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Chapter 1

Introduction

Many real world optimization problems require the minimization of multiple conflicting objec-
tives, e.g. in finance, the maximization of the expected return versus the minimization of risk
in portfolio optimization; in production theory, the minimization of production time versus the
minimization of the cost of manufacturing equipment; or the maximization of tumor control
versus the minimization of normal tissue complication in radiotherapy treatment design. Such

problems can be formulated as vector optimization problems.

Recently, vector optimization problems with variable ordering structures are studied intensively
in the literature because they have important applications in economics, engineering design,
management science and many other fields (see Bao, Mordukhovich [5], Eichfelder [24], Engau
[29] and Huang, Yang, Chan [40]).

Approximate solutions of vector optimization problems with variable ordering structures play an
important role from the theoretical as well as computational point of view. It is well known that
one needs compactness assumptions in order to show existence results for optimization prob-
lems. Such compactness assumptions are not fulfilled for many optimization problems. Also,
we know that under weak assumptions and without compactness conditions, we have to deal
with approximate solutions and we can show several assertions without any compactness as-
sumptions for these solutions. Also, if we apply numerical algorithms for solving optimization
problems, then these algorithms usually generate approximate solutions which are close to the
exact solutions. Here, we will introduce approximate solutions of vector optimization problems
with variable ordering structures. Many papers deal with different concepts for approximate
solutions with respect to a fixed ordering structure; see [39, 54, 56, 60, 68—74] for different
definitions, concepts and properties of these elements. Gutiérrez , Jiménez and Novo in [36]

introduced a new concept of approximate solutions of vector optimization problems and they
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unified some different concepts of approximate solutions with respect to fixed ordering struc-
tures. In this thesis, we deal with approximate minimizers, approximately nondominated and

approximately minimal solutions with respect to variable ordering structures.

In the second chapter, we will present some necessary mathematical backgrounds and concepts
which will be used in the next chapters. Vector optimization problems have close relationships
with partial orderings in objective spaces. Also, it is known that convex cone helps us to define
an ordering in vector spaces. Therefore, we will introduce binary relations and some of their
properties. Another important topic in the second chapter is cones and their properties. At the

end, we will show some relationships between cone properties and binary ordering.

In the third chapter, we will consider two different orderings such partially orderings with fixed
cones and variable orderings with variable structures. In the first section, we deal with the vector
optimization problem with a fixed cone and later we introduce concepts for approximately mini-
mal, approximately nondominated solutions and approximate minimizers of vector optimization
problems with respect to variable ordering structures. In order to describe solution concepts, we
use a set-valued map and this map is not a (pointed, convex) cone-valued map necessarily. We
illustrate the different concepts for approximate solutions by several examples. Important prop-
erties of these three different kinds of approximate solutions of vector optimization problems
with respect to variable ordering structures will be shown. Eichfelder [24] studied relationships
between exact nondominated and minimal solutions of vector optimization problems with vari-
able ordering structures. In the third chapter, we will show relationships between different kinds
of approximately optimal elements (ek’-nondominated, €k’-minimal and €k°-minimizers) of
vector optimization problems with respect to variable ordering structures and relationships be-
tween sets of approximate solutions choosing different parameters will be discussed. At the
end of the third chapter, it will be obvious to see that concepts of approximately nondominated,
approximately minimal elements and approximate minimizers coincide in the case of vector

optimization problems with fixed ordering structures.

In scalarization methods for vector optimization problems, we replace a vector optimization
problem by a suitable scalar optimization problem to characterize optimal elements. In the
fourth chapter, we characterize ek®-optimal elements by scalarization via nonlinear functionals.
By this scalarization, we show that an approximate solution of the original vector optimization
problem is also a solution for the scalar problem and vice versa. We present a scalarization
method with the help of nonlinear functionals. This scalarization method for vector optimiza-
tion problems was introduced by Gerstewitz (1983) in [31] (see also [32], [33, Theorem 2.3.1],
[35, Theorem 3.38]) and one year later by Pascoletti and Serafini (1984) in [61]. Some general-
izations of this scalarization method for vector optimization problems with a variable ordering
structure where the ordering map is pointed, closed, convex and cone-valued can be found in

[12, 15, 16, 22]. Here, we have a generalization of the Tammer-Weidner functional without any
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cone or convexity assumptions and we use it for the characterization of all of the three different
kinds of approximate solutions. In fact, our ordering map is just a set-valued map with cer-
tain properties. For sure, our scalarization also works when the ordering map is a convex and

cone-valued map.

Ekeland’s variational principle is a very deep assertion concerning the existence of an exact solu-
tion of a slightly perturbed optimization problem in a neighborhood of an approximate solution
of the original optimization problem. Applications of Ekeland’s variational principle can be seen
in economics, control theory, game theory, nonsmooth analysis and many other fields. Several
generalizations of Ekeland’s variational principle [28] for vector optimization problems with a
fixed ordering structure are given in [3, 4, 8, 9, 13, 14, 37, 38, 41, 44, 55, 70]. In the fifth chap-
ter, we will use results from third and fourth chapters in order to derive variational principles for
vector optimization problems with variable ordering structures and an extension of Ekeland’s
variational principle for vector optimization problems with a variable ordering structure will be

given.

In the last chapter, we present optimality conditions for approximate solutions of vector opti-
mization problems with variable ordering structures. We will use the variational principles pre-
sented in the fifth chapter in order to derive necessary conditions for approximate solutions of
vector optimization problems with variable ordering structures. Bao and Mordukhovich [5] have
shown necessary conditions for nondominated points of sets and nondominated solutions of vec-
tor optimization problems with variable ordering structures and general geometric constraints,
applying methods of variational analysis and generalized differentiation (see Mordukhovich [58]
and Mordukhovich, Shao [59]). In our result we use both Mordukhovich and generic approach
to subdifferentials (compare [21]). We prove the necessary condition for approximate solutions
using a vector-valued variant of Ekeland’s variational principle (see [34, Corollary 9]). Af-
ter that we will give second-order optimality conditions by concept of tangential derivatives of

second-order for set-valued optimization problems with variable ordering structures.



Chapter 2

Preliminaries

In this chapter, we will present some necessary mathematical backgrounds and concepts which
will be used in the next chapters. Vector optimization problems have close relation with partial
orderings in objective spaces. Also, it is known that convex cones help us to define orderings in
vector spaces. Therefore, we will introduce binary relations and some of their properties. The
second important topic is cones and some of their properties. At the end, we will show some

cone properties and their relationships with order properties.

2.1 Order Relations

In this section, we introduce binary and partial relations and some of their properties. Partial
orders are the most important classes of relations in vector optimization problems. Partial or-
dering is given in many real linear spaces because of its important role for introducing solution

concepts and practical interests. In the following we suppose that X and Y are real linear spaces.

Definition 2.1.1. Let A # 0 be a nonempty set, the set of ordered pairs of elements of A is
defined as following: A X A := {(x1,x2) | x1,x2 € A}.

A binary relation on X is a subset Z of X x X. We write xZy for (x,y) € Z%.

Definition 2.1.2. A binary relation % on X is called

o reflexive iff (x,x) € Z forall x € X,
e symmetric iff (x,y) € Z = (y,x) € Z forallx,y € X,
e antisymmetric iff (x,y) € #Z and (y,x) € # = x=yforallx,y € Z,

e transitive iff (x,y) € Z and (y,2) € Z = (x,z) € Z forall x,y,z € %.

A binary relation Z is called preorder if it is transitive.
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Definition 2.1.3. Every binary relation < on X is called a partial ordering if it is reflexive,

transitive and if for arbitrary a,b,x,y € X, the following properties hold:
l.x<yanda<b = x+a<y+b,
2. x<yand A e R, = Ax < Ay.

Definition 2.1.4. A partially ordered linear space is a real linear space equipped with a partial

order.

It is important to note that we can not compare two arbitrary elements in a partially ordered
space in general. But there are some binary relations which any two arbitrary elements are

comparable.

Definition 2.1.5. A binary relation & is called a total order if # is a partial order and if every

two elements are comparable, i.e., for all x,y € X, either xZy or yZx.

Definition 2.1.6. If each subset A C X has a first element X, i.e., x%x for all x € A, then we say

that X is well ordered relative to Z.

Minimal (maximal) elements of a set A relative to relation % are defined as following:

Definition 2.1.7. Suppose that Z is an order relation on the nonempty set S and A is a subset of

S. We say X is a minimal (maximal) element of A relative to % if

Vx € A, x#X = X%x (Vx€eA X%x = xZx).

The set of minimal (maximal) element of A relative to Z are denoted by Min(A, %) (Max (A, Z%)).
Note that if the order relation & is antisymmetric, then X is a minimal (maximal) element of A

if and only if

Vx€A, x#x — x=T7, (Vx €A, XZ#x = x=X).

Remark 2.1.8. If # is a partial order on X, then a subset A C X can have no, one or several
minimal (maximal) elements. But if Z is a total order, then every subset A of X has at most one

minimal (maximal) element.
Definition 2.1.9. If # is an order relation on X and A C X, then %4 = % N (A x A) is an order

relation of A and has the following properties:

1. If #Z is a partial order (preorder, total order) on X, then %4 is also a partial order (preorder,

total order) on A.

2. xis a minimal (maximal) element of A relative to & if and only if X is a minimal (maximal)

element of A relative to %Z,.
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Example 2.1.10. Suppose that S is a nonempty set and let Z?=P(S) be the power set of S, i.e.,

the set of all subsets of S, then binary relation

#Z:={(A,B)e x P :ACB}

is a partial order. If X has more than two element then % is not a total order.

2.2 Cone Properties

Definition 2.2.1. Let C C Y be a nonempty subset of a real linear space Y. The set C is called a
coneiff A\c € Cforallc € Candforall A e Ry :={r€R |t =0}.

We define multiplication of a set with a scalar by
oS:={as:seS},
specially —S = {—s: s € S§}. Furthermore, algebraic sum of two sets S and T is as following
S+T:={s+t:s€8,t€T}.
We write s+ T instead of {s} + T, if S = {s} is a singleton.
Some further notation used in this thesis are as following:

e int.S is the interior of S,

bdS is the boundary of S,

clS :=intSUbdS,

rint S is the relative interior of S,

conv S is the convex hull of S.

e coneS is the conic hull of S.

Definition 2.2.2. Suppose Y is a real linear space and C C Y.

1. A cone/set C is called proper or nontrivial iff C # Y and C # {0y }.

2. A cone/set C is called solid iff intC # 0.

3. A cone/set C is called pointed iff CN (—C) = {0y }, i.e., if c € C and ¢ # Oy, then ¢ ¢ —C.
4. A cone/set C is called convex iff Ac; + (1 —A)c, € Cforall 0 < A <1 forall ¢j,c; € C.

5. We say that cone C generates Y or C is called reproducing iff C—C =Y.
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6. Let nonempty convex set B be a subset of convex cone C # {0y}. The set B is called
a base for convex cone C iff each ¢ € C\{0y} has a unique representation of the form

¢ = Bb for some B > 0 and for some b € B.

Convexity of B and uniqueness of 3 imply Oy ¢ B. Note that a cone C is convex if and only if
it is closed under addition and this means closedness under addition of a cone C is sufficient for

convexity.

Theorem 2.2.3. Suppose that C is a convex cone with base B in real linear space Y, then C is

pointed.

Proof. Suppose both ¢ and —c belong to C. By definition of base, we get c = Ab; and —c = ub,

and this means ¢ = Ab; = —ub,. Therefore,
A 0
Abi+uby =0 = b1+ by =0.
1+ HUD2 A+u 1T T 2
By convexity of B, we get 0 € B. But this is a contradiction to 0 ¢ B. O

Proposition 2.2.4. Let C be a convex cone in a real linear space ¥ with a nonempty interior,
then intC = C 4 intC.

Proof. We know for ¢; € intC, ¢; = c; + Oy. Therefore, obviously
intC =intC+ {0y} C intC+C.

Now suppose that ¢y € intC,cp € C and y € Y. By ¢ € intC, there exists € > 0 such that
c1+ €y € C for every € € [0,€]. Since C is a convex cone, ¢ + €y + ¢, € C. Because c¢j,c2,y
were arbitrary and c¢; + ¢, + €y € C, then ¢; + ¢ is an interior point of C and C 4 intC C intC

and proof is complete. O

Definition 2.2.5. LetY be a vector space over a field F. The continuous dual space of Y, denoted

Y™, is the set of all linear maps from Y to FF.

Definition 2.2.6. The dual cone C* of a set C is the following set
C'={y"eY :y(y) >0 VyeC}.

Note that dual cone is always a convex cone, even if C is neither convex nor a cone. Furthermore,
the set
Ct={y"eY*:y"(y) >0 VyeC}

is called quasi interior of cone C. Note that if C* # 0, then C is pointed. This implication is an
equivalence if Y is a finite dimensional space; see page 2 of [33] for the proof and more details.
For example, if C = {0y}, then C* =Y* and if C =Y, then C* = {0}. Suppose that C; and C»

are two convex cone with dual cones C} and C; respectively and C; C G, then C; C C.
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Proposition 2.2.7. Let C be a convex cone in ¥ with intC # @, then

intCc {yeY:y(y) >0 Wy eC"\{0}}.

Proof. Suppose that y € intC and y* € C*\{0}, then there exists z € Y such that y*(z) < 0. Now,
since y € intC, there exists € > 0 such that y+ €z € C for all € € [0,€]. Since y+ €z € C and y*
is linear, we have

Y'(y+ez) >0 = y'(y) > —¢ey"(z) >0 and
intCC{yeY:y(y) >0 W eC"\{0}}.

This completes the proof. g

If C characterizes a partial ordering in Y, we say C is an ordering cone. Now, we are ready to

show relationships between order properties and cone properties.

Theorem 2.2.8. Suppose that C is a pointed convex cone in Y, then the binary relation

<c={(x,y) €Y xY:y—xeC} (2.1)

is a partial ordering in Y.
Proof. Proof is easy and we just prove transitivity. Suppose x <cy and y <¢ z, so

1 1
y—x,z2—yeC = 5(y—x)+§(z—y) eC.

This means z—x € C and x <¢ z. ]

Proposition 2.2.9. Suppose that order relation & is compatible with scalar multiplication, i.e.,

(ax,ay) € Z forall (x,y) € Z and a € R, then Cy := {y—x: (x,y) € Z} is a cone.

Proof. Suppose that a € C, then there exists (x,y) € Z such that a = y —x and by compatibility
with scalar multiplication, we get (o, ay) € Z. Therefore, aa = ay — ox € Cy for all a > 0

and this means Cy is a cone. [

Similarly, we define strict partial ordering by
<c=A{(x,y) €Y xY :y—x€intC}.

For example, when C = R, then partial ordering < is usual ordering < and the strict partial

ordering < is usual strict ordering < on R.

We say a relation # is compatible with addition if (x+z,y+z) € Z holds for all (x,y) € #Z and
zeY.

Lemma 2.2.10. If # have addition compatibility, then for all a € C» we have 0Za.



CHAPTER 2. PRELIMINARIES 9

Proof. Suppose that a € Cy, then there exists (x,y) € #Z such that a = y — x. By addition
compatibility, we get (x+2z,y+z) € Z for z € R”. Now, set z = —x, then (0,y —x) € % and
0Za. O

The following theorem [33, Theorem 2.1.13] shows relationships between some geometrical

properties of cones and order relation properties.

Proposition 2.2.11. Let Y be a linear space and C be a cone in Y. Then < defined by (2.1) is

compatible with addition and scalar multiplication. Moreover the following properties hold:

1. <c isreflexive if and only if 0 € C.
2. <c is antisymmetric if and only if C is pointed.
3. <c is transitive if and only if C is convex.

Proof. 1. Suppose that <c is reflexive, then foranyx € Y, x —x =0 € C. Now, if 0 € C and
xeY, thenx—x=0€Candx <. xforany x €Y.

2. First suppose that <¢ is antisymmetric and a,—a € C. Since a,—a € C, we can say that
0 <caand 0 <, —a. By addition compatibility, we get a <¢ 0. Since < is antisymmetric,
a = 0. Now, suppose that C is pointed and there exist some x,y € Y such that x <c y and
y <c x. Therefore, y—x=a € Cand x—y = —a € C, but since C is pointed,a = —a =0

and this means x = y.

3. First suppose that x,y,z€ Y, x <cyandy <c¢ z, then we have y —x,z —y € C. By convexity
of cone C, we get y —x+z—y € C and this means x <¢ z. Now, suppose that a,b € C and
<c is transitive. By b € C, 0 <¢ b and addition compatibility, we get a <c a+b. By

transitivity of <¢, we get 0 <c a+ b and this means a+ b € C and C is a convex cone. []



Chapter 3

Solution Concepts of Vector

Optimization Problems

Many real world optimization problems require the minimization of multiple conflicting objec-
tives, e.g. the maximization of the expected return versus the minimization of risk in portfolio
optimization, the minimization of production time versus the minimization of the cost of man-
ufacturing equipment, or the maximization of tumor control versus the minimization of normal
tissue complication in radiotherapy treatment design. Such problems can be formulated as vector
optimization problems. In this chapter, we will consider two different orderings such partially
orderings with fixed cones and variable orderings with variable structures and we will define
optimal points with respect to these orderings. When we are talking about optimal points of a
set in a partially ordered space, we are mostly interested in minimal or maximal elements. But
also sometimes for us is important to find weakly (strongly) minimal or maximal points and
locally optimal solutions in the case of nonconvex optimization. Let Y be a real linear space
and C C Y be an ordering cone. Since every maximal point of a set Q C Y with respect to an
ordering cone C C Y is also a minimal point with respect to the ordering cone —C, we just will

deal with minimal points here. We study the following vector optimization problem
min y subjectto y € Q. (VOP)

Here, we will introduce approximate solutions of vector optimization problems with fixed and
variable ordering structures. Many papers deal with different concepts for approximate solutions
of vector optimization problems with respect to fixed ordering structures; see [39, 54, 56, 60, 68—
74] for different definitions, concepts and properties of these elements. Gutiérrez , Jiménez and
Novo in [36] introduced a new concept of approximate solutions of vector optimization problems
and they unified some different concepts of approximate solutions with respect to fixed ordering
structures. First, we define several notions of approximate elements of vector optimization

problems with fixed and variable ordering structures and later, relationships between sets of

10
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approximate solutions choosing different parameters € will be discussed. Last section is devoted
to the presentation of the relationships between different concepts of approximate solutions of
vector optimization problems with variable ordering structures. Obviously, an exact solution of
a vector optimization problem is the special case of approximate solution and all our results can

be used for exact solutions.

3.1 Approximate Solutions of Vector Optimization Problems w.r.t.

Fixed Ordering Structures

It is well known that one needs compactness assumptions in order to show existence results for
solutions of optimization problems. Such compactness assumptions are not fulfilled for many
optimization problems. Also, we know that under weak assumptions and without compactness
conditions, we have to deal with approximate solutions and we can show several assertions with-
out any compactness assumptions for these solutions. Also, if we apply numerical algorithms
for solving optimization problems, then these algorithms usually generate approximate solu-
tions that are close to exact solutions. Therefore, first in this section, we will define approximate
solutions of vector optimization problems with respect to fixed ordering structures and in the
next section, we will deal with approximate solutions of vector optimization problems with re-
spect to variable ordering structures. Let that Y be a real linear space, Q C Y be a closed subset
of Y and C C Y be an ordering, proper, closed, convex and pointed cone. Consider the vector

optimization problem (VOP).

Definition 3.1.1. e Anelementy € Q is called a minimal point of the set £ with respect to
the ordering cone C iff
QNGF-C\{0}) =0. 3.1

e LetintC # 0. Anelementy € Q is called a weakly minimal point of the set Q with respect
to cone C iff
(y—intC)NQ = 0.

We can define similar definitions for local and local weakly minimal point of the set Q. For

more details about local minimal points see [11, 19, 49, 75].

Definition 3.1.2. Consider the problem (VOP).

e Anelementy € Q is called a local minimal point of the set Q with respect to the ordering

cone C iff there exists a neighborhood U of y such that

(5—C\{0})N(QNU) =0.
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e Anelementy € Q is called a local weakly minimal point of the set £ with respect to the

ordering cone C iff there exists a neighborhood U of y such that

—intC)N(QNU) =0.

If we apply numerical and iterative algorithms for solving optimization problems, then these
algorithms usually generate approximate solutions. Also for showing existence results for so-
lutions of optimization problems, one need to apply compactness assumptions but these com-
pactness assumptions are not fulfilled for many optimization problems and without these as-
sumptions, we have to deal with approximate solutions. In the following, we bring definition of

approximate solutions of vector optimization problems with fixed ordering structures.

Let Y be a linear topological space and k° € Y\ {0}. For any £ > 0, we define approximately

minimal elements of the set Q with respect to a fixed ordering cone C C Y as following.

Definition 3.1.3. Let y. € Q, € > 0 and consider the problem (VOP).

1. ye is said to be an k®-minimal element of Q with respect to C iff

(ye — ek’ —C\{0})NQ =0.

2. LetintC # 0. ye is said to be a weakly £k’-minimal element of Q with respect to C iff

(ve — ek’ —intC)NQ = 0.

3.2 Approximate Solutions of Vector Optimization Problems w.r.t.

Variable Ordering Structures

Recently, vector optimization problems w.r.t. variable ordering structures (VVOP) are studied
intensively in the literature because they have important applications in economics, engineering
design, management science and many other fields (see Bao, Mordukhovich [5], Bao, Mor-
dukhovich, Soubeyran [6], Eichfelder [24], Engau [29] and Huang, Yang, Chan [40]). In these
papers, solution concepts are introduced using cone-valued map whereas in this section, set-

valued maps are considered. In this chapter we impose the following assumption.

Assumption (A). Let Y be a linear topological space, k° € Y\{0}, € > 0 and Q be a closed set
in Y. Suppose that C: Y ==Y is a set-valued map where C(y) is a proper and closed set with
C(y) +[0,4)k" C C(y) forall y € Q.

The natural way to extend solution concepts of vector optimization problems with a fixed order-

ing cone given by (3.1) to the case of variable ordering structures is as follows.
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We are looking for elements y € Q such that

F-CE\{0})nQ=0 (3.2)

WweQ:  (-CON0)NQ=0. (3.3)

Solutions y € Q with the property (3.2) are called minimal elements of Q with respect to C(-).
Minimal points of Q with respect to C(-) are introduced by Chen, Huang and Yang [10-12].
Solutions with the property given by (3.3) are called minimizers of Q with respect to C(-), (see

[12, Definition 1.11] under a different name).

In the case of fixed ordering structure, we can write (3.1) equivalently in the following form
VyeQ: y¢y+C\{0}. 3.4

But if we want to generalize this definition to vector optimization problems with variable order-
ing structures, then the concept in (3.4) leads us to minimal (see (3.6)) as well as to so called
nondominated points (see (3.5)) of Q with respect to C(-). A minimal point y of a set Q is a can-
didate element which is not dominated by another point y of Q with respect to the associated set
C(y) at this candidate point y. In the definition of minimal elements, an ordering set is a set asso-
ciated to the minimal point but for nondominated elements, an ordering set is a set associated to

another point. Important properties of these points can be found in [10-12, 15, 23, 24, 76-78].

If we want to define a solution concept for vector optimization problems with respect to ordering

C:Y ==Y in a natural way from (3.4) we get
YyeQ:  y¢y+Cy)\{0} (3.5)

or VyeQ: y¢y+C(»)\{0}. (3.6)

The concept in (3.5) was introduced by Yu [78] in 1974, the so called nondominated points.
Furthermore, (3.6) leads to the definition of minimal points considered by Chen, Huang and
Yang [10-12].

However, it is not possible to derive the concept of minimizers from (3.4) because we change in

the definition of minimizers the set C(y) independently from the elements belonging to Q.

For sure, sets of all these points coincide in vector optimization problems with fixed ordering

structures.
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Suppose that C : Y =2 Y is a set-valued map where C(y) is a closed and pointed set for every
y € Y. We define three different domination relations. For y',y?,y3 € ¥

v <yt if yr eyt +Cc(yhH\{0}, (3.7)
¥ <oyt if ¥ eyt +C(%)\{0}, (3.8)

1 2 - 3 . 2 1 3
y <3y ifforally’ € Y: y ey +C(°)\{0}. (3.9

If C(y!) = C(y*) = C(y*) for all y',y*,y* € Y, then these three domination relations are the
same and a vector optimization problem with a variable ordering structure reduces to a vector

optimization problem with a standard fixed domination structure.

3.2.1 Approximate Minimizers

We introduce the concept of approximate minimizers based on the domination relation (3.9).

More details and properties of these points are given in [66, 67].

Definition 3.2.1. Let assumption (A) be fulfilled and y, € Q.

1. ye is said to be an ek®-minimizer of Q with respect to the ordering map C : ¥ =3 Y iff
y! %3 Ye — ek forall y' € Q, i.e.,

yleQ:  (e—ek—Ccy\{oyn{y'} =0

2. LetintC(y) # 0 for all y € Q. y, is said to be a weak £k°- minimizer of Q with respect to
the ordering map C : Y =3 Y iff

Vy,y1 eQ: (ve — ek® —intC(y))N {yl} =0.

3. ye is said to be a strong €k’-minimizer of Q with respect to the map C: Y = Y iff

Vyl,yZGQ: yg—ekoeyl—C(yz).

Remark 3.2.2. e We denote the set of all ek’-minimizers of Q with respect to the ordering
map C: Y = Y by ek*-MZ(Q,C).

e We denote the set of all weak ek®-minimizers of Q with respect to the ordering map C by
ek’ -WMZ(Q,C).

e We denote the set of all strong £k°-minimizers of Q with respect to C by €k -SMZ(Q, C).

If € = 0, then these definitions are definitions of minimizers, weak minimizers and strong mini-

mizers (see [12]) and we denote them by MZ(Q,C), WMZ(Q,C) and SMZ(Q, C) respectively.
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Lemma 3.2.3. LetC:Y =2 Y be a set-valued map and k° € Y\ {0}, then C(y) + [0, +0)k° C C(y)
implies intC(y) + [0, +o0)k? C intC(y).

Proof. Suppose that there exists ¢ € intC(y) and € > 0 such that ¢ + €k ¢ intC(y). Since
C(y) +[0,4)k° C C(y) and ¢ + €k® ¢ intC(y), we have ¢ + ek’ € bdC(y). By ¢ € intC(y) and
c+¢&k® € bdC(y), we get the following implication for any y > 0:

ek + P EC(y) = et (e+PK EC).
But this is a contradiction to the assumption C(y) + [0, +o)k® C C(y). Therefore, we can con-

clude that intC(y) + [0, +o0)k® C intC(y). O

The following theorem shows several properties of approximate minimizers, weak approximate
minimizers and strong approximate minimizers and their relationships to each other. Later, this

theorem will help us to see relationships between sets of exact minimizers and £k’-minimizers.

Theorem 3.2.4. Let assumption (A) be fulfilled, C(y) be a pointed set for all y € Q and addi-
tionally €, €1, & > 0. The following properties hold:

1. MZ(Q,C) C gk’-MZ(Q,C) C &k°-MZ(Q,C) if0<¢g < &.

2. Suppose that intC(y) # 0 for all y € Q, then the following holds:
WMZ(Q,C) C £1k°-WMZ(Q,C) C k-WMZ(Q,C) if0<¢g <é&.

3. SMZ(Q,C) C £k°-SMZ(Q,C) C £k°-SMZ(Q,C) if0<¢g <e&.

4. Suppose that intC(y) # 0 for all y € Q, then the following holds:
ek?-SMZ(Q,C) C ek®-MZ(Q,C) C ek®-WMZ(Q,C) ife>0.

Proof. 1. First, we prove if & > 0 then MZ(Q,C) C £k°-MZ(Q,C). The proof is obvious
for £ = 0 and we suppose & > 0. Suppose that y. € MZ(Q,C) but y, ¢ €k°-MZ(Q,C).
This means that there exist y',y € Q and ¢ € C(y)\{0} such that

Y E (e —ak —CON\O})NQ and ye—ek’—cr=y'. (3.10)
Since C(y) + [0, +o0)k® C C(y), there exists ¢; € C(y) such that
c1+ ek’ =c. (3.11)
We prove that ¢, # 0. Suppose that ¢, = 0, then by (3.11), we get
ci+ekl =0 = ¢, =—gk°. (3.12)

By c; € C(y), we get —&k° € C(y). By pointedness of C(y) and C(y) + [0, +0)k” C C(y)
forall y € Q, we get
0+ k" =gk’ € C(y). (3.13)
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Since €; # 0 and k° # 0, we have £k° # 0 and by (3.12) and (3.13), we get

{e1k%,—&1k"} € C(y)\{0} N (—C(y)),

but this is contradiction to the pointedness of C(y). This means that c; € C(y)\{0} and
¢y # 0. Moreover, by (3.10) and (3.11), we get

YV=ye—c = (e —COHOHN{'} 0.

But this is a contradiction to y, € MZ(Q,C).

Now suppose that 0 < € < &, then there exists ¥ > 0 such that &, = £ 4 7. Suppose that
ye € €1k%-MZ(Q,C) but y, ¢ £k°-MZ(Q,C). This means that there exist y!,y € Q

y' € (e — (&1 + VK —C\{0}) = y' € (ye — &1k” — (¥&* + C(»)\{0}).

Since C(y) + [0,40)k" C C(y), then yk° + C(y)\{0} C C(y) and there exists c; € C(y)
such that ye — £1k° —c; = y!. Also by C(y) + [0, +0)k® C C(y), & # 0,k° # 0 and point-
edness of C(y) for all y € Q, we get (C(y)\{0}) + [0, +o0)k® C (C(y)\{0}). This means
that ¢; # 0 and ¢; € C(y)\{0}. Since ¢; # 0, we have y' € (ye — £k° — C(y)\{0}). But
this is a contradiction to ye € £k°-MZ(Q,C).

2. Suppose that y. € WMZ(Q,C), i.e., y¢ is a weak minimizer with respect to the ordering
map C and (ye —intC(y))N{y'} =0 forall y,y! € Q. Since intC(y) + [0, +0)k° C intC(y),

for any € > 0 we can write

(ve — &k’ —intC(y)) N{y'} C (ve —intC(Y))N{y'} =0  Vy,y' €Q,

ye € ek%-WMZ(Q,C) for all € > 0 and WMZ(Q,C) C & k°-WMZ(Q,C).

Now suppose that € < &, then there exists ¥ > 0 such that & = & + y. Suppose there
exists ye € £k%-WMZ(Q,C) such that y. ¢ &k’-WMZ(Q,C). This means there exist
elements y,y! € Q such that y! € (ye — &k° —intC(y)) and ye — £k° —c; = y! € Q for

some c¢; € intC(y). Therefore, we can write
ve— (@1 4N —cre {y'} = ye—ak’ — (¥ +c1) € {y'}. (3.14)
By intC(y) + [0, 4+0)k® C intC(y) and (3.14), we get ¢; + vk = ¢, € intC(y) and
yve—ekl—cre '} = (ye —&k® —intC(y))N{y'} #0.

But this is a contradiction to ye € £k%-WMZ(Q,C).



CHAPTER 3. SOLUTION CONCEPTS OF (VVOP) 17

3. Now we prove that SMZ(Q,C) C £k%-SMZ(Q,C) for & > 0. We just need to consider
g1 > 0, otherwise & = 0 and obviously SMZ(Q,C) = £k°-SMZ(Q,C). Suppose that
ye € SMZ(Q,C), then for all & > 0,

e €31 = C(1)\{0} = ye— ek € y1 — (C(32)\{0} +&14°).

By C(y) +[0,+)k® C C(y), & # 0,k # 0 and the pointedness of C(y) for all y € Q, we
get (C(y2)\{0}) + [0, +o0)k® C C(y2)\{0}. Therefore

e — €1k’ =y1 —C(»)\{0} and y. € &1k’ —SMZ(Q,C).

Now suppose that ye € elkO—SMZ(Q,C) and €, < &. Therefore, there exists ¥ > 0 such
that &, + 7 = &. By y, € £k°-SMZ(Q,C), we get

Ve — 82k” =y — k" — vk € y1 — C(y2)\{0} — v&°. (3.15)

Similar to the above (C(y)\{0}) + [0, +o)k? C C(y)\{0} for all y € Q. By this and (3.15),

we can write

ye — €2k € y1 — (C(»2)\{0} + %°) C y1 — C(y2)\{0}
and this completes the proof.

4. Suppose that ye is a strong £k-minimizer of Q with respect to the ordering map C, then
forall y € Q:
ye — €k’ € y1 —C(y2) => ye — €k’ —y1 € —C(y2).

Now suppose that ye is not an €k’-minimizer and there exist y;,y, € Q and ¢; € C(y2)\{0}
such that

yg—sko—yleC(yz)\{O} and ye =y +ek’+cy.

Therefore y. — €k® —y; € C(y2)\{0} N —C(y2). But this is a contradiction to the pointed-

ness of C(y). This means that each strongly €k’-minimizer is an €k’-minimizer and also
ek%-SMZ(Q,C) C ek®-MZ(Q,C).

Now, we show that each ek®-minimizer is a weak ek°-minimizer. By pointedness of C(y),
we get 0 € bdC(y), intC(y) C C(y)\{0} and

(ye — €k® —intC(y2)) NQ C (ve — ek° — C(y2)\{0}) NQ = 0.

This means that if y. € €k’-MZ(Q,C), then y, € ek’-WMZ(Q,C). O
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The following Theorem helps us to see the relationships between sets of (weak) ek®-minimizers

and exact minimizers of the set Q with respecttoC:Y =2 Y.

Theorem 3.2.5. Let assumption (A) be fulfilled.

1. LetintC(y) # 0 for all y € Q, then (- €k*-MZ(Q,C) C WMZ(Q,C).
2. MZ(Q,C) C N0 L’-MZ(Q,C)
3. LetintC(y) # 0 for all y € Q, then WMZ(Q,C) = ;- €k>-WMZ(Q,C).

Proof 1. Suppose that y, belongs to the set (-, €k’-MZ(Q,C) but ye is not a weak mini-

mizer of the set Q.

Iy €Q: (ye —intCY))N{Y'}#0 = Tc; €intC(y) : ye —c; =y'.

By c; € intC(y), there exists & > 0 such that ball B(c;,&;) C C(y) and ¢; — &,k° belongs
to C(y)\{0}. This means that there exists c; € C(y)\{0} such that ¢; = ¢, + &k and

(Ve—c1) €EQ = (ye—c2— k%) €Q = (ye — &1k —C(y)\{0})NQ # 0.

This means that ye ¢ ;- €k°-MZ(Q,C). But this is a contradiction because we supposed
that ye belongs to the set (- ek*-MZ(Q,C).

