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Introduction

Since the last century there exists an active interest to model and analyze phase transitions math-
ematically. Phase transitions arise within the most diverse ranges of the daily life. We present
some examples in order to give a first impression.

e The transition between solid, fluid and gaseous phases or in other words vapor-
izing/condensing (fluid < gaseous), melting/freezing (solid <« fluid) and sublima-
tion/resublimation (solid < gaseous);

e The transition between ferromagnetic and paramagnetic phases in magnetic materials at the
Curie-temperature;

e The transition of some metals to superconductors at very low temperatures;

e The Bose-Einstein-condensate; a state in which the matter is cooled down, almost up to the
lowest absolute temperature (0 K= —273,15 °C).

The well-known classical two-phase Stefan problem, a model problem for the analytic description
of a phase transition, received especially much attention in the past.

k00" — d; AG" =0,  in QY(t),
BO' =b, on 90 (t),
0 =0, onT(t),
[d0,0] = LV, on I'(t),
0°(0) = 65, in Qf,
T'(0) = T.

Here Q) C R”™ is a homogeneous material, consisting of two separated phases. The initial state of
these two phases at t = 0 is given by Q} and Q2, respectively, which are separated by a sharp
interface I'g. It is assumed that I'y does not intersect the boundary of €2, to avoid so-called contact
angle problems whose mathematical treatment is a challenging task. We denote by I'(¢) the position
of the moving interface at time ¢ and Q'(¢), Q2(¢) denote the two phases, separated by I'(t). x;
and d; are the heat capacities and the heat conductivities of each phase, respectively. The quantity
[dD,0) = d20,6% — d10,0" represents the jump of the normal derivatives of §1 and 62 across the
interface I'(t) and ¢ is the latent heat, which is needed for the phase transition. The normal velocity
of I'(t) is denoted by V' and B means Dirichlet or Neumann conditions on the boundary 9€.

The Stefan problem has been extensively studied by a number of authors during the last decades
and it is still in the focus of mathematical analysts. In this model one assumes that the interface,
which separates the two phases of the system, is infinitely thin. However, instead of such a sharp
interface one observes smeared interfaces in experiments, which have a thickness of approximately
10~3%¢m = 1A, the atomic radius. So, in the fifties of the last century, mathematicians started to
derive models, which take into account a certain width of the interface between the phases. In
these models one or more extra variables are introduced, to describe the state of the system, the
so-called order parameters. An order parameter is a measure for the degree of order in a system
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with extremes -1 for total disorder and +1 for complete order. Otherwise the order parameter is
assumed to take values between -1 and +1. Examples for such parameters are the mass density of
the system under consideration (often assumed to be a conserved quantity) or the magnetic flux
in ferromagnetism. But there are quite more possibilities to define order parameters.

Due to the large variety of such models we want to mention here two classical and very famous
ones, namely

e the non-isothermal Cahn-Hilliard equation and,
e the Penrose-Fife model.

In contrast to the Penrose-Fife Model, the Cahn-Hilliard equation is based on the assumption
that the absolute temperature 6 of the system is far from zero and has only a small deviation
from a fixed value 6*. Then one introduces the relative temperature function 6 := 6 — 6* and the
nonlinearities in the differential operators may be approximated by linear terms, such that the
quasilinear Penrose-Fife Model becomes a semilinear system.

In this thesis we will study the following models for phase transitions.

O —Ap =0, p=—-Ay+ () —XN()J,
0y (b(V) + A()) — AV =0,

and

Oy — div(adeyp) = div(BVp)

0.2
p—c-Vu=p0) — Ay + (). 02)

In (0.1) the function ¥ is the reciprocal of the absolute temperature of the system, if one sets
b(s) = —1/s. In this case we obtain the classical conserved Penrose-Fife equations which were
proposed by PENROSE & FIFE in [32]. Conversely, if we set b(s) = s, the result is the classical
non-isothermal Cahn-Hilliard equation, proposed by CAHN & HILLIARD in [8]. The second model
(0.2) was proposed by GURTIN [16] in order to model the action of forces that are associated with
microscopic configurations of atoms which are not considered in the derivation of the classical
Cahn-Hilliard equation. In this connection one often speaks of microforces. The equations (0.2)
are a generalization of the classical Cahn-Hilliard equation with constant temperature and they
are known as the Cahn-Hilliard-Gurtin equations.

Let us explain the equations in details. The function b(?) is a contribution to the internal energy
e. In fact, it holds that e = b(¢) + A(¢). It is possible to choose other functions than b(s) = —1/s
or b(s) = s for b, provided that they satisfy certain assumptions, which are introduced below, in
order to guarantee the mathematical well-posedness of the system. The nonlinearity ® is the so
called physical potential which characterizes the two different phases of the physical system. A
prominent and often used example is the double-well potential

D(s) = o (s* — 1)27

with some positive constant ®¢ > 0. The two distinct minima of ® correspond to each of the two
phases. We remark here that there is no maximum principle for (0.1) available, since the equation
for ¢ is of fourth order, hence the interval [—1,1] is not an invariant set for (0.1), in general.
Therefore, some authors use logarithmic physical potentials of the form

0 0.
D(s) = 5((1 + s)log(1+s)+ (1 — s)log(l —s)) — 552,
to ensure that the order parameter takes values between -1 and +1. For results on problem (0.1)
with logarithmic potentials we refer to ABELS & WILKE [1], BONFOH [5] and the references cited
therein. Next, the function A represents the latent heat, which is crucial for appearance of a phase
transition. Two examples are given by

A(s) = Xo(s —sx) and  A(s) = \o(s% — 52),
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where Ag, s« > 0. The chemical potential i is responsible for the mass transport inside the system
and it is given by a variational derivative of an appropriate underlying energy functional. Last but
not least, in (0.2), B € R"*" a,c € R™ and § € R are free parameters with the constraint, that
the (n+ 1) x (n + 1)-dimensional matrix

is positive semidefinite.

