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Featured Application: This work deals with the influence of the trajectory variation on the com-
bustion process. The stroke trajectory is varied for a constant period and the losses that occur in
the internal combustion engine and the electrical machine are examined. The developed meth-
ods were used for a four-stroke free-piston engine.

Abstract: Internal combustion engines with a crankshaft have been successfully developed for many
years. They are lacking in the fact that the piston trajectory, i.e., position as a function of time, is
limited by the crankshaft motion law. Position-controlled electric linear machines directly coupled to
the piston allow to realize free-piston engines. Unlike the crankshaft-based engines, they allow for a
higher degree of freedom in shaping the piston trajectory, including adaptive compression ratios,
which enables optimal operation with alternative fuels. The possibility of adapting the stroke course
results in new degrees of freedom with which the combustion process can be optimized. In this work,
four-stroke trajectories with different amplitudes and piston dynamics have been proposed and
analyzed regarding efficiency. A simulation model was created based on experimental measurements
for testing the proposed trajectories. It could be proved that the variation of the trajectory resulted in
an improvement of the overall efficiency. The trajectories were described analytically so that they can
be used for a prototype in a future work.

Keywords: free-piston engine; linear permanent magnet synchronous machine; four-stroke; energy-
conversion; efficiency improvement

1. Introduction

The internal combustion engine is one of the most common engines. With this motor,
chemically stored energy is converted into mechanical energy. The energy conversion
unfortunately produces exhaust gases and losses, which is the focus of research of many sci-
entific elaborations [1]. To improve efficiency [2,3], various components were optimized [4],
control strategies were adapted, valve timing was varied [5], alternative fuels [6] were
investigated and much more.

Due to the shortage of fossil resources and the environmental impact of the combustion
engine, alternative concepts for optimal energy conversion are being investigated. One
possible future-oriented concept here is the free-piston engine [7–9]. The free-piston engine
consists of an internal combustion engine, where the piston is connected to a linear electrical
machine [10–12]. This means that no crankshaft is required, which makes it possible to vary
the stroke trajectory, and thus, also the compression ratio. Various prototypes have already
been developed [13,14]. With these prototypes, it could be shown that the operation of a
two- or four-stroke free-piston engine is possible [15–17].
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The free piston engine offers different research focuses. One major focus is the op-
timization of the control strategy [16,18–21]. Another focus is the analyzation of the
combustion process [22–24]. As a third major research focus, the modeling investigation of
the modeling of a free-piston engine can be defined [25,26]. The fourth research topic is the
optimal design of electric machines [27–29].

In addition to varying the compression ratio, it is also possible to adjust the stroke
trajectory if the linear machine is adequately controlled [8]. The influence of the piston
trajectory on the combustion is also a very interesting research topic [30,31]. In the present
work, different stroke trajectories are proposed and analyzed with respect to the losses in
the combustion process and conversion of mechanical energy to electric energy with an
electric machine. The novelty of this work is the analyzation of the system efficiency of
a free-piston engine with respect to the piston trajectory. There was particular interest in
how the losses can be varied with a variation in the stroke amplitude, the acceleration of
the piston and a time shift based on the TDCF. It could be proved that the stroke course
has a major influence on the efficiency of the internal combustion engine. In Section 2, it is
explained how the chemically stored energy is converted into electrical energy. Section 3
explains how the experimental prototype is constructed. For the prototype, a thermo-
dynamic model and an electromechanical model were designed, which are described in
Sections 4 and 5, respectively. With these models, it is possible to determine the energy
conversion losses. The same piston stroke curves were specified for the models. The
generation of trajectories is explained in Section 6. The results are presented in Section 7
and summarized in Section 8.

2. Consideration of the Energy Losses for Converting Chemically Stored Energy into
Electrical Energy

To justify the pros and cons for different piston trajectories regarding the thermody-
namic and electric efficiency of the free-piston engine, a loss analysis is used. Depending
on the piston trajectory, different losses may result in terms of combustion characteristics,
heat losses, gas exchange, compression and expansion characteristics.

The chemical fuel energy E f uel , which enters the engine via the injector, represents the
maximal supplied energy for the engine and is the basis of the loss analysis. This energy
only depends on the injected mass m f uel and the lower heat value LHV according to:

E f uel = m f uel ·LHV . (1)

This chemical energy is transformed to thermal energy during the combustion process.
Due to the fact that an ideal combustion is not realizable, there is always an amount of
unburned fuel munb, which leads to an energy loss during the transformation from chemical
to thermal energy Eth. Besides the imperfect combustion, incomplete combustion could
occur when injected fuel is not completely thermally converted and oxidized. When fuel
reaches the cylinder wall or the upper face of the piston during combustion, the flame
extinguishes and is, thus, not available for further thermal conversion. Out of the difference
of the incomplete converted fuel and the injected fuel, incomplete combustion efficiency
can be derived. The parameter ηcomb describes the efficiency of the combustion based on
the converted fuel mass, whereby the thermal energy yields to:

Eth =
(

m f uel −munb

)
·LHV = ηcomb·E f uel . (2)

This thermal energy is the basis for the volume change work. Due to the fact that an
energy loss analysis is used for the comparison, the volume change work is called here the
volume change energy Evc. The combustion process creates high temperature gradients,
which lead to an energy loss through the walls Ewal . This is described by the heat flux
through the walls of the combustion chamber, which is defined by:

