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Abstract

Short oligonucleotides that are bound by regulator proteins play a pivotal role in gene reg-

ulation and are thus crucial for the complexity of life. Statistical modeling of these binding

sites of a particular protein, i.e., inferring a sequence motif, with the incentive of predicting

new instances, is one of the classic fields within bioinformatics. Most of the previous work

is based on a comparatively simple model that assumes statistical independence among all

nucleotides within the motif, which corresponds to the assumption of that the contribution

of each nucleotide to binding affinity is additive.

Whereas there are indications that these assumption may be a simplified reflection of the

natural process of protein-DNA binding, making use of additional features is to date limited

by insufficient statistical models. Many approaches that are capable of taking into account

complex features such as dependencies among adjacent nucleotides require an exponentially

growing number of parameters. Attempting to fit a large number of parameters from a small

number of observations inevitably leads to overfitting.

Here, we propose a new class of statistical models that allows modeling complex features in

the data while simultaneously keeping the parameter space small in order to avoid overfitting.

Using recently proposed parsimonious context trees, inhomogeneous parsimonious Markov

models (PMMs) allow a fine grained adjustment of the number of parameters in principle.

Learning these models, which involves dealing with a variable structure and variable di-

mensionality of the parameter space, is challenging, though. Moreover, tasks like de novo

motif discovery require learning a model in the presence of latent variables, which adds an-

other layer of complexity to the learning problem. We thus propose and investigate different

Bayesian and non-Bayesian approaches for learning PMMs, both from fully observable data

and in the presence of latent variables. By case studies on several real-world data sets we

investigate the advantages and drawbacks of the different approaches from computational

point of view, and we find that robust learning of PMMs is indeed possible by methods

inspired by the Minimum Description Length principle.

From biological point of view, we investigate the phenomenon of statistical dependencies

within sequence motifs of DNA-binding proteins by a second set of case studies. Focusing

on the enhancer-binding insulator protein CTCF in detail, and additionally investigating

ChIP-seq data of fifty transcription factors in a broader study, we find that intra-motif

dependencies are prevalent in nature, being rather the rule than the exception. We conclude

that the most frequently used motif model to date is indeed oversimplified, but also find

first-order dependencies among adjacent nucleotides to be the dominant additional feature.
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Bernard of Chartres used to compare us to dwarfs

perched on the shoulders of giants. He pointed out that

we see more and farther than our predecessors, not be-

cause we have greater height, but because we are lifted

up and borne aloft on their gigantic stature.

John of Salisbury

1
Introduction

In this thesis, we are interested in interdisciplinary questions at the borderline of molecular

biology, bioinformatics, machine learning, and statistics. The precise topic comprises statis-

tical modeling of short, functional oligonucleotides that play a pivotal role in gene regulation

and are thus crucial for the complexity of life.

Such an interdisciplinary topic would of course be impossible to work on without relying

on a substantial amount of previous work in different fields. In this chapter, we thus attempt

to lay foundations for the following work by recapitulating knowledge that is fundamental

for all chapters of the thesis. Additional concepts, which are required only for particular

chapters, are introduced when needed for the first time.

First of all, we provide a basic introduction into the biological mechanisms of interest

(Section 1.1) and an overview of the computational tasks that arise from different biolog-

ical questions (Section 1.2). Afterwards, we discuss statistical models from literature that

have been previously used for modeling short oligonucleotides (Section 1.3) and introduce

parsimonious context trees (Section 1.4), which are the central data structure, this thesis

is concerned about. Finally, we provide a guide through the main content of the thesis by

describing the general scope of the research topics covered and giving a detailed outline of

the different chapters (Section 1.5).

1.1. Biological background

Transcription, the synthesis of RNA from a DNA template, is the first step of gene expression

(Figure 1.1). Transcription is catalyzed by the enzyme RNA polymerase in assembly with an

entire complex of basal transcription factors, which have catalytic and stabilizing functions.

However, even though RNA polymerase and the basal cofactors are abundant in living

cells, not every gene is transcribed at any time at the same rate during the life cycle of an

organism. The complexity and flexibility of life itself, whether it may be the development of

highly specialized types of tissues in multicellular organisms or the ability of swift adaptation

to rapid changes of environmental conditions of bacteria, roots in differential expression of

the same genomic information under certain conditions, which is regulated on different levels.

1



1. Introduction

DNA pre-mRNA Protein
Transcription

Posttranscriptional
Modifications Translation

mRNA

Figure 1.1.: General pathway of gene expression in eukaryotes. First, DNA is transcribed
into pre-mRNA, catalyzed by an RNA-polymerase complex. After post-transcriptional modifications
(splicing, editing, polyadenylation), mature mRNA is translated into a protein.

Gene silencing due to condensing of euchromatin into heterochromatin is an example for

an epigenetic regulation that inhibits access to a particular genomic region [6]. Increased

degradation of the mRNA of a specific gene is a way of post-transcriptional silencing by

microRNAs and siRNAs [7]. In addition, regulation of translation also occurs [8].

The best understood principle of gene regulation, however, is the regulation of transcrip-

tional initiation by regulating the proper formation of the transcription initiation complex,

which is illustrated in Figure 1.2(a). This complex of RNA polymerase and basal transcrip-

tion factors binds to a specific region of the DNA, which is called core promoter. The most

common core promoter in eukaryotes is the well-known TATA-box and the binding transcrip-

tion factor is the TATA binding protein (TBP). However, the affinity of this transcription

preinitiation complex is usually rather low, leading to little or no significant gene expression.

In addition to basal transcription factors there are specific transcription factors, which may

act as activators or repressors. Activators can bind to specific nucleotide sequences, which

are known as enhancers. By interaction with basal transcription factors, they stabilize the

preinitiation complex and thus increase its binding affinity to the promoter. Repressors work

the opposite way, as they are capable of decreasing the promoter affinity of the preinitiation

complex by blocking compulsory binding sites. In any case, the key to gene regulation is the

fact that transcription factors (TFs) are specific to their binding sites, which are distinct

oligonucleotides within the promoter region. The presence of binding sites of a specific

TF in a particular promoter indicates a regulating function of that TF with respect to the

corresponding gene.

1.1.1. Transcription factor binding sites

The high affinity is caused by biochemical interactions between amino acids in the DNA

binding domain of the TF and nucleotides in the major groove of the DNA molecule, as

depicted in Figure 1.2(b). Each transcription factor has a unique DNA binding domain with

different amino acid combinations being exposed to the DNA. As a result, each transcription

factor has a high affinity to a particular sequence. However, this sequence is usually not

totally conserved, but there is a certain flexibility, as exchange of a particular nucleotide may

slightly reduce binding affinity, without making interaction between TF and DNA impossible.

2



1.1. Biological background

Transcription initiation complex

Basal transcription factors

Specific TF

Specific TF

(a) Transcription initiation complex (b) Binding of a TF to a DNA strand

Figure 1.2.: Protein-DNA interaction. Figure 1.2(a) illustrates the formation of the transcrip-
tion initiation complex, involving interaction of several proteins with DNA and among themselves.
Figure 1.2(b) shows the three-dimensional interaction of a single protein in detail. The image was
created with BALLview [9] from a 3D structure of USF [10] obtained through the Protein Data Bank
in Europe [11].

Sequences with a high affinity to a TF are called transcription factor binding sites (TFBS),

and have typically a length between 6 and 20 base pairs. The common features of binding

sites of a TF are called sequence motif.

1.1.2. Experimental detection of protein-DNA interaction

There are several experimental technologies for investigating protein-DNA interaction, i.e.,

determining DNA-oligonucleotides that have a high binding affinity towards a particular

protein. One in vitro approach is based on systematic evolution of ligands by exponential

enrichment (SELEX), which functions by iteratively mutating a pool of oligonucleotides,

which are perceived as potential binding sites, and enriching those candidates with a high

binding affinity to the protein of interest [12]. Another in vitro alternative is offered by

protein-binding microarrays [13, 14], which functions by directly measuring the protein-

DNA affinity using hybridization on a microarray that contains all possible oligonucleotides

of a certain length. However, this technology is limited to comparatively short sequence

motifs, since all possible binding sites need to be present on the microarray.

One of the most popular methods to date for detecting sequence fragments that are as-

sociated with a TF in vivo combines chromatin immunoprecipitation (ChIP) with high-

throughput DNA sequencing, and is thus called ChIP sequencing, or just ChIP-seq [15, 16,

17]. ChIP can be used to extract DNA that is bound by a particular protein, by (i) cross-

linking the protein-DNA complex, (ii) fragmenting DNA (for example by sonication), and

(iii) extracting the protein of interest with its bound target DNA using a specific antibody.

3



1. Introduction

After dissolving the protein-DNA complex, the resulting DNA fragments can be identified

by high-throughput sequencing [18, 19]. The final tasks of the experimental pipeline are

computational: (iv) read mapping, i.e., mapping the sequenced reads to the corresponding

genome by tools such as MAQ [20], BWA [21], or Bowtie [22], and (v) peak calling, i.e.,

identifying genomic regions which are highly enriched with mapped reads, and are thus are

called ChIP-peaks, using tools such as MACS [23], F-Seq [24], or PeakSeq [25]. Those ge-

nomic regions that are identified by ChIP-seq peaks are then considered to be bound by the

protein of interest.

One may assume that those genomic regions contain a common sequence motif, even

though in reality this does not necessarily need to be the case. For example some TFs bind

to DNA only indirectly by interacting with other DNA-binding proteins. In those cases we

would not necessarily expect to find one distinct overrepresented motif in a ChIP-seq data

set of that TF.

1.1.3. Splicing and splice sites

In eukaryotic cells, the RNA product of transcription is not used immediately to synthesize

protein. Instead, this pre-mRNA is subject to several post-transcriptional modifications

resulting in mature mRNA, which is then translated by ribosomes into protein. Besides

capping, polyadenylation, and editing, the most important form of modification is called

splicing, which was first discovered in 1977 [26].

Exon 2Exon 1 Exon 3Intron 1 Intron 25'-UTR 3'-UTR

Exon 2Exon 1 Exon 35'-UTR 3'-UTR

pre-mRNA

mature mRNA

Figure 1.3.: Simplified illustration of the splicing mechanism. This example shows a gene
consisting of three exons and two introns. Both introns are removed from the pre-mRNA, and
the remaining exons are spliced together, forming the mature mRNA. Untranslated regions (UTRs)
surround the coding sequence and contain several regulatory sequences.

Figure 1.3 shows a simplified illustration of the process. Parts of the mRNA that do not

code for protein, which are called introns, are removed, and the remaining sequences, which

are called exons, are ligated together to form one continuous mRNA molecule.

Some RNA molecules have the ability to catalyze the splicing of themselves, which is called

self-splicing. The vast majority of splicing reactions, however, is catalyzed by a multido-

4



1.2. Computational challenges

main complex, the spliceosome. It consists of five small nuclear ribonucleoprotein particles

(snRNPs), which consist of one small nuclear RNA (snRNA) and several proteins, each.

Assembled to one complex, they are able to recognize the exon-intron boundaries, split the

phosphodiester bonds, and ligate the exons.

Figure 1.4 presents the detailed structure of an intron. The boundary at the 5’ end of

the intron is called splice donor site. It contains a conserved GU dinucleotide (GT in DNA

notation) at the first two positions of the intron [27], which is a key feature for computational

recognition of donor sites. The nucleotides upstream and downstream of this dinucleotide

also contribute to the signal that is recognized by the spliceosome. Even though they are

not conserved, there exists a notable consensus sequence.

The boundary at the 3’ end of the intron is called splice acceptor site. It contains a highly

conserved AG dinucleotide at the last two positions of the intron.

 C A G  G T A A G T  T A C A G  A C T A A C T
Donor site Acceptor siteBranch point

5' 3'

Intron ExonExon

Figure 1.4.: Schematic illustration of the exon-intron structure. The splicing mechanism
recognizes the nucleotide sequences both at exon-intron boundary (donor site), and at intron-exon
boundary (acceptor site).

1.2. Computational challenges

There are several computational challenges that are typically associated with DNA and RNA

binding sites.

1.2.1. Binding site recognition

In some cases there is a set of binding sites that are bound by a particular TF given. Sources

are either wet-lab experiments, such SELEX or universal arrays (Section 1.1.2), previous

computational predictions, or a combination of both. Often collections of binding sites for

a TF are aggregated in publicly available or commercial databases, such as Jaspar [28] or

TRANSFAC R© [29].

Here, the computational challenge are from the task of finding locations of potential addi-

tional binding sites in the genome that are sufficiently similar to the already known instances.

A common approach is to learn a probability distribution from this training data under a

statistical model, in order to utilize the probability of arbitrary sequence being generated

from this model as score of that sequence being bound by the TF of interest.
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We obtain a somewhat simpler variant of this problem, when not a set of binding sites

but only the sequence motif in form of a probability distribution, is available. In both

cases, a probability distribution over binding sites of a certain length can be used to classify

previously unseen data as binding sites in relation to some background distribution.

1.2.2. De novo motif discovery

In other cases, neither binding sites nor the sequence motif of a TF of interest are known. As

a consequence, a representation of putative binding sites has to be inferred from a set of long

sequences of possibly different length. This problem is often called de novo motif discovery,

or short motif discovery. Input sequences for motif discovery can be promoter sequences,

which are extracted according to similar expression patterns of their corresponding genes.

Another source are direct experiments, which yield genomic regions that bind the TF of

interest, such as ChIP-seq (Section 1.1.2).

Despite considerable efforts in the field, motif discovery remains a computational problem

for which there is no completely satisfying solution yet, even though a plethora of algorithms

for this task have been proposed during the last decades. Some of the first algorithms were

Gibbs Motif Sampler [30] and MEME [31], the former being based on Gibbs sampling [32],

whereas the latter uses the Expectation Maximization algorithm [33].

More sophisticated approaches to solve the motif discovery problem, including enhance-

ments of the aforementioned algorithms [34, 35, 36], focus on different aspects of motif

discovery and/or a combination thereof. Some algorithms detect complex cis-regulatory

modules [37, 35, 38], others infer the width of the motif [39, 40] or a distribution of positions

of binding sites [41, 42, 40] from data. Another class of algorithms utilizes phylogenetic

information for recognizing motifs in orthologous sequences of different species [43, 44, 45].

Others focus on a discriminative learning approach [46, 47, 45, 40, 48] in order to predict a

motif that is highly specific for a certain data set with respect to a control data set.

1.2.3. Splice site recognition

The recognition of splice sites, i.e., predicting new splice sites based on a set of given training

sequences, is very similar to TFBS recognition. However, there are two major differences.

First, there are orders of magnitude more splice sites available than TFBS for one particular

factor exist, so the training data sets are substantially larger. Second, splice sites are located

at exon-intron boundaries, and at least the vast majority of them (canonic splice sites) are

centered around the conserved dinucleotide. From this follows that the prediction problem

is actually a true classification problem, as there is negative data available: sequences that

contain the conserved dinucleotide but are verified to be not located at an exon-intron

boundary can be considered as negative data.

6



1.3. Models for sequence patterns

Table 1.1.: Exemplary position weight matrix. It contains the position-specific nucleotide fre-
quencies of human transcription factor RFX5, obtained from database Jaspar.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A 0.09 0.15 0.00 0.05 0.31 0.00 0.48 0.06 0.00 0.79 0.95 0.00 0.54 0.25 0.22
C 0.41 0.21 0.49 0.95 0.56 0.22 0.00 0.00 0.73 0.13 0.05 1.00 0.20 0.09 0.36
G 0.14 0.22 0.33 0.00 0.02 0.00 0.52 0.91 0.10 0.08 0.00 0.00 0.00 0.57 0.32
T 0.36 0.42 0.18 0.00 0.11 0.78 0.00 0.03 0.17 0.00 0.00 0.00 0.26 0.09 0.10

1.3. Models for sequence patterns

In this section, we discuss established models and model classes for DNA sequence patterns.

We consider each position in a functional binding site of width W (splice site, TFBS, etc.)

as random variable X1, . . . , XW . We intend to assign a probability P (X1, . . . , XW ) to each

possible realization of the random variables based on a limited amount of training data.

Since the number of possible realizations grows exponentially with W , simplifications w.r.t.

the sufficient statistics that are taken into account have to be made. The purpose of a

statistical model is to provide an optimal tradeoff between extracting relevant features and

model complexity.

1.3.1. Position weight matrix model

The most widespread model for modeling transcription factor binding sites, splice sites, and

other functional oligonucleotides is the position weight matrix (PWM) model [49, 50], which

assumes statistical independence among all positions in the sequence, which corresponds to

the factorization

P (X1, . . . , XW ) =
W∏

`=1

P (X`). (1.1)

The sufficient statistics according to the PWM model are the observed mononucleotide

frequencies at each position. Both the sufficient statistics and the parameters estimated

from them can be perceived as nucleotide weights and can be arranged as a matrix with

rows corresponding to nucleotides and columns corresponding to positions in the sequence,

and this matrix representation is origin of the term position weight matrix. We show an

exemplary PWM for the binding sites of human transcription factor RFX5, extracted from

TFBS database Jaspar [28], in Table 1.5. The PWM is also called position-specific scoring

matrix (PSSM), which is, albeit being a more accurate description, a less common term in

bioinformatics literature.

One advantage of the PWM is the intuitive representation as sequence logo [51], and as

such the PWM has become almost equivalent to the sequence motif of a protein as displayed
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Figure 1.5.: Exemplary sequence logo. It visualizes the PWM of transcription factor RFX5 as
displayed in Table 1.1.

by databases like TRANSFAC R© [29] or Jaspar [28]. In a sequence logo the height of

a nucleotide stack at a particular position corresponds to 2 + H(~p), which is here called

information content, with H being the entropy in bits and ~p being the relative nucleotide

frequencies at the position. The individual nucleotides are ordered from top to bottom

according to their relative frequency and their size is also scaled according to that measure.

We show an exemplary sequence logo in Figure 1.5, which corresponds to the PWM of

transcription factor RFX5 that is shown in Table 1.1.

However, since the PWM model assumes statistical independence among all positions in

the motif, which corresponds to the biophysical assumption of additive binding energies

of all nucleotides, it may neglect relevant features in the data. While that independence

assumption might be reasonable as a first approximation, there are many indications that

a set of independent relative nucleotide frequencies is not sufficient for characterizing a set

of binding sites, and studies for different types of transcription factors have shown that the

independence assumption of a PWM model is not completely justified [52, 53, 54, 55, 56].

As a consequence, several alternative models that take into account statistical dependencies

among nucleotides in the motif have been proposed.

1.3.2. Markov models

The weight array model (WAM) [57] is a simple extension of the PWM model as it may take

into account first-order statistical dependencies among adjacent nucleotides in the motif, and

thus corresponds to the factorization

P (X1, . . . , XW ) = P (X1)

W∏

`=2

P (X`|X`−1). (1.2)

8



1.3. Models for sequence patterns

The likelihood of the WAM is thus a product of conditional probability distributions (CPDs).

This model assumes conditional statistical independences of random variable X` from ran-

dom variables X1, . . . , X`−2 given random variable X`−1, which is less restrictive than the

unconditional statistical independence assumptions of the PWM model. The WAM can be

perceived as a position-specific Markov chain and is thus also called inhomogeneous Markov

model (MM) of order one.

In analogy, inhomogeneous Markov models of order d may take into account statistical

dependencies of order d among neighboring nucleotides. They factorize the joint distribution

according to

P (X1, . . . , XW ) =P (X1)P (X2|X1) · . . . · P (Xd|X1, . . . , Xd−1)

·
W∏

`=d+1

P (X`|X`−d, . . . , X`−1). (1.3)

An inhomogeneous MM thus assumes conditional statistical independences of random vari-

able X` from random variables X1, . . . , X`−d−1 given random variables X`−d, . . . , X`−1. The

class of inhomogeneous MMs is nested, i.e., the model of order d is included in the model

of order d + 1. Setting d = 1 returns a WAM, and setting d = 0 would technically yield

a PWM model, which is thus sometimes also called inhomogeneous MM of order 0. While

inhomogeneous MMs of order d > 1 are more expressive than their special cases PWM model

and WAM, they require a larger number of model parameters.

At this stage, some readers may benefit from clarifying terminology. In most communities,

the term “Markov model” refers to a model that generates a series of observations of po-

tentially infinite length. Homogeneous Markov models (Markov chains) are the widely used

special case where only one transition matrix (CPD) exists, and the term inhomogeneous

MM implies only the existence of at least two transition matrices. While the here defined

model certainly has the property of multiple transition matrices, it is actually a further

special case, where the modeled sequences have fixed length with position-specific transition

matrices. However, since the term inhomogeneous MM is established in bioinformatics lit-

erature for these models [58], and since we do not need to distinguish to the more general

case in this thesis, we stick to this terminology.

While inhomogeneous MMs take into account statistical dependencies of a certain order

among adjacent nucleotides, only, permuted Markov models [59] define an inhomogeneous

MM over an arbitrary permutation of the random variables. Due to this increased flexi-

bility, permuted Markov models are – at least in theory – capable of modeling long-range

dependencies among non-adjacent nucleotides. However, learning the optimal permutation

of random variables is an NP-hard problem.

9
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(a) general Bayesian network (b) Bayesian tree

Figure 1.6.: Bayesian network representation. We show DAGs for a general Bayesian network
and for the special case of a Bayesian tree for sequence patterns of width W = 6.

1.3.3. Bayesian networks

All of the previously discussed models are generalized by a highly flexible model class.

Bayesian networks (BNs) [60, 61] are capable of modeling any intra-motif dependencies

that can be expressed through an directly acyclic graph (DAG) G, when a node corresponds

to a particular random variable and the set of parents of this node in the DAG corresponds

to the set of random variables that are conditioned upon in the statistical model. In other

words, the DAG of a Bayesian network represents the factorization of the joint distribution

into an arbitrary product of conditional distributions

P (X1, . . . , XW ) =
W∏

`=1

P (X`| pa(X`)), (1.4)

where pa(X`) returns the parents of X` in G, for which one example is shown in Figure 1.6(a).

As such, BNs are a flexible and powerful model class that has a plethora of applications,

which are by no means limited to bioinformatics and computational biology. While the

DAG of a BN can be easily visualized and interpreted, there are two important facts to

keep in mind. First, the absence of an edge represents a conditional statistical independence

assumption, whereas the presence of an edge does not convey information, except of the

number of parameters the model uses. For example, even if there is an edge between node A

and B, the two corresponding random variables can be independent if all CPDs are equal.

Second, even though the DAG contains directed edges, it does not automatically imply

causality. An edge from node A to node B does not necessarily imply that A is a cause of B.

As a bottom line, the interpretation of the DAG of a BN is limited to being a visualization

of conditional independence assumptions of the probabilistic model.

One key challenge in learning Bayesian networks is inferring a DAG from data, a problem

that is often called structure learning. There are two fundamentally different approaches for

learning a structure [62]. The first approach is called constraint-based structure learning

and relies on statistical independence tests in order to determine the presence or absence

of an edge in the DAG. The second approach is score-based structure learning, which for-

mulates BN structure learning as model selection problem. Here, structure learning consists
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(a) PWM model (b) Weight array model

(c) 2nd-order inhomogeneous MM (d) 2nd-order permuted MM

Figure 1.7.: DAGs of further special cases of Bayesian networks.

of (i) assigning a score, which typically assumes the form of a penalized likelihood, to each

structure and (ii) performing an exhaustive search through the space of all possible structure

in order to find the structure with the maximal score. Since the number of DAGs grows

superexponentially with the number of nodes, which corresponds to the number of random

variables, finding the optimal BN structure w.r.t. a given score is an NP-hard problem [63].

Some algorithms attempt to solve the structure learning problem locally using greedy

strategies [64, 65], but there is are no guarantees about the global quality of the found

solution. There are several algorithms for finding the globally optimal Bayesian networks

that are based on dynamic programming [66, 67, 68, 69], but they are limited to a relatively

small number of variables.

Structure learning becomes simpler when not the total space of all possible BN structures

is considered, but the optimum within a subspace, defining a restricted model class, is to be

found. One prominent example are Bayesian trees, which are Bayesian networks were the

number of parent nodes is set to one for each node with the except of one parent-less node,

which is the root of the tree. One example for a Bayesian tree is shown in Figure 1.6(b). Here,

structure learning can be achieved in polynomial time, using the Chow-Liu algorithm [70].

Bayesian trees can be also perceived as a generalization of the WAM, capable of modeling

statistical dependencies among non-adjacent positions without increasing the number of

model parameters at the cost of neglecting some dependencies among adjacent positions.

In addition, all of the previously mentioned models can be perceived as special cases of a

general Bayesian network where each random variable corresponds to one single motif po-

sition, i.e., each model can be expressed using a particular, fixed, DAG. The PWM model

can be perceived as an empty Bayesian network (Figure 1.7(a); the DAG has no edges).

Outside bioinformatics and computational biology, this model is also often called indepen-

dence model, as there is full statistical independence among all random variables. Likewise,

the representation of the WAM is a DAG where the sole parent of each node is its direct

predecessor as illustrated in Figure 1.7(b). Inhomogeneous Markov models and their gener-
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alization that allows permutation of the random variables are also both special cases of BNs

as shown in Figure 1.7(c) and Figure 1.7(b). From this follows that both PWM model and

WAM can be considered as inhomogeneous Markov models, since they can be obtained by

enforcing additional conditional independences, i.e., by removing edges from the DAG.

Inspired by inhomogeneous Markov models and permuted Markov models of order d, it is

also possible to define Bayesian networks of order d, which contain all DAGs where W − d
variables have exactly d parents, and the remaining d variables have d − 1, . . . , 0 parents.

This restriction has the consequence that for a given value of d, all BN(d) have the same

number of parameters, which can be a desirable feature. Furthermore, the restriction to a

fixed number of parent nodes simplifies structure learning.

1.4. Parsimonious context trees

All models discussed in Section 1.3 share a common problem: The number of parameters for

modeling the distribution of one random variable grows exponentially with the number of

parent variables that are conditioned upon. For inhomogeneous Markov models, permuted

Markov models, and Bayesian networks of order d, the number of parameters of the full

model grows exponentially with d. General Bayesian networks, which are capable of making

use of fully flexible parent node selection, can adapt the complexity for each random variable

by selecting a different number of parents, yet the total number of parameters is dominated

by the variable with the highest number of parents.

A high number of parameters in relation to the number of data points that these pa-

rameters are to be estimated from is often problematic. Whereas a complex model always

achieves a higher likelihood on the training data than a simpler special case, this does not

automatically hold for independent test data. Overly complex models learned on insufficient

data often generalize poorly, as they adapt to random noise in the training data. This effect

is known as overfitting does not only apply to the models mentioned in Section 1.3, but is a

well-known problem in statistical learning.

As a closely related problem, the number of parameters of homogeneous Markov models

grows exponentially with model order. In order to cope with this problem, parsimonious

Markov models have been proposed [71, 72] as extensions of homogeneous Markov models.

Parsimonious Markov models replace the transition matrix of the Markov chain by a reduced

CPD table that groups several observations in the condition. This grouping of possible

observations is organized by a data structure that is called parsimonious context tree (PCT).

Apart from their use in parsimonious Markov models, PCTs have already been applied to

extend Hidden Markov Models to Parsimonious Hidden Markov Models [73].

12
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1.4.1. Definition

A PCT τ of depth d for alphabet A is a rooted, balanced tree. Each node of a PCT is labeled

by a non-empty subset of A, except for the root, which is labeled by the empty subset. The

set of labels of all children of an arbitrary inner node forms a partition of A.

It follows that the cross product of the symbol sets encountered along each path from a

leaf to the root defines a non-empty subset of Ad, which we call context. Hence, a context is

a set of context words, and the set of the contexts of all leaves of a PCT forms a partition

of Ad. Thus, the PCT is a data structure that represents a partition of the whole set of

context words.

For example, the PCT of depth two for the four-letter DNA alphabet A = {A,C,G,T}
that is shown in Figure 1.8 encodes the contexts {A} × {A}, {C, G} × {A}, {T} × {A},
{A, G} × {C, G, T}, and {C, T} × {C, G, T}. The context sequences are read in the same direction

as they appear in the data, so traversing the PCT top-down corresponds to looking into the

past with distant nodes in the tree corresponding to distant symbols in the sequence. The

first layer of nodes, which directly succeed the root, thus corresponds to the direct predecessor

of the symbol of interest, i.e., the rightmost symbol in the context word.

A PCT of depth d interpolates between two extreme cases: a minimal tree with only one

leaf, which represents the union of all context words into one set, and a maximal tree with

|Ad| leaves, each of which represents a single context word.

1.4.2. Finding optimal PCTs

Finding the optimal out of an overexponential number of possible PCTs (with respect to

model order and alphabet size) without computing the score for every single PCT explicitly is

challenging. This problem can be solved by a dynamic programming (DP) algorithm similar

to the context tree maximization algorithm [74]. The algorithm runs on a data structure

that we call the extended PCT of depth d and that we denote by T Ad . In contrast to a

PCT, the children of a node of an extended PCT do not form a partition of alphabet A, but

    

A C,G,T

A C,G T A,G C,T

Figure 1.8.: Example PCT of depth 2 over DNA alphabet. It encodes the par-
tition of all 16 possible context words into subsets {AA},{CA,GA},{TA},{AC,AG,AT,GC,GG,GT},
and {CC,CG,CT,TC,TG,TT}.
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X

A C G T A,C A,G A,T C,G C,T G,T A,C,G A,C,T A,G,T C,G,T A,C,G,T

Figure 1.9.: Structure of an inner node and its children in extended PCT. We show an
arbitrary inner node (labeled by x) and its children in the extended PCT over DNA alphabet. The
labels of all children form P≥1(A).

rather encompass all elements of P≥1(A), which is the power set of A minus the empty set

(Figure 1.9). The leaves of an extended PCT are thus all possible leaves, identified by their

label concatenation up to the root, that may occur in any PCT of same depth and alphabet.

Let N (T ) denote the set of nodes of an extended PCT T , n one element of N (T ), and

r(T ) the root of T . Each node can be uniquely identified by the label concatenation on

the path from this node up to the root of the extended PCT. Let s(n) denote the score of

the optimal PCT subtree rooted at n. Let C(n) denote the set of all children of n in the

extended PCT. Let V(C(n)) denote the set of all valid child combinations, i.e., all subsets of

children whose labels form a partition of A. Let further L(T ) denote the leaves and I(T ) the

remaining inner nodes of N (T ). Using this notation, we specify the dynamic programming

approach in Algorithm 1, which consists of a single function for computing the optimal PCT

subtree rooted at an arbitrary node of the extended PCT.

Algorithm 1 Dynamic programming for finding optimal PCT subtrees

findOptimalSubtree(n)

if n ∈ L(T Ad ) then
compute s(n)

end if
if n ∈ I(T Ad ) then

for all m ∈ C(n) do
findOptimalSubtree(m)

end for
for all v ∈ V(C(n)) do
s(v) :=

∑
m∈v

s(m)

end for
v∗ := argmax

v∈V(C(n))
s(v)

s(n) := s(v∗)
for all m ∈ C(n) \ v∗ do

remove m and subtree below
end for

end if
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A C,G,T

A C,G T A,C,G,T

Figure 1.10.: Example CT of depth 2 over DNA alphabet. Pruned contexts are here shown
as pseudo-nodes (displayed in gray) in order to achieve depth two for all possible contexts and thus
allow a visualization of the CT in PCT-style.

Applying this function to the root of the extended PCT, that is, calling the function

findOptimalSubtree(r(T Ad )), yields the optimal PCT.

The algorithm can be intuitively described as bottom-up reduction of the extended PCT

towards a valid PCT by selecting at each inner node the locally optimal PCT subtree. We

provide a step-by-step explanation of the mode of operation of the algorithm using the

smallest meaningful example, which comprises the task of finding an optimal PCT of depth

d = 2 over a ternary alphabet, in Appendix A.

The correctness of the algorithm follows from the property that the score of a PCT is a

sum of leaf scores, which further implies that the score of a PCT subtree rooted at node n

depends, apart from its own structure, only on the nodes on the path from n up to the root,

but is independent of the structure of the PCT subtrees rooted at siblings of n.