2. By the first part of Theorem 3.2.4, we get MZ(Q,C) C £k°-MZ(Q,C) for all & > 0.
Therefore, MZ(Q,C) C -0 k*-MZ(Q,C).

3. By the second part of Theorem 3.2.4, WMZ(Q,C) C £k°-WMZ(Q,C) holds for every
arbitrary € > 0 and this means WMZ(Q,C) C g0 €k°-WMZ(Q,C). Now, suppose that
Ve € Ne=0 EK-WMZ(Q,C), then for any € > 0

(ye — ek —intC(»))NQ =0 = | J ((ye — &k” —intC(y)) N Q) = 0.

e>0

By intC(y) C Ug-0(intC(y) + €k°) we can write,

(ye —intC(»))NQ C | J ((ve — ek° —intC(y)) NQ) = 0.

e>0

Therefore y, is a weak minimizer of Q with respect to the orderingmapC:Y =Y. [

3.2.2 Approximately Nondominated Elements

We define the concept of approximately nondominated solutions of vector optimization prob-
lems with respect to a variable ordering structure based on the domination relation (3.7). More

details and properties of these points are given in [67].
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Definition 3.2.6. Let assumption (A) be fulfilled and y, € Q.

1. ye is said to be an €k®-nondominated element of Q with respect to the ordering map
C:Y=2YiffyZ y.— ek forally € Q, e,

VeQ:  (ve—ek"—C(y)\{o}N{y} =0.

2. LetintC(y) # 0 for all y € Q. y, is said to be a weakly ek’-nondominated element of Q
with respect to the ordering map C : Y =3 Y iff

VyeQ: (ve — ek’ —intC(y)) N {y} = 0.

3. ye is said to be a strongly ek-nondominated element of Q with respect to the ordering
map C:Y 2 Y iff
VyeQ: ye — €k’ € y—C(y).

Remark 3.2.7. e We denote the set of all ek’-nondominated elements of Q with respect to
the ordering map C: Y =Y by ek-N(Q,C).

e We denote the set of all weakly ek’-nondominated elements of © with respect to the
ordering map C by ek’ -WN(Q,C).

e We denote the set of all strongly £k’-nondominated elements of Q with respect to C by
ek’-SN(Q,C).

If € = 0, then these definitions coincide with standard definitions of nondominated points (see
[24, 78]). The sets of nondominated, weakly nondominated and strongly nondominated ele-
ments of the set Q with respect to the ordering map C will be denoted by N(Q,C), WN(Q,C)
and SN(Q, C) respectively.

The following theorem shows several properties of the approximately nondominated, weakly
approximately nondominated and strongly approximately nondominated solutions. This theo-
rem will help us later to show the relationships between the sets of exact nondominated elements

and approximately nondominated elements.

Theorem 3.2.8. Let assumption (A) be fulfilled and C(y) be a pointed set for all y € Q.
1. N(Q,C) C gk"-N(Q,C) C k"-N(Q,C) if0<¢g <é.

2. Suppose that intC(y) # 0 for all y € Q, then the following holds:
WN(Q,C) C £k%-WN(Q,C) C k°-WN(Q,C) if0<¢ <&.

3. SN(Q,C) C £k°-SN(Q,C) C £k°-SN(Q,C) if0< g < e&.
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4. Suppose that intC(y) # 0 for all y € Q, then the following holds:
ek%-SN(Q,C) C ek-N(Q,C) C ek’-WN(Q,C) ife>0.

Proof. 1. We prove that if & > 0, then N(Q,C) C £k%-N(Q,C). If & = 0, then we have
N(Q,C) = & k°-N(Q,C). Therefore let £ > 0 and suppose there exists ye € N(Q,C) such
that ye ¢ £ k°-N(Q,C). This means that there exist y € Q and ¢; € C(y)\{0} such that

YE (e —ek”—C()\{0}) and ye—&k’ —ci=y. (3.16)
Since C(y) + [0, +00)k® C C(y), there exists ¢, € C(y) such that
1+ ek’ =c. (3.17)
Similar to the first part of Theorem 3.2.4, ¢, # 0. By (3.16) and (3.17), we get

y=ye—c2 = (ye—C)\{0})N{y} #0.

But this is a contradiction to y, € N(Q,C). Now, suppose that 0 < & < &, then there
exists ¥ > 0 such that & = & + 7. Suppose that y, € £ k*-N(Q,C) but ye ¢ &k’-N(Q,C),
then there exist y € Q and ¢; € C(y)\{0} such that

ye— &k —c =». (3.18)
By (3.18) and & = €| + 7, we can write

yE€ (ve— (&1 + MK’ —CH)\{0}) = y € (ve — &1k’ — (K" +C(»)\{0}).

This implies that there exists ¢ € yk° +C(y)\{0} such that y = y. — €k — c;. By as-
sumption C(y) + [0, +)k® C C(y), we get ¢; € yk* 4+ C(y)\{0} C C(y) and ¢, € C(y).
Similar to the above, we have ¢, # 0 and ¢, € C(y)\{0}. Therefore y. — k° — ¢, = y and
since ¢; # 0, we can write y € (ye — £k — C(y)\{0}). But this is a contradiction to our
assumption ye € ek%-N(Q,C). Therefore £k°-N(Q,C) C &k°-N(Q,C).

2. Suppose that yo € WN(Q,C), i.e., y¢ is a weakly nondominated point with respect to the
ordering map C and (ye —intC(y)) N {y} = 0 for all y € Q. By Lemma 3.2.3, we get
intC(y) + [0, 4+0)k C intC(y) for all y € Q and therefore for any € > 0, we can write

(ve — ek’ —intC(y)) N{y} € (ve —intC(y)) N{y} =0.

This means that y, € ek’-WN(Q,C) for all € > 0 and WN(Q,C) C &k°-WN(Q,C). Let
0 < & < &, then there exists ¥ > 0 such that & = € + 7. Suppose that there exists
an element y, € £/k°-WN(Q,C) such that y, ¢ &k"-WN(Q,C). This means there exist
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y € Qand ¢| € intC(y) such that (ye — &k? —intC(y)) N{y} # 0 and ye — &k° —c; = y.

Therefore, we can write
ve— (€14 —c1 =y = ye— &k’ — (%" +c1) =». (3.19)
By intC(y) + [0, 4+0)k? C intC(y), we get ¢; := ¢ + ¥k € intC(y) and by (3.19),
ye—&k' —ca =y = (ye — &k’ —intC(y)) N{y} #0.

But this is a contradiction to ye € £k%-WN(Q,C).

3. Now we prove that SN(Q, C) C £k°-SN(Q, C) for £ > 0. We just need to consider & > 0,
otherwise £ = 0 and obviously SN(Q,C) = £k°-SN(Q, C). Suppose that y. € SN(Q,C),
then for all & > 0,

e €y —CO\{0} = ye — &1k’ € y— (C(»)\{0} + &1&°).

By C(y) + [0, +)k? C C(y), & # 0,k° # 0 and the pointedness of C(y) for all y € Q, we
get (C(y)\{0}) + [0, +0)k® C C(y)\{0}. Therefore

ye—&k" =y—C(y)\{0} and y. € ek’-SN(Q,C).

Now, suppose that y. € € k°-SN(Q,C) and €, < &. Therefore, there exists ¥ > 0 such
that & + 7 = &. Since ye € £1k°-SN(Q,C), forall y € Q

ye — &2k" =y — £1k° — yk® € y — C(ye)\ {0} — &°. (3.20)

Similar to the above (C(y)\{0})+[0, +0)k° C C(y)\{0} for all y € Q. By this and (3.20),

we get
ve — &k’ €y~ (CO\{0} + %) Cy—C(»)\{0}

and this completes the proof.

4. Suppose that ye is a strongly £k°- nondominated element of Q with respect to the ordering

map C, then for all y € Q we have:
e —€k’ €y —C(y) = ye — ek’ —y € —C(y).

Now suppose that y is not an ek’-nondominated element and there exist an element y € Q
and ¢ € C(y)\{0} such that

ve=y+ek’+ci and y.—ek’—yeC(y)\{0}.
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Therefore ye —k® —y € C(y)\{0}) N —C(y). But this is a contradiction to the pointedness
of C(y). This means each strongly ek’-nondominated element is an £k’-nondominated
element and ek°-SN(Q,C) C ek’-N(Q,C).

Now, we show that each ek’-nondominated element is a weakly £k’-nondominated ele-
ment. By pointedness of C(y), we get 0 € bdC(y), intC(y) C C(y)\{0} and

(ve — &k’ —intC(y)) N {y} C (e —ek” = CY\{0}) N {y} = 0.
This means if y, € ek’-N(Q,C), then y, € ek’-WN(Q,C) and the proof is complete. [J

Now, we show relationships between (weakly) €k’-nondominated elements and exact nondom-

inated elements of the set € with respect to the orderingmapC:Y =Y
Theorem 3.2.9. Let assumption (A) be fulfilled, then the following holds:
1. LetintC(y) # 0 for all y € Q, then (- €k*-N(Q,C) C WN(Q,C).
2. N(Q,C) C Np=ok-N(Q,C).
3. LetintC(y) # 0 for all y € Q, then WN(Q,C) = (0 €K°-WN(Q,C).

Proof. 1. The proof is similar to that of part 1 of Theorem 3.2.5.

2. By the first part of Theorem 3.2.8, we get N(Q,C) C £ k°-N(Q,C) for all & > 0. There-
fore, N(Q,C) C Ng=0€’-N(Q,C).

3. By the second part of Theorem 3.2.8, we get WN(Q,C) C £ k°-WN(Q,C) for all & > 0.
Therefore, WN(Q,C) C g0 €k’-WN(Q,C). The proof of reverse implication is similar
to that of part 3 of Theorem 3.2.5. O

3.2.3 Approximately Minimal Elements

In this subsection we deal with approximately minimal solutions of vector optimization prob-

lems with variable ordering structures and their properties.
Definition 3.2.10. Let assumption (A) be fulfilled and y, € Q.

1. e is said to be an €k’-minimal element of Q with respect to the ordering map C: ¥ =Y
iff y %2y —€k® forally € Q, i.e.,

(ye — ek’ —C(y)\{0}) NQ = 0.

2. LetintC(ye) # 0. ye is said to be a weakly £k°-minimal element of Q with respect to the
ordering map C: Y =2 Y iff

(ve — k¥ —intC(ye)) NQ = 0.
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3. ye is said to be a strongly £k’-minimal element of Q with respect to the ordering map
C:Y =Yiff
VyeQ: ye —€k® € y—C(ye).

Remark 3.2.11. e We denote the set of all £k®-minimal elements of Q with respect to the
ordering map C : Y = Y by ek’ -M(Q,C).

e We denote the set of all weakly ek’-minimal elements of Q with respect to the ordering
map C by ek*-WM(Q,C).

e We denote the set of all strongly £k’-minimal elements of Q with respect to the ordering

map C by ek”-SM(Q,C).

If € =0, then these definitions coincide with standard definitions of minimal points (see [24,
40]). The sets of minimal, weakly minimal and strongly minimal elements of the set Q with
respect to the ordering map C will be denoted by M(Q,C), WM(Q,C) and SM(Q,C), respec-
tively.

Theorem 3.2.12. Let assumption (A) be fulfilled and C(y) be a pointed set for all y € Q.

1. M(Q,C) C £k°-M(Q,C) C £k°-M(Q,C) if0<¢g <e&.

2. Suppose that intC(y) # 0 for all y € Q, then the following holds:
WM(Q,C) C k°-WM(Q,C) C k°-WM(Q,C) if0<g < &.

3. SM(Q,C) C £k%-SM(Q,C) C &k°-SM(Q,C) if0<¢ < &.
4. Suppose that intC(y) # 0 for all y € Q, then the following holds:
ek%-SM(Q,C) C ek’-M(Q,C) C ek®-WM(Q,C) if&>0.

Proof. The proof is similar to that of Theorem 3.2.8. O

In the following theorem, we show relationships between (weakly) £k’-minimal elements of the

set Q with respect to the ordering map C : Y = Y and minimal elements of Q with respect to C.

Theorem 3.2.13. Let assumption (A) be fulfilled.
1. LetintC(y) # 0 for all y € Q, then (N, €k°-M(Q,C) C WM(Q,C).
2. M(Q,C) € Ne=o EL°-M(Q,C).
3. LetintC(y) # 0 for all y € Q, then WM(Q,C) = N~ ek%-WM(Q,C).
Proof. 1. The proof is similar to that of part 1 of Theorem 3.2.5.

2. By the first part of Theorem 3.2.12, we get M(Q,C) C £k°-M(Q,C) for all & > 0. There-
fore, M(Q,C) C g0 €°-M(Q,C).
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3. By the second part of Theorem 3.2.12, we get WM(Q,C) C £k°>-WM(Q,C) for all & > 0.
Therefore, WM(Q,C) C =0 ek’-WM(Q,C). The proof of reverse implication is similar
to that of part 3 of Theorem 3.2.5. O

In general, the set of weakly nondominated points is not a subset of ()., &k’-N(Q,C). This
statement is also true for weakly minimal and weak minimizers. Consider Figure 3.1 where for
ally € Q, C(y) =R2 and k& = (1,0)7. It is not difficult to see that {{(1,y2)} U{(y1,1)}}NQis
the set of weakly nondominated points and {(1,y,)}NQ is the set (- €k’-N(Q,C). Therefore,
we can see that the set of weakly nondominated points is not a subset of (), €k’-N(,C). This
example also shows that the set of weakly minimal and weak minimizers are not subsets of
Ne=0 €K°-M(Q,C) and N, ek*-MZ(Q, C), respectively.

FIGURE 3.1: Set Q, C(y) =R? forall y € Q and k° = (1,0).

Definitions of local k*-MZ(Q,C), ek’-N(Q,C) and €k’-M(Q,C) are similar. We just need to
substitute  with QN U in Definitions 3.2.1, 3.2.6 and 3.2.10 where U is a neighborhood of a
candidate point. If Q is a convex set, then each locally €k°- optimal element is also a globally

ek"-optimal element. This is also true for weakly (strongly) ek®-optimal elements.

With some examples we show that sets of approximately optimal elements of vector optimiza-

tion problems with variable ordering structures do not coincide.

Example 3.2.14. Let € = ﬁ and k& = (1,0)7. Also, suppose that

Q={(1,y2) ER*| y1+y2>2,y1 >0, 0<y, <2}

and
RZ, ifyj=00ry, =0

coneconv {(2,0)7, (y1,y2)},  otherwise.

Cly,y2) = {
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It is easy to see that C(y) + [0, +0)k? C C(y) for all y € Q and elements of the set

1
< —
{01,32) €Qy1+y2 <2+ 00

are €k®-nondominated, €k’-minimizer and also €k-minimal elements and the sets of all these

points coincide. Furthermore,

1
{(Yb)’z) EQlyi+y <2+ m}U{()’hO)}

describes the set of weakly ek’-nondominated, weak £k°-minimizer and weakly £k®-minimal

elements (see Fig. 3.2).

o« k-N(Q,C), ek®-M(Q, C), ekO-MZ(Q, C)

(y1,92) — €k® — C(1,

< (y1,y2) — €k°

Y

FIGURE 3.2: Example 3.2.14 where sets of ek*-N(Q,C), ek’-MZ(Q,C) and ek’-M(Q,C) of
Q coincide.

For vector optimization problems with respect to fixed ordering structures, (weakly, strongly)
ek’-nondominated elements and (weakly, strongly) £k’-minimal elements coincide, but the fol-
lowing examples show that this is not true when we are dealing with vector optimization prob-

lems with variable ordering structures.

Example 3.2.15. Let € = 755 and k° = (1,0)”. Also suppose that

Q={(i,») R |yi+y>—1, y <0, y,<0}

and
{(dy,dr) €R?|d; >0, dr <0}, for (—1,0)7

Ri , otherwise.

Cly,y2) = {
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It is easy to see that C(y) + [0,+0)k” C C(y) for all y € Q. Then
{Orn)eQln+y < —1+¢}
is the set of €k’-minimal elements but just the elements of the set
{O1y2) €@y <—1+efU{(-1+¢,0)}

are ek-nondominated and ek’-minimizers (see Fig. 3.3).

(—=1,0) — €k® — C(—1,0) \
Lek%-N(Q, C) and ek®-M Z(Q, C) points
-1 ‘ —1+e

(—1+e¢,

(3417 y2) — ek — C(yb yz)

.ek-minimal poin
-« —1

(0, —1) — ek? — C(0, —1)

FIGURE 3.3: Example 3.2.15 where there exists an €k”-minimal element of Q which is neither
ek®-nondominated element nor £k’-minimizer.

Example 3.2.16. Let € = 155 and k° = (1,1)”. Also suppose that
Q={(,2) ER*| yi+y»>-1, <0, y» <0}

and

{(d1,dr) € R?| dy >0, dy +dp > —1}, for (y1,y2) = (—1,0)7

Ri , otherwise.

Cly1,y2) = {

It is easy to see that C(y) + [0, +0)k® C C(y) for all y € Q. Then

98
{(yum) €Qlyi+m< ~T00° ! # —1}
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is the set of ek-minimal elements, but (—1,0)7 is not a minimal element. However, (—1,0)7 is
an €k’-nondominated element and { (yi,m)€Q| yi+»m<— % } is the set of ek’-nondominated
elements. Obviously, (—1,0)7 is not also an €k’-minimizer and {(y1,y2) € Q| —1 <y, < —1+¢}

is the set of €k®-minimizers (see Fig. 3.4).

(—1,007 — ek — C(—1,0)T
<_170>T(IT9(§3>0>T
PANVAN

A

(O —98)T _ Eko _ C(O —98)T

7100 ? 100

FIGURE 3.4: Example 3.2.16 where (—1,0)7 is an €k’-nondominated element of the set Q,
but it is neither ek’-minimizer nor ek%-minimal element.

In the following example, we show that there are some elements which belong to the set of
£k’-nondominated elements and also £k’-minimal elements but they do not belong to the set of

ekY-minimizers.

Example 3.2.17. Let € = ﬁ and k& = (1,0). Also suppose that

Q={(i,) €R?*|yi+y>—1, y <0, y,<0}

and

{(d1,dy) €ER? | dy >0, di +dp >0},  for (y1,y2) = (0,0)

RZ, otherwise.

C(y1,y2) = {

It is easy to see that C(y) + [0, +0)k® C C(y) for all y € Q. Then

99
Q <2
{(yu)’z)e [ yi+y < 100}
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is the set of €k’-minimal and ek’-nondominated points. But only points of the set

{G1,y2) €Qy1+y: < —%} are £k-minimizers and points of

99
{()’17)’2) € Q‘ Yi+y2= —100}

are not ek®-minimizers. This shows that there exist elements of Q which are both €k°-nondominated

and ek®-minimal but not £k°-minimizer (see Fig. 3.5).

99

A
\

(?Jl, y2>
_ 9
(41, 1) — ek — C(0,0) 10
—1

FIGURE 3.5: Example 3.2.17 where there exists an element which is both €k-nondominated
and £k’-minimal element but not €k’-minimizer.

3.2.4 Relationships between Different Concepts of Approximately Optimal Ele-

ments

Eichfelder [24] studied relationships between exact nondominated and minimal solutions of
vector optimization problems with variable ordering structures. In this section, we will show
relationships between different kinds of approximately optimal elements (¢k’-nondominated,
€k®-minimal and €k®-minimizers) of vector optimization problems with respect to variable or-
dering structures. At the end of this section, it will be obvious to see that concepts of approxi-
mately nondominated, approximately minimal and approximate minimizers coincide in the case
of vector optimization with fixed ordering structures. First, we will show relationships between
(weak, strong) €k®-minimizers and (weakly, strongly) €k’-nondominated elements of Q with

respect to C : Y =2 Y. These theorems shows us that in vector optimization problems with fixed
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ordering structures, there is no difference between the sets of approximately nondominated and

approximate minimizers and they do coincide.

Theorem 3.2.18. Let assumption (A) be fulfilled.

1.

2.

Proof.

2.

Every ek®-minimizer of Q with respect to C is also an ek’-nondominated element.

Every £k’-nondominated element of Q with respect to C is also an €k®-minimizer if
C(y) =C(y') forall y,y’ € Q. This means that each approximately nondominated element

is approximate minimizer if the ordering set is fixed for all y € Q.

Suppose that intC(y) # 0 for all y € Q, then every weak €k’-minimizer of Q with respect

to C is also a weakly £k’-nondominated element.

Suppose that intC(y) # 0 for all y € Q, then every weakly ek’-nondominated element of
Q with respect to C is also a weak ek’-minimizer if intC(y) = intC(y’) for all y,y’ € Q.

Every strong €k®-minimizer of Q with respect to C is also a strongly k°-nondominated

element.

Every strongly ek’-nondominated element of Q with respect to the ordering map C is also

a strong ek%-minimizer if C(y) = C(y') for all y,y’ € Q.
1. This is obvious from the first parts of Definition 3.2.6 and Definition 3.2.10.

Let ye be an ek®-nondominated element. Then (ye — ek® — C(y)\{0}) N {y} = 0 for all
y € Q. Since C(y) = C(y") for all y,y! € Q, we have

(ye — ek’ —CO\{0}) N {y} = (ye — €k’ —CO\{OHN{y} =0 Vy,y' € Q.

This means that (ye — €k® — C(y)\{0}) Ny' = 0 for all y,y' € Q and therefore y is an

€k®-minimizer.

This is obvious from the second parts of Definition 3.2.1 and Definition 3.2.6.

IfintC(y) = intC(y') for all y,y' € Q and y, is a weakly ek’-nondominated element, then
(ve — ek —intC(y)) N {y'} = (e — ek’ —intC(y")) N {y'} = 0

for all y,y! € Q. This means that (y — ek® —intC(y)) N {y'} = 0 for all y,y' € Q and y,

is a weak £k’-minimizer.
This part is obvious from the third parts of Definition 3.2.1 and Definition 3.2.6.

Suppose that y. is a strongly €k’-nondominated element, then y. — ek’ € y — C(y)\{0}
for all y € Q. Since C(y) = C(y") for all y,y' € Q, we have

Ve — ek’ € y—C\{0} = ye— ek’ € y—CH')\{0} Vy,y' €Q

and this means that ye is a strong €k®-minimizer. O
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The following examples show that the condition C(y) = C(y’) for all y,y’ € Q in the second part

of Theorem 3.2.18 is not a necessary condition and this condition is just sufficient condition.

Example 3.2.19. Consider Example 3.2.15. Obviously (—1,0)7 is an ek®-nondominated ele-
ment and also it is an €k’-minimizer but C(y') = C(y) does not hold for all y,y" € Q.

Example 3.2.20. Consider Example 3.2.16. Itis easy to see that (—1,0)7 is an ek®-nondominated
element but not ek®-minimizer. it is obvious that {(d;,d>) € R?*|d, >0, dy +d> > —1} is not a

subset of R? .

Now, we discuss the relationships between sets of (weak, strong) €k’-minimizer and (weakly,
strongly) €k®-minimal elements with respect to the ordering map C. We know that in the case
of vector optimization problems with fixed ordering structures, these sets coincide but in vector
optimization problems with a variable ordering structure, Examples 3.2.15 and 3.2.17 show that

there are some approximately minimal elements which are not approximate minimizers.
Theorem 3.2.21. Let assumption (A) be fulfilled.

1. Every ek-minimizer of Q with respect to C is also an £k’-minimal element.

2. Suppose that y, is an €k’-minimal element of Q with respect to C, then y, is also an

ek%-minimizer if C(y) C C(y,) forall y € Q.

3. Suppose that intC(y) # 0 for all y € Q, then every weak £k’-minimizer of Q with respect

to C is also a weakly €k®-minimal element.

4. Suppose that intC(y) # 0 for all y € Q and . is a weakly £k-minimal element of Q with
respect to C, then . is also a weak ek®-minimizer if intC(y) C intC(y,) for all y € Q.

5. Every strong ek’-minimizer of Q with respect to C is also a strongly £k’-minimal element.

6. Suppose that y. is a strongly €k’-minimal element of Q with respect to C, then y, is also

a strong ek®-minimizer if C(y,) C C(y) forall y € Q.
Proof. 1. This is obvious from the first parts of Definition 3.2.10 and Definition 3.2.1.

2. Suppose that y, is an €k’-minimal element, then (ye — ek — C(y¢)\{0}) NQ = 0. Since
C(y) CC(yg) forall y € Q, we have

(ye — ek’ —COINON N '} C (e —ek® = Cye)\{0}) N '} =0 Wy, y' € Q.

This means that y, is a £k’-minimizer.
3. This is obvious from the second parts of Definition 3.2.10 and Definition 3.2.1.

4. IfintC(y) C intC(ye) and ye is a weakly €k®-minimal element, then for all y,y! € Q

(ye — €k® —intC(y)) N{y'} C (ye — k" —intC(ye)) N{y'} = 0.
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5.

6.

This means that (ye — ek® —intC(y)) N {y'} = 0 for all element y,y' € Q and y¢ is a weak

£k®-minimizer.
This part is obvious from the third parts of Definition 3.2.10 and Definition 3.2.1.

Suppose that y, is a strongly ek®-minimal element, then ye — ek? € y — C(y¢)\{0} for all
y € Q. Since C(ye) C C(y') for all y! € Q, we have

ve — €k €y —C(ye)\{0} = ye — ek’ € y—C(y")\{0} ¥y,y' € Q.

This means that y, is a strong €k®-minimizer. g

The following examples show that the condition C(y) C C(ye) for all y € Q in the second part

of Theorem 3.2.21 is not a necessary condition.

Example 3.2.22. Consider Example 3.2.15. Obviously (—1,0)7 is an ek®-minimal element and

ek%-minimizer but C(y) C C(ye) does not hold for all y € Q.

Example 3.2.23. Consider Example 3.2.15. It is easy to see that (0,—1)7 is an €k®-minimal

element but not ek®-minimizer. It is obvious that {(d,d») € R?|d; > 0, d, < 0} is not a subset
of RZ.

In the following theorem, we show the relationships between (weakly, strongly) ek®-minimal

and (weakly, strongly) £k°-nondominated elements of Q with respect to the map C: Y =3 Y.

Theorem 3.2.24. Let assumption (A) be fulfilled.

1.

Suppose that y, is an €k°- minimal element of Q with respect to the map C: ¥ =% Y, then
ye is also an €k’-nondominated element of Q if C(y) C C(y,) for all y € Q.

Suppose that ye is an €k°- nondominated element of Q with respect to the ordering map

C:Y =27, then y, is also an €k’-minimal element of Q if C(ye) C C(y) for all y € Q.

. Suppose that intC(y) # 0 for all y € Q and y, is a weakly €k°- minimal element of Q

with respect to the ordering map C : Y = Y, then y, is also a weakly £k-nondominated
element of Q if intC(y) C intC(y,) forall y € Q.

. Suppose that intC(y) # 0 for all y € Q and y. is a weakly £k’- nondominated element

of Q with respect to the ordering map C : Y =3 Y, then y, is also a weakly €k’-minimal
element of Q if intC(ye) C intC(y) for all y € Q.

. Suppose that y, is a strongly £k°- minimal element of Q with respect to the ordering map

C:Y =2 Y, then y is also a strongly €k’-nondominated element of Q if C(ye) C C(y) for
ally € Q.

Suppose that y, is a strongly £k°- nondominated element of Q with respect to the ordering

map C: Y =2 Y, then ye is also an €k’-minimal element of Q if C(y) C C(y,) forall y € Q.
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Proof. 1. By C(y) € C(y¢) and the second part of Theorem 3.2.21, we know that y, is an
ek®-minimizer. Now, from the first part of Theorem 3.2.18, it is obvious that ye is a

ek®-nondominated element.

2. Since e is a €k%-nondominated element and C(y,) C C(y) for all y € Q, we can write

(e — ek —CONONN{H} =0 = (ye — ek’ —Ce)\{0H)N{y} =0 Wy e Q.

This means that (ye — €k’ — C(ye)\{0}) N Q = 0 and y, is €k®-minimal element.

3. By C(y) C C(ye) and the part 4 of Theorem 3.2.21, ye is a weak ek-minimizer. Now,
by the third part of Theorem 3.2.18, it is obvious that y, is a weakly £k-nondominated

element.
4. The proof is similar to that of part 2 by considering intC(ye) C intC(y) for all y € Q.

5. By C(ye) C C(y) and the part 6 of Theorem 3.2.21, we know y is a strong £k°-minimizer.
Now, by the part 5 of Theorem 3.2.18, it is obvious that y is a strongly £k°-nondominated

element.

6. Suppose that y, is a strongly €k’-nondominated element of Q. By C(y) C C(ye) for all
y € Q, we get

ve — k) €y—C()\{0} = ye — ek’ € y—C(y:)\{0} Wy e Q.

This means that ye is a strongly £k°-minimal element of Q. U

The following examples show that the condition C(y) C C(y,) for all y € Q in the first part of

Theorem 3.2.24 is a sufficient condition but it is not a necessary condition.

Example 3.2.25. Consider Example 3.2.15. Obviously (—1,0)7 is an €k-minimal element and
also it is an ek-nondominated element but C(y) C C(y,) does not hold for all y € Q.

Example 3.2.26. Consider Example 3.2.15 where (0, —1)7 is an €k’-minimal element but not
€k%-nondominated element. Obviously R is not a subset of {(d,d2) € R?|d; >0, d» < 0}.

The following examples show that the condition C(ye) C C(y) for all y € Q in the second part

of Theorem 3.2.24 is a sufficient condition but it is not a necessary condition.

Example 3.2.27. Consider Example 3.2.15. Itis easy to see that (—1,0)7 is an €k®-nondominated
element and also it is an €k’-minimal element but C(y,) C C(y) does not hold for all y € Q.

Example 3.2.28. Consider Example 3.2.16 where (—1,0)7 is an ek°-nondominated element but
not ek®-minimal element. It is obvious that {(d1,d») € R?|dy >0, dj +d, > —1} is not a subset
of R?.



Chapter 4

Characterization of Solutions of Vector

Optimization Problems

In this chapter, we study nonlinear scalarization method by means of a nonlinear separating
functional @¢ 0 : Y — R introduced by Gerstewitz (Tammer) [31]. Indeed, solutions of vector
optimization problems can be found through scalarization procedures and we use properties of
scalar optimization problems to characterize solutions of original vector optimization problems.
First, we bring the definition of Tammer-Weidner scalarization method for vector optimization
problems with fixed ordering structures and then we generalize this scalarization for vector
optimization problems with variable ordering structures. We study characterization and proper-
ties of solutions of both cases. In the first section, we deal with vector optimization problems
with fixed ordering structures. We prove that if y is a minimal element of the original vector
optimization problem, then y is a minimal solution of the scalar optimization problem and func-
tional @¢ 0. With some conditions on ordering cone C, we will show that the optimal solution
of the original vector optimization problem with fixed ordering structure can be characterized
by Tammer-Weidner nonlinear functional. In the second section, we study vector optimization
problems with respect to variable structures and variable ordering cones. We prove that we can
characterize all approximately optimal elements of the set of feasible solutions with respect to a

variable ordering structure by scalarization functionals.

4.1 Characterization of Approximate Solutions of Vector Optimiza-

tion Problems with Fixed Ordering Structures

Scalarization of a given vector optimization problem (VOP) means the replacement of (VOP) by
a suitable scalar optimization problem with a real-valued objective function. Since the scalar op-

timization theory is widely developed, it is important to transform vector optimization problems

33
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to scalar optimization problems and in this case, we can use methods of usual scalar optimiza-
tion problems. In fact, solutions of the scalarized problem are also solutions of the given vector
optimization problem (VOP). There are many scalarization approaches for determining of the
solutions of (VOP), for instance weighted sum method, € —constraint method, Pascoletti-Serafini
(PS) scalarization and method introduced by Gerstewitz (Tammer) and Weidner (TSP). In this
section, we concentrate on the (TSP) scalarization method. We know that we have wide variety
of scalarization approaches for determining minimal solution of (VOP) but not all are suitable
for nonconvex problems or arbitrary partial orderings. For example, we know that weighted sum
method has disadvantage in nonconvex case and we can not determine all the efficient points.
(TSP) method also is important for us because other scalarization methods such weighted sum,
e-constraint method, Pascoletti-Serafini (PS), etc are special case of (TSP) scalarization ap-

proach.

Let Y be a real linear space, Q C Y, kK € Y\{0} and C be a closed and proper subset of ¥ such
that C + [0,00)k° C C. Nonlinear separating functional @¢ o : Q — R defined by Gerstewitz

(Tammer) and Weidner is as the following
Pcpo(y) =inf{t e R |y € tk* — C}. (4.1)

With this scalarization, we can have all important properties of a scalarization approach of vec-
tor optimization problems should have. If y is a minimal solution of (4.1), then depending on
monotonicity properties of @¢ 0, one can show we get kind of solution (minimal, weakly min-
imal) for the original problem (VOP) and by variation of parameters, we can characterize all
optimal elements of the original vector optimization problem (VOP). We say y is a minimal so-
lution of @¢ o if there is no other feasible solution y for @¢ 4o such that @ 40 (y) < @c40(). In
the following theorem, we bring characterization of (weakly) minimal elements of the original
problem (VOP); see [32] for more properties of solutions of functional defined by (4.1) and see

[23] for similar results using Pascoletti-Serafini scalarization functional.

Theorem 4.1.1. Let Y be a real linear space, Q C Y, C be a closed, proper, solid and pointed
subset of ¥, k0 € Y\ {0}, intC # 0, C + (0,0)k° C intC and y € Q.

1. Let y be a weakly minimal element of Q with respect to cone C in the sense of Definition

3.1.1, then @ 40 5(7) < @0 5(y) for all y € Q where

Pep () :=inf{t e R |1k° +5—y e C}.
2. Suppose that y is a minimal element of  with respect to C in the sense of Definition
3.1.1, then @ 40 5(7) < @c 40 5(y) forall y € Q.

3. Suppose that C+intC C intC and y is a minimal solution of (TSP) scalarization functional

@c o in (4.1), then y is a weakly minimal element of Q in the sense of Definition 3.1.1.
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4.

Proof.

Suppose that C +C C C and y is an unique minimal solution of (TSP) scalarization func-
tional in (4.1), i.e., @c 40(¥) > @c 40 (¥) for all y € Q, then y is a minimal element of Q in

the sense of Definition 3.1.1.
1. By k% € intC, we get
0k +y—y=0+y-3=0€C and Qg ;(3) <O.
Suppose that there exists another feasible solution y € Q such that
t=Qcs05(0) < QPepos(7) <0 and tk°+y—y=cy€C.

By ¢ < 0, there exists € > O such thatf +& =0. By Ok +5—5 =0 and tk* + 5 — y = ¢»,
we get

0K +5 -y =tk + ek’ +y+y—y—y=cr+ ek’ +y—5=0.
By C+ (0, +00)k? C intC, we get c; +€k” € intC and y € y +intC. But this is a contra-

diction to weak minimality of y.

. By applying the first part and because every minimal element is also a weakly minimal

element, we get @c 40 5(7) < @c 0 5(y) forally € Q.

. Suppose that @ 40(y) =7 and y is not weakly minimal solution of the original vector

optimization problem (VOP), then there exists ¢; € intC and y € Q such thaty = y+c;.
Since y is a minimal solution of (4.1), there exists ¢, € C such that k0 —y=c. By
c1 €intC and C+intC C intC, we get c| + ¢ € intC. This means there exists an € > 0
such that ¢; + ¢, — €k € intC. By k0 —y=cyandy=y+cy, we get

K —y5=1"—(y+c))=c; = k' —y=ci+c,.
Letr =1 — ¢, then we get
th —y=F— ek’ —y=tk"—ek® —y=c;+cr—ek’ € C.

