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a b s t r a c t

We define a spectral flow for paths of selfadjoint Fredholm operators that are
equivariant under the orthogonal action of a compact Lie group as an element
of the representation ring of the latter. This G-equivariant spectral flow shares
all common properties of the integer valued classical spectral flow, and it can
be non-trivial even if the classical spectral flow vanishes. Our main theorem
uses the G-equivariant spectral flow to study bifurcation of periodic solutions for
autonomous Hamiltonian systems with symmetries.
© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under

the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The spectral flow is a homotopy invariant for paths of selfadjoint Fredholm operators that was invented
by Atiyah, Patodi and Singer in their study of spectral asymmetry and index theory in [1]. Selfadjoint
Fredholm operators are either invertible or 0 is an isolated eigenvalue of finite multiplicity. Roughly speaking,
if A = {Aλ}λ∈[0,1] is a path of selfadjoint Fredholm operators, then the spectral flow of A is the net
umber of eigenvalues of A0 that become positive whilst the parameter λ travels along the unit interval. The
pectral flow has been widely used in different communities over the last decades, e.g., in global analysis,
athematical physics, symplectic analysis and bifurcation theory. Though we are particularly interested in

he latter two, the first part of this work is dealing with the spectral flow as an abstract mathematical object
nd thus shall be of general interest.

∗ Corresponding author.
E-mail addresses: marek.izydorek@pg.edu.pl (M. Izydorek), joanna.janczewska@pg.edu.pl (J. Janczewska),

ils.waterstraat@mathematik.uni-halle.de (N. Waterstraat).
ttps://doi.org/10.1016/j.na.2021.112475
362-546X/© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.na.2021.112475
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2021.112475&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:marek.izydorek@pg.edu.pl
mailto:joanna.janczewska@pg.edu.pl
mailto:nils.waterstraat@mathematik.uni-halle.de
https://doi.org/10.1016/j.na.2021.112475
http://creativecommons.org/licenses/by/4.0/


M. Izydorek, J. Janczewska and N. Waterstraat Nonlinear Analysis 211 (2021) 112475

u

Atiyah, Patodi and Singer’s original approach to the spectral flow in [1] involves studying the graph of the
spectrum of the path after a suitable perturbation and counting intersection numbers with the horizontal
axis. Robbin and Salamon showed in [22] that these intersection numbers can actually be computed under
generic assumptions by signatures of quadratic forms, which yields an independent construction of the
spectral flow. A description of the spectral flow without intersection numbers was introduced by Floer in [12],
and Phillips gave in [21] a rigorous elaboration of this approach in purely functional analytic terms.

Let us now assume for a moment that H is a complex Hilbert space and G a compact Lie group acting
nitarily on H. We denote by R(G) the complex representation ring of G, which consists of all formal

differences of isomorphism classes of finite dimensional linear complex representations of G. Fang invented
in [9] an equivariant spectral flow for studying equivariant versions of theorems in global analysis that
originally appeared in Atiyah, Patodi and Singer’s work [1]. In a slightly more functional analytic language,
this construction can be outlined as follows. If A = {Aλ}λ∈[0,1] is a path of unbounded selfadjoint Fredholm
operators with compact resolvent on H, then the spectrum of each Aλ is discrete and each eigenvalue is of
finite multiplicity. If the operators Aλ are G-equivariant, then for each µ ∈ σ(Aλ), the eigenspace E(Aλ, µ)
is invariant under G and consequently a finite dimensional complex representation of G. Fang showed that
there are at most countable many continuous functions fj and elements Rj ∈ R(G) such that

{(µ, E(Aλ, µ)) : µ ∈ σ(Aλ)} =
⋃
j∈N

{(fj(λ), Rj)} ⊂ R × R(G), λ ∈ I.

He defined the equivariant spectral flow of the path A by

sfG(A) =
∑
j∈N

ε(fj)Rj ∈ R(G), (1)

where ε(fj) is the intersection number of the graph of fj with the line λ = −δ for a sufficiently small
δ > 0. As only finitely many of the intersection numbers are non-zero, the right hand side in the definition
is actually a finite sum. If G is the trivial group, then R(G) ∼= Z and (1) can be identified with the sum
of the intersection numbers. Then (1) is the classical definition of the spectral flow of Atiyah, Patodi and
Singer [1], who also were only dealing with operators having compact resolvents as this is a common setting
when studying elliptic operators on closed manifolds.

The first aim of this paper is to define the G-equivariant spectral flow as element of the representation
ring in purely functional analytic terms as in Phillips approach [21] in the classical case. We show that
all common properties of the spectral flow carry over to this setting, and point out that the G-equivariant
spectral flow is a finer invariant than the classical one, i.e., a trivial G-equivariant spectral flow implies that
the classical spectral flow is trivial as well. We underpin this latter observation by a simple example of a class
of paths of Z2-equivariant selfadjoint Fredholm operators having a vanishing spectral flow but a non-trivial
Z2-equivariant spectral flow.

The second aim of this paper concerns bifurcation theory for critical points of one-parameter families of
functionals. The Hessians of such functionals are selfadjoint operators and they play a crucial role in finding
bifurcation points. Actually, under the additional assumption that the operators are Fredholm, a non-trivial
kernel is a necessary assumption for the existence of a bifurcation. It is well known that a jump in the
Morse index of the Hessians causes a bifurcation if the functionals are essentially positive, i.e. their Morse
indices are finite (cf. [19]). However, there are important types of differential equations whose solutions are
critical points of a functional on a Hilbert space but where the Hessians fail to have finite Morse indices. The
most prominent class of this type are Hamiltonian systems and numerous works have appeared over the last
decades where approaches were developed to deal with their bifurcation problems (cf., e.g., [5,11,19,27]). We
want to emphasise that the Hessians are selfadjoint Fredholm operators in this case and the latter reference
uses the main theorem of [10], which shows the existence of a bifurcation of critical points if the spectral

flow of the path of Hessians is non-trivial.
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Smoller and Wasserman considered in [25] essentially positive functionals that are invariant under the
orthogonal action of a compact Lie group. Note that the Hessians of such functionals are G-equivariant.

hey introduced a bifurcation invariant in terms of representations of G and applied it to symmetry breaking
ifurcation for semilinear elliptic equations. We firstly show below that, for essentially positive functionals,
moller and Wasserman’s bifurcation invariant actually is our G-equivariant spectral flow of the path of

Hessians. Secondly, we use the latter observation and the fact that the G-equivariant spectral flow is defined
for any path of G-equivariant selfadjoint Fredholm operators, to open up the methods from [25] to strongly
indefinite functionals. Indeed, in our first main theorem, we compute the G-equivariant spectral flow of paths
of G-equivariant autonomous Hamiltonian systems in terms of representations of the group G. Secondly, we
show that a non-trivial G-equivariant spectral flow yields bifurcation in this setting. If the group action is
trivial, i.e., when the G-equivariant spectral flow is just the ordinary spectral flow, we obtain as corollary
the main theorem of [11].

