e, if h < C/v/ecr, as well as
9o =G0l — lgi, — Gl = ch' — Veerh® > §ht,
if Vecrh® < Sht e if h < ¢/2v/ect. O

Proof of Corollary 4.4. Observe that the second part of (4.7) together with 7 < ¢/h?
implies

Th™ Z Z Z |A7 ekl|2 < ™R, (4.16)

s'=0k,l=11,j=1

where ¢* = (14 ¢/)3/2 and the constant ¢’ was determined in the proof of Lemma 3.9.

1. Recalling the bound of second order differences of x in (4.6), for the discrete

second order derivatives of z;, we infer that for all k,l € {1,..., N}
Th* Z |Afay [P < 2n7tr Z AL P+ 2mh” Z Z Z | A€ kl
,j=1 i,5=1 =0k,l=11i,j=1
< 8 4 2¢h TR
S Cgh.

2. Though the aim is to control differences of x; of second order as already done
before, the summation over s’ makes a slight difference. This is briefly recorded
in the following estimate where we obtain another smallness condition for the
spatial mesh size h. We make use of (4.6) and (4.16) again to infer

TZh Z Ay P < 8¢%sT 4+ 2¢h < 8T + 1,

i,7=1

if h < (2¢).
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4.1 Control of the geometry of the discrete surfaces

Note that the estimate for the discrete solution xj in (4.12) was used to prove existence
for the discrete solution at t**! in Lemma 3.9 and that the bound does not depend on
h or 7. The same holds for the estimates in the first claim of the next lemma.

4.5 Lemma. Let k,l € {1,...,N} be arbitrary and s be chosen as in the induction
hypothesis. Then there exists a constant hs > 0 such that for h < hs the following
holds:

1. There exist positive constants such that

é«(ljlh—Q < g;}is < éélh_2, C(ljlh_2 < g’ill,SS Célh_2,

CPR < gy <CEh™, CPh < gi’< CHh, (4.17)
~12, ~127 —2 12, 129 -2
’91@15‘ <Coh™, |gk,l8|§COh .

2. For alli,j € {1,2} we have
.. .. 2
917 — g7 ] < ch™ Z (IAFer |+ Az e,l) - (4.18)
r=1

3. Let Aj,, be an eigenvalue of (g,?ls) Then there exists a constant cy > 0 such that
coh ™ < Ay (4.19)

In particular, (g,ij’ls) is positive definite.

4. For alli,j,r € {1,2} we have

Araf1 < ol (imax] At + o | ). (1.20)

Proof. Since s is the only time index occuring here, for simplification we will not
indicate the time dependence throughout the whole proof.

1. Follows directly from the definitions of g,zf ; (see (3.10)) and their analogs Q,Zj , as
well as from (4.4), (4.5), (4.8) and (4.12), respectively.

2. We first consider the case 7 # j. Here we have

12 a2y | ATy Doley Aqxpg - Doy
|9k,z I ~ -
Gkl 9k,
gk (Aa@hg - DoZrg) — Gri(Arwpg - Doxpy)
Ik, 19k,
< \Gg — G| [ A1 T - DoZgg| + G |A1fk,l cDoTgy — Aqzpy - Aoz
— ~ )
9k,19k,
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4 Convergence analysis

which is why we can make use of the intermediate result (4.13) giving an estimate
for the difference between restricted and discrete area elements. Together with
(4.5) and (4.8) as well as (4.12), (4.13) and (4.15) we obtain

947 — 1
< |90 — Gl [ A1 Tk - DoZg| + Gra ’A@k,z Doy — Ay - Aﬂk,z{
B Ik, 19k,
(4.12) ~ _ _ _ — — _ _
< ch™® (|gkg — Gral(C1h)(C:h) + Cht ‘A1$k,l Doy — Ay - AZxk,l‘)
(4.13),(4.15)

< ch® (Ch3+2(|A1_€k,l| + AT ers| + |AS era] + | A era])
+ ch M (JAT eng] + [AT el + 187 el + 18T erl)
< ch(|AT erg] + AT erd| + A5 enal + [AT er]).

With the help of the (intermediate) estimates that have been proved so far, the
assertions for g} — grj| and |73 — §77| can be seen as well: For ~ € {1,2}, using
the essential bounds on the approximated and discrete area elements in (4.5) and
(4.8) again, yields

AT T |AT T A m|[AT 2]
Ik, 9kl
Grd| A7 T || AF Trg| = G| A 2| | A 2y
9k, 19k,
< |Gk — il AT E g | AT E| + Gra| 1A ey
9k,19k,1

(4.13),(4.14)

< ch (P (|AT epa| + |AT erd + A7 eral + [AF e )| A7 Tra||AT T

+ §k7lch(|A;€k71’ + |A7—j—€k,l‘))

(4.4)
< ch_3(|A1_ek,l| + |A—1+_€k,l| + |A2_6k71‘ + |A;6k’l|>.

AF ) = 1Ay 2| | A 2] |

3. Before considering the matrix (g,lj ;) that corresponds to the metric induced by
the discrete solution wj, we treat the continuous case. As the matrix (g% (u)),
representing the inverse metric tensor, is positive definite, by a compactness
argument we can deduce that for any u € [0, 27]? and w € R? with |w| =1,

w? - (9" (u)) - w > 4cg

for a suitable constant ¢y > 0: If the product was not bounded from below, we
would have inf e[ 2x2 w(g” (u))w = 0. Moreover, the infimum would be attained
by some u* € [0, 27]?, which contradicts the positive definiteness.

We now show that the matrix ( fﬁj ;) of the approximated inverse metric coefficients
satisfies a similar estimate. From (3.14) and (3.29) we know that
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4.1 Control of the geometry of the discrete surfaces

Grs = h'g(ury) + Ry,
GGy = h2g(ug)g” (ug) + R\, iy j € {1,2),

where |Ry,| < c¢hb and |R,(€115”)| < ch*. Hence

(h*g(ury) + Rk,l)@;i{l = h?g(ur)g” (urg) + szlls )

and further

157,])

h4g<uk,l)§/i];l = h?g(upg)g” (urg) + Ry, Rk,l@;i{l-

We conclude
9 =029 (uy) + Ggf’zj :

where |G )| < ¢ due to the constraints obtained in (4.17) and the boundedness
of g. Smce |w| = 1, it follows that

} : wzwj J)

1,5=1

T-(Qi{l)-w:szwjgkl>h Zw,wjg (up)

i,j=1 i,j=1
> 4egh™2 = 2¢
-2
> 2COh )

if h < y/cp/c. Combining this bound with the estimate for |g,?l - §,Zjl| in (4.18)
and the error bound in (4.11), we obtain

2

w? - cw = wiw > wiw |wi|[wy] | e
gkl = i ]gkl ngcl il | Wj gkl 9.1
3,j=1 3,j=1 3,j=1

2
> 2coh™? — 2ch™® Z (1A er] + 1A e
r=1

> 2coh ™2 — dev/erh ™t
Z COh‘727

in case h < cp/(4cy/c*). Note that this also implies the positive definiteness of
(9), which we will need later on.

According to the formula of Rayleigh, [30], the eigenvalues \;; of the matrix (g,zf )
can, with the help of their corresponding eigenvectors wy;, be estimated by

wk,l(.gli;{l)wk,l Wy

Wk, - W, B |wkl’

)

Al = (9/?1) SR coh 2.
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46

4. In the following proof we sometimes need to shift grid functions by +A in one

direction of the grid, where the direction depends on that of the operator A~. In
order to avoid a case differentiation and conduct the proof for both r € {1,2} at
once, we introduce the notation EX, r € {1,2}, for shift operators. Although for
a function f we would have to write (EZ f)z;, we use the following notation for
convenience and shortness since these operators are often applied to a product of
several factors:

r k,l L .
fk,l:l:l for r = 2.

Thus we have A;fk,l = fk,l — ET_ (fk,l) and A;‘!_fk,l = E:_(fk’l) — fk,l-

We study the effect of A7, r € {1,2}, on the entries of the inverse of the metric
corresponding to the discrete solution x,, that is g;/;. Recalling the definitions in
(3.10) we therefore consider the expressions (gx;) ' (gij)x1, Where

(gi) |AFap||A] 2yy|  for i =,
Gij kg = § — o -
: Arzp - Doz for i # j.

With the help of the bounds from (4.8) and (4.12) we find that for ¢, 5 € {1,2}
|(9is)xal < (2Cih)(2C;h). (4.22)

The differences of interest can be rewritten as

A- ((Qz‘j)k,l) _ ke B ((9i)ra)
" Ikl Ikl E (gk,)
_ (gij)k,lEr_(gk;l) — B ((9ij)r1)gna (4.23)
B (9k,1) 9k,
_ —(9i)ra Ay (gra) + A ((955) k1) gra

B (k1) .

Y

and hence we need to have a closer look at the expressions A ((gi;)r;) and
A (gry). For the first one, respresenting the difference of discrete metric coeffi-
cients at neighboured mesh points, we distinguish g;; for ¢ = 7 and 7 # j. In the
case 1 = j we have

1A ((9ii)ia) | = ||AF 2 [|AT zg| — By (AT m || A7 2y )|
= [|A 2| AL (IAT zg]) + A (A 2 By (JA] 2]

(“48) _ _
< 2C:h| AL (|AT 2k + AL (|A 2 ]) 2GR



4.1 Control of the geometry of the discrete surfaces

For the resulting differences we obtain

A (A 2 ])| = ||A 2| — E; (|Ai9«"kl\)|
< }Ai z — B (AF )‘
= }A;Afxm‘

Note that for i = r, A7 AFwy, is defined for all k,1 € {1,..., N} due to the peri-
odic boundary conditions, see (3.11) and Remark 3.8. Applying this is necessary,
since for example for r = ¢ = 2 we have that Ay Asxy; = v — 20811 + Thi—2
and for [ = 1 we thus evaluate at points which are not contained in the grid.

Prior to an examination of A AFzy,, let us see how the case i # j results in the
same expression. For ¢ # j we compute

1A ((gi)k)]
= ‘Zlajk,l : Z23%1 - E;(Zﬂ%z : Ezl’k,z”
= [Azpg - A7 (Dozyy) + Ay (Azyy) - BT (Dgwky)|
= %’Elxkl A (AT 4 A )z + AL (AT + AD)aky - By (Dowyy)|

< %(201 (1A, A zpg] + AT Ay ) + (A7 Afag| + |A; AT z5,])2C0h).

For making sense of AZ A, and tracing it back to the established differences
of second order A;;, we now are in need of a case differentiation. To begin,
remember that Af = ATE* (see (3.1)) and recall (3.3) and (4.1). This yields
the identities

ATANYag, = AF xyy fori =r € {1,2},
AN Ef(xg) = Al Ef (xgy)  for i # 7,

. ALATE (zh) = AL E; (w3) fori=r € {1,2},
ATA; Tl = ’ b
AIA;.Z']CJ = A12xk,l for i 7A r.

A;A;‘—Ik’l = {
(4.24)

The shifted terms can be bounded by the maximum over all indices k, [, i.e.

| AL E (2,)] < maX|A12 T ()| = maX|A 2Tk,

|A7“r T rre——nr

()| < n%axlA - (Tr0)| = max | A7 ],

and so some of the single cases can be condensed again. For the estimation of
A ((9i5)ky) with ¢ = j this means in practice
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AL ((gia)i)] < 2Ch|AT A wpg| + |A7 A wy[2C5h
< 401]1 maxg |Airx]€,l| fori=r¢€ {1, 2},
| 4Chmaxy |Afyxy,|  for i #£ .