This means y is a feasible solution and @c z0(y) < ¢c 0 (¥). But this is a contradiction

because we supposed that y is a minimal solution of the scalar problem (4.1).

Suppose that y is an unique minimal solution of (4.1) but y is not a minimal element
of (VOP), then there exists ¢; € C and y € Q such that y = y+¢;. Since y is a minimal
solution of (4.1), there exist ¢; € C and 7 € R such that 7k° —j = ¢,. By thisand y = y+ ¢,
we get

i —y=1k"—(y+c))=cy = h°—y=c|+c2.

By C+C C C, we have ¢ +¢; € C, Tk” —y € C and @¢ 40(y) =17. This means that there
exists another feasible solution y of (4.1) such that @c 0 (y) = @c0(¥). But this is a
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contradiction because we supposed @ 40 (y) > @¢ o (¥) for all other feasible solutions y.

Therefore, y is a minimal element of (VOP) with respect to the ordering cone C. 0

Definition 4.1.2. Let Y be a real linear space, C C Y and y;,y, € Y. We say y; dominates y,

with respect to C iff there exists an element ¢ € C such that y, = y; +c.

Theorem 4.1.3. Let C be a convex cone, y be a minimal solution of @ 40(.) in (4.1) and y € Q

dominates Yy, then y is also a minimal solution for (4.1) with respect to ordering cone C.

Proof. Since y is a minimal solution, there exists 7 € R such that 7k —y = ¢; € C. Since y
dominates Yy, there exists ¢, € C such that y = y+ c¢,. First we prove ¢, € bdC. By contrary,
suppose that ¢, € intC, then y is not even weakly minimal solution of (VOP) and the third part
of Theorem 4.1.1 implies that y can not be a minimal solution for (4.1). By 7k —3 = ¢; and
Yy =y+c2, we get

fko—y:fko—y-i-cz =cj+ 3.

By convexity of the cone C, we get c; + ¢ € C and y is a feasible solution for (4.1). Since y is a
minimal solution, 7 is smallest ¢ with respect to k° for objective function in (4.1) and therefore,

y is a minimal solution for (4.1). O]

By this theorem, we can say that if y is a unique minimal solution of scalar problem (4.1), then

y is a minimal solution of vector optimization problem (VOP) with respect to cone C.

Theorem 4.1.4. Let C be a solid and convex cone. A point y is a minimal solution for vector

optimization problem (VOP) with respect to cone C in the sense of Definition 3.1.1 if

(i) there exists 7 € R such that ¢(y) =7 and y is a minimal solution for scalar problem (TSP)
and @c 0 (.) where k¥ € intC.

(i) And also the following equation holds
QN @’ —aC)N(3-9C) = {7}

Proof. Suppose that conditions (i) and (ii) hold and y is not a minimal solution for the vector
optimization problem (VOP), then there exists ¢, € C and y € Q such that y = y+ ¢;,. Similar to
the proof of Theorem 4.1.3, we know that ¢, belongs to the boundary of C. Since y dominates Yy,
by Theorem 4.1.3, y is a minimal solution of (TSP) with respect to cone C and @¢ jo(y) <. By

the first condition, we get 7k” —y = ¢; and
K —y =t —y+y-5=t"—y+y—y=c1 +c>.

Since y is a minimal solution, we have ¢ + ¢, € C. Now, we need to prove that ¢; + ¢, belongs
to the boundary of cone C. By contrary, suppose c¢; + ¢; € intC, then there exists € > 0 such
that c¢; +c, — ek® € C and 7k° —y — ek = (7 — €)k® — y = (c1 + 2 — €k®). This means y is a

feasible solution with @¢ 40 (y) <7—¢& < 7. But this is a contradiction because we suppose that y
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is minimal solution of (4.1). Therefore, ¢; +c, € bdC and y = tk° — (¢1 +¢2) € 1k — dC. Also,

we know that y € Q and from dominating property y =y — ¢, € y— dC. Finally we can write,
QN (t’ —aC)N (Y- 9C) = {7},

This leads us to a contradiction and completes the proof. O

Similar results to this theorem for Pascolleti-Serafini scalarization method were given in [61,
Theorem 3.7].

4.2 Characterization of Approximate Solutions of Vector Optimiza-

tion Problems with Variable Ordering Structure

In this section, we present a scalarization method with the help of nonlinear functionals (see
4.1). This scalarization method for vector optimization problems with resect to a fixed ordering
structure was introduced by Gerstewitz (1983) in [31] (see also [32], [33, Theorem 2.3.1], [35,
Theorem 3.38]) and one year later by Pascoletti and Serafini (1984) in [61]. Some general-
izations of this scalarization method for vector optimization problems with a variable ordering
structure where the ordering map is pointed, closed, convex and cone-valued can be found in
[12, 15, 16, 22]. Here, we give a generalization of the Tammer-Weidner functional without any
cone or convexity assumptions and we use it for the characterization of all of the three different
kinds of approximate solutions. In fact, our ordering map is just a set-valued map with cer-
tain properties. For sure, our scalarization also works when the ordering map is convex and

cone-valued.

4.2.1 Scalarizing Functionals and Their Properties

First, we give generalizations of the nonlinear separating functional defined by Gerstewitz (Tam-
mer) and Weidner and some of its properties. With the help of this functional, we will charac-
terize approximate solutions of vector optimization problems with variable ordering structures.

In this section we impose the following assumption.

Assumption (A1). Let Q be a subset of ¥ and k° € Y\ {0}. Furthermore, let C: Y =Y be a set-
valued map where C(®) is a proper, pointed, closed and solid set with C(®) + [0, +o0)k° C C(®)
forany w €Y.

For @ € Y, we define a functional 6, : ¥ — R in the following way

0, (y) :=inf{r e R | y € tk° — C(w)}. (4.2)
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Remark 4.2.1. For fixed o € Y, the functional defined by (4.2) coincide with (4.1).

Eichfelder gave a generalization of nonlinear separating functional (4.1) as following. Eichfelder

[22] used @ : Y — R where
o(y):=inf{reR|yectk®—C(y)} (4.3)

for a characterization of exact nondominated and minimal solutions where C(y) is a pointed,
closed and convex cone for all y € Y. Note that in (4.3), C(y) is a pointed, closed and convex

cone associated to the same y but for the functional in (4.2), C(w) is independent from y.

Another generalization of nonlinear separating functional defined by Gerstewitz (Tammer) and
Weidner is given by Chen, Yang and Yu. Chen et al. [16] considered intC(y) # @ for all y € y
and k: Y — Y as a vector-valued map and used the following functional {(y,z) : ¥ x Y — R
where

(yz):=inf{t eR | zE€1k(y)—C(y)} (4.4)

for characterizations of exact nondominated and minimal solutions where C(y) is a pointed,
closed and convex cone and k(y) € intC(y) forally € Y.
Remark 4.2.2. Note that for fixed y € Y and fixed k(y) = k°, the functional defined by (4.4)

coincides with (4.1).

Chen and Yang [15] proved a similar result to Theorem 4.2.7. Chen, Yang and Yu [16] proved
that the functional (4.4) is subadditive in the second variable if C : Y == Y is a linear set-valued
map and if C(y) is a pointed, closed and convex cone for all y € Y. Chen, Huang and Yang
[12] proved that the functional & defined by (4.4) is lower semicontinuous if C: Y =Y is a
continuous set-valued map and they also proved that & is positively homogenous in the second

variable if C(y) is a pointed, closed and convex cone forall y € Y.

Lemma 4.2.3. Let assumption (A1) be fulfilled, @,y € Y and 64(y) = t;. Then for any t, > ¢,

yeE tzko —C(a)).
Proof. By C(®)+[0,+)k" C C(®),y € t;k° — C(w) and t, —t; > 0, we can write

ye llko —C((O) = tzko — [(12 —tl)kO—I—C((O)] C tzko —C((l)). O

It is important to show that the scalarizing functional (4.2) is proper. In the following theorem,
this property will be shown. Compare the following theorem with results given by Gopfert et.
al. in Theorem 2.3.1 of [33].

Theorem 4.2.4. Let assumption (A1) be fulfilled. The functional 6, defined in (4.2) is proper
for all w €Y if one of the following properties holds,
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1. Forall ® € Y, C(®w) does not contain any line parallel to £, i.e.,

VyeY, 3teR : y¢ ik’ —C(w).

2. There exists a cone D C Y such that k° € intD and C(®) +intD C C(w) forall @ € Y.

Proof. 1. Suppose that there exists @ € Q such that 64 (y) = —co. By Lemma 4.2.3 and for
any t > —oo, we gety € th — C(®) and {tk® —y |t € R} C C(®). This means that there

exists y € Y such that C(®) contains a line parallel to kX and this leads to a contradiction.

2. By Proposition 2.3.4 of [33], we get C(®) does not contain any parallel line to k°. The

rest of proof is similar to that of part 1. g

In the special case, when C(w) in assumption (A1) is a convex cone-valued map, we have the

following corollary (see Remark 2.1 and Proposition 2.2 of [15]).

Corollary 4.2.5. Let assumption (Al) be fulfilled. Additionally let C(®) be a convex cone-
valued map and k° € N,y intC(®), then By, is proper for all ® € Y.

Proof. Obviously, C(®)+intC(w) C intC(®) when C(®) is a pointed and convex cone and by
the second part of Theorem 4.2.4, 6, is proper. 0

Remark 4.2.6. Note that the assumption k° € N,y intC(®) in Corollary 4.2.5 for convex cones
coincide with the assumption C (@) -+ (0, +0)k° C intC(w) for sets.

The following theorem shows some important properties of the functional 6 in (4.2) and it will

help us to prove subadditivity, monotonicity and other theorems in the next sections.

Theorem 4.2.7. Let assumption (A1) be fulfilled and additionally C(y) + (0, +e0)k C intC(y)
forall y € Y. For any y, w € Y, we have the following properties:

1. 0p(y) <t<+=yctk—intC(w).
2. Op(y) <t<+=yecth®—C(w).
3. Op(y) =t <y etk —bdC(w).
4. 0p(y) >t <=y ¢tk —intC(w).
5. 0p(y) >t <=y ¢tk - C(w).

Proof. 1. First, we prove that the following implication holds:
VAER, ye Ak’ —C(w) = VYu > A: ye uk’ —intC(w). (4.5)
Indeed, for y € Ak — C(®) and u > A holds

y—uk® =y ="+ (A — )k’ € —C(@) + (A — u)k° C —intC(w).
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Since C(®) + (0,40)k" C intC(®). If we suppose 0 (y) < ¢, then there exists at least
one A < t such that y € Ak” — C(w). Now by (4.5), we have y € tk° — intC().

Now suppose that y € tk” — intC(®), therefore there exists ¢! € intC(®) such that
y=tk"—c. (4.6)

Since ¢! € intC(w), there exists ¥ > 0 such that ¢! — yk° € C(w). By this and (4.6), we
get
Y==K = (' =7k’) = ye (1 -k ~C(o).

Hence 0, (y) < (r—7) <t.

2. Suppose that 0, (y) <1, then 6, (y) =1 or 6, (y) <t. If 6, (y) < t, by the previous part,
we get
yetk’ —intC(w) = yetk’ —C(o).

Now suppose 6, (y) =t and there exists a sequence #,, — ¢ such that 7 < t,, and 0, (y) < t,.
By the first part, we get y € £,k° —intC(®), i.e., £,k° —y € C(®). By t,k* —y — tk® —y
and since C(®) is a closed set, tk° —y € C(w) and y € tk° — C(®).

Now suppose y € tk — C(®), then obviously from the definition of 8, we get 8, (y) < t.

3. Suppose that 8,(y) = ¢, then by the second part, we get y € tk® — C(®) and this means
either y € tk° —bdC(w) or y € tk® —intC(w). If y € tk° —bd C(w), the result holds. But
suppose that y € tk® —intC(®), then by first part, 8, (y) < ¢ and this is a contradiction to

our assumption.

Now suppose that y € tk® —bdC(®), then y € tk® — C(®) and 8, (y) < t. If 8,(y) # 1,
then 8, (y) < t and by the first part, we get y € tk” —intC(@) which is a contradiction to

our assumption.
4. This follows from the first part.

5. This follows from the second part. ([l

In the following, we will prove that our scalarizing functional is lower semicontinuous (l.s.c),
subadditive, positively homogenous, monotone and continuous in the case that some assump-
tions hold. These properties are important for us and they will be used in the next chapters in
order to show a generalization of Ekeland’s variational principle for vector optimization prob-
lems with variable ordering structures. Furthermore, this properties will be used in the last
chapter for deriving necessary conditions for different kinds of approximate solutions of vec-
tor optimization problems with variable ordering structures. First we remember definition of
lower and upper semicontinuity and then we will prove that our scalarization functional is lower

semicontinuous.
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Definition 4.2.8. Let0:Y - Randy€eY.

1. (a) O is upper semicontinuous at y iff for every sequence {y"} in ¥ with y" — y, the
following holds: limsup 6(y") < 6(y).

(b) f is upper semi-continuous iff it is upper semicontinuous at every y € Y.

2. (a) 6 is lower semicontinuous at y iff for every sequence {y"} in ¥ with y* — y, the
following holds: liminf 6 (y") > 6(y).

(b) f is lower semicontinuous iff it is lower semi-continuous at every y € Y.
Theorem 4.2.9. LetY be a topological space and let 8 : Y — R. The followings are equivalent.

1. The functional 0 is lower semicontinuous on Y.
2. Foranyr € R, theset {y € Y | O,(y) >} is an open setin Y.

3. Foranyr € R, theset {y €Y | 0,(y) <t}isaclosed setin?Y.
Proof. See [53, Theorem 7.1.1]. ]

Using the above theorem, we show that 6, defined in (4.2) is lower semicontinuous. For the

case of fix ordering case see Theorem 2.3.1 of [33].
Theorem 4.2.10. Let assumption (A1) be fulfilled and additionally C(y) + (0, +)k? C intC(y)

for all y € Y, then 0y in (4.2) is lower semicontinuous for any w € Y.

Proof. We have to show that for any ¢ € R, the set
Sii={yeY[0u(y) <t}

is a closed set. For this, we show that for any sequence {y"} € S; with y* — y°, the limit point of
the sequence belongs to the set S; and this proves that S; is a closed set. Since y" € S;, we have

0w (y") <t. Now by the second part of Theorem 4.2.7, we get
y' etk —C(o) = th° —y" € C(w).

Since C() is a closed set, the limit point of the sequence tk” —y" — tk® —y° also belongs to
C(®) and y° € tk” — C(w) and by the second part of Theorem 4.2.7, we get 0,(y°) < t. This
means that S is a closed set for any € R. By Theorem 4.2.9, 0, is lower semicontinuous for

anyw €Y. O

Lemma 4.2.11. Suppose that assumption (Al) holds. If f: X — Y is a continuous function,

then (6p o f)(-) = 0w (f(+)) : X — R is a lower semicontinuous functional for all @ €Y.
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Proof. We prove that S := {x | 0, (f(x)) <t} isaclosedset forallz € R. Choose r € R arbitrarily
and suppose that {x"} is a sequence in S such that x” — x°. We prove that x° € S and this means
that S is a closed set. By x* € S, we get 0, (f(x")) <t and

th° — f(x") € C(w).

This means that f(x") € tk® — C(®). By continuity of f, we get f(x") — f(x) and therefore
f(x%) € tk® — C(w) and this means that 6, (f(x)) <  and this completes the proof. O

Now we prove that our functional is positively homogenous and for this first we remember

definition of positively homogenous function.

Definition 4.2.12. Let 0 :Y — R andy €Y. 0 is positively homogenous iff 10 (y) = 6(Ay) for
allyeY and A > 0.

The following theorem shows that 6, is positively homogenous under some assumptions. This

theorem was proven by Gopfert et. al. for the case of fixed ordering; see [33, Theorem 2.3.1].

Theorem 4.2.13. Let assumption (A1) be fulfilled and additionally C(y) + (0, +0)k° C intC(y)
for all y € Y. For each @ €Y, 6, in (4.2) is positively homogeneous if and only if C(®) is a

cone.

Proof. First assume that A > 0, then for any y, ® € Y, we have
B(Ay) =inf {t e R | Ay € tk° — C(w)}.
Since C(w) is a cone, we have C(®w) = AC(®) and
Bo(Ay) = inf{t € R | Ay € tk® — AC(@)} = linf{% ER|ye %kO—C(w)},
soby 1’ = 1., we get
Bu(Ay) = Ainf{t €R |y € 7'k" —C(@)} = A6y (y).

Suppose now A = 0, then obviously 06, (y) = 0 and we just need to prove that 6,(0) = 0. By
pointedness C(®), we have 0 € bdC(w) for all ® € Y and by Theorem 4.2.7, we get 6,(0) = 0.

Now assume that 6, is positively homogenous and take y € C(w). By the second part of Theo-

rem 4.2.7, we get O, (—y) < 0. Since 0, is positively homogeneous, we obtain

0w (—Ay) < A6,(—y) <O0.
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Again by the second part of Theorem 4.2.7, we get Ay € C(w) and AC(w) C C(®). Now suppose
that y € C(®), then by the second part of Theorem 4.2.7, we get

0(—y) <0 = A0,(—3) <O0.

A
A
By A >0, we get 5 € C(w) and y € AC(®) and this implies C(@) C AC(®). Therefore it holds
C(w) =AC(w) forany A > 0 and @ € Y. This means C(®) is a cone. O

Subadditivity of the scalarizing functional is important for us and we need this property in the
next section for the characterization of approximately nondominated, minimal and minimizers.
Furthermore, subadditivity is an important property for the deriving a variational principle for
vector optimization problems with a variable ordering structure. Therefore, first we bring defini-
tion of subadditivity and then we prove that our scalarizing functional is subadditive functional.
Definition 4.2.14. Suppose that f : X — R. f is said to be subadditive function if and only if
flx+y) < f(x)+ f(y) forall x,y € X.

Theorem 4.2.15. Let assumption (A1) be fulfilled and additionally C(y) + (0, +e0)k? C intC(y)
forall y € Y, then for each w €Y, 6y, in (4.2) is subadditive if and only if C(®) +C(w) C C(w).

Proof. Assume that C(®) + C(®) C C(w) forall @ € Y. Let y!,y?> € Y and t1,1, € R such that
00(y!) =t and 8,(y*) = t,. By the second part of Theorem 4.2.7, we get

0o(y") =11 = y' €11k’ —C(w). (4.7)
0,(y?) =t = y* €k’ — C(w). (4.8)
By (4.7), (4.8) and C(®) + C(w) C C(w), we get
Y 4y € (1 + )k = (C(w) +C(0)) C (1 + 1)k - C(w).

Again, by the second part of Theorem 4.2.7, we get O, (y! +y?) <t +12 = 0,(y') + 0, (1?).
Now assume that 6, is subadditive. We show that C(@) + C(®) C C(®). Take y',y? € C(®).
By the second part of Theorem 4.2.7 and y',y?> € C(®), we get 8, (—y') < 0 and 6,(—y?) <O0.

Since 6, is subadditive,
ew(—yl —)’2) < Ow(—yl) + 90)(—)’2) <0.

By the second part of Theorem 4.2.7, we get y! +y? € C(®) and this completes our proof. [

For sure, there are a lot of new things about vector optimization problems with a variable order-
ing structure and one of the important things is how to define the convexity of a functional with
respect to an ordering map. In vector optimization problems with a fixed ordering structure,

convexity of a functional is equal to the convexity of its epigraph, i.e., the scalarizing functional
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is convex if and only if its epigraph is convex. But unfortunately, for definitions of convexity
in vector optimization problems with a variable ordering structure in literature, this is not true
and convexity of a epigraph does not imply convexity of its functional; see [12] for more details
about convexity in vector optimization problems with a variable ordering structure. Still there
exist no unified definition of convexity in vector optimization problems with a variable ordering
structure and relationships between the convexity of epigraph and convexity of its functional
is not known yet. For all ® € Y, we say that our functional 6 : Q — R is convex if for all

y!',32 €Y and 0 < A < 1 the following inequality holds,
00(Ay' +(1=2A)%)) A6 (y') + (1 - 2)66 ().

Theorem 4.2.16. Let assumption (A1) be fulfilled and additionally C(y) + (0, +e0)k? C intC(y)

forally €Y. Forall €Y, 6y, is convex if and only if C(®) be a convex set.

Proof. Assume that A € [0,1], y!,y? € Y such that 8, (y') =#; and 8, (y*) = 2. By the second
part of Theorem 4.2.7, we get y' € 11k° — C(®) and y* € 6:k° — C(w). By convexity of C(®),
we have

(1 =2)y* € Ank® + (1 = )12k — AC(@) + (1 — 1)C(w)

C (At +(1-)0)K° - C(0).

Therefore
B (Ay' + (1= 2)y%) < A6, (y) + (1= 21)6,(?),

and this means that 8, is convex.

Now suppose that 6, is convex, y!,y> € C(w) and A € [0,1]. By y',y?> € C(®) and the second
part of Theorem 4.2.7, we get 8,(—y') < 0 and 8, (—y?) < 0. By convexity of 6, we get

B (—(Ay' +(1=2)y")) < A60(—y") + (1 - 2)8u(—)*) 0.

By the second part of Theorem 4.2.7, we get Ay' + (1 —4)y? € C(®) and C(®) is convex. [

In the last theorem of this section, we prove some monotonicity properties of our scalarization
functional and these properties will be used in the next section in order to characterize approxi-
mately optimal solutions of vector optimization problems with variable ordering structures and
later for the proof of variational principle of vector optimization problems with variable order-
ing structures; see Theorem 2.3.1 of [33] for the case of fixed ordering case. First we recall

definition of monotonicity.



CHAPTER 4. CHARACTERIZATIONS OF SOLUTIONS OF (VVOP) 45

Definition 4.2.17. Let D C Y be a set. A function 8 : Y — R is called D-monotone function if
for every d € D and y',y? € Y, the following holds,

yey'+D = 0(y') <0(%).

Theorem 4.2.18. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° CintC(®)
forall w € Y and D C Y. Then for each @ € Y, the following properties hold for 8, in (4.2).

1. 6 is D-monotone <= C(w)+ D C C(o).
2.VyeY,  eR: 0 (y+11k°) = O, (y) +1; (translation property).
3. 0y is continuous forall w € Y.

4. If B, is proper, then 6, is D-monotone < C(w) +D C C(w) < bdC(w)+ D C C(w).

Moreover, if 8y, is finite-valued, then 6, is strictly D-monotone iff

C(w)+D\{0} CintC(w) <= bdC(®)+D\{0} CintC(w).

Proof. 1. Assume that for all ® € Y, C(®) +D C C(®). Consider y',y* € Y with y! <p 2.
We prove that 6, (y!) < 6, (y?) for any @ € Y. Suppose that 8, (y*) = t. By the second

part of Theorem 4.2.7, we get
y? €k’ — C(w). (4.9)

Since y! <p y?, there exists d € D such that y' +d = y?. By (4.9), we get
2_ 1 0 1 0 0
y'=y +detk —C(o) =y etk —(C(w)+d) Ctk" —C(w).

Again by the second part of Theorem 4.2.7, we get 0,(y') <t = 0,(y?).

Now let 6, be D-monotone and choose d € D and y! € C(w) arbitrarily. By y' € C(®)
and the second part of Theorem 4.2.7, we get Gw(—yl) < 0. Since 6, is D-monotone,

8, (—y' —d) < 0 and again by the first part of Theorem 4.2.7, we get

—y'—de—Clw) = y'+deC(w) Wy €C(w), VdeD.

Since y',d were chosen arbitrarily, we get C(®) +D C C(®).

2. Suppose that B4 (y) = . By the third part of Theorem 4.2.7, for t; € R, we get

yetk® —bdC(0) = y+1k’ € (t4+1)k° —bdC(®) = 0,(y+1,k°) =1+1

and this means that 6, (y +11k°) = 0, (y) +1;.
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3. By Theorem 4.2.10, we know that 6, is lower semicontinuous and we just need to prove

that it is also upper semicontinuous. Therefore we need to show that for any ¢ € R, the set
S = ey|oy(y) >t}

is a closed set. For this, we suppose that y* — y is a sequence and y" € S;. We show that
the limit point of this sequence belongs to the set S; and this proves that S; is a closed set.

Since y" € S;, 0,(y") > t. Now by the part 4 of Theorem 4.2.7, we get

V' ¢ k" —intC(w) = tk° —y" ¢ intC(w) = 1k° —y" € (intC(w))".

Since intC(w) is an open set, its complement (intC())“ is a closed set and includes all

the limit points. Therefore k” —y° € (intC(®))¢ and this means
tk° —y° ¢ intC(w) = y° ¢ tk° —intC(w).

Again by the part 4 of Theorem 4.2.7, we get 6,(y°) > ¢ and this implies that S, is a
closed set and 6y, is upper semicontinuous. Since 0y, is also lower semicontinuous, 0y, is

continuous.

4. We just prove the second part and the proof for the first part is similar to that. Assume that
0y, is strictly D-monotone and take y! € bdC(w) and d € D\{0}. Since y' € bdC(w), by
the third part of Theorem 4.2.7, we get 6,(—y') = 0 and 6,(—y' —d) < 0. By the first
part of Theorem 4.2.7, we get

' —de—-intC(w) = y' +dcintC(w) Vy' €C(w), Vd € D.

Now, suppose that bdC(®) + (D\{0}) C intC(®) and y',y* € Y with y* —y' € D\{0}.
This means that there is an element d € D\{0} with y*> = y! +d. By the second part of
Theorem 4.2.7, we get y* € 6, (y*)k” —bd C(®) and

=y +d € 0,(y*)k’ —bd C(w)

— y' € 0,(y)k® — (bdC(®) + (D\{0})) C 8, (y*)k® —intC(w).

By the first part of Theorem 4.2.7, we get 85, (y') < 64 (y?). The remaining implication is

obvious. U

Definition 4.2.19. Function 0y, is a sublinear function iff it is positively homogenous and sub-

additive.
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Theorem 4.2.20. Assume that C(w) is a proper, closed, convex and solid cone for all @ € Y and

k° € intC(w), then By, is a finite-valued continuous sublinear function for all ® € Y.
Proof. See Corollary 2.3.5 of [33]. L]

First we bring definition of Lipschitz continuous functions and later we show that our scalar-
ization functional is Lipschitz continuous under special assumptions. Suppose that (X,d) and

(Y, p) are metric spaces with metrics d on X and p on Y.

Definition 4.2.21. A function f : X — Y is called Lipschitz continuous if there exists a real
constant K > 0 such that for all x;,x, € X, p(f(x1),f(x2)) < Kd(x1,x2).

Theorem 4.2.22. Let all the assumptions of Theorem 4.2.20 be fulfilled. Then 6y, is Lipschitz

continuous forall @ €Y

Proof. By [20, Proposition 2.1], every continuous sublinear function is Lipschtiz continuous.

Now by Theorem 4.2.20, 6y, is Lipschitz continuous. O

We already introduce monotone function in Definition 4.2.17 with respect to a fixed set. Now

we introduce monotone function with respect to a set-valued map as following.

Definition 4.2.23. Suppose that Y is a linear topological space, B: Y =2 Y is a set-valued map,
o €Y and consider functionals 8, : ¥ — R. We say that 6, is a monotone functional with

respect to a set-valued map B : ¥ = Y if the following holds for all w,y',y> €Y,
v' €y* +B(w)\{0} implies 0(y') = 6, ().

Also, we say 0y, is strictly B-monotone, if for all ®,y!,y*> € Y
y' € y* +B(@)\{0} implies 6,(y') > 0, (y?).

Remark 42.24. 1f B = B(y') = B(y*) and 6,:(y) = 6,2(y) for all y,y',y* € Y, then the above

definition coincide with the usual definition on monotone function with respect to the set B,
y' €y?+B\{0} implies 6(y') > 0(y?).

The following nonconvex separation theorem will be used in the next section for our proofs; see

[33, Theorem 2.3.6] for vector optimization problems with fixed ordering structures.

Theorem 4.2.25. Let assumption (A1) be fulfilled. Additionally let S C Y be a nonempty set,
C(®)+ (0,+0)k” C intC(®w) and SN (—intC(w)) =0 forall ® € Y. Let B: Y ==Y be a cone-
valued map such that k° € intB(®) and C(®) + intB(®) C C(w) for all @ € Y. Then for all

o €Y, B, is finite-valued continuous functional and

0w (—2) <0< 04(s) Vo €Y, VzeintC(w), Vs € S.
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Proof. By Theorem 4.2.4 and [33, Proposition 2.3.4], we get 0y, is finite-valued and by the
third part of Theorem 4.2.18, 6, is continuous. By the first part of Theorem 4.2.7, we get
—intC(@w) ={z€Y | Bp(z) <0}. Now since SN (—intC(®w)) = 0 for all ® € Y, we can write:

0w (—2) <0< 0p(s) Vo €Y,Vz€intC(w), Vs € S

and this completes the proof. O

Definition 4.2.26. Let X,Y be Banach spaces. We say that f : X — Y is bounded from below
over & C X with respect to y° € Y and ® C Y iff f(&) Cy° +0@.

Lemma 4.2.27. Let assumption (A1) be fulfilled, C(®) + (0, +o0)k° C intC(w) for all ® € Y,
X be a Banach space and & C X. For X € &, set y = f(¥) and consider the functional 6.
Additionally suppose that there exists a cone D C Y such that kX € D and C(3) +intD C C(7)
and f : X — Y is bounded from below with respect to y* € ¥ and the set ® = C(¥) in the sense
of Definition 4.2.26, then 6;o f is bounded below.

Proof. By Definition 4.2.26, we have f(&) C y°+C(¥). By the first part of [33, Proposi-
tion 2.3.4], there exists 7 such
ik’ —y" ¢ C(5) (4.10)

Assume that 5o f is not bounded from below and there exists x € & such that 65(f(x)) <
Since £ is bounded from below, there exists ¢ € C(¥) such that f(x) =y +¢;. By 65(f(x)) <

Lemma 4.2.3 and Theorem 4.2.7, we have
f(x) €k’ —C(f(x) = YW +c1 €k’ —CF) = Y etk — (CH) +c1).

By C(y) +c1 C C(3), we get y° € #k° — C(¥) which is a contradiction to (4.10). This completes
the proof and 65(f(.)) is bounded below. O

4.2.2 Characterization of Approximate Minimizers by Scalarizing Functionals

In this section, we characterize €k®-minimizers of vector optimization problems with respect
to variable ordering structures by scalarization via nonlinear functionals. First in the following
theorem, we show that each £k-minimizer element of the set Q is a solution of the scalar

optimization problem.
Theorem 4.2.28. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° C intC(®)

forall w €Y and € > 0.

1. If ye € Q is an ek’-minimizer of the set Q C Y, then 64, (0) < 8,(y — ye) + € for all
y,® € Q, where 0,(y) =inf {t e R | tk® —y € C(®)}.
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2. If ye € Q is a weak ek®-minimizer of Q, then 84 (0) < 04 (y — ye) + € for all y, » € Q.
3. If ye € Qs a strong ek®-minimizer of Q, then 64, (0) < O, (y —ye) + & forall y, @ € Q.

Proof. 1. Suppose that y, is an ek’-minimizer of the set Q and there exist y, ® € Q such that
0w (y —ye) + € < 64(0) :=1t. First, we prove that = 0. By the second part of Theorem
4.2.7, we get
0,(0) =1t = 1k’ —0c C(w) = tk° € C(w).

By pointedness of C(w), we get 0 € C(w) and ¢+ < 0. Again by pointedness of C(®),
tk° € C(®) and C(®) + [0, +0)k° C C(w), we get t > 0 and therefore we can write ¢ = 0.
By 6, (0) =0and 0, (y —ye) + € < 0(0), there exists ¥ > 0 such that Oy (y—ye) = —y—€
and by the second part of Theorem 4.2.7, we get

(—y—e)K+y.—y=c' e C(0) = y. —y—ek® € C(w) + y&°.
By 7> 0 and C(®) + [0, +0)k° C intC(w), we get ye — ek’ —y € C(®)\{0} and
(ve — &k° — C(@)\{0}) NQ # 0

which is a contradiction to our assumption.
2. The proof is similar to that of the previous part.

3. From the first part, we know that 6, (0) < 64, (y —ye) + € for all y,0 € Q. We just need
to show that 0, (0) # 6, (y — ye) + € for all y, @ € Q and this means that we need to show
0w (y—ye)+€F#0forally,w € Q. If ye =y and € > 0, then 6,(y —y.) = 0 and obviously
B0 (y —ye) +€#0.

Again, if ye =y and € = 0, then our assumption (6,(0) < 64 (y — y¢) + €) can not be
fulfilled. Therefore suppose ye # y and there exist y, @ € Q such that 6, (y —ye) +€ =0,
then by the second part of Theorem 4.2.7, we get

ve — ek’ —y € C(a). 4.11)
Also, by definition of strong ek®-minimizers, for all ® € Q,y € Q\{y.}, we get
ve— ek’ €y—C(0)\{0} = ye— ek’ —y € —C(w)\{0}. (4.12)

By (4.11) and (4.12), we get (ye — ek’ —y) € C(@w) N —C(w)\{0}. But this is a con-
tradiction to the pointedness of C(®). Therefore 6, (0) # 6,(y — ye) + € holds and
00(0) < 0 (y—ye) +eforally,m e Q. O

In the special case that € = 0, we have:
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Corollary 4.2.29. Let assumption (A1) be fulfilled and additionally C(®)+ (0, 40)k? C intC(w)
foralweY.

1. If y € Q is a minimizer of the set Q C Y, then 6, (0) < 6,(y—y) for all y,w € Q.
2. If y € Q is a weak minimizer of Q, then 0, (0) < 0, (y —y) for all y,® € Q.

3. If y € Q is a strong minimizer of Q, then 6, (0) < 6, (y —7) for all y, 0 € Q.

In Theorem 4.2.28, we showed that each £k-minimizer of the set Q is a solution for the scalar
optimization problem. The following theorem completes characterizations of €k’-minimizers of

vector optimization problems with respect to variable ordering structures.

Theorem 4.2.30. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +0)k° C intC(®)
forallw €Y and € > 0.

1. Ify. € Qand 64, (0) < B, (y —ye) + € for all y, @ € Q, then y, is an £k’-minimizer of the
set Q.

2. If ye € Qand 04 (0) < 4 (y—ye )+ € for all y,® € Q, then y, is a weak ek®-minimizer of
the set Q.

Proof. 1. Similar to the proof of the first part of Theorem 4.2.28, 6,2(0) = 0. Now suppose
that 85, (0) < 8, (y —ye) + € for all y, ® € Q but y, is not an ek®-minimizer and there exist
y',y? € Q such that y! —y, € —ek® — C(y*)\{0} and

—ek® +y: —y' € C(*)\{0}.
By the second part of Theorem 4.2.7, we get 62(y' —ye) +& < 0 = 6,2(0) which is a
contradiction to our assumption.

2. Suppose that 6, (0) < 0, (y — ye) + € for all y, @ € Q but y is not a weak ek®-minimizer
and there exist y',y?> € Q such that y! € y, — ek® —intC(y?) and

—ek” +ye —y' €intC(y?).