Ewal = α·A·∆T·∆t . (3)
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where α is the heat transfer coefficient (HTC), A is the area of the combustion chamber, ∆T
is the temperature gradient between the surrounding solid material and the gas inside the
combustion chamber and ∆t is the time in which the process is performed. All parameters
are space- and time-dependent. The parameters in Equation (3) are mean values over one
work cycle to simplify the formulas for a better understanding [32]. The time-dependent
temperature at the wall, which is causing ∆T, is influenced by all three ways of heat transfer.
Due to the very low thermal conductivity coefficient of air, the influence of the conduction
within the combustion chamber is low as well. The influence of the radiation to the wall
temperature depends on the used ignition strategy and the corresponding injection system.
Diesel engines with direct injection are more influenced as gasoline engines in general and
especially with port fuel injection. The last influence is the convection. Due to the fast
motion of the gas mixture inside the combustion chamber, it has strongest influence.

Not all of the thermal energy can be transformed into volume change energy within
the given time for the expansion stroke. Therefore, thermal energy Eexh is lost within the
exhaust gas when leaving the combustion chamber over the exhaust valve, as defined as:

Eexh = Eint out − Eint in = (Tout·cpout − Tin·cpin)·mgas . (4)

where Eint out is the internal energy within the exhaust gas, Eint in is the internal energy
within the supplied air-fuel-mixture, T is the mean temperature, cp is the mean specific
heat capacity and mgas is the gas mass which is supplied and exhausted. The values for
T and cp of the supplied and exhaust gas are averaged over the time during which the
specific valve is open.

The volume change energy Evc is the balance of the thermal energy, the wall heat
losses and the thermal energy losses through the exhaust. The losses can be described by
the thermal efficiency ηth. The volume change energy, thus, results in:

Evc = Eth − Ewal − Eexh = ηth·Eth . (5)

The volume change energy leads to a motion of the piston, which in turns is always
subject to friction. The friction losses arise mainly in our prototype in the piston rings,
bearings and the valve train. The mechanical energy EM is the subtraction of the friction
energy from the volume change energy and can be described by the friction efficiency loss
ηFr as follows:

EM = Evc − EFr = ηFr·Evc (6)

As described in Equation (6), friction occurs, which can also be described as:

PFr = v2 · u = FFr · v , (7)

where µ the coefficient of friction and v is the speed of the translator.
The mechanical power PM for the electrical machine can be expressed as:

PM = FEM · v, (8)

where FEM is the force of the electric machine. Due to the oscillation of the translator, the
system requires acceleration power Pacc in many operating points. The acceleration power
can be expressed with:

Pacc = m · dv
dt
· v , (9)

where m is the accelerated mass of the system and dv
dt the time derivative of the speed. The

power output from the internal combustion engine PICE can be described with:

PICE = Fp · v = Acyl · p · v, (10)
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where p is the cylinder pressure, Acyl is the area of the piston and Fp is the gas force. In
addition, in the electrical machine the reluctance power PRel arises, which can be described
as a function of position:

PRel = f (x) · v. (11)

The power equilibrium on the mechanical transmission element results as follows:

PICE + PM + PFr + PRel = Pacc . (12)

In the case of a directly driven free-piston engine [17], the trajectory can be varied
highly dynamically with the electric machine using the field oriented control. This is
possible with the electrical machine force FEM, which is proportional to the current iq via
the force constant kF. The force of the electric machine can be expressed with:

FEM =
3
2

kFiq. (13)

The mechanical energy can be converted into electrical energy with the help of the
electrical machine.

The special feature of the free-piston engine is that it does not have a crankshaft.
The required oscillation movement of the piston can be realized with the help of a linear
electric machine. The electrical machines can be constructed in different ways [27,33,34].
Depending on the machine type, different power losses can arise. The power loss occurs
when the iron is re-magnetized, which is referred to as hysteresis power loss PHys. Eddy
current power dissipation PFt can also arise. The sum of the hysteresis power loss and the
eddy current power loss is referred to as the iron power loss PFe:

PFe = PFt + PHys . (14)

In addition to the iron power loss, there is also a power loss due to the current iq in a
coil winding with ohmic resistance R. This power loss is referred to as the copper power
loss. The copper power losses are calculated in the d/q-reference frame as follows:

PCu =
3
2
(i2q + i2d) · R . (15)

Due to the iron and copper power losses, the entire mechanical power on the electrical
machine cannot completely be converted into electrical power. This can be expressed
stationary as follows:

PM + PCu + PFe = Pel . (16)

The electrical power Pel can be determined with the voltages ud,q and currents id,q.

Pel =
3
2
(
ud · id + uq · iq

)
(17)

By integrating the calculated powers over a cycle, it is possible to calculate the energies.

3. Experimental Prototype

The experimental measurements for the validation of the simulation model were
obtained with the help of the prototype in Figure 1 and is shown schematically in Figure 2.
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Figure 1. Experimental Prototype of the free-piston engine.

Figure 2. Schematic representation of the free-piston engine.

The internal combustion engine was originally used in a lawn mower. The crankshaft
was removed and replaced with a piston and rod. This rod was passed out of the
crankcase and connected to a linear electrical machine. The electrical machine is designed
by the manufacturer Tecnotion (2xUXX6) as a permanent magnet excited synchronous
machine (PMSM).