If © # j we obtain

1A ((9i)k.0)]
3 CCI(|AT A g + AT A zia]) + (|A7 AT wa| + [A7 Ay agg])2C5h)

<
< ch(nialx |AY x| + max | ATy )

and finally

ch maxy ’A:rxk,l’ for i =Jj=r,
\Ar_((gij)m)] << ch maxy |AT2$k,l| fori=j 7é T, (4'25)

ch(maxy |AF xy | + maxy |[Af,xe,])  for @ # j.

Because of (4.23), it remains to estimate |A; gy;|. Using the product rule (3.4)
it holds

AL Gk
= A7 (JAT 2l |AT 2 [|AT 2| |AF 2ra]) — A7 ((Argg - Dowg)?)
= |AF 2| AT 2| AT (AT 24| [AS 244])

+ A7 (AT 2l AT zra]) B (AT @] |AF 200])

— (A (Arzryg - Doxgy)) (Agzpyg - Dowyy)

- (Er_(zlxk,l . Zzwk,z)) (A;(Zﬁk,z . zﬂk,l)) .

Again, the appearance of A-A¥z, ; and E requires to apply the implications of
the periodic boundary conditions.

With the help of the last intermediate result (4.25) together with some basic
results obtained earlier we derive

|AL grl

@81 _ A _ 5 12
< QOPAT (|ATzel Ay zral) |+ [AT (IAT 2kl |AT za]) | (2C5R)

+ ((26’1h)(26’2h) -+ (QClh)(QCQh)) ’Ar_ (lek,l . ZQ.I]CJ) ‘

(4.25)
< chg(nﬁx AT x| + max |Algzrl)-
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4.2 Error estimation

Alltogether we arrive at
| A (9i)wallgka] + [(gij)n,

‘A‘ ((gij)k,l)
" Gkl E-(9k,1) k.

48,22 | A (g35) 1|20 + (2C:h) (2C;1)| A7 gl
- ch?®
<ch®P(max [Afyzg | + max | AT z])

< AT gk,z\

and the assertion in (4.20) holds.

With these conclusions from the induction hypothesis we can prove the induction step
in the next section.

4.2 Error estimation

Apart from the completion of the induction, this section adresses the derivation of fur-
ther estimates for different discrete norms of the error function. Nevertheless, proving
an analog estimate to (4.7) for t**! constitutes the largest part of it.

By subtracting the difference equations for the functions x and x;, for an arbitrary but
fixed position wuy; in the spatial grid,

gt — g8 1
k,l kEl  ~ijs ~s41 ~ij,8 ~mmn,s ~s+1 A ~5 \A A4S QS
- = 0y DijTyy + (a — 1G9y " (Ay@yy - Amy ) Andy, + Ry,
s+1 S
it — g g 1 g _ _
k,l kil  djs s+1 17,5 _mmn,s s+1 s s
- Tk Az + (a =gl gn " (Airgy - Apxg ) Az,

we obtain the starting point of our estimates:

esth —ef
k,l kil  ijs s+1 ~17,8 7,8 ~s5+1 QLS
- = G, Aijek,l + (gk,l — Gk )Aijxk,l + Rk,l

1 7,8 _mn,s s s S
+ (a —1) [ijj Ik, (Aijekﬁl - Apay ) Anzy

7,8 _Mmn,s ~s N S \A s 4.26
+ 957 G (Aijxkﬁl CAper ) Anzy (426)

ij,8 _mn,s ~s+1 A =~s s
+ gk,l ng (Az’jl’]@l : Amxk,l)Anek,l

~17,8 ~Mmn,s 7,8 _mn,s ~s+1 AN  ~S5 \A =S
+(G87 Ory " — 9 kg (D Ty 'Amka)Anxk,z]-
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4 Convergence analysis

Testing the error equation with —(A;; + Agg)ef{l and summation over k and [ yields

12N
s+1 S s+1
- E E (ek,l _ek,l) : A?"Tekl

r=1 k=1
2 N 2 N
= i s+1 s+1 ~ij,s 7,5 ~s+1 s+1
= Z Z Iy Aiery - Arey Z Z G = Goq JAGIL, - Avrey
r=1 k,l=1 =1 k,l=1
1 2 N
7,8 mns s+1 A s N S s+1
- (a E E i1 Iry zgekl : Amxk,z)(An%,z ) Arrekz )
r=1 k=1
2
iJ,S _mn,s ~s+1 A s N S s+1
+ E E 9k Ik, (Aijxm 'Amek,l)(Anxk,l : Awekl )
r=1 k=1 (4.27)
2 N
iJ,S _mn,s ~s+1 A s N S s+1
+ E E i1 Gy (Aijxk,l 'Amxk,l>(Anek,l : Arr@kl )
r=1 k=1
2 N
1J,8 ~Mmn,s ij,8 _mn,s ~s+1 A ~s N S s+1
+ E R N R VAT E AN [ VA A
r=1 k=1
2 N
HO,S s+1
- E E Ry - Aprey
r=1 k,l=1
= Si+-+ 5

In the following assertion, the constant ¢ does not have to meet any further condition
than being positive. Yet, it is determined by an estimate in Lemma 3.9, where 7 < ¢/h?
has to be presumed to prove existence of the discrete solution at ¢**!. This yields that
¢ only depends on the discrete solution at ¢* and thus on x.

4.6 Induction step. Let a € (0,1] and let s be chosen as in the induction hypothesis.
If 7 < h? for some ¢ > 0, then there exists a constant h* > 0, such that the estimates

I
Z Z <W(h2+7)

s+1 1; _2 (4'28)
TZhZZ < (h? +71)*?

s'=0 k,l=11%,75=1

hold provided that 0 < h < h*.

We present the main steps of the proof of (4.28) in form of the following auxiliary
results.
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4.2 Error estimation

4.7 Lemma. With Sy, ...,S7 as in (4.27) we have that

2 N N 9
_1 ~e? - - A*. ¢S
9 SN A G = A e ) + b D Y AL P < Sp -+ S+ Sia

T

r=1 k,l=1 kyl=11,j=1
(4.29)
where ¢y depends on x, T and o and where
[S1z| < ceh” Z Z AP+ =h” Zmax\A @il Z Z\A; w1
k,l=114,j5=1 1,7=1 k=1 r=1
4.8 Lemma. For Ss in (4.27) we have that
Sy < (2 =1)(P + P), (4.30)
where
(3-1)(Pr+Po)| < ceh™ Z Z Afet ! P+<h ZmaxlA @il Z ZIA: it
kJl=11,5=1 i,j=1 k=1 r=1
4.9 Lemma. The following estimate holds
Sy 4 Sy + S5+ Sg + S7| < (h2 +7)2 + ceh™ Z Z ALt + Z Az eq, |

k=1 r=1 k:llrl

Proof of Lemma 4.7. With the help of summation by parts according to (3.7), the
product of the test function with the discrete time derivative on the left hand-side of
equation (4.27) can be rewritten. That means, with respect to the notation A,, =
AFTA we have for r € {1,2}

r=1 k=1
12X
=D D A —e) - Argl
i
12N 12N
ZZZ |Are ?zl — Ay € kl 27_2 |A762J?1_ r kl‘2
r=1 k,l=1 r=1 k,l=1
1 - a - s+1|2 -5 |2
> 3 S~ A ).
r=1 k=1
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4 Convergence analysis

This implies

N

1

=D (AT — AT D) < Syt + 5 (431)
r=1 k=1

and to proceed, S; is estimated and reformulated as follows in order to carry out
summation by parts for some assignments of indices. At the same time, the notation

Ay is resolved into $(AfAT + ATAS). We obtain

2 N
7,8 s+1 s+1
[ty Awekz ‘ ATTekl

r=1 k=1

N

= > (gt Anet + 207" Aert + gi7 Aoser ) - (Anreplt + Apep)

k=1
. (4.32)
. rrs s+112 12,s s+1
== E , E , gkz Avepy |7+ g, AT A ekl 'Arrekz]
k=1 r=1
N 2
12
- E E [gkrz A2261” AH@SH +9klsA+A2+€ZJ?1 Aweﬁl}.
k=1 r=1

The summands in the last row are now each reformulated by applying (3.6) twice. To
start with, for each r € {1, 2} the operator Af in

rr,s

Ix,1 A22ekl A11€8Jrl = giﬂsﬁzzem AT (Ave ﬂl)
is turned into —A; by shifting it to the other factors. The resulting difference of third

order becomes one of second order again by using the summation by parts formula
again, this time applying it to A3 . In detail this means

TS s+1
- § Ik A26kl An@

k=1
(3:6) TSy A+ A — 541 st s A= st A— st
E:A klAAekllAekl+§:klAAAekl'Alek,l
k=1 k=1 —
=AT(AT AT
(3.6) al
3.6 TS\ A+ A — s+1 —,5+1
= E Ay (gkl )AS A26k 1,1 AV €Ll
k=1
N
—/ s — A — s+1 — s+1 rr,S — s+1 — s+1
_ZA (gkl )A1A2€k,l ekl 1 ngl AT A, €Ll Ay Ave kl .
k=1 k=1
=|AT A—e;ﬂ?

In this calculation, the fact that the ggf, just like x5, are periodic in space is of
importance. Firstly, this is the main feature in the proof of (3.6), which leads to
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4.2 Error estimation

a cancelling of the boundary terms. Secondly, expressions like AJ (g,:rls) require to
evaluate x; at points outside of the spatial grid which are defined with the help of

periodic extension.

Although we treat the second term in the last row of (4.32),

2

Do ATATE  Averlt = g ATAT e (AT (ArTe)) + Al (A ),

r=1

analogously, this is carried out in detail to further illustrate summation by parts in
principle. This will help understanding the method when applied to S3, where there
are more factors and a more compact notation. We obtain

N
12,5 A + A+ s+1 + - s+1 + — s5+1
- E :gk,l ATA e - (AT (AT ey ) + Ay (Ayery )
k=1
12s + A+ s+ — s+1 12s + At st a
gA AAek” +EA szAekzlAzek,z
k=1 k=1

N N

12,8 A= A+ A+ 5+1 A= _s+1 12,s A= A+ A+ s+ A= s+1

+ E :gm ATATA ey -Arep) + E :gk,l Ay AT A ey -Ajer)
—_—

biml e T SV

=AF (AT ATt =07 (A AT
N

125 + A+ _s+1 — s+1 125 + A+ s+l —,5+1
E AT (g, ) AT AT et 10" + E :A Ikl A1A26kl 1 A2€k,l
k=1 k=1
N

o 12s + s+1 — 5+1 125 + s+1 — s+1

E A (g ATA 1€k - Aj Cri—1— E :A gkl Ay A 2 €k 'A26k71,l
=1 k=1
N N
E 12,5 + s+1 — _s+1 § : 12,s + s+1 — 541
ki=1 E/—/ k=1 ﬁ,_/

—Alles+1 =A2262+11

Combining these results with the unaltered terms in (4.32) yields

N 2
7’7‘8 s+1(2 12,s — s+1 s+1 rr,S — s+1
- E , E : Gt |Amery 17+ 20, AT Ay epy - Aprery + g1 AT Ay e ]

kil=1r=1
N 2
— s+l —/ rrs - s+1 - 5+1
"‘E,[E: gkt AQ?ekzllAekl_A(kl>AAekl Aekll)
kl=1 r=1
— 125 A+ A+ s+1 s+1 12, A + A+ 5+1 —s+1
+ AT g AT A e Aven H Ay g AT Ay e - Ager
— 12s — _s+1 — 125 — s+1
_A2gkl Allekl AN 16k1-1 A19kl A22@k,l AVYCl 11}
=: =51+ Sia.