Similar to the first part of Theorem 4.2.28, 6,2(0) = 0 and by the first part of Theorem
4.2.77, we get 6,2 (y' —ye) + & < 0= 6,2(0) which is a contradiction to our assumption. ]

Corollary 4.2.31. Let assumption (A1) be fulfilled and additionally C(®) 4 (0, 40)k? C intC(w)
forallweY

1. If y € Qand 0, (0) < 6,(y—y) for all y,w € Q, then y is a minimizer of the set Q.

2. fye Qand 6, (0) < 0,(y—y)+ forall y, w € Q, then y is a weak minimizer of Q.
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4.2.3 Characterization of Approximately Nondominated Elements by Scalarizing

Functionals

In the last section, we characterized approximate minimizers by the scalarization via nonlinear
functional methods. We can also use this method for characterizing the approximately nondom-
inated elements. First in the following theorem, we show that each £k®-nondominated element

of the set Q is a solution of the scalar optimization problem.

Theorem 4.2.32. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° CintC(®)
forall w €Y and € > 0.

1. If ye € Qis an ek’-nondominated element of the set @ C Y, then 65(0) < 0,(® —ye) + €
for all @ € Q where 8, (y) =inf { cR |tk —y € C(w)}.

2. If ye € Q is a weakly £k®-nondominated element of ©, then 8, (0) < 8, (® — ye) + € for
all w € Q.

3. If ye € Qs a strongly €k’-nondominated element of Q, then 84, (0) < O, (® — ye) + € for
all w € Q.

Proof. 1. Suppose that y, is an €k’-nondominated element of the set Q and there exists
® € Q such that 8,(® —ye) + € < 0,(0) = ¢. Similar to the proof of the first part of
Theorem 4.2.28, 1 = 0. By 6y(® —ye) + € < 0,(0) and 6,(0) = 0, there exists ¥ > 0
such that 6, (@ — ye) = —y — € and by the second part of Theorem 4.2.7, we get

(—e—P+y.—w=c'"€Cl0) = y.—0—ek’ =c' + 1k € C(w) + yk°.
By ¥ > 0 and C(®) + [0, +0)k° C intC(w), we get ye — ek’ — » € C(w)\{0} and

(ve — ek’ —C(@)\{0}) N{w} #0
which is a contradiction to our assumption.
2. The proof is similar to that of part 1.
3. By the first part, the proof is similar to that of part 3 of Theorem 4.2.28. O

In the special case € = 0, we have the following corollary.

Corollary 4.2.33. Let assumption (A1) be fulfilled and additionally C(®)+ (0, 40)k? C intC(®)
foralweY.

1. If y € Q is a nondominated element of Q C Y, then for all ® € Q, 6,(0) < 6,(w —Y).
2. If ye € Qis a weakly nondominated element of Q, then for all @ € Q, 64, (0) < 64, (@ —5).

3. If ye € Qis a strongly nondominated element of Q, then for all @ € Q, 64, (0) < 6, (®—7).
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In Theorem 4.2.32, we showed that each ek®-nondominated element of the set Q is a solution
for the scalar optimization problem. The following theorem completes characterizations of ap-

proximately nondominated elements of Q with respect to ordering map C:Y =2 Y.

Theorem 4.2.34. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° C intC(®)
forall w €Y and € > 0.

1. Let ye € Q and 64 (0) < O,(@ — ye) + € for all ® € Q, then ye is an ek’-nondominated

element of the set Q.

2. Letye € Qand ,(0) < 8, (@ —y, )+ € forall @ € Q, then ye is a weakly £k’-nondominated

element of the set Q.

Proof. 1. Similar to the proof of the first part of Theorem 4.2.28, 64, (0) = 0. Suppose that
0, (0) < gy (@ — ye) + ¢ for all @ € Q but ye is not an ek’-nondominated element of the
set Q and there exists ® € Q such that y, — ek” € ® + C(®)\{0} and

—ek’ +y: — 0 € C(w)\{0}.

By the second part of Theorem 4.2.7, we get Oy(® — ye) + € < 0 = 0, (0) which is a

contradiction to our assumption.

2. The proof is similar to that of part 2 of Theorem 4.2.30. O

In the special case that € = 0, we have:

Corollary 4.2.35. Let assumption (A1) be fulfilled and additionally C(®)+ (0, 40)k? C intC(®)
foralweY

1. Lety € Qand 6,(0) < 6, (e —¥) for all @ € Q, then y is a nondominated element of the
set Q.

2. Lety € Qand 6,(0) < 8, (w—7y) forall w € Q, then y is a weakly nondominated element
of the set Q.

4.2.4 Characterization of Approximately Minimal Elements by Scalarizing Func-

tionals

In the special case, when € = 0 and C is a cone-valued map and each C(y) is a pointed and
convex cone, Eichfelder [22] gave characterization of exact solutions of vector optimization
problems with variable ordering structures for nondominated and minimal solutions. In the
following theorem, we characterize approximately minimal elements of the set Q with respect

to the set-valued map C by scalarization via nonlinear functionals.
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Theorem 4.2.36. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° CintC(®)
forall w €Y and € > 0.

1. If y. € Q is an €k-minimal element of the set Q C Y, then 6, (0) < 6, (y — y¢) + € for
ally € Q where 6,,(y) =inf {r e R | tk* —y € C(¢)}.

2. If y. € Q be a weakly ek’-minimal element of Q, then 6,,(0) < 6, (y — y¢) + € for all
y € Q.

3. If y € Q is a strongly €k’-minimal element of Q, then 6,,(0) < 6, (y — ye) + € for all
y € Q.

Proof. 1. Suppose that y is an €k-minimal element of the set Q and there exists y € Q such
that 0, (y — ye) + € < 6,,(0) =¢. Similar to the proof of Theorem 4.2.28, t = 0. Since
By, (y —ye) + € <0, there exists y > 0 such that

9}’s(y_y8> =—Y—¢&.
By the second part of Theorem 4.2.7, we get
(—y— 8)k0 +ye—y=cl €Clye) = ye— ek’ —y=c'+7° ¢ C(ye) + k.

By > 0and C(ye) + [0, +o0)k? C intC(ye), we get ye — ek® —y € C(ye)\{0} and
(ve — €k’ = C(ye)\{0}) N2 # 0

which is a contradiction to our assumption.
2. The proof is similar to that of part 1.

3. By the first part, the proof is similar to that of part 3 of Theorem 4.2.28. g

In the special case that € = 0, we have

Corollary 4.2.37. Let assumption (A1) be fulfilled and additionally C(®) 4 (0, 4-0)k? C intC(w)
forallweY.

1. If y € Q is a minimal element of the set @ C Y, then for all y € Q, 6;(0) < 65(y —75).
2. If y € Q be a weakly minimal element of Q, then 65(0) < 65(y —y) forall y € Q.

3. If y € Q is a strongly minimal element of Q, then 6;(0) < 6;5(y —) forall y € Q.

Theorem 4.2.36 proves that each k®-minimal element of the set & is a solution for the scalar
optimization problem. The following theorem completes characterizations of €k®-minimal ele-

ments of the set Q with respect to the orderingmap C:Y =2 Y.

Theorem 4.2.38. Let assumption (A1) be fulfilled. Additionally let C(®)+ (0, +o0)k° C intC(®)
forall @€Y and € > 0.
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1. Lety: € Qand 6,,(0) < 6, (y—ye) + € for all y € Q, then y¢ is an ek’-minimal element
of the set Q.

2. Letye € Qsuch that 6,,(0) < 6, (y—ye)+& forall y € Q, then y, is a weakly ek®-minimal

element of the set Q.

Proof. 1. Again similar to the proof of Theorem 4.2.28, 6,,(0) = 0. Now suppose that
6,,(0) < 6,,(y — ye) + € for all y € Q but y is not an €k’-minimal element. this means
there exists y € Q such that ye — €k” € y+C(y)\{0} and

—ek® +ye —y € C(ye)\{0}.
By the second part of Theorem 4.2.7, we get 0, (y —ye) +€ < 0 = 6,,(0) which is a

contradiction to our assumption.

2. The proof is similar to that of part 2 of Theorem 4.2.30. g

In the special case that € = 0, we have:

Corollary 4.2.39. Let assumption (A1) be fulfilled and additionally C(®)+ (0, 40)k? C intC(w)
foralweyY.

1. Lety € Q and 65(0) < 65(y —y) for all y € Q, then y is a minimal element of the set Q.

2. Lety € Q such that 65(0) < 6;(y—y) for all y € Q, then y is a weakly minimal element of
the set Q.



Chapter 5

Variational Principles in Vector
Optimization with Variable Order

Structures

We know that for vector optimization problems with variable ordering structures (VVOP), we
have three different solution types (see section 2 of Chapter 3) and it is of interest to formu-
late variational principles for these solutions. Ekeland (1974) formulated in [27] a variational
principle, which has applications in many domains of mathematics. Ekeland’s variational prin-
ciple (EVP) is a deep assertion concerning the existence of an exact solution of a slightly per-
turbed optimization problem in a neighborhood of an approximate solution of the original op-
timization problem under the assumption that the objective function of the original problem
is bounded from below and lower semicontinuous (l.s.c). Several generalization of Ekeland’s
variational principle for vector optimization problems with fixed ordering structures are given
in [3, 4, 8, 9, 13, 14, 28, 37, 38, 41, 44, 55, 70]. The aim of this chapter is to establish new
variational principles of Ekeland’s type for three different kinds of solutions of vector optimiza-
tion problems with variable ordering structures by using a nonlinear scalarization technique (see
Chapter 4) and derive from them necessary conditions for approximate solutions of vector op-
timization problems with variable ordering structures in the next chapter. Applications of Eke-
land’s variational principle can be seen in economics, control theory, game theory, nonsmooth

analysis and many other fields.

Theorem 5.0.1. [28] Let (X, || -||) be a real Banach space, € > 0 and g : X — R be a real-valued
lower semicontinuous function which is bounded below on the closed subset & of X. Let x’ be
an element in G such that g(x') < inf{g(x) | x € &} + ¢, then there exists a point xe € domgNS
such that

(@) glxe) < g(¥) < inflg(x)|x € &} +e.

55
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(b) [[ve— || < V.
(©) glxe) < g(x)+€|jx—x¢| forall x € S.

Remark 5.0.2. (Strong form of Ekeland’s variational principle). Theorem 5.0.1 is known as
the weak version of Ekeland’s variational principle since we can find an element x € domgN&

which additionally satisfies the following condition (see [28])

() glxe) + Vel —xell < g(+').

In this chapter we impose the following standing assumptions.

Assumption (A2). X is a real Banach space, G is a subset of X, Y is a topological linear space,
€>0,k%cY\{0} and f: X — Y is a vector-valued function. Let C: Y =Y be a set-valued
map where C(y) is a proper, pointed and closed set which satisfies C(y) + [0, +o0)k® C C(y) for
ally €Y.

Furthermore, in some cases, we consider the following assumptions.

(A3) The nonzero vector k° € Y\ {0} satisfies C(y) 4 (0, +o0)k? C intC(y) forall y € Y.
(Ad)Forally € f(6), C(y)+C(y) SC(y).

(AS) B:Y =2 Y be a cone-valued map such that for each y € £(&), k° € intB(y).

(A6) Forally € f(8), C(y)+(B(y)\{0}) CC().

By (A5), (A6) and the second part of Theorem 4.2.4, we get the functional 6, in (4.2) is proper.
Also, by Theorem 4.2.15, assumption (A4) is necessary and sufficient for subadditivity of 6 in
(4.2). By the first part of Theorem 4.2.18, we know that (A6) is necessary and sufficient for 6,
in (4.2) to be a B-monotone function. Also by the third part of Theorem 4.2.18 and (A3), our

functional 6, in (4.2) is continuous.

Remark 5.0.3. Figure 5.1 and 5.2 give examples for sets C where assumptions (A2), (A3) and
(A4) are fulfilled (for C(y) = C).

In the following we will consider the following vector optimization problem with respect to a

variable ordering structure.
ek’~Min f(x) subject to x € & with respect to C. (VVOP)

In the third chapter, we defined approximate minimizers, approximate nondominated and ap-
proximate minimal elements of the set  C Y with respect to variable ordering structures in
the image space Y; see (Definition 3.2.1), (Definition 3.2.6) and (Definition 3.2.10). For reader

convenience, we define these solution concepts of vector optimization problems with respect to
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FIGURE 5.1: A convex set C satisfies assumptions (A2), (A3) and (A4).
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FIGURE 5.2: A nonconvex set C satisfies assumptions (A2), (A3) and (A4).
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variable ordering structures (VVOP) for & C X and the vector-valued function f : X — Y in the

original space X.

Definition 5.0.4. Let assumption (A2) be fulfilled and x, € &. Consider problem (VVOP).
1. xe is said to be an ek%-minimizer of (VVOP) with respect to the map C : Y = Y iff

Vrxl €6 (f(xe) — ek = C(f(x)\{O}) N {f(x")} = 0.

2. Let intC(y) # 0 for all y € Y. y, is said to be a weak €k’-minimizer of (VVOP) with
respect to the ordering map C: Y =2 Y iff

Vi,xl €6 (f(xe) — ek® — (intC(f(x))) N{f(x")} = 0.
Remark 5.0.5. e We denote the set of all ek’-minimizers of (VVOP) with respect to the
ordering map C : Y = Y by ek"-MZ(&, f,C).

e We denote the set of all weak £k°-minimizers of (VVOP) with respect to the ordering map
C by ek®-WMZ(&, f,C).

When € = 0, it coincide with the usual definition of (weak) minimizers; see e.g. [12]. We denote
the set of minimizers and weak minimizers by MZ(&, f,C) and WMZ(G, f,C), respectively.
Definition 5.0.6. Let assumption (A2) be fulfilled and x¢ € S. Consider problem (VVOP).

1. X is said to be an £k’-nondominated solution of (VVOP) with respect to the ordering map

C:Y=Yiff
Vxe6: (f(xe) — ek = C(f(x)\{0}) N {/f(x)} = 0.

2. LetintC(y) #0 forall y €Y. y. is said to be a weak £k’-nondominated solution of (VVOP)
with respect to the ordering map C : Y =2 Y iff

Ve S  (flxe) — ek’ — (intC(f(x))) N {f(x)} = 0.

Remark 5.0.7. e We denote the set of all €k®-nondominated solutions of (VVOP) with re-
spect to the ordering map C : ¥ = Y by ek”-N(&, f,C).

e We denote the set of all weak £k®-nondominated solutions of (VVOP) with respect to the
ordering map C by ek*-WN(&, f,C).

When € = 0, it coincide with the usual definition of (weakly) nondominated solutions; see e.g.
[24, 78]. We denote the set of nondominated solutions and weakly nondominated solutions by

N(6, f,C) and WN(G&, f,C), respectively.
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Definition 5.0.8. Let assumption (A2) be fulfilled and x, € &. Consider problem (VVOP).
1. xe is said to be an €k%-minimal solution of (VVOP) with respect to the ordering map
C:Y =Yiff
(f(xe) — k® = C(f(xe))) N {f ()} = 0.

2. Let intC(y) # 0 for all y € Y. y, is said to be a weak €k-minimal solution of (VVOP)
with respect to the ordering map C : Y = Y iff

(f(xe) — €k° — (intC(f(x¢))) N {£(S)} = 0.

Remark 5.0.9. e We denote the set of all ek®-minimal solutions of (VVOP) with respect to
the ordering map C : Y = Y by k" -M(&, f,C).

e We denote the set of all weak €k®-minimal solutions of (VVOP) with respect to the order-
ing map C by ek’ -WM(G, f,C).

When € = 0, it coincide with the usual definition of (weakly) minimal solutions; see e.g. [24,
40]. We denote the set of minimal solutions and weakly minimal solutions by M(&, f,C) and
WM(G, f,C), respectively.

5.1 Variational Principle for Approximately Minimal Solutions

Note that in many Ekeland-type results in the literature; see, e.g. [4-6] and the references
therein, the function f is assumed to be C-level-closed, known also as C-lower semicontinuous
and C-semicontinuous [17, Definition 2.4], where C is a fixed ordering cone of the ordered image
space. Therefore we begin this section with the following definitions of lower semicontinuity in

fixed and variable ordering structures.

Definition 5.1.1. Consider problem (VVOP), x € SNdom £,y := f(x) and C := C(y) is fixed.

The function £ is said to be C-lower semicontinuous over & iff the sets

lev(y; f) := {x€ 8] f(x) ey—C}

are closedin X forally €Y.

Definition 5.1.2. Consider problem (VVOP), x € SNdom £,y := f(x) and C := C(y) is fixed.

The function f is (k°,C)-lower semicontinuous over & iff the sets
M(t):={x € &| f(x) etk" - C}

are closed in X for all t € R.
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Definition 5.1.3. We say that f : X — Y is lower semicontinuous with respect to the ordering
map C:Y =Y, k% € Y\{0} and & C X (for short (k°,C,&)-Isc ), if

M(Xam ={x€&| f(x) €k’ —clC(w)}
is a closed set for all w € (&) and each r € R.

If C =C(w) =C(a) is a fixed set, then Definition 5.1.3 coincides with Tammer’s definition on
page 133 in [70]. Moreover, if Y = R, then our definition coincide with the standard definition
of lower semicontinuity. In order to prove the main theorem of this section, first we have to

prove the following lemmas.

Lemma 5.1.4. Let C: Y =Y be a set-valued map and assumptions (A2) and (A3) be fulfilled.
For each w € f(&), consider the functional 6, defined by (4.2). If the function f: X — Y in
(VVOP) is (k°,C,&)-Isc, then (650 f)(-) = 8, (f(+)) is a lower semicontinuous functional for
each o € f(6).

Proof. Since the function f : X — Y is (k°,C,&)-Isc, the set
My ={xe& | fx) e k" —C(w)}

is closed for all w € f(&) and r € R.

Now consider that M(Ym) =tk" —C(w) C Y. By (A3) and the third part of Theorem 4.2.18, we
know that 0 : Y — (—o0,00) is a continuous functional for each @ € f(&) and by Theorem
4.2.7, we get

My, =tk —C(0)={yeY|yectk’—C(n)}

={y €Y |6u(y) S 0(tk°)} = {y €Y | Bu(y) St} := My,

for each w € f(&) and ¢ € R. This means for all ® € f(&) and ¢t € R,
Mg(w,ew,t) ={x€G|0y(f(x)St}={xcS| f(x) € M{QGW)} ={xe&|f(x)e M(YM)} :Mg(w)

is a closed set and O, o f is lower semicontinuous for all ® € f(S). 0

Lemma 5.1.5. Suppose that assumptions (A2)—(A3) hold and let B: Y =2 Y be a cone-valued
map satisfying assumptions (A5)—(A6). Consider the problem (VVOP). If x, € ek°-M(&, f,C),
then there exists a continuous functional 6y, : ¥ — R which is strictly B(f(xe))-monotone in

the sense of Definition 4.2.17 and

V€S, O (f(xe)) < By, (F(x) +£K°).
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Moreover, if C(f(xg)) +C(f(xe)) € C(f(xe)) holds, then 8y, is subadditive on ¥ and

VX €&, Oy (f(xe)) < Oy (F(x)) + Oy (€KY).

Proof. Suppose that kX € Y\{0}, € > 0 and x, € ek®-M(&, f,C). This means that,
(f(xe) — ek® = C(f (xe))\{0}) N £(S) = 0.

This implies (f(xe) — C((xe))\{0}) N (f(&) + k%) = 0.

We consider V(x¢) := (f(xe) — C(f(xe))\{0}) and f(&)+ ek® = U. Taking assumptions on
maps C and B and by Theorem 2.3.6 of [33], we get desired functional. Therefore, there ex-
ists a continuous functional 6,y : ¥ — R such that 0, (f(xe)) < 0, (f(S)+€k°). By
C(f(xe)) +C(f(xe)) € C(f(xe)) and Theorem 4.2.15, B¢(,) is a subadditive functional and

0 xe) (f(xe)) < Oy (f(S)) + Oy, (€K°).

This completes the proof. O

The following lemma gives some properties of the functional in Lemma 5.1.5 and these prop-
erties will be used later in the proof of other lemmas and our main theorem about the vectorial

Ekeland’s variational principle for minimal solutions of (VVOP).

Lemma 5.1.6. Let assumptions (A2)—(A3) and (A5)-(A6) be fulfilled, then we can choose the

functional 6y(,,) : ¥ — R in Lemma 5.1.5 in a way such that:
1. 05 (K0) = 1.
2. B5(,)(0) =0.
3. Oy, (k%) = £ and Oy, ) (—€k") = =0y, (ek’) = —&.
Proof. 1. By definition of separating functional 6¢(,,): ¥ — R in (4.2), we have

Gf(xs)(y) =inf{reR|ye tk° —C(f(xe))}-

By pointedness of C(f(x¢)) and (A3), we get 0 € bdC(f(xe)) and k° € k° —bd C(f(x¢)).
Taking into account the third part of Theorem 4.2.7, we get 6y, (k) =1.

2. By 0 € bdC(f(xe)) and the third part of Theorem 4.2.7, we get 65(,,)(0) = 0.

3. We prove that Gf(xs)(sko) = €. The proof of the rest is similar. By the second part of
Theorem 4.2.18, the following holds forally € Y and ¢t € R,

Gf(xs)(y—i—tko) =6,.,,0)+r.

Therefore 6y, )(0+ k") = 6,,)(0) + € and 6, (ek®) = &. O
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Lemma 5.1.7. Let X be a real Banach space, S C X, x € G, Y be a topological linear space,
£>0,k2cY\{0}, f:X — Y is a vector-valued function with domf #@and B:Y =Y be a

cone-valued map satisfying (A5).

(i) Furthermore, suppose that for the strictly B-monotone (in the sense of Definition 4.2.23),

continuous and subadditive functional 6¢(,,) : ¥ — R, the following inequality holds

VXxES,  O)(f(xe)) < O (f(x)) — Op(r) (—KY),

then x € ek®-WM(&, f,C) for some set-valued map C: Y = ¥ such that 0 € clC(f (xe))\C(f(xe)),
B(f(xe))\{0} € C(f(xe)) and clC(f (xe)) + (B(f (xe))\{0}) € C(f (xe))-
Proof. We define C(f(x;)) as

C(f(xe)) :=={y €Y | O (—y+ f(xe) — €K°) < O (f(xe) — €K0)}, (5.1)

and a functional éf(xs) (y):Y ->Ras

A

0(x) () 1= Oy v+ S (xe) — €K°). (5.2)

By (5.2) and (i) and since 6y,,) is subadditive, we get

v

éf(xg)(f(G) + ek® —f(xe)) = ef(xg)(f(g))
O (xe) (f (X)) + Op(r) (—€K°) >
0 () (f (xe) — €K%) = B, (0).

Now by (5.1) and (5.2), we get

A

Of(xe) (—C(f (xe))) = Oy(x) (—C(f (xe)) + f (xe) — €K°) < By (f(xe) — €k”) = by (1, (0),

therefore

(—intC(f(xe))) N (F(S) + ek’ — f(xe)) =0 = (f(xe) — ek’ —intC(f(xe))) N f(&) = 0.

Since 8y,,) is a strictly B-monotone functional, then B(f(x¢))\{0} C C(f(xe)). Now we show

that c1C(f (xe)) + (B(f(x))\{0}) CC(f(x¢)). Choosey € clC(f(xe)) and b € y+B(f(xe))\{0}.
Since éf(xs) is strictly B-monotone and y € clC(f(xe)) C {y | éf(xg)(—y) < éf(xg)(O)},

A A

Or(e) (—b) < Br(x) (—¥) < By, (0).

Therefore b € clC(f (xe))+ (B(f(xe))\{0}) implies b € C(f(x¢)). Assumption k° € int B(f(x¢))
and intC(f (xe)) + (B(f(xe))\{0}) € C(f (xe)) implies C(f(xe)) +&k” C C(f (xe)).
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Moreover, by 0 € cl(B(f(x¢))\{0}), B(f(xe))\{0} C C(f(xe)) and 0 ¢ C(f(x¢)), we get easily
0 € clC(f (xe))\C(f (xe))- O

The following theorem gives the first generalization of the Ekeland’s variational principle for
€k%-minimal solutions of (VVOP) provided that f : X — Y is (k°,C,&)-lower semicontinuous

and bounded from below.

Theorem 5.1.8. Consider the problem (VVOP) and let X € ek°-M(&, f,C). Impose in addition
to (A2)—(A6) the following assumptions:

(A7) C(y) CC(f(x)) forall y € £(6).
(A8) fis (k°,C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.

(A9) f is bounded from below over closed subset & of X with respect to f(¥) and C(f(¥)) in
the sense of Definition 4.2.26.

Then there exists an element x; € dom f N & such that
1. xe € ek-WM(G, f,B),
2. % —xell < Ve,
3. xe € WM(GB, fopo,B)  with fopo(x) = f(x) + /€ ||x — xe|| K°. (5.3)

Proof. Suppose that X € €k%-M(&, f,C), then by the definition of approximately minimal solu-
tions (Definition 5.0.8), we get

(f(x) — ek’ = C(f(x))\{0}) N f(&) =0.

Now suppose that f := f — f(¥), then we have

(f(x) — ek = C(f(x))\{0}) N F(S) = 0.

By Lemma 5.1.5, the inclusion C(f (X)) +C(f(x)) C C(f(x)) by (A4) and Lemma 5.1.6, the
functional 6y (;) : ¥ — R defined by (4.2) is a strictly B-monotone, continuous and subadditive

functional. Furthermore,

V€S, Oy (f(X) < 05 (f(x)) + Oy (k%) = By (f(x)) +&.

This means that

07 (f(X)) < inf O, (f(x)) +&, €>0.

x€G

Observe that the validity of (A8)—(A9) ensures (kO,C ,&)-lower semicontinuity and the bound-
edness from below of f and f. By Lemma 4.2.27, Lemma 5.1.4, Theorem 5.0.1 and Re-

mark 5.0.2, there exists an element x € S such that
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L 6y (f(xe)) < O (F(X)) < infree O (F(x)) + &, (5.4)
2. lxe =X < Ve,
3. forallx € &, O (f(xe)) < O (f(x)) + VEx —xel|, (5.5)

4. 07 (f(xe)) + VE X —xel| < 875 (f(3))- (5.6)
By Lemma 5.1.6 and (5.4), for all x € & we get

01(s)(f (xe)) < inf 0y0)(£(x)) + & < 05) (F(x)) + Oy (") = Oy (F(x)) = Oz (— k).
By Lemma 5.1.7, the inclusion B(f(x¢)) € C(f(xe)) € C(f(%)) by (A6)«(A7) and f = f — f(%),

(f(xe) — ek” —intB(f(xe))) N (&) =

This implies that x, € ek®-WM(&, f,B). Now we prove (5.3) and for this, suppose that there

exists an element x € S such that

f(x) € fxe) = Ve |x—xe || k¥ — int B(f (xe))
= f(x) € flxe) — Ve |x—xel] K —intB(f(xe)).

Since 0y is a strictly B-monotone, continuous and subadditive functional,

Osx) (F(x)) < Bp(x) (F(xe) — VE v —xe| %) < 853 (F(ixe)) + By (— VE v —xe | £°).

Now by Lemma 5.1.6, we get

07 (—VEIx —xel|[K°) = —Velx —xe| = 675 (F(xe)) > 873 (f(x)) + Ve [x —xe]

But this yields a contradiction because of (5.5). ]

In the special case that C : Y = Y is a solid, closed, pointed and convex cone-valued map, we

have the following corollary.

Corollary 5.1.9. Let C:Y =Y be a cone-valued map where C(y) is a solid and convex cone for
ally € £(8), k" € MNye () intC(y) and € > 0. Consider the problem (VVOP) and furthermore,
let X € ek-M(&, f,C). Impose the following assumptions:

(A7) C(y) CC(f(x)) forall y € £(6).
(A8) fis (k°,C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.

(A9) f is bounded from below over closed subset & of X with respect to f(x) and C(f(X)) in
the sense of Definition 4.2.26.
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Then there exists an element x; € dom f N & such that

1. xe € ek®-WM(G, £,0),
2. |7 —xel| < Ve,

3. xe € WM(G, fero,C) With fepo(x) = f(x) + /2 [lx —xe | K.

In the special case, if C(y;) = C(y2) = C is a fixed, solid and convex cone, Corollary 5.1.9
covers Corollary 1 [3], Theorem 5.1 [8], Theorem 2 [9], Theorem 3.1 for a vector-valued map
[13], Theorem 2.1 [14], Theorem 3.1 [38], Theorem 10 [44] and Theorem 4.1 [70]. For sure in

the case Y = R, we have the classical Ekeland’s variational principe [28].

In Theorem 5.1.8 and Corollary 5.1.9, the existence of an element belonging to the set of €k°-
minimal solutions of the original problem that is a weakly minimal solution of a perturbed opti-
mization problem is shown. We show a sharper result, namely that there exists an €k’-minimal
solution of the original problem that is a minimal solution of a perturbed vector optimization

problem with variable ordering structure; see also [2].

Theorem 5.1.10. (Variational principle for £4°-minimal solutions, solid case). Consider
problem (VVOP), let ¥ € €k’-M(&, f,C) and set y = f(¥). Assume that in addition to (A2)

the following conditions hold:

(A3") The image C := C(y) is a proper, closed, pointed, and solid set satisfying Rk® —C =Y.
(AS') There exists a cone-valued mapping B : ¥ = Y such that k° € int B with B := B(y).
(A6') C+B\{0} C intC, and B(f(x)) C B for all x € & with ||x—X| < /€.

(A8') fis (k% C)-lower semicontinuous over & in the sense of Definition 5.1.2.

(A9') f is bounded from below over & with respect to an element y and the cone C in the sense
of Definition 4.2.26.

Then, there exists some x, € & Ndom f such that
(i) xe € eKO-M(G, £, B). i.e.. (f(xe) — ek — B(F(xe))\ {0}) N /(&) = 0.
(i) [lxe %] < V.

(iii') xe € M(S, fop0,B), where fe0(x) 1= f(x) + VE||x — xe || k0.

Proof. Consider the nonlinear scalarization function 8y defined by 4.2,

0/ (z) =inf{t e R|z€k"—C}.

By Theorem 4.2.18, 6 () has the following properties under the assumption made in the theo-

rem:
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* O/ (y+ Ak%) = O¢x)(v) +A forally € Y and for all 1 € R.
e 0/ is continuous.

o 0y is strictly B-monotone in the sense that

y2=y1 € B\{0} = 0;x (1) < Oz (32)-

We prove that X is an €-minimal solution of some scalar optimization problem. To proceed, set
g(x) := f(x) — f(x) with dom g = dom f. Obviously, g(X) = 0. We get from the €k’-minimality

of x to the function f with respect to the order structure C in Definition 5.0.8 that
(F(x) = (%) +&K°) & —C(£(x)), Vx € SNdom f with f(x) # f(¥)
— (g(x)+ek’) ¢ —C, Vx € SNdomg with g(x)#0
= O (g(x) + k%) = ;) (g(x)) +€ >0, Vx € SNdomg,

where the implication holds due to the strict B-monotonicity of 0 and () (0) = 0 which
only holds because of (A2) and the pointedness of C in assumption (A3’). This together with

03 (8(%)) = 07(x)(0) = 0 yields
xEGifIWl(fomg Gf(x) (g(x)) € Z Gf(x) (g(f)), (57)

i.e., X is an €-minimal solution of the composition 8z og: X — RU {+oo} over 6.

Observe that the validity of (A8") and (A9’) ensures the boundedness from below and the lower
semicontinuity of the composition 0y ) o g, respectively. Employing now the classical Ekeland’s
variational principle in Theorem 5.0.1 to the function 6y o g and its €-minimal solution X, we

can find some x € ENdomg = G Ndom f such that
(a) Gf(f) (glxe)) < 9]’(%) (8(x)) =05
(b) [lxe —x|| < Ve
(©) 6rx) (8(x)) + Vellx—X| > O (g(xe)) for all x € dom fN &S and x # xe.
Next, we will show that x, satisfies also two major relations (i') and (iii’) in the theorem. Arguing
by contradiction, we assume that (i) does not hold, i.e., x¢ is not a €k®-minimal solution of
(VVOP) with respect to the order structure B. By Definition 5.0.8 and x, ¢ €k ~M(&, f,B), we
get the existence of x € G such that
f(x) € flxe) — ek = B(f(xe)) \ {0}
= flx) = @)+ ek’ € (f(xe) = F(X) = B(f(xe)) \ {0}

(A6)) _
= g(x) +ek’ € glxe) —B(f(xe)) \ {0} C glxe) —B\{0}.
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By the strict B-monotonicity of 8z we get from the last inclusion that

03 (8(xe)) > 07z (8(x) + €k°) = Oy (g(x)) + € > uegigl(fomf Orx (8(u) +€ > 0sx)(g(X))

where the last estimate (> 0) holds due to (5.7). The latter contradicts (a). This contradiction

ensures that the validity of (i') in the theorem.

It remains to show the fulfillment of condition (iii’). Arguing by contradiction, assume that x, is
not a minimal solution of the perturbed function f0 = f + v/€|| - —x¢||k® with respect to B(-),
i.e., there is some x € GNdom f = & Ndomg and x # x, such that

f(x) + \/Ellx—erko € f(xs) _B(f(xe))
F(x) = F(®) + Vellx—xellk” € f(xe) — £(X) = B(f(xe))
(A6)) _
8(x) +Ve|x — x|k € g(xe) — B(f(xe)) \ {0} C g(xe) —B\ {0}.

= O (g(x) —I—\/§||x—xg|]k0) =0 (g(x)) +VeElx—xe|| < Oz (8(xe))

!

!

where the implication holds due to the B-monotonicity of 0y (x)- The latter inequality contradicts

(¢). The contradiction justifies (iii") and thus completes the proof of the theorem. ]

The next result is another improved version of [63, Theorem 5.1] for the nonsolid case assuming
that (X,||-||) is a Banach space. In the proof of the next variational principle we will use
Theorem 3.4 by Bao and Mordukhovich [4] such that we adapt our assumptions concerning
boundedness as well as lower semicontinuity to this theorem. Furthermore, we suppose in the
next results that X and Y are Banach spaces.

Definition 5.1.11. Consider the problem (VVOP). We say that f : X — Y is bounded from below
over G with respect to ® C Y if there is a bounded set M C Y such that (&) C M+ ©.
Remark 5.1.12. Of course, in the case of Banach spaces X and Y, the boundedness in the
sense of Definition 5.1.11 is weaker than the boundedness in the sense of Definition 4.2.26.
However, in Definition 5.1.11 the boundedness of the set M is supposed and we are dealing
with Banach spaces. The boundedness in the sense of Definition 5.1.11 is used in [4] and called

quasiboundedness there.

The following theorem gives a variational principle for approximate minimal solution of vector

optimization problems with variable ordering structures; see [2].

Theorem 5.1.13. (Variational principle for £k°-minimal solutions, nonsolid case). Suppose
that X and Y are Banach spaces and consider (VVOP). Let X € ek®-M(&, f,C). Set y := f(%)
and C := C(¥). Assume in addition to the standing assumption (A2) the following one holds:

(A3") Cis a proper, closed, convex and pointed cone.