The mover of the electrical machine is ironless, where the primary part is moved. In
this way, no cogging forces are present and the mass to be moved is low. The position of
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the electric machine was controlled using an inverter, a linear sensor and a microcontroller
from Texas Instruments F28M35H52C. This microcontroller is able to calculate different
trajectories, evaluate sensors and calculate manipulated variables (such as ignition sparks,
injection times and transistor switch-on times). The data were then sent to a PC, saved
and evaluated. The camshaft is connected to a highly dynamic PMSM. With the help of
a valve drive, it is possible to operate the valves independently of the piston position.
The camshaft and piston are synchronized digitally. To lubricate the cylinder surfaces, a
nozzle was inserted which sprays a thin layer of oil under the piston. The most important
parameters of the free-piston engine are shown in Table 1.

Table 1. Characteristic data of the test stand.

Linear PMSM Combustion Engine

Rated Power 3.24 kW Engine Type Four-Stroke
Rated Speed 6.6 m/s Engine Displacement 99.25 cm3

Rated Current 5.6 Arms Rated Power 1.9 kW
Peak Current 28 Arms Bore Diameter 0.0554 m
Rated Force 491 N Number of Cylinders 1
Peak Force 2455 N Conventional Stroke 0.0402 m

Mover Mass 3.271 kg Maximal Stroke 0.0566 m
Mover Length 0.505 m Rated Speed 4.27 m/s

Magnet Yoke length 0.627 m Rated Force 444.96 N
Maximum stroke 0.122 m Moving Mass 0.286 kg

Resistance per phase 1.29 Ω

The problem with the electrical machine was that high copper losses occur when
the four-stroke internal combustion engine is operated. It will be replaced with a self-
developed electric machine [29]. The primary part of the electrical machine is not moved.
It has a flat geometry, a short stator and is double-sided. The essential characteristic data is
illustrated in Figure 3 and shown in Table 2.

Figure 3. (a) CAD illustration of the developed electrical machine. (b) Photo of the developed electric machine.

The electrical machine was designed based on a measured force curve through the
first prototype. A special feature of the electrical machine is that the primary part has the
same length as the secondary part. This creates reluctance forces when the secondary part
moves out of the stator. This force acts like a mechanical spring and can minimize copper
losses. The reluctance force for this electrical machine is shown in Figure 4a. However,
iron losses occur due to the magnetic structure. The iron power loss PFe was measured as a
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function of the electrical frequency fel at various operating points and a function for this
was approximated [35]. The function here corresponds to a Steinmetz model:

PFe = Chy · B̂1,6 · fel + Cwb · B̂2 · f 2
el , (18)

where B̂ is the magnetic flux density and Chy and Cwb are two coefficients. The iron power
loss is shown in Figure 4b.

Table 2. Characteristic data of the developed electrical machine.

Linear PMSM

Rated Power 7.35 kW
Rated Speed 2.26 m/s

Rated Current 16.55 Arms
Peak Current 21.21 Arms
Rated Force 3251 N
Peak Force 3689 N

Mover Mass 7.84 kg
Mover Length 0.357 m

Magnet Yoke length 0.357 m
Maximum stroke 0.17 m

Resistance per phase 0.441 Ω

Figure 4. (a) Reluctance force FRel depending on the position x. (b) Iron power losses PFe depending on frequency fel .

These special properties were inserted into a simulation model in order to determine
the losses in the respective trajectories. For the simulations that were carried out, the
parameters of the newly developed machine were used.

Since the secondary part moves out of the stator and the proportion of covered
magnets to the windings is reduced, the magnetic flux is also reduced. This leads to a
reduction in the induced voltage as well as to a reduction in the force per ampere ratio.
Therefore, the force of the electrical machine depends on the position and current and is
shown in Figure 5. It can be seen in Figure 5 that the force decreases at the stroke limits.
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Figure 5. Force FEM depending on position x and current iq.

4. Thermodynamic Model of the Free-Piston Engine

Based on the data of Table 1, a one-dimensional thermodynamic model for the free-
piston engine is built up. The combustion engine is working with an external mixture
formation via a gasoline injector with a constant injected fuel mass in the intake manifold.
The fuel mass is chosen this way so that the equivalence ratio φ = 1. This model of the
free-piston engine is quite similar to an engine with a conventional crank train. To model
the combustion process and the corresponding heat release, the predictive combustion
model, the so-called Spark-Ignition Turbulent Flame Model (SITurb) from GT-Suite, was
used. This model can be used for several operating points after it has been parameterized
once. Additionally, it is normally used for gasoline engines, which is the test bench engine.
The heat release is calculated by the burned fuel mass mb:

dmb
dt

=
me −mb

τ
(19)

where me is the entrained mass and τ is the time constant.
The entrained mass is calculated by:

dme

dt
= ρu·Ae·(ST + SL) (20)

where ρu is the unburned density, Ae is the surface area at flame front, ST is the turbulent
flame speed and SL is the laminar flame speed.

The turbulent flame speed is calculated by:

ST = CTFS·u′·

1− 1

1 + CFKG·
( R f

Li

)2

 (21)

where CTFS is the turbulent flame speed multiplier, u′ is the turbulent intensity, CFKG is the
flame kernel growth multiplier, R f is the flame radius and Li is the integral length scale.

The laminar flame speed is calculated by:

SL =
(

Bm + Bφ·[φ− φm]
2
)
·
(

Tu

Tre f

)αe

·
(

p
pre f

)β

· f (Dilution) (22)
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where Bm is the maximum laminar speed, Bφ is the laminar speed roll-off value, φ is the
equivalence ratio, φm is the equivalence ratio at maximum speed, Tu is the unburned gas
temperature, Tre f is defined as 298 K, αe is the temperature exponent, p is the pressure, pre f
is defined as 101,325 Pa and β is the pressure exponent.

