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Chapter 1

Introduction

In our daily life, we usually want to find the best choice or better solutions for our
problems which have many contradictory goals. For example, in logistics, we need to
find the shortest way with the cheapest cost to travel from one destination to another.
In health care, especially in radiotherapy treatment, the dose delivered to sick organs
should be maximal but we also want to keep other organs healthy, etc. Mathematical
models of these problems are actually some examples for the application of vector
optimization in practical perspectives. Nowadays, optimization theory not only is an
interesting field in the mathematical point of view but also affects many areas of life,
for instance, economics, energies, politics, culture, computer science. This dissertation
is concerned with two of the most important branches of optimization theory, which
are vector optimization and set optimization.

Vector optimization (or multiobjective optimization) deals with optimizing problems
whose objective functions are vector-valued mappings. This has been studied early in
the 19th century, and probably first appeared in publications of Edgeworth and Pareto
who introduced some initial definitions of efficient points of vector problems. How-
ever, this branch of optimization had already started and grown rapidly since 1951,
when Kuhn and Tucker [45] derived the necessary and sufficient conditions for efficient
elements of vector optimization problems. There are several important practical appli-
cations of vector optimization, for instance, location problems, approximate problems,
fractional problems and multiobjective control problems. Concerning solutions of vec-
tor optimization problems, there are many different solution concepts, such as (weakly)
Pareto-minimal points, properly efficient points, Henig properly minimal points, ap-
proximate efficient points, etc. Those definitions have been systematically studied in
Ha [27, 28], Khan et al. [44], and Luc [51], etc.

Set optimization has naturally appeared and been investigated as an expansion
of vector optimization. It is concerned with problems whose objective functions are

set-valued mappings. Recently, this field has attracted a great deal of attention and
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been developed in many publications; see [6, 7, 23, 24, 27, 37, 39, 40, 47]. We also
refer the reader to the survey book by Khan et al. [44] with the references and dis-
cussions therein. In the literature, there are three main approaches for the formulation
of optimality notions in set-valued optimization, namely the vector approach, the set
approach and the lattice approach. For the vector approach, basically, the solution
concepts are defined on the graph of a set-valued function. In more detail, a solution
defined by the vector approach depends on only a special element in the image of that
point and the other elements are ignored. Therefore, though this approach is interest-
ing in the mathematical point of view, it cannot be used often in practice. In order to
avoid this drawback, relevant order relations to compare two sets will be contributed.
The solution concepts based on these order relations are given by the set approach. In
this context, we should not fail to mention publications of Kuroiwa [46, 47], Jahn and
Ha [40]. In this dissertation, we are using the primal-space approach as well as the
dual-space approach in order to derive optimality conditions for set-valued optimiza-

tion problems.

In order to show necessary and sufficient conditions for solutions of vector optimiza-
tion problems as well as set-valued optimization problems, one needs certain structures
of the objective function such as convexity and Lipschitz continuity. Both convexity
and Lipschitz continuity have various important and interesting properties. The con-
vexity is a natural and powerful property of functions that plays a significant role in
many areas of mathematics, not only in theoretical but also in applied problems. It
connects notions from topology, algebra, geometry and analysis, and is an important
tool in deriving optimality conditions in optimization. In optimization, to get sufficient
conditions for optimal solutions, we need either a second order condition or a convexity
assumption. The Lipschitz continuity has been also known for a long time in applied
sciences and optimization theory. For example, in order to show subdifferential chain
rules or the relationships between the coderivative of a vector-valued function and the
subdifferential of its scalarization, then this function should be strictly Lipschitzian;
see [55, Theorem 3.28]. In particular, the Lipschitz properties for set-valued functions
are used for deriving generalized differential calculus and necessary conditions for min-
imizers of the set-valued optimization problem; see Bao and Mordukhovich [3, 4, 5, 6].

Concerning the relationships between these two properties in finite-dimensional
spaces, one of the well-known theorems of convex analysis states that: A proper con-
vex functional f : R™ — R is locally Lipschitz; see proofs in [13, 62]. We would also
like to know whether the convexity implies to the locally Lipschitz continuity in the
case that f is a vector-valued function or a set-valued function acting between general

spaces. Let us now briefly decribe how this problem is dealt with in the literature. Ini-



tially, Roberts and Varberg [62] observed that this implication holds true for a function
f: X = R, when X is a normed vector space, and f is locally bounded. In addition,
the Lipschitz constant can be estimated; see Zalinescu [74]. For investigating a vector-
valued function f : R"™ — R™, Luc et al. [52] defined the C-convexity of f, where C' is
a proper, convex cone in R™. They proved that f is locally Lipschitz when the closure
of C' is pointed, and f is C-convex. A more general result is given first by Borwein [9]
for a C-convex bounded function f : X — Y, where X,Y are normed vector spaces
and C C Y is a normal cone. In the case of vector lattice spaces, other similar results
are known from Papageorgiou [58], Reiland [61], and Thibault [69].

For set-valued maps there are many different definitions of Lipschitz continuity and
convexity. The reader can find the Lipschitz-like property in [1, 55], and other extended
Lipschitz properties in [2]. In [49], Kuroiwa et al. proposed six kinds of convexity for
set-valued functions based on corresponding set relations. Consequently, it is possible to
get more relationships between the convexity and the Lipschitz continuity of set-valued
functions. In [53], Minh and Tan defined the C-Lipschitzianity of set-valued functions
and proved that a lower C-convex set-valued function F': X =2 Y is C-Lipschitz, where
X is a finite-dimensional space, and Y is a Banach space.

In this dissertation, we investigate new relationships between convexity and Lips-
chitzianity of vector- and set-valued functions, and their applications. Especially, we

achieve the following new results:

e We prove Lipschitz properties of a cone-convex vector-valued function, under a
boundedness condition of this function which is weaker than that in Borwein [9].
In this thesis, this result is proved by two different methods, in which an accurate

Lipschitz constant is derived; see Theorem 4.2.7.

e We study C-Lipschitz properties of cone-convex set-valued functions. Our goal
is to extend the results of Minh and Tan in [53, Theorem 2.9] to general normed
vector spaces. In addition, some conditions concerning the ordering cone in [53,

Theorem 2.9] can be significantly relaxed; see Theorem 5.2.8.

e We use the aforementioned results to derive optimality conditions for solutions
of vector- and set-valued optimization problems, in which the objective functions

are cone-convex; see Chapter 7, and Chapter 8.

This study is organized as follows: The basic framework of vector optimization
and variational analysis is given in Chapter 2. We investigate binary relations on a
nonempty set and ordering cones in topological vector spaces. These binary relations
are the basic tools to define the convexity of vector-valued functions and set-valued
functions. Moreover, these relations are benificial to define the solution concepts for

vector optimization problems as well as set optimization problems. In order to provide



main scalarization techniques for vector optimization problems, we introduce several
scalarizing functionals and corresponding separation theorems for not necessarily con-
vex sets. We also study set differences, which will be used in the sequel to derive new
concepts of Lipschitz continuity of set-valued functions.

In Chapter 3, we define the Lipschitz continuity of vector-valued functions as well as
set-valued functions. We recall the strictly Lipschitzianity of a vector-valued function,
and the equi-Lipschitzianity of a family of functionals. For set-valued functions, we
study the concepts Lipschitz-like, epigraphically Lipschitz-like (ELL), upper (lower) C-
Lipschitzianity, and all Lipschitz properties which are generated by set differences given
in Section 2.4.

The aim of Chapter 4 is to prove the Lipschitz continuity of C-convex vector-valued
functions. As indicated above, Borwein [9] proved the Lipschitz continuity in the case
that C' is a normal cone, we will present new proofs for this result, and provide a more
precise Lipschitz constant in Theorem 4.2.7.

In Chapter 5, we derive new results concerning Lipschitz properties for C-convex set-
valued mappings. To do this, we recall the notations of C-convexity of set-valued func-
tions firstly introduced by Kuroiwa et al. [49]. We study the proofs of C-Lipschitzianity
for C-convex functions given by Kuwano and Tanaka in [50], and obtain stronger results
in comparison with the results in [50].

In the first section of Chapter 6, we present some basic definitions of derivatives
and directional derivatives for vector-valued functions. In Section 6.2, we investigate
definitions and several properties of subdifferentials in the sense of convex analysis and
subdifferentials of convex vector-valued functions. We also introduce normal cones as
well as subdifferentials in the senses of Clarke, Mordukhovich and Ioffe. In the last
sections, we present the derivatives and directional derivatives for set-valued functions.

In Chapter 7, we study optimality conditions for vector optimization problems. We
begin this chapter with collecting some techniques to scalarize the vector optimization
problem by an appropriate scalar optimization problem whose solutions are also solu-
tions of the given problem. In the second section, we derive the necessary conditions for
(weakly) Pareto efficient solutions in both solid and non-solid cases. In the last section,
we use the previous results to derive necessary conditions for solutions of vector-valued
approximation problems.

In Chapter 8, we use both the primal-space approach and the dual-space approach
to establish optimality conditions for solutions of set-valued optimization problems.
In section 8.1.1, we deal with solutions of set-valued optimization problems based on
vector approach as well as set approach. By using contigent cones, contigent deriva-
tives and contigent epiderivatives, we get optimality conditions for the solutions of

the set optimization problems. For the dual-space approach, we use the Mordukhovich



coderivatives in Asplund spaces to obtain necessary conditions of set optimization prob-

lems in Section &.2.



Chapter 2
Background

In this chapter, we will present some necessary background related to vector optimiza-
tion and variational analysis. This chapter is organized as follows. In Section 2.2, we
introduce several properties of functionals. In particular, we recall Lipschitz properties,
convex properties, and then we investigate the relationships between them, which play
a significant role in this dissertation. In order to prove the Lipschitzianity of scalar
convex functions, all techniques used in [62, 63, 74] are presented in this section. The
relationships between the Lipschitz continuity and the convexity of scalar functions
will be extended to vector-valued functions, set-valued functions as well as functions in
infinite-dimensional spaces in Chapter 4 and 5.

Section 2.3.2 introduces some types of cones which are related to topologies and
order structures of linear vector spaces. We refer the reader to [26, 42, 44, 66| for
a survey and additional materials on ordering cones. In this section, we especially
emphasize a notion, namely, a normal cone and some characterizations, which will
be used in Chapter 4 to prove the Lipschitz properties of cone-convex vector-valued
functions. In Section 2.3.3 we present some ordering relations between two nonempty
sets in order to define the convex properties of set-valued functions in Chapter 5, and
to study solutions of set-valued optimization problems in Chapter 8. These relations
have been investigated by many authors, such as Kuroiwa [46, 47], Kuroiwa, Tanaka
and Ha [49], Jahn and Ha [40].

In Section 2.4, following Baier and Farkhi [2], we introduce notions of differences
of two sets, which will be used to define several Lipschitz properties for set-valued
functions in Chapter 3. We concentrate on Demyanov differences which are studied in
detail in [2, 64], and recently be modified by Dempe and Pilecka [14] and by Jahn [39].

Section 2.5 is devoted to scalarizing functionals and separation theorems, which
provide main tools for deriving optimality conditions for vector optimization problems
in Chapter 7, and set-valued optimization problems in Chapter 8. Section 2.6 and

Section 2.7 introduce solution concepts for vector-valued optimization problems and
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2.1. Topological vector spaces 7

set-valued optimization problems.

2.1 Topological vector spaces

This section mentions some basic concepts of linear spaces or vector spaces, and topo-
logical spaces. We will consider only real vector spaces throughout this dissertation, so

the term vector space will refer to a vector space over the real field R.

Definition 2.1.1. Let X be a nonempty set. X is called to be a vector space if an
addition (that is, a mapping + : X x X — X ) and a multiplication by scalars (that is,
a mapping - : R x X — X ) are defined satisfying the following conditions:

(i) Vz,yz€ X : (z+y)+z=x+ (y+2) (associativity),
(ii)) ¥V x,y € X : z+y=y+x (commutativity),
(ii)) 30€ X, Ve e X : 2+0=2a (null element),
(w)VeeX, 32 e X : x+2' =0; we write 2’ = —x,
(W) Vo,ye X, VIER : Nax+y)=x+ Ny,
(i) VeeX, VApeR : (A p)x = A+ p,
(vit) Ve e X, VA peR : ANuzx) = (A\p)z,
(viti) Vx € X : lx =z (unity element).

Let A, B be nonempty subsets of a vector space X. The multiplication of a set with

a scalar o € R and the sum of sets are given by
aA:={aa|ae€ A}, A+B:={a+blaecAbe B}.

In particular, A — B := A+ (-1)B ={a—b|a € Abe B}. We use the following

conventions for any real number «, and a set A,
a-0=0, 0+A=A+0=0.

We consider now the topological structure on the family of subsets of a nonempty set
X.

Definition 2.1.2. Let X be a nonempty set, and 7 be a family of subsets of X. We

say that (X, T) is a topological space if T satisfies the following conditions:
(i) every union of sets of T belongs to T,

(ii) every finite intersection of sets of T belongs to T,
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(iii) the empty set O and the whole set X belong to T.

The elements of T are called open sets. A subset of X is closed if and only if its

complement is open.
The following definitions present some of the standard vocabulary that will be used.

Definition 2.1.3. Let (X, 7) be a topological space, A be a nonempty subset of X, and
x € X. The closure cl A of A is the intersection of all closed sets that contain A. The
intertor int A of A is the union of all open sets that are subsets of A. The subset U
of X is a neighborhood of x (relative to T) if there exists an open U, € T such that
x € U, C U. The class of all neighborhoods of x will be denoted by N(x). A subset
B(x) of Ny (z) is called a neighborhood base of x relative to T if for every U € N, (x)
there exists V € B(z) such that V C U.

Now we give one of the basic structures investigated in functional analysis which is

a combination of a topological space and the algebraic structure of a vector space.

Definition 2.1.4. Let X be a vector space, and T be a topology on X. We say that

(X, 7) is a topological vector space if the following conditions hold:
(i) every point of Xis a closed set,

(ii) the vector space operations are continuous w.r.t. T.

2.2 Topological and algebraic properties of functionals

For the convenience of the reader we collect some basic concepts in topological and
some properties of functionals. These concepts and properties are presented in many
classical references, so we will omit their proofs. We shall be working in topological
vector spaces X whose elements are either vectors or points. The element Ox is the
origin of X. To simplify notation, we use the same symbol 0 for origin elements of all
topological vector spaces if no confusion arises. In the case X is a normed vector space
(nvs for short), we shall denote the norm of x by ||z||x, and if there is no confusion, we
omit the subscript X for brevity. We denote by X* its dual space equipped with the
weak™ topology w*, while its dual norm is denoted by |[|-||,. We denote the closed unit
ball and the unit sphere in X by Ux and Sx, respectively. The closed ball centered at
xo € X with radius r > 0 is defined as

B(zg,r) =a+rUx ={z e X ||z — oy <}

The symbol * is used to indicate relations to dual spaces (dual elements, adjoint oper-

ators, dual cone etc.).
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Furthermore, we use the notations R™ for n-dimensional Euclidean space, R’} for non-
negative orthant of R”, and R := RU {+o00}. The set of positive integers is denoted by
N*:={1,2,...}.
For a scalar function f : X — R, the domain of f is given by
dom f := {z € X | f(z) < +oc}.
while its graph and epigraph are given, respectively, by
gph f = {(z,) € X x R | f(x) = 1},
epi f:={(z,t) € X xR | f(x) < t}.
Definition 2.2.1. The function f : X — R is called:
(i) proper if dom f # 0 and f(x) > —oc for allx € X;
(ii) positively homogeneous if f(Ax) = \f(z) for allz € X and X € RT;
(i1i) symmetric if f(—z) = f(z) for allz € X;
(iv) lower semi-continuous (lsc for short) if epi f is closed;
(v) subadditive if f(z+y) < f(z)+ f(y) for all z,y € X;
(vi) sublinear if f is subadditive and positively homogeneous.

In the following definitions, we define the Lipschitz continuity and the convexity of
scalar functions. Then we will recall the relationships between the Lipschitz continuity
and convexity of scalar functions. These properties will be generated in Chapters 3, 4

and 5 for vector-valued and set-valued mappings in general spaces.

Definition 2.2.2. ([13]) Let X be a normed vector space, f : X — R be a function,
A C X. Then, f is said to be Lipschitz on A with a nonnegative constant £ provided
that f is finite on A and

(@) = f@)] < ]z =2

for all points x,x’ in A. This is also referred to as a Lipschitz condition of rank £. We
shall say that f is Lipschitz around x if there is a neighborhood U of x such that f
is Lipschitz on U (in particular x € int(dom f)). In addition, f is said to be locally
Lipschitz on A, if f is Lipschitz around every point x € A. Hence, A C int(dom f).

Definition 2.2.3. ([74]) Let X be a real topological vector space, f : X — R be a
function. We say that f is convex on a convexr subset A of X if for all z,2' € A,\ €
(0,1), one has

A (@) + (1 =N f(") > fOx+ (1= N)z).

If the equality always holds, f is said to be affine.
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For convenience we will say that the function f : X — R is convex if f is convex

on whole space X. Obviously, if f is convex, then f is convex on every convex subset
of X.

Now we give several simple examples of Lipschitz functions and convex functions.

Example 2.2.4. Let (X, | -||) be a normed vector space.

(i) It is simple to verify that the norm function f(x) = ||z|| is convez, and Lipschitz

on X with Lipschitz constant £ = 1.

(ii) If A is a nonempty convex subset of X, then the distance function
d(z,A) = inf ||z —y||, =€ X,
ycA
is convex on X. It is also Lipschitz with rank ¢ = 1.

The following maps are often used in the literature.

Example 2.2.5. (Indicator function) Given a nonempty subset A C X, the indi-
cator function 64 : X — R is defined by

0 ifx e A,
oa(x) := (2.1)
+o0o  otherwise .

Obuviously, if A is convex, then d4 is proper and conver.

Example 2.2.6. (Support function) Given a nonempty subset A of a normed space
X, the support function o(-,A) : X* — R w.r.t. A is defined by

o(x*, A) :=sup (z*, a), (¥ € X™). (2.2)
acA

It is easy to verify that o(-, A) is a positively homogeneous, closed and convex function.

In the next proposition, we present some properties of convex functions, which can

be considered as equivalent concepts of convex functions.

Proposition 2.2.7. ([74]) Let X be a topological vector space, f : X — R be a function.

The following statements are equivalent:
(i) f is convex,
(i) dom f is a convex set and

Va,y € dom f,VA € (0,1) : Af(z) + (1 = \)f(2") > f(Ax + (1 — N)a'),

(iii) epi f is a convex subset of X x R.
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The following lemma shows that every proper scalar convex function is locally

bounded in a finite-dimensional space. For the proof, we refer the reader to [62, Lemma

Al

Lemma 2.2.8. (Lemma A [62]) A proper convex function f : R™ — R is bounded in
a neighborhood of each point z¢y € int (dom f).

By using the lemma above, Roberts and Varberg obtained the locally Lipschitz
property of a proper convex functional. They also estimated the Lipschitz constant
which plays an important role in proving the Lipschitz properties of cone-convex set-

valued functions. For convenience we recall the proof in this thesis.

Lemma 2.2.9. (/62, Theorem A]) Let f : R™ — R be a proper convex function. Then,
f 1s Lipschitz on a neighborhood of each point zq of int (dom f).

Proof. Let xy be a given point in int (dom f). Taking into account Lemma 2.2.8, we

see that there exist € > 0 and M > 0 such that B(xo,2¢) C int (dom f) and
|f(x)| < M, forall =€ B(xg,2e).

Take x,y € B(zp,€),x # y, and set

€
lz =yl

z=x+(x—y)
This implies that
z € B(zg,2¢) and z=ty+ (1—1t)z,

_ . . .
where t = o=yl € (0,1). Since f is convex, we have

flx) <tf(y) + (1 =) f(2).

Therefore,

1)~ 1) < (1= D(G) ~ )
<5y~ p < 2 e,

which leads to the conclusion. O

However, a scalar convex function on an infinite-dimensional normed space may
be locally unbounded (for example, see [62]). Therefore, we need a mild additional
condition on f, for example, the boundedness from above of the function on a nonempty
open set; see also Roberts and Varberg [62, Theorem B] and Zalinescu [74, Corollary
2.2.12].

Lemma 2.2.10. ([62, Lemma B]) Let (X,||-||y) be a normed vector space, and f :
X — R be a proper convex function. If f is bounded from above in a neighborhood of

Just one point xo of int (dom f), then f is locally bounded on int (dom f).
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It implies from Lemma 2.2.10 that f is locally bounded on int (dom f). Therefore,
the Lipschitzianity of f follows the same lines of argument in the proof of Lemma 2.2.9.
Moreover, if f is bounded by M > 0 on a neighborhood B(zg, 2¢) of x(, we can estimate
the Lipschitz constant £ = 2M /e.

Lemma 2.2.11. ([62, Theorem B]) Let (X, ||-||y) be a normed vector space, and f :
X — R be a proper convex function. If f is bounded from above in a neighborhood of
Just one point xy of int (dom f), then f is Lipschitz around xo. Moreover, f is locally

Lipschitz on int (dom f).

In the following lemma, Zalinescu utilized another technique to show the Lipschitz
property of a proper convex function f, and to estimate the Lipschitz constant. For

the proof, we refer to [74, Corollary 2.2.12].

Lemma 2.2.12. ([74, Corollary 2.2.12]) Let (X, ||-||x) be a normed vector space, and
f: X — R be a proper convex function. Suppose that xy € dom f and there exist > 0,
m > 0 such that

Va € B(xo,0) : f(z) < f(xo) + m.

Then

m 0+ ,
O .

Vo' € (0,0),Vx, 2’ € B(w,0) : ‘f(a:) — f(a:')} —

IA

In the next chapters, we will study the Lipschitzianity of vector-valued convex
functions and set-valued convex functions arising in a natural way from the results of
the aforementioned Lemmas 2.2.11, and 2.2.12. We investigate these problems not only

in finite-dimensional spaces but also in infinite-dimensional spaces.

2.3 Binary relations, Ordering cones and Set relations

In this section, order relationships w.r.t. a given convex cone C, between two vectors
and between two nonempty sets are considered. Based on these order relationships, we
are able to derive some solution concepts for vector-valued optimization problems in

Section 2.6, and solution concepts for set-valued optimization problems in Section 2.7.

2.3.1 Binary relations

We begin with binary relations and some of their properties which are the basis for the

definition of ordering cones and of optimal elements.

Definition 2.3.1. Let M be a nonempty set, M x M is the set of ordered pairs of
elements of M :
M x M := {(z,y) | z,y € M}.
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If R is a nonempty subset of M x M, then R is called a binary relation on M and
we write xRy for (z,y) € R. The pair (M,9R) is called a set M with binary relation

R. Two elements x,y € M are said to be comparable if xRy or yRzx holds.
The binary relation R is called:

(i) reflexive if xRz for every x € M;

(ii) tramsitive if for all x,y,z € M: xRy and yRz imply that zRz;

(i1i) symmetric if for all x,y € M: xRy implies that yRx;

(iv) antisymmetric if for all z,y € M: xRy and yRx imply that x = y;
(v) complete if any two elements of M are comparable.

(vi) a preorder if R is reflexive and transitive;

(vii) a partial order if R is reflexive, transitive and antisymmetric.

Example 2.3.2. Let R, Z, N be the set of real numbers, integers, and nonnegative

integers, respectively. Take
R, ={(z,y) eRxR|z—y e}

R, ={(z,y) €EZXZ|x—yeN}
Ry, ={(z,y) €ZXxZ|x—yeN}
Then,

(i) R, is a preorder on R. It is also symmetric but not antisymmetric or complete
on R.

(ii) R, is a partial order but it is neither symmetric nor complete on Z.
(1ii) R; is only transitive on Z.

Definition 2.3.3. Let R be a binary relation on a nonempty set M, and take My C M.

An element T € My is called a maxzimal or a minimal element of My w.r.t. R if for
every x € My:

TR = RT  or
TRT = TRz, respectively.

We denote by Max(My;R) the set of all mazimal elements of My, and by Min(Mp; R)

the set of all minimal elements of M.

If SR is a partial order on M, then a subset My C M can have no, one or several

minimal (maximal) elements.
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Definition 2.3.4. Let R be a binary relation on a nonempty set M, and My be a
subset of M. We call that My is bounded below (or bounded above) w.r.t. R if
there exists some a € M such that aRx (xRa, respectively) for every x € My. In this
case, the element a is called a lower bound (upper bound, respectively) of M.

If R is a partial order, an element a € M is called the infimum (or supremum)
of M if a is a lower bound (upper bound, respectively) of My and for any lower bound
(upper bound, respectively) a' of My we have a’Ra (aRd’, respectively).

We consider M :=7Z, My := N* and the binary relation PRy given in Example 2.3.2.
Observe that the unit element 1 is a unique minimal element and also an infimum M.
2.3.2 Ordering cones

In this section, we will list some basic notions of cones of a topological vector space Y,
which can be found, for instance, in [26, 42, 44, 51, 66]. These cones induce the class

of binary relations, which are compatible with the linear structure of Y.

Definition 2.3.5. A nonempty set C C Y is said to be a cone if tc € C for every
c € C and everyt > 0. The cone C is called:

(1) convex if VA € (0,1),Vr1,20 € C: Ay + (1 — Nz € C,
(ii) proper if C # {0} and C #Y,
(iii) reproducing if C —C =Y,
(iv) pointed if C N (—C) = {0}.
Obviously, if C is a cone, then 0 € C. We will give some examples of cone.

Example 2.3.6. (i) The nonnegative orthant of the n-dimensional Euclidean space
is given by RY = {(x1,...,2,) € R" | 2; >0 Vi=1,...,n}. Clearly, R} is a

proper, convex and reproducing cone.

(ii) C :={(x1,...,2) ER" |Vi=1,...,n:2; >0} U{0} is a convex and pointed

cone.

Definition 2.3.7. Let Y be a topological vector space and C be a proper, convex cone
inY. A nonempty set B of C is called a base for C if each nonzero element y € C has
a unique representation of the form y = Ab with A >0 and b € B.

On the topological vector space Y, we consider an ordering relation >¢ generated

by a proper, convex cone C' C Y. This ordering relation is given by

y>cy ifandonlyif y—4 €C forall y,9/ €Y. (2.3)
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In several cases, if it causes no confusion, we will use the notation <¢ as an ordering
relation on Y, i.e. y <c vy <y >c y.

We present some properties of >¢ in the following proposition.