The complexity of the DP algorithm is given by the size of the extended PCT, which must

be completely traversed, multiplied by the number of valid child combinations, for which a

score must be computed in each inner node of the extended PCT. Whereas the former is

exponential with the base being the number of possible subsets of A, the latter is equivalent

to the Bell number B|A|.

1.4.3. Special cases

Context trees (CTs), which are used by variable order Markov models (VOMMs) [75], are

special cases of PCTs. In sequence analysis, CTs have been used in permuted variable

length Markov Chains (VLMC) [76], variable order Bayesian networks (VOBN) [77], and

inhomogeneous VOMMs, which are a special cases of both permuted VLMC and VOBN.

The differences between CTs and PCTs arise from a different concept of tree-building.

Whereas the idea of building CTs is to prune a maximal tree by removing unimportant

subtrees, the idea of PCTs is to fuse nodes if subtrees and corresponding CPDs are not

sufficiently different. Since removing nodes can be also expressed by fusing them into one

pseudo-node [78], CTs are special cases of PCTs (Figure 1.10).
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The opposite does not hold, though. There are many PCTs that represent a set of contexts

that cannot be represented by CTs, since the notion of pruning yields several limitations of

the possible CT structures that are relaxed by PCTs. Two structural features distinguish

PCTs from CTs. First, an inner node in a PCT may have an arbitrary number of fused

children as long as their labels form a partition of A, whereas a CT allows at most one

fused child, the pseudo-node. Second, a PCT allows arbitrary subtrees below a fused node,

whereas a CT allows only a completely fused node as single child of a fused parent, which is

equivalent to removing the entire subtree below the first occurrence of a fused node.

1.5. Objectives and outline of the thesis

In this section, we provide an overview of the different topics covered in this thesis. In Sec-

tion 1.5.1 we discuss the two main objectives, that is, the main scientific questions addressed

in the course of this work. We provide a detailed outline of the content of the different

chapters and the logical connections among them in Section 1.5.2.

1.5.1. Main objectives

In this thesis, we study several closely related problems, which may yet be attributed to

one out of two main objectives. Both main objectives can be formulated as an attempt to

answer a very general key question each.

Main objective I is computational, contributing to the fields of machine learning and

probabilistic modeling. Here the key question is:

Can parsimonious context trees by applied to the problem of modeling DNA

binding site data and what are appropriate learning principles for that task?

We intend to utilize parsimonious context trees to design a statistical model for the task

of modeling dependencies among adjacent entries in a categorical data matrix, i.e., DNA

binding sites. The incentive is here to obtain a fine-grained model class that allows a more

flexible adaption of the parameter space to the problem at hand than offered by fixed order

Markov models and variable order Markov models. Such a fine-grained model class, however,

renders the option of manually picking one particular model based on expert knowledge im-

possible. Hence, we also desire adequate learning algorithms to infer a model of appropriate

complexity from data – no matter whether this data is fully observable or whether latent

variables are involved, as it is the case for de novo motif discovery. Especially the latter

problem, dealing with variable model complexity in the presence of latent variables, is a

widely unexplored field in machine learning yet, and we thus aim at a solution that may be

generally applicable, and is widely independent of the precise model class involved.
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Main objective II is more biological, namely contributing to understanding of protein-DNA

interaction. Here the key questions is:

What is the quantitative and qualitative nature of intra-motif dependencies for

transcription factor binding sites?

Whereas there are indications that dependencies do exist for the binding motifs of some

selected proteins, it is unknown to date how prevalent they actually are in nature. We

thus intend to generate evidence for the presence or absence of dependencies of a certain

order within a large number of data sets. In addition, we intend to study the precise nature

of putative dependencies, quantitatively by comparing dependencies within a motif in a

position-specific manner, and qualitatively by investigating the difference between different

features, i.e., different conditional probability distributions, for the same position. In order

to achieve that goal and in order to make more complex sequence motifs easier to appreciate

for the experimental scientist, we propose a visualization method that is comparable to the

popular sequence logo representation.

The computational and biological objectives are by no means independent of each other.

On the contrary, both main objectives are heavily intertwined, and in some sense their

connection resembles a chicken-and-egg problem. Without substantial evidence for intra-

motif dependencies, studying complex statistical approaches for modeling them can hardly be

motivated. However, with present statistical models and learning methods, which are prone

to overfitting when attempting to take into intra-motif dependencies, it may be impossible

to collect such evidence in the first place. This is the reason for investigating both aspects

simultaneously, and this thesis is thus an attempt to resolve this chicken-and-egg problem.

Main objective I is primarily dealt with in Chapters 2, 3, 6, and 7, whereas main objec-

tive II is the focus of Chapters 5 and 8. In the following section, we sketch the distribution

of the topic over the different chapters, the logical connection among them, and their con-

tribution to the two main objectives in more detail.

1.5.2. Outline

Here, we briefly sketch the outline of the thesis and the motivation of the different chapters.

The distribution of the topics over the different chapters as well as the logical connection

among the chapters and the main objectives they contribute to is shown in Figure 1.11.

In Chapter 2, we introduce inhomogeneous parsimonious Markov models (PMMs) as the

model class of interest in order fulfill the first subtask of main objective I. We specify a

prior distribution and propose a Bayesian model selection approach for learning a model

from fully observable data, i.e., a set of aligned sequences of equal length. Using a small

real-world data set, we demonstrate that the model class is capable of a superior prediction

performance in relation to alternative approaches using traditional context trees. While the

17
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Existing models, PCTs, DP algorithm (1) C4: Latent variable models

Main objective I
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Model averaging 
in the presence of latent variables (5)
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Latent variable models (4)

Conclusions & outlook (9)

Models: Inhomogeneous PMMs (2) Detailed study on CTCF data (7)

Robust model selection
in the presence of latent variables (6)

Robust learning 
for fully observable data (3)

Figure 1.11.: Flowchart of the thesis content. Arrows denote main logical connections among
different topics. Numbers in brackets correspond to the chapter a particular topic is dealt with in.

results indicate that PMMs are worth studying further, we have to resort to cross-validation

for hyperparameter-tuning of the structure prior in order to obtain them. Whereas the same

applies to models with traditional context trees, such a brute-force approach is not satisfying,

since it is not particularly aesthetic and requires a substantial amount of computational

effort.

We thus study alternative learning approaches for fully observable data in Chapter 3,

further contributing to main objective I. Several of these structures scores for model selection

and methods for parameter estimation were originally proposed for Bayesian networks and

are mainly, but not solely, motivated by the minimum description length principle. By

empirical comparison on splice donor sites and TFBS data, we find that BIC as structure

score combined with fsNML for estimating the probability parameters is the most appropriate

method for learning PMMs, yielding robust results without requiring any hyperparameter-

tuning.

Whereas Chapter 2 and Chapter 3 are concerned with the comparable simple case of fully

observable data, i.e., learning from a set of aligned sequences of the same length, the true

challenge is given by the presence of latent variables. Chapter 4 thus serves as kind of a

second introduction, where we recapitulate different latent variable models from literature,

namely mixture models and models for motif discovery. We discuss some previous attempts

to learn models with variable structure in a setting where latent variables occur, such as

a mixture of Bayesian trees. We find that the only previously existing method that deals

with learning possibly multiple models with variable dimensionality of the parameter space
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1.5. Objectives and outline of the thesis

is based on approximating the posterior maximum of the entire latent variable model using

an EM algorithm. However, this approach has the theoretical problem of not yielding a

consistent estimate of the model structures, but asymptotically picks the largest possible

candidate. Hence massive hyperparameter-tuning is here inevitable for obtaining any models

of reasonable complexity.

Despite the theoretical weaknesses, resulting in a high computational effort for practical

application, we apply this EM algorithm in Chapter 5 in order to address some of the

biological questions that are given by the main objective II. We perform a first motif discovery

using PMMs for ChIP-seq data sets of the of human insulator protein CTCF. We find that the

CTCF motif is indeed more complex than previously thought, and that a PMM can utilize

the additional features that are neglected by the PWM model to improve motif discovery

substantially. Moreover, we propose in Chapter 5 a visualization method of those features

that we dub conditional sequence logo, as it is inspired by the traditional sequence logo

representation of a PWM. Since we obtain this promising results only using massive cross-

validation for hyperparameter-tuning, it is infeasible to apply exactly this method to a large

number of data sets, which is the incentive for studying alternative possibilities of dealing

with variable structures with a different number of parameters in the presence of latent

variables.

As a first idea, we refrain from seeking an optimal at all, but intend to perform Bayesian

model averaging over the space of all PMMs. Further contributing to main objective I, we

derive in Chapter 6 a Gibbs sampling algorithm that generates structure and parameter

samples from the posterior, which can be subsequently used for approximating the posterior

for a fully Bayesian prediction. The challenge is here to sample a particular PCT structure

from its conditional distribution given data and latent variables, which can be achieved

by a modification of the PCT maximization algorithm. We find for both latent variable

models of interest that the Gibbs sampler quickly converges and that model averaging might

a robust alternative to the EM algorithm, as Bayesian model averaging behaves similar

to Bayesian model selection with respect to prior influence. However, whereas the Gibbs

sampling algorithm itself is fast, the entire model averaging approach has the drawback that

the Bayesian prediction becomes infeasible for many practical applications as the running

time scales linearly in the number of sampled parameter sets.

This observation once again increases the desire to conduct model selection in the pres-

ence of latent variables, which is the topic of Chapter 7. Inspired by the Gibbs sampler, and

also motivated by the lessons learned in Chapter 3, we propose a stochastic algorithm that

performs model selection for arbitrary latent variable models according to arbitrary learning

principles. We empirically show both for mixtures of PMMs and for motif discovery with

PMMs that the method converges quickly and yields a robust and fast prediction and clas-

sification, which finally fulfills main objective I of this thesis, answering the raised question
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1. Introduction

positively.

Using this algorithm, we are capable of addressing main objective II on a larger scale than

it was possible in Chapter 5, where we focused on one single, albeit were important, DNA-

binding protein. In Chapter 8, we perform a motif discovery within various ChIP-seq data

sets from the ENCODE project and investigate the prevalence of intra-motif dependencies.

Here, we find that first-order dependencies exist in sequence motifs of almost all relevant

transcription factors, with several examples showing further higher-order dependencies.

We summarize the results of this thesis and further discuss the main conclusions in Chap-

ter 9. In addition, we also provide a glimpse to potential future research topics that arise

from the lessons learned in the course of this work.
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Dealing with complexity is an inefficient and unnecessary

waste of time, attention and mental energy. There is

never any justification for things being complex when

they could be simple.

Edward de Bono 2
Inhomogeneous PMMs

It is indeed a philosophical question whether a model as an approximation to a real world

process should be as simple or as complex as possible. A common opinion states that true

beauty and elegance is to be found in simplicity of an explanation for a process that just

seemed to be utterly complex at first glance. The field of theoretical physics is full of

instances where these desires are satisfied, with Einstein’s E = mc2 being probably the most

famous example.

However, there is no clear justification why nature should favor simplicity, and the field

of biology appears to be rather governed by diversity, complexity, and inaccuracy. It is

because of the apparent difficulty of establishing simple and elegant theories that research in

modern molecular biology is mainly conducted by (i) gathering a vast amount of empirical

evidence through wet-lab experiments, and (ii) analyzing the collected data by statistical

and computational methods.

2.1. Motivation

We discussed in Section 1.3 that various statistical models of different complexity for infer-

ring sequence motifs from TFBS data exist. The PWM model is obviously the most simple

model among the given alternatives, but comparing other presented alternatives is not triv-

ial: is a BN represented by a DAG in Figure 1.6(a) more complex than the second-order

inhomogeneous MM in Figure 1.7(c)? On the one hand, one may argue that the dependency

structure of the latter is more regular in relation to the general BN under consideration,

which is thus more complex. On the other hand, the second-order inhomogeneous MM has

more free parameters than the shown BN, allowing a higher flexibility and thus complexity

of the learned probability distribution.

In this thesis, we follow the second notion and associate the model complexity with the

number of free parameters of the model. Hence, a sparse Bayesian network with a seemingly

irregular DAG, possibly inferred by a complicated learning algorithm, is considered less

complex than a given, regular dependency structure with many CPDs. From that point
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2. Inhomogeneous PMMs

of view, we indeed strive for eliminating complexity in the sense that we intend to learn

statistical dependencies from the data with as simple models as possible.

Unfortunately, existing models as described in Section 1.3 are not very suitable for that

task, as they do not allow a fine-grained selection of optimal model complexity. For inho-

mogeneous MMs, the only possible choice is the model order, which allows selecting among

different model complexities on an exponential scale. BNs allow variable-specific selection

of parent nodes, but for each individual variable, the possible model complexities scale ex-

ponentially as well.

Variable order Markov models [76] and variable order Bayesian networks [77] are attempts

of performing a more fine-grained adaption of the model complexity to data at hand, but

traditional context trees are limited in many aspects as discussed in Section 1.4. Here, we

propose a more general model class that consists of an inhomogeneous Markov model that

may use parsimonious context trees for reducing the parameter space at each position. The

incentive is to design, in the spirit of the opening quote of this chapter, a model class and

corresponding learning principle that allows taking into account statistical dependencies of

possibly higher order with simple models that make use of few parameters and are thus less

prone to overfitting than their more complex alternatives.

2.2. Model specification

In this section, we formally define inhomogeneous parsimonious Markov models, and propose

an appropriate prior distribution. We discuss a possible learning approach for PMMs that

is based on Bayesian model selection.

Figure 2.1.: Second-order inhomogeneous PMM. Figure a) shows the general dependency struc-
ture among the random variables, corresponding to the positions in the motif as DAG in a BN repre-
sentation. Figure b) shows a minimal PCT of depth 2, which is locally equivalent to a PWM model,
since all contexts are merged. Figure c) shows an intermediate PCT of depth 2. If we assume that
this tree is used at position 4 in the motif, the nodes are colored according to the random variables
they correspond to in the backbone of Figure a). Figure d) shows a maximal PCT of depth 2, which
is locally equivalent to a second-order inhomogeneous MM, since none of the contexts are merged.
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2.2. Model specification

2.2.1. Likelihood

An inhomogeneous PMM of order d for sequence patterns of width W is based on exactly W

PCTs (Figure 2.1), which we denote by ~τ = (τ1, . . . , τW ). For the ease of presentation, we

exclude the first d PCTs, which have an increasing depth of 0, . . . , d− 1, from the following

discussion. Since there is a bijective mapping from the leaves of a PCT to the corresponding

contexts, we can perceive a PCT as a set of contexts as well as a set of leaf nodes. Hence,

we denote a single context by c, the number of context words represented by a context by

|c|, and the set of all contexts in a PCT by τ itself.

We denote the conditional probability of observing a symbol a ∈ A given that the con-

catenation of the preceding d symbols is in c by θca. We denote the model parameters of a

single position by
(
τ, (~θc)c∈τ

)
and all model parameters by

Θ =
(
τ`, (~θ`c)c∈τ`

)
`∈(1,...,W )

We now define the likelihood of an inhomogeneous PMM for a data set x consisting of N

sequences of width W by

P (x|Θ) =
W∏

`=1

∏

c∈τ`

∏

a∈A
(θ`ca)

N`ca , (2.1)

where N`ca is the number of occurrences of symbol a at position ` in all sequences of x where

the concatenation of the symbols from position `− d to position `− 1 is in c.

After having properly defined an inhomogeneous PMM, we drop the explicit reference to

the inhomogeneity for the rest of this thesis for the sake of convenience and generally assume

inhomogeneity of all Markovian models in discussion including fixed-order Markov models

and VOMMs. In situations where we need to refer to the homogeneous variants, we do so

explicitly.

2.2.2. Prior

We attempt to learn the model using Bayesian framework, so we need a prior distribution

even if we do not intend to actually incorporate a priori knowledge. From a truly Bayesian

point of view, a model is essentially defined only by the combination of both likelihood and

prior, but such an extremely subjective viewpoint makes the definition of a prior difficult. In

fact, the most important property of a prior is not that it reflects our prior belief, which may

be rather vague anyway, but that all required derivations can be carried out efficiently and

yield closed-form results. We thus choose a conjugate prior in order to analytically compute

the posterior distributions and we assume – inspired by Bayesian networks – local and global
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2. Inhomogeneous PMMs

parameter independence [60]. We thus define the prior of a PMM by

P (Θ) = P (~τ)

W∏

`=1

∏

c∈τ`
P (~θ`c), (2.2)

where P (~τ) is the prior probability of all PCTs ~τ , and could thus be referred to as structure

prior, and P (~θ`c) is the prior over the conditional probability parameters of one particular

context c at position `. We specify the structure prior by

P (~τ) ∝
W∏

`=1

κ|τ`|, (2.3)

where |τ`| denotes the number of leaves of τ`. It depends on one scalar hyperparameter

κ ∈ (0,∞), which can be used to influence the number of leaves and thus the complexity

of the model, interpolating between the two extreme cases: When κ → +∞, the model

that has maximal PCTs at all positions, and is thus equivalent to a fixed order Markov

model, receives a prior probability of one. Conversely, when κ → 0, the model that has

minimal PCTs at all positions, and is thus equivalent to an independence model, receives

full prior support. For the local parameter priors P (~θ`c) we choose Dirichlet distributions

with hyperparameters ~α`c, that is,

P (~θ`c) =
1

B(~α`c)

∏

a∈A
(θ`ca)

α`ca−1 , (2.4)

where B denotes the multinomial beta-function, which is defined by

B(~n) =

∏d
i=1 Γ(ni)

Γ
(∑d

i=1 ni

) , (2.5)

where Γ is the gamma function, which is defined by Γ(n) =
∫∞

0 tn−1e−tdt for real-valued n,

and Γ(n) = (n− 1)! for the special case of n being an integer.

In this work, we further restrict the parameter priors to symmetric Dirichlet distributions.

Following the equivalent sample size (ESS) concept [60], we obtain a natural computation of

the pseudocounts from the equivalent sample size η that is inspired by Bayesian networks,

namely α`ca = η|c|
|A|d+1 .

2.2.3. Learning

Learning PMMs consists, comparable to many other probabilistic graphical models, of struc-

ture and parameter learning, with the former being the more challenging task.

In order to learn the structure of the model, we intend to find the parsimonious context
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2.3. Performance evaluation

trees that maximize P (~τ |x). Since P (x) is constant w.r.t. the tree structures, it is sufficient

to maximize

P (~τ ,x) =

∫
P (x|Θ)P (Θ)dΘ~τ , (2.6)

where Θ~τ denotes here the conditional probability parameters within Θ for given PCT struc-

tures ~τ . Solving the remaining integral (Appendix Section B.1), we obtain the optimization

problem

∀W`=1 : τ̂` := argmax
τ`

∏

c∈τ`
κ
B( ~N`c + ~α`c)

B(~α`c)
. (2.7)

The target function for PCT optimization is thus a product over local marginal likelihoods

for all contexts multiplied by the structure prior constants for each context, and the full

structure learning problem reduces to optimizing each PCT in the model individually.

Having determined all optimal PCTs, we estimate their conditional probability parameters

according to the posterior mean [79]. It is in general defined by θ̂ =
∫
θ θP (θ|x)dθ and yields

for PMMs

∀W`=1∀c∈τ`∀a∈A : θ̂`ca :=
N`ca + α`ca
N`c· + α`c·

. (2.8)

A common task is prediction, i.e., computing the probability of a data point ~xN+1 after hav-

ing observed N data points (~x1, . . . , ~xN ). In the Bayesian setting, this is done by integrating

over the space of parameters, which is in resonance with structure learning, where the target

function is the probability of the model structure given data, integrated over all parameters.

Here, we obtain for PMMs

P (~xN+1|x, ~τ) =

∫
P (~xN+1|Θ)

W∏

`=1

P (~θτ` |x)dΘ~τ ,

which is equivalent to computing P (~xN+1|~τ , Θ̂~τ ), where Θ̂~τ is the posterior mean of the

parameters (Equation 2.8) of all PCTs in the model.

2.3. Performance evaluation

In a first study, we apply PMMs to the prediction of DNA binding sites of the eukaryotic

transcription factor C/EBP [80] and compare it with VOMMs. The C/EBP data set consists

of N = 96 DNA binding sites from human and mouse, retrieved from the TRANSFAC R©
database [29]. These binding sites are aligned sequences of fixed length W = 12 over the

DNA alphabet A = {A,C,G,T}.
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2. Inhomogeneous PMMs

2.3.1. Comparing prediction performance

The Bayesian learning approach for PMMs and VOMMs described above allows influencing

the complexity of the model via the structure prior (Equation 2.3). Since it is not immedi-

ately clear which value of hyperparameter κ translates to which model complexity, specifying

the structure prior manually is not a trivial task. While a uniform prior over all structures,

which we obtain by setting κ = 1, may appear as a reasonable option in the absence of a

priori knowledge, it might yield a model structure that is not optimal for prediction and

related tasks.

Hence, in a first study we investigate the performance of third-order PMMs and VOMMs

for different model complexities. Even though statistical models are often used for classifica-

tion purposes (e.g. positive vs negative sites), we here focus on prediction as it is the main

subtask within many classification approaches but does not require the choice of a negative

data set and a corresponding statistical model, which both may influence results heavily.

Since the C/EBP data set is rather small, we perform a leave-one-out cross-validation

(CV). We remove the i-th sequence from the data set, learn a model on the remaining 95

sequences using η = 1 for the parameter prior, and compute the predictive probability of

the i-th sequence. We repeat this procedure for i = 1, . . . , 96, compute the average number

of leaves of the models, and compute the arithmetic mean of the 96 logarithmized predictive

probabilities, as well as the corresponding standard errors.

In Figure 2.2 we plot, for both model classes, mean log predictive probability against

average model complexity, quantified by the number of leaves of all context trees in the

model, which is proportional to the total number of parameters. We choose values of κ that

cover the whole range of model complexity, interpolating from the minimal model with only

12 leaves, which is equivalent to the independence model, to the maximal model with 597

leaves, which is equivalent to the third-order Markov model.

We observe that for low model complexities (less than 50 leaves) PMMs yield a substan-

tially higher prediction than VOMMs. For high model complexities both approaches show

a similar prediction, which is, however, lower than the prediction achieved by a simple inde-

pendence model, which indicates that overfitting occurs. These results are interesting in two

aspects. First, PMMs are capable of utilizing statistical dependencies in the data for improv-

ing prediction if the structure prior is chosen well. A uniform structure prior corresponds

here to a model of approximately 110 leaves, which confirms that using a uniform prior is

not an optimal choice. Second, VOMMs are barely capable of benefiting from statistical

dependencies, no matter how well the structure prior is chosen. This raises the question

why PMMs are capable of finding a good compromise between modeling dependencies and

avoiding overfitting whereas VOMMs are not.
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Figure 2.2.: Prediction versus model complexity for PMMs and VOMMs. For both model
classes, we plot the mean logarithmic prediction resulting from a leave-one-out cross-validation ex-
periment on the C/EBP data set against different model complexities, which are proportional to the
number of parameters, obtained by varying the structure prior hyperparameter κ. Error bars show
double standard error.

2.3.2. Comparing tree structures

In a second study, we attempt to answer that question by comparing learned model structures

of PMM and VOMM. We choose for both model classes the values of κ that yield the highest

mean log prediction in the leave-one-out CV experiment of Figure 2.2. For the PMM, this is

κ = e−2.5 with an average leaf number of 32.6 and a mean log prediction of −13.6, whereas for

the VOMM this is κ = e−1.8 with an average leaf number of 42.8 and a mean log prediction

of −14.5. We use those structure priors to learn two models on the complete C/EBP data

set of 96 sequences and scrutinize the resulting models in the following.

The resulting PMM and VOMM have 32 and 43 leaves respectively, which is in resonance

with the average leaf numbers of the leave-one-out CV experiment. First, we analyze how

the total leaf numbers of both models distribute over the 12 trees (Table 2.1).

Even though the VOMM has a higher total leaf number than the PMM, this does not

apply for each of the 12 individual trees. In some cases (positions 5, 8, 9, and 11), the CT of

Table 2.1.: Leaf numbers for all trees of best third-order PMM and VOMM.

Position 1 2 3 4 5 6 7 8 9 10 11 12 Σ

PMM 1 1 4 3 2 3 1 2 6 5 3 2 32
VOMM 1 1 4 1 12 2 1 3 8 2 7 1 43
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Figure 2.3.: PCT and CT at position 5 of the C/EBP motif. We choose for PMM and VOMM
the optimal structure prior constant κ with respect to the leave-one-out experiment of Figure 2.2.
Next, we learn both models using their respective optimal structure prior on the complete data set
of 96 sequences and depict both the PCT of the PMM and the CT of the VOMM at position 5.

the VOMM is indeed more complex than the PCT of the PMM. In other cases (positions 4,

6, 10, and 12) the opposite holds, even though the absolute difference in complexity is here

generally smaller, which is the reason of the overall higher complexity of the VOMM. So it

might be worthwhile to compare PCT and CT structures for both groups in detail. To this

end, we choose position 5 and position 4, both representing extreme cases within their own

groups.

In Figure 2.3, we show the PCT of the PMM and the CT of the VOMM at position 5. Since

tree structures can be only partially interpreted without knowing the underlying conditional

probability distributions, we plot for both trees the conditional probability parameters for

each context, estimated according to Equation 2.8, in rectangular boxes below the corre-

sponding leaf node.

The PCT in Figure 2.3(a) has only two leaves, so it partitions all context words into only

two sets. The first and the second layer of the tree are completely fused, so the first and

second predecessor symbol does not contribute any information to the probability distribu-

tion at position 5. At the third layer, however, the context words are partitioned in two

subsets according to the observed symbol at the third predecessor (position 2). Observing a

T at position 2 yields a high conditional probability of 0.8782 for finding a C at position 5,

whereas any other symbol at position 2 yields a low conditional probability of 0.063 for a C at

the fifth position. Conversely, for the second context, the conditional probability of finding

A, G, and T is highly increased. This shows that there is a strong statistical dependence

between positions 5 and 2, and a PCT is capable of exploiting it with only two parameters

sets, which can be estimated comparatively robustly from 96 data points (partitioned into

two sets of sizes 67 and 29 respectively).

The CT in Figure 2.3(b) has twelve leaves, but many of the contexts represent only
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Figure 2.4.: PCT and CT at position 4 of the C/EBP motif. The experimental setup is
identical to that of Figure 2.3.

few context word occurrences in the data set. For example, the first, fourth, and ninth

leaves represent only a single sequence in the data set each. Hence, the reliability of the

corresponding parameter estimates is highly questionable. The reason why such a context

tree is learned despite the indication of overfitting is the strong statistical dependence among

position 5 and 2. Leaves number two, three, seven, and ten represent most of the context

words that are combined in the first leaf of the PCT in Figure 2.3(a). But since a CT does

not allow a split in the tree structure below a fused node, the only possibility to learn this

third-order dependency is a broad tree with many dispensable parameter sets.

We conclude that one reason for the inability of the VOMM to effectively capture de-

pendencies in this data set is its structural limitation of not being capable of “skipping”

a position, which may lead to strong overfitting, if skipping positions would actually be

required.

In Figure 2.4, we display the PCT and CT at position 4. The CT of Figure 2.4(b) is

completely pruned, resulting in a minimal tree corresponding to full statistical independence.

At this position the VOMM does not suffer from overfitting, but it may neglect existing

dependencies.

The PCT at the same position has three leaves, resulting in three different parameter sets.

Each leaf represents a substantial amount of sequences from the data set (24, 10, 62), so

the parameter estimates may not be completely unreliable. We observe that the first leaf

yields a high conditional probability of 0.7397 for a T, given the symbol on the preceding

position being either A or G. The second and third leaves represent the other contexts that

have either C or T at the previous position. In addition, the second leaf represents the subset

of context words that have an A at the second predecessor (position 2). The corresponding

conditional probability of a T is 0.6944, whereas A and C rarely occur. If the symbol at the

second predecessor is not A, then G has the highest probability at position 4 (third leaf).

This implies that a certain amount of statistical dependencies exist among the fourth
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2. Inhomogeneous PMMs

position of the C/EBP data set and its predecessors, and that these dependencies can be

modeled – at least to some degree – by a PCT. A PCT is capable of splitting the contexts

at any layer so that there is more than one fused node. This feature may be required to

properly represent statistical dependencies at position 4. A CT is not capable representing

these splits, so it here rather neglects statistical dependencies completely. This indicates that

VOMMs are not necessarily always overfitted compared to PMMs, but also the opposite,

underfitting due to structural limitations, may occur.

We may conclude that, compared to the third-order PMM, the third-order VOMM is

both over- and underfitted. The PMM is better capable of using the full potential of the

inhomogeneity of the model, since it yields – in average over all positions – a better tradeoff

between capturing dependencies and reducing the parameter space.

2.3.3. Model validation

The previous two experiments show that a PMM is capable of modeling dependencies in

a small real world data set and how it finds a reasonable balance in avoiding both over-

and underfitting due to its structural flexibility. However, as observed in Figure 2.2, the

prediction performance depends on the choice of the structure prior, for which true a priori

knowledge is rarely available.

Hence, we must devise a method that can automatically provide us with a reasonable choice

for κ in order to validate the model class against other alternatives. To this end, we perform

in each step of the CV described in Section 2.3.1, another internal CV on the 95 training

sequences. We then choose in the i-th step that κ that yields the highest mean log prediction

in the CV on the 95 training data sequences, learn a model on that data set, and compute the

predictive probability of the i-th sequence. Finally, we average all logarithmized predictive

probabilities and use that single number for evaluating the performance of the model class.

In Figure 2.5, we compare PMMs, VOMMs, and Markov models of order 1-3. In addition,

we also consider the independence model (PWM model), which neglects all dependencies

but is despite its simplicity to date the most popular choice for modeling DNA binding sites

as discussed in Section 1.3. For the independence model and the fixed order Markov models,

there is no internal cross-validation.

We find that the independence model yields a mean log prediction value of −14.91. A

first-order Markov model improves it to a value of −14.56, showing that taking into account

first-order dependencies is reasonable. Second- and third-order Markov models yield a lower

prediction than the independence model. This is not surprising since we expect overfitting

for complex models when sample size is as small as 96 data points.

First- and second-order VOMM are on par with the independence model. Despite reducing

the parameter space, they are – on this data set – not capable of utilizing statistical depen-

dencies effectively. The third-order VOMM yields even a lower prediction, comparable to a
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Figure 2.5.: Prediction performance of different models. We show the prediction performance
of the independence model (IM), fixed order MMs, VOMMs, and PMMs of orders 1-3. The experi-
mental setup is identical to that of Figure 2.2. For the parsimonious and variable order models, we
perform an additional internal cross-validation on the N − 1 training sequences for determining the
optimal structure prior hyperparameter κ.

third-order Markov model, hence clearly overfitting occurs. This also shows that here the

internal CV fails, since it selects – for some iteration steps – at more than one position very

complex and thus poorly generalizing tree structures, comparable to that in Figure 2.3(b).

The first-order PMM yields a mean log prediction value of −14.42, which is comparable

to that of the first-order Markov model. Apparently, overfitting is not a serious problem

for the first-order Markov model, so the potential reduction of the parameter space yields

only a small improvement. In contrast to fixed order MMs, PMMs of second and third

order continue to increase prediction performance. The overall best prediction comes from

a third-order PMM with a mean log prediction value of −14.1, which is slightly lower than

the best prediction in Figure 2.2, but close to the average prediction within the range of

reasonable complexities (15 to 40 leaves).

We summarize that PMMs yield a higher prediction of C/EBP binding sites than the inde-

pendence model, than fixed order Markov models, and than variable order Markov models.

Among the three PMMs, the third-order PMM yields the overall highest prediction. Hence,

PMMs are capable of exploiting dependencies in the small data of only 96 sequences set

effectively, whereas VOMMs are incapable of achieving that due to their structural limita-

tions. This makes it tempting to speculate that PMMs might be a reasonable model class

for other types of sequential data as well, especially when certain dependencies among non-

neighboring positions exist and when the sample size is comparatively small. In this thesis,
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2. Inhomogeneous PMMs

we do not pursue the road of different applications any further, but rather use the promising

results as an incentive for studying structure and parameter learning within this model class

itself in more detail.