Rybicki and his group have developed a degree theory for strongly indefinite G-invariant functionals that
can show the existence of (global) bifurcation points for some kinds of equations (see, e.g., [13] and [15]).
Rybicki’s bifurcation invariant is an element of the tom-Dieck ring U(G), which is made of equivalence classes
of G-homotopy types of finite G-CW -complexes. The G-equivariant spectral flow is different from Rybicki’s
bifurcation invariant and it seems easier to compute, which we demonstrate by our main theorems.

We conclude the introduction by pointing out a possible application of our G-equivariant spectral flow
in global analysis. A non-vanishing (classical) spectral flow implies the existence of non-trivial kernels in
a path of selfadjoint Fredholm operators. Bär showed in his celebrated work [3] the existence of harmonic
spinors on closed spin manifolds of dimension n ≡ 3 mod 4 by constructing paths of Dirac operators having
non-trivial spectral flows (see also [4,28]). This argument does not carry over to the remaining dimensions
as in these cases symmetries of the Dirac operators force the spectral flow to vanish [3, §8]. We hope that
the equivariant spectral flow can contribute to this open problem as its non-triviality implies the existence
of non-trivial kernels even if the classical spectral flow vanishes.

Henceforth, as we are mainly interested in bifurcation theory, we consider only real Hilbert spaces and
thus the G-equivariant spectral flow is an element of the real representation ring RO(G) of the acting
Lie group G. All of our arguments carry over mutatis mutandis to complex Hilbert spaces, where the
G-equivariant spectral flow is an element of the complex representation ring R(G). Let us note that in this
case an equivalent construction has been independently introduced in [18].

2. The G-equivariant spectral flow

2.1. Recap: The spectral flow

The aim of this section is to recall the construction of the classical spectral flow, where we follow [21] and
use the terminology from [29].

Let W and H be real separable Hilbert spaces with a dense embedding ι : W ↪→ H. We denote by
L(W, H) the space of all linear bounded operators with the operator norm. As W ⊂ H is dense, it makes
sense to define S(W, H) as the set of all operators in L(W, H) which are selfadjoint when considered as
operators on H having the dense domain W . Note that operators in S(W, H) are bounded as operators
between the Hilbert spaces W and H. Henceforth, we consider S(W, H) as metric space with respect to
the metric inherited from L(W, H). Finally, we denote by FS(W, H) the Fredholm operators in S(W, H),
i.e., the operators T ∈ S(W, H) such that ker(T ) is of finite dimension and im(T ) is closed.

The spectrum σ(T ) of T ∈ FS(W, H) is the (generally non-disjoint) union of the point spectrum σp(T )
nd the essential spectrum σess(T ). If 0 ∈ σ(T ), then it is an isolated point of σ(T ) and an eigenvalue of

nite multiplicity (see, e.g., [30, Lemma 13]). We denote for a, b /∈ σ(T ) by χ[a,b](T ) the spectral projection
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of T with respect to the interval [a, b]. Note that if σess(T ) ∩ [a, b] = ∅, then χ[a,b](T ) is the orthogonal
rojection onto the direct sum of the eigenspaces for eigenvalues in [a, b]. In this case χ[a,b](T ) is of finite
ank as there are only isolated eigenvalues of finite multiplicity in [a, b]. The following lemma is a well known
esult about the stability of spectra (cf. [14, I.II]).

emma 2.1. Let T0 ∈ FS(W, H) and a > 0 such that ±a /∈ σ(T0) and [−a, a] ∩ σess(T0) = ∅. Then there
s an open neighbourhood NT0,a of T0 in FS(W, H) such that ±a /∈ σ(T ) and [−a, a] ∩ σess(T ) = ∅ for all

∈ NT0,a.

Let us note that if NT0,a denotes a neighbourhood as in the previous lemma, then the map

NT0,a ∋ T ↦→ χ[−a,a](T ) ∈ L(H)

s continuous and of constant (finite) rank on each connected component of NT0,a.
The construction of the spectral flow of a path A = {Aλ}λ∈I is now as follows, where we denote by
the unit interval. For every λ ∈ I there is an open neighbourhood Nλ,a ⊂ FS(W, H) of Aλ as in the

revious lemma. The preimages of these neighbourhoods define an open cover of the compact interval I.
onsequently, there is a partition of the interval 0 = λ0 < λ1 < · · · < λN = 1 and numbers ai > 0 such that

±ai /∈ σ(Aλ), [−ai, ai] ∩ σess(Aλ) = ∅, λ ∈ [λi−1, λi].

n particular, the maps
[λi−1, λi] ∋ λ ↦→ χ[−ai,ai](Aλ) ∈ L(H)

re continuous for i = 1, . . . , N . The Spectral Flow of the path A is the integer

sf(A) =
N∑

i=1
(dim E(Aλi

, [0, ai]) − dim E(Aλi−1 , [0, ai])), (2)

here we denote by E(Aλ, [a, b]) for [a, b] ∩ σess(Aλ) = ∅ the direct sum of the eigenspaces for eigenvalues
n [a, b].

It was shown in [21] that this definition neither depends on the choice of the partition 0 = λ0 < λ1 <

· · < λN = 1 of the unit interval nor on the numbers ai > 0, i = 1, . . . , N . Moreover, the spectral flow
an be uniquely characterised by some of its properties (see, e.g., [8,17,26]), and among them is its quite
emarkable homotopy invariance. We do not recall here any of these properties, as most of them will follow
s special cases of our equivariant spectral flow, which we discuss in the next section.

.2. The G-equivariant spectral flow: Definition

Let G be a compact Lie group. We denote by RO(G) the real representation ring of G, i.e., the
rothendieck group of all isomorphism classes of finite dimensional linear real representations of G (see [24]).
he elements of RO(G) are formal differences [U ] − [V ] of isomorphism classes of G-representations modulo

he equivalence relation generated by [U ] − [V ] ∼ [U ⊕ W ] − [V ⊕ W ]. The neutral element in RO(G) is
V ] − [V ] for any G-representation V and the inverse element of [U ] − [V ] is [V ] − [U ]. Henceforth we use the
ommon name representation ring even though we will never use the ring structure of RO(G) and consider
t merely as an abelian group.