During the last years, many papers with different settings, were addressed to the global well-
posedness and the qualitative behavior of the solutions of (0.1) and (0.2), as time tends to infinity.
Due to the large variety of approaches and settings, we will only give a selection of papers, which
represent the most important results, from our point of view. In the case of the Penrose-Fife
equation BROKATE & SPREKELS [7] and ZHENG [48] proved global well-posedness in an Ly-setting
if the spatial dimension is equal to 1. For higher space dimensions this is still an open question.
SPREKELS & ZHENG showed global well-posedness of the non-conserved equations (that is 9, =
—u) in higher space dimensions in [43], a similar result can be found in the article of LAURENCOT
[25]. Concerning asymptotic behavior we refer to the articles of KuBo, ITo & KENMOCHI [23],
SHEN & ZHENG [40], FEIREISL & SCHIMPERNA [14] and RoccA & SCHIMPERNA [38]. The last
two authors studied well-posedness and qualitative behavior of solutions to the non-conserved
Penrose-Fife equations. To be precise, they proved that each solution converges to a steady state,
as time tends to infinity. SHEN & ZHENG [40] established the existence of attractors for the non-
conserved equations, whereas KuB0o, ITO & KENMOCHTI [23] studied the non-conserved as well as
the conserved Penrose-Fife equations. Beside the proof of global well-posedness in the sense of
weak solutions they also showed the existence of a global attractor.

In case of the Cahn-Hilliard equation global well-posedness has been shown by HOFFMANN
& RyBKA [39], ELLIOTT & ZHENG [13], RACKE & ZHENG [37], PRUSS, RACKE & ZHENG [34]
and PRUSs & WILKE [36]. The difference of these papers is the choice of the topology and
the different boundary conditions. HOFFMANN & RyYBKA [39] proved the existence of classical
solutions with classical boundary conditions, while ELLIOTT & ZHENG [13] showed well-posedness
in an Lo-setting, also with classical boundary conditions. RACKE & ZHENG [37] were the first,
who considered the isothermal Cahn-Hilliard equation with a dynamic boundary condition of the
form

Oy — o Arp + 70,0 + k(¢ — h) =0,

where 05,7 > 0 and k > 0. Such a condition has been proposed by KENZLER et. al. in [22]. The
physical interpretation of this boundary condition is that the phase function 1 has the preferred
value h at the boundary and the system is trying to approach this value by surface tension. The
authors in [37] obtained global well-posedness of the system in an Lo-setting. Later, PRUSS,
RACKE & ZHENG [34] and PRUSS & WILKE [36] extended the result of RACKE & ZHENG [37] to
an Ly-setting and to the non-isothermal Cahn-Hilliard equation. In particular, in [34] and [36], the
authors proved maximal L,-regularity of the Cahn-Hilliard equation (isothermal / non-isothermal)
with dynamic boundary conditions. Concerning the asymptotic behavior of solutions we refer to
the references [2], [10], [39], [46] and [36]. There the authors show that every solution converges
to a steady state as time tends to infinity by applying the so called Lojasiewicz-Simon inequality
(see below).

The literature for the Cahn-Hilliard-Gurtin equations is not so vast, in contrast to the preceding
two models. Results on existence and uniqueness can be found in the papers of BONFOH &
MIRANVILLE [6], MIRANVILLE [28], [29] and MIRANVILLE, PIETRUS & RAKOTOSON [30]. In
any of these papers the authors use a variational approach and some energy estimates to obtain
global well-posedness in an Ls-setting, with some artificial periodic boundary conditions for a
cuboid in R3. The qualitative behavior of solutions of the Cahn-Hilliard-Gurtin equation has been
investigated in [6], [30] and [31]. In [6] and [30] the authors proved the existence of finite dimensional
attractors, whereas MIRANVILLE & ROUGIREL [31] showed that each solution converges to a steady
state, again with the help of the Lojasiewicz-Simon inequality. A basic restrictive assumption of
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MIRANVILLE & ROUGIREL [31] is that the norms |a|, |¢| and |B — I| have to be sufficiently
small. This is needed for the proof of relative compactness. In this sense the Cahn-Hilliard-Gurtin
equations are a small perturbation of the Cahn-Hilliard equation, if 5 = 0.

The purpose of this thesis is twofold. The first objective is to prove the global well-posedness of
(0.1) and (0.2), subject to suitable and physically reasonable boundary and initial conditions in the
strong sense of L,. This will be done with the help of maximal regularity tools, which have recently
been developed (cf. Chapter 1). The results on global well-posedness and maximal L,-regularity
for each model are completely new and we obtain optimal regularity results for each problem under
consideration. The second part in the analysis of (0.1) and (0.2) is devoted to the study of the long-
time behavior of the solutions. To be precise, we will show that each solution converges to a steady
state as time tends to infinity, without a restriction on the initial value. In particular we show
that for any initial value in an appropriate energy space, there exists a solution of the stationary
problem such that the corresponding orbit converges to this steady state. Moreover, we are able to
remove the smallness restrictions on a,c and B — I in the Cahn-Hilliard-Gurtin equations, which
were assumed by MIRANVILLE & ROUGIREL [31]. A convergence result for the conserved Penrose-
Fife equations is not known to the author. The same holds for the non-isothermal Cahn-Hilliard
equation. To prove convergence, we need to know that for each of the above models, there exists
a strict Lyapunov functional F : V' — R, defined on a suitable energy space V', which satisfies the
Lojasiewicz-Simon inequality near some point ¢ in the w-limit set of the solution. That is, there
exist constants §,C' > 0, s € (0,1/2] such that for all v € V with |v — |y < § there holds

|B(v) = E(p)|'™ < C|E'(v)]v-, (0-3)

where V* is the topological dual space of V. In his famous work on semi-analytic and subanalytic
sets [27], LoJasiEwICZ proved this inequality for analytic functions F in case V' C R™. In the
same paper he indicated that this inequality can be used to prove the convergence to steady states
of solutions of the following gradient systems

U+ Vf(u) =0.

Later, SIMON [41] gave a proof of an infinite dimensional version of this inequality for analytic
functionals F/, defined on Hilbert spaces V. Recently, JENDOUBI simplified Simon’s rather compli-
cated proof in [18] and he called the infinite dimensional version, the Lojasiewicz-Simon inequality.
Since then it has been reproved in several articles; we refer to CHILL [9] for a comprehensive study
of this inequality in a functional analytic setting.

This thesis is structured as follows. In Chapter 1 we explain some mathematical notations and
function spaces and we introduce a joint functional calculus for two operators, which is due to
KALTON & WEIS [20] and which is an extension of the well-known Dunford calculus for closed
operators. Furthermore we state a result on maximal L,-regularity of parabolic problems, which
is taken from DENK, HIEBER & PRUSs [11].