(A7) C(f(x)) Cc Cforally € G with ||x—x|| <e.
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(A8") fis C-lower semicontinuous over & in the sense of Definition 5.1.1.

(A9") f is bounded from below over & with respect to the cone C in the sense of Definition
5.1.11.

Then, there exists x € dom f N & such that
(i) f(xe) € f(X) — C(f(%)), and thus x, € ek’-M(&, f,C).
(i) |[¥—xel| < Ve
(i) xe € Min(&, f0,C), where fo0(x) := f(x) + /€| |[xe — x||K°.

Proof. By the C-lower semicontinuity of f over & in (A8") and the continuity of the norm,
the function f(-) 4+ v/€[|x — -||k” is C-lower semicontinuous over Q and thus the y-level-set of

f(-) ++/€||x — -||k° with respect to the ordering cone C denoted by
E:=lev(y; f) = {x € &| f(x) +Ve[[x—x[|k’ €5 - C}

is a closed set in X. Observe that the restriction f= of f on E with dom fz = E satisfies all the
assumptions of the vector version of Ekeland’s variational principle in vector optimization with
ordering cone/ fixed ordering structure; see, e.g., [4, Theorem 3.4]. Observe also that X is an

€kY-minimal solution of f= with respect to the closed, convex and pointed cone C,ie.,

fz(x) ¢ fz(x) —ek® —C\{0}, Vx € E.

Employing [4, Theorem 3.4] to the function fz, its €k’-minimal solution X, C = C(f (%)), k°, €,
and A = /€, we can find some x, € E with ||X — x| < /€ such that

F(x) 4 Vellxe —x[k” € flxe) —C(f(X)), Vx € E\ {xe}. (5.8)

Obviously, (ii) is satisfied. (i) follows directly from x, € & as follows:
X €E = flxe)+VeF—xe |k ey—C (5.9)
= f(xe) € (%) — (VE|T—xe||l*+C)

(A2)

= flxe) € f(¥) = C=f(x) - C(f(x)). (5.10)

Obviously, (5.10) verifies the first part of (i). To justify the second part of (i), we use (5.10), the
ek®-minimality of X, the inclusion C(f(x.)) C C by assumption (A7'), and the convexity of the
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cone C in (A3") ensuring that C+C\ {0} C C\ {0}. Details below.

xc ek’ M(6,£,C) <= (f(x)—ek’—(C\{0}))Nf(&)=0

= (f@-C—ek—CT\{0})N (&) =0

—

5.10)

= (flre) — ek’ —C(f(xe)) \{0}) N f(S) =0
— xe€ek’-M(&, f,0).

Finally, we will justify (iii) by contradiction. Assume that it does not hold, and then find some
x € & Ndom f with x # x, such that f(x) + v/€||xe — x||k® € f(xe) — C(f(xe)). By (A7), we get

F(x) +Ve|xe — x|k’ € f(xe) —C(f(%)) = f(xe) —C. (5.11)
Using (5.8) this implies x ¢ E. Summing up this inclusion (5.11) and the one in (5.9) gives
S+ Ve (|lxe —xl| + [Ix —xe )& € f(x) =C—C = f(x) - C, (5.12)

where C + C = C holds due to the convexity of the cone C in (A3").

Since ||xg — x|| + ||¥ — x¢|| — [|[x — x|| > O by the triangle inequality of the norm, we will further

manipulate (5.12) as follows:

f(x) +Ve|x— x|k

€ f(®) —Ve(llxe —x] + [T —xel - X~ x)K* - C

C f(x)-C,

where the inclusion holds due to (A2). By the construction of =, we have x € E and arrive at a
contradition. This contradiction verifies the validity of (iii) and thus completes the proof of the

theorem. O

5.2 Variational Principle for Approximately Nondominated Solu-

tions

In this section, we give an extension of Ekeland’s theorem for £k’-nondominated solutions of
vector optimization problems with variable ordering structures, where the £k°-nondominatedness
for solutions of (VVOP) is defined in Definition 5.0.6. It is important to emphasize that there is
no difference between ek’-nondominated and £k°-minimal solutions in the case of fixed order-
ing structure. The reader can find many examples illustrating that this statement is in general

not true in the case of variable ordering structure in [22, 24, 67].
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Lemma 5.2.1. Suppose that assumptions (A2)—(A3) hold and let B: Y =2 Y be a cone-valued
map satisfying assumptions (A5)—(A6). Consider the problem (VVOP). If x, € ek’-N(&, f,C),
then for every element x € G, there exists a continuous functional 6y, : ¥ — R which is strictly

B-monotone in the sense of Definition 4.2.23 and

Vx€S, O (f(xe)) S Orn)(f(x) +K°).

Moreover, if (A4) holds, then each 6y,) is subadditive on ¥ and

VXES,  B(f(xe)) S Oy (f(x)) + By (eK°).
Proof. Suppose that k° € Y\{0}, € > 0 and x, € €k’-N(&, f,C). This means that for all x € &,

(f(xe) — ek’ —C(f(x)\{0}) N f(x) =0,

and

(f(xe) = CFEN\{O}) N (f(x) +€K°%) = 0.

We consider D(f(x)) := (f(xe) — C(f(x))\{0}) and f(x) + €k® = U. Taking into account (A5),
(A6) and Theorem 4.2.25, we get desired functionals and for all x € G, the continuous functional
O(x) : ¥ — R satisfies 07 (f(xe)) S 0y (f(x) + €k"). Now if (A4) holds, then for all x € &,
0 (x) 1s subadditive and

O5(x) (f(xe)) < Oy (f(x)) + () (€K°)

and proof is complete. O

The following lemma gives some properties of the functional in Lemma 5.2.1 and these prop-
erties will be used later in the proof of other lemmas and our main theorem about extension of
Ekeland’s theorem for £k’-nondominated solutions of vector optimization problems with vari-

able ordering structures.

Lemma 5.2.2. Let assumptions (A2)—(A3) and (A5)—(A6) be fulfilled, then for all x € &, we

can choose the functional 6, : ¥ — R in Lemma 5.2.1 in a way such that:
1. 0y (k%) = 1.
2. 05,)(0) =0.
3. 07 (ek") = € and 0y, (—ek®) = — Oy, (k) = —&.
Proof. The proof is similar to that of Lemma 5.1.6. 0

Lemma 5.2.3. Let X be a real Banach space, G C X, x; € G, Y be a topological linear space,
€>0,k"€Y\{0}, f: X — Y is a vector-valued function with domf # @ and B:Y =Y be a

cone-valued map satisfying (A5).
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(j) Furthermore, suppose that for any x € & and for all strictly B-monotone (in the sense of
Definition 4.2.23), continuous, subadditive functionals 6y, : ¥ — R the following inequality
holds

VXE S, By (f(xe)) S 0y (F() — 00 (k).

then x¢ € ek®-WN(&, f,C) for some set-valued map C: ¥ =2 Y such that B(f(x))\{0} C C(f(x)),
0 € cIC(FNCU @), AC(F(X)) + (B )\ {0}) € C(f()) for all x € 6.
Proof. For each x € &, we define C(f(x)) as following,

C(f(x) ={y €Y | Opp)(—y+ flxe) — €k°) < Oy (f(xe) — €k%)}, (5.13)

and a functional éf(x) (y) : Y — R with

A

6100 () := () (v + f (xe) — €K°). (5.14)

By (5.14) and (j) and since 6y,) is subadditive for all x € &, we get

B0 (f(x) +€k° — f(xe)) = 8,0 (f(x)) =
00 (f (xe)) + 60 (—ek?) =
B0 (f (xe) — €K°) = By (0).

Now by (5.13) and (5.14), we can write

A

000 (—C(f(x))) = B0y (—C(f(x)) + fxe) — €k°) < O (f (xe) — €K%)= (1) (0),

and therefore for each x € G,

(—intC(f(x) N (f(x) + €K = f(xe)) =0 = (f(xe) — ek —intC(f(x))) N f(x) =

Since 6y() is a strictly B-monotone functional for any x € &, then B(f(x))\{0} € C(f(x)) for
all x € &. Now we show that c1C(f(x)) + (B(f(x))\{0}) C C(f(x)). Choose y € clC(f(x))
and b € y+ B(f(x))\{0}. Since y € cIC(f(x)) C{y | éf( (—y) = 9f (0)} and Bf x) 18 strictly

B-monotone, we have
0y (—b) < B0y (—y) < 07 (0).

Therefore b € c1C(f(x))+ (B(f(x))\{0}) implies b € C(f(x)). Now by the assumption (A5) and
clC(f(x))+ (B(f(x)\{0}) SC(f(x)), we get C(f(x)) +&k” C C(f(x)). By 0 € cl(B(f(x))\{0}),
B(f(x))\{0} € C(f(x)) and 0 & C(f(x)), we get 0 € cIC(f (x))\C(f(x))- O

In Definition 4.2.26, we defined bounded from below function over & with respect to a set. Now
we generalize this definition to bounded from below function over & with respect to a set-valued

map.
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Definition 5.2.4. Let X,Y be Banach spaces and C : Y =2 Y be a set-valued map. We say that
f:X —Y is bounded from below over & with respect to the set-valued map C if forany y € (&)
there exists y° such that f(&) C y* +C(y).

Lemma 5.2.5. Let assumptions (A2) and (A3) be fulfilled and B : Y =2 Y be a cone-valued map
satisfying (AS) and (A6). Suppose f : X — Y is bounded from below over G with respect to C
in the sense of Definition 5.2.4, then 6, o f is bounded below for all y € &.

Proof. Proof is similar to that of Lemma 4.2.27. ([l

The following theorem gives the first generalization of the Ekeland’s variational principle for
ek®-nondominated solutions of (VVOP) provided that f : X — Y is bounded from below and

(k°,C,&)-lower semicontinuous (see [64]).

Theorem 5.2.6. Consider the problem (VVOP) and let ¥ € ek°-N(&, £,C). Impose in addition
to (A2)—(A6) the following assumptions:

(A8) fis (k°,C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.
(A9 f is bounded from below over & with respect to C in the sense of Definition 5.2.4.

Then there exists an element x; € dom f N & such that

1. x¢ € ek-WN(&, f,B),
2. HX_XEH § \/57

3. xe € WN(G, fopo, B)  with fo0(x) = f(x) + V€ ||x — xe || °. (5.15)

Proof. Suppose that X € ek%-N(&, f,C), then by the definition of approximately nondominated
solutions (Definition 5.0.6), we have (f(x) — ek® —C(f(x))\{0}) N f(x) = 0. Now suppose that
f = f— f(x), then we have

(F(x) — ek = C(f(x))\{0}) N F(x) = 0.

By (A4), Lemma 5.2.1 and Lemma 5.2.2, the functional 0y, : ¥ — R defined by (4.2) is strictly

B-monotone, continuous and subadditive for all x € &. Furthermore,

VXES, 070 (f(X) S 0 (f(x) + O (ek7) = O, (F(x)) +£.

This means that for all x € S,

6f()c) (f(j)) é xlgé ef(x) (f(x)) +E, €>0.
Observe that the validity of (A8)—(A9") ensures the boundedness from below and (k°,C, &)-

lower semicontinuity of f and f. By Lemma 5.1.4, Lemma 5.2.5, Theorem 5.0.1 and Re-
mark 5.0.2, there exists x € G such that forall x € S,
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L 07 (f (xe)) = Oy (f (%)) = infree O (f(x)) +&, (5.16)
2. |lxe —x|| = Ve,
3. forallx € &, Oy (f(xe)) < 070 (f(x) + VEIx —xel|. (5.17)

By Lemma 5.2.2 and (5.16), for all x € G, we get

0(x) (f(xe)) < inf 071 (F(x)) +€ < 0710y (F(x) + Op() (k) = Oy (f(x)) — O () (—€KO).

xe6

Now by Lemma 5.2.3, the inclusion B(f(x)) C C(f(x)) by assumption (A6) and f = f — f(X),

Vxe®,  (flxe) — ek’ —intB(f(x))) N {f(x)} =

This implies that x, € ek%-WN(S, f,B). Now we prove (5.15) and for this, suppose that there

exists an element x € G such that

f(x) € flxe) = Ve |lx —xe|| k" — intB(f (x))
= f(x) € f(xe) = Ve |x—xe ]| K —int B(f(x)).

Since for all x € S, Gf(x) is a strictly B-monotone continuous subadditive functional, for all

x € G, we can write

07 (f () < B0 (F (xe) — Ve lx —xe | k%) = B0 (F (xe)) + Oy (—VE |l —xe || £7).

Now by Lemma 5.2.2, we get

0700 (—VEIx —xel|[K°) = —Velx —xe| = B0 (F(xe)) > 87 (F(x)) + Ve [x —xe]

but this yields a contradiction because of (5.17). ]

In the special case that C : Y =2 Y is a solid, closed, pointed and convex cone-valued map, we

have the following corollary.

Corollary 5.2.7. Let C:Y =3 Y be a cone-valued map where C(f(x)) is a solid convex cone for
all x € &, kY € N,gintC(f(x)) and € > 0. Consider the problem (VVOP) and furthermore, let
x € ek%-N(&, f,C). Impose the following assumptions:

(A8) fis (k°,C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.
(A9 fis bounded from below over & with respect to C in the sense of Definition 5.2.4.

Then there exists an element x; € dom f N & such that
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1. xe € ek%-WN(GS, £,0),
2. [|x—xell = Ve,

3. xe € WN(6, fero,C) with fepo(x) = f(x) + V& [|x —xe | £°.

In Theorem 5.2.6, we gave an extension of Ekeland’s variational principle for ek’-nondominated
solutions of (VVOP) where for each y € f(&), we have a different functional. Now, using
the functional @5 o defined by (5.18), we give another extension of Ekeland’s theorem for
approximately nondominated solutions of vector optimization problems with variable ordering
structures. In order to prove the next main theorem, we use the functional @50 ¥ — R to

some y € Y and some k° € Y defined by
@y cp(y) =inf{t eR|y+1k"—y € C(y)} forall yeY (5.18)

which is a slightly modification of the functional ¢ defined by (4.3). This functional was stud-
ied in [25]; see also [22] for characterizing nondominated elements with respect to a variable
ordering structure which is defined by a cone-valued map. A generalization of this scalarization
was studied already by Chen and Yang [15] and later also by Chen and colleagues [12, 16]. The

following lemma is proven in [24, Theorem 5.11].

Lemma 5.2.8. Let (A2) and (A3) hold and let C : Y = Y be a set-valued map where C(y) is
closed for each y € Y satisfying the following condition for some k& € Y \ {0}:

(C1) (—o0,0)k°NC(y) =0 and 0 € bdC(y) forall y € f(&).

We consider the functional @;c40: Y — R defined in (5.18) for some y € f(&). Then the
following hold:

(a) Under condition (C1), one has
Pycp(¥) =0

(b) Letx € S andy = f(X). Then x € WN(G, f,C) if and only if

inf =0.
yeljl;l(G) Dy.c k0 )

(c) Lete >0,¥€ &, and y = f(%). Then X € ek’-WN(&, f,C) if and only if

inf > —¢.
yelf(G) P5.c 0 () >
Proof. We set 9(y) := @ ¢ o(y) forall y € f(&). As (b) follows from (c) for € = 0, we prove

only (a) and (c).

(a) We have ¢(y) = inf{t € R | tk® € C(¥)}. By 0 € bdC(y) for all y € f(&) and assumption
(—20,0)kNC(y) = 0 we get ¢(3) = 0.
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(c) Assume @(y) > —¢ forall y € f(&) but x & ek’-WN(&, f,C). Then there exists y € f(&)
with 3 — €k® —y € intC(y). Thus there is a scalar ¢ < 0 such that

F—y) +(—e)k’ e C(y),

i.e.y+(t—€)k" —y € C(y) and hence ¢(y) <t —¢€ < —¢, which is a contradiction.

Next, let X € ek’-WN(&, f,C) but assume the existence of t € R, t < —¢ and y € f(&)
such that
v+t —yeC(y).

As C(y) + (—t —€)k° CintC(y) by (A3), we have
y—ek €y +Cy) + (—t— &)k’ Cy+intC(y)

in contradiction to the weakly ek®-nondominatedness of X to the problem (VVOP). ([l

Lemma 5.2.9. Consider problem (VVOP), X € &, y = f(), and the scalarization functional
@5.c o defined by (5.18). Assume that the ordering structure C : Y = Y satisfies condition (C2):

(C2) C has a closed graph over f(&) in the sense that for every sequence of pairs {(yn,vy)}, if
yn € f(S) and v, € C(y,) forall n € N and (yu,vn) — (V«,V«) as n — +oo, then y, € (&)
and v, € C(y).

Then if f is a continuous function over &, the composition (@500 f)(+) = @5 c40(f(-)) is a

lower semicontinuous functional over &.

Proof. Assume that f is a continuous function over &. To prove the lowersemicontinuity of

@5.c 0 0 f over G, it is sufficient to show that the set

A=1ev(t@5cp00 f) = {x € 6| @5 cpo(f(x) <1}

is closed in X for all € R. Fix ¢ € R arbitrarily and take any sequence {x,} in A such that

Xp — X as n — +oo. By the description of A, we have @; ¢ 4o (f(x,)) <t and thus

y""tko _f(xn) S C(f(xn))'

Since f is continuous over the set &, the sequence of pairs (y,,v,) € gphC with y, := f(x,) and
Vvp =y +1k" — f(x,) converges to (f(x.),y+tk° — f(x.)). By (C2), we have

Y41k — f(x.) € C(f(x.))

and thus @;c0(f(x:)) <t by the definition of @;c 40 in (5.18). The last inequality justifies
X« € A and thus the closedness of the set A. The proof is complete. g
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Lemma 5.2.10. Suppose (A2), (A3). Consider problem (VVOP), y € Y, and the scalarization
functional @40 defined by (5.18). Assume that the ordering structure C : Y = Y satisfies
conditions (C1) and (@)

(@) f is bounded from below over & with respect to y € ¥ and ® = C(y) in the sense of
Definition 4.2.26.

Furthermore, let the ordering structure C : ¥ = Y satisfies for y from assumption (;@)

(C3) C(y)+C(y) CC(y) forall y € f(&). Furthermore, suppose that there exists a cone D with

k% € intD and C(y) +intD C C(y).

Then the functional @; ¢ 10 o f is bounded from below over &.

Proof. Consider the element y given by assumption (;@) Taking into account assumption (C3)

and [33, Theorem 2.3.1 and Theorem 2.3.4], there exists ¢ € R such that
F+1k° —y ¢ C(y). (5.19)

Assume now that f is bounded from below over & by y with respect to C(y), but Q500 f is
not bounded from below over &. The former ensures that —y € — f(x) +C(y). The latter allows
us to find some x € & such that @; ¢ 40(f(x)) <. By (5.18) and (A3), we have

y+IK — f(x) € C(f(x)).
Combining the last two inclusions while taking into account (C3), we have
v+ 1k —y € C(f(x)) +C(y) € C(y)

which contradicts (5.19). The contradiction clearly verifies the lower boundedness from below

of @; ¢ 0 over & and completes the proof. O

We are now ready to present an extension of Ekeland’s theorem for £k-nondominated solutions

of vector optimization problems with variable ordering structures.

Theorem 5.2.11. Consider (VVOP) and letX € ek’-N(&, f,C),y €Y, and sety := f(X). Impose,
in addition to (A2)-(A3), (C1)—(C3) and (f/@) in Lemmata 5.2.8, 5.2.9 and 5.2.10, the following

condition hold:

(A10) f is continuous over &.

Then, there exists a point x; € dom f NS such that

() Pycp0(fxe)) < infice @y cpo(f(x)) +e,
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(i) [|X¥—xell < Ve,

(iii) x¢ € G is an exact solution of the scalar problem

min @5 g0 (f(x)) + Vel lx —xell;

xe

(V) @5 cpo(f(xe)) +VE T —xell < @5 cpo(f(X)).
Proof. Consider x € ek%-N(&, f,C), y := f(X), and the functional @5 c o defined in (5.18). By

(A3), we have intC(f(X)) # 0, and thus X € ek®-WN(S, f,C). By Lemma 5.2.8, we get under
the imposed conditions (C1) and (A3) that

Pscp(¥) < Qycp(y)+e= yeljfl(f @5 cp0 () +E,

i.e., y is an e-minimal solution of @; - 10 o f over &. Under the assumptions made in the theorem,
the functional @; ¢ 0 0 f is lower semicontinuous and bounded from below on & because of
Lemmas 5.2.9 and 5.2.10. This means that all the assumptions of Theorem 5.0.1 are fulfilled.

Therefore, we get from Theorem 5.0.1 and Remark 5.0.2, the existence of x; € & such that
1) @y cp0(f(xe)) <@y cp(f(X) < xlgé Oy cp(f(x))+e.

(ii) [lxe —X|| < Ve

(i) @5 cp0(f(x)) +VEx—xe| > @5 ch0(f(xe)) forall x € & and x 7# xe.

(V) @5 cp0(f(xe)) +VEIR—xell < @500 (f(X))-

The proof is complete. O

Remark 5.2.12. In Theorem 5.2.11 the assumptions imposed on the set-valued mapping C are
weaker than the assumptions in the variational principles for ek-minimal elements in the pre-

vious section, however, the assertions in Theorem 5.2.6 are weaker too.

5.3 Variational Principle for Approximate Minimizers

In this section, we give an extension of Ekeland’s theorem for £k°-minimizers of vector opti-
mization problems with variable ordering structures. It is important to emphasize that there is no
difference between ek®-minimizers, ek’-nondominated and ek®-minimal solutions in the case of
fixed ordering structures. The reader can find many examples illustrating that this statement is
in general not true in the case of variable ordering structure in [22, 24, 67]. In order to prove the

main theorem of this section, first we prove the following lemmas.
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Lemma 5.3.1. Suppose that assumptions (A2)—(A3) hold and let B: Y = Y be a cone-valued
map satisfying assumptions (A5)—(A6). Consider the problem (VVOP). If x, € ek-MZ(&, f,C),
then for each w € f(&), there exists a continuous functional 6, : ¥ — R which is strictly B-

monotone in the sense of Definition 4.2.23 and
Vx€G,0 € f(S)  Ou(f(xe)) < Ou(f(x)+ek).
Moreover if (A4) holds, then for each @ € f(&), 6y, is subadditive on ¥ and

Vx€EG, € f(S)  Bu(f(xe)) < Ou(f(x))+ Ou (k).

Proof. Suppose that kK € Y\ {0}, € > 0 and x, € ek"-MZ(&, f,C). This means for all ® € f(&),
(f(xe) — €k’ —C(@)\{0}) N (&) = 0 and therefore

Vo e f(S),  (flxe) —C(@)\{0})N(f(&)+ek’) =0.

We consider D(®) := (f(xe) — C(®)\{0}) and f(&) + €k’ = U. Taking into account (A5) and
(A6) and applying Theorem 4.2.25, we get desired functionals. Therefore for any o € f(&),
there exist a continuous functional 8 : ¥ — R such that 8, (f(xe)) < 06 (f(S) + €k®). Now if
(A4) holds, then 8y, is subadditive for all ® € f(&) and

0o (f(xe)) = 00(f(6)) + ew(eko)

and the proof is complete. O

The following lemma gives some properties of functionals in Lemma 5.3.1 and these proper-
ties will be used later in the proof of other lemmas and our main theorem about extension of
Ekeland’s theorem for ek’-minimizers of vector optimization problems with variable ordering

structures.

Lemma 5.3.2. Let assumptions (A2)—(A3) and (A5)—(A6) be fulfilled, then for each @ € f(S),

we can choose the functional 6, : Y — R in Lemma 5.3.1 in a way such that the followings hold.
1. 6p(K°) =1.
2. 6,(0)=0.
3. 0,(ek®) = € and O, (—£k®) = —B, (k%) = —¢.

Proof. 1. By definition of separating functional 6y, in (4.2), for each ® € f(S), we get
0, (v) = inf{t | y € tk" — C(w)}.

By pointedness of C(®) and (A3), we get 0 € bdC(w) and k° € k* — bdC(w) for all
® € f(&). Therefore by the third part of Theorem 4.2.7, we get 4, (k) = 1.
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2. By 0 € bdC(w) for all w € f(S) and the third part of Theorem 4.2.7, we get 6, (0) =0
forall w € f(S).

3. By the second part of Theorem 4.2.18, we know that forally € Y, r € R, @ € f(S) the

following equation holds:

00 (y+1k°) = 00 (y) +1,

therefore O, (04 £k°) = 0, (0) + & and 8, (k) = €. Proofs of other parts are similar. [J

Lemma 5.3.3. Let X be a real Banach space, G C X, x; € G, Y be a topological linear space,
€>0,k"€Y\{0}, f: X — Y is a vector-valued function with domf # 0@ and B:Y =Y be a

cone-valued map satisfying (AS5).

(k) Furthermore, suppose that for any @ € f(&) and strictly B-monotone (in the sense of Defi-

nition 4.2.23), continuous, subadditive functional 6, : ¥ — R the following inequality holds
Vxe 6,0 € f(6) O (f(xe)) < Bu(f(x)) — O (—ek"),

then x, € ek®-WMZ(&, f,C) for some set-valued map C : ¥ = Y such that B(®)\{0} C C(®),
0 € clC(w)\C(m), clC(w) + (B(w)\{0}) C C(w) forall w € f(S).

Proof. For each o € f(&), we define C(®) and functional @, : ¥ — R as following,

Clo)={yeY |Op(—y+flxe) - Sko) < 0p(f(xe) — gko)}v (5.20)

b () := B (y+ f (xe) — €K°). (5.21)

By (5.21) and (k) and since 6,, is subadditive for all @ € f(&), we get

Now by (5.20) and (5.21), we get
B (—C(@)) = Oy (—C(0) + f (xe) — k") < B (f (xe) — €K°) = 6,(0),
therefore for each w € f(&),

(—IntC(0)) N (f(&) + ek — f(xe)) =0 = (f(xe) — ek’ — intC(0)) N £(&) = 0.

Since 6, is strictly B-monotone functional in the sense of Definition 4.2.23, for all o € f(&),
B(w)\{0} C C(®). Now we show that c1C(®) + (B(®)\{0}) C C(w). Choose y € cIC(®) and
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b € y+ B(w)\{0}. Since 8, is strictly B-monotone and y € cIC(®) C {y | 6, (—y) < 6,(0)},

we have

A A

0 (—b) < 00 (—y)

A

0,(0).

Therefore b € clC(®) + (B(w)\{0}) implies b € C(w). By the assumption (AS) and the inclu-
sion c1C(®@) + (B(®)\{0}) C C(w), we get C(®) + ek® C C(®). Also since 0 € cl(B(w)\{0}),
B(w)\{0} C C(w) and 0 ¢ C(®), therefore 0 € clC(w)\C(®). O

We are now ready to present an extension of Ekeland’s theorem for £k°-minimizers of vector

optimization problem (VVOP) with a variable ordering structure.

Theorem 5.3.4. Consider the problem (VVOP) and let X € k-MZ(@, f,C). Impose in addition
to (A2)—(A6) the following assumptions:

(A8) fis (k% C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.

(A9") f is bounded from below over & with respect to C in the sense of Definition 5.2.4.
Then there exists an element x¢ € dom f NG such that

1. x¢ € ek>-WMZ(GS, f,B),

2. X —xell < Ve,

3. xe € WMZ(G, fop0,B)  With fepo(x) = f(x) + /€ ||x — xe || K°. (5.22)
Proof. Letx € ek%-MZ(GS, f,C). By the definition of £k’-minimizer (Definition 5.0.4), we get

Vo e f(6),  (f(x)—ek’—C(@)\{0})Nf(&)=0.

Now suppose that f := f — f(¥), then we have

Vo€ f(6),  (f(x) - ek’ —C(w)\{0})Nf(S)=0.

By (A4), Lemma 5.3.1 and 5.3.2, for all w € (&), the functional 6, : Y — R in (4.2) is a strictly

B-monotone, continuous and subadditive functional such that
VXES,  Bu(f(¥) = 0u(f(x) + Ou(ek’) = O0(f(x)) +&.
This means that for all w € f(&),
0(f(¥) < Inf 6u(f(x)) +&,  €>0.

Observe that the validity of (A8)—(A9™) ensures (k°,C, &)-lower semicontinuity and the bound-
edness from below of f and f. By Lemma 5.1.4, Lemma 5.2.5, Theorem 5.0.1 and Remark 5.0.2,
there exists x € & such that for all w € f(S),
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1. 60 (f(xe)) = 00 (f(X)) < infres 00 (f (%)) +&, (5.23)
2. |lxe —x|| = Ve,

3. forallx,0 € &, 0(f(xe)) < 0 (F(x)) + V& [x—xe| (5.24)
4. 0 (f(xe)) +VE[X—xe| < 00(f(X)). (5.25)

By Lemma 5.3.2 and (5.23), for all x € &, w € f(S), we get
60 (F(xe)) < inf 80(F(x)) +€ < 0(F(x)) + B (ek”) = 6 (F(x) — B —eK).
By Lemma 5.3.3, the inclusion B(®) C C() by assumption (A6) and f = f — f(X), we get
(F(xe) — ek — intB()\{0}) N F(&) = 0.

This implies that xe € ek’-WMZ(&, f, B). Now we prove (5.22) and for this, suppose that there

exist elements x, @ € G such that

€ f(xe) — Ve|x —xe| k° — intB(w)
€ fxe) — VE||x —xe| k° — int B().
Since for all @ € f(S), 6y, is a strictly B-monotone continuous subadditive functional, then

0o (f(x)) < Bo(f(xe) = VE [x—xe]| K) < B0 (F(xe)) + O (—V/Elx —xe[|K°).

Now by Lemma 5.3.2, we get

O (—VE [x—xe|| k) = —VE|x—xe|| = 60(F(xe)) > B0(F(x)) +VE|Ix —xell,

but this yields a contradiction because of (5.24). ]

In the special case that C : Y = Y is a solid, closed, pointed and convex cone-valued map, we

have the following corollary.

Corollary 5.3.5. Suppose that C : Y =% Y is a cone-valued map where C(®) is a solid convex
cone for all ® € £(&), k° € Nype #(e)intC(®) and € > 0. Consider the problem (VVOP) and let
% € ek’-MZ(G&, f,C). Impose the following assumptions:

(A8) fis (k°,C,&)-lower semicontinuous over & in the sense of Definition 5.1.3.

(A9 fis bounded from below over & with respect to C in the sense of Definition 5.2.4.

Then there exists an element x € & such that
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1. x¢ € ek-WMZ(8S, £,C),
2. HX_XEH g \/57

3. xe EWMZ(S, f10,C) with foo(x) = f(x) + /€ |Jx —xe || K°.



Chapter 6

Optimality Conditions

The aim of this chapter is to derive new optimality conditions for approximate solutions of vec-
tor optimization problems with variable ordering structures. Bao and Mordukhovich [4, 5] have
shown necessary conditions for nondominated points of sets and nondominated solutions of vec-
tor optimization problems with variable ordering structures and general geometric constraints,
applying methods of variational analysis and generalized differentiation (see Mordukhovich [58]
and Mordukhovich, Shao [59]). Furthermore, Bao, Eichfelder, Soleimani and Tammer [2] have
shown necessary conditions for approximately nondominated solutions of vector optimization
problems with variable ordering structures in Asplund spaces using a vector-valued variant of
Ekeland’s variational principle. New necessary conditions for approximate minimizers and ap-
proximately minimal solution of vector optimization problems with variable ordering structures

is shown by Soleimani and Tammer in [65].

First, we bring some necessary definitions that will be used later in this chapter.

Definition 6.0.1. Consider a convex functional f : X — R. For a given point ¥ € dom f, Fenchel

subdifferential is defined as following.

If(x) :={x" e X" [ f(y) = f(¥) = (y—X,x") VyeX}.

Definition 6.0.2. Let X and Y be Banach spaces, and U C X be an open subset of X. A function
f:U —Y is called Frechet differentiable at x € U if there exists a bounded linear operator

Ay : X — Y such that
LG R) = 70) = Ay

=0.
h—0 1L315%

Definition 6.0.3. A Banach space is Asplund if every convex continuous function ¢ : U — R

defined on an open convex subset U of X is Fréchet differentiable on a dense subset of U.

83
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The class of Asplund spaces is quite broad including every reflexive Banach space and every
Banach space with a separable dual; in particular, /7 and L?[0,1] for 1 < p < eo are Asplund

spaces, but ¢; and /., are not Asplund spaces.

Definition 6.0.4. Let G be a subset of Banach space X andx € &.

(a) The Fréchet normal cone of G atx € G is defined by

limsup ££2X =% go}, 6.1)
P T

NFG):= {x* eX”

S _ —_ .
where x — X means x — x with x € &.

(b) Assume that X is an Asplund space and & is locally closed around X € &, i.e., there is
a neighborhood U of X such that G NclU is a closed set. The (basic, limiting, Mor-
dukhovich) normal cone of & at X is defined by

N(xG) = Limgupﬁ(x;e)
X—X . (62)
— {X*GX* Jxx = X, xj = x* withx € N(xi; 6) ¢,

where Limsup stands for the sequential Painlevé-Kuratowski outer limit of the Fréchet

normal cone to G at x as x tends to X.

Note that, in contrast to (6.1), the basic normal cone (6.2) is often nonconvex enjoying never-
theless full calculus, and that both the cones (6.1) and (6.2) reduce to the normal cone of convex

analysis when G is convex.

Definition 6.0.5. F is called upper semicontinuous at X¥ € X if for any neighborhood .4 (F (%))
of F(X), there exists a neighborhood ./ (X) of X such that

Vx e N () F(x) C A (F(x)).

F is called upper semicontinuous on X if F' is upper semi-continuous at every x € X.

Definition 6.0.6. F is called lower semicontinuous at X € X if for any y € F(X) and any neigh-

borhood .4(y) of y , there exists a neighborhood .4 (¥) of x such that
Vx e AN (X) F(x)NA(y) #0.

F is called lower semicontinuous on X if F is lower semi-continuous at every x € X and F is
called continuous at X if F is both upper semi-continuous and lower semi-continuous at every

xeX.
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6.1 Optimality Conditions for Approximately Minimal Solutions

In this section, we present optimality conditions for approximately minimal solutions of vector
optimization problems with variable ordering structures with different approaches namely Mor-
dukhovich subdifferential approach and general generic approach. Also second order optimality
condition using second order contingent derivatives and epiderivatives will be shown for weakly
minimal solutions of set-valued optimization in the last subsection of this section. Our results
in previous chapters like variational principle and characterization of approximately minimal
solutions of vector optimization problems with variable ordering structures will be used here in
order to derive optimality conditions for approximately minimal solutions of vector optimization

problems with variable ordering structures.

6.1.1 Mordukhovich Subdifferential Approach

In the following, we bring definition of Mordukhovich (basic, limiting) subdifferential which
will be used for deriving optimality condition without convexity assumption for solutions of
(VVOP) in the following and sections 6.2 and 6.3.

Definition 6.1.1. Consider a functional f : X — R and a point X € dom f.

(a) The set
o f(X) = {x" € X" (x",—1) € N((F, f(%));epi f) }

is the (basic, limiting) subdifferential of f at X, and its elements are basic subgradients of

¢ at this point.