Let now H be a real separable Hilbert space on which G acts orthogonally and such that W ⊂ H

s invariant under this action. We consider paths A = {Aλ}λ∈I of selfadjoint Fredholm operators in
S(W, H) that are G-equivariant, i.e., Aλ(gu) = g(Aλu) for all u ∈ W and g ∈ G. As in (2), we

et 0 = λ0 < · · · < λN = 1 be a partition of the unit interval and ai > 0, i = 1, . . . , N , such

hat [λi−1, λi] ∋ λ ↦→ χ[−ai,ai](Aλ) ∈ L(H) are continuous families of finite rank projections. Then, for
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i = 1, . . . , N , the spaces E(Aλ, [0, ai]), λi−1 ≤ λ ≤ λi, in (2) are finite dimensional real G-representations.
e define the G-equivariant spectral flow of A by

sfG(A) =
N∑

i=1
([E(Aλi

, [0, ai])] − [E(Aλi−1 , [0, ai])]) ∈ RO(G). (3)

ote that if G is trivial, then representations are isomorphic if and only if they are of the same dimension.
ence RO(G) ∼= Z in this case and so (3) can be identified with the ordinary spectral flow (2). To show that

3) is well defined, we need the following lemma that will be used below several times.

emma 2.2. Let [c, d] ⊂ [0, 1] and [a, b] ⊂ R such that a, b /∈ σ(Aλ) and [a, b] ∩ σess(Aλ) = ∅ for λ ∈ [c, d].
hen E(Ac, [a, b]) and E(Ad, [a, b]) are isomorphic G-representations.

roof. The map [c, d] ∋ λ ↦→ χ[a,b](Aλ) ∈ L(H) is continuous under the given assumptions. Hence there
s a partition c = λ0 ≤ λ1 ≤ · · · ≤ λk = d such that ∥χ[a,b](Aλi

) − χ[a,b](Aλi−1)∥ < 1. Moreover, these
rojections are G-equivariant as their images are invariant and G acts orthogonally. Consequently, all we
eed to show is that if Q and P are G-equivariant finite rank projections such that ∥P −Q∥ < 1, then im(P )
nd im(Q) are isomorphic as G-representations. We first note that im(P ) and im(Q) are of the same finite
imension (cf. [14, Lem. I.4.3]). The G-equivariant map U := PQ + (IH − P )(IH − Q) maps im(P ) into

m(Q). A direct computation shows that

(QP + (IH − Q)(IH − P ))U = IH − (P − Q)2.

s ∥P − Q∥ < 1, the right hand side is an isomorphism which shows that U is injective. Thus U |im(P ):
m(P ) → im(Q) is a G-equivariant isomorphism. □

A first application of the previous lemma is the well-definedness of (3).

emma 2.3. The G-equivariant spectral flow is well defined, i.e., (3) does not depend on the choice of the
artition 0 = λ0 < λ1 < · · · < λN = 1 of I and the numbers ai > 0.

roof. Our argument follows [21] and consists of three steps. Firstly, we add a λ∗ to the partition
= λ0 < λ1 < · · · < λN = 1, say λi < λ∗ < λi+1. Then the only amendment in (3) is that

[E(Aλi
, [0, ai])] − [E(Aλi−1 , [0, ai])]

s replaced by

([E(Aλi
, [0, ai])] − [E(Aλ∗ , [0, ai])]) + ([E(Aλ∗ , [0, ai])] − [E(Aλi−1 , [0, ai])]).

s
[E(Aλ∗ , [0, ai])] − [E(Aλ∗ , [0, ai])] = 0 ∈ RO(G),

his does not affect (3).
Secondly, let us consider the case that we have bi ̸= ai for some i such that ±bi /∈ σ(Aλ) and

−bi, bi]∩σess(Aλ) = ∅ for λ ∈ [λi−1, λi]. We assume without loss of generality that bi > ai. As E(Aλi
, [0, ai])

nd E(Aλi
, [ai, bi]) are G-invariant and intersect trivially, we obtain

[E(Aλi
, [0, bi])] − [E(Aλi−1 , [0, bi])]
= ([E(Aλi
, [0, ai]) ⊕ E(Aλi

, [ai, bi])]) − ([E(Aλi−1 , [0, ai]) ⊕ E(Aλi−1 , [ai, bi])])
5
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= ([E(Aλi
, [0, ai])] − [E(Aλi−1 , [0, ai])]) + ([E(Aλi

, [ai, bi])] − [E(Aλi−1 , [ai, bi])])
= [E(Aλi

, [0, ai])] − [E(Aλi−1 , [0, ai])],

here the last equality follows from Lemma 2.2. Thus (3) does not depend on the choice of the ai.
Finally, if we have two different partitions 0 = λ0 < λ1 < · · · < λN = 1 and 0 = η0 < η1 < · · · < ηM = 1

with corresponding numbers ai, i = 1, . . . , N and bi, i = 1, . . . , M , we merge the two partitions to obtain a
finer one for which we can use either the ai or the bi to compute (3). In both cases this does not affect (3)
by the first step of our proof. As (3) does not depend on the ai and bi by the second step, we finally see that
we obtain in both cases the same element in RO(G). □

We conclude this section by noting that there is a canonical homomorphism

F : RO(G) → Z, [U ] − [V ] ↦→ dim(U) − dim(V ),

and it follows from (2) and (3) that
F (sfG(A)) = sf(A). (4)

Consequently, the classical spectral flow of A has to vanish if sfG(A) is trivial. We will see below in Section 2.4
a simple example of a path of Z2-equivariant operators such that sfG(A) is non-trivial even though sf(A) = 0.

.3. The G-equivariant spectral flow: Properties

The aim of this section is to show that the G-equivariant spectral flow (3) has the same formal properties
han the classical spectral flow (2). Henceforth we denote by FSG(W, H) the subset of FS(W, H) of all
-equivariant operators.

emma 2.4. If A1 and A2 are two paths in FSG(W, H) such that A1
1 = A2

0, then

sfG(A1 ∗ A2) = sfG(A1) + sfG(A2) ∈ RO(G),

here A1 ∗ A2 denotes the concatenation of paths in FSG(W, H).

roof. This is an immediate consequence of the definition (3). □

The following lemma is the existence property of the spectral flow, which means that a non-trivial spectral
ow yields a non-trivial kernel. Here we denote the set of all bounded invertible operators by GL(W, H).

emma 2.5. If Aλ ∈ GL(W, H) ∩ FSG(W, H) for all λ ∈ I, then sfG(A) = 0 ∈ RO(G).

roof. As GL(W, H) ⊂ L(W, H) is open and the interval I is compact, there is ε > 0 such that
(Aλ) ∩ [−ε, ε] = ∅ for all λ ∈ I. Now the assertion is a consequence of Lemma 2.2 and (3). □