In Chapter 2 we study the quasilinear equations (0.1) in case of classical boundary conditions.
To be precise, we assume Neumann boundary conditions on p, ¥ and . The property of maximal
L,-regularity of a suitable linearized problem and the contraction mapping principle yield a unique
local solution (1,1) with optimal regularity

¢ € Hy(0,T; Ly () N Ly(0,T; Hy (),

and
0 € Hy(0,T; Ly(2) N Ly (0, T; HY (L)),

provided the nonlinearities are locally Lipschitz continuous. To establish global existence we first
derive some higher order a priori estimates, by applying methods of semigroup theory, bootstrap
arguments and the Gagliardo-Nirenberg interpolation inequality. On the basis of the results of
LIEBERMAN [26] and LADYZHENSKAYA, SOLONNIKOV & URALTSEVA [24] we may then conclude
that the solution ¥ of the quasilinear heat equation (0.1), is Hélder continuous in time and space.
As we will see, this is already sufficient for the global existence of (1,4) in the optimal regularity
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class. For the proof of global well-posedness we need the following conditions on the nonlinear
physical potential ®.

decC*(R), ["(s)|<ci(1+]s]?), forallseR, (0.4)

D(s) > —gSQ — ¢y, forall seR, (0.5)

with some constants ¢; > 0, n < A1, and A; is the first nontrivial eigenvalue of the Neumann
Laplacian. Furthermore we require v < 3 if n = 3. We note that (0.5) is crucial, to obtain some
energy estimates, which are needed in the proof of global well-posedness. For the latent heat A we
impose the growth condition

AeCY(R), N(s)| <er(1+]s]), e1 >0, forallseRand N, \" € Loo(R). (0.6)

In the last section of Chapter 2 we investigate the long time behavior of the solution (v,4). To
this end the nonlinearities ®, A and b are assumed to be real analytic. We first show that the orbits
P(R4) and Y(Ry) are relatively compact in a suitable energy space, to obtain useful properties
of the w-limit set w(e),¥). As it has already been pointed out, the Lojasiewicz-Simon inequality
(0.3) will play a crucial role in the proof of convergence. The main result for the Penrose-Fife type
reads as follows.

Theorem 0.0.1. Letp > (n+2)/2, p>2,n<3,J=][0,T], 2 CR" open, bounded with compact
boundary T = 00 € C* and assume that ® and X satisfy (0.4)-(0.6). Suppose furthermore that
b € C?(R) and that there exists o > 0 such that we have the a priori bounds b'(9(t,z)) > o > 0 for
all (t,x) € Ry x Q and ¥ € Loo (R4 x Q). Then there exists a unique solution (1,9) of (0.1) with

W € Hy(J; Lp(Q)) N Ly(J; Hy (),
and
0 € Hy(J; Ly(Q)) N Ly (T3 Hy (),
provided that the initial values (g, V0) satisfy the following conditions.
(i) wo € By 7(9);
(ii) Vo € By /P (9);
(iii) O Ao =0, if p>5;
(iv) Oy1po =0, if p > 5/3;
(v) 9,90 =0, if p> 3.

Moreover, if ®, X\ and b are real analytic, then the limits

lim ¥(t) =: Yoo and lim 9(t) =: J

t—o0 t—o0

ezist in H3(Q) and H5(2), (r € (0,1)), respectively, and (1o, V0) is a solution of the stationary
problem.

At this point, we want to remark, that the bounds on b'()) and ¥ imply that the equation (0.1),
does not degenerate.

Chapter 3 is concerned with the non-isothermal Cahn-Hilliard equation (0.1), i.e. b(s) = s. This
time we use a Neumann boundary condition for g and a Robin boundary condition for J. For the
order parameter ¢ we will take a dynamic boundary condition of the form

Op — o Arp + 70,0 + k(¢ — h) =0,
where o4, > 0 and k > 0. Here we are interested in solutions with optimal regularity
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¥ € Hy(0,T; Lp(Q)) N Ly (0, T Hy (),

and
Yl € Hy(0,T; Wy~ /P(T)) N Ly (0, T5 W, ~H/P(T)).

It is a remarkable fact that we can reduce the non-isothermal Cahn-Hilliard equation to a problem
for the function 1. This is due to the fact, that this time the heat equation (0.1), is linear. The
structure of Chapter 3 is similar to that of Chapter 2. First we will use a result of PRUSS, RACKE
& ZHENG [34] to obtain maximal L,-regularity of the linearized equations. Then the contraction
mapping principle yields a unique local solution with optimal regularity. For the global existence
we use an energy estimate on the solution 1 and again maximal L,-regularity tools. Here we have
to apply the Gagliardo-Nirenberg inequality several times and we have to deal with the additional
traces, which are a result of the dynamic boundary condition. Having global existence of v, the
same is true for ¥ by equation (0.1),. The proof of convergence of the solutions to a steady state
follows the lines of Chapter 2. Let us state the main result for the non-isothermal Cahn-Hilliard
equation.

Theorem 0.0.2. Let p > 2, n < 3, J =[0,T], Q& C R™ open, bounded with compact boundary
I' = 90 € C* and assume that ® satisfies (0.4)-(0.5). Let furthermore A € C4=(R) and X', ", \"" €
Loo(R). Then there exists a unique solution (1,9) of (0.1) with b(s) = s such that

W € Hy(J; Lp(2)) N Ly(J; Hy (),

0 € HY(J; Ly(Q) N Ly(J; H2()),

and
Ylr € Hy(J;W2=V/P(T) N Ly (J; W~ V/P(T)),

provided that the initial values (Yo, Vo) satisfy the following conditions.
(i) o € {u € By P(Q) :ulr € By (1)},
(ii) 9o € By P (Q),
(i) 0, Avhg = 8, (P (1) — N (0)V0), if p > 5,
(iv) ady+ 8,90 =0, if p> 3.

Moreover, if ® and A\ are real analytic and h is constant, then the limits
lim ¢¥(t) = oo and lim 9(t) =: Voo
t—oo t—oo

ezist in {u € H(Q) : ulr € H3(T)} and Lo(RQ), respectively, and (oo, Vo) is a solution of the
stationary problem.