Bottom line

In this chapter, we introduced inhomogeneous PMMs as a combination of inhomogeneous

Markov models and parsimonious context trees, completing the first task within main objec-

tive I (Figure 1.11). Following a Bayesian approach, we proposed a learning scheme based

on Bayesian model selection for structure learning and parameter estimation through the

mean posterior principle. We demonstrated that using inhomogeneous PMMs is justified,

since they can yield an increased prediction performance in comparison to inhomogeneous

MMs and VOMMs. However, we also observed that the prediction performance depends

heavily on the choice of the prior. The uniform structure prior appeared to be not the

optimal choice, making cross-validation for hyperparameter-tuning necessary. In the next

chapter, we thus investigate alternative learning principles in order to avoid time-consuming

hyperparameter-tuning.
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Since all models are wrong the scientist cannot obtain a

“correct” one by excessive elaboration. On the contrary

following William of Occam he should seek an economi-

cal description of natural phenomena. Just as the ability

to devise simple but evocative models is the signature of

the great scientist so overelaboration and overparameter-

ization is often the mark of mediocrity.

George E. P. Box

3
Robust learning

In the previous chapter, we learned that PMMs constitute a promising alternative to VOMMs

and traditional MMs of fixed order. In order to infer PMMs from data, we proposed a

Bayesian learning approach that involves a specification of structure prior and parameter

prior, which we both defined to depend on a single hyperparameter each (κ and η). Using

Bayesian model selection, we were capable of learning a set of PCTs, which is optimal accord-

ing to the Bayesian marginal likelihood. We observed that (i) the choice of the hyperparam-

eters is critical in order to obtain models of appropriate complexity, and (ii) straightforward

choices, such as κ = 1 (uniform structure prior) and η = 1 do not yield optimal solutions. In

order to cope with this problem, we tuned the hyperparameter κ via internal leave-one-out

CV on the training data in order to yield model structures that are optimal for prediction

on this particular data set.

In doing so, we designed a learning scheme that does not actually perform Bayesian model

selection, but rather model selection via CV. The Bayesian formulation of the optimization

problem and the DP algorithm for solving it are essentially only tools to reduce the expo-

nentially large space of possible model structures, which cannot all be tested via CV, to a

relatively small number of candidates for κ. Whereas generalizing a known model by intro-

ducing additional parameters followed by exhaustive tuning of those parameters on data is

a popular strategy in statistical learning, the usefulness of such an approach should be put

into question.

A critical mind may point out that it is not a particularly elegant but rather brute-force

learning approach, and this criticism is valid indeed. Depending on the size of the problem at

hand, hyperparameter-tuning by CV is not just inelegant, but also infeasible for large-scale

applications.

The deeper reason for the need of hyperparameter-tuning is the need for a prior in order

to apply the machinery of Bayesian model selection, despite the fact that we do not actually

have reasonable prior belief. The choice of the parameter prior is mainly influenced by

mathematical convenience, as the most important property of a prior distribution is to be

conjugate so that the integrals in the derivations can be solved analytically. The reduction

to a single hyperparameter, which is often called concentration parameter as it determines
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3. Robust learning

the concentration of the probability mass in the symmetrical Dirichlet distribution, is simply

a consequence of lack of knowledge about the biological system at hand. A uniformly chosen

structure prior may also express our absence of prior belief, but it does not yield optimal

results as we observed in Chapter 2.

In this chapter, we further study the empirical behavior of the Bayesian learning approach.

In addition, we investigate alternative possibilities of learning PMMs that avoid the speci-

fication of hyperparameters and compare them with the Bayesian approach. In order to do

so, we briefly introduce the Minimum Description Length (MDL) principle in the following

section, while referring for a more detailed introduction to a well-written tutorial [81].

3.1. The MDL principle

The MDL principle, which was proposed by Rissanen is a series of publications starting in

1978 [82], is a statistical inference method that has its roots in information theory, which

is in contrast to both frequentist and Bayesian methods, which are rooted in probability

theory. Probability theory assumes the data to be generated from a distribution of a model,

and the learning task is then formulated with the goal of inferring this “true” model and

distribution from data. However, in reality it is often debatable whether such a true model

exists at all, and the applications covered in this thesis are by no means an exception. There

is probably no molecular biologist who assumes that a TFBS was actually generated from

on a parsimonious Markov model, a Bayesian network, or any other statistical model, but

nevertheless the learning principles dealt with so far inevitably make this assumption.

The MDL principle takes a different viewpoint, dismissing any notion of a true model and

a true distribution that did generate the data. Instead, the MDL philosophy only attempts

to find a model that exploits regularities in the data well, which Grünwald summarized in

the following statement [83]:

“The fundamental idea behind the MDL principle is that any regularity in a given set of

data can be used to compress the data, i.e. to describe it using fewer symbols than needed to

describe the data literally.”

In other words, it is valid to state that, according to MDL, learning from data is equivalent

to compressing data, i.e., finding an optimal data compression is equivalent to finding an

optimal representation of the regularities in the data, which is in the end the very purpose

of statistical learning.

3.1.1. Codelengths and probabilities

While the relationship between data compression and assignment of probabilities to certain

events may not obvious at first glance, there exists indeed a direct connection between both

concepts. Consider an arbitrary sequence of discrete observations ~x ∈ AN , which could be
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3.1. The MDL principle

either a DNA sequence or some text of natural language, for instance. In order to encode

the data with the aim of being able to unambiguously decode it at a later stage, we define

a prefix code C : A → {0, 1}∗, using codewords C1, . . . , C|A| of possibly different lengths

L1, . . . ,L|A|. The Kraft–McMillan inequality [84, 85] now states that for any prefix code C

|A|∑

i=1

2−Li ≤ 1 (3.1)

holds. If the inequality is strict, C is partially redundant, and a better code for the data

exists. If we obtain an equality, C is a complete code. For a given code, we consider the

right side of the Kraft–McMillan inequality as constant, i.e., z =
∑|A|

i=1 2−Li .

Now we define a probability distribution ~p by

∀|A|i=1 : pi =
2−Li

z
(3.2)

from which follows that

∀|A|i=1 : Li = d− log2 zpie. (3.3)

In case of a complete code, z vanishes from both equations. With Equation 3.2 and Equa-

tion 3.3 we now have established the basic connection between code lengths and probabilities:

high probabilities correspond to short code lengths and vice versa. This is quite intuitive, as

it is reasonable to assign the shortest code lengths to the words that appear most frequently

in the data when the goal is to minimize the total code length.

It is common to assume two further idealizations [86]: First, code lengths are allowed

to assume non-integer values, which guarantees the existence of a complete code for any

probability distribution, rendering the ceiling in Equation 3.3 needless. Second, instead of

the binary logarithm, which yields code lengths in bits, often the natural logarithm is used,

yielding a code lengths in nats. Under these assumptions, the relationship between code

lengths and probabilities is simply

∀|A|i=1 : Li = − log pi. (3.4)

In Chapter 2, we evaluated different models for the task of learning a probability distribu-

tion for each model from training data and and computing the (log)-probability of previously

unseen test data. This task could have been also phrased as optimizing a code length func-

tion on training data and evaluating the model by the code length on previously unseen test

data.

The MDL principle follows the second notion and seeks the model that yields the minimal

description length. However, description length does not only involve the code length of the
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3. Robust learning

data given a particular model, but also the code length of the model itself, which serves as

regularization to avoid overfitting. Here it is where different notions of implementing the

MDL principle enter the stage. In the following, we consider arbitrary data x ∈ X , a model

(structure) ξ ∈ S, and the corresponding parameter space θξ, which contains all probability

distributions of the model.

3.1.2. Two-part code

One straightforward instantiation of the MDL principle seeks

ξ̂ = min
ξ∈S
L(x|θξ) + L(θξ) (3.5)

which literally minimizes the sum of the code length needed for describing the data given

the model plus the code length for describing the model itself, and is thus called two-part

code. While L(x|θξ) is essentially the negative log-likelihood of the data given the model due

to the direct relationship between probabilities and code lengths, it is not immediately clear

which form L(θξ) assumes. Rissanen proposed a quantization of the continuous parameter

space with precision 1√
N

, with N being the number of data points [82], i.e., θ is discretized

using
√
N bins. Let k = |θξ| denote the dimensionality of the parameter space of model ξ,

then the number of possibly different parameter values is given by
√
N
k
. We now consider

the logarithm of this quantity to correspond to L(θξ), the code length of the model. MDL

model selection using the two-part code formulation thus assumes the form

ξ̂tpc = min
ξ∈S

(
− log2 P (x|θ̂ξ(x)) +

k

2
log2N

)
(3.6)

where θ̂ξ(x) denotes the maximum likelihood estimate of θξ on x, and tpc is here the ab-

breviation for two-part code. Hence, the MDL two-part code corresponds to the Bayesian

Information Criterion (BIC) [87], even though that is derived from an entirely different

perspective, namely as large-sample approximation of the Bayesian marginal likelihood.

3.1.3. Normalized Maximum Likelihood distribution

The two-part code is one approach of MDL model selection, albeit not the only one. Recall

that the goal is to select one model ξ from a model class M. A different approach is to

associate each ξ ∈M with one distribution Pξ(x) that is representative for all distributions

that are contained in the model ξ1. The code length of the data x under such a universal

distribution, which does not need to be a member ofM, is then considered as the code length

of the data under the corresponding model.

1Recall that a model is a family of probability distributions.
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3.1. The MDL principle

It remains to be decided which properties a distribution has to possess in order to be

universal, i.e., to be representative for an entire family of distributions. The best possible

distribution in ξ for x is the maximum likelihood distribution P (x|θ̂ξ(x)). A distribution Q

is called universal distribution (relative to ξ) if

lim
N→∞

1

N

[
log

1

Q(x)
− log

1

P (x|θ̂ξ(x))

]
= 0. (3.7)

The term within the brackets, which is called regret, can be interpreted as the difference

between the code length of the distribution Q and the best possible distribution in the

family. A distribution is thus called universal w.r.t. a model if its regret grows sub-linear

with sample size. In addition, the regret is also used to evaluate the quality of a universal

distribution.

We now observe that the two-part code defines a universal distribution, since its regret

is k
2 log2N which grows only logarithmic with sample size N . However, there are universal

distributions that yield a smaller regret and could thus be considered to be more suitable for

representing a family of distributions. One example is the (Bayesian) mixture distribution,

which is equivalent to the Bayesian marginal likelihood, and its regret has been shown to be

upper-bounded by that of the two-part code [88], which is not surprising since BIC has been

shown to be asymptotically equivalent to the Bayesian marginal likelihood.

An alternative is the normalized maximum likelihood (NML) distribution [89], which is

defined as

PNML(x) =
P (x|θ̂ξ(x))

∑
x P (x|θ̂ξ(x))

(3.8)

It can be easily shown that the regret of the NML is simply the logarithm of the denominator,

which is constant w.r.t. to x. From that follows that the NML distribution is the solution

to the minimax problem

min
Q

max
x

[
log

1

Q(x)
− log

1

P (x|θ̂ξ(x))

]
= PNML, (3.9)

which means that it minimizes the worst-case regret.

The main challenge in the practical application of NML is the computation of the de-

nominator, which requires to sum over all possible data sets of size N , and this summation

becomes intractable quickly. Hence, exact computation of the NML normalizing constant is

to date possible only for a handful of simple models [90, 86, 91, 92], but approximations for

more complex settings are available [93].
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3. Robust learning

3.2. Alternative learning approaches for PMMs

Learning PMMs consists of (i) structure learning of every PCT in the model, and (ii) estima-

tion of the condititional probability parameters of each PCT as discussed in Chapter 2. Both

tasks can be carried out according to different learning principles, some of which are based

on Bayesian statistics, whereas others originate from the MDL principle. In this section,

we summarize scoring functions for optimizing the structure and estimating the probability

parameters that are offered by the different learning principles and are applicable to PMMs.

3.2.1. Structure scores

Structure learning is algorithmically challenging, but can be solved by the dynamic program-

ming algorithm (Section 1.4.2), which can be used for optimizing any score function that

satisfies the so called decomposability property [60].

In the Bayesian setting, the structure score of the `-th PCT is proportional to the lo-

cal posterior probability P (τ`|x) of the PCT τ` given data set x, which may be further

conditioned upon prior hyperparameters. Using the prior specification of Section 2.2.2, we

obtain

SBDeu(τ`|x, η, κ) =
∑

c∈τ`
log

κB
(
~N`c + (α, . . . , α)|A|

)

B
(
(α, . . . , α)|A|

) , (3.10)

with α = η|c|
|A|d+1 , where η is the equivalent sample size (ESS) parameter. B denotes here

the multinomial beta function, and (a, . . . , a)b denotes a b-dimensional vector filled with

constants a. This score is equivalent to the BDeu score of Bayesian networks and we name

it accordingly. The only conceptual difference is the existence of a second hyperparameter,

κ, which originates from the structure prior and is as such a peculiarity of PMMs. Setting

κ = 1 corresponds to a uniform distribution over all structures, which then yields a BDeu

score in its most widely used form [94].

Since the Bayesian scoring criterion is similar to that of Bayesian networks, it is natural to

apply other scoring criteria that have been proposed for that model class to PMMs as well.

One possible alternative is the factorized NML (fNML) criterion [95] for learning Bayesian

networks, in order to approximate the NML distribution of the full model by a product of

independently normalized terms. For PMMs, the fNML score can be written as

SfNML(τ`|x) =
∑

c∈τ`
log




(
N`ca
N`c·

)N`ca

C
|A|
N`c·


 , (3.11)

where Cab is the stochastic complexity of a multinomial distribution with a being the number

of categories and b being the sample size. Cab can be computed using a linear-time recursive
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3.2. Alternative learning approaches for PMMs

algorithm [90] or by the so called Szpankowski approximation [96]. The fNML score as such

does not require any explicit prior assumptions. However, it is close to the Bayesian marginal

likelihood using a Jeffreys’ prior, which is a Dirichlet distribution with hyperparameters 1
2

in this setting, thus violating the equivalent sample size condition. In such a Bayesian

interpretation, using fNML would also imply using a uniform prior over all model structures.

The fNML score yields a consistent estimator of the model structure [95].

A generally applicable score, which has an interpretation both in Bayesian statistics and

in information theory, is the Bayesian Information Criterion (BIC) [87]. While originally

derived as a large-sample approximation of the Bayesian marginal likelihood, it is sometimes

also referred to as MDL score, since it corresponds to the two-part encoding of model struc-

ture and data given the model as discussed in Section 3.1.2. The BIC score can be written

as

SBIC(τ`|x) =
∑

c∈τ`
2 log

((
N`ca

N`c·

)N`ca
)
− |τ`|(|A| − 1) log(N). (3.12)

It is known to penalize additional parameters rather strictly, so it is typically more prone to

underfitting than to overfitting. Furthermore, BIC can be seen as an approximation of both

the fNML score and the Bayesian marginal likelihood.

Another generally applicable option is the Akaike Information Criterion (AIC) [97], which

can be written as

SAIC(τ`|x) =
∑

c∈τ`
2 log

((
N`ca

N`c·

)N`ca
)
− 2|τ`|(|A| − 1). (3.13)

In contrast to the aforementioned methods, AIC is not consistent. However, it is generally

expected to perform better than BIC in cases where the true model is not in the set of

candidates. There is a refinement of AIC for finite sample sizes [98], but that score is not

decomposable among random variables, which is a key property required for learning PMMs

using the dynamic programming algorithm for finding optimal PCTs.

3.2.2. Parameter estimates

Once the model structure is learned, we also need to fix the model parameters in order to

be able to use the resulting probability distribution for tasks such as prediction.

In the Bayesian setting, the parameters can be estimated according to the mean posterior

principle [79], yielding

θ̂MP
`ca(η,x) =

N`ca + η|c|
|A|d+1

N`c· +
η|c|
|A|d

, (3.14)

when following the prior specification of Section 2.2.2. For PMMs, mean posterior estimates
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directly correspond to a prediction method integrating over the parameter space as discussed

in Section 2.2.3, hence they are in resonance to structure learning using the Bayesian marginal

likelihood of Equation 3.10.

An alternative is here also offered by the NML distribution. For parameter learning in

Bayesian networks, factorized sequential NML (fsNML) estimates have been proposed in

order to estimate probability parameters in accordance with the fNML structure learning

score [93]. For PMMs, the fsNML estimate writes as

θ̂fsNML
`ca (x) =

e(N`ca)(N`ca + 1)∑
b∈A e(N`cb)(N`cb + 1)

, (3.15)

where e(N) = (N+1
N )N for N > 0 and e(0) = 1. The derivation of the fsNML estimate

from PsNML(y|~x), the sequential NML distribution of a single symbol given data, is shown

in Appendix Section B.2. Due to its minimax optimality properties, using fsNML for se-

quential prediction, where the t-th prediction is based on the t − 1 previous observations,

t ∈ {1, . . . , N}, yields a predictive performance that is almost as good as the optimal pa-

rameter estimates, which are obtained using the maximum likelihood estimator with full

data [93].

3.3. Empirical comparison

In this section, we empirically compare the Bayesian and MDL-based methods for structure

learning and parameter estimation. We study the behavior of the aforementioned methods

with respect to the choice of the prior hyperparameter (Section 3.3.1) and the sample size

(Section 3.3.2) using the splice site data set of Yeo and Burge, which was originally used

for evaluating Maximum Entropy Models [99]. It consists of 12,624 experimentally verified

human splice donor sites, which are the sequences of length W = 7 over the four letter

alphabet A = {A,C,G,T}. These sequences have been split into training data (xtrain) and

test data (xtest) at a ratio of 2:1 [99], and we rely on the same partion for the following

experiments. This data set is particularly suitable for comparing scoring criteria for PMMs

since (i) it is known that comparatively strong dependencies among adjacent positions in

the sequences exist and (ii) the large number of data points originating from the same

source offers the possibility to study the influence of the sample size. As such, we use splice

donor sites mainly as benchmark data, whereas we evaluate TFBS data, which might be a

practically more relevant application of PMMs, in Section 3.3.3.

3.3.1. Influence of the ESS

In a first study, we compare the performance of Bayesian and NML-approximating scoring

criteria.

40



3.3. Empirical comparison

1e−01 1e+00 1e+01 1e+02 1e+03

−
29

20
0

−
28

80
0

−
28

40
0

−
28

00
0

ESS

lo
g 

P
(t

es
t d

at
a)

BDeu
fNML

MP
fsNML

Figure 3.1.: Prediction performance versus ESS hyperparameter. We compare different com-
binations of structure scores and parameter estimates on the splice site data. The structure score is
indicated by the color of each line, with BDeu displayed in red and fNML displayed in blue. The
parameter estimate is indicated by the shape of the line, with solid being MP and dashed being
fsNML. Hence, the solid red line displays the traditional Bayesian method, whereas the dashed blue
line displays the hyperparameter-free NML method. The other two lines are influenced by the ESS
either only in structure learning (dashed, red) or in parameter learning (solid, blue).

We sample N = 500 sequences from xtrain, learn structure ~̂τ and probability parameters

~̂θ
~̂τ

of a third-order PMM, and compute logP (xtest|~̂Θ), where ~̂Θ = (~̂τ, ~̂θ
~̂τ
). We repeat this

procedure 103 times, and average the resulting log predictive probabilities in order to let the

error caused by subsampling become negligible.

Using this procedure, we compare the performance of the NML-approximating method,

using fNML as structure score and fsNML as parameter estimate, with the Bayesian method,

using BDeu as structure score and MP as parameter estimate. The latter offers the possibility

to incorporate prior knowledge through the equivalent sample size η and the structure prior

hyperparameter κ. Recall that setting the structure prior hyperparameter κ = 1 results

in a uniform structure prior, so that we are able to separately investigate the influence of

the ESS. In addition, we perform cross-comparisons by combining the fNML structure score

with the MP parameter estimate and the BDeu structure score with the fsNML parameter

estimate. While theoretically difficult to justify, this might be helpful to evaluate – at least

to some extent – the influence of the ESS on structure and parameter learning separately.

In Figure 3.1, we plot the prediction performance of the various combinations of structure

scores and parameter estimates against the ESS, ranging from 10−1 to 103.

We observe that the performance of the Bayesian method (BDeu-MP) depends strongly

on the ESS, with too large values leading to more dramatic degradation in performance

than too small values. Moreover, the NML-approximation (fNML-fsNML) yields a higher

prediction than the Bayesian method, no matter which ESS is chosen for the latter. This

is surprising, since intuitively the Bayesian method should excel for at least some particular

choices of the prior – even if those well-performing choices are typically unknown.
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3. Robust learning

We find a possible explanation of this observation by investigating the cross-comparisons

of Bayesian and NML-approximating methods. Since the optimum of the BDeu-fsNML curve

(dashed, red) is located at a smaller ESS value than the fNML-MP curve (solid, blue), the

optimal ESS for structure learning seems to be not necessarily the optimal ESS for parameter

learning. With the comparatively small sample size of N = 500, structure learning requires a

small ESS, whereas parameter learning requires a larger ESS, providing a better parameter-

smoothing.

We also observe that non-optimal choices of the ESS have worse consequences for param-

eter learning than for structure learning. The error arising from a false model structure

is bounded by the prediction performance of the most overfitting model structure, which

corresponds here to a third-order Markov model. However, the error that may arise from

parameter learning is virtually unlimited, since the parameter estimates may get totally

dominated by the prior, either yielding estimates close to maximum likelihood (very small

ESS) or blurred towards a uniform distribution (very large ESS). We may thus conclude that

fsNML is here a safe choice for parameter learning, as it avoids the explicit specification of

any parameter prior.

3.3.2. Influence of the sample size

After having studied the effect of the ESS at one particular sample size, we now focus on

the influence of the sample size on structure learning and prediction. Here, we take a closer

look at structure learning, by investigating the influence of different structure scores on the

complexity of the learned models. To this end, we use a similar experimental setting as

described in Section 3.3.1. We sample N sequences from xtrain, learn the structures ~̂τ of

third-order models with different scoring criteria, and compute the total number of leaves

of all PCTs in a learned model structure, which is proportional to the number of model

parameters and can thus be referred to as model complexity. We repeat the procedure 103

times and average the resulting model complexities. We perform this procedure for different

values of N , ranging from 50 to 5000, and plot in Figure 3.2(a) the model complexity against

the sample size.

For the BDeu score, we observe that the model complexity depends on the ESS: the

larger ESS, the larger is the model. This effect has been extensively studied for Bayesian

networks [100], so it is not surprising that the same applies for PMMs as well.

For all methods, there is a general trend of increasing model complexity with increasing

sample size from N = 500 onwards, but even when using 5000 data points, we do not get close

to the maximal model, which has 277 leaves. However, for BDeu and fNML the complexity

also increases when sample size becomes very small (N < 300). Whereas this seems to be

counter-intuitive at first glance, it can be explained with an extreme case: When the sample

size decreases to zero, there is no observed data, all terms originating from the parameter
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Figure 3.2.: Influence of sample size on model complexity and prediction. Figure (a) shows
the complexity of the learned model structures with respect to the sample size and different structure
scores: BIC, AIC, fNML and BDeu with three different ESS values. Figure (b) shows the corre-
sponding prediction performance versus sample size using fsNML parameter estimates for all scores
but BDeu, which uses MP parameter estimates. In addition, the performance of the minimal model
(independence model) and the maximal model (third-order Markov model) are shown.

prior cancel out, and as a consequence the structure prior dominates model selection. If we

assume that for identical optimal scores one of the candidate structures is selected at random,

we obtain models of average complexity w.r.t. the total space of candidate structures. When

observing few data points, BDeu collects evidence in favor of either simple or complex models,

but the starting point is – in accordance with the uniform structure prior – a model of average

complexity. Since fNML implicitly also assumes a uniform structure prior, it is not surprising

that a similar effect appears for that score as well. Even if the data was actually generated

by an independence model, and thus contained no statistical dependencies at all, many data

points would be required to convince both scores of such an extreme hypothesis. BIC, on the

other hand, shows a different behavior, as it is known to penalize model complexity heavily

in general. But in contrast to BDeu(1E-1), which is similar to BIC for large sample sizes,

the model complexity for BIC is almost monotonically increasing, and for very small sample

sizes BIC selects almost an independence model.

In a third study, we investigate how different structure scores influence the prediction

performance when the sample size varies. We mostly focus on prediction using the fsNML

parameter estimate, and compare BIC, AIC and fNML structure scores with the extreme

cases of independence model and third-order Markov model. We also include the Bayesian

method of BDeu score and MP parameter estimate in the comparison, using the same ESS
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values as in Figure 3.2(a). The experimental setup is here identical to that of the previous

experiment, but now we compute predictive probabilities for different sample sizes N and

show the results in Figure 3.2(b).

First, we observe that the independence model is optimal when the sample size is smaller

than 100 data points. This is intuitively clear since all more complex models should be

overfitted at a certain point when sample size becomes very small. Conversely, the third-order

Markov model is strongly overfitted when the sample sizes are small, performing significantly

worse than the independence model until the sample size increases to more than 400-500

data points. From that on, however, the third-order Markov model clearly outperforms the

independence model, which shows that statistical dependencies among adjacent sequence

positions do exist in the splice site data set.

Using PMMs, we are capable of interpolating between both special cases, if the structure

score yields reasonable models. BIC and fsNML scores perform well for large sample sizes, as

they are superior to the third-order Markov model and thus also superior to the independence

model.

There are differences for small sample sizes though, which could be expected by merely

considering the model complexity for varying sample sizes, as displayed in Figure 3.2(a), and

by the hypothesis that small models might be good for small sample sizes, as the comparison

of the fixed structure models illustrates. For small sample sizes, BIC yields model structures

that are only slightly more complex than the independence model, so they also get close to it

in terms of predictive probability. However, with increasing sample size, BIC is still capable

of capturing the important dependencies well, so it does not suffer from learning very sparse

models. In comparison, fNML performs significantly worse for small sample sizes, and this

method yields a similar prediction performance compared to BIC only for more than 500

data points.

AIC performs similarly to fNML in terms of prediction, unless the sample sizes are very

small where AIC yields a smaller model and thus a better prediction. However, AIC is for

all sample sizes inferior to BIC, which is not surprising as BIC is known to penalize models

harsher than AIC.

We find that the Bayesian approaches are here inferior to the other three methods that are

capable of structure learning, no matter how the ESS is chosen. Whereas η = 10−1 yields a

model complexity that is rather close to that of BIC, it nevertheless suffers from (i) the effect

of rising model complexity for small sample sizes and (ii) unfavorable parameter estimates.

An ESS value of η = 103 yields for most sample sizes (i) strongly overfitted model structures

and (ii) parameter estimates that are close to a uniform distribution. A reasonable ESS

value of η = 10 performs similar to fNML, yet it suffers from the problem of different ESS

optima for structure and parameter learning as discussed in Section 3.3.1.

We summarize that, for this data set, the independence model is optimal if we have
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less than 100 data points available for estimating the distribution from. For sample sizes

between 100 and 500, BIC yields the best tradeoff in finding a model structure that captures

dependencies while avoiding overfitting, and even for very small sample sizes (N < 100), the

difference in prediction compared to the independence model is rather small. For N > 500

most structure scores perform similar, even though the learned model complexities still differ

to a large extent as observable in Figure 3.2(a). For large sample sizes, the negative effect of

some dispensable parameter sets may be negligible, which is supported by the comparatively

good performance of the third-order Markov model for N > 2000, even though it never

catches up to the parsimonious models yet.

We learned in the previous section that the Bayesian methods are here hampered by the

influence of the ESS on both structure and parameter learning. Especially regarding the

cross comparison in Figure 3.1, we speculate that it is in fact impossible to find one ESS

value that is optimal for both structure and parameter learning. In practice, this can be

dealt with by modifying the structure prior hyperparameter κ, which then overshadows the

ESS influence on the model complexity. However, it is intuitively neither clear which value

κ to choose in order to obtain which model complexities, nor which combination of κ and

η may be optimal for prediction. To this end, an internal CV on the training data can be

used for determining an optimal prior choice as demonstrated in Chapter 2. However, this

increases the computational effort dramatically and may limit the large-scale applicability

of PMMs.

3.3.3. Comparing prediction performances

We speculate that a prediction framework using BIC or fNML structure score in combination

with fsNML parameter estimate could represent a reasonable alternative to the Bayesian

approach with hyperparameters optimized via CV. In order to test this hypothesis, we next

perform a study on several practically relevant data sets. We focus on transcription factor

binding sites from the publicly available database Jaspar [28]. We select all available data

sets containing more than 100 sequences, since we observed in Figure 3.2(b) that below

that sample size the independence model can be expected to yield optimal predictions even

if strong dependencies exist in the data. We obtain 15 different data sets, which vary in

sequence length from 8 to 21 and in sample size from 101 to 4311, covering the whole range

of complexity currently known to appear in TFBS biology. For all data sets, we evaluate the

prediction performance in a CV experiment.

For the Bayesian approach, we use an additional internal CV (leave-one-out CV for all

data sets with N < 1000, 10-fold CV for the rest) for optimizing the hyperparameters. We

use three different candidates (1,10,100) for the ESS and 20 different values for the structure

prior hyperparameter κ, interpolating between minimal and maximal model.

The results are shown in Table 3.1. In most cases, all three methods (BIC-fsNML,
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3. Robust learning

Table 3.1.: Prediction on Jaspar TFBS data sets. We show the performance of the three
different methods using 20 different data sets. BDeu-MP uses an internal CV on training data for
tuning structure prior hyperparameter κ and ESS η.

data set L N BIC-fsNML fNML-fsNML BDeu-MP (CV)

EWSR-FLI 18 101 -0.32 -0.40 -0.21
HIF1A::ARNT 8 103 -4.51 -4.64 -4.50
NFYA 16 116 -13.39 -14.27 -13.55
Myc 10 227 -6.25 -6.29 -6.27
ESR2 18 357 -15.46 -15.62 -15.58
ESR1 20 475 -18.40 -18.52 -18.44
Zfx 14 481 -10.37 -10.41 -10.38
Stat3 10 613 -4.44 -4.42 -4.44
Sox2 15 669 -11.59 -11.67 -11.58
Foxa2 12 808 -7.35 -7.36 -7.32
PPARG::RXRA 15 864 -12.58 -12.52 -12.54
FOXA1 11 897 -6.46 -6.53 -6.54
CTCF 19 908 -13.65 -13.72 -13.62
GABPA 11 993 -5.94 -5.96 -5.93
Pou5f1 15 1356 -10.44 -10.42 -10.44
REST 21 1607 -12.60 -12.63 -12.59
STAT1 15 2085 -11.97 -11.99 -11.99
Esrrb 12 3661 -7.44 -7.43 -7.45
Tcfcp2I1 14 4079 -11.06 -11.02 -11.01
Klf4 10 4311 -5.07 -5.07 -5.07

fNML-fsNML, and BDeu-MP with double CV) are fairly similar, which implies that the

hyperparameter-free methods are indeed as good as the Bayesian method that uses the

exhaustive internal CV for hyperparameter-tuning.

One interesting example is NFYA, where BIC leads to a clearly increased prediction per-

formance compared to fNML and where it also predicts better than the Bayesian approach.

This can be explained by the fact that a small data set may require a rather simple model

despite containing strong statistical dependencies. So NFYA is an example of a situation

that we simulated in Section 3.3.2 by subsampling as shown in Figure 3.2(b). As previously

observed, fNML and also BDeu may have difficulties to learn a simple model structure if

there is not a sufficient amount of data available that supports such an extreme hypothesis.

Hence, BIC might be the best structure score if it is combined with fsNML parameter

estimates and if the sample size is small (N < 500) in relation to the maximal model

complexity and the total number of possible structures. However, it might be possible that

BIC underfits when there are extremely strong and diverse statistical dependencies, requiring

large model structures. If the optimal model complexity is above average or if sample size

is comparatively large (N > 500), fNML might be the more robust choice.

These observations actually yield a vague prior knowledge about model complexity for

analyzing further data sets, as we now expect comparatively sparse models to perform well.
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However, since it is difficult to translate this vague knowledge into precise values for the

structure prior hyperparameter κ, using BIC constitutes a reliable method of obtaining

rather sparse model structures and thus expressing our recently gained vague prior belief.