The heat transfer is defined by the WoschniClassic model from GT-Suite. This model
is used for engines without swirl flows, which correspond to the test bench engine. First, a
convective heat transfer is calculated; then, it is calibrated to the measurement data by a
multiplier to take the influences of conduction and radiation into account. The heat transfer
coefficient is calculated by:

α =
K1·p0.8·w0.8

B0.2·TK2
(23)

where K1 and K2 are model constants, p is the cylinder pressure, w is the average cylinder
gas velocity, B is the cylinder bore and T is the cylinder temperature. All multipliers are
used to calibrate the model to the measurement data.

This heat transfer coefficient only takes the convection into account. To consider the
influence of the radiation and conduction, an additional multiplier is used to calculate α
for Equation (3).

The major difference of the model and the conventional engine models is the com-
pletely free definition of the piston motion. Specifically, the determination of the piston
movement in the model is done via a table with free choice of the piston position as a func-
tion of time. In contrast to that, the piston motion normally is defined by the geometrical
parameters of the crank train and the corresponding relation between crank angle and
piston position. The thermodynamic model is illustrated in Figure 6. This model included
the combustion and heat transfer process represented by the “cylinder” symbol and the
mechanical components, which are represented by the “crank train” symbol. The boundary
conditions of the incoming air and the outcoming exhaust gas are symbolized by the green
symbols “inlet” and “outlet.” The intake system consists of the inlet manifold, the inlet
pipe, the throttle valve, the inlet channel, the injector and the inlet valve, as illustrated by
the symbols on the left side of Figure 6. Thus, the engine works with an external mixture
formation and a quantity control via the throttle valve. The symbols on the right side of
Figure 6 represent the exhaust valve, the exhaust channel and the exhaust pipe.

Figure 6. Thermodynamic model of a free-piston engine.

To analyze the influence of different trajectories on the thermodynamic losses, a
stationary operating point is chosen and validated with test bench data. In the high-
pressure area, which represents the combustion in this operation point, the measurement
and simulation data fit quite well (see Figure 7).
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Figure 7. Comparison of the measured and simulated cylinder pressure, the engine power and the volume change energy.

This point, which is shown in Table 3, is located at an engine speed of 764 min−1 and an
IMEP of 4.7 bar. The stroke is at an initial value of 0.03 m for the reverence trajectory, which
leads to a compression ratio of 5.368. As fuel, the reference fuel indolene is used to describe
automotive gasoline according to [36]. To model the combustion process, the already
described predictive approach called “SI-Turb” is used, which describe the combustion
by defining the turbulence intensity within the combustion chamber. The parameters, or
rather the multipliers and their values which are used for this approach, are summarized
in Table 3. The turbulent flame speed multiplier has influence on the turbulence level of
the flame front during the combustion. The flame kernel growth multiplier describes how
fast the flame kernel spreads during the combustion. With a higher multiplier of the Taylor
length scale, the amount of time the air–fuel mixture is entrained into the flame front is
decreased, which leads to short burning durations [37].

Table 3. Boundary conditions of the thermodynamic analysis.

Combustion Engine Combustion Model: SI-Turb

Engine Speed 764 min−1 Turbulent Flame Speed Multiplier 0.025
IMEP 4.7 bar Flame Kernel Growth Multiplier 0.01

Injected fuel mass 4.32 mg Taylor Length Scale Multiplier 0.001
Injected fuel indolene

LHV of the fuel 43.95 MJ/kg
Initial Stroke 0.03 m

Effective compression ratio 5.368

5. Simulation Model of the Linear Permanent Magnet Synchronous Machine

The mentioned properties of the electrical machine were implemented in a simulation
model. The simulation model for this is shown schematically in Figure 8.

The acceleration force FACC is calculated with the acceleration a and the mass m. The
gas force FICE is calculated from the product of cylinder pressure p and area Acyl . It is
possible to determine the reluctance force FRel from the position x and the course from
Figure 4a. The frictional force was neglected. With the help of these forces, the force of the
electrical machine is calculated. The map from Figure 5 is then used to calculate the target
current from the force FEM and the position x. The copper power loss PCu can be calculated
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from the current iq and ohmic resistance R. The mechanical power of the electrical machine
PM can be determined from the force FEM and the speed v. The iron losses PFe can be
calculated from the electrical frequency fel and the map from Figure 4. The sum of all
powers results in the electrical power.

Figure 8. Simplified simulation model of the LMPSM.

6. Trajectory Variation
6.1. Specificity of the Free-Piston Engine

The free-piston engine allows the piston stroke to be adjusted in a highly dynamic
manner so that different trajectories can be followed. For practical implementation, care
must be taken that there are no discontinuities in the acceleration, as this on the one hand
cannot be implemented and on the other hand represents a high load on the drive train.
Furthermore, it is advantageous for the trajectory variation if it can be described analytically.
Here, various parameters can be set that can specifically adapt the shape of the trajectory.
In the following sections, various functions will be presented which allow the piston stroke
course to be adjusted.