The results of this chapter are a joint work with Jan Prifl.

Finally in Chapter 4 we will analyze the Cahn-Hilliard-Gurtin equations (0.2) with the Neumann
boundary conditions BVu-v = 0 and 0,9 = 0 on I' = 0. At this point we want to emphasize that
in contrast to the Penrose-Fife Model or the Cahn-Hilliard equation, the chemical potential p is
not explicitly given. Instead, it is a solution of an elliptic problem, hence the Cahn-Hilliard-Gurtin
equations form an elliptic-parabolic problem. This is the main difficulty in the analysis. Due to this
fact the treatment of the linearized equations is more involved than in the two previous chapters.
In a first step we will solve the full space problem in R™, without boundary condition. The second
step is the analysis of the equations in the half space R’. Then, via a localization technique,
transform of coordinates and perturbation, we obtain maximal L,-regularity of the linear part for
a bounded domain 2 C R™ with compact boundary 92 € C3. To be precise we obtain for the
linearized problem solutions of class

¥ € Hy(0,T5 Hy () N Ly(0,T; Hy (),
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and
1€ Ly(0,T; H2(Q)).

The assumptions on the data are

(A) For A:= B — 1(a®c+ c®a), there is a constant £ > 0, such that (A¢|¢) > e[¢|* for all
£ eR",

and a,c € CL, (G R™), B € CL, (R ™) as well as,
diva(z) =dive(x) =0, forallz € Q, and a(z) -v(z) =c(z) - v(z) =0, forallzel, (0.7)
B(z)r(z)-v(xz) =0, forallz €l and all 7(x) € T, T, (0.8)

where T, T" denotes the tangential space in a point z € ' on T' = Q. Condition (A) ensures that
the Cahn-Hilliard-Gurtin problem equations form an elliptic-parabolic problem. Assumption (0.7)
is useful for the proof of dissipativity of certain differential operators and (0.8) is used in the half
space case for a symmetry argument.

The remaining part of Chapter 4 is similar to Chapters 2 and 3. With the same technique as in
Chapter 3 we are able to establish global existence under the assumption

(H) There exists a constant ¢ > 0 such that
B2 + (a+ clz1)zo + (Bzi|21) > ez + |1]?),
for all (29,21) € R x R™.

This condition is needed for some crucial energy estimates to obtain global well-posedness of the
system. In the Appendix of Chapter 4, we show that (H) already implies (A).

Finally, in the last section, the Lojasiewicz-Simon inequality is the tool which leads to the
convergence theorem. This time, we have the following result.

Theorem 0.0.3. Let p > 2, n < 3, J =[0,T], Q& C R"™ open, bounded with compact boundary
' = 9Q € C? and assume that ® satisfies (0.4)-(0.5). Suppose furthermore that the data (3, a,c, B)
satisfy (H), (0.7), (0.8) and let a,c € CL (;R"), B € CL,(Q;R"™*"). Then there exists a unique
solution (1,9) of (0.2) with

¥ € Hy(J5 Hy () 0 Ly (J; Hy (),
and
e Ly(J; Hy ().
provided that the initial value Vg satisfies the following conditions.
(i) bo € By " (Q),
(ii) 0,10 =0, if p > 3/2.

Moreover, if ® is real analytic, then the limit

lim () =: Ve

t—oo
exists in H3(2) and 1o is a solution of the stationary problem.
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Chapter 1

Mathematical Preliminaries

1.1 Some notation, Function spaces, Laplace- and Fourier
transform

In this section we fix some notations used throughout the thesis and recall some basic definitions.

By N,Z,R,C we denote the sets of natural numbers, integers, real and complex numbers, re-
spectively. Let further Ry = [0,00) and C; = {A € C: Re A > 0}. Furthermore (-|-) means the
scalar product in C™.

The symbol B(X,Y) means the space of all bounded, linear operators from X to Y and we
write for short B(X) = B(X,X). If A is a linear operator in some Banach space X then
D(A),R(A), N(A) stand for domain, range and null space of A, respectively, while p(A),c(A)
designate resolvent set and spectrum of A. For a closed operator A we denote by D4 the domain
of A equipped with the graph norm.

In what follows, let X be a Banach space. For  C R™ open or closed, C'(£2; X) and C\,(£2; X)
stand for the continuous resp. bounded and uniformly continuous functions f : Q@ — X. Fur-
thermore, if @ C R™ is open and k € N, C¥(Q; X) (C*,(Q; X)) means the space of all functions
f:Q — X for which the partial derivatives 9® f exist on £ and can be continuously extended to a
function belonging to C(Q; X) (Cy(Q; X)), for 0 < |a| < k. As usual C**+D=(Q; X) is the space
of all functions in C*(Q; X) whose k*" derivative is locally Lipschitz continuous. Lastly, by C§°(Q)
we denote the space of all infinitely times continuously differentiable functions f : Q — X, having
compact support in €2, that is, the set

suppf :={y € Q: f(y) # 0} C Q

is compact.
If @ C R™ is a Lebesgue measurable set and 1 < p < oo, then L, (€2; X') denotes the space of all
(equivalence classes of) Bochner-measurable functions f : Q@ — X such that

= ( IR dy)l/p <

L,(2; X) is a Banach space when normed by | - |,. Similarly, Lo(9; X) stands for the space of
equivalence classes of) Bochner-measurable essentially bounded functions f : Q — X, with norm

| floo = esssup [ f(y)]-
yeQ

With this norm, L., (Q; X) is a Banach space. For the special case that X = L,(G), with G C R"
Lebesgue measurable, we write the norm of f in L,(€; X) for short as |f],,4 for all 1 < p, ¢ < oo.
From time to time we will also use the notation (-|-)s for the inner product in Lo ().
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For Q C R™ open, H;”(Q; X), m € N denotes the classical Sobolev space, that is, the space of
all functions f : @ — X having distributional derivatives 0%f € L,(Q; X) of order 0 < |a| < m.
The norm in H,*(€2; X) is given by

1/p

flapaxy = | D 10°f15 for 1 <p < oo,

la|<m

and

|flam@x) = max [0%f|w, for p=oc.
|a|]<m

Further, we define the Bessel potential spaces H;m(Q; X), by means of complex interpolation, i.e.