Proposition 2.3.8. Let Y be a topological vector space, and C' be a convex cone. Then,

the ordering relation >¢ given by (2.3) has the following properties:
(i) y >cy forally €Y  (reflexive),
(i) y >cy', v >cy’ impliesy >cy" for all y,y',y" €Y (transitive),
(i) y >c vy implies y+ 2z >c y + z for ally,y’,z €Y,
(iv) y >cy implies \y >c Ny’ for all X\ >0 and y,y' € Y.
(v) If C is pointed, then >¢ is antisymmetric. Moreover, >¢ is called a partial order.

Now we study some cone properties which show the connection between the topology
and the order of the space Y. Before giving the definition of a normal cone, we recall
that the nonempty set A of the topological vector space Y is full w.r.t. the convex
cone C' C Y if A = [A]¢, where

[Ale = (A+ )N (A -C);
note that [A]¢ is full w.r.t. C for every nonempty subset A of Y.

Definition 2.3.9. Let Y be a topological vector space, and let C' C Y be a proper,
convex cone. Then C is called normal if there exists a neighborhood base of the origin
0 €Y formed by full sets w.r.t. C.

Remark 2.3.10. If the neighborhood base of the origin in Definition 2.5.9 is taken in
the weak topology of Y, then C' is called weakly normal (w-normal, for short).

Example 2.3.11. We give an example of a normal cone. In the 2-dimensional Eu-
clidean space R?, we consider the nonnegative orthant C' := R%, and a neighborhood
base formed by sets A, = {|z;| < 1,i = 1,2} for every n € N*. Clearly, A,, is full

w.r.t. C for every n € N*, and therefore R"} is a normal cone.

Although the concepts given in Definition 2.3.9 and Remark 2.3.9 are defined for
the general topological vector spaces, in this section we consider them in normed vector
spaces. Until the end of this section, unless otherwise stated, by ¥ we mean a normed
vector space over the field R with the norm || -||y. The topological dual of Y is denoted
by Y*.

The continuous dual cone of C and its quasi-interior are respectively given by

Ct:={y* €eY*|VeeC: y*(c) >0},
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and
C* :={y* e Y*|Vee C: y*(c) >0}

We use the following convention, y* () := {400}, for all y* € C'*.
We adjoin a maximal element +o0o to Y (400 ¢ Y') such that +00 >¢ y for all
y € Y, and we use the notation Y* :=Y U {+o0}. The infinity element satisfies

o+ (+00) = 400, Y+ (+00) = 400, 0-(+00) =0, y*(++00) = +o

for any positive real o, any y in Y and any y* € C™T.
In the next results we give several characterizations of normal cones in a normed

vector space.

Lemma 2.3.12. ([26, Theorem 2.1.22]) Let Y be a normed vector space, and C C'Y

be a convex cone. The following statements are equivalent:
(i) C is normal;

(ii) There exists p > 0 such that p[Uy|c C Uy;

(11i) clC is normal;

Taking into account of Lemma 2.3.12 (i), (i), then (i) is equivalent to the bound-

edness of [Uy]c (compare to [26, Theorem 2.2.10]).

Lemma 2.3.13. ([26, Corollary 2.1.23]) Let (Y, ||.|ly) be a normed vector space, and

C CY be a convex cone. If C is normal, then C' is pointed, and so clC' is pointed, too.

Proof. Indeed, ify € CN(—C), theny € ({0}+C)N({0}-C) C (pUy+C)N(pUy —C) =
[pUy]c for every p > 0. Since the family {p[Uy]c,p > 0} is a neighborhood base of
0, y = 0. From Lemma 2.3.12, it follows that clC is a normal cone, and thus clC is

pointed. O

Lemma 2.3.14. (/26, Corollary 2.2.11]) Let (Y, ||.|ly) be a finite-dimensional normed
vector space, and C' C'Y be a convex cone. Then, C' is normal if and only if c1C 1is

pointed.

The next result is a particular case of [42, 3.4.8]; see also the remark from [66, p.
220).

Proposition 2.3.15. Let (Y, ||-|ly) be a normed vector space, and C CY be a convex

cone. Then,

C' is normal < C is weakly normal <& Ct —CT =Y*.
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Proof. The following implications are well known in locally convex spaces; see, e.g.,
[26].
C is normal = C is weakly normal & Ct - CT =Y*
Assume that C' is weakly normal. Obviously, Uy is weakly bounded. Since C is

weakly normal, by [42, Section 3.2.6], [Uy]c is weakly bounded. By [65, Corollary
3.18], [Uy]c is bounded. This shows that C' is normal. O

Lemma 2.3.16. Let (Y, ||-||y-) be a normed vector space, and C C'Y be a normal cone.
Then,
p:=sup{lly|l |y € [Uylc} € [1,+00) and p~ Uy~ C Cf - C,
where Cfr =Uy-NCT.
This result can be deduced from Jameson’s book [42]. We provide its proof for the
reader’s convenience. In this proof we are dealing with the polar set of a nonempty set

A CY defined by
AV i={y" e V" vy e A:y(y) > —1}.

Proof. Since C' is normal, there exists 7 > 0 such that [Uy]c C rUy. It follows that
1 <p<r<+oo. Since [Uylec = (Uy +C)N (Uy — C) C pUy and (Uy+C)0 =
CtNUy« = C’fr is convex and w*-compact, we get

p~ Uy = (pUy)" C [(Uy +C) N (Uy = O)]°
= conv?’ [(Uy +O)° U (Uy —C)°] = conv? [CFu(=C)]

*

Ceonv” [Cf —Cf] =Cf —Cf,

where conv? E is the closed convex hull of the subset E of the vector space Y* with

respect to the weak™ topology. This completes the proof. O

Before giving some useful notions of cones, we recall that a net (x;);e; C X is
nonincreasing if
Vi,jel:j=i= x; >c xj,
where C' is a convex cone.

Given a nonempty set A C X, we say that A is lower bounded w.r.t. C if there

is an element a € X such that © >¢ a for every z € A.

Definition 2.3.17. Let Y be a normed vector space, and C C'Y a proper, convex cone.

We say that
(1) C is based if there exists a convex set B such that C = Ry B and 0 ¢ cl B.

(ii) C is well-based if there exists a bounded convex set B such that C = R4 B and
0¢clB.
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Table 2.1: The relationships among different kinds of cones

C has compact base

ﬂ ﬂ C=clC
Y = R™

C is well-based — int Ot £ ()

ﬂ

3 proper cone K: = C is based = C# # ()
C\ {0} Cint K

ﬂ ﬂ* C=clC
Y separable

C well-based C=d g r=R" C pointed = (Or-Ct=Y*
cl C is normal <— C' is normal g C' is w-normal.

(i1i) C has a compact base if there exists a compact convex set B such that C = R, B
and 0 ¢ cl B.

(iv) C is said to be Daniell if any nonincreasing net which has a lower bound, con-

verges to its infimum.

Remark 2.3.18. (i) Table 2.1 describes the relationships among different kinds of

cones.

(i) Obviously, if a proper, convex cone C' is well-based, then C is also based. It is
clear that the nonnegative orthant ]R%_ is well-based in R? with a bounded convex

set B :={(x1,12) ER? | 21 + 29 = 1,27 > 0,29 > 0}.

(iii) A convex cone with a weakly compact base is Daniell.

2.3.3 Set relations

In what follows X and Y are normed spaces, C' is a proper, convex cone in Y. We
take two arbitrary nonempty subsets A, B of Y, and consider the ordered relationship
between them w.r.t. the cone C. We begin this part with the ordering relation >¢ to
compare two vectors z,y € Y given by (2.3) as in the previous section. It is clear that
the ordering relation between two vectors does not imply the ordering relation between

two sets:
ACB+C & BcCcA-C.
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In order to avoid this drawback it is necessary to derive other set relations to compare
two arbitrary nonempty sets in Y.

First, we recall a set less order relation, which plays an important role in set op-
timization, and was first independently introduced by Young [72] and Nishnianidze
[57].

Definition 2.3.19. (/57, 72]) Let A, B be nonempty subsets of Y, and C be a proper,

convex cone; then the set less order relation =( is defined by
A=<t B<=BCA+Cand ACB-C.

We follow the lines of Kuroiwa, Tanaka, and Ha [49] and define six kinds of set

relations between two nonempty sets as follows

Definition 2.3.20. ([/9]) For two nonempty sets A, B C'Y and a proper, convex cone

C in'Y, we introduce the following set relations

(i) A=Y) B BC N (a+C);
a€A

(i) A=E) B AN( N b-C) #0;
beB

(iii) A<D Bes BC A+C;

(iv) A= B BN (N a+C) #0;
acA

() A=Y Bes ACB-C;

(vi) A=Y B = BN(A+C) #0.

The set relations jgﬁ) and j(éf ) will be called the lower and upper set less order

relation, respectively. In several books and articles, the lower (upper) set less order
relation is denoted by j(cl) (resp. jgf ) ); see [40, 44] and the references therein.

The following proposition is directly verified from Definition 2.3.20.

Proposition 2.3.21. ([49]) Let A, B C'Y be nonempty sets, and C be a proper, convex

cone in Y. The following statements hold:

A<9B — a<WpB — 4<"p

l

A<"B — a<WB — a<"B

The set relations given in Definition 2.3.20 are widely used in literature to define
solution concepts for set-valued optimization problems. In this dissertation, we also

use these relations to define new convexity notions for set-valued functions.
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In [40], Jahn and Ha also derived many new set relations. The authors have
equipped the space Y with an arbitrary pre-order, without any topological or lin-
ear structure, and then after defining new concepts of optimal solutions of set-valued

optimization problems, some existence results for these solutions were derived.

2.4 Set differences

In this section, we study several set differences which were investigated by Baier and
Farkhi [2], Rubinov and Akhundov [64], Dempe and Pilecka [14] for finite-dimensional
spaces, and by Jahn [39] for infinite-dimensional spaces. It is important to mention that
these differences motivate the corresponding Lipschitz continuities in Section 3.2 later.
In [2], various set differences are considered on IC(R™) (the set of nonempty compact
subsets of R™) or on C(R™) (the set of nonempty convex compact subset of R™). For
each set difference, the corresponding distance (or even a metric) is constructed, and
the corresponding Lipschitz continuity of a set-valued function with compact values
F: X = K(R™) (or convex compact values F' : X =% C(R")) are also derived. In this
approach, the Lipschitzianity is related to the distance or the topological structure of
the spaces K(R™) and C(R"). In this dissertation, we follow another direction. The
Lipschitz continuities will be defined directly from the topological structure of the
original space without mentioning the distance. To do that, the algebraic difference
and geometric difference of two arbitrary sets are defined in general vector spaces.
In contrast, the Demyanov difference, and metric difference of two compact sets are
defined in the n-dimensional Euclidean space R". In the following definitions, for each
set difference concept, we will consider the corresponding vector spaces which can be

either finite-dimensional or general spaces.

Definition 2.4.1. ([2]) Let Y be a general topological vector space, and A, B be subsets
of Y. We define the

(i) algebraic difference as
A6 B=A+(-1) B,

(ii) geometric/star-shaped/Hadwiger-Pontryagin difference as

AcgB:={yeY :y+ B C A}

The algebraic difference and geometric difference can be also presented as

AcaB=JA™"  AceB= ()47
beB beB
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(a) (b)

Figure 2.1: The geometric difference and the algebraic difference.

where A=" :={a—b|a € A} = A—bfor b € B. Of course, the second formulae for the
algebraic difference and the geometric difference have more geometrical meaning than
the first ones given in Definition 2.4.1; see Figure 2.1a and 2.1b.

In the special case that B = {b} is a singleton, the algebraic difference and the
geometric difference coincide and are exactly the set A —b.

Note that the disadvantage of these two concepts is that the cardinality of the
algebraic difference set is usually bigger than one of two original sets. Furthermore, the
geometric difference sets in several cases can be empty, even if the vector spaces are

finite- or infinite-dimensional.

Example 2.4.2. (i) LetY :=R", and two sets A = B := Uy . Then, ASoB = 2Uy;
see Figure 2.2a.

(ii) Let A,B C'Y be two balls in a normed vector space Y such that B has a radius
bigger than A. Then, ASg B = 0; see Figure 2.2b.

The geometric difference can also be extended to [-difference by Pilecka [60]. In
next definition, the /-difference is defined in a finite-dimensional R™ w.r.t. the relation

<) given in Definition 2.3.20, where C is a cone in R".

Definition 2.4.3. (Pilecka [60]) Let A, B be arbitrary subsets of R™, and C' be a proper,

convex cone in R™. The [-difference is defined as follows
Ao B:={yeR":y+ B C A+ C}, (2.4)
or the equivalent formulation

A@lB:{yE]R":Ajgii)B—l—y},
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KJ | | 0 |
-1

(a) Aoa B =2Uy (b) AceB=10

Figure 2.2: Tllustration for Examples 2.4.2.

where jgﬁ) 1s introduced in Definition 2.4.3.

In [2], Baier and Farkhi defined the algebraic difference and the geometric difference
in finite-dimensional spaces. However, it is clear that the nonempty characterization of
algebraic difference sets and geometric difference sets does not depend on the dimen-
sionality of the space.

Now we will study Demyanov differences and their modifications. In [2, 15, 64],
the Demyanov differences are considered on the class of the convex compact subsets
and the class of compact subsets in the n-dimensional Euclidean space R™, which are
essential to make Demyanov difference sets nonempty.

For Y = R", we denote by KC(R") the set of nonempty compact subsets of R",
and by C(R™) the set of nonempty convex compact subsets of R™. For a given set
A € K(R™), the support function of A is given by

o(l,A) :=max ({,a) (¢ e R"),

a€A

and the supporting face of A is given by
M,A)={acA:{l,a)=0(l,A)}.

Here we denote by (¢, a) the scalar product of ¢ and a, and by m(¢, A) a point of the
supporting face. S denotes the set of £ € R™ such that the supporting face M (¢, A)
consists of only a single point m(¢, A). In general, one takes S4 in the unit sphere

Sp—1 C R™. Now we are able to define the Demyanov difference as in [2].
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Definition 2.4.4. (Baier and Farkhi [2]) Let A, B € K(R™). We define the Demyanov

difference as follows
A6p B :=clconv{m(l,A) —m({,B): £ € Sy NSp}. (2.5)

There are several modifications of the Demyanov difference in the literature. In the
following definitions, we introduce two approaches proposed by Jahn [39], Dempe and
Pilecka [14], which restrict the considered directions to vectors contained in the dual
and negative dual cone of the ordering cone. Moreover, for these new set differences,
new directional derivatives are introduced (see Section 6.7) to formulate optimality
conditions in set optimization w.r.t. the set less order relation. To simplify notation,
we use the same symbol ©p for all the Demyanov differences under consideration if no
confusion arises.

In the next definition, the modified Demyanov difference is proposed in finite-

dimensional spaces.

Definition 2.4.5. (Dempe and Pilecka [1}]) Let C be a proper, convex cone in R",

and A, B be two nonempty sets in R™. Then, the modified Demyanov difference is given

by:
Acp B :=clconv{m(l,A) —m({,B) : £ € SyNSgN(CTU(-C))}. (2.6)

In [39], Jahn derives new Demyanov differences for two arbitrary sets A, B in normed
vector space Y which is partially ordered by a convex cone C'. However, it is necessary
to assume that the solutions of the following minimization and maximization problems

are unique for every £ € Cf := C* N Uy

I;éig (4,ay, (2.7)
max (0 a). (2.8)

The solutions of the problems (2.7) and (2.8) are denoted by ymin (¢, A) and ymax (¢, A),
respectively. Note that if the constrained set A is weakly compact, then there exist

solutions to these problems.

Definition 2.4.6. (Jahn [39]) Let Y be a normed vector space, C' be a proper, convex
cone in Y, and let two sets A,B € Y be given so that for every { € Oy the solu-
tions Ymin (¢, A), Ymin (¢, B), Ymax (¢, A) and ymax (¢, B) are unique. Then, the Demyanov

difference is given by:

A6p Bi= | {ymin(l, A) = ymin (£, B), Ymax (¢, A) = ymax (£, B)}. (2.9)
tecy
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Definitions 2.4.4-2.4.6 use differences of supporting points. However, there are two
important differences among these three definitions. The first is how to restrict the
continuous linear functionals. Definitions 2.4.5 and 2.4.6 consider them on the closed
unit ball, since this restriction fits the vectorization approach in set optimization. The
second is that the closure of the convex hull of difference vectors is not needed in
Definition 2.4.6. We refer the reader to [14, 39] for more details and comparisons
among the aforementioned definitions of Demyanov differences.

We end this part by defining the metric difference of two nonempty compact subsets
of R™.

Definition 2.4.7. ([2]) Let A, B € K(R™). We define the metric difference as
Aoy B:={a—>b:|la—10blls =d(a,B) or |b—al2=d(b,A)}.

In the case that B = {b} is a singleton, all differences coincide and are equal to the
set A —b.
We refer the reader to [2, 39] for more details on some properties and the calculus

of the aforementioned set differences as well as comparisons between them.

2.5 Scalarizing functionals and separation theorems

In optimization theory, separation theorems play an important role in deriving the
necessary and sufficient conditions for solutions of optimization problems; see Chapter
7. In this section, let Y be a topological vector space, and A, B be given nonempty
subsets of Y. We introduce separation theorems for convex sets and separation theorems

for two arbitrary sets as well as some nonlinear scalarizing functionals.

2.5.1 Separation theorems for convex sets

In mathematics, the Hahn-Banach Theorem is one of three basic principles in functional
analysis. The separation theorem for convex sets, an equivalent form of the Hahn-
Banach Theorem, asserts that any two nonempty disjoint convex subsets of Y are
separated by a hyperplane. We refer the reader to [10, 65] for more details about
the Hahn-Banach Theorem. We will present in this part several main results of the

Hahn-Banach Theorem without proofs.

Theorem 2.5.1. (First separation theorem for convex sets) Let Y be a normed
vector space, and let A, B be nonempty convex subsets of Y such that ANB=10. If A
is open, then there is a continuous linear functional y* € Y*, y* # 0 separating A and
B, i.e.,

y'(z) <y*(y) forall x€ AyéeEB,
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The next corollary follows directly from the theorem above.

Corollary 2.5.2. Let Y be a normed vector space, and let A, B be nonempty convex
subsets of Y. We assume that int A # (). If int AN B = 0 then there is a continuous
linear functional y* € Y*, y* # 0 such that

y*(x) <y (y) forall zeAyeB,

Theorem 2.5.3. (Second separation theorem for convex sets) Let Y be a normed
vector space, A, B be convex subsets of Y. Moreover, if A is closed, B is compact, and
ANB =, then there is a continuous linear functional y* € Y*\ {0} strictly separating
A and B, i.e.,

y'(x) <y*(y) forall € AyeEB.

Proofs of the Theorems 2.5.1 and 2.5.3 can be found in [10].

2.5.2 Separation theorems for not necessarily convex sets

In the past, “the nonlinear scalarizing functional” or “Gerstewitz scalarizing functional”
was widely used in vector optimization, set optimization as well as financial mathemat-
ics. It was first used in [25] by Tammer (Gerstewitz) and Weidner to prove separation
theorems for nonconvex sets, which are important tools for the proof of optimality con-
ditions. In this section, we will discuss this functional and the separation theorems for
nonconvex sets.

Now let A be a given proper closed subset of Y, and e € Y \ {0} such that
A+1[0,4+00)-e C A. (2.10)

We consider the scalarizing functional ¢ := @4, : Y — R defined by

vac(y) =inf{AeR | X-ecy+ A}, (2.11)

where we use the convention inf () := +o0, sup ) := —o0 and (+00) + (—00) := +o0.

One main purpose of this dissertation is making use of the scalarization technique
to study necessary conditions of vector optimization problems stated in Chapter 7 and
necessary conditions of set-valued optimization problems stated in Chapter 8. Based
on well-studied properties of the functional ¢ 4 ., we will scalarize objective functions of
optimization problems, hence we can characterize solutions of the optimization prob-
lems. The nonlinear scalarizing functional is also used to prove the Lipschitzianity of
convex set-valued functions in Chapter 5.

We present some important properties of ¢ in [19, 26, 68] that will be used in sequel.
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Theorem 2.5.4. ([26, 68]) LetY be a topological vector space, and A C'Y be a proper,
closed set. Let e be a given point in' Y \ {0} such that (2.10) holds, then the following
properties hold for ¢ := p4.:

(a) ¢ is lower semi-continuous, and dom ¢ = Re — A.
(b) VyeY, YVt e R:o(y) <t if and ony if y € te — A.
(c) VyeY, VteR: oy +te) = ¢(y) +t.

(d) ¢ is convex if and ony if A is convex; p(Ay) = Ap(y) for all A >0 andy € Y if

and ony if A is a cone.

(e) @ is proper if and ony if A does not contain lines parallel to e, i.e., Vy € Y, 3t €
R:y+ted¢ A

(f) ¢ takes finite values if and ony if A does not contain lines parallel to e and
Re— A=Y.

The following corollary is immediate.

Corollary 2.5.5. Let Y be a topological vector space, A, B,C CY be proper sets, and
C be closed. If B — C is closed, then for every e € int C' and t € R, we have

ACte+ B —C <= suppc-_Bec(a) <t.
acA

Proof. Let A C te+ B — C, this is equivalent to
ac€te+B—-C, forall acA. (2.12)

Because of the closedness of B — C, all assumptions of Theorem 2.5.4 (b) are fulfilled.
Therefore, (2.12) is equivalent to

sup pc—B,e(a) < t.
acA

Before stating the next result we recall the D-monotonicity of a functional.

Definition 2.5.6. Let Y be a topological vector space, and D be a nonempty subset of
Y. A functional ¢ : Y — R is called D-monotone, if

YyL,y2 €Y ty1 €y — D = o(y1) < o(y2).

Moreover, ¢ is said to be strictly D-monotone, if

Vy,y2 €Y ty1 € yo — D\ {0} = o(y1) < ¢(¥y2)-
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The following results provide some monotonicity properties of the scalarizing func-
tional . These properties are important for characterizing vector and set-valued opti-

mization problems.

Theorem 2.5.7. ([26]) Under the assumptions of Theorem 2.5.4, and take ) # D C Y.
Then, the following properties hold:

(a) ©a.e is D-monotone if and only if A+ D C A.
(b) pa. is subadditive if and only if A+ A C A.
We present now a separation theorem for not necessarily convex sets.

Theorem 2.5.8. ([26/) Nonconvex Separation Theorem. LetY be a topological
vector space, and let A, B C'Y be nonempty sets such that A is closed, int A # () and
(—int A)N B = 0. Take e € Y and assume that one of the following two conditions
holds:

(i) there exists a cone D CY such that e € int D and A+int D C A;
(ii) A is convexr, Re — A=Y and (2.10) is satisfied.
Then, pa.e s a finite-valued, continuous function such that
©ae(y) > 0> pae(—z) forall zeintA ye B.
Moreover, p4.¢(y) > 0 for every y € int B.

Now let Y be a Banach space and f : Y — R be a proper convex function. Recall
that the subdifferential or Fenchel subdifferential of f at ¥ € dom f is given by

of @) ={y" €Y [VyeY: fly) - fW) 2y vy -1} (2.13)

for § ¢ dom f one puts 0f(7) = (); see Chapter 6 for more details.
Finally, we consider some calculus for the classical (Fenchel) subdifferential of the

nonlinear scalarizing functional ¢, given by (2.11).

Theorem 2.5.9. ([19])LetY be a Banach space, and let C' be a closed, convex cone in

Y with a nonempty interior. Take e € int C. Then, we have
(a) Opce(0) = {y* € C* |y*(e) = 1}.
(b) Opce(y) ={y* € C* |y*(e) = L,y*(y) = pce(y)} for any y € Y.

(¢) o is d(e,bd (C))~t-Lipschitz and for every y € Y and y* € dpce(y) one has
lef~" < ly*[ < d(e,bd (C))~".

For the detailed proofs of Theorems 2.5.7-2.5.9, see [26, Theorem 2.3.1, Theorem
2.3.6] and [19, Lemma 2.4].
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2.5.3 The oriented distance function

In [30, 31], Hiriart-Urruty introduced “the oriented distance function” to analyse
the geometry of nonsmooth optimization problems. This function is an effective tool
for scalarizing vector optimization problems; see also Chapter 7.

In this section, Y is a normed vector space, and A is a proper subset of Y (i.e.,

A0 A£Y).

Definition 2.5.10. The oriented distance function As : Y — R defined for a nonempty
set ACY, by
Auly) = d(y, A) —d(y, Y \ A), (2.14)

where d(-, A) : Y — R is the distance function w.r.t. A.

We will show several important properties of the oriented distance function in the

following proposition.
Proposition 2.5.11. ([73, Proposition 3.2])
(i) Ay is Lipschitzian of rank 1.

(i) Aa(y) < 0 for all y € int A, Aus(y) = 0 for all y in the boundary of A, and
Aa(y) >0 for ally € int(Y \ A).

(i1i) If A is convex, then A4 is convex, and if A is cone, then Ay is positively homo-

geneous.

(iv) If A is a closed, convex cone, then Ay is A-monotone (i.e., y1 — y2 € A implies
that Aa(y1) < Aa(y2)). Moreover, if A has a nonempty interior, then A4 is
strictly int A-monotone (i.e., y1 — y2 € int A implies that Ax(y1) < Aa(y2)).

One has by the above proposition that A_o is convex, positively homogeneous, C-
monotone and 1-Lipschitz for every closed, convex cone C. Moreover, if int C' = (), then
cl (Y \(=C)) =Y. Therefore, d(y,Y \ (—C)) =0 for all y € Y, hence A_¢ = d(-, —C).

Note that both A4 and d(-, A) are convex functions with a convex set A, so we can
take their subdifferentials in the sense of Fenchel. For the convenience of the reader we
repeat the calculus of subdifferential of the distance function d(-, A) in the following

proposition.

Proposition 2.5.12. ([11, Theorem 1]) Let A be a nonempty, closed, and convex

subset of Y. Then, d(-, A) is a convez function on'Y with a convex subdifferential

Uy« NN(y; A)  ify € A,

od(y, A) =
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where Uy =, Sy~ are the closed unit ball and the unit sphere in Y*, A, := A+d(y, A)Uy,

and N (a; A) is the normal cone at a point a € A and be given as
N(a; A) = {y* € Y*}Va € A:y*(a—a)<0}.
In particular, if int C' = ), then

OA_c(0) = 9d(0, —C) = Uy N N(0; —=C) = Uy- N C+. (2.15)

2.6 Solution concepts for vector-valued optimization prob-

lems

In order to formulate solution concepts for vector-valued problems and set-valued prob-
lems in next sections, we shall lead off with the well-known notions of (weak) Pareto
minimal points. In this section, we consider a topological vector space Y, partially

ordered by a proper, pointed, convex, closed cone C.

