
❆♥ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ Pr♦❜❧❡♠ ❢♦r t❤❡

❙t♦❝❤❛st✐❝ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥

✐♥ ❱❛r✐❛t✐♦♥❛❧ ❋♦r♠✉❧❛t✐♦♥

❉✐ss❡rt❛t✐♦♥

③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❉♦❦t♦r❣r❛❞❡s ❞❡r ◆❛t✉r✇✐ss❡♥s❝❤❛❢t❡♥

✭❉r✳ r❡r✳ ♥❛t✮

❞❡r

◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❋❛❦✉❧tät ■■
❈❤❡♠✐❡✱ P❤②s✐❦ ✉♥❞ ▼❛t❤❡♠❛t✐❦

❞❡r ▼❛rt✐♥✲▲✉t❤❡r✲❯♥✐✈❡rs✐tät
❍❛❧❧❡✲❲✐tt❡♥❜❡r❣

✈♦r❣❡❧❡❣t ✈♦♥

❋r❛✉ ❉✐❛♥❛ ❑❡❧❧❡r✱ ▼✳❙❝✳
❣❡❜✳ ❛♠ ✶✹✳ ❉❡③❡♠❜❡r ✶✾✽✻ ✐♥ ❍❛❧❧❡ ✭❙❛❛❧❡✮

●✉t❛❝❤t❡r✿

Pr♦❢✳ ❉r✳ ❉r✳ ❤✳❝✳ ❲✐❧❢r✐❡❞ ●r❡❝❦s❝❤ ✭▼❛rt✐♥✲▲✉t❤❡r✲❯♥✐✈❡rs✐tät ❍❛❧❧❡✲❲✐tt❡♥❜❡r❣✮

Pr♦❢✳ ❉r✳ ❇❥ör♥ ❙❝❤♠❛❧❢✉ÿ ✭❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛✮

❍❛❧❧❡ ✭❙❛❛❧❡✮✱ ✷✽✳ ❖❦t♦❜❡r ✷✵✶✺ ✭❚❛❣ ❞❡r ❱❡rt❡✐❞✐❣✉♥❣✮
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✹ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦ ✽✼
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❈♦♥t❡♥ts

❆ ❈②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r Pr♦❝❡ss ✾✵

❇ ❈♦♥❝❡♣ts ♦❢ ❙♦❧✉t✐♦♥s ✾✷

❈ ◆♦r♠ ❙q✉❛r❡ ■tô ❋♦r♠✉❧❛ ✾✹

❉ ■♠♣♦rt❛♥t ■♥❡q✉❛❧✐t✐❡s ✾✻

❊ ❉❡t❛✐❧s ♦❢ ●❡♥❡r❛❧✐③❡❞ ❉r✐❢t ❋✉♥❝t✐♦♥ ✾✾

❋ ❇❛s✐❝ ❈♦♥✈❡r❣❡♥❝❡ ❘❡s✉❧ts ✶✵✷

● ▲♦❝❛❧ ▼❛rt✐♥❣❛❧❡ Pr♦♣❡rt② ✶✵✹

❍ ❲✐rt✐♥❣❡r ❉❡r✐✈❛t✐✈❡s ✶✵✻

■ ❈♦♠♣❧❡① ❈♦♥❥✉❣❛t❡❞ ❆❞❥♦✐♥t ❊q✉❛t✐♦♥ ✶✵✽

❇✐❜❧✐♦❣r❛♣❤② ✶✶✵

✐✐



✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ▼♦t✐✈❛t✐♦♥

✶✳✶ P❤②s✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇❛s ❢♦r♠✉❧❛t❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❜② t❤❡ ❆✉str✐❛♥ ♣❤②s✐❝✐st ❊r✇✐♥
❙❝❤rö❞✐♥❣❡r ✐♥ ✶✾✷✻✳ ■t ✐s ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s✱ ❢♦r ❡①❛♠♣❧❡✱ ❤♦✇ t❤❡ q✉❛♥✲
t✉♠ st❛t❡ ♦❢ ❛ ♣❤②s✐❝❛❧ s②st❡♠ ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ♦r ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡
✐♥ ❛♥ ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡r❡❢♦r❡✱ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❤❛✈❡ ♠❛♥② ♣❤②s✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s
❛♥❞ ♦❢t❡♥ ❛r✐s❡ ✐♥ t❤❡ st✉❞② ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✱ ♣❧❛s♠❛ ♣❤②s✐❝s✱ ✜❜❡r ♦♣t✐❝s ❡t❝✳

❘❡❢❡rr✐♥❣ t♦ ❬✼✻❪✱ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s t❤❡ ❡ss❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐♥ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝s✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ❜✉t r❛t❤❡r s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥
♣❤②s✐❝s ❛①✐♦♠❛t✐❝ ❛s ❛ ❜❛s✐❝ ❧❛✇ ♦❢ ✇❛✈❡ ♠❡❝❤❛♥✐❝s✳ ❚❤❡ ✇❛✈❡ ❝❤❛r❛❝t❡r ♦❢ ♠❛tt❡r ✐s t❤❡ r❡❛s♦♥
✇❤② t❤❡ st❛t❡ ♦❢ ❛ ♣❤②s✐❝❛❧ s②st❡♠ ✐s ♠♦❞❡❧❡❞ ❜② ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥ X(t, x)✱ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❇❛s❡❞ ♦♥ r❡❛s♦♥s ♦❢ ♣❧❛✉s✐❜✐❧✐t② ❛♥❞ ❛♥❛❧♦❣✐❡s ❛♥❞ ❞✉❡ t♦
t❤❡ ❞♦✉❜❧❡✲s❧✐t ❡①♣❡r✐♠❡♥t✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ❛♥❞ ✇❛✈❡s ✐s st❛t✐st✐❝❛❧❧② ✐♥t❡r♣r❡t❡❞
s✉❝❤ t❤❛t ✭✉♥❞❡r s♦♠❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✮ |X(t, x)|2 dx ✐♥❞✐❝❛t❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛
❝♦♥s✐❞❡r❡❞ ♣❛rt✐❝❧❡ ✐♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥t dx ❛t ♣❧❛❝❡ x ❛t t✐♠❡ t✳ ■♥✈❡st✐❣❛t✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
s✐♠✐❧❛r ♣❛rt✐❝❧❡s✱ ✐t r❡s✉❧ts ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥t❡♥s✐t② ❛❝❝♦r❞✐♥❣ t♦ |X(t, x)|2 s✐❣♥✐❢②✐♥❣ t❤❡ ♣❛rt✐❝❧❡
❞❡♥s✐t② ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✼✻✱ ❈❤❛♣t❡r ✷❪✮✳

❚♦ ❞❡♣✐❝t ♣❤②s✐❝❛❧ s②st❡♠s ♠♦r❡ r❡❛❧✐st✐❝✱ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ r❡❣❛r❞❡❞✳
❍❡♥❝❡✱ ♠❛t❤❡♠❛t✐❝✐❛♥s ❛♥❞ ♣❤②s✐❝✐sts ❤❛✈❡ ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❢♦r
♦✈❡r 30 ②❡❛rs ❛♥❞ t❤✐s s✉❜❥❡❝t r❡♣r❡s❡♥ts ❛ ❧❛r❣❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤ t♦❞❛②✳ ❲✐t❤ ❧♦ts ♦❢ ❛♣♣❧✐❝❛t✐♦♥s
♠❛✐♥❧② ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s ❛ ♠♦❞❡❧ ❢♦r t❤❡ ♣r♦♣❛❣❛t✐♦♥
♦❢ ✇❛✈❡s ✐♥ ♥♦♥❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ ♠❡❞✐❛✳ ❆♥ ✐♠♣♦rt❛♥t ♣❤②s✐❝❛❧ s♣❡❝✐❛❧ ❝❛s❡ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ●r♦ss✲
P✐t❛❡✈s❦✐✐ ❡q✉❛t✐♦♥ ✐♥❝❧✉❞✐♥❣ ❛ ❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t②✳ ❚❤✐s ❡q✉❛t✐♦♥ ♠♦❞❡❧s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡s
✐♥ ✜❜❡r ♦♣t✐❝s ❛♥❞ t❤❡ ❡♥✈❡❧♦♣❡ ♦❢ ✇❛t❡r ✇❛✈❡s ✭❝♦♠♣❛r❡ ❬✽✻❪✮✳ ■t ✐s ✉s❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ♣r✐♥❝✐♣❧❡
♦❢ t❤❡ t✉♥♥❡❧ ❡✛❡❝t ❛♥❞ ❛ ❧❛s❡r ❜❡❛♠❡r ✭s❡❡ ❬✼✹✱ ✼✺❪✮✳ ▼♦r❡♦✈❡r✱ ✐t ❡♠♣❤❛s✐③❡s t❤❡ ❝♦♥❝❡♣t ♦❢
✇❛✈❡❣✉✐❞❡s ❜② ❢♦❝✉s✐♥❣ ♦r ❣✉✐❞✐♥❣ ✇❛✈❡s✱ ❢♦r ❡①❛♠♣❧❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝✱ ❛❝♦✉st✐❝ ♦r ♦♣t✐❝❛❧ ✇❛✈❡s✱
t♦ tr❛♥s♠✐t s✐❣♥❛❧s ♦r ♣♦✇❡r ♦✈❡r ❧♦♥❣ ❞✐st❛♥❝❡s ✇✐t❤ ❤✐❣❤ r❛t❡s ✭❝♦♠♣❛r❡ ❬✶✽✱ ✸✶❪✮✳

❚❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇✐t❤ s✉❝❤ ❛ ❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t② ❛❧s♦ ❞❡s❝r✐❜❡s t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❛
♣❛rt✐❝❧❡ ✐♥ ❛ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡✱ ❛ st❛t❡ ♦❢ ♠❛tt❡r ♦❢ ❛ ❞✐❧✉t❡ ❣❛s ♦❢ ❜♦s♦♥s t❤❛t ✐s ❝♦♦❧❡❞
❞♦✇♥ ♥❡❛r t♦ 0K (−273, 15◦C)✳ ■♥ ❝♦♥tr❛st t♦ ❢❡r♠✐♦♥s✱ ❜♦s♦♥s ❛r❡ ♣❛rt✐❝❧❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ❇♦s❡✲
❊✐♥st❡✐♥ st❛t✐st✐❝s✱ ✇❤✐❝❤ s✐❣♥✐✜❡s t❤❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐❞❡♥t✐❝❛❧ ♣❛rt✐❝❧❡s ✇✐t❤ ✐♥t❡❣❡r
s♣✐♥✱ ❢♦r ❡①❛♠♣❧❡ ♣❤♦t♦♥s✱ ❣❧✉♦♥s ♦r t❤❡ st✐❧❧✲t❤❡♦r❡t✐❝❛❧ ❣r❛✈✐t♦♥✳ ❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡ ♠♦st
❜♦s♦♥s ❝♦♥❞❡♥s❛t❡ ✐♥ t❤❡ ❧♦✇❡st ❡♥❡r❣② st❛t❡ t❤❛t ✐s ❝❛❧❧❡❞ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ■♥ ❇♦s❡✲❊✐♥st❡✐♥
❝♦♥❞❡♥s❛t❡s t❤❡ ❜♦s♦♥s ❜❡❝♦♠❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡② ❛❧❧ ♦❝❝✉♣② t❤❡ s❛♠❡
q✉❛♥t✉♠ st❛t❡✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ ❜♦s♦♥ ❛t ❛ s♣❡❝✐❛❧ ♣♦✐♥t ✐s ❡q✉❛❧ ❡✈❡r②✇❤❡r❡ ✇✐t❤✐♥
t❤❡ ❝♦♥❞❡♥s❛t❡✳ ❚❤✉s✱ t❤✐s ✐❞❡❛❧✐③❡❞ st❛t❡ ❛t ❛❜s♦❧✉t❡ ③❡r♦ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♦♥❧② ♦♥❡
✇❛✈❡ ❢✉♥❝t✐♦♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ●r♦ss✲P✐t❛❡✈s❦✐✐ ❡q✉❛t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤✐s ♠❡t❤♦❞✱ ♦♥❡ ❝❛♥
❝♦♥❝❧✉❞❡ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ str✉❝t✉r❡s t♦ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✉♠ ♣❤❡♥♦♠❡♥❛ ❧✐❦❡ s✉♣❡r✢✉✐❞✐t② ♦r
s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✭❝♦♠♣❛r❡ ❬✶✱ ✻✱ ✼✵❪✮✳

❋✐♥❛❧❧②✱ ✭s❡❡ ❬✺✱ ✸✶❪✮ ♦♥❡ ❝❛♥ ♠♦❞❡❧ s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ ❛♥❞ ❡①❝✐t❛t✐♦♥✱ t❤❡r♠❛❧ ✢✉❝t✉❛t✐♦♥
♦r ❣❡♥❡r❛❧ r❛♥❞♦♠ ❞✐st✉r❜❛♥❝❡s ❛♥❞ ♣❤❡♥♦♠❡♥❛ ❜② st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✐♥ ❢♦r♠ ♦❢ ❛❞❞✐t✐✈❡ ♦r
♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ t❤❛t ❧❡❛❞s t♦ t❤❡ t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳

✶



✶✳✷✳ ❋♦r♠❡r ❛♥❞ ❈✉rr❡♥t ■♥✈❡st✐❣❛t✐♦♥s

✶✳✷ ❋♦r♠❡r ❛♥❞ ❈✉rr❡♥t ■♥✈❡st✐❣❛t✐♦♥s

❲❡ ❢♦❝✉s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✐s ♣❛rt ♦❢ ♠❛♥② ♣✉❜❧✐❝❛t✐♦♥s ✐♥ r❡❝❡♥t ②❡❛rs
✭❝♦♠♣❛r❡ ❬✺✶✱ ✺✺✱ ✾✷❪✮✳ ❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣♦✇❡r✲t②♣❡
♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❢♦r♠ f(z) = |z|2σz ✇✐t❤ z ∈ C ❛♥❞ σ > 0 ✭❢♦r σ = 1 ✇❡ ❣❡t t❤❡ s♦✲❝❛❧❧❡❞
❑❡rr✲♥♦♥❧✐♥❡❛r✐t②✮✳

❉❡t❡r♠✐♥✐st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤✐s ❦✐♥❞ ♦❢ ♥♦♥❧✐♥❡❛r✐t② ❛r❡ ❛❧r❡❛❞② st✉❞✐❡❞
♦♥ ❜♦✉♥❞❡❞ ♦r ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♦❧✉t✐♦♥s✱ ❢r♦♠ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ✐♥
❬✹✽✱ ✽✵✱ ✾✼❪ ♦✈❡r str♦♥❣ s♦❧✉t✐♦♥s ✐♥ ❬✶✶✱ ✺✹✱ ✾✻❪ ❛♥❞ ♠✐❧❞ s♦❧✉t✐♦♥s ✐♥ ❬✶✹✱ ✶✻✱ ✹✵✱ ✹✾❪ r✐❣❤t ✉♣
t♦ ❣❡♥❡r❛❧✐③❡❞ ✭✇❡❛❦✴✈❛r✐❛t✐♦♥❛❧✮ s♦❧✉t✐♦♥s ✐♥ ❬✸✻✱ ✸✼✱ ✺✹✱ ✽✾✱ ✾✹❪✳ ❚❤❡✐r r❡s✉❧ts ❝♦♥❝❡r♥ ❧♦❝❛❧ ♦r
❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s✱ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✱ ✜♥✐t❡✲t✐♠❡ ❜❧♦✇✲✉♣✱ s♠♦♦t❤✐♥❣
❡✛❡❝ts ❡t❝✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r σ ❛♥❞ t❤❡ s♣❛t✐❛❧
❞✐♠❡♥s✐♦♥ n✱ ✇❤❡r❡ ♦♥❡ ❞✐st✐♥❣✉✐s❤❡s t❤r❡❡ ❝❛s❡s✿ t❤❡ s✉❜❝r✐t✐❝❛❧ ❝❛s❡ ❢♦r 0 < σ < 2/n✱ t❤❡ ❝r✐t✐❝❛❧
♦♥❡ ❢♦r σ = 2/n ❛♥❞ t❤❡ s✉♣❡r❝r✐t✐❝❛❧ ❝❛s❡ ❢♦r σ > 2/n✳

❙✐♥❝❡ ♣❤②s✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛r❡ ❜✉r❞❡♥❡❞ ✇✐t❤ r❛♥❞♦♠ ❞✐st✉r❜❛♥❝❡s✱ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥s ✇✐t❤ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛r❡ tr❡❛t❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✐♥ ❬✷✶✱ ✸✷❪✱ ✇✐t❤
r❡s♣❡❝t t♦ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✐♥ ❬✽✱ ✷✵✱ ✷✶✱ ✽✶❪ ❛♥❞ r❡❢❡rr✐♥❣ t♦ ✇❤✐t❡ ♥♦✐s❡ ❞✐s♣❡rs✐♦♥ ✐♥ ❬✷✹✱ ✷✼❪✳
❇❛s❡❞ ♦♥ t❤❡ s❡♠✐❣r♦✉♣ ❛♣♣r♦❛❝❤✱ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥s ❛s ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡s❡ ❛rt✐❝❧❡s✳ ❊✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❛♣♣r♦❛❝❤❡s
t♦ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ♣❡rt✉r❜❡❞ ❜② ❝②❧✐♥❞r✐❝❛❧ ❇r♦✇♥✐❛♥ ♠♦✲
t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❬✼✶✱ ✼✷❪✳

❇❡s✐❞❡s t❤❡ ✈❛st ❛♠♦✉♥t ♦❢ r❡s❡❛r❝❤ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ t❤❡r❡ ❛r❡ st✐❧❧
♦♣❡♥ ♣r♦❜❧❡♠s✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛t✐♦♥❛❧ ✭❣❡♥❡r❛❧✐③❡❞✮ s♦❧✉t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥s ✇✐t❤ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❙✉❝❤ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t ✐s ✈❡r② ✐♠♣♦rt❛♥t ❢♦r s♦✲
❧✉t✐♦♥s ♦❢ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t s♠♦♦t❤ ❡♥♦✉❣❤ t♦ ❜❡ ❛ str♦♥❣
s♦❧✉t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♠✉❧t✐♣❧② t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ❜② ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ t❡st ❢✉♥❝t✐♦♥ ❛♥❞ t♦
tr❛♥s❢❡r s♦♠❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② t♦ t❤❡ t❡st ❢✉♥❝t✐♦♥ t❤r♦✉❣❤ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳ ❖❜s❡r✈❡ t❤❛t t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐❧❞ s♦❧✉t✐♦♥✱ ❜✉t ♥♦t ✈✐❝❡ ✈❡rs❛✳ ❙♦
❢❛r✱ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❛r❡ ♦♥❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✹✷❪ ✉♥❞❡r
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t ❛♥❞ ❞✐✛✉s✐♦♥ t❡r♠s ❛r❡ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❛♥❞ ❣❧♦❜❛❧❧② ♦r
❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❜♦✉♥❞❡❞
❣r♦✇t❤ ❛♥❞ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥s ❢r♦♠ ❬✹✷❪✳

❚❤✐s ✐s t❤❡ ✜rst ✇♦r❦ ❝♦♥❝❡r♥✐♥❣ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✇✐t❤ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❍❡♥❝❡✱ ✇❡ ✜❧❧ t❤❡ ❣❛♣ ♦❢ s♦❧✉t✐♦♥ ❝♦♥❝❡♣ts ♦❢ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❜② ✐♥✈❡st✐❣❛t✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s✳ ❙♦♠❡✲
t✐♠❡s✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ str❛t❡❣② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡ ❛s ✇❡❧❧✳ ❚❤✉s✱ ✇❡ ❡♥❧❛r❣❡ t❤❡
✐❞❡❛s ♦❢ ❬✻✺✱ ♣♣✳ ✶✸✶✕✶✸✸❪ ❝♦♥❝❡r♥✐♥❣ ❝r✉❝✐❛❧ ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❙✐♥❝❡ ♦t❤❡r
❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦❛❝❤❡s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢❛✐❧ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✉r st♦❝❤❛st✐❝
♣r♦❜❧❡♠✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ✐s ♦♥❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤✐s ♠❡t❤♦❞
✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ❬✹✼❪ ❛♥❞ t♦ ♣❛r❛❜♦❧✐❝ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✐♥ ❬✸✹❪✱ ❜♦t❤ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s✳

❙✐♥❝❡ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❝❧❛ss✐✜❡❞ ❛s ❛♥ ❡❧❧✐♣t✐❝✱ ♣❛r❛❜♦❧✐❝ ♦r ❤②♣❡r❜♦❧✐❝
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❢♦❧❧♦✇ ❛ ❣✐✈❡♥ ♣❛tt❡r♥ ✭❧✐❦❡ ✐♥ ❬✻✻✱ ✾✺❪✮ ✐♥ ♦r❞❡r
t♦ s♦❧✈❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ♥♦❜♦❞② ❤❛s tr❡❛t❡❞ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✉♥t✐❧ ♥♦✇✳ ▼♦❞❡st ❜❡❣✐♥♥✐♥❣s ✐♥
❝♦♥tr♦❧ t❤❡♦r② ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✸✱ ✾✵✱ ✶✵✷❪✳ ❇❡s✐❞❡s
t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ t❤❡s❡ ❛rt✐❝❧❡s ❝♦♥t❛✐♥ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛s✱ ❛♣♣r♦♣r✐❛t❡
♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ s♦♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s✳ ❊①❝❡♣t ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♣r♦❝❡❞✉r❡✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥❧✐♥❡❛r ❝❛s❡ ✐♥ ❬✸✱ ✻✽✱ ✻✾❪✳ ❋✐rst
st✉❞✐❡s ✐♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ r❡❢❡rr✐♥❣ t♦ t❤❡ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❛r❡ s✉❣❣❡st❡❞ ❢♦r t❤❡
❧✐♥❡❛r ❝❛s❡ ✐♥ ❬✺✻✱ ✺✼❪ ❛♥❞ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❝❛s❡ ✐♥ ❬✺✽❪✳

✷



✶✳✸✳ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❚❤❡s✐s

✶✳✸ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❚❤❡s✐s

❚❤❡ ✜rst ❈❤❛♣t❡r ✧■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ▼♦t✐✈❛t✐♦♥✧ ❝♦♥t❛✐♥s s♦♠❡ ♣❤②s✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❜❛❝❦✲
❣r♦✉♥❞s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❛♥❞ ✉s❡❢✉❧ r❡❢❡r❡♥❝❡s t♦ ❢♦r♠❡r ❛♥❞ ❝✉rr❡♥t ✇♦r❦s
✐♥ ♦r❞❡r t♦ ❝❧❛ss✐❢② t❤❡ ♣r❡s❡♥t t❤❡s✐s ✇✐t❤✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥t❡①t✳ ◆♦✇✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❡
str✉❝t✉r❡ ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥ t♦ ♦✉t❧✐♥❡ ✐ts ❝♦♥t❡♥t ✐♥ ❞❡t❛✐❧✳

❈❤❛♣t❡r t✇♦ ✐s ❝❛❧❧❡❞ ✧❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡♥❡ss ❘❡s✉❧ts✧ ❛♥❞ ❝♦✈❡rs ❛❧❧ t②♣❡s ♦❢ st♦❝❤❛st✐❝
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡❝❡ss❛r② ♥♦t❛t✐♦♥s✱ ✇❡ ✜rst
❢♦r♠✉❧❛t❡ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

dX(t) = i∆X(t) dt+ iλf(t,X(t)) dt+ ig(t,X(t)) dW (t), ❢♦r ❛❧❧ t ∈ [0, T ],

✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X(0) = ϕ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡♥
✇❡ ❞❡✜♥❡ ✐ts ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ t❤❛t ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♥❝❡♣t ♦❢ s♦❧✉t✐♦♥ ❛❝❝♦♠♣❛♥②✐♥❣ ✉s
t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ❛♥❞ s♦♠❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♠♦♦t❤♥❡ss ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦✈❡r ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✳

❆t ✜rst✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ♣❡rt✉r❜❡❞ ❜② ❛❞❞✐t✐✈❡ ♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❲❡ ❛ss✉♠❡ t❤❛t λ := iλ̃ ✇✐t❤ λ̃ > 0✱ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞
❜② t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f( · , v) := |v|2σv ❢♦r ❛❧❧ v ∈ C ✇✐t❤ σ ≥ 1 ❛♥❞ t❤❡ ♥♦✐s❡ t❡r♠
❝♦♥t❛✐♥s t❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ g( · , v) := −ig̃( · , v) ❢♦r ❛❧❧ v ∈ C ✇✐t❤ ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ g̃( · , v) ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❛♥❞ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss W ✭❝♦♠♣❛r❡ ❬✺✾❪✮✳ ❚❤❡
♠✐ss✐♥❣ ✐♠❛❣✐♥❛r② ✉♥✐t ✐♥ ❢r♦♥t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥
✷✳✷ ✭✇❤✐❝❤ ✐s ❛♣♣❧✐❡❞ ❢♦r ❛❧❧ σ ≥ 1✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦r ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✐♠❛❣✐♥❛r②
✉♥✐t ✐♥ ❢r♦♥t ♦❢ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ❞♦❡s ♥♦t ✐♠♣❧② ♠❛❥♦r ❝❤❛♥❣❡s✳

❲❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ■♥✐t✐❛❧❧②✱ ✇❡ s❤♦✇ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥✳
❚❤❡♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❛♥❞ ❛ s♣❡❝✐❛❧ tr✉♥❝❛t✐♦♥
✐s ✐♥tr♦❞✉❝❡❞ t♦ ♦❜t❛✐♥ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❛♥❞ t♦ st❛t❡ ❛♥❞ ♣r♦✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r t❤❡
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♦❧✉t✐♦♥ ❜② ❡♥❧❛r❣✐♥❣ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ✇♦r❦ ❬✻✺❪ t♦ t❤❡ st♦❝❤❛st✐❝
❝❛s❡✳ ❚❤❡r❡❛❢t❡r✱ ✇❡ ❞❡❞✉❝❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ❜② s❤♦✇✐♥❣ t❤❛t X ∈ L2p(Ω;C([0, T ];L2(0, 1))) ∩ L2p(Ω × [0, T ];H1(0, 1)) ❢♦r ❛❧❧ p ≥ 1✳
❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ♣♦ss✐❜❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s r❡❣❛r❞✐♥❣ ♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❧♦❝❛❧❧②
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦✐s❡✱ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ❛♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳

■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✱
✇❤❡r❡ λ > 0✱ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s t❤❡ s❛♠❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f( · , v) = |v|2σv ❢♦r ❛❧❧ v ∈ C

✇✐t❤ σ ∈ (0, 2)✱ g ✐s ❛ s♣❡❝✐❛❧ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐♥ X ❛♥❞W r❡♣r❡s❡♥ts ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❲✐❡♥❡r
♣r♦❝❡ss ✭s❡❡ ❬✻✵❪✮✳ ❉✉❡ t♦ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ σ ✐s r❡str✐❝t❡❞ t♦ t❤❡ ✐♥t❡r✈❛❧ (0, 2)✳

❘❡❢❡rr✐♥❣ t♦ ❛♥♦t❤❡r st♦❝❤❛st✐❝ ♣r♦❝❡ss✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❛♥s❢❡r t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♦♥❡✳ ❊①♣❧♦✐t✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♥♦✐s❡ ❛♥❞ ✉s✐♥❣ ●❛❧❡r❦✐♥
❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ r❡s✉❧ts✱ ✇❡ ♦❜t❛✐♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳ ▼♦r❡✲
♦✈❡r✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠✳
❚❤❡♥ ✇❡ ❡①t❡♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♣❡rt✐❡s t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲
❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ❛♥❞ ♣r♦✈❡ t❤❛t ✐ts s♦❧✉t✐♦♥ ❜❡❧♦♥❣s t♦
L2(Ω;C([0, T ];L2(0, 1)))∩L2(Ω;L∞([0, T ];H1(0, 1)))✳ ❋✐♥❛❧❧②✱ ✇❡ st❛t❡ s♦♠❡ r❡♠❛r❦s ❝♦♥❝❡r♥✐♥❣
❢✉rt❤❡r ❣❡♥❡r❛❧✐③❛t✐♦♥s ❛♥❞ r❡s❡❛r❝❤ ♣❡rs♣❡❝t✐✈❡s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✷ ❛♥❞ ❡s♣❡❝✐❛❧❧②
✐♥❞✐❝❛t❡ t❤❡ ♥❡❝❡ss❛r② ❝❤❛♥❣❡s ❢♦r ♦t❤❡r λ✳

❙❡❝t✐♦♥ ✷✳✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ t✇♦ ♣r❡❝❡❞✐♥❣ ❝❛s❡s ♦❢ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ✇✐t❤ r❡s♣❡❝t t♦
❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t ❢✉♥❝t✐♦♥ f ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✳ ❇❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❲✐rt✐♥❣❡r
❞❡r✐✈❛t✐✈❡s✱ ✇❡ ❦❡❡♣ ♦✉r ❛ss✉♠♣t✐♦♥s t♦ ❛ ♠✐♥✐♠✉♠ ✐♠♣❧②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②
❛♥❞ ❜♦✉♥❞❡❞ ❣r♦✇t❤ t❤❛t ✐s ❛t ✜rst ♣r♦✈❡❞ ❛♥❞ t❤❡♥ ✐❧❧✉str❛t❡❞ ❜② t✇♦ ❡①❛♠♣❧❡s✳ ❚❤❡ ❝❛s❡ ♦❢
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦✐s❡ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐s r❡❞✉❝❡❞ t♦ t❤❡ r❡s✉❧ts ✐♥ ❬✹✷❪✱ ❜✉t t❤❡② ❝❛♥ ❛❧s♦ ❜❡
s❤♦✇♥ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ♣❡rt✉r❜❡❞
❜② ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✐s ❤❛♥❞❧❡❞ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❜② t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t
♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳

✸



✶✳✸✳ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❚❤❡s✐s

❚❤❡ t❤✐r❞ ❈❤❛♣t❡r ✧❖♥ ❛ Pr♦❜❧❡♠ ♦❢ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✧ ♣♦ss❡ss❡s t❤r❡❡ s❡❝t✐♦♥s ❛♥❞ r❡❢❡rs t♦
t✇♦ s❡❧❡❝t❡❞ ❝❛s❡s ♦❢ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ♦❢ ❈❤❛♣t❡r ✷ ✐♥❝❧✉❞✐♥❣ ❜✐❧✐♥❡❛r ❝♦♥tr♦❧s✳ ■♥✐t✐❛❧❧②✱ ✐♥
❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ t❡r♠
t❤❛t ♣r❡s❡r✈❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧

J(U) := γE
∥

∥XU (T )− y
∥

∥

2
+ βE

∫ T

0

‖U(t)−Υ(t)‖2 dt

❢♦r ❛❧❧ U ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s✱ t❤❡ q✉❡st✐♦♥ ♦❢ s♦❧✈❛❜✐❧✐t② ♦❢ t❤✐s ❝♦♥tr♦❧ ♣r♦❜❧❡♠
✐s tr❡❛t❡❞ ❥✉st ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧✳ ❈✉rr❡♥t❧②✱
t❤✐s ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❝❛♥ ♦♥❧② ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜✲
❧❡♠s t❤❛t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ ♣❛t❤✇✐s❡ ❛♥❛❧♦❣✉❡ ❛♥❞ ✐♥❝❧✉❞❡s ❛ ❝♦♥tr♦❧ t❡r♠ t❤❛t ❡✐t❤❡r ❞❡♣❡♥❞s
♦♥ t✐♠❡ ♦r ♦♥ s♣❛❝❡✳ ❚❤✉s✱ ✇❡ tr❡❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✇❤✐❧❡ ✇❡ r❡❢❡r t♦ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❙❡❝t✐♦♥
✸✳✷ ❛♥❞ t♦ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

❋♦r ❜♦t❤ ❝❛s❡s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✿ ❯♥❞❡r s♦♠❡ str♦♥❣❡r ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ❈❤❛♣t❡r
✷✱ ✇❡ tr❛♥s❢❡r t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♦♥❡ ❛♥❞ ❛♣♣❧② t❤❡
❝♦♥st✐t✉t❡❞ ❡st✐♠❛t❡s ✐♥ ❢♦r♠ ♦❢ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs✳ ❆t ✜rst✱ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s r❡❢❡rr✐♥❣ t♦ t✇♦ ❛❞♠✐ss✐❜❧❡
❝♦♥tr♦❧s t❤❛t ❞✐✛❡r ♦♥❧② s❧✐❣❤t❧②✳ ■t r❡s✉❧ts ❛ ♣r♦❝❡ss t❤❛t ✐s ❛❧s♦ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ❛ ♣❛t❤✇✐s❡
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛♥❞ ❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧② ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✇♦ ❝♦♥s✐❞❡r❡❞ ❝♦♥tr♦❧s✳
❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ r❡❛❧❧② ❡①✐sts ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s
t❤❡ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧✳

❆✐♠✐♥❣ t♦ ♦❜t❛✐♥ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐s r❡❣❛r❞❡❞✳ ❲❡ s❤♦✇ ❛❣❛✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ❛♥❞
♦❜s❡r✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s t❤❛t ♣♦ss❡ss ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤❡♥ ✇❡ st❛t❡
s✉✐t❛❜❧❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛♥❞ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠✳ ❚❤❡r❡❛❢t❡r✱ ✇❡ ❡st❛❜❧✐s❤ ❛♥❛❧♦❣✉❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♣r♦❝❡ss
♦❢ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ❛♥❞ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞
❛❞❥♦✐♥t ❙❝❤ö❞✐♥❣❡r ♣r♦❜❧❡♠✳ ❲❤✐❧❡ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ✐♥ t❤❡ s❡♥s❡ ♦❢ ●ât❡❛✉①✱ ✇❡
s❦✐❧❧❢✉❧❧② ❝♦♠❜✐♥❡ t❤❡s❡ t✇♦ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❛r✐s❡s ❢r♦♠ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
❧✐♥❡❛r ❝♦♥tr♦❧ t❤❡♦r② ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s ♦❢ t❤❡ st❛t❡ ❡q✉❛t✐♦♥
❛r❡ ♠❛♥❛❣❡❞ ❜② ❛ ❧✐♥❡❛r ❚❛②❧♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s✳ ❆t t❤❡ ❡♥❞✱ ✇❡
♦❜t❛✐♥ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ✇❤♦s❡ str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐♥❡❛r ❝❛s❡ ❛❧t❤♦✉❣❤ t❤❡ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤❡ ❧✐♥❡❛r ❝❛s❡✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❢♦r♠✉❧❛t❡
❛ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ❛♥❞ ❞✐s❝✉ss ❢✉rt❤❡r
❣❡♥❡r❛❧✐③❛t✐♦♥s✳

❋✐♥❛❧❧②✱ s♦♠❡ ❛✉①✐❧✐❛r② r❡s✉❧ts ❛♥❞ ✉s❡❢✉❧ ❤✐♥ts ♦❢ st♦❝❤❛st✐❝ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❛r❡ st❛t❡❞ ✐♥
t❤❡ ❆♣♣❡♥❞✐①✳ ❚❤❡r❡ ❛r❡ ❞❡t❛✐❧s ❢♦r ❞❡❡♣❡r ✉♥❞❡rst❛♥❞✐♥❣ r❡❣❛r❞✐♥❣ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss
❛♥❞ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♦❧✉t✐♦♥ ❝♦♥❝❡♣ts ♦❢ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛✱ ✈❛r✐♦✉s ✐♠♣♦rt❛♥t ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ r❡❧❛t✐♦♥s ♦❢ t❤❡
♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ ❛ ❣❡♥❡r❛❧✐③❡❞ ❞r✐❢t ❢✉♥❝t✐♦♥ ❛r❡ ✐♥❞✐❝❛t❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ❜❛s✐❝
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛♥❞ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ❛r❡ ♣r♦✈❡❞✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❲✐rt✐♥❣❡r ❞❡r✐✈❛✲
t✐✈❡s ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❛r❡ ❡①♣❧❛✐♥❡❞ ❛s
✇❡❧❧✳

✹



✷ ❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡♥❡ss ❘❡s✉❧ts

✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ Pr♦❜❧❡♠

❚♦ ❛✈♦✐❞ ❛♠❜✐❣✉✐t②✱ ✇❡ ♣❧❛❝❡ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳ ❇❡❧♦✇✱ t❤❡ s❡t
R+ := {x ∈ R : x > 0} ❝♦♥s✐sts ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧✲✈❛❧✉❡❞ ♥✉♠❜❡rs✳ B(X) ❞❡♥♦t❡s t❤❡ σ✲❛❧❣❡❜r❛
♦❢ ❛❧❧ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ s❡ts ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X✳ ❚❤❡ ❝❛♣✐t❛❧ ❧❡tt❡r C r❡♣r❡s❡♥ts ❛ ❣❡♥❡r✐❝
♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ✇❤♦s❡ ✈❛❧✉❡ ♠❛② ✈❛r② ❢r♦♠ ❧✐♥❡ t♦ ❧✐♥❡✱ ❛♥❞ C( · ) ❡♠♣❤❛s✐③❡s ✐ts ❞❡♣❡♥❞❡♥❝❡✳

▲❡t K ❜❡ ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❧❡t H := L2(0, 1) ❛♥❞ V := H1(0, 1) ❜❡ s♣❛❝❡s ♦❢
❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ H ✐s ❣✐✈❡♥ ❜②

(

u, v
)

:=

∫ 1

0

u(x) v(x) dx, ❢♦r ❛❧❧ u, v ∈ H,

✇❤❡r❡ v ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ v✱ ✇❤✐❧❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ V ✐s ❝♦♥st✐t✉t❡❞ ❜②

(

u, v
)

V
:=

∫ 1

0

[

u(x) v(x) +
d

dx
u(x)

d

dx
v(x)

]

dx, ❢♦r ❛❧❧ u, v ∈ V.

❚❤❡ ♥♦r♠s ✐♥ H ❛♥❞ V ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ‖ · ‖ ❛♥❞ ‖ · ‖V ✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t V ∗ ❜❡ t❤❡ ❞✉❛❧ s♣❛❝❡
♦❢ V ❛♥❞ 〈 · , · 〉 ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ♦❢ V ∗ ❛♥❞ V ✳ ❍❡♥❝❡✱ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ H ❛♥❞
V ❛s s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s ❛♥❞ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ H ✇✐t❤ ✐ts ❞✉❛❧ s♣❛❝❡ H∗✱ ❞✉❡ t♦ ❘✐❡s③✬
r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ❛❧❧♦✇ t♦ ✇♦r❦ ♦♥ ❛ tr✐♣❧❡ ♦❢ r✐❣❣❡❞ ❍✐❧❜❡rt s♣❛❝❡s (V,H, V ∗)✳ ❚❤✐s tr✐♣❧❡
❤❛s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡♥s❡ ❡♠❜❡❞❞✐♥❣s ❡❛❝❤ ❛♥❞ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s ❛ ●❡❧❢❛♥❞ tr✐♣❧❡ ✭s❡❡ ❬✽✷✱ ♣✳ ✺✺❪✮✳

▼♦r❡♦✈❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r A : V → V ∗ ❞❡✜♥❡❞ ❜② t❤❡ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠

〈

Au, v
〉

:=

∫ 1

0

d

dx
u(x)

d

dx
v(x) dx, ❢♦r ❛❧❧ u, v ∈ V, ✭✷✳✶✮

✇❤❡r❡ t❤❡ s②♠♠❡tr② ✐♠♣❧✐❡s t❤❛t
〈

Au, v
〉

=
〈

Av, u
〉

✳ ❇② ❞❡✜♥✐t✐♦♥ ✐t ❤♦❧❞s t❤❛t

〈

Av, v
〉

=

∥

∥

∥

∥

dv

dx

∥

∥

∥

∥

2

= ‖v‖2V − ‖v‖2 ❛♥❞ ‖Av‖V ∗ ≤ ‖v‖V , ❢♦r ❛❧❧ v ∈ V.

❍❡♥❝❡✱ A : V → V ∗ ✐s ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ✇❤✐❝❤ ✇❡ r❡❣❛r❞ ✇✐t❤ r❡s♣❡❝t t♦ ❤♦♠♦✲
❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❘❡q✉✐r✐♥❣✱ ✐♥ ❛❞❞✐t✐♦♥✱ t❤❛t Av ∈ H ❢♦r ❛❧❧ v ∈ V ✱ t❤❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ Ahk = µkhk ❢♦r ❛❧❧ k ∈ N ✐s s❛t✐s✜❡❞✱ ✇❤❡r❡ (µk)k∈N ✐s t❤❡ ✐♥❝r❡❛s✐♥❣ s❡✲
q✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ (hk)k∈N t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ❚❤❡ r❡❛❧✲✈❛❧✉❡❞
❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜② µk := (k − 1)2π2 ❢♦r k = 1, 2, . . . ❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s

hk(x) :=

{

1 : k = 1,√
2 cos((k − 1)πx) : k = 2, 3, . . .

❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ s②st❡♠ ✐♥ H ❛♥❞ ❛♥ ♦rt❤♦❣♦♥❛❧ s②st❡♠ ✐♥ V s✐♥❝❡ ✭✉s✐♥❣ t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛
δjk✮ ✇❡ ❣❡t

(

hj , hk
)

V
=
(

hj , hk
)

+
〈

Ahj , hk
〉

= (1 + µj)δjk ❢♦r ❛❧❧ j, k ∈ N✳ ❖❜✈✐♦✉s❧②✱ ❢♦r ❛❧❧
u ∈ H ❛♥❞ ❛❧❧ v ∈ V ✐t ❢♦❧❧♦✇s t❤❛t

u =

∞
∑

k=1

(

u, hk
)

hk, Av =

∞
∑

k=1

µk

(

v, hk
)

hk ❛♥❞
〈

Av, v
〉

=

∞
∑

k=1

µk

∣

∣

(

v, hk
)∣

∣

2 ≥ 0.

✺
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◆❡①t✱ ✇❡ ✐♥❞✐❝❛t❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s ❢♦r t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❋♦r ❡❛❝❤ n ∈ N✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ Hn := span{h1, h2, . . . , hn} ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝✲
t✐♦♥ πn : H → Hn ❝♦♥st✐t✉t❡❞ ❜②

πnu :=

n
∑

k=1

(

u, hk
)

hk, ❢♦r ❛❧❧ u ∈ H. ✭✷✳✷✮

■t ❡s♣❡❝✐❛❧❧② ❤♦❧❞s ❢♦r ❛❧❧ u ∈ H ❛♥❞ ❛❧❧ h ∈ Hn t❤❛t
(

πnu, h
)

=
(

u, h
)

, ‖πnu‖2 ≤ ‖u‖2 ❛♥❞ lim
n→∞

‖πnu− u‖2 = 0. ✭✷✳✸✮

❖❜s❡r✈❡ t❤❛t t❤❡ ♥♦r♠s ‖ · ‖ ❛♥❞ ‖ · ‖V ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ Hn✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

‖u‖2 ≤ ‖u‖2V = ‖u‖2 +
〈

Au, u
〉

≤ (1 + µn)‖u‖2, ❢♦r ❛❧❧ u ∈ Hn, ✭✷✳✹✮

s✐♥❝❡ µn = max{µk : k ∈ {1, 2, . . . , n}}✱ ❛♥❞ t❤❡ ♦♣❡r❛t♦r A : Hn → Hn ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s
❛♥❞ s❛t✐s✜❡s

Au =

n
∑

k=1

µk

(

u, hk
)

hk,
〈

Au, u
〉

=

n
∑

k=1

µk

∣

∣

(

u, hk
)∣

∣

2
=

∥

∥

∥

∥

du

dx

∥

∥

∥

∥

2

≥ 0, ❢♦r ❛❧❧ u ∈ Hn, ✭✷✳✺✮

❛♥❞
(

v,Au
)

=
〈

Au, v
〉

≤
∥

∥

∥

∥

du

dx

∥

∥

∥

∥

∥

∥

∥

∥

dv

dx

∥

∥

∥

∥

, ❢♦r ❛❧❧ u, v ∈ Hn. ✭✷✳✻✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

dX(t, x) = − iAX(t, x) dt+ iλf(t,X(t, x)) dt+ ig(t,X(t, x)) dW (t)

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X(0, · ) = ϕ( · ) ∈ V ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

∂

∂x
X(t, x)

∣

∣

∣

∣

x=0

=
∂

∂x
X(t, x)

∣

∣

∣

∣

x=1

= 0, ❢♦r ❛❧❧ t ∈ [0, T ].

❆ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ✐♥ ❉❡✜♥✐t✐♦♥
✷✳✶✳✶✳ ❍❡r❡✱ X ✐s t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ r❛♥❞♦♠ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t ∈ [0, T ] ❛♥❞ x ∈ [0, 1]✱
i ✐s t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✱ A r❡♣r❡s❡♥ts t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥❡❣❛t✐✈❡ ▲❛♣❧❛❝✐❛♥✱ ✇❤✐❝❤ ✐s ✐♥ ❛ ❢♦r♠❛❧
s❡♥s❡ ❞❡✜♥❡❞ ❜② ✭✷✳✶✮✱ ❛♥❞ T > 0 ✐s ✜①❡❞✳ ❚❤❡ ❝♦♥st❛♥t λ ∈ C ❛♥❞ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ♥♦♥❧✐♥❡❛r
❞r✐❢t ❢✉♥❝t✐♦♥ f ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ✐♥ ❡❛❝❤ ♣❛rt✐❝✉❧❛r s❡❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t (Ω,F , (Ft)t∈[0,T ], P )
❜❡ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡t❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ L2(K,H) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs
❢r♦♠K ✐♥t♦H✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ g : Ω×[0, T ]×H → L2(K,H) ✐s ♠❡❛s✉r❛❜❧❡✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ s ∈ [0, t] ✐t ❤♦❧❞s t❤❛t {(ω, s, x) : g(ω, s, x) ∈ A} ∈ Ft×B([0, t]×H) ❢♦r ❛❧❧
A ∈ B(L2(K,H)) ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❆s ❝✉st♦♠❛r②✱ ✇❡ s✉♣♣♦s❡ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
♥♦r♠

‖g(t, u)‖2L2(K,H) :=

∞
∑

j=1

‖g(t, u)ej‖2, ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ u ∈ H, ✭✷✳✼✮

✇❤❡r❡ (ej)j∈N ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ K ✭s❡❡ ❬✹✻✱ ♣♣✳ ✶✷ ❢✳❪ ♦r ❬✽✷✱ ♣♣✳ ✶✵✾✕✶✶✸❪✮✳ ■♥ ♦r❞❡r t♦
❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✱ g ❤❛s t♦ s❛t✐s❢② t❤❡ s✉❜s❡q✉❡♥t ❛ss✉♠♣t✐♦♥s✿

• t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t cg > 0 s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ u, v ∈ H

‖g(t, u)− g(t, v)‖2L2(K,H) ≤ cg‖u− v‖2, ✭✷✳✽✮

• t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t kg > 0 s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V

‖g(t, v)‖2L2(K,V ) ≤ kg
(

1 + ‖v‖2V
)

. ✭✷✳✾✮

✻



✷✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ Pr♦❜❧❡♠

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠ ❛♥❞ ♣r♦♣❡rt✐❡s ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮ ♦❢ g ②✐❡❧❞ ❢♦r
❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ u ∈ H

‖g(t, 0)‖2L2(K,H) ≤ ‖g(t, 0)‖2L2(K,V ) ≤ kg
(

1 + ‖0‖2V
)

= kg,

‖g(t, u)‖2L2(K,H) ≤ 2‖g(t, u)− g(t, 0)‖2L2(K,H) + 2‖g(t, 0)‖2L2(K,H) ≤ 2cg‖u‖2 + 2kg. ✭✷✳✶✵✮

❋✐♥❛❧❧②✱ ❧❡t (W (t))t∈[0,T ] ❜❡ ❛ K✲✈❛❧✉❡❞ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ❛❞❛♣t❡❞ t♦ t❤❡ ✜❧tr❛t✐♦♥
(Ft)t∈[0,T ]✳ ◆♦t✐❝❡ t❤❛t ❛ ❝♦rr❡❝t ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❋♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✱
t❤❡ ❡①♣❧✐❝✐t ❞❡♣❡♥❞❡♥❝❡s ♦♥ ω ∈ Ω ❛♥❞ x ∈ [0, 1] ✇✐❧❧ ❜❡ ♥❡❣❧❡❝t❡❞ s✉❝❤ t❤❛t ✇❡ r❡❣❛r❞ t❤❡
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

dX(t) = − iAX(t) dt+ iλf(t,X(t)) dt+ ig(t,X(t)) dW (t), X(0) = ϕ ∈ V ✭✷✳✶✶✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❍❡r❡ ❛♥❞ ❜❡❧♦✇✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛r❡ ✐♥❝❧✉❞❡❞ ✐♠♣❧✐❝✐t❧② ✐♥ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✮ ♦❢ t❤❡ ♦♣❡r❛t♦r A✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✷✳✶✶✮ ✐s
❞❡✜♥❡❞ ❜② t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

X(t) = ϕ− i

∫ t

0

AX(s) ds+ iλ

∫ t

0

f(s,X(s)) ds+ i

∫ t

0

g(s,X(s)) dW (s)

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ s✐❣♥✐❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❆ ♣r♦❝❡ss X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × [0, T ];V ) ✐s ❝❛❧❧❡❞ ❛ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✶✮ ✐❢ ✐t ❢✉❧✜❧❧s

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(s,X(s)), v
)

ds

+ i

(∫ t

0

g(s,X(s)) dW (s), v

)
✭✷✳✶✷✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳

❚♦ ❞❡r✐✈❡ ❤✐❣❤❡r✲♦r❞❡r ♠♦♠❡♥t ❡st✐♠❛t❡s ✐♥ L2p(Ω;C([0, T ];H)) ❛♥❞ L2p(Ω × [0, T ];V ) ❢♦r
p ≥ 1✱ t❤❡ ❛ss✉♠♣t✐♦♥ ϕ ∈ V ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❡ss❡♥t✐❛❧✳ ▲❡t C(G) ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢
❛❧❧ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s f : G → R✳ ❚❤❡♥ ✐t ❤♦❧❞s ❢♦r ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t G ⊂ R

t❤❛t H1(G) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C(G) ❜❡❝❛✉s❡ ♦❢ ❙♦❜♦❧❡✈✬s ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ✭❝♦♠♣❛r❡
❢♦r ❡①❛♠♣❧❡ ❬✶✵✺✱ ♣✳ ✶✵✷✾✱ ✭✹✼✮ ❈❛s❡ ✺❪✮ ❛♥❞ C(G) ✐ts❡❧❢ ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ Lq(G) ❢♦r
❛❧❧ 1 ≤ q ≤ ∞✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ϕ ∈ V t❤❛t ϕ ∈ Lq(0, 1) ❢♦r ❛❧❧ 1 ≤ q ≤ ∞✳ ▼♦r❡♦✈❡r✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ϕ ∈ V t♦ ❛♥ F0✲♠❡❛s✉r❛❜❧❡ ϕ ∈ L2(Ω;V )✳ ■♥
❝♦♥tr❛st✱ t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❤✐❣❤❡r✲♦r❞❡r ♠♦♠❡♥t ❡st✐♠❛t❡s ✐♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❤❛s t♦ r❡q✉✐r❡ t❤❛t
ϕ ∈ L2p(Ω;H) ❛♥❞ ϕ ∈ L2p(Ω;V )✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ s✐♥❝❡ ❛♥ F0✲
♠❡❛s✉r❛❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ϕ ∈ L2(Ω;V ) ✐♠♣❧✐❡s t❤❛t ϕ ✐s ❝♦♥st❛♥t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ✇❡ r❡str✐❝t
♦✉rs❡❧❢ t♦ t❤❡ ❝❛s❡ ϕ ∈ V ✐♥ t❤✐s t❤❡s✐s✳

❇❡✐♥❣ ✐♥t❡r❡st❡❞ ✐♥ ♦t❤❡r s♦❧✉t✐♦♥ ❝♦♥❝❡♣ts t❤❛♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♦♥❡ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✱ ✇❡
r❡❝♦♠♠❡♥❞ t♦ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❆♣♣❡♥❞✐① ❇✳ ❍❡r❡✱ ✇❡ ✇❛♥t t♦ ✇♦r❦ ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ❛♥❞ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐♥ t❤❡ s❡♥s❡ ♦❢ ■tô✳
❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ ξ ∈ L2(Ω× [0, T ];H) ❛s ❛♥
H✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

∫ T

0

g(s, ξ(s)) dW (s) :=

∞
∑

j=1

∫ T

0

g(s, ξ(s))ej dβj(s)

✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (ej)j∈N ♦❢ K ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲✈❛❧✉❡❞
❲✐❡♥❡r ♣r♦❝❡ss❡s

(

(βj(t))t∈[0,T ]

)

j∈N
✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ❚❤✐s s❡r✐❡s ❝♦♥✈❡r❣❡s ✐♥ L2(Ω;H) ❛♥❞ ♦♥❡

❝❛♥ ♣r♦✈❡ t❤❡ ■tô ✐s♦♠❡tr②

E

∥

∥

∥

∥

∥

∫ T

0

g(s, ξ(s)) dW (s)

∥

∥

∥

∥

∥

2

= E

∫ T

0

‖g(s, ξ(s))‖2L2(K,H) ds

✼



✷✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ Pr♦❜❧❡♠

❛♥❞ t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭❝♦♠♣❛r❡ ❬✽✼✱ ♣✳ ✹✹✱ ❚❤❡♦r❡♠ ✼❪✮✱ ✇❤✐❝❤ ❡s♣❡❝✐❛❧❧②
st❛t❡s t❤❛t ❢♦r ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s τ ∈ [0, T ] ✇❡ ❤❛✈❡

E sup
t∈[0,τ ]

∥

∥

∥

∥

∫ t

0

g(s, ξ(s)) dW (s)

∥

∥

∥

∥

≤ 3E

[∫ τ

0

‖g(s, ξ(s))‖2L2(K,H) ds

]
1
2

. ✭✷✳✶✸✮

❚❤✉s✱ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ ♦❜❡②s
(∫ t

0

g(s,X(s)) dW (s), v

)

=

∞
∑

j=1

∫ t

0

(

g(s,X(s))ej , v
)

dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ].

◆♦t✐❝❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ♥♦✐s❡ ✐♥❝❧✉❞❡s ❛❞❞✐t✐✈❡ ❛s ✇❡❧❧ ❛s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡✳ ❍♦✇✲
❡✈❡r✱ ✇❡ t❤✐♥❦ ♦❢ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ✇✐t❤ g ∈ L2(K,H) ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❧❡t
(ek)k∈N ❜❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ K ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r Q
✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s (λk)k∈N s✉❝❤ t❤❛t Qek = λkek ❢♦r ❛❧❧ k ∈ N ✇✐t❤ λk ≥ 0✱ ❛♥❞ ③❡r♦
✐s t❤❡ ♦♥❧② ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ (λk)k∈N ✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ❆✮✳ ▲❡tt✐♥❣ (hk)k∈N

❜❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ s②st❡♠ ♦❢ H✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦r g ❢r♦♠ K ✐♥t♦ H ✭s❡❡
❬✹✻✱ ♣♣✳ ✶✷ ❢✳❪✮ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧② ❝♦♥st✐t✉t❡❞ ❜②

gu :=

∞
∑

k=1

√

λk
(

u, ek
)

K
hk, ❢♦r ❛❧❧ u ∈ K.

❉✉❡ t♦ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝♦♥❞✐t✐♦♥

‖g‖2L2(K,H) =

∞
∑

j=1

‖gej‖2 =

∞
∑

j=1

∥

∥

∥

∥

∥

∞
∑

k=1

√

λk
(

ej , ek
)

K
hk

∥

∥

∥

∥

∥

2

=

∞
∑

j=1

∥

∥

∥

√

λjhj

∥

∥

∥

2

=

∞
∑

j=1

λj <∞.

❍❡♥❝❡✱ ✇❡ ❣❡t ❛♥ H✲✈❛❧✉❡❞ Q✲❲✐❡♥❡r ♣r♦❝❡ss (W̃ (t))t∈[0,T ] ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜②

W̃ (t) := gW (t) =

∞
∑

j=1

gejβj(t) =

∞
∑

j=1

√

λjhjβj(t), ❢♦r ❛❧❧ t ∈ [0, T ], ✭✷✳✶✹✮

✇❤❡r❡ (βj(t))t∈[0,T ] ✇✐t❤ j ∈ {n ∈ N : λn > 0} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲✈❛❧✉❡❞ ❲✐❡♥❡r ♣r♦❝❡ss❡s ✭❝♦♠✲
♣❛r❡ ❆♣♣❡♥❞✐① ❆✮✳ ❚❤❡ s❡r✐❡s ✭✷✳✶✹✮ ❡✈❡♥ ❝♦♥✈❡r❣❡s ✐♥ L2(Ω;C([0, T ];H))✱ ❛♥❞ t❤✉s ❛❧✇❛②s ❤❛s ❛
P ✲❛✳s✳ ❝♦♥t✐♥✉♦✉s ♠♦❞✐✜❝❛t✐♦♥ ✭s❡❡ ❬✶✾✱ ♣♣✳ ✽✻✕✽✾❪ ♦r ❬✽✷✱ ♣✳ ✶✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵❪✮✳ ❚♦ ❡♥s✉r❡
t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s (X(t))t∈[0,T ] ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(s,X(s)), v
)

ds+ i

(∫ t

0

g dW (s), v

)

✭✷✳✶✺✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ V ✱ t❤❡ ❛ss✉♠♣t✐♦♥

∞
∑

j=1

λjµ
2
j <∞

❤❛s t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❛s ✇❡❧❧✱ ✇❤❡r❡ (λj)j∈N ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r Q ❛♥❞
(µj)j∈N ❛r❡ t❤♦s❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ▲❛♣❧❛❝✐❛♥ A ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❆❝❝♦r❞✐♥❣❧②✱ ❞✉❡ t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✹✮ ♦❢ ❛♥ H✲✈❛❧✉❡❞ Q✲❲✐❡♥❡r ♣r♦❝❡ss✱ t❤❡ st♦❝❤❛st✐❝
✐♥t❡❣r❛❧ ✐♥ ✭✷✳✶✺✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✇✐t❤ W̃ (t) = gW (t) ❛♥❞ g ∈ L2(K,H) s✉✣❝❡s

(∫ t

0

dW̃ (s), v

)

=

(∫ t

0

g dW (s), v

)

=

∞
∑

j=1

√

λj

∫ t

0

(

hj , v
)

dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ].

■♥ ❬✺✻✱ ✺✼❪ t❤❡ ❝♦♥tr♦❧❧❡❞ st♦❝❤❛st✐❝ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

dX(t) = − iAX(t) dt+ iU(t)X(t) dt+ i dW̃ (t), ❢♦r ❛❧❧ t ∈ [0, T ],

✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❛♥❞ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❛♥❛❧②③❡❞✳ ❚❤❡ ❡q✉❛t✐♦♥ ❝♦♥t❛✐♥s

✽



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ U ❛♥❞ ✐s ♣❡rt✉r❜❡❞ ❜② ❛♥ ❛❞❞✐t✐✈❡ H✲✈❛❧✉❡❞ Q✲❲✐❡♥❡r ♣r♦❝❡ss (W̃ (t))t∈[0,T ]

✭❢♦r ♠♦r❡ ❞❡t❛✐❧s ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❬✺✻✱ ❈❤❛♣t❡r ✷❪✮✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱
t❤❡ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛ ✭❈✳✷✮ ❛♥❞ t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ ✐t ✐s s❤♦✇♥
t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× [0, T ];V )✱ ✇❤✐❝❤
✐s ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r t❤❡ ✉♥❝♦♥tr♦❧❧❡❞ ♣r♦❜❧❡♠✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ s✐♠♣❧② ❡①♣❛♥❞❡❞✱ ❢♦r ❡①❛♠♣❧❡✱
❜② ❝❤♦♦s✐♥❣ ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ϕ ∈ V ✱ ❛♥② ❦✐♥❞ ♦❢ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✐♥❝❧✉❞✐♥❣
❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s g ✐♥ ❢r♦♥t ♦❢ t❤❡ ❲✐❡♥❡r ♣r♦❝❡ss ♦r ❡✈❡♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❛♣♣r♦❛❝❤ s✉❣❣❡sts✳ ❑❡❡♣✐♥❣ t❤❡s❡ r❡s✉❧ts ✐♥ ♠✐♥❞✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡
✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳

✷✳✷ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❘❡❢❡rr✐♥❣ t♦ ❬✺✾❪✱ ✇❡ ✐♥✐t✐❛❧❧② ❝♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

dX(t) = − iAX(t) dt− λf(X(t)) dt+ g(t,X(t)) dW (t), X(0) = ϕ ∈ V ✭✷✳✶✻✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ♥♦t❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ♣r❡s✉♠❡ λ ∈ R+

❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t ❢✉♥❝t✐♦♥ f : V → H t♦ ❜❡ ❞❡✜♥❡❞ ❜② f(v) := |v|2σv ❢♦r ❛❧❧ v ∈ V ✱ ✇❤❡r❡
σ ≥ 1 ✐s ✜①❡❞✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸✳ ■♥
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✭✷✳✶✶✮✱ ♥♦t✐❝❡ t❤❛t t❤❡ s✐❣♥ ❛♥❞ t❤❡ ♠✐ss✐♥❣ ✐♠❛❣✐♥❛r② ✉♥✐t ✐♥ ❢r♦♥t ♦❢ t❤❡ ❞r✐❢t
t❡r♠ ❛r❡ ♥❡❝❡ss❛r② ❞✉❡ t♦ ♦✉r ❛♣♣r♦❛❝❤✱ ✇❤✐❧❡ t❤❡ s✐❣♥ ❛♥❞ t❤❡ ♠✐ss✐♥❣ ✐♠❛❣✐♥❛r② ✉♥✐t ✐♥ ❢r♦♥t ♦❢
t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ❞♦ ♥♦t ✐♥❝❧✉❞❡ ♠❛❥♦r ❝❤❛♥❣❡s ❛♥❞ ❛r❡✱ t❤❡r❡❢♦r❡✱ ♦♥❧② ❛❞❥✉st❡❞ t♦ t❤❡ ♣r♦❜❧❡♠✳
■♥❞❡❡❞✱ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦❜❧❡♠ ✭✷✳✶✶✮ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❜②
❝❤♦♦s✐♥❣ λ := iλ̃ ❛♥❞ g(t,X(t)) := −i g̃(t,X(t)) ✐♥ ✭✷✳✶✶✮ ✇✐t❤ λ̃ > 0 ❛♥❞ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s
❢♦r g̃ ❛s ❢♦r g✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇r✐t❡ λ ❛♥❞ g ✐♥st❡❛❞ ♦❢ λ̃ ❛♥❞ g̃✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛
♣r♦❝❡ss X ∈ L2(Ω;C([0, T ];H))∩L2(Ω× [0, T ];V ) ✐s ❝❛❧❧❡❞ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝
♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✻✮ ✐❢ ✐t ❢✉❧✜❧❧s

(

X(t), v
)

=
(

ϕ, v
)

−i
∫ t

0

〈

AX(s), v
〉

ds−λ
∫ t

0

(

f(X(s)), v
)

ds+

(∫ t

0

g(s,X(s)) dW (s), v

)

✭✷✳✶✼✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❯s✐♥❣ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❛♥❞ ❛ s♣❡❝✐❛❧ tr✉♥❝❛t✐♦♥
❢✉♥❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✼✮✳

❆t ✜rst✱ ✇❡ ♣♦✐♥t ♦✉t s♦♠❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ f ✳ ❉✉❡ t♦ ▲❡♠♠❛
❉✳✷✱ ✐t ❢♦❧❧♦✇s ❢♦r ❛❧❧ v ∈ V t❤❛t

‖f(v)‖2 =

∫ 1

0

|v(x)|2(2σ+1)
dx ≤ sup

x∈[0,1]

|v(x)|2(2σ+1) ≤ 22σ+1‖v‖2(2σ+1)
V . ✭✷✳✶✽✮

❍❡♥❝❡✱ f : V → H ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ♥♦ ❢✉♥❝t✐♦♥ ❢r♦♠ H ✐♥t♦ H✳ ▼♦r❡♦✈❡r✱ f ✐s ♥♦t ❧♦❝❛❧❧②
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡ ❛s ✐♥ ❬✹✷❪ ❜❡❝❛✉s❡ ▲❡♠♠❛ ❉✳✹ ✭❜✮ ❛♥❞ ▲❡♠♠❛ ❉✳✷ ②✐❡❧❞

‖f(u)− f(v)‖2 =

∫ 1

0

∣

∣|u(x)|2σu(x)− |v(x)|2σv(x)
∣

∣

2
dx

≤ 4σ2

∫ 1

0

(

|u(x)|2σ + |v(x)|2σ
)2 |u(x)− v(x)|2 dx

≤ 8σ2 sup
x∈[0,1]

(

|u(x)|4σ + |v(x)|4σ
)

‖u− v‖2

≤ 22σ+3σ2
(

‖u‖4σV + ‖v‖4σV
)

‖u− v‖2 , ❢♦r ❛❧❧ u, v ∈ V.

✭✷✳✶✾✮

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♠❛❦❡ ✉♣ ❢♦r t❤✐s ❢❛❝t ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ❉✳✺ t❤❛t r❡s✉❧ts ✐♥

Re
(

f(u)− f(v), u− v
)

≥ 0, ❢♦r ❛❧❧ u, v ∈ V, ✭✷✳✷✵✮

❛♥❞✱ ❝❤♦♦s✐♥❣ v ≡ 0✱ ✐t ❡s♣❡❝✐❛❧❧② ❤♦❧❞s t❤❛t

Re
(

f(u), u
)

≥ 0, ❢♦r ❛❧❧ u ∈ V. ✭✷✳✷✶✮

✾



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

✷✳✷✳✶ ❯♥✐q✉❡♥❡ss ❛♥❞ ❆ Pr✐♦r✐ ❊st✐♠❛t❡s

❲❤✐❧❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮
✐s s❤♦✇♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✷✱ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡ ✐ts ✉♥✐q✉❡♥❡ss✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ■❢ X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × [0, T ];V ) ✐s ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✱ t❤❡♥ ✐t ✐s ✉♥✐q✉❡✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t X, X̂ ∈ L2(Ω;C([0, T ];H))∩L2(Ω× [0, T ];V ) ❛r❡ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢
t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✳ ❇② ❞❡♥♦t✐♥❣ δX := X − X̂✱ ✇❡ ❣❡t

(

δX(t), v
)

=− i

∫ t

0

〈

AδX(s), v
〉

ds− λ

∫ t

0

(

f(X(s))− f(X̂(s)), v
)

ds

+

∞
∑

j=1

∫ t

0

(

[

g(s,X(s))− g(s, X̂(s))
]

ej , v

)

dβj(s)

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❆♣♣❧②✐♥❣ t❤❡ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛ ✭❈✳✷✮✱ ✇❤✐❝❤ ✐s
❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ st♦❝❤❛st✐❝ ❡♥❡r❣② ❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖δX(t)‖2 =2 Im

∫ t

0

〈

AδX(s), δX(s)
〉

ds− 2λRe

∫ t

0

(

f(X(s))− f(X̂(s)), δX(s)
)

ds

+ 2Re

∞
∑

j=1

∫ t

0

(

[

g(s,X(s))− g(s, X̂(s))
]

ej , δX(s)

)

dβj(s)

+

∫ t

0

∥

∥

∥g(s,X(s))− g(s, X̂(s))
∥

∥

∥

2

L2(K,H)
ds

✭✷✳✷✷✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❚❤❡ ✜rst ❛❞❞❡♥❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ✐♠♠❡❞✐❛t❡❧②
s✐♥❝❡

〈

Av, v
〉

≥ 0 ✐♠♣❧✐❡s Im
〈

Av, v
〉

= 0 ❢♦r ❛❧❧ v ∈ V ✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦
③❡r♦ ❜❡❝❛✉s❡ ♦❢ r❡❧❛t✐♦♥ ✭✷✳✷✵✮✳ ❍❡♥❝❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ r❡❣❛r❞ t❤❡ t❡r♠s ✐♥❞✉❝❡❞ ❜② ♥♦✐s❡✳ ❲✐t❤
t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
♥♦r♠ ✭✷✳✼✮ ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✭✷✳✽✮ ♦❢ g✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ■tô ✐♥t❡❣r❛❧ ✐♥ ✭✷✳✷✷✮ ❜②

E sup
t∈[0,T ]

2Re
∞
∑

j=1

∫ t

0

(

[

g(s,X(s))− g(s, X̂(s))
]

ej , δX(s)

)

dβj(s)

≤ 2E sup
t∈[0,T ]

∣

∣

∣

∣

∣

∣

∞
∑

j=1

∫ t

0

(

[

g(s,X(s))− g(s, X̂(s))
]

ej , δX(s)

)

dβj(s)

∣

∣

∣

∣

∣

∣

≤ 6E





∫ T

0

∞
∑

j=1

∣

∣

∣

∣

(

[

g(s,X(s))− g(s, X̂(s))
]

ej , δX(s)

)∣

∣

∣

∣

2

ds





1
2

≤ 6E

[

∫ T

0

∥

∥

∥g(s,X(s))− g(s, X̂(s))
∥

∥

∥

2

L2(K,H)
‖δX(s)‖2 ds

]
1
2

≤E





(

sup
t∈[0,T ]

‖δX(t)‖2
)

1
2
(

36

∫ T

0

∥

∥

∥
g(s,X(s))− g(s, X̂(s))

∥

∥

∥

2

L2(K,H)
ds

)
1
2





≤ 1

2
E sup

t∈[0,T ]

‖δX(t)‖2 + 18cgE

∫ T

0

‖δX(s)‖2 ds.