HS™(; X) = [Lp( X)) H)Y(Q: X)]s,  for s € (0,1).

sm

We will frequently also use the Besov spaces B

i.e.

(€2; X') which can be defined via real interpolation,

By (93 X) = (Lp(Q; X); H' (2 X))sp »  for s € (0,1).

Recall that By, (€; X) = W;(; X), provided that s ¢ N, where W (€2; X) denotes the Sobolev-
Slobodeckij space. For a definition of this space we refer to TRIEBEL [44]. In case J = [0,T7] C R
is an interval, we denote by oH, (J; X) the space of all functions f : J — X in H;(J; X), such that
flt=0 = 0, whenever the trace at ¢ = 0 exists.

If not indicated otherwise, f * g means the convolution, defined by

t
(Fe9)®) = [ fDgt-7)dr, 120,
0
for two functions, supported on the half line R .

Let f € L1 0c(R4; X) be of subexponential growth, i.e. [; e[ f(t)| dt < co with some w € R.
Then the Laplace transform of f is defined by

(LHN) = /Ooo e Mf(t) dt, Rel>w.

If f € C§°(R™; X), then the Fourier transform of f is given by

_ L[ i@l p(e) da n
FIE = Goyrs [ O S@) do e

1.2 Sectorial operators, H>-calculus, R-boundedness

We begin with the definition of sectorial operators.

Definition 1.2.1. Let X be a complex Banach space and A a closed linear operator in X. Then
A is called sectorial, if D(A) = X, R(A) = X, N(A) = {0}, (—o0,0) € p(A) and

supt|(t + A)7 < M,
t>0

for some constant M > 0.

The class of these operators will be denoted by S(X). Let furthermore
Lo ={A e C\{0}: |arg A| < ¢}.

Then one may apply a Neumann series argument, to conclude that p(—A) D X, for some ¢ > 0
and

sup A+ 4)71] < oo,
AEX,



1.2. Sectorial operators, H*-calculus, R-boundedness 10

provided that A € S(X). Therefore it makes sense to define the spectral angle of A € S(X) by
pa =inf{p:p(—A) D Xry, sup [AA+A)7! < oo}

AEX_ g

Now we turn our attention to the H>-calculus. Let ¢ € (0, 7] and define the space of holomorphic
functions on X4 by H(X,) := {f : £y — C holomorphic}. Furthermore, we define the space

H*®(2y) :={f : ¥4 — C holomorphic and bounded}.
The space H>(Xy) is a Banach algebra, when equipped with the norm
fl% = sup |F(N)]-

AEX,
In addition, we define Ho(2¢) := U, g0 Ha,5(X¢), where Ho 5(2¢) := {f € H(Zy) : [f|05 < oo},
with

f12% = sup [A*F)] + sup (A7 F(N)-
A<t A1

Suppose that A € S(X) and let ¢ € (¢4, 7). Select any ¢ € (¢, ) and denote by I', the contour,
defined by I',,(t) = —te'? if t <0 and [, (t) = te=*? if ¢ > 0. Then the Dunford integral

FA) = 5 [ FO= A A f e H(S,)

converges in B(X) and does not depend on the choice of ¢. Moreover, via the mapping ®4(f) =
f(A), it defines a functional calculus @ 4 : Ho(Xy) — B(X).

Definition 1.2.2. A sectorial operator A in X admits a bounded H*°-calculus if there are ¢ > ¢4
and a constant K4 < 0o such that

F(A)] < Kyl f1%,
for all f € Ho(Zy).
The class of these operators will be denoted by H*(X). If A € H*(X), then the functional
calculus for A on Hy(X4) extends uniquely to H*>(X,), by approximation.
We consider next operators with bounded imaginary powers. This subclass has been introduced

by PRUSS & SOHR [35]. First, note that for any A € S(X), one can define complex powers A% of
A, where z € C is arbitrary.

Definition 1.2.3. A sectorial operator A in X is said to admit bounded imaginary powers, if
A% € B(X) for each s € R and there exists a constant C > 0 such that |A*| < C for |s| < 1.

The class of such operators will be denoted by BZP(X) and we define the power angle of A by
1 _
04 :=limsup — log |A"|.

5|00 |5]
Since for each s € R, the function fs(z) = 2 belongs to H>(34), ¢ € (0, 7), we have the inclusions
H>(X) C BIP(X) C §(X).
We come now to R-sectorial operators. First we will define the notion of R-boundedness.

Definition 1.2.4. Let X and Y be Banach spaces. A family of operators T C B(X,Y) is called
R-bounded, if there is a constant C' > 0 and p € [1,00), such that for each N € N, T; € T,
z; € X and for all independent, symmetric, {—1,1}-valued random variables €; on a probability
space (Q, M, 1) the inequality

N N
1> Tzl ) < C1Y el ix)s

j=1 j=1

is valid. The smallest of such constants C > 0 is called R-bound of T, which is denoted by R(T).
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It follows from Kahane’s inequality, that the definition of R-boundedness is independent of p €
[1,00), see [12, Remark 3.2 (2)]. Now we are in a position to define R-sectorial operators.

Definition 1.2.5. Let X be a complex Banach space and assume that A is a sectorial operator in
X. The A is called R-sectorial, if the set

{tt+a)~' :t >0}
is R-bounded. The R-angle ¢’y of A is defined by means of
% :=1inf{f € (0,7) : Ra(m — ) < o0},

where
RA(0) :=RAN+a)" ! : |arg\| < 0}

The class of R-sectorial operators in X is denoted by RS(X) and if the Banach space X is of class
‘HT, that is, the Hilbert transform

(HLF)(t) = lim = fe—s) 2

STOT Je<s|<1/e
acts as a bounded operator in L,(R; X) for some p € (1, 00), we have the inclusion
BIP(X)C RS(X), o¢%<04.
We close this section with the definition of an R-bounded H>°-calculus.

Definition 1.2.6. Let X be a complex Banach space and suppose that A € H>®(X). The operator
A is said to admit an R-bounded H*-calculus if the set

{f(A4): f € HX(Sy), |fI% < 1}

is R-bounded for some ¢ > 0. The RH>-angle q[)i‘x’ of A is defined as the infimum of the R-
bounds, w.r.t. such angles ¢.

The class of such operators is denoted by RH>(X).