(4.33)
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4 Convergence analysis

Recalling notation (4.1), which replaces A,, by A and ATA; by Aj,, we can refor-
mulate

N
_ 11,s s+1|2 12,8 A % _s+1 s+1 22,5 A % 2
St —Z [gk,l |Avery |7+ 29, Algery - Anegy + g, [Alser,
k=1
22,s s+112 12,5 A x _s+1 s+1 11,8 A * 2
+ 9k ‘A22B ‘ + 2, Alsery - Aasep s + gy |ATer|
N 2
_ 17,8 A *x _s+1 * _s+1
_E: gklAekl Aekl'
=1 r=1

For an estimate, the following well-known result from linear algebra is helpul:
Let (A ;)min be the smallest eigenvalue of the symmetric matrix (g,zj i’). Then

wh - (g) - w 2 (O min 0] (4.34)

for all w € R2.

Applying this as well as (4.19) we conclude that

2 2
17,8 A *x _s+1 * _s+1 * _s+1 * _s+1 i, * _s+1 *x _s+1I\T
E :gklA €.l A rCri = § (Auekl 7A2r6kl ) - (gk:l) (Au@kl , Age €k )
r=1 r=1
2

> ( Z,l)minZ“A cenal? 1456, %)

r=1

- mm § |A2]6k l

1,7=1

> Coh 2 Z |A ekl|2

3,j=1

holds for any fixed k,l € {1,..., N}. That means

S1 = =51+ Si2 < —coh™ Z Z |AZ ZJEI|2 + S1a,

kJl=11,5=1

and, together with (4.31), the inequality in (4.29) follows.

It remains to show the estimate for S15, which uses the inequalities of Cauchy-Schwarz,
denoted by (CS), and Young, marked by (Y). The differences of g;/;” with respect to
each direction of the variable wy;, which arise in
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4.2 Error estimation

N
— — (22,5 s+1 — s+1 — (22,5 115 — s+1 — s+1
=1
12,8 A+ A+ st 12,5 A+ A+ s+1 s+1
+ AT g AT Ay e, Alekl + Ay g, AT Ayer sy - Ayer

— Ay g Anertt - Averit — AT g Amett - Ay ety
are bounded by different discrete second derivatives of x,, see (4.20). For instance

A7 g5 | < ch ™ (max | Ay | + max [ ATy ),

which appears in the second and third line of Si5. For the whole second line we thus
have

N
— 125 + A+ s+1 — s+1 12,5 A + A+ s+1 — s+1
E: A ATAye” 1,1'A + Ay klA1A2€k,lfl'A2ek,l}

k=1

N
Z eh ™ (e | Anyai | 4+ max A ) AT Af e [lAT e

+ e~ (max | A | + max | ALl AT AT [ A7e z*ﬂ]

Instead of estimating all its terms seperately, we consider one summand exemplarily. In
addition to applying the inequalities of Cauchy-Schwarz and Young, AfAJ is changed
into AT A; = Aj,, see (4.1), according to Lemma 3.5. After that we make use of the
periodicity of e, on the spatial grid as demonstrated in (3.5).

N
> ch max |Ajyr [ AT AL i | AT e}
k=1 ’
N 1/2 1/2
(Cs)
(e > sparept) (e e At S e
k=1 ’ kl=1
™ 2 > 112, €4 2 > 112
<eh Y |ATALe | + —h~ max | A, | > IATert (4.35)
k=1 ’ kl=1

Y AT A “h max | Ajyr, S arer
k=1 ’ kl=1

=ch” Z | Afper ! P+ gh%H}f}X’A 25| Z [Arer'?

k=1 ’ k=1
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4 Convergence analysis

Proceeding like this for the whole second line of Si,, we infer

N 2

— 128 A+ A+ s+1 — s+1
E EArklAAekllAekl
k:,l:lz

2
<eh”? E A P 4+ Sh D (max | Ay 2 4+ max| Ayt ) E Arei I
6 bl ’ I
k=1 r=1 k=1

Note that, compared to this example, for other terms in S5 we obtain summands in
the bound like maxy, |A;zf || A et |? for i # r. This is due to the coupling of Ay
and A, within one product in some of the terms in Sis, e.g.

N

— 125 s+1 s+1
E A2gkl All@ AVY 1611
k=1

N
<eh? Z |Agre) P + h (ma'x | Agoa |* + max | AL}, ) Z |ATert
k=1 k=1

Approaching the rest of S5 in the same manner and thereby replacing A,, by A’ se
(4.1) again, we get

|S12] < ceh™ Z (IAT e P+ [ATer P + [ Asert ' ?)
k=1

N 2
+ gh*‘l (max|A*1xkl| +max|A TP+ maX|A 2xk1|2> Z |A~e ZT|2.
k=1 r=1

]

The proofs of Lemma 4.8 and Lemma 4.9 are conducted both at once since we wish to
postpone the estimation of the term |P; + P| to the end of the argumentation.

Proof of Lemma 4.8 and Lemma 4.9. We examine S3 similarly to S; by summation by
parts. This time, we make use of the formula in 2. in Lemma 3.6. Since summation
by parts involves a shifting into neighboured mesh points and since we now apply the
lemma for both variables u; and us, we want to take up a notation from the proof of
Lemma 4.5, where we defined

EE(fu)) = {fkﬁ:ll for r =1,

fk,lil fOI' r=2.

Note that A fr; = fiu — E(fry) and Af foy = EF(fry) — frx and that, again,
we actually mean (EZf);;, but use the above notation as an abbreviation since the
operators will be applied to products. This enables us to carry out the summation by
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4.2 Error estimation

parts with respect to A¥ without specifiying » € {1,2}. To this end, the following
re-sorting is helpful, where, without loss of generality, we suppose that a # 1:

2 N
1 _ _
—1 i, mns s+1 s s s+1
(a S3 = E E :gkl [ wek,z 'Amxk,l)<Anxk,l'A7’Tekl )
r=1 k,l=1
2 N
o rT,s mns s+1 A s N s5+1
== E [gkl I’ rrek,l 'Amka)(Anafk,l ‘ Arrekz )
r=1 k=1

12,s mn,s - A—,5+1 A S N s s+1
T 950 Gk (ATA, €ri ° Amxk,l)<Anxk,l : Arrekz )]

2 : ii,s mns s+1 A s \/N s s
- Z [gkl gkl “ekl ’ Amxkz,l)<Anxk;,l : Arrekl )

i#r k=1
+ 912:1591271 S(AJA+€ZJ51 ) mei,z)(ﬁnwi,l : Arreﬁl)}
= 531 + 532.

Terms where ¢ = j = r as well as terms with A7 A, when ¢ # j are summarized in Ss;
and are not reformulated. For each of the other terms, i.e. for those where ¢ = j # r
and those with AFAfey; for i # j = r, we perform summation by parts twice, as
presented below. We apply (3.8) for a first time to find

38) i1, _Mmn,s — s N s — s
Ss2 Z Z B gkl Iy (A7A; 61;?1 : Amxk,l)) (A7A niy - A, e/;?l)
i#r k=1

+ Z Z E; ( erzsgzlzns(A;rAJreﬁl : mez7l)) (A Anxkl A*eiﬁl)
i#£r k=1

N
+ Z Z A (92’?9?[‘%MM62T CApry)) (Bnag, - Aeptt)
i#r k=1

N
DY AT (G (AT AT At y)) (Bawg - A e,
itr k=1

Note that here, the additionally defined evaluations of x; and z at points outside of
the spatial grid (see Remark 3.8), appear, e.g. in Ef(le;l) = Ty — T_oy for k= 1.
Moreover, the periodicity of the discrete length elements is used again.

The product rule for the operator A, which we recorded in (3.4), gives
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4 Convergence analysis

AL (G Gy ATAT + g g AT AN et - A)
= E; (900 01y AT AT + gl gl AT A erd) - A
+ AT (G G ATAT + g gl AT A et - A,
=Lk ((9?? SQIZCZZSA%AI' + 9e’ Q;TZSA;FAJr)e?ll) AN
+ (A7 (G g Er (AT AT e) + AL (g0 gd D) By (AT AFeth) - Aty
+ ((92”1" SgIZchSA A A +9mn Sg]:rlSA:A?_A—’—)ez—il—l) 'mei,z,

where the last row now contains differences of third order that are of special interest
in our further steps. Thus

Szp = Py + Z Z QI?;QJTZH CATAS 62,71 : mekl)(A Thy Ai@ﬁ)
W—’

k=1
el —AF(AFAT)

ir,s mns + A+ +1 A N — _s+1
+ E E g1 (A] ATA] 62; -Amfci,z)(Aan,l A ei,z )
i#r k=1 :A;F(AT_.A;!')

where

N
Py :Z Z E- giilzsgzznfs(AjAz’_eﬁl ‘ mez,z)) (A A f’%z A_effl)
i#r kil=1

N
+ Z Z Er QZTZSQZTS(A;FAJF@? : Amwi,l)) (ACA nThy - A‘eiﬁl)
i#r k=1

N
+ Z Z L gl?lsgzllns(Ain_eﬁl : A;mez,z))(zn$21 A‘eiﬁl)
i£r k=1 (436)
YD) B (g g (AT AT e AT A ) (Bt - Arerl)
it k=1

YD A (G g By (AT A e - Ay (B, - Ar et
i#r k=1

N
3N A (g g By (AF A e ) - Byt (Bay, - Ay egth).
i#r k=1

Note that again we apply the periodic boundary conditions. This concerns for instance
Ey (g3}), which leads to the difference

Ey (JAY || AS Tral) = |2k — a1l Tri1 — Try_al.
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4.2 Error estimation

Ssy contains the discrete third derivatives AF(A;A )ept! and AF (A A )ept! of ep.
The order of the difference is reduced again by the second summation by parts which
yields

> Z gy g (AT (AL AN A ) (B - AL e
i#£r k=1

ir,s mns + s+1 A s AN s — _s+1
+ E E LN VAANCHY AN ) | AR A
i#r k=1

(3.8) _ s x5 mn,s ii,s s — s
= —ZZ (A A; €kJ§1 A; Amxk,l) i (gk:l 9 (Anxkl A, 651))
i#r k=1

N
- Z Z( ,,refgl Ay Apay ) B (gkmfs gilcrzs(Aanl Aieﬁl))
i#r kil=1

- Z A7 (g7 o0y (Bagy - A ) (AL A7 el M)
i#r k=1

- Z Z A7 m mnS(Anle A_ei*l'l)) (AWBZT : mei,l)

i#r k=1

Here, among others, (9;115) requires the evaluation of zj in ug_s,; and thus uses the
periodic extension again. The next step is to use the product rule for the remaining
difference A; . We calculate a general case:

A7 (g7 g (B, - A7) = A7 (g0 gV Er (Dpay - A eih)
+ g g (A Ay - BT (A et h)
+92]1891T17L8(An$kl Ay A‘ef{l),

Applying this for j =i and j = r we can therefore write

Sp==) Zgﬁg;’?ﬁs (Dot A7 AT i)(A; AT et Byaf,)
i#r k=1

- Z G g (Bt - AT A7) (Apertt - Apay) + Py + Py
z;ér k=1

:—22923592”78 W ATAG e (AT Ay gt - Bpy)

r=1 k,l=1

- Z Z g ger " (Bnahy - AT A e (At - Apay ) + P+ Py,

r=1 k,[=1

where
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4 Convergence analysis

RS
I
|
WE

(AIAQ_‘?iT'Ai—meBZJ) i (9?7 ngzzs(Aanl A‘ef{l))

s
S
=
>
T~
Il
—

WE

(Arertt - AT A VE (950907 (B - Arerth))

@
LS
=
>
T~
Il
i

Mz

A7 (ged'gin ) B (Bngy - AT et (AT Ay efi - Aay)

~.
1
I
>
i
I
—

MZ*

(4.37)
gilclzsgzlfs(A;Znﬁ,z B (Afengl))(A AQQZzl : mez,z)

s
I
I
>
T~
I
—_

Mz

A (g7 g VB (Bnaiy - Ay ey ) (Arer - Aag)

s
I
=
>
T~
Il
—

91121 nglfs(Ai_ani,l (A‘eiﬁl))(AMezJ{l ) Zmﬁ,z)

|
EMZ

1ET

*

)

Recall that we split S3 into S3; and S3;. Reassembling the parts we get

2 N
1 _ _
—1 rTr,S mns s+1 s s s+1
(= — Sz = E E [ka TTekl 'Amxk,l)(Anxk,l ‘ AT?‘ekl )
=1

«
k=1

12;s mns — s N s N .S s
+9:1 9 (ATA,; 61:?1 ) Amxk,z)(AniUk,z ) Arreﬁl)]

2 N
-2 [9,2389;:?8 (Buaf - AT AT AT Az eff - By,

r=1 k,l=1

OO (Burhy - AT AT (Anei - Rah)| + P+ P

In what follows next we concentrate on the summands of S5 that are not listed in P; or
P5. We utilize notation (4.1) to replace A,, by A¥, and ATA; by Aj,. Summarizing
terms in a suitable way we arrive at

—1 17,8 _Mmn,s * s+1 A * _s+1
(= — S3 = E :gklgkl 1€kz 'Amxkz)(A xkl Aj 1€k, )
k=1

ij,8 _mn,s A* s+1 A s N S * _s+1
- E :gklgkl Abery Anzp ) (Apzy - Alsert) + (P + P)
k=1
2

- Z Zgw,s w (A €Z+ll Ay ) (A - A QZJQI) + (P + P)

k=1 r=1

:I—P3+P1+P2.
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4.2 Error estimation

Hence, we aim show that

1
~-DP <0,

Remember that we assumed 0 < o < 1, which reformulates to é —1>0.