(b) The set
I7f(%) := {x" € X*| (x",0) € N((x, f(%));epi f) }

is the singular subdifferential of f at X, and its elements are singular subgradients of f at

this point.

If f is locally Lipschitz at X, then 9% f(x) = {0}. If f is strictly Lipschitz continuous at X; in
particular, it is C"!, then dy f(X) = {Vf(X)}.

Lemma 6.1.2. ([58, Theorem 3.36 and Corollary 3.43]) Assume that X is Asplund.
(a) Suppose that @, @, : X — R are proper functionals and there exists a neighborhood U of

X € dom @; Ndom ¢, such that ¢ is Lipschitz and ¢, is lower semicontinuous on U, then

(@1 + @2)(X) C Iy @1(X) + Iy Pa2(X).
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(b) If f: X — Y is strictly Lipschitz at X and ¢ : Y — R is finite and lower semicontinuous on

some neighborhood of f(X), then
m(pof)®c | b oNE
y*€mo(f (X))

provided that the pair of functions (@, f) satisfies the qualification condition
97p(y) Nkerdy (-, f)(x) = {0}, (6.3)
where kerdy (-, f) (X) = {y* € Y*| 0 € du (y*, /)(X) }.

Assumption (A11). Let X and Y be Asplund spaces, kK € Y\{0}, € >0, f: X — Y be a
continuous and strictly Lipschitz function, & be a closed subset of X and C: Y =2 Y be a set-
valued map such that C(y) is a pointed closed set with C(y) + (0, +o0)k® C intC(y) forall y € Y.

Theorem 6.1.3. Consider problem (VVOP), let ¥ € ek’-M(&, f,C) and set y := f(X). Assume
that in addition to (A11) the following conditions hold:

(AS) B:Y =Y be a cone-valued map such that for all y € £(&), k° € intB(y).
(46") C(y)+B(y)\{0} C intC(y) and B(f(x)) © C(f(x)) for all |lx—3| < V/&.
(A7) C(y) CC(y) forall y € f(&).

(A9) f is bounded from below over & with respect to y € ¥ and ® = C(y) in the sense of
Definition 4.2.26.

Let 65 o f satisfies the qualification condition (6.3) for all x € & such that ||x —X|| < y/€. Then,
there exist x € G and v* € dy(05(f(x¢)) such that
0C Iy (viof)(xe)+N(xe;S)+eBy-.

Proof. By Theorem 5.1.8 and (5.5), there exists xe € dom f NG such that it is an exact solution

of minimizing a functional 4 : X — RU{+e0} over & with

h(x) := (850 f)(x) + V€ ||x —x¢|| forallx € X.

By [58, Proposition 5.1], we get

0 S aMh(Xg) +N(x€,6)

By Lemma 4.2.11, the composition 6o f is lower-semicontinuous on a neighborhood of x,.
Employing Lemma 6.1.2 (a) to the lower semicontinuous functional 6;o f and the Lipschitz

continuous function ||.||, we have

duh(xe) C O (Byof)(xe) + (Ve —xel)(xe)-
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By Lemma 6.1.2 (b), we get
(850 f)(xe) € J{am(v" 0 f)(xe) [ V" € duby(f (xe)) }-

Combining three inclusions together while taking into account the subdifferential of the norm

O ||- — xel| (x¢) = Bx+, we can find v* € dy65(f(xe)) satisfying
0 € dy(v¥of)(xe)+N(xe;S)+/€Bx-

and proof is complete. O

Corollary 6.1.4. Consider problem (VVOP). Let X € M(S, f,C) be an exact minimal solution of
problem (VVOP), set y := f(x) and let all assumptions of Theorem 6.1.3 be fulfilled. Assume
that By o f satisfies the qualification condition (6.3) at X. Then, for any A > 0, there exists
v* € dy(05(f (X)) such that

0€dy(viof)(X)+N(x;6)+ ABx-. (6.4)
Proof. Sincex e M(6, f,C), i.e. itisa 0k°-minimal solution of (VVOP), it is also €k°-minimal
of (VVOP) with € = A2 > 0 for all A > 0 and a weakly minimal solution. By Theorem 5.1.8 and
Theorem 6.1.3, the only point which satisfies (5.6) is X and we can find v* € dy65(f (X)) such
that
0 dy(vof)(x)+NXS)+eBy-

clearly verifying (6.4). The proof is complete. O

6.1.2 Generic Approach

It is possible to derive optimality conditions using general generic approach. For doing this
we use an abstract subdifferentials. We introduce a generic approach to subdifferentials that

includes many well-known subdifferentials.

Let 2 be a class of Banach spaces which contains the class of finite dimensional normed vector
spaces. By an abstract subdifferential d we mean a map which associates to every Isc function
h:X € 2 — R and to every x € X a (possible empty) subset dh(x) C X*. Let X,Y € 2 and
denote by .7 (X,Y) a class of functions acting between X and Y having the property that by

composition at left with a Isc function from ¥ to R the resulting function is still Isc.
In the following we work with the next properties of the abstract subdifferential o:
(H1) If A is convex, then dh(x) coincides with the Fenchel subdifferential.

(H2) If x is a local minimum point for 4, then 0 € dh(x); dh(u) = 0 if u ¢ domh.

Note that (H1) and (H2) are very natural requirements for any subdifferential.
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(H3)If @ : Y — RU{+oo} is convex and ¥ € .#(X,Y), then for every x,

A(@oy)(x) C Upecap(uu)d o w)(x).

(H4) If @ : Y — RU{+oo} is convex, y € .#(X,Y), and S C X is a closed set containing x, then

d(@oy+Is)(x) CA(poy)(x)+dls(x).

(H5) If his convex and g : X — RU{ oo} is locally Lipschitz, then for every x € DomhNDomg,

d(h+g)(x) C dh(x)+ dg(x).

H6)If X € &7, ¢ : X — R is alocally Lipschitz functions and x € dom A, then

d(h+@)(x) C [|||" — limsup(dh(y) + I ¢(z)).

yﬂm,zﬁx
(H7) If ¢ : Y — R is locally Lipschitz and y € .7 (X,Y), then for every x,

I(@oy)(x) C-II"— limsup Uy copn)d(u™ o y)(u),

uix,v—w{(x)
where the following notations are used:

h e . ho . .
1. u — x means that u — x and h(u) — h(x); note that if % is continuous, then u — x is equivalent

with u — x.

2. x* € ||| — limsupdh(u) means that for every € > 0 there exist x¢ and x}; such that x} € dh(x;)
u—x
and ||xe —x|| <€, [[xf —x*|| < €.

The notation x* € ||-||* —limsupdh(u) has a similar interpretation and it is equivalent with
h
u—x

x* € ||| — limsupdh(u) provided that & is continuous.
u—x

6.1.2.1 Exact Optimality Conditions

In this section, we give exact necessary conditions for approximately minimal solutions of vector
optimization problems with variable ordering structures using generic subdifferential approach
with the help of nonlinear separating functionals defined by Tammer and Weidner and its prop-

erties [32].

Assumption (A12). X,Y are Banach spaces, & C X is a closed set in X, f € #(X,Y) is a
function with dom f # 0 and € > 0.
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Assumption (A13). C:Y =2Y is a set-valued map such that C(y) is a closed, solid and pointed
set for all y € Y. The nonzero vector kK € Y \ {0} satisfies C(y) + (0, +o0)k° C intC(y) for
allyeY.

In order to drive necessary optimality condition for approximately minimal solutions of (VVOP),

for X € &, we use the scalarization functional 6z : Y — R := RU {+oo} defined by
Ox(y) ;= inf{r € R | y € tk° + f(X) = C(f (X))} (6.5)

which is slightly modification of the functional defined by (4.2). Note that all the properties and
theorems given in section 4.2 hold also for this functional and additionally we have the following

theorem.

Theorem 6.1.5. [33, Theorem 2.3.1] Let assumptions (A12) and (A13) be fulfilled and X € X.
The functional s : Y — R defined by (6.5) has the following properties.

(a) The functional 6 is finite-valued if and only if C(f(X)) does not contain lines parallel to k°
and Rk® — C(f(x)) =Y.

(b) The domain of 6 is Rk” — C(f(x)) and

O:(y+ k%) = 6:(y) A VyeY, VA ER.
(c) O is convex if and only if C(f(X)) is convex.

If the functional O5 is proper and convex, we get the following result concerning the classical
(Fenchel) subdifferential d of 6.

Theorem 6.1.6. [21, Theorem 2.2] Let X € X, C(f(X)) C Y be a closed convex proper set,
kY € Y\{0} such that C(f (%)) + [0, +0)k” C C(f(X)) holds and for every y € Y, there exists t € R
such that y +tk° ¢ C(f(x)) — f(X). Consider the function 6; given by (6.5) and let $ € dom 6.
Then

96:(9) = {v* €Y |Vd e D: v*(k°) =1,0"(d) + v*(9) — 6:(9) > 0}, (6.6)

where D := C(f(x)) — f(%).

The following theorem gives a characterization of approximately minimal solutions of (VVOP)

by using a scalarization by means of the functional 6; : ¥ — R defined by (6.5).

Theorem 6.1.7. Suppose that assumptions (A12) and (A13) hold. Let ¥ € & be an £k®-minimal

solution of (VVOP). Consider the function 6% given by (6.5). Then 6x(f (X)) < iné Ox(f(x))+¢€
xe

forall x € G.
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Proof. Set y = f(x) and suppose that 6x(y) = 7. First, we prove that 7 = 0. By 6x(y) =7 and
Theorem 4.2.7, we get
i +5—yeCl) = k().

By pointedness of C(3), we get 0 € bdC(y) and 7 < 0. We claim that 7 = 0. Suppose that
7 < 0, then again by pointedness of C(¥), — > 0, k° # 0 and C(f(X)) + [0, +)k* C C(f (X)),
we get —7k? € C(7)\{0} and therefore 7k° € C(7)\{0} N (—C(3)). But this is a contradiction to
pointedness of C(¥) in assumption (A13) and therefore 7 = 0. Now by contrary, suppose that
there exists an element x € & such that 6z(f(x)) + € < 6(y) = 0. This means that there exists
y > 0 such that 6¢(f(x)) + €+ 7y =0 and 6z(f(x)) = —& — 7. Again by Theorem 4.2.7, we get

(—e—NK+5— f(x) €CF) = 57— ek’ —y € C() + ¥k C C(3)\ {0}.

This means that (7 — &k° — C(¥) \ {0}) N f(&) # 0. But this is a contradiction to approximate
minimality of X and therefore 0¢(f(x)) < ingf2 Oc(f(x))+eforallx € &. O
xe

Lemma 6.1.8. Consider problem (VVOP) and let X € G and the functional 6; given by (6.5) and
set y := f(X). Impose in addition to (A12)—(A13) the following assumptions:

(C5) CO)+C(F) S CW).

(C6) f is bounded from below over & with respect to an element y € Y with 6;(y) > —e and
© := C(y) in the sense of Definition 4.2.26.

Then the functional 8z o f is bounded from below.
Proof. Under the assumption C(y) + C(¥) C C(y) by (C5), the functional 6 is C(¥)-monotone
taking into account Theorem 4.2.18. The C(y)-monotonicity of 6z and f(&) C y+ C(y) implies

Vxe & O:(f(x)) > 6:(y),

i.e., B o f is bounded from below. O

In the next theorem we show necessary conditions for approximately minimal solutions of vector

optimization problems with variable ordering structures.

Theorem 6.1.9. Consider problem (VVOP) and let X € ek-M(&, f,C) and the functional 6;
given by (6.5). Set y := f(X) and let C(¥) be a convex set. Impose in addition to (A12)—(A13)

the following assumptions:
(C5) C(3)+C(3) CCO)-

(C6) f is bounded from below over & with respect to an element y € Y with 6;(y) > —co and
® :=C(y) in the sense of Definition 4.2.26.

(CT) f e F(X,Y)is locally Lipschitz.
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Consider an abstract subdifferential ¢ for that (H1) — (H5) are satisfied. Then, there exists
xe € dom f NG and v* € 9(6:(f(xe)) such that

0 d(v o f)(xe)+N(xe;S)++/€Bx-.

Proof. Letx € ek-M(&,f,C). By Theorem 6.1.7, we get 6:(f(X)) < xlgcfs Ox(f(x)) + €. There-
fore X is an approximate solution of the scalar problem with the objective functional 6zo f. By
f € .Z(X,Y) and Theorem 4.2.10, (6z 0 f) is lower semicontinuous. Furthermore, (6o f) is
bounded from below because of Lemma 6.1.8. This yields that the assumptions of the scalar
Ekeland’s variational principle (Theorem 5.0.1) and strong form of Ekeland’s variational princi-
ple (Remark 5.0.2) are fulfilled.

By Theorem 5.0.1 and Remark 5.0.2, there exists an element x; € dom NG such that it satisfies
parts (a), (b) and (c) of Theorem 5.0.1 and it is an exact solution of minimizing a functional
h:X — RU{+e} over & with

h(x) := (6z0 f)(x) + V€ ||x —x¢|| forallx€ X.

Taking into account (H2) and (H4), we get
0 € dh(xe) +N(xe;S).

Under the given assumptions the functional 6% is convex and continuous taking into account
Theorem 6.1.5 (c) and third part of Theorem 4.2.18. Since f is locally Lipschitz and 65 is
convex and continuous (and hence locally Lipschitz; see [62, Proposition 1.6]), it is clear that

0o f is also locally Lipschitz. This implies together with the convexity of ||-|| and (H5) that
Ih(xe) S 9(Orof)(xe) +I(Ve | —xel)(xe).
By (H3), we get

(B0 f)(xe) S LI 0 f)(xe) [v" € 96:(f(xe)) }-

Because of the convexity of the norm and (H1), we get d||- —x¢|| (x¢) = Bx~ and by the last

three inclusions, we can find v* € 96x(f(x)) satisfying
0 d(v'of)(xe)+N(xe;S)+VeBy-

and proof is complete. O

Remark 6.1.10. Taking into account Theorem 6.1.6 we get in Theorem 6.1.9, the existence of
v* € Y* such that (6.6) holds.
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6.1.2.2 Fuzzy Optimality Conditions

In the proof of the next result we use the functional 6; : Y — R defined by (4.2)
6,(y) =inf{r cR |y € tk* —C(5)}. (6.7)

where C(3) C Y is a proper, closed and convex cone with nonempty interior and k° € intC(¥).

Under the given assumptions this functional is continuous and convex and its subdifferential is
given by
965(u) = {v* € CF)" [ v'(K°) = 1,v" () = O5(u)} (6.8)

(see [21, Lemma 2.1]).

In the next theorem we show necessary conditions for approximately minimal elements of a
vector optimization problem with a variable ordering structure following the line of the proof of
[21, Theorem 5.3].

Theorem 6.1.11. Let assumptions (A12) and (A13) be fulfilled, X,Y € 27, f € #(X,Y) be a
L-Lipschitz function and & be a closed subset of the Banach space X. Let x¢ € €k’-M(&, f,C)
and C(f(x¢)) is a closed convex cone with nonempty interior. Then for every k° € intC(f(xe))
and p > 0, there exist elements u € B(xe, /€ + 1),z € B(xe,V/E+1/2) NS, u* € (C(f(xe)))",
w* (k) =1, x* € X*,||x*|| < 1 such that

0cd(uof)(u)+ vVeu (k°)x* +Ny(S,2) +B(0, 1),

provided that d satisfies (H1), (H2), (H6), (H7).
Moreover, for some elements x € B(xg, /€ + 1t/2) and v € B(f(x) — f(x¢),L\/€ + ) it holds

w(v) = () (v).

Proof. We consider x¢ € €k®-M(&, f,C). Taking into account Definition 5.0.8 we have

(f(xe) — k° — C(f(xe))\{0}) N f(&) = 0.

The function f is supposed to be Lipschitz, so it is continuous as well and since G is a closed set
in a Banach space it is a complete metric space endowed with the distance induced by the norm.
Thus, the assumptions of the vector-valued variant of Ekeland’s variational principle given in
[34, Corollary 9] are fulfilled. Applying this variational principle we get the existence of an
element X € & with ||X — x¢|| < v/€ and having the property that

h(&) N (h(x) = C(f(xe)) \{0}) = 0,

where

h(x) = £(x) + Ve x| .
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Let u > 0. Applying now [21, Theorem 4.2] for a positive number § with properties that 26 < u
and /€ |[k°|| 6/2+ 6/2 < u and using the functional 6,y defined by (4.2), we can find ele-
ments # € B(X,8) C B(xg,\/€+98), x€B(X,6/2) C B(xg,\/€+6/2), veE B(h(x) —h(x),5/2),
ZE€B(X,6/2)NS C B(xe,/€+6/2)NG, u* € 96 (,,)(v), such that

0 € 9(u* oh) (i) +Ny(S,2) + B(0, 8). (6.9)

We get the properties u* € (C(f(xe)))*,u*(k°) = 1 from (6.8).

Consider the element X* € d(u* o h)(u) involved in (6.9). Because of
2(u* o h)(@) = Au* o (f(-) + V& | — ¥ K))(@),

taking into account (H1) and (H6), there exist u € B(u, ) C B(xe,\/€+20) and u' € B(u, )
such that
X € dut o f)(u)+ vVeu (k)a(||- —x|) (') + B(0,8). (6.10)

Taking into account the well-known structure of the subdifferential of the norm and combining

relations (6.9) and (6.10) it follows that there exists x* € X* with ||x*|| = 1 such that
0 € d(u* o f)(u)+ Veu (K°)x* + Ny (S,z) + B(0,28).
Because 26 < u, it remains only to prove the estimation about the ball which contains v. Then,

[l = () = Fe )| < v = (a(x) = @)+ [ (A(x) = ~(3)) = (f(x) = f(xe))
< 8/2+||Vek” x| - (%) + f (xe) |
<5/2+ e[k 8/2+Lve
<LVe+up,

where the last inequality follows because of the assumptions made on 8. Moreover, we get
u*(v) = 65(v) from (6.8). This completes the proof. O

6.1.3 Second Order Optimality Conditions

It is known that duality principles in vector optimization, fuzzy optimization, inverse problems,
etc can be studied using approaches from set-valued optimization. There are two important ap-
proaches to optimality conditions for set-valued optimization. One is using derivatives of the
involved set-valued maps and another one is using the alternative type theorems. Corley (1988)
used contingent derivatives in [18] in order to give optimality conditions in set-valued optimiza-

tion and later many papers come out giving optimality conditions for set-valued optimization;
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see [7, 30, 42, 45-48, 50-52, 57]. Jahn [47] introduced second order contingent epideriva-
tives and using this, he gave second order optimality conditions for set-valued optimization with
fixed ordering structures. In the paper by Isac and Khan [42], second order optimality condi-
tions are given when the underlying second order contingent sets are empty. Here we generalize
optimality conditions given by Isac and Khan [42] for set-valued optimization problems with
variable ordering structures. In the beginning of this chapter, we recalled first and second or-
der contingent derivatives, contingent epiderivatives, second order tangential derivatives and
epiderivatives. Now we used them in order to give second order optimality conditions for set-
valued optimization problems with variable ordering structures. Let X and Y be two separated
topological vector space and F' : X == Y be a set-valued map. The domain and the graph of F
are given by domF := {x € X | F(x) # 0} and gphF = {(x,y) e X XY | y € F(x), x € domF },

respectively.

In order to give second order optimality conditions for approximate solutions of set-valued op-
timization problems with variable ordering structures, we bring some definitions which will be
used later.

Definition 6.1.12. Let K : X == Y be a cone-valued map where K(x) is a pointed, solid, closed

and convex cone for all x € X.

epiF :={(x,y) eXxY|ye F(x)+K(x)}.

The profile F; with respect to the map K : X =2 Y is defined as following:
Fi(x)=F(x)+K(x).

It is easy to see that epi (F) = gph (F}).

We bring following definitions of second order tangent derivative and second order epiderivative
of set-valued maps in order to give second order optimality condition for weak minimality in
set-valued optimization with variable ordering structures. For this, first we bring definitions of
contingent cones, second order contingent sets and contingent derivatives.
Definition 6.1.13. Let X be a real normed space and S be a nonempty subset of X.
1. The contingent cone 7 (S,X) of & at X € cl & is the set of all x € X such that there are the
sequences (f,) C Ry with ¢, | 0 and (x,) C X with x, — x such that X +17,x, € &.

2. The interiorly contingent cone /7 (S,x) of G at X € clS is the set of all x € X such that
for any sequences (#,) C Ry with #, | 0 and (x,) C X with x, — x, there exists n; € N
such that X +t,x,, € G for all n > n;.

3. The second order contingent set 7%(&,¥,d) of the set & at X € cl& in the direction of
d € X is the set of all x € X such that there are the sequences #, C R, with (¢,) | 0 and

2
I

(x,) C X with x,, — x such that X+ 1,d + (% )x, € 6.



CHAPTER 6. OPTIMALITY CONDITIONS (VVOP) 95

Remark 6.1.14. The following properties hold for (interiorly) contingent cones and second order

contingent sets.

1. T(6,X) is nonempty closed cone.

2. T*(8,%,d) is closed set, possible empty and nonconnected.
3. If d € T(&,%), then T?(&,%,d) may be nonempty.

4. IT(S,X) is an open cone and IT(S,x) = X\T (X \&,x).

5. T(6,X) =T(clS,x), int(T(6,%)) =IT(6,X), IT(6,%) = IT (int G, X)
and cl(IT(6,%)) =T (6,X).

Definition 6.1.15. Let X,Y be normed spaces, F': X =2 Y be a set-valued map and K : X = Y be

a cone-valued map where K (x) is a proper, convex, and pointed cone for all x € X.

1. The contingent derivative of F at (X,y) is the set-valued map D.F (X,y) : X == Y defined
by
gph (D F(x,3)) := T (gph (F), (x.5))-

2. Let (X,¥) € gph(F) be given. A single-valued map DF(X,y) : X — Y whose epigraph

equals contingent cone to the epigraph of F at (¥,y), i.e.,

epi(DF (x,y)) = T (epi(F), (x,7)),

is called contingent epiderivative of F at (X,5).

For more details about contingent epiderivative see [48]. Now we are ready to bring defini-
tions of second order contingent derivatives and second order tangential derivative/epideriva-
tives. These definitions will be used later in order to give second order optimality conditions
for local weakly minimal solutions of set-valued optimization problems with variable ordering

structures.

Definition 6.1.16. The second order contingent derivative of F : X = Y at (x,y) € gph(F) in
the direction (&, ¥) is a set-valued map D2F (X,y,%,D) : X = Y defined by

DF(%.5,3,7)(x) = {y € Y| (x.y) € T*(gph (F), (%.5), (@7))}
Remark 6.1.17. If (u,v) = (0x,0y), then from D2F (X,,%,V), we recover the contingent deriva-
tive D.F (x,y) of F at (X,y).

Definition 6.1.18. Let X,Y be real normed spaces, F,K : X = Y be set-valued maps where K (x)
is a pointed, closed and convex cone for all x € X. Let (X,y) € gph(F) and (#,v) € X x Y.
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1. A set-valued map D*F (X,y,u,D) : X = Y given by

D’F(x,y,1,7) = {y € Y| (x,y) € T(T(gph (F), (%)), (@ 7))}

is called second order tangential derivative of F at (X,y) in the direction of (i, V).

2. A single-valued map D2F (x,y,,D) : X — Y given by

epi (D F (x,y,u,)) = T(T (epi(F), (x.y)), (@,7))

is called second-order tangential epiderivative of F at (X,y) at the direction (z, V).

Assumption (A14). Let X,Y be normed spaces, & C X and K : X =2 Y be a set-valued map
where K (x) is a nontrivial, pointed, solid, closed and convex cone forallx € X. Let F : 6 =2V

be a set-valued map.

Under assumption (A14) we consider the following optimization problem with respect to a vari-

able ordering structure:
Minimize F(x) subjectto x€ &. (Py)

(x,y) € gph(F) is called a weakly minimal solution of (P;) with respect to K if and only if
(y—intK (X)) NF(S) = 0. Also (x,y) € gph(F) is called a local weakly minimal solution of
(Py) iff there exists a neighborhood U of X such that

(J—intK(X)NF(&NU) =0.

Remark 6.1.19. Observe that in the definition of optimal solutions in the third chapter, our
ordering map C : Y 2 Y has the same origin and image space Y while here our ordering map
K : X =2 Y is defined from origin space X to the image space Y. This will be important in the
following and subsections 6.2.3 and 6.3.3 because multifunction F : X = Y will be used instead

of f: X — Y and output of F(x) is a set for each x € X.

In the following theorem, we give necessary optimality conditions for local weakly minimal
solutions of (P}); see [43] for the case of fixed ordering structure. Let (X,) be a weakly minimal
solution of (P;), we define (F +K (X)) : X =Y as (F+K(x))(x) := F(x) + K(X). Please note
that K (x) is fixed here and is different from profile F; (x) = F(x) + K (x).

Theorem 6.1.20. Let assumption (A14) be fulfilled and (X,y) € gph(F) be a local weakly
minimal solution of problem (P;), then for every u € dom (D(F + K(X))(%,y)) and for every
v e D(F+K(X))(x,5) (@) N (—K (%)), the following holds:

D?*(F + K (X))(%,5,%,7)(x) \IT (—intK(%),7) = 0 (6.11)
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for all x € dom (D*(F + K (%)) (%,7,%,V)).

Proof. Suppose that (6.11) does not hold and there exists x € dom (D*(F +K (X)) (X, ¥,%,7)) such
that
y € D*(F +K(%))(%,5,%7) (x) N IT (~intK (%), 7)),

then (x,y) € T(T (gph(F)+K (%), (,¥)), (u,v)). Therefore there exist sequences (z,) € R with
tp 4 0 and (x,,y,) C X x Y with (x,,y,) — (x,y) such that

(#+ twXn,V+tayn) € T(gph (F) + K(x), (x,y))  VrneN.
By 1,10,y, —yandy e IT(—intK(x),v), there exists n; € N such that
V+1t,y, € —intK(X), Vn > ny.
For any n > nj, we fix an element (u,,v,) = (& + t,x,, v + t,y,) and notice that
(tn,vn) € T (gph (F) +K(3), (x,))-

By the definition of contingent cones, for (uy,v,), there exist sequences (X, y,) C X x ¥ with

(Xm,ym) — (un,vy) and (t,,) C Ry with #,, | O such that
Y+tmym € F(x'i_tmxm) +K(X)

Furthermore, by v, € —intK(X) and y, — v,, there exists m; € N such that y,, € —intK(X)
for all m > m,. Since K(X) is a cone, this implies that #,,y,, € —intK(x). Now assume that

@y € F(X+tyx,) such that y+ tyym € @, + K(X). Then
W, €y —intK(X).

Since by, := (X +tmXm) — X, there exists my > 0 such that b,, € .4'(X) where ./ (X) is a suitable

neighborhood of x. Therefore, we showed that there exists a sequence {®,,} such that
W € F(by)N(y—intK (X)) for all m > {mj,my}.

This is a contradiction to weak minimality of (¥,y) and proof is complete. O

If we set (X,y) = (0x,0y), we have the following corollary.

Corollary 6.1.21. Let assumption (A14) be fulfilled and (X,y) € gph (F) be a local weakly min-

imal solution of problem (P, ), then

D(F+K(x))(x,y)N—intK(x) =0 forall xe&dom(D(F+K(x))(X,y)).
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Example 6.1.22. SupposethatX =Y =R, & =[1,2] C X, f(x) =2x,g(x) =3xand F : X 2 Y

be a set-valued map such that

{ [0,400)  ifx=1,2

(—o0,0] otherwise.
Then F(S) = U,es F(x) = [2,6] and (1,2) is a weakly minimal solution because
F(S)N (y—intK(x)) =[2,6]N(2—(0,4e)) = [2,6] N (—00,2) = 0.
Also D(F +K(1))(1,2) C [0,+00) and gph (D(F + K(1))(1,2)) = {(x,y) € R%| y > 2x}. There-
fore, for any (x,y) € T(gph (F +K(1)),(1,2)), we have y > 0. This means that
D(F +K(1))(1,2)N—intK(1) = 0.

The following theorem shows that (6.11) is in fact a sufficient optimality condition under a

certain convexity assumption; see [43] for the case of fixed ordering structure.

Theorem 6.1.23. Let assumption (A14) be fulfilled, X € & and gph (F + K(X)) be convex. Let
for every i € dom (D(F + K(X))(x,¥)), every v € D(F + K (x))(x,¥) (1) N (—bd K (x)) and for
all x € dom (D?*(F + K (%))(X,,%,V)), the following holds:

D?*(F +K(%))(x,5,1,7)(x) NIT (- intK(%),7) = 0 (6.12)
Then (X,¥) € gph(F) is a weakly minimal solution of (P;).
Proof. By setting (,v) = (0x,0y) and by (6.12), we obtain
D(F +K(x))(x,y)N—intK(x) = 0.

Notice that (x —x) € dom (D(F + K(X))(x,y)) for x € & and under the convexity assumption,
we have y—y C D(F)(X,y)(x —X), therefore

(y—y)N—intK(x) = 0.
Therefore F (&) N (¥ —intK(x)) = @ and this completes the proof. O
Assumption (A15). Let X,Y,Z be normed spaces and K : X == Y be a set-valued map where

K (x) is a nontrivial, pointed, closed, solid and convex cone for all x € X. Let F : & = Y and

G : © = Z be set-valued maps and D C Z is a nontrivial, solid, pointed, closed and convex cone.
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Under assumption (A15) we consider the following optimization problem with respect to a vari-

able ordering structure:

Minimize F(x) subjectto x € & :={x € &| G(x)N—D # 0}. (P»)

The following theorem gives a necessary optimality condition for local weakly minimal solu-

tions of (P,); see [43] for the case of fixed ordering structure.

Theorem 6.1.24. Let assumption (A15) be fulfilled. Suppose that (X,y) € gph(F) is a local
weakly minimal solution of (P;) and zZ € G(X). Then for every u € dom (D(F, G)(x,y,z)), every

plies that (x,y,z) € T(T(gph (F,G), (%,5,z)), (u,v,®)). This means there exist sequences (#,) in
R, with#, | 0 and (x,,yn,z,) in the product space X X Y x Z with (x,,yn,2,) — (x,y,z) such that

(T tXn, V+ tnYn, @+ 1a2n) € T (gph (F, G), (X,,2))-
By y € IT(—intK(X),v), there exists n; € N such that
V+tyyn € —intK(X) n>nj.

Analogously by z € IT(IT(—intD,z), ®), there exists np € N such that @ +1,z, € IT (—intD,Z)
for all n > ny. For n > max{ny,n2}, we fix u, := i+ t,x,, v, :=V+t,y, and @, := © + 1,,2,.
Then

(tn,vn, @) € T (gph (F,G), (%,Y,2))

(Vn, @) € —intK(X) x IT(—intD,Z).

By definition of contingent cones, there exist sequences (1,,) C Ry with 1,,, | 0 and (X, Vi, Zm)
in X XY xZ with (X, Yim,2m) — (Un, v, ®,) such that (Y + tyym,Z + tmzm) € (F,G)(X + tmxm)
which means

Y+ tmym € F(X+ tyxm) + K(X),
Z+tmzm € G(X + tyXm) + D.
By ym — v, and v, € —intK(X), there exists m; > 0 such that

tmym € —intK(X) Vm > mj.
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Let a,, € F(X+tyxy) be such that y — intK(X) € a,, + K(X) and consequently we have:
am €y —intK(x).

By o, € IT(—intD,Z7), there exists m, > 0 such that 7+ #,,z,, € —intD for every m > my. Let
by € G(X+t,,x,) be such that 7 +,,2,, € by, + D and therefore we have b, € —intD. Therefore,
for sufficiently large m, we have ¢, := X +t,,x,, € A (X), G(c) N —D # 0 and

F(cm)N(y—intK(x)) # 0.

But this is a contradiction to the local weak minimality of (X,y) and proof is complete. O

In assumption (A15), we suppose that D C Z is a fixed, nontrivial, solid, pointed and convex
cone for all x € X. In the following assumption, we suppose that D is not fixed and it is defined

by a convex cone-valued map D : X = Z.

Assumption (A16). Let X,Y,Z be normed spaces, K : X = Y be a set-valued map such that
K(x) C Y is a nontrivial, pointed, solid, closed, and convex cone for all x € X, F: & =2 Y
and G : & =% Z be set-valued maps and D : X = Z be a cone-valued map where D(x) C Z is a

nontrivial, solid, pointed, closed and convex cone for all x € X.

Under assumption (A16) we consider the following optimization problem with respect to a vari-

able ordering structure:
Minimize F(x) subjectto x € &y :={x € &| G(x)N—D(x) # 0.} (P3)

The following theorem gives a necessary optimality condition for local weakly minimal solution
of (P3 ) .

Theorem 6.1.25. Let assumption (A16) be fulfilled. Suppose that (¥,¥) € gph(F) is a local
weakly minimal solution of problem (P3), z € G(X) and D(X) C D(x) for all x € .4 (x). Then for
every i € dom (D(F, G)(%,7,7)), for every (v,®) € D(F,G)(%,5,z) N {—K (%) x —D(x)} and for

that (x,y,z) € T(T (gph (EE),(X,?,Z)),(E,V,E)). Therefore, there exist sequences (#,) C R
with #, | 0 and (x,,Y,,2,) C X XY x Z with (x,,y,24) — (x,¥,2) such that

(@ + tnXn, V4 LyYn, B+ 12,) € T(gph (F, G), (X,5,2)).
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By y € IT(—intK(x),v), there exists n; € N such that
V+tyyn € —intK(X) n>nj.

By z € IT(IT(—intD(X),z), ®), there exists n, € N such that @ +1,z, € IT(—intD(X),z) for all

n > ny. For n > max{ny,ny }, we fix u, :=u+ tpx,, vy := V+1,y, and @, := @ +1,z,. Then

(tn; Vs @) € T(gph (F,G), (%,3,%)),
(Vn, @,) € —intK(x) x IT(—intD(X),Z).

By definition of contingent cones, there exist sequences (f,,) C R with t,,, | 0 and (X1, Vi, Zm)
in X XY X Z with (Xpu, Y Zm) — (tns Vs @) Such that (¥ + tyymsZ + tmzm) € (F,G) (X + lxn)

and

Y+ twym € F(X+ tyxn) + K(X),
T+ tmzm € G(X+twXm) + DX+ tXn).
By ym — v, and v, € —intK(X), there exists m; > 0 such that
tmym € —intK(X) Vm > m;.
Let a,, € F(X+ tyXn) be such that y — intK(X) € a,, + K(X) and consequently we have:
ay €y —intK(X).

By w, € IT(—intD(X),z), there exists m > 0 such that Z+1,,z,, € —intD(X) for every m > m.
Let b, € G(X + txy) be such that Z+ 1,2 € by + D(X + tiyx,,). By this assumption we get
by € —intD(X) — D(X + tmXm). By D(X) C D(x) for all x € .#/(X) and since D(x) is a convex

cone for all x, we get
by € —intD(X) — D(X + tyXy) C —intD(X + t,yx) — D(X + tipxpy) C —int D(X + tXpn ).
Therefore, for sufficiently large m, ¢, := X+ tyxm € A (X), G(c) N —D(cp) # 0 and
F(em)N(y—intK(x)) # 0.