Definition 2.6.1. Let A be a nonempty subset of Y.
(i) We define the set of Pareto minimal points of A w.r.t. C' by
Min(4;C):={ge A| An(y—C) = {7}}.

(ii) The set of weakly Pareto minimal points of A w.r.t. C (with intC # 0) is
given by
WMin(A4;C) :={ge A| An(§—intC) = 0}.

The notions of (weak) minimality for vector optimization problem were first in-
troduced by Edgeworth and Pareto. They play an important role in many fields, for
example, in engineering and economics. Moreover, many authors defined other con-
cepts of minimality in the literature, such as strong minimal point, Properly minimal
point, etc. All these concepts and their relationships have been studied systematically
in Ha [27, 28], or Khan, Tammer and Zalinescu [44, Section 2.4].

The following lemma indicates that the set of (weak) Pareto minimal points of a

set A is exactly the one of the set A + C.

Lemma 2.6.2. ([37, Lemma 4.7 and 4.13]) Let A be a nonempty subset of a partially
ordered linear space Y, and let C be a proper, pointed, convex, closed ordering cone in

Y. The following assertions hold true:
(i) Min(A + C;C) = Min(4; C).

(it) If int C # 0, then WMin(A 4+ C;C) = WMin(A4;C).
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We consider now the vector optimization problem:
minimize f(x) subject to z € D, (VP)

where X, Y are two topological vector spaces, D C X is a feasible set, and C' is a proper,
closed, convex, pointed cone in Y. The objective function f : X — Y is a single-valued
mapping, (VP) is a problem of wvector optimization, and “minimization” is to be

understood in the sense of the following definition.

Definition 2.6.3. Let X, Y be two topological vector spaces, D be a nonempty subset
of X. Let f : X — 'Y be a single-valued mapping.

(i) A point T € D is said to be a Pareto efficient solution of the problem (VP)
for the single-valued mapping f w.r.t. C if f(Z) € Min(f(D);C).

(i) A point T € D is said to be a weakly Pareto efficient solution of the problem
(VP) for the single-valued mapping f w.r.t. C if f(z) € WMin(f(D);C)

Of course, there are several other concepts of minimization of the problem (VP)
w.r.t. the notions of minimality for a set mentioned right after Definition 2.6.1. How-
ever, in this dissertation we restrict ourselves to the concepts in Definition 2.6.3, and
study the necessary optimality conditions for (weak) Pareto efficient solutions of vector-

valued optimization problems in Chapter 7.

2.7 Solution concepts for set-valued optimization prob-

lems

Let X,Y be two topological vector spaces, D C X be a feasible set, and let C' be a
proper, closed, convex, pointed cone in Y. This section will be concerned with set-

valued optimization problems given by:
minimize F(z) subject to x € D, (SP)

where the objective function F': X =2 Y is a set-valued mapping, and “minimization”
stands for different solution concepts given in definitions below.

We use the notations

F(D)= | J F(z) and dom F = {z € D | F(x) # 0}.
zeD
There are three different approaches that have been recently studied in the literature
for the formulation of optimality notions for the problem (SP): the wvector approach
[3, 4, 5], the set approach, and the lattice approach [44]. In this dissertation, we restrict

ourselves to two first approaches.
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Let Z be a point in X, and g be a fix point in F'(Z). Next we define solutions of
(SP) based on the vector approach, that means we consider whether or not g is a

Pareto minimal point of the image set of F' w.r.t. C.

Definition 2.7.1. Let X,Y be two topological vector spaces, D be a nonempty subset
of X. Let FF: X 2 Y be a set-valued mapping.

(i) A pair (Z,y) € gph F with & € D is said to be a minimizer of the problem (SP)
for the set-valued mapping F w.r.t. C if y € Min(F(D);C), i.e.

({yg} - C)n F(D) = {y}.

(ii) A pair (Z,7) € gph F with & € D is said to be a weak minimizer of the problem
(SP) for the set-valued mapping F w.r.t. C if y € WMin(F(D);C), i.e.

({g} — int C) N F(D) = 0.

(i1i) A pair (Z,y) € gph F' is said to be a local minimizer (or local weak mini-
mizer) of the problem (SP) for the set-valued mapping F w.r.t. C if there is a
neighborhood U C X of & such that y € Min(F(U);C) (or y € WMin(F(U);C),

respectively).

The existence of minimizers and weak minimizers is discussed in Chapter 8, in which
set-valued functions are epigraphically Lipschitz-like or C-convex with some additional
boundedness conditions.

Clearly, the minimizers of the problem (SP) in the sense of Definition 2.7.1 de-
pend only on certain special elements of F'(Z), while other elements of F'(Z) are not
considered, for this reason one derived other approaches and new notions which are
more practical. The set-approach bases on the set relations introduced in Definitions
2.3.19 and 2.3.20 in order to define the solutions for the problem (SP). Now we consider

set-valued optimization problems w.r.t. a set relation <¢:
<¢ —minimize F(x) subjectto x € D, (SP— =¢)

where we denote =<¢ by one of the set relations introduced in Definitions 2.3.19 and
2.3.20.

Definition 2.7.2. ([}4]) Let X, Y be two topological vector spaces, D be a nonempty
subset of X, and F : X == Y be a set-valued mapping. An element T € D is said to
be a minimal solution of the problem (SP— =¢) w.r.t. the relation =¢ if F(x) ¢
F(z) for some x € D implies that F(Z) <¢ F(x).

An element T € D is said to be a strictly minimal solution of the problem
(SP— =¢) w.r.t. the relation <¢ if there exists no x € D\ {z} with F(x) <¢ F(Z).

An element T € D is said to be a strongly minimal solution of the problem
(SP— =¢) w.r.t. the relation <¢ if F(z) ¢ F(z), for all x € D\ {z}.



Chapter 3

Lipschitz continuity of
vector-valued and set-valued

functions

The Lipschitz continuity is an important and useful tool to study many different prob-
lems of mathematics. In the theory of differential equations, the Lipschitz continuity is
essential for deriving conditions about the existence and uniqueness of the solution to
an initial value problem. In variational analysis, the Lipschitz continuity is also used
to get some calculus rules in generalized differentiation; see Section 6.4. Furthermore,
one can derive the necessary conditions for solutions of optimization problems when
objective functions are Lipschitz (see Chapter 7 and Chapter 8). In this chapter, we
introduce some concepts of Lipschitzianity not only for scalar- and vector- valued func-
tions but also for set-valued functions. Almost all notions in this chapter are cited in
the monographs of Clarke [13] and Mordukhovich [55]. Some of the notions mentioned

in Section 3.2 are based on the definitions of set differences in Section 2.4.

3.1 Lipschitz continuity of vector-valued functions

We consider a normed vector space Y endowed with an order structure which is defined
in (2.3) by a proper, pointed, convex cone C' C Y. We adjoin a maximal element +oo
to Y, and get Y* := Y U {+o0}; see Section 2.3.2. We consider a function f: X — Y*

between two normed vector spaces, and denote the domain of f by dom f := {z € X |

flz) €Y}

Definition 3.1.1. Consider f: X — Y*;

(i) f is said to be Lipschitz on U C X if U C dom f, and there exists £ > 0 such

32
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that
Hf(m) - f(m')HY < EHJ; - :U'HX, for all z,2' €U.

(ii) f is said to be Lipschitz around x if there is a neighborhood U of x such that
f is Lipschitz on U (in particular x € int(dom f)).

(i1i) f is said to be locally Lipschitz on a nonempty subset D of X, if f is Lipschitz
around every point x € D. Hence D C int(dom f).

It is well known that in finite-dimensional spaces every scalar convex function is
locally Lipschitz on the interior of its domain. We will extend this assertion in Section
4.2 for general cases with vector-valued functions in infinite-dimensional spaces.

We recall the notion of strict Lipschitzianity in order to show a relationship between
the coderivative of a vector-valued function and the subdifferential of its scalarization
in Section 6.4. This property is also used to derive necessary conditions for solutions

of vector optimization problems in Chapter 7.

Definition 3.1.2. ([55, Definition 3.25]) Consider a function f : X —'Y and a point
T € X; f is called to be strictly Lipschitzian ot & if f is Lipschitz around & and the

sequence

- f(xk‘f‘tktv)_f(xk), ke,
k

contains a norm convergent subsequence whenever v € X, xp — T and ty | 0.

If Y is a finite-dimensional space, the strictly Lipschitzianity above reduces to the
class of locally Lipschitz functions f : X — R™. This claim does not hold for the case
dimY = 4o00. For examples and more details on properties of strictly Lipschitzian
functions see [55].

We introduce now the concept of equi-Lipschitzianity of a family of functions that

are used in Chapter 5 to study the Lipschitzianity of convex set-valued functions.

Definition 3.1.3. Let {fa}acr be a family of functions f, : X — R, where I is a
nonempty index set. We say that the family { fo }acr is equi-Lipschitz around xo € X
if there are a neighborhood U of xg and a real number L > 0 such that for every o € I,
fa is finite and Lipschitz on U with the same Lipschitz constant L, i.e.,

[fa(2) = fa(W)| < Llz —ylx, forall zyeUacl

3.2 Lipschitz continuity of set-valued functions

In this section, we will introduce several types of Lipschitz properties for set-valued
functions generated by a given proper, convex cone C. Moreover, we derive new Lips-

chitz continuities w.r.t. set differences given in Section 2.4.
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Let us begin with the multi-valued Lipschitz behavior called Lipschitz-like (also
known as the Aubin property, or the pseudo-Lipschitzian property) following the
book by Mordukhovich [55, Section 1.2.2]. Let F': X = Y be a set-valued mapping
between normed vector spaces. The domain of F is dom F := {z € X | F(x) # 0}.
We define the graph of the set-valued mapping F' by

gph F:= {(z,y) e X xY |y € F(z)}.

Definition 3.2.1. (Lipschitz properties of set-valued mappings). Let F : X =
Y with dom F # ().

(i) Given nonempty sets U C X and V CY, we say that F is Lipschitz-like on U
relative to V if there is £ > 0 such that

Vo, 2’ e U : F(z)NV C F(a') + |z —2'|, Uy. (3.1)
Hence, if F(U)NV # 0, then U C dom F.

(ii) Given (z,y) € gph F', we say that F is Lipschitz-like around (Z,y) with modulus
€ > 0 if there are neighborhoods U of T and V' of y such that (3.1) holds, hence
necessarily T € int(dom F'). The infimum of all such moduli ¢ is called the exact

Lipschitz bound of F' around (Z,y) and is denoted by lip F(Z, 7).

(i) F is Lipschitz continuous on U if (3.1) holds with V. =Y; the infimum of
>0 for which (3.1) holds with V =Y is denoted by lip;; F'(z). Furthermore, F
is Lipschitz around T if there is a neighborhood U of x such that F is Lipschitz

continuous on U.

Remark 3.2.2. (i) It follows immediately from Definition 3.2.1 that the Lipschitz-
like property of F' around (z,y) implies the Lipschitz-like property of F around
(x,y) € gph F which is close enough to (Z,y).

(i1) If F is Lipschitz-like on U, one has U Ndom F = () or U C dom F'.

For a vector-valued function f : X — Y*® we associate the set-valued function
F:X =2Y given by

Fla) = {f(z)} ifxedomf, (32)

0 otherwise;
hence dom F' = dom f; we say that F' is at most single-valued. Inversely, for each at
most single-valued function F': X =3 Y, we associate the corresponding vector-valued
function f: X — Y* given by
y if x € dom F' and F(x) = {y},

Fa) = (33)
+oo if z ¢ dom F.
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Remark 3.2.3. Of course, if F: X =2'Y is at most single-valued, then:

(i) if V=Y, Definition 3.2.1(i) reduces to Definition 3.1.1(i) for the corresponding
vector-valued mapping f defined in (3.3),

(ii) if £ € dom F, F(z) = {y}, and V =Y Definition 3.2.1(ii) reduces to Definition
3.1.1(ii).

We recall that the epigraph of F' w.r.t. the cone C is given by
epi F:={(z,y) e X xY |y € F(z) + C}. (3.4)
The epigraphical multifunction of F': X =Y, Ep: X 2Y, is defined by
Ep(x):=F(x)+ C. (3.5)
From (3.4) and (3.5), it follows that gph Ep = epi F.

Definition 3.2.4. A set-valued mapping F : X =3 Y is epigraphically Lipschitz-
like (ELL) around a given point (Z,y) € gph F' if there are neighborhoods U of T and
V' of y such that

Vo, o' € U : Er(x) NV CEp(a) + L|x — 2| Uy. (3.6)

In other words, F is ELL at (z,9) if its epigraphical multifunction £ is Lipschitz-
like around that point.

Now, we introduce concepts of upper (lower) C-Lipschitzianity w.r.t. the
proper, convex cone C. They are used in Section 5.2 to show the C-Lipschitzianity

of C-convex set-valued functions.

Definition 3.2.5. Let F : X = Y be a set-valued mapping with dom F # (), and

C CY be a proper, convex cone.

(i) F is said to be upper (lower) C-Lipschitz around xo € X if there is a neigh-
borhood U of xg, and a constant £ > 0 such that the following inclusions hold for

all x, 2’ € U
F(2") C F(z) + 2" — 2| xUy — C, (3.7)

(F(2') C F(x) + L]z’ — 2| xUy + C, respectively). (3.8)

(ii) F is said to be locally upper (lower) C-Lipschitz on D C X if it is upper
(lower) C-Lipschitz around any point of D.

Remark 3.2.6. (i) In Definition 3.2.5(i), if F is upper (lower) C-Lipschitz around
xg, then xo ¢ cl(dom F') or x¢ € int (dom F'). Moreover if U Ndom F # (), then
U C dom F, and thus zy € int (dom F').
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(ii) Obviously, if F is lower C-Lipschitz around T € dom F', from (3.8), we have that
Er is Lipschitz-like continuous around (Z,y), for all y € F(Z), so F is (ELL)
around (Z,y), for all §y € F(Z).

(iii) Note that the concepts of C-Lipschitzianity in Definition 3.2.5 are more general
than the ones in the sense of Kuwano and Tanaka [50] in Definition 5.3.1, as

they fix © := xg in the right-hand side of the inclusions (3.7) and (3.8).

We now introduce several new Lipschitz continuities of set-valued maps w.r.t. the
given set differences presented in Section 2.4. These Lipschitz continuities were inves-
tigated for both finite-dimensional spaces in [2, 64], and infinite-dimensional spaces in
[39]. In [2], Baier and Farkhi give a good survey on Lipschitz continuities of set-valued
maps. Furthermore, they also study the relationships between Lipschitz continuities
and existence of selections of set-valued maps. This matter has been attracting the
attention of researchers for a long time.

We now define the Lipschitz continuities of set-valued maps w.r.t. the algebraic
difference &4 and the geometric difference S¢ given in Definition 2.4.1. Since these
differences are defined in general vector spaces, we can define Lipschitz continuities in
normed vector spaces without any special conditions for set-valued maps.

In the following definition, we use the notion A-Lipschitz standing for A-Lipschitz
(algebraic Lipschitz), and G-Lipschitz (geometric Lipschitz).

Definition 3.2.7. (/2],[60] ) Let X,Y be two normed vector spaces, and F': X =Y
be a set-valued function. F is called A-Lipschitz on X w.r.t. the set difference ©a
(where A € {A,G}) with a constant L > 0 if

F(r)oa F(y) € Llz — y|xUy forall z,ye€ X.

Note that since the algebraic difference and the geometric difference coincide for
singleton, the Lipschitz properties w.r.t. these differences coincide for single-valued

map F'. Therefore, we get the following proposition.

Proposition 3.2.8. (/2]) Let X, Y be two normed vector spaces, f : X — 'Y be a vector-
valued function and F : X = Y be a set-valued function such that F(x) = {f(x)}.
Then, the A-Lipschitzianity and the G-Lipschitzianity for F coincide with classical
Lipschitzianity for f.

For other Lipschitz continuity concepts concerning the partial ordering relation,
we derive the upper (lower) G-Lipschitz concepts around zyp € X. We will use these
concepts to study the Lipschitz continuity of extended convex set-valued functions in
Section 5.4.
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Definition 3.2.9. Let X,Y be two normed vector spaces, F' : X =Y be a set-valued
mapping with dom F # (), and C C'Y be a proper, convex cone. F is said to be upper
G-Lipschitz (or lower G- Lipschitz) around xo € X if there is a neighborhood U

of xg, and a constant £ > 0 such that
F(z)og F(z') C ||z —a'||xUy + C,  forall za' €U, (3.9)
(F(z)eg F(2') C )|z —2'||xUy — C, for all z,2’ € U, respectively). (3.10)

Obviously, when C' is a normal cone, F' is G-Lipschitz if and only if it is upper
G-Lipschitz and lower G-Lipschitz.

To this end, we define the Lipschitzianity w.r.t. the metric difference ©,;, and the
D-Lipschitzianity (or Demyanov Lipschitzianity) w.r.t. the Demyanov difference (2.5).
We need to restrict the image of F' on the set of nonempty compact subsets of R"
denoted by IC(R™) as well as on the set of nonempty convex compact subsets of R"
denoted by C(R").

Definition 3.2.10. (/2/) Let X be a vector space, and F : X =2 K(R") (or F : X =2
C(R™)) be a set-valued function. F is called Lipschitz (or D-Lipschitz) on X with
respect to the metric difference Sy (the Demyanov difference ©p, respectively) with a
constant L > 0 if

F(z)onm Fy) € Llz —y|xUrr  for all x,y€ X,
(F(x)op F(y) C L|x — y|xUrn  for all x,y € X, respectively).
The following proposition presents the hierarchy of the Lipschitz notions above.

Proposition 3.2.11. ([2]) Let X be a vector space, and F : X = R" be a set-valued

function with image in KK(R™). Then, we have
F is D-Lipschitz = F is Lipschitz = F' is G-Lipschitz.

Note that we also can use the formula in Definition 3.2.10 to define the Demyanov
Lipschitzianity w.r.t. the Jahn’s Demyanov difference (2.9), and F : X = Y is a

set-valued function between two normed vector spaces.



Chapter 4

Lipschitz continuity of
cone-convex vector-valued

functions

As indicated in Chapter 2, the Lipschitzianity of convex scalar functions lead us to
studying the Lipschitzianity for convex vector functions. The present chapter is devoted
to study systematically the Lipschitz properties of convex functions in the literature,
and also refers to the techniques used to prove them. We not only extend some results
in the literature, but also derive some new proofs. This chapter is organized as follows:
Section 4.1 is concerned with concepts of C-convex functions that are well known in
vector optimization. Section 4.2 is one of the main parts of this dissertation. In
Theorem 4.2.7, we derive different proofs for an assertion of Borwein [9] concerning
the Lipschitzianity of a convex vector-valued function when the ordered cone C' is
normal. However, Theorem 4.2.7 is slightly stronger than Borwein’s result, because
our boundedness condition is weaker. Moreover, in the first proof of Theorem 4.2.7,
we can obtain an accurate Lipschitz constant. In order to derive the second proof
of Theorem 4.2.7, we start with Luc, Tan and Tinh’s result ([52, Theorem 3.1]) for
convex-vector functions in finite-dimensional spaces. We use their techniques to extend
their result to infinite-dimensional spaces and get the second proof of Theorem 4.2.7.
Initially, the proof of Theorem 4.2.7 was for a w-normal cone C, and then we realized
that the normal cone and w-normal cone are equivalent in normed vector spaces; see
Proposition 2.3.15. This assertion is known from the book by Schaefer [66] but he did
not prove it. This chapter is based on the results in the paper [70] by Tuan, Tammer

and Zalinescu.
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4.1 Cone-convex vector-valued functions

Let X and Y be normed vector spaces, and let C C Y be a proper, convex cone.
We consider a function f from the normed vector space X to the extended space Y*®
(Y* =Y U{+oo¢c}), and denote the domain of f by dom f :={x € X | f(x) € Y}. In

the sequel, we always assume that int(dom f) # ().

Definition 4.1.1. Let f : X = Y*, and C' C Y be a proper, convex cone. The function
f s said to be C-convez if for all x,x' € X, \ € (0,1), one has

Af(@)+ (L= N f(@") Zc fhz+ (1= Na').

In the case Y =R and C = R, := {a € R | @ > 0}, Definition 4.1.1 reduces to the
classical definition of convexity for functionals; see [32, 74]. Obviously, the convexity
of f implies that dom f is convex.

In the definition above, the convex function f is defined on the whole of X, and f
takes its values in the extended space Y®*. However, in several books (see, for example,
[32]), a convex function must be defined on a convex subset of X, and its values must
be finite. To compare these two definitions for scalar functions, we refer to [32]. In the
following definition, we also define a convex vector-valued function f on a convex set

of X, and f takes finite values.

Definition 4.1.2. Let C C Y be a proper, convex cone, and A be a nonempty convex set
in X. A function f: A —Y is said to be C-convex on A if for allz, 2’ € A, )\ € (0,1),
one has

M)+ (1 =N [f@E) 2c fQz + (1= N)a).

Remark 4.1.3. If we extend the C'-convex function f: A —Y from Definition 4.1.2
by
- f(z) for ze€A,

fz) =
+oo  for xé A,

we then obtain a new function f : X — Y*. It is easy to verify that f is C-convex in
the sense of Definition 4.1.1.

Definition 4.1.4. Consider f : X — Y*® with dom f # 0, and let C CY be a proper,

convex cone. The epigraph of f w.r.t. the cone C is given by
epif:={(z,y) e X xY |y € f(z)+ C}. (4.1)

The following proposition states that the convexity of epigraphs can be taken as

one different definition of convex functions.
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Proposition 4.1.5. Consider f : X — Y® with dom f # 0, and let C CY be a proper,

convex cone. The following properties are equivalent:
(i) f is C-conver,
(ii) its epigraph is a convex set in X X Y.
Proof. (i)= (ii) Take (z1;y1), (x2;y2) € epi f, we have
y1 € f(a1) +C,
y2 € f(z2) + C.
Then,
A+ (1= Ny2 € Af(x1) + (1 =N f(z2) +C, forall Xe(0,1).
Since f is C-convex, we get
Ayr+ (1= Nyz € f(Az1+ (1= Nzg) + C,

for all A € (0,1), so epi f is convex.
(ii)= (i) As (z1, f(z1)), (x2, f(z2)) € epi f, and epi f is convex,

A1, f(21)) + (1 = A) (2, f(z2)) € epi f,

for all A € (0,1). Thus f is C-convex. O

4.2 Lipschitz continuity of cone-convex vector-valued func-

tions

As shown in section 2.2, a proper convex functional is locally Lipschitz. In this section,
we prove that this result also holds true for a cone-convex function f: X — Y*. Luc,
Tan and Tinh [52] proved the Lipschitz property of f for the case that X, Y are finite-
dimensional spaces. We recall the proof of [52, Theorem 3.1], since it motivates us to

investigate cone-convex functions in infinite-dimensional spaces.

Lemma 4.2.1. (/52, Theorem 3.1]) Let C' C R™ be a proper, convex cone. Assume
that clC is pointed, D is a proper, open, convex subset of R™, and f : D — R™ is a
C'-convez vector function. Then, f is locally Lipschitz on D (in the sense of Definition
3.1.1).

Proof. Taking into account the assumptions of cone C' and the properties of cones in
Table 2.1, we see that the cone K := clC has a convex compact base and int K # ().

Therefore, there are m linearly independent vectors yf,v3, ...,y € K. It is obvious
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that f is convex w.r.t. the cone K, and y; o f is a scalar convex function, for every
i =1,2,...,m. Applying Lemma 2.2.9 y; o f is locally Lipschitz on D, for every
i=1,2,...,m. Take y* € L(R™,R) arbitrarily, since (y, i = 1,2,...,m) is a base of
L(R™,R), there are a1, aq,...,a, € R such that y* = i a;y;. Hence y* o f is also
locally Lipschitz on D for every y* € L(R™,R), and it foll?:vis that f is locally Lipschitz

on D. O

We will utilize this technique to prove the Lipschitzianity of convex functions be-
tween two infinite-dimensional spaces X, Y. Thus, we need to deal with two questions.
The first one is whether each vector y* € L(X,Y’) can be represented through some
vectors in int CT. The second one is whether or not f is locally Lipschitz on D when
y*o f is also locally Lipschitz on D for every y* € L(X,Y’). To answer the first question,
we assume that C' is a normal cone, and then we can use all properties of normal cones
in Section 2.3.2 to present y* through some vectors in int C*. We address the second

question in the following proposition.

Proposition 4.2.2. Let X, Y be two normed vector spaces, and let f: X —Y* be a
mapping. If y* o f is Lipschitz around x € dom f for every linear function y* € Y™,

then f is also Lipschitz around x.

Proof. Clearly, z € int(dom f). We suppose that f is not Lipschitz around z. Then,
there exists ng € N* such that f is not Lipschitz on B(x, %) for every n > ng. From
Definition 3.1.1, there exist z,,, 2], € B(z, L) such that

1f(@n) = f@)lly > n |20 — 2 -

Because of @, 2], € B(z, 1), both of the sequences {z,},{z},} converge to z. Setting

lzn—a7, | x

For every y* € Y*, y* o f is Lipschitz around x. This means that there exists
6 = 6, > 0 such that y* o f is Lipschitz on B(z, ). Hence there exists L, > 0 such
that

Zp = €Y, we have ||z,||ly > n for all n > ny.

ly" o f(x) —y" o f(a')| < Ly

Since xp,z;, — x, there exists ny« > ng such that z,,z;, € B(x,) for every n > ny«,

T — a;’HX, for all z,2" € B(x,0).
and so |y* o f(xn) —y* o f(z),)| < Ly~ ||zn — ||, hence |y*(z,)| < Ly, for every
n > ny«. It follows that there exists L., such that

ly*(zn)] < Ly, forall y* e Y™ n>mny.

Therefore, all the assumptions for the normed space Y mentioned in [65, Corollary 3.18]
are fulfilled, and then we have that {||z,||y- | n > no} is bounded. This contradicts the
fact that ||z,||y > n for all n > ng. O
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In the following definition we present C-boundedness notions of a mapping f : X —

Y*, where C' C Y is a proper, convex cone.

Definition 4.2.3. Consider f : X = Y*;

(i) f is said to be C-bounded from above (resp. below) on a subset A of X if there

exists a constant p > 0 such that
F(4) Culy —C  (resp. f(A) C pUy +C).