❚❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠ ✐♥ ✭✷✳✷✷✮ ✐s tr❡❛t❡❞ ❛♥❛❧♦❣♦✉s❧② ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✭✷✳✽✮ ♦❢
g s✉❝❤ t❤❛t

E sup
t∈[0,T ]

∫ t

0

∥

∥

∥g(s,X(s))− g(s, X̂(s))
∥

∥

∥

2

L2(K,H)
ds ≤ cgE

∫ T

0

‖δX(s)‖2 ds.

✶✵



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❙✐♥❝❡ ❢♦r ❛❧❧ u ∈ L2(Ω;C([0, T ];H)) ✐t ❤♦❧❞s t❤❡ r❡❧❛t✐♦♥

E

∫ T

0

‖u(s)‖2 ds =
∫ T

0

E‖u(s)‖2 ds ≤
∫ T

0

E sup
s∈[0,t]

‖u(s)‖2 dt, ✭✷✳✷✸✮

✐t ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✷✷✮ t❤❛t

E sup
t∈[0,T ]

‖δX(t)‖2 ≤ 38cgE

∫ T

0

‖δX(s)‖2 ds ≤ 38cg

∫ T

0

E sup
s∈[0,t]

‖δX(s)‖2 dt.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❞❡❞✉❝❡ ❜② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t❤❛t

E ‖δX(t)‖2 ≤ E sup
t∈[0,T ]

‖δX(t)‖2 = 0, ❢♦r ❛❧❧ t ∈ [0, T ],

✇❤✐❝❤ ❡♥t❛✐❧s t❤❛t X(t) = X̂(t) ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳

❍❡r❡❛❢t❡r✱ ❧❡t (ej)j∈N ❜❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ K ❛♥❞ Kn := span {e1, e2, . . . , en}✳ ❚❤❡♥ ✇❡
✉s❡ t❤❡ ♥♦t❛t✐♦♥s ϕn := πnϕ✱ fn(u) := πnf(u) ❛♥❞ gn( · , u)w := πn{g( · , u)w} ❢♦r ❛❧❧ u ∈ Hn ❛♥❞
❛❧❧ w ∈ Kn t♦ ❞❡♥♦t❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ❞r✐❢t t❡r♠ ❛♥❞ t❤❡
❞✐✛✉s✐♦♥ t❡r♠ ♦♥ Hn ✭s❡❡ ✭✷✳✷✮✮✳ ❚❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ✐♥ Kn ✐s r❡♣r❡s❡♥t❡❞ ❜②

Wn(s) :=

n
∑

j=1

ej βj(s).

❚♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✭✷✳✶✼✮✱ ✇❡ ❛❞❛♣t t❤❡ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✷✱ ❙❡❝t✐♦♥ ✸✳✷❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❡①t❡♥❞ t❤❡
●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✭❝♦♠♣❛r❡ ❬✸✻✱ ❙❡❝t✐♦♥ ✷❪ ♦r ❬✻✺✱
♣♣✳ ✶✸✶✲✶✸✸❪✮ t♦ t❤❡ ❝❛s❡ ♦❢ ♣r♦❜❧❡♠ ✭✷✳✶✼✮✳ ❋♦r ❡❛❝❤ n ∈ N✱ ✇❡ ✉s❡ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ X(t) ❣✐✈❡♥ ❜②

Xn(t) :=
n
∑

k=1

cnk(t)hk ∈ Hn, ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ n ∈ N,

✇❤❡r❡ cnk(t) :=
(

Xn(t), hk
)

❢♦r ❛❧❧ k = 1, 2, . . . , n ❛r❡ ✉♥❦♥♦✇♥ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ r❛♥❞♦♠ ❢✉♥❝t✐♦♥s✱
❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s

(

Xn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AXn(s), hk
〉

ds− λ

∫ t

0

(

fn(Xn(s)), hk
)

ds

+

(∫ t

0

gn(s,Xn(s)) dWn(s), hk

)
✭✷✳✷✹✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❢♦r ✜①❡❞ M ∈ N

t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s r❡❛❧✲✈❛❧✉❡❞ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ψM : [0,∞) → [0,∞) ❜②

ψM (r) :=











1 : 0 ≤ r ≤M,

M + 1− r :M < r < M + 1,

0 : r ≥M + 1

❛♥❞ ❝❤♦♦s❡ fMn : Hn → Hn ❞❡✜♥❡❞ ❜② fMn (u) := ψM (‖u‖)fn(u) ❢♦r ❡❛❝❤ u ∈ Hn✳ ◆♦✇✱ ✇❡ ❞❡❛❧
✇✐t❤ t❤❡ s②st❡♠ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s

(

XM
n (t), hk

)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AXM
n (s), hk

〉

ds− λ

∫ t

0

(

fMn (XM
n (s)), hk

)

ds

+

(∫ t

0

gn(s,X
M
n (s)) dWn(s), hk

)
✭✷✳✷✺✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳

✶✶



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❘❡❢❡rr✐♥❣ t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ✭✷✳✹✮ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ✭✷✳✶✽✮ ❛♥❞ ✭✷✳✶✾✮ ♦❢ f ✱ ♦♥❡ ❝❛♥
s❤♦✇ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r tr✉♥❝❛t❡❞ ❢✉♥❝t✐♦♥ fMn : Hn → Hn ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♦❢ ❜♦✉♥❞❡❞
❣r♦✇t❤ ♦♥ Hn ❢♦r ✜①❡❞M,n ∈ N✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✱ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②
✭✷✳✽✮ ♦❢ g ❛♥❞ ❡st✐♠❛t❡ ✭✷✳✶✵✮✱ t❤❡ ♥♦✐s❡ t❡r♠ gn s❛t✐s✜❡s s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❣✐✈❡♥ ❜②

‖gn(t, u)− gn(t, v)‖2L2(Kn,Hn)
=

n
∑

j=1

‖[gn(t, u)− gn(t, v)] ej‖2 =
n
∑

j=1

‖πn {[g(t, u)− g(t, v)] ej}‖2

≤
n
∑

j=1

‖[g(t, u)− g(t, v)] ej‖2 ≤
∞
∑

j=1

‖[g(t, u)− g(t, v)] ej‖2

= ‖g(t, u)− g(t, v)‖2L2(K,H) ≤ cg ‖u− v‖2

❛♥❞

‖gn(t, u)‖2L2(Kn,Hn)
=

n
∑

j=1

‖gn(t, u)ej‖2 =

n
∑

j=1

‖πn {g(t, u)ej}‖2 ≤
n
∑

j=1

‖g(t, u)ej‖2

≤
∞
∑

j=1

‖g(t, u)ej‖2 = ‖g(t, u)‖2L2(K,H) ≤ 2cg‖u‖2 + 2kg

✭✷✳✷✻✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ u, v ∈ Hn✳ ❍❡♥❝❡✱ ✇❡ ❦♥♦✇ ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣s t❤❛t t❤❡ s②st❡♠
✭✷✳✷✺✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ XM

n ∈ L2(Ω;C([0, T ];Hn)) ✭s❡❡ ❬✻✶✱ ♣♣✳ ✶✷✼✕✶✹✶✱ ❚❤❡♦r❡♠
✹✳✺✳✸ ❛♥❞ ❊①❡r❝✐s❡ ✹✳✺✳✺❪✮✳ ❉✉❡ t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥♦r♠s ‖ · ‖ ❛♥❞ ‖ · ‖V ♦♥ Hn ✭❣✐✈❡♥ ✐♥
✭✷✳✹✮✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ XM

n ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ✐♥ V ❛♥❞ ✇❡ ❢✉rt❤❡r ❣❡t XM
n ∈ L2(Ω× [0, T ];V )✳

❚❤❡s❡ r❡s✉❧ts ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✷✺✮ ❛❧s♦ ❤♦❧❞ ❢♦r ❛❧❧ v ∈ V ✭s✐♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t
(

u, πnv
)

=
(

u, v
)

❢♦r ❛❧❧ u ∈ Hn ❞✉❡ t♦ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮ ❡s♣❡❝✐❛❧❧② ✐♠♣❧② t❤❛t t❤❡ s♦❧✉t✐♦♥
✐s ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥✳

◆♦✇✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛ ✭❈✳✷✮ t♦ ❣❡t t❤❡ s✉❜s❡q✉❡♥t t❤❡♦r❡♠s st❛t✐♥❣
✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ XM

n ✐♥ t❤❡ s♣❛❝❡s L2p(Ω;C([0, T ];H)) ❛♥❞ L2p(Ω;C([0, T ];V )) ❢♦r
p ≥ 1✳ ❆t ✜rst✱ ✇❡ ♣r♦✈❡ t❤❡ r❡s✉❧ts ❢♦r p = 1✳

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ▲❡t M,n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C
❞❡♣❡♥❞✐♥❣ ♦♥ cg, kg ❛♥❞ T s✉❝❤ t❤❛t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2 ≤ C(cg, kg, T )
[

1 + ‖ϕ‖2
]

.

Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Y (t) := XM
n (t)✱ ❛♣♣❧② t❤❡ st♦❝❤❛st✐❝ ❡♥❡r❣②

❡q✉❛❧✐t② ✭❈✳✷✮ t♦ ✭✷✳✷✺✮ ❛♥❞ ❣❡t

∣

∣

(

Y (t), hk
)∣

∣

2
=
∣

∣

(

ϕn, hk
)∣

∣

2
+ 2 Im

∫ t

0

〈

AY (s),
(

Y (s), hk
)

hk
〉

ds

− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)),
(

Y (s), hk
)

hk
)

ds

+ 2Re
n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej ,
(

Y (s), hk
)

hk
)

dβj(s)

+

∫ t

0

n
∑

j=1

∣

∣

(

gn(s, Y (s))ej , hk
)∣

∣

2
ds

✭✷✳✷✼✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❇② s✉♠♠❛t✐♦♥ ♦✈❡r ❛❧❧ k ❢r♦♠ 1 ✉♥t✐❧ n✱ ✇❡

✶✷



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

♦❜t❛✐♥

‖Y (t)‖2 = ‖ϕn‖2 + 2 Im

∫ t

0

〈

AY (s), Y (s)
〉

ds− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)), Y (s)
)

ds

+ 2Re
n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

dβj(s) +

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds

✭✷✳✷✽✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❉✉❡ t♦ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✺✮✱ Im
〈

AY (s), Y (s)
〉

= 0
s✉❝❤ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❡q✉❛❧s ③❡r♦✳ ▼♦r❡♦✈❡r✱ ψM (‖Y (s)‖) ≥ 0 ❜②
❞❡✜♥✐t✐♦♥ ❛♥❞ Re

(

fn(Y (s)), Y (s)
)

= Re
(

f(Y (s)), Y (s)
)

≥ 0 ❜❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮
❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✷✶✮✳ ❚❤✉s✱ ✐t ♦♥❧② r❡♠❛✐♥s

‖Y (t)‖2 ≤ ‖ϕn‖2 + 2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

dβj(s) +

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss✱ t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲
●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮ ②✐❡❧❞s

E sup
t∈[0,T ]

2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

dβj(s)

≤ 6E

[

∫ T

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2 ds

]
1
2

≤E





(

sup
t∈[0,T ]

‖Y (t)‖2
)

1
2
(

36

∫ T

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds

)
1
2





≤ 1

2
E sup

t∈[0,T ]

‖Y (t)‖2 + 18E

∫ T

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds

s✉❝❤ t❤❛t

E sup
t∈[0,T ]

‖Y (t)‖2 ≤ 2‖ϕn‖2 + 38E

∫ T

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds.

❲❡ ❞❡❞✉❝❡ ❜② ✐♥❡q✉❛❧✐t② ✭✷✳✷✻✮✱ t❤❡ ❡st✐♠❛t❡ ‖ϕn‖2 ≤ ‖ϕ‖2 ✭s❡❡ ✭✷✳✸✮✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✷✸✮ t❤❛t

E sup
t∈[0,T ]

‖Y (t)‖2 ≤ 2‖ϕn‖2 + 76kgT + 76cgE

∫ T

0

‖Y (s)‖2 ds

≤ 2‖ϕ‖2 + 76kgT + 76cg

∫ T

0

E sup
s∈[0,t]

‖Y (s)‖2 dt.

❋✐♥❛❧❧②✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ r❡s✉❧ts ✐♥

E sup
t∈[0,T ]

‖Y (t)‖2 ≤ C(cg, kg, T )
[

1 + ‖ϕ‖2
]

,

❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ✇✐t❤ Y (t) = XM
n (t)✳

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t M,n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C
❞❡♣❡♥❞✐♥❣ ♦♥ cg, kg ❛♥❞ T s✉❝❤ t❤❛t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2

V
≤ C(cg, kg, T )

[

1 + ‖ϕ‖2V
]

.

✶✸



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❛❣❛✐♥ Y (t) := XM
n (t)✱ ❝♦♥s✐❞❡r ✭✷✳✷✺✮✱ ❛♣♣❧② t❤❡ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛ ✭❈✳✷✮

❛♥❞ r❡❝❡✐✈❡ ❡q✉❛t✐♦♥ ✭✷✳✷✼✮ ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥
✇✐t❤ t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡s µk ♦❢ A ❛♥❞ s✉♠♠✐♥❣ ✉♣ ❢r♦♠ k = 1, 2, . . . , n ❧❡❛❞s t♦

n
∑

k=1

µk

∣

∣

(

Y (t), hk
)∣

∣

2
=

n
∑

k=1

µk

∣

∣

(

ϕn, hk
)∣

∣

2
+ 2 Im

∫ t

0

〈

AY (s),

n
∑

k=1

µk

(

Y (s), hk
)

hk

〉

ds

− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)),

n
∑

k=1

µk

(

Y (s), hk
)

hk

)

ds

+ 2Re
n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej ,
n
∑

k=1

µk

(

Y (s), hk
)

hk

)

dβj(s)

+

∫ t

0

n
∑

j=1

n
∑

k=1

µk

∣

∣

(

gn(s, Y (s))ej , hk
)∣

∣

2
ds

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❖❜s❡r✈✐♥❣ t❤❡ ✜rst r❡❧❛t✐♦♥ ✐♥ ✭✷✳✺✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ♦♥❝❡ ♠♦r❡ ❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✱ ✐t ❤♦❧❞s t❤❛t
(

fn(Y (s)),
(

Y (s), hk
)

hk
)

=
(

f(Y (s)),
(

Y (s), hk
)

hk
)

✳ ❚❤✉s✱ ❜② r❡❧❛t✐♦♥s ✭✷✳✺✮ ♦❢ t❤❡ ♦♣❡r❛t♦r A✱
✇❡ ✇r✐t❡

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

=

∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

f(Y (s)), AY (s)
)

ds

+ 2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , AY (s)
)

dβj(s)

+

∫ t

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2

ds

✭✷✳✷✾✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ▲❡♠♠❛ ❉✳✻ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s
❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ③❡r♦✳ ❉✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠ ✭✷✳✼✮✱ ✐t ♦♥❧② r❡♠❛✐♥s

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+ 2Re
n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , AY (s)
)

dβj(s)

+

∫ t

0

‖g(s, Y (s))‖2L2(K,V ) ds

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t②
✭✷✳✶✸✮✱ ♣r♦♣❡rt② ✭✷✳✻✮ ♦❢ A ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✭✷✳✾✮ ♦❢ g✱ ✇❡ s❡❡

E sup
t∈[0,T ]

2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , AY (s)
)

dβj(s)

≤ 6E





∫ T

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2 ∥
∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2

ds





1
2

≤E





(

sup
t∈[0,T ]

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2
)

1
2
(

36

∫ T

0

‖g(s, Y (s))‖2L2(K,V ) ds

)
1
2





≤ 1

2
E sup

t∈[0,T ]

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

+ 18kgE

∫ T

0

(

1 + ‖Y (s)‖2V
)

ds

❛♥❞

E sup
t∈[0,T ]

∫ t

0

‖g(s, Y (s))‖2L2(K,V ) ds ≤ kgE

∫ T

0

(

1 + ‖Y (s)‖2V
)

ds.

✶✹



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❇❛s❡❞ ♦♥

‖Y (s)‖2V = ‖Y (s)‖2 +
∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2

,

t❤❡ ✐♥❡q✉❛❧✐t②
∥

∥

d
dx
ϕn

∥

∥

2 ≤
∥

∥

d
dx
ϕ
∥

∥

2
✭❣✐✈❡♥ ❜② ✭✷✳✸✮✮✱ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✷✸✮✱ ✇❡

❝♦♥❝❧✉❞❡

E sup
t∈[0,T ]

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

≤ 2

∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+ 38kgE

∫ T

0

(

1 + ‖Y (s)‖2V
)

ds

≤ 2

∥

∥

∥

∥

d

dx
ϕ

∥

∥

∥

∥

2

+ 38kgT + 38kgE

∫ T

0

‖Y (s)‖2 ds+ 38kgE

∫ T

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2

ds

≤ 2

∥

∥

∥

∥

d

dx
ϕ

∥

∥

∥

∥

2

+ C(cg, kg, T )
[

1 + ‖ϕ‖2
]

+ 38kg

∫ T

0

E sup
s∈[0,t]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2

dt.

❍❡♥❝❡✱ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❡♥t❛✐❧s

E sup
t∈[0,T ]

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

≤ C(cg, kg, T )
[

1 + ‖ϕ‖2V
]

.

❚♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❛♥❞ Y (t) := XM
n (t)✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸✳

❍❛✈✐♥❣ s❤♦✇♥ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ XM
n ♦❢ ✭✷✳✷✺✮ ✐♥ L2p(Ω;C([0, T ];H))

❛♥❞ L2p(Ω;C([0, T ];V )) ❢♦r p = 1✱ ✇❡ ❛r❡ ❛❧s♦ ❛❜❧❡ t♦ ❡st❛❜❧✐s❤ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss r❡s✉❧ts ❢♦r
p > 1✳ ❚❤❡s❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛r❡ ♥❡❝❡ss❛r② t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✳ ❚♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✱ ✇❡ ✉s❡ ❛ ❧♦❝❛❧✐③✐♥❣ ❛r❣✉♠❡♥t✳

❘❡♠❛r❦ ✷✳✷✳✹✳ ▲❡t (u(t))t∈[0,T ] ❜❡ ❛♥ H✲✈❛❧✉❡❞ ♣r♦❝❡ss ✇✐t❤

sup
t∈[0,T ]

‖u(t)‖2 <∞, ❢♦r ❛✳❡✳ ω ∈ Ω.

❚❤❡♥ ✇❡ ✐♥tr♦❞✉❝❡ ❢♦r R ∈ N t❤❡ st♦♣♣✐♥❣ t✐♠❡

τuR :=











T : sup
t∈[0,T ]

‖u(t)‖2 < R2,

inf
{

t ∈ [0, T ] : ‖u(t)‖2 ≥ R2
}

: sup
t∈[0,T ]

‖u(t)‖2 ≥ R2.
✭✷✳✸✵✮

◆♦t✐❝❡ t❤❛t (τuR)R ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✇✐t❤

lim
R→∞

τuR = T, ❢♦r ❛✳❡✳ ω ∈ Ω. ✭✷✳✸✶✮

❚❤❡♦r❡♠ ✷✳✷✳✺✳ ▲❡t M,n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞ ❛♥❞ p > 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t
C ❞❡♣❡♥❞✐♥❣ ♦♥ p, cg, kg ❛♥❞ T s✉❝❤ t❤❛t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

.

Pr♦♦❢✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❲❡ ❞❡♥♦t❡ Y (t) := XM
n (t) ❛♥❞

st❛rt ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✷✽✮ ❣✐✈❡♥ ❜②

‖Y (t)‖2 = ‖ϕn‖2 + 2 Im

∫ t

0

〈

AY (s), Y (s)
〉

ds− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)), Y (s)
)

ds

+ 2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

dβj(s) +

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
ds

✶✺



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ ✇❤❡r❡ Im
〈

AY (s), Y (s)
〉

= 0 ❜❡❝❛✉s❡ ♦❢ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥
✭✷✳✺✮✳ ❚❤❡♥ ✇❡ ✉s❡ t❤❡ ■tô ❢♦r♠✉❧❛ ❢♦r F (x) = xp ✇✐t❤ p > 1 ❛♥❞ ♦❜t❛✐♥

‖Y (t)‖2p = ‖ϕn‖2p − 2λpRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)), Y (s)
)

‖Y (s)‖2(p−1) ds

+ 2pRe

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

‖Y (s)‖2(p−1) dβj(s)

+ p(p− 1)Re

∫ t

0

n
∑

j=1

(

gn(s, Y (s))ej , Y (s)
)2 ‖Y (s)‖2(p−2) ds

+ p

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds

✭✷✳✸✷✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❖❜s❡r✈❡ t❤❛t t❤❡ t❡r♠ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r✐t② fn ♦❜❡②s

− 2λpRe

∫ t

0

ψM (‖Y (s)‖)
(

fn(Y (s)), Y (s)
)

‖Y (s)‖2(p−1) ds

=− 2λpRe

∫ t

0

ψM (‖Y (s)‖)
(

f(Y (s)), Y (s)
)

‖Y (s)‖2(p−1) ds ≤ 0

❜❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✷✶✮✳ ❚❤❡ ❧❛st t✇♦ t❡r♠s ✐♥ ✭✷✳✸✷✮ r❡❞✉❝❡ t♦

p(p− 1)Re

∫ t

0

n
∑

j=1

(

gn(s, Y (s))ej , Y (s)
)2 ‖Y (s)‖2(p−2) ds

+ p

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds

≤ (p2 − p)

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds

+ p

∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds

≤ p2
∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds.

❈♦♥s❡q✉❡♥t❧②✱ ✐t ❤♦❧❞s t❤❛t

‖Y (t)‖2p ≤‖ϕn‖2p + 2pRe

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , Y (s)
)

‖Y (s)‖2(p−1) dβj(s)

+ p2
∫ t

0

‖gn(s, Y (s))‖2L2(Kn,Hn)
‖Y (s)‖2(p−1) ds

✭✷✳✸✸✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ a ∧ b := min{a, b} ❢♦r ❛❧❧
a, b ∈ R✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τ := τYR ❢♦r R ∈ N ✭❝♦♠♣❛r❡ ✭✷✳✸✵✮ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✹✮ ❛♥❞ t❤❡ ❡st✐♠❛t❡

γE

(∫ t∧τ

0

‖Y (s)‖4p ds
)

1
2

≤ E





(

sup
s∈[0,t∧τ ]

‖Y (s)‖2p
)

1
2 (

γ2
∫ t∧τ

0

‖Y (s)‖2p ds
)

1
2





≤ 1

2
E sup

s∈[0,t∧τ ]

‖Y (s)‖2p + γ2

2
E

∫ t∧τ

0

‖Y (s)‖2p ds

✭✷✳✸✹✮

❢♦r γ ≥ 0✳ ❚❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ❡st✐♠❛t❡ ✭✷✳✶✵✮✱

✶✻



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

▲❡♠♠❛ ❉✳✶ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✸✹✮ ❧❡❛❞ t♦

E sup
s∈[0,t∧τ ]

2pRe

n
∑

j=1

∫ s

0

(

gn(r, Y (r))ej , Y (r)
)

‖Y (r)‖2(p−1) dβj(r)

≤ 6pE

[∫ t∧τ

0

‖g(s, Y (s))‖2L2(K,H) ‖Y (s)‖4p−2 ds

]

1
2

≤ 6pE

[

1

2p

∫ t∧τ

0

‖g(s, Y (s))‖4p
L2(K,H) ds+

2p− 1

2p

∫ t∧τ

0

‖Y (s)‖4p ds
]

1
2

≤ 6pE

[

24p

2p

∫ t∧τ

0

(

c2pg ‖Y (s)‖4p + k2pg
)

ds+
2p− 1

2p

∫ t∧τ

0

‖Y (s)‖4p ds
]

1
2

≤ 22p6kpg
√

p(t ∧ τ) + 6
√
p
[

24pc2pg + 2p− 1
]

1
2 E

(∫ t∧τ

0

‖Y (s)‖4p ds
)

1
2

≤ 22p6kpg
√

pT +
1

2
E sup

s∈[0,t∧τ ]

‖Y (s)‖2p + 18p
[

24pc2pg + 2p− 1
]

E

∫ t∧τ

0

‖Y (s)‖2p ds

=:C(p, kg, T ) +
1

2
E sup

s∈[0,t∧τ ]

‖Y (s)‖2p + C(p, cg)E

∫ t∧τ

0

‖Y (s)‖2p ds.

▼♦r❡♦✈❡r✱ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✇✐t❤ p > 1✱ ❡st✐♠❛t❡ ✭✷✳✶✵✮ ❛♥❞ ▲❡♠♠❛ ❉✳✶ ②✐❡❧❞

E sup
s∈[0,t∧τ ]

p2
∫ s

0

‖gn(r, Y (r))‖2L2(Kn,Hn)
‖Y (r)‖2(p−1) dr

≤ pE

∫ t∧τ

0

‖g(s, Y (s))‖2p
L2(K,H) ds+ p(p− 1)E

∫ t∧τ

0

‖Y (s)‖2p ds

≤ 22ppE

∫ t∧τ

0

(

cpg‖Y (s)‖2p + kpg
)

ds+ p(p− 1)E

∫ t∧τ

0

‖Y (s)‖2p ds

≤ 22ppkpgT + p(22pcpg + p− 1)E

∫ t∧τ

0

‖Y (s))‖2p ds

=:C(p, kg, T ) + C(p, cg)E

∫ t∧τ

0

‖Y (s)‖2p ds.

❇❛s❡❞ ♦♥ ✭✷✳✸✸✮✱ ‖ϕn‖2p ≤ ‖ϕ‖2p ✭❞✉❡ t♦ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮ ❛♥❞

E

∫ t∧τ

0

‖u(s)‖2p ds =
∫ t∧τ

0

E‖u(s)‖2p ds ≤
∫ t

0

E sup
s∈[0,r∧τ ]

‖u(s)‖2p dr ✭✷✳✸✺✮

❢♦r ❛❧❧ u ∈ L2p(Ω;C([0, T ];H))✱ ✇❡ ♦❜t❛✐♥

E sup
s∈[0,t∧τ ]

‖Y (s)‖2p ≤ 2‖ϕn‖2p + C(p, kg, T ) + C(p, cg)E

∫ t∧τ

0

‖Y (s)‖2p ds

≤ 2‖ϕ‖2p + C(p, kg, T ) + C(p, cg)

∫ t

0

E sup
s∈[0,r∧τ ]

‖Y (s)‖2p dr.

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❛♥❞ r❡♣❧❛❝✐♥❣ t ❜② T ✱ ✇❡ r❡❝❡✐✈❡

E sup
s∈[0,T∧τ ]

‖Y (s)‖2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

.

❋✐♥❛❧❧②✱ ❧❡tt✐♥❣ R→ ∞✱ ✉s✐♥❣ ✭✷✳✸✶✮ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ Y (t) = XM
n (t)✱ ✇❡ ❣❡t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

.

✶✼



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❚❤❡♦r❡♠ ✷✳✷✳✻✳ ▲❡t M,n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞ ❛♥❞ p > 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t
C ❞❡♣❡♥❞✐♥❣ ♦♥ p, cg, kg ❛♥❞ T s✉❝❤ t❤❛t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p

V
≤ C(p, cg, kg, T )

[

1 + ‖ϕ‖2pV
]

.

Pr♦♦❢✳ ❘❡♠❡♠❜❡r✐♥❣ t❤❡ ♥♦t❛t✐♦♥ Y (t) := XM
n (t)✱ ✇❡ st❛rt ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✷✾✮

❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❣✐✈❡♥ ❜②

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2

=

∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

− 2λRe

∫ t

0

ψM (‖Y (s)‖)
(

f(Y (s)), AY (s)
)

ds

+ 2Re

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , AY (s)
)

dβj(s) +

∫ t

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2

ds

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❚❤❡ ■tô ❢♦r♠✉❧❛ ❢♦r F (x) := xp ✇✐t❤ p > 1 ❡♥t❛✐❧s

∥

∥

∥

∥

∂

∂x
Y (t)

∥

∥

∥

∥

2p

=

∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2p

− 2λpRe

∫ t

0

ψM (‖Y (s)‖)
(

f(Y (s)), AY (s)
)

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

ds

+ 2pRe

n
∑

j=1

∫ t

0

(

gn(s, Y (s))ej , AY (s)
)

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

dβj(s)

+ p(p− 1)Re

∫ t

0

n
∑

j=1

∣

∣

(

gn(s, Y (s))ej , AY (s)
)∣

∣

2
∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−2)

ds

+ p

∫ t

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2 ∥
∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

ds

✭✷✳✸✻✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❉✉❡ t♦ ▲❡♠♠❛ ❉✳✻✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❧❡ss
t❤❛♥ ♦r ❡q✉❛❧ t♦ ③❡r♦ s✉❝❤ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧❛st t❤r❡❡ t❡r♠s ✐♥❞✉❝❡❞ ❜② ♥♦✐s❡✳
❋♦r t❤❡ ■tô ✐♥t❡❣r❛❧ ✇❡ ❛♣♣❧② t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ ♣r♦♣❡rt② ✭✷✳✻✮ ♦❢ t❤❡
♦♣❡r❛t♦r A✱ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✭✷✳✾✮ ♦❢ g✱ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ▲❡♠♠❛ ❉✳✶ t♦ r❡❝❡✐✈❡ ❢♦r t❤❡
st♦♣♣✐♥❣ t✐♠❡ τ := τYR ❢♦r R ∈ N ✭s❡❡ ✭✷✳✸✵✮ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✹✮ t❤❛t

E sup
s∈[0,t∧τ ]

2pRe

n
∑

j=1

∫ s

0

(

gn(r, Y (r))ej , AY (r)
)

∥

∥

∥

∥

∂

∂x
Y (r)

∥

∥

∥

∥

2(p−1)

dβj(r)

≤ 6pE





∫ t∧τ

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2 ∥
∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

4p−2

ds





1
2

≤ 6pE

[

∫ t∧τ

0

‖g(s, Y (s))‖2L2(K,V )

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

4p−2

ds

]
1
2

≤ 6p
√

kg E

[

∫ t∧τ

0

(

1 + ‖Y (s)‖2 +
∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2
)

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

4p−2

ds

]
1
2

≤ 6p
√

kg E

[

1

2p
(t ∧ τ) + 1

2p

∫ t∧τ

0

‖Y (s)‖4p ds+ 6p− 2

2p

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

4p

ds

]
1
2

≤ 6
√

2pkg





√
T + E

(

∫ T

0

‖Y (s)‖4pds
)

1
2

+
√

3p− 1E

(

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

4p

ds

)
1
2



 .

✶✽



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❚❤❡r❡❢♦r❡✱ r❡❧❛t✐♦♥ ✭✷✳✸✹✮ ✐♠♣❧✐❡s

E sup
s∈[0,t∧τ ]

2pRe

n
∑

j=1

∫ s

0

(

gn(r, Y (r))ej , AY (r)
)

∥

∥

∥

∥

∂

∂x
Y (r)

∥

∥

∥

∥

2(p−1)

dβj(r)

≤ 6
√

2pkgT +
1

2
E sup

s∈[0,T ]

‖Y (s)‖2p + 36pkgE

∫ T

0

‖Y (s)‖2pds

+
1

2
E sup

s∈[0,t∧τ ]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

+ 36pkg(3p− 1)E

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

ds

=:C(p, kg, T ) +
1

2
E sup

s∈[0,T ]

‖Y (s)‖2p + C(p, kg)E

∫ T

0

‖Y (s)‖2p ds

+
1

2
E sup

s∈[0,t∧τ ]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

+ C(p, kg)E

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

ds.

❚❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❧❛st t✇♦ t❡r♠s
✐♥ ✭✷✳✸✻✮ s✉✣❝❡

E sup
s∈[0,t∧τ ]

p(p− 1)Re

∫ s

0

n
∑

j=1

∣

∣

(

gn(r, Y (r))ej , AY (r)
)∣

∣

2
∥

∥

∥

∥

∂

∂x
Y (r)

∥

∥

∥

∥

2(p−2)

dr

+ E sup
s∈[0,t∧τ ]

p

∫ s

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(r, Y (r))ej ]

∥

∥

∥

∥

2 ∥
∥

∥

∥

∂

∂x
Y (r)

∥

∥

∥

∥

2(p−1)

dr

≤ p2E

∫ t∧τ

0

n
∑

j=1

∥

∥

∥

∥

∂

∂x
[gn(s, Y (s))ej ]

∥

∥

∥

∥

2 ∥
∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

ds

≤ p2E

∫ t∧τ

0

‖g(s, Y (s))‖2L2(K,V )

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

ds

≤ p2kgE

∫ t∧τ

0

(

1 + ‖Y (s)‖2 +
∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2
)

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2(p−1)

ds

≤ pkgT + pkgE

∫ T

0

‖Y (s)‖2p ds+ p(3p− 2)kgE

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

ds

=:C(p, kg, T ) + C(p, kg)E

∫ T

0

‖Y (s)‖2p ds+ C(p, kg)E

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

ds.

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②
∥

∥

∂
∂x
ϕn

∥

∥

2p ≤
∥

∥

∂
∂x
ϕ
∥

∥

2p
✭❝♦♠♣❛r❡ t❤❡ s❡❝♦♥❞ ♣r♦♣✲

❡rt② ✐♥ ✭✷✳✸✮✮✱ r❡❧❛t✐♦♥ ✭✷✳✸✺✮ ❛♥❞ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✺✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✸✻✮

E sup
s∈[0,t∧τ ]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

≤ 2

∥

∥

∥

∥

∂

∂x
ϕn

∥

∥

∥

∥

2p

+ C(p, kg, T ) + E sup
s∈[0,T ]

‖Y (s)‖2p

+ C(p, kg)E

∫ T

0

‖Y (s)‖2p ds+ C(p, kg)E

∫ t∧τ

0

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

ds

≤ 2

∥

∥

∥

∥

∂

∂x
ϕ

∥

∥

∥

∥

2p

+ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

+ C(p, kg)

∫ t

0

E sup
s∈[0,r∧τ ]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

dr.

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❛♥❞ r❡♣❧❛❝✐♥❣ t ❜② T ✱ ✐t r❡s✉❧ts t❤❛t

E sup
s∈[0,T∧τ ]

∥

∥

∥

∥

∂

∂x
Y (s)

∥

∥

∥

∥

2p

≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

✶✾



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

▲❡tt✐♥❣ R→ ∞ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✸✶✮ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ Y (t) = XM
n (t)✱ ✇❡ ✜♥❛❧❧② ❣❡t

E sup
t∈[0,T ]

∥

∥

∥

∥

∂

∂x
XM

n (t)

∥

∥

∥

∥

2p

≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

❍❡♥❝❡✱ t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✷✳✺ ✐t ❢♦❧❧♦✇s t❤❛t

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p

V
≤ C(p, cg, kg, T )

[

1 + ‖ϕ‖2pV
]

.

❇❛s❡❞ ♦♥ ❚❤❡♦r❡♠s ✷✳✷✳✺ ❛♥❞ ✷✳✷✳✻✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ s✐♠✐❧❛r r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠s ✷✳✷✳✷ ❛♥❞
✷✳✷✳✸ ❛s ✇❡❧❧✳ ❆ s❤♦rt ♣r♦♦❢ ✐♥❞✐❝❛t❡s ❤♦✇ t♦ ♣r♦❝❡❡❞ ✐♥ t❤✐s ❝❛s❡✳

❈♦r♦❧❧❛r② ✷✳✷✳✼✳ ❋r♦♠ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ XM
n ♦❢ ♣r♦❜❧❡♠ ✭✷✳✷✺✮ ✐♥

L2p(Ω;C([0, T ];H)) ❛♥❞ L2p(Ω;C([0, T ];V )) ❢♦r p > 1 ✇❡ ❝❛♥ ❞❡❞✉❝❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ❢♦r p = 1✱
✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜②

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2 ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2

V
≤ C(p, cg, kg, T )

[

1 + ‖ϕ‖2pV
]

.

Pr♦♦❢✳ ❯s✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ab ≤ 1
p
ap + 1

q
bq ✇✐t❤ a, b ≥ 0✱ p, q > 1 ❛♥❞ 1

p
+ 1

q
= 1 ❢♦r

a := ‖XM
n (t)‖2 ❛♥❞ b := 1✱ ✇❡ ❣❡t

∥

∥XM
n (t)

∥

∥

2 ≤ 1

p

∥

∥XM
n (t)

∥

∥

2p
+
p− 1

p
.

❍❡♥❝❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r ❛❧❧ t ∈ [0, T ] ❛♥❞ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ②✐❡❧❞

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2 ≤ 1

p
E sup

t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p
+
p− 1

p
≤ C(p, cg, kg, T )

[

1 + ‖ϕ‖2p
]

.

❇② ❝❤♦♦s✐♥❣ a :=
∥

∥XM
n (t)

∥

∥

2

V
✱ t❤❡ ❛♥❛❧♦❣✉❡ r❡s✉❧t ❢♦r t❤❡ ♥♦r♠ ✐♥ V ✐s tr✉❡✳

❆❧❧ t❤❡ ♣r❡❝❡❞✐♥❣ ❡st✐♠❛t❡s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❈♦r♦❧❧❛r② ✷✳✷✳✽✳ ❋♦r ❡❛❝❤ M,n ∈ N ❛r❜✐tr❛r✐❧② ✜①❡❞ ❛♥❞ p ≥ 1✱ t❤❡ s♦❧✉t✐♦♥ XM
n ♦❢ t❤❡

st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✷✺✮ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2p(Ω;C([0, T ];H)) ❛♥❞
L2p(Ω;C([0, T ];V )) ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛❧s♦ ✐♥ L2p(Ω× [0, T ];H) ❛♥❞ L2p(Ω× [0, T ];V )✳

✷✳✷✳✷ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❱❛r✐❛t✐♦♥❛❧ ❙♦❧✉t✐♦♥

❇❛s❡❞ ♦♥ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥s

(

(XM
n )n∈N

)

M∈N
♦❢ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✷✺✮

✐♥ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥✱ ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ s❤♦✇ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✷✳✷✹✮ ❛♥❞ ♦❢ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✷✳✶✼✮ t❤❡r❡❛❢t❡r✳
❚❤❡ ♣r♦♦❢s r❡❧② ♦♥ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✹✷✱ ❙❡❝t✐♦♥ ✸❪✳

❚❤❡♦r❡♠ ✷✳✷✳✾✳ ❋♦r ❡❛❝❤ ✜①❡❞ n ∈ N ❛♥❞ p ≥ 1 t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥
Xn ∈ L2p(Ω;C([0, T ];H)) ∩ L2p(Ω × [0, T ];V ) ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✭✷✳✷✹✮✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡s

E sup
t∈[0,T ]

‖Xn(t)‖2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E

∫ T

0

‖Xn(t)‖2pV dt ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

✷✵



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

Pr♦♦❢✳ ▲❡t n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❛♥❦s t♦ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✱ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❚❤❡r❡❢♦r❡✱
✇❡ ✜rst ❝♦♥s✐❞❡r t❤❡ st♦♣♣✐♥❣ t✐♠❡ τM := τuM ❢♦r u := XM

n ✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ st♦♣♣✐♥❣ t✐♠❡ ✐♥
✭✷✳✸✵✮ ❢♦r R =M ✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ τM ✱ ▼❛r❦♦✈✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✇❡ ♦❜t❛✐♥

P (τM < T ) ≤ P

(

sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2 ≥M2

)

≤ 1

M2
E sup

t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2 ≤ C(cg, kg, T )

M2

[

1 + ‖ϕ‖2
]

.

✭✷✳✸✼✮

❚❤✉s✱ t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (τM )M ❝♦♥✈❡r❣❡s P ✲❛✳s✳ t♦ T ✳ ▲❡t ΩM ❜❡ t❤❡ s❡t
♦❢ ❛❧❧ ω ∈ Ω s✉❝❤ t❤❛t XM

n (ω, · ) s❛t✐s✜❡s ✭✷✳✷✺✮ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✱ XM
n (ω, · )

❤❛s ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s ✐♥ H ❛♥❞ t❛❦❡s ✈❛❧✉❡s ✐♥ L2([0, T ];V )✳ ❲❡ ✐♥tr♦❞✉❝❡ Ω′ :=
⋂∞

M=1 Ω
M

✇✐t❤ P (Ω′) = 1✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡

S :=

∞
⋃

M=1

M
⋃

K=1

{

ω ∈ Ω′ : τK = T ❛♥❞ ∃ t ∈ [0, T ] : XK
n (ω, t) 6= XM

n (ω, t)
}

.

■t ❤♦❧❞s t❤❛t P (S) = 0 ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ t❤❡r❡ ❡①✐st t✇♦ ♥❛t✉r❛❧ ♥✉♠❜❡rs K0,M0 ✇✐t❤ K0 < M0

s✉❝❤ t❤❛t t❤❡ s❡t

SM0,K0 :=
{

ω ∈ Ω′ : τK0 = T ❛♥❞ ∃ t ∈ [0, T ] : XK0
n (ω, t) 6= XM0

n (ω, t)
}

❤❛s t❤❡ ♣r♦❜❛❜✐❧✐t② P (SM0,K0
) > 0✳ ❉❡♥♦t✐♥❣ ❢♦r ❛❧❧ t ∈ [0, T ]

X∗(ω, t) :=

{

XK0
n (ω, t) : ω ∈ SM0,K0 ,

XM0
n (ω, t) : ω ∈ Ω′ \ SM0,K0

,

✇❡ s❡❡ t❤❛t ❢♦r ❛❧❧ ω ∈ SM0,K0
t❤❡r❡ ❡①✐sts ❛ t ∈ [0, T ] s✉❝❤ t❤❛t X∗(ω, t) 6= XM0

n (ω, t)✳ ❚❤✐s
❝♦♥tr❛❞✐❝ts t❤❡ ❛❧♠♦st s✉r❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✺✮ ❢♦r M = M0 ❛♥❞ ✐t
❢♦❧❧♦✇s t❤❛t P (S) = 0✳ ▲❡tt✐♥❣

Ω′′ := Ω′ ∩
(

∞
⋃

M=1

{τM = T} \ S
)

,

✉s✐♥❣ ✭✷✳✸✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S✱ ✇❡ ❣❡t

P (Ω′′) = lim
M→∞

P ({τM = T} \ S) = 1− lim
M→∞

P (τM < T ) = 1.

❈❤♦♦s✐♥❣ ♥♦✇ ❛♥ ω ∈ Ω′′✱ t❤❡r❡ ❡①✐sts ❛♥ M0 ∈ N s✉❝❤ t❤❛t τM = T ❢♦r ❛❧❧ M ≥ M0✳ ❚❤❡r❡❢♦r❡✱
ψM

(∥

∥XM
n (s)

∥

∥

)

= 1 ❢♦r ❛❧❧ s ∈ [0, T ] ❛♥❞ ❛❧❧ M ≥M0✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

(

XM
n (t), hk

)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AXM
n (s), hk

〉

ds− λ

∫ t

0

(

fn(X
M
n (s)), hk

)

ds

+

(∫ t

0

gn(s,X
M
n (s)) dWn(s), hk

)

❢♦r ❛❧❧ t ∈ [0, T ]✱ ❛❧❧ M ≥M0 ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❋♦r t❤✐s ✜①❡❞ ω ∈ Ω′′ ✇❡ ❞❡✜♥❡

Xn(ω, · ) := XM
n (ω, · ), ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ M ≥M0. ✭✷✳✸✽✮

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

(

Xn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AXn(s), hk
〉

ds− λ

∫ t

0

(

fn(Xn(s)), hk
)

ds

+

(∫ t

0

gn(s,Xn(s)) dWn(s), hk

)

✷✶



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❢♦r ❛❧❧ ω ∈ Ω′′✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❚❤✐s ❡q✉❛❧s ❡q✉❛t✐♦♥ ✭✷✳✷✹✮✱ ✇❤✐❝❤ ❞♦❡s ♥♦t
♦♥❧② ❤♦❧❞ ❢♦r t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s (hk)k∈{1,2,...,n} ❜✉t ❛❧s♦ ❢♦r ❛❧❧ v ∈ V ✭s✐♥❝❡ ❢♦r ❛❧❧ u ∈ Hn ✐t ❢♦❧❧♦✇s
t❤❛t

(

u, πnv
)

=
(

u, v
)

❜② t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✳ ❉✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ (XM
n (t))t∈[0,T ]✱ t❤❡

♣r♦❝❡ss (Xn(t))t∈[0,T ] ✐s H✲✈❛❧✉❡❞✱ F × B([0, T ])✲♠❡❛s✉r❛❜❧❡✱ ❛❞❛♣t❡❞ t♦ t❤❡ ✜❧tr❛t✐♦♥ (Ft)t∈[0,T ]✱
❤❛s ❛❧♠♦st s✉r❡❧② ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s ✐♥ H ❛♥❞ t❛❦❡s ✈❛❧✉❡s ✐♥ L2([0, T ];V )✳ ❇❡❝❛✉s❡ ♦❢ ✭✷✳✸✽✮✱
✐t r❡s✉❧ts ❢♦r ❛❧❧ p ≥ 1 t❤❛t

lim
M→∞

sup
t∈[0,T ]

∥

∥XM
n (t)−Xn(t)

∥

∥

2p
= 0, ❢♦r ❛✳❡✳ ω ∈ Ω,

lim
M→∞

∫ T

0

∥

∥XM
n (t)−Xn(t)

∥

∥

2p

V
dt = 0, ❢♦r ❛✳❡✳ ω ∈ Ω.

❋✐♥❛❧❧②✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋❛t♦✉✬s ❧❡♠♠❛✱ ❚❤❡♦r❡♠s ✷✳✷✳✷ ❛♥❞ ✷✳✷✳✸ ❢♦r p = 1 ❛♥❞ ❚❤❡♦r❡♠s ✷✳✷✳✺
❛♥❞ ✷✳✷✳✻ ❢♦r p > 1 ②✐❡❧❞

E sup
t∈[0,T ]

‖Xn(t)‖2p = E lim
M→∞

sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p ≤ lim inf
M→∞

E sup
t∈[0,T ]

∥

∥XM
n (t)

∥

∥

2p

≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E

∫ T

0

‖Xn(t)‖2pV dt = E lim
M→∞

∫ T

0

∥

∥XM
n (t)

∥

∥

2p

V
dt ≤ lim inf

M→∞
E

∫ T

0

∥

∥XM
n (t)

∥

∥

2p

V
dt

≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

❚❤✉s✱ Xn ∈ L2p(Ω;C([0, T ];H)) ∩ L2p(Ω × [0, T ];V ) ✐s t❤❡ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✷✳✷✹✮ ❢♦r ❛❧❧ p ≥ 1✳

◆♦✇✱ ✇❡ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✳

❚❤❡♦r❡♠ ✷✳✷✳✶✵✳ ❋♦r ❛❧❧ p ≥ 1 t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮ ♣♦ss❡ss❡s ❛
✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ∈ L2p(Ω;C([0, T ];H)) ∩ L2p(Ω× [0, T ];V )✱ ✇❤✐❝❤ s❛t✐s✜❡s

E sup
t∈[0,T ]

‖X(t)‖2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E

∫ T

0

‖X(t)‖2pV dt ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

▼♦r❡♦✈❡r✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s (Xn)n∈N ❝♦♥✈❡r❣❡s t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥
X ♦❢ ♣r♦❜❧❡♠ ✭✷✳✶✼✮ str♦♥❣❧② ✐♥ L2(Ω;C([0, T ];H)) ❛♥❞ ✇❡❛❦❧② ✐♥ L2p(Ω× [0, T ];V )✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ❢♦❝✉s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ✉♥✐q✉❡♥❡ss ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❲❡ ❦♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✾ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ Xn ∈ L2p(Ω;C([0, T ];H)) ∩ L2p(Ω × [0, T ];V ) ♦❢ ♣r♦❜❧❡♠ ✭✷✳✷✹✮ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣
✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ fn(u) ❛♥❞ gn( · , u)w ❢♦r ❛❧❧ u ∈ Hn

❛♥❞ ❛❧❧ w ∈ Kn ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✱ ✇❡ ✇r✐t❡ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✷✹✮ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠

(

Xn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AXn(s), hk
〉

ds− λ

∫ t

0

(

f(Xn(s)), hk
)

ds

+

(∫ t

0

g(s,Xn(s)) dWn(s), hk

)
✭✷✳✸✾✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❉✉❡ t♦ ✭✷✳✶✽✮ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✾ ✭❢♦r
p = 2σ + 1✮✱ t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠ ♦❜❡②s

E

∫ T

0

‖f(Xn(t))‖2 dt ≤ 22σ+1E

∫ T

0

‖Xn(t)‖2(2σ+1)
V dt ≤ C(σ, cg, kg, T )

[

1 + ‖ϕ‖2(2σ+1)
V

]

, ✭✷✳✹✵✮

✷✷



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ (f(Xn))n ✐♥ L2(Ω × [0, T ];H)✳ ❍❡♥❝❡✱ ❜❛s❡❞ ♦♥ ✐ts
str✉❝t✉r❡✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ ❛♥② ❝♦♥❞✐t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠✳ ❚❤❡
♣r♦♣❡rt② ✭✷✳✶✵✮ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✾ ✭❢♦r σ = 1✮ ❧❡❛❞ t♦

E

∫ T

0

‖g(t,Xn(t))‖2L2(K,H) dt ≤ 2kgT + 2cgE

∫ T

0

‖Xn(t)‖2 dt ≤ C(cg, kg, T )
[

1 + ‖ϕ‖2
]

,

✇❤✐❝❤ ❡♥t❛✐❧s t❤❛t (g( · , Xn))n ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(Ω× [0, T ];L2(K,H))✳
❋✐rst✱ ✇❡ ✜① p ≥ 4σ✳ ❇② t❤❡ ❛❜♦✈❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♣r♦♣❡rt✐❡s ❛♥❞ ▲❡♠♠❛ ❋✳✶✱ ✐t ❢♦❧❧♦✇s

t❤❛t t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (Xn)n✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❢♦r s✐♠♣❧✐❝✐t② ❜② (Xn)n ❛s ✇❡❧❧✱ ❛♥❞
❢✉♥❝t✐♦♥s Z̃ ∈ L2p(Ω × [0, T ];V )✱ f∗ ∈ L2(Ω × [0, T ];H) ❛♥❞ g∗ ∈ L2(Ω × [0, T ];L2(K,H)) s✉❝❤
t❤❛t ✇❡ r❡❝❡✐✈❡ ❢♦r n→ ∞ t❤❛t

Xn ⇀ Z̃ ✐♥ L2(Ω× [0, T ];H), L2(Ω× [0, T ];V ) ❛♥❞ L2p(Ω× [0, T ];V ), ✭✷✳✹✶✮

f(Xn)⇀ f∗ ✐♥ L2(Ω× [0, T ];H), ✭✷✳✹✷✮

g( · , Xn)⇀ g∗ ✐♥ L2(Ω× [0, T ];L2(K,H)). ✭✷✳✹✸✮

❚❛❦✐♥❣ n→ ∞ ✐♥ ✭✷✳✸✾✮ ❛♥❞ ✉s✐♥❣ t❤❡s❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✱ ✇❡ ❣❡t ❢♦r ❛✳❡✳ (ω, t) ∈ Ω× [0, T ]
❛♥❞ ❛❧❧ k ∈ N t❤❛t

(

Z̃(t), hk
)

=
(

ϕ, hk
)

− i

∫ t

0

〈

AZ̃(s), hk
〉

ds− λ

∫ t

0

(

f∗(s), hk
)

ds+

(∫ t

0

g∗(s) dW (s), hk

)

. ✭✷✳✹✹✮

❚❤❡r❡ ❡①✐sts ❛♥ Ft✲♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❤✐❝❤ ❤❛s ✐♥ H ❛❧♠♦st s✉r❡❧② ❝♦♥t✐♥✉♦✉s
tr❛❥❡❝t♦r✐❡s✱ ✐s ❡q✉❛❧ t♦ Z̃(t) ❢♦r ❛✳❡✳ (ω, t) ∈ Ω× [0, T ] ❛♥❞ ✐s ❡q✉❛❧ t♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✹✹✮
❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ] ✭s❡❡ ❬✽✼✱ ♣✳ ✼✸✱ ❚❤❡♦r❡♠ ✷❪✮✳ ❲❡ ❞❡♥♦t❡ t❤✐s ♣r♦❝❡ss ❜② (Z(t))t∈[0,T ]

❛♥❞ ❣❡t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ N t❤❛t

(

Z(t), hk
)

=
(

ϕ, hk
)

− i

∫ t

0

〈

AZ(s), hk
〉

ds− λ

∫ t

0

(

f∗(s), hk
)

ds+

(∫ t

0

g∗(s) dW (s), hk

)

. ✭✷✳✹✺✮

◆❡①t✱ ✇❡ ❞❡♥♦t❡ ❜② Zn := πnZ ❛♥❞ g∗n( · )w := πn{g∗( · )w} ❢♦r ❛❧❧ w ∈ Kn t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ Z ❛♥❞ g∗( · )w✱ r❡s♣❡❝t✐✈❡❧②✳ ❘❡❣❛r❞✐♥❣ ✭✷✳✷✹✮ ❛♥❞ ✭✷✳✹✺✮ ❢♦r Zn(t)✱ ✉s✐♥❣ t❤❡
st♦❝❤❛st✐❝ ❡♥❡r❣② ❡q✉❛❧✐t② ✭❈✳✷✮ ❛♥❞ s✉♠♠✐♥❣ ✉♣ ♦✈❡r ❛❧❧ k = 1, 2, . . . , n✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖Xn(t)− Zn(t)‖2 =2 Im

∫ t

0

〈

A [Xn(s)− Zn(s)] , Xn(s)− Zn(s)
〉

ds

− 2λRe

∫ t

0

(

fn(Xn(s))− f∗n(s), Xn(s)− Zn(s)
)

ds

+ 2Re
n
∑

j=1

∫ t

0

(

[gn(s,Xn(s))− g∗n(s)]ej , Xn(s)− Zn(s)
)

dβj(s)

− 2Re

∞
∑

j=n+1

∫ t

0

(

g∗n(s)ej , Xn(s)− Zn(s)
)

dβj(s)

+

∫ t

0

‖gn(s,Xn(s))− g∗n(s)‖
2
L2(Kn,Hn)

ds

+

∫ t

0

∞
∑

j=n+1

n
∑

k=1

∣

∣

(

g∗n(s)ej , hk
)∣

∣

2
ds

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❘❡❣❛r❞✐♥❣ ❡❛❝❤ t✐♠❡ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❛♥❞ ✭✷✳✺✮
♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ πn ❛♥❞ t❤❡ ♦♣❡r❛t♦r A✱ ❝❤♦♦s✐♥❣ ξ(t) := exp{−2(1 + cg)t} ❢♦r ❛❧❧

✷✸



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

t ∈ [0, T ]✱ ❛♣♣❧②✐♥❣ t❤❡ ■tô ❢♦r♠✉❧❛ t♦ F (t, η(t)) := ξ(t)η(t) ✇✐t❤ η(t) := ‖Xn(t)− Zn(t)‖2 ❛♥❞
t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

E ξ(T ) ‖Xn(T )− Zn(T )‖2 =− 2(1 + cg)E

∫ T

0

ξ(t) ‖Xn(t)− Zn(t)‖2 dt

− 2λE Re

∫ T

0

ξ(t)
(

f(Xn(t))− f∗(t), Xn(t)− Zn(t)
)

dt

+ E

∫ T

0

ξ(t) ‖gn(t,Xn(t))− g∗n(t)‖2L2(Kn,Hn)
dt

+ E

∫ T

0

ξ(t)

∞
∑

j=n+1

n
∑

k=1

∣

∣

(

g∗(t)ej , hk
)∣

∣

2
dt.

✭✷✳✹✻✮

❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ♦♠✐t t♦ ✇r✐t❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t ∈ [0, T ] ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛✉①✐❧✐❛r②
r❡s✉❧ts✳ Pr♦♣❡rt② ✭✷✳✷✵✮ ❡♥t❛✐❧s

− 2λRe
(

f(Xn)− f∗, Xn − Zn

)

=− 2λRe
(

f(Xn)− f(Zn), Xn − Zn

)

− 2λRe
(

f(Zn)− f(Z), Xn − Zn

)

− 2λRe
(

f(Z)− f∗, Xn − Zn

)

≤− 2λRe
(

f(Zn)− f(Z), Xn − Zn

)

− 2λRe
(

f(Z)− f∗, Xn − Zn

)

≤λ2‖f(Zn)− f(Z)‖2 + ‖Xn − Zn‖2 − 2λRe
(

f(Z)− f∗, Xn − Zn

)

,

❛♥❞✱ r❡❣❛r❞✐♥❣ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✭✷✳✽✮ ♦❢ g✱ ✐t r❡s✉❧ts t❤❛t

‖gn( · , Xn)− g∗n‖2L2(Kn,Hn)
≤ ‖g( · , Xn)− g∗‖2L2(K,H)

=
(

g( · , Xn)− g( · , Z), g( · , Xn)− g( · , Z)
)

L2(K,H)

+
(

g( · , Z)− g∗, g( · , Xn)− g( · , Z)
)

L2(K,H)

+
(

g( · , Xn)− g∗, g( · , Z)− g∗
)

L2(K,H)

= ‖g( · , Xn)− g( · , Z)‖2L2(K,H) +
(

g( · , Xn)− g∗, g( · , Z)− g∗
)

L2(K,H)

+
(

g( · , Z)− g∗, g( · , Xn)− g∗
)

L2(K,H)
− ‖g( · , Z)− g∗‖2L2(K,H)

≤ 2cg‖Xn − Zn‖2 + 2cg‖Zn − Z‖2 +
(

g( · , Xn)− g∗, g( · , Z)− g∗
)

L2(K,H)

+
(

g( · , Z)− g∗, g( · , Xn)− g∗
)

L2(K,H)
− ‖g( · , Z)− g∗‖2L2(K,H).

❍❡♥❝❡✱ ✐t r❡♠❛✐♥s ❢r♦♠ ✭✷✳✹✻✮ t❤❛t

E ξ(T ) ‖Xn(T )− Zn(T )‖2

≤− E

∫ T

0

ξ(t) ‖Xn(t)− Zn(t)‖2 dt+ λ2E

∫ T

0

ξ(t) ‖f(Zn(t))− f(Z(t))‖2 dt

− 2λE Re

∫ T

0

ξ(t)
(

f(Z(t))− f∗(t), Xn(t)− Zn(t)
)

dt

+ 2cgE

∫ T

0

ξ(t) ‖Zn(t)− Z(t)‖2 dt

+ E

∫ T

0

ξ(t)
(

g(t,Xn(t))− g∗(t), g(t, Z(t))− g∗(t)
)

L2(K,H)
dt

+ E

∫ T

0

ξ(t)
(

g(t, Z(t))− g∗(t), g(t,Xn(t))− g∗(t)
)

L2(K,H)
dt

− E

∫ T

0

ξ(t) ‖g(t, Z(t))− g∗(t)‖2L2(K,H) dt+ E

∫ T

0

ξ(t)

∞
∑

j=n+1

n
∑

k=1

∣

∣

(

g∗(t)ej , hk
)∣

∣

2
dt.

✭✷✳✹✼✮

✷✹



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❉✉❡ t♦ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ s✐♥❝❡ g∗ ∈ L2(Ω × [0, T ];L2(K,H))✱ ✇❡ ❤❛✈❡ ❢♦r
n→ ∞ t❤❛t

E

∫ T

0

ξ(t)
∞
∑

j=n+1

n
∑

k=1

∣

∣

(

g∗(t)ej , hk
)∣

∣

2
dt ≤ E

∫ T

0

ξ(t)

∞
∑

j=n+1

‖g∗(t)ej‖2 dt→ 0.

❲❡ ✉s❡ t❤❛t Zn = πnZ ❛♥❞ 2p ≥ 8σ ≥ 4 t♦ st❛t❡

Zn, Z ∈ L2p(Ω× [0, T ];V ) →֒ L4(Ω× [0, T ];V ) →֒ L4(Ω× [0, T ];H)

❛♥❞

‖Zn(t)− Z(t)‖4 =
(

‖Zn(t)− Z(t)‖2
)2

≤
(

2 ‖Zn(t)‖2 + 2 ‖Z(t)‖2
)2

≤
(

4 ‖Z(t)‖2
)2

= 16 ‖Z(t)‖4 .

❖❜s❡r✈❡ t❤❛t 16‖Z(t)‖4 ✐s ❛♥ ✐♥t❡❣r❛❜❧❡ ♠❛❥♦r❛♥t ❢♦r ‖Zn(t)− Z(t)‖4 ♦✈❡r Ω× [0, T ] ❛♥❞ t❤❛t ✭❜②
t❤❡ t❤✐r❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮ ‖Zn(t)− Z(t)‖ → 0 ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ] ❛s n → ∞ s✉❝❤
t❤❛t ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❡♥t❛✐❧s

lim
n→∞

E

∫ T

0

‖Zn(t)− Z(t)‖4 dt = E

∫ T

0

lim
n→∞

‖Zn(t)− Z(t)‖4 dt = 0. ✭✷✳✹✽✮

❇❛s❡❞ ♦♥ r❡❧❛t✐♦♥ ✭✷✳✶✾✮✱ t❤❡ ❢❛❝t t❤❛t ξ(t) ≤ 1 ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
✇❡ ❤❛✈❡

E

∫ T

0

ξ(t) ‖f(Zn(t))− f(Z(t))‖2 dt

≤ 22σ+3σ2E

∫ T

0

(

‖Zn(t)‖4σV + ‖Z(t)‖4σV
)

‖Zn(t)− Z(t)‖2 dt

≤ 2
4σ+7

2 σ2

(

E

∫ T

0

(

‖Zn(t)‖8σV + ‖Z(t)‖8σV
)

dt

)
1
2
(

E

∫ T

0

‖Zn(t)− Z(t)‖4 dt
)

1
2

.

✭✷✳✹✾✮

❚❤✐s ②✐❡❧❞s
f(Zn) → f(Z) ✐♥ L2(Ω× [0, T ];H) ❛s n→ ∞ ✭✷✳✺✵✮

❞✉❡ t♦ Zn, Z ∈ L2p(Ω × [0, T ];V ) →֒ L8σ(Ω × [0, T ];V ) ❛♥❞ ✭✷✳✹✽✮✳ ▼♦r❡♦✈❡r✱ ✐t ❤♦❧❞s t❤❛t
Zn − Z → 0 ✐♥ L2(Ω × [0, T ];H) ✭s✐♥❝❡ Zn = πnZ✮✱ Xn − Zn = (Xn − Z) + (Z − Zn) ⇀ 0 ✐♥
L2(Ω × [0, T ];H) ✭❜② t❤❡ ❧❛st r❡s✉❧t ❛♥❞ ✭✷✳✹✶✮✮ ❛♥❞ g( · , Xn) ⇀ g∗ ✐♥ L2(Ω × [0, T ];L2(K,H))
✭s❡❡ ✭✷✳✹✸✮✮✳ ❚❤✉s✱ ✇r✐t✐♥❣ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡ t❡r♠s ✐♥ ✭✷✳✹✼✮ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ✐t ❢♦❧❧♦✇s ❢♦r
n→ ∞ t❤❛t

E ξ(T ) ‖Xn(T )− Zn(T )‖2 → 0, E

∫ T

0

ξ(t) ‖Xn(t)− Zn(t)‖2 dt→ 0,

❛♥❞✱ t❤❡r❡❢♦r❡✱

E

∫ T

0

‖Xn(t)− Zn(t)‖2 dt→ 0. ✭✷✳✺✶✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜t❛✐♥

E

∫ T

0

ξ(t) ‖g(t, Z(t))− g∗(t)‖2L2(K,H) dt = 0,

✇❤✐❝❤ ✐♠♣❧✐❡s
g(t, Z(t)) = g∗(t), ❢♦r ❛✳❡✳ (ω, t) ∈ Ω× [0, T ].

✷✺



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

◆♦✇✱ ❝♦♥s✐❞❡r η ∈ L2(Ω× [0, T ];H) t♦ ❜❡ ❛ s✐♠♣❧❡ ❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡s ω ❛♥❞ t✳ ❘❡❧❛t✐♦♥ ✭✷✳✶✾✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❧❡❛❞ t♦

∣

∣

∣

∣

∣

E

∫ T

0

(

f(Xn(t))− f(Zn(t)), η(t)
)

dt

∣

∣

∣

∣

∣

≤E

∫ T

0

‖η(t)‖ ‖f(Xn(t))− f(Zn(t))‖ dt

≤ 2σ+2σ E

∫ T

0

‖η(t)‖
(

‖Xn(t)‖2σV + ‖Zn(t)‖2σV
)

‖Xn(t)− Zn(t)‖ dt

≤ 2σ+2σ

(

E

∫ T

0

‖η(t)‖2
(

‖Xn(t)‖2σV + ‖Zn(t)‖2σV
)2
dt

)
1
2
(

E

∫ T

0

‖Xn(t)− Zn(t)‖2 dt
)

1
2

≤ 2σ+
5
2σ

(

E

∫ T

0

‖η(t)‖2
(

‖Xn(t)‖4σV + ‖Zn(t)‖4σV
)

dt

)
1
2
(

E

∫ T

0

‖Xn(t)− Zn(t)‖2 dt
)

1
2

.

❆s ❛ r❡s✉❧t ♦❢ ✭✷✳✺✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (Xn)n ❛♥❞ (Zn)n ❛r❡ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s ✐♥ L4σ(Ω×[0, T ];V )
✭❞✉❡ t♦ ❚❤❡♦r❡♠ ✷✳✷✳✾ ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ L2p(Ω× [0, T ];V ) →֒ L4σ(Ω× [0, T ];V )✮✱ ✇❡ ❝♦♥❝❧✉❞❡

E

∫ T

0

(

f(Xn(t))− f(Zn(t)), η(t)
)

dt→ 0 ❛s n→ ∞

❢♦r ❡❛❝❤ s✐♠♣❧❡ ❢✉♥❝t✐♦♥ η ∈ L2(Ω× [0, T ];H)✳ ❇❛s❡❞ ♦♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s f(Xn) ⇀ f∗ ✭❜②
✭✷✳✹✷✮✮ ❛♥❞ f(Zn)− f(Z) → 0 ✭❜② ✭✷✳✺✵✮✮ ✐♥ L2(Ω× [0, T ];H)✱ ✐t ❢♦❧❧♦✇s ❢♦r ❡❛❝❤ s✐♠♣❧❡ ❢✉♥❝t✐♦♥
η ∈ L2(Ω× [0, T ];H) t❤❛t

0 = lim
n→∞

E

∫ T

0

(

f(Xn(t))− f(Zn(t)), η(t)
)

dt

= lim
n→∞

E

∫ T

0

(

f(Xn(t))− f∗(t), η(t)
)

dt+ E

∫ T

0

(

f∗(t)− f(Z(t)), η(t)
)

dt

+ lim
n→∞

E

∫ T

0

(

f(Z(t))− f(Zn(t)), η(t)
)

dt

=E

∫ T

0

(

f∗(t)− f(Z(t)), η(t)
)

dt.