Since (g*) is symmetric and positive definite, see the proof of Lemma 4.5, the matrix
can be expressed as the square of another, likewise symmetric and positive definite,
matrix B with entries b¥/:

g7 = b 6,bY .

For reasons of clarity, we introduce the notations a;, = (A}, eﬁll - Apay,) as well as
b i = b0y, =: %, with r € {1,2} arbitrary but fixed, and do not make use of the
sum convention for the rest of this part of the proof. For all k,l € {1,..., N} we infer

zys mns * _s+1 A s N .S * _s+1
E : Ikl (A7 rCrl “Apay ) (Anxg, - Aje kl)

i,,m,n=1
2
ij _mn
E Ikl Gim@jn
i7j7m7n:1

2

. 2 : v t7 mn
%,4,m,n,v,t=1
2

o v t _mn
= - g Cm(svtcngkl

m,n,v,t=1
2

o v v mn
= - E mCnIk,1 -

m,n,v=1

Together with (4.34) we derive

2 2
v U mn v \2
- § : CmCnIk, < - )‘min § : (Cm)
m,n,u=1 m,v=1
_ 5 5mn v t
— mm E vt m n
m,n,v,t=1

2
MmN 1,4v tj
= - )\min E 5vt5 b aimb jajn

i,J,m,n,v,t=1

2
_ E 1j
- = )\min ngaimajm
1,7,m=1
2

2 § : 2
)\mln Qi

i,m=1

| /\

IA
o
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4 Convergence analysis

Thus, —P; can be bounded from above by zero as claimed and (4.30) holds. Before
starting to estimate P, + P, we prove Lemma 4.9. The proceeding is then the same
for the terms in P} + P», which seem to be more complex at first sight.

This analysis is again based on the inequalities of Cauchy-Schwarz, which is denoted
by (CS), and Young, which is marked by (Y). Apart from that, specific arguments are
used to control some of the differences. For the examination of Sy we make use of (4.18)
in Lemma 4.5. This gives an upper bound for the difference between the discrete and
approximated inverse metric coefficients. For i, j € {1,2} we have

\g}jf — g}jﬂ <ch™?® (|A+e

rendl + AT ekl|)

This yields

N 2
— 15,8 US Fst+1 s+1
S| = E E gkl _gkl kal Arrekz

k=1 r=1

N
< ZCh (1A era| + A7 er | + AT e ] + AT e,) Z Az A ey

k=1 i,5,r=1

and the further estimation is again demonstrated for one summand exemplarily. The
consistency proof in the last chapter entails assertions on the order of approximation
with respect to the spatial grid size h for the discrete second derivatives of x. More
precisely, (3.23), (3.24) and (3.25) can be summarized to

AT < |2, (U, 1°)] + c(7 4+ B*1 + h) < ch? (4.38)

for i, j € {1,2}. For a comparison with a second derivative w,,,, we advise the reader
again to take into account that the difference operators A;; have to be divided by h?
for an approximation, which is thus bounded by ¢. Hence for r € {1,2}

N
Z ch™?|AF eilHijz—‘l_lHArr ‘l?l_1

k=1

N /2 , N 1/2
(CS)
s (z \A;ez,lﬁ) (z . 6\was+1\2|Awez*f\2>

k=1 k=1

N

( )1 -

<D IAfe )t en e S 1B et
k=1 k=1

N N
1 S - S
4_ Z | A er |* +ch™%e Z Ape i 2.

k=1

Obtaining the backward difference of e, is achieved through Lemma 3.5 due to the
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4.2 Error estimation

summation over all mesh points and so

N
> AT AT A < Z Ay e |* +ch ™% Z A e ”

k=1 S k=1

Using the same strategy for the rest of S5 yields

92l < = SN A et Y Y IAn e

k=1 r=1 k=1 r=1

In each S, and Ss, the operator denoted by A, = %(A;L + A;") appears twice. Altough
it consists of two different operators, A,z is not split for it can be estimated by
(4.12). When applied to eyt we will decompose A, and study only one resulting term.
As demonstrated before, this can easily be transferred to the other operator by means
of the given periodicity. So for

2 N
1 7,8 mns ~3 1 -\ .8 AN s s
Sy = —(a —1) Z Z gka Z]x,ﬁl : Q(A; + ALer) (Anzyy - Arrelﬁl)

r=1 k=1

we will show how to analyse the part that contains A . Again we use the inequalities of
Cauchy-Schwarz und Young to obtain L2-norms. Furthermore, the prerequisites from
(4.8), (4.12) and (4.17) as well as (4.38) can be applied. Using the periodicity relation
between Af and A from Lemma 3.5, for all i, 7, m,n,r € {1,2} the following holds

17,8 mns ~s+1 + s N S s+1
|__ ——1) E : g Ik ijkl Amek,l)(Anxk,l : ATTekl )

k=1
(05)1 . 1/2 1/2
<3G (Z IA%F) (Z 985 Plgi* P Ay P B, |Awez+f|2>
k=1 k=1
(Y)C 1 l + 2 5,8 mns s+112|'A s |12 s+12
<)Y AR e~ 1) Z 985 Ploy” P15 T P | Bnai | Arer |
k=1 k=1
c 1
< Z(= A+ 2 h 4—4+4+2 AM’ S+1
=2 Oé Z | € ’ +C€( Z ’ ekl
k=1 k=1
c. 1 N
:g(a_ )Z ‘A 6kl’2+c‘€ __1 22 |Ar7‘62—~l—1
k=1 k=1

An analog proceeding including the decomposing of Ene;l, application of the men-
tioned inequalities and constraints as well as the usage of (4.4) instead of (4.8) in
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2 N
1 17,8 mns ~S N S 1 —\ .S S
S5 = —(a -1 Z Z ijz ”xﬁ : Amfk,l)(§(A:f + AL ek - Arreﬁl)

r=1 k,l=1

provides

|S4 + 55‘ < Z Z |A_ekl|2 + ceh™ Z Z ’Arr Z+ll

kllrl k=1 r=1

Here we had to bound |1 —1], so that the constants on the right depends on a~'. This is
also the case in the estimation of the next summand. Apart from the established tech-
niques, Sg requires to control a further difference between discrete and approximated
inverse metric coefficients. From (4.17) and (4.18) we infer that for 4, j,m,n € {1,2}

G5 a = g gl < |9”S||§Z”78 gl I+ 135 = a7 lg|
(4.39)
< ch™* 32 (JAFes | + 18 eq]) -
That means
1 2 N
[Sol = |=(= =13 D @F " — gl ary ) Ayl Bniy ) (Badyy - Aei')
r=1 k=1
2 N

) 1240 1A || At

rr@kz |

Z Z (1A er |+ A7 e,

i,7,m,n,r=1k,l=1

and here, too, we illustrate the further estimate with the help of an example. Using
(4.12) together with (4.38) and Lemma 3.5, for any i, j,m,n,r € {1,2} we arrive at

ch™ Z |Afe;

T 1AmTR | AnTy || Arrer )

k=1
(Z |A+ekl|2> (h S [t |sz2,1|2|Enfz,l|2|Aweztl|2>
k,l=1 k=1
Ve & +os 12 10 ~sHL2|A ~8 (2| S |2 sH12
< B Z |AT ekl! + ceh™ Z !Azﬂkz ’ |Amxk,l’ |AnIk,l| |A7‘T€kl |
e l=1 ke l=1
N
& A* 2 j—10+4+2+2 A estL2
_EZ| €L ’+C€ Z’ rrekl‘
k=1 k,l=1
N
_ ¢ A~ 2 h™ 2 A* s+1 2
_EZ| rChal” +ce Z| €t |
k=1 k=1
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4.2 Error estimation

Therefore, Sg can be controlled by our discrete first and second derivatives of e, just
like in the former estimates:

’SG| < - Z ZlAiekzl‘Q—i_cgh Z Z’Arr Ztl

kllrl k=1 r=1

From the bound of the consistency error we derived in Theorem 3.12 in the previous
chapter, i.e. from |R.7)| < cp(h? + 7), it follows

51l = Z Z R - A
r=1 k,l=1
9 1/2 N 1/2
e 2 2 3+12
SPIELHR I TSS9 oit et
r=1 k=1 k,l=1r=1
™ 2 = Q,5 |2 2 - s+1
< 4—€Zh |RYS)? +eh™ ZZ\AW%
k=1 k=1 r=1
1 S
< N (e) (B + 1)+ eh Z mee,j,l K
kil=1r=1
= (h2 +7)2+eh” Z Z AL et
kil=1r=1
where we inserted N = 2%, Note that cj and thus ¢ in ¢(h* + 7)* depends on a™".

Alltogether,

Sy 4 Sy + S5+ Sg + S7| < - (h2+7 +cz—:hQZZ]AW AR ZZ]A—%P

k=1 r=1 kllrl

as claimed in lemma 4.9.

For the proof of Lemma 4.8, it remains to look at (£ —1)P; and (£ — 1)P,, both of
which originated during the summation by parts of S;3 and are given in (4.36) and
(4.37), respectively. We will estimate P; and P, and keep in mind that the factor
(£ — 1) again has to be bounded by a suitable constant. After re-sorting of the terms
we have that for all m,n € {1,2}
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P+ P = Z Z 1o Zzs ZLZLS(AZef;l SApayy)) (A7 Apa, A‘ef{l)
i#r k=1

N
DD B (g (AT AT e Angy) (A7 Awag,y - Aeil!)

i#r kil=1
+) Z E; (g1 g (Anesit - Ay Aay))) (B, - Ay ept?)
i#r k=1

+ Z Z E; QZTISQIT?S(A;FAJreﬁl Aﬂmwi,z))(ﬁn%}iz Af@i#)

i#r k=1
N
- Z Z(A‘A;ef{l ATAT )BT (9r 0y (Bnagy - Aredih)
i#r k=1
N
=D Y (Anet AT AL ) E (60 g (Baryy - A et )
itr k=1
- Z Z gllfllsglznfs A;anz,z (Aieﬁll)) (A*zeﬁl : mei,z)
i#r k=1

- Z g2 g (AT By, - By (Ayerth) (AL estt - Baiy)

i#r k=1
N
YO A (G g (B (Aneth) - Anay,) (Bazy, - Aert!)
i#r k=1

+ Z AT (gr 7 ary) (BT (AF AT et - Bpayy) By, - Arerth)

i#r k=1
- Z A7 (g7 gV ET (Buaiy - Ay eiih) (Ahyep) - Buay)
i#r k=1
- Z AL (g ger VBT ((Buagy - Arerih) (ALeii! - Anaiy)
i#£r k=1
:IPI—F"‘—FﬁlQ.