3.3.4. Running time considerations

We observed that BIC/fNML-fsNML might be an alternative learning approach to Bayesian

methods if there is no or only vague prior knowledge available, and the prior must be tuned

by CV. Cross-validation multiplies the time complexity of the entire learning algorithm by

KC, where K is the number of holdouts, and C is the number of different prior values

to be tested. In Section 3.3.3, we used K = 10 for the large data sets (N > 1000), and

K = N − 1 for the remaining ones.2 The number of different prior choices C is the product

of different ESS values η (3 in our studies) and different structure prior hyperparameters κ

(20 in our studies). In practice, learning one third-order PMM from the Pou5f1 data set

on a 2.5 GHz processor takes 1.8 seconds using BIC-fsNML and 1.6 seconds using fNML-

fsNML. The running time is here dominated by the DP algorithm for finding the optimal

model structures. Learning a similar model with the Bayesian approach using CV takes

1,036 seconds, which is indeed close to a factor of 600. For the other large data sets, the

running time ratio is similar close to the expectation. For smaller data sets, this is even

more unfavorable for the Bayesian method, since leave-one-out CV has to be used to obtain

robust hyperparameter estimates.

The running time depends on the number K and C, but without a doubt compromises

with respect to both values might reduce the difference between methods and yet not de-

crease the performance substantially. However, it entails the danger of obtaining unreliable

estimates, which is probably worse than needlessly investing more time. Moreover, trans-

forming the problem of choosing adequate hyperparameters into choosing appropriate sets

of hyperparameters for the CV is essentially not avoiding user interference at all.

Bottom line

In this chapter, we investigated different methods for learning PMMs from fully observable

data with the incentive of eliminating the necessity of hyperparameter-tuning, thereby con-

tributing to main objective I (Figure 1.11). By empirical studies on benchmark data sets, we

found that the factorized sequential NML estimate is a safe choice for obtaining probability

parameters, as it always provides a certain parameter smoothing without dominating the

data. For structure learning, BIC is a surprisingly good choice, especially when sample sizes

are small or the expected optimal model complexity is below average. Since the Bayesian

and to some extent also the fNML score are tailored towards recovering some true model

2The N -th sequence is used as test data point in the outer CV.
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structure, they require a lot evidence for selecting a very simple model. For prediction of

DNA binding sites, however, comparatively simple models, which take into account higher-

order dependencies while having only a moderately increased parameter space in relation

to the independence model, show the best empirical performance. Here, the approximation

error of BIC for small sample sizes becomes an advantage, since this structure score yields

sparse PCT structures when the sample size is small, which is exactly the desired behavior

for learning PMMs. We conclude that for learning PMMs from fully observable data, the

combination of BIC as structure score and fsNML as parameter estimate is the preferable

learning method – at least for the application of modeling DNA binding sites.
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There are things known and there are things unknown,

and in between are the doors of perception.

Aldous Huxley 4
Latent variable models

In the previous two chapters, we discussed a setting where a single distribution is to be

inferred from a fully observable set of training sequences, which corresponds to the com-

paratively simple problem of binding site recognition as specified in Section 1.2.1. Often,

however, the situation is more complex due to the presence of latent variables, which arise

in several settings, two of which are relevant for this thesis.

In the first setting, the statistical pattern that represents a set of binding sites may not be

fully explainable by a single probability distribution. Instead, it may be possible that those

binding sites are highly heterogeneous, thus being described appropriately by a mixture of

two or more distributions. In such a setting, latent variables are commonly used to model

the – unobserved – indication of which distribution each of the data points is associated

with, resulting in a mixture model, which we formally define in Section 4.1.

The second setting comprises models for motif discovery (Section 1.2.2) that assume se-

quences of arbitrary length to contain a recurring pattern. We call these models promoter

models, even though the input data do not necessarily need to be promoters but can also

be ChIP-positive fragments, for instance. Promoter models require latent variables for rep-

resenting the unknown binding site configuration (position, strand orientation) in the input

data. We formally define promoter models in Section 4.2.

Whereas both mixture models and promoter models are motivated differently and also

have different applications, the algorithmic challenges arising from learning in the presence

of latent variables are almost identical in both cases, and we discuss them in Section 4.3.

4.1. Mixture models for DNA binding sites

The input data consists of a set of aligned sequences of identical length, as it is typically

the case for binding site recognition (Section 1.2.1). However, we assume those sequences to

not follow one single common distribution, but being a mixture of at least two distributions

(Figure 4.1), with latent variables indicating the distribution that each sequence follows.

The intuition of these mixture models is to capture complex statistical features rather by

two or more comparatively simple distributions instead of trying to fit one very complex

49



4. Latent variable models

Figure 4.1: Illustration of the ra-
tionale behind a two-component
mixture model for DNA bind-
ing sites. Each DNA sequence fol-
lows one out of two possible compo-
nent distribution, but it assignment
of a particular sequence to its com-
ponent is unknown, and thus handled
by a latent variable. A possible real-
ization, which may be not obvious at
first glance in the list of sequences on
the left, is shown on the right using
green and yellow color.

distribution to data. As such, using a mixture model is typically a choice that is made by

the user and not inherent to the statistical problem that is to be solved. Mixture models

typically perform well if the data consist of several distinct subpopulations of data points,

and learning a mixture model can thus also be perceived as solving a clustering problem.

One widespread example for continuous data is a mixture of Gaussian distributions [101].

In the case of DNA binding sites, mixture models can be motivated by the assumption

that DNA-binding proteins may have different binding modes and may change their binding

affinity substantially when their confirmation is modified by some biochemical process.

4.1.1. Variables and parameters

We consider the general case of a K-component mixture model for DNA sequence patterns,

i.e., sequences of fixed width W . The assignment of each of the N sequences to one of the K

components is specified by the latent variable vector ~u = (u1, . . . , uN ) ∈ {1, . . . ,K}N . Each

component k of the mixture model may be an arbitrary statistical model parameterized by

Θk. Both the model as well as the model class of different components may be different. We

denote the complete set of parameters by Θ = (~π,Θ1, . . . ,ΘK), where ~π = (π1, . . . , πK), and

πk contains the probability of the k -th mixture component, which can either be specified

by the user or be inferred from data.

4.1.2. Likelihood

The conditional likelihood of the mixture model, i.e., the probability of data given parameters

with given realization of the latent variables, writes as

P (x|~u,Θ1, . . . ,ΘK) =
K∏

k=1

P (x{~u=k}|Θk) (4.1)
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with

x~u=k = (xi)i|ui=k (4.2)

denoting all sequences that are assigned to component k by the latent variables ~u. The

probability over the space of latent variables is given by

P (~u|~π) =

N∏

i=1

πui , (4.3)

which we next use to define the likelihood of a mixture model by

P (x|Θ) =
∑

~u

P (x|~u,Θ)P (~u|Θ). (4.4)

The definition of the mixture model is modular in the sense that for each component a

different model or even a different model class can be used. The most simple example for

modeling DNA binding sites is a mixture of two PWM models, but it is also possible to

define a three-component mixture model where, e.g., the first component is a PMM, the

second component is a Bayesian tree, and the third component is a PWM model.

4.1.3. Prior

In the Bayesian setting, we define a prior for the mixture model that factorizes as

P (Θ) = P (~π)

K∏

k=1

P (Θk), (4.5)

where P (Θk) denotes the prior distribution of the k -th component, and P (~π) = Di(~π|~β) is

a Dirichlet distribution with hyperparameters ~β = (β1, . . . , βK). P (~π) is only needed if the

distribution over the components is to be estimated. However, often this distribution is set

externally, e.g., to a uniform distribution.

4.2. Promoter models

For the problem of motif discovery, the use of latent variables is not a choice anymore, but is

inherent to the learning problem. Here, the input consists of a set of N non-aligned sequences

of arbitrary length, i.e., x = (~x1, . . . , ~xN ) with ~xi = (xi1, . . . , xiLi). The task is to infer at

least one statistical pattern describing putative binding sites located at unknown positions

in those sequences, and the latent variables indicate the locations and configuration of the

binding sites. Whereas mixture models have many applications in all fields of science, the

motif discovery problem is specific to DNA sequence analysis. Within that field, however, it
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is one of the key problems with a large amount of previous work as discussed in Section 1.2.2.

Promoter models may differ in the number of different patterns that may occur in the

data set, the number of different binding sites per sequence, and the order and dependency

structure among clusters of multiple binding sites. Complex approaches attempt to model

entire cis-regulatory modules [38, 102]. However, complex models on the promoter level

that allow more than one binding site per sequence also cause a substantially increased

computational complexity.

Figure 4.2.: ZOOPS model assumptions. Each DNA sequence in the data set of possibly different
length (yellow) may contain one binding site of the same transcription factor (green), either on
forward (45◦ hatching) or reverse complement (−45◦ hatching) strand. Existence, location, and
strand orientation of binding sites is typically unknown and thus handled by latent variables.

As we attempt in this thesis to increase complexity in a different aspect (motif model),

we here use the simple ZOOPS promoter model, which assumes zero or one occurrence of a

binding site per sequence [103]. Sometimes it is also referred to as NOOPS (noisy OOPS)

model [47]. Although being far from biological reality, it is widespread [30, 41, 47, 40], since

its simplicity offers several advantages including a linear time complexity with respect to

input size and a high modularity since arbitrary component models can be used. While not

following directly from the ZOOPS terminology, and hence not always be considered as part

of a ZOOPS model, we also enforce two additional features, by (i) setting the number of

motives that may occur in the data to one, and (ii) allowing a binding site to be located

on the forward strand or on the reverse complementary strand. When referring to ZOOPS

model in the following, we refer to this special case.

4.2.1. Variables and parameters

The ZOOPS model combines an arbitrary motif model of width W , parameterized by Θm,

with an arbitrary flanking model, parameterized by Θf. Whereas the motif model can be a
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PMM as defined in Chapter 2 or any of the models discussed in Section 1.3, the flanking

model is typically a homogeneous Markov model (Markov chain).

The binary latent variable ui handles the situation that the i-th sequence does (ui = 1) or

does not (ui = 0) contain a binding site. We denote the probability of a binding site existing

in an arbitrary sequence by ν, i.e., P (ui|ν) = νδui,1(1− ν)δui,0 for i ∈ (1, . . . , N). We model

the position of the binding site of width W by the latent variable vi ∈ {1, . . . , Li −W + 1}
and assume binding sites to be uniformly distributed, i.e., P (vi) = 1

Li−W+1 . Since the

binding site may occur on both strands, we introduce a third latent variable si ∈ {0, 1},
which indicates whether the binding site occurs on the forward strand (si = 1) or on the

reverse complement strand (si = 0). We denote the probability of finding a binding site on

the forward strand as σ , that is, P (si|σ) = σδsi,1(1− σ)δsi,0 for i ∈ (1, . . . , N). We combine

the latent variables of the complete data set by ~u = (u1, . . . , uN ), ~v = (v1, . . . , vN ), and

~s = (s1, . . . , sN ) and the parameters pertaining the distribution of the latent variables by

Θc = (ν,σ).

In analogy to mixture models, the distributions over latent variables can be estimated

from data, but it is also not completely unreasonable to set them externally. We obtain an

important special case when setting ν = 1, which results in an OOPS (one occurrence of a

binding site per sequence) model.

4.2.2. Likelihood

The conditional likelihood of a sequence xi given latent variables and parameters is thus

given by

P (~xi|vi, si,Θm,Θf) = Pf(~xi|Θf)
δui,0 (4.6)

· Pf(xi,1, . . . , xi,vi−1|Θf)

· Pf(xi,vi+W , . . . , xi,Li |Θf)
δui,1

· Pm(xi,vi , . . . , xi,vi+W−1|Θm)δui,1δsi,1

· Pm(rc(xi,vi , . . . , xi,vi+W−1)|Θm)δui,1δsi,0 ,

where δa,b denotes the Kronecker delta, which returns 1 if a = b and 0 otherwise. For the

entire data set x , we assume statistical independence among individual sequences, hence

P (x|~u,~v,~s,Θm,Θf) =
N∏

i=1

P (~xi|ui, vi, si,Θm,Θf) (4.7)
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The probability over the space of latent variables is given by

P (~u,~v,~s|Θc) =

N∏

i=1

P (ui|ν)P (vi)P (si|σ). (4.8)

For computing the (marginal) likelihood of sequence ~xi given parameters Θ = (Θm,Θf,Θc),

we sum over all latent variables, that is,

P (~xi|Θ) =
∑

ui

∑

vi

∑

si

P (x|~u,~v,~s,Θm,Θf)P (~u,~v,~s|Θc). (4.9)

The marginal likelihood of the entire data set is given by

P (x|Θ) =
∑

~u

∑

~v

∑

~s

P (x|~u,~v,~s,Θm,Θf)P (~u,~v,~s|Θc). (4.10)

4.2.3. Alternative definition of latent variables

While the separate definition of latent variables for binding site occurrences ui, binding site

position vi, and strand orientation si is intuitive and easily extendable, it has the disadvan-

tage of vi and si being meaningless when ui = 0. An equivalent representation of binding

site occurrence uses a single latent variable hi ∈ (0, . . . , 2(Li −W + 1)) for the i sequence

with

hi = ui(2vi − si), (4.11)

from which follows that

ui = δhi,0 (4.12)

vi =

⌊
hi
2

⌋
(4.13)

si = hi mod 2. (4.14)

Both of the equivalent definitions of latent variables of a ZOOPS model have their merits, and

which of them is more suitable may depend on the task at hand. The representation using

triplets (ui, vi, si) might be more intuitive at first glance, whereas the combined definition is

closer to practical implementation.

4.3. Learning in the presence of latent variables

In this section, we discuss standard approaches of learning probability parameters and model

structures within latent variable models. In comparison to fully observable data, learning in

the presence of latent variables is often substantially more difficult.
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4.3.1. Parameter Learning

Due to the unknown realization of the latent variables, the full likelihood of the model

cannot be computed efficiently, and thus no closed-form expressions for parameter estimation

according to principles such as maximum likelihood (ML) or maximum a posteriori (MAP)

can be derived. However, optimizing the parameters in the presence of latent variable by

numerical optimization is a common task that can be accomplished by the Expectation-

Maximization (EM) algorithm [33].

The EM algorithm is an iterative algorithm that alternates between an expectation (E) step

and a maximization (M) step, monotonically increasing the likelihood. In the E step, the

algorithm computes the expected log likelihood given the current model parameters. In

the M step, it computes new model parameters by maximizing the expected log likelihood

resulting from the E step.

For a continuous parameter space, the EM algorithm has been shown to converge to a local

maximum or saddle point of the target function [33]. While originally derived for maximum

likelihood estimation, the EM algorithm can be easily generalized to maximize the posterior

of a model [104]. Since target functions in practically relevant applications have several

local maxima, multiple restarts of the algorithm with different initialization are required to

increase the probability of finding the global maximum.

4.3.2. Structure learning

Whereas parameter learning in the presence of latent variables is a well-studied field of

research, structure learning in the presence of latent variables is less explored.

For Bayesian networks, there are solutions to the structure learning problem for missing

data, i.e., missing entries in the data matrix, which is a simplified form of the general latent

variable problem, which typically involves variables that are not only missing from the ex-

periment but can not be observed in principle. Here, a BIC score or the Bayesian marginal

likelihood can be optimized using the structural EM algorithm [105] and the Bayesian struc-

tural EM algorithm [106]. However, these algorithms do not apply to the general case where

the data set is partitioned into subsets according to the state of latent variables and different

models structures have to be estimated based on that partitioning.

For this general case, following a standard EM derivation by allowing a variable structure

as additional, discrete parameter ξ, yields an M step that searches the best pair (ξ, θξ) of

structure and corresponding probability parameters in order to find the latent variable model

with the highest target function. In case that target function is the likelihood, this results

in model selection via the ML principle within the M step of the algorithm. However, model

selection according to the ML principle always yields the largest model structure with the

highest dimensionality of the parameter space – at least when the model class is nested. In
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the Bayesian setting, there may be a prior, resulting in model selection according to the MAP

principle. However, asymptotically the prior is dominated by the data, so model selection

according to the MAP principle is asymptotically equivalent to model selection according to

the ML principle. Hence, a structure score based on the MAP principle is not a consistent

estimator.

For these reasons, structure learning within an EM algorithm has mostly been used for

models with variable structure but fixed number of parameters. One example are Bayesian

trees (BTs), where the tree structure is unknown, all BTs have the same number of param-

eters. For these models, learning in the presence of latent variables via the EM algorithm

is doable both according to the ML and to the MAP principle [104]. The generalization of

this approach to Bayesian networks is straightforward under the condition that all network

structures under consideration have the same number of parameters, which can be achieved

by using the class of BN(d) for any fixed value of d as discussed in Section 1.3.3.

For mixtures of PMMs, an EM algorithm for finding structure and model parameters that

maximizes the posterior based on an adaptation of the method for mixtures of trees [104] has

been proposed [107]. However, this algorithm is extremely sensitive to the selection of hyper-

parameters, especially the choice of the structure prior is crucial. Since the structure score

that results from the modified EM algorithm is not consistent, the structure prior needs

to counterbalance growing sample size. For practical relevant data sets, a uniform struc-

ture prior (κ = 1) generally yields the largest possible PCT structures, as data dominates

the prior and model selection is essentially conducted according to ML. As a consequence,

smaller values for κ are required to obtain non-maximal PCTs, but it is unknown which

values yield reasonable model complexities. Hence, hyperparameter-tuning is – in contrast

to the Bayesian model selection on fully observable data – not only beneficial to improve

performance for small data, but essential for conducting any reasonable model selection.

4.3.3. EM algorithm for motif discovery using PMMs

The EM algorithm for mixtures models with PMM components [107] can be adapted to the

problem of motif discovery.

In order to learn a PMM from a set of promoter sequences, we apply the maximum a

posteriori principle to the ZOOPS model (Section 4.2). We intend to solve the following

optimization problem

Θ̂ = argmax
Θ

P (Θ|x)

= argmax
Θ

P (x|Θ)P (Θ)

P (x)

= argmax
Θ

logP (x|Θ) + logP (Θ),
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which cannot be solved analytically due to the presence of latent variables ~v (existence a

binding sites), ~u (positions of binding sites) and ~s (strand orientation of binding sites).

However, the maximum of the posterior density of the model can be approximated by a

modified EM algorithm [33]. This EM algorithm updates iteratively weighted estimates γ(t)

for the latent variables based on parameters Θ(t) (E step) and parameters Θ(t+1) based on

weighted estimates of latent variables γ(t) (M step). Derivation of E step and M step of

follows standard techniques and can be found in Appendix Section B.3.

The modified EM algorithm only guarantees to monotonically increase the posterior value

in each iteration step, so it can miss the global optimum since the posterior landscape is

often not convex, which is often the case in practice. In order to cope with this problem,

it is necessary to start the algorithm multiple times and use the result with the largest

posterior. We found ten restarts of the EM algorithm, with each EM instance continued

until the log-posterior difference between two subsequent iterations is smaller than 10−6, to

be a reasonable compromise between invested running time and stability of the obtained

results for many practical motif discovery applications.

Bottom line

In this chapter, we introduced latent variable models that are relevant for the remaining

topics of this thesis, namely applying PMMs to mixture models and promoter models for

motif discovery, with the ZOOPS model being the most relevant instantiation of the latter.

We discussed that parameter learning can here not be carried out analytically, so iterative

algorithms, such as the EM algorithm, have to be resorted to. Structure learning in the

presence of latent variables is a comparatively unexplored field with theoretically sound

solutions available only for some special cases, such as mixtures of Bayesian trees or learning

a general Bayesian network structure for partially missing data. For mixtures of PMMs, a

learning approach that applies the MAP principle to both structure and parameter learning

has been previously proposed, which yields, however, inconsistent structure learning that is

asymptotically equivalent to model selection according to maximum likelihood. Despite this

undesirable theoretical properties, the EM algorithm is a first possibility to learn mixture

models with PMM components, and we discussed that the same approach can be also applied

to the ZOOPS model for the task of motif discovery. In the following chapter, we use

this algorithm to study the applicability of PMMs to the problem of motif discovery by

focusing on one particular DNA-binding protein, studying the nature of putative intra-motif

dependencies and their impact on motif discovery performance.
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Empirical explorations ultimately change our under-

standing of which questions are important and fruitful

and which are not.

Lawrence M. Krauss 5
Dependencies within CTCF binding sites

In Chapter 2, we observed that PMMs might be helpful for inferring a distribution from a

small set of given transcription factor binding site for the task of prediction. In this chapter,

we now apply PMMs to the problem of motif discovery from ChIP-seq data. Hereby, we

focus on the empirical results, attempting to answer two related but yet different questions

for one single exemplary transcription factor. From algorithmic point of view, we investigate

to which degree taking into account intra-motif dependencies by using a PMM as motif

model improves motif discovery. From biological point of view, we analyze the sequence

motif predicted by a PMM, in order to identify features that may be more complex than a

simple PWM can possibly convey.

5.1. Insulator-binding protein CTCF

For studying these questions, we focus on the CCCTC binding protein, more commonly

known as CTCF [108], which plays a key role in many cellular processes.

5.1.1. CTCF biology

Most transcription factors are capable of enhancing or silencing gene expression by specif-

ically binding to DNA elements that are called enhancers or silencers. In addition, there

are DNA elements which may block the interaction of enhancers and promoters, providing

another molecular switch in gene regulation. Those elements are called insulators, and the

corresponding proteins are insulator binding proteins [109]. In addition, insulators can also

act as chromatin barriers [109], preventing the spread of heterochromatin when being bound

by their corresponding insulator binding protein. CTCF, which belongs to the class of zinc

finger proteins, is the most important insulator binding protein in humans [110].

High-throughput methods, including ChIP-chip and ChIP-seq, have been applied to iden-

tify the location of CTCF binding sites in a variety of cell types and found that the number

of binding sites in mammalian genomes is in the order of tens of thousands [111, 112, 113].

The binding site of CTCF is thought to comprise approximately 20 base pairs [112], which is
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5. Dependencies within CTCF binding sites

large relative to many of the best-studied vertebrate transcription factor binding sites. How-

ever, only a few positions in CTCF binding sites show strong conservation between sites, and

many CTCF binding sites that have been repeatedly identified show much divergence from

the consensus sequence, suggesting that additional modes of binding might exist [114]. For

these reasons, CTCF is an ideal candidate for studying putative intra-motif dependencies.

5.1.2. Data sets

For all experiments in this chapter, we use ChIP-seq data of CTCF from the ENCODE

project [115] for different cell lines, available via the UCSC table browser 1. If not specified

otherwise, we use the human embryonic stem cells data (H1-hESC) for exemplifying the

method and for studying properties of CTCF binding sites.

The data is already preprocessed, i.e., the steps of mapping the ChIP-seq reads to the

genome using MAQ [20] and peak calling via F-seq [24] have already been performed. We

obtain a file in UCSC narrowPeak format, which contains a list of genome coordinates

(chromosome, start position, end position) and corresponding scores. Despite there are

between 59,000 to 90,000 potential sequences, many of them seem comprise only few base

pairs and often having large p-values. We discard all coordinates with a p-value greater than

10−16, i.e., we only keep coordinates with the minimal p-value. For H1-hESC, we retain

3,264 ChIP-seq positive sequences with lengths ranging from 189 bp to 888 bp.

For performing classification experiments, we also need a set of putative sequences not

being bound by CTCF. In order to keep general properties (such as GC-content of the

DNA) similar in both data sets, we construct a negative data set by the following procedure.

For each sequence in the positive data set, we extract its adjacent sequences of the same

length from the human genome and add it to the negative data set. Formally written, for

each positive sequence with coordinates (i, j), we add the sequences with the coordinates

(2i− j − 1, i− 1) and (j + 1, 2j − i+ 1) to the negative data set. In a final filtering step, we

discard – if necessary – all negative sequences that partially overlap with positives to obtain

two disjoint data sets.

5.2. Classification experiment

It is not entirely obvious how to evaluate different models for motif discovery, as there is

typically no ground truth with respect to true binding sites available. One approach is to

construct an artificial data set, where binding sites from databases are inserted into real

or artificial promoter sequences. While this approach has the advantage that we obtain a

ground truth w.r.t. binding site locations and could thus directly measure the effectiveness

1http://genome.ucsc.edu/cgi-bin/hgTables?org=Human
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Table 5.1.: ChIP-seq data sets for H1-hESC. We show the number of sequences in each subset
of the input data and the corresponding labels. The ChIP-seq positive sequences in H+ are split at
a ratio of 2:1 into training and test data.

positives negatives total

training H+
train(2, 176) H−train(4, 352) Htrain(6, 528)

test H+
test(1, 088) H−test(2, 176) Htest(3, 264)

total H+(3, 264) H−(6, 528)

of different models in finding the inserted binding sites, such an artificial or semi-artificial

data set is not satisfying. Since binding sites found in databases have been often obtained

using a prediction tool such as MEME [31], which may use a particular statistical model

such as the PWM model, the results are likely to be biased towards such a simple model

and thus not being generalizable to real world data.

5.2.1. Fragment-based classification

We thus propose an evaluation solely based on ChIP-seq positive and negative data, where

the classification problem is to classify long sequence fragments into those that contain an

instance of the motif, and are thus ChIP-seq positives, and those that do not, thus being

ChIP-seq negatives. We call this indirect approach of evaluating different motif models

fragment-based classification, and discuss the detailed procedure and the rationale behind it

in the next two paragraphs.

After dividing positive and negative sequences into training and test data sets at a ratio

of 2:1 (Table 5.1), we train the parameters Θf of a homogeneous Markov model on Htrain,

which is the union of both positive and negative training data set, and we denote this model

as background model. Next, we utilize H+
train for training a ZOOPS model (Section 4.2),

using a PMM with structure hyperparameter κ as motif model. We use a homogeneous

Markov model with parameters Θf as flanking model, and we refer to the complete ZOOPS

model as foreground model. Hence, Θf serves (i) as parameter of the background model

and (ii) as parameter of the submodel for the flanking sequences within the foreground

model. We estimate the parameters Θm and Θc of the ZOOPS model, here by using the EM

algorithm described in Section 4.3.3. Subsequently, we classify all test sequences utilizing

the foreground model and the background model. Utilizing the true class labels, we can

compute different measures of accuracy, such as the sensitivity for a fixed specificity of 99%.

The rationale behind this classification approach is the following. Since the model and

model parameters for the negative sequences is identical to the flanking model for the posi-
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5. Dependencies within CTCF binding sites

tives, which we achieve by estimating its parameters Θf from the union of positive and neg-

ative training data, the only difference between the foreground model and the background

model is the capability of the former to include a binding site in a sequence. If positive test

sequences are predominantly classified to be generated by the foreground model, it can be

caused only by the existence of at least one binding site that fits well to the motif. Com-

paring different motif models via this experiment, we may conclude that the model that

yields highest classification performance contains the most realistic motif model among the

investigated candidates.

5.2.2. Finding optimal model complexity
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Figure 5.1.: Cross-validation classification results on the H1-hESC training data set. We
show the averaged results of a 10-fold cross-validation experiment on Htrain. For each κ, we plot the
sensitivity (for a specificity of 99%) against the number of leaves. Error bars show double standard
error.

We discussed in Section 4.3.2 that structure learning in the presence of latent variables

using a modified EM algorithm requires – when the dimensionality of the parameter space is

variable – tuning of the structure prior, which for PMMs reduces to tuning of the structure

prior hyperparameter κ. In order to determine which value of κ yields an optimal model

complexity, i.e., an optimal tradeoff between modeling dependencies and avoiding of overfit-

ting, we perform in a first study a 10-fold cross-validation of the aforementioned classification

experiment on the training data set Htrain. We use a PMM of W = 20 and d = 4, and vary
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5.2. Classification experiment

κ to obtain models of different complexity.

For each value of κ we measure the classification performance by the sensitivity for a fixed

specificity of 99% and average it over the ten cross-validation iterations. For visualizing the

results, we plot the sensitivity against the average number of leaves that we obtain with a

particular choice of κ (Figure 5.1).

Twenty leaves – one at each position in the motif model – corresponds to a PWM model.

It yields an average sensitivity of 65.6% with a standard error of 4.3%. With increasing

model complexity, we observe an steep increase in sensitivity until an average complexity of

40 leaves. With further increasing complexity, the sensitivity varies only slightly, indicating

that models on the one hand do not yield substantial improvements, but on the other hand

do not cause overfitting yet. This changes when the model has approximately 500 leaves

where we observe a slightly decreased sensitivity compared to less complex models of 40-400

leaves. Nevertheless, the sensitivity is still higher than that of the PWM model, indicating

that taking into account complex dependencies still outweights overfitting effects. This

finally changes when the model complexity exceeds 1000 leaves, as the corresponding models

perform worse than a simple PWM model, which is in agreement with the expectation that

complex models are prone to overfitting.

Among all values of κ that have been used to interpolate between PWM model and full-

order Markov model, we now pick the optimal value. The PMM with κ = e−4.5 contains on

average 127.4 leaves and yields the highest average sensitivity (85.5% for a fixed specificity

of 99%). Hence, this κ yields – on average – the best tradeoff between capturing meaningful

dependencies and avoiding overfitting effects. In the following, we denote a parsimonious

Markov model trained with κ = e−4.5 as optimal PMM for the H1-hESC training data set.

Interestingly, the sensitivity of κ = e−4.5 shows a standard error of only 1.3%, which is less

than a third of the standard error of the PWM model. Hence, the optimal PMM yields an

improved average motif discovery capability and the results are also more stable.

5.2.3. Test on independent data and comparison with alternative models

In a second study, we investigate how the optimal PMM classifies independent test data.

Now, we utilize all sequences in Htrain for training the models (optimal PMM and PWM

model) and Htest for evaluating the classification performance. We expect the classification

results to differ from the cross-validation experiments, yet we still observe a dramatic im-

provement. The optimal PMM yields a sensitivity of 85.2%, whereas the PWM model yields

a sensitivity of only 71.1% (Figure 5.2).

In addition, we test alternative models that also take into account intra-motif dependencies

and that can be easily incorporated into the used EM algorithm for motif discovery. The

weight array model (WAM) [57], which takes into account nearest-neighbor dependencies

only, achieves a sensitivity of 82.3%. We also test a first-order permuted Markov model
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5. Dependencies within CTCF binding sites

Figure 5.2: Classification results
on the H1-hESC test data set.
We display the sensitivity (for speci-
ficity of 99%) on the independent test
data set Htest. Here we pick the op-
timal model from the cross-validation
experiment (green) and compare it
with the PWM model (blue). In ad-
dition, we display the sensitivity of
alternative models that take into ac-
count statistical dependencies.
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[76], but it turns out that the optimal permutation is the actual sequential ordering of the

random variables as they appear in the sequence, so it yields exactly the same sensitivity as

the WAM. A Bayesian tree [61], which is also limited to first-order dependencies but allows

dependencies among non-adjacent positions achieves a sensitivity of only 81.6%. This shows

that dependencies among adjacent positions are dominant as the additional flexibility of

selecting an appropriate Bayesian tree even leads to a decreased classification of independent

test data and the structure learning of the permuted Markov models yields essentially a

WAM. A strictly second-order Bayesian network, i.e., a BN(2) [61] achieves a sensitivity of

82.6%. This is slightly better compared to the WAM, but the improvement is only small

given the much higher complexity of the model class, which also involves finding the optimal

BN structure. These results demonstrate that (i) modeling statistical dependencies among

adjacent nucleotides in the binding sites improves de novo discovery of the CTCF binding

motif and that (ii) PMMs might be a promising alternative to other models that also take

into account intra-motif dependencies.

5.2.4. Different cell lines

In a third study, we further validate this result. To this end, we repeat the same analysis

for ChIP-seq data from different cell lines in order verify that the H1-hESC data set is a

reasonable representative for all cell lines. The data processing is in all cases identical to

that of the H1-hESC data and we also apply the identical procedure of model selection via
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cross-validation (Table 5.2) and subsequent test on independent data. The final results are

shown in Figure 5.3 and confirm the findings from the study on the H1-hESC cell line. The

Table 5.2.: Overview of different cell lines. The table shows training sample size, estimated value
of κ, and average estimated model complexity during cross-validation.