(ii) f is said to be C'-bounded on a subset A of X if it is C-bounded from above and
C-bounded from below on A.

Remark 4.2.4. If we assume that f : X — Y* is topologically bounded on a neigh-
borhood U of xy € dom f, i.e., there is a positive real u such that f(U) C uUy, it is
obvious that f is C-bounded on U. Conversely, if X,Y are normed spaces, and C is
normal, any C-bounded function around xg is topologically bounded around this point.
Indeed, from Definition 4.2.3, there exist a neighborhood U of x¢ and a constant p > 0
such that

f(U) Cpuly +C and f(U) C uUy — C,

that is
fU) € [wUyle = plUyle.

Since C' is normal, we can take p/ > 0 such that [Uy|c C /Uy, and so

fU) € [pUyle € /Uy
hence f is topologically bounded around xq.

The following result for vector-valued functions is similar to Lemma 2.2.10 in the
case Y = R.

Proposition 4.2.5. Let X, Y be two normed vector spaces, C C'Y be a proper, convex
cone, and let f : X — Y® be C-convex. If f is C-bounded from above on a neighborhood
of zg € int (dom f) then for every x € int (dom f), f is C-bounded on a neighborhood

of x.

Proof. As xy € int (dom f), we take 0, ug > 0 such that U := zo + 6Ux C dom f
and f(U) C poUy — C. Fix some z € int(dom f). Then, there exist 2/ € dom f and
A € (0,1) such that © = (1 — )z’ + Azg. Then for u € Ux, we have that z + \u =
(I=X)2'4+X(xo+0u), and so f(x+Nu) € (1=N) f(2')+Af(xo+0u)—C C By—C, where
By := (1= X\)f(2') + MuoUy . Therefore, f is C-bounded from above on a neighborhood
of z. This implies that there exist a constant ¢ > 0 and a neighborhood U = B(z,r)
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of x such that f(U) C uUy — C, so —f(U) C pUy + C. It is sufficient to prove that f
is C-bounded from below on a neighborhood of .

For every 2/ in U, we can take 2" = 2x — 2’ € U, and so that x = %:U’ + %x” and
f(x) € 3f(2") + 3 f(z") — C. Hence f(z') € 2f(z) — f(2") + C C 2f(x) + pUy + C.
This completes the proof. Il

Now we will show that if the cone C satisfies certain properties related to the
topology and order, then all locally C-bounded, C-convex vector functions will be
locally Lipschitz in infinite-dimensional spaces. The following result is first proposed

and proven by Borwein [9].

Theorem 4.2.6. ([9, Corollary 2.4]) Let X,Y be normed spaces, C' be a normal cone
inY, and f : X — Y* be C-convex. If there exist a neighborhood U of zo € X and
yo €Y such that f(x) <c yo for all x € U, then f is Lipschitz around xg.

By using a weaker assumption of the boundedness condition, we obtain the following
result, which is slightly stronger than Theorem 4.2.6. In addition we obtain a more

accurate Lipschitz constant.

Theorem 4.2.7. ([70, Theorem 2]) Let X, Y be two normed vector spaces, C C'Y be
a normal convex cone, and let f : X — Y* be C-convex. Suppose that f is C-bounded
from above on a meighborhood of xy € int(dom f). Then, f is Lipschitz around x.

Moreover, f is locally Lipschitz on int(dom f).

Proof.

First proof. Without loss of generality we suppose that o = 0 and f(0) = 0.
there exist 6, u > 0 such that f(U) C pUy — C, where U := 0Ux.

Let = be arbitrary in U; then f(z) = py — ¢ with ||y|ly <1 (asy € Uy) and c € C.
Take y* € O = Uy« N CT, that is ||y*||« <1 and y* € CT. We obtain that

Yy (f(2) =y (py — ) = ny*(y) —y"(c) < py*(y) < ply*lllylly < p

So y*(f(z)) < p for all y* € Cf, x € U (11 does not depend on y*).
Since y* o f is proper and convex, for & € (0,6) and y* € O}, applying Lemma
2.2.12, we get

‘y*(f(:c)—f(:c’))! SL'Hx—x'HX, for all z,2’ € #'Ux, (4.2)

where L' := u(6 4+ 6')/[6(6 — 0')]. Let us take p > 0 provided by Lemma 2.3.16. For
y* € Uy«, we find yf,y5 € Cf such that p~ly* =y — y5. From (4.2), we get

vi(f(2) = f(a") = y5(f () = f(2))| < 20| — 2| x,
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for all z,2" € 8'Ux, hence
1f(z) = fF@)ly = sup |y (f(z) = f(&)] < 2pL[|lz — 2'||x,
y*€Uyx
for all z,2’ € 0’Ux. This shows that f is Lipschitz on ’Ux with the Lipschitz constant
L =2pu(0+0")/[0(6 —¢')]. The remaining assertion is deduced from Proposition 4.2.5.

Second proof. Set fo = flint(dom ) : int(dom f) — Y, then fo also has C-
convexity and C-boundedness properties like f.

Since fy is C-bounded on a neighborhood U of zg, fo(U) C pUy — C for some
> 0; hence for every = € U, there exist y € Uy, c € C such that fo(z) = py — ¢. For
z* € CT, we have that z*(uy') < ull2*|| - ||| < pl|z*]| =: ¢ for all ¢ € Uy. It follows
that

(2% o fo)(z) < 2"(uy) </, forall zeU.

It follows that for every z* € C*, 2* o fy is bounded from above on a neighborhood
of zyg. By the C-convexity of the function fy, and according to [51, Proposition 1.6.2],
z* o fp is a scalar convex function. Hence, from [62, Theorem B], z* o fj is Lipschitz
around xzg.

Let y* € Y*. Since C is normal, by Proposition 2.3.15(i), we have Y* = CT — C;
hence y* = yj — y5 for some yj,y5 € CT. Since yj,y5 € CT, yi o fo and y3 o fy are
Lipschitz around zg, and so y* o fo = yj o fo — y3 o fo is also Lipschitz around zo.
Since y* € Y* is arbitrary, applying Proposition 4.2.2, fy is Lipschitz around g, which
completes the proof of the first assertion in Theorem 4.2.7. The second assertion is

deduced from Proposition 4.2.5. U

Now we prove that in the case that X,Y are finite-dimensional spaces, we can omit

C-boundedness from above in Theorem 4.2.7.

Proposition 4.2.8. Let C be a cone in R", a C-conver function f : R™ — R" is
locally C'-bounded from above; that is, it is C-bounded from above on a neighborhood of

each point xg € R™.

Proof. Let xg € R™. Take ey, eo,..., e, be m unit vectors in R™. Set v; = zg + ¢; for
i =1,...m. We take a cube U = conv {v1,v9,...,vp}, so for any € U we can find
scalars A;, i = 1,...,[ satisfying

l
x:Z)\ivi, )\1'20, Z}\i:L
1

1
Applying Jensen’s inequality to convex functions (see [32, Theorem 1.1.8]), we get

l l

> Xif (i) =¢ f(z), and it follows that f(z) € Y Aif(v;) — C,

1 1
so f is C-bounded from above on U. O
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Remark 4.2.9. Observe that the conver cone C C R"™ is normal if and only if c1C is
pointed; see also [26, Corollary 2.2.11]. Taking into account 4.2.8, from Theorem 4.2.7
one deduces the assertion of Lemma 4.2.1 (compare with [52, Theorem 3.1]).

From Table 2.1, we know that if a proper, convex cone C' is well-based (< int CT #
(), then it is also normal. Therefore, we end this chapter by deriving the following

Corollary.

Corollary 4.2.10. Let X,Y be normed vector spaces, and let f : X — Y*® be C-convez.
If the cone Cis well-based (or C' has a weakly compact base), and f is C-bounded from

above on a neighborhood of one point in int(dom f), then f is locally Lipschitz on
int(dom f).



Chapter 5

Lipschitz continuity of

cone-convex set-valued functions

As mentioned in the previous chapters, the convexity and the Lipschitz continuity play
an important role in various fields of mathematics. Many authors have investigated
the convexity and the Lipschitzianity of vector-valued and set-valued functions, and
several new concepts have been introduced. In order to generalize the achieved results
for vector-valued functions in Chapter 4, we continue studying the Lipschitzianity for
convex set-valued functions. In this chapter we introduce various extended notions of
the convexity and the Lipschitzianity for set-valued functions, and then study their
relationships.

First, we will define the corresponding convexity notions for set-valued functions in
Section 5.1 based on the order relations between two nonempty sets first introduced in
[46, 47, 49]. In the sequel we study the relationships between the convexity and the
Lipschitzianity concepts introduced in Chapter 3.

The main part of Sections 5.2 is based on the paper [70] by Tuan, Tammer and
Zalinescu. We introduce the C-boundedness concepts of set-valued functions, and
study their correlation. Consequently, we prove that a C-bounded set-valued function
satisfying some additional conditions is C-Lipschitz. It is worth mentioning that the
Lipschitzianity of convex set-valued functions were first studied in finite-dimensional
spaces by Minh and Tan [53]. They used special functional classes, which scalarize
initial set-valued functions to new functional families. Then, the C-Lipschitzianity of
initial set-valued functions is equivalent to the equi-Lipschitzianity of the corresponding
functional families. We adapt this method to the case of general normed vector spaces
to obtain new results in Theorem 5.2.7 and 5.2.8, which are significantly stronger than
ones in [53]. Of course, if we restrict ourselves to the special case that the set-valued
function is at most single-valued (see (3.2)), then the similar results for vector-valued

functions in Chapter 4 will be obtained.

46
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Section 5.3 is based on Kuwano and Tanaka’s results; see [50]. In [50], new concepts
of C-Lipschitz continuity of set-valued maps are introduced, however, they are weaker
than the ones in [53]. The authors applied nonconvex scalarizing functions for set-
valued maps to prove the C-Lipschitzianity of convex set-valued functions. In this
section we only use the nonlinear scalarizing functional (see Section 2.5.2) to prove the

C-Lipschitzianity and to weaken the assumptions of the main theorems in [50].

5.1 Cone-convex set-valued functions

In what follows X and Y are normed spaces, C' is a proper, convex cone in Y, and
F: X =2 Y is a set-valued function. Recall that the domain of F': X == Y is given
by domF = {x € X | F(z) # 0}. Now we introduce the definition of C-convex of
set-valued mappings.

For vector-valued functions between two vector spaces, we have already introduced
the convexity concepts based on the order relation between two vectors; see Definition
4.1.1. Based on the six notions of set relations between two sets given in Definition

2.3.20, we define the corresponding cone convexities for set-valued functions.

Definition 5.1.1. (/49]) For each k =1,...,vi, a set-valued map F : X =Y is said
to be type-(k)-convex if for every x,y € dom F' and X € (0,1),

Fz+ (1= \y) 28 AF(z) + (1= N F(y).
By Proposition 2.3.21, we also have some implications for the convexities above
Proposition 5.1.2. ([49]) Let F': X =Y be a set-valued function. Then, the following

statements hold:

type-(i)-convexr —>  type-(ii)-convex =  type-(iii)-conver

ﬂ l

type-(iv)-conver —>  type-(v)-conver —>  type-(vi)-convex
There are two ways of generalization to define convexities of functions. The first one
is based on the relationships between two sets A\F'(x) 4+ (1—A)F(y) and F(Az+(1—\)y)
as in Definition 5.1.1, while the second one is based on the convexity of the epigraph

of F'. The following proposition states the correlation between these ways.

Proposition 5.1.3. Let F: X 3 Y be a set-valued function, the following statements
hold: If F' is type-(k )-convex then

epi yF = {(z,V) € X x V| F(x) j(clj) V1

is convex; where k € {i,ii,...,v}. Furthermore, the converse of the above assertion
holds if k € {iii,iv,v}.
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Proof. We will only prove the case k = #ii, as the other cases can be proved by similar
arguments.

If I is type-(iii)-convex, we take (z1; V1), (z2; V2) € epi (;; F, we have

Vi C F(ZL’l) + C;
V2 Q F(iL’Q) + C.
These inclusions imply that AVy + (1 — A\)Vo € AF(21) + (1 = A\)F(22) + C C F(Azy +
(1 = A)z2) + C for all A € (0, 1), which shows that epi

Conversely, since epi (;;;) F' is convex, and (21, F'(21)), (v2, F(22)) € epi ;) F, we have

i) £ 1s convex.

()\1‘1 + (1 — )\)Ig, )\F(£1) + (1 — )\)F(xg)) € epi (m)F

Thus F is type-(iii)-convex. O

Type-(iii)- and type-(iv)-convexity above are also known as upper C-convexity and

lower C-convexity, which will be shown again in the following definition.

Definition 5.1.4. Let F: X = Y with dom F # (), and C be a proper, convex cone;

F is said to be upper C-convex (or lower C-convex) if
Flaz+ (1 - a)y) C aF(z) + (1 — a)F(y) - C,
(aF(z)+ (1 —a)F(y) C F(az+ (1 — a)y) + C, respectively),
holds for all x,y € dom F and e € (0,1).

Remark 5.1.5. (i) If F: X =Y is at most single-valued, then F is upper (lower)
C-convex in the sense of Definition 5.1.4 if and only if the corresponding vector-

valued function f: X — Y* given by

y if v € dom F and F(x) = {y},
+oo  if x ¢ dom F.

fx) =

is C'-convex in the sense of Definition 4.1.1.

(ii) Obviously, if F is lower C-convex, then dom F' is convez, and F(x) + C is a

convex set for all x € dom F'.

In order to study properties of set-valued mappings, Minh and Tan [53] used a
scalarization method for set-valued mappings. For a given set-valued function F' :
X = Y between two normed vector spaces X,Y and a proper, convex cone C in Y.
The functions Gy, g, : X — RU {400} U {—o0} are defined for each y* € C* as
follows:

Gy (z) :== sup y*(y), ze€X, (5.1)
yer (z)
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A(z) = inf y*(y), =€ X, 5.2
gy () janf v (y), = (5.2)

with the convention inf () := +o0, sup ) := —oo.

Obviously, dom g, = dom F' and (for y* = 0) go = dd4om 7, Where 4 is the indicator
function of A defined by da(z) =0if x € A, and J4(z) = +oo otherwise.

We will recall some properties of the scalar functions G+, g, corresponding to
properties of F'; see [53, 54]. The following propositions are stated in [54, Proposition

2.2] without proof. For convenience of the reader, we prove these propositions in detail.

Proposition 5.1.6. Let F: X = Y be a set-valued function, and dom F' be convex

and nonempty. Let C be a proper, convex cone. Then, the following implications hold:
(i) If F is an upper C-convex mapping, then Gy is convex on dom F for all y* € C'T.

(it) Conversely, if F(x) — C is closed and convex for all x € dom F # (), and Gy~ is

convez for all y* € CT, then F is upper C-convexr.

Proof. (i) Let F be upper C-convex, and y* € C* be chosen arbitrarily. For every
A€ (0,1),x1, 22 € dom F', we have

Gy-(Az1 + (1 = Nag) = sup y*(y)
yEF()\:C1+(lf)\)I2)

< sup ¥ (y)
YEXF (1) +(1—\) F(22)—C

< sup ¥ (y)
YEAF (21)+(1-A) F(22)

= sup ¥ (y)+ sup  y(y)

YENF (1) ye(1-\)F(x2)
=\ sup y*(y) +(1—A) sup y*(y)
yeF(z1) yEF (z2)

= AGy (1) + (1= NGy (22).

Therefore, G+ is convex on dom F for all y* € C™.
(ii) Suppose by contradiction that F' is not upper C-convex, so there exist x1,zo €
dom F" and A € (0, 1) such that

F()\$1 + (1 - )\)xg) g )\F(:El) + (1 — )\)F(xg) - C.

One can take § € F(Ax1 + (1 — N)x2) # 0 such that § ¢ AF(z1) + (1 — A\ F(x2) — C.
Since AF(x1) 4+ (1 — X\)F(z2) — C' is closed and convex, there exists y* € Y* such that

y*(y) > sup{y*(y)|y € AF(z1) + (1 — \)F(x2) — C}.
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It follows that y* € C*\ {0} and
Gyr(Az1 + (1 = Mag) = sup ¥ (y) >y (9)
yeEF(Az1+(1-N)z2)

> sup y*(y)
YENF (21)+(1=N)F (a2)~C

= AGys (1) + (1 = A)Gy= (22).
This contradicts our assumption on the convexity of Gx. g

Proposition 5.1.7. Let F : X =Y with dom F # 0, and C be a proper, convex cone;

the following implications hold:

(i) If F is a lower C-convex mapping, then g~ is convex for all y* € CT.

(ii) Conversely, if F(x)+ C is closed and convex for all x € dom F # (), and gy~ is

convex for all y* € CF, then F is lower C-convex.

Proof. (i) Let F be lower C-convex, and y* € C* be chosen arbitrarily; for every
A€ (0,1), 21,22 € dom gy» = dom F, we have
«(Az1 + (1 = Nxg) = inf (y) = inf *
gy Ozt (1= A)z2) yeP(ar t(1-N)a2)” (v) yeF Qa1 Naz) 107 2

< inf *
B yE)\F(:m)}Fn(l—)\)F(xz)y (y)

= inf y*(y)+ inf Y (y)

YEAF (21) yE(L-N)F(x2)
=X inf y*(y)+(1—=N) inf ¢
jont (y) + ( )yegl(m)y (v)

= Agy=(21) + (1 = A) gy~ (22).

Therefore, g,~ is convex for all y* € C™.
(ii) Since go = dgom F 1S convex, so is dom F'. Suppose by contradiction that F is

not lower C-convex, there exist x1,x2 € dom F' and A € (0, 1) such that
AF(21) 4+ (1 = N F(z2) € F(Az1 4+ (1= Nx2) + C.

One can take § € AF(x1) + (1 — A\)F(x2) such that § ¢ F(Az1 + (1 — N)a2) + C # 0.
Since F(Az1 + (1 — X)zg) + C' is closed and convex, there exists y* € Y* such that

y*(§) < inf{y*(y)|ly € FOw1 + (1= N)z2) + C}.
It follows that y* € C* \ {0} and

(A 1—Naz) = inf “(y) >y (y
gy A+ (1= Nzo) = inf Y W) > (@)

2 inf * as y € \F(z1)+ (1 =N F(x
_yeAF(xl)i(l_A)F(xQ)y (y) (asy (w1) + ( )E(22))

= Agy* (551) + (1 - )‘)gy* ($2)
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This contradicts our assumption on the convexity of gy-«. (]

Moreover, we shall recall the cone convexity for set-valued functions w.r.t the set
less order relation introduced in Definition 2.3.19. We will use this concept to prove

the G-Lipschitzianity of set-valued functions in the next section.

Definition 5.1.8. Let F': X = Y with dom F # (), and C be a proper, convex cone;

F is said to be €s-convex if
Flax + (1 - a)y) =g aF (z) + (1 - &) F(y),
holds for all x,y € dom F' and o € (0,1) (hence dom F is convez).

Remark 5.1.9. Obuiously, F' is €s-convex if and only if F' is type-(iii)- and type-(v)-

convex (or lower C-convex and upper C-convex in Definition 5.1.4).

5.2 The C-Lipschitzianity of convex set-valued functions

In [53], Minh and Tan already studied the C-Lipschitzianity of C-convex set-valued
mappings F': X =2 Y, where X is a finite dimensional space, and Y is a Banach space.
In this section, we derive the corresponding results in general normed spaces.

We shall present C-boundedness notions of a set-valued mapping F' : X =3 Y, where

C' C Y is a proper, convex cone.

Definition 5.2.1. Let F': X =2 Y be a set-valued function, and C be a proper, convex

cone inY.

(i) F is said to be C-bounded from above (resp. below) on a subset A of X if

there exists a constant p > 0 such that

F(A) CulUy —C  (resp. F(A) C uUy +C).

(ii) F is said to be C-bounded on a subset A of X if it is C-bounded from above and
C-bounded from below on A.

Definition 5.2.2. (/}4, Definition 3.1.26]) We say that F : X =Y is weakly C-
upper (lower) bounded on a set A C X if there exists ' > 0 such that F(x) N
WUy = C)#0 (F(x) N (WUy + C) # 0, respectively) for all x € A.

In the next proposition, we study the equivalence between the upper C-Lipschitzianity
of a given set-valued mapping F' (see Definition 3.2.5) and the equi-Lipschitzianity (see
Definition 3.1.3) of the scalar functional family {G,« : X — R | y* € C*, |y*|. = 1}

corresponding to F.



5.2. The C-Lipschitzianity of convex set-valued functions 52

Proposition 5.2.3. Let X,Y be two normed spaces, F' : X =Y, and F(x) — C be
convez for all x € X. Let x9 be a given point in int(dom F') such that F(xg) is C-
bounded from above. Then, F' is upper C-Lipschitz around xo if and only if the family

{Gy-ly* € Ct, |ly*|« = 1} is equi-Lipschitz around xq.

Proof. As F' is upper C-Lipschitz around zq, there exist a neighborhood U C dom F

of x¢ and a real number ¢ > 0 such that
F(z) CF@)+ |z —2'|xUy — C, forall z,2' €U. (5.3)

As F(xg) is C-bounded from above, we assume that F(xg) C uUy — C' for some u > 0;
see Definition 4.2.3. From (5.3) we get

F(z) C(p+{lz—2'|x)Uy —C, forall xeUl. (5.4)
Hence, for all x € U,y* € CT, |y*|. = 1, we get

Gy () = sup y*(y) < p+ o — 'l < +oc.
yEF(z)

Therefore, G+ is finite on U, for all y* € Ct that satisfies [|y*||. = 1.

Taking into account (5.3), we have the following estimation for all z,2’ € U C dom F

Gy-(z) = sup y*(y) < sup y*(y) + Lz —2'|x = Gy (') + Lz — 2’| x.
yeF (x) yeF (z)

Hence

Gy (z) — Gy (') <tz — 2| x, forall z,2' € Uy* € Ct, |y =1.
By interchanging x and 2/, we get

|Gy (2) — Gy (2)| < Uz — 2| x, forall =2 €Uy*eCT,|y"|.=1.

This shows that the family {Gy«|y* € CT, |y*|« = 1} is equi-Lipschitz around .

Now we prove the converse implication by contradiction: if the family {G«|y* €
Ct, |ly*|« = 1} is equi-Lipschitz around zg, then F is upper C-Lipschitz around z.
Assume that F' is not upper C-Lipschitz around xg, i.e., for any n € N*, there are

T, x), € B(xg, %) such that
F(zn) € F(x,) +nle, — 2| xUy — C;

and hence x,, # z/, for all n € N*.
Since xo € int (dom F), for n large enough, B(zo, 1) C dom F, and then we can take
Yn € F(x,) such that

Y & Bu = F(a,) + nle, — 2}, | x Uy — C.
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Since the set B,, is convex and int B,, # ), one can find y}; € Y* with |y} |« = 1 and
Yn(yn) > yp(v) forall v e B,y.
Hence,

Yn(Yn) = supyp(Bn) = sup y,,(F(a7,)) + nlzn — 27| x +supy, (=C).
It follows that y € CT for large n € N and
Gy (@n) Gy (o) + s — v,
which yields
nlz, — x| x < Gy (zn) — Gy,’;(x/n) <Llzp — 2] x,
and hence n < £, which could not hold true for n sufficiently large. O

Similarly, in the following proposition, we study the equivalence between the lower
C-Lipschitzianity of F' (see Definition 3.2.5) and the equi-Lipschitzianity (see Definition
3.1.3) of the scalar functional family {g,~|y* € CT, |y*|+« = 1} corresponding to F.

Proposition 5.2.4. Let X,Y be two normed vector spaces, F : X =Y, and F(z)+C
be convex for all x € X. Let xo be a given point in int(dom F') such that F(xq) is C-
bounded from below. Then, F is lower C-Lipschitz around xq if and only if the family

{gy*|y* € cT, ly*|l« = 1} is equi-Lipschitz around xy.

Proof. As F is lower C-Lipschitz around z, there exist a neighborhood U C dom F

of x¢ and a real number ¢ > 0 such that
F(x) CF(@)+ |z —2'|xUy +C, forall z,2'€U. (5.5)

As F(z9) is C-bounded from below, we assume that F(zg) C uUy + C for some pu > 0;
see Definition 4.2.3. Due to (5.5), we get

F(z) C(p+ Lz —2'|x)Uy +C, forall zeUl. (5.6)
Hence, for all z € U,y* € CT, |y*|« = 1, we have

* = i f * > - g - / > - .
gy () ok v (y) > —(u+ Lz — 2| x) o0

Thus g,~ is finite on U, for all y* € C* that satisfies ||y*||. = 1.

Taking into account (5.5), we have the following estimation for all z,2’ € U C dom F

()= inf y*(y) > inf y*(y) — |z — 2| x = g« (') — |z — 2'| x.
gy () janf v (y)_yeF(x,)y () =1 |x = gy~ (2) — /] (B

Hence,

gy (@) = gy (2) <l — 'l x, forall w2’ € U,y* € C*, |yl = 1.
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By interchanging x and 2/, we get
|9y (2) = gy= (@) < bz — 2’| x, forall z,2" €Uy eC™ |y =1.

This shows that the family {g,~|y* € CT, |y*|+« = 1} is equi-Lipschitz around .

We prove the converse implication by contradiction: if the family {g,-|y* € C, |y*|« =
1} is equi-Lipschitz around z( then F' is lower C-Lipschitz around zy. Suppose that F'

is not lower C-Lipschitz around x¢. Then, there exist x,, x| € B(xo, %) such that
F(zn) SZ F(I;z) +nfx, — CC:ZH)(UY +C forall neN¥

and hence x,, # z/, for all n € N*.
Since x¢ € int (dom F'), for n large enough, B(xo, %) C dom F', we can take y,, € F(z,,)
such that

Yn & Bp = F(2)) + n|z, — 2} |xUy + C.

Since the set B, is convex and int B,, # (), one can find v} € Y* with |y}|. = 1 such
that
yr(yn) < wyr(v) forall v e By,

Hence,
Yn(yn) < infy;,(By) = inf y, (F(27,)) — nllen — 2, |x +inf y;,(C).
It follows that y} € CT for large n € N and
9yz (wn) < gyg (2,) — nlzn — 23 ]x,
which yields that
nlan — znlx < gy; (23) — gyz (20) < Lo — 27| x,
and hence n < ¢, which could not hold true for n sufficiently large. O
Remark 5.2.5. Proposition 5.2.4 is stated in [53, Theorem 2.5] without the assumption

that F(xo) is C-bounded from below. Taking F(x) =Y for all x € X, it is clear that
F' is lower C-Lipschitz, but {gy~

y* € C*,||ly*|| = 1} is not equi-Lipschitz.