First of all, it is helpful to understand the discrete second derivatives A~ Knx;l, whose
precise form depends on 7 and n as well as on the part of A, = L(A} + AL )z, being
considered. In order to restore the variants of discrete derivatives that were introduced
at the beginning, similarly to (4.24) in the proof of Lemma 4.5, the shift operators EF
defined in (4.21) are exerted again. With these we have
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4.2 Error estimation

AR o {%(ATAHATAM;Z = AL+ Er(Ar)zy, ifn=r,
r Bndp g = _ A 5’ % o
s(ATAY +ATA, T4, = 5(EF (AL + Afy)ay, ifn#r

In what follows we will study those summands of P, + P, containing the second deriva-
tives that we have just characterized, namely P, to FPs. Whilst proceeding to the
maximum as in

B (A )] < max [B (A ry)| = max [Ag g,

the dependence on the spatial grid point can be eliminated. For the bounds on the
differences of first order and on the metric coefficients such a dependence does not exist.
Thus, (4.17) holds despite a shifting along grid lines. Making use of this together with
(4.12) after the usual application of the Cauchy-Schwarz and Young inequalities to P,
yields

N
P =120 > B (0 ok (DGt B ) (A By Aeg!)
i#r k=1
<My Z Z B ()P 1B (et P A,
i#r m,n=1k,l=1
2

C
"‘E Z maX|A xkl|2z |E g;nlns | |A; Z—;1|2

m,n,r=1 k,l=1
s+1|2 2 — s+1
< ceh™? E E |ALer "+ = h E max\A nh 1] E 1A e
r=1 k=1 r,n=1 k,l=1

The approach is the same for P, to Ps. Note that additional terms occur in the con-
straint on the right hand-side of the resulting inequality. Apart from the examination
of other second order differences of e;,, this is because of the simultaneous appearance
of the factors A, Amxkl and E; (A‘ei*ll) or, more precisely, of the operators A; and
AT for i # r, for instance in Ps;. Out of this results a summation over all indices
i,j € {1,2} in the product of maxy; |Ajz,|* with [A; eSH|2 for both r € {1,2}:

P+ +P8|<cehQZZ|Am H A+ h ZmaXIAUfL’MIQZZm; A

k,l=11,j5=1 7,7=1 k=1 r=1

The remaining terms in P, + P all have the factor A~ (g} g,lj’l ) in common. Observe

that, by means of (4.17) and (4.20),

67
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A (g 920 = 1A (ge )9y + By (gn) A, (9270
< ch (1A (g )+ 1A (979)])

< e (A5 + e A ).

We look exemplarily at Py. With the help of the inequalities of Cauchy-Schwarz and
Young and a suitable splitting of the factor h=2h™3 as well as with (4.12) we derive

|P9| = Z Z AL ngzns m) (EZ(AZ;eiT) : Zmﬁz,l) (Zn$21 A_engl)
i#r k=1

(CS),(Y) N2 ~
< c5h74z Z Z !E,T(AZGZ#)P‘Amfi,lP

i#r k,l=1m,n=1

S WICE T (IR YN

m,n,r=1k,l=1

2 N
2 ¢ 512
< ceh § E |Aiiek,l |

=1 k,l=1
£ 0D (e e ) D I
r=1 k=1

Note that the shifting of A% ef{l is reversed by means of the periodicity. This also
applies to E~ (AjAjerl) in Pjy, which is treated like the second order difference of
e in (4.35).

The given estimate is representative for Py, ..., Pp. Again, further combinations of i, j
and r are obtained following the same principle as before, so that we have

N 2
|Py+- -4 Pa| < ceh™ Z Z |Afjez+ll|2+ Cpt Z max]A xp | Z Z ]A’efll

ki=1ij=1 ij=1 k=1 r=1

The proof of Lemma 4.8 is thus completed.

We finally combine the estimates from Lemmas 4.7, 4.8 and 4.9 in the
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4.2 Error estimation

Proof of the induction step. Applying Lemmas 4.7 and 4.8 we infer

N 2 N
coh™ Y D 1ALt P+ oo Z S (A7 (A e,
kil=11ij=1 r=1 k=1
(4.29)
§512+S2+"'+S7
(4.30)

<S4S+ Si+ 4+ S+ (2 —1)(P + Py,

so that Lemma 4.9 gives

N 2 N
coh™® ) D IAGe P+ 5 Z Do (AreH = 1are, )
kl=11i,j=1 r=1 k=1
. c N 2
< (B +7)" + ceh” Z Z AGEE P+ 2 D0 D 1A el
k,=11,5=1 kJl=1 r=1
+ - h 4 Z max | A | Z Z Az et
,j=1 k=1 r=1
Summation over all points of the time grid ¢, s’ € {0, ..., s}, and multiplication by 7
yields
s N 2
TZ Z Z coh | AL P + Z DD (AT P —1ATe )
s'=0k,l=11,j=1 s’—Ok:,l 1r=1
c c s N 2 s N 2
2 2 -8 2 -2 '+1)2
< E<S + D)1 (h*+7)* + ETZ Z Z A epy|” +ceTh Z Z Z A e |
§'=0k,l=1 r=1 /=0 k,I=14,j=1
SN0 9 SLTRISEAD 9p SIS
=01,5=1 k,l=1r=1
This inequality can be rewritten as
s+1 N
(co—ce)rh™® > > Z |Afjeil”
§'=0 k,l=11,j=1
1 N 2
(— — —h TZmaX]A xp %) Z Z] Cent?
i,7=1 k,l=1r=1
. N 2
< ET(h2+T + TZ 1+h Zmax|A”xz;1 Z Z|A;ek7l|2,
=1 3,7=1 k=1 r=1

since |e) ;| = 0. Choosing & such that 0 < ¢; < ¢y — ce provides the following lower
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bound:
s+1 s+1
E E E aTh?|A} ekl|2< E g E co — ce)Th?| A 6k1|2
=0k,l=11%,7=1 s'=0k,l=11,5=1

In order to find constraints for the factors containing second order derivatives of x; on
either sides of the estimate, we take up the induction hypothesis in form of Corollary
4.4. The bound in (4.9) implies

1 1
3 —ch™ TZHI&X|A xp? > 5 — ceah > s,
i,j=1
if h < (3 — cs)(cca) ™, and for the overall estimate we infer

s+1

aTh” ZZ Z|A e’ +CSZZ|AT_ Al
=0k,l=11%7=1 k=1 r=1 . ) <440)
< cy(R?+7)? +C5TZ 1+h” ZmaX|Amsz_1 ZZ|A;6;1|2.
s'=1 ij=1 k=1 r=1

Note that ¢y = c4(z, T, a™t), c5 = c5(x,a!) and all of the other constants only depend
on x. This is important to note because the lemma of Gronwall gives

N 2
ZZ Arertt < = (h2+7>exp(—721+h ZmaxlAmwz#l ))
=1 r=1

/=1 i,j=1

and the right hand-side consequently depends exponentially on a~*.

To proceed we make use of the induction hypothesis in form of Corollary 4.4 again.
We apply (4.10) to estimate

TZ (1+h~ 4Zmax\A*xkl 2) < 5T+ 8T +1< (1+ 8T +1.

i,j=1

Therefore

N2
Z Z Acenitl? %(W +7)%exp (2_5(1 + 862>T) exp(1) = W(h* + 7)*
k=1 =1 ’ ’

as claimed in (4.28). So the first inequality in (4.3) is true for each s € {0,..., M}
under the assumption that for the preceding point of time the second part of (4.3) holds.
Since the latter is true for all s € {0,..., s} according to the induction hypothesis, the
estimate for the discrete first derivatives holds for all s" € {0,..., s+ 1}. Inserting this
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4.2 Error estimation

into (4.40) we infer

s+1 N

Th™ ZZZ|Aw erl’

s'=0k,l=11,5=1

C4 .50 2 '—1)2
<—(h*+ + W h? + 7)%r 1 + h~ maX A7 xs
L WO 3 2 |1 )

SR 47 + (14 82T + W (h + 7)?
1 1

S(hQ + 7_)3/27

if b < (2¢*) 7, see the proof of (4.10), and (h* +7)"/? < (£ + £((14+8)T+1)W)~!
Consequently, also the second part of the induction step is proved. O

Thus, the induction is completed. Note that this also means that auxiliary results
derived from the induction hypothesis for the concrete point ¢* are now valid for all
s € {0,..., M}. In particular, this is true for (4.8), (4.12) and (4.17)-(4.20). We can
proceed with improving the estimate for the second order differences.

4.10 Theorem. Let o € (0,1] and let = € C*([0,27]? x [0, T];R3) be the solution
of the continuous problem (1.4) with z(-,t) € C2 ([0,27]*R3) for all t € [0,T] and

per

Iz e C[0,T); Cp,,.([0,27]* R?)) for |y| < 3. Let also 2¢ < g for a constant ¢ > 0.
Fork,l€{l,...,N} and s € {0,..., M} let 7}, = x(up,,t*) denote the restriction of
x to the mesh {(ur,t*) }rico,...N},seqo,...m3 With (ugy) = (kh,lh), h = 2”, and t* = s,
T = % Let wy, be the solution of the discrete problem (3.9) with x; = wp(ugy, t°) and
let ef, = en(ur,, t°) = 3, — x3,. Then there exist positive constants c, ¢ and h*, such

that for all 0 < h < h* and T < ¢'h? the estimates

|A_€kl|
B2 B2
o max ( ZZ < c(h® +7),

k=1 r=1

o\ 1/2
( ZhQZ Z €kl| ) SC(hQ—i—T)

= k,il=11,5=1

(4.41)

hold and the constants only depend on x, T and o™}

Proof. 1t remains to show that the order of convergence for the discrete second deriva-
tives is the same as for the first derivatives. We insert the first assertion of (4.28) into
(4.40) again. This time, we can use the full exponent of (h* + 7) and so we infer for
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each s € {0,..., M}

M N 2
a Y D D ThPALe P < (B + 1) + s (14 8T + W (R + 7)°

s=0 kl=1i,j=1
<c(h®+1)°

]

4.11 Remark. Reducing the order of convergence for the second order differences
within the induction statement (4.3) compared to the final convergence result presented
in Theorem 4.10 is necessary for technical reasons: The splitting (h? + 7)3/2+1/2 makes
1t possible to impose another smallness condition on the mesh sizes in order to obtain
exactly the constant in the constraint of the induction hypothesis again in the induction
step.

Apart from the discrete spatial derivatives we can also control the discrete time deriva-
tive of ), in a L?-norm on the grid by some term of second order in h and first order
in 7, as we display in the following.

4.12 Theorem. Under the assumptions of Theorem 4.10 there exists a constant ¢ > 0
as well as an hg > 0, such that for all 0 < h < hqg the estimate

s+1

i 9 al leny _621|2 v 9

s=0 k=1

holds and the constant ¢ only depends on x, T and o~ '.