The next lemma is important for reducing spectral flow computations to finite dimensions (see, e.g.,
11,31]).

emma 2.6. Let H = H1 ⊕ H2, where H1, H2 are G-invariant and such that Aλ |Hi
∈ FS(Wi, Hi) for

= 1, 2, λ ∈ I, and suitable Wi ⊂ Hi. Then

sfG(A) = sfG(A |H ) + sfG(A |H ) ∈ RO(G).
1 2

6
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Proof. It follows from the assumptions that E(Aλ, [a, b]) = E(Aλ |H1 , [a, b]) ⊕ E(Aλ |H2 , [a, b]), where
oth spaces on the right hand side are G-invariant. Using this in (3) yields the claimed equality for the
-equivariant spectral flow. □

The following lemma clarifies the dependence of the spectral flow on the orientation of the path.

emma 2.7. If A′
λ := A1−λ, λ ∈ I, for a path A in FSG(W, H), then

sfG(A′) = − sfG(A) ∈ RO(G).

roof. This is an immediate consequence of (3) and the fact that[E(Aλi−1 , [0, ai])] − [E(Aλi
, [0, ai])] is the

nverse of [E(Aλi
, [0, ai])] − [E(Aλi−1 , [0, ai])] in RO(G). □

Our final aim of this section is to show the homotopy invariance of the G-equivariant spectral flow. Here
e follow the approach of [26], which is based on [21], and begin by the following proposition.

roposition 2.8. If h : I × I → FSG(W, H) is a homotopy, then

sfG(h(0, ·)) = sfG(h(·, 0)) + sfG(h(1, ·)) − sfG(h(·, 1)) ∈ RO(G).

roof. As h(I × I) ⊂ FSG(W, H) is compact, we can find an open cover of this set by finitely many open
ets Ni, i = 1, . . . , n, of the type as in Lemma 2.1. This means that for every i = 1, . . . , n, there is ai > 0
uch that for all T ∈ Ni, ±ai /∈ σ(T ), [−ai, ai] ∩ σess(T ) = ∅, and

Ni ∋ T ↦→ χ[−ai,ai](T ) ∈ L(H)

s continuous. The preimages h−1(Ni), i = 1, . . . , n are an open cover of I × I, and consequently there is
ome ε > 0 such that each subset of I × I of diameter less than ε is contained in one of the h−1(Ni).

Let 0 = λ0 ≤ · · · ≤ λm = 1 be a partition of I such that |λi − λi−1| ≤ ε√
2 for 1 ≤ i ≤ m. Then each

([λi−1, λi] × [λj−1, λj ]) is contained in one of the sets Nk. We now consider the four paths obtained from
he boundary of the square [λi−1, λi] × [λj−1, λj ], i.e. the two horizontal paths

hh
i−1,j(λ) = h(λi−1, λ), λ ∈ [λj−1, λj ], hh

i,j(λ) = h(λi, λ), λ ∈ [λj−1, λj ],

nd the two vertical paths

hv
i,j−1(λ) = h(λ, λj−1), λ ∈ [λi−1, λi], hv

i,j(λ) = h(λ, λj), λ ∈ [λi−1, λi].

e denote as in Lemma 2.7 by (hv
i,j)′ the reverse path of hv

i,j . Now hv
i,j−1 ∗ hh

i,j ∗ (hv
i,j)′ and hh

i−1,j are paths
n Nk having the same initial and endpoints. We obtain from (3) and Lemma 2.4

sfG(hh
i−1,j) = [E((hh

i−1,j)1, [0, ak])] − [E((hh
i−1,j)0, [0, ak])]

= [E((hv
i,j−1 ∗ hh

i,j ∗ (hv
i,j)′)1, [0, ak])] − [E((hv

i,j−1 ∗ hh
i,j ∗ (hv

i,j)′)0, [0, ak])]
= sfG(hv

i,j−1 ∗ hh
i,j ∗ (hv

i,j)′) = sfG(hv
i,j−1) + sfG(hh

i,j) + sfG((hv
i,j)′)

= sfG(hv
i,j−1) + sfG(hh

i,j) − sfG(hv
i,j),

(5)

here we have used Lemma 2.7 in the final equality. Consequently,

sfG(h(0, ·)) =
m∑

j=1
sfG(hh

0,j) =
m∑

j=1

(
sfG(hv

1,j−1) + sfG(hh
1,j) − sfG(hv

1,j)
)

= sfG(hv
1,0) − sfG(hv

1,m) +
m∑

sfG(hh
1,j).
j=1

7
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Now, again by (5),
m∑

j=1
sfG(hh

1,j) =
m∑

j=1

(
sfG(hv

2,j−1) + sfG(hh
2,j) − sfG(hv

2,j)
)

= sfG(hv
2,0) − sfG(hv

2,m) +
m∑

j=1
sfG(hh

2,j),

nd we obtain

sfG(h(0, ·)) = sfG(hv
1,0) + sfG(hv

2,0) − sfG(hv
1,m) − sfG(hv

2,m) +
m∑

j=1
sfG(hh

2,j).

f we continue until i = m, we get

sfG(h(0, ·)) =
m∑

i=1
sfG(hv

i,0) −
m∑

i=1
sfG(hv

i,m) +
m∑

j=1
sfG(hh

m,j)

= sfG(h(·, 0)) − sfG(h(·, 1)) + sfG(h(1, ·)),

here we have used Lemma 2.4 in the final equality. This is the claimed equation. □

As the G-equivariant spectral flow is trivial for constant paths, we immediately obtain the homotopy
nvariance under homotopies having constant endpoints.

orollary 2.9. If h : I × I → FSG(W, H) is a homotopy such that h(·, 0) and h(·, 1) are constant, then

sfG(h(0, ·)) = sfG(h(1, ·)) ∈ RO(G).

Moreover, Lemma 2.5 yields the invariance under homotopies having invertible endpoints.

orollary 2.10. If h : I × I → FSG(W, H) is a homotopy such that h(λ, 0) and h(λ, 1) are invertible for
ll λ ∈ I, then

sfG(h(0, ·)) = sfG(h(1, ·)) ∈ RO(G).

Finally, let us point out that further homotopy invariance properties can be obtained from Proposition 2.8,
.g., the invariance under free homotopies of loops in FSG(W, H) (cf. [26]).