❍♦✇❡✈❡r✱ t❤❡ s❡t ♦❢ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✐s ❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡ L2(Ω× [0, T ];H)✱ s♦ ✇❡ ❞❡❞✉❝❡

E

∫ T

0

(

f∗(t)− f(Z(t)), η(t)
)

dt = 0, ❢♦r ❛❧❧ η ∈ L2(Ω× [0, T ];H).

❚❤✉s✱
f(Z(t)) = f∗(t), ❢♦r ❛✳❡✳ (ω, t) ∈ Ω× [0, T ].

❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✹✺✮ ❝♦✐♥❝✐❞❡s ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ N ✇✐t❤

(

Z(t), hk
)

=
(

ϕ, hk
)

− i

∫ t

0

〈

AZ(s), hk
〉

ds− λ

∫ t

0

(

f(Z(s)), hk
)

ds+

(∫ t

0

g(s, Z(s)) dW (s), hk

)

.

❙✐♥❝❡ span{h1, h2, . . . , hn, . . .} ✐s ❞❡♥s❡ ✐♥ V ✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛❧s♦ ❤♦❧❞s ❢♦r ❛❧❧ v ∈ V ✳ ❍❡♥❝❡✱
X := Z ✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✱ ❛♥❞
X ∈ L2(Ω;C([0, T ];H)) ∩ L2p(Ω× [0, T ];V ) ❢♦r ✜①❡❞ p ≥ 4σ✳

❋♦r p ∈ [1, 4σ) ✇❡ ✉s❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ r❡s✉❧t L8σ(Ω× [0, T ];V ) →֒ L2p(Ω× [0, T ];V )✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L8σ(Ω×[0, T ];V ) ✐♠♣❧✐❡s ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L2p(Ω×[0, T ];V )

✷✻



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

✭s❡❡ ❬✶✵✹✱ ♣✳ ✷✻✺✱ Pr♦♣♦s✐t✐♦♥ ✷✶✳✸✺ ✭❝✮❪✮✳ ❇② ♥♦✇✱ ✇❡ ♦♥❧② ❦♥♦✇ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (Xn)n
❝♦♥✈❡r❣❡s t♦ X str♦♥❣❧② ✐♥ L2(Ω × [0, T ];H) ✭s✐♥❝❡ Xn − X = (Xn − Zn) + (Zn − X) → 0 ✐♥
L2(Ω× [0, T ];H) ❜② Zn = πnZ = πnX ❛♥❞ ✭✷✳✺✶✮✮ ❛♥❞ ✇❡❛❦❧② ✐♥ L2p(Ω× [0, T ];V )✳ ■♥ ❢❛❝t✱ t❤❡
✇❤♦❧❡ s❡q✉❡♥❝❡ ❤❛s t❤❡s❡ ♣r♦♣❡rt✐❡s✳ ❖❜s❡r✈❡ t❤❛t ❡✈❡r② s✉❜s❡q✉❡♥❝❡ ♦❢ (Xn)n ❤❛s ❛ s✉❜s❡q✉❡♥❝❡
✇❤✐❝❤ ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ t❤❡ s❛♠❡ ❧✐♠✐t X ✭t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✮ ✐♥
L2(Ω× [0, T ];H)✳ ❍❡♥❝❡✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (Xn)n ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ X ✐♥ L2(Ω× [0, T ];H)
✭❝♦♠♣❛r❡ ❬✶✵✸✱ ♣✳ ✹✽✵✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✸ ✭✶✮❪✮✳ ❋✉rt❤❡r♠♦r❡✱ ❡✈❡r② s✉❜s❡q✉❡♥❝❡ ♦❢ (Xn)n ❤❛s✱ ✐♥
t✉r♥✱ ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ s❛♠❡ ❧✐♠✐t X ✐♥ L2(Ω× [0, T ];V )✳ ❍❡♥❝❡✱ t❤❡
✇❤♦❧❡ s❡q✉❡♥❝❡ (Xn)n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ X ✐♥ L2(Ω × [0, T ];V ) ✭s❡❡ ❬✶✵✸✱ ♣✳ ✹✽✵✱ Pr♦♣♦s✐t✐♦♥
✶✵✳✶✸ ✭✷✮❪✮✳ ❯s✐♥❣ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (Xn)n t♦ X ✐♥ L2p(Ω× [0, T ];V ) ❢♦r ❛❧❧ p ≥ 1 ❛♥❞ t❤❡
r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✾✱ ✇❡ ❣❡t

E

∫ T

0

‖X(t)‖2pV dt ≤ lim inf
n→∞

E

∫ T

0

‖Xn(t)‖2pV dt ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2pV
]

. ✭✷✳✺✷✮

❙✐♠✐❧❛r❧② t♦ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✺✱ t❤❡ ❡st✐♠❛t❡

E sup
t∈[0,T ]

‖X(t)‖2p ≤ C(p, cg, kg, T )
[

1 + ‖ϕ‖2p
]

❢♦r ❛❧❧ p ≥ 1 ❝❛♥ ❜❡ s❤♦✇♥✳ ❚❤❡r❡❢♦r❡✱ ✐t ❤♦❧❞s t❤❛t X ∈ L2p(Ω;C([0, T ];H))∩L2p(Ω× [0, T ];V )✳
❚♦ ✈❡r✐❢② t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (Xn)n t♦ X ✐♥ L2(Ω;C([0, T ];H))✱ ✇❡ t❛❦❡ ❡q✉❛t✐♦♥s ✭✷✳✶✼✮

❛♥❞ ✭✷✳✷✹✮✱ ❛♣♣❧② t❤❡ st♦❝❤❛st✐❝ ❡♥❡r❣② ❡q✉❛❧✐t② ✭❈✳✷✮ t♦ t❤❡✐r ❞✐✛❡r❡♥❝❡ ❛♥❞ ♦❜t❛✐♥

‖X(t)−Xn(t)‖2 = ‖ϕ− ϕn‖2 + 2 Im

∫ t

0

〈

A [X(s)−Xn(s)] , X(s)−Xn(s)
〉

ds

− 2λRe

∫ t

0

(

f(X(s))− fn(Xn(s)), X(s)−Xn(s)
)

ds

+ 2Re

n
∑

j=1

∫ t

0

(

[g(s,X(s))− gn(s,Xn(s))] ej , X(s)−Xn(s)
)

dβj(s)

+ 2Re

∞
∑

j=n+1

∫ t

0

(

g(s,X(s))ej , X(s)−Xn(s)
)

dβj(s)

+

∫ t

0

n
∑

j=1

‖[g(s,X(s))− gn(s,Xn(s))] ej‖2 ds

+

∫ t

0

∞
∑

j=n+1

‖g(s,X(s))ej‖2 ds

✭✷✳✺✸✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❇❛s❡❞ ♦♥ t❤❡ s❡r✐❡s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s n→ ∞ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ ♦❢

X(s)−Xn(s) =

n
∑

k=1

(

X(s)−Xn(s), hk
)

hk +

∞
∑

k=n+1

(

X(s), hk
)

hk,

t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ Ahk = µkhk ❢♦r ❛❧❧ k ∈ N ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s
(hk)k∈N✳ ❉✉❡ t♦ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✺✶✮ ✇✐t❤ Zn(s) = πnZ(s) = πnX(s)✱
✐t r❡s✉❧ts ❢♦r n→ ∞ t❤❛t

E

∫ T

0

‖X(s)−Xn(s)‖2 ds

≤ 2E

∫ T

0

‖X(s)− πnX(s)‖2 ds+ 2E

∫ T

0

‖πnX(s)−Xn(s)‖2 ds→ 0.

✭✷✳✺✹✮

✷✼



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❚❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s

E sup
t∈[0,T ]

−2λRe

∫ t

0

(

f(X(s))− fn(Xn(s)), X(s)−Xn(s)
)

ds

≤ 2λE

∫ T

0

‖f(X(s))− fn(Xn(s))‖ ‖X(s)−Xn(s)‖ ds

≤ 2λ

(

E

∫ T

0

‖f(X(s))− fn(Xn(s))‖2 ds
)

1
2
(

E

∫ T

0

‖X(s)−Xn(s)‖2 ds
)

1
2

,

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s n → ∞ ❜❡❝❛✉s❡ t❤❡ ✜rst ❡①♣r❡ss✐♦♥ ✐♥ ♣❛r❡♥t❤❡s❡s ✐s ❜♦✉♥❞❡❞ ✭❝♦♠✲
♣❛r❡ ✭✷✳✸✮✱ ✭✷✳✹✵✮ ❛♥❞ ✭✷✳✶✽✮✱ ✭✷✳✺✷✮✮✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ❣♦❡s t♦ ③❡r♦ ✭❜② ✭✷✳✺✹✮✮✳ ❯s✐♥❣ t❤❡
❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ ✇❡ ❣❡t

E sup
t∈[0,T ]

2Re

n
∑

j=1

∫ t

0

(

[g(s,X(s))− gn(s,Xn(s))] ej , X(s)−Xn(s)
)

dβj(s)

≤ 6E





∫ T

0

n
∑

j=1

‖[g(s,X(s))− gn(s,Xn(s))] ej‖2 ‖X(s)−Xn(s)‖2 ds





1
2

≤E







(

1

2
sup

t∈[0,T ]

‖X(t)−Xn(t)‖2
)

1
2
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∫ T

0

n
∑

j=1

‖[g(s,X(s))− gn(s,Xn(s))] ej‖2 ds





1
2







≤ 1

4
E sup

t∈[0,T ]

‖X(t)−Xn(t)‖2 + 36E

∫ T

0

n
∑

j=1

‖[g(s,X(s))− gn(s,Xn(s))] ej‖2 ds.

❘❡❧❛t✐♦♥s ✭✷✳✷✮ ❛♥❞ ✭✷✳✸✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ gn( · , u)w ❢♦r ❛❧❧ u ∈ Hn ❛♥❞ ❛❧❧ w ∈ Kn✱ ❈❛✉❝❤②✬s
❉♦✉❜❧❡ ❙❡r✐❡s ❚❤❡♦r❡♠ ✭s❡❡ ❬✸✵✱ ♣✳ ✷✷❪✮ ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✭✷✳✽✮ ♦❢ g ❡♥t❛✐❧

E

∫ T

0

n
∑

j=1

‖[g(s,X(s))− gn(s,Xn(s))] ej‖2 ds

≤ 2E

∫ T

0

n
∑

j=1

(

‖g(s,X(s))ej − πn{g(s,X(s))ej}‖2 + ‖πn{g(s,X(s))ej} − gn(s,Xn(s))ej‖2
)

ds

≤ 2E

∫ T

0

∞
∑

j=1

∥

∥

∥

∥

∥

∞
∑

k=n+1

(

g(s,X(s))ej , hk
)

hk

∥

∥

∥

∥

∥

2

ds

+ 2E

∫ T

0

∞
∑

j=1

∥

∥

∥

∥

∥

n
∑

k=1

(

[g(s,X(s))− g(s,Xn(s))]ej , hk
)

hk

∥

∥

∥

∥

∥

2

ds

≤ 2E

∫ T

0

∞
∑

j=1

∞
∑

k=n+1

∣

∣

(

g(s,X(s))ej , hk
)∣

∣

2
ds

+ 2E

∫ T

0

∞
∑

j=1

∞
∑

k=1

∣

∣

(

[g(s,X(s))− g(s,Xn(s))]ej , hk
)∣

∣

2
ds

=2E

∫ T

0

∞
∑

k=n+1

∞
∑

j=1

∣

∣

(

g(s,X(s))ej , hk
)∣

∣

2
ds+ 2E

∫ T

0

‖g(s,X(s))− g(s,Xn(s))‖2L2(K,H) ds

≤ 2E

∫ T

0

∞
∑

k=n+1

∞
∑

j=1

∣

∣

(

g(s,X(s))ej , hk
)∣

∣

2
ds+ 2cgE

∫ T

0

‖X(s)−Xn(s)‖2 ds.

✷✽



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❚❤✐s ❡①♣r❡ss✐♦♥ ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s n → ∞ ❜❡❝❛✉s❡ ♦❢ r❡❧❛t✐♦♥ ✭✷✳✺✹✮✱ t❤❡ ❢❛❝t t❤❛t
g ∈ L2(Ω× [0, T ];L2(K,H)) ❛♥❞ t❤❡ r❡st ♦❢ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ❣♦❡s t♦ ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮ ❧❡❛❞s t♦

E sup
t∈[0,T ]

2Re

∞
∑

j=n+1

∫ t

0

(

g(s,X(s))ej , X(s)−Xn(s)
)

dβj(s)

≤ 6E





∫ T

0

∞
∑

j=n+1

‖g(s,X(s))ej‖2 ‖X(s)−Xn(s)‖2 ds





1
2

≤E







(

1

2
sup

t∈[0,T ]

‖X(t)−Xn(t)‖2
)

1
2



72

∫ T

0

∞
∑

j=n+1

‖g(s,X(s))ej‖2 ds





1
2







≤ 1

4
E sup

t∈[0,T ]

‖X(t)−Xn(t)‖2 + 36E

∫ T

0

∞
∑

j=n+1

‖g(s,X(s))ej‖2 ds,

✇❤❡r❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♦❢ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ✐s ✈❛❧✐❞ s✉❝❤ t❤❛t

E

∫ T

0

∞
∑

j=n+1

‖g(s,X(s))ej‖2 ds→ 0 ❛s n→ ∞.

❋✐♥❛❧❧②✱ ❡q✉❛t✐♦♥ ✭✷✳✺✸✮ ❣✐✈❡♥ ❜② t❤❡ st♦❝❤❛st✐❝ ❡♥❡r❣② ❡q✉❛❧✐t② r❡s✉❧ts ✐♥

E sup
t∈[0,T ]

‖X(t)−Xn(t)‖2 → 0 ❛s n→ ∞.

❚❤✉s✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s (Xn)n ❝♦♥✈❡r❣❡s t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ♦❢
♣r♦❜❧❡♠ ✭✷✳✶✼✮ str♦♥❣❧② ✐♥ L2(Ω;C([0, T ];H)) ❛♥❞ ✇❡❛❦❧② ✐♥ L2p(Ω× [0, T ];V )✳

✷✳✷✳✸ ●❡♥❡r❛❧✐③❛t✐♦♥s

■♥st❡❛❞ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ ❛❧s♦ t❤✐♥❦ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤✲
❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ s❡❡ ❬✶✶✱ ✾✻❪✮ ♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ✭t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✻✱ ✾✹❪✮✳ ❚❤❡ ♦♥❧② t❤✐♥❣
t❤❛t ❝❤❛♥❣❡s ✐s t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦r A✳ ❍♦✇❡✈❡r✱
❛❧❧ t❤❡✐r ♣r♦♣❡rt✐❡s ❛r❡ r❡t❛✐♥❡❞ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ st✐❧❧ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ r❡❛❧✲
✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ ♦rt❤♦♥♦r♠❛❧ ✐♥ H ❛♥❞ ♦rt❤♦❣♦♥❛❧ ✐♥
❛ s♣❛❝❡ V t❤❛t ✐s ❛❞❥✉st❡❞ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡♥ ❛❧❧ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ❢♦r t❤❡
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ r❡♠❛✐♥ t❤❡ s❛♠❡✳

❋✉rt❤❡r♠♦r❡✱ ❞✉r✐♥❣ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛♥❞ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s
♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ g✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ t♦ ❧♦❝❛❧ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥
L2(K,H) ❛♥❞ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ L2(K,H) ❛♥❞ L2(K,V )✳

❈♦r♦❧❧❛r② ✷✳✷✳✶✶✳ ❚❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷✳✷ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❡s♣❡❝✐❛❧❧② ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶✵ ❛❧s♦
❤♦❧❞ ✐❢ ✇❡ r❡♣❧❛❝❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

• ❢♦r ❡❛❝❤ L ∈ N t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t cg,L > 0 s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞
❛❧❧ u, v ∈ H ✇✐t❤ ‖u‖ ≤ L ❛♥❞ ‖v‖ ≤ L

‖g(t, u)− g(t, v)‖2L2(K,H) ≤ cg,L‖u− v‖2,

• t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t kg > 0 s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ]✱ ❛❧❧ u ∈ H ❛♥❞ ❛❧❧ v ∈ V

‖g(t, u)‖2L2(K,H) ≤ kg
(

1 + ‖u‖2
)

❛♥❞ ‖g(t, v)‖2L2(K,V ) ≤ kg
(

1 + ‖v‖2V
)

.

✷✾



✷✳✷✳ ❙t✉❞② ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

Pr♦♦❢✳ ❆t ✜rst✱ ✇❡ ✉s❡ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❛♥❞✱ s❡❝♦♥❞❧②✱ ✇❡ ❛♣♣❧② t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ t♦ t❤❡
❞r✐❢t t❡r♠ f ❛s ✇❡❧❧ ❛s t♦ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ g✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛❣❛✐♥ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s fMn ❛♥❞ gMn ❢♦r ✜①❡❞ M,n ∈ N ❛♥❞ ❝❛♥ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r❡s❡♥t ✐ss✉❡✳ ❲❡ ✐♠♠❡❞✐❛t❡❧②
❣❡t t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t❡❞ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠
❛♥❞ ❝❛♥ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞✱ t❤❡r❡❛❢t❡r✱ t♦ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
♣r♦❜❧❡♠ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❝✉rr❡♥t s❡❝t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ s❛♠❡ r❡s✉❧ts ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❧♦❜❛❧❧②
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ g ❤♦❧❞✳

❚❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ t②♣❡s ♦❢ ♥♦♥❧✐♥❡❛r✐t✐❡s f ✐s ❛♥♦t❤❡r ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r
st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳

❈♦r♦❧❧❛r② ✷✳✷✳✶✷✳ ❆❧❧ ❛ss❡rt✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥t s❡❝t✐♦♥ r❡♠❛✐♥ tr✉❡ ✐❢ ✇❡ ❡①❝❤❛♥❣❡ t❤❡ ♣♦✇❡r✲
t❡r♠ f(v) = |v|2σv ❢♦r ❛❧❧ v ∈ V ❛♥❞ σ ≥ 1 ❜② ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ f : V → H ❞❡✜♥❡❞ ❜②
f(v) := F (|v|2)v✱ ✇❤❡r❡ F : [0,∞) → [0,∞) ✐s ♦♥❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ F ′(x) ≥ 0 ❢♦r
❡❛❝❤ x ≥ 0✱ ❛♥❞ t❤❡r❡ ❡①✐st C > 0 ❛♥❞ σ > 1 s✉❝❤ t❤❛t

|F (x1)− F (x2)| ≤ C
(

1 + |x1|σ−1 + |x2|σ−1
)

|x1 − x2|, ❢♦r ❛❧❧ x1, x2 ≥ 0. ✭✷✳✺✺✮

❚❤❡ ❝❛s❡ σ = 1 ♠❛② ❛❧s♦ ❜❡ ✐♥❝❧✉❞❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t F ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✳ ❆ss✉♠♣t✐♦♥ ✭✷✳✺✺✮ s✉❜st✐t✉t❡s t❤❡ ✐♥❡q✉❛❧✐t② ❢r♦♠ ▲❡♠♠❛ ❉✳✹ ✭❜✮✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ ▲❡♠♠❛
❉✳✷ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❡ ❛♥❛❧♦❣✉❡s ♦❢ ✭✷✳✶✽✮ ❛♥❞ ✭✷✳✶✾✮

‖f(v)‖ ≤ C(σ)
(

1 + ‖v‖2σ+1
V

)

, ❢♦r ❛❧❧ v ∈ V,

‖f(u)− f(v)‖ ≤ C(σ)
(

1 + ‖u‖2σV + ‖v‖2σV
)

‖u− v‖, ❢♦r ❛❧❧ u, v ∈ V.

❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ♣❡r♠✐t t♦ ❞❡r✐✈❡ s✐♠✐❧❛r ❡st✐♠❛t❡s ❛s ✭✷✳✹✵✮ ❛♥❞ ✭✷✳✹✾✮ ♥❡❡❞❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✵✳
❚❤❡ r❡s✉❧t ❢r♦♠ ▲❡♠♠❛ ❉✳✺ ✐s r❡♣❧❛❝❡❞ ❜②

Re
{(

F (|z1|2)z1 − F (|z2|2)z2
)

(z1 − z2)
}

≥ 0, ❢♦r ❛❧❧ z1, z2 ∈ C,

✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ▲❡♠♠❛ ❉✳✺ ✇❤✐❧❡ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t F ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♣♦s✐t✐✈❡
❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥❡q✉❛❧✐t② ❢r♦♠ ▲❡♠♠❛ ❉✳✻ ✐s ❡①❝❤❛♥❣❡❞ ❜②

Re
{(

F (|v|2)v,Av
)}

≥ 0, ❢♦r ❡❛❝❤ v ∈ V s✉❝❤ t❤❛t Av ∈ H,

✇❤✐❝❤ ✐s s❤♦✇♥ s✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ❉✳✻ s✐♥❝❡ F ❛♥❞ F ′ ❛r❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♦❢
t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❊✳

❚❤❡ ❝❛s❡ F (x) = xσ ✇✐t❤ σ ≥ 1 ❝♦rr❡s♣♦♥❞s t♦ f(v) = |v|2σv ✇❤✐❝❤ ♦❜❡②s ✭✷✳✺✺✮ s✐♥❝❡
|xσ1 − xσ2 | ≤ σ|x1|σ−1|x1 − x2|✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❜② ❛♣♣❧②✐♥❣ ✐♥❡q✉❛❧✐t② ✭❉✳✶✮ ❢♦r x = x1

x2
≥ 1

✇✐t❤ x2 6= 0 ❛♥❞ s = σ✳ ❙✉❝❤ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♣♣❡❛r✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛rt✐❝❧❡s
❬✺✺✱ ✼✾✱ ✽✵❪✳ ❲❡ ❝❛♥ ❛❧s♦ t❛❦❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ❢♦r♠ F (x) = λ0 + λ1x + λ2x

2 ✇✐t❤ λk ≥ 0
❢♦r k = 0, 1, 2✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❝✉❜✐❝✲q✉✐♥t✐❝ ♥♦♥❧✐♥❡❛r✐t② ♠❡♥t✐♦♥❡❞ ✐♥ ❬✼✱ ✶✼❪✳ ■♥ t❤❛t ❝❛s❡
♦✉r ♠❡t❤♦❞ ❛❧s♦ ✇♦r❦s ❛♥❞ ②✐❡❧❞s t❤❡ s❛♠❡ r❡s✉❧ts✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤✐s ✐❞❡❛ ❝❛♥ ❜❡
tr❛♥s❢❡rr❡❞ t♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ✜♥✐t❡ ❞❡❣r❡❡ ✇✐t❤ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❛❧s♦ t♦ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s
♦❢ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦❢ t❤❡ ❢♦r♠

F (x) =
m
∑

k=1

λkx
σk , ❢♦r ✜①❡❞ m ∈ N,

✇✐t❤ λk > 0 ❛♥❞ σk ≥ 1 ❢♦r k = 1, 2, . . . ,m ❧✐❦❡ ✐♥ ❬✼✽✱ ✾✸✱ ❢♦r m = 2❪✳
❉✉❡ t♦ ♦✉r ❛♣♣r♦❛❝❤✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ♦✈❡r ❛

❜♦✉♥❞❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✳ ■t ✇♦✉❧❞ ❛❧s♦ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ♣r♦❜❧❡♠ ♦✈❡r ❛♥
✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ G ⊆ R✳ ❍♦✇❡✈❡r✱ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣
H1(G) →֒ L2(G) s✉❝❤ t❤❛t t❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ▲❡♠♠❛ ❉✳✷ ❞♦❡s ♥♦t ✇♦r❦ ❛♥② ❧♦♥❣❡r ❛♥❞ ✇❡ ❞♦ ♥♦t
❤❛✈❡ ❛ ❝♦✉♥t❛❜❧❡ s♣❡❝tr✉♠ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ t❤✐s ❝❛s❡✳

✸✵



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❘❡♠❛r❦ ✷✳✷✳✶✸✳ ❚❛❦✐♥❣ R ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧ (0, 1) ✇✐t❤ H := L2(R) ❛♥❞ V := H1(R)✱ ✇❡
❝❛♥ ❢✉rt❤❡r ❡♥s✉r❡ t❤❡ s❛♠❡ r❡s✉❧ts ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✐❢ ✇❡

• ✉s❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ V →֒ C(R) ✭s❡❡ ❬✶✵✺✱ ♣✳ ✶✵✷✼✱ ✭✹✺❞✮❪✮ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❛♥
❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ❉✳✷ ✐♥ ❢♦r♠ ♦❢

sup
x∈R

|v(x)|2 ≤ c‖v‖2V , ❢♦r ❛❧❧ v ∈ V,

• r❡❣❛r❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ V →֒ H ✭s❡❡ ❬✶✵✺✱ ♣✳ ✶✵✷✼✱ ✭✹✺❡✮❪✮✱

• r❡♣❧❛❝❡ t❤❡ ♦♣❡r❛t♦r A ✐♥ ♦✉r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❜② A := A + P ✱ ✇❤❡r❡ P ∈ L1
loc(R) ✐s

❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ s❛t✐s✜❡s P (x) → ∞ ❛s |x| → ∞ s✉❝❤ t❤❛t A ❤❛s ❛ ♣✉r❡❧② ❞✐s❝r❡t❡
s♣❡❝tr✉♠ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✭s❡❡ ❬✽✹✱ ♣✳ ✷✹✾✱ ❚❤❡♦r❡♠
❳■■■✳✻✼❪✮✳

✷✳✸ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❇❛s❡❞ ♦♥ ❬✻✵❪✱ ✇❡ r❡❣❛r❞ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ♣❡rt✉r❜❡❞ ❜② ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡

dX(t) = − iAX(t) dt+ iλf(X(t)) dt+ i

∞
∑

j=1

bj(t)X(t) dβj(t) ✭✷✳✺✻✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ] ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X(0) = ϕ ∈ V ❛♥❞ t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ ❙❡❝t✐♦♥
✷✳✶✳ ▲❡t λ ∈ R+✱ t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t ❢✉♥❝t✐♦♥ f : V → H ❜❡ ❛❣❛✐♥ ♦❢ t❤❡ ❢♦r♠ f(v) := |v|2σv ❢♦r ❛❧❧
v ∈ V ✇✐t❤ σ ∈ (0, 2)✱ (βj)j∈N ❜❡ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲✈❛❧✉❡❞ ❲✐❡♥❡r ♣r♦❝❡ss❡s ❛♥❞ B := [β1, β2, . . .]

′

s✉❝❤ t❤❛t (B(t))t∈[0,T ] ❣❡♥❡r❛t❡s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② ♦❢ σ✲❛❧❣❡❜r❛s (Ft)t∈[0,T ]✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r
❛❧❧ j ≥ 1 ❧❡t bj : Ω× [0, T ] → R ❜❡ Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s s❛t✐s❢②✐♥❣

E



exp







2 + σ

2− σ

∞
∑

j=1

∫ T

0

b2j (s) ds









 <∞, ✭✷✳✺✼✮

✇❤✐❝❤ ❡s♣❡❝✐❛❧❧② ✐♠♣❧✐❡s t❤❛t

∞
∑

j=1

∫ T

0

b2j (s) ds <∞, ❢♦r ❛✳❡✳ ω ∈ Ω. ✭✷✳✺✽✮

❚❤✉s✱ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✷✳✺✻✮ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ✭✷✳✶✶✮ ✇✐t❤
❛ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f(t,X(t)) := |X(t)|2σX(t) ❛♥❞ t❤❡ ♥♦✐s❡ t❡r♠

∫ T

0

g(t,X(t)) dW (t) :=
∞
∑

j=1

∫ T

0

bj(t)X(t) dβj(t),

✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❝♦✉♥t❛❜❧② ✐♥✜♥✐t❡ s❡t ♦❢ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❲✐❡♥❡r ♥♦✐s❡s✳ ❚❤❡ ❝❛s❡ ♦❢
❛ ✜♥✐t❡ s❡t ✐s ✐♥❝❧✉❞❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t bj(t) ≡ 0 ❢♦r ❛❧❧ j > m ✇✐t❤ m ∈ N✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡
❞❡✜♥❡ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✷✳✺✻✮ ✇✐t❤ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ϕ ∈ V ❛s ❛ ♣r♦❝❡ss X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× [0, T ];V ) ✇❤✐❝❤ ❢✉❧✜❧❧s

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(X(s)), v
)

ds

+ i
∞
∑

j=1

∫ t

0

bj(s)
(

X(s), v
)

dβj(s)

✭✷✳✺✾✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳

✸✶



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❘❡♠❛r❦ ✷✳✸✳✶✳ ▲❡t ✭✷✳✺✼✮ ❛♥❞ ❜② ❛ss♦❝✐❛t✐♦♥ ✭✷✳✺✽✮ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡ H✲✈❛❧✉❡❞ ✐♥t❡❣r❛❧

I(t) :=

∞
∑

j=1

∫ t

0

bj(s) dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ],

❞❡✜♥❡s ❛ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❣✐✈❡♥
❜②

TM :=



























T :
∞
∑

j=1

∫ T

0

b2j (s) ds < M,

inf







t ∈ [0, T ] :

∞
∑

j=1

∫ t

0

b2j (s) ds ≥M







:

∞
∑

j=1

∫ T

0

b2j (s) ds ≥M

❢♦r ❛❧❧ M ∈ N ✭❝♦♠♣❛r❡ ❬✶✷✱ ▲❡♠♠❛ ✷✳✶❪✮✳ ◆♦t✐❝❡ t❤❛t (TM )M∈N ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✇❤✐❝❤
❝♦♥✈❡r❣❡s P ✲❛✳s✳ t♦ T ❛♥❞ ✭❞✉❡ t♦ ✭✷✳✺✽✮✮ ✐t ❤♦❧❞s t❤❛t

P

(

∞
⋃

M=1

{TM = T}
)

= 1.

■❢✱ ❛❞❞✐t✐♦♥❛❧❧②✱ X ∈ L2(Ω;C([0, T ];H))✱ ♦♥❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t

Ĩ(t) :=

∞
∑

j=1

∫ t

0

bj(s)X(s) dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ],

✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ●✮✳

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✺✾✮ ❜② tr❛♥s❢♦r♠✐♥❣
t❤✐s ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♦♥❡✱ ❞❡r✐✈❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ❛♥❞
t❤❡♥ tr❛♥s❢❡r t❤❡ r❡s✉❧ts t♦ t❤❡ st♦❝❤❛st✐❝ ♣r♦❜❧❡♠ ✭✷✳✺✾✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst r❡❣❛r❞ t❤❡ ♣r♦❝❡ss

Y (t) := exp







−1

2

∞
∑

j=1

∫ t

0

b2j (s) ds− i

∞
∑

j=1

∫ t

0

bj(s) dβj(s)







✭✷✳✻✵✮

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ ✇❤♦s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✭♥❡❡❞❡❞ ❧❛t❡r ♦♥✮ ✐s ❣✐✈❡♥ ❜②

|Y (t)| = exp







−1

2

∞
∑

j=1

∫ t

0

b2j (s) ds







, ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ].

❖❜s❡r✈❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ Y (t) := exp{−Z(t)} ✇✐t❤

Z(t) :=
1

2

∞
∑

j=1

∫ t

0

b2j (s) ds+ i

∞
∑

j=1

∫ t

0

bj(s) dβj(s).

❆♣♣❧②✐♥❣ t❤❡ ■tô ❢♦r♠✉❧❛ ❢♦r F (x) := e−x ②✐❡❧❞s t❤❡ ❞✐✛❡r❡♥t✐❛❧

dY (t) = −
∞
∑

j=1

b2j (t)Y (t) dt− i

∞
∑

j=1

bj(t)Y (t) dβj(t), Y (0) = 1.

❚❤✉s✱ t❤❡ ♣r♦❝❡ss (Y (t))t∈[0,T ] ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

Y (t) = 1−
∞
∑

j=1

∫ t

0

b2j (s)Y (s) ds− i
∞
∑

j=1

∫ t

0

bj(s)Y (s) dβj(s) ✭✷✳✻✶✮

✸✷



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ ✇❤❡r❡ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✐♥ ✭✷✳✻✵✮ ❛♥❞ ✭✷✳✻✶✮ ❛r❡ r❡❛❧✲✈❛❧✉❡❞
❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❛s st❛t❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✸✳✶✳ ▼♦r❡♦✈❡r✱
✇❡ ✐♥tr♦❞✉❝❡ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]

B(t) :=
1

|Y (t)|2σ = exp







σ
∞
∑

j=1

∫ t

0

b2j (s) ds







, ✭✷✳✻✷✮

✇❤❡r❡ (B(t))t∈[0,T ] ✐s Ft✲❛❞❛♣t❡❞ ❛♥❞ 0 < B(t) ≤ B(T ) < ∞ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳
◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

Z(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZ(s), v
〉

ds+ iλ

∫ t

0

B(s)
(

f(Z(s)), v
)

ds ✭✷✳✻✸✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢
t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ Z ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ♦❢ t❤❡ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✺✾✮ t❤❡r❡❛❢t❡r✳ ❆s ✇❡ ✈❡r✐❢②
✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✷✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❜❧❡♠ ✭✷✳✺✾✮ ✐s ❣✐✈❡♥ ❜②

X(t, · ) := lim
M→∞

Z(t ∧ TM , · )
Y (t ∧ TM )

, ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ].

✷✳✸✳✶ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ P❛t❤✇✐s❡ Pr♦❜❧❡♠

❋✐rst✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö✲
❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮ ✭❢♦r ❛✳❡✳ ω ∈ Ω ❛r❜✐tr❛r✐❧② ✜①❡❞✮✳

❚❤❡♦r❡♠ ✷✳✸✳✷✳ ■❢ Z ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✐s ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮✱ t❤❡♥ ✐t ✐s ✉♥✐q✉❡✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s Z, Ẑ ∈ C([0, T ];H)∩L2([0, T ];V ) ♦❢ ♣r♦❜✲
❧❡♠ ✭✷✳✻✸✮✳ ❇② ❞❡♥♦t✐♥❣ δZ := Z − Ẑ✱ ✇❡ ❣❡t

(

δZ(t), v
)

= − i

∫ t

0

〈

AδZ(s), v
〉

ds+ iλ

∫ t

0

B(s)
(

f(Z(s))− f(Ẑ(s)), v
)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❆♣♣❧②✐♥❣ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖δZ(t)‖2 = 2 Im

∫ t

0

〈

AδZ(s), δZ(s)
〉

ds− 2λ Im

∫ t

0

B(s)
(

f(Z(s))− f(Ẑ(s)), δZ(s)
)

ds

❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❤❡r❡ t❤❡ ✜rst ❛❞❞❡♥❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ✐♠♠❡❞✐❛t❡❧② ❜❡❝❛✉s❡
Im
〈

Av, v
〉

= 0 ❢♦r ❛❧❧ v ∈ V ✳ ❉✉❡ t♦ 0 < B(s) ❢♦r ❛❧❧ s ∈ [0, t] ❛♥❞ ▲❡♠♠❛ ❉✳✹ ✭❛✮✱ ✇❡ ❝♦♥❝❧✉❞❡

‖δZ(t)‖2 =− 2λ Im

∫ t

0

B(s)
(

f(Z(s))− f(Ẑ(s)), δZ(s)
)

ds

≤ 2λ

∫ t

0

B(s)
∥

∥

∥f(Z(s))− f(Ẑ(s))
∥

∥

∥ ‖δZ(s)‖ ds

≤ 5λ

∫ t

0

B(s)

[∫ 1

0

(

|Z(s, x)|2σ + |Ẑ(s, x)|2σ
)2

|δZ(s, x)|2 dx
]

1
2

‖δZ(s)‖ ds

≤ 5λ

∫ t

0

B(s)

(

sup
x∈[0,1]

|Z(s, x)|2σ + sup
x∈[0,1]

|Ẑ(s, x)|2σ
)

‖δZ(s)‖2 ds

❢♦r ❛❧❧ t ∈ [0, T ]✳ ▲❡♠♠❛ ❉✳✸ ❢✉rt❤❡r ②✐❡❧❞s
∫ T

0

sup
x∈[0,1]

|Z(s, x)|2σ ds <∞ ❛♥❞
∫ T

0

sup
x∈[0,1]

|Ẑ(s, x)|2σ ds <∞.

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ❜② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❢♦r ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ✭s❡❡ ❬✺✸✱ ♣✳ ✹✼✾✱ ▲❡♠♠❛ ❆✳✶❪✮ t❤❛t
‖δZ(t)‖2 = 0 ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ Z(t) = Ẑ(t) ❢♦r ❛❧❧ t ∈ [0, T ]✳

✸✸
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❚♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✭✷✳✻✸✮✱ ✇❡ ❛❞❛♣t t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✭❝♦♠♣❛r❡
❬✸✻❪ ✇✐t❤ σ = 1✮ t♦ t❤❡ ❝❛s❡ ♦❢ ♣r♦❜❧❡♠ ✭✷✳✻✸✮ ✇✐t❤ σ ∈ (0, 2)✳ ❋♦r ❡❛❝❤ n ∈ N✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮

(

Zn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AZn(s), hk
〉

ds+ iλ

∫ t

0

B(s)
(

fn(Zn(s)), hk
)

ds ✭✷✳✻✹✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✱ ✇❤❡r❡ ϕn := πnϕ ❛♥❞ fn(u) := πnf(u) ❢♦r ❛❧❧ u ∈ Hn ❛r❡
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢ ϕ ∈ V ❛♥❞ f(u) ∈ H ♦♥ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ Hn ✭s❡❡ ✭✷✳✷✮✮✳
❚❤❡ s✉❜s❡q✉❡♥t t❤❡♦r❡♠s st❛t❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s Zn ✐♥
t❤❡ s♣❛❝❡s H ❛♥❞ V ✳

❚❤❡♦r❡♠ ✷✳✸✳✸✳ ▲❡t n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✹✮ ♣♦ss❡ss❡s ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥ Zn ∈ C([0, T ];H) ❛♥❞

‖Zn(t)‖2 ≤ ‖ϕ‖2, ❢♦r ❛❧❧ t ∈ [0, T ].

Pr♦♦❢✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣♣✐♥❣ Fn : [0, T ]×Hn → Hn ❞❡✜♥❡❞ ❜② Fn(t, u) := B(t)fn(u) ❢♦r ❛❧❧
t ∈ [0, T ] ❛♥❞ ❛❧❧ u ∈ Hn✳ ❘❡❣❛r❞ t❤❛t ❢♦r ❡❛❝❤ ✜①❡❞ t ∈ [0, T ] ❛♥❞ ❡❛❝❤ u1, u2 ∈ Hn✱ ✇❡ ❤❛✈❡ ❜②
t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✱ ▲❡♠♠❛ ❉✳✹ ✭❛✮✱ ▲❡♠♠❛ ❉✳✷ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥♦r♠s ‖ · ‖
❛♥❞ ‖ · ‖V ♦♥ Hn ✭s❡❡ ✭✷✳✹✮✮

‖Fn(t, u1)− Fn(t, u2)‖2 = B2(t)‖fn(u1)− fn(u2)‖2 ≤ B2(T )‖f(u1)− f(u2)‖2

≤ 25

4
B2(T )

∫ 1

0

(

|u1(x)|2σ + |u2(x)|2σ
)2 |u1(x)− u2(x)|2 dx

≤ 25

2
B2(T ) sup

x∈[0,1]

(

|u1(x)|4σ + |u2(x)|4σ
)

‖u1 − u2‖2

≤ 25 · 22σ−1B2(T )
(

‖u1‖4σV + ‖u2‖4σV
)

‖u1 − u2‖2

≤ 25 · 22σ−1B2(T ) (1 + µn)
2σ
(

‖u1‖4σ + ‖u2‖4σ
)

‖u1 − u2‖2.

❍❡♥❝❡✱ t❤❡ ♠❛♣♣✐♥❣ Fn(t, · ) : Hn → Hn ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢♦r ❡❛❝❤ ✜①❡❞ t ∈ [0, T ]✳
❈♦♠❜✐♥✐♥❣ t❤✐s r❡s✉❧t ✇✐t❤ ❞❡✜♥✐t✐♦♥ ✭✷✳✻✷✮ ♦❢ B(t)✱ ✐t ❢♦❧❧♦✇s t❤❛t Fn : [0, T ]×Hn → Hn ✐s ❝♦♥✲
t✐♥✉♦✉s ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧ ✭str♦♥❣✮ s♦❧✉t✐♦♥ Zn ∈ C([0, δ];Hn)
✇✐t❤ δ ∈ (0, T ] ♦❢

Zn(t) = ϕn − i

∫ t

0

AZn(s) ds+ iλ

∫ t

0

Fn(s, Zn(s)) ds, ❢♦r ❛❧❧ t ∈ [0, δ], ✭✷✳✻✺✮

✐♥ Hn ✐s ❡♥s✉r❡❞ ❜② P❡❛♥♦✬s t❤❡♦r❡♠ ❢♦r ♠❛♣♣✐♥❣s ✇❤✐❝❤ ❛r❡ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ Hn

✭s❡❡ ❬✷✽✱ ♣✳ ✷✶✹✕✷✶✻✱ ❡s♣❡❝✐❛❧❧② ❚❤❡♦r❡♠s ✷✳✸✳✶ ❛♥❞ ✷✳✸✳✹❪✮✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt②
✐♥ ✭✷✳✸✮✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✻✺✮ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✷✳ ❖❜✈✐♦✉s❧②✱ Zn ❢✉❧✜❧❧s ✭✷✳✻✹✮ ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② t♦ ✭✷✳✻✹✮✳
❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ k = 1, 2, . . . , n✱ ✇❡ r❡❝❡✐✈❡

‖Zn(t)‖2 = ‖ϕn‖2 + 2 Im

∫ t

0

〈

AZn(s), Zn(s)
〉

ds− 2λ Im

∫ t

0

B(s)
(

fn(Zn(s)), Zn(s)
)

ds

❢♦r ❛❧❧ t ∈ [0, δ]✳ ❙✐♥❝❡
〈

AZn(s), Zn(s)
〉

≥ 0 ✭❜② t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✺✮✮ ❛♥❞

B(s)
(

fn(Zn(s)), Zn(s)
)

= B(s)
(

f(Zn(s)), Zn(s)
)

≥ 0,

✭❞✉❡ t♦ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✱ ❜♦t❤ ✐♠❛❣✐♥❛r② ♣❛rts ✈❛♥✐s❤ ❛♥❞ ✐t ♦♥❧② r❡♠❛✐♥s

‖Zn(t)‖2 = ‖ϕn‖2, ❢♦r ❛❧❧ t ∈ [0, δ].

✸✹
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❇❡❝❛✉s❡ ♦❢ ‖ϕn‖2 ≤ ‖ϕ‖2 ✭s❡❡ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✱ ✐t ❢✉rt❤❡r ❤♦❧❞s t❤❛t

‖Zn(t)‖2 ≤ ‖ϕ‖2, ❢♦r ❛❧❧ t ∈ [0, δ].

■♥ ♦r❞❡r t♦ ❣❡t ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥✱ ✇❡ s✉❝❝❡ss✐✈❡❧② ❝♦♥s✐❞❡r t❤✐s ♣r♦❜❧❡♠ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [kδ, (k+1)δ]
❢♦r ❛❧❧ k = 1, 2, . . . ,m ✉♥t✐❧ ✇❡ r❡❛❝❤ t❤❡ ✜♥❛❧ t✐♠❡ T ∈ (mδ, (m + 1)δ] ❛❢t❡r ✜♥✐t❡❧② ♠❛♥② st❡♣s
m ∈ N✳ ❋♦r ❡❛❝❤ ✜①❡❞ k ∈ {1, 2, . . . ,m} t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Zn(kδ)
②✐❡❧❞s ❛ ✉♥✐q✉❡ ❧♦❝❛❧ ✭str♦♥❣✮ s♦❧✉t✐♦♥ Zn ∈ C([kδ, (k+1)δ];Hn) ❛♥❞ t❤❡ ❡st✐♠❛t❡ ‖Zn(t)‖2 ≤ ‖ϕ‖2
❢♦r ❛❧❧ t ∈ [kδ, (k + 1)δ]✳ ❍❡♥❝❡✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ❡♥❛❜❧❡s ✉s t♦ ❡①t❡♥❞ t❤❡ ❧♦❝❛❧
s♦❧✉t✐♦♥ Zn ♦♥ [0, δ] t♦ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦♥ [0, T ]✳

❈♦r♦❧❧❛r② ✷✳✸✳✹✳ ❚❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s (Zn)n
✐♥ H ❝❛♥ ❜❡ r❛✐s❡❞ t♦ t❤❡ ❤✐❣❤❡r ♣♦✇❡r 2p ❢♦r ❡❛❝❤ p ≥ 1✳ ❚❤✉s✱ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ❣❡t t❤❡ ❜♦✉♥❞❡❞♥❡ss
♦❢ (Zn)n ✐♥ L2p([0, T ];H) ❢♦r ❛❧❧ p ≥ 1✳

❚❤❡♦r❡♠ ✷✳✸✳✺✳ ▲❡t n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣
♦♥ σ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ Zn ♦❢ ✭✷✳✻✹✮ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖Zn(t)‖2V ≤ C(σ)
(

‖ϕ‖2V + λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

, ❢♦r ❛❧❧ t ∈ [0, T ].

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ Zn ✐♥ V ❛s ✇❡❧❧✱ r❡♠❡♠❜❡r t❤❡ ❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
✭✷✳✻✹✮ ❛s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

Zn(t) = ϕn − i

∫ t

0

AZn(s) ds+ iλ

∫ t

0

B(s)fn(Zn(s)) ds

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❯s✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♥♦✐s❡✱ ✇❡ ✇r✐t❡

∂

∂t
Zn(t) = − iAZn(t) + iλB(t)fn(Zn(t)), Zn(0) = ϕn.

❯♥❧❡ss ♥♦t❡❞ ♦t❤❡r✇✐s❡✱ ❡❛❝❤ r❡❧❛t✐♦♥ ✐♥ t❤✐s ♣r♦♦❢ ✐s ✈❛❧✐❞ ❢♦r ❛✳❡✳ t ∈ [0, T ]✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤
∂
∂t
Zn(t) ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●❡❧❢❛♥❞ tr✐♣❧❡ (V,H, V ∗) ②✐❡❧❞

∥

∥

∥

∥

∂

∂t
Zn(t)

∥

∥

∥

∥

2

= − i

〈

AZn(t),
∂

∂t
Zn(t)

〉

+ iλB(t)

(

fn(Zn(t)),
∂

∂t
Zn(t)

)

.

❚❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✮ ♦❢ A ❛♥❞ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❡♥t❛✐❧

∥

∥

∥

∥

∂

∂t
Zn(t)

∥

∥

∥

∥

2

= − i

(

∂

∂x
Zn(t),

∂

∂x

∂

∂t
Zn(t)

)

+ iλB(t)

(

f(Zn(t)),
∂

∂t
Zn(t)

)

.

❘❡❣❛r❞✐♥❣ t❤❛t λ,B(t) ∈ R+ ❛♥❞ t❛❦✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❛♥❞

0 =− Im

{

i

(

∂

∂x
Zn(t),

∂

∂x

∂

∂t
Zn(t)

)}

+ λB(t) Im

{

i

(

f(Zn(t)),
∂

∂t
Zn(t)

)}

=− Re

(

∂

∂x
Zn(t),

∂

∂x

∂

∂t
Zn(t)

)

+ λB(t)Re

(

f(Zn(t)),
∂

∂t
Zn(t)

)

.

✭✷✳✻✻✮

❉✉❡ t♦ Re{ab} = 1
2 (ab+ ab) ❢♦r a, b ∈ C✱ ✐t ❤♦❧❞s ❢♦r b := at =

d
dt
a t❤❛t

Re{aat} =
1

2
(aat + aat) =

1

2

d

dt
(aa) =

1

2

d

dt
|a|2. ✭✷✳✻✼✮

❯s✐♥❣ t❤✐s r❡s✉❧t ❢♦r a := ∂
∂x
Zn(t, x) ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐✲

♠❛t✐♦♥s ✐s s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❝❛♥

✸✺
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❜❡ s✐♠♣❧② ❝❤❛♥❣❡❞✱ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ s✉✣❝❡s

Re

(

∂

∂x
Zn(t),

∂

∂x

∂

∂t
Zn(t)

)

= Re

(

∂

∂x
Zn(t),

∂

∂t

∂

∂x
Zn(t)

)

=

∫ 1

0

Re

{

∂

∂x
Zn(t, x)

∂

∂t

∂

∂x
Zn(t, x)

}

dx

=
1

2

∫ 1

0

∂

∂t

∣

∣

∣

∣

∂

∂x
Zn(t, x)

∣

∣

∣

∣

2

dx =
1

2

d

dt

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

.

▼♦r❡♦✈❡r✱ ❛♣♣❧②✐♥❣ ✭✷✳✻✼✮ t♦ a := Zn(t, x)✱ t❤❡ s❡❝♦♥❞ t❡r♠ r❡s✉❧ts ✐♥

Re

(

f(Zn(t)),
∂

∂t
Zn(t)

)

=

∫ 1

0

|Zn(t, x)|2σ Re
{

Zn(t, x)
∂

∂t
Zn(t, x)

}

dx

=
1

2

∫ 1

0

|Zn(t, x)|2σ
(

Zn(t, x)
∂

∂t
Zn(t, x) + Zn(t, x)

∂

∂t
Zn(t, x)

)

dx

=
1

2(1 + σ)

∫ 1

0

(

|Zn(t, x)|2
∂

∂t

[

Zn(t, x)
σ Zn(t, x)

σ
]

+ |Zn(t, x)|2σ
∂

∂t

[

Zn(t, x)Zn(t, x)
]

)

dx

=
1

2(1 + σ)

∫ 1

0

(

|Zn(t, x)|2
∂

∂t
|Zn(t, x)|2σ + |Zn(t, x)|2σ

∂

∂t
|Zn(t, x)|2

)

dx

=
1

2(1 + σ)

∫ 1

0

∂

∂t

[

|Zn(t, x)|2σ|Zn(t, x)|2
]

dx =
1

2(1 + σ)

d

dt

(∫ 1

0

|Zn(t, x)|2+2σdx

)

.

❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✻✻✮ t❤❛t

d

dt

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

=
λ

1 + σ
B(t)

d

dt

(∫ 1

0

|Zn(t, x)|2+2σ dx

)

.

■♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ②✐❡❧❞s
∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

−
∥

∥

∥

∥

∂

∂x
Zn(0)

∥

∥

∥

∥

2

=
λ

1 + σ

∫ t

0

B(s)
d

ds

(∫ 1

0

|Zn(s, x)|2+2σ dx

)

ds,

✇❤❡r❡ ❢r♦♠ ♥♦✇ ♦♥ ❡❛❝❤ r❡❧❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ t ∈ [0, T ] ✐♥ t❤✐s ♣r♦♦❢✳ ❉✉❡ t♦ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❡ r❡❝❡✐✈❡

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

−
∥

∥

∥

∥

∂

∂x
Zn(0)

∥

∥

∥

∥

2

=
λ

1 + σ
B(t)

(∫ 1

0

|Zn(t, x)|2+2σ dx

)

− λ

1 + σ

(∫ 1

0

|Zn(0, x)|2+2σ dx

)

− λ

1 + σ

∫ t

0

[

d

ds
B(s)

](∫ 1

0

|Zn(s, x)|2+2σ dx

)

ds

≤ λ

1 + σ
B(t)

(∫ 1

0

|Zn(t, x)|2+2σ dx

)

✭✷✳✻✽✮

s✐♥❝❡ ✭❜② ❛ss✉♠♣t✐♦♥ ✭✷✳✺✼✮ ❛♥❞ ♥♦t❛t✐♦♥ ✭✷✳✻✷✮✮ ✇❡ ❤❛✈❡

0 ≤ d

ds
B(s) = exp







σ

∞
∑

j=1

∫ s

0

b2j (r) dr







·σ
∞
∑

j=1

b2j (s) <∞, ❢♦r ❛✳❡✳ s ∈ [0, T ].

❇❡❝❛✉s❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Zn(0) = ϕn✱ ✐t ❢♦❧❧♦✇s t❤❛t
∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+
λ

1 + σ
B(T )

(∫ 1

0

|Zn(t, x)|2+2σ dx

)

.

✸✻
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❇❛s❡❞ ♦♥ ▲❡♠♠❛ ❉✳✷ ❛♥❞ ▲❡♠♠❛ ❉✳✶✱ ✇❡ s❡❡

∫ 1

0

|Zn(t, x)|2+2σ dx ≤
(∫ 1

0

|Zn(t, x)|2 dx
)

sup
x∈[0,1]

|Zn(t, x)|2σ

≤ ‖Zn(t)‖2 ‖Zn(t)‖σ
(

‖Zn(t)‖+ 2

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

)σ

≤ 2σ‖Zn(t)‖2(1+σ) + 22σ‖Zn(t)‖2+σ

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

σ

.

✭✷✳✻✾✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+
2σ

1 + σ
λB(T )‖Zn(t)‖2(1+σ) +

22σ

1 + σ
λB(T )‖Zn(t)‖2+σ

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

σ

≤
∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+
2σ

1 + σ
λB(T )‖Zn(t)‖2(1+σ)

+
2− σ

2

(

22σ

1 + σ

)
2

2−σ

(λB(T ))
2

2−σ ‖Zn(t)‖
2(2+σ)
2−σ +

σ

2

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

❞✉❡ t♦ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✳ ❙✐♥❝❡ ‖Zn(t)‖2 ≤ ‖ϕ‖2 ❢♦r ❛❧❧ t ∈ [0, T ] ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✷✳✸✳✸✮ ❛♥❞
t❤❡ ❡①♣♦♥❡♥ts 2(1 + σ) ❛♥❞ 2(2+σ)

2−σ
✇✐t❤ σ ∈ (0, 2) ❛r❡ ♣♦s✐t✐✈❡✱ ✐t ❛❧s♦ ❤♦❧❞s t❤❛t

‖Zn(t)‖2(1+σ) ≤ ‖ϕ‖2(1+σ)
, ‖Zn(t)‖

2(2+σ)
2−σ ≤ ‖ϕ‖

2(2+σ)
2−σ , ❢♦r ❛❧❧ t ∈ [0, T ],

✭s❡❡ ❈♦r♦❧❧❛r② ✷✳✸✳✹✮ ❛♥❞✱ t❤❡r❡❢♦r❡✱

(

1− σ

2

)

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

d

dx
ϕn

∥

∥

∥

∥

2

+
2σ

1 + σ
λB(T ) ‖ϕ‖2(1+σ)

+
2− σ

2

(

22σ

1 + σ

)
2

2−σ

(λB(T ))
2

2−σ ‖ϕ‖
2(2+σ)
2−σ .

❇② ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥
∥

∥

d
dx
ϕn

∥

∥

2 ≤
∥

∥

d
dx
ϕ
∥

∥

2
✭❝♦♠♣❛r❡ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✱ ✇❡ ✐♥❢❡r ❢♦r ❛❧❧

t ∈ [0, T ] t❤❛t

∥

∥

∥

∥

∂

∂x
Zn(t)

∥

∥

∥

∥

2

≤ 2

2− σ

(

∥

∥

∥

∥

d

dx
ϕ

∥

∥

∥

∥

2

+
2σ

1 + σ
λB(T ) ‖ϕ‖2(1+σ)

)

+

(

22σ

1 + σ

)
2

2−σ

(λB(T ))
2

2−σ ‖ϕ‖
2(2+σ)
2−σ

≤C(σ)

(

∥

∥

∥

∥

d

dx
ϕ

∥

∥

∥

∥

2

+ λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

.

❙✐♥❝❡ ‖Zn(t)‖2V = ‖Zn(t)‖2 +
∥

∥

∂
∂x
Zn(t)

∥

∥

2
✱ ✐t ❢♦❧❧♦✇s t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✸✳✸ t❤❛t

‖Zn(t)‖2V ≤ C(σ)
(

‖ϕ‖2V + λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

, ❢♦r ❛❧❧ t ∈ [0, T ].

❈♦r♦❧❧❛r② ✷✳✸✳✻✳ ❚❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✐♥ V ❝❛♥ ❛❧s♦ ❜❡ r❛✐s❡❞ t♦ t❤❡ ♣♦✇❡r 2p ❢♦r ❡❛❝❤
p ≥ 1✳ ❍❡♥❝❡✱ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (Zn)n ✐♥ L2p([0, T ];V ) ❛s ✇❡❧❧✳

◆❡①t✱ ✇❡ ✐♥✈❡st✐❣❛t❡ s♦♠❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ (Zn)n∈N t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐✲
❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮✳

❈♦r♦❧❧❛r② ✷✳✸✳✼✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s (Zn)n ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✭✷✳✻✹✮ ✐s ❜♦✉♥❞❡❞ ✐♥ C([0, T ];H)✱ L2([0, T ];H) ❛♥❞ L2([0, T ];V )✳ ▼♦r❡♦✈❡r✱ (Zn)n ✐s
r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ];H)✳
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✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

Pr♦♦❢✳ ❚❤❡♦r❡♠s ✷✳✸✳✸ ❛♥❞ ✷✳✸✳✺ ✐♠♣❧② t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (Zn)n ✐♥ C([0, T ];H)✱ L2([0, T ];H) ❛♥❞
L2([0, T ];V )✳ ❘❡❢❡rr✐♥❣ t♦ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✷✳✻✹✮✱ ❛♣♣❧②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②
❢♦r sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t ❢♦r ❛❧❧ s, t ∈ [0, T ] ✇✐t❤ s < t

‖Zn(t)− Zn(s)‖2V ∗ ≤
∥

∥

∥

∥

−i
∫ t

s

(

AZn(r)− λB(r)fn(Zn(r))
)

dr

∥

∥

∥

∥

2

V ∗

≤ (t− s)

∫ t

s

‖AZn(r)− λB(r)fn(Zn(r))‖2V ∗ dr

≤ 2(t− s)

∫ t

s

(

‖AZn(r)‖2V ∗ + λ2B2(r) ‖fn(Zn(r))‖2V ∗

)

dr.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r A ✭❝♦♠♣❛r❡ ❙❡❝t✐♦♥ ✷✳✶✮ ❛♥❞ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ H →֒ V ∗ ✇✐t❤
❡♠❜❡❞❞✐♥❣ ❝♦♥st❛♥t C̃ := CH,V ∗ ❛♥❞ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❧❡❛❞ t♦

‖Zn(t)− Zn(s)‖2V ∗ ≤ 2(t− s)

∫ t

s

(

‖Zn(r)‖2V + λ2B2(r)C̃2 ‖fn(Zn(r))‖2
)

dr

≤ (t− s)C

∫ t

s

(

‖Zn(r)‖2V + λ2B2(r) ‖f(Zn(r))‖2
)

dr.

▲❡♠♠❛ ❉✳✷ ❡♥t❛✐❧s ❢♦r ❛❧❧ r ∈ [0, T ] t❤❡ ❡st✐♠❛t❡

‖f(Zn(r))‖2 =
∥

∥|Zn(r)|2σZn(r)
∥

∥

2 ≤ sup
x∈[0,1]

|Zn(r, x)|2(2σ+1) ≤ 22σ+1‖Zn(r)‖2(2σ+1)
V

s✉❝❤ t❤❛t

‖Zn(t)− Zn(s)‖2V ∗ ≤ (t− s)C

∫ t

s

(

‖Zn(r)‖2V + 22σ+1λ2B2(T )‖Zn(r)‖2(2σ+1)
V

)

dr.

❍❡♥❝❡✱ t❤❡ ❜♦✉♥❞❡❞♥❡ss r❡s✉❧ts ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✺ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳✸✳✻ ②✐❡❧❞ t❤❡ ❡q✉✐❝♦♥t✐♥✉✐t② ♦❢
(Zn)n ✐♥ C([0, T ];V ∗)✳ ❙✐♥❝❡ t❤❡ ❡♠❜❡❞❞✐♥❣ V →֒ H ✐s ❝♦♠♣❛❝t✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ ❜② ❛ t❤❡♦r❡♠ ❞✉❡
t♦ ❉✉❜✐♥s❦✐❥ t❤❛t (Zn)n ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ];H) ✭s❡❡ ❬✾✾✱ ♣✳ ✶✸✷✱ ❚❤❡♦r❡♠ ✹✳✶❪✮✳

◆♦✇✱ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ Z ♦❢ ♣r♦❜❧❡♠ ✭✷✳✻✸✮✳

❚❤❡♦r❡♠ ✷✳✸✳✽✳ ▲❡t (Zn)n ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✷✳✻✹✮✳ ❚❤❡♥ ✐t ❤♦❧❞s t❤❛t

✭❛✮ (Zn)n ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ L2([0, T ];H) ❛♥❞ ✇❡❛❦❧② ✐♥ L2([0, T ];V ) t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉✲
t✐♦♥ Z ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮✱

✭❜✮ Z ∈ L∞([0, T ];V ) ❛♥❞ ❡s♣❡❝✐❛❧❧②

ess sup
t∈[0,T ]

‖Z(t)‖2V ≤ C(σ)
(

‖ϕ‖2V + λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

,

✭❝✮ (Zn)n ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ Z ✐♥ C([0, T ];H)✳

Pr♦♦❢✳ ✭❛✮ ❲❡ ❞❡r✐✈❡ s♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ✐♥ L2([0, T ];H) ❛♥❞ L2([0, T ];V ) ❛♥❞ t❤❡♥ ✇❡ t❛❦❡
n→ ∞ ✐♥ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s

(

Zn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AZn(s), hk
〉

ds+ iλ

∫ t

0

B(s)
(

fn(Zn(s)), hk
)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t

ϕn → ϕ ✐♥ H ❛s n→ ∞.

✸✽
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❇② ❈♦r♦❧❧❛r② ✷✳✸✳✼ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ (Zn′)n′ ♦❢ (Zn)n ❛♥❞ ❛ ❢✉♥❝t✐♦♥ Z̃ ∈ L2([0, T ];V )
s✉❝❤ t❤❛t

Zn′ ⇀ Z̃ ✐♥ L2([0, T ];H) ❛s n′ → ∞, ✭✷✳✼✵✮

Zn′ ⇀ Z̃ ✐♥ L2([0, T ];V ) ❛s n′ → ∞ ✭✷✳✼✶✮

❛♥❞
∫ T

0

‖Zn′(t)− Z̃(t)‖2 dt→ 0 ❛s n′ → ∞. ✭✷✳✼✷✮

❚❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ❢✉rt❤❡r s✉❜s❡q✉❡♥❝❡ (Zn′′)n′′ ♦❢
(Zn′)n′ ✇✐t❤

Zn′′(t, x) → Z̃(t, x), ❢♦r ❛✳❡✳ (t, x) ∈ [0, T ]× [0, 1] ❛s n′′ → ∞.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

B(t)f(Zn′′(t, x)) → B(t)f(Z̃(t, x)), ❢♦r ❛✳❡✳ (t, x) ∈ [0, T ]× [0, 1] ❛s n′′ → ∞.

▲❡♠♠❛ ❉✳✷ ❛♥❞ t❤❡ ❡st✐♠❛t❡ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✺ ②✐❡❧❞ t❤❡ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∫ T

0

‖B(t)f(Zn′′(t))‖2 dt =
∫ T

0

∫ 1

0

∣

∣B(t)|Zn′′(t, x)|2σZn′′(t, x)
∣

∣

2
dx dt

≤B2(T )

∫ T

0

(

sup
x∈[0,1]

|Zn′′(t, x)|2(2σ+1)

)

dt

≤ 22σ+1B2(T )

∫ T

0

‖Zn′′(t)‖2(2σ+1)
V dt ≤ C(σ, λ, ϕ,B(T ))

❢♦r ❛❧❧ n′′ ∈ N✳ ❚❤❡♥ ❜② ❬✻✸✱ ♣✳ ✼✷✱ ▲❡♠♠❛ ✷✳✸❪ ✇❡ r❡❝❡✐✈❡

Bf(Zn′′)⇀ Bf(Z̃) ✐♥ L2([0, T ];H) ❛s n′′ → ∞. ✭✷✳✼✸✮

❆❜❜r❡✈✐❛t✐♥❣ Yn′′(s) := B(s)f(Zn′′(s)) ❛♥❞ Ỹ (s) := B(s)f(Z̃(s)) ❢♦r ❛❧❧ s ∈ [0, t] ❛♥❞ ❝❤♦♦s✐♥❣
t ∈ [0, T ]✱ ✇❡ ❞❡❞✉❝❡ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ Yn′′ ∈ L2([0, T ];H) t❤❛t

∫ T

0

∥

∥

∥

∥

∫ t

0

Yn′′(s) ds

∥

∥

∥

∥

2

dt ≤
∫ T

0

t

∫ t

0

‖Yn′′(s)‖2 ds dt ≤ T 2

∫ T

0

‖Yn′′(t)‖2 dt <∞.

❚❤✐s r❡s✉❧t ❛❧s♦ ❤♦❧❞s ❢♦r Ỹ s✉❝❤ t❤❛t ✇❡ ✐♥❢❡r
∫ t

0

Yn′′(s) ds ∈ L2([0, T ];H) ❛♥❞
∫ t

0

Ỹ (s) ds ∈ L2([0, T ];H).

❇❡❝❛✉s❡ ♦❢ ✭✷✳✼✸✮✱ ✇❡ ❦♥♦✇ t❤❛t

∫ T

0

(

Yn′′(s)− Ỹ (s), ξ(s)
)

ds→ 0, ❢♦r ❛❧❧ ξ ∈ L2([0, T ];H) ❛s n′′ → ∞.

❈❤♦♦s✐♥❣ ξ(s) = 1[0,t](s)v ✇✐t❤ v ∈ V ❛♥❞ t ∈ [0, T ]✱ ✇❡ ❤❛✈❡

∫ T

0

(

Yn′′(s)− Ỹ (s),1[0,t](s)v
)

ds =

∫ t

0

(

Yn′′(s)− Ỹ (s), v
)

ds→ 0 ❛s n′′ → ∞,

✇❤✐❝❤ ♠❡❛♥s t❤❛t
(∫ t

0

Yn′′(s) ds, v

)

=

∫ t

0

(

Yn′′(s), v
)

ds→
∫ t

0

(

Ỹ (s), v
)

ds =

(∫ t

0

Ỹ (s) ds, v

)

✸✾
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❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ❛s n′′ → ∞✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ❡❛❝❤ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡
✐s ❜♦✉♥❞❡❞✱ t❤❡r❡ ❡①✐sts ❛ ♠❛❥♦r❛♥t

∣

∣

∣

∣

( ∫ t

0

Yn′′(s) ds, v

)∣

∣

∣

∣

≤
∥

∥

∥

∥

∫ t

0

Yn′′(s) ds

∥

∥

∥

∥

‖v‖ ≤ T
1
2

(

∫ T

0

‖Yn′′(s)‖2 ds
)

1
2

‖v‖ ≤ C,

✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [0, T ] ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✐♥t❡❣r❛❜❧❡✳ ❚❤✉s✱ ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r✲
❣❡♥❝❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s ❢♦r ❛❧❧ v ∈ V t❤❛t

lim
n′′→∞

∫ T

0

(∫ t

0

Yn′′(s) ds, v

)

dt =

∫ T

0

lim
n′′→∞

(∫ t

0

Yn′′(s) ds, v

)

dt =

∫ T

0

(∫ t

0

Ỹ (s) ds, v

)

dt.

❚❤✐s ❡s♣❡❝✐❛❧❧② ❡♥t❛✐❧s t❤❡ ❝♦♥✈❡r❣❡♥❝❡
∫ T

0

∫ t

0

B(s)
(

f(Zn′′(s)), v
)

ds dt→
∫ T

0

∫ t

0

B(s)
(

f(Z̃(s)), v
)

ds dt

❢♦r ❛❧❧ v ∈ V ❛s n′′ → ∞✳ ▲❡t k ∈ N ❜❡ ✜①❡❞ ❛♥❞ ❝♦♥s✐❞❡r v = hk ✐♥ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✭❢♦r
n′′ s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t n′′ ≥ k✮✳ ❚❤❡♥ ✉s✐♥❣ t❤❡ ✜rst ♣r♦♣❡rt② ♦❢ ✭✷✳✸✮ ✇✐t❤ n := n′′✱ ✐t
r❡s✉❧ts ❢♦r n′′ → ∞ t❤❛t

∫ T

0

∫ t

0

B(s)
(

fn′′(Zn′′(s)), hk
)

ds dt =

∫ T

0

∫ t

0

B(s)
(

f(Zn′′(s)), hk
)

ds dt

→
∫ T

0

∫ t

0

B(s)
(

f(Z̃(s)), hk
)

ds dt.