Cell line N ln(κ̂) avg #leaves

GM12878 7,068 -10.0 118.8
H1-hESC 2,176 -4.5 127.4
HeLa-S3 6,646 -9.5 119.0
HepG2 1,574 -5.5 96.4
HUVEC 8,162 -7.5 155.2
K562 8,142 -9.5 136.0
MCF7 3,082 -10.0 74.0
NHEK 5,076 -7.5 124.2
ProgFib 4,220 -8.0 105.2

achieved sensitivities vary from cell line to cell line, and so does the optimal κ (Table 5.2).

This is not surprising, since the size of the data sets also varies to a great extent, and

larger data sets generally require a stronger prior for obtaining a certain model complexity.

However, the optimal PMM always yields an improvement in sensitivity compared to the

PWM model, stating that taking into account dependencies among adjacent nucleotides

instead of neglecting them improves de novo discovery of the CTCF motif in all cell lines.
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Figure 5.3.: Classification results for different cell lines. We show the sensitivity (for specificity
of 99%) on data sets for nine different cell lines in analogy to Figure 5.2.
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We repeat the experiment with the area under the ROC curve as performance measure

and find that the results are qualitatively similar (Appendix Figure C.1). We also repeated

the same studies with negative data sampled from the whole genome with the same length

distribution as the positive peaks. The results are shown in Appendix Figure C.2(a) and

Appendix Figure C.2(b). The classification performance generally increases, but the relative

improvement gained by taking into account intra-motif dependencies remains qualitatively

identical.

5.3. Motif analysis

In the previous section, we observed that taking into account statistical dependencies among

adjacent nucleotides in the binding site yields a more accurate motif discovery and thus a

more accurate sequence motif. Next, we use this motif model for binding site prediction in

the H1-hESC data set. Utilizing the optimal PMM trained on Htrain, we predict binding

sites in H+ by a threshold-based approach.

We use the learned parameters Θ̂ of the ZOOPS model and compute the likelihood

P (~xi, ui = 1, vi = `|Θ̂) =P (~xi, ui = 1, vi = j, si = 1|Θ̂)

+P (~xi, ui = 1, vi = j, si = 0|Θ̂) (5.1)

for each possible start position j in each sequence ~xi in the negative data set H−train. We thus

obtain a list of likelihood values, compute the empirical probability distribution of this list,

and determine a threshold T as the likelihood corresponding to the lowest (10−4)-quantile.

Using this threshold, we predict all subsequences of length W in each sequence ~xi beginning

at position j in the positive data set H+
train satisfying

P (~xi, ui = 1, vi = j|Θ̂) > T (5.2)

as binding sites. As the predictions of each position of a sequence are made independently,

the ZOOPS assumption pertains only to the training algorithm, but for given model param-

eters Θ̂ this method is capable of predicting multiple binding sites per sequence.

Using a significance level that corresponds to finding a false positive prediction every 104

nucleotides in control data set H−, we predict 3,451 binding sites.

5.3.1. Sequence logo

The sequence logo corresponding to these binding sites is shown in Figure 5.4a. We find

several positions that are dominated by a single nucleotide. In the context of motif analysis,

these are often called conserved nucleotides, which is unrelated to the concept of evolutionary
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Figure 5.4: Sequence logo and
mutual information. Fig-
ure a) depicts the sequence logo
of CTCF binding sites predicted
by the optimal PMM model. We
find a high similarity to the pre-
viously known CTCF sequence
logo [112]. Figure b) depicts the
MI of different order between ad-
jacent positions. MI values with
a p-value above 0.05 are consid-
ered to be insignificant and dis-
played by the symbol ×. All MI
values of first, second, and third
order are significant, and the
MI values of fourth order show
significance only at some posi-
tions. We find that the amount
of statistical dependencies varies
within the motif to a great ex-
tent.

conservation. Especially at both ends of the motif, the nucleotides are unconserved, i.e.,

there is no dominating nucleotide at positions 1-3 and 16-20. Comparing the sequence logo

with a prediction based on a PWM model and the same significance level, which yields

3,123 binding sites only, we observe a high similarity of both sequence logos, resembling a

previously identified CTCF sequence logo [112]. Despite the fact that the majority of binding

sites in each set is not contained in the other one, the position-wise nucleotide frequencies,

which are the statistics visualized by a sequence logo, of both sets are almost identical.

However, a sequence logo may be insufficient for fully characterizing a set of binding sites.

Being a visualization of a PWM, a sequence logo is not capable of representing statistical

dependencies.

5.3.2. Mutual information

Thus, we compute the mutual information (MI) between adjacent positions, which is a stan-

dard measure for quantifying statistical dependencies. We use a slightly extended definition

by computing the mutual information I(Xi, Y
(d)
i ), where Xi is the random variable of the

nucleotide at position i of the motif and Y
(d)
i = (Xi−d, . . . , Xi−1). Hence I(Xi, Y

(d)
i ), which

can assume values between 0 and 2 bits, is the MI between the i-th symbol in the motif

and the preceding d-mer. The MI for different orders d is shown in Figure 5.4b. It ranges

67



5. Dependencies within CTCF binding sites

Figure 5.5: PCT at position 13. This
PCT is an example of a small tree from
a position in the motif that shows lit-
tle statistical dependencies. We observe
that the first layer of the tree is com-
pletely fused, which means that infor-
mation about the nucleotide of position
12 is neglected.

A,C,G,T

A,G C,T

G A,C,T

A,C,G,T A,C,G,T
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from 0.001 bit (first-order MI at position 13) to 0.37 bit (fourth-order MI at position 19).

In addition, we calculated the p-value of each MI value based on the fact that 2NIln2 is

χ2-distributed with (|A|d − 1)(|A| − 1) degrees of freedom.

The MI at any given position monotonically increases with increasing order. However,

high-order MIs can become insignificant. We observe significant MIs of first, second, and

third order for all positions in the motif. Considering MIs of fourth order, we find the MI at

some positions to be insignificant. This is in agreement with the fact that the maximal order

of the underlying PMM, which has been used for the prediction of the binding site studied

here, is four, and that each position has its own parsimonious context tree, which may – in

some cases – neglect fourth-order dependencies completely.

Comparing the MIs with the sequence logo (Figure 5.4), we find high MIs at positions

that are relatively unconserved. We observe particularly high MIs at positions 17 and 19,

indicating the presence of strong statistical dependencies to the preceding nucleotides. Con-

versely, the MI is generally low at positions that contain highly conserved nucleotides, such

as position 5, 10, and 13. This can be explained by the fact that there is only little room

for additional information at highly conserved positions. An extreme example is an abso-

lutely conserved position for which preceding nucleotides can not contribute any additional

information.

5.3.3. Optimal PCTs

After having quantified the statistical dependencies within the CTCF binding sites, we next

investigate them qualitatively. The learning algorithm yields a set of PCTs that maximize

the posterior of the PMM under a given prior. The PCTs differ at each position in the model

not only in structure, but also in complexity, which is measured by the number of leaves.

We observe a total number of 132 leaves for the entire motif, which equals 6.6 leaves per

PCT on average. The smallest tree is the tree at the first motif position. It has only one

leaf, since there are no predecessors in the sequence. We do not observe other positions with
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a single leaf, so each position takes into account its predecessors to some extent. All other

PCTs have at least three leaves. One example is shown in Figure 5.5.

A representative of intermediate complexity with 7 leaves is the tree at position 17 (Fig-

ure 5.6a). The largest tree, which has 11 leaves, is located at position 19 (Figure 5.7a).

5.3.4. PCTs and MI values

The MI of different orders at a specific position and the structure of the corresponding

PCT are not unrelated. Considering position 13 for instance, we find that the nodes on

the first layer of the PCT are completely fused, i.e., there is only one node, representing all

nucleotides. The first-order MI is almost zero, while the second- and third-order MIs are

significant and the nodes on the second and third layer of the PCT show a certain diversity.

On the fourth layer of the PCT, all nodes are completely fused, which is in accordance to

the non-significant MI of order four. Further interesting positions are 17 and 19, which yield

the two highest MIs among all twenty positions in the motif. However, they differ in one

important aspect: For position 17, the first-order MI is already very high, and using higher-

order MIs leads to an only small increase of MI. In contrast, position 19 yields a substantially

lower first-order MI, but a much larger increase for longer contexts. The fourth-order MI

of position 19 is finally above the corresponding MI of position 17. The ratio of fourth-

order and first-order MIs differs considerably between both positions. This is reflected by

the corresponding PCTs. The tree at position 19 contains 11 leaves, dominated by the

subtree of first layer node C, whereas the tree at position 17 contains only 7 leaves with a

comparatively low number of splits below the first layer. For position 19 on the one hand,

the higher-order context plays an important role if the nucleotide at position 18 is either C

or T, which are the two dominant nucleotides at this position. For position 17 on the other

hand, it does not seem to be of importance which nucleotides are observed at position 13-15

if the nucleotide at position 16 is known.

5.3.5. Conditional sequence logos

Considering these findings, we further investigate the nature of statistical dependencies found

in the binding sites of CTCF. We focus here on positions 17 and 19, since they show the

highest mutual information. We compute the conditional relative nucleotide frequencies in

the set of predicted binding sites given all possible contexts of the PCT at this position.

Since there is no established method of visualizing conditional probability distribution of

a (parsimonious) context trees to date, we propose a visualization of these conditional nu-

cleotide frequencies in a way that resembles sequence logos [51], dubbing it thus conditional

sequence logo (CSL). A traditional sequence logo depicts the position-wise nucleotide fre-

quencies along a sequence, whereas a CSL considers only one fixed position in the sequence
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5. Dependencies within CTCF binding sites

Figure 5.6.: PCT and conditional sequence logo at position 17. The PCT at position 17
(Figure a) is aligned with the corresponding conditional sequence logo (Figure b) Each stack of
nucleotides represents the relative conditional nucleotide frequency given the context represented
by the corresponding leaf. The width of the stack is scaled by the number of sequences that are
represented by the leaf. We observe two dominating contexts, which yield either a G (context I) or a
C (context V) as dominating nucleotide.

and plots the conditional nucleotide frequencies of each context. The stack of the nucleotide

frequencies is aligned to the leaf that is representing the particular context. In order to

point out the difference to a traditional sequence logo, we label the contexts with Roman

numerals.

However, not all contexts at a position are equally important, since the number of se-

quences matching a particular context in the data set may differ to a great extent. It can be

even misleading to focus on the conditional nucleotide frequencies of a context that repre-

sents only very few sequences. In order to take into account the importance of each context

in the visualization, we scale the width of the nucleotide stack of a context linearly by the

number of sequences in the predicted binding sites that are actually represented by that con-

text. We exemplify the visualizations by CSLs using position 17 (Figure 5.6b) and position

19 (Figure 5.7b).

At position 17, we observe a case in which more than 90% of the predicted sequences fall

upon two of seven contexts (II and V). The original sequence logo (Figure 5.4a) indicates that

C and G occur at position 17 with similar probability. We find that the context determines

which of the two alternatives is observed with high probability. Observing ACA or GCA at
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5.3. Motif analysis

Figure 5.7.: PCT and conditional sequence logo at position 19. The structure of this figure is
identical to that of Figure 5.6. Here, we observe more contexts representing a considerable amount
of realizations, since only three context (III, VI, VII) represent so few sequences that they can be
neglected. Among the other eight contexts, we observe two main types: If the preceding nucleotide
(at position 18) is a C (context II-VII), there is a high probability of observing an A at position 19.
If the predecessor is a T (context IX-XI), there is a high probability of observing a G. The differences
among context within those two main types are smaller, yet not negligible, since they further refine
the conditional probability distribution. One example are contexts IX and X, which differ in the
nucleotide at the second and fourth predecessor. Context IX yields an A as second most probable
nucleotide for position 19, whereas context X yields a C.

positions 14-16 (context I) increases the probability of finding a G at position 17, whereas

observing GNG or GNT (context V) increases the probability of finding a C. The remaining

five contexts represent less than 10% of the binding sites, thus the corresponding probability

distributions should be judged with caution. This is represented by the horizontal scaling of

the CSL: the smaller the width of a CSL, the fewer sequences contributed to its estimation.

Context VI, which is similar to context V but differs at the third and fourth predecessor

nucleotide, yields an even more increased probability of the dominating nucleotide C. For

context II, which differs from context I at the third and fourth predecessor nucleotide, G and C

are almost equally likely, whereas context I yields a clear preference towards C. Interestingly,

the probability for finding a particular nucleotide at position 17 is mainly determined by the

nucleotide at position 16, as it determines whether a G or a C is predominantly observed.

This is a further explanation for the small ratio between fourth- and first-order mutual

information at position 17 in Figure 5.4b.
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5. Dependencies within CTCF binding sites

At position 19 (Figure 5.7), the situation is more diverse. From the eleven contexts, only

three are comparatively unimportant (III, VI, and VII), and the remaining eight contexts

represent a substantial number of sequences each. By considering the (unconditional) se-

quence logo (Figure 5.4a), we find that position 19 is relatively unconserved, since we observe

similar frequencies for A, C, and G, while only T rarely occurs. The conditional sequence logo

indicates that the nucleotides A and G are conserved rather strongly if they are preceded by

a particular context (II and IX-XI respectively). The first predecessor (position 18) deter-

mines again which nucleotide is predominantly observed, but in contrast to position 17, the

remaining predecessors play a more important role, as we can see by considering contexts

IX-XI and the corresponding CSL. All three contexts require a T at position 18, and all of

them yield the same high probability of finding a G at position 19.

However, the second-most probable nucleotide strongly depends on the second and fourth

predecessor. Observing a G at position 17 yields an A as second-most probable nucleotide at

position 19. Observing no G at position 17 and C or G at position 15 yields a C as second-most

probable nucleotide at position 19. In all other cases (G at position 17 and A or T at position

15), A and C are equally probable at position 19. These higher-order effects are the cause of

the comparatively large ratio between fourth- and first-order mutual information for position

19 (Figure 5.4b).

Having analyzed the CSLs at positions 17 and 19, we may conclude that the first prede-

cessor nucleotide is predominantly responsible for statistical dependencies, but taking into

account second, third, and fourth predecessors may further refine the probability distribution.

This explains with hindsight the results of the first classification experiment (Figure 5.1),

where we observe the steepest ascent of sensitivity for models that are much less complex

than the optimal model, and that further increase in complexity yields a smaller ascent to-

wards the sensitivity value of the optimal model. For both position 17 and position 19 we

finally observe that the maximal conditional information content of the CSL is much higher

than the information content in the (unconditional) sequence logo at the corresponding po-

sition, which further explains the high mutual information in Figure 5.4b. These findings

suggest that considering a sequence motif as a set of independent nucleotide frequencies is –

at least in case of the binding sites of CTCF – not justified.

Bottom line

In this chapter, we studied intra-motif dependencies within the binding sites of human in-

sulator protein CTCF and the effect of their utilization through PMMs on motif discovery

performance in order to contribute to main objective II (Figure 1.11). Using a fragment-

based classification approach for evaluating different motif models, we observed that tak-

ing into account intra-motif dependencies yields a 10% increase in sensitivity compared to

a PWM model, which neglects intra-motif dependencies. Analyzing the predicted CTCF
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5.3. Motif analysis

binding sites, we found significant mutual information between a nucleotide and its preced-

ing oligomer at all sequence positions, although varying in strength considerably, with the

strongest dependencies being located at the 3’ end of the motif, where nucleotides are rel-

atively unconserved. Finally, we investigated the nature of these dependencies by utilizing

a new visualization of CPDs in PMMs, which we dubbed conditional sequence logo. We

observed that some positions in the motif are not as uninformative as a traditional sequence

logo, which neglects statistical dependencies, suggests. We also found that the strongest de-

pendencies exist among two directly adjacent nucleotides, which is biophysically plausible,

even though in some cases also higher-order dependencies play a significant role.

Considering these findings for insulator protein CTCF, it might be worthwhile to take into

account intra-motif dependencies via parsimonious Markov models in the de novo motif dis-

covery for different DNA binding proteins as well. However, a large-scale application is not

feasible with the EM algorithm as learning method, which requires massive hyperparameter-

tuning via cross-validation. In the next chapters, we thus studies alternative learning meth-

ods for PMMs in the presence of latent variables with the incentive of obtaining a method

that allows a large-scale investigation of putative intra-motif dependencies for many different

transcription factors.
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In the first place, the best way to convey to the experimenter

what the data tell him about is to show him a picture of the

posterior distribution.

George E. P. Box & George C. Tiao 6
Model averaging with latent variables

In Chapter 4, we introduced latent variable models and discussed the theoretical difficulties

of structure learning under latent variables, where model selection must be carried out within

the M-step of an EM algorithm. Whereas we learned in Chapter 5 that in practice these

difficulties can be coped with by sheer brute force approaches, i.e., massive cross-validation

for hyperparameter-tuning, such a solution remains dissatisfactory for several reasons.

First, in contrast to fully observable data, model selection is here not carried out according

to a well-defined and theoretically justified score, e.g., comparable to those of Section 3.2.1.

Instead, model selection is basically carried out via cross-validation and the entire dynamic

programming algorithm for finding optimal PCTs is only needed for narrowing down the

space of candidates as input for cross-validation, since testing all possible candidates would

be infeasible.

Second, cross-validation is already an expensive, time-consuming procedure for fully ob-

servable data (Section 3.3). This multiplies now, as within each cross-validation iteration

not only a single model has to be learned, but an entire EM algorithm with possibly multiple

restarts has to be run. Hence, we quickly obtain situation where even on a high-performance

cluster the analysis of more than a few data sets becomes infeasible.

An alternative to model selection under latent variables is model averaging, which is – from

a purely Bayesian point of view – the preferable method in the first place, since the belief in

one single optimal model might be overly confident, especially when the sample size is small

and the posterior distribution cannot be expected to have one sharp peak at its maximum. In

addition to avoiding the aforementioned obstacles, a fully Bayesian prediction, which takes

into account the full posterior distribution, is often superior to a prediction based on point

estimators for practical applications on limited data. In fact, for arbitrary training data y

and test data x, model structure ξ and probability parameter θξ, the predictive distribution

P1(x|y) = P (x|θ̂ξ̂(y)(y)), (6.1)

with ξ̂(y) being the model structure learned from data y and θ̂ξ̂(y)(y) being the corresponding
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6. Model averaging with latent variables

parameter estimate, can be seen as an approximation of

P (x|y) =
∑

ξ

P (ξ)

∫
P (x|θξ)P (θξ|y)dθξ, (6.2)

which is the fully Bayesian prediction that sums over all discrete model structures and

integrates over the probability parameter space of each structure.

In the presence of latent variables, neither the model selection tasks needed for compu-

tation of Equation 6.1 nor model averaging for computation of Equation 6.2 can be done

analytically for more but the most simple cases, as it involves a summation of the exponential

number of latent variable realizations. Whereas point estimates can be approximated using

an EM algorithm, the approximation of the full posterior distribution P (ξ, θξ|Y ) requires a

different strategy.

6.1. Model averaging for mixture models

In this section, we focus on a mixture model parameterized by Θ as defined in Section 4.1

as example of a latent variable model. The mixture components are PMMs as defined in

Section 2.2. Since analytic computation of the posterior, and thus an analytic computation

of the fully Bayesian prediction of Equation 6.2, is intractable, the key idea is to approximate

the integral by using parameter samples from the posterior.

We thus intend to generate a sample from the distribution P (Θ, ~u|x), from which P (Θ|x)

for use in Equation 6.2 can be further derived by marginalization. However, sampling from

P (Θ, ~u|x) directly is also intractable.

Here we recruit the technique of Gibbs sampling [116, 32], which is a general method for

generating samples from a joint distribution that is not directly available. Let P (x, y, z)

denote an arbitrary joint distribution that cannot be computed directly. If the conditional

distributions P (x|y, z), P (y|x, z), and P (z|x, y), we can iteratively sampling from these dis-

tributions, for instance

Xt+1 ∼ P (x|yt, zt)
Y t+1 ∼ P (y|xt+1, zt) (6.3)

Zt+1 ∼ P (z|xt+1, yt+1).

This strategy can be seen as a Markov chain that generates a series of realizations (x, y, z)t

for t ∈ N. It can be shown that P ((x, y, z)t) converges to P (x, y, z) for t → ∞. Whereas

convergence is guaranteed only in the limit, it is in practice sufficient to find a step T where

P ((x, y, z)T ) is sufficiently close to P (x, y, z). The time points t < T are typically called

burn-in phase, and the time points t > T are called stationary phase. Estimating the length
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6.1. Model averaging for mixture models

of the burn-in phase is critical for Gibbs sampling applications, as only samples from the

stationary phase should be used for approximating the target distribution.

6.1.1. Gibbs sampling for mixtures of PMMs

In analogy to the abstract sampling scheme as described above, we derive here a Gibbs

sampler for a mixture model with PMMs as component models.

We sample in the t-th iteration Θ(t) from P (Θ|~u(t−1),x) and ~u(t) from P (~u|Θ(t),x). The

conditional probability of the parameters given the latent variables decomposes to

P (Θ|~u(t−1),x) =

K∏

k=1

W∏

`=1

P (τk`, ~θk`|~u(t−1),x). (6.4)

For each component k and each position ` (and thus omitting here both indices for the

sake of convenience), we use the idea of variable grouping [117] and sample (τ, ~θτ )(t) jointly

from P (τ, ~θτ |~u(t−1),x) instead of sampling from each single conditional distribution sepa-

rately. This is achieved in a hierarchical manner, by decomposing the joint conditional

probability distribution into P (τ |~u(t−1),x)P (~θτ |τ, ~u(t−1),x) . We first sample τ (t) w.r.t. its

conditional distribution given (~u(t−1),x), and afterwards ~θ
(t)
τ from its full conditional distri-

bution, P (~θτ |τ (t), ~u(t−1),x), under which the components of ~θτ are independent. Similarly,

the components of ~u are conditionally independent given the other parameters and the data.

As a result, we obtain the following sampling scheme.

Algorithm 2 Gibbs sampling for mixtures of PMMs.

initialize ~u(0)

for t = 1, . . . , T do
for k = 1, . . . ,K do

for ` = 1, . . . ,W do

sample τ
(t)
k` from P (τk`|~u(t−1),x)

for all c ∈ τk` do
sample ~θ

(t)
k`c from P (~θk`c|τ (t)

k` , ~u
(t−1),x)

end for
end for

end for
for i = 1, . . . , N do

sample u
(t)
i from P (ui|Θ(t), ~xi)

end for
end for

The initialization of ~u can be implemented in different ways, and a straightforward ap-

proach is to sample a realization of each u
(0)
i according to the component probabilities ~π.

The remaining task is to efficiently sample from the specified conditional distributions,
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6. Model averaging with latent variables

which we discuss in the following sections. Whereas both the sampling of latent variables

and the sampling probability parameters are comparatively simple tasks, the particular

challenge lies in the sampling of the PCTs.

Structure sampling

In this section, we focus on the sampling of a PCT structure. Let ~Nk`c denote the vector

of nucleotide counts obtained for the `-th position given context c in mixture component

k, and let ~αk`c denote the corresponding hyperparameters of the local Dirichlet prior. The

probability of a particular tree structure given data is

P (τk`|~u,x) ∝
∏

c∈τk`
κ
B( ~Nk`c + ~αk`c)

B(~αk`c)
. (6.5)

Hence, the probability decomposes into a product of scores for each context, i.e., leaf scores

for each leaf in the PCT. Each leaf score is itself a marginal likelihood for the particular

context multiplied with the structure prior hyperparameter κ. While the probability for

a given tree can be computed easily, the challenge lies in sampling one out of a super-

exponential number (with respect to model order and alphabet size) of possible PCTs,

without computing the probability for every single tree explicitly.

To this end, we propose a dynamic programming algorithm (Algorithm 3), which is inspired

by the maximization algorithm for PCTs (Algorithm 1 in Section 1.4.2), and which thus uses

the same data structure, the extended PCT (Figure 1.9), as well as the same notation.

In analogy to the maximization algorithm, we now sample a regular PCT using the fol-

lowing algorithm.

(i) If n is a leaf (representing context c), we compute the score κB( ~Nk`c+~αk`c)
B(~αk`c) , and assign

it to n.

(ii) If n is an inner node, we first compute the probability of each valid choice of children

of n, where a valid choice is a set of children, whose labels form a partition of A and the

score of a valid choice is simply the product of the scores of the children contained in it.

Next, one valid choice is sampled according to the computed probability distribution. The

probability of this sampled set of children becomes the score of n. The remaining children

of n, which do not belong to the sampled set, and all subtrees below are discarded. Hence

n becomes the root of a subtree that satisfies the characteristics of a PCT and has a score

assigned to it.

We obtain a complete PCT, once we have sampled a valid choice of children of the root

of the extended tree.

The algorithm samples correctly from the posterior distribution for the following reasons:

First, when sampling the children of a particular node, the scores of all potential children
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6.1. Model averaging for mixture models

Algorithm 3 Dynamic programming sampling PCT subtrees

samplePCTSubtree(n)

if n ∈ L(T Ad ) then

compute s(n) = κB( ~Nk`c+~αk`c)
B(~αk`c)

end if
if n ∈ I(T Ad ) then

for all m ∈ C(n) do
samplePCTSubtree(m)

end for
for all v ∈ V(C(n)) do
s(v) :=

∏
m∈v

s(m)

end for
sample v? from s(v)∑

v′∈V(C(n)) s(v
′)

s(n) := s(v?)∑
v′∈V(C(n)) s(v

′)

for all m ∈ C(n) \ v? do
remove m and subtree below

end for
end if

are already available. In step (ii), we can safely assume that for each inner node n, each

child (Figure 1.9) is either a leaf, in which case we have obtained its score by step (i), or the

root of a subtree that already satisfies the characteristics of a PCT and has a score assigned

to it. Second, the subtree rooted at an arbitrary node n and subtrees rooted at the siblings

of n are conditionally independent given the labels on the path from n to the global root of

the PCT. This information is available at any time due to the top-down construction of the

extended tree.

The time complexity of the algorithm is identical to that of the maximization algorithm,

as it is given by the number of valid choices of child nodes multiplied by the number of inner

nodes in the extended tree, plus the total number of score computations in the leaves.

Parameter sampling

The probability of the conditional probability parameters of a given context of a given PCT

structure is a Dirichlet distribution with the hyperparameters being a sum of counts and

pseudocounts, that is,

P (θk`c|τk`, ~u,x) = Di(θk`c| ~Nk`c + ~αk`c). (6.6)

Samples from a Dirichlet distribution can be obtained by standard libraries, here we use the

Jstacs [118] implementation.
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Latent variable sampling

The conditional probability distribution of the latent variables is merely a fraction of likeli-

hood values, that is,

P (ui|Θ, ~xi) =
πuiP (~xi|Θui)∑K
k=1 πkP (~xi|Θk)

. (6.7)

It is noteworthy that given the parameters and the data, the components of ~u are mutually

independent. In addition, the conditional distribution of each component ui depends on the

data only through the sequence ~xi.

6.1.2. Case studies

In this section, we empirically evaluate the performance of the Gibbs sampler for mixtures

of PMMs. We study its convergence behavior (Section 6.1.2) in order to determine the

length of the burn-in phase, and compare the fully Bayesian prediction that makes use of

the Gibbs sampling output with the prediction based on point-estimates resulting from the

corresponding EM algorithm (Section 6.1.2). To this end, we use the same splice donor site

data of Yeo and Burge [99] as used for benchmarking in Section 3.3.

Convergence

Gibbs sampling, like any MCMC method, samples from the target distribution only asymp-

totically. It is therefore important to study the convergence rate of the algorithm in order

to control the quality of the approximation brought by the sample. In practice, a number of

first samples is generated but discarded, thereby skipping the burn-in phase of the sampler.

We investigate the convergence for a data set of size N = 500, since we use data sets of

the same size for a prediction study in section 6.1.2. After initializing each latent variable

by sampling from the uniform distribution (0.5, 0.5), we perform 104 iterations of the Gibbs

sampler. In each iteration step, we store the sampled value of each of the 500 latent variables.

In absence of a simple notion of correlation among PCTs, we focus here on the number of

leaves of the PCTs. The tree of the first position of both components can be neglected,

since it always consists of one leaf. So we store only the number of leaves of each PCT at

position 2-7 in both components, yielding 12 additional variables per iteration, which makes

512 variables in total. Since the space of actively used probability parameters changes from

iteration step to iteration step, we do not measure their convergence behavior.

Next, we compute the autocorrelation function for each of the 512 variables with lags of 1

to 500 from the 104 iterations. We repeat the process 102 times with different initializations

and average the autocorrelation coefficients for each variable. We project the results to six

curves in the following way. First, we investigate the latent variables and the PCT complexity

separately. Second, we plot for each lag the (i) maximum, (ii) mean, and (iii) median of
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(a) Hidden variables
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(b) Number of Leaves

Figure 6.1.: Convergence behavior of sampled latent variables and PCTs. We show auto-
correlation coefficients of latent variables and number of leaves of the parsimonious context trees in
logarithmic scale. Figure 6.1(a) depicts for each lag the mean, median, and maximum of the autocor-
relation over the 500 latent variables. Figure 6.1(a) depicts the same statistics of the autocorrelation
of the PCT leaf number over the 12 nontrivial PCTs in the mixture model. In all cases, the autocor-
relation function shows a nearly exponential decay with a decay constant of approximately 1.7 until
it remains stable at low values at lag 150-200.

the absolute autocorrelation, which is shown in Figure 6.1. In both cases, we observe an

approximately exponential decay of the autocorrelation up to a lag of approximately 150.

For larger lags, it differs only slightly, even though there is a small increase between lag 250

and 350. We finally conclude that 200 iteration steps is the minimal length of the burn-in

phase, since all samples before that are still correlated to the random initialization.

Prediction

After having evaluated convergence behavior of the Gibbs sampling algorithm, we study the

predictive performance compared to the EM algorithm. In analogy to the convergence study,

we use a mixture of two second-order PMMs. To this end, we use a sub-sample of N = 500

sequences from the training data set of Yeo and Burge.

For the Gibbs sampler, we consider the first 400 iterations as burn-in phase and use the

following 500 samples from the stationary phase to approximate the posterior for a Bayesian

prediction according to Equation 6.2. We restart the Gibbs sampler for different values of

structure hyperparameter κ. From each iteration step and each value of κ, we compute

the sum of leaves in all PCTs (both mixture components), and average this value, for each
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6. Model averaging with latent variables

Figure 6.2: Prediction per-
formance on splice site
data. We show the mean log
prediction of a repeated hold-
out experiment for the Gibbs
sampler and the EM algorithm
for different model complexi-
ties. The Bayesian prediction
using the Gibbs sampler out-
performs the EM algorithm for
all possible model complexities.
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κ separately, over all iteration steps in the stationary phase. Next, we compute the log

predictive probability on the test data set of Yeo and Burge.

For the EM algorithm, we use a log posterior difference of 10−6 as termination condition

and restart the algorithm 10 times with different initializations. Here, we also use different

values of κ, even though the selection of values differs dramatically from the Gibbs sampling

experiment. For each value of κ, we report the learned model complexity and compute the

log predictive probability on the test data according to Equation 6.1.

We repeat the entire procedure for both algorithms with 10 different samples of 500 se-

quences from the training data set, and average model complexities and log predictive prob-

abilities. Finally, we plot the average log predictive probability against the average model

complexity (Figure 6.2).

We observe that for all model complexities, the Bayesian prediction using the Gibbs sam-

pler yields a better prediction than the plug-in prediction using the EM algorithm. In

addition, the standard errors for the Gibbs sampler are smaller. Moreover, the Gibbs sam-

pler yields an acceptable, though not optimal, result when a uniform structure prior is used.

We obtain 63 leaves on average and a mean log prediction of -27928.8, whereas the EM

algorithm learns for a uniform prior almost the full model, namely 161 leaves and a mean

log prediction of -28553.9.

This indicates that, for a fully Bayesian prediction, a uniform prior might be already a

reasonable choice when the maximal PCT depth is not too large, and that extensive cross-

validation for hyperparameter-tuning could be avoided in those cases. A downside of the

Gibbs sampler, however, is the slow prediction. Whereas the sampling algorithm is w.r.t.

running time in the same order of magnitude compared to the EM algorithm, the running

time of the Bayesian prediction increases by a factor of M , with M being the number of

sampled parameter sets.
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Figure 6.3: Influence of the
number of sampled param-
eter sets on the Bayesian pre-
diction performance. We ob-
serve that at least 100 param-
eter samples are necessary for
obtaining a reliable approxima-
tion of the posterior.