6.2. Reference Stroke

A sinusoidal curve is used to compare the trajectories. The trajectory can be described
analytically as follows:

x = −
xpeak

2
· cos(ϕ) +

xpeak

2
(24)

v =
xpeak ·

dϕ
dt

2
· sin(ϕ) (25)

a =
xpeak ·

dϕ
dt

2

2
· cos(ϕ) +

xpeak

2
· d2 ϕ

dt2 · sin(ωt) (26)

The first and second derivatives of the stroke with respect to time result in the velocity
and acceleration. For the four strokes, it is assumed that the stroke amplitude xpeak and the
virtual angular velocity ω do not change (Assumption: ω = const.). The used reference
trajectory is shown in Figure 9.
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Figure 9. Sinusoidal trajectory for the four strokes with the parameters xpeak = 0.03 m and ω = 80 rad
s

depending on time.

As can be seen here, the time intervals for the TDC, BDC and the stroke amplitude are
constant and the change in the piston position is very symmetrical. This trajectory is used
in the following as a reference trajectory in order to show the changes in the piston position.

6.3. Time Displacement of the Dead Center (Trajectory A)

First, a function has to be determined with which the duration of one stroke can
be changed without changing the period duration of the four strokes. The following
individual stroke duration (Ti) and their setting parameters (∆Ti,rel) are defined depending
on the period time TP:

T1 = ∆T1,rel · TP (27)

T2 = ∆T2,rel · TP (28)

T3 = ∆T3,rel · TP (29)

T4 = TP − T1 − T2 − T3 (30)

To change the duration of a stroke, the average angular speed of one stroke must be
adjusted. In addition, the transition between the cycles must take place without discontinu-
ities in the acceleration. This is achieved in that the initial angular speed ωBegin is identical
to the final speed ωEnd and the average speed ωP over the four cycles:

ωBegin = ωEnd = ωP =
4π

TP
. (31)

These conditions can be met with various functions. A sinusoidal change was chosen
to implement the time displacement. The mean value of a half sine wave can be calculated
as follows:

ωi =
1
π

∫ π

0
ω̂i · sin(ϕ)dϕ =

2
π

ω̂i =
π

Ti
. (32)

In order to meet the boundary conditions, the sine function has to be shifted by ωP:

ω =
π

2
· (ωi −ωP) · sin(t ωi) + ωP. (33)

The integration of Equation (33) results in the angle ϕ, which can be used in
Equations (24) and (25) in order to obtain an analytical description of the speed and
acceleration. The trajectory for the dead center shift is shown in Figure 10.
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Figure 10. Comparison between the reference curve and dead center shift in the operating point
ω = 80 rad

s , xpeak = 0.03 m, T1 = 0.25 · Tp, T2 = 0.225 · Tp, T3 = 0.275 · Tp and ω = 80 rad
s ,

xpeak = 0.03 m, T1 = 0.25 · Tp, T2 = 0.2 · Tp, T3 = 0.3 · Tp.

With the advanced features, it is possible to vary the period of three cycles. The period
of the fourth cycle is calculated from the specified period for the entire cycle.

6.4. Compression and Extension of the Stroke (Trajectory B)

Furthermore, it was investigated how the variation of the piston holding time affects the
combustion process. For this, it was necessary to develop a function with which it should be
possible to compress or stretch the stroke curve without changing the temporal position of
the dead centers. The piston stroke trajectory can be varied by changing the virtual angular
velocity during a cycle. The position of the dead centers can be kept constant if the mean
angular velocity remains the same. A sinusoidal modulation was also chosen here:

ω = ∆ωTi · sin(2ϕ) + ωP (34)

where ∆ωTi. is an adjustable parameter which corresponds to the amplitude of the super-
imposed sinusoidal oscillation from the i-th stroke. The frequency is twice as high so that
the mean value is not changed within one stroke. A combination of the method for shifting
the dead centers is also possible. All you have to do is replace ωP with ωi. The trajectory
for a stroke compression and extension is shown in Figure 11.

Figure 11. Comparison between the reference curve and compression and extension in the operating
point ω = 80 rad

s , xpeak = 0.03 m, ∆ωT1 = 0 rad
s , ∆ωT2 = 0 rad

s , ∆ωT3 = 40 rad
s , ∆ωT4 = 0 rad

s and
ω = 80 rad

s , xpeak = 0.03 m, ∆ωT1 = 0 rad
s , ∆ωT2 = 0 rad

s , ∆ωT3 = −40 rad
s , ∆ωT4 = 0 rad

s .
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It can be seen in Figure 11 that the piston stroke trajectory can be changed significantly
without changing the position of the dead centers. It can also be seen here that the
acceleration has no points of discontinuity.

6.5. Variation of the Stroke Amplitude (Trajectory C)

The adjustment of the stroke amplitude is another interesting degree of freedom for
modulating the trajectory. The position of the top dead center was left constant and the
bottom dead center was shifted. The piston stroke has already been described analytically
with Equation (24). If xpeak is changed here, it is possible to vary the target trajectory. This
change in stroke should also take place in such a way that there are no discontinuities in
the acceleration. Various functions can be used for this. A sinusoidal change in the stroke
amplitude was decided:

xpeak = −
x̂1 − x̂2

2
· sin

( ϕ

2

)
+

x̂1 − x̂2

2
. (35)

where x̂2 corresponds to the stroke amplitude at the bottom dead center between the intake
and compression stroke and x̂1 is the stroke amplitude at the bottom dead center between
the expansion and exhaust stroke. The trajectory is shown in Figure 12.