❋r♦♠ ✭✷✳✼✵✮ ✇❡ ❣❡t

∫ T

0

(

Zn′′(t), hk
)

dt→
∫ T

0

(

Z̃(t), hk
)

dt ❛s n′′ → ∞,

❛♥❞ ✭✷✳✶✮ ❛♥❞ ✭✷✳✼✶✮ ❧❡❛❞ t♦

∫ T

0

∫ t

0

〈

AZn′′(s), hk
〉

ds dt =

∫ T

0

∫ t

0

(

∂

∂x
Zn′′(s),

d

dx
hk

)

ds dt

→
∫ T

0

∫ t

0

(

∂

∂x
Z̃(s),

d

dx
hk

)

ds dt =

∫ T

0

∫ t

0

〈

AZ̃(s), hk
〉

ds dt

❛s n′′ → ∞✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❜② ✭✷✳✻✹✮ t❤❛t

∫ T

0

(

Zn′′(t), hk
)

dt =

∫ T

0

(

ϕn′′ , hk
)

dt− i

∫ T

0

∫ t

0

〈

AZn′′(s), hk
〉

ds dt

+ iλ

∫ T

0

∫ t

0

B(s)
(

fn′′(Zn′′(s)), hk
)

ds dt

❢♦r ❛❧❧ k ∈ {1, 2, . . . , n′′}✳ ❚❛❦✐♥❣ n′′ → ∞ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✱ ✇❡ ♦❜t❛✐♥

∫ T

0

(

Z̃(t), hk
)

dt =

∫ T

0

(

ϕ, hk
)

dt− i

∫ T

0

∫ t

0

〈

AZ̃(s), hk
〉

ds dt

+ iλ

∫ T

0

∫ t

0

B(s)
(

f(Z̃(s)), hk
)

ds dt

❢♦r ❛❧❧ k ∈ N✳ ❲❡ ❞❡❞✉❝❡ ❢♦r ❛✳❡✳ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ N t❤❛t

(

Z̃(t), hk
)

=
(

ϕ, hk
)

− i

∫ t

0

〈

AZ̃(s), hk
〉

ds+ iλ

∫ t

0

B(s)
(

f(Z̃(s)), hk
)

ds.

✹✵
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❙✐♥❝❡ span{h1, h2, . . . , hn, . . .} ✐s ❞❡♥s❡ ✐♥ V ✱ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r ❛❧❧ v ∈ V ❛s ✇❡❧❧✳
▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❝❡ss Z ∈ C([0, T ];H) ∩ L2([0, T ];V ) s✉❝❤ t❤❛t Z(t, x) = Z̃(t, x)
❢♦r ❛✳❡✳ (t, x) ∈ [0, T ]× [0, 1] ❛♥❞

(

Z(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZ(s), v
〉

ds+ iλ

∫ t

0

B(s)
(

f(Z(s)), v
)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✭❝♦♠♣❛r❡ ❬✽✼✱ ♣✳ ✼✸✱ ❚❤❡♦r❡♠ ✷❪✮✳ ❚❤✉s✱ Z ✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮ t❤❛t ✐s ❡s♣❡❝✐❛❧❧② ✉♥✐q✉❡ ❜② ❚❤❡♦r❡♠ ✷✳✸✳✷✳
❖❜s❡r✈❡ t❤❛t ❡✈❡r② s✉❜s❡q✉❡♥❝❡ ♦❢ (Zn)n ❤❛s ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ t❤❡ s❛♠❡
❧✐♠✐t Z ✐♥ L2([0, T ];H)✳ ❍❡♥❝❡✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (Zn)n ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ Z ✭❝♦♠♣❛r❡ ❬✶✵✸✱
♣✳ ✹✽✵✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✸ ✭✶✮❪✮✳ ❋✉rt❤❡r♠♦r❡✱ ❡✈❡r② s✉❜s❡q✉❡♥❝❡ ♦❢ (Zn)n ❤❛s ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤
❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ s❛♠❡ ❧✐♠✐t Z ✐♥ L2([0, T ];V )✳ ❍❡♥❝❡✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (Zn)n ❝♦♥✈❡r❣❡s
✇❡❛❦❧② t♦ Z ✭s❡❡ ❬✶✵✸✱ ♣✳ ✹✽✵✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✸ ✭✷✮❪✮✳

✭❜✮ ◆♦✇✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t Z ∈ L∞([0, T ];V )✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ❋✳✷ ❢♦r (Zn)n✱
✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ L∞([0, T ];V ) ❞✉❡ t♦ t❤❡ ❡st✐♠❛t❡ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✺✳ ❆♥❞ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✇❡ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❛t (Zn)n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ Z ✭t❤❡ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✮ ✐♥ L2([0, T ];V ) ✭❝♦♠♣❛r❡ ♣❛rt ✭❛✮ ♦❢ t❤✐s t❤❡♦r❡♠✮✳ ❚❤✉s✱
t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ (Zn̄)n̄ ♦❢ (Zn)n ❛♥❞ ❛ ❢✉♥❝t✐♦♥ Ẑ ∈ L∞([0, T ];V ) s✉❝❤ t❤❛t ❢♦r ❛❧❧
v ∈ L2([0, T ];V ) →֒ L1([0, T ];V )

∫ T

0

(

Zn̄(t), v
)

V
dt→

∫ T

0

(

Ẑ(t), v
)

V
dt ❛s n̄→ ∞

❛♥❞
∫ T

0

(

Zn̄(t), v
)

V
dt→

∫ T

0

(

Z(t), v
)

V
dt ❛s n̄→ ∞.

❆❝❝♦r❞✐♥❣❧②✱
∫ T

0

‖Ẑ(t)− Z(t)‖2V dt = 0,

✇❤✐❝❤ ♠❡❛♥s t❤❛t Z ❝❛♥ ❜❡ ❛✳s✳ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ❜❡❧♦♥❣✐♥❣ t♦ L∞([0, T ];V )✳ ❇② ▲❡♠♠❛
❋✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✺✱ ✇❡ ❛❧s♦ ❤❛✈❡

ess sup
t∈[0,T ]

‖Z(t)‖2V ≤ lim inf
n̄→∞

ess sup
t∈[0,T ]

‖Zn̄(t)‖2V

≤ C(σ)
(

‖ϕ‖2V + λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

.

✭❝✮ ◆❡①t✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s (Zn)n ❝♦♥✈❡r❣❡s t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ Z ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ✭✷✳✻✸✮ ✐♥ C([0, T ];H)✳ ■♥ ♣❛rt ✭❛✮✱ ✇❡ ♣r♦✈❡❞ t❤❡ str♦♥❣
❝♦♥✈❡r❣❡♥❝❡

Zn → Z ✐♥ L2([0, T ];H) ❛s n→ ∞. ✭✷✳✼✹✮

◆♦t✐❝❡ t❤❛t ✭✷✳✻✹✮ ❤♦❧❞s ❢♦r ❛❧❧ k ∈ {1, 2, . . . , n} ❜✉t ✐t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ t❤❛t ✐t ❛❧s♦ ❤♦❧❞s ❢♦r ❛❧❧
v ∈ V s✐♥❝❡

(

u, πnv
)

=
(

u, v
)

❢♦r ❛❧❧ u ∈ Hn ✭❜② t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✳ ❚❤❡♥ ✇❡ ✉s❡ ✭✷✳✻✸✮
❛♥❞ ✭✷✳✻✹✮✱ ❛♣♣❧② t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② ❛♥❞ ❣❡t ❢♦r ❛❧❧ t ∈ [0, T ]

‖Z(t)− Zn(t)‖2 = ‖ϕ− ϕn‖2 + 2 Im

∫ t

0

〈

A(Z(s)− Zn(s)), Z(s)− Zn(s)
〉

ds

− 2λ Im

∫ t

0

B(s)
(

f(Z(s))− fn(Zn(s)), Z(s)− Zn(s)
)

ds.

❚❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ ♦❢

Z(s)− Zn(s) =

n
∑

k=1

(

Z(s)− Zn(s), hk
)

hk +

∞
∑

k=n+1

(

Z(s), hk
)

hk,

✹✶



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ Ahk = µkhk ❢♦r ❛❧❧ k ∈ N ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s
(hk)k∈N✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ Πn(s) := f(Z(s))− fn(Zn(s))✱ ✇❡ ♦❜t❛✐♥

‖Z(t)− Zn(t)‖2 = ‖ϕ− ϕn‖2 − 2λ Im

∫ t

0

B(s)
(

Πn(s), Z(s)− Zn(s)
)

ds,

❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s

sup
t∈[0,T ]

‖Z(t)− Zn(t)‖2

≤‖ϕ− ϕn‖2 + 2λB(T )

(

∫ T

0

‖Πn(s)‖2 ds
)

1
2
(

∫ T

0

‖Z(s)− Zn(s)‖2 ds
)

1
2

.

✭✷✳✼✺✮

❇② t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮ ❛♥❞ ▲❡♠♠❛ ❉✳✷✱ ✐t ❢♦❧❧♦✇s t❤❛t

∫ T

0

‖Πn(s)‖2 ds =
∫ T

0

‖f(Z(s))− fn(Zn(s))‖2 ds

≤ 2

∫ T

0

(

‖f(Z(s))‖2 + ‖fn(Zn(s))‖2
)

ds

≤ 2

∫ T

0

(

‖f(Z(s))‖2 + ‖f(Zn(s))‖2
)

ds

= 2

∫ T

0

(∫ 1

0

|Z(s, x)|2(2σ+1) dx+

∫ 1

0

|Zn(s, x)|2(2σ+1) dx

)

ds

≤ 2

∫ T

0

(

sup
x∈[0,1]

|Z(s, x)|2(2σ+1) + sup
x∈[0,1]

|Zn(s, x)|2(2σ+1)

)

ds

≤ 22(σ+1)

∫ T

0

(

‖Z(s)‖2(2σ+1)
V + ‖Zn(s)‖2(2σ+1)

V

)

ds

≤ 22(σ+1) T ess sup
t∈[0,T ]

(

‖Z(t)‖2(2σ+1)
V + ‖Zn(t)‖2(2σ+1)

V

)

,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡
(

∫ T

0

‖Πn(s)‖2 ds
)

n

=

(

∫ T

0

‖f(Z(s))− fn(Zn(s))‖2 ds
)

n

❜② ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ∈ N ✭❞✉❡ t♦ ❚❤❡♦r❡♠ ✷✳✸✳✺ ❛♥❞ st❛t❡♠❡♥t ✭❜✮ ♦❢ t❤✐s t❤❡♦r❡♠✮✳
❙✐♥❝❡ ‖ϕ−ϕn‖ → 0 ❛s n→ ∞ ✭❝♦♠♣❛r❡ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ✐♥ ✭✷✳✸✮✮✱ ✐t ✜♥❛❧❧② r❡s✉❧ts ❢r♦♠ ✭✷✳✼✹✮
❛♥❞ ✭✷✳✼✺✮ t❤❛t

sup
t∈[0,T ]

‖Z(t)− Zn(t)‖2 → 0 ❛s n→ ∞.

✷✳✸✳✷ ❘❡s✉❧ts ♦❢ t❤❡ ❙t♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r Pr♦❜❧❡♠

❋✐♥❛❧❧②✱ ✇❡ ✐♥❞✐❝❛t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐✲
❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✺✾✮ ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡✳

❚❤❡♦r❡♠ ✷✳✸✳✾✳ ▲❡t (TM )M∈N ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✐♥ ❘❡♠❛r❦ ✷✳✸✳✶✳ ❚❤❡♥ ✐t ❤♦❧❞s
t❤❛t

X(t, · ) = lim
M→∞

Z(t ∧ TM , · )
Y (t ∧ TM )

, ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ].

❚❤✉s✱ ✐❢ ✭✷✳✺✼✮ ✐s s❛t✐s✜❡❞✱ X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × [0, T ];V ) ✐s t❤❡ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✺✾✮ ❛♥❞ X ∈ L2(Ω;L∞([0, T ];V ))✳

✹✷



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

Pr♦♦❢✳ ❯s✐♥❣ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ✭❡s♣❡❝✐❛❧❧② t❤❡ ■tô ❝❛❧❝✉❧✉s✮ ❢♦r ✭✷✳✺✾✮✱ ✇❡ ❝♦♠♣✉t❡

(

X(t)Y (t), v
)

=
(

ϕ, v
)

−
∞
∑

j=1

∫ t

0

b2j (s)Y (s)
(

X(s), v
)

ds− i

∞
∑

j=1

∫ t

0

bj(s)Y (s)
(

X(s), v
)

dβj(s)

− i

∫ t

0

Y (s)
〈

AX(s), v
〉

ds+ iλ

∫ t

0

Y (s)
(

f(X(s)), v
)

ds

+ i

∞
∑

j=1

∫ t

0

bj(s)Y (s)
(

X(s), v
)

dβj(s) +

∞
∑

j=1

∫ t

0

b2j (s)Y (s)
(

X(s), v
)

ds

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s)Y (s), v
〉

ds+ iλ

∫ t

0

(

f(X(s))Y (s), v
)

ds

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, TM ] ✇✐t❤ ✜①❡❞ M ∈ N ❛♥❞ ❛❧❧ v ∈ V ✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ q✉❛❞r❛t✐❝
❝♦✈❛r✐❛t✐♦♥ t❡r♠ ✐s ❥✉st✐✜❡❞ ❜② ❬✼✼✱ ♣♣✳ ✹✽ ❢✳❪✳ ❚❤❡ ♥♦t❛t✐♦♥ Z(t, · ) := X(t, · )Y (t) ❧❡❛❞s t♦ t❤❡
♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

Z(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZ(s), v
〉

ds+ iλ

∫ t

0

B(s)
(

f(Z(s)), v
)

ds

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, TM ] ✇✐t❤ ✜①❡❞ M ∈ N ❛♥❞ ❛❧❧ v ∈ V ✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞
✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶✳ ❚❤✉s✱ t❤❡ st❛t❡♠❡♥ts ♦❢ t❤✐s t❤❡♦r❡♠ r❡s✉❧t ❢r♦♠ s✐♠✐❧❛r st❛t❡♠❡♥ts ♦❢ t❤❡
♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✻✸✮✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ❜❛s❡s ♦♥ ❚❤❡♦r❡♠ ✷✳✸✳✷ ❛♥❞
t❤❡ ❡①✐st❡♥❝❡ r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠ ✷✳✸✳✽ ❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛

X(t, · ) = Z(t, · )
Y (t)

= Z(t, · ) exp







1

2

∞
∑

j=1

∫ t

0

b2j (s) ds+ i

∞
∑

j=1

∫ t

0

bj(s) dβj(s)







❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, TM ] ✇✐t❤ ✜①❡❞ M ∈ N✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛✳❡✳ ω ∈ Ω t❤❡r❡ ❡①✐sts ❛♥
Mω ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ M ≥ Mω ✐t ❤♦❧❞s t❤❛t TM = T ✭s❡❡ ❘❡♠❛r❦ ✷✳✸✳✶✮ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡
t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✺✾✮ ❜②

X(t, · ) = lim
M→∞

Z(t ∧ TM , · )
Y (t ∧ TM )

, ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ].

❍❡♥❝❡✱ ✐t ❤♦❧❞s t❤❛t

E sup
t∈[0,T ]

‖X(t)‖2 = E lim
M→∞

sup
t∈[0,TM ]

‖X(t)‖2 ≤ E

(

B
1
σ (T ) sup

t∈[0,T ]

‖Z(t)‖2
)

= ‖ϕ‖2E
(

B
1
σ (T )

)

s✐♥❝❡ ‖Z(t)‖2 = ‖ϕ‖2 ❢♦r ❛❧❧ t ∈ [0, T ] ✭✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② ❛♣♣❧✐❡❞ t♦ t❤❡
✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ Z ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ✭✷✳✻✸✮✮✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛tX ∈ L2(Ω×[0, T ];V )✱
✇❡ ✉s❡ t❤❛t (Zn)n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ Z ✐♥ L2([0, T ];V ) ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✷✳✸✳✽ ✭❛✮✮ ❛♥❞ s❛t✐s✜❡s
t❤❡ ❡st✐♠❛t❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✺ s✉❝❤ t❤❛t

E

∫ T

0

‖X(t)‖2V dt = E lim
M→∞

∫ TM

0

‖X(t)‖2V dt

≤E

(

B
1
σ (T )

∫ T

0

‖Z(t)‖2V dt
)

≤ E

(

B
1
σ (T ) lim inf

n→∞

∫ T

0

‖Zn(t)‖2V dt
)

≤C(σ)T
[

‖ϕ‖2V E
(

B
1
σ (T )

)

+ λ ‖ϕ‖2(1+σ)
E
(

B
1
σ
(1+σ)(T )

)

+ λ
2

2−σ ‖ϕ‖
2(2+σ)
2−σ E

(

B
2+σ

σ(2−σ) (T )
)]

.

❋r♦♠ t❤❡s❡ r❡s✉❧ts ✇❡ ❣❡t X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × [0, T ];V )✳ ▼♦r❡♦✈❡r✱ ✇❡ ♦❜t❛✐♥ ❜②

✹✸



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❚❤❡♦r❡♠ ✷✳✸✳✽ ✭❜✮ t❤❛t

E ess sup
t∈[0,T ]

‖X(t)‖2V = E lim
M→∞

ess sup
t∈[0,TM ]

‖X(t)‖2V ≤ E

(

B
1
σ (T ) ess sup

t∈[0,T ]

‖Z(t)‖2V

)

≤C(σ)
[

‖ϕ‖2V E
(

B
1
σ (T )

)

+ λ ‖ϕ‖2(1+σ)
E
(

B
1
σ
(1+σ)(T )

)

+ λ
2

2−σ ‖ϕ‖
2(2+σ)
2−σ E

(

B
2+σ

σ(2−σ) (T )
)]

,

❛♥❞✱ t❤❡r❡❢♦r❡✱ X ∈ L2(Ω;L∞([0, T ];V )) ❛s ✇❡❧❧✳

✷✳✸✳✸ ❊①t❡♥s✐♦♥s

❆♥❛❧♦❣♦✉s❧② t♦ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸✱ ❛❧❧ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ ❛❧s♦ ✈❛❧✐❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s
❉✐r✐❝❤❧❡t ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✐s ♥❡❝❡ss❛r✐❧② ❝♦♥s✐❞❡r❡❞ ♦✈❡r ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥
t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t s✐♥❝❡ ✇❡ ✉s❡ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ V →֒ H ❛t t❤❡
❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✸✳✼ t♦ s❤♦✇ t❤❡ r❡❧❛t✐✈❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥
❛♣♣r♦①✐♠❛t✐♦♥s (Zn)n ✐♥ L2([0, T ];H)✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤✐s r❡❧❛t✐✈❡ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t✱ ✇❡ ❝❛♥
♥♦t s✐♠♣❧② ❣❡♥❡r❛❧✐③❡ x ∈ (0, 1) t♦ t❤❡ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡ ❞♦♠❛✐♥ x ∈ R ❧✐❦❡ ✐♥ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤
♦❢ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸✳

■❢ λ = 0✱ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ t❤❛t s✐♠♣❧✐✜❡s ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s✳
▼♦r❡♦✈❡r✱ t❤❡ ❝❛s❡ λ < 0 ✐♥ ✭✷✳✺✾✮ ❝❛♥ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞s ♦❢ t❤❡ ♣r❡s❡♥t ✐ss✉❡✳

❈♦r♦❧❧❛r② ✷✳✸✳✶✵✳ ❘❡❣❛r❞✐♥❣ λ < 0 ✐♥ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✺✾✮✱ ✇❡
♦❜t❛✐♥ ❛♥❛❧♦❣✉❡ r❡s✉❧ts ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧ ✐♥ ❞❡r✐✈✐♥❣ ❛♥ ❛♥❛❧♦❣✉❡
❡st✐♠❛t❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✺ ✇❤✐❝❤ r❡q✉✐r❡s✱ ❜❡s✐❞❡s ✭✷✳✺✼✮✱ ❛♥♦t❤❡r s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡
❝♦❡✣❝✐❡♥ts ✐♥ ❢r♦♥t ♦❢ t❤❡ ❲✐❡♥❡r ♣r♦❝❡ss ✐♥ ❢♦r♠ ♦❢

∫ T

0





∞
∑

j=1

b2j (s)





2
2−σ

ds <∞, ❢♦r ❛✳❡✳ ω ∈ Ω. ✭✷✳✼✻✮

❆♥❛❧♦❣✉❡ st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ❛♣♣❧② ❛s ✇❡❧❧ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s

E



exp







(1 + σ)
∞
∑

j=1

∫ T

0

b2j (s) ds







∫ T

0

∞
∑

j=1

b2j (s) ds



 <∞,

E






exp







2 + σ

2− σ

∞
∑

j=1

∫ T

0

b2j (s) ds







∫ T

0





∞
∑

j=1

b2j (s)





2
2−σ

ds






<∞.

✭✷✳✼✼✮

Pr♦♦❢✳ ■♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝❛s❡ λ < 0 ✐♥ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✺✾✮✱ ✇❡
✉s✉❛❧❧② ❤❛✈❡ t♦ r❡❣❛r❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ λ ✇❤✐❧❡ ❡st✐♠❛t✐♥❣ ❢r♦♠ ❛❜♦✈❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✷✱ ❈♦r♦❧❧❛r② ✷✳✸✳✼ ❛♥❞ ♣❛rt ✭❝✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✽✳ ❍♦✇❡✈❡r✱ ✇❤❛t ♠❛❦❡s t❤❡
❞✐✛❡r❡♥❝❡ ❢♦r λ < 0 ✐s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✺✳ ❲❡ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t r❡❧❛t✐♦♥ ✭✷✳✻✽✮
s✐♥❝❡ ❢♦r λ < 0 t❤❡ t✇♦ t❡r♠s t❤❛t ✈❛♥✐s❤ ✐♥ ✭✷✳✻✽✮ ❛r❡ ♥♦✇ t❤❡ r❡❧❡✈❛♥t t❡r♠s✳ ❯s✐♥❣ ✐♥❡q✉❛❧✐t②
✭✷✳✻✾✮✱ t❤❡ r❡s✉❧t

0 ≤ d

ds
B(s) = B(s)σ

∞
∑

j=1

b2j (s) <∞, ❢♦r ❛✳❡✳ s ∈ [0, T ],

❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t ❝♦❡✣❝✐❡♥ts ❝♦♥t❛✐♥✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s

ρ1(t) :=

∫ t

0

∞
∑

j=1

b2j (s) ds ❛♥❞ ρ2(t) :=

∫ t

0





∞
∑

j=1

b2j (s)





2
2−σ

ds.

✹✹



✷✳✸✳ ❆ P❛t❤✇✐s❡ ❆♣♣r♦❛❝❤ ❢♦r ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✇❡ ❡st✐♠❛t❡ t❤❡♠ ❜② t❤❡ ♠❛❥♦r❛♥ts ρ1(T ) ❛♥❞ ρ2(T ) ❛♥❞ t❤❛t ✐s ✇❤②
✇❡ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡s❡ ♠❛❥♦r❛♥ts ❢♦r ❛✳❡✳ ω ∈ Ω✳ ❚❤❡ ✜rst ✐♥t❡❣r❛❧ ρ1(T ) ✐s
✜♥✐t❡ ❜② ✭✷✳✺✽✮✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✺✼✮✱ ❛♥❞ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ρ2(T ) ✐s t❤❡
♥❡✇ ❛ss✉♠♣t✐♦♥ ✭✷✳✼✻✮✳ ❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥s Zn ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s s❛t✐s❢② ❢♦r ❛❧❧ t ∈ [0, T ]
❛♥❞ ❡❛❝❤ n ∈ N ✭❛r❜✐tr❛r✐❧② ✜①❡❞✮ t❤❡ ❡st✐♠❛t❡

‖Zn(t)‖2V ≤ C(σ, T )
(

‖ϕ‖2V + |λ|
[

1 + σB(T )ρ1(T )
]

‖ϕ‖2(1+σ)

+ |λ| 2
2−σ

[

1 + (σB(T ))
2

2−σ ρ2(T )
]

‖ϕ‖
2(2+σ)
2−σ

)

.

❚♦ ❢✉rt❤❡r ❡♥s✉r❡ ❛♥❛❧♦❣✉❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ❢♦r λ < 0✱ ✇❡ ✉s❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❛♥❞ ❤❛✈❡
t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢

E
(

B
1
σ (T )

)

, E
(

B
1
σ
(1+σ)(T )ρ1(T )

)

❛♥❞ E
(

B
2+σ

σ(2−σ) (T )ρ2(T )
)

.

P❧✉❣❣✐♥❣ ✐♥ B(T ), ρ1(T ) ❛♥❞ ρ2(T )✱ ♦♥❡ ♦❜s❡r✈❡s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✳✺✼✮ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢
t❤❡ ✜rst ♠❡❛♥ ✈❛❧✉❡ ❛♥❞ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✳✼✼✮ ❡♥t❛✐❧ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❧❛st t✇♦ ♠❡❛♥
✈❛❧✉❡s✳

❑♥♦✇✐♥❣ ♥♦✇ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ λ ∈ R ✇✐t❤♦✉t ❛♥② r❡str✐❝t✐♦♥s✱ ✐t ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ✐❢ t❤❡
♣r♦❜❧❡♠ ✐s ❛❧s♦ ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r λ ∈ iR ♦r λ ∈ C✳

❈♦r♦❧❧❛r② ✷✳✸✳✶✶✳ ❲❡ ❝❛♥ ❛❧s♦ t❛❦❡ λ := iλ̃ ❛♥❞ λ̃ ∈ R+ ✐♥ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✭✷✳✺✾✮ t♦ ♦❜t❛✐♥ t❤❡ st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ✉♥❞❡r t❤❡ r❡str✐❝t✐♦♥ t❤❛t σ ∈ [1, 2)✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ✐❞❡❛s ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ♦❜t❛✐♥ ❢♦r σ ∈ [1, 2) ✭❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ❉✳✻✮ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× [0, T ];V ) ✇✐t❤

E sup
t∈[0,T ]

‖X(t)‖2 ≤ ‖ϕ‖2E
(

B
1
σ (T )

)

, E

∫ T

0

‖X(t)‖2V dt ≤ T ‖ϕ‖2V E
(

B
1
σ (T )

)

.

▼♦r❡♦✈❡r✱ X ∈ L2(Ω;L∞([0, T ];V )) s✐♥❝❡

E ess sup
t∈[0,T ]

‖X(t)‖2V ≤ ‖ϕ‖2V E
(

B
1
σ (T )

)

.

❉✉❡ t♦ t❤✐s ❛♣♣r♦❛❝❤✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ λ̃ < 0 ❤❡r❡✳

■♥s♣✐r❡❞ ❜② ❬✼✽✱ ✾✸❪✱ ✇❡ ❝❛♥ tr❡❛t ❝♦♠❜✐♥❡❞ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛s ✇❡❧❧✳

❈♦r♦❧❧❛r② ✷✳✸✳✶✷✳ ❇② ❝♦♥s✐❞❡r✐♥❣ ❝♦♠❜✐♥❡❞ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s

f(v) :=

m
∑

k=1

λk|v|2σkv, ❢♦r ❛❧❧ v ∈ V ❛♥❞ ✜①❡❞ m ∈ N,

✇✐t❤ σk ∈ (0, 2) ❛♥❞ λk ∈ R \ {0} ♦r λk = iλ̃k ✇✐t❤ λ̃k ∈ R+ ❢♦r k = 1, 2, . . . ,m✱ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r
r❡s✉❧ts ❛s ✐♥ t❤❡ ❝✉rr❡♥t s❡❝t✐♦♥✳

Pr♦♦❢✳ ❋♦r ❡❛❝❤ t ∈ [0, T ] ❛♥❞ ❛❧❧ k = 1, 2, . . . ,m ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡

Bk(t) :=
1

|Y (t)|2σk

= exp







σk

∞
∑

j=1

∫ t

0

b2j (s) ds







❛♥❞ r❡♣❧❛❝❡ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐♥ t❤❡ ❝✉rr❡♥t s❡❝t✐♦♥ ❜② m ♥♦♥❧✐♥❡❛r t❡r♠s✳ ❚❤✉s✱ t❤❡ ♣❛t❤✇✐s❡
♣r♦❜❧❡♠ ❤❛s t❤❡ ❢♦r♠

(

Z(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZ(s), v
〉

ds+ i

m
∑

k=1

λk

∫ t

0

Bk(s)
(

|Z(s)|2σkZ(s), v
)

ds

✹✺



✷✳✹✳ ❈❛s❡ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❖♥❡ ❞❡t❡r♠✐♥❡s t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥

E



exp







2 + σk
2− σk

∞
∑

j=1

∫ T

0

b2j (s) ds









 <∞, ❢♦r ❛❧❧ k = 1, 2, . . . ,m, ✭✷✳✼✽✮

t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠ t❤✐s s❡❝t✐♦♥ ❛❧s♦ ✇♦r❦s ❛♥❞ ②✐❡❧❞s s✐♠✐❧❛r r❡s✉❧ts✳ ◆♦t✐❝❡ t❤❛t ❛❧s♦ ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ (λk)k∈{1,2,...,m} ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ♦♥❡ ❝❛♥
❛rr❛♥❣❡ t❤❡♠ ❢♦r r < m ✐♥ t❤❡ ✇❛② t❤❛t (λk)k∈{1,2,...,r} ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ (λk)k∈{r+1,r+2,...,m} ❛r❡
♥❡❣❛t✐✈❡✳ ❚❤❡♥ ♦♥❡ ♥❡❡❞s ❝♦♥❞✐t✐♦♥ ✭✷✳✼✽✮ ❢♦r ❛❧❧ k = 1, 2, . . . ,m ❛♥❞ ♦♥❡ ❤❛s t♦ ❣❡♥❡r❛❧✐③❡ t❤❡
❛ss✉♠♣t✐♦♥s ✭✷✳✼✻✮ ❛♥❞ ✭✷✳✼✼✮ ❢♦r ❛❧❧ k = r + 1, r + 2, . . . ,m ❛♥❛❧♦❣♦✉s❧②✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢
❝♦♠❜✐♥❡❞ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇❡ ❝❛♥♥♦t ♠✐① λk ∈ R \ {0} ❛♥❞ λk := iλ̃k ✇✐t❤ λ̃k ∈ R+✳ ❲❡
❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ λk := Reλk + i Imλk ✐t ❤♦❧❞s t❤❛t Reλk · Imλk = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t ✐t ✐s ♥♦t ❛❧❧♦✇❡❞ t♦ ❝❤♦♦s❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ♥✉♠❜❡rs✳

✷✳✹ ❈❛s❡ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❆❢t❡r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f : V → H ❣✐✈❡♥ ❜② f(v) = |v|2σv ✇✐t❤
σ ≥ 1 ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ❛♥❞ σ ∈ (0, 2) ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♥♦♥❧✐♥❡❛r t❡r♠s f t❤❛t ❛r❡
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✳ ❲❡ st✐❧❧ r❡❣❛r❞ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(s,X(s)), v
)

ds+ i

(∫ t

0

g(s,X(s)) dW (s), v

)

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✶✳ ❋♦r t❤❡ s❛❦❡ ♦❢
❜r❡✈✐t②✱ ✇❡ ❞❡♥♦t❡ f(t, z) := f(t, z, z) := f(ω, t, z, z) ❢♦r ❛❧❧ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ z ∈ C✳ ❲❡
❛ss✉♠❡ t❤❛t f : Ω × [0, T ] × C × C → C s❛t✐s✜❡s |f( · , 0)| ≤ C✱ ✐s ♠❡❛s✉r❛❜❧❡ ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t
❢♦r ❛❧❧ s ∈ [0, t] ✐t ❤♦❧❞s t❤❛t {(ω, s, z) : f(ω, s, z) ∈ A} ∈ Ft × B([0, t] × C) ❢♦r ❛❧❧ A ∈ B(C) ❛♥❞
❛❧❧ t ∈ [0, T ]✮✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲✐rt✐♥❣❡r ❛♥❞ ❢✉❧✜❧❧s

∣

∣

∣

∣

∂

∂z
f(t, z)

∣

∣

∣

∣

≤ C, ❛♥❞

∣

∣

∣

∣

∂

∂z
f(t, z)

∣

∣

∣

∣

≤ C, ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ z ∈ C. ✭✷✳✼✾✮

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r f( · , z) ❢♦r z = X(t) ❛♥❞ ✇r✐t❡ f( · , X(t))✳ ❍❡♥❝❡✱ f(t,X(t)) ✐s ✐♥ L2(Ω×[0, T ];H)
✐❢ X(t) s❛t✐s✜❡s t❤❡s❡ ❛ss✉♠♣t✐♦♥s✳ ■♥✐t✐❛❧❧②✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❛t f ✐s ✐♥❞❡❡❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞
♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ t ∈ [0, T ] ✐s
♥❡❣❧❡❝t❡❞✳

▲❡♠♠❛ ✷✳✹✳✶✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ |f( · , 0)| ≤ C ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ✜rst
❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ✭✷✳✼✾✮ ✐♠♣❧② t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ f ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ H ❛♥❞
♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ H ❛♥❞ V ✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts cf , kf s✉❝❤ t❤❛t

‖f( · , u)− f( · , v)‖2 ≤ cf‖u− v‖2, ❢♦r ❛❧❧ u, v ∈ H,

‖f( · , u)‖2 ≤ kf
(

1 + ‖u‖2
)

, ❢♦r ❛❧❧ u ∈ H,

‖f( · , v)‖2V ≤ kf
(

1 + ‖v‖2V
)

, ❢♦r ❛❧❧ v ∈ V.

Pr♦♦❢✳ ■♥ ❛❞✈❛♥❝❡✱ r❡♠❡♠❜❡r t❤❛t f( · , z) = f( · , z, z) ❢♦r ❛❧❧ z ∈ C✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❞✐✛❡r✲
❡♥t✐❛❧ q✉♦t✐❡♥ts

lim
z1→z2

f( · , z1, z1)− f( · , z2, z1)
z1 − z2

=
∂

∂z
f( · , z2, z1)

❛♥❞

lim
z1→z2

f( · , z2, z1)− f( · , z2, z2)
z1 − z2

=
∂

∂z
f( · , z2, z2)

✹✻
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❢♦r ❛❧❧ z1, z2 ∈ C ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ✜rst ❛❜s♦❧✉t❡ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ❜②
∣

∣

∣

∣

∂

∂z
f( · , z2, z1)

∣

∣

∣

∣

≤ C ❛♥❞

∣

∣

∣

∣

∂

∂z
f( · , z2, z2)

∣

∣

∣

∣

≤ C,

✇❡ ❣❡t t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✭❜② r❡❣❛r❞✐♥❣ ♦♥❧② t❤❡ ♣♦s✐t✐✈❡ ♣❛rt ♦❢ t❤❡ sq✉❛r❡ r♦♦t✮

|f( · , z1)− f( · , z2)| = |f( · , z1, z1)− f( · , z2, z2)|
≤ |f( · , z1, z1)− f( · , z2, z1)|+ |f( · , z2, z1)− f( · , z2, z2)|
≤ C |z1 − z2|+ C |z1 − z2| ≤

√
cf |z1 − z2| .

❚❛❦✐♥❣ z2 = 0✱ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❡s♣❡❝✐❛❧❧② ❢♦❧❧♦✇s ❜② |f( · , 0)| ≤ C s✐♥❝❡

|f( · , z1)| ≤ |f( · , z1)− f( · , 0)|+ |f( · , 0)| ≤ √
cf |z1|+ C ≤

√

kf
2

(1 + |z1|) . ✭✷✳✽✵✮

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ f ❡♥t❛✐❧
t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ t❤❡ sq✉❛r❡ ♦❢ ✐ts H✲♥♦r♠ s✐♥❝❡ ❢♦r ❛❧❧ u, v ∈ H
✐t ❤♦❧❞s t❤❛t

‖f( · , u)− f( · , v)‖2 =

∫ 1

0

|f( · , u(x))− f( · , v(x))|2 dx ≤ cf

∫ 1

0

|u(x)− v(x)|2 dx = cf ‖u− v‖2 ,

‖f( · , u)‖2 =

∫ 1

0

|f( · , u(x))|2 dx ≤ kf

∫ 1

0

(

1 + |u(x)|2
)

dx = kf
(

1 + ‖u‖2
)

.

▼♦r❡♦✈❡r✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s z(x) ∈ C ✇❤✐❝❤ ❛r❡ ♦♥❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤
r❡s♣❡❝t t♦ x t❤❛t

∣

∣

∣

∣

d

dx
f( · , z(x))

∣

∣

∣

∣

=

∣

∣

∣

∣

d

dx
f( · , z(x), z(x))

∣

∣

∣

∣

=

∣

∣

∣

∣

(

∂

∂z
f( · , z(x), z(x))

)(

d

dx
z(x)

)

+

(

∂

∂z
f( · , z(x), z(x))

)(

d

dx
z(x)

)∣

∣

∣

∣

≤
∣

∣

∣

∣

∂

∂z
f( · , z(x), z(x))

∣

∣

∣

∣

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

+

∣

∣

∣

∣

∂

∂z
f( · , z(x), z(x))

∣

∣

∣

∣

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

≤ C

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

+ C

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

≤ √
cf

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

≤
√

kf
2

∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

.

❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✭✷✳✽✵✮✱ ✇❡ ❞❡❞✉❝❡

|f( · , z(x))|2 +
∣

∣

∣

∣

d

dx
f( · , z(x))

∣

∣

∣

∣

2

≤ kf

(

1 + |z(x)|2 +
∣

∣

∣

∣

d

dx
z(x)

∣

∣

∣

∣

2
)

.

❍❡♥❝❡✱ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ♦❢ f ✐♥ t❤❡ sq✉❛r❡ ♦❢ ✐ts V ✲♥♦r♠ r❡s✉❧ts ❢♦r ❛❧❧ v ∈ V s✐♥❝❡

‖f( · , v)‖2V = ‖f( · , v)‖2 +
∥

∥

∥

∥

∂

∂x
f( · , v)

∥

∥

∥

∥

2

=

∫ 1

0

(

|f( · , v(x))|2 +
∣

∣

∣

∣

∂

∂x
f( · , v(x))

∣

∣

∣

∣

2
)

dx

≤ kf

∫ 1

0

(

1 + |v(x)|2 +
∣

∣

∣

∣

∂

∂x
v(x)

∣

∣

∣

∣

2
)

dx = kf
(

1 + ‖v‖2V
)

.

❚♦ ✐❧❧✉str❛t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f ❛r❡ s❛t✐s✜❛❜❧❡✱
s♦♠❡ ❡①❛♠♣❧❡s s❤❛❧❧ ❜❡ ❣✐✈❡♥ ❤❡r❡✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s f(z) ✇❤✐❝❤ ❞♦
♥♦t ❡①♣❧✐❝✐t❧② ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ t ∈ [0, T ]✳ ■❢ ❛❧❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✱ ✇❡ ♠✉❧t✐♣❧② f(z)
❜② ❛ ❢✉♥❝t✐♦♥ h(t) ❜❡✐♥❣ ❜♦✉♥❞❡❞ ❛♥❞ Ft✲♠❡❛s✉r❛❜❧❡ ❢♦r ❛❧❧ t ∈ [0, T ] s✉❝❤ t❤❛t ❛❧❧ ❛ss✉♠♣t✐♦♥s

✹✼
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♦♥ f ✐♥ ▲❡♠♠❛ ✷✳✹✳✶ tr❛♥s❢❡r t♦ f(z)h(t)✳ ❚❤❡ ♣r♦♣❡rt✐❡s ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ❛r❡ t❤❛t |f(0)| ≤ C✱
♠❡❛s✉r❛❜✐❧✐t②✱ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲✐rt✐♥❣❡r ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s
♦❢ ✐ts ✜rst ❞❡r✐✈❛t✐✈❡s✳ ■♥ ❬✽✸❪ t❤❡ ❢✉♥❝t✐♦♥s

f1(z) =
|z|2

1 + |z|2 z ❛♥❞ f2(z) =
(

1− e−|z|2
)

z, ❢♦r ❛❧❧ z ∈ C,

❛r❡ ✐♥❞✐❝❛t❡❞ ❛s ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t② |z|2z ❢♦r ❧❛r❣❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡s✳ ■♥❞❡❡❞✱ t❤❡②
❜❡❤❛✈❡ ❧✐❦❡ t❤❛t ❢♦r z ∈ C ✇✐t❤ s♠❛❧❧ ❛❜s♦❧✉t❡ ✈❛❧✉❡s |z| ❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ ✐ts ♣❤②s✐❝❛❧ ✐♠♣♦rt❛♥❝❡✱
✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤✐s ❝✉❜✐❝ ♥♦♥❧✐♥❡❛r✐t②✱ ❛❧s♦ ❝❛❧❧❡❞ ❑❡rr ♥♦♥❧✐♥❡❛r✐t②✱ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s
t❤❡s✐s✳ ❇❛❝❦ ♦♥ t❤❡ ❡①❛♠♣❧❡s✱ ♦♥❡ ✐♠♠❡❞✐❛t❡❧② s❡❡s t❤❛t f1(0) = f2(0) ≡ 0✱ t❤❛t ❡s♣❡❝✐❛❧❧② ✐♠♣❧✐❡s
✐ts ❜♦✉♥❞❡❞♥❡ss ❢r♦♠ ❛❜♦✈❡✱ ❛♥❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ♠❡❛s✉r❛❜❧❡ s✐♥❝❡ t❤❡② ❛r❡ ❝♦♥t✐♥✉♦✉s
❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✳ ❋r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✇❡ ❛❧s♦ ❣❡t t❤❡✐r r❡❛❧ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②
❛♥❞✱ s✐♥❝❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥s f1 ❛♥❞ f2 ❛r❡ ♥♦t ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ ❛♥
♦♣❡♥ s❡t ✭❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ✐s ❛ ✉s❡❢✉❧ ❦✐♥❞
♦❢ r❡♣r❡s❡♥t❛t✐♦♥✳ ◆♦✇✱ ❧❡t z := x + iy ❛♥❞ ❧❡t uj ❛♥❞ vj ❞❡♥♦t❡ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢
fj ❢♦r j = 1, 2✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✈❡r✐❢② t❤❛t t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥s (uj)x = (vj)y ❛♥❞
(uj)y = −(vj)x ❛r❡ ♥♦t s❛t✐s✜❡❞ ✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ❍✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇r✐t❡

f1(z) =
|z|2

1 + |z|2 z =
x2 + y2

1 + x2 + y2
(x+ iy)

❛♥❞ ❞❡❞✉❝❡

u1 = Re f1(z) =
x3 + xy2

1 + x2 + y2
, v1 = Im f1(z) =

x2y + y3

1 + x2 + y2
.

■ts ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞ y ❛r❡ ❣✐✈❡♥ ❜②

(u1)x =
3x2 + y2 + x4 + 2x2y2 + y4

(1 + x2 + y2)2
, (u1)y =

2xy

(1 + x2 + y2)2
,

(v1)y =
x2 + 3y2 + x4 + 2x2y2 + y4

(1 + x2 + y2)2
, (v1)x =

2xy

(1 + x2 + y2)2
.

❚❤❡ s❡❝♦♥❞ ❢✉♥❝t✐♦♥
f2(z) =

(

1− e−|z|2
)

z =
(

1− e−x2−y2)

(x+ iy)

♣♦ss❡ss❡s t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt

u2 = Re f2(z) =
(

1− e−x2−y2)

x, v2 = Im f2(z) =
(

1− e−x2−y2)

y.

❈❛❧❝✉❧❛t✐♥❣ ✐ts ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞ y✱ ✐t r❡s✉❧ts t❤❛t

(u2)x = 1 + e−x2−y2

(2x2 − 1), (u2)y = e−x2−y2

2xy,

(v2)y = 1 + e−x2−y2

(2y2 − 1), (v2)x = e−x2−y2

2xy.

❍❡♥❝❡✱ t❤❡ t✇♦ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥s fj(z) ✇✐t❤ j = 1, 2 ❢✉❧✜❧❧ t❤❡ ✜rst ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥
(uj)x = (vj)y ❢♦r x = y ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ (uj)y = −(vj)x ❡✐t❤❡r ❢♦r x = 0 ♦r ❢♦r y = 0✳ ❖♥❧②
✐❢ ❜♦t❤ ❡q✉❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✐s ❣✉❛r❛♥t❡❡❞✱ ✇❤✐❝❤ ✐s ❥✉st ❣✐✈❡♥ ✐♥
t❤❡ ♣♦✐♥t ♦❢ ♦r✐❣✐♥ x = y = 0✳ ❙✐♥❝❡ t❤✐s ✐s ♥♦ ♦♣❡♥ s❡t✱ t❤❡ ❢✉♥❝t✐♦♥s fj(z) ❢♦r j = 1, 2 ❛r❡
♥♦✇❤❡r❡ ❤♦❧♦♠♦r♣❤✐❝ ✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ❍✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ r❡❛❧ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✐♥ t❤❡ s❡♥s❡
♦❢ ❲✐rt✐♥❣❡r ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❯s✐♥❣ z ❛♥❞ ✐ts ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ✈❛r✐❛❜❧❡ z ❛s ✐❢ t❤❡② ✇❡r❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r ✭❝♦♠♣❛r❡ ❈♦r♦❧❧❛r② ❍✳✼✮✱ ♦♥❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡
✜rst ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s t♦ s❡❡ t❤❡✐r ❜♦✉♥❞❡❞♥❡ss✳ ❚❤❡ ✜rst ❢✉♥❝t✐♦♥ ♦❜❡②s

f1(z) =
|z|2

1 + |z|2 z =
z2z

1 + zz

✹✽



✷✳✹✳ ❈❛s❡ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❛♥❞✱ t❤❡r❡❢♦r❡✱
∣

∣

∣

∣

∂

∂z
f1(z)

∣

∣

∣

∣

=

∣

∣

∣

∣

2|z|2(1 + |z|2)− |z|4
(1 + |z|2)2

∣

∣

∣

∣

=
2|z|2 + |z|4

1 + 2|z|2 + |z|4 ≤ 1,

∣

∣

∣

∣

∂

∂z
f1(z)

∣

∣

∣

∣

=

∣

∣

∣

∣

z2(1 + |z|2)− z2|z|2
(1 + |z|2)2

∣

∣

∣

∣

=
|z|2

1 + 2|z|2 + |z|4 ≤ 2|z|2
1 + 2|z|2 ≤ 1.

▼♦r❡♦✈❡r✱ ✇❡ ❣❡t t❤❛t
f2(z) =

(

1− e−|z|2
)

z =
(

1− e−zz
)

z

❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜②
∣

∣

∣

∣

∂

∂z
f2(z)

∣

∣

∣

∣

=
∣

∣

∣e−|z|2 |z|2 + 1− e−|z|2
∣

∣

∣ ≤ |z|2
e|z|2

+ 1 ≤ |z|2
1 + |z|2 + 1 ≤ 2,

∣

∣

∣

∣

∂

∂z
f2(z)

∣

∣

∣

∣

=
∣

∣e−|z|2z2
∣

∣ =
|z|2
e|z|2

≤ |z|2
1 + |z|2 ≤ 1.

✷✳✹✳✶ ❊✛❡❝t ♦❢ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ◆♦✐s❡

❇❛s❡❞ ♦♥ t❤❡ ♥♦t❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

dX(t) = − iAX(t) dt+ iλf(t,X(t)) dt+ ig(t,X(t)) dW (t), ❢♦r ❛❧❧ t ∈ [0, T ],

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X(0) = ϕ ∈ V ✱ λ ∈ C ❛♥❞ ❛ ❞r✐❢t ❢✉♥❝t✐♦♥ f : Ω × [0, T ] × H → H ❛s
❞❡s❝r✐❜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❖✉r ❛✐♠ ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ❛♥❞ s♦♠❡
s♠♦♦t❤♥❡ss ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(s,X(s)), v
)

ds

+ i

(∫ t

0

g(s,X(s)) dW (s), v

)
✭✷✳✽✶✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✱ ✇❤✐❝❤ r❡♠✐♥❞s ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❬✹✷❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡
s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ 1 ❛♥❞ 2 ✐♥ ❬✹✷❪ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❆t ✜rst✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
ϕ ∈ V ✐s F0✲♠❡❛s✉r❛❜❧❡✳ ❆s ❛❧r❡❛❞② st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥❡❣❛t✐✈❡ ▲❛♣❧❛❝✐❛♥
A : V → V ∗✱ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜② t❤❡ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ✭✷✳✶✮✱ ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r
✇❤✐❝❤ ♣♦ss❡ss❡s ❛ ❞✐s❝r❡t❡ s♣❡❝tr✉♠ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛ ❝♦♠♣❧❡t❡ ♦rt❤♦♥♦r♠❛❧ s❡t ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥H✳ ❘❡❢❡rr✐♥❣ t♦ ✭✷✳✽✮ ❛♥❞ ✭✷✳✾✮✱ t❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ g ✐s ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s ✐♥ L2(K,H) ❛♥❞ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ L2(K,V )✳ ❆♥❛❧♦❣✉❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞r✐❢t
❢✉♥❝t✐♦♥ f ❛r❡ ✐♥❢❡rr❡❞ ❜② ▲❡♠♠❛ ✷✳✹✳✶✳

❈❤♦♦s✐♥❣ ♥♦✇ f̃ := λf ✇✐t❤ λ ∈ C ❛s t❤❡ ♥♦♥❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ✭✷✳✽✶✮✱ t❤❡ st❛t❡♠❡♥ts
♦❢ ▲❡♠♠❛ ✷✳✹✳✶ tr❛♥s❢❡r t♦ f̃ ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ 1 ❛♥❞ 2 ✐♥ ❬✹✷❪ ❛r❡
s❛t✐s✜❡❞✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ s♦♠❡ ✉s❡❢✉❧ r❡s✉❧ts✿

• ❚❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✽✶✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥
X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× [0, T ];V ) ✭s❡❡ ❬✹✷✱ ❚❤❡♦r❡♠ ✶❪✮✳ ❚♦ ♠❡♥t✐♦♥ ♦♥❧② s♦♠❡ ♦❢
t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥ts✱ t❤✐s ❛ss❡rt✐♦♥ ✐s s❤♦✇♥ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ t❤❡
st♦❝❤❛st✐❝ ❡♥❡r❣② ❡q✉❛❧✐t② ✭❈✳✷✮✱ t❤❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t② ✭✷✳✶✸✮✱ ●r♦♥✇❛❧❧✬s
❧❡♠♠❛ ❛♥❞ s♦♠❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✳

• ■t ❤♦❧❞s t❤❛t X ∈ L2p(Ω;C([0, T ];H)) ❢♦r ❛❧❧ p ≥ 1 ✭❝♦♠♣❛r❡ ❬✹✷✱ ❚❤❡♦r❡♠ ✷❪✮✳ ❚❤❡r❡✱ t❤❡
■tô ❢♦r♠✉❧❛✱ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ♠❡t❤♦❞ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❛r❡ ❛❞❞✐t✐♦♥❛❧❧② ✉s❡❞✳

❇❡s✐❞❡s✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ❛❧s♦ tr✉❡ ❢♦r ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦♥❧✐♥❡❛r ❞r✐❢t ❛♥❞ ❞✐✛✉s✐♦♥
❢✉♥❝t✐♦♥s f ❛♥❞ g t❤❛t ❛r❡ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ❛s ❛❜♦✈❡✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ ❬✹✷✱ ❚❤❡♦r❡♠ ✺❪ ✇✐t❤
t❤❡ ❤❡❧♣ ♦❢ ❛ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ②✐❡❧❞✐♥❣ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t ❛♥❞ ❞✐✛✉s✐♦♥ t❡r♠s✳

✹✾



✷✳✹✳ ❈❛s❡ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❚❤❡♥ t❤❡ ❛❜♦✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss st❛t❡♠❡♥ts ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ tr✉♥❝❛t❡❞ ❡q✉❛t✐♦♥ ❛♥❞
❞✉❡ t♦ st♦♣♣✐♥❣ t✐♠❡s✱ ▼❛r❦♦✈✬s ✐♥❡q✉❛❧✐t②✱ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ s❡t Ω ❛♥❞ ❛❣❛✐♥
s♦♠❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ✭s❡❡ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✷✮✱ t❤❡ ❝❧❛✐♠ ✐s ✈❡r✐✜❡❞✳

Pr♦❝❡❡❞✐♥❣ ✇✐t❤ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✽✶✮ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡
♦❜t❛✐♥ s✐♠✐❧❛r ❜♦✉♥❞❡❞♥❡ss r❡s✉❧ts✳ ❇② r❡❣❛r❞✐♥❣ t❤❛t λ ∈ C ✭t❤❛t ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ♥♦r♠ sq✉❛r❡
■tô ❢♦r♠✉❧❛ ❣❡♥❡r❛t✐♥❣ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✮ ❛♥❞ ❡①♣❧♦✐t✐♥❣
▲❡♠♠❛ ✷✳✹✳✶ ✭❡s♣❡❝✐❛❧❧② t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥ H ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ H ❛♥❞ V ✮✱ ✐t
❢♦❧❧♦✇s t❤❛t t❤❡ s♦❧✉t✐♦♥ Xn ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ♦❢ ✭✷✳✽✶✮ ❢✉❧✜❧❧

E sup
t∈[0,T ]

‖Xn(t)‖2p ≤ C(p, |λ|, kf , cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E sup
t∈[0,T ]

‖Xn(t)‖2pV ≤ C(p, |λ|, kf , cg, kg, T )
[

1 + ‖ϕ‖2pV
]

❢♦r ❡❛❝❤ p ≥ 1 ❛♥❞ ❡❛❝❤ n ∈ N ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❇❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✵✱ ✇❡ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts
t♦ t❤❡ s♦❧✉t✐♦♥ X ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✽✶✮ ❜② ✈❡r✐❢②✐♥❣ t❤❛t ❢♦r ❡❛❝❤
p ≥ 1 t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ∈ L2p(Ω;C([0, T ];H))∩L2p(Ω× [0, T ];V ) ✇✐t❤

E sup
t∈[0,T ]

‖X(t)‖2p ≤ C(p, |λ|, kf , cg, kg, T )
[

1 + ‖ϕ‖2p
]

,

E

∫ T

0

‖X(t)‖2pV dt ≤ C(p, |λ|, kf , cg, kg, T )
[

1 + ‖ϕ‖2pV
]

.

✷✳✹✳✷ P❡rt✉r❜❛t✐♦♥ ❜② ▲✐♥❡❛r ▼✉❧t✐♣❧✐❝❛t✐✈❡ ◆♦✐s❡

❙✐♥❝❡ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✷✳✸ ✐s r❡str✐❝t❡❞ t♦ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡
♥♦✐s❡✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦

(

X(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AX(s), v
〉

ds+ iλ

∫ t

0

(

f(s,X(s)), v
)

ds

+ i
∞
∑

j=1

∫ t

0

bj(s)
(

X(s), v
)

dβj(s)

✭✷✳✽✷✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✱ ✇❤❡r❡ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✺✾✮
✐s r❡♣❧❛❝❡❞ ❜② ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ f(t, z) := f(t, z, z) ❢♦r ❛❧❧ z ∈ C ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢
t❤❡ ❝✉rr❡♥t s❡❝t✐♦♥✳ ❘❡s✉♠✐♥❣ ▲❡♠♠❛ ✷✳✹✳✶✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ |f( · , 0)| ≤ C ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②
♦❢ f : Ω × [0, T ] × H → H ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲✐rt✐♥❣❡r ✇✐t❤ ❜♦✉♥❞❡❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ ✐ts ✜rst
❞❡r✐✈❛t✐✈❡s t❤❛t f ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ H ❛♥❞ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ H ❛♥❞ V ✳ ❯s✐♥❣ t❤❡s❡
♣r♦♣❡rt✐❡s✱ ✇❡ ✇♦r❦ ✇✐t❤ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❛♥❞ t❤❛t ✐s ✇❤② ✇❡ ❝❛♥ t❛❦❡ λ ∈ C ❤❡r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡
r❡❛❧ ❛s ✇❡❧❧ ❛s t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ❛♣♣❡❛r ✇❤✐❧❡ ❛♣♣❧②✐♥❣ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t②✳

❘❡❣❛r❞✐♥❣ ❛❣❛✐♥ t❤❡ ♣r♦❝❡ss (Y (t))t∈[0,T ] ❣✐✈❡♥ ❜② ✭✷✳✻✵✮✱ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ❢♦r Z(t, · ) = X(t, · )Y (t) ❤❛s t❤❡ ❢♦r♠

(

Z(t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZ(s), v
〉

ds+ iλ

∫ t

0

(

f

(

s,
Z(s)

Y (s)

)

Y (s), v

)

ds ✭✷✳✽✸✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❯s✐♥❣ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②✱ ♦♥❡ s❤♦✇s t❤❡
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ Z ∈ C([0, T ];H) ∩ L2([0, T ];V ) ❛♥❛❧♦❣♦✉s❧② t♦ ❚❤❡♦r❡♠
✷✳✸✳✷✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ❢♦r ❡❛❝❤ n ∈ N ❛r❡ st❛t❡❞ ❜②

(

Zn(t), hk
)

=
(

ϕn, hk
)

− i

∫ t

0

〈

AZn(s), hk
〉

ds+ iλ

∫ t

0

(

fn

(

s,
Zn(s)

Y (s)

)

Y (s), hk

)

ds ✭✷✳✽✹✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✱ ✇❤❡r❡ ϕn := πnϕ ❛♥❞ fn( · , u) := πnf( · , u) ❢♦r ❛❧❧
u ∈ Hn ✭❝♦♠♣❛r❡ ✭✷✳✷✮✮✳ ❊①♣❧♦✐t✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✭✷✳✸✮ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ πn✱ t❤❡

✺✵



✷✳✹✳ ❈❛s❡ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ♦❢ f ✱ t❤❡ t❤❡♦r② ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭s❡❡ ❬✻✶✱ ♣♣✳ ✶✷✼✕✶✹✶✱ ❚❤❡♦r❡♠ ✹✳✸✳✺ ❛♥❞ ❊①❡r❝✐s❡ ✹✳✺✳✺❪✮ ②✐❡❧❞s t❤❛t t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Zn ∈ C([0, T ];Hn) ♦❢ ♣r♦❜❧❡♠ ✭✷✳✽✹✮✳ ❉✉❡ t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥♦r♠s
‖ · ‖ ❛♥❞ ‖ · ‖V ♦♥ Hn ✭❝♦♠♣❛r❡ ✭✷✳✹✮✮✱ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s Zn ❛r❡ ❛❧s♦ ❝♦♥t✐♥✉♦✉s ✐♥ V
❛♥❞ ✇❡ ❢✉rt❤❡r ❣❡t Zn ∈ L2([0, T ];V )✳ ❚❤❛t ✐s ✇❤② ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t②✳ ❙✐♠✐❧❛r❧②
t♦ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✷✳✸✳✸ ❛♥❞ ✷✳✸✳✺✱ ✇❡ ❣❡t ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❡❛❝❤ n ∈ N ❛r❜✐tr❛r✐❧② ✜①❡❞

‖Zn(t)‖2 ≤ C(|λ|, kf , T )
[

1 + ‖ϕ‖2
]

, ‖Zn(t)‖2V ≤ C(|λ|, kf , T )
[

1 + ‖ϕ‖2V
]

✭✷✳✽✺✮

✭❜② ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹✳✶ ❛♥❞ 0 ≤ |Y (t)|2 ≤ 1 ❢♦r ❛❧❧ t ∈ [0, T ]✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
✈❡r✐❢② t❤❡ s❛♠❡ r❡s✉❧ts ❛s ✐♥ ❈♦r♦❧❧❛r✐❡s ✷✳✸✳✹✱ ✷✳✸✳✻ ❛♥❞ ✷✳✸✳✼✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ●❛❧❡r❦✐♥ ❛♣♣r♦①✲
✐♠❛t✐♦♥s (Zn)n ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✽✹✮ ✐s ❜♦✉♥❞❡❞ ✐♥ C([0, T ];H)✱
L2p([0, T ];H) ❛♥❞ L2p([0, T ];V ) ❢♦r ❛❧❧ p ≥ 1 ❛♥❞ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ];H)✳

◆♦✇✱ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✽✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠✳ ❙✐♥❝❡ ✐♥ ❛ r❡✢❡①✐✈❡ s♣❛❝❡ ❡❛❝❤ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♣♦ss❡ss❡s ❛ ✇❡❛❦❧②
❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✱ ❛♥❞ f ✐s ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✱ ✇❡ ❝♦♥❝❧✉❞❡

∫ T

0

∫ t

0

(

fn′

(

s,
Zn′(s)

Y (s)

)

Y (s), hk

)

ds dt =

∫ T

0

∫ t

0

(

f

(

s,
Zn′(s)

Y (s)

)

Y (s), hk

)

ds dt

→
∫ T

0

∫ t

0

(

f∗(s)Y (s), hk
)

ds dt ❛s n′ → ∞.

❲❡ ✇✐s❤ t♦ ❣❡t f∗(s) = f
(

s, Z(s)
Y (s)

)

❛♥❞ t❤❛t ✐s ✇❤② ✇❡ ❝♦♥s✐❞❡r

∫ T

0

∫ t

0

(

f

(

s,
Zn′(s)

Y (s)

)

Y (s), hk

)

ds dt−
∫ T

0

∫ t

0

(

f

(

s,
Z(s)

Y (s)

)

Y (s), hk

)

ds dt

≤
∣

∣

∣

∣

∣

∫ T

0

∫ t

0

([

f

(

s,
Zn′(s)

Y (s)

)

− f

(

s,
Z(s)

Y (s)

)]

Y (s), hk

)

ds dt

∣

∣

∣

∣

∣

≤
∫ T

0

∫ t

0

∥

∥

∥

∥

f

(

s,
Zn′(s)

Y (s)

)

− f

(

s,
Z(s)

Y (s)

)∥

∥

∥

∥

|Y (s)| ‖hk‖ ds dt

≤
∫ T

0

∫ t

0

√
cf‖Zn′(s)− Z(s)‖ ds dt ≤ √

cf T

(

∫ T

0

1 dt

)
1
2
(

∫ T

0

‖Zn′(t)− Z(t)‖2 dt
)

1
2

=
√
cf T

3
2

(

∫ T

0

‖Zn′(t)− Z(t)‖2 dt
)

1
2

→ 0 ❛s n′ → ∞

✭❞✉❡ t♦ ✭✷✳✼✷✮✮✳ ❍❡♥❝❡✱ ✇❡ ❦♥♦✇ t❤❛t
∫ T

0

∫ t

0

(

f

(

s,
Zn′(s)

Y (s)

)

Y (s), hk

)

ds dt→
∫ T

0

∫ t

0

(

f

(

s,
Z(s)

Y (s)

)

Y (s), hk

)

ds dt ❛s n′ → ∞.

❚♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✽ ✭❛✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢
✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s (Zn)n ♦❢ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✷✳✽✹✮ ❝♦♥✈❡r❣❡s str♦♥❣❧②
✐♥ L2([0, T ];H) ❛♥❞ ✇❡❛❦❧② ✐♥ L2([0, T ];V ) t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ Z ♦❢ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠
✭✷✳✽✸✮✳ ❙t❛t❡♠❡♥ts ✭❜✮ ❛♥❞ ✭❝✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✽ ❛r❡ ❞❡❞✉❝❡❞ s✐♠✐❧❛r❧② ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✸ s✉❝❤ t❤❛t
Z ∈ L∞([0, T ];V ) ✇✐t❤

ess sup
t∈[0,T ]

‖Z(t)‖2V ≤ lim inf
n′→∞

ess sup
t∈[0,T ]

‖Zn′(t)‖2V ≤ C(|λ|, kf , T )
[

1 + ‖ϕ‖2V
]

,

❛♥❞ t❤❡ s❡q✉❡♥❝❡ (Zn)n ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ Z ✐♥ C([0, T ];H) ✭❜❡❝❛✉s❡ ♦❢ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②✮✳
❋✐♥❛❧❧②✱ ✇❡ tr❛♥s❢❡r t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ✭✷✳✽✸✮ t♦ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r

❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✽✷✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ X ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × [0, T ];V ) ♦❢ ♣r♦❜❧❡♠
✭✷✳✽✷✮✱ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✷✳✺✼✮ ✐s s❛t✐s✜❡❞✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② X ∈ L2(Ω;L∞([0, T ];V ))✳

✺✶
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■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ❢✉rt❤❡r ♥♦t❛t✐♦♥s✳ ▲❡t
U ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s ❞❡✜♥❡❞ ❜②

U :=

{

U : Ω× [0, T ]× [0, 1] → R+ : U(t) ∈ V ✐s Ft✲❛❞❛♣t❡❞,

∃α1 > 0 : U(t, x) ≤ α1 P ✲❛✳s✳, ∃α2 ≥ 0 :

∥

∥

∥

∥

∂

∂x
U(t)

∥

∥

∥

∥

≤ α2 P ✲❛✳s✳

} ✭✸✳✶✮

s✉❝❤ t❤❛t U ∈ U ✐s ❛ ❜♦✉♥❞❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ❚❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❢♦r♠✉❧❛t❡ t❤❡ st♦❝❤❛st✐❝
♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♥tr♦❧ U ∈ U ❝♦♥st✐t✉t❡❞ ❜②

(

XU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AXU (s), v
〉

ds+ i

∫ t

0

(

U(s)XU (s), v
)

ds

+ iλ

∫ t

0

(

f(s,XU (s)), v
)

ds+ i

(∫ t

0

g(s,XU (s)) dW (s), v

)
✭✸✳✷✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❙✐♥❝❡ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥ ♥♦✇ ❞❡♣❡♥❞s
♦♥ ❛♥ ❛r❜✐tr❛r② ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ U ∈ U ✱ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ❝❛❧❧❡❞ XU ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱
♣r♦❜❧❡♠ ✭✸✳✷✮ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚♦ ❢✉rt❤❡r
❡♥s✉r❡ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✸✳✷✮ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱
✇❡ ❤❛✈❡ t♦ st❛t❡ s♦♠❡ r❡s✉❧ts ❛♥❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ t❡r♠

i

∫ t

0

(

U(s)XU (s), v
)

ds, ❢♦r ❛✳❡✳ ω ∈ Ω, ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V. ✭✸✳✸✮

❆t ✜rst✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥ H ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥ H ❛♥❞ V ✳
❇❡❝❛✉s❡ ♦❢ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ U(s, x) ❢r♦♠ ❛❜♦✈❡ ❜② α1 > 0 P ✲❛✳s✳ ❢♦r ❛❧❧ s ∈ [0, T ] ❛♥❞ ❛❧❧
x ∈ [0, 1]✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖U(s) [h(s)− v(s)]‖2 ≤ α2
1 ‖h(s)− v(s)‖2 , ❢♦r ❛❧❧ h(s), v(s) ∈ H,

‖U(s)h(s)‖2 ≤ α2
1‖h(s)‖2 ≤ α2

1

(

1 + ‖h(s)‖2
)

, ❢♦r ❛❧❧ h(s) ∈ H.

❉✉❡ t♦ ▲❡♠♠❛ ❉✳✷ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞s α1 > 0 ❛♥❞ α2 ≥ 0 ❣✐✈❡♥ ✐♥ ✭✸✳✶✮✱ ✇❡ ❢✉rt❤❡r ❣❡t

‖U(s)v(s)‖2V = ‖U(s)v(s)‖2 +
∥

∥

∥

∥

[

∂

∂x
U(s)

]

v(s) + U(s)

[

∂

∂x
v(s)

]∥

∥

∥

∥

2

≤‖U(s)v(s)‖2 + 2

∥

∥

∥

∥

∂

∂x
U(s)

∥

∥

∥

∥

2
(

sup
x∈[0,1]

|v(s, x)|2
)

+ 2

∥

∥

∥

∥

U(s)

[

∂

∂x
v(s)

]∥

∥

∥

∥

2

≤
(

2α2
1 + 4α2

2

)

‖v(s)‖2V ≤ 2
(

α2
1 + 2α2

2

) (

1 + ‖v(s)‖2V
)

, ❢♦r ❛❧❧ v(s) ∈ V.