1.3 Joint functional calculus, Sums of closed operators

In this section, we state a result, which is due to KALTON & WEIS [20] and is called operator
valued H> functional calculus.

Theorem 1.3.1. Let X be a Banach space, A € H*(X), F € H™(X4; B(X)) such that
FN(p—A)" = (u—-A)"TF0N), pepld), e,

Suppose in addition, that ¢ > ¢ and R(F'(Xy)) < oo. Then F'(A) € B(X) and |F(A)|px) <
CAR(F (X)), where Cy denotes a constant, only depending on A.

It is remarkable, that a conclusion of this theorem is a version of the well-known Dore-Venni
Theorem.

Corollary 1.3.2. Suppose A € H™®(X) and B € RS(X) are commuting operators, such that
¢%X + ¢F < 7. Then A+ B with domain D(A+ B) = D(A) N D(B) is closed, A+ B € S(X), with
darp < max{op%, oE} and

|Az| + |Bz| < C|(A+ B)z|, x € D(A)nD(B), (1.1)

for some constant C > 0. In particular, if A or B is invertible, then A+ B is invertible as well.
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Example: Let 1 < p < o0, J = [0,T], X = L,(J xR") € HT and (t,z) € J x R". Set
B = ;, with domain D(B) =o H}(R,; L,(R™)) and define A as the natural extension of —A, in
Ly(R™), with D(=A,) = H2(R") to X, that is, D(A) = Ly,(J; H}(R")) and Af = —A, f for each
f € D(A). Then A and B are commuting operators and A, B € H*™(X) with H*-angles ¢% = 0
and ¢¥ = 7/2. Since B is invertible and H*>(X) C RS(X) it follows that A+ B is invertible and
the estimate (1.1) is valid for each € D(A) N D(B). In other words, the parabolic problem

ou — Agu = f,
u(0) =0,
has a unique solution u € oH)(J; Ly(R™)) N Ly(J; HZ(R™)), for each f € Ly(J x R™) and the

estimate
|Oulx + [Azulx < C|flx,

for some constant C' > 0 is valid.
The following result is known as the mized derivative theorem and is due to SOBOLEVSKII [42].

Proposition 1.3.3. Suppose A, B are sectorial operators in a Banach space X, commuting in
the resolvent sense. Assume that their spectral angles satisfy the parabolicity condition ¢4 + ¢ <
. Further suppose that the pair (A, B) is coercively positive, i.e. A+ uB with natural domain
D(A) N D(B) is closed for each p > 0 and there is a constant M > 0 such that

|Az| 4+ u|Bx| < M|Az + pBz|, x € D(A)ND(B), u>0.
Then there exists a constant C' > 0 such that
|A*B'~%z| < C|Az + Bz,
for all x € D(A)N D(B) and « € [0,1].

1.4 Model problems, Maximal L,-regularity

In this paragraph we collect some known results on the solvability and regularity of second order

problems on the halfline, which occur in a natural way after a transformation of an arbitrary

domain 2 C R" to a halfspace R}. At the end of this section we state a result for maximal

L,-regularity of parabolic partial differential equations with inhomogeneous boundary conditions.
We start with the following problem with a Dirichlet boundary condition

—u"(y) + F?u(y) = f(y), y>0,
u(0) = ¢,

in L,(Ry; X), where X is a Banach space. The following result is due to PrRUSS [33].

(1.2)

Theorem 1.4.1. Suppose X is a Banach space of class HT, p € (1,00). Let F € BIP(X) be
invertible with power angle O0p < /2, and let D}, denote the domain D(F7), equipped with its
graph norm, j =1,2.

Then (1.2) has a unique solution u € H2(Ry;X) N Ly(Ry; D%) if and only if the following
conditions are satisfied.

(i) f € Lp(Ry; X);

(it) ¢ € Dp(2—1/p,p).

In this case we have in addition u € H; (Ry; DL).

There is a corresponding result for the abstract second order problem with a Robin condition

—u"(y) + F?u(y) = f(y), y>0,

—u'(0) + Du(0) = 1, (13)

in L,(R.; X)
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Theorem 1.4.2. Suppose X is a Banach space of class HT, p € (1,00). Let F € BIP(X) be
invertible with power angle O0p < /2, and let D}, denote the domain D(F7), equipped with its

graph norm, j = 1,2. Suppose that D is sectorial in X, belongs to BIP(R(D)), commutes with F'
and is such that 0 + 0p < 7.

Then (1.3) has a unique solution v € H2(Ry;X) N Ly(Ry; D%) if and only if the following
conditions are satisfied.

(1) f € Lp(Ry; X);

(ii) ¥ € Dp(1—1/p,p).
In this case we have in addition u € H; (Ry; DL).

We turn our attention now to problems of the form

du(t,z) + A(t,z, D)u(t,xz) = f(t,z), te€ JzeQ,
Bj(t,x,D)u(t,z) = g;(t,x), teJ, zel, j=1,...,m, (1.4)
w(0,z) = up(x), =€,
where J = [0,T], 2 C R" is a bounded domain with compact boundary T' = 9Q € C*™ m € N.
The partial differential operator A(t,x, D) has order 2m, m € N, and the boundary operators

Bj(t,xz, D) are of order m; < 2m, j =1,...,m, m; € N. To be precise, let E be a Banach space
and let

A(t,z,D) = Z aq(t,z)D?,

la|<2m

i(t,z, D) Z bia(t,x)
18| <m;

where a, and b,z are variable coefficients with values in B(E) and D* = (—z‘)la‘ag; - 0gn. The
principal parts A4 (t, z, D), Bj #(t, z, D) of the operators A(t, z, D), B;(t, z, D) and the coefficients
of A(t,z, D) and B(t,z, D) should satisfy the following conditions:

(E) (Ellipticity of the principal part) For allt € J, x € Q and ( € R™ with |¢| = 1 it holds that
O'(A#(t, z, C)) C C+7

i.e. A(t,z, D) is normal elliptic.
(LS) (Lopatinskii-Shapiro condition) For allt € J, x €T, ¢ € R™ with (¢,v(x)) =0, A € C with
Al +[¢] # 0 and all h € E™ the system of ordinary differential equations
Av(y) + Ayt @, +iv(z)dy)v(y) =0, y >0
B4 (t,x, 4+ iv(z)0y)v(0) = hj, j=1,...,m
admits a unique solution v € Co(Ry; ).