Proof. Let k,1 €{0,...,N} and s € {0,..., M — 1}. Equation (4.26) yields

s+1 .S
€L €kl ~ij,s ij,s

< ‘QIZCJ,ZSHAHGEH + ‘gk,l — Y9k

Ayt + R

1 ©j,8 _mn,s

-1 [
+’o¢ ‘ 1917 91"

Aijeﬁl | |mei,l | \Enxi,z |

iJ,S _mn,s ~s+1

+ 1957 9 N AsG T, HZm@Z,sznﬁ,l’

+ |QZ{}SQZT’S||A¢@2T 1AnZ},

Anei,ll

+ léﬂfﬁﬁ’s - 91?,'}892?1”"Aijj}ﬁ”’Zm-ﬁk,l“gnﬁ,zq~

Using (4.17) and (4.18), to control f],i];f, g,ij;f and their difference, together with

2
GG = il <eh Py (1AT ekl + 1A e l)

r=1
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compare (4.39), we obtain

1
p ’eﬂl - ei,zl

2 2 2
<ch™)  |Ayertt +ch (Z IAijfzﬂ) (Z(lArez,ll + IA:ez,lD) + Ry

=1 ij=1 r=1
2 2
+ch™ Z !Amxi,zHAan) (Z ‘Aijeﬁl )
m,n=1 i,j=1
2 2 2
+ch™ Z ‘Awi?m) (Z(Mrﬁl‘ + ‘Ari’i,ﬂ)) (Z(|A7«+€Z,z| + IArei,z!)>
ij=1 r=1 —1
2 2 2
+eh™ ) |Aija:~z?;1|) (Z |Am:z~z,l||Anfz,l|> <Z<|Arez,,|+ |A;ez,l|>).
t,j=1 m,n=1 r=1

The constraints on first order differences of z;, and z, see (4.4), (4.8) and (4.12) as well
as the boundedness of second order differences of x as given in (4.38) yield

2
1 _ _
;|€Z,+ll —epl S e(h?H RN Y Aer !
ij=1
2
+e(hF 4 TR L NN (AT e |+ [Ar e ) + Ryl
r=1
After squaring and summation over k£ and [ we have
N
1
= D et — el
k=1
N 2 N 2 N
SchT YN 1A P hT Y Y (A e P+ A ) e ) IR
kl=114,j=1 k=1 r=1

k=1

We replace A by Ay as well as AfAT by ATA; (and therefore also Ay by Af),

compare Lemma 3.5. Furthermore, with the help of the estimate for the consistency
error

N
DR < GNP 4 )P = ch (R 4 1)
k=1

it follows that

N N 2 N 2
1
= D oleptt —en P <t Y DY AL P ch Y 0> A e [P+ ch A (W7 4 7).
k=1

kl=1ij=1 kl=1r=1
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Multiplying by h? and inserting (4.28) for the differences of first order yields

Z leptt — b |? < e(h® 4+ 7)° 4 ch? Z Z

k=1 kl=14j=1

* 5+1(2
Az] k:ll

Summation over all s € {0,..., M — 1} and multiplication by 7 allows to estimate the
differences of second order analogously, which is why we have

S+1 2 A* s+1|2
— e
FS ey R R e +chhQZZ ol
s=0 k=1 kJl=11%,j=1
< T(h2 ) + c(h2 + T)
< c(h® +71)?
as asserted. O

With the aid of this result, we can show the convergence of second order in h and first
order in 7 for the discrete L?-norm of the error function e, itself in a few steps. This
is demonstrated in the following theorem.

4.13 Theorem. Under the assumptions of Theorem 4.10 there exists a constant ¢ > 0
as well as an hg > 0, such that for all 0 < h < hg the estimate

N 1/2
max h? el | <ch®+71 4.43
5c{0,... M} ( k;l’ nl ) < ( ) (4.43)

holds and the constant ¢ only depends on x, T and o™}

Proof. Let s € {0,..., M — 1} arbitrary but fixed. e}, = 0 implies

Z |€s+1 Z Z |es +1 |€Zl,l’2)

k=1 —0 k=1
s N
. s'+1 s s'+1 s'+1 s’ 12
= E E <2(€k,l —%l)'@kz ’6 — €l )
s'=0 k,l=1
s N
'4+1 s s'+1
< E E <2(€k,l —€r) €k >
§'=0 k,l=1
s N 1/2 N 1/2
s'+1 s’ 12 s'+112
< 2§ E ;‘%z _ek,l| T E |€k,l ‘
s'=0 \k,I=1 k=1
M1 < 1,
s'+1 8+1
§2_§ E 1€k _ekl‘ +25T§ E leg.
§'=0k,l=1 =0 k,l=1

74



4.2 Error estimation

Subtraction of 257\63+1\2 for every k,l € {1,..., N} and a suitable choice of € so that
ce < 1 — 2e7 for a constant cg > 0 we have

M-1 N s N
W3 I <2 2 2 e = el e 2r 30 Y Iel
k=1 20 ki=1 | /=0 k,I=1
(4.42)
< ch 3 (h* +71)? +27’ZZ |e,€l]2

s'=0k,l=1

where we made use of the result of the preceding theorem to estimate the difference of
the error function regarding time.
The lemma of Gronwall then gives

s

N
Z et P < ch™2(h° + T)2exp(cz 7) < ch™2(h* + 7)2exp(cT),
k=1

s'=0

so that after multiplication by h? and extracting the square root

1/2
<h2 Z \e”l 2) < c(h?+ 7).

k=1

The estimate holds for all s € {0,..., M — 1} and so does (4.43). O

The next theorem states an estimate in a discrete maximum norm. Since n = 2, an
embedding H*(Q) — C(Q) does not exist and so the H'-bound does not immediately
imply an L*-estimate. Still, we can show a slightly weaker estimate that originates
from the theory of finite element approximations.

4.14 Theorem. Under the assumptions of Theorem 4.10 there exists a constant ¢ > 0
as well as an hg > 0, such that for all 0 < h < hg the estimate

s 1 < elln(h 3 h2 4.44
omax - omax - fef] < efln(b)]F (b +7) (444)

holds and the constant ¢ only depends on x, T and a™*

Proof. To begin with we Consider the domain [0, 27]?, which was divided into squares

-----

half by their diagonals from the top left to the bottom right corner. That means, by
connecting ug_1, to uy;—; for all k,1 € {1,..., N} we add new grid lines and obtain a
mesh of traingles {/{k’l, K}k le(1,..,N}- We denote

KM= {(uy,ug) € [0, 27)?
/ﬁ]ﬁl = {(Ul,UQ) € [0, 27T]

(k—Dh<u <kh, (I+k—1)h—u <us <Ih},

(k—1Dh<uy <kh, (I—Dh<uy <(+k—1)h—wu}.
(4.45)

[\
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Let I, : [0,27]* — R3 be the continuous linear interpolant that coincides with e, at
the corners of such a triangle and is extended to be linear in between. For arbitrary
k,l and u = (uy,uy) € k" we thus have that I}"'[es](u) := a¥'uy + bFlug + & and the
coefficients are uniquely defined by

€
If]f’l [en) (Uk—l,l,t ) = ¢ 1,0 (4.46)
ol

Ii]f’l[eh](uk,lfht )=e

Analogously, for u = (u1,us) € kg, we let Inpilen](w) = aguy + bryus + gy so that
it coincides with ej, in wg_1;, ur;—1 and ug_; ;-1 and the coefficients are given by a
corresponding system of equations.

For all s € {0,..., M} we have

piehex el = Db, [ Inlen] (u, t%)].

Since In[e},] is continuous and piecewise linear, Lemma 6.4 in [41] implies that the
estimate

max [Ty [en](u, t°)] < ¢ In(h )\5( /(|Ih[6h(ts)]!2+IVIh[eh(tS)HQ)dU>

u€(0,27]2 e
0,27

holds. Hence (4.44) is true if

/ (nlen ()] + |V In[en(t)]P) du < ch? Z

k=1

(r wuz -l ) (4.47)

[0,27]2

for we have already shown the convergence of second order in h and first order in 7 in
the discrete H'-norm of ej,. In what follows, we thus aim to prove this inequality and
therefore make use of the triangulation of [0, 27]?.

Due to the fact that VI/'[e](u) = (™!, "), the evalution of the L*norm of the
gradient in the upper triangle x*! yields

1
J 19T enlf du= (a4 ) [ du = (a0 ) S
wkil PLR

Solving the linear equation system (4.46) gives

eri — ek—11  Ajegy ekl — €ki—1  Ajery
ak,l — . 1 and bk:,l — - 2

h h h - h

and we make use of the same proceeding for xy; to find
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4.2 Error estimation

Cri-1— Ch-10-1  ATeri
h h

Ck-10 — Ch-10-1  Dyer_1g

Qg = and ka = 3 = A

This implies

GRS

10,272 k=1

|A1_€Z,z|2 + |A2_€i,l|2 |A1_€Z,171|2 + |A2_6271,l|2
B * 2

N _ _
|A] ei,zl2 + A5 62,:!2

=h* ) = 7

k=1

where we used the periodicity of ej in the last step, compare the first result in Lemma
3.5.

The L?-norm of I, itself is evaluated by another interpolation. Let J, : [0,27]* — R
be the continuous, piecewise linear function which coincides with |I, h[eh]|2 in each of
the corners of a triangle x. Since Jj, is linear, we can make use of the quadrature rule

([39])

/Jh[lfh[eh]IQ](ubW)du = || Ju[| In[en] *](Sz. Sy). (4.48)

K

where || is the area of x and (S;, S,) are the coordinates of the centroid of . It holds
that |k| = $h? and

(5h+ (k= 1)h, sh+ (I —1)h) for Kk = Ky,

(SI’S?J):{ 2 2 k.l
(5h+(k—=1)h,sh+ (I = 1)h) for k = ™'

Determining the coefficients of J;"'[|I,[ex]|*](u) for the triangle and inserting the cor-
responding centroid into the quadrature rule yields

1
/J/l?lHIh[eh”Q](uh ug) du = h26 (lewd)* + lex—1al” + leni—1]?) -
k,l

KR

Using the same method to calculate the integral of J,.; over sy, we arrive at

N
S 1 S 1 S 1 S 1 S
[ nleneF] du=12 Y (Gleia + gletai + gleknl + Glet 1uaP)

10,272 k=1

N
= ch® Z |€Z,l|27

k=1

where equality in the last step again holds because of the periodicity of the solution
functions = and xj, on the spatial grid. Observing that I;[e,] is continuous and piecewise
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4 Convergence analysis

linear, and letting x = ™! and k = Ky, respectively, we have the following well-known
estimate, which is used e.g. in [8]:

Jirtepdu< [ de

This way, (4.47) is verified as well as is the asserted error estimation. ]
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5 Numerical experiments

In what follows we want to demonstrate some numerical results for the family of fully
discrete approximations introduced in (3.9). Firstly, we compute the experimental
order of convergence for several discrete norms to give numerical evidence for the
estimates obtained in the previous chapter. In the second section, we consider examples
illustrating the evolution of a torus and the shrinking of the surface area for different
choices of a. Furthermore, we are interested in a visualization of the quality of the
generated mesh, where we focus on the influence of o as the parameter that determines
the tangential velocity rather than on producing meshes with small mesh sizes h and
T.