This is a contradiction to the local weakly minimality of (%,y). O

6.2 Optimality Conditions for Approximately Nondominated Solu-

tions

In this section, we present optimality conditions for approximately nondominated solutions of

vector optimization problems with variable ordering structures with different approaches namely
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Mordukhovich subdifferential approach and general generic approach. In the last subsection,
contingent derivatives and epiderivatives will be used in order to derive second order optimal-
ity condition for weakly nondominated solutions of set-valued optimization. Given variational
principle in the previous chapter for approximately nondominated solutions and characterization
of approximately nondominated solutions of vector optimization problems with variable order-
ing structures in the fourth chapter will be used here in order to derive optimality conditions for
approximately nondominated solutions of vector optimization problems with variable ordering

structures.

6.2.1 Mordukhovich Subdifferential Approach

In this subsection, we give some optimality conditions for approximately nondominated so-
lutions of vector optimization problems with variable ordering structures using the functional
@5.c o defined in (5.18) with Mordukhovich subdifferential approach. The following optimality
condition is given by Bao, Eichfelder, Soleimani and Tammer in [2] and the same result for the
functional defined in (4.2) can be proven in similar ways. It worth to remember that all solution
concepts of vector optimization problems with variable ordering structures coincide in the case

of vector optimization problems with fixed ordering structures.

Theorem 6.2.1. Consider problem (VVOP), let X € ek%-N(&, £,C) and set y := f(X). Assume
that in addition to (A11) the following conditions hold:

(A9) f is bounded from below over & with respect to y €Y and ® = C(y) in the sense of
Definition 4.2.26.

(C2) C has a closed graph over f(&) in the sense that for every sequence of pairs {(yn,vy)}, if
yn € f(&) and v, € C(y,) forall n € N and (y,,v,) — (y«,vs) as n — +oo, then y, € f(S)
and v, € C(y,).

(C5') C(y)+C(y) CC(y) forally € f(&).
(C8) There exists a cone D with k° € intD and C(y) +intD C C(y).

Let @; ¢ 0 0 f satisfies the qualification condition (6.3) for all x € & such that ||x —X|| < /e.
Then, there exist x; € dom fN& and v* € (@5, c 40 (f(xe)) such that

0 € (v of)(xe) +N(xe; &) +/€By-.

Proof. By Theorem 5.2.11, there exists x € dom f NG such that it is an exact solution of

minimizing a functional 4 : X — RU{+oeo} over & with

h(x) := (@5 cp00 f)(x) + Vel x—xe| forallxeX

By [58, Proposition 5.1], we get



CHAPTER 6. OPTIMALITY CONDITIONS (VVOP) 103

0 S aM/’l(Xg) +N(x8,6)

By Lemma 5.2.9, the composition @; ¢ 0 © f is lower-semicontinuous on a neighborhood of x.
Employing Lemma 6.1.2 (a) to the lower semicontinuous functional @; - ;0 o f and the Lipschitz

continuous function ||.||, we have

duh(xe) C u (‘Pi,c,ko Of) (xe) + I (VE |- — xel[) (xe)-

By Lemma 6.1.2 (b), we get

(95000 (xe) € U {m (v 0 ) (xe) |V € Dy f(xe)) -

Combining three inclusions together while taking into account the subdifferential of the norm

Om ||+ — xel| (xe) = Bx+, we can find v* € dy@; ¢ o (f(xe)) satisfying
0 <y (viof)(xe)+N(xe;S)+eBy-.
The proof is complete. O

Corollary 6.2.2. Consider problem (VVOP) and let all assumptions of Theorem 6.2.1 be ful-
filled. Let x € N(&, f,C) be an exact nondominated solution of problem (VVOP) and set
y := f(X). Assume that ;0 o f satisfies the qualification condition (6.3) at X. Then, for
any A > 0, there exists v* € dy (@ ¢ 40 (f(X)) such that

0€dy(viof)(X)+N(x &)+ ABx-. (6.14)

Proof. SinceX € N(&, f,C), i.e., itis a 0k’-nondominated solution of problem (VVOP), it is also
ek®-nondominated solution of (VVOP) with € = A% forall A > 0 and a weakly nondominated
solution of (VVOP). By Theorem 5.2.11 and Theorem 6.2.1, the only point which satisfies the
part (iv) of Theorem 5.2.11 is X and we can find v* € dy@; ¢ 40 (f (X)) such that

0c 8M(v* Of)()?) —I—N(X;G) + \/EBx*

clearly verifying (6.14). The proof is complete. O

Note that the necessary conditions for nondominated solutions of problem (VVOP) obtained in

this section are different from those in [5, 26].

6.2.2 Generic Approach

Similar to approximately minimal solutions of vector optimization problems with variable or-
dering structures, it is possible to derive optimality conditions for approximately nondominated
solutions of vector optimization problems with variable ordering structures using general generic

approach; see section 6.1.2 for the symbols and assumptions.
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6.2.2.1 Exact Optimality Conditions

Similar to the previous section we use the functional @; ¢ o defined in (5.18). In order to prove
the main result of this section, we need to prove that this functional is convex functional. For

this, first we bring the following definition.

Definition 6.2.3. A set-valued map C is convex if and only if
AC(x1)+ (1 =A)C(x2) CC(Ax; + (1 —A)x2)

forall A € [0,1] and all x;,x, € domC.

Lemma 6.2.4. Let assumption (A13) be fulfilled and additionally C be a convex set-valued map,
then @5 ¢ 3o defined by (5.18) is convex.

Proof. Let A € [0,1] and y',y? € Y such that @5, 40 (') =1t and @540 (y?) = t2. By (5.18) we

have:
J+ukd =yl e C(y') = Ay +Ank’ — Ayl e AC(y")
J+nk =y € C(y*) = (1-A)7+(1-A)nk’ — (1 -2A)y* € (1-21)C(y*)

and thus
T+ (At + (1= 2)n)K° — (Ay' + (1= A)y?) € AC(HY) + (1= 1)C ().

By convexity of the set-valued map C, we get
F+ (An+ (1 =)k = (Ay' +(1-2)y?) € CAY' + (1-2)(?)).
Now again by (5.18), we get

(Py,c,ko(kyl (1= <A+ (1= = A‘Py,c,kf)(yl) +(1 *M%,ak()(yz)

and this completes the proof. O

Another important property that we need to prove about the functional defined by (5.18) is
continuity. In following lemmata, we prove this functional is lower semicontinuous and upper

semicontinuous.

Lemma 6.2.5. Let assumption (A13) be fulfilled and C : Y == Y satisfies condition (C2) in The-

orem 6.2.1. Then the functional 5.0 10 defined by (5.18) is a lower semicontinuous functional.

Proof. To prove the lower semicontinuity of @; ¢ 40, it is sufficient to prove that

S:=1lev(t,@5cp0) ={yEY | @500 (y) <1}
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is a closed set in Y for all r € R. Fix t € R arbitrarily and take any sequence {y"} in S such that
y" — ¥ as n — +oo. By the description of S, we have @y cx0(y") <t and thus

X—Hko—y" eCc(y").

By (C2), we have y+1k° —y" € C(3°) and @; ¢ 40(y°) <. The last inequality justifies y° € §

and thus closedness of S. The proof is complete. O

Now we prove that under some conditions the functional @; - ;0 defined by (5.18) is upper semi-

continuous. For this, we define set-valued map C: Y =2 Y as following;

VyeY C(y):= (intC(y))",
i.e, for each y € Y, C(y) is the set of complement of intC(y). Since interior of C(y) is an open
set, then C(y) is closed forall y € Y.

Lemma 6.2.6. Let assumptions (A13) be fulfilled and additionally C(y) : Y =2 Y satisfies condi-
tion (C2) in Theorem 6.2.1. Then the functional @; ¢ 4o defined by (5.18) is a upper semicontin-

uous functional.

Proof. To prove the upper semicontinuity of @5 ¢ 0, it is sufficient to prove that

S:={yeY | g5cpoly) =1}

is a closed set in Y for all # € R. Fix ¢ € R arbitrarily and take any sequence {y"} in S such that
y" — " as n — +oo. By the description of S, we have @, ¢ 40(y") >t and thus

y+tk’ —y" ¢ intC(y") = y+1k"—y" € C(y").

By (C2), we have y+tk° —y° € C(y°) and @5, k0 (y°) > t. The last inequality justifies y* € §

and thus closedness of S. The proof is complete. O

Corollary 6.2.77. Let assumptions (A13) be fulfilled and set-valued maps C and C satisfy con-
dition (C2) in Theorem 6.2.1. Then the functional @; 0 defined by (5.18) is a continuous

functional.

Theorem 6.2.8. Consider problem (VVOP) and let X € ek°-N(&, f,C), the functional @5 10
given by (5.18) and set y := f(x). Let C be a convex set-valued map and set-valued maps C
and C satisfy condition (C2) in Theorem 6.2.1. Impose in addition to (A12)-(A13), (C7) in
Theorem 6.1.9, (C5’) and (C8) in Lemma 6.2.1 the following assumptions:

(@) f is bounded from below over & with respect to y € ¥ and ® = C(y) in the sense of
Definition 4.2.26.
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Consider an abstract subdifferential ¢ for that (H1) — (H5) are satisfied. Then, there exists
xe € dom fN& and v* € J(Py ¢ 0(f(xe)) such that

0cd(viof)(xe)+N(xe; &)+ VeEBy:.
Proof. Letx € ek?-N(&,f,C). Applying Lemma 5.2.8, we get

@sc0(f(D) < infl gy.cp0(f(x)) +.

Therefore X is an approximate solution of the scalar problem with the objective functional
@5c0 0 f. By Corollary 6.2.7, we get that @50 o f is lower semicontinuous because of
f € Z(X,Y). Furthermore, @; ¢ 40 o f is bounded from below because of Lemma 5.2.10. This
yields that the assumptions of the scalar Ekeland’s variational principle (Theorem 5.0.1) and

strong form of Ekeland’s variational principle (Remark 5.0.2) are fulfilled.

By Theorem 5.0.1 and Remark 5.0.2, there exists an element x; € dom f NG such that it satisfies
parts (a), (b) and (c) of Theorem 5.0.1 and it is an exact solution of minimizing a functional

h:X — RU{+e} over & with
h(x) == (@ycp00 f)(x) + Ve |x—xe| forallxeX.
Taking into account (H2) and (H4), we get
0 € dh(xe) + N(xe;6).

Under the given assumptions the functional @; - 0 is convex and continuous taking into account
Lemma 6.2.4 and Corollary 6.2.7. Since f is locally Lipschitz and @; ¢ 40 is convex and con-
tinuous (and hence locally Lipschitz, see [62, Proposition 1.6]), it is clear that @; 0 o f is also

locally Lipschitz. This implies together with the convexity of ||-|| and (H5) that
dh(xe) S I(@ycpof)(xe) + (Ve —xell)(xe)-

By (H3), we get

I(@scpof)lxe) S0V 0 f)lxe) [v' € 96:(f(xe)) }-

Because of the convexity of the norm and (H1), we get d||- —x¢|| (x¢) = Bx~ and by the last

three inclusions, we can find v* € d@; ¢ o (f (xe)) satisfying
0cd(viof)(xe)+N(xe; &)+ EBx

and proof is complete. O
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6.2.2.2 Fuzzy Optimality Conditions

Now we give fuzzy optimality conditions for approximately nondominated solutions of vector
optimization problems with variable ordering structures. We use the functional 6;:Y — R
defined by (6.7)

05(y) =inf{r €R |y € 1" - C(7)}.

where C(¥) C Y is a proper closed convex cone with nonempty interior and kX € intC(¥y).

Theorem 6.2.9. Let assumptions (A12) and (A13) be fulfilled, X,Y € 27, f € #(X,Y) be a
L-Lipschitz function and & be a closed subset of the Banach space X. Let x, € ek®-N(&, £,C)
and C(f(x¢)) is a closed convex cone with nonempty interior and C(f(x¢)) C C(f(x)) for all
xe 6.

Then for every k° € intC(f(x¢)) and u > 0, there exist elements z € B(xe, /€ + 1/2) NG,
u € B(xe,\/€+p),u* € (C(f(xe)))*,u*(k°) = 1, x* € X*,||x*|| < 1 such that

0cd(uof)(u)+ vVeu (k°)x* +Ny(S,2) +B(0, 1),

provided that 9 satisfies (H1), (H2), (H6), (H7).
Moreover, for some elements x € B(xg, /€ + 1t/2) and v € B(f(x) — f(x¢),L\/€ + ) it holds

w(v) = 0sx) (v).

Proof. Consider x € ek’-N(&, f,C). By C(f(xe)) € C(f(x)) for all x € & and the second part
of Theorem 3.2.24, x is an approximately minimal solution of (VVOP) the proof is completed

by applying Theorem 6.1.11. O

6.2.3 Second Order Optimality Conditions

In this section, we give second order optimality conditions for nondominated solutions of set-
valued optimization problems with variable ordering structures. Consider the optimization prob-

lem (P;). We say (X,y) € gph(F) is a weakly nondominated solution of (P;) if and only if
(—intK(x))NF(x)=0 Vxe6&

and (X,y) € gph (F) is called a local weakly nondominated solution if and only if there exists a

neighborhood U of X such that
(—intK(x))NF(x)=0 Vxe&nU.

By second part of Theorem 3.2.24, each weakly nondominated element X is also a weakly mini-
mal point if K(¥) C K(x) for all x € &. Therefore by Theorem 3.2.24 and if K(¥) C K(x), then
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all the results in section 6.1.3 work for weakly nondominated solution X. But again it is worth
to remember that the set of nondominated solutions and minimal solutions do not coincide in
the case of variable ordering structure and there exists a nondominated solution which is not a
minimal solution and for this reason, we consider the general case. First we bring definition of

convex process; see [1] for more details.

Definition 6.2.10. A set-valued map K is a process if and only if for all x € X and A > 0, the
followings hold:
AK(x) =K(Ax) and 0€ K(0).

Definition 6.2.11. A set-valued map K is a convex process if and only if it is a process satisfying

K(xl)—l—K()Q) - K(X] —i—xz).

In the following theorem, we give a necessary optimality condition for local weakly nondomi-
nated solutions of (P ); see [43] for the case of fixed ordering structure. Remember the definition

of profile F (x) : X =Y as Fy(x) = F(x) + K(x).

Theorem 6.2.12. Let assumption (A14) be fulfilled. Additionally suppose that (X,y) € gph (F)
is a local weakly nondominated solution of (P;) and K : X = Y is a convex process, then for

every u € dom (D(F})(x,y)) and every v € D(F} )(%,y)(u) N (—K(X)), the following holds:
D*(F)(x,5,%,v)(x) NIT(—intK(%),7) = 0 (6.15)

for all x € dom (D?(F, )(X,y,u,V)).

Proof. Suppose that (6.15) does not hold and there exists x € dom (D?(F,)(X,,%,V)) such that
y € D(F.)(%5,,7)(x) N IT(~ intK (%), 7),

then (x,y) € T(T (gph (F4),(%,y)), (&,7)). Therefore there exist sequences (f,) € Ry with 7, |0
and (x,,y,) C X x Y with (x,,y,) — (x,y) such that

(& +tnxn, v+ tayn) € T(gph (Fy),(x,5))  VneN.
By, ] 0,y, —yandy € IT(—intK(x),v), there exists n; € N such that
V41,9, € —intK(X), Vn > ny.
For any n > nj, we fix an element (u,,v,) = (& + t,x,, v + t,y,) and notice that

(4, va) € T(gph (Fy), (X,5))-
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By the definition of contingent cones, for (u,,v,), there exist sequences (X, y,) C X XY with

(Xm,Ym) — (un,vy) and (t,,) C Ry with ¢, | O such that
Y+ tmym € Fr (X4 tmxm) = F(X+txm) + KX+ tyxim)-

Furthermore, by v, € —intK(X) and y, — v,, there exists m; € N such that y,, € —intK(x)
for all m > m,. Since K(X) is a cone, this implies that #,,y,, € —intK(X). Since K is a convex

process, K(x) is a convex cone and 0 € K(x) for all x € X, then we have
K(x) CK(X)+0 C K(X) +K(tmxm) € KX+ txp). (6.16)

By (6.16) and t,,y,, € —intK(X), we get tym € —intK (X + t,,x,,). Furthemore let elements
@y € F (X4 tyXn) be such that ¥+ 1,y € @y + K (X + tyXm). Then by convexity of K (X + f,,x,)
and t,,y,, € —intK(X 4ty ), We get @, €y — int K (X + tX).

By by, := (X + twxm) — X, there exists mp > 0 such that b,, € 4" (X) where ./'(X) is a suitable

neighborhood of X. Therefore, we have shown that there exists a sequence {®,, } such that
@y € F(by) N (y—intK (b)) for all m > {m;,my}.

This is a contradiction to local weakly nondominatedness of (X,y). O

If we set (¥,y) = (0x,0y), we have the following corollary.

Corollary 6.2.13. Let all the assumptions of Theorem 6.2.12 be fulfilled and (¥,y) € gph (F) be

a local weakly nondominated solution of problem (P} ), then
D(Fy)(x,y)N—intK(X) =0 forall x¢& dom(D(F;)(x,y)).

In the following theorem, we give a necessary optimality condition for local weakly nondomi-

nated solution of problem (P,).

Theorem 6.2.14. Let assumption (A15) be fulfilled, (¥,y) € gph (F) be a local weakly nondom-
inated solution of (P2), Z € G(X) and additionally K : X == Y be a convex process.

Then for every u € dom (D(F+,G)(%,5,2)), every (v,®) € D(Fy,G)(x,y,Z) N{—K(X) x —D}

plies that (x,y,z) € T(T(gph (F4,G),(%,,2)), (#,v,®)). This means that there exist sequences
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(tn) C Ry with #, L 0 and (X, yn,20) C X X Y x Z with (x,,y4,2,) — (x,,2) such that
(& + tpXn, V + tpyn, ® +1,2,) € T(gph (F1,G), (%,5,2))-
By y € IT(—intK(X),v), there exists n; € N such that
V+t,y, € —intK(X) n>n.

Analogously by z € IT(IT(—intD,z), ®), there exists np € N such that @ +1,z, € IT (—intD,Z)
for all n > ny. For n > max{ny,np}, we fix u, 1=+ t,x,, v, :=V+t,y, and @, := © + 1,2,
Then

(1, v 0n) € T (gph (F., G), (£,7.7))

(Vn, @) € —intK(x) x IT(—intD,37).

By definition of contingent cones, there exist sequences (f,,) C R with t,,, | 0 and (X1, i, Zm)
in X xY xZ with (X, Yim,2m) = (tn, v, @) such that (¥4 t,,ym,Z2 + tmzm) € (Fy, G) (X + tmXm)
which means

Y+ tmym € Fr (X4 txm) = F(X+txm) + KX+ tixim ),
Z+tmzm € G(X+ tyXm) + D.

BY ym — v, and v, € —intK(X), there exists m; > 0 such that
tmym € —intK(X) Vm > m;.

Let a,, € F(X+ tyxpy) be such that y — int K (X) € a,, + K(X + t,yx,). Since K is a convex process

and for all x € X, K(x) is a convex cone and 0 € K(x), we have
K(X) CK(X)+0 C K(X) + K(tmxm) € K(X+tnXm)-

Consequently we have:

am €y —intK(x) — K(X+tpxy) Cy—intK(X+tux).

By w, € IT(—intD,z), there exists m, > 0 such that 7+ #,,z,, € —intD for every m > my. Let
b € G(X+t,xy) be such that Z+1,,2,, € b,, + D and therefore we have b,, € —intD. Therefore,
for sufficiently large m, we have ¢, := X+ tyxy € A (X), G(c) N —D # 0 and

Fem) N (5 —intK (cp)) # 0.

This is a contradiction because we supposed that (X,y) is a local weakly nondominated solution

of the problem (P). O
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The following theorem gives a necessary condition for local weakly nondominated solution of
(Ps).
Theorem 6.2.15. Let assumption (A16) be fulfilled, (¥,¥) € gph (F) be a local weakly nondom-

inated solution of problem (P;), 7 € G(X) and K : X == Y be a convex process. Additionally,
suppose that D : X =2 Z satisfies one of the following conditions:

(1) D is aconvex process.
(i) Forallx € A4 (X), D(X) C D(x).

— -

Then for every i € dom (D(F,, G)(x,y,2)), every (v,®) € D(Fy,G)(x,y,Z) N{—K(X) x —D(x)}

—

implies that (x,y,z) € T(T(gph (F+,G), (%,5,2)), (&, v, ®)). This means that there exist sequences
(tn) C Ry with £, | 0 and (x,yn,24) C X X Y X Z with (x,,Yn,24) — (x,¥,z) such that

—

(B4 10X,V + 1nYn, @ +1,2,) € T (gph (Fy, G), (X,5,2)).
By y € IT(—intK(x),V), there exists n; € N such that
V+t,y, € —intK(X) n>nj.

By z € IT(IT(—intD(x),z),®), there exists np € N such that @ +1,z, € IT (—intD(X),Z) for all

n > ny. For n > max{ny,na}, we ix u, := u+ tyx,, vy := V+1t,y, and @, := @ +1,z,. Then

—

(umvnv (J)n) € T(gph (F+?G)7 ()76,?,2))

(Vn, ®,) € —intK (X) X IT(—intD(X),7).

By definition of contingent cones, there exist sequences (t,,) C Ry with #,, | 0 and (X, Y, Zm)
in X X Y % Z With (Xun, Vs Zm) — (tns Vs @) such that (4 tyym, Z + tmzm) € (Fr, G) (X + by
which means

Y+ tmym € Fr X+ tywxm) = F (X + tyyXm) + K (X + tixm),

Z+tmZm € G(X‘thxm) +D(f+tmxm)-
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BY ym — v, and v, € —intK(X), there exists m; > 0 such that
tmym € —intK(X) Vm > my.

Let a,;, € F(X+ tyX) be such that y — intK(X) € a,, + K(X+t,,x,,). Since K is a convex process

and for all x € X, K(x) is a convex cone and 0 € K(x), we have
K(x) CK(x)+0 C K(X) + K (twxm) C K(X+ tmxm).

Consequently we have:

am €y —IntK(X) — K(X+tpxp) Cy—intK(X+t,,x).

By w, € IT(—intD(X),Z), there exists m, > 0 such that Z+1,,z, € —intD(X) for every m > mj.
Let b,, € G(X+t,yxy,) be such that Z+1,,2,, € by, + D(X + tyx,,) and

by € —intD(X) — int D(X + ty Xy ). 6.17)
Now if condition (i) on D holds we have,
D(X) € D(X)+0 C D(x) + D(tyxm) € D(X+ tyxm)

or if condition (ii) on D holds, again we have directly D(x) C D(X + t,,x,). Therefore by (6.17)
and one of the conditions (i) or (ii), we have b,, € —intD(X + f,,,x;,). This means that for suffi-

ciently large m, we have ¢, 1= X+t X, € A (X) such that G(c,,) N —D(c;n) # 0 and
F(cm)N(y—intK(cp)) # 0.

But this is a contradiction because we supposed that (X,y) is a local weakly nondominated
solution of (P3). O

6.3 Optimality Conditions for Approximate Minimizers

In this section, we present optimality conditions for approximate minimizers of vector optimiza-
tion problems with variable ordering structures with different approaches namely Mordukhovich
subdifferential approach and general generic approach. Our results about variational principles
for approximate minimizers and characterization of approximate minimizers of vector optimiza-
tion problems with variable ordering structures in previous chapters will be used here in order to
derive optimality conditions for approximate minimizers of vector optimization problems with
variable ordering structures. Finally, second order optimality condition for weak minimizers of
set-valued optimization with variable ordering structures will be presented using second order

contingent derivatives and epiderivatives.
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Remark 6.3.1. By Theorem 3.2.18 and Theorem 3.2.21, each (approximate) minimizer of vec-
tor optimization problems with variable ordering structures is both (approximately) minimal
and nondominated solution of vector optimization problems with variable ordering structures
(VVOP). This means that all optimality conditions for (approximately) minimal and nondom-
inated solutions of (VVOP) can be used for (approximate) minimizers of vector optimization
problems with variable ordering structures. It worth to remember that all these solution con-

cepts coincide in the case of vector optimization problems with fixed ordering structures.

Let assumptions (A12) and (A13) be fulfilled and X € X. In order to drive necessary conditions
for approximate minimizers of vector optimization problems with variable ordering structures,
we use the following functional which is a slight modification of the functional defined by Chen
and Yang [15], especially concerning the assumptions for the set-valued map C. We define

&(z,y) 1 Y x Y — R as following:
Ex(z,y) i=inf{t € R |z € th® + f(X) —C(y)}. (6.18)

Lemma 6.3.2. Let assumptions (A12) and (A13) be fulfilled and X € X. For each r € R and
v,z € Y, followings hold.

Ei(zy) > 1 == 2 1tk + f(x) = C(y),

&xl(z.y) 21 <=z 1k + f(X) —intC(y),

Ex(z,y) =t <=z €tk + f(X) —bdC(y),

Ex(z,y) St == zetk’+ f(x) - C(y),

Ex(z,y) <t <=z €tk + f(X) —intC(y).
Proof. Proof is similar to that of Theorem 4.2.7. ]

Theorem 6.3.3. Suppose assumptions (A12) and (A13) hold, then for each arbitrary fixed y € Y,

&z(+,y) is continuous.
Proof. Proof is similar to that of third part of Theorem 4.2.18. ]

Now we prove that &;(-,y) is a convex functional for each y € Y. Chen and Yang [15] proved that
& is a convex functional under strong assumptions and for convex cone-valued map C: Y =Y.
Theorem 6.3.4. Suppose that assumptions (A12) and (A13) hold, X € X and additionally C(y)

is a convex set for all y € Y. Then &(-,y) is convex forall y € Y.

Proof. Lety € Y be an arbitrary but fixed element. Assume that A € [0,1] and z!,z> € Y such
that &:(z',y) = t; and &x(z%,y) = to. By Lemma 6.3.2, we have the followings

&(y) =t =y en+f(x)—C),
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&z y) ==y €n+f(X)-C(y).
This means there exist ¢,d € C(y) such that 7! =tk + f(¥) — ¢ and z*> = 1,k° + f(¥) —d and
Azt +(1-2)72
= AK HAfFE) = A+ 1=k’ +(1-1)fF) - (1-21)d
(At + (1= 2)0)K + £(®) — (Ac+ (1 - 2)d),

by ¢,d € C(y) and convexity of C(y), we get Ac+ (1 —A)d € C(y) and therefore
A+ (1=2)2% € (A 4+ (1= A)0)k° + £(x) — C(y).
Again by Lemma 6.3.2, &(Az' + (1 — 4)z%,y) < At + (1 — A)t, and

éf(lzl + (1 - 2‘)Zzay) S /léf(zlmy) + (1 - A)éf(zzvy)'
This means that &(+,y) is convex and the proof is complete. O

Definition 6.3.5. Consider X € X and the functional &; : Y x Y — R given by (6.18). f: X —Y
is called bounded from below over & with respect to & if and only if for all s € G, there exists

a real number ¢ > —oo such that

inf &(f(x), /(5)) > @

xe6

The following theorem gives a characterization of approximate minimizers of (VVOP) by using

a scalarization by means of the functional & : Y x ¥ — R defined by (6.18).

Theorem 6.3.6. Suppose that assumptions (A12) and (A13) hold. Letx € Q be an ek®-minimizer
of (VVOP), then for all s € G,

E(/(0),£(5)) < inf &(F (), £(s)) +e. (6.19)
Proof. Let s be an arbitrary but fixed element of & and set y = f(x). First we prove that
&(f(x),f(s)) =0. Suppose &x(f(X), f(s)) = 7. By Theorem 6.3.2, we get

th° +5—5€C(f(s)) = k" € C(f(s)).

By pointedness of C(f(s)), we get 0 € bdC(f(s)) and 7 < 0. If &(f(X), f(s)) <O, then7 < 0
and —7 > 0. By pointedness of C(f(s)), —7 > 0, K’ # 0 and C(f(s)) + [0, +o)k* C C(f(s)),
we get —7k® € C(f(s))\{0} and therefore 7k° € C(f(5))\{0} N (—C(f(s))) and we arrive at a
contradiction because we supposed C(y) is a pointed set for all y € Y. This means that 7 = 0.
Now we prove that &(f(X), f(s)) < xlélcfs E(f(x), f(s))+ €. Suppose by contrary (6.19) does not
hold and there exists an element x € S such that &(f(x), f(s)) +€ < &(f(X), f(s)) = 0. This
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means that there exists B > 0 such that &(f(x), f(s)) = —& — B. By Theorem 6.3.2, we get

(—& =B’ +7— f(x) € C(f(s))
= y—ek’— f(x) € C(f(s))+ Bk C C(f(s))\ {0}

This means that there exists s € G such that

(7 ek’ —C(f(s))\ {0}) N f(S) # 0

and therefore X ¢ €k”-MZ(&, f,C). But this is a contradiction because we supposed that ¥ is an
€k-minimizer of (VVOP). Therefore

&(f(X), f(s)) < inf &e(f(x), f(5)) + €.

xe6

for all x,s € &. o

6.3.1 Mordukhovich Subdifferential Approach

In this section, we give some optimality condition for approximate minimizers of vector opti-

mization problems with variable ordering structures using the functional & defined in (6.18).

Theorem 6.3.7. Consider problem (VVOP), let X € ek®-MZ(&, f,C) and y := f(¥). Assume
that in addition to (A11) the following conditions hold:

(A5) B:Y =Y be a cone-valued map such that for all y € £(&), k° € intB(y).
(A6") C(y)+B(y)\{0} CintC(y) and B(f(x)) C C(f(x)) for all [x —X|| < V.

(C9) f is bounded from below in the sense of Definition 6.3.5 over & with respect to &.

Let &(+, f(s)) o f satisfies the condition (6.3) for all x,s € & such that ||x —X|| < /€. Then for
all s € G, there exist x, € dom f NS and v} € dy(Ex(f(xs), f(s)) such that

0 € Iy (viof)(xs) +N(xs;S) +\/€Bx-.

Proof. Letx € ek°-MZ(&,f,C). Applying Theorem 6.3.6, we get for all s € &

&(f(X), f(s)) < inf &e(f(x), f(5)) + €.

xe6

Therefore X is an approximate minimizer of the scalar problem with the objective functionals
&+, f(s)) for all s € &. Taking into account Theorem 6.3.3 and since f is strictly Lipschitz by
(A11), we get that & (-, f(s)) is lower semicontinuous for all s € &. Furthermore, & (-, f(s)) is
bounded from below for all s € &. By the scalar Ekeland’s variational principle (Theorem 5.0.1),
for all s € G there exists an element x; € dom f N & such that it satisfies parts (a), (b) and (c) of
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Theorem 5.0.1 and it is an exact solution of an optimization problem with the objective function

hs : X = RU{+e} over S with
hs(x) ==& (f(x), f(s)) +Ve||x— x| forallxeX

By [58, Proposition 5.1], we get
0 € dyrhs(xs) +N(xs:6).

By Theorem 6.3.3 and (Al1), the composition (-, f(s)) o f is lower-semicontinuous on a
neighborhood of x; for all s € &. Employing Lemma 6.1.2 (a) to the lower semicontinuous

functional &(-, f(s)) o f and the Lipschitz continuous function ||.||, we have

Iuhs(xs) I (& f(8)) o f)(xs) + I (VE - —xs]) (xs)-
By Lemma 6.1.2 (b), we get

I (&x(-,£(5)) 0 ) (xa) €U { vz 0 ) (xa) [ Vi € Om&e(f (xa), £(5)) }-

Combining three inclusions together while taking into account the subdifferential of the norm
O |- — xs|| (xs) = Bx+, we can find v} € dy&x(f(xs), f(s)) satisfying

0 € dy(viof)(xs)+N(xs;S)+eEBy-.
The proof is complete. O

Corollary 6.3.8. Consider problem (VVOP), x € MZ(&, f,C) be an exact minimizer of problem
(VVOP) and y := f(X). Let all the assumptions of Theorem 6.1.3 be fulfilled. Also assume that
& (-, f(s)) o f satisfies the qualification condition (6.3) at x for all s € &. Then, for any A > 0
and s € &, there exists v} € dy(Ex(f(X), f(s)) such that

0 € Ay (v o f)(X) + N(X:S) + ABx-. (6.20)
such that ||x}|| <e.

Proof. Sincex € MZ(S, f,C), i.e.,itisa 0k°-minimizer of (VVOP), it is also €k°-minimizer of
(VVOP) with € = A? for all A > 0. By Theorem 5.3.4 and Theorem 6.3.7, the only point which
satisfies (5.25) is ¥ and we can find vi € dy&z(f (%), f(s)) such that

0 dy(viof)(x)+N(¥ &)+ eBy-

clearly verifying (6.20). The proof is complete. O
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6.3.2 Generic Approach

Similar to approximately minimal and nondominated solutions of vector optimization problems
with variable ordering structures, it is also possible to derive optimality conditions for approxi-
mate minimizers of vector optimization problems with variable ordering structures using general

generic approach; see section 6.1.2 for symbols and assumptions.

6.3.2.1 Exact Optimality Conditions

In this section, we give necessary conditions for approximate minimizers of vector optimization
problems with variable ordering structures. Theorem 6.3.6 and Ekeland’s variational principle
(Theorem 5.0.1) will be used in order to drive necessary conditions for minimizers of vector
optimization problems with variable ordering structures.

Theorem 6.3.9. Consider problem (VVOP) and the functional & given by (6.18). Let C(y)
be a convex set for all y € Y, X € €k’-MZ(&,f,C) and set 7 := f(x). Impose in addition to
(A12)—(A13) the following assumptions:

(C7) fe Z(X,Y) is locally Lipschitz.

(C9) f is bounded from below in the sense of Definition 6.3.5 over & with respect to &s.

Consider an abstract subdifferential 0 for that (H1) — (H5) are satisfied. Then for all s € &, there
exist xs € dom f NS and v € d(&(f(xs), f(s)) such that

0 d(viof)(xs) +N(xs;6) + VeBx-.

Proof. Letx € ek”-MZ(&,f,C). Applying Theorem 6.3.6, we get for all s € &

E(f(). £(5)) < inf &1 (), £(5)) + .

Therefore X is an approximate minimizer of the scalar problem with the objective functionals
&x(-,f(s)) for all s € &. Taking into account Theorem 6.3.3 and f € .#(X,Y) we get that
&(+, f(s)) is lower semicontinuous for all s € &. Furthermore, &(-, f(s)) is bounded from
below for all s € 5. By the scalar Ekeland’s variational principle (Theorem 5.0.1), for all s € &
there exists an element x; € dom f NG such that it satisfies parts (a), (b) and (c) of Theorem 5.0.1
and it is an exact solution of an optimization problem with the objective function A; : X —
RU{+eo} over & with

hs(x) := &x(f (%), £(5)) + V& |[x — x| forallx € X.

By (H2) and (H4), we get
0 € dhs(xs) +N(x5;6).