Figure 12. Comparison between the reference curve and stroke amplitude variation in the operating
point ω = 80 rad/s, x̂1 = 0.03 m, x̂2 = 0.033 m and ω = 80 rad/s, x̂1 = 0.03 m, x̂2 = 0.036 m.

As can be seen here, the different stroke amplitudes can be set separately from one
another. In addition, no steps in acceleration can be seen here either, so practical implemen-
tation is possible.

6.6. Combination of Proposed Trajectories (Trajectory D)

As the last type of variation, it is shown that it is possible to combine the mentioned
trajectory generation methods. It was decided to adjust the position of the TDC and to
increase the acceleration of the piston after the TDC. The trajectories can be calculated as a
combination of the methods from Sections 6.3 and 6.4. The trajectory is shown in Figure 13.
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Figure 13. Comparison between the reference curve and stroke amplitude variation in the operating
point ω = 80 rad/s, xpeak = 0.03 m, T2 = 0.225 · Tp, T3 = 0.275 · Tp, ∆ωT3 = 40 rad

s and ω = 80 rad/s,
xpeak = 0.03 m, T2 = 0.2 · Tp, T3 = 0.3 · Tp, ∆ωT3 = 40 rad

s .

7. Results

This chapter shows the results of the efficiency loss analysis for the trajectory variation.
The losses of the internal combustion engine and the electrical machine were shown
together in a diagram in order to evaluate the influence of the trajectory. For the evaluation
of the energy conversion from chemical to mechanical energy the courses for the piston
motion, the corresponding pressure and temperature as well as a PV diagram of the
compared trajectories will be shown and discussed. For the energy conversion from
mechanical to electrical energy, the position and speed of the piston, the electrical machine
force and the resulting power are shown and discussed.

The loss analysis for the reference is shown in Figure 14. The summation of all energy
shares is the chemical energy from the fuel. This energy is divided into the losses for
unburned fuel, the wall heat losses, the losses inside the exhaust gas, the friction losses, the
iron losses and the copper losses. The last share is the electrical energy, which is issued by
the free-piston engine.

Figure 14. Energy losses for trajectory REF.
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Corresponding to the trajectory variation described in Section 6, the courses for the
piston motion, the pressure and temperature are shown in Figure 15. The PV diagram
for variant A1 and A2 in comparison to the reference is shown in Figure 16. The moved
position in time of top dead center firing (TDCF) affects the pressure and temperature
courses identically. The moved TDCF of variant A1 and A2 leads to earlier increasing
pressure and temperature in comparison to the reference due to the fact that the combustion
is initialized early. The decrease of the pressure and temperature is shifted in parallel. At
the end of the expansion stroke all courses approach until the exhaust valve opens (EVO).
After that, the courses are similar.

Figure 15. Comparison of trajectories REF, A1 and A2 related to the energy conversion of the internal
combustion engine: illustration of the stroke, cylinder pressure and temperature depending on time.

Figure 16. Comparison of trajectories REF, A1 and A2 related to the energy conversion of the internal
combustion engine: cylinder pressure depending on volume.



Appl. Sci. 2021, 11, 5981 17 of 30

For the evaluation of the electrical energy conversion of the trajectory REF, A1, A2, the
stroke, speed and force of the electrical machine are shown in Figure 17 and the volume
change, copper, friction and electrical power in Figure 18.

Figure 17. Comparison of trajectories REF, A1 and A2 related to the energy conversion of the electrical
machine: illustration of the stroke, velocity and electric machine force depending on time.

Figure 18. Comparison of trajectories REF, A1 and A2 related to the energy conversion of the
electrical machine: volume change power, copper power losses, friction power losses and electric
power depending on time.
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The shift of the trajectory from REF to A2 is realized by further accelerating the drive
train. The required trajectory can be implemented using the force FEM of the electrical
machine. Due to the increased force FEM, the required current and, thus, the copper losses
PCu increase. Since the speed is increased, the friction losses also increase. In addition to
the volume change work, it can be seen that the electrical machine requires energy in the
intake and exhaust cycle so that the four-cycle process can be implemented.

The longer expansion time with a higher temperature and similar pressure leads to the
higher wall heat losses and reduced exhaust losses shown in Figure 19. This phenomenon
can be seen when moving the TDCF to an earlier point in time. Due to the fact that the
increase of the wall heat losses combined with the copper losses is higher than the decrease
of the exhaust losses, both variants show a lower effective efficiency than the reference.

Figure 19. Energy losses for trajectory A1 and A2 with respect to REF.

The courses for the piston motion, the pressure and temperature are shown in
Figure 20. The PV diagram for variant B1 and B2 in comparison to the reference is shown
in Figure 21.

Figure 20. Comparison of trajectories REF, B1 and B2 related to the energy conversion of the internal
combustion engine: illustration of the stroke, cylinder pressure and temperature depending on time.
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Figure 21. Comparison of trajectories REF, B1 and B2 related to the energy conversion of the internal
combustion engine: cylinder pressure depending on volume.

The variant B1 has an increased acceleration of the piston during the expansion close
to the TDCF and a reduced acceleration near the BDC. Variant B2 is exactly flipped. This
leads to a decrease of the peak pressure near TDCF for B1 and an increased peak pressure
for B2. Near BDC, the opposite behavior can be observed. The maximum temperature
is not influenced by the different variation of the piston acceleration. The decrease of
the temperature from TCDF to BDC is slower for variant B1 and faster for variant B2 in
comparison to the reference.