5.1 Experimental order of convergence

In the first part of this chapter we compute the experimental convergence rate of our
approximation. Since the torus is not an exact solution to the Mean Curvature DeTurck
Flow, we are going to modify evolution equation (1.4) accordingly. The parametrization

(r(t)cos(uy) + R)cos(us)
z(up, ug,t) = | (r(t)cos(ur) + R)sin(ug) | , (u1,ug,t) € (0,27)* x [0,7T),
r(t)sin(uq)

satisfies the inhomogeneous equation

Ty — gl]l’uiuj + (a - 1) g”gmn(xuiuj . xum)xun = f(ula U’27t)7 (51)
where
) N (1)) sty (st
DT b () cos(uy) + R SIt2 a r(t)cos(ui) + R e

0 —cos(uy)

if we choose ry = —1 with r(0) =1, i.e. 7(t) = V1 — 2t
Corresponding to the analytical results the difference between exact solution x(uy, t*)
and numerical solution xj ; is computed in the following discrete norms:

N B o\ 1/2
E B) — h2 |Ar 6Z,ll
w(h) o= mas WD) )

kl=1r=1
M—1 N |es+1_es ‘2 1/2
Ex () — B2 k.l k.l
NMOEIEDY ET )
s=0  kl=1
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5 Numerical experiments

N 1/2
Er2(h) = Se{rgaxM} <h2 Z |€Z,z|2> ,

""" k,l=1

E oo h = ’ .
= (h) se%(rJl,.a..),(M}k,lerﬁ??iN}yek’l‘

For each of these quantities measuring the absolute errors, we define the experimental
order of convergence as

o -ve (52 ()

In Table 1, the corresponding values are gathered for the radii R = 2 and r(0) = 1.
r(t) = v/1 — 2t implies the maximal time of existence 7' = 0.5. Thus, for reliable results
away from the extinction, we let M7 = 0.4 in our computations. The parameter o was

chosen to be 0.01 and we let 7 = h?/25. These results confirm the theoretical estimates
that have been established in this work. The experiments for the discrete L?-norm of
the discrete second derivatives yield similar values as those for the discrete L2-norm of
the discrete time derivative. In the maximum norm over both spatial and time variable,
compared to the other norms, the order of convergence with respect to h is reduced
by the factor |1n(h)|%. This apparently does not manifest in the computations. For
different choices of radii, i.e. also in the case of a fat torus with an appropriate choice
of T', as well as different values of «, similar results are obtained and thus not listed
here.

h; Em EOC | Ea, EOC | Ep2 EOC | Er~ EOC
0.2094 | 1.0749 - 1.6354 - 0.9240 - 0.1936 -

0.1571 | 0.6093 1.97 |0.9236 1.99 | 0.5216 1.99 | 0.1091  1.99
0.1257 | 0.3910 1.99 | 0.5924 1.99 | 0.3340 2.00 | 0.06978 2.00
0.1047 | 0.2716 2.00 | 0.4116 2.00 | 0.2318 2.00 | 0.04840 2.01
0.08378 | 0.1743 1.99 | 0.2641 1.99 | 0.1486 1.99 | 0.03100 2.00
0.06981 | 0.1212 1.99 | 0.1837 1.99 | 0.1033 1.99 | 0.02160 1.98

Table 1: Error in different discrete norms of e;, and of its dicrete time derivative as well
as convergence rate in each norm for R = 2, r = 1, 7 = h?/25, T = 0.4 and
a = 0.01.

5.2 Surface evolution, mesh quality and area decrease

From [40] it is known that the different evolutions of a torus that flows by its mean
curvature can be grouped into three: a family of “thin” tori shrinking to a circle, a
family of “fat” tori trying to merge to a sphere and one torus at the limit. Although
the classification of the evolution is effected by the ratio of the small radius and the
big radius, no exact value for the limit case has been determined yet. In [34], the evo-
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5.2 Surface evolution, mesh quality and area decrease

lution of tori as rotational surfaces of some generating curve is considered. The author
derives a condition on the shape of the generating curve that assures the asymptotic
tranformation to a circle before it becomes a point and the torus thus becomes a circle.
This gives a lower bound for the critical radius.

Numerical examples showing the two families of tori are for instance given in Figure
4.7 in [16] and also in Figures 5 and 6 in [6] and in Figures 2 and 3 in [4]. A numerical
approximation for the critical radius at the transition between the thin and the fat
torus is presented in [38]. In [4], where surfaces of rotation are considered, the authors
also delimit the critical radius numerically. In what follows, we will both verify that
our approximation leads to the evolution of thin and fat tori as well as determine an
interval for the critical radius for two choices of a.

A torus that evolves by its mean curvature can have a self-similar shape, found by and
named after Angenent, see [2]. Self-similarity plays an important role in the study of
singularities and is hence of huge interest. Producing the Angenent torus numerically
would be an intersting task to try with our approach. Yet it exceeds the scope of this
work and is not considered in the following.

In this experimental chapter we are mainly interested in the influence of o on the ap-
proximation and its solution. The parameter o appeared within the reparametrization,
which was introduced in order to specify a tangential velocity in the Mean Curvature
Flow. This induces a tangential movement of nodes on the discrete surfaces when
simulating the Mean Curvature DeTurck Flow. In particular, small choices of « are
expected to produce meshes with a good behaviour, that is, meshes that do not de-
generate or have distorted cells. However, the constant of the error bounds obtained
in our analysis depend exponentially on o' and thus small values of alpha could be
a disadvantage, too. In order to evaluate the mesh behaviour systematically, we turn
the rectangular mesh on the surface into a triangular one and measure the skewness of
its angles. Dividing each rectangle with edges xy_1,;-1, Tr—1,, Tx;—1 and zy,; into two
triangles 7%! and i, by connecting 1, with 41, allows us to compute

Omax — L (T)

,,,,,

max
Te{TH T i ke

where L(7T) is the longest side of 7 and R(7) denotes the radius of the inscribed
circle of the triangle. If 0,,4, is small, there is no triangle with sharp angles and the
mesh quality is considered as good. This quantity seems to be a typical measure in
the literature and can be found in several works on the numerical analysis of partial
differential equations, e.g. in [19] and [22].

A characteristic property of the flow by mean curvature is the decreasing of the surface
area. We computed the area with the help of linear interpolants and the quadrature
rule (4.48) we used in the proof of Theorem 4.14. That means, we divide the para-
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5 Numerical experiments

meter domain [0, 27]? into triangles k!, k;.; by connecting certain points of the grid
{uri}rieqo,.. Ny, compare (4.45). We define interpolants I,’f’l,lh;k,l that coincide with

\/9r, in the corners of the corresponding triangle. This yields the formula

N
s 1
Area(t*) ~ 3 Z (\/ 90+ 24/ 91, Tt 2\/91?,;—1 + \/9}3—1,1—1)‘

k=1

Since our focus lies on a visualization of the influence of «, with few exceptions we
restrict our computations on a spatial grid size h ~ 0.1 and a time grid size 7 = 10~ to
keep the expense fair. We implemented the algorithm in MATLAB. The linear system
of equations that results from the fully discrete scheme in (3.9) has 3N? variables
with a matrix that is nearly tridiagonal. Additional non-zero-entries result from scalar
products and the periodic boundary conditions.

Example 1

As initial surface we consider the parametrization

(rcos(uy) + R)cos(us)
zo(ur,ug) = | (rcos(uy) + R)sin(ug) | , (u1,uz) € (0,27)?, (5.2)
rsin(uy)

of a torus. Its projection onto the grid for the choices R = 1 and r = 0.6 as well
as R = 1 and r = 0.7 is shown in Figure 1. The characteristic evolution of these
surfaces can be observed in Figures 2 and 3, where we let N = 60, i.e. h ~ 0.1047, and
T=10"%

o

e

Seosseaay
A

2
ZRRIS
R0

0

(a) Discretized surface (5.2) (b) Discretized surface (5.2)
for R=1and r = 0.6 for R=1and r =0.7

Figure 1: Initial surface (5.2), discretized with N = 60, for different initial radii repre-
senting the two families of evolution.
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5.2 Surface evolution, mesh quality and area decrease

(a) Surface at t = 0.1 (b) Surface at ¢t = 0.2

Figure 2: Simulation of the scheme in (3.9) for the initial surface in Figure 1(a). We
chose N =60, 7 =10"% and o = 1.

In Figure 2 we show two steps of the evolution of a thin torus for a« = 1. The surface
appears to be only marginally different for other values of «, which we therefore do
not display. A consideration of o,,4, still shows differences in the mesh behaviour as
explained below.

The change in topology in the case of a fat torus can not be calculated by means of our
parametric approach, but we can observe how the torus pinches around the zs3-axis,
see Figures 3 and 4. The latter is an enlarged section of Figures 3(e) and 3(f), where
we show a projection of the discrete surfaces from Figures 3(c) and 3(d) onto the zqx3-
plane at x5 = 0. We compare two values of « that illustrate the tangential movement
of nodes induced by our scheme. For a = 0.001 this movement is much larger than
for a = 1 and the resulting mesh for o = 0.001 produces rectangles with perceiveably
differing sizes of grid cells. Still, as the enlarged part of the torus in Figure 4 indicates,
the skewness is relatively small for « = 0.001. In a study of ¢,,,, in Figure 6, one can
see that the triangles contained within the rectangles indeed do not have any sharp
angles. We display 0,4, for the whole time interval to give an overview, but also show
the behaviour for times away from the singularity to emphasise the difference between
the graphs. For the thin torus an analog is shown, see Figure 5. Although for this
choice of radii no significant difference is visible on the surface, the mesh quality clearly
depends on a. The behaviour of the mesh is similar in both types of development in
the beginning of the evolution. Despite the maintaining of the good mesh quality for
a = 0.001 during the whole time of existence, the singularity occurs faster for this
value of the parameter in the case of a fat torus, but slower in the case of a thin torus.
In general and for both families of tori, smaller values of « lead to smaller values of

Umam .
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5 Numerical experiments

(a) Surface at t = 0.05 (b) Surface at ¢ = 0.05

e
Ty
2o s sa e

0.8 — 0.8 —

7 7 /a7 SN\
0.4 — 0.4 — \ V7774 \\\\\\\\\
02— 02 -
0 0
-0.2 4 -0.2 4
0.4 0.4
0.6 0.6
-08 \ \ \ \ \ \ \ \ -08 \ \ \ \ \ \ \ \
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 ;(11.5 -1 -0.5 0 0.5 1 15 2
(e) Cut surface at t = 0.075 (f) Cut surface at t = 0.075

Figure 3: Simulation of the scheme in (3.9) for the initial surface in Figure 1(b). We
chose N = 60, 7 = 107* and o = 1 in the left column as well as o = 0.001
in the right column. In (e) and (f), the projection of the discrete surfaces in
(c) and (d) onto the plane at x5 = 0 is shown.

84



5.2 Surface evolution, mesh quality and area decrease

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 -0.3 -0.2 -0.1 0 0.1 0.2 0.3

X, %

(a) Enlarged section of the surface at t = 0.075 (b) Enlarged section of the surface at t = 0.075

R
S 1
zzéz AL,
/ //// L, Sl

0 0.05 0.1 -0.15 -0.1
X

(c) Enlarged section of the surface at t = 0.075 (d) Enlarged section of the surface at ¢ = 0.075
fora=1 for o = 0.001

Figure 4: Simulation of the scheme in (3.9) for the initial surface in Figure 1(b). We
chose N = 60, 7 = 107* and a = 1 on the left as well as & = 0.001 on the
right.
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0 0.05 0.1 0.15
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Figure 5: Mesh quality o,,,, during the evolution of a torus with initial radii R = 1
and 7 = 0.6 of the scheme in (3.9), comparing o € {1,0.1,0.01,0.001}. We

45

40 1

35|

max

have N = 60 and 7 = 10~%.