.4. A simple example

In this section we consider a path Ã = {Ãλ}λ∈I in FS(W, H), where W and H are as before Hilbert
spaces with a dense embedding W ↪→ H, but we do not assume that there is a group action on H. The path
A = {Aλ}λ∈I for Aλ : W × W → H × H, where

Aλ =
(

Ãλ 0
0 −Ãλ

)
,

is presumably the easiest type of a path having a vanishing spectral flow for symmetry reasons. Note that
indeed sf(A) = 0 by (2) as the eigenvalues and their multiplicities of any Aλ are symmetric about 0.

As all irreducible real representations of Z2 are one dimensional, every real k-dimensional representation
is up to isomorphism a k × k diagonal matrix of the form diag(1, . . . , 1, −1, . . . , −1). Thus we obtain an
isomorphism ϕ : RO(Z2) → Z ⊕ Z of abelian groups by setting

ϕ([E] − [F ]) = (dim(E) − dim(F ), dim(EG) − dim(FG)), (6)
where EG ⊂ E and FG ⊂ F denote the spaces of fixed points under the group action.
8
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Now let us consider on H × H the action of G = Z2 = {e, g} given by g(u, v) = (u, −v). The aim of this
ection is to show that under the identification RO(G) = Z⊕Z by (6), the equivariant spectral flow of A is

sfG(A) = (sf(A), sf(Ã)) = (0, sf(Ã)) (7)

nd so it is non-trivial if and only if sf(Ã) does not vanish.
Let 0 = λ0 < λ1 < · · · < λN = 1 and ai > 0 be as in the definition (2) for the spectral flow of the path Ã.

hen, as σp(Aλ) = σp(Ãλ)∪σp(−Ãλ) and σess(Aλ) = σess(Ãλ)∪σess(−Ãλ), we see that the same numbers
0, . . . , λN and a1, . . . , aN can be used for A in (3). We have for 1 ≤ i ≤ N ,

[E(Aλi
, [0, ai])] − [E(Aλi−1 , [0, ai])] = [E(Ãλi

, [0, ai]) × E(−Ãλi
, [0, ai])]

− [E(Ãλi−1 , [0, ai]) × E(−Ãλi−1 , [0, ai])]
= [E(Ãλi

, [0, ai]) × E(Ãλi
, [−ai, 0])]

− [E(Ãλi−1 , [0, ai]) × E(Ãλi−1 , [−ai, 0])].

ence we obtain from (6) that ϕ([E(Aλi
, [0, ai])] − [E(Aλi−1 , [0, ai])]) is given by

(dim(E(Aλi
, [0, ai])) − dim(E(Aλi−1 , [0, ai])), dim(E(Ãλi

, [0, ai])) − dim(E(Ãλi−1 , [0, ai]))).

ow (7) follows from the definitions (2) and (3).

. Applications in bifurcation theory of critical points of functionals with symmetries

.1. G-equivariant spectral flow, morse index and bifurcation

We consider equations of the type ∇fλ(u) = 0, where f : I × H → R is a family of C2-functionals on
n infinite dimensional real Hilbert space H, and we assume that ∇fλ(0) = 0 for all λ ∈ I, i.e. 0 ∈ H is
critical point of all functionals fλ. A bifurcation point is a parameter value λ∗ ∈ I at which non-trivial

ritical points branch off from the trivial ones I ×{0}, i.e., in every neighbourhood of (λ∗, 0) ∈ I ×H there is
ome (λ, u) such that ∇fλ(u) = 0 and u ̸= 0. A crucial role for studying the existence of bifurcation points
s played by the family of Hessians Lλ := D2

0fλ at 0 ∈ H, which are bounded selfadjoint operators on H.
ote that, by the implicit function theorem, Lλ is non-invertible if λ is a bifurcation point. However, it is
ot difficult to see that the non-invertibility of Lλ is not sufficient for the existence of bifurcation points.

It is a common assumption that Lλ = D2
0fλ are Fredholm operators, i.e., Lλ ∈ FS(H) := FS(H, H). It

as shown by Atiyah and Singer in [2] that FS(H) has the three connected components

FS+(H) := {T ∈ FS(H) : σess(T ) ⊂ (0, +∞)}
FS−(H) := {T ∈ FS(H) : σess(T ) ⊂ (−∞, 0)},

nd
FS∗(H) := FS(H) \ FS±(H).

he operators in FS+(H) have a finite Morse index

µ−(Lλ) = dim (⊕µ<0{u ∈ H : Lλu = µu}) (8)

.e. they have only finitely many negative eigenvalues including multiplicities. A well-known theorem in
onlinear analysis says that, if Lλ ∈ FS+(H), λ ∈ I, L0 and L1 are invertible and have different Morse

ndices,
µ−(L0) ̸= µ−(L1), (9)
hen there is a bifurcation of critical points from the trivial branch (see [19,25]).
9
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Smoller and Wasserman considered in [25] a finer invariant than the Morse index in (9) to study
bifurcation for equations with symmetries. Let us consider as before a family of functionals f : I × H → R,
but we now require in addition that each fλ is G-invariant, i.e., f(gu) = f(u), g ∈ G, where G is
a compact Lie group acting orthogonally on H. Under this assumption, the selfadjoint operators Lλ =
D2

0fλ are G-equivariant, i.e. Lλ(gu) = g(Lλu). If we now again assume that Lλ ∈ FS+(H), then the
spaces

E−(Lλ) = ⊕µ<0{u ∈ H : Lλu = µu} (10)

in (8) are of finite dimension and so we obtain finite dimensional real representations of the compact Lie
group G. Henceforth, we assume that G is nice in the sense of [25], i.e., any orthogonal representations E

and F of G are isomorphic if the quotients D(E)/S(E) and D(F )/S(F ) of the unit discs by the unit spheres
have the same G-equivariant homotopy type. For example, if G0 denotes the connected component of the
identity in G, then G is nice if G/G0 is trivial or a finite product of Z2 or Z3. Thus, in particular, S1, O(n)
and SO(n) are nice. The following theorem is the main result of [25].

Theorem 3.1. If Lλ ∈ FS+(H) ∩ FSG(H), λ ∈ I, L0, L1 are invertible and E−(L0) and E−(L1) are not
isomorphic as G-representations, then there is a bifurcation of critical points for f .

The aim of this section is to show that the assumption in Theorem 3.1 can be replaced by requiring that
the G-equivariant spectral flow of the path L = {Lλ}λ∈I in FSG(H) is a non-trivial element in RO(G).
This follows from the next proposition.

Proposition 3.2. If L = {Lλ}λ∈I is a path in FSG(H) ∩ FS+(H), then

sfG(L) = [E−(L0)] − [E−(L1)] ∈ RO(G).