For the evaluation of the electrical energy conversion of the trajectory REF, B1, B2, the
stroke, speed and force of the electrical machine are shown in Figure 22 and the volume
change, copper, friction and electrical power are shown in Figure 23.

Figure 22. Comparison of trajectories REF, B1 and B2 related to the energy conversion of the electrical
machine: illustration of the stroke, velocity and electric machine force depending on time.



Appl. Sci. 2021, 11, 5981 20 of 30

Figure 23. Comparison of trajectories REF, B1 and B2 related to the energy conversion of the electrical
machine: volume change power, copper power losses, friction power losses and electric power
depending on time.

Due to the slow change in the piston stroke in the trajectory B2, the electric machine
must compensate for the force of the internal combustion engine so that a slow movement
is possible. In contrast, in the case of trajectory B1, the piston is accelerated almost freely.
As a result, the copper losses are high in case B2 and low in case B1. The friction losses
are also approximately the same because the speed curve of B1 and B2 can be mirrored.
Because of the reduced copper losses in case B1, the electrical energy conversion is good.

The loss analysis for B1 and B2 with respect to the reference is shown in Figure 24. Due
to the fact that the maximum pressure has a strong influence on the fluid properties, and
therefore, on the HTC, the wall heat losses for B1 are lower and for B2 higher in comparison
to the reference. For the exhaust losses, this behavior is the other way around. Due to the
higher temperature course for B1, especially when the exhaust valve opens, the exhaust
losses increase in comparison to the reference. For B2, the temperature is lower when the
exhaust valve opens. This leads to lower exhaust losses.

Figure 25 shows the courses for the piston motion, the pressure and temperature. The
PV diagram for variant C1 and C2 in comparison to the reference is shown in Figure 26. The
extended maximum stroke leads to no significant variance in the pressure and temperature
courses. However, based on the different acceleration of the piston from TDCF to BDC,
because of the different maximum strokes, which has to be reached in the same time, the
PV diagram shows an extension of the included area to the end of the expansion stroke as
well as a small decrease of the peak pressure.
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Figure 24. Energy losses for trajectory B1 and B2 with respect to REF.

Figure 25. Comparison of trajectories REF, C1 and C2 related to the energy conversion of the internal
combustion engine: illustration of the stroke, cylinder pressure and temperature depending on time.
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Figure 26. Comparison of trajectories REF, C1 and C2 related to the energy conversion of the internal
combustion engine: cylinder pressure depending on volume.

For the evaluation of the electrical energy conversion of the trajectory REF, C1, C2, the
stroke, speed and force of the electrical machine are shown in Figure 27 and the volume
change, copper, friction and electrical power are shown in Figure 28.

Figure 27. Comparison of trajectories REF, C1 and C2 related to the energy conversion of the electrical
machine: illustration of the stroke, velocity and electric machine force depending on time.



Appl. Sci. 2021, 11, 5981 23 of 30

Figure 28. Comparison of trajectories REF, C1 and C2 related to the energy conversion of the
electrical machine: volume change power, copper power losses, friction power losses and electric
power depending on time.

Due to the stroke amplitude variation, the required speed increases in the expansion
and exhaust cycle. The increase in speed leads to higher friction losses. However, the
required acceleration in the expansion stroke is also increased. Since the combustion engine
releases energy in this cycle, the electric machine does not have to brake the piston as hard.
An increase in the stroke amplitude at this operating point has resulted in the copper losses
being reduced. The iron losses have also increased, as the stroke variation leads to an
increase in the electrical frequency.

The higher acceleration of the piston from TDCF to BDC leads to a small decrease of
the peak pressure, which has a positive (reducing) influence on the wall heat losses. Against
that, the higher maximum stroke leads to a higher surface area of the combustion chamber.
This has a negative (increasing) influence on the wall heat losses. For the variant C1, the
second phenomenon has a greater influence. This changes for the variant C2; thus, the first
phenomenon has a greater influence. Therefore, the wall heat losses for C1 are higher and
the wall heat losses for C2 are lower in comparison to the reference shown in Figure 29.
The exhaust losses for C1 and C2 are lower than the exhaust losses from the reference. With
higher maximum stroke, the benefit from the reduced exhaust losses decreases.

Figure 30 shows the courses for the piston motion, pressure and temperature. The
PV diagram for variant D1 and D2 in comparison to the reference is shown in Figure 31.
Because of the combination of moving the TDCF to an earlier point in time and the increased
acceleration of the piston during the expansion near the TDCF, the courses of D1 and D2
are the superimposition of the variation of A and B1. This leads to an earlier increase
of the pressure similar to the TDCF shift to an earlier time. Contemporaneous with the
peak pressure, decreases similar to the increased piston acceleration in comparison to the
reference. The temperature course is parallel shifted similar to the TDCF shift to earlier.
However, the decrease of the temperature during the expansion is slower for the increased
piston acceleration. This leads to higher temperatures when the exhaust valve opens.
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Figure 29. Energy losses for trajectory C1 and C2 with respect to REF.

Figure 30. Comparison of trajectories REF, D1 and D2 related to the energy conversion of the internal
combustion engine: illustration of the stroke, cylinder pressure and temperature depending on time.
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Figure 31. Comparison of trajectories REF, D1 and D2 related to the energy conversion of the internal
combustion engine: cylinder pressure depending on volume.

For the evaluation of the electrical energy conversion of the trajectory REF, D1, D2, the
stroke, speed and force of the electrical machine are shown in Figure 32 and the volume
change, copper, friction and electrical power are shown in Figure 33.