0.02

0.04
time

0.06

0.08

13

121

117

0 0.01 0.02 0.03 0.04 0.05 0.06
time

Figure 6: Mesh quality o0,,,, during the evolution of a torus with initial radii R = 1
and r = 0.7 of the scheme in (3.9), comparing a € {1,0.1,0.01,0.001}. We

have N = 60 and 7 = 104,

In Figures 7 and 8 we study the influence of the parameter o on the process of area

decrease. Again, we performed the computations for the thin and the fat torus. Note

the increase of the surface area for small times when o = 0.001. This phenonemon

appeared as well in [22], Example 1, for small a.
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5.2 Surface evolution, mesh quality and area decrease

area

0.2¢

(a) Area for the initial surface in Figure 1(a)

0.015 0.02

(b) Enlarged section of area evolution

Figure 7: Surface area as a function of time under the approximated Mean Curvature

DeTurck Flow for a thin torus with radii R = 1 and r
a € {1,0.1,0.01,0.001} with N =60 and 7 = 107",

20

0.1

(a) Area for the initial surface in Figure 1(b)

26.4

26.21

26

0.6, comparing

0.015 0.02

(b) Enlarged section of area evolution

Figure 8: Surface area as a function of time under the approximated Mean Curvature
DeTurck Flow for a fat torus with radii R = 1 and » = 0.7, comparing

a € {1,0.1,0.01,0.001} with N = 60 and 7 = 10,
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5 Numerical experiments

We also determined an interval for the critical radius between the two families of thin
and fat tori and thereby tested the influence of o on the development. As we can see in
Figures 9 and 10, the critical radius r* changes for different choices of the parameter.
For o« = 1, our simulations indicate that r* € (0.641,0.642), while for & = 0.01 we
obtained that r* € (0.64,0.641).

T
fl S A
i “\ = 22 0,;!,',‘

0

A, { It
i S o)
0 o
R "l,/,

/

A
S
A

(a) Surface at t = 0.28 for r = 0.641 (b) Surface at ¢t = 0.2395 for r = 0.642

Figure 9: Simulation of the scheme in (3.9) with oo = 1 for a torus with different initial
radii. For R =1 and r = 0.641 (left) we obtain a thin torus, while for R =1
and r = 0.642 (right) we obtain a fat torus. We chose N = 60 and 7 = 107°.

P
TS
e

S
oSS
FRRRS

(a) Surface at ¢ = 0.282 for r = 0.64 (b) Surface at ¢ = 0.2583 for r = 0.641

Figure 10: Simulation of the scheme in (3.9) with @ = 0.01, N = 60 and 7 = 107 for
a torus with different initial radii. For R = 1 and r = 0.640 (left) we obtain
a thin torus, while for R =1 and r = 0.641 (right) we obtain a fat torus.
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5.2 Surface evolution, mesh quality and area decrease

Example 2

For the second example, we let the initial surface be parametrized by

(rcos(uy) + R)cos(us)
zo(ur,up) = | (rcos(uy) + R)sin(ug) | , (w1, uz) € (0,272 (5.3)
rsin(uy) + £sin(6ug)

Note that compared to the parametrization in Example 1, a term is added in the third
component. In Figure 11, we present the initial surfaces for R = 1 and r = 0.6 or
r = 0.7 and two subsequent steps in their evolution. Like for the torus in Example 1
we observe a shrinking toward a circle and a merging to a sphere. For a comparison
with the results obtained by Elliott and Fritz in [22], where this surface was investigated
as well, we chose N = 90, which leads to a similar number of vertices on the surface.
This example demonstrates the smoothing effect of geometric flows, i.e. the flattening
of the surface during the process of shrinking.

The authors in [22] also considered a surface with an initial radius between that of
the thin and the fat torus observed above, more precisely they chose R = 1 and
r = 0.65. Their algorithm converges in a situation where the algorithm by [6] leads to
a degenerate mesh, see Figure 27 in [22], where the authors chose « = 1 and 7 = 107°.
In Figure 12 we see that the mesh produced by our approximation for & = 1, 7 = 107°
and N = 90 does not degenerate either. Note that although we used the DeTurck trick
like the authors in [22], their method leads to a completely different approximation than
ours, also in the special case a = 1. Still, both approximations have in common that
they induce tangential motion that is advantageous for the mesh properties, especially
for small a.

A study of the mesh property ¢,,q, for our scheme with R = 1 and r = 0.65 is given
in Figure 14, where we returned to the choice of N = 60 and 7 = 10~%. We observe
that, as long as the surface does not become singular, the mesh quality for a = 0.001
is better than for any other choice of the parameter. Apparently, for different «, i.e.
different numerical schemes, different singularities can occur since we chose an initial
radius in between r = 0.6 and r = 0.7, which both lead to different evolutions. This can
also be guessed by Figure 13, which shows the decreasing of the area of the computed
surface. For the two smallest values of «, the computations stop at a point of time
when the surface has positive area, while for the two larger values of «, the algorithm
converges and the surfaces vanish. To be able to compare ¢,,,, for different a for one
kind of singularity, we repeat the computations for » = 0.635. The results are shown
in Figures 15 and 16. Here, in all cases the surface converges toward a circle and a
better mesh quality can be observed for smaller a.
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(a) Discrete initial surface (r = 0.6).

(b) Discrete initial surface (r = 0.7).
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(c¢) Surface at t = 0.1.

(d) Surface at t = 0.08

(e) Surface at ¢t = 0.2. (f) Surface at ¢t = 0.09
Figure 11: Evolution of (5.3) under the scheme in (3.9) for «

= 0.01 with different
initial radii. We chose N = 90, 7 = 1074, R = 1. In (a),(c),(e), the small
radius is 7 = 0.6, in (b),(d),(f) r = 0.7.
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Figure 12: Evolution of (5.3) with initial radii R = 1 and r = 0.65 at ¢ = 0.11 for
a=1,N=090and 7 =107°.
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Figure 13: Surface area as a function of time under the approximated Mean Curvature
DeTurck Flow for the initial surface given by (5.3) where R = 1 and r = 0.65,
including a comparison for o € {1,0.1,0.01,0.001}. We have N = 60 and
T=10"%
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Figure 14: Mesh quality measured by the quantity o0,,,, during the evolution of the
initial surface given by (5.3) where R = 1 and r = 0.65 under the approx-
imated MCDTF, including a comparison for v € {1,0.1,0.01,0.001}. We
have N = 60 and 7 = 1074
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Figure 15: Surface area as a function of time under the approximated Mean Curvature
DeTurck Flow for the initial surface given by (5.3) where R = 1 and r =
0.635, including a comparison for a € {1,0.1,0.01,0.001}. We have N = 60
and 7 = 1074,
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Figure 16: Mesh quality measured by the quantity o,,,, during the evolution of the
initial surface given by (5.3) where R =1 and r = 0.635 under the approx-
imated MCDTF, including a comparison for e« € {1,0.1,0.01,0.001}. We
have N = 60 and 7 = 1074
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6 Conclusions

In the present work, we approximated a reparametrization of the evolution equation
describing the flow by mean curvature. The reparametrized flow, which depends on a
parameter «, is generated by applying a variant of the DeTurck trick. It is called Mean
Curvature DeTurck Flow and has the desirable property of being strongly parabolic.
That means, in contrast to the original mean curvature flow, it has a prescribed tan-
gential velocity, which seems to be advantageous not only from an analytic point of
view but also for the numerical analysis. We introduced the trick in order to derive a
finite difference approximation for surfaces of torus type in R?® that allows for a con-
vergence analysis. The choice of a finite difference method, though requiring a high
smoothness assumption on the solution to the Mean Curvature DeTurck Flow, enables
to handle the spatial operator, which is not in divergence form. The resulting family of
fully discrete schemes presented in this work is semi-implicit. With the help of energy
methods, we proved optimal order error bounds in several discrete integral norms. The
crucial regularity assumption of a uniformly bounded area element g can be ensured
as long as the curvature stays bounded. Together with superconvergence effects in the
first spatial derivatives this yields a W1>-bound by an inverse estimate which was
essential to control the geometry on the discrete surface via smallness conditions on
the mesh sizes h and 7.

To our knowledge, this is only the second convergence proof for the mean curvature flow
problem for surfaces. Compared to the first convergence result obtained by Kovécs,
Li and Lubich in [35] for a surface finite element method, we do not have to intro-
duce further variables to our scheme like the mean curvature and the normal vector
to solve the system. In addition, our approximation has a built-in tangential mo-
tion that is an advantage in the simulation of the flow because it can prevent mesh
degeneration. The latter is also true for the scheme presented by Elliott and Fritz in
[22], where the DeTuck trick is used in combination with a finite element method. Still,
no convergence proof has been given for this approximation of mean curvature flow yet.

The present error estimates were confirmed by numerical computations. Experiments
with varying choices of o showed that, in particular, small values of the parameter
lead to good mesh properties in the sense that the generated meshes do not exhibit
any skewed angles. Yet, we learned that the constants in our error estimates depend
exponentially on a!. Hence, small values of alpha have a negative effect on the error
in the computed solution, too. In any case, a rigorous proof that the quality of the
generated meshes is good and that this feature is maintained during the evolution is
an open problem as well.

Another interesting question for future research is, whether our approach could be used
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6 Conclusions

to produce self-similar solutions of the flow by mean curvature numerically. A solution z
that maintains its shape throughout the evolution has to satisfy the stationary equation

where T' is the time of the singularity of the surface, compare e.g. [21]. Defining a
tangential component and constructing an approximation with the help of the methods
presented in this work would lead to the problem to find xp(ug,;) such that for all
k,le{l,...,N}

1 1 -
o7 Thi = 9 Dij e + (a - 1) 99t (Dijrg - AnTr ) App .

This system of equations is nonlinear and solving it would require to apply a Newton
method.

Furthermore, since our considerations are restricted to surfaces of torus type, it is
natural to ask whether our approach is suitable for surfaces of the type of the sphere.
While tori can be treated by means of the periodic boundary conditions which we
imposed on the domain [0, 27]2, mapping a rectangle onto a sphere is impossible without
singularities. In addition, choosing a finite difference method implies rectangular mesh
cells, which might cause issues such as mesh degeneration near the poles of a sphere. It
is thus not clear how our approximation could be transferred to the case of a spherical
surface.
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List of symbols

Euclidean scalar product
|| Euclidean norm
% f=1r partial derivative with respect to the variable v
07 = 90n2m) - differential operator with multi-index
cm space of m times continuously differentiable functions
Ly, HP Sobolev spaces
Cp..([0, 27]*; R™)space of continuous functions on [0, 27>

ui, 1 € {1,2}  parameters

[0, 272 domain of parameters

h spatial mesh size, h = 2%
{uk,tkicqo,.. Ny spatial grid with u,; = (kh,[h)
T time step size, T = %
{t°}scqo,...0ny time grid with t* = st

fra function evaluation at wuy

AT fr = fot11 — fry

At fr = fri — fr-1

A3 fry = fri+1 — Sri

Ay S = Jei+ fria

e = 1(frs10 — fe-10)

Z29Ck,l = %(fk:,l+1 - fk,lfl)

A1 fra = for10 — 2fr0 + fr—11

ANDYIY = L(fosrat1 — fosrd — Jogrr + 2feg — St — from1g + fro10-1)
Ao fry = fea+1 — 2feg + fri—r

A){lfk,l = Allfk,l

ATy fr = frg— Jri—1 — fo—10 + fo—10-1
A3y fri = Ago fry

Eif _ fkil,l for r =1,
r fk,lil fOI' r=2



H
T
Gij
9"
g
Ty = w(up, t°)
~ S
(gij>k7l
~17,8
k.l
~S
Ik
LS
Rk,l

Th

unit normal field of a surface

mean curvature of a surface

solution of the Mean Curvature DeTurck Flow
coefficients of the induced metric

entries of (¢7) = (gi;) "

determinant of (g;;)

restriction of x onto the grid

approximation of g;;(uy,,t*), compare (3.20)
approximation of g% (uy,t*), compare (3.20)
approximation of g(uy,t*), compare (3.20)
consistency error at (uy, t*)

solution of the approximation of the Mean Curvature DeTurck Flow

.y = p(ugg, t°)evaluation of xy, in the mesh points (uy,, )

(9%)1«,1
gy

s

i1

Ep =T — T

€= e(up, t*)

discrete version of g;; that corresponds to xj, compare (3.10)
discrete version of g/ that corresponds to xy, compare (3.10)
discrete version of g that corresponds to xj, compare (3.10)
error function

evaluation of e, at grid points
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