Proof. The proof falls into three steps. Let us firstly assume that there is [c, d] ⊂ I and some a > 0
such that ±a /∈ σ(Lλ) and such that there is no essential spectrum in [−a, a] ∩ σ(Lλ) for all λ ∈ [c, d]. By
Lemma 2.2, E(Lc, [−a, a]) and E(Ld, [−a, a]) are isomorphic G-representations. Consequently,

0 = [E(Lc, [−a, a])] − [E(Ld, [−a, a])]
= [E(Lc, [0, a]) ⊕ E(Lc, [−a, 0))] − [E(Ld, [0, a]) ⊕ E(Ld, [−a, 0))]
= ([E(Lc, [0, a])] − [E(Ld, [0, a])]) + ([E(Lc, [−a, 0))] − [E(Ld, [−a, 0))])

hich means that

[E(Ld, [0, a])] − [E(Lc, [0, a])] = [E(Lc, [−a, 0))] − [E(Ld, [−a, 0))] ∈ RO(G). (11)

econdly, as µ−(Lλ) < ∞ for all λ ∈ [c, d], there exists m ≥ a > 0 such that

(−∞, −m] ∩ σ(Lλ) = ∅. (12)

s −a ̸∈ σ(Lλ) and (−∞, 0) ∩ σess(Lλ) = ∅ for all λ ∈ [c, d], E(Lc, [−m, −a]) and E(Ld, [−m, −a]) are
somorphic G-representations by Lemma 2.2. Hence

[E(Lc, [−m, −a])] − [E(Ld, [−m, −a])] = 0 ∈ RO(G),
10
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and it follows from (11) that

[E(Ld, [0, a])] − [E(Lc, [0, a])] = [E(Lc, [−a, 0))] − [E(Ld, [−a, 0))]
+ [E(Lc, [−m, −a])] − [E(Ld, [−m, −a])]
= [E(Lc, [−a, 0)) ⊕ E(Lc, [−m, −a])]
− [E(Ld, [−a, 0)) ⊕ E(Ld, [−m, −a])]
= [E(Lc, [−m, 0))] − [E(Ld, [−m, 0))]
= [E−(Lc)] − [E−(Ld)] ∈ RO(G),

here we have used (12) in the final step.
Finally, we consider a partition 0 = λ0 < · · · < λN = 1 of I and numbers ai > 0, i = 1, . . . , N , as in (3).
e obtain

sfG(L) =
N∑

i=1
([E(Lλi

, [0, ai])] − [E(Lλi−1 , [0, ai])]) =
N∑

i=1
([E−(Lλi−1)] − [E−(Lλi

)])

= [E−(L0)] − [E−(L1)] ∈ RO(G),

here we have used that the last sum is telescoping. □

The previous proposition and Theorem 3.1 yield the following corollary, where again Lλ are the Hessians
f the family of G-invariant C2-functionals f : I × H → R and G is assumed to be nice.

orollary 3.3. If Lλ ∈ FS+(H) ∩ FSG(H), λ ∈ I, L0, L1 are invertible and sfG(L) ̸= 0, then there is a
ifurcation point of critical points of f .

roof. If sfG(L) ̸= 0, then
[E−(L0)] − [E−(L1)] ̸= 0 ∈ RO(G)

y Proposition 3.2. Consequently, E−(L0) and E−(L1) cannot be isomorphic as G-representations and the
ssertion follows from Theorem 3.1. □

.2. Bifurcation of periodic solutions of autonomous hamiltonian systems

There are important types of differential equations whose solutions are critical points of a functional
λ : H → R on a Hilbert space H but where the Hessians Lλ are in the path component FS∗(H).
hus the Morse index (8) cannot be used for studying bifurcation phenomena for such equations. The
ost prominent class of this type are Hamiltonian systems and numerous works have appeared over the

ast decades where approaches were developed to deal with their bifurcation problems in various settings
cf., e.g., [5,11,19,23,27]). However, to the best of our knowledge, results in an equivariant setting as in the
revious section have not been obtained. It is the main purpose of this paper to show that the G-equivariant
pectral flow is the right invariant to deal with such bifurcation problems.

.2.1. Index formula and bifurcation theorem
We consider families of autonomous Hamiltonian systems{

Ju′(t) + ∇uH(λ, u(t)) = 0, t ∈ [0, 2π]
(13)
u(0) = u(2π),
11
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where J is the symplectic standard matrix

J =
(

0 −In

In 0

)
, (14)

nd H : I × R2n → R is of the form

H(λ, u) = 1
2 ⟨Sλu, u⟩ + R(λ, u)

or a family S : I × R2n → R2n of symmetric matrices and a C2-map R : I × R2n → R such that

• ∇uR(λ, u) = o(∥u∥) as u → 0,
• there are r > 0 and a, b > 0 such that for all (λ, u) ∈ I × R2n

∥D2
uR(λ, u)∥ ≤ a + b∥u∥r.

Note that the constant function 0 is a solution of (13) for all λ ∈ I. It is well known that solutions of (13)
are the critical points of the functional fλ : H

1
2 (S1,R2n) → R given by

fλ(u) = 1
2Γ (u, u) +

∫ 2π

0
H(λ, u(t)) dt, (15)

here Γ is a bounded bilinear form on H
1
2 (S1,R2n) such that

Γ (u, v) =
∫ 2π

0
⟨Ju′(t), v(t)⟩ dt (16)

f u ∈ H1(S1,R2n) (cf. [11, §1]). The Hessians Lλ : H
1
2 (S1,R2n) → H

1
2 (S1,R2n) of fλ at 0 are Fredholm

perators determined by

⟨Lλu, v⟩
H

1
2

= Γ (u, v) +
∫ 2π

0
⟨Sλu, v⟩ dt, (17)

nd it is readily seen that the kernel of Lλ is the space of solutions of{
Ju′(t) + Sλu(t) = 0, t ∈ [0, 2π]

u(0) = u(2π).
(18)

e now consider two kinds of group actions on H
1
2 (S1,R2n). The first action is obtained from the periodicity.

We let the compact Lie group S1 act on H
1
2 (S1,R2n) by setting

Θu = u(· + Θ),

nd note that each fλ is S1-invariant. It is well-known that the only non-trivial irreducible real representa-
ions of S1 are (

cos(kΘ) − sin(kΘ)
sin(kΘ) cos(kΘ)

)
∈ SO(2), k ∈ N,

and it is readily seen from this fact that RO(S1) and Z[x] are isomorphic as abelian groups by an
somorphism mapping (3) to a polynomial having the classical spectral flow (2) as zero-order term.