✺✷
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◆♦✇✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❛r❡ ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ❛♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✐♥ H ❛♥❞ V ✳ ❙✐♥❝❡ U ∈ U ✐s r❡❛❧✲✈❛❧✉❡❞✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ h(s) ∈ H
t❤❛t

2 Im

∫ t

0

(

U(s)h(s), h(s)
)

ds = 2

∫ t

0

∫ 1

0

U(s, x) Im |h(s, x)|2 dx ds = 0. ✭✸✳✹✮

❆s ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡ ♣❛t❤✇✐s❡ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö✲
❞✐♥❣❡r ♣r♦❜❧❡♠ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❙✐♥❝❡ ♦♥❡ ❝❛♥♥♦t ♦❜t❛✐♥ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✐♥ V ✇✐t❤♦✉t
❛♥② r❡str✐❝t✐♦♥ t♦ t❤❡ ❝♦♥tr♦❧ U ∈ U ✱ ✇❡ st❛t❡ ❛ ❧❡♠♠❛ ✐♥❝❧✉❞✐♥❣ ❛♥ ✐♠♣♦rt❛♥t ❝❛s❡ ❞✐✛❡r❡♥t✐❛t✐♦♥✳
❆ ❢✉rt❤❡r ❝❛s❡ ✇✐❧❧ ❜❡ tr❡❛t❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✺✳

▲❡♠♠❛ ✸✳✶✳✶✳ ▲❡t t❤❡ ❝♦♥tr♦❧ U ∈ U s❛t✐s❢② ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

✭✐✮ U(t, x) = U1(t), ✭✐✐✮ U(t, x) = U2(x).

❚❤❡♥ ❢♦r ❛❧❧ v ∈ L2([0, T ];H ′) :=
{

v ∈ L2([0, T ];H) : ∂
∂t
v ∈ L2([0, T ];H)

}

✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥
t❤❛t ✐s s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♥❞ ‖v(t)‖2 = C ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t✮ ❢♦r ❛❧❧ t ∈ [0, T ] ✐t ❤♦❧❞s
t❤❛t

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds ≤ α1 ‖v(t)‖2 , ❢♦r ❛❧❧ t ∈ [0, T ].

Pr♦♦❢✳ ▲❡t v ∈ L2([0, T ];H ′) ✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐s s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ✭✐♥ t❤✐s
t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s✮ ❛♥❞ ‖v(t)‖2 = C ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t✮ ❢♦r ❛❧❧ t ∈ [0, T ]✳

✭✐✮ ❆t ✜rst✱ ❧❡t U(s, x) = U1(s) s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ❇❡❝❛✉s❡
♦❢ r❡❧❛t✐♦♥ ✭✷✳✻✼✮✱ ✐t ❢♦❧❧♦✇s ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds = 2

∫ t

0

U1(s)Re

(

v(s),
∂

∂s
v(s)

)

ds

=

∫ t

0

U1(s)

(

d

ds
‖v(s)‖2

)

ds =

∫ t

0

U1(s)

(

d

ds
C

)

ds = 0 ≤ α1 ‖v(t)‖2 .

✭✐✐✮ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ U(s, x) = U2(x) ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✳
▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥tr♦❧ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ω ∈ Ω ❞✉❡ t♦ t❤❡ ♣r❡s✉♠❡❞ Ft✲❛❞❛♣t❡❞♥❡ss✳ ❚❤✉s✱
❡q✉❛t✐♦♥ ✭✷✳✻✼✮ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss U2(x) ≤ α1 ❢♦r ❛❧❧ x ∈ [0, 1] ②✐❡❧❞ ❢♦r ❛❧❧ t ∈ [0, T ]

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds = 2

∫ t

0

∫ 1

0

U2(x)Re

{

v(s, x)
∂

∂s
v(s, x)

}

dx ds

=

∫ t

0

∫ 1

0

U2(x)

(

∂

∂s
|v(s, x)|2

)

dx ds =

∫ t

0

d

ds

(∫ 1

0

U2(x) |v(s, x)|2 dx
)

ds

=

∫ 1

0

U2(x) |v(t, x)|2 dx−
∫ 1

0

U2(x) |v(0, x)|2 dx ≤ α1 ‖v(t)‖2 .

❇❛s❡❞ ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ H →֒ V ∗ ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ ❝♦♥st❛♥t C̃ = CH,V ∗ ✱ ✇❡
s❤♦✇ t❤❡ ❡q✉✐❝♦♥t✐♥✉✐t② ✐♥ C([0, T ];V ∗) ✭❢♦r t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✮ ❜②

‖U(r)v(r)‖2V ∗ ≤ C̃2 ‖U(r)v(r)‖2 ≤ C̃2α2
1 ‖v(r)‖2 ≤ C̃2α2

1 ‖v(r)‖2V , ❢♦r ❛❧❧ v(r) ∈ V.

❚❤❡ ❝♦♥tr♦❧ t❡r♠ ✭✸✳✸✮ ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞❡s✐r❡❞ ❡①♣r❡ss✐♦♥✳ ■❢ vn ⇀ v ✐♥ L2([0, T ];H) ❛s
n→ ∞✱ ✇❡ ❣❡t ❢♦r ❛❧❧ k ∈ {1, 2, . . . , n} t❤❛t

∫ t

0

(

U(s)vn(s), hk
)

ds =

∫ t

0

(

vn(s), U(s)hk
)

ds→
∫ t

0

(

v(s), U(s)hk
)

ds =

∫ t

0

(

U(s)v(s), hk
)

ds

❢♦r ❛✳❡✳ t ∈ [0, T ] ❛s n→ ∞✳ ◆❡①t✱ ✇❤✐❧❡ ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ C([0, T ];H)✱ t❤❡ t❡r♠ r❡s✉❧t✐♥❣
❢r♦♠ t❤❡ ❝♦♥tr♦❧ ✐s tr❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❧✐❦❡ t❤❡ t❡r♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❘❡s✉♠❡❞✱

✺✸



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

t❤❡ ♣r❡❝❡❞✐♥❣ st❛t❡♠❡♥ts ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ t❡r♠ ✭✸✳✸✮ ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✮
❝♦♠♣❛r❡❞ t♦ ✭✷✳✶✷✮ ✜t ✐♥t♦ t❤❡ ❛♣♣r♦❛❝❤❡s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✷✳

◆♦✇✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧

J(U) := γE
∥

∥XU (T )− y
∥

∥

2
+ βE

∫ T

0

‖U(t)−Υ(t)‖2 dt ✭✸✳✺✮

r❡❧❛t✐✈❡ t♦ t❤❡ ❝♦♥tr♦❧ U ∈ U ✭❝♦♠♣❛r❡ ❬✸✱ ✶✵✷❪✮✳ ❍❡r❡✱ XU ✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✮✱ t❤❡ ❝♦❡✣❝✐❡♥ts γ, β ∈ R+ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s y ∈ V ❛♥❞
Υ ∈ L2(Ω × [0, T ];L2([0, 1];R)) ⊂ L2(Ω × [0, T ];H) ❛r❡ ❣✐✈❡♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮
❞♦❡s ♥♦t ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥tr♦❧ U ❜✉t ❛❧s♦ ♦♥ t❤❡ s♦❧✉t✐♦♥ XU ♦❢ ♣r♦❜❧❡♠ ✭✸✳✷✮✳ ❍❡♥❝❡✱
♠✐♥✐♠✐③✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ XU ♦❢ t❤❡
❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✮ ✇❤✐❝❤ ✐s ❛ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ y ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✜♥❛❧ t✐♠❡ T ✱ ✇❤✐❧❡ U s❤❛❧❧ ♥♦t ✈❛r② t♦♦ ♠✉❝❤ ❢r♦♠ Υ✳

❖♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❢♦r s♦❧✉t✐♦♥s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞♦ ♥♦t ❛❧✇❛②s ❤❛✈❡ ❛
s♦❧✉t✐♦♥✳ ❚❤✉s✱ ✇❡ ❛r❡ ✜rst ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✺✮✳ ❲❡ ❞❡♥♦t❡
R := R∪{−∞,∞} ❛♥❞ r❡❢❡r t♦ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ t❤❛t ✐s s✐❣♥✐✜❡❞ ✐♥ ❬✹✶✱ ✻✽✱ ✾✵❪
❛♥❞ ❡①♣❧✐❝✐t❧② s❤♦✇♥ ✐♥ ❬✾❪✳

❚❤❡♦r❡♠ ✸✳✶✳✷✳ ✶▲❡t B ❜❡ ❛ ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ S ❛ ❜♦✉♥❞❡❞ ❝❧♦s❡❞ s✉❜s❡t ♦❢
B✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t F : S → R ❜❡ ❛ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❢r♦♠
❜❡❧♦✇ ❛♥❞ p ≥ 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t D ⊂ B s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ x ∈ D t❤❡ ❢✉♥❝t✐♦♥❛❧
F (s) + ‖s− x‖pB ❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠ ♦✈❡r S✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ s(x) ∈ S s✉❝❤ t❤❛t

F (s(x)) + ‖s(x)− x‖pB = inf
s∈S

{

F (s) + ‖s− x‖pB
}

.

■❢ p > 1✱ t❤❡♥ s(x) ✐s ✉♥✐q✉❡✳ ❇❡s✐❞❡s✱ ❡❛❝❤ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s str♦♥❣❧② ❛♥❞ t❤❡
❢✉♥❝t✐♦♥ x 7→ s(x) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ D✳

❍❡r❡✱ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ B := L2(Ω× [0, T ];H) = L2(Ω× [0, T ]× [0, 1]) ✐s ❡s♣❡❝✐❛❧❧② ❛ ❍✐❧❜❡rt
s♣❛❝❡ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✉♥✐❢♦r♠❧② ❝♦♥✈❡①✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s U r❡♣r❡s❡♥ts t❤❡ s✉❜s❡t
S ⊂ B ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❝❧♦s❡❞ ❜② ❞❡✜♥✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ F := γE ‖XU (T )−y‖2
✐s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ U ✐♥t♦ R✱ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② F ≥ 0 ❛♥❞ p = 2✳ ❍❡♥❝❡✱ ✐❢ ✇❡ s✉❝❝❡❡❞ ✐♥
s❤♦✇✐♥❣ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ F ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✷✮✱ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ st❛t❡s t❤❛t t❤❡r❡
❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t D ⊂ B s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ Υ ∈ D t❤❡ ❢✉♥❝t✐♦♥❛❧ J(U) = F (U) + β ‖U −Υ‖2B
❛tt❛✐♥s ✐ts ✉♥✐q✉❡ ♠✐♥✐♠✉♠ ♦✈❡r U ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t U∗ ∈ U s✉❝❤
t❤❛t

J(U∗) = F (U∗) + β ‖U∗ −Υ‖2B = inf
U∈U

{

F (U) + β ‖U −Υ‖2B
}

= inf
U∈U

J(U),

✇❤❡r❡ U∗ ❡s♣❡❝✐❛❧❧② ❞❡♣❡♥❞s ♦♥ Υ✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✱ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠

t❤❡ st♦❝❤❛st✐❝ ♦♥❡ ♣❡rt✉r❜❡❞ ❜② ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✱ ✇✐t❤ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② ✭❝♦♠♣❛r❡
❙❡❝t✐♦♥ ✷✳✸✮✳ ❚❤❡r❡❛❢t❡r✱ ✇❡ r❡s✉♠❡ t❤❡ r❡s✉❧ts ❢♦r ❛ ♥♦♥❧✐♥❡❛r ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t t❡r♠ ✐♥
t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭❝♦♠♣❛r❡ ❙✉❜s❡❝t✐♦♥ ✷✳✹✳✷✮✳

✸✳✷ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f(v) = |v|2σv ❢♦r σ ∈ (0, 2) ❛♥❞
❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✐s ❣✐✈❡♥ ❜②

(

XU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AXU (s), v
〉

ds+ i

∫ t

0

(

U(s)XU (s), v
)

ds

+ iλ

∫ t

0

(

f(XU (s)), v
)

ds+ i

∞
∑

j=1

∫ t

0

bj(s)
(

XU (s), v
)

dβj(s)

✭✸✳✻✮

✶❇✐❞❛✉t ❬✾❪✱ ♣✳ ✷✸✱ ❚❤é♦rè♠❡ ✹✳✷

✺✹



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡
✜rst ♦❜s❡r✈❡ t❤❡ ❝❛s❡ λ ∈ R+ t❤❛t ✐s ❣❡♥❡r❛❧✐③❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✺✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❢♦r♠❡r
❛ss✉♠♣t✐♦♥s✱ ✇❡ r❡q✉✐r❡

∞
∑

j=1

∫ T

0

b2j (s) ds ≤ C

✐♥❞❡♣❡♥❞❡♥t ♦❢ ω ∈ Ω✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ✭✷✳✺✽✮ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ✐♠♣❧✐❡s t❤❛t

B(T ) = exp







σ

∞
∑

j=1

∫ T

0

b2j (s) ds







≤ exp {σC} =: CB . ✭✸✳✼✮

❉✉❡ t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛ ZU (t, · ) = XU (t, · )Y (t) ✭❝♦♠♣❛r❡ ❙❡❝t✐♦♥ ✷✳✸✮✱ ♣r♦❜❧❡♠ ✭✸✳✻✮
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

ZU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZU (s), v
〉

ds+ i

∫ t

0

(

U(s)ZU (s), v
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU (s)), v
)

ds

✭✸✳✽✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❖❜s❡r✈❡ t❤❛t ❛❧❧ r❡❧❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ❢♦r ❛✳❡✳ ω ∈ Ω ❛r❜✐tr❛r✐❧② ✜①❡❞
✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠s✳ ❆s ✐♥❞✐❝❛t❡❞ ✐♥ ❙❡❝t✐♦♥s ✷✳✸ ❛♥❞ ✸✳✶✱ ♣r♦❜❧❡♠ ✭✸✳✽✮ ♣♦ss❡ss❡s
❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ZU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✐❢ t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ s❛t✐s✜❡s
U(s, x) = U1(s) ♦r U(s, x) = U2(x)✳

❙✐♥❝❡ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ ❝♦♥st❛♥ts ❜❡❧♦✇✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧ts ♦❢
❙❡❝t✐♦♥ ✷✳✸ ❛♥❞ ❤❡r❡❛❢t❡r ❜❛s❡❞ ♦♥ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❧✐st
t❤❡ ❝r✉❝✐❛❧ ❛r❣✉♠❡♥ts t❤❛t ❛r❡

• t❤❡ ♣♦✇❡r σ ∈ (0, 2) ❛♥❞ t❤❡ ♣r❡❢❛❝t♦r λ ∈ R+ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f : V → H ✐♥ ✭✸✳✻✮✱ ✭✸✳✽✮✱

• t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ϕ ∈ V ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ✭✸✳✻✮✱ ✭✸✳✽✮✱

• t❤❡ ❝♦♥st❛♥t γ ∈ R+ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ y ∈ V ❣✐✈❡♥ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮✱

• t❤❡ ❜♦✉♥❞s α1 > 0✱ α2 ≥ 0 ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s U ✭❝♦♠♣❛r❡ ✭✸✳✶✮✮✱

• t❤❡ ✉♣♣❡r ❜♦✉♥❞ CB ♦❢ B(T ) ❣✐✈❡♥ ✐♥ ✭✸✳✼✮ ❛♥❞ t❤❡ ✜♥❛❧ t✐♠❡ T > 0✳

❆♣♣❧②✐♥❣ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② t♦ ✭✸✳✽✮✱ ✇❡ r❡♠❡♠❜❡r t❤❡ ✇❡❧❧✲❦♥♦✇♥ r❡❧❛t✐♦♥

∥

∥ZU (t)
∥

∥

2
= ‖ϕ‖2 , ❢♦r ❛❧❧ t ∈ [0, T ]. ✭✸✳✾✮

❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✺✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ZU
n ❢♦r ❡❛❝❤

n ∈ N ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✭✸✳✽✮ ❢✉❧✜❧❧

∥

∥ZU
n (t)

∥

∥

2

V
≤C(σ)

(

‖ϕ‖2V + α1 ‖ϕ‖2 + λB(T ) ‖ϕ‖2(1+σ)
+ (λB(T ))

2
2−σ ‖ϕ‖

2(2+σ)
2−σ

)

≤C(σ, λ, ϕ, α1, CB), ❢♦r ❛❧❧ t ∈ [0, T ].

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✽ ✭❛✮ ❛♥❞ ✭❜✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

∫ T

0

∥

∥ZU (t)
∥

∥

2

V
dt ≤ lim inf

n→∞

∫ T

0

∥

∥ZU
n (t)

∥

∥

2

V
dt ≤ C(σ, λ, ϕ, α1, CB , T ) ✭✸✳✶✵✮

❛♥❞✱ ❛♥❛❧♦❣♦✉s❧②✱

ess sup
t∈[0,T ]

∥

∥ZU (t)
∥

∥

2

V
≤ lim inf

n→∞
ess sup
t∈[0,T ]

∥

∥ZU
n (t)

∥

∥

2

V
≤ C(σ, λ, ϕ, α1, CB). ✭✸✳✶✶✮

✺✺



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

✸✳✷✳✶ ❉✐✛❡r❡♥❝❡ ♦❢ ❚✇♦ ❈♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r Pr♦❜❧❡♠s

❇② ❝❤♦♦s✐♥❣ Θ ∈ [0, 1] ❛♥❞ δU ∈ U ✱ ✇❡ ♦❜t❛✐♥ ❛ ❢✉rt❤❡r ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ U + ΘδU t❤❛t ✐s
s✉♣♣♦s❡❞ t♦ ❞✐✛❡r s❧✐❣❤t❧② ❢r♦♠ U ∈ U ✐❢ Θ > 0 ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❍❡♥❝❡✱ ✇❡ r❡❣❛r❞ t❤❡
♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ U +ΘδU ∈ U ❝♦♥st✐t✉t❡❞ ❜②

(

ZU+ΘδU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZU+ΘδU (s), v
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)ZU+ΘδU (s), v
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s)), v
)

ds

✭✸✳✶✷✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❆♥❛❧♦❣♦✉s❧② t♦ ♣r♦❜❧❡♠ ✭✸✳✽✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ZU+ΘδU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ♦❢ ♣r♦❜❧❡♠ ✭✸✳✶✷✮ ✐❢ t❤❡ r❡❧❛t❡❞ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧
(U+ΘδU)(s, x) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ s ∈ [0, T ] ♦r ♦♥❧② ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ x ∈ [0, 1]✳
◆♦✇✱ ✇❡ ✐♥✈❡st✐❣❛t❡ δZ := ZU+ΘδU − ZU t❤❛t ❞❡♥♦t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s
ZU ❛♥❞ ZU+ΘδU ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣r♦❜❧❡♠s ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✷✮✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ δZ ∈ C([0, T ];H) ∩ L2([0, T ];V ) ♦❢
t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

δZ(t), v
)

=− i

∫ t

0

〈

AδZ(s), v
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v
)

ds

+ i

∫ t

0

(

ΘδU(s)ZU (s), v
)

ds+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), v
)

ds

✭✸✳✶✸✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳

Pr♦♦❢✳ ❙✐♥❝❡ ZU , ZU+ΘδU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ❛r❡ t❤❡ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢
♣r♦❜❧❡♠s ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥ δZ = ZU+ΘδU − ZU ❛❧s♦ ❜❡❧♦♥❣s t♦
C([0, T ];H) ∩ L2([0, T ];V ) ❜❡❝❛✉s❡

sup
t∈[0,T ]

‖δZ(t)‖2 ≤ 2 sup
t∈[0,T ]

∥

∥ZU+ΘδU (t)
∥

∥

2
+ 2 sup

t∈[0,T ]

∥

∥ZU (t)
∥

∥

2
,

∫ T

0

‖δZ(t)‖2V dt ≤ 2

∫ T

0

∥

∥ZU+ΘδU (t)
∥

∥

2

V
dt+ 2

∫ T

0

∥

∥ZU (t)
∥

∥

2

V
dt. ✭✸✳✶✹✮

❇② ❞❡✜♥✐t✐♦♥✱ δZ ✐s t❤❡ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢
(

δZ(t), v
)

=
(

ZU+ΘδU (t), v
)

−
(

ZU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZU+ΘδU (s), v
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)ZU+ΘδU (s), v
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s)), v
)

ds−
(

ϕ, v
)

+ i

∫ t

0

〈

AZU (s), v
〉

ds

− i

∫ t

0

(

U(s)ZU (s), v
)

ds− iλ

∫ t

0

B(s)
(

f(ZU (s)), v
)

ds

=− i

∫ t

0

〈

AδZ(s), v
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v
)

ds

+ i

∫ t

0

(

ΘδU(s)ZU (s), v
)

ds+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), v
)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✱ ✇❤✐❝❤ ✈❡r✐✜❡s ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✳

❉✉❡ t♦ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ δU(t, x) ❢r♦♠ ❛❜♦✈❡ ❜② α1 > 0 P ✲❛✳s✳ ❢♦r ❛❧❧
t ∈ [0, T ] ❛♥❞ ❛❧❧ x ∈ [0, 1]✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ‖δU‖L∞([0,T ]×[0,1]) ❢♦r ❛✳❡✳ ω ∈ Ω✳ ❚❤✉s✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ♦❢ δZ ♦♥ t❤❡ ❝♦♥tr♦❧ δU ∈ U ✳

✺✻



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❤❡♦r❡♠ ✸✳✷✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖δZ(t)‖2 ≤ C(σ, λ, ϕ, α1, CB , T )Θ
2 ‖δU‖2L∞([0,T ]×[0,1]) , ❢♦r ❛❧❧ t ∈ [0, T ]. ✭✸✳✶✺✮

Pr♦♦❢✳ ■♥✐t✐❛❧❧②✱ ✇❡ ❛♣♣❧② t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② t♦ ✭✸✳✶✸✮ ❛♥❞ r❡❝❡✐✈❡

‖δZ(t)‖2 =2 Im

∫ t

0

〈

AδZ(s), δZ(s)
〉

ds− 2 Im

∫ t

0

(

(U +ΘδU)(s)δZ(s), δZ(s)
)

ds

− 2 Im

∫ t

0

(

ΘδU(s)ZU (s), δZ(s)
)

ds

− 2λ Im

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), δZ(s)
)

ds

✭✸✳✶✻✮

❢♦r ❛❧❧ t ∈ [0, T ]✳ ❚❤❡ ✜rst t✇♦ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤ ❜② Im
〈

Av, v
〉

= 0 ❢♦r ❛❧❧ v ∈ V
❛♥❞ ✭✸✳✹✮✳ ❇❛s❡❞ ♦♥ r❡❧❛t✐♦♥ ✭✸✳✾✮✱ t❤❡ t❤✐r❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✶✻✮ ♦❜❡②s

−2 Im

∫ t

0

(

ΘδU(s)ZU (s), δZ(s)
)

ds ≤ 2

∫ t

0

∥

∥ΘδU(s)ZU (s)
∥

∥ ‖δZ(s)‖ ds

≤
∫ t

0

∥

∥ΘδU(s)ZU (s)
∥

∥

2
ds+

∫ t

0

‖δZ(s)‖2 ds

≤Θ2 ‖δU‖2L∞([0,T ]×[0,1])

∫ T

0

∥

∥ZU (s)
∥

∥

2
ds+

∫ t

0

‖δZ(s)‖2 ds

= ‖ϕ‖2 T Θ2 ‖δU‖2L∞([0,T ]×[0,1]) +

∫ t

0

‖δZ(s)‖2 ds.

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f(v) := |v|2σv ✇✐t❤ σ ∈ (0, 2)✱ ▲❡♠♠❛ ❉✳✹ ✭❛✮
❛♥❞ ▲❡♠♠❛ ❉✳✷✱ t❤❡ ❧❛st t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✶✻✮ r❡s✉❧ts ✐♥

− 2λ Im

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), δZ(s)
)

ds

≤ 2λB(T )

∫ t

0

∥

∥f(ZU+ΘδU (s))− f(ZU (s))
∥

∥ ‖δZ(s)‖ ds

≤ 5λB(T )

∫ t

0

[∫ 1

0

(

∣

∣ZU+ΘδU (s, x)
∣

∣

2σ
+
∣

∣ZU (s, x)
∣

∣

2σ
)2

|δZ(s, x)|2 dx
]

1
2

‖δZ(s)‖ ds

≤ 5λB(T )

∫ t

0

(

sup
x∈[0,1]

∣

∣ZU+ΘδU (s, x)
∣

∣

2σ
+ sup

x∈[0,1]

∣

∣ZU (s, x)
∣

∣

2σ

)

‖δZ(s)‖2 ds

≤ 5 · 2σλB(T )

∫ t

0

(

∥

∥ZU+ΘδU (s)
∥

∥

2σ

V
+
∥

∥ZU (s)
∥

∥

2σ

V

)

‖δZ(s)‖2 ds

≤ 5 · 2σλB(T ) ess sup
t∈[0,T ]

(

∥

∥ZU+ΘδU (t)
∥

∥

2σ

V
+
∥

∥ZU (t)
∥

∥

2σ

V

)

∫ t

0

‖δZ(s)‖2 ds.

❉✉❡ t♦ r❡❧❛t✐♦♥ ✭✸✳✶✶✮ ❛♣♣❧✐❡❞ ❢♦r ZU ❛♥❞ ZU+ΘδU ✱ ✐t ❢♦❧❧♦✇s t❤❛t

−2λ Im

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), δZ(s)
)

ds ≤ C(σ, λ, ϕ, α1, CB)

∫ t

0

‖δZ(s)‖2 ds.

❈♦♥s❡q✉❡♥t❧②✱ ✐t ❤♦❧❞s ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t

‖δZ(t)‖2 ≤ ‖ϕ‖2 T Θ2 ‖δU‖2L∞([0,T ]×[0,1]) + [1 + C(σ, λ, ϕ, α1, CB)]

∫ t

0

‖δZ(s)‖2 ds,

❛♥❞ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✐♠♣❧✐❡s

‖δZ(t)‖2 ≤ C(σ, λ, ϕ, α1, CB , T )Θ
2 ‖δU‖2L∞([0,T ]×[0,1]) , ❢♦r ❛❧❧ t ∈ [0, T ].

✺✼



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

■♥tr♦❞✉❝✐♥❣ t❤❡ s♣❛❝❡ L2([0, T ];V ′) :=
{

v ∈ L2([0, T ];V ) : ∂
∂t
v ∈ L2([0, T ];V ∗)

}

✱ ✇❡ s❤♦✇ t❤❛t
δZ ∈ L2([0, T ];V ′) ❛♥❞ ❛♥ ❛♥❛❧♦❣✉❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ t♦ ✭✸✳✶✸✮ ❢♦r v ∈ L2([0, T ];V ′)✳

❚❤❡♦r❡♠ ✸✳✷✳✸✳ ■t ❤♦❧❞s t❤❛t δZ ∈ L2([0, T ];V ′) ❛♥❞✱ r❡❢❡rr✐♥❣ t♦ ♣r♦❜❧❡♠ ✭✸✳✶✸✮✱ ✇❡ ❣❡t t❤❛t

(

δZ(t), v(t)
)

=

∫ t

0

〈

∂

∂s
v(s), δZ(s)

〉

ds− i

∫ t

0

〈

AδZ(s), v(s)
〉

ds

+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v(s)
)

ds+ i

∫ t

0

(

ΘδU(s)ZU (s), v(s)
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), v(s)
)

ds

✭✸✳✶✼✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳

Pr♦♦❢✳ ❚❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✶✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

δZ(t) =− i

∫ t

0

AδZ(s) ds+ i

∫ t

0

(U +ΘδU)(s)δZ(s) ds+ i

∫ t

0

ΘδU(s)ZU (s) ds

+ iλ

∫ t

0

B(s)
[

f(ZU+ΘδU (s))− f(ZU (s))
]

ds

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ♣♦ss❡ss ❛♥② ♥♦✐s❡ t❡r♠✳ ❍❡♥❝❡✱ ✇❡
❢♦r♠❛❧❧② ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ t ❛♥❞ r❡❝❡✐✈❡ t❤❡ s②♠❜♦❧✐❝ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

∂

∂t
δZ(t) =− iAδZ(t) + i(U +ΘδU)(t)δZ(t) + iΘδU(t)ZU (t)

+ iλB(t)
[

f(ZU+ΘδU (t))− f(ZU (t))
]

,

δZ(0) = 0

✭✸✳✶✽✮

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❍❛✈✐♥❣ ❛❧r❡❛❞② s❤♦✇♥ t❤❛t δZ ∈ L2([0, T ];V ) ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✸✳✷✳✶✮✱
✐t s✉✣❝❡s t♦ ✈❡r✐❢② t❤❛t ∂

∂t
δZ ∈ L2([0, T ];V ∗) ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t δZ ∈ L2([0, T ];V ′)✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ✭✸✳✶✽✮✱ t❛❦❡ t❤❡ ♥♦r♠ sq✉❛r❡ ✐♥ V ∗ ❛♥❞ ✐♥t❡❣r❛t❡
♦✈❡r ❛❧❧ t ∈ [0, T ] s✉❝❤ t❤❛t

∫ T

0

∥

∥

∥

∥

∂

∂t
δZ(t)

∥

∥

∥

∥

2

V ∗

dt =

∫ T

0

∥

∥

∥− i
[

AδZ(t)− (U +ΘδU)(t)δZ(t)−ΘδU(t)ZU (t)

− λB(t)
[

f(ZU+ΘδU (t))− f(ZU (t))
]

]∥

∥

∥

2

V ∗

dt

≤ 8

∫ T

0

[

‖AδZ(t)‖2V ∗ + ‖(U +ΘδU)(t)δZ(t)‖2V ∗ +
∥

∥ΘδU(t)ZU (t)
∥

∥

2

V ∗

+λ2B2(t)
∥

∥f(ZU+ΘδU (t))− f(ZU (t))
∥

∥

2

V ∗

]

dt.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r A : V → V ∗ ✭❝♦♠♣❛r❡ ❙❡❝t✐♦♥ ✷✳✶✮ ❛♥❞ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ H →֒ V ∗

✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❝♦♥st❛♥t C̃ = CH,V ∗ ✱ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s U(t, x) ❛♥❞
δU(t, x) ❜② α1 > 0 P ✲❛✳s✳ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ x ∈ [0, 1]✱ ▲❡♠♠❛ ❉✳✹ ✭❛✮ ❛♥❞ ▲❡♠♠❛ ❉✳✷ ❡♥t❛✐❧

∫ T

0

∥

∥

∥

∥

∂

∂t
δZ(t)

∥

∥

∥

∥

2

V ∗

dt ≤ 8

∫ T

0

[

‖δZ(t)‖2V + 2C̃2α2
1 ‖δZ(t)‖

2
+ C̃2Θ2α2

1

∥

∥ZU (t)
∥

∥

2

+5 · 22σλ2B2(T )C̃2
(

∥

∥ZU+ΘδU (t)
∥

∥

4σ

V
+
∥

∥ZU (t)
∥

∥

4σ

V

)

‖δZ(t)‖2
]

dt

≤C(σ, λ, ϕ, α1, CB , T, C̃,Θ)

❞✉❡ t♦ ✭✸✳✾✮✱ ✭✸✳✶✵✮✱ ✭✸✳✶✶✮✱ ✭✸✳✶✹✮ ❛♥❞ ✭✸✳✶✺✮✳ ❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∂
∂t
δZ ∈ L2([0, T ];V ∗) ❛♥❞✱

t❤❡r❡❢♦r❡✱ δZ ∈ L2([0, T ];V ′)✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✜rst ❛ss❡rt✐♦♥✳

✺✽



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚♦ s❤♦✇ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✶✼✮✱ ✇❡ r❡♣❧❛❝❡ t ❜② s ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ ✭✸✳✶✽✮✱
♠✉❧t✐♣❧② ❜② v ∈ L2([0, T ];V ′)✱ ✉s❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●❡❧❢❛♥❞ tr✐♣❧❡ (V,H, V ∗) ❛♥❞ ✐♥t❡❣r❛t❡
♦✈❡r ❛❧❧ s ∈ [0, t] s✉❝❤ t❤❛t

∫ t

0

〈

∂

∂s
δZ(s), v(s)

〉

ds =− i

∫ t

0

〈

AδZ(s), v(s)
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v(s)
)

ds

+ i

∫ t

0

(

ΘδU(s)ZU (s), v(s)
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), v(s)
)

ds

✭✸✳✶✾✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳ ◆♦t✐❝❡ t❤❛t δZ ❛♥❞ v ❛r❡ ♠❡❛s✉r❛❜❧❡ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡
❛♥❞ t❤❛t

∫ t

0

〈

∂

∂s
δZ(s), v(s)

〉

ds ≤
∫ t

0

∣

∣

∣

∣

〈

∂

∂s
δZ(s), v(s)

〉∣

∣

∣

∣

ds ≤
∫ t

0

∥

∥

∥

∥

∂

∂s
δZ(s)

∥

∥

∥

∥

V ∗

‖v(s)‖V ds

≤ 1

2

∫ t

0

∥

∥

∥

∥

∂

∂s
δZ(s)

∥

∥

∥

∥

2

V ∗

ds+
1

2

∫ t

0

‖v(s)‖2V ds <∞

s✐♥❝❡ δZ, v ∈ L2([0, T ];V ′)✳ ❍❡♥❝❡✱ t❤❡ ♦r❞❡r ♦❢ ✐♥t❡❣r❛t✐♦♥ ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ✭❜② ❚♦♥❡❧❧✐✬s t❤❡♦r❡♠✮
❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ②✐❡❧❞s

∫ t

0

〈

∂

∂s
δZ(s), v(s)

〉

ds =
(

δZ(t), v(t)
)

−
(

δZ(0), v(0)
)

−
∫ t

0

〈

∂

∂s
v(s), δZ(s)

〉

ds.

❘❡❣❛r❞✐♥❣ t❤❛t δZ(0) = 0✱ r❡❧❛t✐♦♥ ✭✸✳✶✾✮ ✐♠♣❧✐❡s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✶✼✮ ❣✐✈❡♥ ❜②

(

δZ(t), v(t)
)

=

∫ t

0

〈

∂

∂s
v(s), δZ(s)

〉

ds− i

∫ t

0

〈

AδZ(s), v(s)
〉

ds

+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v(s)
)

ds+ i

∫ t

0

(

ΘδU(s)ZU (s), v(s)
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)), v(s)
)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳ ❇❡s✐❞❡s✱ t❤✐s ❡q✉❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧
❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✸✮ ❜② ✐❞❡♥t✐❢②✐♥❣ v ∈ L2([0, T ];V ′) ✇✐t❤ v ∈ V ✳

✸✳✷✳✷ ❈♦♥t✐♥✉✐t② ♦❢ t❤❡ ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥❛❧

❙✐♥❝❡ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✽✮ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ✉s❡❢✉❧
t♦ ❝♦♥s✐❞❡r t❤❡ ♣❛t❤✇✐s❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮✳ ❉✉❡ t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
❢♦r♠✉❧❛ ZU (t, · ) = XU (t, · )Y (t)✱ ✐t ✐s ❣✐✈❡♥ ❜②

J(U) = γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

+ βE

∫ T

0

‖U(t)−Υ(t)‖2 dt, ❢♦r ❛❧❧ U ∈ U . ✭✸✳✷✵✮

❘❡❢❡rr✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❛♥❞ ✐ts s✉❜s❡q✉❡♥t ❞❡❧✐❜❡r❛t✐♦♥s✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ t❤❡ ❧♦✇❡r
s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢

F (U) := γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

, ❢♦r ❛❧❧ U ∈ U , ✭✸✳✷✶✮

t♦ ❡♥s✉r❡ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ❚❤✉s✱ ❜② ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ F ✱ ✐ts
❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ✐s ❡s♣❡❝✐❛❧❧② s❛t✐s✜❡❞✳

✺✾



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❤❡♦r❡♠ ✸✳✷✳✹✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ F : U → R+✱ ❞❡✜♥❡❞ ❜② ✭✸✳✷✶✮✱ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ U ✳

Pr♦♦❢✳ ❉✉❡ t♦ ❞❡✜♥✐t✐♦♥ ✭✸✳✶✮ ♦❢ t❤❡ s❡t U ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t ❢♦r U, δU ∈ U
✇✐t❤

|δU | := ‖δU‖L∞(Ω×[0,T ]×[0,1]) +

∥

∥

∥

∥

∂

∂x
δU

∥

∥

∥

∥

L∞(Ω×[0,T ]×[0,1])

✭✸✳✷✷✮

✐t ❤♦❧❞s t❤❛t
lim

|δU |→0
|F (U + δU)− F (U)| = 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r

F (U + δU)− F (U) = γE

∥

∥

∥

∥

ZU+δU (T )

Y (T )
− y

∥

∥

∥

∥

2

− γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

= γE

(

∥

∥

∥

∥

ZU+δU (T )

Y (T )
− y

∥

∥

∥

∥

2

−
∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2
)

.

❇❡❝❛✉s❡ ♦❢ ‖u‖2 − ‖v‖2 = Re
(

u− v, u+ v
)

❢♦r ❛❧❧ u, v ∈ H ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✐t
❢♦❧❧♦✇s t❤❛t

F (U + δU)− F (U) = γE Re

(

ZU+δU (T )

Y (T )
− ZU (T )

Y (T )
,
ZU+δU (T )

Y (T )
+
ZU (T )

Y (T )
− 2y

)

≤ γ

(

E

∥

∥

∥

∥

ZU+δU (T )− ZU (T )

Y (T )

∥

∥

∥

∥

2
)

1
2
(

E

∥

∥

∥

∥

ZU+δU (T )

Y (T )
+
ZU (T )

Y (T )
− 2y

∥

∥

∥

∥

2
)

1
2

.

❈❤♦♦s✐♥❣ Θ = 1 ❛♥❞ δU ∈ U s✉❝❤ t❤❛t |δU | → 0✱ t❤❡♥ U + δU ∈ U ❛♥❞ ✇❡ ❝❛♥ st❛t❡ ❛♥ ❛♥❛❧♦❣✉❡
r❡s✉❧t ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❢♦r ΛZ := ZU+δU − ZU ✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t

E

∥

∥

∥

∥

ZU+δU (T )− ZU (T )

Y (T )

∥

∥

∥

∥

2

= E
(

B
1
σ (T ) ‖ΛZ(T )‖2

)

≤ C(σ, λ, ϕ, α1, CB , T ) ‖δU‖2L∞(Ω×[0,T ]×[0,1])

≤ C(σ, λ, ϕ, α1, CB , T )|δU |2.

▼♦r❡♦✈❡r✱ ❡q✉❛❧✐t② ✭✸✳✾✮ ❡♥t❛✐❧s

E

∥

∥

∥

∥

ZU+δU (T )

Y (T )
+
ZU (T )

Y (T )
− 2y

∥

∥

∥

∥

2

≤ 4E

∥

∥

∥

∥

ZU+δU (T )

Y (T )

∥

∥

∥

∥

2

+ 4E

∥

∥

∥

∥

ZU (T )

Y (T )

∥

∥

∥

∥

2

+ 2E‖2y‖2

=4B
1
σ (T )

[

E
∥

∥ZU+δU (T )
∥

∥

2
+ E

∥

∥ZU (T )
∥

∥

2
]

+ 8E‖y‖2

=8B
1
σ (T ) ‖ϕ‖2 + 8 ‖y‖2 ≤ C(σ, ϕ, y, CB).

❇② t❛❦✐♥❣ t❤❡ sq✉❛r❡ r♦♦ts ♦❢ t❤❡ ❧❛st t✇♦ ❡st✐♠❛t❡s✱ ✇❡ ❞❡❞✉❝❡

0 ≤ lim
|δU |→0

|F (U + δU)− F (U)| ≤ lim
|δU |→0

C(σ, λ, ϕ, γ, y, α1, CB , T )|δU | = 0.

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❢✉rt❤❡r st❛t❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮✳

❚❤❡♦r❡♠ ✸✳✷✳✺✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ J : U → R+✱ ❞❡✜♥❡❞ ❜② ✭✸✳✷✵✮✱ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ U ✳

Pr♦♦❢✳ ❯s✐♥❣ ♥♦t❛t✐♦♥s ✭✸✳✷✶✮ ❛♥❞ ✭✸✳✷✷✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r U, δU ∈ U t❤❛t

J(U + δU)− J(U) = F (U + δU)− F (U) + βE

∫ T

0

(

‖(U + δU)(t)−Υ(t)‖2 − ‖U(t)−Υ(t)‖2
)

dt.

✻✵



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t U, δU ❛♥❞ Υ ❛r❡ r❡❛❧✲✈❛✉❡❞ ❛♥❞ ❞✉❡ t♦ ‖u‖2 − ‖v‖2 = Re
(

u− v, u+ v
)

❢♦r ❛❧❧ u, v ∈ H ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❧❛st t❡r♠ ♦❜❡②s

βE

∫ T

0

(

‖(U + δU)(t)−Υ(t)‖2 − ‖U(t)−Υ(t)‖2
)

dt

=βE

∫ T

0

‖δU(t)‖2 dt+ 2βE

∫ T

0

(

δU(t), U(t)−Υ(t)
)

dt

≤βE

∫ T

0

‖δU(t)‖2 dt+ 2β

(

E

∫ T

0

‖δU(t)‖2 dt
)

1
2
(

E

∫ T

0

‖U(t)−Υ(t)‖2 dt
)

1
2

.

❚❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ U(t, x) ❢r♦♠ ❛❜♦✈❡ ❜② α1 > 0 P ✲❛✳s✳ ❢♦r ❛❧❧ t ∈ [0, T ]
❛♥❞ ❛❧❧ x ∈ [0, 1] ❛♥❞ t❤❡ ❢❛❝t t❤❛t Υ ∈ L2(Ω× [0, T ];L2([0, 1];R)) ⊂ L2(Ω× [0, T ];H) ❧❡❛❞ t♦

K2
U,Υ := E

∫ T

0

‖U(t)−Υ(t)‖2 dt ≤ 2E

∫ T

0

‖U(t)‖2 dt+ 2E

∫ T

0

‖Υ(t)‖2 dt <∞.

❍❡♥❝❡✱ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ L∞(Ω × [0, T ] × [0, 1]) →֒ L2(Ω × [0, T ] × [0, 1]) ✇✐t❤
❡♠❜❡❞❞✐♥❣ ❝♦♥st❛♥t C✱ ✐t ❢♦❧❧♦✇s t❤❛t

0 ≤ lim
|δU |→0

∣

∣

∣

∣

∣

βE

∫ T

0

(

‖(U + δU)(t)−Υ(t)‖2 − ‖U(t)−Υ(t)‖2
)

dt

∣

∣

∣

∣

∣

≤ lim
|δU |→0

(

β ‖δU‖2L2(Ω×[0,T ]×[0,1]) + 2βKU,Υ ‖δU‖L2(Ω×[0,T ]×[0,1])

)

≤ lim
|δU |→0

(

βC
2 ‖δU‖2L∞(Ω×[0,T ]×[0,1]) + 2βKU,ΥC ‖δU‖L∞(Ω×[0,T ]×[0,1])

)

≤ lim
|δU |→0

(

βC
2|δU |2 + 2βKU,ΥC |δU |

)

= 0.

❚♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✹✱ ✇❡ ❣❡t

lim
|δU |→0

|J(U + δU)− J(U)| = 0.

❚❤❡ ❝♦♥t✐♥✉✐t② r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✹ ♣❛rt✐❝✉❧❛r❧② ✐♠♣❧✐❡s t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡
❢✉♥❝t✐♦♥❛❧ F ✳ ❚❤✉s✱ ❛❧❧ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❛r❡ ❢✉❧✜❧❧❡❞ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t U∗ ∈ U t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✇♦rt❤
❛s❦✐♥❣ ❢♦r ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❛t r❡q✉✐r❡s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ✈❡rs✐♦♥
♦❢ t❤❡ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳

✸✳✷✳✸ ❈♦♠♣❧❡① ❈♦♥❥✉❣❛t❡❞ ❆❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r Pr♦❜❧❡♠

◆♦✇✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ♣r♦❜❧❡♠ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥✲
❣❡r ♣r♦❜❧❡♠ ✭✸✳✽✮ ❛♥❞ ❞❡❞✉❝❡ ✐ts ❛♣♣r♦♣r✐❛t❡ ❝♦♥❝❡♣t ♦❢ s♦❧✉t✐♦♥✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ✐t ✐s
♥♦t ♣♦ss✐❜❧❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ♦❢ ❡❛❝❤ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤
t❤❡ ♣r❡s❡♥t ❛♣♣r♦❛❝❤ ✭s❡❡ ❘❡♠❛r❦ ■✳✶✮✳ ❚❤❛t ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ❡①❝❧✉❞❡ ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡
♥♦✐s❡ ❤❡r❡✳ ❈❤♦♦s✐♥❣ ❛❣❛✐♥ ω ∈ Ω ❛r❜✐tr❛r✐❧② ✜①❡❞ s✉❝❤ t❤❛t ❡❛❝❤ r❡❧❛t✐♦♥ ❤♦❧❞s ❢♦r ❛✳❡✳ ω ∈ Ω✱
t❤❡ ✈❛r✐❛❜❧❡ ΦU : Ω× [0, T ]× [0, 1] → C ❤❛s t♦ ❢✉❧✜❧❧ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ♦❢ ✭✸✳✽✮ ❣✐✈❡♥ ❜②

∂

∂t
ΦU (t) =− iAΦU (t) + iU(t)ΦU (t) + iλ(σ + 1)B(t)

∣

∣ZU (t)
∣

∣

2σ
ΦU (t)

+ iλσB(t)
∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU (t),

ΦU (T ) =− 2iγ
1

Y (T )

[

ZU (T )

Y (T )
− y

]

✭✸✳✷✸✮

✻✶



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ] ✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ■✮✳ ❚❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛✲
t✐♦♥ ❛♥❞ ✐ts ❛♣♣r♦♣r✐❛t❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❞❥✉st❡❞ t♦ t❤❡ ❝♦♥s✐❞❡r❡❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧✱
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✭❝♦♠♣❛r❡ ❢♦r ❡①❛♠♣❧❡ ❬✾✺✱ ♣♣✳ ✾✻ ❢✳❪✮✳
■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ♠♦t✐✈❛t❡s t❤❡ ❝♦♥❝❡♣t ♦❢ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✸✳✷✸✮ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ s❡♥s❡✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✻✳ ❆ ♣r♦❝❡ss ΦU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✐s ❝❛❧❧❡❞ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✸✮ ✐❢ ✐t ❢✉❧✜❧❧s

(

ΦU (t), v
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, v

)

+ i

∫ T

t

〈

AΦU (s), v
〉

ds

− i

∫ T

t

(

U(s)ΦU (s), v
)

ds− iλ(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
ΦU (s), v

)

ds

− iλσ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU (s), v

)

ds

✭✸✳✷✹✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳

❚❤❡ ♥❡①t ❛✐♠ ✐s t♦ s❤♦✇ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✹✮ ✭❢♦r ❛✳❡✳ ω ∈ Ω
❛r❜✐tr❛r✐❧② ✜①❡❞✮✳ ❆t ✜rst✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✐ts ✉♥✐q✉❡♥❡ss✳

❚❤❡♦r❡♠ ✸✳✷✳✼✳ ■❢ ΦU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✐s ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✹✮✱ t❤❡♥ ✐t ✐s ✉♥✐q✉❡✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ΦU
1 ,Φ

U
2 ∈ C([0, T ];H) ∩ L2([0, T ];V ) ♦❢

♣r♦❜❧❡♠ ✭✸✳✷✹✮✳ ❚❤✉s✱ ❜② ❞❡♥♦t✐♥❣ δΦU := ΦU
1 − ΦU

2 ❛♥❞ r❡❣❛r❞✐♥❣ t❤❛t δΦU (T ) = 0✱ ✇❡ ❣❡t

(

δΦU (t), v
)

= i

∫ T

t

〈

AδΦU (s), v
〉

ds− i

∫ T

t

(

U(s)δΦU (s), v
)

ds

− iλ(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
δΦU (s), v

)

ds

− iλσ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s), v

)

ds

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② ②✐❡❧❞s

∥

∥δΦU (t)
∥

∥

2
=− 2 Im

∫ T

t

〈

AδΦU (s), δΦU (s)
〉

ds+ 2 Im

∫ T

t

(

U(s)δΦU (s), δΦU (s)
)

ds

+ 2λ(σ + 1) Im

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
δΦU (s), δΦU (s)

)

ds

+ 2λσ Im

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s), δΦU (s)

)

ds

❢♦r ❛❧❧ t ∈ [0, T ]✳ ❲r✐t✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥s ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t
Im
〈

Av(s), v(s)
〉

= 0 ❢♦r ❛❧❧ v(s) ∈ V ❛♥❞ Im
{

h(s)h(s)
}

= Im |h(s)|2 = 0 ❢♦r ❛❧❧ h(s) ∈ H✱
t❤❡ ✜rst t❤r❡❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤ ❛♥❞ ✐t ♦♥❧② r❡♠❛✐♥s

∥

∥δΦU (t)
∥

∥

2
=2λσ

∫ T

t

B(s) Im
{

(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s), δΦU (s)

)

}

ds

≤ 2λσ

∫ T

t

B(s)
∥

∥

∥

∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s)

∥

∥

∥

∥

∥δΦU (s)
∥

∥ ds

≤λ2σ2

∫ T

t

B2(s)
∥

∥

∥

∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s)

∥

∥

∥

2

ds+

∫ T

t

∥

∥δΦU (s)
∥

∥

2
ds

✻✷



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❢♦r ❛❧❧ t ∈ [0, T ]✳ ❯s✐♥❣ ▲❡♠♠❛ ❉✳✷✱ ✐t ❢♦❧❧♦✇s t❤❛t

∥

∥

∥

∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δΦU (s)

∥

∥

∥

2

=

∫ 1

0

∣

∣ZU (s, x)
∣

∣

4σ ∣
∣δΦU (s, x)

∣

∣

2
dx

≤
(

sup
x∈[0,1]

∣

∣ZU (s, x)
∣

∣

4σ

)

∥

∥δΦU (s)
∥

∥

2 ≤ 22σ
∥

∥ZU (s)
∥

∥

4σ

V

∥

∥δΦU (s)
∥

∥

2
,

✇❤✐❝❤ r❡s✉❧ts ✐♥

∥

∥δΦU (t)
∥

∥

2 ≤
∫ T

t

(

1 + 22σλ2σ2B2(s)
∥

∥ZU (s)
∥

∥

4σ

V

)

∥

∥δΦU (s)
∥

∥

2
ds, ❢♦r ❛❧❧ t ∈ [0, T ].

❆ss✉♠✐♥❣ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ΦU
1 ,Φ

U
2 ∈ C([0, T ];H) ∩ L2([0, T ];V )✱ ✐t ❛❧s♦ ❤♦❧❞s t❤❛t

δΦU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ❛♥❞✱ t❤❡r❡❢♦r❡✱

∥

∥δΦU (t)
∥

∥

2 ≤
∫ T

0

(

1 + 22σλ2σ2B2(s)
∥

∥ZU (s)
∥

∥

4σ

V

)

sup
r∈[0,s]

∥

∥δΦU (r)
∥

∥

2
ds

s✉❝❤ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳ ❍❡♥❝❡✱ ✇❡ t❛❦❡ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r ❛❧❧ t ∈ [0, T ]
❛♥❞ ♦❜t❛✐♥

sup
t∈[0,T ]

∥

∥δΦU (t)
∥

∥

2 ≤
∫ T

0

(

1 + 22σλ2σ2B2(s)
∥

∥ZU (s)
∥

∥

4σ

V

)

sup
r∈[0,s]

∥

∥δΦU (r)
∥

∥

2
ds.

❋✐♥❛❧❧②✱ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t

∥

∥δΦU (t)
∥

∥

2 ≤ sup
t∈[0,T ]

∥

∥δΦU (t)
∥

∥

2
= 0, ❢♦r ❛❧❧ t ∈ [0, T ],

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ δΦU (t) = ΦU
1 (t)− ΦU

2 (t) = 0 ❢♦r ❛❧❧ t ∈ [0, T ]✳

❚♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ΦU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ♦❢ t❤❡ ❝♦♠✲
♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✹✮✱ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❛❧❡r❦✐♥
❡q✉❛t✐♦♥s ❢♦r ❡❛❝❤ n ∈ N ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜②

(

ΦU
n (t), hk

)

=− 2iγ
1

Y (T )

(

πn

{

ZU (T )

Y (T )
− y

}

, hk

)

+ i

∫ T

t

〈

AΦU
n (s), hk

〉

ds

− i

∫ T

t

(

πn
{

U(s)ΦU
n (s)

}

, hk
)

ds

− iλ(σ + 1)

∫ T

t

B(s)

(

πn

{

∣

∣ZU (s)
∣

∣

2σ
ΦU

n (s)
}

, hk

)

ds

− iλσ

∫ T

t

B(s)

(

πn

{

∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU

n (s)
}

, hk

)

ds

✭✸✳✷✺✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

ΦU
n (t) =− 2iγ

1

Y (T )
πn

{

ZU (T )

Y (T )
− y

}

+ i

∫ T

t

AΦU
n (s) ds− i

∫ T

t

πn
{

U(s)ΦU
n (s)

}

ds

− iλ(σ + 1)

∫ T

t

B(s)πn

{

∣

∣ZU (s)
∣

∣

2σ
ΦU

n (s)
}

ds

− iλσ

∫ T

t

B(s)πn

{

∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU

n (s)
}

ds

✻✸



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❙✐♥❝❡ ✐t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ❛♥② ♥♦✐s❡ t❡r♠✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ t❤✐s ❡q✉❛t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ t ❛♥❞ ♦❜t❛✐♥

∂

∂t
ΦU

n (t) =− iAΦU
n (t) + i πn

{

U(t)ΦU
n (t)

}

+ iλ(σ + 1)B(t)πn

{

∣

∣ZU (t)
∣

∣

2σ
ΦU

n (t)
}

+ iλσB(t)πn

{

∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU

n (t)
}

,

ΦU
n (T ) =− 2iγ

1

Y (T )
πn

{

ZU (T )

Y (T )
− y

}

✭✸✳✷✻✮

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✳ P❧✉❣❣✐♥❣ ✐♥ t❤❡ s❡r✐❡s r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ πn ✭s❡❡
✭✷✳✷✮✮ ❛♥❞ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s

ΦU
n (t) :=

n
∑

k=1

cnk(t)hk ∈ Hn, ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ n ∈ N, ✭✸✳✷✼✮

✇❤❡r❡ cnk(t) :=
(

ΦU
n (t), hk

)

❢♦r ❛❧❧ k = 1, 2, . . . , n✱ ❛♥❞ s♣❧✐tt✐♥❣ (cnk)k=1,2,...,n ✐♥ r❡❛❧ ❛♥❞ ✐♠❛❣✲
✐♥❛r② ♣❛rt✱ ♣r♦❜❧❡♠ ✭✸✳✷✻✮ r❡♣r❡s❡♥ts ❛ 2n✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ♦❢ ♦r❞✐♥❛r②
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ✜♥❛❧ ✈❛❧✉❡ ❝♦♥❞✐t✐♦♥s✳ ❙✉❝❤ ❛
s②st❡♠ ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡ 2n✲❞✐♠❡♥s✐♦♥❛❧ s♦❧✉t✐♦♥ ✐♥ C1([0, T ];H) t❤❛t ❛r❡ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✲
✐♥❛r② ♣❛rts ♦❢ (cnk)k=1,2,...,n✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts

cnk(t) := Re{cnk(t)}+ i Im{cnk(t)}, ❢♦r ❛❧❧ k = 1, 2, . . . , n,

❝❛♥ ✜♥❛❧❧② ❜❡ ❝♦♠♣♦s❡❞ ✐♥ ❢♦r♠ ♦❢ ✭✸✳✷✼✮ t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ΦU
n ∈ C1([0, T ];H) ♦❢ t❤❡ ●❛❧❡r❦✐♥

❡q✉❛t✐♦♥s ✭✸✳✷✺✮✳ ◆♦✇✱ ✇❡ st❛t❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ΦU
n ✐♥

H ❛♥❞ V t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ❛ ✈❛r✐❛t✐♦♥❛❧ ♦♥❡✳

❚❤❡♦r❡♠ ✸✳✷✳✽✳ ▲❡t n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

∥

∥ΦU
n (t)

∥

∥

2 ≤ C(σ, λ, ϕ, γ, y, α1, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ]. ✭✸✳✷✽✮

Pr♦♦❢✳ ■♥✐t✐❛❧❧②✱ ♦❜s❡r✈❡ t❤❛t ♣r♦❜❧❡♠ ✭✸✳✷✻✮ ✭❣✐✈❡♥ ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✮ ❛♥❞ ♣r♦❜❧❡♠ ✭✸✳✷✺✮ ✭st❛t❡❞
✐♥ ✐♥t❡❣r❛❧ ❢♦r♠✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❚❤✉s✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ✭✸✳✷✻✮ ❜② ΦU

n (t)
❛♥❞ ✉s❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●❡❧❢❛♥❞ tr✐♣❧❡ (V,H, V ∗) s✉❝❤ t❤❛t

(

∂

∂t
ΦU

n (t),Φ
U
n (t)

)

=− i
〈

AΦU
n (t),Φ

U
n (t)

〉

+ i
(

πn
{

U(t)ΦU
n (t)

}

,ΦU
n (t)

)

+ iλ(σ + 1)B(t)

(

πn

{

∣

∣ZU (t)
∣

∣

2σ
ΦU

n (t)
}

,ΦU
n (t)

)

+ iλσB(t)

(

πn

{

∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU

n (t)
}

,ΦU
n (t)

)

.

◆♦t✐❝❡ t❤❛t ❡❛❝❤ r❡❧❛t✐♦♥ ✐♥ t❤✐s ♣r♦♦❢ ❤♦❧❞s ❢♦r ❛❧❧ t ∈ [0, T ]✳ ❇② t❤❡ ✜rst ❡q✉❛❧✐t② ✐♥ ✭✷✳✸✮✱ ✇❡ ❣❡t
(

∂

∂t
ΦU

n (t),Φ
U
n (t)

)

=− i
〈

AΦU
n (t),Φ

U
n (t)

〉

+ i
(

U(t)ΦU
n (t),Φ

U
n (t)

)

+ iλ(σ + 1)B(t)
(∣

∣ZU (t)
∣

∣

2σ
ΦU

n (t),Φ
U
n (t)

)

+ iλσB(t)
(∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU

n (t),Φ
U
n (t)

)

.

❚❛❦✐♥❣ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ♦❜s❡r✈❡ t❤❛t Re{iz} = Im{z} ❢♦r ❛❧❧ z ∈ C ❛♥❞

Re

(

∂

∂t
ΦU

n (t),Φ
U
n (t)

)

=
1

2

[(

∂

∂t
ΦU

n (t),Φ
U
n (t)

)

+

(

ΦU
n (t),

∂

∂t
ΦU

n (t)

)]

=
1

2

d

dt

∥

∥ΦU
n (t)

∥

∥

2

✻✹



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

s✐♥❝❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ΦU
n (t) ✐s s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

2

d

dt

∥

∥ΦU
n (t)

∥

∥

2
=− Im

〈

AΦU
n (t),Φ

U
n (t)

〉

+ Im
(

U(t)ΦU
n (t),Φ

U
n (t)

)

+ λ(σ + 1)B(t) Im
(∣

∣ZU (t)
∣

∣

2σ
ΦU

n (t),Φ
U
n (t)

)

+ λσB(t) Im
(∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU

n (t),Φ
U
n (t)

)

.

▲✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss✱ t❤❡ ✜rst t❤r❡❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤ ❛♥❞

d

dt

∥

∥ΦU
n (t)

∥

∥

2
= 2λσB(t) Im

∫ 1

0

∣

∣ZU (t, x)
∣

∣

2(σ−1)(
ZU (t, x)

)2 (
ΦU

n (t, x)
)2
dx

= 2λσB(t)

∫ 1

0

∣

∣ZU (t, x)
∣

∣

2(σ−1)
Im
{

(

ZU (t, x)
)2 (

ΦU
n (t, x)

)2
}

dx

=: 2λσB(t)

∫ 1

0

∣

∣ZU (t, x)
∣

∣

2(σ−1)
Im
{

Γ(t, x)
}

dx.

❘❡♥❛♠✐♥❣ t ❜② s ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r ❛❧❧ s ∈ [t, T ]✱ ✇❡ ❞❡❞✉❝❡

∥

∥ΦU
n (T )

∥

∥

2 −
∥

∥ΦU
n (t)

∥

∥

2
= 2λσ

∫ T

t

B(s)

∫ 1

0

∣

∣ZU (s, x)
∣

∣

2(σ−1)
Im
{

Γ(s, x)
}

dx ds.

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ s✉❜st✐t✉t✐♦♥s

s := T − r ❛♥❞ g̃(T − t) := g(T − (T − t)) = g(t) ✭✸✳✷✾✮

❢♦r ❢✉♥❝t✐♦♥s g : [0, T ] → C s✉❝❤ t❤❛t

∫ T

t

g(s) ds = −
∫ 0

T−t

g(T − r) dr =

∫ T−t

0

g(T − r) dr =

∫ T−t

0

g̃(r) dr, ✭✸✳✸✵✮

✇❡ r❡❛rr❛♥❣❡ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

∥

∥ΦU
n (t)

∥

∥

2
=
∥

∥ΦU
n (T )

∥

∥

2 − 2λσ

∫ T

t

B(s)

∫ 1

0

∣

∣ZU (s, x)
∣

∣

2(σ−1)
Im
{

Γ(s, x)
}

dx ds,

∥

∥ΦU
n (T )

∥

∥

2
= 4γ2

1

|Y (T )|2
∥

∥

∥

∥

πn

{

ZU (T )

Y (T )
− y

}∥

∥

∥

∥

2

✐♥t♦ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

∥

∥

∥Φ̃U
n (T − t)

∥

∥

∥

2

=
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

− 2λσ

∫ T−t

0

B̃(r)

∫ 1

0

∣

∣Z̃U (r, x)
∣

∣

2(σ−1)
Im
{

Γ̃(r, x)
}

dx dr,

∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

= 4γ2
1

∣

∣Ỹ (0)
∣

∣

2

∥

∥

∥

∥

∥

πn

{

Z̃U (0)

Ỹ (0)
− y

}∥

∥

∥

∥

∥

2

.

❘❡♠❡♠❜❡r✐♥❣ t❤❛t Γ̃(r, x) =
(

Z̃U (r, x)
)2 (

Φ̃U
n (r, x)

)2
❛♥❞ r❡❢❡rr✐♥❣ t♦ ▲❡♠♠❛ ❉✳✷✱ ✇❡ ❡st✐♠❛t❡

❢r♦♠ ❛❜♦✈❡ ❜②

∥

∥

∥Φ̃U
n (T − t)

∥

∥

∥

2

≤
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

+ 2λσ

∫ T−t

0

B̃(r)

∫ 1

0

∣

∣Z̃U (r, x)
∣

∣

2σ∣
∣Φ̃U

n (r, x)
∣

∣

2
dx dr

≤
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

+ 2λσB̃(0)

∫ T−t

0

(

sup
x∈[0,1]

∣

∣Z̃U (r, x)
∣

∣

2σ

)

∥

∥Φ̃U
n (r)

∥

∥

2
dr

≤
∥

∥

∥
Φ̃U

n (0)
∥

∥

∥

2

+ 2σ+1λσB̃(0)

∫ T−t

0

∥

∥Z̃U (r)
∥

∥

2σ

V

∥

∥Φ̃U
n (r)

∥

∥

2
dr.

✻✺



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❇❡❝❛✉s❡ ♦❢ B̃(0) = B(T ) ≤ CB ✭❝♦♠♣❛r❡ ✭✸✳✼✮✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✸✳✶✶✮✱ ✇❤✐❝❤ ♣❛rt✐❝✉❧❛r❧② ❤♦❧❞s ❢♦r
t❤❡ t✐♠❡ tr❛♥s❢♦r♠❡❞ ✈❛r✐❛❜❧❡ Z̃U s✐♥❝❡

ess sup
r∈[0,T−t]

∥

∥Z̃U (r)
∥

∥

2σ

V
= ess sup

s∈[t,T ]

∥

∥ZU (s)
∥

∥

2σ

V
≤ ess sup

s∈[0,T ]

∥

∥ZU (s)
∥

∥

2σ

V
≤ C(σ, λ, ϕ, α1, CB), ✭✸✳✸✶✮

✇❡ ❢✉rt❤❡r ❣❡t

∥

∥

∥Φ̃U
n (T − t)

∥

∥

∥

2

≤
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

+ 2σ+1λσB̃(0)

(

ess sup
r∈[0,T−t]

∥

∥Z̃U (r)
∥

∥

2σ

V

)

∫ T−t

0

∥

∥Φ̃U
n (r)

∥

∥

2
dr

≤
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

+ C(σ, λ, ϕ, α1, CB)

∫ T−t

0

∥

∥Φ̃U
n (r)

∥

∥

2
dr.

❲✐t❤ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✇❡ ❝♦♥❝❧✉❞❡
∥

∥

∥Φ̃U
n (T − t)

∥

∥

∥

2

≤
∥

∥

∥Φ̃U
n (0)

∥

∥

∥

2

C(σ, λ, ϕ, α1, CB , T )

s✉❝❤ t❤❛t r❡s✉❜st✐t✉t✐♦♥ ②✐❡❧❞s
∥

∥ΦU
n (t)

∥

∥

2 ≤
∥

∥ΦU
n (T )

∥

∥

2
C(σ, λ, ϕ, α1, CB , T ).

❉✉❡ t♦ t❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ ✐♥ ✭✷✳✸✮ ❛♥❞ ❡q✉❛❧✐t② ✭✸✳✾✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

∥

∥ΦU
n (T )

∥

∥

2
=4γ2

1

|Y (T )|2
∥

∥

∥

∥

πn

{

ZU (T )

Y (T )
− y

}∥

∥

∥

∥

2

≤ 4γ2B
1
σ (T )

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

≤ 8γ2B
1
σ (T )

(

∥

∥

∥

∥

ZU (T )

Y (T )

∥

∥

∥

∥

2

+ ‖y‖2
)

= 8γ2B
1
σ (T )

(

B
1
σ (T ) ‖ϕ‖2 + ‖y‖2

)

≤C(σ, ϕ, γ, y, CB),

✭✸✳✸✷✮

❛♥❞ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥
∥

∥ΦU
n (t)

∥

∥

2 ≤ C(σ, λ, ϕ, γ, y, α1, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ].

❈♦r♦❧❧❛r② ✸✳✷✳✾✳ ❙✐♥❝❡ t❤❡ ❝♦♥st❛♥t ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✷✽✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [0, T ]✱
✇❡ ❡s♣❡❝✐❛❧❧② ❞❡❞✉❝❡ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ΦU

n ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✸✳✷✺✮
✐♥ C([0, T ];H) ❛♥❞ L2([0, T ];H)✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥st❛♥t ✐♥ ✭✸✳✷✽✮ ♦❢ ω ∈ Ω
✐♥❞✉❝❡s t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ ΦU

n ✐♥ L2(Ω;C([0, T ];H)) ❛♥❞ L2(Ω× [0, T ];H) ❛s ✇❡❧❧✳

◆❡①t✱ ✇❡ s❤♦✇ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ΦU
n ♦❢ t❤❡ ●❛❧❡r❦✐♥

❡q✉❛t✐♦♥s ✭✸✳✷✺✮ ✐♥ V ✳

❚❤❡♦r❡♠ ✸✳✷✳✶✵✳ ▲❡t n ∈ N ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤
t❤❛t

∥

∥ΦU
n (t)

∥

∥

2

V
≤ C(σ, λ, ϕ, γ, y, α1, α2, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ]. ✭✸✳✸✸✮

Pr♦♦❢✳ ❇② st❛rt✐♥❣ ✇✐t❤ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✸✳✷✺✮ ❛♥❞ r❡❣❛r❞✐♥❣ t❤❡ ✜rst ♣r♦♣❡rt② ♦❢ t❤❡
♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥ ✭✷✳✸✮✱ ✐t r❡s✉❧ts t❤❛t

(

ΦU
n (t), hk

)

=
(

ΦU
n (T ), hk

)

+ i

∫ T

t

〈

AΦU
n (s), hk

〉

ds− i

∫ T

t

(

U(s)ΦU
n (s), hk

)

ds

− iλ(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
ΦU

n (s), hk
)

ds

− iλσ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU

n (s), hk
)

ds,

(

ΦU
n (T ), hk

)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, hk

)

.