(A) There are 1, sk > p with i + <1l-

%, such that

2mry

o € L, (Jo; (L, + Loo) (4 B(E))),  |a] =k < 2m,
ae € O(Jo x Q;B(E)), |al =2m.

< Kj + mzj—;k, such that

(B) There are sji, 1 > p with S%k + ot

2m7"]~k

bjs € Wi, (Joi Ly, (T B(E))) N Ly, (Jos W (T3 B(E))), |B] = k < mj.

For the data f, g;,uo we suppose the following conditions:
(D)
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(i) feLy(Jox 4 E)=X,

(it) g; € Wy (Jo; Ly(T; E)) N Ly(Jos W™ (T3 E)) =: Y; with r; = 20=7a=1/p,
(ifi) wo € B2 VP E) = X,
(iv) If k; > 1/p, Then Bj(x,D)uo(x) = h;(0,x), for all x € T.

The next result is due to DENK, HIEBER & PRUSS [11, Theorem 2.1].

Theorem 1.4.3. Let 1 < p < oo, Q C R”™ be a bounded domain, with compact boundary I' =
00 € C*™. Assume that E € HT and suppose that the conditions (E), (LS), (A) and (B) are
satisfied. Then (1.4) has a unique solution

u € Hy(Jo; Ly(2; E)) N Ly (Jo; HY™ (Q; E)),

if and only if the data f, g; and uy satisfy the conditions in (D). Furthermore, the inequality

|Ovulx + |D*™ulx < M(|flx + [uolx, + Y _ lgjly;)

Jj=1

holds for some constant M > 0.



Chapter 2

Conserved Penrose-Fife Type
Models

2.1 Derivation of the Model
Here we are interested in the conserved Penrose-Fife type equations

O = Ap, p= DY+ ()~ N, ted zeq o)
O (b(9) + A()) =AY =0, teJ, e, '
For the case b(s) = —1/s we obtain the conserved Penrose-Fife equations, for which we will give
a short derivation. In this context, we will follow the lines of ALT & PawLow [3]. We start with
the free energy functional

F(z/),ﬁ):/Q(;|V¢|2+<I>(¢)+10g19—)\(¢)19> dz.

By definition, the chemical potential u is given by the variational derivative of F' with respect to

P, i.e.

oF

= O A () — X ().

oY
According to [32, (2.8)] the internal energy e of the system under consideration is given by the
variational derivative of F' with respect to 1, i.e.

oF 1
=——=——+A¥).
e= =55 = 5 TAW)

To obtain kinetic equations we assume that the order parameter ¥ and the internal energy e are
conserved quantities. The according conservation laws are given by

O +divy =0, Oe+divg=0,

with the boundary conditions (j|v) = (¢g|v) = 0, where v is the outer unit normal on 9€2. Here ¢ is
the heat flux, which in this paper is assumed to be given by the Fourier law ¢ = —V4 and j denotes
the phase flux of the order parameter 1) which is assumed to be of the form j = —Vypu, which is
a constitutive and well accepted law. Since (j|v) = (¢q|v) = 0 we obtain from the constitutive
laws the boundary conditions d,u = 0 and 9,9 = 0 for the chemical potential x and the inverse
temperature 1, respectively. Since (2.1) is of fourth order with respect to the function ¥ we need
an additional boundary condition. An appropriate and classical one from a variational point of

15
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view is 0,9 = 0. Finally, this yields the initial-boundary value problem

O —Ap=fi, p=—D+ (W) - NW)W, te] req
O (b(9) + A)) =AY =fo, teJ xz€Q,
op=g1, teJ, xedf,
O =go, teJ, xedf
0,0 =g3, teJ, zedi,
$(0) = o, D(0) =y, t=0, zE€Q,

The functions f;, g;,%0,%, ®, A and b are given. In the following sections we will prove well-
posedness of (2.2) for solutions in the optimal regularity class

W € Hy (I3 Lyp()) N Ly(J; Hy (),

0 € Hy(J; Ly() N Ly (3 Hy (),
where J = [0,T] and Q C R" is open and bounded, with compact boundary I' = 992 € C*.

2.2 The Linear Problem

In this section we deal with a linearized version of (2.2).
Ou+ A*u+ A(mv) = f1, ted, zeqQ,

0w — agAv + no0yu = fo, te J, x €,
O, Au+ 0,(mv) =¢1, teJ, xe€ i,

2.3
ou=go, teJ xed, (2:3)
ov=gs, tedJ, xedf,
u(0) = ug, v(0) =vy, t=0, z €.
Here m1 = n1(x),n2 = n2(x), a0 = ap(x) are given functions such that
m € H2(Q)NWL(Q), n2 € HY(Q) NLyo(Q) and ag € C(Q). (2.4)

We assume furthermore that ag(z) > o > 0 for all x €  and some constant o > 0. Hence equation
(2.3), does not degenerate. We are interested in solutions

u € Hy(J; Ly(Q) N Ly(J; Hy(Q)) =: Z*

and
v e HY(J; Ly(Q) N L, (J; HA(Q)) =: 2°

of (2.3). By the well-known trace theorems (cf. [4, Theorem 4.10.2])
Z' < C(J; By 4P(Q)) and 2% — C(J; BL2/P(Q)), (2.5)

we necessarily have uy € Bpp */7(Q) = X}, v € BL 2P () = X and the compatibility conditions

0y Aug + 0y (M) = gilt=0, Ovo = g2lt=0, as well as 0, v9 = g3i=o,

should be satisfied, whenever p > 5, p > 5/3 and p > 3, respectively (cf. Theorem 1.4.3). For the
forthcoming calculations we need the following assumption.