Theorem 5.2.6. Let X,Y be two normed spaces, C be a proper, convex cone. Let
F: X =Y be upper C-convex, and F(z) — C be convex for all x € X. If F is both C-
bounded from above and weakly C-lower bounded on a neighborhood of xy € int(dom F'),

then F is upper C-Lipschitz around xg.
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Proof. Without loss of generality we suppose that zyp = 0 and 0 € F(0). As F'is
C-bounded from above and weakly C-lower bounded on a neighborhood U = 0Ux C
dom F of 0 (6 > 0), Definition 5.2.1 and Definition 5.2.2 imply that there exists a real
number g > 0 such that F(U) C uUy — C and F(z) N (uUy + C) # 0 for all z € U.
Take y* € CT with |y*|« = 1. Let & € U be arbitrary, § € F(z), c € C, and ' € uUy
such that § = ¢/ + ¢. We then have
Gy-(z) = sup y*(y) 2 y"(H) =y" (' + ) =y () +7(c)
yEF(7)
>y () = =My Iy lly = =1¥lly = —p, forall zeU.

Analogously, from F(U) C pUy — C, we get Gy« (z) = sup y*(y) < p for every x € U.

yEF ()
This follows that G+ is finite on U and

Gy (z) < Gy«(0) +2p, forall zeU=0Ux.

Taking into account Proposition 5.1.6, Gy is convex on U. Applying Lemma 2.2.12 to

the convex function G+ and ¢’ € (0,0), we get
|Gy« (x) — Gy« (2)| < L|jx — 2'||x, forall z,2' €6'Ux,

where L :=2u(0 4 0")/[0(0 — 0")], which does not depend on y*.
So {Gy~
L. Applying Proposition 5.2.3, we have that F' is upper C-Lipschitz around xg. O

y* € CT,|ly*|« = 1} is equi-Lipschitz around zg with the Lipschitz constant

Theorem 5.2.7. ([70, Theorem 3|) Let X,Y be two normed spaces, C' be a proper,
conver cone. Let F': X =Y be lower C-convex, C-bounded from below and weakly
C-upper bounded on a neighborhood of xo € int(dom F'), then F' is lower C-Lipschitz

around xg.

Proof.  Without loss of generality, we suppose that zg = 0 and 0 € F(0). As F'is
C-bounded from below and weakly C-upper bounded on a neighborhood U = 0Ux C
dom F' of 0 (# > 0), taking into account Definition 5.2.1 and Definition 5.2.2 there
exists a real number p > 0 such that F(U) C uUy + C and F(z) N (uUy — C) # 0 for
allz e U.

Take y* € CT with |y*|. = 1. Let & € U be arbitrary, and take y € F(z), ¢ € C, and
y' € pUy such that i = ¢/ — c. We then have

gy (T) = yeilgfj)y*(y) <y @)=y -c=y")-y()

<y (@) <yl ylly = llylly <p, forall zeU.
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Analogously, from F(U) C pUy +C, we get gy«(x) = lgf )y*(y) > —p forevery z € U.
yer(x
It follows that g,+ is finite on U and

gy+(x) < gy (0) +2p, forall zeU=0Uy.

By Proposition 5.1.7, gy« is convex on U. Applying Lemma 2.2.12 to the convex function

gy~ and 0" € (0,0), we get
|9y () — gy ()| < L|jz — 2'||x, forall =z 2’ €6Ux,

where L :=2u(0 4 0")/[0(0 — 0")], which does not depend on y*.

So { gy~
Because of the convexity of F, F'(x)+ C is convex for all x € X. Applying Proposition

y* € CT,|y*|« = 1} is equi-Lipschitz around zo with the Lipschitz constant L.

5.2.4, we have that I is lower C-Lipschitz around xg. O

The next result follows directly from Theorem 5.2.7.

Theorem 5.2.8. Let X,Y be two normed vector spaces, C C Y be a proper, convex
cone, and let F': X =Y be lower C-convex. If F' is C-bounded from below and weakly
C-upper bounded on a neighborhood of some point x € int(dom F'), then F is locally
lower C-Lipschitz on int(dom F').

Remark 5.2.9. (i) It is clear that the assumptions in Theorem 5.2.8 are much
weaker than those in [53, Theorem 2.9]; while the assumption that X is finite-
dimensional is unnecessary. We do not even need any additional conditions for

the cone C such as C* = cone (conv{yj,...,y%}) for some yi,...,y5 € Y* and
0 ¢ conv{yj,...,y:} asin [53].

(ii) By [26, Proposition 2.6.2], if F is C-bounded from below on a meighborhood of
xo € int (dom F') then F is C-bounded from below on a meighborhood of x for

every x € dom F.

(i1i) If F is weakly C-upper bounded on a neighborhood of x¢ € int (dom F') then F
is weakly C-upper bounded on a neighborhood of x for every x € int (dom F).
Indeed, assume that F(x) N (uUy —C) # 0 Vo € B(xo,r) and fir T € int (dom F'),
then there exist xt1 € dom F, A € (0,1) such that = Axo + (1 — N)xy. Fix
y1 € F(x1) and take u € rUx, then T+ A = A xo +u) + (1 — N)z1, and there
exists y,, € F(zg+u) N (uUy — C). Hence, Yy, = vy, — ¢y with vyl <1, ¢, € C.
Then, MNpvy, —cy)+(1—=Ny1 € F(Z+ A u)+C, hence 3¢, € C and y € F(T+ Mu)
such that § = ANpvy — cu) + (1 =Ny — ¢, € pUy — C with o = A+ (1= N)||y1 ]
Therefore, Theorem 5.2.8 is a consequence of Theorem 5.2.7 and Remark (ii)

above.
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In particular, when F': X =2 Y is an at most single-valued mapping, we have the
following result, which is similar to Theorem 5.2.7 for the corresponding vector-valued

mapping f: X — Y*®; see Remark 3.2.2.

Theorem 5.2.10. Under the hypotheses of Theorem 5.2.7, if F': X =2 Y s an at most
single-valued mapping and C' is a normal cone, then the function f : X — Y* defined

in (3.3) is Lipschitz around xg.

Proof. Theorem 5.2.7 implies that F' is lower C-Lipschitz around zy € int(dom F).
Thus, there is a neighborhood U of xg in dom F' and a constant £ > 0 such that

F(z) CF(2)+/{)z —2'|xUy + C, forall z,2' €U,
or equivalently
f(z) € f(a')+ |z —2'|xUy + C, forall =" €U. (5.7)
Since C' is normal, there is p > 0 such that
(pUy + C) N (pUy — C) C Uy.

From (5.7), we have

p(f(z) = f(a))

e —2'|x

CpUy +C, forall z,a2' cUx+#2.
By interchanging x and 2/, we also have

p(f(x) — f(a')) CpUy —C, forall z,a2' €Ux+#2.

llz — 2| x
Therefore,
plite) = () (pUy + C) N (pUy — C) C Uy,
llz — 2’| x
for all z,2’ € U,z # «’. This shows that f is Lipschitzian around z. O

When C'is normal, by Proposition 4.2.5, the C-boundedness from below and weakly
C-upper boundedness of f in Theorem 5.2.10 can be replaced by the C-boundedness

from above, and then we obtain again the assertions of Theorem 4.2.7.

5.3 Kuwano and Tanaka’s C-Lipschitzianity

In [50], Kuwano and Tanaka introduced a new concept of the locally Lipschitz continuity
of set-valued maps, and then they used the nonlinear scalarizing functional to prove the
locally Lipschitz continuity of convex set-valued functions. In this section, we also use
the nonlinear scalarizing functionals but we propose another scalarization approach to

lighten the assumptions of the main Theorem 3.2 in [50]. Throughout this section X
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is a normed space, Y is a linear topological space, C C Y is a proper, closed, pointed,
convex cone with a nonempty interior, and e € int C. We begin this section by recalling

the following concepts of Lipschitz continuity in [50].

Definition 5.3.1. Let X be a normed space, Y be a linear topological space. Let C C'Y
be a proper, closed, pointed, convex cone with a nonempty interior, e € intC, and
F:X =2Y. Then, F is said to be locally upper (lower) C-Lipschitz continuous
at x € X if there exist a positive constant L and a neighborhood U, of x such that for
any ¢’ € Uy,

F(a') € F(z) + L|z — a"|e — C,

(F(2') C F(z) — L]z — 2|e + C, respectively).

F is said to be locally C-Lipschitz continuous at x € X if I is locally upper C-

Lipschitz continuous and locally lower C-Lipschitz continuous at this point.

It is easy to see that these concepts are weaker than the ones in Definition 3.2.5,
because the element x is taken as a fixed point in Definition 5.3.1. It means that the
locally upper (lower) C-Lipschitz continuity (in the sense of Definition 5.3.1) at a given
point x € X implies the upper (lower) C-Lipschitzianity (in the sense of Definition
3.2.5) around this point.

In this section, we only study the C-Lipschitz continuity in the sense of Definition

5.3.1. Now we recall the boundedness concepts in [50].

Definition 5.3.2. Let X be a normed space, Y be a linear topological space, and
F: X 3Y be a set-valued function. Let C C'Y be a proper, closed, pointed, convex
cone with a nonempty interior, and e be a given point in int C. Then, F is said to
be C-bounded from above (resp. below) around a point xog € X if there erist a

positive t and a neighborhood U of xy such that
FU)Cte—C, (resp. F(U) C —te+C).

Furthermore, F is called C'-bounded around a point vo € X if it is C'-bounded from

above and C-bounded from below around that point.

Remark 5.3.3. We will prove that these concepts are equivalent to other boundedness
concepts in Definition 5.2.1. Indeed, since e € int C, there is ' > 0 such that —e +
WUy C—=C. If F(U) C uUy — C, then F(U) C %e —C:=te—C. It is obvious that if
F(U) Cte—C, then there is p such that F(U) C uUy —C, and, therefore, the converse
assertion is clear. Similar arguments can be applied to the case C-bounded from below,

and then the proof is complete.

Now we will prove that an upper C-convex set-valued function (see Definition 5.1.4)

is locally upper C-Lipschitz continuous in the sense of Definition 5.3.1.
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Theorem 5.3.4. Let X be a normed space, Y be a linear topological space. Let C' C
Y be a proper, closed, pointed, convex cone with a nonempty interior, and e be a
given point in int C. Let F' : X =2 Y be an upper C-convex set-valued function, and
C — F(x) is closed and convez for every x € X. If F is C-bounded around a point

xg € int (dom F), then F is locally upper C-Lipschitz continuous at x.

Proof. Let e € int C. Because of the C-boundedness of F' around z( (see Definition
5.3.2), there exist a positive t and a neighborhood U := z¢ + pUx C int (dom F') of xg
such that F'(U) C te— C and F(U) C —te+ C, which is equivalent to —F(U) C te—C.
Thus, for every x € U, we have F(z) — F(zg) C 2te — C. This implies that

F(z) C2te+ F(zo) — C. (5.8)

From the assumptions of C' — F(xg), it follows directly that A := C — F(xq) is
closed and (2.10) is fullfilled. Thus, using the functional ¢4  introduced in (2.11) with
A= C — F(xg) and e € int C, we can consider a function H : X — R given by

H(z) := sup @ac(a),
a€F(z)
where C' is a proper, closed, pointed, convex cone and e € int C.

Applying Theorem 2.5.7(a), we get that ¢4 . is C-monotone. Moreover, taking

into account the inclusion (5.8), for all a € F(x), we can choose b € F(x) such that

a € 2te + b — C', hence
pae(a) < pae(2te+b) =2t 4 pae(b) < 2t + H(zo).
It follows directly from the definition of the functional H that
H(z) < H(xg) + 2t. (5.9)

This implies that H is bounded from above around zg.

Now we prove that H is convex. Indeed, it follows from the upper C-convexity of
F (see Definition 5.1.4) and the convexity of ¢4 . (since A = C' — F(x¢) is convex) that
for every x,y € X and «a € (0,1) we have

H(ox + (1 - a)y) = sup  pac(a)
a€F (ar+(1-a)y)

IN

sup paela)
ac€aF(z)+(1—a)F(y)—C

= sup pae(aar + (1 —a)ay — C)
a1€F (z),a2€F (y),c€C

= sup PAe (aa1 +(1- a)az)
a1EF(z),a2€F (y)

<a sup pac(ar) +(1—a) sup paclaz)
a1€F(z) a2€F(y)

=aH(x)+ (1 —a)H(y).
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Applying Lemma 2.2.12 to the scalar proper convex function H, we get that H is
Lipschitz on a neighborhood U’ := xg + p/Ux of z¢ (0 < p/ < p) with the Lipschitz

constant L > 0, which means that
|H(z) — H(zo)| < L|z — x| forall xeU’
Since H(zg) < 0, we get
H(x) < L|jz — x0| forall zelU,

which induces the conclusion due to Corollary 2.5.5. (]

Similarly we can prove that an upper (—C)-convex set-valued function (see Defini-

tion 5.1.4) is locally lower C-Lipschitz continuous in the sense of Definition 5.3.1.

Theorem 5.3.5. Let X be a normed space, and Y be a linear topological space. Let
C C Y be a proper, closed, pointed, convexr cone with a nonempty interior, and e be
a given point in intC. Let F' : X =Y be a upper (—C)-convex set-valued function,
and F(z) 4+ C is closed and convex for every x € X. If F' is C-bounded around a point

xo € int (dom F'), then F' is locally lower C-Lipschitz continuous at xg.

Proof. Let e € int C. Because of the C-boundedness of F' around zy (see Definition
5.3.2), there exist ¢ > 0 and a neighborhood U := zg + pUx C int (dom F) of xg such
that F(U) C te — C and F(U) C —te + C. It follows that —F(U) C —te + C. Thus,
for every x € U, we have that F'(z) — F(x¢) C —2te + C. This implies that

F(z) C —2te + F(zo) + C. (5.10)

From the assumptions of F(zg) + C, it is obvious that A := —F(z¢) — C is closed and
(2.10) is fullfilled. Using the functional ¢4 . introduced in (2.11) with A = —F(z¢)—C

and e € int C, we can consider a function G : X — R given by

G(.%') ‘= sup @A,—e(a)v
a€F (x)

where C' is a proper, closed, pointed, convex cone and e € int C.
Applying Theorem 2.5.7(a), we get that ¢4 . is C-monotone. Moreover, taking
into account the inclusion (5.10), for all @ € F'(x), we can choose b € F(x) such that

a € —2te+ b+ C, and hence
0a—e(a) <@a_e(—2te+b) =2t + pa_(b) < 2t + G(x).
It follows from the definition of the functional G that

G(z) < G(zo) + 2t. (5.11)
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Thus, G is bounded from above around xg.

Now we prove that G is convex. Indeed, it follows from the upper (—C')-convexity
of F' (see Definition 5.1.4) and the convexity of ¢4 _. (since A = —F(x0) —C is convex)
that for every z,y € X and « € (0, 1) we have

Glaz + (1 - a)y) = sup  pa,—(a)
a€F (az+(1—a)y)

< sup pa,—e(a)
acaF(z)+(1—a)F(y)+C

= sup VA —e (aa1 +(1—«a)as + C)
a1€F(x),a2€ F(y),ceC

= sup DA —e (aa1 +(1- a)ag)
a1€F (x),a2€F(y)

<o sup paelm)+(1-a) sup o _.(as)
a1€F(x) a2€F (y)

=aG(z)+ (1 —a)G(y).

Applying Lemma 2.2.12 to the scalar proper convex function G, we get that G is
Lipschitz on a neighborhood U’ := zg + p/Ux of zp (0 < ¢/ < p) with the Lipschitz

constant L > 0, which means that
|G(x) — G(xo)| < L|x — 9| forall zeU.
Since G(xg) < 0, we get
G(z) < L|z —xzo| forall zeU,

which induces the conclusion due to Corollary 2.5.5. O

Let us compare the results obtained in Theorem 5.3.4 and Theorem 5.3.5 with
those previously known in the literature derived by Kuwano and Tanaka [50]. The
assumptions in Theorem 5.3.4 and Theorem 5.3.5 are weaker than the ones in [50],
since we do not need the conditions that C' is a normal cone and the space X is a

finite-dimensional space.

5.4 Lipschitz continuity of €s-convex set-valued functions

This section is devoted to the relationships of the €s-convexity of set-valued functions
introduced in Definition 5.1.8 and the upper (lower) G-Lipschitzianity given in Defi-
nition 3.2.9. We also prove that a C-bounded, €s-convex function F' : X = Y on a
neighborhood of zy € int(dom F'), then F' is G-Lipschitz (see Definition 3.2.7) around
xg. In order to prove these assertions, we will use the equi-Lipschitzianity of a functional

family in the sense of Definition 3.1.3
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From now on (in this section), X,Y are two normed spaces, C' is a proper, convex
cone and F': X = Y is a set-valued mapping. We consider the functions G+, gy« given
by (5.1), (5.2) w.r.t. F.

At first, we need the following propositions.

Proposition 5.4.1. Let X, Y be two normed spaces, F': X =Y, and xo € int(dom F).
If the family {Gy+|y* € CT,||ly*||« = 1} is equi-Lipschitz around xq, then F is lower

G-Lipschitz around x.

Proof. Suppose by contradiction that F'is not lower G-Lipschitz around z, it follows
that for any n € N*, there are z,,, z], € B(zo, ) such that

F(zn) ©¢ F(xy) € nllzn — a,[|xUy = C,

hence x,, # z), for all n € N*.
Since xg € int (dom F'), for n large enough, B(xg, %) C dom F', and we can take y, €
F(z,) &g F(x})) such that y, + F(z),) C F(x,) and

Yn ¢ B = nllzy — 2| |xUy — C.
Since B, is convex and int B,, # (), one can find v} € Y* such that ||y}||« = 1 and
Yn(yn) = yr(v) forall ve B,.
This implies that
Yn(yn) = supy;,(Bn) = nllzn — 2,/ x — supy;(C).
It follows that y € CT for all n € N and
Gy (2n) = sup o (F(n)) = sup g (F()) + () = G () + nllazn — llx.

Therefore,

nl|z, — x;’LHX < Gy:;(xn) - Gy;i(x/n) < {||zp — x;’LHX

This yields that n < £, which could not hold true for arbitrarily large n. (|

Proposition 5.4.2. Let X, Y be two normed spaces, F': X =Y, and xg € int(dom F).
If the family {gy-|y* € CT,||y*||« = 1} is equi-Lipschitz around xo, then F is upper

G-Lipschitz around xg.

Proof. We prove by contradiction: Assuming that F' is not upper G-Lipschitz around

xg, it follows that for any n € N*, there are x,, x|, € B(xo, %) with

F(zy) ©¢ F(2),) € nl||xn, — 2,,||xUy + C,
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hence x,, # z}, for all n € N*.
Since xg € int (dom F'), for n large enough, B(xg, %) C dom F', and we can take y, €
F(z,) &g F(x}) such that y, + F(z),) C F(x,) and

Yn & By = nl|lr, — 2, ||xUy + C.

Since the set By, is convex and int B,, # (), one can find ¥} € Y* such that ||y}|[. = 1
and

Yr(yn) < yr(v) forall ve B,.

Hence,
Yn(yn) < infy;(Bn) = —nllz, — 23[|x +inf y; (C).

It follows that y € C* for all n € N and

9y (wn) = inf i (F(zn)) < infyp(F(a,)) + yn(yn) < gyg(27,) = nllon —ag/lx.

Therefore
nllzn — xllx < gy (23,) = gyz (@n) < |z — || x-

This yields that n < £, which could not hold true for arbitrarily large n. O

Theorem 5.4.3. Let X,Y be two normed spaces, C be a proper normal cone, and
F: X =3Y be Cs-convex. If F is C-bounded on a neighborhood of xo € int(dom F),
then F' is G-Lipschitz around xg.

Proof. Without loss of generality we suppose that xg = 0 and 0 € F(0). As F is C-
bounded on a neighborhood U = 8Ux C dom F' of 0 (# > 0), and taking into account
Definition 4.2.3, there exist real numbers p, /' > 0 such that F(U) C uUy + C and
F(z) CulUy —C forallz € U.
Take y* € CT with ||y*||« = 1. Let & € U be arbitrary, y € F(z), c € C, and v € p/'Uy
such that g = ¢’ — ¢. It follows from the definition gy~ given by (5.2) that
gy (1) = inf y*(y) <y" () =y"(' =) <y" () —y"(c)
yEF(T)
<y () <y lylly = 1lly <4/, forall zeU.

Analogously, from F(U) C uUy +C, we get g, (z) = 12{ )y*(y) > —pu for every z € U.
yer(x

It follows that g« is finite on U and
Gy (2) < gy (0) + p+ g/, forall zeU=0Ux.

By Proposition 5.1.7, g, is convex. Applying Lemma 2.2.12 to the convex function g,

and 0" € (0,0), we get

|9y () — gy ()| < L||xz —2'||x, forall =z 2" €Uy,
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where L := (u+ u/)(0 + 6')/[0(0 — 0')], which clearly does not depend on y*.

So {gy+ | y* € CT,||y*||« = 1} is equi-Lipschitz around z¢ with the Lipschitz constant
L. Applying Proposition 5.4.2, we have that F' is upper C-Lipschitz around z.
Analogously, {Gy | y* € CT,||y*||« = 1} is equi-Lipschitz around zo. Applying Propo-

sition 5.4.1, F' is lower C-Lipschitz around zy. Hence, there exists £ > 0 such that:
F(x)og F(2') C |z —2'||xUy + C, forall z,2’ €U, (5.12)

and
F(r)og F(2') Cl||x — 2||xUy — C, forall =z,2’ €U. (5.13)

Since C' is normal, there is p > 0 such that
(pUy + C) N (pUy — C) C Uy. (5.14)

From (5.12),(5.13),(5.14), we have

p(F(x) S F(x'))
Ul —2'|x

C (pUy +C) N (pUy — C) C Uy,

for all z,2’ € U,z # a’. This shows that F' is G-Lipschitzian around xg. O

The following example, which is first given in [2, Example 6.2], illustrates the G-

Lipschitz continuity of a convex set-valued mappings in Theorem 5.4.3.

Example 5.4.4. Set F : [0,+00) x R = R? assuming

F(z) = conv {(8) (\%)} (x € R?).

Obviously, F is C-bounded around every point x € R?, and Cs-conver with C' = ]Ri.
Hence F is locally G-Lipschitz. Like in [2, Example 6.2], F is not Lipschitz.



Chapter 6
Differentiability properties

For convenience of the reader, in this chapter, we recall some preliminary materials on
basic normal cones, subdifferentials, derivatives, coderivatives and generalized differen-
tiation, which will be used in the following chapters. These concepts will be considered
not only for vector-valued functions, but also for set-valued functions. We refer the

reader to [13, 35, 36, 59, 63, 67, 74] for more references and discussions.

6.1 Basic definitions

We begin this part by recalling several basic derivatives for vector-valued functions.
Let X,Y be Banach spaces, and C be a proper, pointed, convex cone in Y. Consider
a vector-valued function f : X — Y. For each £ € X, the “one-sided” directional
derivative of f at T in the direction v € X is defined by

F(@0) = lim ~(F(7 + tv) — £(7)), (6.1)

t—0+

when the limit exists in R.

The function f is said to be Gateaux differentiable at ¥ € X, if there exists a
continuous linear functional denoted by f'(Z) : X — Y, such that for every v € X,
f(z,v) exists and f'(Z,v) = f'(Z)(v). The function f’(z) is called the Gateaux
derivative (or Gateaux differential) of f at x € X. This means that the following
difference quotient conveges for each v € X:

F@) W) = Tim ~(f(@ + ) - F@)), (6.2)

t—0t+

and the convergence is uniform w.r.t. v in finite sets. If the convergence (6.2) is uniform
w.r.t. vin bounded sets, f is said to be Fréchet differentiable at . This is equivalent

to:

T [ — 2|

65
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Moreover, the function f is said to be strictly differentiable at T if

S G0 B { O e o )

=T, u—T HJ; — u”

~0. (6.4)

Note that if f is strictly differentiable at Z, then f is Lipschitz around this point;
see Clarke [13, Proposition 2.2.1].

Example 6.1.1. Consider the convez function f(x) = ||z||, it is easy to verify that f
has directional derivative at every point x € X and f is Gateaux differentiable at every

point x # 0, but there does not exist a Gateaux derivative at v = 0.

6.2 Subdifferentials of convex functions

This section contains a brief summary of the subdifferentials of convex functionals as

well as the subdifferentials of convex vector-valued functions.

6.2.1 The Fenchel subdifferential of convex analysis

In this part, we consider a convex function f : X — R. We have the following proposi-

tion which is fundamental to the study of differentiability of convex functions.

Proposition 6.2.1. (/59, Lemma 1.2]) Let X be a Banach space. If f : X — R

is a proper convex function, then the directional derivative of f exists at every point

x € dom f and

o — i ]
7/(w,0) = inf S (f (@ + to) = F(2), (6.5)

In the following definitions, we consider the normal cone and the subdifferential in
the sense of convex analysis (or Fenchel subdifferential) of convex functions defined as

follows.

Definition 6.2.2. ([74, Section 2.4]) Let X be a Banach space and f : X — R be a
proper convex function, the subdifferential or Fenchel subdifferential of f at T € dom f
1s defined by

Of(z) := {z* € X* |Vz € X : f(z) — f(2) > 2*(z — &)}, (6.6)

forz ¢ dom f one puts f () = (0. IfOf(x) is nonempty, f is said to be subdifferentiable

at T.
The formulation (6.6) can also be written as
0f(z) ={2" € X*|Vz € X : 2*(z) < f'(z,2)}, 7 € dom f. (6.7)

Taking into account (6.7), it is easy to see that f/(Z,-) € 9f(z). Moreover, if f is a
proper convex function, then df(z) # 0.
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Let us note that a continuous convex f is Gateaux differentiable at £ € dom f if

and only if Jf(Z) is a singleton; see [74, Corollary 2.4.10].

Definition 6.2.3. Let A be a nonempty convex subset of a Banach space X. The
normal cone to A at T € A is defined by

Nz, A)={z"e X" |z e A:2"(x — ) <0}.

It follows directly from Definition 6.2.2 and 6.2.3 that the normal cone to a set A
at a given point can also be equivalently defined by the subdifferential of the indicator

function associated with this set at that point,
N(z, 4) = 964(2), (6.9)

where ¢ 4 is the indicator function of A.
The following proposition presents some calculus rules for subdifferentials of convex

functions.