Figure 32. Comparison of trajectories REF, D1 and D2 related to the energy conversion of the electrical
machine: illustration of the stroke, velocity and electric machine force depending on time.
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Figure 33. Comparison of trajectories REF, D1 and D2 related to the energy conversion of the
electrical machine: volume change power, copper power losses, friction power losses and electric
power depending on time.

The combination of variants A and B1 shows that the electrical machine must provide
an adapted force curve. In this case, the copper losses in D1 are smaller than in D2, but the
friction losses have increased.

The associated loss analysis for D1 and D2 with respect to the reference is shown in
Figure 34. Due to the higher temperature when the exhaust valve opens, D1 has higher
exhaust losses than D2, which has higher exhaust losses than the reference. Because of
the lower pressure, D1 and D2 have lower wall heat losses than the reference. D1 has the
lowest peak pressure. Therefore, the decrease of the wall heat losses for D1 is higher than
for D2.

Figure 34. Energy losses for trajectory D1 and D2 with respect to REF.
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Figure 35 shows the electrical energy for all variants in comparison to the reference.
The shifting of the TDCF to an earlier point in time shows a decrease of the effective
efficiency. The lower exhaust losses are compensated by the increasing wall heat and
copper losses. The increased piston acceleration shows the best results and the decreased
acceleration the worst results. The decreased wall heat and copper losses are way higher
than the increased exhaust losses for B1. This is the other way around for B2. The maximum
piston stroke extension shows higher efficiency with increasing maximum piston stroke.
This is based on the stronger decreasing wall heat losses in comparison to the increasing
exhaust losses. The combination from A and B1 (D1 and D2) shows a decreasing efficiency
with a higher shift of the TDCF identical to A. Due to the higher acceleration, the efficiency
is on a higher level comparable to B1.

Figure 35. Comparison of the electrical energy conversion for the different trajectories.

Variant B1 shows the highest effective efficiency. The efficiency for the conversion
from chemical energy within the fuel to electrical energy could be increased by 41%.

8. Conclusions

The use of a harmonic sinus function for the piston motion leads to an imperfect
conversion from chemical energy into electrical energy by using a free-piston engine. The
optimization of the energy conversion is a complex challenge, because of several influences
by the thermodynamic and electrical conversion. The results of the trajectory variation
described in Section 7 have shown that an increased acceleration of the piston from TDCF
to BDC leads to a strong decrease of the peak pressure, which results in a strong decrease
of the wall heat losses. The analyzed trajectory B1 could show an increase of the efficiency
by 41% for the energy conversion. In addition to the efficiency increase, it is possible to
increase the inlet pressure to reach the same peak pressure as the reference. This would
lead to an increased power density of the free-piston engine. Despite the optimization, the
absolute electrical energy share is still low for the test engine. This is based on the fact that
the test engine is very small and has a low thermal efficiency. Therefore, the results of this
investigation have to be verified for bigger engines. Due to differing surface-to-volume
ratios, it is possible that another trajectory shows better results than B1. The further steps
for the free-piston engine investigations are the described verification for engines with
higher bore diameter as well as an automated trajectory optimization. When optimizing
the geometric parameters of the internal combustion engine, it must be considered that
this leads to different requirements for the electrical machine. Combustion engines and
electrical machines should, therefore, be optimally designed for each other.
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Nomenclature and Abbreviations
LHV Lower heat value Ei Energy [J]
HTC Heat transfer coefficient mi Mass [kg]
PC Personal computer ηi Efficiency [-]

PMSM
Permanent magnet excited
synchronous machine

Ai Area [m2]

IMEP Indicated mean effective pressure T Temperature [K]

SI-Turb
Spark-Ignition Turbulent Flame
Model

Tin Inlet temperature [K]

TDCF Top dead center firing
REF Reference case Tout Outlet temperature [K]
A1 Low TDC shift t Time [s]
A2 High TDC shift α Heat transfer coefficient [W/(m2 K)]
B1 Early piston acceleration cp Mean specific heat capacity [J/(kg K)]
B2 Late piston acceleration P Power [W]
C1 Low stroke amplitude change v Velocity [m/s]
C2 High stroke amplitude change F Force [N]

D1
Combination of early piston
acceleration and low TDC shift

µ Friction coefficient [-]

D2
Combination of early piston
acceleration and high TDC shift

p Cylinder pressure [Pa]

x Stroke [m] ii Current [A]
Ti Duration of the cycle [s] ω Virtual angular velocity
∆Ti Relative duration change [-] ϕ Virtual angle
kF Force constant [N/A] f Frequency [Hz]
R Ohmic resistance [Ω] B Magnetic flux density [T]
ui Voltage [V] φ Equivalence ratio [-]
ρu Unburned density [kg/m3] a Acceleration [m/s2]
ST Turbulent flame speed [m/s] SL Laminar flame speed [m/s]

CTFS
Turbulent flame speed multiplier
[-]

CFKG Flame kernel growth multiplier [-]

R f Flame radius [m] Li Integral length scale [-]
Bm Maximum laminar speed [m/s] Bφ Laminar speed roll-off value [m/s]

φm
Equivalence ratio at maximum
speed [m/s]

Tu Unburned gas temperature [K]

αe Temperature exponent [-] β Pressure exponent [-]

w
Average cylinder gas velocity
[m/s]

Ki Model constant [-]
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