An open question is which value for M is sufficient to obtain a reliable approximation

of the posterior. We expect an increasing prediction performance with increasing M , but

decreasing relative prediction improvement. To study this effect, we repeat the previous

study for the uniform structure prior (κ = 1) with varying values for M and show the results

in Figure 6.3.

We observe an increasing prediction performance with increasing value ofM until it reaches

a plateau and remains at a similar level for M > 100. Hence, for a Bayesian prediction of

splice sites using a two-component mixture of second-order PMMs, at least 100 parameter

samples should be used to approximate the posterior distribution. However, these values

may differ from data set to data set. Typically larger data sets yield a sharply peaked pos-

terior distribution, which then requires less parameter samples for approximation, whereas

for smaller data sets typically the opposite holds. However, data set size is not the only

influencing factor, as the diversity of the observed data points plays an important role w.r.t.

the shape of the posterior as well.

6.2. Model averaging for motif discovery

In the previous section, we observed that in the case of learning mixture models with PMM

components from splice site data, model averaging based on Gibbs sampling constitutes a

promising alternative to the model selection approach using the modified EM algorithm. In

this section, we now apply the same concept to the problem of motif discovery using PMMs

in order to obtain an alternative to the EM algorithm used in Chapter 5.
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6. Model averaging with latent variables

6.2.1. Algorithm

We here use the ZOOPS model as promoter model, as specified in Section 4.2, with the

alternative definition of latent variables, which combines occurrence, position, and strand

orientation of a binding site in ~xi in a single latent variable hi. We denote the set of all

binding sites that are identified by a current state of latent variables ~h in data set x as x~h.

The Gibbs sampler for sampling structure and parameters of the PMM motif model is shown

in Algorithm 4.

Algorithm 4 Gibbs sampling for motif discovery using PMMs.

initialize ~h(0)

for t = 1, . . . , T do
for i = 1, . . . , N do

sample h
(t)
i from P (hi|~xi,Θ(t−1))

end for
for ` = 1, . . . ,W do

sample τ
(t)
` from P (τ`|x~h(t))

for c ∈ τ (t)
` do

sample θ
(t)
`c from P (θ

(t)
`c |τ

(t)
` ,x~h(t))

end for
end for

end for

Both structure sampling and parameter sampling for the motif model use the same pro-

cedures as in the case of one component of a mixture model (Section 6.1.1). The difference

to mixture models is the sampling of each latent variable vi from its conditional distribution

given model structures and parameters, which writes here as

P (hi|~xi,Θ) = P (ui = δhi,0, vi =

⌊
hi
2

⌋
, si = hi mod 2|~xi,Θ). (6.8)

6.2.2. Case studies

For the evaluation of the Gibbs sampler for motif discovery, we use the CTCF data set for

H1-hESC cell line from Chapter 5. We use a ZOOPS model with a PMM of width W = 20

as motif model and a second-order homogeneous Markov model as flanking model. The

parameters of the flanking model parameters are estimated from the union of training and

test data set and kept fixed during the entire learning procedure. Since we observed in

Section 6.1.2 that a uniform structure prior is a reasonable choice for model averaging, we

use here also κ = 1.
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Figure 6.4: Convergence of the
Gibbs sampler for motif discov-
ery using PMMs. The complete
data likelihood is averaged over ten
independent restarts. After approx-
imately 60 iteration steps, all algo-
rithms have converged to a stationary
phase.

Convergence

In a first study we investigate the convergence behavior of the algorithm. For motif discov-

ery it is inappropriate to measure convergence by autocorrelation, since identifying a correct

motif results in sampling very similar latent variable configurations in subsequent iteration

steps, which yields very high autocorrelation values for each latent variable. We thus mea-

sure convergence by the completely data likelihood P (x|~h(t),Θ(t)) (CDL), which we plot for

increasing iteration steps t = 1, . . . , 600 and for different motif model orders d = 0, . . . , 4, av-

eraged over ten independent restarts with different initializations, in Figure 6.4. We observe

that 30 to 60 iteration steps are required before the algorithm convergences. Convergence is

here for motif discovery on CTCF data generally more favorable than in the case of learning

mixture models on splice site data, which can be explained by the fact that most possible

latent variable assignments have a very low probability and once the algorithm has identified

the motif, the latent variable assignment changes only slightly.

The only exception to that general statement is the PWM model (PMM of order d = 0),

which has the slowest convergence, since there are small steps in the likelihood function,

which can be explained as follows. If the motif model neglects dependencies, the algorithm

is more prone to phase shifts, that is, different restarts identify the same motif, but it may

be shifted by some positions. In case that some positions that are only informative through

dependencies, such as at the 3’ end of the CTCF motif, are lost, such a shifted motif yields

a substantially lower complete data likelihood in relation to the optimal shift. This effect

causes (i) a generally low average CDL, as suboptimal shifts are included in the average, and

(ii) small steps in the first part of the CDL, as not all shifts are identified within exactly

the same number of iteration steps. Here, we thus observe directly that dependencies in the
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6. Model averaging with latent variables

data does not only exist, but that ignoring them through an oversimplified model may make

the learning procedure more difficult.
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(b) Running time

Figure 6.5.: Bayesian fragment-based classification on CTCF data. Figure a) shows the
classification performance measured by the area under the ROC curve. Figure b) shows the required
time on a 2.4 GHz server. The x-axis shows for both plots the number of parameter samples the
posterior is approximated with in the Bayesian prediction of binding site occurrence, which is a
subtask of the total classification problem.

Classification

In a second study we investigate the performance of the fully Bayesian approach for the task

of fragment-based classification as introduced in Section 5.2.1. Learning from the results of

the convergence study for motif discovery on CTCF data (Figure 6.4), we consider the first

100 iteration steps as burn-in phase, and use subsequent parameter samples for approximat-

ing the posterior to carry out a fully Bayesian fragment-based classification. For different

initial model order d = 0, . . . , 4, we show the area under the ROC curve in Figure 6.5(a).

We observe that the classification performance depends on model order d and taking into

account intra-motif dependencies through PMMs improves the simple PWM model, which is

well in accordance with the findings of Chapter 5. For d = 0 (PWM model) the classification

performance remains almost constant with increasing number of parameter samples, which is

not surprising as there is no model averaging, and the posterior of the probability parameters

of a PWM model can be approximated well by a single point estimate when the input data

is as large as the CTCF data set, which contains several thousands of data points. For larger

values of d, the classification performance depends on the number M of used parameter

samples, and generally the improvement gained by taking into account more parameter

samples grows with d. This can be explained by the fact that the number of possible PCTs
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6.2. Model averaging for motif discovery

grows exponentially with d, hence it becomes more unlikely that one (or a few) samples are

representative candidates for approximating the posterior. In fact, we may speculate that

the observation of d = 2 yielding the overall best performance, which is in slight contrast

to Chapter 5, can be simply explained by the fact that d = 3 and d = 4 need to take into

account more parameter samples in order to fully benefit from the Bayesian approach. In

contrast to d = 1 and d = 2 both prediction curves have not yet reached a plateau where

further improvement with increasing M is unlikely to be expected.

However, further increasing M for larger values of d is limited by running time for per-

forming the Bayesian prediction. While the Gibbs sampler itself is not significantly slower

than a corresponding EM algorithm, computing the average over all sampled parameters for

each tested sequences grows linearly in M (Figure 6.5(b)). This increase in running time

w.r.t. M is inherent to the Bayesian prediction in comparison to the prediction based on a

single point estimate and thus cannot be avoided. For the problem of binding site prediction

based on de-novo motif discovery, the factor M quickly becomes the limiting factor, i.e., the

running time required for prediction based on M samples quickly dominates the time the

algorithm needs for generating those M samples. For evaluating the quality of a de novo

discovered motif, prediction probabilities for a large number of potential binding sites have

to be computed, which involves every position in both strand orientations in every sequence

in both the positive and the negative data set. In addition, complete genomic scans for

the occurrence of a motif also become quickly intractable when being based on a Bayesian

prediction with sufficiently large M .

Bottom line

In this chapter, we investigated an alternative to the EM algorithm for learning PMMs in a

setting with latent variables in order to contribute to main objective I (Figure 1.11). Instead

of seeking an optimal model for a point estimate-prediction, we generated a series of structure

and parameter samples in order to approximate the posterior for a fully Bayesian prediction.

We applied the Gibbs sampler to mixture models and promoter models and found in both

cases convergence to be fast. Moreover, the Gibbs sampler does not share the theoretical

problems of the EM algorithm, as the uniform structure prior does lead to sampled PCTs of

appropriate complexity. While the fully Bayesian prediction via Gibbs sampling avoids one

problem of the EM algorithm, namely the conceptual necessity of hyperparameter-tuning via

internal cross-validation, it has the disadvantage of requiring substantially more time for pre-

diction, so the time gained in learning may be then again lost in prediction or classification.

Hence, a robust alternative that avoids both problems, the need for hyperparameter-tuning

and a computationally expensive prediction, is required, and such a method is the topic of

the next chapter.

87





Speed is the essence of war.

Sun Tzu 7
Model selection with latent variables

While conducting scientific research has certainly a different incentive than conducting war-

fare, it shares the property that speed is of crucial importance for being successful. A

statistical algorithm for scientific data analysis that yields good predictions at the cost of

being extremely slow may be literally useless when there are alternatives that are much

faster while making only small compromises w.r.t. to the quality of the prediction.

While there are certainly situations where extremely accurate solutions are of importance,

many scientific projects rather benefit from doing more computational analyses, especially

when predictions are experimentally verified in any case. Judging by the empirical results

collected so far, learning mixtures of PMMs or applying PMMs to the problem of motif

discovery may be such an instance where the gain in prediction performance in relation to

simpler approaches may not fully justify the additionally invested amount of computational

resources.

In the previous chapters, we studied different approaches for learning model structures in

the presence latent variables that partition the data set in several subsets, either for learning

a mixture component model for each subset, or for identifying binding sites to estimate a

sequence motif from. Both approaches discussed so far are limited by being overly costly

with respect to the computational resources that are required, but the reasons for that

fundamentally differ from each other in both cases.

Model selection according to the MAP principle via EM algorithm essentially requires

hyperparameter-tuning via cross-validation (Chapter 5). Since an EM algorithm with pos-

sibly multiple restarts has to be run in each cross-validation iteration, the entire structure

learning is either extremely slow if cross-validation is carried out sequentially, or it requires

a high performance cluster that enables massive parallelization. Once an optimal structure

is estimated, subsequent prediction of unseen data is comparatively fast, though, as only one

set of model structures and parameters needs to be stored and a single likelihood needs to

be computed for each test sequence.

Model averaging based on Gibbs sampling as discussed in Chapter 6 does not necessarily

require hyperparameter-tuning for sampling reasonable model structures (though it may

improve prediction performance), and the Gibbs sampling algorithm itself is comparable in
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7. Model selection with latent variables

running time to a single run of the EM algorithm. However, here the prediction step is costly,

as for each sequence to be tested, M parameter samples have to be loaded, parsed, and be

used for computing the likelihood. A linear increase of the running time by a factor M does

becomes a practical problem if the data sets that have to be tested are large, and while

this problem could be coped with by massive parallelization, the total amount of invested

resources is still substantial.

Hence, neither model selection via the EM algorithm nor model averaging via Gibbs

sampling are completely satisfying solutions for dealing with models of variable structure

in the presence of latent variables. In order to keep the prediction feasible, we need to

approximate the full posterior over model structures by a single structure, but since we

intend to avoid hyperparameter-tuning, we cannot use a standard EM framework.

In this chapter, we propose a solution for this problem by studying a method for performing

fast and robust model selection in a setting with latent variables, which then also enables a

fast prediction.

Previous approaches [104, 107] that tackled a comparable problem are based on the at-

tempt to incorporate the structure learning step into a framework for latent variables, i.e.,

into an EM algorithm for maximizing the likelihood or posterior of the complete latent

variable model. This approach has the crude consequence of performing model selection

according to the ML or MAP principle, which may be reasonable when the parameter space

of all candidate models has the same dimensionality, but is inappropriate when this is not

the case.

Here, we approach the problem of combining latent variables with model selection from the

opposite point of view, by generalizing the structure learning problem for fully observable

data to learning structures for multiple models in the presence of latent variables. Even

though the incentive for combining structure learning with latent variables arises from PMMs

and their applicability in computational biology, we here state the problem from general

viewpoint that is widely independent of model class and their particular application, provided

that structure learning is feasible for fully observable data. We thus assume that the structure

learning problem

ξ̂ = argmax
ξ

= S(ξ|x) (7.1)

for model structure ξ and data x can be solved efficiently, which requires that the structure

score S can be computed quickly. This is holds, among others, for the Bayesian marginal

likelihood, factorized NML, BIC, or AIC, which we investigated for PMMs in Chapter 3.

Moreover, the number of possible realizations of ξ has to be either small enough to enumerate

all of them explicitly (such as different orders of Markov models), or there has to be an

algorithm that finds provably the optimum by searching through the space of all model

structures without explicit enumeration (PMMs, VOMMs, BNs).
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7.1. Model selection for mixture model components

If both conditions are fulfilled, we can approximately solve the structure learning problem

by a stochastic algorithm that reduces the latent variable problem to structure learning for

fully observable data. In the remainder of this chapter, we discuss the idea for two different

settings, namely learning mixture models in Section 7.1 and motif discovery in Section 7.2.

7.1. Model selection for mixture model components

In this section, we focus on a mixture of K component models, each of which may have a

variable structure. In contrast to previous work [104], we here explicitly allow the candidate

structures for each component to be of different size, i.e., representing a parameter space of

different dimensionality.

7.1.1. Optimization problem and algorithm

We attempt to solve a structure learning problem, i.e., finding the optimal model struc-

tures of each component, and a clustering problem, i.e., finding the optimal latent variable

configuration, simultaneously. We denote the structure of the k-th mixture component by ξk.

When the realizations of latent variables are given, we define the structure score of the

full mixture model, which we denote by Smix, simply as the sum

Smix(~ξ|x, ~u) =

K∑

k=1

S(ξk|x~u=k), (7.2)

and we refer to this quantity as joint structure score. Here we assume w.l.o.g. the individual

structure scores to have a logarithmic interpretation, e.g., as penalized log-likelihood such

as BIC or AIC. For cases, were structure scores have an interpretation as probabilities (such

as the Bayesian marginal likelihood), we take the logarithms of the original scores for each

mixture component.

Computing the joint structure score for given latent variables is trivial, as it reduces to

computing individual scores for each component for fully observable data. From this follows

that model selection can be carried out individually for each component, as the joint structure

score is additive w.r.t. mixture components.

In absence of a realization of the latent variables, we seek the score of Equation 7.2 for

the best possible configuration of latent variables, that is,

Smix(~ξ|x) = max
~u

Smix(~ξ|x, ~u), (7.3)

which we call marginal structure score. Here, the computation of the score is not straightfor-

ward anymore, as it involves enumerating all possible realizations of ~u, which grows exponen-

tially in N , in order to find the realization that yields the highest joint structure score. This
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7. Model selection with latent variables

is the same problem that renders exact parameter learning for mixture models infeasible.

Whereas for parameter learning the EM algorithm provably approximates at least a local

maximum or a saddle point of the likelihood [33], there is no efficient algorithm known that

achieves the same for the score of Equation 7.3.

In order to cope with these difficulties, we propose an approach that is inspired by the

Gibbs sampler of Section 6.1.1 and display it as pseudo-code in Algorithm 5. It relies on

the observation that once samples of the latent variables are given, we do have a realization

that reduces the structure learning problem for latent variables to structure learning for fully

observable data.

Algorithm 5 Iterative algorithm for finding the optimal model structures in a setting with
latent variables.

for t = 1, . . . , T do
for i = 1, . . . , N do

sample u
(t)
i from

{ (
1
K , . . . ,

1
K

)
if t = 1

P (ui|~xi,Θ(t−1)) if t > 1
end for
for k = 1, . . . ,K do

compute ξ
(t)
k = argmax

ξk

S(ξk|x~u(t)=k)

estimate θ
(t)
kξk

from x~u(t)=k
end for

end for

The algorithm samples the latent variables from their conditional distributions given model

structures and probability parameters, and is for this subtask identical to the Gibbs sampler

of Section 6.1.1. However, it does not sample model structures, but solves the maximiza-

tion problem according to the individual structure scores for each component. With given

structures, the estimation of the corresponding probability parameters can be performed

according to one of the criteria from Section 3.2, depending on whether prior knowledge

should be incorporated or not.

In analogy to the Gibbs sampler, this algorithm also generates a series of (~u,Θ)(t) for

t = 1, . . . , T . However, there are some key differences, which we discuss in the following.

From the perspective of Bayesian model averaging, the parameter samples Θ(t) are of primary

interest in order to approximate the full posterior, whereas the sampled latent variables

are little more than a byproduct. Here, we are mainly interested in finding the optimal

configuration of latent variables, which maximizes the joint structure score (Equation 7.3).

Since Θ(t) is – in contrast to the Gibbs sampler – deterministically obtained when ~u(t) is

known, it is sufficient to store, apart from the current latent variable assignment ~u(t), only

one additional realization of ~u, namely the one that did yield the highest joint structure score

in course of the current algorithm run and thus represents the currently optimal solution.

92



7.1. Model selection for mixture model components

For a series of sampled latent variable configurations ~u(1), . . . , ~u(T ), we thus select ~̂u = ~u(̂t)

with

t̂ = argmax
t∈(1,...,T )

Smix(~ξ|x, ~u(t)), (7.4)

which can be subsequently used to find optimal model structures and probability parameter

estimates according to the scores of interest.

The algorithm can be interpreted as a variant of a stochastic EM algorithm [119], which

also replaces the expected sufficient statistics for the missing data by parameter samples

in the so called E step, but maximizes the parameters in the M step in accordance with a

standard EM algorithm, which we here explicitly intend to avoid. The approach is at least

partially motivated by the desire to be capable of using a structure score such as fNML,

which requires discrete data to compute the multinomial normalizing constant, making it

unsuitable for structure learning from expected sufficient statistics.

For structure scores that can cope with weighted data, the algorithm could be modified to

use expected sufficient statistics without a sampling step, thus resulting in an EM algorithm

with modified M step. However, such an algorithm would be deterministic and thus could

not benefit from a sampling step for avoiding getting trapped in local optima, which often

is an incentive to use a stochastic EM algorithm for parameter learning.

One drawback of a stochastic algorithm is the fact that it is heuristic by nature. There is

no guarantee ~̂u obtained through 7.4 is even close to the maximum required for Equation 7.3.

Hence, an empirical investigation of the performance of the algorithm is inevitable, and we

fill this gap in Section 7.1.2.

Nevertheless, there are two sanity checks of the entire approach from theoretical point

of view, which we obtain by investigating two important special cases. First, we consider

K = 1, i.e., there is only one single mixture component. In that case, the entire approach

is reduced to a selection of one model structure for fully observable data by construction,

as there is only one possible latent variable assignment: ~u = ~1. Second, we consider the

case where each of the K components allows only a single model structure, which may differ

among components, though. Now, Equation 7.2 is still a sum of penalized log-likelihoods,

but all penalty terms remain constant during the algorithm and are thus are neglected

in maximization. Hence, the optimal latent variable configuration is then computed with

the attempt to maximize the likelihood of the mixture model, which may be a reasonable

approach as long as prior knowledge is not explicitly taken into account.

7.1.2. Case studies

The purpose of the following case studies is to investigate the behavior of the proposed

algorithm for model selection within mixture components. To this end, we apply the method

to learning mixtures of PMMs from the splice site data of Yeo and Burge [99] from Section 3.3,
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7. Model selection with latent variables

Figure 7.1: Development of the joint
structure scores. We plot the score of
Equation 7.2 during the run of the stochas-
tic algorithm for learning mixture mod-
els with K ∈ (2, . . . , 5, 10) components
of second-order PMMs on splice site data
against the iteration steps.
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using the original partitioning into training and test data at the ratio of 2:1.

Convergence

In a first study, we investigate the convergence behavior of the algorithm for the given model

class and data. We learn several mixture models with different number of components, i.e.,

K ∈ {2, 3, 4, 5, 10} on the training data set. As component models, we use second-order

PMMs. We choose fNML as structure score S and fsNML for estimating the probability

parameters.

We show the joint structure score Smix(~ξ|x, ~u(t)) for T = 103 iteration steps in Figure 7.1.

Due to the stochastic nature of the algorithm, this target function does not monotonically

increase, but it quickly converges to comparatively stable levels. For a smaller number

of mixture components the convergence is faster, especially the two-component mixture

converges within less then 100 iteration steps. In addition, the smaller the number of mixture

components, the smaller is the fluctuation in what could be called “stationary phase” in an

informal analogy to the Gibbs sampler.

It should be noted that the algorithm can be also restarted multiple times with different

initializations. Whereas for a traditional EM algorithm restarts are absolutely necessary

as it may get trapped in local optima, the situation is less critical here since the stochastic

behavior of the algorithm attempts to avoid that. However, the success in leaving suboptima

depends on the shape of the target function: if local optima are sharp peaks, even a stochastic

algorithm may get trapped, as the probability of sampling substantially different latent

variable assignments gets close to zero. Multiple restarts may thus be beneficial in order to
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7.1. Model selection for mixture model components

Table 7.1.: Prediction performance of mixtures of PMMs. The rows represent different numbers
of mixture components and the columns represent the maximal order of the PMM. The table entries
are the logarithmic predictive probabilities of the test data set. The optimal number of mixture
component for each maximal model order is emphasized.

K PMM(0) PMM(1) PMM(2) PMM(3)

1 -28,883.7 -28,103.8 -27,775.4 -27,509.1
2 -27,978.0 -27,480.6 -27,196.2 -27,183.2
3 -27,681.1 -27,231.7 -27,147.8 -27,152.7
4 -27,527.0 -27,189.5 -27,143.5 -27,193.0
5 -27,383.2 -27,157.3 -27,130.3 -27,184.7
10 -27,234.8 -27,123.4 -27,182.8 -27,245.4

search through a larger fraction of the space of latent variables, but at least for the splice

site data empirical tests have shown that restarting the algorithm R times while allowing

each restart to run T iteration steps each does not yield a significantly better score than TR

iteration steps for a single start.

Prediction performance

In a second study, we focus on the prediction performance of mixtures of PMMs using the

combination of fNML-based joint structure score and fsNML parameter estimates. We learn

mixture models of different number of components K on the splice site training data based

on T = 1000 iteration steps for finding the optimal latent variable configuration and thus

optimal model structures and probability parameters. Based on the optimal model, we then

compute the logarithmic probability of the test data.

Here, we also include K = 1 for comparison, which represents the non-mixture case, where

learning can be done analytically. In addition, we also compare to mixtures of PMMs of

maximal order 0, 1, and 3. The maximal order of the PMM defines the search space of

the structure learning algorithm, so there is no structure learning for PMM(0), which is

equivalent to a simple independence model. We thus obtain a matrix of prediction values

where the rows represent the number of mixture components and the columns determine the

maximal order of the component PMMs (Table 7.1).

We observe that a simple independence model has the worst log prediction of −28, 883.7,

and increasing the degree of statistical dependence that is taken into account by increasing

the maximal model order to 3 gradually improves prediction performance (first row). Since

PMM(1)-PMM(3) infer the optimal PCT structures from data, overfitting is avoided. Using

a mixture of simple independence models also gradually improves prediction performance

up to K = 10 (first column).
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The combination of using a mixture model and inferring the optimal structure within

each component, yields even better performances, though. The largest improvement is –

for all maximal model orders – achieved by using a two component mixture instead of a

single distribution. Further improvements are generally small, with the optimum being a

ten-component mixture of first-order PMMs.

The combination of many mixture components and complex component models decreases

in some cases prediction slightly compared to the simpler alternatives, which might indicate

that here overfitting w.r.t. the number of mixture components occurs. Another explanation

for the poor performance of a large-component mixture of complex PMMs is the fact that

the algorithm has more difficulties to find the optimal latent variable configuration, or at

least a configuration that yields a joint structure score close to the optimum. Since we

used T = 1000 iteration steps in all cases, combinations of many mixture components with

putative complex models make the optimization problem more difficult.

7.2. Model selection within motif discovery

Promoter models for performing motif discovery are closely related to mixture models, so the

same algorithmic idea as discussed in Section 7.1 can be applied as well. However, there are

several small pitfalls that need to be considered and make a slight adaption of the algorithm

necessary.

7.2.1. Algorithm

First, a standard ZOOPS model contains only one component model – the motif model –

that is to be dynamically inferred via an iterative algorithm, as it is common to estimate the

parameters of the flanking model from the entire data set and to keep them fixed during the

iterations in order to save a substantial amount of computation time. We thus may consider

it as a special case of a two-component mixture model, where structure and parameters of

the second component are fixed and thus apply Algorithm 5.

Second, a ZOOPS model allows a sequence not to contain a binding site at all. This may

cause a problem if the structure score of the motif model is used for evaluation of the latent

variable configuration: Structure scores that assume the form of a penalized log-likelihood

become larger when sample size is reduced. Hence, we obtain the best possible score when

there is no data at all, which is a problem w.r.t. Equation 7.3. In the case of mixture

models, there is always the same number of data points involved, and the latent variables

determine the distribution of those data points among mixture components. For the ZOOPS

model, however, we encounter the situation that the number of data points that influence the

structure score may vary according to the realization of the binding site occurrence latent

variables ~u.
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For that reason, we restrict the ZOOPS model by externally setting ν = 1, resulting in an

OOPS model. It may appear to be a severe restriction at a first glance, but there is little

practical justification for estimating ν from data. In most practical cases, this parameter

converges to ν = 1 during the iteration anyway, since there are in each sequence of length

L � W at least a few subsequences of width W which have a higher likelihood for the

motif model than for the flanking model, even though this likelihood may be orders of

magnitude lower than that of “true” binding sites. On the other hand, not enforcing OOPS

conceptually could result in paradox behavior. For example, if ~u are initialized using a

uniform distribution for each variable, the very first iteration step would probably result in

the highest joint structure score (Equation 7.2), provided that in the course of the algorithm

ν converges to 1.

There is another difference from practical point of view. Motif discovery has – due to

possible phase shifts of the motif – a highly multi-modal optimization landscape, i.e., the

complete data likelihood and penalized variants thereof have several sharply peaked local

optima. Hence, multiple restarts are here crucial for finding a latent variable configuration

that contains the optimal phase shift of the motif.

For robust motif discovery using an OOPS model with a PMM as motif model, we thus

propose Algorithm 6. Here x~v,~s denotes the set of binding sites from x that are given by

Algorithm 6 Robust motif discovery algorithm for PMMs

for r = 1, . . . , R do
for t = 1, . . . , T do

for i = 1, . . . , N do

sample v
(t)
i from

{ (
1

Li−W+1 , . . . ,
1

Li−W+1

)
if t = 1

P (vi|~xi,Θ(t−1)) if t > 1

sample s
(t)
i from

{
(σ, 1− σ) if t = 1

P (si|~xi,Θ(t−1)) if t > 1
end for
for ` = 1, . . . ,W do

compute τ
(t)
` = argmax

τ`

S(τ`|x~v(t),~s(t))
for c ∈ τ` do

estimate θ
(t)
`c from x~v(t),~s(t)

end for
end for

end for
end for

latent variable configuration (~v,~s). The algorithm is general in the sense that arbitrary

structure scores and parameter estimates, such as those from Chapter 3, can be plugged in.

For each restart, the algorithm terminates depending on two parameters, T and T ’, when
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7. Model selection with latent variables

the expression

t ≥ T ∧
(

max
t′∈(t−T ′+1...t)

St′

)
≤
(

max
t′∈(1,...,t−T ′)

St′

)
(7.5)

is true, where St is a short notation for S(τ
(t)
` |x~v(t),~s(t)). In other words, we run the algorithm

at least T iteration steps, but require in addition that we did not observe an improvement

of the score during the last T ′ iteration steps before termination. Using that strategy, we

are capable of limiting the running time of the algorithm in most cases, while still ensuring

that a reasonably stable score and thus motif is found.

7.2.2. Case study

In this section, we study the performance of the robust motif discovery algorithm using a

PMM as motif model with BIC as structure score and fsNML for estimating the probability

parameters in order to obtain a robust algorithm by eliminating any need for specifying

prior hyperparameters. We evaluate the performance the algorithm on the CTCF data from

Chapter 5, which we also used in Section 6.2 for evaluating the Bayesian model averaging

via Gibbs sampling for the problem of motif discovery. We use T = 50 as minimal number

of iteration steps per run of the algorithm, T ′ = 10 as the minimal number of non-maximal

iteration steps before termination, and R = 10 restarts.

We perform a fragment-based classification in resonance with Section 5.2 and Section 6.2,

and show the results in terms of sensitivity for specificity of 99% as well as area under the

ROC curve in in Table 7.2. Both performance measures are here relatively independent of

the initial model order, which is a consequence of using BIC as structure score, which does

not learn substantially larger trees just because the initial model order is increased.

In comparison with the Bayesian model averaging approach from Chapter 6, and the

extensive hyperparameter-tuning of Chapter 5, the algorithm yields a slightly decreased

classification performance, but in most cases the difference between the different methods

negligible compared to the gain that all methods yield in comparison to the simple PWM

model that neglects intra-motif dependencies. We observe the only larger difference among all

PMM methods when considering the sensitivity of the hyperparameter-tuned EM algorithm,

which is about two percentage points higher compared to the other algorithms. This effect

may be explained by the fact that the hyperparameter-tuning for the EM algorithm was

performed by optimizing the sensitivity, hence it is not surprising that for this performance

measure the hyperparameter-tuned method is superior to all other alternatives, whereas for

the area under the ROC curve this difference is less pronounced.

While it may appear that the robust algorithm from this section is slightly inferior to

the other variants, it should be noted that its results have been obtained within several

minutes on a standard desktop computer. In contrast, the Bayesian prediction using the

Gibbs sampling output required – depending of number of parameter samples used – hours
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7.2. Model selection within motif discovery

to days for evaluating the classifier, whereas the EM algorithm for maximizing the posterior

distribution required a high-performance cluster that is capable of running hundreds of jobs

in parallel in order to perform hyperparameter-tuning via cross-validation.

Table 7.2.: Classification performance of the of the robust motif discovery algorithm. We
show two performance measures for the fragment-based classification on CTCF data for three different
orders of the PMM motif model. For comparison, we also show the results of the EM algorithm with
hyperparameter-tuning from Section 5.2, the Gibbs sampler from Section 6.2, and a simple PWM
model learned via EM, which already served as base for comparison in Section 5.2.

Measure d = 2 d = 3 d = 4 EM(d = 4) GS(d = 2) PWM

Sensitivity 82.90% 83.00% 82.90% 85.20% 82.93% 71.20%
AUC-ROC 98.74% 98.86% 98.86% 98.94% 98.89% 97.45%

Bottom line

In this chapter, we discussed an approach to perform model selection in the setting with

latent variables in order to complete the algorithmic work in order to achieve main objective I

(Figure 1.11). The key idea is to combine sampling of latent variables, as already used in the

Gibbs sampler, with a structure learning step that is – with given latent variable samples

– then identical to the fully observable case. Hence, we obtain a strategy for dealing with

latent variables that is widely independent of model classes and learning principles, but is

heuristic in nature. Applying it to PMM motif discovery with BIC as robust structure score,

we found that convergence of the algorithm is very fast. Even though the classification

performance does not reach the levels of the heavily hyperparameter-tuned EM algorithm,

such a slight decrease may be well acceptable, if it yields a dramatic speedup that makes a

study for many different data sets possible. Such a large-study of intra-motif dependencies

for a broad variety of different transcription factors, which was infeasible with the previously

presented approached from Chapter 5 and Chapter 6, is the final topic of this thesis.
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There is one thing even more vital to science than intelligent

methods; and that is, the sincere desire to find out the truth,

whatever it may be.

Charles S. Peirce 8
ENCODE ChIP-seq data analysis

In Chapter 5, we studied the phenomenon of intra-motif dependencies for the single, albeit

very important, transcription factor CTCF. We found substantial evidence for intra-motif

dependencies, but repeating such a study for a larger number of transcription factors was in-

feasible due to an overly resource-demanding EM algorithm, which required hyperparameter-

tuning via cross-validation.