Proposition 6.2.4. ([74, Theorem 2.4.2]) Let f,g: X — R be proper convex functions

on X, x € X. We have some basic formulae:

(i) For any scalar t, we have

O(tf)(x) = t0f ().
(ii) We have the following sum rule
Of (x) + 9g(x) C A(f + g)(x).

The equality holds if v € dom f Ndom g and one of the functions is continuous.

6.2.2 Subdifferential of convex vector-valued functions

In the sequel X,Y are are Banach spaces and C' is a proper, pointed, convex cone in

Y. Now we consider a proper vector-valued function f: X — Y*°.
Definition 6.2.5. The subdifferential of f at T € dom f is given by

05 f(z) = {T € L(X,Y) |Va € X : f(z) - f(5) >¢ T(w—2)}.  (69)
Ifz € X\ dom f we set O<f(z) = 0. An element T € 0= f(Z) is called a subgradient
of f at T.

In the case that Y =R, C =Ry :={a € R| a >0} and f is convex, (6.9) reduces
to the classical definition of the subdifferential in the sense of Definition 6.2.2.
We recall some properties of (strong) subdifferentials of convex functions in the

following proposition.
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Proposition 6.2.6. (i) ([44, Corollary 6.1.10]) Let f : X — Y* be a proper C- con-

vex mapping, and T be a given point in int (dom f). Then, 0= f(Z) is nonempty.

(ii) ([67, Lemma 2.2]) Let f : X — Y* be a proper C-convex vector-valued function
and let g : Y — R U {400} be conver and C-monotone on Y. If there exists
(xo;y0) € epif such that g is continuous at yo, then for § = f(z) € domg one
has

ANgo Ny = |J oy o N@).
y*€dg(y)
Furthermore, if we assume additionally that C has a weakly compact base, we get

the well-known result of Valadier [71], which is useful in the sequel.

Theorem 6.2.7. (Valadier [71]) Let X,Y be real reflexive Banach spaces, and C CY
be a proper, conver cone with a weakly compact base. If f : X — Y is a C-conver
mapping, continuous at some point of its domain, then for every x € X and y* € CF

one has

y* 0 0= f(z) = 8(y" o f)(x).

6.3 Clarke’s normal cone and subdifferential

Now we extend the notions of the directional derivative and the subdifferential from con-
vex functions to locally Lipschitz functions by defining generalized directional deriva-
tives and generalized gradients (or Clarke’s subdifferentials) that were first introduced
by Clarke [13].

Definition 6.3.1. ([13]) Let X be a Banach space and f : X — R be Lipschitz around
a given point x € dom f. For each v € X, the generalized directional derivative of

f at x in the direction v is defined by

f°(x,v) := limsup %(f(y +tv) — f(y)). (6.10)

y—z,t—0+
Definition 6.3.2. ([13]) Let X be a Banach space and f : X — R be locally Lipschitz,
the generalized gradient of f at T € dom f is defined by

Oof(z):={z" € X" |Yve X: f(x,v) >x"(v)}. (6.11)

Note that if f is Lipschitz around € dom f and admits a Gateaux derivative f'(T),
then f'(z) € Oc f(Z); see Clarke [13].

Proposition 6.3.3. (Clarke [13, Proposition 2.2.7 and Section 2.3]) Let X be a Banach
space. We assume that functions f,g : X — R are Lipschitz around a given point

x € X. We have some basic calculus:
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(i) For any scalar t, we have
Oc(tf)(z) = toc f(x).

(i) The sum rule
Ic(f +9)(x) € dcf(x) + dog(x).

The equality holds if one of the functions is strictly differentiable at x.

(i5i) If f is conver on an open convexr subset U of X and f is Lipschitz around a
given point x, then the generalized gradient of f coincides with the Fenchel’s
subdifferential of f at x, and the generalized directional derivative of f coincides

with its directional derivative.

Let A be a nonempty subset of a Banach space X; it is not necessary to suppose A

to be convex. Taking a point = € A, we define the set of all tangents to A at z by
T(A x) :={veX|dj(z,v) =0},

where d9 is the generalized directional derivative of the distance function d(-, A) at x
in the direction v; see Clarke [13, Section 2.4]. A vector v € T(A, x) is called a tangent
to A at x.

We denote the Clarke normal cone to A at T € A by N¢o(Z, A) and

Ne(z,A) ={2" e X" |VYv e T(A,z): z*(z) < 0}.

We have the following property which is considered as another definition of normal

cone using Clarke’ subdifferential of the distance function.

Ne(z, A) = 1™ (Uaso Aed(z.4)), (6.12)

where cl* denotes the weak* closure. This cone is also equivalent to

No(z,A) = 0cda(z). (6.13)

The following proposition presents the correlation between the generalized gradient

of a function and the normal cone to its epigraph.

Proposition 6.3.4. ([13, Corollary 2.4.9]) Let X be a Banach space, f : X — R be
Lipschitz around a given point . An element x* of X* belongs to Oc f(x) if and only

if (z*,—1) belongs to N ((z, f(z)),epi f).

In [13], Clarke first defined the generalized gradient for a locally Lipschitz function,
and then defined the corresponding normal cones via the generalized gradient of the
distance function as in (6.12), and finally, the author extended Clarke subdifferentials

to functions which are not necessarily locally Lipschitz.
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Definition 6.3.5. ([13]) Let X be a Banach space and f : X — R. The Clarke
subdifferential of f at T is the set

dof(z) = {z* € X* | (x*,—1) € No((x, f(x)),epi f)} (6.14)
if € dom f and dc f(z) ;=0 if T ¢ dom f.

We also have the sum rule for the Clarke subdifferential, when f is Lipschitz around

x and ¢ is lower semicontinuous around x,

dc(f +g)(x) € dcf(x) + dcg(w).

Proposition 6.3.4 guarantees that the definition of Clarke subdifferential given by
(6.14) is consistent with the generalized gradient for the locally Lipschitz case. In
Section 6.4, we will recall this approach for Mordukhovich’s subdifferential, by which the
normal cones to a set will be defined first, and then the corresponding subdifferentials

of a function are defined thanks to the normal cones to its epigraph.

6.4 Mordukhovich’s limiting subdifferential

This section is devoted to presenting definitions and properties of basic generalized
differential constructions held in Asplund spaces. In [55], Mordukhovich studied the
hierarchy of generalized normal cones, coderivatives, and limiting subdifferentials. We
recall in this part some main calculus for normal cones and coderivatives, for more

details, the reader can find them in Mordukhovich’s books [55, 56].

Definition 6.4.1. ([59]) A Banach space X s called an Asplund space if every convex
continuous function on a nonempty open convexr subset D of X is Fréchet differentiable

at each point of some nonempty dense Gs subset of D.

The class of Asplund spaces is quite broad, and contains every reflexive Banach
space, as well as every Banach space with the separable dual. In particular, ¢y and [,
LP[0,1] for 1 < p < 400 are Asplund spaces, but /1 and [, are not Asplund spaces.

Consider a set-valued mapping F' : X = X* between an Asplund space and its
dual, and a subset 2 of X. We define the Painlevé-Kuratowski outer limit of F' at &
w.r.t. the norm topology of X and the weak* topology of X* by

limsupF(z) ;== {z* € X* |Vk € N, 3(xg,x},) € gph F : x, — T, xj, AN z*}.
r*—T
In this section, we use the notation z’ L 4 for o/ — z with ' € Q. We define the

generalized normal cone to ) at z € {2 in a Banach space as follows.

Definition 6.4.2. ([55, Definition 1.1]) Let 2 be a nonempty subset of a Banach space
X.
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1. Given x € Q and € > 0, define the set of e-normals to ) at x by

N(z,Q) :={z" € X* | 1imsupw <e€p. (6.15)
o |lu—z

uUu—x
When € = 0, the set (6.15) is called Fréchet normal cone to Q at x, denoted
by N(z,Q). If x ¢ Q, we put N.(z,Q) := 0 for all € > 0.

2. Let & € Q, the (basic, limiting, or Mordukhovich) normal cone to ) at
is defined by

Np(# Q) := limsupN, (2; Q). (6.16)
T
el0

Put Np(z;Q) :=0 for z ¢ Q.

Now, if X is an Asplund space and € is closed around a given point & € 2, i.e.,
there is a neighborhood U of & such that Q2 N U is a closed set. Then, the limiting
normal cone to 2 at Z is also presented by (compare [55, Theorem 1.6])

Np(%;Q) =limsup N(z;Q) (6.17)

T—T

= {o* € X* | 3y -5 7,2] L 2%, Vk € N: 2} € N(ay Q)

If Q) is a convex set, then both the Fréchet normal cone and the limiting normal cone

reduce to the normal cone of convex analysis; see [55, Proposition 1.5]:
N(Z;Q) = Np(7;,Q) = {2* € X* |Vz € Q: 2*(z — T) < 0}. (6.18)

Let us now recall the sequential normal compactness property of sets, which shows
the equivalence between the weak* and norm convergences to zero of e-normals (6.15)

in dual spaces.

Definition 6.4.3. ([55, Definition 1.20]) Let Q be a nonempty subset of a Banach space
X and x be a given point of Q. We say that ) is sequentially normally compact

(SNC) at T if for any sequence (e, xi, x}) € [0,00] x Q x X* satisfying
€r 4 0,z — T, x5, € Nek(:rk;Q), and xj, v, 0,
one has ||z}| = 0 as k — 4o00.

Remark 6.4.4. As a consequence of [55, Theorem 1.21], every nonempty set in a
finite dimensional space is SNC at each of its points. In addition, this property is
also fulfilled for a convex set with a nonempty interior; see [55, Proposition 1.25, and

Theorem 1.26].

As pointed out in Section 6.3, it is possible to define subdifferentials of an extended-
real-valued function through the normal cones to its epigraph. Next, we define the

(basic, limiting, Mordukhovich) subdifferential.
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Definition 6.4.5. ([55, Definition 1.77]) The (basic, limiting, Mordukhovich)
subdifferential for a given function f: X — RU{+oco} at Z € X with |f(Z)] < 00
is defined by

oLf(z):= {x* e X*|(z%,-1) € NL((J_U,f(:E));epif)}.
We put O f (%) := 0 if | f(Z)| = +o0.

Note that the limiting subdifferential agrees with the classical gradient for strictly
differentiable functions, and becomes the subdifferential of convex analysis when f is
convex; see [55, Theorem 1.93].

Now we recall the sum rule (see [55, Theorem 3.36]) and the chain rule (see [55,

Theorem 3.41 and Corollary 3.43]) for the limiting subdifferential of locally Lipschitzian

functions.
Proposition 6.4.6. We consider Asplund spaces X and Y .

(i) (Sum rule) Let p; : X - RU{+o0},i=1,2,...,n,n > 2, be lower semicontin-
uwous around T, and let all but one of these functions be locally Lipschitz around

. Then, one has the following inclusion

OL(p1 + @2+ ...+ 9n)(@) COLp1(T) + Orp2(T) + ... + Oon(Z). (6.19)

In addition, if each ; is convex (or strictly differentiable), then (6.19) holds as
equality.

(ii) (Chain rule) Let g : X — Y be strictly Lipschitz at T, and ¢ : Y — R be locally

Lipschitzian around g(z). Then, one has

olpog)@C |J Oy og(@) (6.20)
y*€0Lp(9(2))

Now considering a set-valued function F': X = Y between two Banach spaces, and
a proper, convex cone C' in Y. The graph and the epigraph of F' w.r.t. the cone C are
defined by

gph F = {(x,y)EXxY|y€F(x)},
epiF = {(z,y) € X xY |y€ F(z)+C}.

The epigraphical multifunction of F': X =2 Y, &r : X =2 Y, is defined by
Ep(x) = F(x) + C;

and hence, gph Er = epi F.
We continue defining the (basic, normal, Mordukhovich) coderivative at the

reference point.
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Definition 6.4.7. ([55, Definition 1.32]) Let F' : X = Y be a set-valued function
between two Banach spaces with dom F # ().

1. Given (xz,y) € X xY and € > 0, we define the e-coderivative of F' at (x,y) as
a multifunction ﬁ:F(x, y) : Y* = X* with the values

DiF(ey)(y") = {a* € X" | (2", —~y") € N((w,p)igoh F)} . (6.21)
When € = 0, it is called the precoderivative or Fréchet coderivative of F
at (z,y) and is denoted by ﬁ*F(a:, y). It follows directly from the definition that
D*F(x,y)(y*) =0 for all e > 0 and y* € Y* if (x,y) ¢ gph F.

2. The (basic, normal, Mordukhovich) coderivative of F at (Z,y) € gph F is
a multifunction DN F(x,y) : Y* = X* defined by

D*F(z,5)(y") = limsup D:F(x,y)(y"). (6.22)
(z,y)—(Z.7)

w*
Yt
el0

We put D*F(z,9)(y*) :== 0 for all y* € Y* if (z,y) ¢ gph F.

Because of the definition of the limiting normal cone, the (basic, normal, Mor-
dukhovich) coderivative of F' can be defined through the corresponding normal cone as
follows

D*F(z,5)(y") = {2* € X*| (", —y") € N (. 7)igph F)}.  (6.23)

We can omit ¢ in the coderivative notation above if F' = f : X — Y is a vector-

valued function. If f is strictly differentiable at z, then
D*f(z)(y*) = {V[f(@)*y")} forall y"eY™

Furthermore, if f is strictly Lipschitzian at Z, the relationship between the co-
derivative of a vector function and the subdifferential of its scalarization is given by
[55, Theorem 3.28]:

D f(@)(y") = Or(y” o F)(2).
In [5], Bao and Mordukhovich introduced a subdifferential notion for vector-valued

and set-valued mappings with values in partially ordered spaces by using coderivatives

of the epigraphical multifunction.

Definition 6.4.8. (/5]) Let F : X =Y be a set-valued function between two Banach
spaces with dom F # 0. Given (Z,y) € X x Y, we define the basic/normal sub-
differential of F' at (z,y) in direction y* € Y* by

OF (Z,9)(y") := D*Er(Z,9)(y")- (6.24)
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In the case of a single-valued function F' := f : X — Y, the subdifferential of f at

Z in (6.24) is given by
f(@)(y*) := D™Ep(z)(y"). (6.25)
Moreover, when F' = f : X — (—o00, 0] is a lower semicontinuous function, the subd-

ifferential (6.24) with ||y*|| = 1 agrees with the limiting subdifferential.

6.5 Ioffe’s approximate subdifferential

In this section, we study loffe’s approximate subdifferential and approximate normal
cone, which are considered in arbitrary Banach spaces. These structures were first
introduced in the series of works by loffe starting from 1981.
We suppose that X is a Banach space and f : X — R is lower semicontinuous on
X, and =z € dom f. Let F be the collection of all finite-dimensional subspaces of X. In
[35], the approximate subdifferential of f at x is given by
Oaf(@) = () limsup O fyrr(y),
Ler (ey)=(+02)

where

flw) if wey+L,
fy+r(u) =
o0 otherwise,

and for € > 0,
0 fy+r(y) := {x* € X" |VveX:a*(v) <€y +litIEJirI(1)ft_1[fy+L(y+tv) — fy—l—L(y)]}'

Note that the construction of approximate normal cones is similar to that of Clarke
normal cones. Therefore, we can define the approximate normal cone to {2 C X
at x € () via the approximate subdifferential of either the distance function or the
indicator function associated with this set as

Na(z;Q) := ] Aad(x,Q) = dada(x).
A>0
Moreover, one can present the approximate subdifferential via the approximate normal

cone above by the following equality
Oaf(z) = {z" € X" | (2", 1) € Na((z, f(%));epi f) }.

Using the approximate normal cone, we can define the approximate coderivative of

a set-valued function F': X = Y as in the next definition.

Definition 6.5.1. Let F': X =2 Y be a set-valued function between two Banach spaces
with dom F # (), and (z,y) € gph F'. Assuming that F is closed, and the approxzimate
coderivative of F' at (x,y) is a multifunction D F(x,y) : Y* = X* defined by

DiF(z,y)(y") = {a" € X" | (2", —y") € Na((Z,7);gph F) }. (6.26)
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Now we show some properties of the approximate subdifferential for Banach spaces
X and Y.

Proposition 6.5.2. (loffe [35, Section 3]) We assume that given functions f,g: X —
R are lower semicontinuous on their domains. Assuming that x € dom f or x € dom g,

we have the following properties:
(i) (Sum rule) If f is Lipschitz around x and x € dom f N dom g, then
Oa(f +9)(x) € 0af(x) + Oag(x).

(i1) If f attains a local minimum at x, then 0 € dzf(x).

(iii) If [ is strictly differentiable at x, then 0af(z) = {f'(z)}.

In the previous sections, we described the constructions of Fenchel subdifferentials,
Clarke subdifferentials as well as Mordukhovich subdifferentials. To finish this section,
we establish relationships between them and Ioffe subdifferentials in the framework of

Banach spaces and Asplund spaces.

Proposition 6.5.3. (Mordukhovich [55, Section 3.2.3], Ioffe [35, Section 3]) Let X
be an Asplund space, and f : X — R be lower semicontinuous and Lipschitz around

x € dom f. We have the following properties:
dof(x) = cleconv 9y f(x) = cl *conv Oy, f (),

Oaf(z) =cl*oLf(x),
and hence

Opf(x) € 0af(x) C dcf(x).

Moreover, if X is a weakly compactly generated space (i.e., X = cl(span K) for some

weakly compact set K C X ), then

oLf(z) = 0af(x).

In the latter case if f is conver and f continuous at least at one point (i.e., f is
Lipschitz around that point, see Chapter 4), then these subdifferentials coincide with

the subdifferential of convex analysis.

Note that the relationships between the Clarke subdifferential and Ioffe subdiffer-

ential above also hold in Banach spaces.
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6.6 Derivatives of set-valued functions

Derivatives of set-valued functions are essential in optimization theory. They are used
in primal-space approaches to derive optimality conditions for solutions of set-valued
optimization problems. There are many approaches to define derivatives of set-valued
functions, for instance: contingent (Bouligand), Ursescu, Dubovitskij - Miljutin and
Dini derivatives, etc. In this section, we focus on contigent derivatives and contingent
epiderivatives, which are motivated by the geometric interpretation of the classical
notion of derivative for single-valued functions as a local approximation of their graphs
and epigraphs.

We begin with a brief introduction of the contingent cone (or the Bouligand tangent

cone) of a set S C X at a given point z € X.

Definition 6.6.1. Let X be a normed vector space, S be a subset of X, and x € X be

given. The contingent cone of S at x is a set
T(S,z):={ue X |3ty 40,3 (un) = u,z + thu, € S},
where (t,) | 0 means (t,) C (0,+00) and (t,) — 0.

In the literature, the contingent cone has been widely used in optimization the-
ory and variational analysis, and it has been known under many different names such
as the Bouligand tangent cone, the tangent cone, the cone of adherent dis-
palcements, the outer tangent cone, etc. We refer the reader to [44] for more
notions and more discussions of contingent cones. In [44, Theorem 4.1.12], the authors
introduce an equivalence of sixteen different characterizations of the contingent cone in-
cluding detailed proofs. We present here two characterizations which are more popular

than the others.

Proposition 6.6.2. ([}4, Theorem 4.1.12]) Let X be a normed vector space, S be a
subset of X, and let x € c1S. Then, fori € {1,2}, we have T(S,z) = T;(S, z), where
T;(S,z) are given as follows:
Ti(S,z) :={ue X |3(t,) CR,I(uyn) C S such that u, — z,t,(uy, — x) — u}
Ty(S,z) :={u e X | 3(t,) C R,3(uy,) C S such that ty, | 0, tn =%

— u}.

n

Note that, in the special case that S is convex, we have T'(S,z) = clcone (S — ).
Now we introduce the notion of the contingent derivative via the contigent cone

above.

Definition 6.6.3. Let X and Y be normed spaces, F : X =Y be a set-valued function,
and (x,y) € gph F' be given. A contingent derivative of F at (x,y) is a set-valued
map D F(z,y) : X =Y such that

gph(D F (z,y)) :== T(gph F, (z,y)).
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Because of the equivalence of the characterizations of the contingent cone, and due

to Definition 6.6.1 we get the following properties of the contingent derivative.

Proposition 6.6.4. ([44, Theorem 11.1.8]) Let X,Y be two normed vector spaces, S
be a subset of X. Let F: X =Y be a set-valued function, and (x,y) € gph F'. The

following assertions hold:

(i) A pair (u,v) belongs to gph(D.F(x,y)) if and only if there are sequences {t,} | 0
and {(un,vn)} C X XY with (un,v,) = (u,v) such that y + tyv, € F(x + tyuy),
for everyn € N.

(ii) A pair (u,v) belongs to gph(D.F(x,y)) if and only if

AL
It follows from the definitions of the contigent derivative and the properties of the
contingent cone that the contigent derivative is a natural extension of the Fréchet
differentiability concept to the set-valued case; see [37, Remark 15.2].
Now we consider an ordering relation <. on the normed space Y, which is generated

by a proper convex cone C C Y, and we recall that the epigraph of F' : X = Y with
respect to C is given by

epi F:= {(z,y) e X xY |y € F(z) + C}.

In case F': S =2 Y, where S is a nonempty subset of X, the epigraph of F, also denoted

by epi F' if there is no confusion, is given by
epi F = {(z,y) e X xY |z € S,ye F(z)+C}.

We introduce another notion of derivatives of set-valued maps in the following
definition. This is a useful tool for the formulation of optimality conditions in set

optimization.

Definition 6.6.5. Let X and Y be normed spaces, let S be a nonempty subset of X,
and let C be a proper, convex cone. Let F': S =Y be a set-valued function, and let a
pair (z,y) € gph F' with x € S be given. A contingent epiderivative of F' at (x,y)
is a single-valued map D F(x,y) : X — Y such that

epi (DeF(z,y)) = T(epi F, (z,y)).

The contingent epiderivative was originally proposed by Jahn and Rauh [41]. Fol-
lowing the idea of the definition above but taking a different tangent cone for the local

approximation, one can derive other epiderivatives such as the adjacent epiderivative
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and the Clarke epiderivative; see [44, Chapter 11]. Note that the contingent epideriva-
tive is a single-valued function while the contingent derivative is a set-valued function.
Moreover, in the case that F' is lower C-convex, we get the following relationship be-

tween the contingent derivative and the contingent epiderivative.

Proposition 6.6.6. (see [37, Theorem 15.9]) Let X and Y be normed spaces, let S
be a nonempty convexr subset of X, and let C be a proper, pointed, conver cone. Let
F: X =Y be alower C-convez set-valued function, and let a pair (x,y) € gph F
with © € S be given. If both the contingent derivative D.F(x,y) and the contingent
epiderivative D F(x,y) exist, then

epi (DCF(J;’y)) C epi (DeF(x>y))'

When F' is lower C-convex, we also obtain the following property of the contigent

epiderivative.

Proposition 6.6.7. (see [37, Theorem 15.11]) Let X and Y be normed spaces, let S
be a nonempty convexr subset of X, and let C be a proper, pointed, conver cone. Let
F:S=3Y be alower C-conver set-valued function, and let a pair (x,y) € gph F with
x € S be given. If the contingent epiderivative Do F(x,y) exists, then it is sublinear,

1.€.,

(i) DF(x,y)(az) = aD.F(x,y)(z) for all « > 0 and for all z € X (positive ho-
mogenity),

(i) DF(x,y)(z1 + 22) € {DF(x,y)(z1) + DeF(z,y)(22)} — C for all z1,20 € X
(subadditivity).

For deeper discussions of the contingent derivative as well as the contingent epi-

derivative, we refer the reader to [1, 37, 44].

6.7 Directional derivatives of set-valued functions

The aim of this section is to present an overview of the directional derivatives of set-
valued functions studied by Jahn [39], Pilecka [60], Dempe and Pilecka [14]. They
proposed at least two approaches: the first one is to construct the difference quotients
of the minimal and maximal solution functions, the second one is based on the aid
of the Painlevé-Kuratowski outer limit. In the literature, Kuroiwa is the first author
investigating directional derivatives of set-valued maps. He used a special embedding
technique to derive directional derivatives in [48]. Among the other approaches, we
mention results by Hoheisel, Kanzow, Mordukhovich and Phan [33, 34|, as well as by
Hamel, Heyde, Lohne, Rudloff and Schrage [29].
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In this section, we also use the same notation ©Sp for all Demyanov differences if
there is no confusion; see Section 2.4.

First, we consider a set-valued function F : § = Y from a subset S of the real linear
space X with a nonempty interior to the real normed space Y partially ordered by a
convex cone C'. We assume that F' takes strictly convex and weakly compact set-values.
In order to define the differentials of set-valued functions, we will use the Demyanov
differences in the sense of (2.9).

In [39], the Demyanov difference (2.9) was chosen to define the directional deriva-
tives of set-valued functions because the author considered a difference quotient %(F (x+
Ad) ©p F(x)), which is nearly of the form % as A — 07. Hence the chosen set difference
ensures that F'(z + \d) ©p F(x) becomes small for nearly the same sets. Before giving
directional derivatives, we use the following convention:

lim U{GAZ}—U{

A—0t
lect lect

lim G(\ 1) }
A—0t

Hence,

1
i —(F F = li = min F — Ymin aF )
)\i)rél+)\( (x4 Ad) ©p F(z)) = Jim ng+{y (I, F(z + Ad)) — Ymin(l, F(2))
€

ymax(lv F(JI + )‘d)) - ymax(l7 F(IL'))}

= U {5 (il F 4 M) — a1, F (),
lect

i < (a0, F(& 4 Ad) =y (1, F(2)))}

We define the directional derivatives Dyin F'(z,d, 1) and DyaxF'(z,d, ) by
1
DyinF(x,d,l) := /\lirgJr X(ymin(l, F(z 4 Ad)) — ymin(I, F(z))) for all L € Cf,  (6.27)
%
and

1
Do F (z,d,1) := Jim, < ~ (Ymax (L, F(z + Ad)) — Ymax(I, F(z))) for all L € C;. (6.28)

Definition 6.7.1. ([39]) Consider a set-valued function F : S =Y taking strictly
conver and weakly compact set-values, where X is a real linear space, S C X with a
nonempty interior, and Y is a real normed space ordered by a convex cone C. Take x €
int S, and some d € X. Let the directional derivatives Duin F'(z,d, 1) and Dyax F(x,d, 1)
exist for alll € C{". The set

DyF(z,d) := | ) {DminF(2,d,1), DimaxF(z,d, 1)} (6.29)
lecy

1s called the directional derivative of F' at x in the direction d.
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The following property obviously holds for all z € int S and A > 0:
DJF(l’, )\d) = )\DJF(.I, d)

Next we consider the second approach by Dempe and Pilecka [14], where they
used the modified Demyanov difference (2.6) to derive the differentials of set-valued
functions. Now let C be a convex cone in R” with a nonempty interior, and let F :
R™ = R"™ be a set-valued function, which takes convex and weakly compact set-values
and dom F' # ).