Further, we consider a type of group action that was introduced by Bartsch and Willem in [6]. Let G0 be
compact Lie group acting orthogonally on R2n and such that gT Jg = J and gSλ = Sλg for all g ∈ G0 and
∈ I. We obtain an induced orthogonal action on H

1
2 (S1,R2n) by (gu)(t) = gu(t) and each fλ is invariant

under this action if R(λ, gu) = R(λ, u), λ ∈ I. In total, we have an orthogonal action of G := G0 × S1 on
H

1
2 (S1,R2n) such that each fλ is invariant. Consequently, L = {Lλ}λ∈I is a path of G-equivariant selfadjoint

Fredholm operators and thus sf (L) ∈ RO(G) is defined.
G

12
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To state our main theorems, we define symmetric 4n × 4n-matrices by

Ak(λ) :=
( 1

k Sλ J
−J 1

k Sλ

)
, k ∈ N, (19)

nd denote by E−(Ak(λ)), λ ∈ I, the direct sum of the eigenspaces of the matrix Ak(λ) with respect to
egative eigenvalues. Moreover, we consider for k ∈ N the representations

Θ ↦→
(

cos(kΘ) I2n − sin(kΘ) I2n

sin(kΘ) I2n cos(kΘ) I2n

)
∈ SO(4n) (20)

f S1, and
g ↦→

(
g 0
0 g

)
∈ O(4n) (21)

f G0 on R4n. Note that Ak(λ) is equivariant under these group actions, and thus the direct sums of negative
igenspaces E−(Ak(λ)) ⊂ R4n are invariant spaces.

heorem 3.4. For all but finitely many k ∈ N,

[E−(Ak(0))] − [E−(Ak(1))] = 0 ∈ RO(G),

and
sfG(L) = [E−(S0)] − [E−(S1)] +

∞∑
k=1

([E−(Ak(0))] − [E−(Ak(1))]) ∈ RO(G).

Here E−(S0) and E−(S1) are the negative eigenspaces of the 2n × 2n matrices S0/1, on which S1 acts
rivially and G0 by its action on R2n.

heorem 3.5. If G is nice, (18) has only the trivial solution for λ = 0, 1, and

sfG(L) ̸= 0 ∈ RO(G),

hen there is a bifurcation from the trivial branch for (13).

When we consider a trivial G0 action and apply (4) to sfG(L), we obtain from Theorems 3.4 and 3.5 the
ollowing corollary, which is Theorem 1.1 of [11].

orollary 3.6. If (18) has only the trivial solution for λ = 0, 1, and

dim(E−(S0)) − dim(E−(S1)) +
∞∑

k=1
(dim(E−(Ak(0))) − dim(E−(Ak(1)))) ̸= 0 ∈ Z,

hen there is a bifurcation from the trivial branch for (13).

Let us note that the previous corollary was also recently obtained by Blaszczyk, Golębiewska and Rybicki
in [7, Thm.5.1] by using the infinite-dimensional Conley index from [16].

3.2.2. Proof of Theorem 3.4
At first, let us recall that

H := H
1
2 (S1,R2n) =

{ ∞∑
k=0

sin(k·)ak + cos(k·)bk : ak, bk ∈ R2n,

∞∑
k=1

k(|ak|2 + |bk|2) < ∞

}
with the usual scalar product.
13
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We consider for k ≥ 0 the spaces

Vk := {(sin kt)a + (cos kt)b : a, b ∈ R2n} ⊂ H,

and note that each Vk is invariant under the action of G = G0 × S1. Moreover, it follows from (16) and (17)
that each space Vk reduces the operators Lλ (cf. [11, §1]). Let e1, . . . , en, en+1, . . . , e2n be the standard basis
f R2n. This yields a basis of Vk for k ∈ N by

{uk
1 , . . . , uk

2n, vk
1 , . . . , vk

2n}, (22)

here uk
i = sin(kt)ei and vk

i = cos(kt)ei for i = 1, . . . , 2n. As Jei = ei+n for i = 1, . . . , n, it is readily seen
rom (16) and (17) that Lλ |VK

, k ∈ N, is given with respect to the basis (22) by the 4n × 4n-matrix

Ak(λ) :=
( 1

k Sλ J
−J 1

k Sλ

)
. (23)

oreover, {e1, . . . , e2n} is a basis of V0 and Lλ |V0 is given by multiplication by Sλ. The action of S1 on V0
is trivial. A straightforward computation shows that the actions of S1 and G0 on Vk, k ∈ N, are given with
respect to the basis (22) by (20) and (21).

Our aim is to find a decomposition H = X⊕Y into closed G-invariant subspaces that reduce the operators
Lλ and are such that dim(X) < ∞, as well as Lλ |Y ∈ GL(Y ), λ ∈ I.

Let m0 ∈ N be such that Ak(λ) is invertible for all k > m0 and λ ∈ I. Then the operators Lλ |Vk
: Vk → Vk

are invertible as well for k > m0. We now consider the spaces X =
⨁m0

k=0 Vk and Y = X⊥. The operators
Lλ are reduced by the decomposition H = X ⊕ Y and we obtain from Lemma 2.6

sfG(L) = sfG(L |X) + sfG(L |Y ).

As Lλ |Y ∈ FS(Y ) and Lλ |Vk
: Vk → Vk is invertible for k ≥ m0 + 1, it follows that Lλ |Y is invertible for

λ ∈ I. Consequently, by Lemma 2.5,
sfG(L) = sfG(L |X), (24)

and so we have reduced the spectral flow computation to finite dimensions. Moreover, we obtain from
Lemmas 2.5 and 2.6

sfG(L) =
m0∑
k=0

sfG(L |Vk
) =

∞∑
k=0

sfG(L |Vk
), (25)

where we have used once again that Lλ |Vk
: Vk → Vk is invertible for k > m0.

Let us now consider L |Vk
for some k = 0, 1, 2, . . .. As Vk is of finite dimension, there is a single a > 0

in (3) such that σ(Lλ |Vk
) ⊂ [−a, a] and all elements in σ(Lλ |Vk

) are eigenvalues of finite multiplicity. By
Lemma 2.2, we obtain

0 = [E(L1 |Vk
, [−a, a])] − [E(L0 |Vk

, [−a, a])]
= [E(L1 |Vk

, [0, a]) ⊕ [E(L1 |Vk
, [−a, 0))] − [E(L0 |Vk

, [0, a]) ⊕ E(L0 |Vk
, [−a, 0))]

= ([E(L1 |Vk
, [0, a])] − [E(L0 |Vk

, [0, a])]) + ([E(L1 |Vk
, [−a, 0))] − [E(L0 |Vk

, [−a, 0))]),

which shows that

[E(L1 |Vk
, [0, a])] − [E(L0 |Vk

, [0, a])] = [E(L0 |Vk
, [−a, 0))] − [E(L1 |Vk

, [−a, 0))] ∈ RO(G).

lugging this into (3) yields

sfG(L |Vk
) = [E(L1 |Vk

, [0, a])] − [E(L0 |Vk
, [0, a])] = [E(L0 |Vk

, [−a, 0))] − [E(L1 |Vk
, [−a, 0))]

− −
= [E (L0 |Vk
)] − [E (L1 |Vk

)],
14
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where E−(Li |Vk
), i = 1, 2, denotes the direct sum of the eigenspaces with respect to negative eigenvalues.