Under the given assumptions and taking into account Theorem 6.3.3 and Theorem 6.3.4, the

functional &z(+, f(s)) is convex and continuous. Since f is locally Lipschitz and & (-, f(s)) is
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convex and continuous and hence locally Lipschitz, then the composition &(f(+), f(s)) is also

locally Lipschitz. This implies together with the convexity of the norm ||-|| and (H5) that

Ohs(xs) S 9(E(f (), f(8))) (xs) + I (VE | — xa]) (x5)-

By (H3), we get

I(E(f (). f(9))(xa) S U{IE 0 f)(xe) | Vi € 9E:(f(xs), f(5)) }-

Because of the convexity of the norm and (H1), we get d ||- — xs|| (xs) = Bx+ and by the last three

inclusions, we can find v} € d&z(f(xs), f(s)) satisfying
0 € I(v; 0 f)(xs) +N(xs; &) +/eBy:

and the proof is complete. O

6.3.2.2 Fuzzy Optimality Conditions

Now we are ready to give fuzzy optimality conditions for approximate minimizers of vector
optimization problems with variable ordering structures. In the proof of the main result of this

section, we use the functional & : Y x Y — R defined by (6.18)
E(z,y) =inf{t eR |z € tk" —C(y)} (6.21)

where C(y) C Y is a proper, closed and convex cone with nonempty interior and k° € intC(y) for
all y € Y. By Theorem 6.3.3 and Theorem 6.3.4, we already proved that &z(-,y) is continuous
and convex for all y € Y if C(y) C Y is a proper, closed and convex cone with nonempty interior
and k° € intC(y) for all y € Y. Therefore, for all fixed arbitrary y € ¥ and under the given

assumptions, the functional &x(+,y) is continuous and convex and its subdifferential is given by

& (u,y) = {v* € C(y)" [ v (K*) = 1,v* (u) = & (u,y)} (6.22)
(see [21, Lemma 2.1]).

In the next theorem we show necessary conditions for approximate minimizers of a vector op-
timization problem with a variable ordering structure following the line of the proof of [21,
Theorem 5.3].

Theorem 6.3.10. Suppose that assumptions (A12) and (A13) are fulfilled and additionally C(f(s))
is a closed convex cone with nonempty interior for all s € &. Let X,Y € 2, f € #(X,Y) be
a L-Lipschitz function, & be a closed subset of the Banach space X and x, € ek”-MZ(&, f,C).
Then for every s € & and k° € intC(f(s)) and u > 0, there exist elements us € B(xe, /€ + 1),
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Zs € B(xe, VE+1/2) NG, ul € (C(f(s)))",ul (k%) =1, x; € X*,||xZ|| < 1 such that
0 d(ulof)(us) + Veu (K)x: +Ny(S,z5) +B(0,u),

provided that 9 satisfies (H1), (H2), (H6), (H7).
Moreover, for some elements x € B(xg, /€4 11/2) and vs € B(f(x) — f(xe),L\/€ + 1) it holds
Uy (vs) = §(vs,8).

Proof. Let x, € €k°-MZ(3, f,C). Taking into account Definition 5.0.4, for all 5 € & we have

(f(xe) — €k’ —C(f(s)\{0}) N £(&) = 0.

The function f is supposed to be Lipschitz, so it is continuous as well and since G is a closed set
in a Banach space it is a complete metric space endowed with the distance induced by the norm.
Thus, the assumptions of the vector-valued variant of Ekeland’s variational principle given in
[34, Corollary 9] are fulfilled for all s € G. Applying this variational principle for all s € G, we
get the existence of an element x; € & with ||xs — x¢|| < v/€ and having the property that

hs(6) N (hs(xs) — C(f(5)) \ {0}) =0,

for all s € © where

ho(x) := f(x) + VE ||x — x5 || K°.

Let u > 0. Applying now [21, Theorem 4.2] for a positive number § with properties that 26 <
and /€ ||k°|| 6/24 8/2 < i and using the functional &(-, f(s)) defined by (6.21), we can find
Uis € B(x4,6) C B(xg,/€+0), x € B(x5,6/2) C B(xg,\/€+8/2), vs € B(hs(x) — hs(x5),8/2),
% € B(x5,6/2)NG C B(xe, €+ 6/2) NG, ul € dE(vs, f(s)), such that

0 € d(u, ohs)(tts) +Ny(S,z5) +B(0,6). (6.23)

We get the properties u} € (C(f(s)))*,u:(k°) = 1 from (6.22).

Consider the element X} € d(u; o hs) (i) involved in (6.23). Because of
9ty 0 hs) (@is) = 9 (ug o (f () + Vel —xs ]| k) (its),

taking into account (H1) and (H6), there exist us € B(iis,8) C B(xe,v/€+26) and u, € B(ug, )
such that
X; € 9(us o f)(us) + veuy (K)A(||- — xs||) (us) + B(0, ). (6.24)
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Taking into account the well-known structure of the subdifferential of the norm and combining

relations (6.23) and (6.24) it follows that there exists x; € X* with ||x}|| = 1 such that
0 € 9(ul o f)(us) + veu: (kK)xi +Ny(6,z5) + B(0,28).
Because 26 < U, it remains only to prove the estimation about the ball which contains vs. Then,

[lvs = (f () = flxe )| < lIvs = (s (x) = hsxs)) [ [ (s (%) — s (x5)) = (F (%) = f (xe))
<8/2+ [|VER® |lx — x5 = f (xs) + £ (xe) |
<§/2+Ve||K||8/2+Lve
<LVe+u,

where the last inequality follows because of the assumptions made on 8. Moreover, we get

ui(vs) = &(vs,5) from (6.22). This completes the proof. O

6.3.3 Second Order Optimality Conditions

In this section, we give second order optimality conditions for minimizers of set-valued opti-
mization problems with variable ordering structures. Consider the optimization problem (P;).

We say (X,y) € gph(F) is a weak minimizer of (P;) if and only if
(—intK(x))NF(6)=0 Vxe&

and (%,y) € gph (F) is called a local weak minimizer if and only if there exists a neighborhood
U of X such that
(—intK(x))NF(6&)=0 Vxe&nU.

By first parts of Theorem 3.2.18 and Theorem 3.2.21, each weak minimizer is both weakly
minimal and weakly nondominated solution and all the results in sections 6.1.3 and 6.2.3 hold

also for weak minimizers.

In the following theorem, we give necessary optimality conditions for local weak minimizers of
(P1); see [43] for the case of fixed ordering structure. For s € &, (F +K(s)) : X =2 Y is defined
as (F+K(s))(x) =F(x)+K(s).

Theorem 6.3.11. Let assumption (A14) be fulfilled and (%,y) € gph (F) be a local weak min-
imizer of problem (P;), then for every s € S, u € dom(D(F + K(s))(x,y)) and for every
veD(F+K(s))(x,y)(w) N (—K(s)), the following holds:

D*(F +K(5))(%,5,%,v)(x) NIT (—intK(s),v) = 0 (6.25)

for all x € dom (D*(F +K(s))(%,7,%,V)).
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Proof. Suppose that (6.25) does not hold and for some arbitrary s € &, there exists an element
x € dom (D?*(F +K(s)))(%,¥,%,7) such that

y € D*(F +K(5))(%,5,%,v)(x) NIT (—intK(s),7)).

Then (x,y) € T(T(gph(F) + K(s), (X,¥)), (@,v)). Therefore there exist sequences (,) € R
with ¢, | 0 and (x,,y,) C X XY with (x,,y,) — (x,y) such that

(#+ twXn,V+tayn) € T(gph (F) +K(s), (x,y)) ~ VrneN.
By1,10,y, —yandy e IT(—intK(s),v), there exists n; € N such that
V41,9, € —intK(s), Vn > ny.
For any n > nj, we fix an element (u,,v,) = (& + t,x,, vV + t,y,) and notice that
(n,vn) € T (gph (F) +K(s), (x,))-

By the definition of contingent cones, for (uy,v,), there exist sequences (X, y,) C X x Y with

(Xm,ym) — (un,vy) and () C Ry with #,, | O such that
Y+ tmym € F(X+tyxm) +K(s).

Furthermore, by v, € —intK(s) and y, — v,, there exists m; € N such that y,, € —intK(s)
for all m > m,. Since K(s) is a cone, this implies that #,y,, € —intK(s). Now assume that

am € F(X+ tyxy) such that y+1,,y,, € a,, + K(s). Then
am €y —intK(s).

By b, := (X +txm) — X, there exists mp > 0 such that b,, € .#'(¥) where .4'(X) is a suitable
neighborhood of x. Therefore, we have shown that there exists an arbitrary element s € S and a

sequence {a,, } such that
am € F(by) N (y—intK(s)) for all m > {m;,my}.

This is a contradiction because we supposed that (X,y) is a local weak minimizer. O

If we set (¥,y) = (0x,0y), we have the following corollary.

Corollary 6.3.12. Let assumption (A14) be fulfilled and (X,y) € gph (F) be a local weak mini-
mizer of problem (P}), then for all s € &

D(F+K(s))(x,y)N—intK(s) =0 forall xe&dom(D(F+K(s))(X,y)).
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The following theorem gives a necessary optimality condition for local weak minimizer of (P, );
see [43] for the case of fixed ordering structure. For each s € Gy in (P2), F;(x) is defined as
F(x)+K(s).

Theorem 6.3.13. Let assumption (A15) be fulfilled, (X,y) € gph (F) be a local weak minimizer
of (P) and Z € G(X). Then for every s € S, for every u € dom (D(F;,G)(X,y,Z)), for every

where the notation (F;, G)(x) represents (F(x) +K(s)) x (G(x) + D) for each s € &.

Proof. Suppose that assertion (6.26) is not true and there exists an arbitrary element s € & and

which implies that (x,y,z) € T (T (gph (Fs,G), (%,5,2)), (#,V,®)). Therefore, there exist sequences
(t,) C Ry with #,, | 0 and (x,yn,2:) C X X Y X Z with (x,,¥n,2,) — (x,¥,z) such that

(8 + 120,V + Y, @ + 1n20) € T (gph (F5, G), (X,7,7))-
By y € IT(—intK(s),v), there exists n; € N such that
V+t,y, € —intK(s) n>n.

Byz€IT(IT(—intD,Z), ®), there exists np € N such that @ +1,z, € IT(—intD,z) for all n > nj.

For n > max{n;,ny}, we fix u, := u + tyxy, vy := V+1,y, and @, := @ + 1,z,. Then
(Un, v, 0n) € T (gph (Fs, G), (X,Y,2)),

(Vn, 0,) € —intK(s) x IT(—intD,Z).

By definition of contingent cones, there exist sequences (f,,,) C R with t,,, | 0 and (X1, Vi, Zm)
in X xY xZ with (X, Ym,2m) = (Un,Vn, ®,) such that (¥ + t,,ym, 2+ tmzm) € (Fs, G) (X + tmXim)

which means
Y+ tmym € F(X+tmxm) + K(s),
Z+tmzm € G(X+ tyXm) + D.
By ym — v, and v, € —intK(s), there exists m; > 0 such that
tmym € —intK(s) Vm > m;.
Let dy, € F(X+ t,yx,,) be such that y — intK (s) € d,, + K(s) and consequently we have:

dy €V —intK(s).
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By o, € IT(—intD,z), there exists m, > 0 such that 7+ #,,z,, € —intD for every m > my. Let
b € G(X+t,,xy) be such that Z+1,,2,, € b,, + D and therefore we have b,, € —intD. Therefore,
for sufficiently large m, we have ¢, := X +t,yx,, € A (X), G(cy) N —D # @ and

F(ew) N (5 —intK(s)) # 0.

But this is a contradiction because we supposed that (X,y) is a local weak minimizer of (P,). [

The following theorem gives a necessary optimality condition for local weak minimizers of (P3).
For each s € &,, F;(x) is defined as F(x) + K(s)

Theorem 6.3.14. Let assumption (A16) be fulfilled. Suppose that (X,y) € gph (F) is a local weak

minimizer of problem (P3), z € G(¥) and D : X =3 Z satisfies one of the following conditions:

(#*) D is aconvex process.
@ii*)  Forallx € A (X), D(X) C D(x).

Then for every element s € S,, for every (v,@) € D(Pj,\G) (%,5,2) N{—K(x) x —D(x)}, for

where the notation (}Z,\G) (x) represents (F(x) +K(s)) x (G(x) +D(x)).

Proof. Suppose that assertion is not true and there exists an arbitrary element s € G, and ele-

—_—

which implies that (x,y,z) € T (T (gph (Fs, G), (X,5,2)), (#,v,®)). Therefore, there exist sequences
(tn) C Ry with #, L 0 and (X, yn,20) C X X Y x Z with (x,,y4,2,) — (x,,2) such that

(ﬁ"i_tnxnav"’_tnynva_'_tnzn) € T(gph(Fs,G), (Eyaz))-
By y € IT(—intK(s),v), there exists n; € N such that
V+t,y, € —intK(s) n>nj.

By z € IT(IT(—intD(X),z), @), there exists ny € N such that @ +1,z, € IT(—intD(x),z) for all

n > ny. For n > max{ni,na}, we ix u, := u+ tpx,, vy := V+1t,y, and @, := @ + 1,2,. Then
(ttn, v, 0,) € T (gph (Fs, G), (%.5,2))

(Vn, 0,) € —intK(s) x IT(—intD(X),Z).
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By definition of contingent cones, there exist sequences (1,,) C Ry with 1,,, | 0 and (X, Vi, 2Zm)
in X XY x Z with (X, Y, zm) — (v, @n) such that (3 + tyym, Z + tmzm) € (Fa, G) (X + tyxm)
which means

Y+tmym € F(XWLtmxm) +K(5)7
Z+ tmzm € G(X+tmxm) + D(X + tyXm).

By ym — v, and v, € —intK(s), there exists m; > 0 such that
tmym € —intK(s) Vm > my.

Let dy, € F(X+ %) be such that y — intK (s) € d,, + K(s) and consequently we have:
dy €Y —intK(s).

By w, € IT(—intD(X),z), there exists m > 0 such that Z+1,,z,, € —intD(X) for every m > m.
Let by, € G(X+t,uxm ) be such that Z+ 1,2, € by + D(X+1,xy ) and by, € —int D(X) — D(X+ 1)

Now if condition (i*) on D holds we have,
D(X) € D(x) 40 C D(X) + D(tyyXm) C D(X+ tinXm)

or if condition (ii*) on D holds, again we have directly D(x) C D(X + t,,x,;,) and since D(x) is a

convex cone for all x, we get
by € —intD(X 4 tyxp) — D(X + tyXm) C —int D(X + t,yx,) -
Therefore, for sufficiently large m, ¢, := X+ t,x, € A (X), G(cn) N —D(cm) # 0 and
F(cm)N(y—intK(s)) # 0.

But this is a contradiction because we supposed that (X,y) is a local weak minimizer of (P;) and

proof is complete. O



Chapter 7

Conclusions

In this thesis, we studied approximate solutions of vector optimization problems with variable
ordering structures and their properties. After introducing concepts of approximate solutions
of vector optimization problems with variable ordering structures, we characterized them us-
ing generalizations of nonlinear scalarizing functionals defined by Tammer and Weidner. We
derived variational principles for vector optimization problems with variable ordering struc-
tures and these variational principles were used in the last chapter in order to show optimality
conditions for approximate solutions of vector optimization problems with variable ordering

structures.

Approximate solutions of vector optimization problems play an important role from the theo-
retical as well as computational point of view. It is well known that one needs compactness
assumptions in order to show existence results for solutions of optimization problems. Such
compactness assumptions are not fulfilled for many optimization problems. Also we know that
under weak assumptions and without compactness conditions, we have to deal with approximate
solutions and we can show several assertions without any compactness assumptions for these so-
lutions. Furthermore, if we apply numerical algorithms for solving optimization problems, then
these algorithms usually generate approximate solutions that are close to the exact solutions. In
the third chapter, we introduced several notions of approximate elements of vector optimiza-
tion problems with fixed and variable ordering structures and later, relationships between sets of
approximate solutions choosing different parameters were discussed. The last section of third
chapter was devoted to the presentation of relationships between different concepts of approx-
imate solutions of vector optimization problems with variable ordering structures. Obviously,
exact solution of vector optimization problems is the special case of approximate solution and

all our results in this thesis can be used for exact solutions.

Scalarization of a given vector optimization problem means the replacement of it by a suitable
scalar optimization problem with a real-valued objective function. Indeed, solutions of vector

optimization problems can be found through scalarization procedures and we use properties of
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scalar optimization problems to characterize solutions of original vector optimization problems.
Characterization of approximate solutions of vector optimization problems with respect to vari-
able ordering structures by means of suitable nonlinear functionals were discussed in the fourth
chapter. We characterized approximate minimizer, approximate nondominated and approximate
minimal solutions of vector optimization problems with respect to a variable ordering struc-
ture by generalization of nonlinear separating functional 8(y) : ¥ — R defined by Tammer and
Weidner as following:
0(y) =inf{r e R |y etk—C}.

In the fifth chapter, we used the concepts for approximate solutions of vector optimization prob-
lems with variable ordering structures in order to derive variational principles for problems with
variable ordering structure. Ekeland’s variational principle is a deep assertion concerning the
existence of an exact solution of a slightly perturbed optimization problem in a neighborhood
of an approximate solution of the original optimization problem under the assumption that the
objective function of the original problem is bounded from below and lower semicontinuous.
Firstly, we supposed that our ordering set-valued map C : Y == Y associates a set C(y) for any
y € Y with nonempty interior and we gave an extension of Ekeland’s variational principle for
approximate solutions of vector optimization problems with respect to this ordering map. In
fact, we show the existence of an element belonging to the set of approximately minimal so-
lutions of the original problem that is a weakly minimal solution of a perturbed optimization
problem. Later, we showed a sharper result, namely that there exists not just weakly minimal
but minimal solution of the original problem that is a minimal solution of a perturbed vector
optimization problem with variable ordering structure. After proving results for solid case, we
supposed that our ordering set-valued map C associates a set C(y) for any y € ¥ with empty
interior and we gave an extension of Ekelenad’s variational principle for approximate minimal

solutions of vector optimization problems with variable ordering structures.

In the last chapter, we presented necessary optimality conditions for approximate minimizers
and approximately nondominated and approximately minimal solutions of vector optimization
problems with variable ordering structures. We used our results in fourth and fifth chapters
in order to show optimality condition for approximate solutions. After that we gave second-
order optimality conditions by concept of tangential derivatives of second-order for set-valued

optimization problems with variable ordering structures.



Bibliography

[1]
(2]

(3]

[4]

[10]

[11]

[12]

[13]

J.P. Aubin and H. Frankowska. Set-Valued Analysis. Birkhduser, 2008.

T.Q. Bao, G. Eichfelder, B. Soleimani, and C. Tammer. Ekeland’s variational principle for

vector optimization with variable ordering structure. Submitted to J. Convex Analysis.

T.Q. Bao and B.S. Mordukhovich. Variational principles for set-valued mappings with
applications to multiobjective optimization. Control Cybernet., 36:531-562, 2007.

T.Q. Bao and B.S. Mordukhovich. Relative pareto minimizers for multiobjective problems:

existence and optimality conditions. Math. Program., 122:301-347, 2010.

T.Q. Bao and B.S. Mordukhovich. Necessary nondomination conditions in set and vector

optimization with variable ordering structures. J. Optim. Theory Appl., 162:350-370, 2014.

T.Q. Bao, B.S. Mordukhovich, and A. Soubeyran. Variational analysis in psychological
modeling. J. Optim. Theory Appl. DOI 10.1007/510957-014-0569-8, 2014.

E.M. Bednarczuk and D. Song. Contingent epiderivative and its applications to set-valued
optimization. Control Cybernet., 27:375-386, 1998.

E.M. Bednarczuk and D. Zagrodny. Vector variational principle. Nonlinear Anl., 66:1454—
1464, 2007.

M. Bianchi, G. Kassay, and R. Pini. Ekeland’s principle for vector equilibrium problems.
Arch. Math (Basel), 93:577-586, 2009.

G.Y. Chen. Existence of solutions for a vector variational inequality: an extension of the

hartmann-stampacchia theorem. J. Optim. Theory Appl., 74:445-456, 1992.

G.Y. Chen and B.D. Craven. Existence and continuity of solutions for vector optimization.
J. Optim. Theory Appl., 81(3):459-468, 1994.

G.Y. Chen, X. Huang, and X. Yang. Vector optimization, set-valued and variational anal-

ysis. Springer, Berlin, 2005.

G.Y. Chen and X.X Huang. Ekeland’s e-variational principle for set-valued mappings.
Math. Meth. Oper. Res., 48:181-186, 1998.

127



BIBLIOGRAPHY 128

[14] G.Y.Chen, X.X. Huang, and G.M. Lee. Equivalents of an approximate variational principle
for vector-valued functions and aplications. Math. Meth. Oper. Res., 49:125-136, 1999.

[15] G.Y. Chen and X.Q. Yang. Characterizations of variable domination structures via nonlin-
ear scalarization. J. Optim. Theory Appl., 112:97-110, 2002.

[16] G.Y. Chen, X.Q. Yang, and H. Yu. A nonlinear scalarization function and generalized
quasi-vector equilibrium problems. J. Global Optim., 32:451-466, 2005.

[17] H.W. Corley. An existence result for maximizations with respect to cones. J. Optim.
Theory Appl., 31:277-281, 1980.

[18] H.W. Corley. Optimality conditions for maximization of set-valued functions. J. Optim.
Theory Appl., 58:1-10, 1988.

[19] C. Cusano, M. Fini, and D. LA Torre. Characterizations of convex vector functions and

optimization. Optimization, 58:449-467, 2009.

[20] V. Demyanov and A. Robinov. Quasidifferentiability of related topics. Kluwer Academic
Publishers, 200.

[21] M. Durea and C. Tammer. Fuzzy necessary optimality conditions for vector optimization

problems. Inequalities in pure and applied mathematics, 5(4), 2004.

[22] G. Eichfelder. Variable Ordering Structures in Vector Optimization. Habilitation Thesis,
Friedrich-Alexander-Universitt Erlangen-Niirnberg, 2001.

[23] G. Eichfelder. Adaptive Scalarization Methods in Multiobjective Optimization. Springer,
Berlin, 2008.

[24] G. Eichfelder. Optimal elements in vector optimization with a variable ordering structure.
J. Optim. Theory Appl., 151:217-240, 2011.

[25] G. Eichfelder. Variable ordering structures in vector optimization. In: Ansari QH, Yao JC,

editors. Recent developments in vector optimization. Heidelberg: Springer, 2012.

[26] G. Eichfelder and TXD. Ha. Optimality conditions for vector optimization problems with
variable ordering structures. Optimization, 62:597-627, 2013.

[27] 1. Ekeland. On the variational principle. J. Math. Anal. Appl., 47:324-353, 1974.
[28] I. Ekeland. nonconvex minimization problems. Bull. Am. Math. Soc., 1:443-474, 1979.

[29] A. Engau. Variable preference modeling with ideal-symmetric convex cones. J. Global.
Optim, 42:295-311, 2008.



BIBLIOGRAPHY 129

[30] F. Flores-Bazdn. Optimality conditions in non-convex set-valued optimization. Math.
Meth. Oper. Res., 53:403-417, 2001.

[31] C. Gerstewitz. Nichtkonvexe dualitdt in der vektoroptimierung . Wissensch. Zeitschr. TH
Leuna-Merseburg, 26, 1983.

[32] C. Gerth and P. Weidner. Nonconvex separation theores and some applications in vector

optimization. Optimization theory and applications., 67:297-320, 1990.

[33] A. Gopfert, H. Riahi, Chr. Tammer, and C. Zilinescu. Variational Methods in Partially
Ordered Spaces. Springer-Verlag, New York, 2003.

[34] A. Gopfert, Chr. Tammer, and C. Zilinescu. On the vectorial ekeland’s principle and
minimal points in product spaces. Nonlinear Analysis., 39:909-922, 2000.

[35] G. Gopfert, T. Riedrich, and Chr Tammer. Angewandte Funktionalanalysis. Vieweg Teub-
ner, Wiesbaden, 2009.

[36] C. Gutiérrez, B. Jiménez, and V. Novo. A unified approach and optimality conditions
for approximate solutions of vector optimization problems. SIAM J. Optim., 17:688-710,
2006.

[37] C. Gutiérrez, B. Jiménez, and V. Novo. A set-valued ekeland’s variational principle in
vector optimization. SIAM J. Optim., 47:883-903, 2008.

[38] T.X.D. Ha. Some variants of the ekeland variational princile for a set-valued map. J. Opt.
Theory Appl., 124:187-206, 2005.

[39] S. Helbig. On a new concept for e-efficiency. ralk at Optimization Days, Montreal, 1992.

[40] N.J. Huang, X.Q. Yang, and W.K. Chan. Vector complementarity problems with a variable
ordering relation. Eur. J. Oper. Res., 176:15-26, 2007.

[41] G. Isac. The ekeland principle and the pareto-efficiency, in tamiz m.(ed.) multiobjective
programming and goal programming, theory and applications. Lecture notes in economics

and mathematical systems, Springer, Berlin., 432:148-163, 1996.

[42] G. Isac and A.A. Khan. Second-order optimality conditions in set-valued optimization by

a new tangential derivative. Acta Mathematica Vietnamica, 34(1):81-90, 2009.

[43] G. Isac and A.A. Khan. Second-order optimality conditions in set-valued optimization by

a new tangential derivative. Acta Mathematica Vietnamica, 34(1):81-90, 2009.

[44] G. Isac and Chr. Tammer. Nuclear and full nuclear cones in product spaces. Pareto effi-

ciency and an Ekeland type variational principle, Positivity, 9:511-539, 2005.



BIBLIOGRAPHY 130

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

J. Jahn and A.A. Khan. Existence theorems and characterizations of generalized contingent

epiderivatives. J. Nonlinear Convex Anal., 3, 2002.

J. Jahn and A.A. Khan. Generalized contingent epiderivatives in set-valued optimization.
Numer. Func. Anal. Optim., 27, 2002.

J. Jahn, A.A. Khan, and P. Zeilinger. Second order optimality condition in set-valued

optimization. J. Optim. Theory Appl., 125, 2005.

J. Jahn and R. Rauh. Contingent epiderivatives and set-valued optimization. Mathematicla
Methods of Opration Research, 46(2):193-211, 1997.

B. Jiménez and V. Novo. First and second order sufficient conditions for strict minimality
in nonsmooth vector optimization. Mathematica analysis and applications, 284:465-510,
2003.

V.V. Kalashnikov, B. Jadamba, and A.A. Khan. First and second order optimality condition
in set-optimization. In Optimization with multivalued mappings, S. Dempe et. al. (eds),

Springer Verlag., 20006.

A.A. Khan and F. Raciti. A multiplier rule in set-valued optimization. Bull. Austral. Math.
Soc., 68, 2003.

A.A. Khan and C. Tammer. Second-order optimality conditions in set-valued optimization

via asymptotic derivatives. Optimization, 62, 2013.
A.J. Kurdila and M. Zabarankin. Convex Functional Analysis. Birkhduser Verlag, 2005.
S.S. Kutateladze. Convex €-programming. Soviet Math. Dokl., 20:391-393, 1979.

S.J. Li, X.Q. Yang, and G.Y. Chen. Vector ekeland variational principle, in giannessi f.
(ed.) vector variational inequalities and vector equilibria. Nonconvex optimization and its
application, (Kluwer, Dordrecht), 38:321-333, 2000.

P. Loridan. €-solutions in vector minimization problem. J. Optim. Theory Appl, 43(2):265—
276, 1984.

D.T. Luc and C. Malivert. Invex optimization problems. Bull. Austral. Math. Soc, 46,
1992.

B.S. Mordukhovich. Variational Analysis and Generalized Differentiation, Vol. I: Basic
Theory, Vol. 1I: Applications. Grundlehren der mathematischen Wissenschaften (A Series
of Comprehensive Studies in Mathematics Vol. 330 and 331)., Berlin, Springer, 2006.

B.S. Mordukhovich and Y. Shao. Nonsmooth sequential analysis in asplund spaces. Trans-
actions of American Mathematical Society, 348:1235-1280, 1996.



BIBLIOGRAPHY 131

[60] A.B. Németh. A nonconvex vector minimization problem. Nonlinear Analysis, 10:669—
678, 1986.

[61] A. Pascoletti and P. Serafini. Scalarizing vector optimization problems. Optimization
Theory Appl, 42(4):499-524, January 1984.

[62] R.R. Phelps. Convex functions, Monotone Operators and Differentiability. Lect. Notes
Math., 1364 Springer, 1993.

[63] B. Soleimani. Characterization of approximate solutions of vector optimization problems

with a variable order structure. J. Optim. Theory App, 162:605-632, 2014.

[64] B. Soleimani and Chr. Tammer. Ekeland’s variatioanl principle and its equivalent theorem

in vector optimization w.r.t variable orderi structure. In Preparation.

[65] B. Soleimani and Chr. Tammer. Optimality conditions for approximate solutions of vector
optimization problems with variable ordering structures. Bulletin of the Iranian Mathe-

matical Society.

[66] B. Soleimani and Chr. Tammer. Approximate solutions of vector optimization problem
with variable ordering structure. AIP Conf. Proc, 1479:2363-2366, 2012.

[67] B. Soleimani and Chr. Tammer. Concepts for approximate solutions of vector optimization

problem with variable order structure. VJM, Springer, 2014.

[68] T. Staib. On two generalization of pareto minimality. J. Optim. Theory App, 59:289-306,
1988.

[69] Chr. Tammer. Ndherungslosungen in der vektoroptimierung. Seminarbericht der Sektion
Mathematik der Humboldt-Universitdt zu Berlin, 90:67-76, 1987.

[70] Chr. Tammer. A generalization of ekeland’s variational. Optimization, 25:129-141, 1992.

[71] Chr. Tammer. Stability results for approximately efiicient solutions. OR Spectrum, 16:47—
52, 1994.

[72] T. Tanaka. A new approach to approximation of solutions in vector optimization problems.
in Proceedings of APORS, 1994 (eds. M. Fushimi and K. Tone, World Scientific Publishing,
Singapour), pages 497-504, 1995.

[73] 1. Valy. Approximate solutions of vector optimization problems, in system analysis and
system analysis and simulation. A. Sydow, M. Thoma, and R. Vichnevetsky, eds, Akademie-
Verlag, Berlin, 49:246-250, 1985.

[74] D.J. White. Epsilon efficiency. Optimization Theory Appl, 49(2):319-337, May 1986.



BIBLIOGRAPHY 132

[75] S. Xu and S. J. Li. Weak y-sharp minima in vector optimizatin problems. Fixed point
theory and applications, 1, 2010.

[76] P. L. Yu. Multiple-criteria decision making:concepts, techniques and extensions. Plenum

Press, New York, 1985.

[77] P.L. Yu. The set of all nondominated solutions in decision problems with multiobjectives.

Syst. Anal. Progr., Working Paper Series F71-32. Univ of Rochester, New York, 1971.

[78] P.L. Yu. Cone convexity, cone extreme points, and nondominated solutions in decision

problems with multiobjetives. Optimization Theory Appl, 14(3):319-377, 1974.



List of Symbols and Abbreviations

<c

<c

Xt = x0
b X
liminf

lim sup

Cl.l

(X,d)
Y*

equal by definition

partial ordering on a linear space

partial ordering induced by a convex cone C
strict partial ordering by cone C

x" converges x°

xj, converges x* (in weak™ topology)
lower limit for real numbers

upper limit for real numbers

continuously differentiable functions with Lipschitzian
derivatives

real line (—oo, 4-o0)

positive real line [0, +oo)

extended real line [—co, +oo]

nonnegative orthant of R?

standard Lebesgue spaces where 1 < p < oo

sequences of real numbers where 1 < p < oo

metric space with metric d

continuous dual space of Y

empty set

zero vector of space Y

closed interval between 0 and €
open interval between 0 and +oo
half open interval between 0 and +oo
unit ball in X*

boundary of S

dual cone of the cone C

quasi interior of the cone C*

133

oo o0 W O\

84
41
41

85

41

33
24
84
84
47

98
98
87



SYMBOLS AND ABBREVIATIONS

134

coneS

conv S

clS

intS

rintS

(intC(w))*
ek’-M(Q,C)
ek’-MZ(Q,C)
ek’ -N(Q,C)
ek’-SM(Q,C)
ek’-SMZ(Q,C)
ek’-SN(Q,C)
ek’-WM(Q,C)
ek’ -WMZ(Q,C)
ek’-WN(Q,C)
ek"-M(8, f,C)
ek"-MZ(8, f,C)
ek’ -N(6&, f,C)
ek’-WM(G, £,C)

ek’-WMZ(&, f,C)

ek’ -WN(&, f,C)
Max (A, %)
Min(A, %)
M(Q,C)
MZ(Q,C)
N(Q,0)
SM(Q,C)
SMZ(Q,C)
SN(Q,0)
WM(Q,C)
WMZ(Q,C)
WN(Q,C)
M(S, £,C)
MZ(&, f,C)
N(&, f,C)
WM(GS, f,C)
WMZ(&, f,C)
WN(&, f,C)
N (%)

conic hull of §

convex hull of §

closure of S

interior of S

relative interior of §

complement of intC(®) i.e., Y\ intC(®)
approximately minimal elements of Q w.r.t. C
approximate minimizers of Q w.r.t. C

approximately nondominated elements of Q w.r.t. C
approximately strong minimal elements of Q w.r.t. C
strong approximate minimizers of Q w.r.t. C
approximately strong nondominated of Q w.r.t. C
approximately weak minimal elements of Q w.r.t. C
weak approximate minimizers of Q w.r.t. C
approximately weak nondominated of Q w.r.t. C
approximately minimal solutions of VVOP
approximate minimizer solutions of VVOP
approximately nondominated solutions of VVOP
approximately weak minimal solutions of VVOP
weak approximate minimizer solutions of VVOP
approximately weak nondominated solutions of VVOP
the class of maximal elements of Q with respect to &%
the class of minimal elements of A with respect to %
minimal elements of Q w.r.t. C

minimizers of Q w.r.t. C

nondominated elements of Q w.r.t. C

strongly minimal elements of Q w.r.t. C

strong minimizers of Q w.r.t. C

strongly nondominated elements of Q w.r.t. C
weakly minimal elements of Q w.r.t. C

weak minimizers of Q w.r.t. C

weakly nondominated elements of Q w.r.t. C
minimal solutions of VVOP

minimizer solutions of VVOP

nondominated solutions of VVOP

weakly minimal solutions of VVOP

weak minimizer solutions of VVOP

weakly nondominated solutions of VVOP

neighborhood of x

(91

23
14
19
23
14
19
23
14
19
59
58
58
59
58
58
84



SYMBOLS AND ABBREVIATIONS 135
N set of natural numbers 97
N(x;6) basic/limiting normal cone to S at X 84
N(x;6) Fréchet normal cone to & at X 84
7 power set
S+T algebraic sum of two sets S and T
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structure
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algebraic sum, 6
Fenchel subdifferential, 83
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Frechet differentiable, 83

antisymmetric, 4

approximate minimizer, 14

approximate minimizer solution, 58

approximately minimal, 12, 22 interior, 6

approximately minimal solution, 59 interiorly contingent cone, 94

approximately nondominated, 19

approximately nondominated solution, 58 Lipschitz continuous , 47
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