Definition 6.7.2. ([1/]) Consider a set-valued function F' : R™ = R". Take x €
int (dom F'), the directional derivatives DpF(x,d) at x in the direction d € R™ is
defined by

F td F
DpF(x,d) := limsup (z+d) Sp Flz)
t—0t t

(6.30)

1s called the directional derivative of F' at x in the direction d, where ©p 1is the

modified Demyanov difference in the sense of (2.6).

Proposition 6.7.3. ([14, Lemma 3.2]) Let F' : R™ = R" be Lipschitz around x €
int (dom F) in the sense of Definition 3.2.10 w.r.t. the difference (2.6) with Lipschitz
modulus L. Then, for each direction d € R™, the directional derivative of F at x is

non-empty, bounded and satisfies
DpF(z,d) C L||d||Ugn. (6.31)

We note that in [60], Pilecka used formula (6.30) to define the directional derivative
with respect to the [-difference (2.4),

F td F
Dy F(z,d) := limsup (z+td) &1 Flz)

)
t—0t t

(6.32)

which leads to results similar to Proposition 6.7.3.



Chapter 7

Optimality conditions for vector

optimization problems

Many problems in our daily life lead us to make decisions satisfying various objectives
and conflicting goals, which can be mathematically modelled by wvector optimiza-
tion problems. They are also well known by other names, such as multiobjective
optimization problems or multi-objective optimization problems. Each application to
real problems, for example in industrial systems, politics, business, industrial systems,
control theory, management science, and networks, makes new models or new research
branches for vector optimization problems; see more examples and models in the intro-
ductory chapter of [26]. The main goal of this chapter is to study necessary optimal

conditions for solutions of the vector optimization problem (VP):
minimize f(xz) subjectto z € D, (VP)

where X,Y are normed vector spaces, f : X — Y is a single-valued mapping, D C X
is non-convex, and C' is a proper, closed, convex, pointed cone in Y. Recall that some
solution concepts of the problem (VP) have been given in Section 2.6.

In the first section of this chapter, we will collect some recent and interesting tech-
niques to scalarize the vector optimization problem (VP). These techniques are based
on the scalaring functions introduced in Section 2.5. In the second section we give some
necessary optimality conditions for (weakly) Pareto efficient solutions for the problem
(VP) where the objective function f is either Lipschitz or C-convex, no matter whether
int C is empty or not. The last section is devoted to the vector control approximation
problem, which is a special form of the problem (VP), and is applied in many prac-
tical problems. We will derive necessary conditions for approximate solutions of this

problem in infinite-dimensional reflexive Banach spaces.

81
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7.1 Characterization of solutions of vector optimization

problems by scalarization.

Our objective now is to present some methods to scalarize the vector optimization
problem (VP). We prove that the vector optimization problem (VP) and its suitable
scalar optimization problem have the same solution sets. Of course, solving the new
problem is more advantageous than solving (VP), since we can use the optimality
conditions for scalar optimization problems introduced in Appendix A.

First of all, we will scalarize the convex optimization problems by using the sepa-

ration theorem for two convex sets in Section 2.5.1.
Proposition 7.1.1. (/37, Theorem 5.4]) Let C C'Y be a closed, convex cone.

(i) Given a nonempty subset A of Y such that A+ C' is conver and has a nonempty
interior, one has that a point § € A is a Pareto minimal point of A w.r.t. C if

there exists y* € CT \ {0} such that § is a solution of the problem minye y*(y),
i.e., y*(y) = y*(y), for ally € A.

(ii) Consider the problem (VP), assume that D is closed conver and f: X =Y isa

C'-convez function such that the set f(D) + C has a nonempty interior. A point

T € D is a Pareto efficient solution of (VP) if there exists y* € CT \ {0} such
that

y'(f(z) = f(2)) 20 VzeD. (7.1)

The following results will handle weakly Pareto minima with solid ordering cone.

Proposition 7.1.2. ([37, Theorem 5.13]) Let C C'Y be a closed, conver cone with a

nonempty interior.

(i) Given a nonempty subset A of Y such that A+ C is convez, one has that a point
7 € A is a weakly Pareto minimal point of A w.r.t. C if there exists y* € CT\ {0}
such that § is a solution of the problem minyca y*(y), i.e., y*(y) > y*(y), for all
y e A.

(ii) Consider the problem (VP), assume that D is closed convex, f : X — Y is a
C'-convex function. A point T € D is a weakly Pareto efficient solution of (VP)
if there exists y* € CT \ {0} such that

y*(f(x) - f(z)) 20 VzeD. (7.2)

Now to deal with scalarization of general vector optimization problems (some convex
assumptions are not necessary), there are at least three successful approaches in the

literature. The first one is to change the scalarization procedure by using the oriented
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distance function; see, for example, [27, 73]. The second one is to use the nonlinear
scalarizing functional ¢c ., which has also become popular in the last few years; see
[8, 16, 17, 19]. The last one is to consider new approximate solution concepts, and then
derive optimal conditions for the new solutions (see [16, 17, 19]). However, the third
approach is beyond the context of this work, and will not be discussed further.

The following proposition presents the scalarization procedure of the problem (VP)
using the oriented distance function introduced in Section 2.5.3. Since this proposition

is a direct consequence of Proposition 2.5.11(ii), for brevity we will omit the proof.

Proposition 7.1.3. ([73, Theorem 4.3]) Let C CY be a closed, convex cone, and A_¢
be given by (2.14).

(i) Given a nonempty subset A of Y, one has thaty € A is a Pareto minimal point of
A w.r.t. C if and only if § is a unique solution of the problem minyc4 A_c(y—17),
e, A_c(y—9) >0, forally e Ay # 7.

(i) Moreover, consider the problem (VP), T € D is a Pareto efficient solution of
(VP) if and only if
A o(f(x)— f(2)) >0 VzeD. (73

Now using the nonlinear scalarizing functional, the following proposition is a direct

consequence of Theorem 2.5.8.

Proposition 7.1.4. ([19]) Let C be a closed, convex cone with a nonempty interior,

ecintC, and pc. be given by (2.11).

(i) Given a nonempty subset A of Y, one has that § € A is a weakly Pareto minimal
point of A w.r.t. C, then

wce(ly—y) >0 forall yeA.

(i) Moreover, consider the problem (VP), if T € D is a weakly Pareto efficient solu-

tion of (VP), then T is minimum of the following problem

minimize pce(f(x) — f(ZT)) subject to z € D. (7.4)

The most important condition to make use of the nonlinear scalaring functional ¢c .
is that the ordering cone C' has a nonempty interior. However, the class of ordering
cones with nonempty interiors in infinite-dimensional spaces is not very broad. In the
case that int C' = ), Bao and Tammer [8] constructed a new appropriate solid cone such
that the Pareto minimal points w.r.t. the original cone C' are also the Pareto minimal

points w.r.t. the new cone.
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From now on in this section, we consider a normed vector space Y with a proper
pointed convex closed ordering cone C. For each point e € C \ {0} and for each

e € (0,]|e]|) we consider the following cone
Oc,c 1= cone (B(e,e)) ={t-y, y€ Ble,e)}. (7.5)

It is easy to see that the new cone O, might not contain the given cone C' or be
contained in it. Obviously, O is a proper pointed convex closed cone with a nonempty

interior, since e € int O .

Proposition 7.1.5. ([8, Theorem 3.1]) Let Y be a normed vector space, C' be a proper,
closed convexr cone. Let A be a nonempty subset of Y and y € Min(A, C). Then, for
each e € C'\ {0} satisfying

—e ¢ clcone (A+C —7), (7.6)

there exists a positive real number € > 0 such that § € Min(A + C,O¢), where O
is given in (7.5). Moreover, § is a minimum of the scalarization function ¢ := pe, .
over A+ C:

minimize oy —1y) subject to y € A+ C, (7.7)

where ¢ w.r.t. O is given by (2.11).

In some other works, the assumption (7.6) could be replaced by a stronger condition
that cone (A + C' — g) is closed; see, for instance, [17, Theorem 2.3]. Furthermore,
several new results about the asymptotic cone and the Bouligand tangent cone are
given to derive necessary optimality conditions for Pareto minimal points without the
assumption (7.6); see [17, Theorem 2.5 and Corollary 2.1]. In the following proposition,
A is locally closed at Pareto minimal point 7, and clearly this condition is weaker than
(7.6).

Proposition 7.1.6. ([17, Proposition 2.1]) Let Y be a normed vector space, C be a
proper, closed, convex cone. Let A be a nonempty subset of Y, y € Min(A, C) such
that A is locally closed at . Then, for each e € C \ {0}, there exists a positive real
number € > 0 such that 0 € Min(cone (AN B(y,€) — § + e), cone B(e, €)). Moreover, 0

is a minimum of the scalarization function ¢ over cone (AN B(y,e) —y+e):
minimize p(y) subject to y € cone (AN B(y,e) —y+e), (7.8)
where ¢ := p, with A = cone B(e, €) is given by (2.11).

However, this approach has the disadvantage that the minimum of the new scalar

problem is not attained at the original minimal point g, but at 0.



7.2. Necessary optimality conditions 85

7.2 Necessary optimality conditions

In this section, we consider the problem (VP) with certain assumptions concerning the
Lipschitzianity and the C-convexity of the objective function f, and we study both
whether the interior of cone C' is empty or not. In the case that int C' = (), we derive
necessary conditions for Pareto efficient solutions in Theorem 7.2.4 and Theorem 7.2.5,
and in the latter case, we derive the necessary conditions for weakly Pareto efficient
solutions in Theorem 7.2.2 and Theorem 7.2.3. We are interested in deriving neces-
sary optimality conditions in terms of the (basic, normal, Mordukhovich) coderivative
mapping, and hence, the problem (VP) will be investigated in Asplund spaces.

Throughout the section, we use the following assumption:

Assumption 7.2.1. Let X, Y be Asplund spaces, D C X be a nonempty subset of X
(D is not necessarily convex), let C' be a proper, closed, convez, pointed cone in'Y,
and let f : X — Y be a vector-valued function such that D C dom f. We consider
a pair (Z,y) € X XY such that T € D, D is closed around =, and §y = f(z) (i.e.,
(Z,9) € gph f).

We recall the definition of the epigraphical multifunctionof f : X =V, &y: X =Y
given by (compare with (3.5) for set-valued mappings F)

We begin with the case int C' # ). Note that a convex ordering cone with a nonempty
interior has the SNC property; see Definition 6.4.3. In the case that the ordering cone
C has the SNC property, necessary conditions for minimizers of set-valued optimization
problems are derived in [3, Theorem 4.1], [5, Theorem 5.3]. As a direct consequence of
[3, Theorem 4.1], we get the following necessary conditions for weakly Pareto efficient
solutions of vector optimization problems without convexity assumptions concerning
the constraint set D and the objective function f. In the next theorem, we consider the
vector optimization problem in terms of the Mordukhovich coderivative, and limiting

subdifferential in infinite-dimensional spaces.

Theorem 7.2.2. Consider the vector optimization problem (VP) under Assumption
7.2.1, and, in addition, assume that int C # 0, and f is Lipschitz around T. If T € D
is a weakly Pareto efficient solution of (VP), then there exists y* € CT\ {0} such that

0 € D*&(z, f(2))(y*) + Ni(z; D). (7.9)
Furthermore, if f is strictly Lipschitzian at T, then (7.9) implies

0€dr(y” o f)(x) + Ni(z; D). (7.10)
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Proof. Since int C' # (), C' has the SNC property. Because of the Lipschitzianity of f,
the qualification condition (5.28) in [3, Theorem 4.1] is fulfilled. Hence, the necessary
condition (7.9) follows immediately from [3, Theorem 4.1], and [4, Theorem 5].

For the remaining assertion, if we assume additionally that f is strictly Lipschitzian
at z, using [55, Theorem 3.28] we get that D* f(Z)(y*) = Or(y* o f)(Z). By the defini-
tion of the coderivative, it is easy to see that D*Es(z, f(Z))(y*) € D* f(z)(y*). Thus
D*&¢(z, f(z))(y*) C Or(y* o f)(Z), which completes the proof. O

We now consider the problem (VP), in which the feasible set D is not necessarily
convex, and the objective function f : X — Y is C-convex (see Definition 4.1.1). We
observe from Chapter 4 that a C'-convex, locally C-bounded function is locally Lipschitz
under the assumption that the cone C' is normal. Hence, all the calculus rules for co-
derivatives and generalized differentiations for locally Lipschitz mappings in [55, 56]
are fulfilled for the class of C-convex mappings.

In our next theorem, under the assumption that f is C'-convex, we will establish
the Lagrangian necessary condition in the form of (7.10) using the subdifferentials of

convex analysis.

Theorem 7.2.3. Consider the vector optimization problem (VP) under Assumption
7.2.1, and, in addition, assume that C' is a normal cone in'Y with a nonempty interior,
f is C-convex and C'-bounded from above on a neighborhood U of T. If T € D is a weakly
Pareto efficient solution of (VP), then there exists y* € CT \ {0} such that

0€d(y" o f)(Z)+ Nr(z; D), (7.11)

Proof. Since C' is normal, the cone C' satisfies the assumptions of Theorem 4.2.7, hence
f is C-convex and C-bounded from above around z. Thus, f is Lipschitz around z.
Hence, all the calculus rules of coderivatives and generalized differentiations for locally
Lipschitz mappings in [55, Chapter 1] are valid for the class of C-convex mappings.
Since all assumptions of Theorem 7.2.2 are fulfilled, there exists y* € Ct \ {0} such
that (7.9) holds. For y = f(Z), we have that

€ D*Er(Z,9)(y") <= (2, —y*) € Np.((Z,9);epi f), (7.12)
where the epigraph of f is given by
epi f = {(z,y) e X xY |y € f(z) + C}.

As f is C-convex, it follows that epi f is convex. Because of the convexity of epi f,

[55, Proposition 1.5] can be applied such that we get N7.((Z,3);epi f) = N((Z,y);epi f),
i.e., representation (6.18) holds. We can rewrite (7.12) as

v* € D*E;(2,9)(y") <= (2, —y") € N((Z,9); epi f)
' (r—2)—y" (y—y) <0 forall (x,y) € epif.
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Note that y* € CT; and hence we have

" € D*Ep(z,9)(y") = 2" (x —7) —y"(f(z) — f(z)) <0 forall ze€X.
2" €Iy o f)(T).

It follows that D*E¢(z,y)(y*) = O(y* o f)(z). This gives (7.11) when substituted in
(7.9), and the proof is completed. O

Our next goal is to find Lagrangian necessary conditions for Pareto efficient solutions
of the problem (VP) in the case that int C' = (), which is much harder than the previous
one. In order to overcome the difficulties of this case, we refer the reader to [8, 17] for
more references and discussions. Durea et al. [17] mentioned three possibilities to deal
with this case, however in this section we only consider the following result of Bao and

Tammer [8].

Theorem 7.2.4. ([8, Theorem 3.8]) Consider the vector optimization problem (VP)
under Assumption 7.2.1, and, in addition, assume that int C = 0, f is Lipschitz around
Z. Moreover, suppose that cone (f(D)+ C —y) is closed. If z € D is a Pareto efficient
solution of (VP), then for every e € C \ {0}, there exists y* € Ct with y*(e) = 1 such
that

0€ D& (, f(2))(y") + NL(; D). (7.13)
Furthermore, if f is strictly Lipschitzian at Z, then (7.9) implies
0€dL(y” o f)(Z) + Np(z; D). (7.14)

In comparison with the necessary condition in Theorem 7.2.2, we do not assume
the closedness of cone (f(D) 4+ C' — ) from the hypotheses of Theorem 7.2.4, but we
suppose additionally that int C' # ) in Theorem 7.2.2.

In the following theorem, we suppose the C-convexity and C-boundedness of the
objective function f without the Lipschitzianity assumptions. We will get the following

result similar to Theorem 7.2.3.

Theorem 7.2.5. Consider the vector optimization problem (VP) under Assumption
7.2.1, and, in addition, assume that C is a normal cone in'Y with an empty interior,
f is C-convexr and C-bounded from above on a neighborhood U of . Furthermore,
suppose that cone (f(D) 4+ C — §) is closed. If T € D is a Pareto efficient solution of
(VP), then for every e € C'\ {0}, there exists y* € Ct with y*(e) =1 such that

0 € dy* o £)(F) + Ni(z; D). (7.15)

Proof. Taking into account Theorem 4.2.7, we see that any C-convex, C-bounded

function is locally Lipschitz. Following the same lines used in the proof of Theorem
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7.2.3 and applying Theorem 7.2.4 and [8, Corollary 3.2], we obtain the assertion (7.15).
O

As shown in [8, 17|, the assumption that cone (f(D) + C — g) is closed, is quite
strict and may not hold true even in simple examples; see [17]. It can be replaced by

weaker assumptions that (f(D) 4 C) is locally closed at g and e € C'\ {0} with
—e ¢ clcone(f(D)+C —g). (7.16)

Moreover, the existence of a vector e in the condition (7.16) is ensured provided that

the following condition holds:
(—C\ {0}) Nbdcone (f(D) + C —g) = 0.

In [17], the authors derived necessary conditions without the assumption that the gen-
erated cone is closed. However, the Lagrange multiplier y* € Y™ is nontrivial, but it
is positive only in a certain direction ¢ € C'\ {0}; see [17, Proposition 2.1 and 2.2].
In [8, Theorem 3.8] as well as Theorem 7.2.3 and Theorem 7.2.5 one gets the stronger
condition that is y* € CT.

Note that when D is closed around Z and epi f is closed around (Z, f(Z)), then
the indicator functions of the sets D and epif are lower-semicontinuous around Zz
and (z, f(z)), respectively. Thus, the local closedness assumptions are essential in all
theorems of this section in order to guarantee the necessary conditions of [3, Theorem

4.1], in comparison with the ones in [8, 4, 5, 27, 28].

Remark 7.2.6. (Comparison with necessary conditions presented in the lit-
erature). To obtain necessary optimality conditions for vector optimization problems,
Dutta and Tammer [20] used Mordukhovich’s subdifferential when X is an Asplund
space, Y is finite dimensional (see [20, Theorem 3.2]), and Ioffe’s approzimate sub-
differential in general Banach spaces; see [20, Theorem 3.1]. Obviously, the assertion
of [20, Theorem 3.2] can be deduced from Theorem 7.2.2. In Durea and Tammer [19],
the authors enlarged the framework of the paper [20] to the concepts of abstract sub-
differentials satisfying certain axioms, and considered not only “exact calculus rules”
(see [19, Theorem 3.1]) but also “fuzzy calculus rules”; see [19, Theorem 4.1]. Theorem
7.2.8 and Theorem 7.2.5 show necessary conditions for vector optimization problems
where the subdifferential of convex analysis for scalar functions is involved, since the
objective function is supposed to be C-convex. Moreover, in order to get the correspond-
ing necessary condition (7.10) for Mordukhovich subdifferentials 01, we need the strong

assumption that f is strictly Lipschitz.
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7.3 Applications in approximation theory

We consider in this part some applications of Theorems 7.2.3, and 7.2.5 for some vector
control approximation problems. Since many practical problems can be described as
vector approximation problems, they are of interest from both theoretical and practical
points of view. For the convenience of the reader, we will recall relevant materials from
Jahn [37], and Gopfert, Riahi, Tammer and Zalinescu [26].

Let X, Y, Z be real reflexive Banach spaces, and C' C Y be a proper, closed, pointed,
convex cone. We denote the set of linear continuous mappings from X toY by L(X,Y).

Consider a vector-valued norm || || : Z — C, for all z, 21,29 € Z and A € R, we

have
Lzl =0 =2 =0;
2. [[Azll = (AT =15
3. flz1 + 22l € llzall + llz2ll - C-

We recall the subdifferential for vector-valued functions (denoted by 0=) defined in
Chapter 6.

O5f(z0) = {T € L(Z,Y) |Vz € Z: f(2) — f(z0) € T(2) — T(20) + C}.

It follows that
O=N-10)={T € L(Z,Y) |Vz € Z : ||2]| - T(2) € C},

and
0= - I(z) ={T € 0=|| - I(0) | T(2) = ||=|I} forall =€ Z (7.17)

Moreover, if || - || is continuous, and C' is Daniell , then <] - || # 0; see Jahn [37,
Lemma 2.24].

Let C C Y now be a proper, closed, pointed, convex cone, D C X be closed and
not supposed to be convex, and f: X — Y be given by

f(z) = fi(z) + ) aill Ai(z) - a'l,
i=1

with f1 : X - Y A, € L(X,Z), a; € Z. We will consider the following vector con-
trol approximation problem w.r.t. the concept of weakly Pareto efficient solution
introduced in Definition 2.7.1

WMin(f(D);C). (7.18)

Next, we study the convexity and the Lipschitz continuity of the functions f and

f1 above via the following lemma.
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Lemma 7.3.1. Assume that C is a normal cone. If the vector-valued norm ||-|| : Z — C

is continuous around a given point z € Z, then || - || is Lipschitz.

Proof. Tt follows from the continuity assumption that || - || is bounded around z.
Therefore | - || is C-bounded from above around z. Obviously, || - || is C-convex due to
the definition of the vector-valued norm. Applying Theorem 4.2.7, then || - || is locally
Lipschitz. Hence there exist r, ¢ > 0 such that

H Izl = llz2]l HY < KHzl — z2||Z for all 21,29 € rUyz.

Consider arbitrary vectors z1,zo € Z, there exists a > 0 such that azy,azy € rUy.
Then

oz ll = llazall []y < €]|azr — azl],,

and hence H Izl = 2]l HY < ﬁHzl — ngZ. O

Remark 7.3.2. Leta € Z and A € L(X, Z) be given. It holds that if ||-|| is continuous,
then ||Ai(-) — a*|| is also continuous. In addition, it is clear that ||A;(-) — a*| is also
C-convex. Taking into account Lemma 7.5.1, we get that ||A;(-) — a'| is Lipschitz.

Therefore, it is bounded by || - ||y around a given point & € X.

The following theorem presents a necessary condition for weakly Pareto efficient
solutions of the problem (7.18) under the assumption that C' has a nonempty interior,

and f; is C-bounded and C-convex.

Theorem 7.3.3. Suppose that X,Y, Z are reflexive Banach spaces, D is a closed subset
of X, C'CY is a proper pointed closed convexr Daniell cone with a weakly compact base
and a nonempty interior, and f1 is C-convex. Let y = f(&) with & € D be a weakly
Pareto efficient solution of (7.18). If fi is C-bounded from above around Z, and || - ||

is continuous, then there exists y* € C+\ {0} such that

0€y*0d=fi(T)+ ) Af(y*T)) + Np(z; D), (7.19)
i=1

where T; € L(Z,Y) and
T; € 0% - I(Ai(2) —a'), i=1,....n.

Proof. By the assumptions on C, it is easy to see that C'is normal; see [26], Section 2.2.
Remark 7.3.2 shows that [|A;(-) — a*|| is C-convex and C-bounded from above around
Z; so f has the same properties, hence the assumptions of Theorem 7.2.3 are fulfilled.
Consequently, for every e € int C, we get the existence of y* € CT with y*(e) = 1 such
that

0€0ly" o f)(7) + Ny(& D).
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The sum rule for subdifferentials of convex continuous functions (see [59, Theorem
3.16]) and Theorem 6.2.7 yield the relation

oy o 1)(&) = 8<y*(f1(~)) ©3 a4 - aim) (2)
=1

=y 0= fi(@) + Y Af (9" o || (Ai(z) - a))

=1

=y 0= f1(@) + ) iAf (v 0 05 (JAi(@) — ') -
i=1
It follows that there exist T; € 9% - ||(As(Z) — a’) for i = 1,...,n such that (7.19) is
satisfied. O

In comparison with the corresponding results in Dutta and Tammer [20, Theorem
4.1], the function f; is assumed to be Lipschitz from an Asplund space X to a finite-
dimensional space Y. It is worth noting that the Lipschitz continuity, the strictly
Lipschitz continuity and the strongly compactly Lipschitz continuity are equivalent in
finite dimensional spaces. In [19, Theorem 5.2] a similar result to that of Theorem 7.3.3
is mentioned in terms of an abstract subdifferential (a subdifferential satisfying certain
axioms).

In the case that int C' # (), and f is strictly Lipschitz, Bao and Tammer [8, Theorem
4.4] derived Lagrange multiplier rules for the vector control approximation problems
for Pareto efficient solutions. Now if we suppose the C-convexity and C-boundedness
replace to the strictly Lipschitz continuity of fi, then we will also get a similar result

to [8, Theorem 4.4] for Pareto efficient solutions.

Theorem 7.3.4. Under the hypotheses of Theorem 7.3.3 with the condition that int C' =
0, we furthermore suppose that the cone (f(D)+ C — ) is closed. If T € D is a Pareto
efficient solution of (7.18), then for every e € C \ {0}, there exists y* € CT with
y*(e) = 1 such that (7.19) holds.

The proof is based on the same technique that was used in the proof of Theorem
7.3.3.



Chapter 8

Optimality conditions for

set-valued optimization problems

Let X,Y be normed vector spaces, let D C X be nonempty and not necessarily convex,
let C be a proper, closed, convex, pointed cone in Y, and let F': X == Y be a set-valued

map. In this chapter, we investigate the set-valued problem:
minimize F(x) subject to z € D. (SP)

We will establish necessary conditions for solutions of the problem (SP) based on the
primal-space approach and the dual-space approach. The principal difference between
these two approaches is that the primal-space approach provides optimality conditions
in primal spaces (using contingent derivatives, contingent epiderivatives and directional
derivatives, etc), while the dual-space approach derives optimality conditions in dual
spaces (using coderivatives, subdifferentials, etc). In this chapter, the interior of the
cone C' may be chosen empty or nonempty, depending on the solution types of the
problem (SP).

8.1 The primal-space approach

This section is devoted to necessary and sufficient optimality conditions for solutions
of the problem (SP) using some suitable derivatives and epiderivatives of the involved
objective function. There are three different approaches for defining solutions of the
problem (SP); see Section 2.7. The focus of this section is obtaining optimality condi-
tions for solutions of the problem (SP) based on the vector approach as well as the set
approach.

We state the following assumption that will be used within this section.