Consequently, with respect to the basis (22),

sfG(L |Vk
) = [E−(Ak(0))] − [E−(Ak(1))] ∈ RO(G), k ∈ N,

sfG(L |V0) = [E−(S0)] − [E−(S1)] ∈ RO(G),
(26)

here E−(A) is the direct sum of the eigenspaces of a matrix A with respect to negative eigenvalues and
e need to consider the group actions as described below (23).
We now see from (26) that [E−(Ak(0))] − [E−(Ak(1))] = 0 ∈ RO(G) for k > m0 as sfG(L |Vk

) = 0 in this
ase. This shows the first part of Theorem 3.4. Finally, the spectral flow formula is a direct consequence of
25) and (26).

.2.3. Proof of Theorem 3.5
The proof of Theorem 3.5 is based on the following parametrised G-equivariant implicit function theorem.

emma 3.7. Let H be a real Hilbert space and G a compact Lie group acting orthogonally on H. Let U ⊂ H

e an open invariant subset of H containing 0 ∈ U and f : I × U → R a continuous one-parameter family
f G-invariant C2-functionals. Let F (λ, u) := (∇fλ)(u) and assume that F (λ, 0) = 0 for all λ ∈ I. Suppose
hat there is an orthogonal decomposition H = X ⊕ Y , where X is G-invariant and of finite dimension, and
uch that for

F (λ, u) = (F1(λ, x, y), F2(λ, x, y)) ∈ X ⊕ Y, u = (x, y) ∈ X ⊕ Y,

e have that (DyF2)(λ, 0, 0) : Y → Y is invertible for all λ ∈ I. Then:

(i) There are an open ball BX = B(0, δ) ⊂ X and a unique continuous family of equivariant C1-maps
η : I × BX → Y such that η(λ, 0) = 0 for all λ ∈ I, and

F2(λ, x, η(λ, x)) = 0, (λ, x) ∈ I × BX . (27)

(ii) Let the family of functionals f : I × BX → R and the map F : I × BX → X be defined by

f(λ, x) = f(λ, x, η(λ, x)), F (λ, x) = F1(λ, x, η(λ, x)).

Then f is a continuous family of G-invariant C2-functionals on BX and

∇f(λ, x) = F (λ, x), (λ, x) ∈ I × BX ,

which is a G-equivariant map.

Proof. The lemma is proved in the non-equivariant case in [20, Lemma 4.2]. Note that F1(λ, u) = PF (λ, u)
nd F2(λ, u) = (IH −P )F (λ, u), where P : H → H is the orthogonal projection onto X. As X is invariant and

acts orthogonally, P and IH − P are equivariant. Clearly, each F (λ, ·) is equivariant since fλ is invariant.
Thus we have for g ∈ G and u ∈ H

Fi(λ, gu) = gFi(λ, u), i = 1, 2,

i.e., F1 and F2 are families of G-equivariant maps. Note that, as X and Y are invariant, g(x, y) = (gx, gy)
for g ∈ G and (x, y) ∈ X ⊕ Y = H. As the lemma holds in the non-equivariant case, there is a unique family
of C1-maps η : I × BX → Y that satisfies (27). Now BX is invariant as G acts orthogonally, and thus

F (λ, gx, η(λ, gx)) = 0, g ∈ G, x ∈ B
2 X

15
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F2(λ, gx, gη(λ, x)) = gF2(λ, x, η(λ, x)) = 0, g ∈ G, x ∈ BX .

s η is unique, this implies η(λ, gx) = gη(λ, x) for all g ∈ G and x ∈ BX , i.e., each η(λ, ·) is equivariant.
ence (i) is shown. For (ii), just note that f is invariant as η is equivariant and f is invariant. Thus

F (λ, ·) = ∇f(λ, ·) is equivariant. □

Now recall that we obtained in the proof of Theorem 3.4 a decomposition H = X ⊕ Y into G-equivariant
ubspaces such that the operators Lλ |Y : Y → Y are invertible. Let P : H → H be the orthogonal projection
nto X. If we set

F1(λ, x, y) := PF (λ, x, y), F2(λ, x, y) := (IH − P )F (λ, x, y),

hen DyF2(λ, 0, 0) = Lλ |Y is invertible. Thus we obtain from Lemma 3.7 a family f : I × BX → R of
-invariant C2-functionals on the finite dimensional space X. Note that f has the same bifurcation points

than f . As in Lemma 3.7, we denote by F : I × BX → X the family of gradients of f .
Let ηλ : BX → Y be the continuous family of equivariant C1-maps from Lemma 3.7 for the splitting

H = X ⊕ Y . By differentiating (27) implicitly, we obtain

D0ηλ = −(DyF2(λ, 0, 0))−1DxF2(λ, 0, 0) = −(Lλ |Y )−1(IH − P )Lλ |X= 0,

here we use that the operators Lλ are reduced by the decomposition H = X ⊕ Y and consequently
IH − P )Lλ |X= 0. Thus, if ℓλ := D2

0fλ, λ ∈ I, are the Hessians of fλ at the critical point 0 ∈ BX ,
hen

ℓλ = PLλ(IX + D0ηλ) = PLλ |X= Lλ |X . (28)

inally, it follows from (24) that
sfG(L) = sfG(ℓ), (29)

here ℓ := {ℓλ}λ∈I . Hence to prove Theorem 3.5, it remains to show the existence of a bifurcation for f .
ote that ℓ0 and ℓ1 are invertible by (28).
Let f̃ : I × (BX × Y ) → R be defined by

f̃(λ, x, y) = f(λ, x) + 1
2∥y∥2

H .

˜ is G invariant as the action of G on H is orthogonal. If L̃ = {L̃λ}λ∈I denote the Hessians of f̃ , then
˜

λ ∈ FS+(H), λ ∈ I, and
sfG(L̃) = sfG(ℓ) ∈ RO(G) (30)

by Lemma 2.6. As L̃0 and L̃1 are invertible, and sfG(L̃) ̸= 0 by (29) and (30), we obtain from Corollary 3.3
that there is a bifurcation of critical points for f̃ . Finally, f̃ and f obviously have the same bifurcation points,

hich shows Theorem 3.5.
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