In the previous chapter we discussed an alternative learning algorithm for learning optimal

PMMs under latent variables in order to replace the EM algorithm used in the CTCF study.

This alternative algorithm has the advantage that arbitrary scoring criteria that exist for fully

observable data can be applied, including the robust MDL-inspired methods from Chapter 3.

In this chapter, we now apply this algorithm for investigating intra-motif dependencies in

the spirit of Chapter 5 for a large set of transcription factors. The main purpose of these case

studies is to investigate (i) how prevalent intra-motif dependencies within binding sites are,

and (ii) which order of dependency may be necessary and sufficient to take into account for

classifying ChIP-seq fragments, both contributing to main objective II. Moreover, we intend

to study (iii) which of the different scoring criteria is optimal for robustly learning PMMs

within motif discovery, in order to complete main objective I.

8.1. Methods

In this section, we describe origin of the data we intend to analyze and the design of the

performed case studies. We subsequently present and discuss the results in Section 8.2.

8.1.1. ENCODE ChIP-seq data

For the studies in this chapter, we use various ChIP-seq data set from the Uniform TFBS

track of the ENCODE project [115, 120]. The individual data sets in this track were produced

by different labs using different tools for mapping and peak-calling, but all data sets were

processed based on the hg19 version of the human genome.
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8. ENCODE ChIP-seq data analysis

We use all data sets in the Uniform TFBS track that are available for the H1-hESC cell

line, which comprises 50 different transcription factors. Those data sets consists of a list of

ChIP-seq peaks, i.e., genomic fragments, identified by chromosome, start position, and end

position, each being associated with an enrichment score, which indicates how strong (how

likely) the binding of the transcription factor to that particular fragment is.

However, these enrichment scores are difficult to interpret quantitatively, and especially the

comparison among different experiments for different transcription factors is hardly possible.

As a consequence, the definition of a threshold for selecting a high-quality subset of all

available fragments for motif discovery that is generally applicable to all data sets is difficult.

In order to cope with that problem, we reduce the information provided by the enrichment

scores to a qualitative ranking. For each TF, we pick the top 20% of the available peaks and

extract the corresponding sequences from the human genome in order to build a positive

data set. Next, we extract for each positive fragment two sequences from randomly sampled

locations on the same chromosome, provided they do not overlap with a positive sequence

or contain ambiguous nucleotides, and compile them into a negative data set.

8.1.2. Classification study

In a first study, we perform for each transcription factor a fragment-based classification

comparable to Chapter 5. For the sake of robust evaluation, we perform a ten-fold cross-

validation, i.e., we divide positive and negative data set into ten subsets, and each of the

ten subsets serves as test data set once, whereas union of the remaining nine subsets are the

corresponding training data set.

We estimate Θf, the parameters of the flanking model of the OOPS model, which is

here once more a second-order homogeneous Markov model, from the union of positive and

negative training data set. Subsequently, we estimate Θm, the parameters of the motif

model of the OOPS model, on the training data set by applying the stochastic algorithm

from Section 7.2. We here use the same parameter values for setting the duration of the

optimization, namely T = 50, T ′ = 10, and R = 10.

In this study, we compare different initial model orders and learning methods for the motif.

We study PMMs of second, third and fourth order, and learn these models once with BIC

and once with fNML as structure score. In addition, we include several models that do not

require structure learning, such as the PWM model, WAM, and fixed order Markov models

of order two and three. For all models we estimate the conditional probability parameters

using fsNML in order to eliminate the necessity for setting external hyperparameters.

For all ten methods under consideration, we build a classifier that consists of an OOPS

model for class one and a second-order homogeneous Markov model for class two, where the

parameters of the homogeneous Markov model are identical to Θf. We classify all sequences

in the test data sets and compute the area under the ROC curve given the true class labels.
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In contrast to Chapter 5, we have now eliminated the necessity for hyperparameter-tuning,

thus there is no internal cross-validation on the training data sets.

8.1.3. Binding site analysis

For predicting binding sites, we do not use any of the learned models from the cross-validation

experiment, but learn a new model from the entire data set of ChIP-seq positives. The models

and learning methods under consideration as well as the optimization parameter settings are

identical to the classification study. However, another difference to the classification study is

that the flanking parameters Θf are estimated only from the positive data, not from the union

of positives and negatives. Hence, training a model and predicting binding sites utilizes only

the positive data, which resembles applications where pure motif discovery with subsequent

prediction of binding sites is of interest, and alternative models or learning approaches need

not to be compared.

After having trained the motif model, we predict binding sites using the same threshold-

based approach based on negative data as described in Section 5.3, and we also use the

threshold of 10−4.

We subsequently use these predicted binding sites for plotting a sequence logo and the

mutual information of different orders among adjacent positions in the motif as exemplified

in Figure 5.4 for the case of CTCF.

8.2. Results and discussion

In this section, we present and discuss the results for the previously described studies using

ChIP-seq data sets for 50 different transcription factors. We compare PWM model, WAM,

and fixed-order Markov models of second and third order with PMMs. For the rest of this

section, we slightly deviate from standard notation by denoting a PMM of order d learned

by BIC as BICd , and a PMM of order d learned by fNML as fNMLd .

8.2.1. Categorization of data sets

ChIP-seq experiments produce a set of sequences, each of which has a binding affinity of pos-

sible different strength towards a specific TF of interest. However, this does not necessarily

imply that there is a specific binding motif for this TF within these sequences. There may

be cases, in which a TF is only indirectly connected to the DNA molecule due to binding

other DNA-binding proteins. Moreover, there are basal TFs that bind unspecifically but

are required to form the transcription initiation complex. In these cases, we may observe a

ChIP-seq data set that does not contain a clear sequence motif, and it would be questionable

to include these data sets into a systematic comparison of models and learning approaches.
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8. ENCODE ChIP-seq data analysis

For that reason, we do not begin to compare all approaches by classification performance,

but investigate the predicted binding sites and to analyze the predicted motifs first. We

use both sequence logos and mutual information plots in order to categorize each data set

according to the quality of motif discovery.

Category A: Distinct motif identified

The first category contains data sets, where all approaches that can be expected not to

be completed overfitted (PWM, WAM, BIC2, BIC3, BIC4, and fNML2) predict a similar

consensus sequence in the sequence logo, subject to possible phase shifts or reverse comple-

mentary strand orientation. These sequence logos may still vary among approaches, but a

visual inspection and comparison with known sequence logos from Factorbook 1 or Jaspar [28]

confirms that the correct motif was identified through motif discovery.
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Figure 8.1.: Sequence logos and mutual information plots of a typical category A data
set (YY1) for different motif models. The sequence logos are qualitatively similar (the BIC4
approach has learned the motif in reverse complement strand orientation), yet the mutual information
indicates the presence of additional intra-motif dependencies.

One example for a category A data set is YY1, for which we plot sequence logos and

mutual information plots for three different approaches in Figure 8.1. In total, 30 of 50 data

sets fall into category A, and these are thus perfectly suitable for comparing different models

that have the capability of further refining the – on the first glance – similar motif.

Category B: Evidence of multiple motifs

The second category comprises data sets that appear to contain multiple motifs. The main

indications are substantially different predicted sequence logos for i) the PWM based pre-

diction and ii) predictions using intra-motif dependencies, in combination with high mutual

information values compared to category A data sets.

1http://www.factorbook.org
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Figure 8.2.: Sequence logos and mutual information plots of a typical category B data set
(SP1) for different motif models. There are indications for the presence of multiple sequence
motifs in the data.

One example for a category B data set is SP1 (Figure 8.2). Here, we find a CCCCGCCCC-

consensus sequence by prediction using the PWM model, which is typical for all TFs of the

SP-family. However, when dependencies are taken into account, the predicted sequence logos

look substantially different. The PWM-based prediction yields only 529 predicted binding

sites (from 3009 ChIP-seq positive sequences), whereas the BIC2, for instance, yields 1430

predicted binding sites. Moreover, the mutual information reaches values of almost 1 bit at

several positions.

These observations indicate that at least two different sequence motifs have been pressed

into one motif model. In these cases, it is no surprise that taking into account intra-motif de-

pendencies improves classification performance, but these improvements could be considered

as artifacts, resulting from a overly simple promoter model. In total, 6 of the 50 investi-

gated data sets show a similar behavior and are thus not suited for a fair investigation of

intra-motif dependencies.

Category C: Repetitive structure identified

The third category contains data sets where motif discovery identified only repetitive struc-

tures, but no reasonable sequence motifs in the traditional sense. Examples for such data

sets are shown in Figure 8.3. Whereas these logos result from a PWM-based prediction, the

results look similar for all other approaches. In total, we find 14 of 50 data sets that show

comparable results.

While there may be transcription factors that actually do bind a long repetitive structure,

the identification of a repeat is also a typically result that is obtained when the data set

contains no other specific motif. Since we use a generative learning approach, the algorithm

then simply identifies an overrepresented feature that is not directly covered by the flanking
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model. Here, we often find third-order repeats, which are not covered by the second-order

flanking model.

In many cases, it is not surprising that the algorithm did not identify a distinct motif if we

consider the functionality of the corresponding TF. POLR2A, for instance, is simply the RNA

polymerase that is involved in every transcriptional activity, and the same applies to TBP, the

TATA-binding protein. CTBP2, on the other hand, is a CT-binding-protein, and we find its

name to be quite accurate indeed, as we identify a CT-rich region as overrepresented feature

in the data. Nevertheless, unspecific CT-rich regions would probably rarely be considered

as sequence motif.

1 2 3 4 5 6 7 8 9 10 12 14 16 18 20

Position

(a) CTBP2

1 2 3 4 5 6 7 8 9 10 12 14 16 18 20

Position

(b) TBP

1 2 3 4 5 6 7 8 9 10 12 14 16 18 20

Position

(c) POLR2A

Figure 8.3.: Sequence logos of several category C data sets. We find repetitive structures that
can hardly be considered as TFBS.

8.2.2. Classification results

In the previous section, we observed that among the 50 data sets three types of results can

be qualitatively distinguished. Now, we conduct a quantitative analysis by investigating the

results of fragment-based classification. The complete results, i.e., the AUC values for each

learning approach and each data set, separated among categories, are shown in Appendix

Table C.1 for category A, in Appendix Table C.2 for category B, and in Appendix Table C.3

for category C. The corresponding standard errors for all data sets are shown in Table C.4.

In this section, we discuss some aggregate statistics of these results in order to draw some

general conclusions.

Absolute averaged AUC values

First, we plot the averaged AUC values over all data sets, and over all data sets within

each category (Table 8.4). For most approaches, we observe the category A data sets to

achieve the highest average AUC. An exception are the approaches that use very complex

models, namely third-order Markov model, and fNML-learned PMMs of third and fourth

order. Here, category B data sets have the highest average AUC, which can be explained by

the capability of complex models to accurately take into account the features of more than
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Figure 8.4.: Averaged AUC values. We plot the average AUC over all data sets and subgroups
thereof according to the categorization of Section 8.2.1.

one motif at once. On the other hand, in case of only one dominant motif (Category A),

these three approaches appear to yield overfitted motifs, since the classification performance

decreases here.

Category C data sets always yield the worst classification performance, which is not sur-

prising since we observed that in these datasets apparently no specific sequence motif exists.

Nevertheless, classification is still possible and even for these data sets we yield average AUC

values above 85%, since even the identification of repetitive structures that are frequent in

promoter regions, may already make a classification possible.

For category A, BIC2 yields the highest average AUC, followed by MM1, BIC3, BIC4,

and fNML4, and the difference among these methods is fairly small. The fact that BIC2,

BIC3, and BIC4 yield almost identical average AUC values indicates that BIC is once again

a robust choice, which yields good classification results almost independent of initial model

order. However, the fact that MM1 is also in the same range as these models also indicates

that nearest-neighbor dependencies might be dominant in the data.

Relative improvements to PWM model

The previous study has one drawback, namely AUC values of different data sets are not

directly comparable, as the classification problem is different for each data set. Different

data sets are of different size, and the putative motif may be of different length. With
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increasing data set size and increasing motif length, we expect the classification performance

to increase, and CTCF (Chapter 5) is an example where both data set size and motif length

are comparatively large, leading to a good classification with AUC values reaching almost

99%. For other transcription factors, however, this value may be significantly lower, even if

the correct motif has been identified. Hence, averaging over all AUC values for one model

may be heavily influenced by these data sets, which yield comparatively low AUC values.

We use the classification experiment for comparing different models, so we are mainly

interested in the relative difference between two models. Let AUC0 denote the area under

the ROC curve for model 0, and AUC1 denote the area under the area ROC curve for

model 1. We compute

Ψ = log2

(
1−AUC0

1−AUC1

)
, (8.1)

which measures the improvement of model 1 in relation to model 0. The idea behind this

score is not to compare absolute values of performance measures, since they are not com-

parable from data set to data set anyway. Instead, we compute the difference to a perfect

classification for both approaches, with subsequently computing their ratio. The binary log-

arithm is then taken to ensure that positive values indicate an improvement of model 1 over

model 0, and negative values indicate the opposite. Obtaining Ψ = 1 thus indicates that

using model 1 reduces, in relation to model 0, the distance to a perfect classification by a

factor of 2.
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Figure 8.5.: Averaged Ψ values for different approaches. Here, reference model 0 is the PWM
model.
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We compute Ψ for all approaches and all data sets with the PWM model being the reference

model 0, and we display the averaged results in Figure 8.5. We observe the results to be

generally in accordance with the previous study. Apart from category B data sets, for which

we know that strong dependencies as multiple-motif artifact exist, the approaches using MM3

and fNML4 yield a clearly overfitted model, since we observe no improvement and mostly

even a decrease in classification accuracy in relation to the PWM model. For BIC4 we do

not observe this behavior, so BIC is the only approach that is comparatively robust against

the choice of the initial order model order. We also observe that for the relevant category

A, the BIC2 method is slightly superior to all other approaches in comparison, which is also

in accordance with the absolute averaged AUC values shown in Figure 8.4.

Data set specific improvements

In the previous section, we studied the average improvement of different approaches in re-

lation to the PWM model. Now we take a more fine-grained view and investigate these

improvements separately for all data sets of category A.
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Figure 8.6.: Data set specific Ψ values based on PWM model reference. We show the
relative improvements of modeling dependencies with PMMs of different order, which use BIC as
model selection criterion, compared to PWM model.

In Figure 8.6, we plot Ψ for the three BIC methods in relation to the PWM model. The

results are ordered according to the BIC2 performance, which is the best performing approach

on average. We observe that BIC2 yields for all but one data set (SP4) a classification that
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8. ENCODE ChIP-seq data analysis

is superior to the PWM model, and for SP4 the decrease in classification is almost negligible.

Hence, modeling dependencies with second-order PMMs learned with BIC is always at least

as good as using a PWM model and in most cases it yields a substantial improvement.

In addition, there are many cases in which PMMs of higher order increase classification

performance. For BRCA1, NRF1, and KDM5A, a third-order PMM is the best choice,

even though the difference to the second-order PMM is rather small. More substantial

improvements can be achieved for some data sets when increasing the initial model order to

four. Examples are REST, RAD21, CTCF (which is in accordance with the finding from

Chapter 5), MAFK, FOSL1, ATF3, NANOG, and SIX5. However, in some cases using a

fourth-order PMM also decreases classification, even when it is learned using BIC. Examples

are POUF1, BCL11A, and data sets where the difference to the PWM model is comparatively

small, such as CEBPB, EGR1, RXRA, and GABPA.

This slight overfitting behavior may not be attributed solely to the scoring criterion, since

the larger models have also a certain disadvantage in the sense that the search space for the

optimal model is larger. Since we allowed all methods to use the same number of iteration

steps and restarts, models that have a smaller search space may have slight advantages. It

is possible that the fourth-order PMMs catch up to the second-order PMMs, once we invest

more computation time, but in the spirit of this section it then is debatable whether investing

substantially more resources is truly worth the effort.

We perform a second data set specific study for both fixed-order Markov models and PMMs

of different order that are learned with fNML as structure score, and show the resulting plots

in Appendix Figure C.3 and Appendix Figure C.4. We observe for many data sets a sharp

decrease in classification performance when the model orders increases, which is a clear sign

that overfitting occurred. This effect is particularly evident when comparing MM2 to MM3

and fNML3 to fNML4, where attempting to model third- and fourth-order dependencies

with MM3 and fNML4 often even leads to a decreased performance in relation to the PWM

model. Apart from the transition from MM1 to MM2, there is almost no case in which an

increase of the model order leads to increased classification performance. While for fixed-

order MM this effect is to be expected at a certain order, it may have not been totally

obvious for fNML, which only yields acceptable classification when the sample size is very

large (REST, RAD21). Here, the problem cannot be dealt with just by investing a larger

number of iteration steps, since the estimated model structures on small data sets are simply

overly complex.

Finally, we compare BIC-learned PMMs to the WAM, since that model also appears

to be a quite robust choice, taking into account first-order dependencies among adjacent

nucleotides, yet not using too many parameters. We thus plot Ψ for BIC2, BIC3, and BIC4

in relation to the WAM for all data sets of category A in Figure 8.7. The data sets are here

ordered according to the Ψ value of BIC4, for which we observe the data sets to partition in
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8.2. Results and discussion

two groups of similar size: For the first group, using BIC4 is clearly better than using the

WAM, which indicates that modeling higher-order dependencies exist for the corresponding

TFs, and utilizing them improves the fragment-based classification. For the second group,

BIC4 decreases classification performance in relation to the WAM, which indicates that

either no higher-order dependencies exist, or the amount of available data is not sufficient

to effectively utilize them. In case of BIC2 and BIC3, the discrepancy is somewhat smaller,

yet there are eight data sets for which none of the BIC-methods outperforms a WAM, and

in some cases (KDM5A, GABPA, JUN, CEBPB) there is strong evidence that taking into

account higher-order dependencies does decrease classification performance.
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Figure 8.7.: Data set specific Ψ values based on WAM reference. We show the relative
improvements of modeling dependencies with PMMs of different order, which use BIC as model
selection criterion, compared to a WAM.

Significance tests

In the previous sections we learned that the different methods yield different AUC values for

individual data sets. Here, we study whether the mean AUC values of two methods within

the category A data sets are significantly different. To this end, we apply the Wilcoxon

signed-rank test [121], which is a paired difference test.

We show p-values for comparing different methods with the null hypothesis of their means

AUC values being identical in Table 8.1. Assuming a significance level of 1%, we observe

that the results from the previous sections are generally confirmed: Most methods that take
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8. ENCODE ChIP-seq data analysis

Table 8.1.: p-values of Wilcoxon signed-rank test comparing the distribution of AUC
values of category A data sets among different methods. When two methods yield not a
significantly different distribution, the corresponding p-value is displayed in bold.

WAM MM2 MM3 BIC2 BIC3 BIC4 fNML2 fNML3 fNML4

PWM 1.3E-7 3.1E-5 0.557 2.5E-6 1.6E-5 1.2E-5 1.5E-5 0.054 0.046
WAM 0.583 4.7E-7 0.163 0.703 0.926 0.411 2.5E-4 8.0E-8
MM2 1.8E-9 0.096 0.634 0.674 0.041 1.2E-4 1.3E-8
MM3 3.8E-7 6.1E-8 9.9E-7 2.4E-6 2.3E-4 1.4E-3
BIC2 0.031 0.034 0.472 1.8E-4 1.8E-4
BIC3 0.405 0.210 5.1E-4 5.1E-4
BIC4 0.073 8.6E-4 1.3E-7

fNML2 5.7E-6 4.6E-8
fNML3 1.1E-5

into account dependencies while not using overly large models (WAM, MM2, BIC2, BIC3,

BIC4, fNML2) show a significant difference to the PWM model, and from Figure 8.4, we

know that this difference is actually in favor of these methods. Among the methods that

yield a significantly better classification than the PWM model, however, the differences are

generally not significant, which we could expect already from the data set specific comparison

of BIC2-4 with the WAM model in Figure 8.7. However, in some cases the difference is close

to be significant, and with choosing a more liberal significance level, such as 5%, we would

conclude that BIC2 yields significantly higher mean AUC values than BIC3 and BIC4, for

instance. One explanation for the slightly decreased performance of third- and fourth order

models despite being learned with BIC is the following. Increasing the initial model order

has the consequence that the total space of possible candidates increases. While BIC behaves

well in the sense that it learns sparse PCTs, there is still the danger of learning a structure

based on some random features present in the training data that are not prevalent in the

test data. The smaller the data set and the larger the space of possible PCT structures to

choose from, the more likely is this phenomenon to occur, and in some sense this behavior

might be inevitable. The desired behavior of a more complex procedure, such as an increased

maximal depth of PCTs, is to perform in all cases at least as good as the simpler alternative.

The apparent deviation from this expectation can be explained by the fact that structure

learning is more sensitive to random noise in the data when the initial order of PCTs, and

thus the sheer number of possible structures, increases. Since the probability of choosing a

suboptimal PCT grows with the number of possible PCTs to choose from, it might be very

difficult to overcome this problem and devise a robust method that yields for all data sets

optimal results.
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Bottom line

Summarizing all results, we may now answer the three questions raised at the beginning of

this chapter and thus achieve both main objective I and main objective II (Figure 1.11). Con-

sidering the investigated TFs, intra-motif dependencies are not an exception but rather the

rule, which justifies the use of statistical models that are more complex than a simple PWM

model. This finding is interesting from biological point of view, as it suggests that either

binding energies of nucleotides to the protein of interest are either not completely additive or

that other features than pure protein-nucleotide binding affinities are of importance. How-

ever, first-order dependencies among directly adjacent nucleotides are dominating, whereas

higher-order dependencies are less pronounced, and at least considering average statistics

over all transcription factors, there is no significant difference between models of higher or-

der and reasonable complexity. Nevertheless, higher-order dependencies do exist for several

transcription factors, and if these features are to be utilized, then a PMM learned with

BIC as scoring criterion is the preferable choice. Using BIC, the choice of the initial model

order d is, in comparison to fNML, not crucial w.r.t. to performance, even though there

is a slightly negative effect, which is on the edge of being not significant, though. While it

thus may appear to be a good advice to choose d as large as possible in order not to miss

any possible dependencies in the data, it does have an effect on the time complexity of the

structure learning algorithm. For practical applications involving TFBS, d ≤ 4 should be

sufficient, and learning PCTs of that depth over a four-letter alphabet is completely feasible,

i.e., requiring less than a second on standard desktop computers.
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Life is the art of drawing sufficient conclusions from insufficient premises.

Samuel Butler 9
Conclusions

In this thesis, we discussed methods for statistical modeling of functional oligonucleotides,

such as transcription factor binding sites or splice sites.

In this chapter, we summarize the key results of the presented work (Section 9.1), and

discuss several new questions that did arise in the course of this work and might be addressed

in future projects (Section 9.2).

9.1. Summary and lessons learned

This work was mainly motivated by and thus based on two hypotheses.

On the one hand, we assumed that independent relative nucleotide frequencies, as rep-

resented by a PWM model and graphically displayed as sequence logo, are not a sufficient

representation of sequence motifs. We speculated from biological point of view that substan-

tial statistical dependencies among adjacent nucleotides within binding sites do exist, and

that these features can be helpful for recognizing binding sites, enhancing prediction and

classification performance.

On the other hand, we assumed existing approaches, i.e., combinations of models and

learning principles, that into account statistical dependencies to overparameterized, suffering

from overfitting. We speculated from a computational point of view that recently proposed

parsimonious context trees could serve as an utility to design a model class that is capable

of taking into account intra-motif dependencies and that it is possible to learn such models

efficiently from data.

At the end of Chapter 1, we formulated both hypotheses as questions in order to motivate

both main objectives of the thesis. In the course of this thesis, we were able to answer those

questions, i.e., we found substantial evidence that supports both hypotheses with only slight

reservations. We summarize the main biological and computational results in following two

sections, beginning with the latter.
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9.1.1. Computational aspects

By combining inhomogeneous Markov models with parsimonious context trees, we introduced

inhomogeneous PMMs as a model for DNA sequence patterns and proposed an appropriate

prior distribution for that model class that enables a Bayesian learning approach. Using

Bayesian model selection and parameter estimation via the mean posterior principle on an

exemplary data set, we demonstrated that PMMs are capable of yielding – due to their higher

structural flexibility – a better prediction than special cases such as fixed order and variable

order Markov models. However, we found evidence that a uniform structure prior might

not an optimal choice for obtaining models of appropriate complexity, making it necessary

to apply an additional tuning step for the structure hyperparameter κ, which we accom-

plished by internal leave-one-out cross-validation on the training data. As a consequence,

the learning approach was not truly Bayesian model selection, but rather model selection via

cross-validation, even though the Bayesian approach narrowed down the superexponentially

large search space of possible PCTs to a comparatively small number of possible values for κ.

Since this hyperparameter-tuning is not an entirely satisfying approach, we investigated

robust alternatives to the Bayesian approach that are mainly motivated by the MDL prin-

ciple and require no explicit prior specification. Approximations of the NML distribution,

which have been original proposed for Bayesian networks, namely fNML as structure score

and fsNML as parameter estimate appeared to be reasonable alternatives at first glance, and

we demonstrated that the combination of both methods is indeed a robust alternative for the

Bayesian approach that eliminates the necessity of specifying a parameter prior. However,

fNML as structure score shows a similar behavior to the Bayesian marginal likelihood in the

sense that for small data overly complex models are chosen, which is an undesired behavior

for DNA sequence patterns, where, in the case of doubt, a simple model that has not sub-

stantially more parameters than a PWM model should be favored. We observed that the

so called Bayesian information criterion, which also has an interpretation as MDL two-part

code, does not show this behavior, which makes it the superior structure score when maxi-

mal model complexity is large in relation to the sample size. Here, the typical underfitting

behavior of BIC actually becomes an advantage, as it is – in the case of PMMs – more im-

portant to learn sparse models that yield an adequate prediction, rather than attempting to

identify a true, data-generating model, which is the incentive behind the Bayesian approach

with a uniform structure prior. For fully observable data we may thus answer the question

of how PMMs should be learned by the simple advice: Provided there is no prior knowledge

available, BIC as structure score and fsNML for estimating the probability parameters is the

preferable choice for learning a statistical representation from a pre-aligned set of training

sequences of identical length.

When data is not fully observable, as in the case of mixture models or de novo motif

discovery, the learning task is more challenging. Parameter learning in the presence of latent
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variables cannot be carried out analytically, so iterative algorithms such as the EM algo-

rithm have to be resorted to. Structure learning is here a little explored field, and while

the EM technique can be generalized to models with variable structure in principle, it yields

reasonable results only in the special case where all candidate models have the same dimen-

sionality. In the case of PMMs, however, the candidate structures do represent parameter

spaces of different size, and we discussed that applying an EM algorithm here is problem-

atic. Seeking a maximum a posteriori estimation of the combination of both structure and

probability parameters corresponds asymptotically to model selection via maximum likeli-

hood, which always picks the maximal model structure, provided the candidates are nested.

The MAP structure score is thus not consistent, so observing more data does not guide us

closer, but actually farther away from any true model. As a result, hyperparameter-tuning

via cross-validation is here not just needed for counter-balancing small sample sizes as in

the case of fully observably data, but it has to be an integral part of the learning scheme.

Since each holdout of the cross-validation requires running an EM algorithm, this procedure

becomes extremely time-consuming and cannot be carried out without massive parallel com-

puting. As a consequence, we studied in alternatives for dealing with variable structures in

the presence of latent variables.

One alternative to model selection, and thus relying for the task of prediction on one single

model that was estimated from training data, is model averaging, i.e., performing a fully

Bayesian prediction by integrating over the entire posterior distribution of all members of the

model class given the training data. In the case of latent variables this cannot be achieved

analytically, but the technique of Gibbs sampling provides an elegant method of generating

samples from the posterior, which does not have the theoretical problems that seeking the

maximum of the posterior entails. We thus derived a Gibbs sampling algorithm for mixture

models and promoter models using PMMs and evaluated the approach in comparison to the

EM algorithm. We observed that a fully Bayesian prediction, which uses a series of parameter

samples from the posterior, can be superior to the maximizing approach when the number of

observed data points is limited. Moreover, a uniform structure prior is here among the best

possible choices, which eliminates in cases when maximal model order is small in relation to

sample size the need for cross-validation for hyperparameter-tuning. However, the limiting

factor for the Bayesian approach is the number of parameter samples that the integral over

the posterior for prediction is approximated with. While generating those parameter samples

can be achieved in a reasonable amount of time, the Bayesian prediction itself is limiting its

own applicability.

We thus considered the problem of model selection in the presence of latent variables again,

with the goal of performing robust structure learning without relying on cross-validation.

Inspired by the Gibbs sampler and the results for robust learning for fully observable data,

we proposed a stochastic algorithm in order to reduce the latent variable problem to the
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fully observable case. Thereby, we generalized the structure learning problem to models

involving latent variables, independent of learning principles, whether it may be a Bayesian

or an MDL approach. As such, we also discussed the first attempt to carry out NML-style

model selection in the presence of latent variables, which has never been studied before. A

drawback of the proposed approach is that such a stochastic algorithm is heuristic by nature

and does not even guarantee local optimality. Due to that fact, we empirically investigated

the convergence and prediction performance of the algorithm for learning mixtures of PMMs

from splice site data and for motif discovery for TFBS data. In both cases, we observed quick

convergence, and prediction and classification performance that is almost as good as for the

very time-consuming approaches discussed in the previous chapters, which are outperformed

w.r.t. speed by several orders of magnitude.

9.1.2. Biological aspects

From biological point of view, we did intend to answer the question about the prevalence

and nature of dependencies within DNA binding sites. In order to address this question,

we relied on the assumption that the existence of dependencies should yield an improved

prediction performance, provided statistical methods are capable of utilizing them properly.

Hence, we interpreted an improved prediction or classification performance of a method that

attempts to utilizes intra-motif dependencies over a method that neglects them as indirect

evidence for the existence of intra-motif dependencies.

In an initial study, we investigated the binding motif of the important human enhancer-

binding insulator protein CTCF by performing a motif discovery on ChIP-seq data using

a PMM as motif model. We evaluated the performance by a fragment-based classification

approach and found that taking into account intra-motif dependencies up to order four

improves motif finding capability substantially. Quantifying the intra-motif dependencies in

a position-specific manner by measuring the mutual information between a position and its

predecessors in the sequence revealed that dependencies are not equally strong along the

sequence. Instead, the strongest statistical dependencies are located at two positions at the

3’ end of the CTCF motif. We also proposed conditional sequence logos as a method for

visualizing the conditional probability distributions the PMM is based on, and we exemplified

this visualization on the two positions identified to show the strongest dependencies according

to the mutual information. From the case studies on CTCF, we concluded that modeling

of intra-motif dependencies using PMMs can be worthwhile indeed and that the view of a

PWM model on the data can be overly simple, neglecting important information.

In a second study, we used the fast and robust stochastic algorithm developed in this thesis,

which makes it possible to conduct a large-scale study of intra-motif dependencies inferred

by PMMs, in order to investigate whether the dependencies found for CTCF are a biological

curiosity, or a common feature of TFBS. We studied 50 ChIP-seq data sets of human DNA-
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binding proteins from the ENCODE project and found that those data sets can be can

be categorized according to motif discovery results into three groups, for which only one

is useful for an unbiased and fair investigation of intra-motif dependencies. For this group,

which comprises the majority of the transcription factors under consideration, we consistently

identified one motif and found intra-motif dependencies to be abundant. However, first-

order dependencies appear to be the dominant feature, and higher-order dependencies can

be observed to be beneficial in motif discovery only for about half of those data sets.

9.2. Possible future projects

While we answered the initial questions that were the main motivation for the topic of this

thesis, several new questions did arise that could be addressed in future work.

9.2.1. More sequence analysis

From the bioinformatics point of view, or rather DNA sequence analysis to be more specific,

there are several directions that could be pursued.