✻✻



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

◆♦t✐❝❡ t❤❛t ❡❛❝❤ r❡❧❛t✐♦♥ ✐♥ t❤✐s ♣r♦♦❢ ❤♦❧❞s ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ k ∈ {1, 2, . . . , n}✳ ❉✉❡ t♦ t❤❡
s✉❜st✐t✉t✐♦♥s ✭✸✳✷✾✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✸✳✸✵✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✽✱ ✇❡ tr❛♥s❢♦r♠ t❤✐s ✜♥❛❧
✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥t♦ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

(

Φ̃U
n (T − t), hk

)

=
(

Φ̃U
n (0), hk

)

+ i

∫ T−t

0

〈

AΦ̃U
n (r), hk

〉

dr − i

∫ T−t

0

(

Ũ(r)Φ̃U
n (r), hk

)

dr

− iλ(σ + 1)

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r), hk
)

dr

− iλσ

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r), hk
)

dr,

(

Φ̃U
n (0), hk

)

=− 2iγ
1

Ỹ (0)

(

Z̃U (0)

Ỹ (0)
− y, hk

)

.

◆♦✇✱ ✇❡ ❛♣♣❧② t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② ❛♥❞ t❤❡♥ ✇❡ ♠✉❧t✐♣❧② t❤❡ ♦❜t❛✐♥❡❞ ❡q✉❛t✐♦♥ ✇✐t❤ µk ❛♥❞ s✉♠
✉♣ ♦✈❡r ❛❧❧ k = 1, 2, . . . , n s✉❝❤ t❤❛t

n
∑

k=1

µk

∣

∣

∣

(

Φ̃U
n (T − t), hk

)

∣

∣

∣

2

=

n
∑

k=1

µk

∣

∣

∣

(

Φ̃U
n (0), hk

)

∣

∣

∣

2

− 2

n
∑

k=1

µk Im

∫ T−t

0

〈

AΦ̃U
n (r),

(

Φ̃U
n (r), hk

)

hk
〉

dr

+ 2
n
∑

k=1

µk Im

∫ T−t

0

(

Ũ(r)Φ̃U
n (r),

(

Φ̃U
n (r), hk

)

hk
)

dr

+ 2λ(σ + 1)

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr

+ 2λσ

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr.

✭✸✳✸✹✮

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐♥ ✭✷✳✺✮✱ t❤❡ t❡r♠ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛♥❞ t❤❡ ✜rst ♦♥❡ ♦♥
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❜❡②

n
∑

k=1

µk

∣

∣

∣

(

Φ̃U
n (T − t), hk

)

∣

∣

∣

2

=

∥

∥

∥

∥

∂

∂x
Φ̃U

n (T − t)

∥

∥

∥

∥

2

,

n
∑

k=1

µk

∣

∣

∣

(

Φ̃U
n (0), hk

)

∣

∣

∣

2

=

∥

∥

∥

∥

∂

∂x
Φ̃U

n (0)

∥

∥

∥

∥

2

.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛❧❧ t❤❡ ♦t❤❡r t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛r❡ s✉❝❝❡ss✐✈❡❧② r❡❣❛r❞❡❞ ✐♥ ❞❡t❛✐❧✳ ❆t
✜rst✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✹✮ ✐♥❝❧✉❞✐♥❣ t❤❡ ♦♣❡r❛t♦r A✳
❇❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ❡q✉❛❧✐t② ✐♥ ✭✷✳✺✮✱ ✇❡ ❣❡t

− 2
n
∑

k=1

µk Im

∫ T−t

0

〈

AΦ̃U
n (r),

(

Φ̃U
n (r), hk

)

hk
〉

dr

=− 2 Im

∫ T−t

0

( n
∑

j=1

µj

(

Φ̃U
n (r), hj

)

hj ,
n
∑

k=1

µk

(

Φ̃U
n (r), hk

)

hk

)

dr

=− 2 Im

∫ T−t

0

n
∑

j=1

µj

(

Φ̃U
n (r), hj

)

n
∑

k=1

µk

(

Φ̃U
n (r), hk

) (

hj , hk
)

dr

=− 2

n
∑

j=1

µ2
j

∫ T−t

0

Im
∣

∣

∣

(

Φ̃U
n (r), hj

)

∣

∣

∣

2

= 0.

❇❛s❡❞ ♦♥ t❤❡ ✜rst ♣r♦♣❡rt② ✐♥ ✭✷✳✺✮✱ ♣r♦♣❡rt② ✭✷✳✻✮ ❛♥❞ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✮ ♦❢ t❤❡ ♦♣❡r❛t♦r A ❛♥❞ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t r✉❧❡ ❢♦r ❞❡r✐✈❛t✐✈❡s✱ ✐t r❡s✉❧ts ❢♦r t❤❡ t❤✐r❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡

✻✼



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

♦❢ ✭✸✳✸✹✮ t❤❛t

2

n
∑

k=1

µk Im

∫ T−t

0

(

Ũ(r)Φ̃U
n (r),

(

Φ̃U
n (r), hk

)

hk
)

dr

=2 Im

∫ T−t

0

(

Ũ(r)Φ̃U
n (r),

n
∑

k=1

µk

(

Φ̃U
n (r), hk

)

hk

)

dr = 2 Im

∫ T−t

0

(

Ũ(r)Φ̃U
n (r), AΦ̃

U
n (r)

)

dr

=2 Im

∫ T−t

0

〈

AΦ̃U
n (r), Ũ(r)Φ̃U

n (r)
〉

dr = 2 Im

∫ T−t

0

(

∂

∂x

[

Ũ(r)Φ̃U
n (r)

]

,
∂

∂x
Φ̃U

n (r)

)

dr

=2 Im

∫ T−t

0

([

∂

∂x
Ũ(r)

]

Φ̃U
n (r),

∂

∂x
Φ̃U

n (r)

)

dr + 2 Im

∫ T−t

0

(

Ũ(r)

[

∂

∂x
Φ̃U

n (r)

]

,
∂

∂x
Φ̃U

n (r)

)

dr.

❉✉❡ t♦ r❡❧❛t✐♦♥ ✭✸✳✹✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✈❛♥✐s❤❡s s✉❝❤ t❤❛t ✐t ♦♥❧② r❡♠❛✐♥s

2
n
∑

k=1

µk Im

∫ T−t

0

(

Ũ(r)Φ̃U
n (r),

(

Φ̃U
n (r), hk

)

hk
)

dr = 2 Im

∫ T−t

0

([

∂

∂x
Ũ(r)

]

Φ̃U
n (r),

∂

∂x
Φ̃U

n (r)

)

dr.

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ r❡♠❡♠❜❡r t❤❡ ❝❛s❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢♦r Ũ ∈ U ✭❝♦♠♣❛r❡ ▲❡♠♠❛ ✸✳✶✳✶✮✳

✭✐✮ ■❢ Ũ(r, x) = Ũ1(r)✱ t❤❡♥ ∂
∂x
Ũ1(r) = 0 ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✐t ❤♦❧❞s t❤❛t

2 Im

∫ T−t

0

[

∂

∂x
Ũ1(r)

](

Φ̃U
n (r),

∂

∂x
Φ̃U

n (r)

)

dr = 0.

✭✐✐✮ ■❢ Ũ(r, x) = Ũ2(x) = U2(x)✱ t❤❡ ❜♦✉♥❞❡❞♥❡ss
∥

∥

∂
∂x
U2

∥

∥ ≤ α2 ❛♥❞ ▲❡♠♠❛ ❉✳✷ ②✐❡❧❞

2 Im

∫ T−t

0

([

∂

∂x
U2

]

Φ̃U
n (r),

∂

∂x
Φ̃U

n (r)

)

dr ≤ 2

∫ T−t

0

∥

∥

∥

∥

[

∂

∂x
U2

]

Φ̃U
n (r)

∥

∥

∥

∥

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

dr

≤
∫ T−t

0

∥

∥

∥

∥

[

∂

∂x
U2

]

Φ̃U
n (r)

∥

∥

∥

∥

2

dr +

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr

≤
∫ T−t

0

∥

∥

∥

∥

∂

∂x
U2

∥

∥

∥

∥

2
(

sup
x∈[0,1]

∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2
)

dr +

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr

≤ 2α2
2

∫ T−t

0

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

V
dr +

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr

=2α2
2

∫ T−t

0

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr + [1 + 2α2
2]

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

❚❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❧❛st t✇♦ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✹✮ ❛r❡ s✐♠✐❧❛r ❜✉t ♦❢ ❝♦♥s✐❞❡r❛❜❧❡
❧❡♥❣t❤✳ ❚❤✉s✱ ✇❡ ♣r❡s❡♥t t❤❡ ❛♣♣r♦❛❝❤ ❢♦r ♦♥❡ t❡r♠ ❛♥❞ ♦♥❧② st❛t❡ t❤❡ r❡s✉❧t ❢♦r t❤❡ ♦t❤❡r✳ ❉✉❡
t♦ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐♥ ✭✷✳✺✮✱ t❤❡ ❢♦✉rt❤ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✹✮ ❢✉❧✜❧❧s

2λ(σ + 1)

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr

≤ 2λ(σ + 1)B̃(0)

n
∑

k=1

µk

∫ T−t

0

∣

∣

∣

(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r), hk
)

∣

∣

∣

∣

∣

∣

(

Φ̃U
n (r), hk

)

∣

∣

∣ dr

≤λ(σ + 1)B̃(0)

∫ T−t

0

[

n
∑

k=1

µk

∣

∣

∣

(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r), hk
)

∣

∣

∣

2

+

n
∑

k=1

µk

∣

∣

∣

(

Φ̃U
n (r), hk

)

∣

∣

∣

2
]

dr

=λ(σ + 1)B̃(0)

∫ T−t

0

∥

∥

∥

∥

∂

∂x

[

∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r)
]

∥

∥

∥

∥

2

dr + λ(σ + 1)B̃(0)

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

✻✽



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❤❡ ✜rst ✐♥t❡❣r❛♥❞ s❛t✐s✜❡s ❜② ▲❡♠♠❛ ❉✳✷
∥

∥

∥

∥

∂

∂x

[

∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r)
]

∥

∥

∥

∥

2

=

∫ 1

0

∣

∣

∣

∣

∂

∂x

∣

∣Z̃U (r, x)
∣

∣

2σ
∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx+

∫ 1

0

∣

∣Z̃U (r, x)
∣

∣

4σ
∣

∣

∣

∣

∂

∂x
Φ̃U

n (r, x)

∣

∣

∣

∣

2

dx

≤
∫ 1

0

∣

∣

∣

∣

∂

∂x

∣

∣Z̃U (r, x)
∣

∣

2σ
∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx+

(

sup
x∈[0,1]

∣

∣Z̃U (r, x)
∣

∣

4σ

)

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

≤
∫ 1

0

∣

∣

∣

∣

∂

∂x

∣

∣Z̃U (r, x)
∣

∣

2σ
∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx+ 22σ
∥

∥Z̃U (r)
∥

∥

4σ

V

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

.

✭✸✳✸✺✮

❉❡♥♦t✐♥❣ vx := d
dx
v✱ ✇❡ ❣❡t ❢♦r ❛❧❧ v ∈ V t❤❛t

∣

∣

∣

∣

d

dx
|v|2σ

∣

∣

∣

∣

2

=

∣

∣

∣

∣

d

dx
(vσvσ)

∣

∣

∣

∣

2

=
∣

∣

∣σ|v|2(σ−1) (vxv + vvx)
∣

∣

∣

2

= 4σ2|v|4(σ−1) |Re{vvx}|2 .

❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ ✭❛❣❛✐♥ ❜② ▲❡♠♠❛ ❉✳✷✮

∫ 1

0

∣

∣

∣

∣

∂

∂x

∣

∣Z̃U (r, x)
∣

∣

2σ
∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx

=4σ2

∫ 1

0

∣

∣

∣Z̃U (r, x)
∣

∣

∣

4(σ−1)
∣

∣

∣

∣

Re

{

Z̃U (r, x)

[

∂

∂x
Z̃U (r, x)

]}∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx

≤ 4σ2

∫ 1

0

∣

∣

∣Z̃U (r, x)
∣

∣

∣

4σ−2
∣

∣

∣

∣

∂

∂x
Z̃U (r, x)

∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx

≤ 4σ2

(

sup
x∈[0,1]

∣

∣

∣Z̃U (r, x)
∣

∣

∣

2(2σ−1)
)

∫ 1

0

∣

∣

∣

∣

∂

∂x
Z̃U (r, x)

∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx

≤ 4 · 22σ−1σ2
∥

∥

∥
Z̃U (r)

∥

∥

∥

2(2σ−1)

V

∫ 1

0

∣

∣

∣

∣

∂

∂x
Z̃U (r, x)

∣

∣

∣

∣

2
∣

∣

∣
Φ̃U

n (r, x)
∣

∣

∣

2

dx

✇✐t❤

Ĩ(r) :=
∫ 1

0

∣

∣

∣

∣

∂

∂x
Z̃U (r, x)

∣

∣

∣

∣

2
∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2

dx ≤
∥

∥

∥

∥

∂

∂x
Z̃U (r)

∥

∥

∥

∥

2
(

sup
x∈[0,1]

∣

∣

∣Φ̃U
n (r, x)

∣

∣

∣

2
)

≤ 2

∥

∥

∥

∥

∂

∂x
Z̃U (r)

∥

∥

∥

∥

2
∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

V
= 2

∥

∥

∥Z̃U (r)
∥

∥

∥

2

V

[

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

+

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2
] ✭✸✳✸✻✮

s✉❝❤ t❤❛t r❡❧❛t✐♦♥ ✭✸✳✸✺✮ r❡s✉❧ts ✐♥

∥

∥

∥

∥

∂

∂x

[

∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r)
]

∥

∥

∥

∥

2

≤ 4 · 22σσ2
∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

+22σ
[

1 + 4σ2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

.

❍❡♥❝❡✱ t❤❡ ❢♦✉rt❤ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ r❡❧❛t✐♦♥ ✭✸✳✸✹✮ s❛t✐s✜❡s

2λ(σ + 1)

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2σ
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr

≤ 4 · 22σλ(σ + 1)σ2B̃(0)

∫ T−t

0

∥

∥

∥
Z̃U (r)

∥

∥

∥

4σ

V

∥

∥

∥
Φ̃U

n (r)
∥

∥

∥

2

dr

+ λ(σ + 1)B̃(0)

∫ T−t

0

(

1 + 22σ
[

1 + 4σ2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

)∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

✻✾



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❋✐♥❛❧❧②✱ t❤❡ ✜❢t❤ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✹✮ ✐s ❡st✐♠❛t❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❢♦✉rt❤ t❡r♠✳
❲❡ ♦❜t❛✐♥

2λσ

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr

≤λσB̃(0)

∫ T−t

0

∥

∥

∥

∥

∂

∂x

[

∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r)
]

∥

∥

∥

∥

2

dr + λσB̃(0)

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

❚❤❡ ♣r♦❞✉❝t r✉❧❡ ❢♦r ❞❡r✐✈❛t✐✈❡s ❛♥❞ r❡❧❛t✐♦♥ ✭✸✳✸✻✮ ✐♠♣❧②

∥

∥

∥

∥

∂

∂x

[

∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r)
]

∥

∥

∥

∥

2

=

∫ 1

0

∣

∣

∣

∣

∂

∂x

∣

∣Z̃U (r, x)
∣

∣

2(σ−1)
∣

∣

∣

∣

2
∣

∣Z̃U (r, x)
∣

∣

4∣
∣Φ̃U

n (r, x)
∣

∣

2
dx

+

∫ 1

0

∣

∣Z̃U (r, x)
∣

∣

4(σ−1)
∣

∣

∣

∣

∂

∂x

(

Z̃U (r, x)
)2
∣

∣

∣

∣

2
∣

∣Φ̃U
n (r, x)

∣

∣

2
dx

+

∫ 1

0

∣

∣Z̃U (r, x)
∣

∣

4(σ−1)∣
∣Z̃U (r, x)

∣

∣

4
∣

∣

∣

∣

∂

∂x
Φ̃U

n (r, x)

∣

∣

∣

∣

2

dx

≤ 4 · 22σ−1
[

1 + |σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

2(2σ−1)

V
Ĩ(r) + 22σ

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

≤ 4 · 22σ
[

1 + |σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

+ 22σ
[

5 + 4|σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

,

❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

2λσ

n
∑

k=1

µk Im

∫ T−t

0

B̃(r)
(∣

∣Z̃U (r)
∣

∣

2(σ−1)(
Z̃U (r)

)2
Φ̃U

n (r),
(

Φ̃U
n (r), hk

)

hk
)

dr

≤ 4 · 22σλσ
[

1 + |σ − 1|2
]

B̃(0)

∫ T−t

0

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr

+ λσB̃(0)

∫ T−t

0

(

1 + 22σ
[

5 + 4|σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

)∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

❙✉♠♠❛r✐③❡❞✱ ❡q✉❛t✐♦♥ ✭✸✳✸✹✮ r❡s✉❧ts ✐♥

∥

∥

∥

∥

∂

∂x
Φ̃U

n (T − t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∂

∂x
Φ̃U

n (0)

∥

∥

∥

∥

2

+ 2α2
2

∫ T−t

0

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr + [1 + 2α2
2]

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr

+ 4 · 22σλ(σ + 1)σ2B̃(0)

∫ T−t

0

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr

+ λ(σ + 1)B̃(0)

∫ T−t

0

(

1 + 22σ
[

1 + 4σ2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

)∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr

+ 4 · 22σλσ
[

1 + |σ − 1|2
]

B̃(0)

∫ T−t

0

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr

+ λσB̃(0)

∫ T−t

0

(

1 + 22σ
[

5 + 4|σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

)∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

❚❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠♣❧✐✜❡❞ t♦

∥

∥

∥

∥

∂

∂x
Φ̃U

n (T − t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∂

∂x
Φ̃U

n (0)

∥

∥

∥

∥

2

+

∫ T−t

0

K̃1(r)
∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr +

∫ T−t

0

K̃2(r)

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr,

✼✵



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

K̃1(r) : = 2α2
2 + 4 · 22σλσB̃(0)

[

σ(σ + 1) + 1 + |σ − 1|2
]

∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V
,

K̃2(r) : = 1 + 2α2
2 + λB̃(0)

[

2σ + 1 + 22σ
(

(σ + 1)
[

1 + 4σ2
]

+ σ
[

5 + 4|σ − 1|2
]

) ∥

∥

∥Z̃U (r)
∥

∥

∥

4σ

V

]

.

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t B̃(0) = B(T ) ≤ CB ✭❝♦♠♣❛r❡ ✭✸✳✼✮✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✸✳✸✶✮✱ ✐t ❤♦❧❞s t❤❛t

K̃1(r) ≤ C(σ, λ, ϕ, α1, α2, CB) =: K1, K̃2(r) ≤ C(σ, λ, ϕ, α1, α2, CB) =: K2 ✭✸✳✸✼✮

s✉❝❤ t❤❛t
∥

∥

∥

∥

∂

∂x
Φ̃U

n (T − t)

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∂

∂x
Φ̃U

n (0)

∥

∥

∥

∥

2

+K1

∫ T−t

0

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr +K2

∫ T−t

0

∥

∥

∥

∥

∂

∂x
Φ̃U

n (r)

∥

∥

∥

∥

2

dr.

◆♦✇✱ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t

∥

∥

∥

∥

∂

∂x
Φ̃U

n (T − t)

∥

∥

∥

∥

2

≤
(

∥

∥

∥

∥

∂

∂x
Φ̃U

n (0)

∥

∥

∥

∥

2

+K1

∫ T−t

0

∥

∥

∥Φ̃U
n (r)

∥

∥

∥

2

dr

)

exp {K2T} ,

❛♥❞ r❡s✉❜st✐t✉t✐♦♥ ②✐❡❧❞s

∥

∥

∥

∥

∂

∂x
ΦU

n (t)

∥

∥

∥

∥

2

≤
(

∥

∥

∥

∥

∂

∂x
ΦU

n (T )

∥

∥

∥

∥

2

+K1

∫ T

t

∥

∥ΦU
n (s)

∥

∥

2
ds

)

exp {K2T}

≤
(

∥

∥

∥

∥

∂

∂x
ΦU

n (T )

∥

∥

∥

∥

2

+K1

∫ T

0

∥

∥ΦU
n (s)

∥

∥

2
ds

)

exp {K2T}

≤C(σ, λ, ϕ, γ, y, α1, α2, CB , T )

❞✉❡ t♦ t❤❡ ❡st✐♠❛t❡s ✭✸✳✷✽✮✱ ✭✸✳✸✼✮ ❛♥❞ s✐♥❝❡ ✭❜② r❡❧❛t✐♦♥s ✭✸✳✸✷✮ ❛♥❞ ✭✸✳✶✶✮✮

∥

∥

∥

∥

∂

∂x
ΦU

n (T )

∥

∥

∥

∥

2

≤ 8γ2B
1
σ (T )

(

B
1
σ (T )

∥

∥

∥

∥

∂

∂x
ZU (T )

∥

∥

∥

∥

2

+

∥

∥

∥

∥

d

dx
y

∥

∥

∥

∥

2
)

≤ 8γ2B
1
σ (T )

(

B
1
σ (T )

(

ess sup
t∈[0,T ]

∥

∥ZU (t)
∥

∥

2

V

)

+ ‖y‖2V

)

≤ C(σ, λ, ϕ, γ, y, α1, CB).

❈♦♥s❡q✉❡♥t❧②✱ ✐t ❤♦❧❞s t❤❛t

∥

∥ΦU
n (t)

∥

∥

2

V
=
∥

∥ΦU
n (t)

∥

∥

2
+

∥

∥

∥

∥

∂

∂x
ΦU

n (t)

∥

∥

∥

∥

2

≤ C(σ, λ, ϕ, γ, y, α1, α2, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ].

❈♦r♦❧❧❛r② ✸✳✷✳✶✶✳ ❙✐♥❝❡ t❤❡ ❝♦♥st❛♥t ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ r❡❧❛t✐♦♥ ✭✸✳✸✸✮ ✐s ❛❣❛✐♥ ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ t ∈ [0, T ] ❛♥❞ ω ∈ Ω✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✵ t♦ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss
♦❢ t❤❡ s♦❧✉t✐♦♥ ΦU

n ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✸✳✷✺✮ ✐♥ C([0, T ];V ) ❛♥❞ L2([0, T ];V ) ❛s ✇❡❧❧ ❛s ✐♥
L2(Ω;C([0, T ];V )) ❛♥❞ L2(Ω× [0, T ];V )✳

❑♥♦✇✐♥❣ t❤❛t t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ΦU
n ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r

♣r♦❜❧❡♠ ✭✸✳✷✺✮ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ H ❛♥❞ V ✱ ✇❡ r❡❝❡✐✈❡ t❤❡ s❛♠❡ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ ❝♦♥✈❡r✲
❣❡♥❝❡ r❡s✉❧ts ❛s ❢♦r t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶✱ ❡s♣❡❝✐❛❧❧② ❈♦r♦❧❧❛r②
✷✳✸✳✼ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✽✮✳ ❚❤❛t ✐s ✇❤② ✇❡ ✇✐❧❧ ♥♦t r❡♣r♦❞✉❝❡ t❤❡ ♣r♦♦❢s ❤❡r❡ ❛♥❞ ✐♥st❡❛❞ ♦♥❧②
st❛t❡ s♦♠❡ r❡♠❛r❦s✳

✼✶



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❚❤❡♦r❡♠ ✸✳✷✳✶✷✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s (ΦU
n )n ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ✭✸✳✷✺✮

✐s ❜♦✉♥❞❡❞ ✐♥ C([0, T ];H), L2([0, T ];H) ❛♥❞ L2([0, T ];V ) ❛♥❞ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ];H)✳
❋✉rt❤❡r♠♦r❡✱ ✐t ❤♦❧❞s t❤❛t

✭❛✮ (ΦU
n )n ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ L2([0, T ];H) ❛♥❞ ✇❡❛❦❧② ✐♥ L2([0, T ];V ) t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦✲

❧✉t✐♦♥ ΦU ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✷✹✮✱

✭❜✮ ΦU ∈ L∞([0, T ];V ) ❛♥❞ ❡s♣❡❝✐❛❧❧②

ess sup
t∈[0,T ]

‖ΦU (t)‖2V ≤ C(σ, λ, ϕ, γ, y, α1, α2, CB , T ),

✭❝✮ (ΦU
n )n ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ ΦU ✐♥ C([0, T ];H)✳

❚❤❡ ♣r♦♦❢ ✐s ♥❡❛r❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r♦♦❢s ♦❢ ❈♦r♦❧❧❛r② ✷✳✸✳✼ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✽✳ ❙✐♥❝❡ t❤❡
❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐s ❧✐♥❡❛r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ✐♥
L2([0, T ];H) ❛♥❞ L2([0, T ];V ) ❜② t❤❡ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❡❞♥❡ss r❡s✉❧ts✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ♥❡❡❞ t❤❡
r❡❧❛t✐✈❡ ❝♦♠♣❛❝t♥❡ss ✐♥ L2([0, T ];H) t♦ s❤♦✇ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L2([0, T ];H) ✐♥ ♣❛rt ✭❛✮
❛♥❞ t♦ ✈❡r✐❢② ♣❛rt ✭❝✮ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ t❤❡♦r❡♠✳

❋✐♥❛❧❧②✱ ✇❡ st❛t❡ ❛ s✐♠✐❧❛r r❡s✉❧t t♦ ❚❤❡♦r❡♠ ✸✳✷✳✸ ❢♦r t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡
ΦU ❝♦♥t❛✐♥✐♥❣ ❛♥ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✸✳✷✹✮ ❢♦r v ∈ L2([0, T ];V ′)✳ ❖❜s❡r✈✐♥❣
t❤❛t t❤✐s ✐s ❛ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✱ t❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✸✳✷✳✸ ❛♥❞ ✐s✱ t❤❡r❡❢♦r❡✱ ♦♠✐tt❡❞ t♦♦✳

❚❤❡♦r❡♠ ✸✳✷✳✶✸✳ ■t ❤♦❧❞s t❤❛t ΦU ∈ L2([0, T ];V ′) ❛♥❞ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✹✮ t❤❛t

(

ΦU (t), v(t)
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, v(T )

)

−
∫ T

t

〈

∂

∂s
v(s),ΦU (s)

〉

ds

+ i

∫ T

t

〈

AΦU (s), v(s)
〉

ds− i

∫ T

t

(

U(s)ΦU (s), v(s)
)

ds

− iλ(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
ΦU (s), v(s)

)

ds

− iλσ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU (s), v(s)

)

ds

✭✸✳✸✽✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✷✹✮ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞
❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❜② ✐❞❡♥t✐❢②✐♥❣ v ∈ L2([0, T ];V ′) ✇✐t❤ v ∈ V ✳

✸✳✷✳✹ ●r❛❞✐❡♥t ❋♦r♠✉❧❛

❆s ❦♥♦✇♥ ❢r♦♠ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s✱ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ✐♥ t❤❡ s❡♥s❡ ♦❢ ●ât❡❛✉① ♦r
❋ré❝❤❡t r❡♣r❡s❡♥ts ❛♥ ♦♣♣♦rt✉♥✐t② t♦ ❝❛❧❝✉❧❛t❡ ❛♥ ❡①tr❡♠❡ ✈❛❧✉❡✳ ■♥ t❤✐s ❝❛s❡ ✇❡ s❡❛r❝❤ ❢♦r ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ U∗ ∈ U s✉❝❤ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ✇✐❧❧ ❜❡ ♠✐♥✐♠✐③❡❞✳ ❘❡❢❡rr✐♥❣
t♦ t❤❡ ❛♣♣r♦❛❝❤❡s ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛rt✐❝❧❡s ❬✸✱ ✸✸✱ ✶✵✷❪✱ ✇❡ ❞❡❞✉❝❡ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ❜②
❝♦♠❜✐♥✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ δZ = ZU+ΘδU − ZU ❛♥❞ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ΦU ✳

❚❤❡♦r❡♠ ✸✳✷✳✶✹✳ ▲❡t t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ❜❡ s❛t✐s✜❡❞ ❛♥❞ σ ∈ [ 12 , 2)✳ ❚❤❡♥ t❤❡ ●ât❡❛✉①
❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ✐s ❣✐✈❡♥ ❜②

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t)ZU (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

❢♦r ❛❧❧ δU ∈ U ✳

✼✷



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

Pr♦♦❢✳ ❚❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ❛t U ∈ U ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ δU ∈ U
✐s ❞❡✜♥❡❞ ❜②

δJ(U ; δU) := lim
Θ→0

J(U +ΘδU)− J(U)

Θ
.

■❢ t❤❡ ❧✐♠✐t ❡①✐sts ❢♦r ❛❧❧ δU ∈ U ✱ ✇❡ s❛② t❤❛t J ✐s ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t U ∈ U ✳ ❆t ✜rst✱ ✇❡
❝❛❧❝✉❧❛t❡ t❤❡ ♥✉♠❡r❛t♦r t❤❛t ✐s ❣✐✈❡♥ ❜②

J(U +ΘδU)− J(U) = γE

∥

∥

∥

∥

ZU+ΘδU (T )

Y (T )
− y

∥

∥

∥

∥

2

+ βE

∫ T

0

‖(U +ΘδU)(t)−Υ(t)‖2 dt

− γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

− βE

∫ T

0

‖U(t)−Υ(t)‖2 dt

= γE

(

∥

∥

∥

∥

ZU+ΘδU (T )

Y (T )
− y

∥

∥

∥

∥

2

−
∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2
)

+ βE

∫ T

0

(

‖(U +ΘδU)(t)−Υ(t)‖2 − ‖U(t)−Υ(t)‖2
)

dt.

❉✐sr❡❣❛r❞✐♥❣ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✱ ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ❛♥❞ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ZU+ΘδU = δZ + ZU ✱
t❤❡ ✜rst ❡①♣r❡ss✐♦♥ ✐♥ ♣❛r❡♥t❤❡s❡s ✐s r❡✇r✐tt❡♥ ❛s
∥

∥

∥

∥

δZ

Y
+
ZU

Y
− y

∥

∥

∥

∥

2

−
∥

∥

∥

∥

ZU

Y
− y

∥

∥

∥

∥

2

=

(

δZ

Y
+
ZU

Y
− y,

δZ

Y
+
ZU

Y
− y

)

−
(

ZU

Y
− y,

ZU

Y
− y

)

=

(

δZ

Y
,
δZ

Y

)

+

(

ZU

Y
− y,

δZ

Y

)

+

(

δZ

Y
,
ZU

Y
− y

)

=

∥

∥

∥

∥

δZ

Y

∥

∥

∥

∥

2

+ 2Re

(

ZU

Y
− y,

δZ

Y

)

❜❡❝❛✉s❡
(

u, v
)

+
(

v, u
)

=
(

u, v
)

+
(

u, v
)

= 2Re
(

u, v
)

❢♦r ❛❧❧ u, v ∈ H✳ ❋✉rt❤❡r♠♦r❡✱ ❜② r❡♠❡♠❜❡r✐♥❣
t❤❛t t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s ❛r❡ r❡❛❧✲✈❛❧✉❡❞✱ ✐t ❤♦❧❞s t❤❛t

‖(U +ΘδU)−Υ‖2 − ‖U −Υ‖2 =
(

ΘδU + U −Υ,ΘδU + U −Υ
)

−
(

U −Υ, U −Υ
)

= Θ2 ‖δU‖2 + 2Θ
(

U −Υ, δU
)

.

❚❤✉s✱ ✐t r❡s✉❧ts t❤❛t

J(U +ΘδU)− J(U) = γE
(

B
1
σ (T ) ‖δZ(T )‖2

)

+ 2γE Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+ βΘ2E

∫ T

0

‖δU(t)‖2 dt+ 2βΘE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt.

✭✸✳✸✾✮

❇❡✐♥❣ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧✱ ✇❡ ❤❛✈❡ t♦ ❞✐✈✐❞❡ t❤✐s ❡①♣r❡ss✐♦♥ ❜② Θ ❛♥❞ t❛❦❡ t❤❡
❧✐♠✐t ❢♦r Θ → 0✳ ❙✐♥❝❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✇♦✉❧❞ ❝❛✉s❡ ♣r♦❜❧❡♠s✱ ✇❡ ❞♦ s♦♠❡
❝❛❧❝✉❧❛t✐♦♥s t♦ r❡❢♦r♠✉❧❛t❡ t❤✐s t❡r♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡♣❧❛❝❡ v ❜② δZ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥
✭✸✳✸✽✮ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛♥❞ ♦❜t❛✐♥ ❢♦r ❛❧❧ t ∈ [0, T ]

(

ΦU (t), δZ(t)
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, δZ(T )

)

−
∫ T

t

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

+ i

∫ T

t

〈

AΦU (s), δZ(s)
〉

ds− i

∫ T

t

(

U(s)ΦU (s), δZ(s)
)

ds

− iλ(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
ΦU (s), δZ(s)

)

ds

− iλσ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU (s), δZ(s)

)

ds.

✼✸



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❈❤♦♦s✐♥❣ t = 0 ❛♥❞ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ H✱ ✐t ❤♦❧❞s t❤❛t

0 =− 2iγ

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

−
∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

+ i

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds− i

∫ T

0

(

ΦU (s), U(s)δZ(s)
)

ds

− iλ(σ + 1)

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2σ
δZ(s)

)

ds

− iλσ

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

ds.

✭✸✳✹✵✮

■ts ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

0 =2iγ

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

−
∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

− i

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds+ i

∫ T

0

(

ΦU (s), U(s)δZ(s)
)

ds

+ iλ(σ + 1)

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2σ
δZ(s)

)

ds

+ iλσ

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

ds.

✭✸✳✹✶✮

❘❡❣❛r❞✐♥❣ t❤❛t
(

u, v
)

+
(

u, v
)

= 2Re
(

u, v
)

= 2Re
(

u, v
)

❛♥❞
(

u, v
)

−
(

u, v
)

= 2i Im
(

u, v
)

❢♦r ❛❧❧
u, v ∈ H ❛♥❞

(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

=
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

,

✇❡ ❣❡t ❜② s✉❜tr❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✹✵✮ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✶✮ t❤❛t

0 =4iγ Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+ 2i Im

∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

− 2iRe

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds+ 2iRe

∫ T

0

(

ΦU (s), U(s)δZ(s)
)

ds

+ 2iλ(σ + 1)Re

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2σ
δZ(s)

)

ds

+ 2iλσRe

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

ds.

✭✸✳✹✷✮

◆❡①t✱ ✇❡ s✉❜st✐t✉t❡ v ✇✐t❤ ΦU ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✼✮ ♦❢ t❤❡ s♦❧✉t✐♦♥ δZ ♦❢ t❤❡
❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❡♥t❛✐❧s ❢♦r ❛❧❧ t ∈ [0, T ]

(

δZ(t),ΦU (t)
)

=

∫ t

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds− i

∫ t

0

〈

AδZ(s),ΦU (s)
〉

ds

+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s),ΦU (s)
)

ds

+ i

∫ t

0

(

ΘδU(s)ZU (s),ΦU (s)
)

ds

+ iλ

∫ t

0

B(s)
(

f(ZU+ΘδU (s))− f(ZU (s)),ΦU (s)
)

ds.

✼✹



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❖❜s❡r✈❡
(

u, v
)

=
(

v, u
)

❢♦r ❛❧❧ u, v ∈ H s✉❝❤ t❤❛t ❢♦r t = T t❤✐s r❡❧❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

0 =− 2iγ

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+

∫ T

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds

− i

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds+ i

∫ T

0

(

ΦU (s), (U +ΘδU)(s)δZ(s)
)

ds

+ i

∫ T

0

(

ΦU (s),ΘδU(s)ZU (s)
)

ds

+ iλ

∫ T

0

B(s)
(

ΦU (s), f(ZU+ΘδU (s))− f(ZU (s))
)

ds

✭✸✳✹✸✮

❛♥❞ ✐ts ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❡q✉❛t✐♦♥ ✐s ❝♦♥st✐t✉t❡❞ ❜②

0 =2iγ

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+

∫ T

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds

+ i

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds− i

∫ T

0

(

ΦU (s), (U +ΘδU)(s)δZ(s)
)

ds

− i

∫ T

0

(

ΦU (s),ΘδU(s)ZU (s)
)

ds

− iλ

∫ T

0

B(s)
(

ΦU (s), f(ZU+ΘδU (s))− f(ZU (s))
)

ds.

✭✸✳✹✹✮

❙✉❜tr❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✹✸✮ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✹✮ ❧❡❛❞s t♦

0 =4iγ Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+ 2i Im

∫ T

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds

+ 2iRe

∫ T

0

〈

AΦU (s), δZ(s)
〉

ds− 2iRe

∫ T

0

(

ΦU (s), (U +ΘδU)(s)δZ(s)
)

ds

− 2iRe

∫ T

0

(

ΦU (s),ΘδU(s)ZU (s)
)

ds

− 2iλRe

∫ T

0

B(s)
(

ΦU (s), f(ZU+ΘδU (s))− f(ZU (s))
)

ds.

✭✸✳✹✺✮

❋✐♥❛❧❧②✱ ❛❞❞✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✹✷✮ ❛♥❞ ✭✸✳✹✺✮ ②✐❡❧❞s

0 =8iγ Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

+ 2i Im

∫ T

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds+ 2i Im

∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

− 2iRe

∫ T

0

(

ΦU (s),ΘδU(s)δZ(s)
)

ds− 2iRe

∫ T

0

(

ΦU (s),ΘδU(s)ZU (s)
)

ds

− 2iλRe

∫ T

0

B(s)
(

ΦU (s), f(ZU+ΘδU (s))− f(ZU (s))
)

ds

+ 2iλ(σ + 1)Re

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2σ
δZ(s)

)

ds

+ 2iλσRe

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

ds.

✭✸✳✹✻✮

✼✺



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❲❡ r❡✈❡rs❡ ♦♥❡ ♣❛rt✐❛❧ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ❜②

2i Im

∫ T

0

〈

∂

∂s
ΦU (s), δZ(s)

〉

ds+ 2i Im

∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

=2i Im
(

ΦU (T ), δZ(T )
)

− 2i Im
(

ΦU (0), δZ(0)
)

− 2i Im

∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds+ 2i Im

∫ T

0

〈

∂

∂s
δZ(s),ΦU (s)

〉

ds

=− 4iγ Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

.

❍❡♥❝❡✱ t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✹✻✮ ❞✐✈✐❞❡❞ ❜② 2i r❡s✉❧ts ✐♥

2γE Re

(

ZU (T )

Y (T )
− y,

δZ(T )

Y (T )

)

=E Re

∫ T

0

(

ΦU (s),ΘδU(s)δZ(s)
)

ds+ E Re

∫ T

0

(

ΦU (s),ΘδU(s)ZU (s)
)

ds

+ λE Re

∫ T

0

B(s)
(

ΦU (s), f(ZU+ΘδU (s))− f(ZU (s))
)

ds

− λ(σ + 1)E Re

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2σ
δZ(s)

)

ds

− λσE Re

∫ T

0

B(s)
(

ΦU (s),
∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
δZ(s)

)

ds.

◆♦✇✱ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ✭✸✳✸✾✮ ✐s r❡✇r✐tt❡♥ ❛s

J(U +ΘδU)− J(U) = γE
(

B
1
σ (T ) ‖δZ(T )‖2

)

+ βΘ2E

∫ T

0

‖δU(t)‖2 dt

+ E Re

∫ T

0

(

ΦU (t),ΘδU(t)ZU (t)
)

dt

+ 2βΘE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt+R1 +R2

✭✸✳✹✼✮

✇✐t❤

R1 :=E Re

∫ T

0

(

ΦU (t),ΘδU(t)δZ(t)
)

dt,

R2 :=λE Re

∫ T

0

B(t)
(

ΦU (t), f(ZU+ΘδU (t))− f(ZU (t))
)

dt

− λ(σ + 1)E Re

∫ T

0

B(t)
(

ΦU (t),
∣

∣ZU (t)
∣

∣

2σ
δZ(t)

)

dt

− λσE Re

∫ T

0

B(t)
(

ΦU (t),
∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
δZ(t)

)

dt.

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧✱ ✇❡ ❤❛✈❡ t♦ ❞✐✈✐❞❡ t❤❡ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✼✮
❜② Θ ❛♥❞ ✐♥✈❡st✐❣❛t❡ ✐ts ❧✐♠✐t ✇✐t❤ r❡s♣❡❝t t♦ Θ → 0✳ ❆t ✜rst✱ ✇❡ st❛t❡ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ t❤❛t

0 ≤ lim
Θ→0

1

Θ
γE
(

B
1
σ (T ) ‖δZ(T )‖2

)

≤ lim
Θ→0

C(σ, λ, ϕ, γ, α1, CB , T )Θ ‖δU‖2L∞(Ω×[0,T ]×[0,1]) = 0.

❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜t❛✐♥

lim
Θ→0

1

Θ
βΘ2E

∫ T

0

‖δU(t)‖2 dt = lim
Θ→0

βΘE

∫ T

0

‖δU(t)‖2 dt = 0,

✼✻



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❛♥❞ ✐t ♦❜✈✐♦✉s❧② ❤♦❧❞s t❤❛t

lim
Θ→0

1

Θ
E Re

∫ T

0

(

ΦU (t),ΘδU(t)ZU (t)
)

dt = E Re

∫ T

0

(

ΦU (t), δU(t)ZU (t)
)

dt

❛♥❞

lim
Θ→0

1

Θ
2βΘE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt = 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt.

❚❤❡r❡❢♦r❡✱ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ❢♦r ❛❧❧ δU ∈ U r❡❞✉❝❡s t♦

δJ(U ; δU) =E Re

∫ T

0

(

ΦU (t), δU(t)ZU (t)
)

dt

+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt+ lim
Θ→0

R1 +R2

Θ
.

❇❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❛♥❞ ❡st✐♠❛t❡ ✭✸✳✷✽✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✷ ✭❛✮✱ t❤❡
t❡r♠ R1 ✐s ❡st✐♠❛t❡❞ ❢r♦♠ ❛❜♦✈❡ ❜②

R1 ≤E

∫ T

0

∣

∣

(

ΦU (t),ΘδU(t)δZ(t)
)∣

∣ dt

≤Θ ‖δU‖L∞(Ω×[0,T ]×[0,1])E

∫ T

0

∣

∣

(

ΦU (t), δZ(t)
)∣

∣ dt

≤Θ ‖δU‖L∞(Ω×[0,T ]×[0,1])

(

E

∫ T

0

∥

∥ΦU (t)
∥

∥

2
dt

)
1
2
(

E

∫ T

0

‖δZ(t)‖2 dt
)

1
2

≤C(σ, λ, ϕ, γ, y, α1, CB , T )Θ
2 ‖δU‖2L∞(Ω×[0,T ]×[0,1]) .

❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t

0 ≤ lim
Θ→0

|R1|
Θ

≤ lim
Θ→0

C(σ, λ, ϕ, γ, y, α1, CB , T )Θ ‖δU‖2L∞(Ω×[0,T ]×[0,1]) = 0,

✇❤✐❝❤ ✐♠♣❧✐❡s

lim
Θ→0

R1

Θ
= 0.

❚❤❡ ❧❛st t❡r♠ R2 ♦❜❡②s

R2 =λE Re

∫ T

0

B(t)
(

ΦU (t), f(ZU+ΘδU (t))− f(ZU (t))− (σ + 1)
∣

∣ZU (t)
∣

∣

2σ
δZ(t)

− σ
∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
δZ(t)

)

dt.

✭✸✳✹✽✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t f(v) = f(v, v) = |v|2σv = vσ+1vσ ❢♦r ❛❧❧ v ∈ C ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❧✐♥❡❛r
❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ f(ZU+ΘδU (t)) ❛t t❤❡ ♣♦✐♥t ZU (t) ✐♥ ▲❛❣r❛♥❣❡ ❢♦r♠✱ ✇❡ ❣❡t ❢♦r ϑ ∈ (0, 1)
❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ✭s❡❡ ❆♣♣❡♥❞✐① ❍✮ t❤❛t

f(ZU+ΘδU (t)) = f(ZU (t)) + (σ + 1)
∣

∣ZU (t)
∣

∣

2σ
δZ(t) + σ

∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
δZ(t)

+
1

2
σ(σ + 1)

∣

∣ZU (t) + ϑδZ(t)
∣

∣

2(σ−1)(
ZU (t) + ϑδZ(t)

)

(δZ(t))2

+
1

2
2σ(σ + 1)

∣

∣ZU (t) + ϑδZ(t)
∣

∣

2(σ−1)(
ZU (t) + ϑδZ(t)

)

δZ(t) δZ(t)

+
1

2
σ(σ − 1)

∣

∣ZU (t) + ϑδZ(t)
∣

∣

2(σ−2)(
ZU (t) + ϑδZ(t)

)3
(δZ(t))2.

✼✼



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

P❧✉❣❣✐♥❣ t❤✐s ❡①♣❛♥s✐♦♥ ✐♥ ✭✸✳✹✽✮✱ ♦♥❧② t❤❡ q✉❛❞r❛t✐❝ r❡♠❛✐♥❞❡rs ❛r❡ ❧❡❢t s✉❝❤ t❤❛t✱ ❜② ❞❡♥♦t✐♥❣
Z(t) := ZU (t) + ϑδZ(t)✱ ✐t r❡s✉❧ts t❤❛t

R2 =
1

2
λσE Re

∫ T

0

B(t)
(

ΦU (t), (σ + 1)
∣

∣Z(t)
∣

∣

2(σ−1) Z(t)
(

δZ(t)
)2

+ 2(σ + 1)
∣

∣Z(t)
∣

∣

2(σ−1)Z(t) δZ(t) δZ(t)

+ (σ − 1)
∣

∣Z(t)
∣

∣

2(σ−2)(Z(t)
)3 (

δZ(t)
)2
)

dt.

❲r✐t✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛s ❛♥ ✐♥t❡❣r❛❧✱ ❡♥❧❛r❣✐♥❣ t❤❡ r❡❛❧ ♣❛rt ❜② t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛♥❞ r❡❣❛r❞✐♥❣
t❤❛t |σ − 1| ≤ σ + 1 ❢♦r σ ∈ [ 12 , 2)✱ ✇❡ ❡♥t❛✐❧

R2 ≤ 1

2
λσB(T )E

∫ T

0

∫ 1

0

∣

∣ΦU (t, x)
∣

∣

[

(σ + 1)
∣

∣Z(t, x)
∣

∣

2σ−1 |δZ(t, x)|2

+ 2(σ + 1)
∣

∣Z(t, x)
∣

∣

2σ−1 |δZ(t, x)|2

+|σ − 1|
∣

∣Z(t, x)
∣

∣

2σ−1 |δZ(t, x)|2
]

dx dt

≤ 2λσ(σ + 1)B(T )E

∫ T

0

∫ 1

0

∣

∣ΦU (t, x)
∣

∣

∣

∣Z(t, x)
∣

∣

2σ−1 |δZ(t, x)|2 dx dt.

❋♦r σ = 1
2 ✐t ❤♦❧❞s t❤❛t

∣

∣Z(t, x)
∣

∣

2σ−1
= 1✳ ▼♦r❡♦✈❡r✱ ✐❢ σ ∈ ( 12 , 2)✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ❉✳✷

❧❡❛❞s t♦

R2 ≤ 2λσ(σ + 1)B(T )E

∫ T

0

(

sup
x∈[0,1]

∣

∣ΦU (t, x)
∣

∣

)(

sup
x∈[0,1]

∣

∣Z(t, x)
∣

∣

2σ−1

)

‖δZ(t)‖2 dt

≤ 2
√
2λσ(σ + 1)B(T )E

∫ T

0

∥

∥ΦU (t)
∥

∥

V

(

sup
x∈[0,1]

∣

∣Z(t, x)
∣

∣

2σ−1

)

‖δZ(t)‖2 dt.

❙✐♥❝❡ ϑ ∈ (0, 1)✱ ✐t ❡s♣❡❝✐❛❧❧② ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ❉✳✶ ❢♦r σ ∈ ( 12 , 2) t❤❛t

∣

∣Z(t, x)
∣

∣

2σ−1
=
∣

∣ZU (t, x) + ϑδZ(t, x)
∣

∣

2σ−1 ≤
(

∣

∣ZU (t, x)
∣

∣+ ϑ
∣

∣δZ(t, x)
∣

∣

)2σ−1

≤ 22σ−1
(

∣

∣ZU (t, x)
∣

∣

2σ−1
+
∣

∣δZ(t, x)
∣

∣

2σ−1
)

=22σ−1
(

∣

∣ZU (t, x)
∣

∣

2σ−1
+
∣

∣ZU+ΘδU (t, x)− ZU (t, x)
∣

∣

2σ−1
)

≤ 22σ−1

(

∣

∣ZU (t, x)
∣

∣

2σ−1
+
(

∣

∣ZU+ΘδU (t, x)
∣

∣+
∣

∣ZU (t, x)
∣

∣

)2σ−1
)

≤ 22σ−1
(

∣

∣ZU (t, x)
∣

∣

2σ−1
+ 22σ−1

(

∣

∣ZU+ΘδU (t, x)
∣

∣

2σ−1
+
∣

∣ZU (t, x)
∣

∣

2σ−1
))

.

❲❡ r❡s✉♠❡ ❜② ▲❡♠♠❛ ❉✳✷ t❤❛t

sup
x∈[0,1]

∣

∣Z(t, x)
∣

∣

2σ−1 ≤ 22(2σ−1) sup
x∈[0,1]

∣

∣ZU+ΘδU (t, x)
∣

∣

2σ−1
+ 22σ−1

[

1 + 22σ−1
]

sup
x∈[0,1]

∣

∣ZU (t, x)
∣

∣

2σ−1

≤ 2
5
2 (2σ−1)

∥

∥ZU+ΘδU (t)
∥

∥

2σ−1

V
+ 2

3
2 (2σ−1)

[

1 + 22σ−1
] ∥

∥ZU (t)
∥

∥

2σ−1

V

≤C(σ)
(

∥

∥ZU+ΘδU (t)
∥

∥

2σ−1

V
+
∥

∥ZU (t)
∥

∥

2σ−1

V

)

.

❍❡♥❝❡✱ ✇✐t❤ r❡❧❛t✐♦♥ ✭✸✳✶✶✮✱ ❚❤❡♦r❡♠ ✸✳✷✳✶✷ ✭❜✮ ❛♥❞ ✜♥❛❧❧② ❚❤❡♦r❡♠ ✸✳✷✳✷ ✇❡ ❞❡❞✉❝❡

R2 ≤C(σ, λ, CB)E

∫ T

0

∥

∥ΦU (t)
∥

∥

V

(

∥

∥ZU+ΘδU (t)
∥

∥

2σ−1

V
+
∥

∥ZU (t)
∥

∥

2σ−1

V

)

‖δZ(t)‖2 dt

≤C(σ, λ, ϕ, γ, y, α1, α2, CB , T )E

∫ T

0

‖δZ(t)‖2 dt

≤C(σ, λ, ϕ, γ, y, α1, α2, CB , T )Θ
2 ‖δU‖2L∞(Ω×[0,T ]×[0,1]) .

✼✽



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

❲❡ s❡❡ t❤❛t

0 ≤ lim
Θ→0

|R2|
Θ

≤ lim
Θ→0

C(σ, λ, ϕ, γ, y, α1, α2, CB , T )Θ ‖δU‖2L∞(Ω×[0,T ]×[0,1]) = 0

❛♥❞✱ t❤❡r❡❢♦r❡✱

lim
Θ→0

R2

Θ
= 0.

❚❤✉s✱ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ❤❛s t❤❡ ❢♦r♠

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t), δU(t)ZU (t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

= E Re

∫ T

0

(

ΦU (t)ZU (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

❢♦r ❛❧❧ δU ∈ U ✳

◆♦✇✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✹ ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ st♦❝❤❛st✐❝ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮ ❜② ❛♣♣❧②✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛
ZU (t, · ) = XU (t, · )Y (t)✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✺✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ t❤❡ r❡str✐❝t✐♦♥ ♦❢ σ ∈ [ 12 , 2)✱ t❤❡ ●ât❡❛✉①
❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ✐s ❝♦♥st✐t✉t❡❞ ❜②

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t)XU (t)Y (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt ✭✸✳✹✾✮

❢♦r ❛❧❧ δU ∈ U ✳

❙✉♠♠❛r✐③❡❞✱ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❡♥t❛✐❧s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✺✮ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥✲
tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ❛✳❡✳ Υ ∈ L2(Ω× [0, T ];H)✳ ❯s✐♥❣ t❤❡
♣❛t❤✇✐s❡ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠s ✭✸✳✶✼✮ ❛♥❞ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤ö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✸✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡
●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ✭✸✳✹✾✮ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ✐♥ ❈♦r♦❧❧❛r② ✸✳✷✳✶✺✳ ❙✐♥❝❡ r❡❧❛t✐♦♥
✭✸✳✹✾✮ ❤♦❧❞s ❢♦r ❛❧❧ δU ∈ U ✱ ✐t ✐s ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r ❛r❜✐tr❛r② ❝♦♥tr♦❧s U ∈ U ❛♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧
❝♦♥tr♦❧ U∗ ∈ U t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮✳ ❍❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

δJ(U∗, U − U∗) ≥ 0, ❢♦r ❛❧❧ U ∈ U .

❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ♦♣t✐♠❛❧✐t② t❤❛t ✇❡ ✐♥❞✐❝❛t❡ ✐♥
❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ✭❝♦♠♣❛r❡ ❬✻✻✱ ✾✺❪✮✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧②✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✻✳ ❉❡♥♦t✐♥❣ X∗ := XU∗

❛♥❞ Φ∗ := ΦU∗

❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t Φ∗(t) ✐s ♦♥❧② FT ✲
♠❡❛s✉r❛❜❧❡✱ t❤❡ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✺✮✱ ✭✸✳✻✮ ✐s ❝♦♥✲
st✐t✉t❡❞ ❜②

E

∫ T

0

(

Re
{

E [Φ∗(t)| Ft] X∗(t)Y (t)
}

+ 2β
(

U∗(t)− E [Υ(t)| Ft]
)

, U(t)− U∗(t)

)

dt ≥ 0 ✭✸✳✺✵✮

❢♦r ❛❧❧ U ∈ U ✳

❚❤❡ ❧❡❢t ❛r❣✉♠❡♥t ♦❢ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ ✭✸✳✺✵✮ ❞❡✜♥❡s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡
Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ✐♥ L2(Ω× [0, T ];H)✳ ❇② ❘✐❡s③✬ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤✐s
❢✉♥❝t✐♦♥❛❧ ✇✐t❤ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❢♦r♠

Re
{

E [Φ∗(t)| Ft] X∗(t)Y (t)
}

+ 2β
(

U∗(t)− E [Υ(t)| Ft]
)

❢♦r ❛❧❧ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ x ∈ [0, 1]✳

✼✾



✸✳✷✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ P♦✇❡r✲❚②♣❡ ◆♦♥❧✐♥❡❛r✐t②

■♥ ▲❡♠♠❛ ✸✳✶✳✶ ✇❡ ♣r❡s✉♠❡❞ t❤❛t t❤❡ ❝♦♥tr♦❧ U ∈ U ❞❡♣❡♥❞s ❡✐t❤❡r ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡
t ∈ [0, T ] ♦r ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ x ∈ [0, 1]✳ ❚❤❛t ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ✐♥❞✐❝❛t❡ ❤♦✇ ✐♥❡q✉❛❧✐t②
✭✸✳✺✵✮ s✐♠♣❧✐✜❡s ❢♦r t❤❡s❡ t✇♦ s♣❡❝✐❛❧ ❝❛s❡s✳

✭✐✮ ❋✐rst❧②✱ ❧❡t U(t, x) = U1(t) =: U(t) ❛♥❞✱ t❤❡r❡❢♦r❡✱ Υ(t, x) = Υ(t)✱ t❤❡♥ ✭✸✳✺✵✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

E

∫ T

0

∫ 1

0

Re
{

E [Φ∗(t, x)| Ft]X∗(t, x)Y (t)
}

(

U(t)− U∗(t)
)

dx dt

+ 2βE

∫ T

0

∫ 1

0

(

U∗(t)− E [Υ(t)| Ft]
)

(

U(t)− U∗(t)
)

dx dt

=E

∫ T

0

Re

{∫ 1

0

E [Φ∗(t, x)| Ft]X∗(t, x) dxY (t)

}

(

U(t)− U∗(t)
)

dt

+ 2β E

∫ T

0

(

U∗(t)− E [Υ(t)| Ft]
)

(

U(t)− U∗(t)
)

dt ≥ 0.

❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❡ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥

[

Re

{∫ 1

0

E [Φ∗(t, x)| Ft]X∗(t, x) dxY (t)

}

+ 2β
(

U∗(t)− E [Υ(t)| Ft]
)

]

(

U(t)− U∗(t)
)

≥ 0

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ▲❡❜❡s❣✉❡ ❛❧♠♦st ❛❧❧ t ∈ [0, T ]✳

✭✐✐✮ ❙❡❝♦♥❞❧②✱ ❧❡t U(t, x) = U2(x) =: U(x) ❛♥❞ Υ(t, x) = Υ(x) ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ♥♦✇ ✭s❡❡
▲❡♠♠❛ ✸✳✶✳✶✮✳ ❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ ❜② r❡❛s♦♥s ♦❢ ♠❡❛s✉r❛❜✐❧✐t② t❤❛t r❡❧❛t✐♦♥ ✭✸✳✺✵✮ r❡❞✉❝❡s t♦

E

∫ T

0

∫ 1

0

Re
{

E [Φ∗(t, x)| Ft]X∗(t, x)Y (t)
}

(

U(x)− U∗(x)
)

dx dt

+ 2βE

∫ T

0

∫ 1

0

(

U∗(x)−Υ(x)
)(

U(x)− U∗(x)
)

dx dt

=

∫ 1

0

∫ T

0

Re
{

E
(

E
[

Φ∗(t, x)X∗(t, x)Y (t)
∣

∣Ft

])

}

dt
(

U(x)− U∗(x)
)

dx

+ 2βT

∫ 1

0

(

U∗(x)−Υ(x)
)(

U(x)− U∗(x)
)

dx

=

(∫ T

0

Re
{

E
(

Φ∗(t)X∗(t)Y (t)
)

}

dt+ 2βT (U∗ −Υ) , U − U∗

)

≥ 0.

✸✳✷✳✺ ❋✉rt❤❡r ❘❡♠❛r❦s

■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✽✮ ❢♦r λ ∈ R+✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ✈❛r②
t❤✐s ♣r❡❢❛❝t♦r ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✭❝♦♠♣❛r❡ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✸✮✳ ❚❤✉s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❡❛t t❤❡
❝❛s❡ λ < 0 ✐♥ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮ ❛♥❛❧♦❣♦✉s❧② t♦ ❙❡❝t✐♦♥ ✸✳✷✳ ❚❤❡ ♦♥❧② t❤✐♥❣
✇❡ ❤❛✈❡ t♦ t❛❦❡ ❝❛r❡ ♦❢ ✐s t♦ ♣r♦❝❡❡❞ t♦ |λ| ❛❢t❡r ❡♥❧❛r❣✐♥❣ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ❜② t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ r❡♠❡♠❜❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ✐♥ ❈♦r♦❧❧❛r② ✷✳✸✳✶✵ ❡♥s✉r✐♥❣ t❤❡
✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✸✳✻✮✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛s❡ λ = iλ̃ ✇✐t❤ λ̃ ∈ R+ ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣r❡❢❛❝t♦r
♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐♥ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮ ❛♥❞ ✭✸✳✽✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧t❤♦✉❣❤
✇❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ r❡❢❡r t♦ ❈♦r♦❧❧❛r② ✷✳✸✳✶✶ ❛♥❞ ❝❤♦♦s❡ σ ∈ [1, 2) t♦ ❛♣♣❧②
▲❡♠♠❛ ❉✳✻ ❛♥❞ ❡①♣❧♦✐t t❤❡ ✐❞❡❛s ♦❢ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✐♥ V ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡ ❝❛s❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢♦r t❤❡ ❝♦♥tr♦❧ t❡r♠ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✸✳✶✳✶ ❛♥❞ t❤❡ ❛ ♣r✐♦r✐
❡st✐♠❛t❡ ✐♥ V s✐♠♣❧✐✜❡s ❢♦r ❡❛❝❤ n ∈ N ✭❛r❜✐tr❛r✐❧② ✜①❡❞✮ t♦

∥

∥ZU
n (t)

∥

∥

2

V
≤ C(α2, T ) ‖ϕ‖2V ≤ C(ϕ, α2, T ), ❢♦r ❛❧❧ t ∈ [0, T ].

✽✵
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❖❜s❡r✈❡ t❤❛t t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts s✇❛♣ ❛❢t❡r r❡♣❧❛❝✐♥❣ λ ❜② iλ̃ ✇✐t❤ λ̃ > 0 ✐♥ ♣r♦❜❧❡♠
✭✸✳✻✮ ❛♥❞ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✸✽✮ ✐s ❣✐✈❡♥ ❜②

(

ΦU (t), v(t)
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, v(T )

)

−
∫ T

t

〈

∂

∂s
v(s),ΦU (s)

〉

ds

+ i

∫ T

t

〈

AΦU (s), v(s)
〉

ds− i

∫ T

t

(

U(s)ΦU (s), v(s)
)

ds

− λ̃(σ + 1)

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2σ
ΦU (s), v(s)

)

ds

+ λ̃σ

∫ T

t

B(s)
(∣

∣ZU (s)
∣

∣

2(σ−1)(
ZU (s)

)2
ΦU (s), v(s)

)

ds

✭✸✳✺✶✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳
❈♦♥s❡q✉❡♥t❧②✱ ✐♥ ❜♦t❤ ❝❛s❡s ✭λ < 0 ❛♥❞ λ = iλ̃ ✇✐t❤ λ̃ > 0✮✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠

✭✸✳✺✮✱ ✭✸✳✻✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ U∗ ∈ U t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮✳
❇② ❝♦♠❜✐♥✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✼✮ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ δZ = ZU+ΘδU − ZU ♦❢ t❤❡ t✇♦
❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✷✮ ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✸✽✮ ❛♥❞ ✭✸✳✺✶✮✱
r❡s♣❡❝t✐✈❡❧②✱ ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❣r❛❞✐❡♥t
❢♦r♠✉❧❛ ✭✸✳✹✾✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ ●ât❡❛✉① ❛s ✐♥ t❤❡ ❝❛s❡ λ ∈ R+✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✼✳ ▲❡t t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ❜❡ s❛t✐s✜❡❞ ❛♥❞ r❡❣❛r❞ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✭✸✳✻✮ ❛♥❞ ✭✸✳✽✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t❤❡ ❝❛s❡ λ < 0 ❛♥❞ σ ∈ [ 12 , 2) ♦r t❤❡ ❝❛s❡ λ = iλ̃ ✇✐t❤

λ̃ ∈ R+ ❛♥❞ σ ∈ [1, 2)✳ ❚❤❡♥ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ❤❛s t❤❡ ❢♦r♠

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t)XU (t)Y (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

❢♦r ❛❧❧ δU ∈ U ✳
❋r♦♠ t❤❡ ♣✉r❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ ♦♥❡ ♠♦r❡ ❝❛s❡ ♦❢ ❛❞♠✐ss✐❜❧❡

❝♦♥tr♦❧s U ∈ U ❢♦r t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✻✮✳ ❍❛✈✐♥❣ ✐♥✈❡st✐❣❛t❡❞ t❤❡
t✇♦ ❝❛s❡s ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ ▲❡♠♠❛ ✸✳✶✳✶✱ t❤❡r❡ ❛r✐s❡s t❤❡ ✐❞❡❛ ♦❢ ❝♦♠❜✐♥✐♥❣ t❤❡♠ ✐♥ t❤❡ ✇❛② t❤❛t
U(s, x) = U1(s)U2(x)✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ❝❛s❡ ✭✐✐✮ ❛♥❞ ❞✉❡ t♦ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✱ ✐t ❤♦❧❞s ❢♦r ❛❧❧ v ∈ L2([0, T ];H ′) ✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐s
s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♥❞ ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds

=2

∫ t

0

U1(s)

∫ 1

0

U2(x)Re

{

v(s, x)
∂

∂s
v(s, x)

}

dx ds =

∫ t

0

U1(s)
d

ds

(∫ 1

0

U2(x) |v(s, x)|2 dx
)

ds

=U1(t)

(∫ 1

0

U2(x) |v(t, x)|2 dx
)

− U1(0)

(∫ 1

0

U2(x) |v(0, x)|2 dx
)

−
∫ t

0

(

d

ds
U1(s)

)(∫ 1

0

U2(x) |v(s, x)|2 dx
)

ds.

❇② ❞❡✜♥✐t✐♦♥✱ U(s, x) = U1(s)U2(x) ≥ 0 P ✲❛✳s✳ ❢♦r ❛❧❧ s ∈ [0, t] ❛♥❞ ❛❧❧ x ∈ [0, 1]✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t U1(s) ❛♥❞ U2(x) ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥s✳ ❚❤✉s✱ ❛ss✉♠✐♥❣ t❤❛t d

ds
U1(s) ❛❧s♦ ❤❛s t❤❡ s❛♠❡ s✐❣♥ ❛s

U2(x) ❢♦r ❛❧❧ s ∈ [0, t] ❛♥❞ ❛❧❧ x ∈ [0, 1]✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t t❤❡ ❧❛st t✇♦ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
s✐♥❝❡ t❤❡② ❛r❡ ♥❡❣❛t✐✈❡ ♦♥❡s✳ ❲❡ ❝♦♥❝❧✉❞❡ ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds ≤U1(t)

(∫ 1

0

U2(x) |v(t, x)|2 dx
)

=

∫ 1

0

U(t, x) |v(t, x)|2 dx ≤ α1 ‖v(t)‖2 .

✽✶



✸✳✸✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❈♦r♦❧❧❛r② ✸✳✷✳✶✽✳ ❲❡ ❝❛♥ ❛❞❞ ❛ t❤✐r❞ ❝❛s❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s U ∈ U ✐♥ ▲❡♠♠❛ ✸✳✶✳✶✳
Pr❡s✉♠✐♥❣ t❤❛t U(t, x) := U1(t)U2(x) ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡
t ∈ [0, T ] s✉❝❤ t❤❛t ∂

∂t
U(t, x) =

[

d
dt
U1(t)

]

U2(x) ≥ 0✱ t❤❡ ♠❡t❤♦❞s ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ❛❧s♦ ✇♦r❦✳ ❋♦r
❛❧❧ v ∈ L2([0, T ];H ′) ✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐s s❡♣❛r❛t❡❞ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ✐t ❢♦❧❧♦✇s t❤❛t

2Re

∫ t

0

(

U(s)v(s),
∂

∂s
v(s)

)

ds ≤ α1 ‖v(t)‖2 , ❢♦r ❛❧❧ t ∈ [0, T ].