Assumption 8.1.1. Let X, Y be normed vector spaces, D C X be nonempty subset of
X (D is not necessarily convex). Let C' be a proper, closed, convex, pointed cone in'Y,

92
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and let F': X Y be a set-valued function such that D C dom F'.

First, we present a necessary optimality condition for weak minimizers (see Defi-
nition 2.7.1) for the unconstrained optimization problem (SP), when D = X. Recall
that (Z,y) € gph F' is a weak minimizer of set-valued optimization problem (SP), if and
only if, ({§} —int C) N F(D) = 0.

Theorem 8.1.2. Let Assumption 8.1.1 be satisfied, and, in addition, let D = X and
int C # 0. Assume that (Z,y) € gph F' is a weak minimizer of the problem (SP) and

the contingent derivative D.F(Z,y) exists, then
D.F(z,9)(X) N (—=int C) = 0.

Proof. We argue by contradiction, and assume that v € X and v € D.F(Z,y)(u) N

(—int C). By the definition of contingent derivative, we have

(u,v) € T(gph F, (:Z‘,g))

Then, there exist t,, — 0, t,, € (0, +00) and (uy, v,) € X xY such that (uy,,v,) — (u,v)
and (T + tyup, §J + thv,) € gph F ie.,

g+ thv, € F(Z 4 thuy,) forall n e N,
which implies that
tpvn € F(Z 4+ tyu,) —y forall ne N.
For n large enough, t,v, € —int C, hence
(F(Z + thun) — §) N —int C # 0,

contradicts to the weak minimalty of (Z,y), and completes the proof. O

For D C X and a set-valued function F' : D == Y, we define a new function

Fp: X =Y by
Fp(z) = {0} ifxe X\ D,
F(z) ifxeD.

Then applying the result in Theorem 8.1.2, one can obtain a necessary condition similar
to [12, Theorem 2.48]. It is easy to check that Theorem 8.1.2 is a consequence of [12,
Theorem 2.64] and [18, Proposition 3.1}, in which one considers the problem (SP) with
a variable ordering structure.

The necessary condition for weak minimizers for the optimization problem (SP),
using the contingent epiderivative, was derived by Jahn [37]. For the convenience of

the reader, we recall the following theorem without proof.



8.1. The primal-space approach 94

Theorem 8.1.3. ([37, Theorem 17.3]) Let Assumption 8.1.1 be satisfied, and, in ad-
dition, int C' # (). Assume that (Z,7) € gph F is a weak minimizer of the problem (SP)

and the contingent epiderivative D F(Z, ) exists, then
D.F(z,y)(x —z) ¢ —int C, for all x € D.

Moreover, [37] also presented the sufficient condition for solutions of the problem

(SP) under an appropriate convexity assumption.

Theorem 8.1.4. ([37, Theorem 17.4]) Let Assumption 8.1.1 be satisfied. Assume that
int C' # (0, D is convex, and F : D =Y is lower C-convez in the sense of Definition
5.1.4. Assume that the contingent epiderivative D F(Z,y) exists at a pair (Z,y) € gph F
and satisfies

D.F(z,y)(x —z) ¢ —int C, for all x € D.

Then, (Z,y) is a weak minimizer of the problem (SP).

In the following, we use the set approach to study solutions of problem (SP), which
are defined by the relations jg), where t € {i,1i,14ii,iv,v,vi}, and jg) is given in Defini-
tion 2.3.20. Under Assumption 8.1.1, we consider the following set-valued optimization

problem w.r.t. the relation j(ct):

jg) —minimize F(x) subjectto x € D, (SP— =¢)

where the minimum is taken in the sense of Definition 2.7.2
Next we establish a relationship between weak minimizers of the problem (SP)
introduced in Definition 2.7.1, and strictly minimal solutions of the problem (SP— <¢)

w.r.t. the relation j(éf D introduced in Definition 2.7.2. We also get a necessary condition

for solutions of the problem (SP— <¢) w.r.t. jg}i).

Theorem 8.1.5. Let Assumption 8.1.1 be satisfied, int C' # (), and let D = X. Assume
that T is a strictly minimal solution of (SP— =<¢) w.r.t. the relation jg}i) and there

exists y € F(Z) such that
y ¢ F(z)+C\ {0}, (8.1)

then (z,y) is a minimizer of the problem (SP). Moreover,

D.F(Z,5)(X) N (—=int C) = 0. (8.2)

Proof. Since 7 is a strictly minimal solution of (SP— <¢) w.r.t. the relation j(gi), we

have
F(z) 2% F(z), Vo € X\ {z}.

This yields that
F@)n(F(z)+C) =0, vz € X \ {z}. (8.3)
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As there exists y € F'(7) satisfying (8.1), and taking into account (8.3), we get
y ¢ F(x)+C\ {0}, Vo € X.

Therefore,
(71— C)NF(X) = {7},
which completes the first assertion of this theorem.
Finally, the necessary condition (8.2) for strictly minimal solutions of the problem
(SP— =() is a direct consequence of Theorem 8.1.2. O

As shown in Proposition 2.3.21, jg}i) is the weakest relation. Hence, Theorem 8.1.5

also holds true for strictly minimal solutions of (SP— <) w.r.t. any other relation
definied in Definition 2.3.20.

In the following theorem we show a corresponding result for weak minimizers of
the problem (SP) introduced in Definition 2.7.1, and strongly minimal solutions of the
(iid)

problem (SP— =¢) w.r.t. the relation <" introduced in Definition 2.7.2. We also get

a necessary condition for solutions of the problem (SP— <¢) w.r.t. jgii).

Theorem 8.1.6. Let Assumption 8.1.1 be satisfied, int C # (), and let D = X. Assume
)

that T is a strongly minimal solution of (SP— =<¢) w.r.t. the relation j(cm and there
exists § € F(Z) such that (8.1) is satisfied, then (Z,y) is a minimizer of the problem
(SP). Moreover, the necessary condition (8.2) for strongly minimal solutions of the

problem (SP— =¢) holds true.

Proof. Since T is a strongly minimal solution of (SP— =<¢) w.r.t. the relation jgii),

we have
F(z) <UD F(z), Vo e X\ {z}.
This yields that
F(z)C (F(z)+C), Vx € X \ {z}. (8.4)

As there exists y € F'(7) satisfying (8.1), and taking into account (8.4), we get
y ¢ F(x)+ C\ {0}, Vo € X.

Therefore,
- C)nF(X) ={y},
which completes the first assertion of this theorem. The second one is proved similarly
to Theorem 8.1.5. O
Taking into account Proposition 2.3.21, Theorem 8.1.6 also holds true for strongly
minimal solutions of (SP— =<¢) w.r.t. the relation jg) or j(éj).
In [24, 43], the problem (SP— <) was considered w.r.t. variable domination struc-

tures. Some relationships between strictly (strongly) minimal solutions of the problem



8.2. The dual-space approach 96

(SP— =¢) and weak minimizers of the problem (SP) were also studied. All the rela-
tionships in Theorems 8.1.5, 8.1.6 can be realized as the consequences of [24, Lemma
11] and [43, Theorem 2].

Recently, some results concerning optimality conditions of set-valued optimization
problems w.r.t. the set less order relation <¢, have been derived by Dempe and Pilecka
[14], and Jahn [39]. They used the modified Demyanov differences (see Section 2.4) in
order to define the corresponding directional derivatives for set-valued functions (see
Section 6.7), which are appropriate tools for deriving optimality conditions for solutions

of set-valued optimization problems with respect to =<¢,.

8.2 The dual-space approach

In this section, X,Y are Asplund spaces, and D C X is a nonempty subset of X
(D is not necessarily convex). Let C be a proper, closed, convex, pointed cone in Y,
and F : X = Y be a set-valued function such that D C dom F. We take a pair
(Z,y) € gph F' and suppose that epi F' is closed around (Z, %), and the constraint set D
is closed around Zz.

This section considers again the problem (SP). We will derive necessary conditions
for solutions of the optimization problem (SP) using coderivatives and subdifferentials
in the sense of Mordukhovich in Asplund spaces. For the next results, we need the two

following assumptions about the objective function F.
(A1) Fis (ELL) around (z,9).

(A2) Fislower C-convex. In addition, F'is C-bounded from below and weakly C-upper

bounded on a neighborhood of .

It follows from Theorem 5.2.7 and Remark 3.2.6(ii) that if F' is lower C-convex, C-
bounded from below and weakly C-upper bounded on a neighborhood of z, then F' is
(ELL) at (z,y) € gph F' with § € F(Z). Hence, the assumption (A2) is stronger than
(A1).

Recall again (see Definition 3.2.1(iv)) that a set-valued function F' : X = Y is
epigraphically Lipschitz-like (ELL) around (Z,y) € gph F' with modulus [ > 0 if there
exist neighborhoods U of T and V' of 3 such that

Ve,ueU: Ep(x)NV CEp(u)+ 1|z — ul|Uy.

In the following, we present an optimality condition for weak minimizers of (SP)
where int C' # ().

Theorem 8.2.1. Consider the set-valued optimization problem (SP) with Assumption
(A1), and, in adddition, assume that int C' # (). If (Z,7) € gph F is a weak minimizer
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of (SP), then for every e € int C, there exists a dual element y* € CT with y*(e) = 1
such that
0 € D*Ep(z, 5)(y") + Ni.(35 D). (8.5)

Proof. From Remark 6.4.4, a convex cone C with a nonempty interior has the SNC
property; see Definition 6.4.3. Because of the (ELL) property of F, the qualification
condition (4.1) in [3, Theorem 4.1] is fulfilled. Hence, the necessary condition (8.5)
follows immediately from [3, Theorem 4.1]. O

Observe that, since the assumption (A2) is stronger than (A1), the next result can

be considered as a consequence of the previous theorem.

Corollary 8.2.2. Consider the set-valued optimization problem (SP) with Assumption
(A2), and, in adddition, assume that int C' # (). If (Z,7) € gph F is a weak minimizer
of (SP), then for every e € int C, there exists a dual element y* € CT with y*(e) = 1
such that (8.5) holds.

Proof. The result is a direct consequence of Theorem 8.2.1. 0

In oder to deal with the problem (SP), Ha [27] also derived optimality conditions
in terms of the Clarke coderivatives and the loffe coderivatives for several types of
efficient solutions by transferring them to be solutions of a set-valued optimization
problem equipped with an open cone. In addition, [3, 8] studied the problem (SP)
in terms of the Mordukhovich coderivatives. To scalarizing the problem (SP) Ha [27]
used the oriented functional, and Bao and Tammer [8] used the nonlinear scalarizing
functional. However, Bao and Mordukhovich used the technique related to extremal
principle of variational analysis.

Now, we recall necessary optimality conditions given by Bao and Tammer [8, The-
orem 3.10] for the problem (SP), in which the set-valued function F'is (ELL), without
assuming that the ordering cone has a nonempty interior and the constraint set D is

convex.

Theorem 8.2.3. ([8, Theorem 3.10]) Consider the set-valued optimization problem
(SP) with Assumption (A1), and, in adddition, assume that cone (F(D) + C — §) is
closed. If (Z,7y) € gph F' is a minimizer of (SP), then for every e € C\{0}, there exists
a dual element y* € C with y*(e) = 1 such that (8.5) holds.

The following result presents a necessary optimality condition for solutions of the
problem (SP), where F is a lower C-convex set-valued function. We omit the proof,

since it is a direct consequence of Theorem 8.2.3

Corollary 8.2.4. Consider the set-valued optimization problem (SP) with Assumption
(A2), and, in adddition, assume that cone (F(D) + C —§) is closed. If (Z,) € gph F
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is a minimizer of (SP), then for every e € C'\ {0}, there exists a dual element y* € Ct
with y*(e) = 1 such that (8.5) holds.

Remark 8.2.5. If FF = f: X — Y is at most single-valued, it is clear that the necessary
condition in Corollary 8.2.4 reduces to that in Theorem 7.2.5.

Now we consider the problem (SP— =<¢). In Section 8.1, Theorem 8.1.5 and 8.1.6
illustrate the relationships between strictly (strongly) minimal solutions of the prob-
lem (SP— <¢) and minimizers of the problem (SP). Therefore, taking into account
Theorems 8.2.1, 8.2.3 (Corollaries 8.2.2, 8.2.4) we could derive necessary optimality
conditions for strictly (strongly) solutions of the problem (SP— <¢) where the objec-
tive function F' satisfies Assumption (Al) (Assumption (A2), respectively). For the
sake of shortness, we skip presenting these results in this work.

Among abundant developments in set-valued optimization, we refer the reader to
the monographs by Khan, Tammer and Zalinescu [44], Jahn [37] and Mordukhovich [55,
56]. We especially emphasize the vector optimization problems with variable ordering
structure based on general domination set mappings, in which many solution concepts,
optimality conditions and numerical procedures are derived. They have been among
the primary motivations for developing new issues and applications of optimization
theory. For more details and discussions on the set-valued problems with variable
ordering structure, we mention the recent research by Chen, Huang, and Yang [12],
Eichfelder [21, 22|, Eichfelder and Pilecka [23, 24], Bao and Mordukhovich [6], and

Durea, Strugariu and Tammer [18].



Chapter 9

Conclusion and Outlook

In this chapter we present some conclusions and some potential open problems for

furture research found during the work.

9.1 Conclusion

In this thesis, we presented the relationships between Lipschitz continuity and con-
vexity of functions. These relationships were studied systematically for vector-valued
functions in Chapter 4 and for set-valued functions in Chapter 5. In Chapter 4, after
introducing the concepts of C-convex and C-bounded functions, we proved that a C-
convex vector-valued function is locally Lipschitz around a given point if it is C-bounded
from above on a neighborhood of this point, where C' is a normal cone. Obviously, this
assertion is a significantly general form of the result given in [52], in which the function
is considered only in finite-dimensional spaces. Compared with the similar result of
Borwein [9], we observed that the boundedness in Theorem 4.2.7 is clearly weaker than
the one in [9, Corollary 2.4]. Therefore, we obtained a result slightly stronger than
Borwein [9]. Moreover, we presented an accurate Lipschitz constant in the first proof
of Theorem 4.2.7.

The relationships between Lipschitz continuity and convexity for set-valued functions
are abundant since there are many approaches to define them in the literature. In the
first section of Chapter 5, we presented six types of convex set-valued functions. Then
we derived scalarizing functions to investigate the properties of the convex set-valued
functions. Using these scalarizing functions, we proved the C-Lipschitzianity of convex
set-valued functions in Section 5.2.

We represented an alternative concept of C-Lipschitzianity given by Kuwano and
Tanaka [50]. By means of the nonlinear scalarizing functional, we obtained a result
similar to one in [50] with milder assumptions.

Section 5.4 showed the relationships between the upper (lower) G-Lipschitzianity and

99
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the €s-convexity of set-valued functions.

The obtained results are applied in order to derive the necessary optimality con-
ditions for vector- and set-valued optimization problems. In particular, the objective
functions are considered to be either Lipschitz or convex. We considered the Lagrangian
necessary conditions for (weakly) Pareto efficient solutions of vector optimization prob-
lems in both solid and non-solid cases in Chapter 7.

In Chapter 8, we established necessary optimality conditions for minimizers of the set-
valued optimization problem based on the primal-space approach and the dual-space

approach.

9.2 Outlook

There are many possible open research problems related to the work in this thesis. In
the following, we list some potential problems and research directions, which may be
of interest in the future.

The Lipschitz continuity of C-convex vector-valued functions. In order to deal
with this problem in our work, we have to assume that C' is normal cone, and the
function is a mapping between two normed vector spaces. We expect to extend this
result for general spaces and alternative conditions on the cone C.

The relationships between Lipschitzianities and convexities of set-valued
functions. Although there are so many types of Lipschitzianities and convexities of
set-valued functions in the literature, one continues to find more approaches to define
them. Therefore, the relationships between them will need further exploration.
Variable ordering structures. We want to derive new concepts of convexity and
Lipschitzianity of set-valued functions in spaces which are equipped with variable or-
dering structures. We also expect to extend all necessarry optimality conditions for

solutions of set-valued optimization with variable ordering structures.



Appendix

A Optimality conditions for scalar optimization problems

For the convenience of the reader we shall call to mind scalar optimization problems
and show separately the necessary and sufficient conditions for their optimal solutions.
They are useful in Chapter 7 and 8, because we shall transfer the vector- and set-valued
optimization problems to the corresponding scalar optimization problems by using an
appropriate scalar function to scalarize objective functions.

Let X be a Banach space, and D be a subset of X. We consider the scalar opti-
mization problem of minimizing a function f : X — R over the set D, or briefly,

géig = f(x). (P)

Here we call f an objective function, D the constraint domain, and (P) the optimization
problem with constraints. A solution of the problem (P) is called a global minimum
point. We say that z € D is a local minimum point if there exists a neighborhood U
of Z such that f(z) < f(z) for every z € DNU.

It is well known that minimizing the function f over D is equivalent to minimizing

the following function h: X — R

h(z) == f(x) + op(), (1)
over all of the space X, where dp is the indicator function of D. Hence (P) is equivalent
to

i h P1
min — h(z), (P1)

(P1) is called unconstrained optimization problem.
We recall the well-known Euler’s equation about the first-order necessary optimality

conditions, where the objective function f is Gateaux differentiable..

Proposition A.1. (/38, Theorem 3.17]) Let X be a Banach space, and D be an open
subset of X. We consider the problem (P), where the objective function f : X — R is
Gateauz differentiable. If T € D is a local minimal solution of the problem (P), then
f(®)=0

101



A. Optimality conditions for scalar optimization problems 102

When D is not an open set, the proposition above is not true. We can take an
simple example: consider f(x) =z and D = [0, 1]. Clearly 0 is a minimum of f on D,
but f/(0) = 1.

In the special case that f is a convex function, D is a convex subset of X and
D Ndom f # (), then (P) is called convex optimization problem, hence the function h,
determined by (1), is also convex on X. We recall the two fundamental properties of the
convex optimization problem. Firstly, any locally optimal point of convex optimization
problem is also (globally) optimal (see [74, Proposition 2.5.8]). This is a reason why we
look only for global minimum points in a convex optimization problem. The second one
is that the necessary conditions for optimality become sufficient. Now we shall show

the necessary conditions for optimality of the convex optimization problem.

Proposition A.2. ([7/, Theorem 2.5.7]) Let X be a Banach space. We consider the
problem (P1), where the objective function h : X — R is proper and convex on X, then
Z € dom h is a minimal solution of the problem (P1) if and only if 0 € Oh(Z).

Applying the calculus for convex functions (see Proposition 6.2.4), we have the
necessary and sufficient conditions for minimal solutions of optimization problem with

constraints (P).

Proposition A.3. ([7/, Theorem 2.9.1]) Let X be a Banach space, f : X — R be a
proper convex function and D be a convex set. Suppose that either dom f Nint D # (),

or there exists xg € dom f N D, where f is continuous. Then, T € D is a minimal
solution of the problem (P) if and only if 0 € 0f(z) + N(z, D).

Now we consider the problems (P) and (P1), where the objective functions are
locally Lipschitz. The following propositions present the necessary conditions of locally

minimal solutions using the generalized gradient given by (6.11).

Proposition A.4. ([13, Proposition 2.3.2]) Let X be a Banach space. We consider
the problem (P1), where the objective function h : X — R is locally Lipschitz. If T is a
locally minimal solution of the problem (P1) then 0 € Och(Z).

Applying the calculus to locally Lipschitz functions (see Proposition 6.3.3), we have
the necessary conditions for locally minimal solutions of optimization problem with

constraints (P).

Proposition A.5. ([13, Corollary 2.4.3]) Let X be a Banach space and f : X — R be
a locally Lipschitz function. If T € D is a locally minimal solution of the problem (P)
then 0 € Oc f(Z) + Nco(z, D).
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Index of notation

Z set of integers

N, N* set of nonnegative integers, N* = N\ {0}
R"” n-dimensional Euclidean space

R7 nonnegative orthant of R"

R R:=RU {+oc}

XY Z, ... real linear spaces or topological linear spaces
C,K cones (in X,Y, 7)

>c, <c a partial ordering relation generated by C'
C-convex cone-convex (function)

+o00¢ a maximal element w.r.t. >¢

[A]c [Alc:=(A+C)N(A-C)

ot positive dual cone of C

(o Cf =0t NUy-

CcP polar cone of a nonempty cone C'

C# quasi-interior of the dual cone CT

X X® = X U{+4ooc}

X* the topological dual space of X

- xs - D norm in X, norm in X*

clA closure of a set A

cl closure of a set A w.r.t weak* topology
int A (topological) interior of the set A

bd A (topological) boundary of the set A

conv A convex hull of the set A

B(z,r) closed ball centered at x with radius r > 0
Uy, Sy closed unit ball and unit sphere in a space Y

F:X=Y set-valued function
f:X—>Y* vector-valued function
epi f epigraph of a function f
gph f graph of a function f



dom f
dom F

Er: X=2Y
Ep: X =2Y
da

67 (-, A)
d(z, A)
©4,9D,96,9M
K(R")
C(R")

PAe

Aal)

T(A, x)
N(z; A)
Ne(z; A)
Ne(z; A)
N(z; A)
Np(z; A)
of(x)

oc f(x)
oLf(x)

0=f(x)
L(X,Y)
Min(A;C)
WMin(4; C)

domain of a vector-valued function f: X — Y*
domain of a set-valued function F': X =3 Y
epigraphical multifunction of f

epigraphical multifunction of F

(convex) indicator function of a set A

support function of a set A

distance from x to A

algebraic, Demyanov, geometric and metric differences
set of nonempty compact subsets of R™

set of nonempty convex compact subsets of R"
Yaely) =inf{AeR|[N-ecy+ A}

oriented distance function w.r.t. a set A

contingent cone to A at x

normal cone in the sense of convex analysis

Clarke’s normal cone to A at © € A

e-normal cone

Fréchet normal cone

(basic, limiting or Mordukhovich) normal cone
Fenchel subdifferential of f : X - Ratz € X
Clarke subdifferential of f: X - Ratxz € X

(basic, normal, Mordukhovich) subdifferential

of f: X sRatrxecX

subdifferential of f: X - Y®atxz e X

set of linear continuous function from X to Y

set of Pareto minimal points of A w.r.t. C

set of weakly Pareto minimal points of A w.r.t. C
e-coderivative of F at (z,y)

precoderivative or Fréchet coderivative of F at (z,y)
(basic, normal, Mordukhovich) coderivative of F at (x,y)

linear continuous functional y* : Y — R
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A-Lipschitz , 36
C-Lipschitzianity, 51, 57
C-bounded, 42, 51

continuous dual cone, 16
convex function, 9

convex set, 14

C-bounded from (below) above, 42, 51, 58

C-convex, 39, 47
D-Lipschitz, 37
G-Lipschitz , 36
Cs-convex, 51, 61
[-difference, 21

(strictly) D-monotone, 26

algebraic difference, 20, 36
algebraic Lipschitz, 36
approximate coderivative, 74
approximate subdifferential, 74
Asplund space, 70

at most single-valued, 34

based, 18

basic (Mordukhovich) coderivative, 73
basic (Mordukhovich) normal cone, 71
basic (Mordukhovich) subdifferential, 72

basic/normal subdifferential, 73

Clarke normal cone, 69

Clarke subdifferential, 70

closed unit ball, 8

closure, 8

compact base, 18

cone, 14

cone-convex vector-valued function, 39
contingent cone, 76

contingent derivative, 76

contingent epiderivative, 77

Daniell, 18, 89

Demyanov difference, 23, 37
Demyanov Lipschitz, 37
directional derivative, 65, 78-80
distance function, 10

domain, 9, 47

dual norm, 8

dual-space approach, 96

epigraph, 9, 35

epigraphical multifunction, 35
epigraphically Lipschitz-like, 35
equi-Lipschitz, 33, 52

Fenchel subdifferential, 27, 66
Fréchet differentiable, 65

Fréchet normal cone, 71

Gateaux derivative, 65

Gateaux differentiable, 65
generalized directional derivative, 68
generalized gradient, 68

geometric difference, 20, 36
geometric Lipschitz, 36

graph, 9

Hahn-Banach Theorem, 24

indicator function, 10
infinity element, 16

interior, 8
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lattice approach, 30 reproducing, 14
Lipschitz, 9, 32, 37

larizing functional, 24
Lipschitz around, 9, 33 sealatiziiig TURCHONAt

sense of convex analysis, 66
Lipschitz continuity, 32 YIS,

separation theorem, 24, 82
Lipschitz-like, Aubin property, 34 P T
L sequential normal compactness, 71
local (weak) minimizer, 31

t h, 30
locally Lipschitz, 9, 33 Seb approaci,

t diff 20
locally upper (lower) C-Lipschitz, 58 set difference,

set less order relation, 19, 51
lower (upper) set less order relation, 19 ’

) ) set-valued function, 47
lower semi-continuous, 9

set-valued optimization problem, 30, 92

metric difference, 24 set-valued problem, 29

minimal solution, 31 solution, 29

minimization, 30 strictly differentiable, 66
minimizer, 31 strictly Lipschitz, 33

modified Demyanov difference, 23 strictly minimal solution, 31, 94

strictly separating, 25
neighborhood, 8

neighborhood base, 8
net, 17

strongly minimal solution, 31, 95
subadditive, 9
subdifferential, 27, 66, 67

nonconvex separation theorem, 27 )

] ) ) subgradient, 67
nonlinear scalaring functional, 83 i

] . ) sublinear, 9
nonlinear scalarizing functional, 25 .

] support function, 10
norm function, 10 .
symmetric, 9

normal, 15

normal cone, 67 tangent cone, 76

normed vector space, 8 topological space, 7, 8
null element, 7 topological vector space, 8

) ) type-(k)-convex, 47
ordering relation, 15, 47
oriented distance function, 28, 83 unit sphere, 8
. . unity element, 7

Pareto efficient solution, 30, 82
o ) upper (lower) C-convex, 48
Pareto minimal point, 29, 82

. upper (lower) C-Lipschitz around, 35, 52
pointed, 14

.. upper (lower) G-Lipschitz, 37
positively homogeneous, 9 ( )

. upper (lower) G-Lipschitzianity, 61
primal-space approach, 92

proper function, 9 vector approach, 30
proper set, 14 vector control approximation problem, 89

interior. 16 vector optimization, 30
quasi-interior,
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vector optimization problem, 30, 81
vector space, 7, 8

vector-valued function, 32
vector-valued norm, 89

vector-valued optimization problem, 29

vector-valued problem, 29

weak minimizer, 31

weak™ topology, 8

weakly C-upper (lower) bounded, 51
weakly normal, 15

weakly Pareto efficient solution, 30, 82, 85
weakly Pareto minimal point, 29, 82
well-based, 18
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