First, we observed that the uniform structure prior is often not the optimal choice when

the task is prediction rather than finding a true model structure. In the course of this work,

we found that eliminating the structure prior by making use of the simple BIC structure

score instead of the Bayesian marginal likelihood does somewhat solve this problem for

model selection. However, for Bayesian model averaging (Chapter 6) the dependency on

the structure prior remains, and while we could cope with the problem by testing some

candidates for the structure prior hyperparameter κ, this approach is unsatisfactory. As

a result, studying different functional forms of the structure prior, that give more weight

to the few existing sparse tree structures in expense of the vast number of large structures

could be fruitful, although it may be far from trivial to obtain a robust prior that mimics

the behavior of BIC.

Second, we found evidence for the presence of multiple motifs in ChIP-seq data of some

transcription factors (Chapter 8). Since the high intra-motif dependencies observed in those

cases appear to be an artifact of the presence of multiple motifs, we here excluded these data

sets from further analysis. However, these cases are an incentive to extend the promoter

model from the simple OOPS model that allows a single motif to more complex variants. A

first step could be to allow a mixture of PMMs to be motif model, while still keeping the

OOPS assumption, but further generalization leading to a complex promoter model that

allows multiple binding sites of multiple motifs per sequence [38] would be of great interest.

Using such a complex promoter model would enable to study which dependencies are caused

by the mixture of two substantially different motifs, i.e., substantially different consensus
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sequences as in the case of SP1, and which are just position-specific variants as in the case

of the CTCF motif.

Finally, all real data investigated in this work originate from the human organism. While

human biology is certainly of great interest due to the close connection to medicine, the

application of the methods presented in this work to data of other organisms would be

interesting as well, in order to obtain a broader picture. The methodology as such is general

and makes no assumptions that are specific to humans, but whether intra-motif dependencies

exist for other organisms as diverse as yeasts, plants, or insects is still to be investigated.

9.2.2. Machine learning

While this thesis is mainly concerned with bioinformatics, it did benefit a lot from input

from the machine learning community. So it is only consequent that several ideas for future

work did arise that do not directly pertain any biological application but rather tackle more

general machine learning problems.

In Chapter 2, we introduced inhomogeneous PMMs as a statistical model for sequence

patterns that allows position-specific CPDs and thus makes position-specific use of PCTs.

As we know that inhomogeneous Markov models can be perceived as special case of Bayesian

networks, the utilization of PCTs to define parsimonious Bayesian networks is somewhat

obvious. As we learned in Chapter 8 that for most TFBS data sets first-order dependencies

among next neighboring nucleotides are dominant, the application of parsimonious Bayesian

networks as a motif model for DNA binding sites is probably not overly fruitful, but as a

general refinement of Bayesian networks for applications that suffer from limited data such

a model class could be of great interest. In a similar spirit, permuted parsimonious Markov

models could serve as an alternative to permuted variable length Markov chains [76].

We presented the idea to perform model selection in the presence of latent variables in

Chapter 7 in an abstract setting for arbitrary model classes and learning principles. While the

case studies in this thesis pertain only to PMMs, it might be interesting to consider different

applications of the proposed stochastic algorithm. A possible future project could involve

learning mixtures of arbitrary models with variable structure of different dimensionality

outside of sequence analysis, and a possible starting point could be to relax the idea of

mixture of Bayesian trees [104] towards mixtures of Bayesian forests.

In addition, it could be worthwhile to investigate other possibilities to solve the optimiza-

tion problem of Equation 7.3. In this work, we used a stochastic algorithm that is inspired

by the Gibbs sampler and thus iteratively samples in the space of latent variables in order

to find a good latent variable configuration. A possible alternative is to apply generic algo-

rithms that perform a (local) optimization in a discrete state space, i.e., in the space of latent

variable configurations, such as hill climbing or simulated annealing. While the convergence

of the stochastic algorithm is quick enough for practical application PMMs on the data sets
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studied in this thesis, other learning approaches could be beneficial for different models or

entirely different types of data.

One problem that we did not address in this work at all is the algorithmic problem of

finding optimal PCTs. While the dynamic programming algorithm [71] is feasible for the

four-letter DNA alphabet and relatively small tree-depths, which are completely sufficient

for modeling sequence patterns, the application of PCTs to different problems is still ham-

pered by the unfavorable time complexity for learning PCTs w.r.t. alphabet size and tree

depth. Here, significant algorithmic advancements are required in order to achieve a broader

applicability of all possible model classes that make use of PCTs.
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[78] P. Bühlmann and A. Wyner, “Variable length Markov chains,” Annals of Statistics, vol. 27,

pp. 480–513, 1999.

[79] E. Jaynes, Probability Theory: The Logic of Science. Cambridge University Press, 2003.

[80] D. Ramji and P. Foka, “CCAAT/enhancer-binding proteins : structure, function and regula-

tion,” Biochem. J., vol. 365, pp. 561–575, 2002.

[81] P. Grünwald, Advances in Minimum Description Length: Theory and Applications, ch. A Tu-

torial Introduction to the Minimum Description Length Principle, p. 80. MIT Press, 2005.

[82] J. Rissanen, “Modeling by shortest data description,” Automatica, vol. 14, pp. 465–471, 1978.

[83] P. Grünwald, The minimum description length principle and reasoning under uncertainty. PhD

thesis, CWI, Netherlands, 1998.

[84] L. Kraft, “A device for quantizing, grouping, and coding amplitude modulated pulses,” Master’s

thesis, Electrical Engineering Department, Massachusetts Institute of Technology, 1949.

[85] B. McMillan, “Two inequalities implied by unique decipherability,” IEEE Trans. Information

Theory, vol. 2, no. 4, pp. 115–116, 1956.

[86] J. Myung, D. Navarro, and M. Pitt, “Model selection by normalized maximum likelihood,”

Journal of Mathematical Psychology, vol. 50, pp. 167–179, 2006.

[87] G. E. Schwarz, “Estimating the dimension of a model,” Annals of Statistics, vol. 2, pp. 461–464,

1978.

[88] P. Grünwald, The Minimum Description Length Principle. MIT Press, June 2007.

[89] Y. Shtarkov, “Universal sequential coding of single messages,” Problems of Information Trans-

mission, vol. 23, pp. 3–17, 1987.
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[91] T. Mononen and P. Myllymäki, “Fast NML computation for naive Bayes models,” in Proceedings

of the 10th International Conference on Discovery Science, LNAI, pp. 151–160, Springer, 2007.
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A
DP algorithm for PCT maximization

Here, we show the operating mode of the dynamic programming algorithm for finding optimal

PCTs (Section 1.4.2) using a small example. We consider the case of learning a PCT of depth

d = 2 for the ternary alphabet A = {A,B,C}. The extended PCT for this depth and alphabet

size, on which the dynamic programming algorithm operates, is shown in Figure A.1. We

identify a particular node in the extended PCT by the cross product of the labels of all nodes

on the path from that particular node up to the root, excluding the root itself.

There are nine different context words, which corresponds to the maximal size of the PCT,

but 72 = 49 different contexts, which is given by the number of leaves of the extended PCT

(Figure A.1). We assume each leaf node in the extended PCT to represent a local score, such

as the Bayesian marginal likelihood for a particular context. The goal of the algorithm is to

reduce the extended PCT to a valid PCT such that the sum of the scores of the remaining

leaves is maximized.

In the first step, we traverse the extended PCT top down in a depth-first search manner.

Once we reach the first leaf in the extended PCT, which is here the node {A} × {A}, we

compute its score. We repeat this procedure for each of its siblings, i.e., the nodes {B}×{A},
{C}×{A}, {A,B}×{A},{A,C}×{A},{B,C}×{A}, and {A,B,C}×{A}. Each of these leaf nodes

is a valid subtree, in the sense that it may occur in a valid PCT and has a score assigned to

it (Figure A.2). Next, we compute the score of all possible partitions of the alphabet, i.e.,

we compute a score for all valid combinations of child nodes for node {A} (Figure A.3).

A B C A,B A,C B,C A,B,C

A B C A,B A,C B,C A,B,C

Figure A.1.: Extended PCT of d = 2 for A = {A,B,C}. The first subtree, rooted at node {A}
is shown in full detail. The remaining subtrees 2–7 have the same structure, but are displayed as
triangles due to limited space.
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A B C A,B A,C B,C A,B,C

A B C A,B A,C B,C A,B,C

Figure A.2.: Extended PCT with computed scores for the leaves of first subtree. Orange
color indicates that the optimal score of a particular node is computed already.

A

A B C A,B A,C B,C A,B,C

A

A B C A,B A,C B,C A,B,C

A

A B C A,B A,C B,C A,B,C

A

A B C A,B A,C B,C A,B,C

A

A B C A,B A,C B,C A,B,C

Figure A.3.: All five valid child node combination for node {A}, the members of which are
colored in yellow and green. The score of a child node combination is the sum of the scores of
the involved nodes, and we choose the combination with the maximal score (here colored in green),
discarding the remaining nodes.
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A B C A,B A,C B,C A,B,C

A B,C

Figure A.4.: Extended PCT with first subtree pruned. Green color indicates that a node is
member of an optimal partition, i.e., child node selection. The score of node {{A}} is computed as
sum of the scores of its selected children.

A B C A,B A,C B,C A,B,C

A B,C A,B,C A B,C A B C A B,C A,B,C A,C B

Figure A.5.: Extended PCT with all second-level subtrees pruned. Now all nodes on the first
level have a score assigned to them, which is the same situation as for the first subtree in Figure A.2
and thus key to the recursion.

There are five different partitions for a ternary alphabet, and the score of a partition is the

sum of the score of the contributing nodes. We select the partition with the maximal score

and discard all children of node {A} in the extended PCT that are not part of that partition.

In the example of Figure A.4, the optimal partition involves the two leaves {A,B}× {A} and

{C} × {A}, both colored in green. We assign the score of the optimal partition, which is the

sum of the scores of both leaves to parent node {A}.
After having locally reduced the extended PCT to a subtree that fulfills the properties

of a PCT, we repeat this procedure for all siblings of {A} (Figure A.5). Hence, all children

of the global root are themselves roots of subtrees that already fulfill the properties of a

PCT, and all of them have a scored assigned to them (indicated by orange color). Now we

can apply the method of selecting an optimal partition, e.g. an optimal valid combination

of child nodes to the root. A possible result, which is in this example the optimal PCT

resulting from an application of the DP algorithm, is shown in Figure A.6.

The example of d = 2 is the simplest possible example where the recursion step of the DP

algorithm can be appreciated, as for d = 1 computing the optimal partition is equivalent to

enumerating all possible PCTs. However, it should be noted that in this particular case of

a ternary alphabet and d = 2, the explicit enumeration of all possible PCTs would not be

slower than the DP algorithm, as there are only 205 possible PCTs of the same depth and

alphabet size. For learning deeper PCTs, however, the effect of the recursion becomes more
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A. DP algorithm for PCT maximization

Figure A.6: Resulting optimal
PCT. After selecting an optimal
combination children for the global
root, the score of this selection is as-
signed to the root and thus considered
as the score of this PCT.

A B,C

A,B C A B C

pronounced. In the case of a quarternary alphabet, for example, there are 72,465 PCTs of

depth d = 2, and about 2.75 × 1019 PCTs of depth d = 3, and at least in the latter case

explicit enumeration can be considered to be infeasible. The extended PCTs, however, the

size of which is the limiting factor for the DP algorithm, have only 241 (d = 2) and 3,616

(d = 3) nodes, which can be quickly traversed and reduced to an optimal PCT.
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B
Additional derivations

B.1. Bayesian marginal likelihood score for PMMs

We intend to perform Bayesian model selection for PMMs, and thus attempt to maximize

P (~τ |x) w.r.t. τ , which is for given x equivalent to maximizing

P (~τ ,x) =

∫
P (x|Θ)P (Θ)dΘ~τ (B.1)

= P (~τ)

∫
P (x|Θ~τ )P (Θ~τ )dΘ~τ (B.2)

= P (~τ)

∫ ( W∏

`=1

∏

c∈τ`

∏

a∈A
(θ`ca)

N`ca

)(
W∏

`=1

∏

c∈τ`

1

B(~α`c)

∏

a∈A
(θ`ca)

α`ca−1

)
dΘ~τ (B.3)

= P (~τ)

W∏

`=1

∏

c∈τ`

1

B(~α`c)

∫ ∏

a∈A
(θ`ca)

N`ca+α`ca−1d~θ`c (B.4)

= P (~τ)

W∏

`=1

∏

c∈τ`

B( ~N`c + ~α`c)

B(~α`c)
(B.5)

∝
(

W∏

`=1

κ|τ`|
)

W∏

`=1

∏

c∈τ`

B( ~N`c + ~α`c)

B(~α`c)
(B.6)

=
W∏

`=1

∏

c∈τ`
κ
B( ~N`c + ~α`c)

B(~α`c)
(B.7)

Since the resulting structure score for the PMM factorizes into a product of local scores for

each leaf of each PCT, it is sufficient to find

∀W`=1 : τ̂` := argmax
τ`

∏

c∈τ`
κ
B( ~N`c + ~α`c)

B(~α`c)
, (B.8)

which can be achieved using the dynamic programming algorithm for finding optimal PCTs

(Section 1.4.2).
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B.2. Factorized Sequential NML

We consider N independent realizations ~x = (x1, . . . , xN ) from the alphabet A. Let Na

denote the number of times symbol a ∈ A has been observed in ~x. The factorized sequen-

tial NML (fsNML) parameter estimate θ̂fsNML is defined as the sequential NML predictive

probability distribution PsNML(y|~x) for the (N + 1)-th observation [93].

PsNML(y|~x) =
P̂ (~x, y)∑

y′∈A P̂ (~x, y′)
(B.9)

=

∏
a∈A

(
Na+δa,y
N+1

)Na+δa,y

∑
y′∈A

∏
a′∈A

(
Na′+δa′,y′
N+1

)Na′+δa′,y′
(B.10)

=

∏
a∈A (Na + δa,y)

Na+δa,y

∑
y′∈A

∏
a′∈A

(
Na′ + δa′,y′

)Na′+δa′,y′
(B.11)

=

∏
a∈A

(
NNa
a

) (Ny+1)(Ny+1)

Ny
Ny

∑
y′∈A

∏
a′∈A

(
N
Na′
a′

)
(Ny′+1)

(Ny′+1)

Ny′
Ny′

(B.12)

=

(Ny+1)(Ny+1)

Ny
Ny

∑
y′∈A

(Ny′+1)
(Ny′+1)

Ny′
Ny′

(B.13)

=
e(Ny)(Ny + 1)∑

y′∈A e(Ny′)(Ny′ + 1)
(B.14)
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B.3. EM algorithm for motif discovery

B.3. EM algorithm for motif discovery

In order to learn a PMM from a set of promoter sequences, we apply the maximum a

posteriori principle to the ZOOPS model (Section 4.2). However, the maximum of the

posterior density of the model cannot be found analytically, but only be approximated by

a modified EM algorithm [33]. For motif discovery, it is often sufficient not to update

the parameters Θf of the flanking model during the EM algorithm, but estimate them in

advance from the entire data set and keep them fixed during the iteration procedure. As a

consequence, we consider Θf to be given, and denote from now on the tupel (Θm,Θc) as Θ.

This EM algorithm updates iteratively weighted estimates γ(t) for the latent variables based

on parameters Θ(t) (E step) and parameters Θ(t+1) based on weighted estimates of latent

variables γ(t) (M step), which we derive in the next two sections.

E step

In the E(xpectation) step, we estimate – for each sequence – the probability of each assign-

ment of latent variables, given the current parameters.

γ
(t)
iklm = P (ui = k, vi = l, si = m|~xi,Θ(t))

=
P (ui = k, vi = l, si = m,~xi|Θ(t))∑
ui

∑
vi

∑
si
P (ui, vi, si, ~xi|Θ(t))

=
P (~xi|ui = k, vi = l, si = m,Θ(t))P (ui = k|ν(t))P (vi = l)P (si = m|σ(t))∑

ui

∑
vi

∑
si
P (~xi|ui, vi, si,Θ(t))P (ui|ν(t))P (vi)P (si|σ(t))

M step

In the M(aximization) step, we compute the parameters given the weights of the latent

variables by utilizing the Q-function, defined by

Q(Θ,Θ(t)) =
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logP (~xi, ui, vi, si|Θ) (B.15)

We obtain the next set of parameters Θ(t+1) as set of parameters that maximize the Q-

function plus logarithm the parameter prior.

Θ(t+1) = argmax
Θ

(
Q(Θ,Θ(t)) + logP (Θ)

)

= argmax
Θ

(
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logP (~xi, ui, vi, si|Θ) + logP (Θ)

)

= argmax
Θ

F(Θ)
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while F(Θ) is fully written as

F(Θ) = logP (Θm) + logP (ν) + logP (σ)

+

N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logPf(~xi|Θf)
δui,0

+

N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logPf(Xi,1, . . . , Xi,vi−1|Θf)
δui,1

+

N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logPm(Xi,vi , . . . , Xi,vi+W−1|Θm)δui,1δsi,1

+
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

logPm(rc(Xi,vi , . . . , Xi,vi+W−1)|Θm)δui,1δsi,0

+
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

log(νδui,1(1− ν)δui,0)

+
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

log(σδsi,1(1− σ)δsi,0)

+
N∑

i=1

∑

ui

∑

vi

∑

si

γ
(t)
iuivisi

log
1

Li −W + 1
,

Canceling all terms that do not pertain Θ, and simplifying the remaining terms, we obtain

F(Θ) = logP (Θm) + logP (ν) + logP (σ)

+
N∑

i=1

∑

vi

γ
(t)
i1vi1

logPm(Xi,vi , . . . , Xi,vi+W−1|Θm)

+
N∑

i=1

∑

vi

γ
(t)
i1vi0

logPm(rc(Xi,vi , . . . , Xi,vi+W−1)|Θm)

+
N∑

i=1

∑

vi

∑

si

γ
(t)
i1visi

log ν + γ
(t)
i0visi

log(1− ν)

+
N∑

i=1

∑

ui

∑

vi

γ
(t)
iuiviF

log σ + γ
(t)
iuivi0

log(1− σ).
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Maximizing F(Θ) w.r.t. Θ yields

ν(t+1) = argmax
ν

logP (ν) +

N∑

i=1

∑

vi

∑

si

γ
(t)
i1visi

log ν + γ
(t)
i0visi

log(1− ν)

= argmax
ν

(γ
(t)
·1·· + a1) log ν + (γ

(t)
·0·· + a2) log(1− ν)

=
γ

(t)
·1·· + a1

γ
(t)
···· + a·

,

σ(t+1) = argmax
σ

logP (σ) +
N∑

i=1

∑

ui

∑

vi

γ
(t)
iuivi1

log σ + γ
(t)
iuivi0

log(1− σ)

= argmax
σ

(γ
(t)
···1 + b1) log σ + (γ

(t)
···0 + b2) log(1− σ)

=
γ

(t)
···1 + b1

γ
(t)
···· + b·

,

and

Θ
(t+1)
m = argmax

Θm

(
logP (Θm) +

N∑

i=1

Li−W+1∑

vi=1

+ γ
(t)
i1vi1

logPm(Xi,vi , . . . , Xi,vi+W−1|Θm)

+ γ
(t)
i1vi0

logPm(rc(Xi,vi , . . . , Xi,vi+W−1)|Θm)
)

Let S = {(i, v, s)|i ∈ {1, . . . , N}, v ∈ {1, . . . , Li −W + 1}, s ∈ {1, 0}} denote the space of all

motif occurrences of length W in the data and let ~xj denote the sequence corresponding to

the motif occurrence j ∈ S, we rewrite the previous formula as

Θ
(t+1)
m = argmax

Θm


logP (Θm) +

S∑

j=1

γj logPm(~Yj |Θm)


 .

We observe this estimator to be identical to that of a single component of a mixture model,

permitting to use the optimization algorithm of Gohr et al. [107].
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Additional results

C.1. CTCF study
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Figure C.1.: Classification using AUC-ROC as performance measure.
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(b) AUC

Figure C.2.: Classification using randomly sampled genomic background sequences.
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C.2. ENCODE ChIP-seq study

C.2. ENCODE ChIP-seq study

Table C.1.: AUC values in percentage for data sets of category A.

TF N MM0 MM1 MM2 MM3 BIC2 BIC3 BIC4 fNML2 fNML3 fNML4

ATF2 1193 81.57 86.04 82.00 73.77 86.71 85.87 86.60 86.42 78.07 73.67
ATF3 962 95.23 96.72 96.90 95.79 96.58 96.91 97.63 97.46 97.00 95.87
BACH1 2292 94.97 96.76 96.41 94.69 96.73 96.61 96.53 96.65 96.46 93.49
BCL11A 504 71.21 75.86 73.81 71.85 79.56 77.23 76.06 76.95 72.32 65.86
BRCA1 405 97.36 98.27 98.72 98.33 98.27 98.42 98.01 98.70 98.03 97.63
CEBPB 3112 97.08 97.74 96.75 94.10 97.51 96.86 96.55 97.22 96.13 92.42
CTCF 10822 99.24 99.57 99.64 99.52 99.61 99.62 99.64 99.63 99.61 99.42
EGR1 1749 96.11 96.53 96.68 95.91 96.56 96.49 95.99 96.67 96.11 94.69
FOSL1 223 97.91 98.07 98.78 97.31 98.72 98.61 98.86 97.87 97.88 97.01
GABPA 1130 99.44 99.53 99.37 98.86 99.46 99.39 99.37 99.43 99.24 98.83
JUN 430 79.74 93.14 91.71 81.93 91.07 90.52 89.59 92.04 91.63 79.85
JUND 1690 84.30 90.99 92.39 88.31 92.42 92.17 92.36 92.15 84.52 88.90
KDM5A 325 95.89 97.53 97.64 97.19 97.04 97.23 96.91 97.20 96.48 95.66
MAFK 2284 95.85 97.27 97.74 97.47 97.75 97.77 97.88 97.95 97.92 96.46
MAX 2225 92.81 94.27 94.66 90.52 94.83 94.54 94.70 94.93 93.62 91.30
NANOG 1095 74.73 79.16 77.17 72.35 78.88 80.19 81.39 81.82 75.16 70.13
NRF1 903 99.58 99.73 99.69 99.61 99.72 99.72 99.71 99.68 99.70 99.60
POU5F1 800 92.72 93.78 94.22 89.42 95.25 94.38 93.94 94.90 94.67 87.21
RAD21 15136 98.69 99.31 99.37 99.15 99.36 99.37 99.42 99.37 99.24 99.08
REST 2656 95.92 98.92 99.10 99.01 98.98 99.02 99.17 99.14 99.09 98.86
RFX5 338 96.51 97.49 96.61 92.81 97.65 97.48 97.58 97.35 95.78 90.68
RXRA 262 85.67 84.93 82.79 79.18 86.88 84.57 82.77 83.76 79.54 76.62
SIX5 684 97.59 97.83 98.12 98.08 97.62 97.71 97.91 97.99 98.16 98.18
SP4 1150 95.18 95.52 95.57 94.26 95.14 95.32 95.11 95.19 94.61 95.69
SRF 1020 93.57 96.76 97.02 96.03 97.35 97.16 97.02 96.96 96.60 94.85
TCF12 1567 85.50 87.63 84.65 79.58 87.70 87.16 86.81 86.60 82.13 80.62
TEAD4 3972 92.78 95.03 95.06 92.26 95.20 95.31 95.28 94.91 94.08 90.54
USF1 5208 98.48 98.83 98.85 98.42 98.86 98.69 98.60 98.77 98.56 98.08
USF2 1391 99.10 99.24 99.12 98.58 99.29 99.18 99.26 99.24 99.08 98.36
YY1 3646 92.06 97.38 97.14 95.65 97.20 96.94 96.86 97.23 96.28 95.17

Table C.2.: AUC values in percentage for data sets of category B.

TF N MM0 MM1 MM2 MM3 BIC2 BIC3 BIC4 fNML2 fNML3 fNML4

CHD2 1368 95.37 98.35 98.11 96.87 96.34 96.72 97.37 98.00 97.94 96.97
MXI1 1271 92.09 91.85 95.27 94.36 92.47 93.99 94.79 94.99 94.71 94.55
SIN3AK20 4260 90.51 90.12 91.69 92.32 91.07 90.93 92.89 91.10 91.55 91.60
SP1 3009 84.70 87.96 89.65 87.32 87.48 88.57 88.29 88.99 88.42 87.63
SP2 492 93.48 94.90 96.06 95.73 94.67 94.31 94.06 96.01 95.88 94.95
ZNF143 6134 87.96 93.63 96.00 96.18 95.03 95.50 95.78 95.30 95.91 93.57
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Table C.3.: AUC values in percent for data sets of category C.

TF N MM0 MM1 MM2 MM3 BIC2 BIC3 BIC4 fNML2 fNML3 fNML4

SUZ12 958 94.46 94.35 94.54 93.38 94.54 94.16 93.96 93.83 93.47 93.61
CHD1 1380 80.92 78.89 76.97 72.60 80.17 77.12 77.81 78.21 74.52 74.70
MYC 244 83.50 83.29 81.03 77.00 83.63 83.74 83.45 83.18 80.95 74.94
TAF1 4008 96.88 97.09 96.90 96.69 97.21 97.02 96.32 96.98 96.39 96.01
TBP 3429 94.16 94.55 93.33 92.44 93.74 93.77 93.66 93.84 92.64 91.54
CTBP2 1418 91.98 91.90 91.45 90.07 91.68 91.31 91.43 91.03 91.43 87.33
EP300 1787 77.73 79.43 81.01 80.23 79.28 78.23 78.56 80.17 79.54 78.94
EZH2 881 97.72 97.96 97.91 97.45 97.84 97.84 97.86 97.73 97.67 93.93
GTF2F1 709 91.22 92.04 92.19 91.11 91.77 91.87 91.54 91.32 92.63 90.55
HDAC2 1129 83.13 83.71 85.17 82.41 84.44 84.24 84.14 84.78 83.43 83.14
POLR2A 4077 90.92 89.94 82.39 78.91 89.48 84.98 83.55 85.65 83.33 78.17
RBBP5 3227 95.83 95.90 95.23 88.69 95.80 95.37 95.26 95.42 92.74 91.02
SIN3A 1796 90.81 91.96 92.63 91.48 92.59 92.52 91.53 92.62 92.12 90.91
TAF7 2072 91.35 91.16 90.37 86.90 90.86 90.31 90.45 90.60 88.95 87.57

Table C.4.: Standard errors of AUC values in percentage points.

TF MM0 MM1 MM2 MM3 BIC2 BIC3 BIC4 fNML2 fNML3 fNML4

ATF2 1.87 1.01 0.97 0.97 0.73 1.55 0.70 0.43 1.04 1.08
ATF3 0.40 0.19 0.33 0.41 0.30 0.59 0.26 0.23 0.30 0.53
BACH1 0.15 0.08 0.30 0.23 0.31 0.28 0.25 0.12 0.31 0.56
BCL11A 1.21 1.50 1.49 1.20 1.79 0.32 0.83 0.95 2.13 1.37
BRCA1 0.43 0.53 0.28 0.27 0.39 0.27 0.65 0.12 0.39 0.42
CEBPB 0.13 0.17 0.19 0.21 0.18 0.33 0.93 0.27 0.32 0.65
CHD1 0.80 1.08 0.73 1.11 0.90 1.55 1.24 1.53 1.46 1.05
CHD2 0.43 0.24 0.14 0.28 0.44 0.77 0.42 0.16 0.06 0.30
CTBP2 0.61 0.18 0.46 0.65 0.25 1.04 0.83 0.88 0.52 0.89
CTCF 0.02 0.02 0.02 0.02 0.02 0.02 0.12 0.02 0.03 0.07
EGR1 0.20 0.26 0.16 0.35 0.21 0.23 0.53 0.21 0.52 0.37
EP300 0.96 0.64 0.67 0.65 0.52 0.98 0.56 0.86 0.47 0.64
EZH2 0.40 0.29 0.32 0.24 0.22 0.24 0.18 0.28 0.23 1.73
FOSL1 0.63 0.62 0.46 0.66 0.27 0.56 0.28 0.21 0.32 0.69
GABPA 0.14 0.06 0.09 0.26 0.09 0.04 0.16 0.03 0.09 0.17
GTF2F1 0.58 0.71 0.43 0.65 1.02 0.58 1.19 1.51 0.49 1.00
HDAC2 0.69 0.22 0.80 0.82 1.14 0.51 0.25 1.02 0.47 0.69
JUN 3.92 0.43 1.04 1.28 0.73 1.14 0.99 0.65 0.73 1.99
JUND 0.47 0.37 0.24 0.86 0.39 0.39 0.46 0.39 0.42 0.57
KDM5A 0.40 0.35 0.49 0.31 0.65 0.23 0.22 0.68 0.67 0.60
MAFK 0.20 0.15 0.21 0.23 0.16 0.30 0.13 0.22 0.15 0.73
MAX 0.31 0.47 0.32 1.33 0.29 0.34 0.09 0.37 0.42 0.72
MXI1 0.20 0.83 0.56 0.52 0.69 0.49 0.26 0.48 0.63 0.35
MYC 0.82 1.68 1.50 1.88 1.77 1.08 2.10 1.48 1.22 2.20
NANOG 1.29 1.40 1.65 0.64 2.13 1.85 1.59 1.29 1.20 1.71
NRF1 0.18 0.09 0.12 0.14 0.17 0.13 0.09 0.16 0.13 0.09
POLR2A 0.42 0.12 1.01 0.51 0.24 0.74 1.49 0.91 0.93 0.56
POU5F1 0.34 0.61 0.55 0.86 0.68 0.73 0.67 0.75 0.59 0.37
RAD21 0.05 0.02 0.03 0.05 0.03 0.03 0.05 0.01 0.05 0.08
RBBP5 0.22 0.21 0.56 0.30 0.27 0.24 0.38 0.23 0.78 1.13
REST 0.28 0.05 0.13 0.04 0.16 0.14 0.14 0.04 0.05 0.12
RFX5 0.63 0.20 0.66 0.83 0.29 0.40 0.27 0.32 0.87 1.65
RXRA 1.28 1.35 0.97 2.73 1.07 1.57 2.16 1.20 1.96 1.84
SIN3A 0.35 0.42 0.40 0.49 0.38 0.49 0.46 0.49 0.61 0.90
SIN3AK20 0.40 0.22 0.52 0.19 0.27 0.72 0.64 0.34 0.41 0.33
SIX5 0.51 0.39 0.19 0.47 0.58 0.42 0.23 0.53 0.12 0.62
SP1 0.51 0.47 0.36 0.38 0.81 0.42 0.35 0.46 0.38 0.51
SP2 0.58 0.42 0.29 0.54 0.21 0.30 0.68 0.43 0.48 0.38
SP4 0.50 0.29 0.33 1.41 0.39 0.43 0.46 0.57 0.54 0.50
SRF 0.28 0.16 0.30 0.31 0.52 0.17 0.41 0.51 0.23 0.53
SUZ12 0.51 0.34 0.52 0.27 0.32 0.35 0.49 0.61 0.71 0.47
TAF1 0.17 0.18 0.15 0.07 0.16 0.16 0.34 0.16 0.21 0.39
TAF7 0.47 0.38 0.24 1.16 0.37 0.54 0.82 0.33 0.91 0.62
TBP 0.10 0.23 0.47 0.86 0.29 0.53 0.37 0.30 0.80 0.96
TCF12 0.80 1.01 0.31 0.62 0.22 0.66 0.80 0.53 0.53 0.48
TEAD4 0.06 0.16 0.19 0.69 0.28 0.28 0.20 0.27 0.55 1.11
USF1 0.06 0.08 0.06 0.07 0.06 0.12 0.10 0.08 0.03 0.11
USF2 0.06 0.17 0.13 0.14 0.10 0.08 0.12 0.07 0.06 0.21
YY1 1.69 0.11 0.22 0.09 0.15 0.19 0.18 0.12 0.09 0.22
ZNF143 0.25 0.36 0.11 0.11 0.42 0.22 0.63 0.20 0.37 0.54
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C.2. ENCODE ChIP-seq study
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Figure C.3.: Ψ value of modeling dependencies with fixed order Markov models of different
order in relation to the PWM model.
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Figure C.4.: Ψ value of modeling dependencies with PMMs of different order and fNML
as model selection criterion in relation to the PWM model.
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