■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✺✮✱ ✭✸✳✻✮
r❡s✉❧ts ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✸✳✺✵✮ ❛♥❞ ✐s ❣✐✈❡♥ ❜②
[

Re
{

E [Φ∗(t, x)| Ft] X∗(t, x)Y (t)
}

+ 2β
(

U∗(t, x)− E [Υ(t, x)| Ft]
)]

(

U(t, x)− U∗(t, x)
)

≥ 0

❢♦r ❛✳❡✳ ω ∈ Ω✱ ▲❡❜❡s❣✉❡ ❛❧♠♦st ❛❧❧ t ∈ [0, T ] ❛♥❞ x ∈ [0, 1] ❛♥❞ ❢♦r ❛❧❧ U ∈ U ✳
❆s ✐♥❞✐❝❛t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✸✱ t❤❡r❡ ❛r❡ ♣r♦❜❧❡♠s ✐♥ ❣❡♥❡r❛❧❧② ❡st❛❜❧✐s❤✐♥❣

t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ♣r❡s❡♥t ❛♣♣r♦❛❝❤ ✐♥ ❆♣♣❡♥❞✐①
■✳ ❙❡❝t✐♦♥ ✸✳✷ ✐❧❧✉str❛t❡s t❤❛t t❤❡ ♠❡t❤♦❞ ❛♣♣❧✐❡s ❢♦r t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤
❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ❛♥❞ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② s✐♥❝❡ ✐t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ♣❛t❤✇✐s❡
❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ s✉❝❤ t❤❛t ✇❡ ❝❛♥ ✉s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✭❝♦♠♣❛r❡
❙❡❝t✐♦♥ ✷✳✸✮✳ ❚❤✉s✱ ✐t ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ✐❢ t❤❡r❡ ✐s ❛ ❝❤❛♥❝❡ t♦ tr❡❛t t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ t❤❛t ✇✐❧❧ ❜❡ ❛♥s✇❡r❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✸✳✸ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❧✐❜❡r❛t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ❙❡❝t✐♦♥ ✷✳✹ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts
♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❞r✐❢t ❢✉♥❝t✐♦♥ f t❤❛t ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❛♥❞ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✱ ✇❤✐❧❡ ✐ts ♣r❡❢❛❝t♦r λ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞✳ ❉✉❡ t♦ ❙❡❝t✐♦♥
✸✳✶✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✐♥❝❧✉❞✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ t❡r♠ ♦❢ t❤❡ ❢♦r♠ ✭✸✳✸✮✳ ▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❡♥s✉r❡s t❤❛t t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ U∗ ∈ U t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ❣✐✈❡♥ ❜②

J(U) = γE
∥

∥XU (T )− y
∥

∥

2
+ βE

∫ T

0

‖U(t)−Υ(t)‖2 dt, ❢♦r ❛❧❧ U ∈ U ,

✐❢ ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ F (U) = γE
∥

∥XU (T )− y
∥

∥

2
❢♦r ❛❧❧ U ∈ U ✳ ■♥ ♦r❞❡r t♦

❡①♣❧♦✐t t❤❡ ♣❛t❤✇✐s❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤
❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✭❝♦♠♣❛r❡ ❙✉❜s❡❝t✐♦♥ ✷✳✹✳✷✮✳ ❲❡ r❡♠❡♠❜❡r ▲❡♠♠❛ ✷✳✹✳✶ ✐♠♣❧②✐♥❣ t❤❡
▲✐♣s❝❤✐t③ ❝♦♥st❛♥t cf ❛♥❞ t❤❡ ❣r♦✇t❤ ❝♦♥st❛♥t kf ✱ ✇❤✐❝❤ ❛♣♣❡❛r ❛s ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝♦♥st❛♥ts
✇❤✐❧❡ ❡st✐♠❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ f(t, z) = f(t, z, z) ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ z ∈ C✳ ◆♦t✐❝❡ t❤❛t ✇❡
♦♥❧② ✐♥❞✐❝❛t❡ t❤❡ r❡s✉❧ts ❛♥❞ ❡♠♣❤❛s✐③❡ t❤❡ ❝❤❛♥❣❡s t♦ ❙❡❝t✐♦♥ ✸✳✷ t♦ ♣r❡✈❡♥t r❡❞✉♥❞❛♥❝②✳

❘❡❢❡rr✐♥❣ t♦ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ZU (t, · ) = XU (t, · )Y (t)✱ ✇❡ tr❛♥s❢❡r t❤❡ ❝♦♥tr♦❧❧❡❞
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡

(

XU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AXU (s), v
〉

ds+ i

∫ t

0

(

U(s)XU (s), v
)

ds

+ iλ

∫ t

0

(

f(s,XU (s)), v
)

ds+ i
∞
∑

j=1

∫ t

0

bj(s)
(

XU (s), v
)

dβj(s)

✭✸✳✺✷✮

❢♦r ❛✳❡✳ ω ∈ Ω✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✱ ✐♥t♦ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

ZU (t), v
)

=
(

ϕ, v
)

− i

∫ t

0

〈

AZU (s), v
〉

ds+ i

∫ t

0

(

U(s)ZU (s), v
)

ds

+ iλ

∫ t

0

(

f

(

s,
ZU (s)

Y (s)

)

, v

)

ds

✭✸✳✺✸✮

✽✷



✸✳✸✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❢♦r ❛✳❡✳ ω ∈ Ω ✭❛r❜✐tr❛r✐❧② ✜①❡❞✮✱ ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s
✭✷✳✽✺✮✱ ✐t r❡s✉❧ts ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t

∥

∥ZU (t)
∥

∥

2 ≤ C(|λ|, ϕ, kf , T ) ❛♥❞ ess sup
t∈[0,T ]

∥

∥ZU (t)
∥

∥

2

V
≤ C(|λ|, ϕ, α1, kf , T ). ✭✸✳✺✹✮

❆♥❛❧♦❣♦✉s❧② t♦ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ δZ = ZU+ΘδU − ZU

✇✐t❤ δZ ∈ C([0, T ];H) ∩ L2([0, T ];V ) ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠

(

δZ(t), v
)

=− i

∫ t

0

〈

AδZ(s), v
〉

ds+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v
)

ds

+ i

∫ t

0

(

ΘδU(s)ZU (s), v
)

ds

+ iλ

∫ t

0

(

f

(

s,
ZU+ΘδU (s)

Y (s)

)

− f

(

s,
ZU (s)

Y (s)

)

, v

)

ds

✭✸✳✺✺✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❚❤✐s s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧② ♦♥ t❤❡ ❝♦♥tr♦❧ δU ∈ U ✐♥ t❤❡
✇❛② t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖δZ(t)‖2 ≤ C(σ, |λ|, ϕ, cf , kf , CB , T )Θ
2 ‖δU‖2L∞([0,T ]×[0,1]) , ❢♦r ❛❧❧ t ∈ [0, T ], ✭✸✳✺✻✮

✇❤❡r❡ ✇❡ ❡①♣❧♦✐t t❤❡ ✜rst ❡st✐♠❛t❡ ✐♥ ✭✸✳✺✹✮✱ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ f ❛♥❞ t❛❦❡ λ ∈ C ✐♥t♦
❛❝❝♦✉♥t ✭t❤❛t ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t② ❝♦♥t❛✐♥✐♥❣ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡
♥♦♥❧✐♥❡❛r t❡r♠✮✳ ◆♦✇✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t δZ ∈ L2([0, T ];V ′) ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✺✺✮ ✐s ❣✐✈❡♥ ❜②

(

δZ(t), v(t)
)

=

∫ t

0

〈

∂

∂s
v(s), δZ(s)

〉

ds− i

∫ t

0

〈

AδZ(s), v(s)
〉

ds

+ i

∫ t

0

(

(U +ΘδU)(s)δZ(s), v(s)
)

ds+ i

∫ t

0

(

ΘδU(s)ZU (s), v(s)
)

ds

+ iλ

∫ t

0

(

f

(

s,
ZU+ΘδU (s)

Y (s)

)

− f

(

s,
ZU (s)

Y (s)

)

, v(s)

)

ds

✭✸✳✺✼✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′)✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ♥❡❡❞ t❤❡s❡ r❡s✉❧ts ✭❡s♣❡❝✐❛❧❧②
✐♥❡q✉❛❧✐t② ✭✸✳✺✻✮✮ t♦ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ❣✐✈❡♥ ❜②

J(U) = γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

+ βE

∫ T

0

‖U(t)−Υ(t)‖2 dt, ❢♦r ❛❧❧ U ∈ U .

❚❤✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣❧✐❡s t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛❧s♦ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢

F (U) = γE

∥

∥

∥

∥

ZU (T )

Y (T )
− y

∥

∥

∥

∥

2

, ❢♦r ❛❧❧ U ∈ U .

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✶✳✷ t❤❛t ❡♥s✉r❡s t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
U∗ ∈ U ✱ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡
r❡q✉✐r❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✺✼✮ t♦ ❝❛❧❝✉❧❛t❡ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮
✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭s❡❡ ❙✉❜s❡❝t✐♦♥
✸✳✷✳✸✮✳ ❋♦r s✐♠♣❧✐✜❡❞ s♣❡❧❧✐♥❣✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ❜②

fv

(

t,
ZU (t)

Y (t)

)

:=
∂

∂v
f(t, v(t))

∣

∣

∣

∣

∣v(t):=
Z

U (t)
Y (t)

:=
∂

∂v
f(t, v(t), v(t))

∣

∣

∣

∣

∣v(t):=
Z

U (t)
Y (t)

,v(t):=
ZU (t)

Y (t)

,

fv̄

(

t,
ZU (t)

Y (t)

)

:=
∂

∂v
f(t, v(t))

∣

∣

∣

∣

∣v(t):=
Z

U (t)
Y (t)

:=
∂

∂v
f(t, v(t), v(t))

∣

∣

∣

∣

∣v(t):=
Z

U (t)
Y (t)

,v(t):=
ZU (t)

Y (t)

.

✽✸



✸✳✸✳ P❛t❤✇✐s❡ Pr♦❜❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❈♦♥t✐♥✉♦✉s ❉r✐❢t ❚❡r♠

❚❤✉s✱ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ♣r♦❜❧❡♠ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✭✸✳✺✸✮ ✐s ❝♦♥st✐t✉t❡❞ ❜②

∂

∂t
ΦU (t) =− iAΦU (t) + iU(t)ΦU (t) + iλ fv

(

t,
ZU (t)

Y (t)

)

1

Y (t)
ΦU (t)

+ iλ fv̄

(

t,
ZU (t)

Y (t)

)

1

Y (t)
ΦU (t),

ΦU (T ) =− 2iγ
1

Y (T )

[

ZU (T )

Y (T )
− y

]

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ] ✭❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ❆♣♣❡♥❞✐① ■✮✳ ❲❡ s❛② t❤❛t ❛ ♣r♦❝❡ss
ΦU ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✐s ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✱ ✐❢ ✐t ❢✉❧✜❧❧s

(

ΦU (t), v
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, v

)

+ i

∫ T

t

〈

AΦU (s), v
〉

ds

− i

∫ T

t

(

U(s)ΦU (s), v
)

ds− iλ

∫ T

t

(

fv

(

s,
ZU (s)

Y (s)

)

1

Y (s)
ΦU (s), v

)

ds

− iλ

∫ T

t

(

fv̄

(

s,
ZU (s)

Y (s)

)

1

Y (s)
ΦU (s), v

)

ds

✭✸✳✺✽✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ V ✳ ❘❡❣❛r❞✐♥❣ t❤❛t λ ∈ C✱ ✇✐t❤ t❤❡ ❝♦♥s❡q✉❡♥❝❡ t❤❛t ✇❡ ❣❡t t❤❡ r❡❛❧
❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❡♥❡r❣② ❡q✉❛❧✐t②✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s
♦❢ t❤❡ ✜rst ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ❜②

|fv(t, v)| =
∣

∣

∣

∣

∂

∂v
f(t, v)

∣

∣

∣

∣

≤ C ′, |fv̄(t, v)| =
∣

∣

∣

∣

∂

∂v
f(t, v)

∣

∣

∣

∣

≤ C ′

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ C ✭❝♦♠♣❛r❡ ✭✷✳✼✾✮✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ r❡s✉❧ts ♦❢ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✸
❢♦r t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ♣r♦❜❧❡♠ ✭✸✳✺✽✮ ♦❢ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜✲
❧❡♠ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t t❡r♠ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✐❢ t❤❡r❡
❡①✐sts ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✺✽✮✱ t❤❡♥ ✐t ✐s ✉♥✐q✉❡✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱
✇❡ r❡❞✉❝❡ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ t♦ ❛ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❛♥❞ ②✐❡❧❞s
ΦU

n ∈ C1([0, T ];H) ❢♦r ❡❛❝❤ n ∈ N✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✈❡r✐❢② ❢♦r ❛r❜✐tr❛r✐❧② ✜①❡❞ n ∈ N t❤❛t
∥

∥ΦU
n (t)

∥

∥

2 ≤ C(σ, |λ|, ϕ, γ, y, kf , C ′, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ].

❚♦ st❛t❡ ❛ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✐♥ V ❛s ✇❡❧❧✱ ✇❡ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ f ✐s
t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ f ✐♥ t❤❡
s❡♥s❡ ♦❢ ❲✐rt✐♥❣❡r ❛r❡ ❛❧s♦ ❜♦✉♥❞❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

|fvv(t, v)| =
∣

∣

∣

∣

∂2

∂v2
f(t, v)

∣

∣

∣

∣

≤ C ′′, |fvv̄(t, v)| =
∣

∣

∣

∣

∂

∂v

∂

∂v
f(t, v)

∣

∣

∣

∣

≤ C ′′,

|fv̄v(t, v)| =
∣

∣

∣

∣

∂

∂v

∂

∂v
f(t, v)

∣

∣

∣

∣

≤ C ′′, |fv̄v̄(t, v)| =
∣

∣

∣

∣

∂2

∂v2
f(t, v)

∣

∣

∣

∣

≤ C ′′

✭✸✳✺✾✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ C✳ ❖❜s❡r✈❡ t❤❛t t❤❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✹ s❛t✐s❢②
t❤❡s❡ ❛ss✉♠♣t✐♦♥s✳ ◆♦✇✱ ✇❡ ❣❡t ❢♦r ✭❛r❜✐tr❛r✐❧② ✜①❡❞✮ n ∈ N t❤❛t

∥

∥ΦU
n (t)

∥

∥

2

V
≤ C(σ, |λ|, ϕ, γ, y, α1, α2, kf , C

′, C ′′, CB , T ), ❢♦r ❛❧❧ t ∈ [0, T ].

❆♥❛❧♦❣♦✉s❧② t♦ ❚❤❡♦r❡♠ ✸✳✷✳✶✷ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥s (ΦU
n )n ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ♦❢ ✭✸✳✺✽✮ ✐s ❜♦✉♥❞❡❞ ✐♥ C([0, T ];H), L2([0, T ];H) ❛♥❞ L2([0, T ];V )✳ ▼♦r❡✲
♦✈❡r✱ t❤✐s s❡q✉❡♥❝❡ ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ];H) ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥
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L2([0, T ];H) ❛♥❞ ✇❡❛❦❧② ✐♥ L2([0, T ];V ) t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ΦU ♦❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞
❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✺✽✮✳ ❲❡ ❛❧s♦ r❡❝❡✐✈❡ t❤❛t ΦU ∈ L∞([0, T ];V ) ✇✐t❤

ess sup
t∈[0,T ]

∥

∥ΦU (t)
∥

∥

2

V
≤ C(σ, |λ|, ϕ, γ, y, α1, α2, kf , C

′, C ′′, CB , T ) ✭✸✳✻✵✮

❛♥❞ t❤❛t (ΦU
n )n ❝♦♥✈❡r❣❡s t♦ ΦU ✐♥ C([0, T ];H)✳ ❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛✱ ✇❡ ♣r♦✈❡ t❤❛t

ΦU ∈ L2([0, T ];V ′) ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✺✽✮ ✐s ❣✐✈❡♥ ❜②

(

ΦU (t), v(t)
)

=− 2iγ
1

Y (T )

(

ZU (T )

Y (T )
− y, v(T )

)

−
∫ T

t

〈

∂

∂s
v(s),ΦU (s)

〉

ds

+ i

∫ T

t

〈

AΦU (s), v(s)
〉

ds− i

∫ T

t

(

U(s)ΦU (s), v(s)
)

ds

− iλ

∫ T

t

(

fv

(

s,
ZU (s)

Y (s)

)

1

Y (s)
ΦU (s), v(s)

)

ds

− iλ

∫ T

t

(

fv̄

(

s,
ZU (s)

Y (s)

)

1

Y (s)
ΦU (s), v(s)

)

ds

✭✸✳✻✶✮

❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧ v ∈ L2([0, T ];V ′) ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✸✳✷✳✶✸✮✳
❇② s❦✐❧❧❢✉❧❧② ❝♦♠❜✐♥✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ✭✸✳✺✼✮ ❛♥❞ ✭✸✳✻✶✮✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡st❛❜❧✐s❤

t❤❡ ●ât❡❛✉① ❞❡r✐✈❛t✐✈❡

δJ(U ; δU) = lim
Θ→0

J(U +ΘδU)− J(U)

Θ

♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✷✵✮ ❛t U ∈ U ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ δU ∈ U ✳ ❲✐t❤ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s
✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✹✱ t❤❡ ♥✉♠❡r❛t♦r ❤❛s t❤❡ ❢♦r♠

J(U +ΘδU)− J(U) = γE
(

B
1
σ (T ) ‖δZ(T )‖2

)

+ βΘ2E

∫ T

0

‖δU(t)‖2 dt

+ E Re

∫ T

0

(

ΦU (t),ΘδU(t)ZU (t)
)

dt

+ 2βΘE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt+R1 +R2,

✇❤❡r❡

R1 = E Re

∫ T

0

(

ΦU (t),ΘδU(t)δZ(t)
)

dt

❛♥❞ ✭❜❛s❡❞ ♦♥ λ := λ1 + iλ2✮ t❤❡ ✈❛r✐❡❞ ❡①♣r❡ss✐♦♥

R2 :=λ1E Re

∫ T

0

(

ΦU (t), f

(

t,
ZU+ΘδU (t)

Y (t)

)

− f

(

t,
ZU (t)

Y (t)

)

− fv

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)
− fv̄

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)

)

dt

+ λ2E Im

∫ T

0

(

ΦU (t), f

(

t,
ZU+ΘδU (t)

Y (t)

)

− f

(

t,
ZU (t)

Y (t)

)

− fv

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)
− fv̄

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)

)

dt.

❉✐✈✐❞✐♥❣ ❡❛❝❤ t❡r♠ ❜② Θ ❛♥❞ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇✐t❤ r❡s♣❡❝t t♦ Θ → 0✱ ✇❡ ❞♦ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❛s
❜❡❢♦r❡✳ ❚❤✉s✱ ✇❡ ♦♥❧② ❡♠♣❤❛s✐③❡ t❤❡ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♥❡✇ t❡r♠ R2✳ ❚❤❡ ❧✐♥❡❛r ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥✲
s✐♦♥ ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ f(t, v(t)) = f(t, v(t), v(t)) ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ v(t) = ZU+ΘδU (t)Y −1(t)

✽✺
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❛t t❤❡ ♣♦✐♥t ZU (t)Y −1(t) ✐♥ ▲❛❣r❛♥❣❡ ❢♦r♠ ❢♦r ϑ ∈ (0, 1) ✐s ❝♦♥st✐t✉t❡❞ ❜②

f

(

t,
ZU+ΘδU (t)

Y (t)

)

= f

(

t,
ZU (t)

Y (t)

)

+ fv

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)
+ fv̄

(

t,
ZU (t)

Y (t)

)

δZ(t)

Y (t)

+
1

2
fvv

(

t,
ZU (t) + ϑδZ(t)

Y (t)

)

(δZ(t))2

(Y (t))2

+
1

2
2fvv̄

(

t,
ZU (t) + ϑδZ(t)

Y (t)

)

δZ(t)

Y (t)

δZ(t)

Y (t)

+
1

2
fv̄v̄

(

t,
ZU (t) + ϑδZ(t)

Y (t)

)

(δZ(t))2

(Y (t))2
.

❯s✐♥❣ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ R2✱ ♦♥❧② t❤❡ q✉❛❞r❛t✐❝ r❡♠❛✐♥❞❡rs ❛r❡ ❧❡❢t✳ ❋♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❛❧❧
❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s v(t) ✇❡ ❞❡♥♦t❡ ∇2f(t, v(t)) := fvv(t, v(t)) + 2fvv̄(t, v(t)) + fv̄v̄(t, v(t))
❛♥❞ r❡❣❛r❞ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ s❡❝♦♥❞ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ✭s❡❡ ✭✸✳✺✾✮✮
s✉❝❤ t❤❛t

|∇2f(t, v(t))| = |fvv(t, v(t)) + 2fvv̄(t, v(t)) + fv̄v̄(t, v(t))| ≤ 4C ′′.

❍❡♥❝❡✱ ❡♥❧❛r❣✐♥❣ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt ✐♥ R2 ❜② t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ✐t ❤♦❧❞s t❤❛t

R2 ≤ C(σ, |λ|, C ′′, CB)E

∫ T

0

∫ 1

0

∣

∣ΦU (t, x)
∣

∣ |δZ(t, x)|2 dx dt.

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ s✉♣r❡♠✉♠ ♦❢ ΦU (t, x) ♦✈❡r ❛❧❧ x ∈ [0, 1]✱ ❛♣♣❧② ▲❡♠♠❛ ❉✳✷ ❛♥❞ ✉s❡ ✐♥❡q✉❛❧✐t✐❡s
✭✸✳✻✵✮ ❛♥❞ ✭✸✳✺✻✮ s✉❝❤ t❤❛t

R2 ≤ C(σ, |λ|, ϕ, γ, y, α1, α2, cf , kf , C
′, C ′′, CB , T )Θ

2 ‖δU‖2L∞(Ω×[0,T ]×[0,1]) .

❚❤✐s ②✐❡❧❞s

lim
Θ→0

R2

Θ
= 0,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ s❛♠❡ r❡s✉❧ts ❛s ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✹✳

❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❯♥❞❡r t❤❡ ❣✐✈❡♥ ❛ss✉♠♣t✐♦♥s ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❞r✐❢t ❢✉♥❝t✐♦♥ f ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ ❜♦✉♥❞❡❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s
♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s✱ t❤❡ ●ât❡❛✉① ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧
✭✸✳✷✵✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✸✳✺✸✮ ✐s ❣✐✈❡♥ ❜②

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t)ZU (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

❢♦r ❛❧❧ δU ∈ U ✳ ❇❛s❡❞ ♦♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛ ZU (t, · ) = XU (t, · )Y (t)✱ t❤❡ ●ât❡❛✉①
❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✳✺✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
✭✸✳✺✷✮ ✐s ❝♦♥st✐t✉t❡❞ ❜②

δJ(U ; δU) = E Re

∫ T

0

(

ΦU (t)XU (t)Y (t), δU(t)
)

dt+ 2βE

∫ T

0

(

U(t)−Υ(t), δU(t)
)

dt

❢♦r ❛❧❧ δU ∈ U ✳ ❚❤✉s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ X∗ := XU∗

❛♥❞ Φ∗ := ΦU∗

✱ t❤❡ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t②
❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✺✮✱ ✭✸✳✺✷✮ ❝❛♥ ❜❡ st❛t❡❞ ❜②

E

∫ T

0

(

Re
{

E [Φ∗(t)| Ft] X∗(t)Y (t)
}

+ 2β
(

U∗(t)− E [Υ(t)| Ft]
)

, U(t)− U∗(t)

)

dt ≥ 0

❢♦r ❛❧❧ U ∈ U ✳

✽✻



✹ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

◆♦♥❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❝✉rr❡♥t ♦❜❥❡❝ts ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ r❡s❡❛r❝❤✳ ❍❡♥❝❡✱
t❤❡r❡ ✐s ❛ ♠✉❧t✐t✉❞❡ ♦❢ s❝✐❡♥t✐✜❝ ♣❛♣❡rs ❝♦♥t❛✐♥✐♥❣ s✉❝❤ ❡q✉❛t✐♦♥s ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦♥✲
❧✐♥❡❛r✐t✐❡s ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✇❤♦s❡ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ st♦❝❤❛st✐❝
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇✐t❤ ❞r✐❢t t❡r♠ ✐♥ ❢♦r♠ ♦❢ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② f(v) = |v|2σv ❢♦r ❛❧❧
v ∈ C ❛♥❞ σ > 0 t❤❛t ❞♦❡s ♥♦t ❢✉❧✜❧❧ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥
♦❢ ❙❝❤rö❞✐♥❣❡r t②♣❡ ✐s r❡❛❧✐st✐❝ ❛♥❞ ♠♦t✐✈❛t❡❞ ❜② ♣❤②s✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❉✉❡ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❛❧s♦ t♦♦❦ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞r✐❢t ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✐♥t♦ ❛❝❝♦✉♥t✳

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ♣r♦✈❡❞ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ♦✈❡r ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❞♦♠❛✐♥✳ ❇❛s❡❞ ♦♥ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s✱ tr✉♥❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ st♦♣♣✐♥❣ t✐♠❡s✱ ✉s❡❢✉❧ ✐♥❡q✉❛❧✲
✐t✐❡s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s ❡t❝✳✱ ✇❡ ❣❛✐♥❡❞ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❚❤❡r❡❛❢t❡r✱ t❤❡s❡ r❡✲
s✉❧ts ✇❡r❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢✉rt❤❡r ❡st✐♠❛t❡s ❛♥❞ ✉s❡❢✉❧ ❡♠❜❡❞❞✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡✱ ✇❡ ❡st❛❜❧✐s❤❡❞ ❛♥ ❡q✉✐✈❛❧❡♥t ♣❛t❤✇✐s❡
♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤♥❡ss r❡s✉❧ts✱ ✇❤✐❝❤ ❛r❡ ❞✐st✐♥❝t✐✈❡ ❢♦r
t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠✱ ✇❡r❡ tr❛♥s❢❡rr❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡ ❛♥❞ ❧❡❞ t♦ ♣r♦♣❡rt✐❡s ✇❡ r❡q✉✐r❡❞ t♦
tr❡❛t ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ t❤❡ s❡❝♦♥❞ ♠❛✐♥ ♣❛rt✳ ❲❡ s❡❛r❝❤❡❞ ❢♦r ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❛t
♠✐♥✐♠✐③❡s ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✳ ❲❤❡t❤❡r t❤❡r❡ ❡①✐sts s✉❝❤ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✐s ❛ ❝♦♠♠♦♥ q✉❡st✐♦♥ ✐♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❡♦r②✳ ❘❡❢❡rr✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ♣r♦❝❡ss ♦❢ t✇♦ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s
❛♥❞ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠✱ ✇❤♦s❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧
s♦❧✉t✐♦♥ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞✱ ✇❡ ❝❛❧❝✉❧❛t❡❞ ❛ ❣r❛❞✐❡♥t ❢♦r♠✉❧❛ ✐♥ t❤❡ s❡♥s❡ ♦❢ ●ât❡❛✉① ❛♥❞ ✐♥❢❡rr❡❞
❛ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥✳

❙✉♠♠❛r✐③❡❞✱ ✇❡ s✉❝❝❡ss❢✉❧❧② tr❡❛t❡❞ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ❢♦r s♦♠❡ ❝♦♥✈❡♥✐❡♥t ❝❛s❡s✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ✐s t❤❡ ✜rst ✇♦r❦ ✇❤✐❝❤ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤
t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❛ ♥♦♥✲▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❞r✐❢t t❡r♠✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❛♥② ❛rt✐❝❧❡ t❤❛t ❞❡❛❧s ✇✐t❤ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❢♦r
t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❍❡♥❝❡✱ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❜r♦❛❞❡♥s t❤❡ ♠❛t❤❡♠❛t✲
✐❝❛❧ ❤♦r✐③♦♥ ✐♥ t❤❡ ✜❡❧❞ ♦❢ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s✱ ❡s♣❡❝✐❛❧❧② st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❛♥❞
❡st❛❜❧✐s❤❡s ❛ ❜❛s✐s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ✇♦r❦s✱ ❢♦r ❡①❛♠♣❧❡✱ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜❥❡❝ts✿

• ❆❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡✿ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❤❛♥❞❧❡ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö✲
❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ✇✐t❤ t❤❡ ♣r❡s❡♥t ❛♣♣r♦❛❝❤✳ ❆❧t❤♦✉❣❤ t❤❡
♠❡t❤♦❞ ✐♥ ❆♣♣❡♥❞✐① ■ ②✐❡❧❞s t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛✲
t✐♦♥✱ t❤❡r❡ ❛r❡ ❞✐✣❝✉❧t✐❡s ✐♥ ❞❡r✐✈✐♥❣ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✐ts ●❛❧❡r❦✐♥
❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ tr❛♥s❢❡r t❤❡ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✇✐t❤ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ✈❛r✐✲
❛❜❧❡ ❞❡✜♥❡❞ ❜② t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ♠✐♥✉s t❤❡ ♥♦✐s❡ t❡r♠ ✭s❡❡ ❬✸✽❪ ❛♥❞ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❬✹✸❪✮✳
■♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s♠♦♦t❤♥❡ss ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♣❛t❤✇✐s❡ ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠
❛♥❞ ❡①t❡♥❞✐♥❣ t❤❡♠ t♦ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✱ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ s❤♦✉❧❞ ❜❡ s♦❧✈❛❜❧❡✳

✽✼



✹✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

• ❋r❛❝t✐♦♥❛❧ ♥♦✐s❡✿ ❲❡ s✉❣❣❡st t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ♣❡rt✉r❜❡❞ ❜②
❧✐♥❡❛r ❢r❛❝t✐♦♥❛❧ ✇❤✐t❡ ♥♦✐s❡✳ ■♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧
❛♥❞ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❬✺✵✱ ♣♣✳ ✶✼✾✕✶✽✷❪✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ tr❛♥s❢❡r t❤✐s ❢r❛❝t✐♦♥❛❧
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣❛t❤✇✐s❡ ♦♥❡ ✭❝♦♠♣❛r❡ ❬✹✺❪✮✳ ❚❤❡♥ t❤❡ ♣r❡s❡♥t ✐❞❡❛s ❢♦r t❤❡
♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❝❛❜❧❡✳

• ▼♦r❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s✿ ❆❧t❤♦✉❣❤ ✐♥❝❧✉❞✐♥❣ ♠❛♥② t②♣❡s ♦❢ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ t❤❡ ❞✐s❝✉ss✐♦♥
♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠s ✐s ❛♥♦t❤❡r r❡s❡❛r❝❤ ♣❡rs♣❡❝t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
❞✐s❝✉ss✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r✐t✐❡s ❧✐❦❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ✇♦r❦s ❬✶✸❪✱ ❬✶✹✱ ❙❡❝t✐♦♥ ✸✳✷❪✱ ❬✶✺✱ ✼✸✱ ✾✻✱
✾✼❪ ❡t❝✳ ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣✳

• ▼✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✿ ❆❢t❡r t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❢r♦♠ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ x ∈ [0, 1] t♦ t❤❡
✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ x ∈ R ✭✇❤✐❧❡ ❡♥s✉r✐♥❣ ❛ ❞✐s❝r❡t❡ s♣❡❝tr✉♠ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛ ❝♦♠♣❧❡t❡
s❡t ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s✮✱ ♦♥❡ ❝♦✉❧❞ ❛❧s♦ t❤✐♥❦ ♦❢ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ H1(G) →֒ Lp(G) ❢♦r
G ⊂ R

n ❞❡♣❡♥❞s ♦♥ p ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ n ♦❢ t❤❡ ❞♦♠❛✐♥ ✭s❡❡ ❬✷✱ ♣♣✳ ✾✼✕✾✾✱ ❚❤❡♦r❡♠ ✺✳✹
❛♥❞ ❘❡♠❛r❦ ✺✳✺❪✮✳ ❘❡❢❡rr✐♥❣ t♦ t❤❡ s❡♠✐❣r♦✉♣ ❛♣♣r♦❛❝❤✱ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
♦♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s ✐s tr❡❛t❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ✇♦r❦s ❬✹✾✱ ✺✶✱ ✺✺❪
❛♥❞ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❛rt✐❝❧❡s ❬✷✵✱ ✷✶✱ ✸✷❪✳

• ❖t❤❡r s♦❧✉t✐♦♥ ❝♦♥❝❡♣ts✿ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥✱ t❤❡ ♣r❡s❡♥t ❛♣♣r♦❛❝❤ ✐♥ ❆♣♣❡♥❞✐① ■ ♦♥❧② ✇♦r❦s ❢♦r t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r
♣r♦❜❧❡♠ ✇✐t❤ ❛❞❞✐t✐✈❡ ♦r ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✳ ❋♦r ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✱ t❤❡
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❤❛s t♦ ❜❡ r❡❣❛r❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♦t❤❡r ❝♦♥❝❡♣ts
♦❢ s♦❧✉t✐♦♥s ✭❝♦♠♣❛r❡ ❙❡❝t✐♦♥ ✶✳✷ ❛♥❞ ❆♣♣❡♥❞✐① ❇✮✳ Pr♦❝❡❡❞✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ t❤❡ ♠✐❧❞
s♦❧✉t✐♦♥✱ ❛✉①✐❧✐❛r② r❡s✉❧ts ❧✐❦❡ ❙tr✐❝❤❛rt③ ❡st✐♠❛t❡s ✭❢♦r x ∈ R

n✮ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ str♦♥❣❧②
❝♦♥t✐♥✉♦✉s ❣r♦✉♣s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❜② ❛♥♦t❤❡r ♣r♦❝❡❞✉r❡ ❛s ❛ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❱♦❧t❡rr❛
✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✭s❡❡ ❬✹❪✮ ✇❤✐❝❤ ♠❛② ❜❡ ❛ st❛rt✐♥❣ ♣♦✐♥t t♦ s♦❧✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠s ♦❢
♦♣t✐♠❛❧ ❝♦♥tr♦❧✳

• ◆✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✿ ❙✐♥❝❡ ♦✉r st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ❝❛♥♥♦t ❜❡
s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡♠ ♦r ♣❛rt✐❝✉❧❛r❧② t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❋✐rst
❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ❝♦♥❞✉❝t❡❞ ✐♥ ❬✸✻✱ ✸✼❪ ✐♥ t❤❡ 1970s ❛♥❞ ❞❡❡♣❡♥❡❞ ❜② ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ❬✸✸✱ ✾✵✱ ✾✶❪ ❛♥❞ ❢♦r t❤❡ st♦❝❤❛st✐❝
❝❛s❡ ✐♥ ❬✷✷✱ ✷✸✱ ✷✺✱ ✷✻❪ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ 21st ❝❡♥t✉r②✳ ❚❤❡② ♦❢t❡♥ ✉s❡❞ tr✉♥❝❛t✐♦♥
♠❡t❤♦❞s t♦ s❤♦✇ t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❆♣♣❧②✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❝✉t✲♦✛
❢✉♥❝t✐♦♥

Prv(t) :=

{

v(t) : |v(t)| ≤ r,

r v(t)
|v(t)| : |v(t)| > r

❢♦r r ∈ R+ ❛♥❞ v(t) ∈ V t♦ t❤❡ ❑❡rr✲♥♦♥❧✐♥❡❛r✐t② ✭♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t② ❢♦r σ = 1✮✱ ✇❡ ❣❡t
❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❣r♦✇t❤ ✇❡ ❝❛♥ ✇♦r❦ ✇✐t❤✳ ■♥ ♦r❞❡r t♦ ♠♦❞❡❧ ❛♥❞
s✐♠✉❧❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ●❛❧❡r❦✐♥ ❡q✉❛t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜✲
❧❡♠ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ ✇❡ ♣r♦♣♦s❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s✱
tr✉♥❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡s✱ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ♦r ♦t❤❡r t②♣❡s ♦❢ ❛♣♣r♦①✲
✐♠❛t✐♦♥s ✭✇❡ r❡❢❡r t♦ t❤❡ ✐❞❡❛s ✐♥ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛rt✐❝❧❡s ❛♥❞ t♦ ❬✶✵✱ ✹✹✱ ✻✼❪✮✳ ◆♦t✐❝❡
t❤❛t✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❲♦♥❣✲❩❛❦❛✐ ❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❬✾✽✱ ✶✵✵❪✮ r❡♣r❡s❡♥ts ❛ ♠❡t❤♦❞ t♦
❞✐s❝r❡t✐③❡ t❤❡ ❲✐❡♥❡r ♣r♦❝❡ss s✉❝❤ t❤❛t ✐t r❡s✉❧ts ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ✈❡rs✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦
s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ❛s ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳

• ❖t❤❡r t②♣❡s ♦❢ ❝♦♥tr♦❧✿ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ❜✐❧✐♥❡❛r ❝♦♥tr♦❧ t❡r♠ ✭❧✐♥❡❛r ✐♥ U ❛♥❞ XU ✮✱
✇❤✐❝❤ ♣❤②s✐❝❛❧❧② ♠♦❞✐✜❡s t❤❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧✳ ❲❡ ❝❛♥ ❛❧s♦ ✐♠❛❣✐♥❡ ❝♦♥tr♦❧ t❡r♠s t❤❛t
❛r❡ ♥♦t ❧✐♥❡❛r ✐♥ ❜♦t❤ ✈❛r✐❛❜❧❡s ❛♥②♠♦r❡✱ s♦♠❡ ❦✐♥❞ ♦❢ ❛❞❞✐t✐✈❡ ❝♦♥tr♦❧ ✭✇❤✐❝❤ ❛♣♣❡❛rs ❛s ❛♥
✐♥❤♦♠♦❣❡♥❡✐t② ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ st❛t❡ ❡q✉❛t✐♦♥✮✱ ❝♦♥tr♦❧ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✭❧✐❦❡
✐♥ ❬✶✵✶✱ ✶✵✻❪✮ ❡t❝✳

✽✽



✹✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

• ❖t❤❡r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s✿ ❲✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s t❤❡s✐s✱ t❤❡r❡ ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢
♦t❤❡r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ❛✐♠✐♥❣ t♦ ♠✐♥✐♠✐③❡ ♦r ♠❛①✐♠✐③❡ ✐ts ✈❛❧✉❡ ♦✈❡r ❛ ❣✐✈❡♥ s❡t✳ ❉✉❡ t♦
t❤❡ ✉♥✐q✉❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ r❡❣✉❧❛r✐③❡❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧
s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ r❡♣r❡s❡♥ts ❛ ❜❡st
♣♦ss✐❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ❛t t❤❡ ✜♥❛❧ t✐♠❡ T ✳ ❚♦ ❝♦♥tr♦❧ t❤❡ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ XU ❛♣♣r♦①✐♠❛t❡s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ❛t t❤❡ ✜♥❛❧ ♣♦✐♥t t = T
♣❤②s✐❝❛❧❧② ♠❡❛♥s t♦ ❝♦♥tr♦❧ t❤❡ ♠❛tt❡r ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❡❧❡❝tr♦♥ ✢✉①✳ ■♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ♦♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ♣♦t❡♥t✐❛❧ ✇❡❧❧s ✇❤❡r❡ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❝❛♣t✉r❡❞✳ ❚♦
♦❜t❛✐♥ ❛ s♣❡❝✐❛❧ ✜♥❛❧ st❛t❡✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❤✐❝❤ ❛r❡ r❡✢❡❝t❡❞ ❛s
❛❞❞✐t✐♦♥❛❧ ♣♦t❡♥t✐❛❧s ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❖t❤❡r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✇✐t❤ ♣❤②s✐❝❛❧
♠♦t✐✈❛t✐♦♥ ❛r❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❢✉♥❝t✐♦♥❛❧s ✐♥❝❧✉❞✐♥❣ r✉♥♥✐♥❣ ❝♦sts✱ ❛ ❜❡st ♣♦ss✐❜❧❡ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ t♦ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s
♦♥ t❤❡ ❜♦✉♥❞❛r② ✭❝♦♠♣❛r❡ ❬✺✼✱ ✺✽❪✮✱ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝
♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ❛♥❞✴♦r t❤❡ ❝♦♥tr♦❧ ♦r ❡✈❡♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡♠✳

❆❧t❤♦✉❣❤ t❤❡ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st
②❡❛rs✱ t❤❡r❡ ✐s st✐❧❧ ❛ ♠✉❧t✐t✉❞❡ ♦❢ ♦♣❡♥ ♣r♦❜❧❡♠s✳ ▼❛②❜❡ ♦♥❡ ♦r ❛♥♦t❤❡r ♦❢ t❤❡s❡ q✉❡st✐♦♥s ❝❛♥ ❜❡
s♦❧✈❡❞ ❜❛s❡❞ ♦♥ t❤✐s t❤❡s✐s✳
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❆ ❈②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r Pr♦❝❡ss

❆❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✽✷✱ ❈❤❛♣t❡r ✷ ❛♥❞ ❆♣♣❡♥❞✐① ❇❪✱ ✇❤❡r❡ ♦♥❡ ❝❛♥ ✜♥❞
♠♦r❡ ❞❡t❛✐❧s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♦❢s✳ ▲❡t K ❛♥❞ H ❜❡ t✇♦ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s
✇✐t❤ ✐♥♥❡r ♣r♦❞✉❝ts ( · , · )K ❛♥❞ ( · , · ) ❛♥❞ ♥♦r♠s ‖ · ‖K ❛♥❞ ‖ · ‖✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t
L(K,H) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ❢r♦♠ K ✐♥t♦ H✱ L(K) := L(K,K) ❛♥❞
(ek)k∈N ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ K✳ ❚❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ♦❢ ❛ K✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡✱ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r Q ∈ L(K) ✇✐t❤ ✜♥✐t❡ tr❛❝❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r
❛❧❧ u, v ∈ K ✐t ❤♦❧❞s t❤❛t

(

Qu, u
)

K
≥ 0,

(

Qu, v
)

K
=
(

u,Qv
)

K
, trQ :=

∞
∑

k=1

(

Qek, ek
)

K
<∞

✭❝♦♠♣❛r❡ ❬✽✷✱ ♣✳ ✻ ❛♥❞ ♣✳ ✶✵✾❪✮✳ ❋♦r ❡❛❝❤ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rQ ∈ L(K) t❤❡r❡ ❡①✐sts ❛♥ ♦rt❤♦♥♦r♠❛❧
❜❛s✐s (ek)k∈N ♦❢K r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢Q ❛♥❞ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s
(λk)k∈N s✉❝❤ t❤❛t Qek = λkek ❢♦r ❛❧❧ k ∈ N ✇✐t❤ λk ≥ 0✱ ❛♥❞ ③❡r♦ ✐s t❤❡ ♦♥❧② ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t
♦❢ t❤❡ s❡q✉❡♥❝❡ (λk)k∈N ✭s❡❡ ❬✽✷✱ ♣✳ ✾✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺❪✮✳ ❚❤❡♥ ❛ K✲✈❛❧✉❡❞ Q✲❲✐❡♥❡r ♣r♦❝❡ss
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

W̃ (t) :=

∞
∑

k=1

√

λkekβk(t), ❢♦r ❛❧❧ t ∈ [0, T ],

✇❤❡r❡ (βk(t))t∈[0,T ] ✇✐t❤ k ∈ {n ∈ N : λn > 0} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲✈❛❧✉❡❞ ❲✐❡♥❡r ♣r♦❝❡ss❡s✳ ❚❤✐s
s❡r✐❡s ❡✈❡♥ ❝♦♥✈❡r❣❡s ✐♥ L2(Ω;C([0, T ];K))✱ ❛♥❞ t❤✉s ❛❧✇❛②s ❤❛s ❛ P ✲❛✳s✳ ❝♦♥t✐♥✉♦✉s ♠♦❞✐✜❝❛t✐♦♥
✭s❡❡ ❬✶✾✱ ♣♣✳ ✽✻✕✽✾❪ ❛♥❞ ❬✽✷✱ ♣✳ ✶✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵❪✮✳

◆❡①t✱ ✭r❡❢❡rr✐♥❣ t♦ ❬✽✷✱ ♣♣✳ ✶✶✵ ❢✳❪✮ ❛♥ ♦♣❡r❛t♦r S ∈ L(K,H) ✐s ❝❛❧❧❡❞ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦r
❢r♦♠ K ✐♥t♦ H✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ S ∈ L2(K,H) ❢♦r s❤♦rt✱ ✐❢ ✐ts ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠ s❛t✐s✜❡s

‖S‖2L2(K,H) :=

∞
∑

k=1

‖Sek‖2 <∞.

■❢ Q ∈ L(K) ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ s②♠♠❡tr✐❝✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t Q
1
2 ∈ L(K)✱

✇❤✐❝❤ ✐s ❛❧s♦ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ s②♠♠❡tr✐❝✱ s✉❝❤ t❤❛t Q
1
2 ◦ Q 1

2 = Q✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐❢ trQ < ∞✱
✐t r❡s✉❧ts t❤❛t Q

1
2 ∈ L2(K) := L2(K,K) ✇✐t❤ ‖Q 1

2 ‖2
L2(K) = trQ ❛♥❞ S ◦ Q 1

2 ∈ L2(K,H) ❢♦r ❛❧❧
S ∈ L(K,H) ✭s❡❡ ❬✽✷✱ ♣✳ ✷✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✹❪✮✳ ❚❤✉s✱ t❤❡ Q✲❲✐❡♥❡r ♣r♦❝❡ss ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧②
st❛t❡❞ ❜②

W̃ (t) :=

∞
∑

k=1

fkβk(t), ❢♦r ❛❧❧ t ∈ [0, T ], ✭❆✳✶✮

✇❤❡r❡ (fk)k∈N ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ ✭t❤❡ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✮ Q
1
2 (K) =: K0 ✇✐t❤ ✐♥♥❡r

♣r♦❞✉❝t
(

u0, v0
)

K0
:=
(

Q− 1
2u0, Q

− 1
2 v0
)

K
❢♦r ❛❧❧ u0, v0 ∈ K0 ✭Q− 1

2 ✐s t❤❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ ♦❢ Q
1
2

✐♥ t❤❡ ❝❛s❡ t❤❛t Q ✐s ♥♦t ♦♥❡✲t♦✲♦♥❡✮✳ ❙✐♥❝❡ t❤❡ ✐♥❝❧✉s✐♦♥ K0 ⊂ K ❞❡✜♥❡s ❛ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
❡♠❜❡❞❞✐♥❣ ❢r♦♠ K0 t♦ K✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ K0 t♦ K ✐s ❛ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
♦♣❡r❛t♦r✱ t❤❡ s❡r✐❡s ✭❆✳✶✮ ❝♦♥✈❡r❣❡s ✐♥ L2(Ω;K) ✭❝♦♠♣❛r❡ ❬✽✷✱ ♣✳ ✷✼ ❛♥❞ ♣✳ ✸✾❪✮✳
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❆✳ ❈②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r Pr♦❝❡ss

◆♦✇✱ ✐❢ Q ❤❛s ♥♦ ✜♥✐t❡ tr❛❝❡ ❛♥② ❧♦♥❣❡r ❛♥❞ ✐s ♥♦ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❛♥②♠♦r❡✱ t❤✐s ❝♦♥✲
✈❡r❣❡♥❝❡ ❣❡ts ❧♦st✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❲✐❡♥❡r ♣r♦❝❡ss✱ t❤❡ s♦✲❝❛❧❧❡❞ ❝②❧✐♥❞r✐❝❛❧
♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ❧❡t K1 ❜❡ ❛ ❢✉rt❤❡r ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ J : K0 → K1 ❛♥♦t❤❡r ❍✐❧❜❡rt✲❙❝❤♠✐❞t
❡♠❜❡❞❞✐♥❣✱ ✇❤✐❝❤ ❛❧✇❛②s ❡①✐st✱ ❢♦r ❡①❛♠♣❧❡✱ ❜② ❝❤♦♦s✐♥❣ K1 := K✱ ❛ s❡q✉❡♥❝❡ (αj)j∈N ♦❢ ♣♦s✐t✐✈❡
r❡❛❧✲✈❛❧✉❡❞ ♥✉♠❜❡rs s✉❝❤ t❤❛t

∑∞
j=1 α

2
j <∞ ❛♥❞ J : K0 → K ❜②

J(u0) :=

∞
∑

j=1

αj

(

u0, fj
)

K0
fj , ❢♦r ❛❧❧ u0 ∈ K0

✭s❡❡ ❬✽✷✱ ♣✳ ✸✾✱ ❘❡♠❛r❦ ✷✳✺✳✶❪✮✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss

W (t) :=
∞
∑

k=1

Jfkβk(t), ❢♦r ❛❧❧ t ∈ [0, T ], ✭❆✳✷✮

✐s ❝❛❧❧❡❞ ❛ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ✐♥ K✳ ❚❤✐s s❡r✐❡s ❝♦♥✈❡r❣❡s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ K1✲✈❛❧✉❡❞
❝♦♥t✐♥✉♦✉s✱ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡s ♦♥ [0, T ]✳ ❉❡✜♥✐♥❣ Q1 := JJ∗✱ ✇❡ ♦❜t❛✐♥ Q1 ∈ L2(K1)
❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✭❆✳✷✮ ✐s ❛ Q1✲❲✐❡♥❡r ♣r♦❝❡ss ♦♥ K1✳ ▼♦r❡♦✈❡r✱ ✐t ❤♦❧❞s t❤❛t

Q
1
2
1 (K1) = J(K0) ❛♥❞ ‖u0‖K0 =

∥

∥

∥Q
− 1

2
1 Ju0

∥

∥

∥

K1

= ‖Ju0‖
Q

1
2
1 K1

, ❢♦r ❛❧❧ u0 ∈ K0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t J : K0 → Q
1
2
1K1 ✐s ❛♥ ✐s♦♠❡tr② ✭s❡❡ ❬✽✷✱ ♣✳ ✹✵✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳✷❪✮✳

❇❛s❡❞ ♦♥ ❬✶✾✱ ♣♣✳ ✾✵✕✾✻❪✱ ❬✸✾✱ ♣♣✳ ✷✸✕✻✶❪ ♦r ❬✽✷✱ ♣♣✳ ✷✶✕✸✹❪✱ ❛ ♣r♦❝❡ss (Φ(t))t∈[0,T ] ✐s ✐♥t❡❣r❛❜❧❡
✇✐t❤ r❡s♣❡❝t t♦ ❛ Q✲❲✐❡♥❡r ♣r♦❝❡ss (W̃ (t))t∈[0,T ] ♦♥ K ✐❢ Φ : Ω× [0, T ] → L2(K0, H) ✐s ♣r❡❞✐❝t❛❜❧❡
❛♥❞ s❛t✐s✜❡s

P

(

∫ T

0

‖Φ(s)‖2L2(K0,H) ds <∞
)

= 1.

❍❡r❡✱ ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✐s ❛♥ ❛r❜✐tr❛r② ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣ ❢r♦♠ (Ω×[0, T ],PT ) ✐♥t♦ (H,B(H))
✇✐t❤ PT := σ ({(s, t]× F : 0 ≤ s < t ≤ T, F ∈ Fs} ∪ {{0} × F0 : F0 ∈ F0})✳ ❚❤❡♥ t❤❡ st♦❝❤❛st✐❝
✐♥t❡❣r❛❧ ✐s ❞❡✜♥❡❞ ❜②

∫ t

0

Φ(s) dW̃ (s) :=

∫ t

0

1(0,τn](s)Φ(s) dW̃ (s), ❢♦r ❛❧❧ t ∈ [0, T ],

✇❤❡r❡ (τn)n∈N ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✇✐t❤ r❡s♣❡❝t t♦ (Ft)t∈[0,T ] ❣✐✈❡♥ ❜②

τn := inf

{

t ∈ [0, T ] :

∫ t

0

‖Φ(s)‖2L2(K0,H) ds > n

}

∧ T.

❙✐♥❝❡ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss (W (t))t∈[0,T ] ✐s ❛ Q1✲❲✐❡♥❡r ♣r♦❝❡ss ♦♥ K1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

(Φ(t))t∈[0,T ] ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ (W (t))t∈[0,T ] ❜② r❡♣❧❛❝✐♥❣ K0 = Q
1
2 (K) ❜② Q

1
2
1 (K1)✳ ❚❤❡

❢❛❝t t❤❛t (Jfk)k∈N ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ J(K0) = Q
1
2
1 (K1) ②✐❡❧❞s t❤❛t Φ ∈ L2(Q

1
2 (K), H) ✐❢

❛♥❞ ♦♥❧② ✐❢ Φ ◦ J−1 ∈ L2(Q
1
2
1 (K1), H)✳ ❚❤✉s✱ ✭s❡❡ ❬✽✷✱ ♣✳ ✹✷❪✮ ✇❡ ❝❛♥ ❞❡✜♥❡

∫ t

0

Φ(s) dW (s) :=

∫ t

0

Φ(s) ◦ J−1 dW (s), ❢♦r ❛❧❧ t ∈ [0, T ]. ✭❆✳✸✮

❘❡♠❛r❦ ❆✳✶✳ ✶■❢ Q ✐s ❛ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ♦♥ K✱ t❤❡ st❛♥❞❛r❞ Q✲❲✐❡♥❡r ♣r♦❝❡ss ❝❛♥ ❛❧s♦ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ❜② s❡tt✐♥❣ J = I : K0 → K ✇❤❡r❡ I ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳
■♥ t❤✐s ❝❛s❡ ❜♦t❤ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ❝♦✐♥❝✐❞❡✳

❘❡♠❛r❦ ❆✳✷✳ ❈♦♠❜✐♥✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭❆✳✷✮ ♦❢ ❛ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ❛♥❞ t❤❡ ❞❡✜✲
♥✐t✐♦♥ ✭❆✳✸✮ ♦❢ ✐ts st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧✱ ✇❡ ❣❡t ❢♦r ❛❧❧ t ∈ [0, T ] t❤❛t
∫ t

0

Φ(s) dW (s) :=

∫ t

0

Φ(s) ◦ J−1 dW (s) =

∞
∑

k=1

∫ t

0

Φ(s) ◦ J−1Jfk dβk(s) =

∞
∑

k=1

∫ t

0

Φ(s)fk dβk(s).

✶Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣✳ ✹✷✱ ❘❡♠❛r❦ ✷✳✺✳✸ ✭✷✮
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❇ ❈♦♥❝❡♣ts ♦❢ ❙♦❧✉t✐♦♥s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ t②♣❡s ♦❢ s♦❧✉t✐♦♥s ❢♦r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ s♦♠❡ ♦❢
t❤❡♠ ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ❬✶✾✱ ✹✷✱ ✹✻✱ ✻✷✱ ✽✷❪✳ ❚❤❡r❡❢♦r❡✱ ❧❡t K ❛♥❞
H ❜❡ t✇♦ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s ✇✐t❤ ✐♥♥❡r ♣r♦❞✉❝ts ( · , · )K ❛♥❞ ( · , · ) ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣
♥♦r♠s ‖ · ‖K ❛♥❞ ‖ · ‖✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t T ∈ R+ ❜❡ ✜①❡❞ ❛♥❞ (W (t))t∈[0,T ] ❛ K✲✈❛❧✉❡❞ ❝②❧✐♥❞r✐❝❛❧
Q✲❲✐❡♥❡r ♣r♦❝❡ss ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮ ♦♥ ❛ ❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡

(

Ω,F , (Ft)t∈[0,T ], P
)

✳
❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dX(t) = [CX(t) + F (X(t))] dt+B(X(t)) dW (t), X(0) = ξ ✭❇✳✶✮

✐♥ H ❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❤❡r❡ C : D(C) ⊂ H → H ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧②
❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣ (St)t∈[0,T ] ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ H✱ F : H → H ✐s B(H)✲♠❡❛s✉r❛❜❧❡✱
B : H → L(K,H) ❛♥❞ ξ ✐s ❛♥ H✲✈❛❧✉❡❞ F0✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❆ss✉♠✐♥❣ t❤❛t ❛❧❧ t❤❡
❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣ts ♦❢ s♦❧✉t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ❇✳✶✳ ✶❆ D(C)✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss (X(t))t∈[0,T ] ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛♥❛❧②t✐❝❛❧❧②
str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭❇✳✶✮ ✐❢

X(t) = ξ +

∫ t

0

[CX(s) + F (X(s))] ds+

∫ t

0

B(X(s)) dW (s)

P ✲❛✳s✳ ❢♦r ❡❛❝❤ t ∈ [0, T ]✳

❉❡✜♥✐t✐♦♥ ❇✳✷✳ ✷❆♥ H✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss (X(t))t∈[0,T ] ✐s ❝❛❧❧❡❞ ❛♥ ❛♥❛❧②t✐❝❛❧❧② ✭♦r ❣❡♥✲
❡r❛❧✐③❡❞✮ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭❇✳✶✮ ✐❢

(

X(t), ζ
)

=
(

ξ, ζ
)

+

∫ t

0

[(

X(s), C∗ζ
)

+
(

F (X(s)), ζ
)]

ds+

∫ t

0

(

B(X(s)) dW (s), ζ
)

P ✲❛✳s✳ ❢♦r ❡❛❝❤ t ∈ [0, T ] ❛♥❞ ζ ∈ D(C∗) = {v ∈ H : C∗v ∈ H}✳

❉❡✜♥✐t✐♦♥ ❇✳✸✳ ✸❆♥ H✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss (X(t))t∈[0,T ] ✐s ❝❛❧❧❡❞ ❛ ♠✐❧❞ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠
✭❇✳✶✮ ✐❢

X(t) = Stξ +

∫ t

0

St−sF (X(s)) ds+

∫ t

0

St−sB(X(s)) dW (s)

P ✲❛✳s✳ ❢♦r ❡❛❝❤ t ∈ [0, T ]✳

❋✐♥❛❧❧②✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✳ ❖♥ t❤❛t ❛❝❝♦✉♥t✱ ❧❡t (V,H, V ∗) ❜❡ ❛ tr✐♣❧❡ ♦❢
r✐❣❣❡❞ ❍✐❧❜❡rt s♣❛❝❡s ✇✐t❤ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s ❡❛❝❤ ✭s❡❡ ❬✽✷✱ ♣✳ ✺✺❪ ♦r ❬✶✵✹✱ ♣♣✳ ✹✶✻ ❢✳❪✮✳ ▼♦r❡♦✈❡r✱
❧❡t C ❜❡ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r A : V → V ∗ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ 〈Au, v〉 ❢♦r ❛❧❧
u, v ∈ V ✳

✶Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣♣✳ ✶✸✸ ❢✳✱ ❉❡✜♥✐t✐♦♥ ❋✳✵✳✷
✷Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣✳ ✶✸✹✱ ❉❡✜♥✐t✐♦♥ ❋✳✵✳✸
✸Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣✳ ✶✸✸✱ ❉❡✜♥✐t✐♦♥ ❋✳✵✳✶

✾✷



❇✳ ❈♦♥❝❡♣ts ♦❢ ❙♦❧✉t✐♦♥s

❉❡✜♥✐t✐♦♥ ❇✳✹✳ ✹✱✺❆ ❝♦♥t✐♥✉♦✉s H✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss (X(t))t∈[0,T ]✱ ✇❤✐❝❤ ✐s ❛❧s♦ ♠❡❛✲
s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ❛♥❞ t❛❦❡s ✈❛❧✉❡s ✐♥ V ✱ ✐s s❛✐❞ t♦ ❜❡ ❛ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠
✭❇✳✶✮ ✐❢

(

X(t), ζ
)

=
(

ξ, ζ
)

+

∫ t

0

[〈

AX(s), ζ
〉

+
(

F (X(s)), ζ
)]

ds+

∫ t

0

(

B(X(s)) dW (s), ζ
)

P ✲❛✳s✳ ❢♦r ❡❛❝❤ t ∈ [0, T ] ❛♥❞ ζ ∈ V ✳

◆♦t✐❝❡ t❤❛t ❡✈❡r② ❛♥❛❧②t✐❝❛❧❧② str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭❇✳✶✮ ✐s ❛❧s♦ ❛♥ ❛♥❛❧②t✐❝❛❧❧② ✇❡❛❦
s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❛ ♠✐❧❞ ❛♥❞ ❛♥ ❛♥❛❧②t✐❝❛❧❧② ✇❡❛❦ s♦❧✉t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❋✉rt❤❡r♠♦r❡✱
❡✈❡r② ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐s ❛ ♠✐❧❞ s♦❧✉t✐♦♥✱ ❜✉t ♥♦t ✈✐❝❡ ✈❡rs❛✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ♦♣❡r❛t♦r C = A
❛♥❞ D(C) = {v ∈ V : Cv ∈ H}✱ t❤❡♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐s ❛♥ ❛♥❛❧②t✐❝❛❧❧② ✇❡❛❦ s♦❧✉t✐♦♥ ❛s
✇❡❧❧✳ ❋♦r ♠♦r❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♦❧✉t✐♦♥s ✇❡ r❡❝♦♠♠❡♥❞ ❬✶✾✱ ♣✳ ✶✶✺✲✶✹✾❪✱
❬✹✻✱ ♣✳ ✻✸✕✼✸❪ ♦r ❬✻✷✱ ❈❤❛♣t❡r ✷❪✳

❘❡♠❛r❦ ❇✳✺✳ ✭❛✮ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛❧s♦ r❡❣❛r❞ ❝♦♠♣❧❡① ❍✐❧❜❡rt s♣❛❝❡s ✇❤✐❝❤
❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❜② t❤❡ ♣❛rt✐t✐♦♥ ✐♥ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt✳
✭❜✮ ■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ❛ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡
♦♣❡r❛t♦r A ❝❤❛♥❣❡s ✐♥t♦ iA := −i∆✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s
❣r♦✉♣ (St)t∈[0,T ] ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ H✳ ❚❤❡ ✜rst t❤r❡❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣ts ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ❢♦r
C := iA ❛♥❞ t❤❡ ❧❛st ♦♥❡ ❢♦r A := iA✳

✹Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣✳ ✼✸✱ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✶
✺●r❡❝❦s❝❤ ✫ ▲✐s❡✐ ❬✹✷❪✱ ♣✳ ✻✸✹✱ ❋♦r♠✉❧❛ ✭✷✮

✾✸



❈ ◆♦r♠ ❙q✉❛r❡ ■tô ❋♦r♠✉❧❛

■♥✐t✐❛❧❧②✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ✐s st❛t❡❞✳

❉❡✜♥✐t✐♦♥ ❈✳✶✳ ✶▲❡t E ❜❡ ❛ s❡♣❛r❛❜❧❡ ❇❛♥❛❝❤ s♣❛❝❡✳ ❚❤❡♥ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss (X(t))t∈[0,T ] ✐s
❝❛❧❧❡❞ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ✐❢ t❤❡ ♠❛♣♣✐♥❣

Ω× [0, t] → (E,B(E)), (ω, s) 7→ X(ω, s)

✐s (Ft × B([0, t]))✲♠❡❛s✉r❛❜❧❡ ❢♦r ❡❛❝❤ t ∈ [0, T ]✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

{(ω, s) : X(ω, s) ∈ A, s ≤ t} ∈ Ft × B([0, t]), ❢♦r ❛❧❧ A ∈ B(E).

◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦r♠ sq✉❛r❡ ■tô ❢♦r♠✉❧❛ ❢♦r ❛ ❍✐❧❜❡rt s♣❛❝❡ H✱ ✇❤✐❝❤ ✐s ✉s❡❞ s❡✈❡r❛❧
t✐♠❡s t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳

▲❡♠♠❛ ❈✳✷✳ ✷▲❡t H ❜❡ ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡ ✇✐t❤ ✐♥♥❡r ♣r♦❞✉❝t ( · , · )✱ V ❛ r❡✢❡①✐✈❡
❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ V ∗ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ V s✉❝❤ t❤❛t (V,H, V ∗) ❞❡✜♥❡s ❛ ●❡❧❢❛♥❞ tr✐♣❧❡ ❛♥❞ 〈 · , · 〉
❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ♦❢ V ∗ ❛♥❞ V ✳ ▼♦r❡♦✈❡r✱ ❧❡t K ❛❧s♦ ❜❡ ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✱
X0 ∈ L2(Ω;H) ❜❡ F0✲♠❡❛s✉r❛❜❧❡✱ Y ∈ L2(Ω × [0, T ];V ∗) ❛♥❞ Z ∈ L2(Ω × [0, T ];L2(K,H)) ❜❡
♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss❡s ❛♥❞ (W (t))t∈[0,T ] ❛ K✲✈❛❧✉❡❞ Ft✲❛❞❛♣t❡❞ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r
♣r♦❝❡ss✳ ❲❡ ❞❡✜♥❡

X(t) := X0 +

∫ t

0

Y (s) ds+

∫ t

0

Z(s) dW (s)

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ ❛♥❞ ✇❡ ❝❤♦♦s❡ t❤❡ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ✈❡rs✐♦♥ ♦❢
X ∈ L2(Ω× [0, T ];V )✳ ❚❤❡♥ (X(t))t∈[0,T ] ✐s ❛♥ H✲✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss ✇✐t❤

E sup
t∈[0,T ]

‖X(t)‖2 <∞,

❛♥❞ ✐t ❤♦❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ■tô ❢♦r♠✉❧❛ ❢♦r t❤❡ sq✉❛r❡ ♦❢ ✐ts H✲♥♦r♠

‖X(t)‖2 = ‖X0‖2+2

∫ t

0

〈

Y (s), X(s)
〉

ds+2

∫ t

0

(

Z(s) dW (s), X(s)
)

+

∫ t

0

‖Z(s)‖2L2(K,H) ds ✭❈✳✶✮

P ✲❛✳s✳ ❢♦r ❛❧❧ t ∈ [0, T ]✳

❘❡❣❛r❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝②❧✐♥❞r✐❝❛❧ ❲✐❡♥❡r ♣r♦❝❡ss ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (ej)j∈N

♦❢ K ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲✈❛❧✉❡❞ ❲✐❡♥❡r ♣r♦❝❡ss❡s ((βj(t))t∈[0,T ])j∈N ✭❝♦♠♣❛r❡
❆♣♣❡♥❞✐① ❆✮✱ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐s ❣✐✈❡♥ ❜②

∫ t

0

(

Z(s) dW (s), X(s)
)

:=

∞
∑

j=1

∫ t

0

(

Z(s)ej , X(s)
)

dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ].

❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦♠♣❧❡① s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❤♦✇ t❤❡ ♥♦r♠ sq✉❛r❡
■tô ❢♦r♠✉❧❛ ❝❤❛♥❣❡s ✐♥ t❤✐s ❝❛s❡✳

✶❉❛ Pr❛t♦ ✫ ❩❛❜❝③②❦ ❬✶✾❪✱ ♣✳ ✼✺
✷Pré✈ôt ✫ ❘ö❝❦♥❡r ❬✽✷❪✱ ♣✳ ✼✺✱ ❚❤❡♦r❡♠ ✹✳✷✳✺

✾✹



❈✳ ◆♦r♠ ❙q✉❛r❡ ■tô ❋♦r♠✉❧❛

❘❡♠❛r❦ ❈✳✸✳ ❘❡♣❧❛❝❡ t❤❡ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s H ❛♥❞ V ✐♥ ▲❡♠♠❛ ❈✳✷ ❜② ❝♦♠♣❧❡①
s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✱ ❧❡t ❛❧❧ t❤❡ ♦t❤❡r ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ❈✳✷ ❜❡ s❛t✐s✜❡❞ ✭❧❡t ❡s♣❡❝✐❛❧❧② K
❜❡ ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✮ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠

X(t) = X0 +

∫ t

0

[

Y1(s) + iY2(s)
]

ds+

∫ t

0

[

Z1(s) + iZ2(s)
]

dW (s)

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❚❤❡♥ ❛❧❧ t❤❡ ❛ss❡rt✐♦♥s ♦❢ ▲❡♠♠❛ ❈✳✷ ❛r❡ st✐❧❧ tr✉❡ ❛♥❞
✭❜② ❝❤♦♦s✐♥❣ t❤❡ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ✈❡rs✐♦♥ ♦❢ X ∈ L2(Ω × [0, T ];V )✮ t❤❡ ♥♦r♠ sq✉❛r❡ ■tô
❢♦r♠✉❧❛ ✭❈✳✶✮ ❝❤❛♥❣❡s t♦

‖X(t)‖2 = ‖X0‖2 + 2Re

∫ t

0

〈

Y1(s), X(s)
〉

ds− 2 Im

∫ t

0

〈

Y2(s), X(s)
〉

ds

+ 2Re

∫ t

0

(

Z1(s) dW (s), X(s)
)

− 2 Im

∫ t

0

(

Z2(s) dW (s), X(s)
)

+

∫ t

0

‖Z1(s) + iZ2(s)‖2L2(K,H) ds

✭❈✳✷✮

P ✲❛✳s✳ ❢♦r ❛❧❧ t ∈ [0, T ]✳

✾✺



❉ ■♠♣♦rt❛♥t ■♥❡q✉❛❧✐t✐❡s

❍❡r❡✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ r❡s✉❧ts ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ t❤❡s✐s✳

▲❡♠♠❛ ❉✳✶✳ ▲❡t x, y ≥ 0 ❛♥❞ q > 0✱ t❤❡♥ (x+ y)q ≤ 2q (xq + yq)✳

Pr♦♦❢✳ ❚❤❡ r❡❧❛t✐♦♥ 0 ≤ x+ y ≤ 2max{x, y} ✐♠♣❧✐❡s ❢♦r q > 0 t❤❛t

(x+ y)q ≤ 2q (max{x, y})q ≤ 2q (xq + yq) .

▲❡♠♠❛ ❉✳✷✳ ❋♦r v ∈ V ✐t ❤♦❧❞s t❤❛t

sup
x∈[0,1]

|v(x)|2 ≤ ‖v‖
(

‖v‖+ 2

∥

∥

∥

∥

dv

dx

∥

∥

∥

∥

)

≤ 2‖v‖2V .

Pr♦♦❢✳ ❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❬✸✻✱ ▲❡♠♠❛ ✶✳✶❪ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♦❜✈✐♦✉s✳

▲❡♠♠❛ ❉✳✸✳ ❋♦r σ ∈ (0, 2) ❛♥❞ Z ∈ C([0, T ];H) ∩ L2([0, T ];V ) ✇❡ ❤❛✈❡

∫ T

0

sup
x∈[0,1]

|Z(s, x)|2σ ds ≤ C(σ, T )

[

sup
s∈[0,T ]

‖Z(s)‖2σ +

(

∫ T

0

‖Z(s)‖2V ds
)σ]

,

✇❤❡r❡ C(σ, T ) := 2σT max{2σ−1 + 1; 2σ−1T−σ}✳
Pr♦♦❢✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t σ ∈ (0, 2) ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ❉✳✷✱ ▲❡♠♠❛ ❉✳✶✱ t❤❡ ♣r♦♣❡rt② t❤❛t
‖ ∂
∂x
Z(s)‖σ ≤ ‖Z(s)‖σV ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❢♦r ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ✇r✐t❡

∫ T

0

sup
x∈[0,1]

|Z(s, x)|2σ ds

≤
∫ T

0

(

‖Z(s)‖2 + 2‖Z(s)‖
∥

∥

∥

∥

∂

∂x
Z(s)

∥

∥

∥

∥

)σ

ds

≤ 2σ

[

∫ T

0

‖Z(s)‖2σ ds+ 2σ
∫ T

0

‖Z(s)‖σ
∥

∥

∥

∥

∂

∂x
Z(s)

∥

∥

∥

∥

σ

ds

]

≤ 2σ



T sup
s∈[0,T ]

‖Z(s)‖2σ + 2σ sup
s∈[0,T ]

‖Z(s)‖σ T 1−σ

2

(

∫ T

0

‖Z(s)‖2V ds
)

σ

2



 .

◆♦✇✱ ✇❡ ❛♣♣❧② t❤❡ ✐♥❡q✉❛❧✐t② ab ≤ 1
2a

2 + 1
2b

2 ❢♦r a, b ∈ R ❛♥❞ ♦❜t❛✐♥
∫ T

0

sup
x∈[0,1]

|Z(s, x)|2σ ds

≤ 2σT

[

sup
s∈[0,T ]

‖Z(s)‖2σ + 2σ

(

1

2
sup

s∈[0,T ]

‖Z(s)‖2σ +
1

2
T−σ

(

∫ T

0

‖Z(s)‖2V ds
)σ)]

≤ 2σT max
{

2σ−1 + 1; 2σ−1T−σ
}

[

sup
s∈[0,T ]

‖Z(s)‖2σ +

(

∫ T

0

‖Z(s)‖2V ds
)σ]

.

❇② ❝❤♦♦s✐♥❣ C(σ, T ) := 2σT max{2σ−1 + 1; 2σ−1T−σ}✱ t❤❡ ❛ss❡rt✐♦♥ ❡♥s✉❡s✳

✾✻



❉✳ ■♠♣♦rt❛♥t ■♥❡q✉❛❧✐t✐❡s

▲❡♠♠❛ ❉✳✹✳ ❋♦r z1, z2 ∈ C t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❢✉❧✜❧❧❡❞

✭❛✮
∣

∣|z1|2σz1 − |z2|2σz2
∣

∣ ≤ 5
2

(

|z1|2σ + |z2|2σ
)

|z1 − z2|, ❢♦r ❛❧❧ σ ∈ (0, 2)✱

✭❜✮
∣

∣|z1|2σz1 − |z2|2σz2
∣

∣ ≤ 2σ
(

|z1|2σ + |z2|2σ
)

|z1 − z2|, ❢♦r ❛❧❧ σ ≥ 1
2 ✳

Pr♦♦❢✳ ✭❛✮ ■♥ t❤❡ ❝❛s❡ |z1| = |z2| t❤❡ ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s✳ ❍❡♥❝❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡

❝♦♥s✐❞❡r |z1| < |z2| t❤❛t ❡♥t❛✐❧s 1−
∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

σ

2

≤ 1−
∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

❢♦r ❛❧❧ σ ∈ (0, 2)✳ ❚❤❡♥ ✇❡ ❤❛✈❡

∣

∣|z1|2σz1 − |z2|2σz2
∣

∣ =
∣

∣|z1|2σ(z1 − z2) + z2
(

|z1|2σ − |z2|2σ
)∣

∣

=
∣

∣|z1|2σ(z1 − z2) + z2 (|z1|σ + |z2|σ) (|z1|σ − |z2|σ)
∣

∣

≤ |z1|2σ|z1 − z2|+ |z2|
σ

2 +1 (|z1|σ + |z2|σ)
∣

∣

∣

∣

|z1|σ
|z2|

σ

2
− |z2|

σ

2

∣

∣

∣

∣

= |z1|2σ|z1 − z2|+ |z2|
σ

2 +1 (|z1|σ + |z2|σ)
(

|z1|
σ

2 + |z2|
σ

2

)

(

1−
∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

σ

2

)

≤ |z1|2σ|z1 − z2|+ |z2|
σ

2 +1 (|z1|σ + |z2|σ)
(

|z1|
σ

2 + |z2|
σ

2

)

(

1−
∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

)

= |z1|2σ|z1 − z2|+ |z2|
σ

2 (|z1|σ + |z2|σ)
(

|z1|
σ

2 + |z2|
σ

2

)

(|z2| − |z1|)
≤ |z1|2σ|z1 − z2|+ |z2|

σ

2 (|z1|σ + |z2|σ)
(

|z1|
σ

2 + |z2|
σ

2

)

|z2 − z1|

=
(

|z1|2σ + |z1|
3
2σ|z2|

σ

2 + |z1|σ|z2|σ + |z1|
σ

2 |z2|
3
2σ + |z2|2σ

)

|z1 − z2|

≤ 5

2

(

|z1|2σ + |z2|2σ
)

|z1 − z2|,

✇❤❡r❡ ✇❡ ✉s❡❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛t t❤❡ ✜♥❛❧ st❡♣✳

✭❜✮ ■♥✐t✐❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❡ ❛✉①✐❧✐❛r② ✐♥❡q✉❛❧✐t②

xs − 1 ≤ s(x− 1)xs−1, ❢♦r ❛❧❧ x ≥ 1 ❛♥❞ ❛❧❧ s ≥ 1. ✭❉✳✶✮

❚❤❡r❡❢♦r❡✱ ✇❡ r❡❣❛r❞ F : [1,∞) → R ❞❡✜♥❡❞ ❜② F (x) := (s − 1)xs − sxs−1 + 1 ✇✐t❤ F (1) = 0✳
❈❛❧❝✉❧❛t✐♥❣ ✐ts ✜rst ❞❡r✐✈❛t✐✈❡✱ ✇❡ ❣❡t F ′(x) = s(s − 1)xs−2(x − 1)✱ ✇❤✐❝❤ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❢♦r ❛❧❧
x ≥ 1 ❛♥❞ ❛❧❧ s ≥ 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t F ✐s ❛ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ♦♥
[1,∞) ❛♥❞ F (x) ≥ F (1) ❢♦r ❛❧❧ x ≥ 1✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ✐♥❡q✉❛❧✐t② ✭❉✳✶✮ ❜② r❡❛rr❛♥❣✐♥❣ t❤❡ r❡❧❛t✐♦♥

F (x) = (s− 1)xs − sxs−1 + 1 ≥ 0 = F (1), ❢♦r ❛❧❧ x ≥ 1 ❛♥❞ ❛❧❧ s ≥ 1.

◆♦✇✱ ✇❡ ❢❛❝❡ t❤❡ ❛ss❡rt✐♦♥ ♦❢ ♦✉r ❧❡♠♠❛ ❛♥❞ ❛ss✉♠❡ t❤❛t |z1| > |z2| ❛♥❞ z2 6= 0 s✐♥❝❡ ✐♥ t❤❡ ❝❛s❡
|z1| = |z2| ♦r |z2| = 0 t❤❡ ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s✳ ❉✉❡ t♦

∣

∣|z1|2σz1 − |z2|2σz2
∣

∣ ≤ |z1|2σ|z1 − z2|+
(

|z1|2σ − |z2|2σ
)

|z2|

❛♥❞ ✐♥❡q✉❛❧✐t② ✭❉✳✶✮ ❛♣♣❧✐❡❞ ❢♦r x =

∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

❛♥❞ s = 2σ t❤❛t ②✐❡❧❞s

|z1|2σ − |z2|2σ ≤ 2σ (|z1| − |z2|) |z1|2σ−1 ≤ 2σ|z1 − z2||z1|2σ−1, ❢♦r ❛❧❧ σ ≥ 1

2
,

✇❡ r❡❝❡✐✈❡ ✇✐t❤ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② t❤❛t
∣

∣|z1|2σz1 − |z2|2σz2
∣

∣ ≤
(

|z1|2σ + 2σ|z1|2σ−1|z2|
)

|z1 − z2|

≤
(

|z1|2σ + 2σ

[

2σ − 1

2σ
|z1|2σ +

1

2σ
|z2|2σ

])

|z1 − z2|

≤ 2σ
(

|z1|2σ + |z2|2σ
)

|z1 − z2|.

✾✼



❉✳ ■♠♣♦rt❛♥t ■♥❡q✉❛❧✐t✐❡s

▲❡♠♠❛ ❉✳✺✳ ▲❡t z1 ❛♥❞ z2 ❜❡ t✇♦ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ♥✉♠❜❡rs ❛♥❞ σ > 0✱ t❤❡♥

Re
{(

|z1|2σz1 − |z2|2σz2
)

(z1 − z2)
}

≥ 0.

Pr♦♦❢✳ ❊①♣r❡ss✐♥❣ z1, z2 ∈ C ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ ✐t r❡s✉❧ts t❤❛t z1 := r1[cosα1 + i sinα1] ❛♥❞
z2 := r2[cosα2 + i sinα2] ✇✐t❤ r1, r2 ≥ 0 ❛♥❞ α1, α2 ∈ [0, 2π)✳ ❇② ✉s✐♥❣ t❤❡ P②t❤❛❣♦r❡❛♥ ✐❞❡♥t✐t②✱
tr✐❣♦♥♦♠❡tr✐❝ ❢♦r♠✉❧❛s ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❝♦❞♦♠❛✐♥ ♦❢ t❤❡ ❝♦s✐♥❡ ❢✉♥❝t✐♦♥ ✐s [−1, 1]✱
✇❡ ❝♦♠♣✉t❡

Re
{(

|z1|2σz1 − |z2|2σz2
)

(z1 − z2)
}

=Re
{(

r2σ+1
1 [cosα1 + i sinα1]− r2σ+1

2 [cosα2 + i sinα2]
)

·
(

r1[cosα1 − i sinα1]− r2[cosα2 − i sinα2]
)}

=Re
{

r2σ+2
1 − r2σ+1

1 r2 [cos(α1 − α2) + i sin(α1 − α2)]

− r1r
2σ+1
2 [cos(α1 − α2)− i sin(α1 − α2)] + r2σ+2

2

}

= r2σ+2
1 − r2σ+1

1 r2 cos(α1 − α2)− r1r
2σ+1
2 cos(α1 − α2) + r2σ+2

2

≥ r2σ+2
1 − r2σ+1

1 r2 − r1r
2σ+1
2 + r2σ+2

2 =
(

r2σ+1
1 − r2σ+1

2

)

(r1 − r2) ≥ 0.

▲❡♠♠❛ ❉✳✻✳ ▲❡t v ∈ V s✉❝❤ t❤❛t Av ∈ H ❛♥❞ ❧❡t σ ≥ 1✱ t❤❡♥ Re
{(

|v|2σv,Av
)}

≥ 0✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t Re
{(

|v|2σv,Av
)}

= Re
{(

Av, |v|2σv
)}

= Re
{(

Av, |v|2σv
)}

✳ ❋♦r t❤❡ s❛❦❡ ♦❢
s✐♠♣❧✐❝✐t②✱ ✇❡ ♦♠✐t t♦ ✇r✐t❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ v ∈ V ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ x ✐♥ t❤✐s ♣r♦♦❢✳ ■t
❤♦❧❞s t❤❛t |v|2σv ∈ V ❢♦r ❛❧❧ v ∈ V s✉❝❤ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r A ❛♥❞ t❤❡ r❡❧❛t✐♦♥
d
dx
|v|2 =

(

d
dx
v
)

v + v
(

d
dx
v
)

❡♥t❛✐❧ ❢♦r σ > 1 t❤❛t

(

Av, |v|2σv
)

=
〈

Av, |v|2σv
〉

=

∫ 1

0

(

d

dx
v

)(

d

dx
(vσvσ+1)

)

dx

=

∫ 1

0

[

σ|v|2(σ−1)v2
(

d

dx
v

)2

+ (σ + 1)|v|2σ
(

d

dx
v

)(

d

dx
v

)

]

dx

= σ

∫ 1

0

|v|2(σ−1) v

(

d

dx
v

)[

v

(

d

dx
v

)

+ v

(

d

dx
v

)]

dx+

∫ 1

0

|v|2σ
∣

∣

∣

∣

d

dx
v

∣

∣

∣

∣

2

dx

= σ

∫ 1

0

|v|2(σ−1) v

(

d

dx
v

)(

d

dx
|v|2
)

dx+

∫ 1

0

|v|2σ
∣

∣

∣

∣

d

dx
v

∣

∣

∣

∣

2

dx.

❇❡❝❛✉s❡ ♦❢

Re

{

v

(

d

dx
v

)}

=
1

2

[

v

(

d

dx
v

)

+ v

(

d

dx
v

)]

=
1

2

(

d

dx
|v|2
)

,

♦♥❡ ♦❜t❛✐♥s ❜② t❛❦✐♥❣ t❤❡ r❡❛❧ ♣❛rt t❤❛t

Re
{(

Av, |v|2σv
)}

= σ

∫ 1

0

|v|2(σ−1) Re

{

v

(

d

dx
v

)}(

d

dx
|v|2
)

dx+

∫ 1

0

|v|2σ
∣

∣

∣

∣

d

dx
v

∣

∣

∣

∣

2

dx

=
1

2
σ

∫ 1

0

|v|2(σ−1)

(

d

dx
|v|2
)2

dx+

∫ 1

0

|v|2σ
∣

∣

∣

∣

d

dx
v

∣

∣

∣

∣

2

dx,

✇❤✐❝❤ ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ σ = 1 t❤❡ t❡r♠ |v|2(σ−1) ❞♦❡s ♥♦t ❛♣♣❡❛r s✉❝❤ t❤❛t t❤❡
s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ②✐❡❧❞

Re
{(

Av, |v|2v
)}

=
1

2

∫ 1

0

(

d

dx
|v|2
)2

dx+

∫ 1

0

|v|2
∣

∣

∣

∣

d

dx
v

∣

∣

∣

∣

2

dx ≥ 0.

✾✽



❊ ❉❡t❛✐❧s ♦❢ ●❡♥❡r❛❧✐③❡❞ ❉r✐❢t ❋✉♥❝t✐♦♥

❲❡ ❝❛♥ ❝❤♦♦s❡ f : V → H ❞❡✜♥❡❞ ❜② f(v) := F (|v|2)v ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❞r✐❢t t❡r♠ ✐♥ t❤❡ st♦❝❤❛st✐❝
❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠ ✭✷✳✶✼✮✳ ❍❡r❡✱ F : [0,∞) → [0,∞) ✐s ♦♥❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤
F ′(x) ≥ 0 ❢♦r ❛❧❧ x ≥ 0✱ ❛♥❞ t❤❡r❡ ❡①✐st C > 0 ❛♥❞ σ > 1 s✉❝❤ t❤❛t

|F (x1)− F (x2)| ≤ C
(

1 + |x1|σ−1 + |x2|σ−1
)

|x1 − x2|, ❢♦r ❛❧❧ x1, x2 ≥ 0. ✭❊✳✶✮

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②✱ t❤❡ ❝❛s❡ σ = 1 ♠❛② ❛❧s♦ ❜❡ ✐♥❝❧✉❞❡❞✳ ◆♦✇✱
✇❡ ✐♥❞✐❝❛t❡ ❤♦✇ t♦ ❞❡r✐✈❡ t❤❡ ♥❡❝❡ss❛r② ✐♥❡q✉❛❧✐t✐❡s st❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✷✳✶✷✳

▲❡♠♠❛ ❊✳✶✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ✐t ❤♦❧❞s t❤❛t

‖f(v)‖ ≤ C(σ)
(

1 + ‖v‖2σ+1
V

)

, ❢♦r ❛❧❧ v ∈ V,

‖f(u)− f(v)‖ ≤ C(σ)
(

1 + ‖u‖2σV + ‖v‖2σV
)

‖u− v‖, ❢♦r ❛❧❧ u, v ∈ V.

Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛♥ ❛✉①✐❧✐❛r② st❛t❡♠❡♥t✳ ❇❛s❡❞ ♦♥ r❡❧❛t✐♦♥ ✭❊✳✶✮✱ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞
▲❡♠♠❛ ❉✳✷✱ ✐t r❡s✉❧ts ❢♦r ❛❧❧ v ∈ V t❤❛t

∥

∥F (|v|2)
∥

∥

2
=

∫ 1

0

∣

∣F (|v(x)|2)− F (0) + F (0)
∣

∣

2
dx

≤ 2

∫ 1

0

∣

∣F (|v(x)|2)− F (0)
∣

∣

2
dx+ 2

∫ 1

0

|F (0)|2 dx

≤ 2C2

∫ 1

0

(

1 + |v(x)|2(σ−1)
)2

|v(x)|4 dx+ 2F 2(0)

≤ 4C2

∫ 1

0

(

|v(x)|4 + |v(x)|4σ
)

dx+ 2F 2(0)

≤ 4C2 sup
x∈[0,1]

(

|v(x)|4 + |v(x)|4σ
)

+ 2F 2(0)

≤ 4C2 sup
x∈[0,1]

(

σ − 1

σ
+
σ + 1

σ
|v(x)|4σ

)

+ 2F 2(0)

≤ 2

(

F 2(0) + 2C2σ − 1

σ
+ 22σ+1C2σ + 1

σ
‖v‖4σV

)

≤C(σ)
(

1 + ‖v‖4σV
)

.

❚❤❡♥ ▲❡♠♠❛ ❉✳✷✱ t❤❡ ❧❛st ❡st✐♠❛t❡ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛r❡ ✉s❡❞ t♦ ❞❡r✐✈❡

‖f(v)‖2 =

∫ 1

0

∣

∣F (|v(x)|2)
∣

∣

2 |v(x)|2 dx ≤ sup
x∈[0,1]

|v(x)|2
∫ 1

0

∣

∣F (|v(x)|2)
∣

∣

2
dx ≤ 2‖v‖2V

∥

∥F (|v|2)
∥

∥

2

≤ 2C(σ)
(

‖v‖2V + ‖v‖4σ+2
V

)

≤ 2C(σ)

(

2σ

2σ + 1
+

2σ + 2

2σ + 1
‖v‖4σ+2

V

)

≤ C(σ)
(

1 + ‖v‖4σ+2
V

)

❢♦r ❛❧❧ v ∈ V ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ✭✷✳✶✽✮ ❣✐✈❡♥ ❜②

‖f(v)‖ ≤ C(σ)
(

1 + ‖v‖2σ+1
V

)

, ❢♦r ❛❧❧ v ∈ V.

✾✾



❊✳ ❉❡t❛✐❧s ♦❢ ●❡♥❡r❛❧✐③❡❞ ❉r✐❢t ❋✉♥❝t✐♦♥

❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ❧✐❦❡ ✐♥ t❤❡ ❛✉①✐❧✐❛r② ✐♥❡q✉❛❧✐t② s✉❝❤ t❤❛t

‖f(v)‖2 =

∫ 1

0

∣

∣F (|v(x)|2)
∣

∣

2 |v(x)|2 dx =

∫ 1

0

∣

∣F (|v(x)|2)− F (0) + F (0)
∣

∣

2 |v(x)|2 dx

≤ 2

∫ 1

0

∣

∣F (|v(x)|2)− F (0)
∣

∣

2 |v(x)|2 dx+ 2

∫ 1

0

|F (0)|2|v(x)|2 dx

≤ 2C2

∫ 1

0

(

1 + |v(x)|2(σ−1)
)2

|v(x)|4|v(x)|2 dx+ 2F 2(0)‖v‖2

≤ 4C2

∫ 1

0

(

|v(x)|4 + |v(x)|4σ
)

|v(x)|2 dx+ 2F 2(0)‖v‖2

≤ 4C2 sup
x∈[0,1]

(

|v(x)|4 + |v(x)|4σ
)

‖v‖2 + 2F 2(0)‖v‖2

≤ 4C2 sup
x∈[0,1]

(

σ − 1

σ
+
σ + 1

σ
|v(x)|4σ

)

‖v‖2 + 2F 2(0)‖v‖2

≤ 2

(

F 2(0) + 2C2σ − 1

σ
+ 22σ+1C2σ + 1

σ
‖v‖4σV

)

‖v‖2

≤C(σ)
(

1 + ‖v‖4σV
)

‖v‖2, ❢♦r ❛❧❧ v ∈ V.

❚❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ r❡❧❛t✐♦♥ ✭❊✳✶✮ ❛r❡ ♥❡❝❡ss❛r② t♦ ❝❛❧❝✉❧❛t❡ ❢♦r ❛❧❧ u, v ∈ V t❤❛t

‖f(u)− f(v)‖2 =

∫ 1

0

∣

∣

[

F (|u(x)|2)− F (|v(x)|2)
]

u(x) + F (|v(x)|2) [u(x)− v(x)]
∣

∣

2
dx

≤ 2

∫ 1

0

∣

∣F (|u(x)|2)− F (|v(x)|2)
∣

∣

2 |u(x)|2 dx+ 2

∫ 1

0

∣

∣F (|v(x)|2)
∣

∣

2 |u(x)− v(x)|2 dx

≤ 2 sup
x∈[0,1]

|u(x)|2
∥

∥F (|u|2)− F (|v|2)
∥

∥

2
+ 2C(σ)

(

1 + ‖v‖4σV
)

‖u− v‖2

≤ 4C2‖u‖2V
∫ 1

0

(

1 + |u(x)|2(σ−1) + |v(x)|2(σ−1)
)2
∣

∣|u(x)|2 − |v(x)|2
∣

∣

2
dx

+ 2C(σ)
(

1 + ‖v‖4σV
)

‖u− v‖2.
❍❛✈✐♥❣ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ✜rst t❡r♠ ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ❉✳✷ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✐t ❤♦❧❞s ❢♦r
❛❧❧ u, v ∈ V t❤❛t

4C2‖u‖2V
∫ 1

0

(

1 + |u(x)|2(σ−1) + |v(x)|2(σ−1)
)2
∣

∣|u(x)|2 − |v(x)|2
∣

∣

2
dx

≤ 16C2‖u‖2V
∫ 1

0

(

1 + |u(x)|4(σ−1) + |v(x)|4(σ−1)
)

(|u(x)|+ |v(x)|)2 ||u(x)| − |v(x)||2 dx

≤ 16C2‖u‖2V
∫ 1

0

(

1 + |u(x)|4(σ−1) + |v(x)|4(σ−1)
)

2
(

|u(x)|2 + |v(x)|2
)

|u(x)− v(x)|2 dx

≤ 32C2‖u‖2V sup
x∈[0,1]

(

1 + |u(x)|4(σ−1) + |v(x)|4(σ−1)
)

sup
x∈[0,1]

(

|u(x)|2 + |v(x)|2
)

‖u− v‖2

≤ 16 · 22σC2‖u‖2V
(

1 + ‖u‖4(σ−1)
V + ‖v‖4(σ−1)

V

)

(

‖u‖2V + ‖v‖2V
)

‖u− v‖2

≤ 22σ+4C2
(

‖u‖4V + ‖u‖2V ‖v‖2V + ‖u‖4σV + ‖u‖4σ−2
V ‖v‖2V + ‖u‖4V ‖v‖4σ−4

V + ‖u‖2V ‖v‖4σ−2
V

)

‖u− v‖2

≤C(σ)
(

1 + ‖u‖4σV + ‖v‖4σV
)

‖u− v‖2 .
❚❤✉s✱ ✇❡ ❣❡t

‖f(u)− f(v)‖2 ≤ C(σ)
(

1 + ‖u‖4σV + ‖v‖4σV
)

‖u− v‖2, ❢♦r ❛❧❧ u, v,∈ V,

❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ✭✷✳✶✾✮ st❛t❡❞ ❜②

‖f(u)− f(v)‖ ≤ C(σ)
(

1 + ‖u‖2σV + ‖v‖2σV
)

‖u− v‖, ❢♦r ❛❧❧ u, v ∈ V.

✶✵✵



❊✳ ❉❡t❛✐❧s ♦❢ ●❡♥❡r❛❧✐③❡❞ ❉r✐❢t ❋✉♥❝t✐♦♥

▲❡♠♠❛ ❊✳✷✳ ▼♦r❡♦✈❡r✱ ✇❡ ❣❡t r❡s✉❧ts ❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ❉✳✺ ❛♥❞ ▲❡♠♠❛ ❉✳✻ ❝♦♥st✐t✉t❡❞ ❜②

Re
{(

F (|z1|2)z1 − F (|z2|2)z2
)

(z1 − z2)
}

≥ 0, ❢♦r ❛❧❧ z1, z2 ∈ C,

Re
{(

F (|v|2)v,Av
)}

≥ 0, ❢♦r ❡❛❝❤ v ∈ V s✉❝❤ t❤❛t Av ∈ H.

Pr♦♦❢✳ ❚♦ s❤♦✇ t❤❡ ✜rst r❡s✉❧t✱ ✇❡ r❡❣❛r❞ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t✇♦ ❝♦♠♣❧❡①✲✈❛❧✉❡❞
♥✉♠❜❡rs z1 := r1[cosα1+i sinα2] ❛♥❞ z2 := r2[cosα2+i sinα2] ✇✐t❤ r1, r2 ≥ 0 ❛♥❞ α1, α2 ∈ [0, 2π)✱
❢♦❧❧♦✇ t❤❡ ✐❞❡❛s ♦❢ ▲❡♠♠❛ ❉✳✺ ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t F ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥
✇❡ ♦❜t❛✐♥

Re
{(

F (|z1|2)z1 − F (|z2|2)z2
)

(z1 − z2)
}

= Re
{(

F (r21)r1[cosα1 + i sinα1]− F (r22)r2[cosα2 + i sinα2]
)

·
(

r1[cosα1 − i sinα1]− r2[cosα2 − i sinα2]
)}

= Re
{

F (r21)r
2
1 − F (r21)r1r2 [cos(α1 − α2)− i sin(α1 − α2)]

− F (r22)r1r2 [cos(α1 − α2)− i sin(α1 − α2)] + F (r22)r
2
2

}

=F (r21)r
2
1 − F (r21)r1r2 cos(α1 − α2)− F (r22)r1r2 cos(α1 − α2) + F (r22)r

2
2

≥F (r11)r
2
1 − F (r21)r1r2 − F (r22)r1r2 + F (r22)r

2
2 =

(

F (r21)r1 − F (r22)r2
)

(r1 − r2) ≥ 0.

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ F ❛♥❞ F ′ ❛r❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❞✉❡ t♦

Re

{(

d

dx
v(x)

)

v(x)

}

=
1

2

[(

d

dx
v(x)

)

v(x) + v(x)

(

d

dx
v(x)

)]

=
1

2

(

d

dx
|v(x)|2

)

,

♦♥❡ ♣r♦✈❡s s✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ❉✳✻ t❤❛t

Re
{(

F (|v|2)v,Av
)}

= Re
{

(

Av, F (|v|2)v
)

}

= Re
{(

Av, F (|v|2)v
)}

=Re
{〈

Av, F (|v|2)v
〉}

= Re

{∫ 1

0

(

d

dx
v(x)

)(

d

dx

[

F (|v(x)|2) v(x)
]

)

dx

}

=Re







∫ 1

0

(

d

dx
v(x)

)





(

d

dy
F (y)

∣

∣

∣

∣

y=|v(x)|2

)(

d

dx
|v(x)|2

)

v(x) + F (|v(x)|2)
(

d

dx
v(x)

)



 dx







=

∫ 1

0

(

d

dy
F (y)

∣

∣

∣

∣

y=|v(x)|2

)(

d

dx
|v(x)|2

)

Re

{(

d

dx
v(x)

)

v(x)

}

dx+

∫ 1

0

F (|v(x)|2)
∣

∣

∣

∣

d

dx
v(x)

∣

∣

∣

∣

2

dx

=
1

2

∫ 1

0

(

d

dy
F (y)

∣

∣

∣

∣

y=|v(x)|2

)(

d

dx
|v(x)|2

)2

dx+

∫ 1

0

F (|v(x)|2)
∣

∣

∣

∣

d

dx
v(x)

∣

∣

∣

∣

2

dx ≥ 0

❢♦r ❛❧❧ v ∈ V s✉❝❤ t❤❛t Av ∈ H✳

✶✵✶



❋ ❇❛s✐❝ ❈♦♥✈❡r❣❡♥❝❡ ❘❡s✉❧ts

▲❡♠♠❛ ❋✳✶✳ ▲❡t (un)n ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L2p(Ω× [0, T ];V ) ✇✐t❤ p ≥ 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐st
❛ s✉❜s❡q✉❡♥❝❡ (un′)n′ ♦❢ (un)n ❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ∈ L2p(Ω × [0, T ];V ) s✉❝❤ t❤❛t (un′)n′ ❝♦♥✈❡r❣❡s
✇❡❛❦❧② t♦ u ✐♥ L2(Ω× [0, T ];H)✱ L2(Ω× [0, T ];V ) ❛♥❞ L2p(Ω× [0, T ];V )✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t L2p(Ω × [0, T ];V ) ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ✭s❡❡ ❬✷✾✱ ♣✳ ✶✵✵✱ ❈♦r♦❧❧❛r② ✷❪✮✳
❍❡♥❝❡✱ ✭r❡❢❡rr✐♥❣ t♦ ❬✶✵✹✱ ♣✳ ✷✺✽✱ Pr♦♣♦s✐t✐♦♥ ✷✶✳✷✸ ✭✐✮❪✮ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ (un′)n′ ♦❢ (un)n
❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ∈ L2p(Ω× [0, T ];V ) s✉❝❤ t❤❛t (un′)n′ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ u ✐♥ L2p(Ω× [0, T ];V )✳
❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣s

L2p(Ω× [0, T ];V ) →֒ L2(Ω× [0, T ];V ) →֒ L2(Ω× [0, T ];H),

✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ (un′)n′ t♦ u ✐♥ L2(Ω× [0, T ];V ) ❛♥❞ L2(Ω× [0, T ];H) ❛s ✇❡❧❧
✭❝♦♠♣❛r❡ ❬✶✵✹✱ ♣✳ ✷✻✺✱ Pr♦♣♦s✐t✐♦♥ ✷✶✳✸✺ ✭❝✮❪✮✳

▲❡♠♠❛ ❋✳✷✳ ▲❡t H ❜❡ ❛ ❝♦♠♣❧❡① s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ♥♦r♠ ‖ · ‖H ❛♥❞ ❧❡t
(un)n ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L∞([0, T ];H)✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ (un′)n′ ♦❢ (un)n
❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ∈ L∞([0, T ];H) s✉❝❤ t❤❛t

∫ T

0

(

un′(t), h
)

H
dt→

∫ T

0

(

u(t), h
)

H
dt, ❢♦r ❛❧❧ h ∈ L1([0, T ];H) ❛s n′ → ∞.

▼♦r❡♦✈❡r✱
ess sup
t∈[0,T ]

‖u(t)‖2H ≤ lim inf
n′→∞

ess sup
t∈[0,T ]

‖un′(t)‖2H.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❞✉❛❧✐t② (L1([0, T ];H))∗ = L∞([0, T ];H∗) ✭st❛t❡❞ ✐♥ ❬✶✵✹✱ ♣✳ ✹✹✾✱
Pr♦❜❧❡♠ ✷✸✳✶✷ ❞❪✮✳ ❇② ❘✐❡s③✬ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❡❧❡♠❡♥ts u ∈ H ❛♥❞ u∗ ∈ H∗ ❣✐✈❡♥ ❜②

u∗(h) =
(

u, h
)

H
, ❢♦r ❛❧❧ h ∈ H, ✭❋✳✶✮

❛♥❞
‖u∗‖H∗ = ‖u‖H.

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (u∗n)n ✐♥ L∞([0, T ];H∗) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜♦✉♥❞❡❞
s❡q✉❡♥❝❡ (un)n ❢r♦♠ L∞([0, T ];H) s✉❝❤ t❤❛t

u∗n(t)(h) =
(

un(t), h
)

H
, ❢♦r ❛✳❡✳ t ∈ [0, T ], ❛❧❧ h ∈ H ❛♥❞ ❛❧❧ n ∈ N, ✭❋✳✷✮

❛♥❞
‖u∗n(t)‖H∗ = ‖un(t)‖H, ❢♦r ❛✳❡✳ t ∈ [0, T ] ❛♥❞ ❛❧❧ n ∈ N. ✭❋✳✸✮

❘❡❣❛r❞✐♥❣ t❤❡ ✇❡❛❦∗ s❡q✉❡♥t✐❛❧ ❝♦♠♣❛❝t♥❡ss ♦❢ L∞([0, T ];H∗) = (L1([0, T ];H))∗ ✭s❡❡ ❬✶✵✹✱ ♣✳ ✹✹✾✱
Pr♦❜❧❡♠ ✷✸✳✶✷ ❡❪✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ (u∗n′)n′ ♦❢ (u∗n)n ❛♥❞ ❛ ❢✉♥❝t✐♦♥
u∗ ∈ L∞([0, T ];H∗) s✉❝❤ t❤❛t

u∗n′

∗
⇀ u∗ ✐♥ L∞([0, T ];H∗) ❛s n′ → ∞,

✶✵✷



❋✳ ❇❛s✐❝ ❈♦♥✈❡r❣❡♥❝❡ ❘❡s✉❧ts

✇❤✐❝❤ ♠❡❛♥s t❤❛t
∫ T

0

u∗n′(t)(h) dt→
∫ T

0

u∗(t)(h) dt, ❢♦r ❛❧❧ h ∈ L1([0, T ];H) ❛s n′ → ∞. ✭❋✳✹✮

❲❡ ❛♣♣❧② ❛❣❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✭❋✳✶✮ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢H ❛♥❞H∗ t♦ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ ❢✉♥❝t✐♦♥ u ∈ L∞([0, T ];H) s✉❝❤ t❤❛t

u∗(t)(h) =
(

u(t), h
)

, ❢♦r ❛✳❡✳ t ∈ [0, T ] ❛♥❞ ❛❧❧ h ∈ H, ✭❋✳✺✮

❛♥❞
‖u∗(t)‖H∗ = ‖u(t)‖H, ❢♦r ❛✳❡✳ t ∈ [0, T ]. ✭❋✳✻✮

❚❤✉s✱ ♣❧✉❣❣✐♥❣ ✭❋✳✷✮ ❛♥❞ ✭❋✳✺✮ ✐♥ ✭❋✳✹✮✱ t❤❡ ✜rst ❛ss❡rt✐♦♥ ❡♥s✉❡s

∫ T

0

(

un′(t), h
)

H
dt→

∫ T

0

(

u(t), h
)

H
dt, ❢♦r ❛❧❧ h ∈ L1([0, T ];H) ❛s n′ → ∞.

▼♦r❡♦✈❡r✱ ✭❜② ❬✶✵✹✱ ♣✳ ✷✻✶✱ Pr♦♣♦s✐t✐♦♥ ✷✶✳✷✻ ✭❜✮❪✮ ✇❡ ❤❛✈❡

ess sup
t∈[0,T ]

‖u∗(t)‖2H∗ = ‖u∗‖2L∞([0,T ];H∗) ≤ lim inf
n′→∞

‖u∗n′‖2L∞([0,T ];H∗) = lim inf
n′→∞

ess sup
t∈[0,T ]

‖u∗n′(t)‖2H∗ .

❍❡r❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❋✳✸✮ ❛♥❞ ✭❋✳✻✮ ②✐❡❧❞s

ess sup
t∈[0,T ]

‖u(t)‖2H ≤ lim inf
n′→∞

ess sup
t∈[0,T ]

‖un′(t)‖2H.

✶✵✸



● ▲♦❝❛❧ ▼❛rt✐♥❣❛❧❡ Pr♦♣❡rt②

❚♦ ♣r♦✈❡ t❤❡ r❡s✉❧ts ♦❢ ❘❡♠❛r❦ ✷✳✸✳✶✱ ❧❡t bj : Ω× [0, T ] → R ❜❡ Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❢♦r ❛❧❧ j ≥ 1
t❤❛t s❛t✐s❢②

∞
∑

j=1

∫ T

0

b2j (s) ds <∞, ❢♦r ❛✳❡✳ ω ∈ Ω.

❋✉rt❤❡r♠♦r❡✱ ❧❡t t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❜❡ ❞❡✜♥❡❞ ❜②

TM :=



























T :

∞
∑

j=1

∫ T

0

b2j (s) ds < M,

inf







t ∈ [0, T ] :

∞
∑

j=1

∫ t

0

b2j (s) ds ≥M







:

∞
∑

j=1

∫ T

0

b2j (s) ds ≥M.

▲❡♠♠❛ ●✳✶✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❝♦♥✈❡r❣❡s P ✲❛✳s✳ t♦ T ❛♥❞

P

(

∞
⋃

M=1

{TM = T}
)

= 1.

Pr♦♦❢✳ ❚❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ♦❜❡②s

lim
M→∞

P (TM < T ) ≤ lim
M→∞

P





∞
∑

j=1

∫ T

0

b2j (s) ds ≥M





= P





∞
⋂

M=1







∞
∑

j=1

∫ T

0

b2j (s) ds ≥M









 = 0

❞✉❡ t♦ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✉s✱ t❤❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞ ♥♦♥✲
♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡ (T − TM )M∈N ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ ③❡r♦ s✐♥❝❡

lim
M→∞

P (T − TM > 0) = lim
M→∞

P (|T − TM | > 0) = 0

✐♥❝❧✉❞❡s t❤❛t
lim

M→∞
P (|T − TM | ≥ ε) = 0, ❢♦r ❛❧❧ ε > 0.

❚❤❡ ♠♦♥♦t♦♥② ♦❢ t❤❡ s❡q✉❡♥❝❡ ②✐❡❧❞s

lim
M→∞

P (|T − TM | ≥ ε) = lim
M→∞

P

(

sup
n≥M

|T − Tn| ≥ ε

)

= 0, ❢♦r ❛❧❧ ε > 0,

s✉❝❤ t❤❛t (TM )M∈N ❝♦♥✈❡r❣❡s P ✲❛✳s✳ t♦ ❚ ❜❡❝❛✉s❡ ♦❢ ❬✽✽✱ ♣✳ ✸✸✸✱ ▲❡♠♠❛ ✶✹✳✶✳✷❪✳ ▼♦r❡♦✈❡r✱ t❤❡
s❡q✉❡♥t✐❛❧ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ✐s ✉s❡❞ t♦ ♦❜t❛✐♥

P

(

∞
⋃

M=1

{TM = T}
)

= lim
M→∞

P (TM = T ) = 1− lim
M→∞

P (TM < T ) = 1.

✶✵✹



●✳ ▲♦❝❛❧ ▼❛rt✐♥❣❛❧❡ Pr♦♣❡rt②

▲❡♠♠❛ ●✳✷✳ ■❢ X ∈ L2(Ω;C([0, T ];H))✱ ✐t ❤♦❧❞s t❤❛t

Ĩ(t) :=
∞
∑

j=1

∫ t

0

bj(s)X(s) dβj(s), ❢♦r ❛❧❧ t ∈ [0, T ],

✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N✳

Pr♦♦❢✳ ❚♦ s❤♦✇ t❤❛t t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Ĩ(t))t∈[0,T ] ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ✇❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❝♦♥✈❡r❣❡s P ✲❛✳s✳ t♦ T ✭❝♦♠♣❛r❡ ▲❡♠♠❛
●✳✶✮ ❛♥❞ Ĩ(t) ✐s Ft✲❛❞❛♣t❡❞ s✉❝❤ t❤❛t t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss Ĩ(t∧TM ) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ❢♦r ❛❧❧M ∈ N✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss Ĩ(t∧TM ) ✐s ✐♥t❡❣r❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t E‖Ĩ(t∧TM )‖ <∞
❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ❢✉❧✜❧❧s E(Ĩ(t ∧ TM )|Fr) = Ĩ(r ∧ TM ) P ✲❛✳s✳ ❢♦r ❛❧❧ 0 ≤ r ≤ t ≤ T ✭s❡❡ ❬✽✼✱
♣✳ ✹✵✱ ❉❡✜♥✐t✐♦♥ ✸ ❛♥❞ ✹❪✮✳

❇❡✐♥❣ ❛♥ ■tô ✐♥t❡❣r❛❧✱ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss Ĩ(t) ✐s Ft✲❛❞❛♣t❡❞✳ ❉✉❡ t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
✐♥❡q✉❛❧✐t②✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❲✐❡♥❡r ♣r♦❝❡ss❡s✱ t❤❡ ■tô ✐s♦♠❡tr② ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (TM )M∈N ❛♥❞ t❤❡ ♣r♦❝❡ss (X(t))t∈[0,T ]✱ ✐t ❤♦❧❞s ❢♦r ❛❧❧M ∈ N t❤❛t

E
∥

∥

∥Ĩ(t ∧ TM )
∥

∥

∥ = E

∥

∥

∥

∥

∥

∥

∞
∑

j=1

∫ t∧TM

0

bj(s)X(s) dβj(s)

∥

∥

∥

∥

∥

∥

≤






E

∥

∥

∥

∥

∥

∥

∞
∑

j=1

∫ t∧TM

0

bj(s)X(s) dβj(s)

∥

∥

∥

∥

∥

∥

2






1
2

=






E

∫ 1

0

∣

∣

∣

∣

∣

∣

∞
∑

j=1

∫ t

0

1[0,TM ](s) bj(s)X(s) dβj(s)

∣

∣

∣

∣

∣

∣

2

dx







1
2

=





∫ 1

0

∞
∑

j=1

E

∣

∣

∣

∣

∫ t

0

1[0,TM ](s) bj(s)X(s) dβj(s)

∣

∣

∣

∣

2

dx





1
2

=





∫ 1

0

∞
∑

j=1

E

∫ t

0

1[0,TM ](s) b
2
j (s)|X(s)|2 ds dx





1
2

≤



E

∞
∑

j=1

∫ T

0

1[0,TM ](s) b
2
j (s)‖X(s)‖2 ds





1
2

≤



E



 sup
t∈[0,T ]

‖X(t)‖2
∞
∑

j=1

∫ TM

0

b2j (s) ds









1
2

≤
√
M

(

E sup
t∈[0,T ]

‖X(t)‖2
)

1
2

<∞.

❙✐♥❝❡ t❤❡ ■tô ✐♥t❡❣r❛❧ ✐ts❡❧❢ ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ✇❡ ✜♥❛❧❧② s❤♦✇ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ❢♦r 0 ≤ r ≤ t ≤ T
t❤❡ ♠❛rt✐♥❣❛❧❡ ❝♦♥❞✐t✐♦♥

E(Ĩ(t ∧ TM )|Fr) = E





∞
∑

j=1

∫ t∧TM

0

bj(s)X(s) dβj(s)

∣

∣

∣

∣

∣

∣

Fr





= E





∞
∑

j=1

∫ t

0

1[0,TM ](s) bj(s)X(s) dβj(s)

∣

∣

∣

∣

∣

∣

Fr





=

∞
∑

j=1

∫ r

0

1[0,TM ](s) bj(s)X(s) dβj(s)

=

∞
∑

j=1

∫ r∧TM

0

bj(s)X(s) dβj(s) = Ĩ(r ∧ TM ).

✶✵✺



❍ ❲✐rt✐♥❣❡r ❉❡r✐✈❛t✐✈❡s

❚❤❡ ❲✐rt✐♥❣❡r ❝❛❧❝✉❧✉s ✐s ♠♦st❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❛♠♦♥❣
♦t❤❡rs✱ ✐♥ ❬✸✺✱ ✻✹✱ ✽✺❪✳ ❚❤✐s ❝♦♥❝❡♣t ♦❢ r❡❛❧ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✐s ❝❧♦s❡❧②
❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❛♥❞ t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥s✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ ❛
r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ✭❜❛s❡❞ ♦♥ ❬✽✺✱ ♣♣✳ ✺✼✕✺✾❪✮✳ ❚❤✉s✱ ❧❡t D ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ C ❛♥❞ ❧❡t
f : D → C ❜❡ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t f := u+iv ✇✐t❤ Re(f) = u ❛♥❞ Im(f) = v✳

❉❡✜♥✐t✐♦♥ ❍✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ z0 = x0 + iy0 ∈ D ✐❢ t❤❡r❡ ❡①✐st ✐♥ z0
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s f1, f2 : D → C s✉❝❤ t❤❛t

f(z) = f(z0) + (x− x0)f1(z) + (y − y0)f2(z), ❢♦r ❛❧❧ z = x+ iy ∈ D.

f1 ❛♥❞ f2 ❛r❡ ♥♦t ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✱ ❤♦✇❡✈❡r t❤❡✐r ✈❛❧✉❡s ✐♥ z0 ❛r❡ ❝♦♥st✐t✉t❡❞ ❜②

f1(z0) =
∂f

∂x
(z0) =: fx(z0) ❛♥❞ f2(z0) =

∂f

∂y
(z0) =: fy(z0). ✭❍✳✶✮

❚❤❛t ✐s ✇❤② ✇❡ ✉♥❞❡rst❛♥❞ ❉❡✜♥✐t✐♦♥ ❍✳✶ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✭❝♦♠♣❛r❡ ❬✽✺✱ ♣♣✳ ✺✼✕✺✾✱ ❙❛t③ ✶✳✹✳✶
❛♥❞ ❙❛t③ ✶✳✹✳✷❪✮✳ ❆ ❢✉♥❝t✐♦♥ f ✐s r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ z0 ∈ D ✐❢ t❤❡r❡ ❡①✐st ❛ ✭✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✮
R✲❧✐♥❡❛r ♠❛♣♣✐♥❣ T : C → C ❛♥❞ ❛ ❢✉♥❝t✐♦♥ R : D → C t❤❛t ✐s ❝♦♥t✐♥✉♦✉s ✐♥ z0 s✉❝❤ t❤❛t

f(z) = f(z0) + T (z − z0) +R(z)(z − z0), ❢♦r ❛❧❧ z = x+ iy ∈ D,

✇❤❡r❡ T (z−z0) := (x−x0)f1(z0)+(y−y0)f2(z0) = (x−x0)fx(z0)+(y−y0)fy(z0) ❛♥❞ R(z0) := 0✱

R(z) :=
(x− x0)(f1(z)− f1(z0)) + (y − y0)(f2(z)− f2(z0))

z − z0
, ❢♦r ❛❧❧ z 6= z0.

◆♦✇✱ t❤❡ r❡❧❛t✐♦♥s ✐♥ ✭❍✳✶✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s
u ❛♥❞ v ✇✐t❤ fx = ux + ivx ❛♥❞ fy = uy + ivy✳ ❚♦ ❛✈♦✐❞ t❤❡ ♣❛rt✐t✐♦♥ ✐♥ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r②
♣❛rt u ❛♥❞ v ❛♥❞ ✐♥ t❤❡ r❡❛❧ ❝♦♦r❞✐♥❛t❡s x ❛♥❞ y✱ ✇❡ ✇r✐t❡ x − x0 = 1

2 (z − z0 + z − z0) ❛♥❞
y − y0 = 1

2i (z − z0 − (z − z0))✳ P❧✉❣❣✐♥❣ t❤✐s ✐♥ ❉❡✜♥✐t✐♦♥ ❍✳✶ ②✐❡❧❞s ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥

f(z) = f(z0) + (x− x0)f1(z) + (y − y0)f2(z)

= f(z0) +
1

2
(z − z0 + z − z0)f1(z) +

1

2i
(z − z0 − (z − z0))f2(z)

= f(z0) + (z − z0)
1

2
[f1(z)− if2(z)] + (z − z0)

1

2
[f1(z) + if2(z)] .

❘❡♠❛r❦ ❍✳✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ z0 ∈ D ✐❢ t❤❡r❡ ❡①✐st ✐♥ z0 ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s f̂1, f̂2 : D → C s✉❝❤ t❤❛t

f(z) = f(z0) + (z − z0)f̂1(z) + (z − z0)f̂2(z), ❢♦r ❛❧❧ z ∈ D.

❍❡r❡✱ t❤❡ ✈❛❧✉❡s f̂1(z0) ❛♥❞ f̂2(z0) ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ❣✐✈❡♥ ❜②

f̂1(z0) =
1

2
(f1(z0)− if2(z0)) ❛♥❞ f̂2(z0) =

1

2
(f1(z0) + if2(z0)). ✭❍✳✷✮

✶✵✻



❍✳ ❲✐rt✐♥❣❡r ❉❡r✐✈❛t✐✈❡s

❉❡✜♥✐t✐♦♥ ❍✳✸✳ ✶❚❤❡ ✈❛❧✉❡s f̂1(z0) ❛♥❞ f̂2(z0) ♦❢ ❛ ❢✉♥❝t✐♦♥ f t❤❛t ✐s ✐♥ z0 r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛r❡
❝❛❧❧❡❞ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ♦❢ f ✐♥ z0 ❛♥❞ ❛r❡ ❞❡♥♦t❡❞ ❜②

f̂1(z0) =
∂f

∂z
(z0) =: fz(z0) ❛♥❞ f̂2(z0) =

∂f

∂z
(z0) =: fz(z0).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛❧❧ ❛ ❢✉♥❝t✐♦♥ f : D → C t❤❛t ✐s r❡❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ ✇❛② ♦❢ ❘❡♠❛r❦ ❍✳✷
t♦ ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲✐rt✐♥❣❡r✳ ❘❡❢❡rr✐♥❣ t♦ ✭❍✳✶✮✱ t❤❡ r❡❧❛t✐♦♥s ✭❍✳✷✮ ✐♠♣❧② t❤❛t

fz =
1

2
(fx − ify) ❛♥❞ fz =

1

2
(fx + ify).

❋r♦♠ ❘❡♠❛r❦ ❍✳✷✱ ✇❡ ❢✉rt❤❡r ❞❡❞✉❝❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳

❉❡✜♥✐t✐♦♥ ❍✳✹✳ ✷❚❤❡ ❢✉♥❝t✐♦♥ f : D → C ✐s ✐♥ z0 ∈ D ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ✐❢ f ✐s r❡❛❧
❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ z0 ❛♥❞

∂f

∂z
(z0) = 0. ✭❍✳✸✮

❚❤❡♥ f ′(z0) = ∂f
∂z

(z0) ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ∂
∂z

= 1
2

(

∂
∂x

+ i ∂
∂y

)

✐s ❝❛❧❧❡❞ ♦♣❡r❛t♦r ♦❢ t❤❡

❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥s ❛r❡ st❛t❡❞✳ ❚❤❡② ❢♦❧❧♦✇ ❢r♦♠ ❛s✲
s✉♠♣t✐♦♥ ✭❍✳✸✮ s✐♥❝❡

0 =
∂f

∂z
=

1

2
(fx + ify) =

1

2
(ux + ivx + i(uy + ivy)) =

1

2
(ux − vy + i(uy + vx)).

❚❤✐s ❡q✉❛❧s ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ux = vy ❛♥❞ uy = −vx✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥
❡q✉❛t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✐s ▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ❍✳✺✳ ✸✱✹■❢ f : D → C ✐s ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ D ❛♥❞ ❜♦✉♥❞❡❞✱ t❤❡♥ f
✐s ❝♦♥st❛♥t✳

❘❡♠❛r❦ ❍✳✻✳ ❆ ❢✉♥❝t✐♦♥ f : D → C ✇❤✐❝❤ ✐s ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ D ✐s ❝❛❧❧❡❞
❤♦❧♦♠♦r♣❤✐❝✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ✐s ❡q✉✐✈❛❧❡♥t t♦ f ′ ≡ 0✳

❙✉♠♠❛r✐③❡❞✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ✐s ❛ ✉s❡❢✉❧ t♦♦❧ t♦ r❡♣r❡s❡♥t t❤❡ r❡❛❧ ❞✐✛❡r✲
❡♥t✐❛❜✐❧✐t② ♦❢ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✐♥ ❝♦♠♣❧❡① ❝♦♦r❞✐♥❛t❡s✳ ❇❡s✐❞❡s ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s ❧✐❦❡ ❧✐♥❡❛r✐t②✱ s❛t✐s❢❛❝t✐♦♥ ♦❢ t❤❡ s✉♠✱ ♣r♦❞✉❝t✱ q✉♦t✐❡♥t ❛♥❞ ❝❤❛✐♥ r✉❧❡ ❛♥❞
t❤❡ ❜❡❤❛✈✐♦r ✉♥❞❡r ❝♦♥❥✉❣❛t✐♦♥✱ t❤❡r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t r❡s✉❧t ✉s❡❞ ♠✉❧t✐♣❧❡ t✐♠❡s ✐♥ t❤✐s ✇♦r❦✳

❈♦r♦❧❧❛r② ❍✳✼✳ ✺■t ✐s ❛❧❧♦✇❡❞ t♦ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ❢✉♥❝t✐♦♥ f ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞
✈❛r✐❛❜❧❡s z ❛♥❞ z ❛s ✐❢ t❤❡② ✇❡r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✳

✶▲✐❡❜ ✫ ❋✐s❝❤❡r ❬✻✹❪✱ ♣✳ ✷✵✱ ❉❡✜♥✐t✐♦♥ ✺✳✶
✷▲✐❡❜ ✫ ❋✐s❝❤❡r ❬✻✹❪✱ ♣♣✳ ✷✵ ❢✳✱ ❚❤❡♦r❡♠ ✺✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✺✳✷
✸▲✐❡❜ ✫ ❋✐s❝❤❡r ❬✻✹❪✱ ♣✳ ✷✷✱ ❙❛t③ ✺✳✸
✹❘❡♠♠❡rt ✫ ❙❝❤✉♠❛❝❤❡r ❬✽✺❪✱ ♣✳ ✷✶✽✱ ❙❛t③ ✽✳✸✳✺
✺❘❡♠♠❡rt ✫ ❙❝❤✉♠❛❝❤❡r ❬✽✺❪✱ ♣✳ ✻✶

✶✵✼



■ ❈♦♠♣❧❡① ❈♦♥❥✉❣❛t❡❞ ❆❞❥♦✐♥t ❊q✉❛t✐♦♥

❇❛s❡❞ ♦♥ ❬✸✱ ✹✾✱ ✺✷✱ ✽✻❪ ❛♥❞ ❬✾✺✱ ♣♣✳ ✷✶✻ ❢✳❪✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❈❤♦♦s✐♥❣ g ≡ 0✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ♦♥❧② t❛❦❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
♣❛rt ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✸✳✷✮✱ ❛♥❞ ❞❡♥♦t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ XU ❛s ✇❡❧❧✱ ✇❡
st❛rt ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ✇✐t❤ t❤❡ s②♠❜♦❧✐❝ ❢♦r♠

dXU (t) = − iAXU (t) dt+ iU(t)XU (t) dt+ iλf
(

t,XU (t)
)

dt

❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ❘❡♠❡♠❜❡r✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ ❙❡❝t✐♦♥s ✷✳✶ ❛♥❞ ✸✳✶✱ ✇❡
❡q✉✐✈❛❧❡♥t❧② ✇r✐t❡

∂

∂t
XU (t, x) = i

∂2

∂x2
XU (t, x) + iU(t, x)XU (t, x) + iλf

(

t,XU (t, x), XU (t, x)
)

❛s ❛♥ ❡q✉❛t✐♦♥ ✐♥ V ∗✳ ❚♦ ❜❡ ❛s ❣❡♥❡r❛❧ ❛s ♣♦ss✐❜❧❡✱ ✇❡ ❝❤♦♦s❡ λ ∈ C t❤❛t ✐♥❝❧✉❞❡s ❛❧❧ ❝♦♥s✐❞❡r❡❞
❝❛s❡s✳ ❉✐sr❡❣❛r❞✐♥❣ t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛r❣✉♠❡♥ts✱ r❡♥❛♠✐♥❣ y := XU ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ✇✐t❤ t❤❡
✐♠❛❣✐♥❛r② ✉♥✐t✱ ✇❡ ♦❜t❛✐♥

F (t, x, y, yt, yxx, y) := iyt + yxx + Uy + λf( · , y, y) = 0.

◆♦✇✱ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ❜②

0 =
δ

δy
(FηU ) =

(

−Dt

∂

∂yt
+D2

x

∂

∂yxx
+

∂

∂y
+D

∂

∂y

)

(

[iyt + yxx + Uy + λf( · , y, y)] ηU
)

,

✇❤❡r❡ Dt ❛♥❞ Dx ❛r❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ t ❛♥❞ t❤❡ s♣❛❝❡ x ❛♥❞ t❤❡ ♦♣❡r❛t♦r
D ♦❜❡②s D[z] = z ❢♦r ❛❧❧ z ∈ C✳ ❙✐♠♣❧✐✜❝❛t✐♦♥ ②✐❡❧❞s

0 = −Dt[iη
U ] +D2

x[η
U ] + UηU + λ

(

∂

∂y
f( · , y, y)

)

ηU +D

[

λ

(

∂

∂y
f( · , y, y)

)

ηU
]

= − iηUt + ηUxx + UηU + λ

(

∂

∂y
f( · , y, y)

)

ηU + λ

(

∂

∂y
f( · , y, y)

)

ηU .

✭■✳✶✮

▼✉❧t✐♣❧②✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ i ❛♥❞ ✇r✐t✐♥❣ XU ✐♥st❡❛❞ ♦❢ y✱ ✐t r❡s✉❧ts t❤❛t

ηUt = − iηUxx − iUηU − iλ

(

∂

∂XU
f
(

· , XU , XU
)

)

ηU − iλ

(

∂

∂XU
f
(

· , XU , XU
)

)

ηU ,

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧✐❝ ♥♦t❛t✐♦♥

∂

∂XU
f
(

· , XU , XU
)

:=
∂

∂v
f( · , v, v)

∣

∣

∣

∣

∣

v=XU

v=XU

,
∂

∂XU
f
(

· , XU , XU
)

:=
∂

∂v
f( · , v, v)

∣

∣

∣

∣

∣

v=XU

v=XU

.

❘❡❣❛r❞✐♥❣ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ❛❣❛✐♥✱ ✇❡ r❡❝❡✐✈❡ t❤❡ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

∂

∂t
ηU (t) = iAηU (t)− iU(t)ηU (t)− iλ

(

∂

∂XU
f
(

t,XU (t), XU (t)
)

)

ηU (t)

− iλ

(

∂

∂XU
f
(

t,XU (t), XU (t)
)

)

ηU (t)

✭■✳✷✮

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳

✶✵✽



■✳ ❈♦♠♣❧❡① ❈♦♥❥✉❣❛t❡❞ ❆❞❥♦✐♥t ❊q✉❛t✐♦♥

❘❡♠❛r❦ ■✳✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✐t ✐s ❛❧❧♦✇❡❞ t♦ st❛rt ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt ♦❢ t❤❡
❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ✐ts ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❜❡❝❛✉s❡

• ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✈❛♥✐s❤❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥❝❡s✱

• ❢♦r ❧✐♥❡❛r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣❛t❤✇✐s❡ ♣r♦❜❧❡♠ ❤❛✈✐♥❣ ♥♦ ♥♦✐s❡ t❡r♠ ❛t ❛❧❧✱

• ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ✐s ❡①❝❧✉❞❡❞ ✭s✐♥❝❡ ✐t r❡q✉✐r❡s ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❢♦r✇❛r❞✲
❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮✳

❍❡r❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❝r❡❛t❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❡q✉❛t✐♦♥ ♦❢ ✭■✳✶✮

0 = iηUt + ηUxx + UηU + λ

(

∂

∂y
f( · , y, y)

)

ηU + λ

(

∂

∂y
f( · , y, y)

)

ηU .

■♥tr♦❞✉❝✐♥❣ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ΦU := ηU ✱ r❡♥❛♠✐♥❣ XU = y ❛♥❞ ♠✉❧t✐♣❧②✐♥❣
✇✐t❤ t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✱ ✐t ❢♦❧❧♦✇s t❤❛t

ΦU
t = iΦU

xx + iUΦU + iλ

(

∂

∂XU
f( · , XU , XU )

)

ΦU + iλ

(

∂

∂XU
f( · , XU , XU )

)

ΦU .

❋✐♥❛❧❧②✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ❛♥❞ st❛t❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞
❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

∂

∂t
ΦU (t) =− iAΦU (t) + iU(t)ΦU (t) + iλ

(

∂

∂XU
f(t,XU (t), XU (t))

)

ΦU (t)

+ iλ

(

∂

∂XU
f(t,XU (t), XU (t))

)

ΦU (t)

✭■✳✸✮

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✱ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❡q✉❛t✐♦♥ ♦❢ ✭■✳✷✮✳
❇❡✐♥❣ ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣♦✇❡r✲t②♣❡ ♥♦♥❧✐♥❡❛r✐t②

f
(

XU (t), XU (t)
)

= |XU (t)|2σXU (t) = (XU (t))σ+1
(

XU (t)
)σ

✇✐t❤ t❤❡ ❲✐rt✐♥❣❡r ❞❡r✐✈❛t✐✈❡s

∂

∂XU
f
(

XU (t), XU (t)
)

= (σ + 1)
(

XU (t)
)σ(

XU (t)
)σ

= (σ + 1)
∣

∣XU (t)
∣

∣

2σ
,

∂

∂XU
f
(

XU (t), XU (t)
)

= σ
(

XU (t)
)σ+1(

XU (t)
)σ−1

= σ
∣

∣XU (t)
∣

∣

2(σ−1)(
XU (t)

)2
,

t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭■✳✸✮ r❡s✉❧ts ✐♥

∂

∂t
ΦU (t) =− iAΦU (t) + iU(t)ΦU (t) + iλ(σ + 1)

∣

∣XU (t)
∣

∣

2σ
ΦU (t)

+ iλσ
∣

∣XU (t)
∣

∣

2(σ−1)(
XU (t)

)2
ΦU (t)

✐♥ V ∗ ❢♦r ❛✳❡✳ ω ∈ Ω ❛♥❞ ❛❧❧ t ∈ [0, T ]✳ ▼♦r❡♦✈❡r✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ♣❛t❤✇✐s❡ ❝♦♥tr♦❧❧❡❞ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥

dZU (t) = − iAZU (t) dt+ iU(t)ZU (t) dt+ iλB(t)f
(

ZU (t), ZU (t)
)

dt, ❢♦r ❛❧❧ t ∈ [0, T ],

✇✐t❤ ZU (t, · ) = XU (t, · )Y (t) ❛♥❞ f
(

ZU (t), ZU (t)
)

= |ZU (t)|2σZU (t)✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡❞ ❛❞❥♦✐♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ s❛t✐s✜❡s

∂

∂t
ΦU (t) =− iAΦU (t) + iU(t)ΦU (t) + iλ(σ + 1)B(t)

∣

∣ZU (t)
∣

∣

2σ
ΦU (t)

+ iλσB(t)
∣

∣ZU (t)
∣

∣

2(σ−1)(
ZU (t)

)2
ΦU (t)

✐♥ V ∗ ❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❤✐❧❡ ω ∈ Ω ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ✜①❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳
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❬✶✵❪ ❍✳ ■✳ ❇r❡❝❦♥❡r✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳
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❬✶✷❪ ●✳ ❈❛♦ ❛♥❞ ❑✳ ❍❡✳ ❖♥ ❛ t②♣❡ ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞r✐✈❡♥ ❜② ❝♦✉♥t❛❜❧② ♠❛♥②
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❬✾✹❪ ❘✳ ❚❡♠❛♠✳ ■♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✐♥ ♠❡❝❤❛♥✐❝s ❛♥❞ ♣❤②s✐❝s✱ ✈♦❧✉♠❡ ✻✽ ♦❢
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

■♥✐t✐❛❧❧②✱ ■ ✇❛♥t t♦ t❤❛♥❦ ❛❧❧ ♣❡rs♦♥s ❝♦♥❞✉❝✐✈❡❞ t♦ t❤❡ s✉❝❝❡ss ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❛♥❞ ♠② st✉❞✐❡s
♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❆ ❢❡✇ ②❡❛rs ❜❛❝❦✱ ■ ❝❛♠❡ t♦ ❛♣♣r❡❝✐❛t❡ t❤❡ ✜❡❧❞ ♦❢ st♦❝❤❛st✐❝s✱ ✇r♦t❡ ❛ ❜❛❝❤❡❧♦r
❛♥❞ ❛ ♠❛st❡r t❤❡s✐s✱ ❛♥❞ t♦❞❛② ■ ❛♠ ♠❡r❣❡❞ ✐♥ ❛♥❞ ✜❧❧❡❞ ✇✐t❤ ❡♥t❤✉s✐❛s♠ ✇❤✐❝❤ ✐s r❡✢❡❝t❡❞ ❜②
t❤✐s P❤❉ t❤❡s✐s ❛s ❛ ❝✉❧♠✐♥❛t✐♦♥ ♦❢ ♠② ②♦✉♥❣ ❛❝❛❞❡♠✐❝ ❝❛r❡❡r✳

■ s✐♥❝❡r❡❧② t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r Pr♦❢✳ ❉r✳ ❉r✳ ❤✳❝✳ ❲✐❧❢r✐❡❞ ●r❡❝❦s❝❤ ❢♦r t❡❛❝❤✐♥❣ ❛♥❞ ✐♥tr♦✲
❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ✇♦r❧❞ ♦❢ st♦❝❤❛st✐❝s✱ t❤❛t ■ ❛♠ ♥♦✇ ♣❛rt ♦❢✱ ❛♥❞ ❢♦r ❤✐s ❝♦♥st❛♥t ❡♥❝♦✉r❛❣❡♠❡♥t
❛♥❞ s✉♣♣♦rt t♦ ✇♦r❦ ✐♥ t❤❡ ✜❡❧❞ ♦❢ st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s✳ P❛rt✐❝✉❧❛r❧②✱ ■ ❛♠
❣r❡❛t❧② ✐♥❞❡❜t❡❞ t♦ ❤✐♠ ❢♦r ✈❛❧✉❛❜❧❡ ❞✐s❝✉ss✐♦♥s✱ ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ ✐♠♣♦rt❛♥t s✉❣❣❡st✐♦♥s ♦♥
♠② ✇❛② t♦ ❜❡❝♦♠❡ ❛ ❞♦❝t♦r ♦❢ ♥❛t✉r❛❧ s❝✐❡♥❝❡s✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ❞❡❡♣ ❣r❛t✐t✉❞❡ t♦ ♠②
s✉♣❡r✈✐s♦r ❢♦r ❤❛✈✐♥❣ ❛ s②♠♣❛t❤❡t✐❝ ❡❛r ✐♥ ❤✉♠❛♥ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡r♥s✳

❋✉rt❤❡r♠♦r❡✱ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ t❤❡ ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ▼❛rt✐♥ ▲✉t❤❡r ❯♥✐✈❡rs✐t②
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