To solve (2.3) we will assume in the sequel that p > (n+2)/2, p > 2, n € N, wherefore we have
the embeddings

Ba4P(Q) — H2(Q)NCY(Q) and B2 2/7(Q) — HY(Q)NC(Q) (2.6)
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at our disposal.
Suppose that the function v € Z' in (2.3) is already known. Then in a first step we will solve
the linear heat equation
0w — agAv = fo — N0, (2.7)

subject to the boundary and initial conditions 9,v = g3 and v(0) = vg. By the properties of the
function ap we may apply Theorem 1.4.3 to obtain a unique solution v € Z?2 of (2.7), provided

that fo € L,(Jo x Q), vy € B2 ¥/7(Q),
gy € W20 1, (1) 1 L, (J; WA/ (1)) = ¥,

and the compatibility condition d,v9 = g3|i=o if p > 3 is valid. The solution may then be
represented by the variation of parameters formula

v(t) = vi(t) —/O e~ A=) n0,u(s) ds, (2.8)

where A denotes the Ly-realization of the differential operator A(z) = —ao(z)Ax, Any means the
Neumann-Laplacian and e~4? stands for the bounded analytic semigroup, which is generated by
—A in L,(Q). Furthermore the function v; € Z? solves the linear problem

O — apAvy = fa, Oyv1 =gz, v1(0) = vo.

We fix a function w* € Z!' such that w*|;—g = up and make use of (2.8) and the fact that
(u — w*)|t=0 = 0 to obtain

o(t) = v1(t) + v2(t) — (O + A) 120 (u — w*)
= v1(t) +va(t) — 020, + A) 0 P (u — w*),
with vy (t) := — fot e~ A=), 0,w*. Set v* = v + vy € Z2 and
F(u) = —0,"(8, + A 0} *na(u — w*).
Then we may reduce (2.3) to the problem

Ou+ A%u=AGu) + fi, teJ zeqQ,
O Au=0,Gu)+ g1, ted, xe€dQ,

(2.9)
du=gy teJ, xed,
u(0) =ug, t=0, x €Q,
where G(u) := —m (F(u) + v*). For a given T € (0,Tp] we set
oZ' :={u e Z4T) : ulj=o = 0}
and
EO = X(T) X Yl(T) X YQ(T), OEO = {(f,g, h) € EO : g|t:0 = h‘t:() = O}

where X (T) := L,(J x Q),

Yi(T) = Wy ST (T, Ly (1)) 0 Ly (W, 717 (D)),
and

Yo(T) = WA (T, Ly (1)) O Ly (s W12 (D)),
The spaces Z! and Ey are endowed with the canonical norms |- |; and |- |o, respectively. Let

B = —Ar be the Laplace-Beltrami operator on I' and denote by e~ Bt the analytic semigroup,
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generated by —B?. By Theorem 1.4.3 there exists a unique global solution u* € Z' of the linear
problem

3tu*+A2u*:f1, teJ, (EGQ,

O, Au* = g1 — e_thgo, teJ, xe o,
ou* =gy teJ, xe i,
u*(0) =ug, t=0, z€Q,

provided that f; € X(Ty), g; € Y;(To), j = 1,2, and ugy € X;. Here g9 = 0 if p < 5 and
9o = g1lt=0 — O Aug, if p > 5. We will now apply the contraction mapping principle to solve (2.9).
For that purpose we define a linear operator L : Z! — E; by

Oyw + A%w
Lw = 0, Aw
o,w

Considering L as an operator from ¢Z' to ¢Ey we obtain from Theorem 1.4.3 that L is bounded
and bijective, hence an isomorphism. The open mapping theorem then implies that L is invertible
with bounded inverse L~!. Next we define a mapping G : Z' x ¢Z' — ¢Ey by

) AG(u* + w)

Gu*,w)= |0,Gu*+w)—go| ,
0

where §o = 0 if p < 5 and §o = e B 1[0,G(u*)|i—o), if p > 5. It is not difficult to see that
u:=u* 4+ w is a solution of (2.9) if and only if

Lw = é(u*,w) or equivalently w = L™ 'G(u*,w).

Consider a ball Bg C ¢Z! and define a mapping 7 : Bg — ¢Z' by Tw = L~'G(u*, w). In order to
apply the contraction mapping principle we have to show that 7 is a self mapping, i.e. 7B C Bg
and that 7 defines a strict contraction on Bg, i.e. there exists a constant £ < 1, such that

|Tw — T?I)|1 S /@|w - 1IJ|1,

for all w,w € Bgr. Firstly we show that the operator Af)ﬁ”(at + A)’latl/2 is of lower order
compared to (9; + A?)u, u € Z'. By the mixed-derivative theorem we obtain

we Z' — HY'J; Hy(Q) — Hy(J; Hy(),

for every s € (0,3/4). Moreover by (2.6) it holds that 7, € H}(Q), hence 1 := na(u — w) €
oH (T H}(9)). To see this, we compute

IV(n2(u — w))|z,@rn) < 12V(u —w)|L,@rn) + [(u—w)Vna|r, rn)
< In2lrc@lu = vlmie) + [u—wlp @rn) n2l a1 @) < oo
The regularity w.r.t. the variable ¢ is clear, since 72 does not depend on ¢. It follows that
@+ A0, P € HZP (I HY Q) N o Hy VAT HY(Q) < oHg AT HY (),
for each 6 € (0,1) and s € (1/2,3/4). Thus, it holds that

820+ A)T10}7 1 o HI(T HA(Q)) — oHZ M (J; HE20(Q)), (2.10)

for all s € (1/2,3/4) and 0 € (1 — s,1). In particular, this shows that Ad}/?(9, + A)~10}/? is of
lower order, if e.g. 8 = 1/2.
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Since L has the property of maximal L,-regularity we obtain the estimate
[Twh = |L7'G(u*, w)li < M (JAG(w +u*)|x(r) + [0,G(w +u)lyy ) +golvi(ry) . (2:11)

with a constant M > 0 which does not depend on T, since the time trace of w at ¢ = 0 vanishes
whenever it exists. For convenience we will use the notation @ = w + u*. Making use of (2.6) we
estimate as follows

JAG(w +u")|x 1) < [Amv™)|xry + [AMEF(0))]x (1)
<A [ x () + [F(@) A | x (1) + 2|V - VF(@)| x () + ImAF(@0)] x (1)
< AU x (1) + 1AL, @) F (@)L, (70 )
+2[Vn|p @) |VF(@)| x 1y + [l o) | AF(0)] x (1)

Note that by (2.6) it holds that nv* € L, (J; HZ(2)) and therefore |A(n1v*)|x () — 0 as T — 0,
since nv* is a fixed function. The same holds for the function |go|y, (7). Choose # =1/2 in (2.10).
Then we have the embedding

Hp(Q) = Loo(), p> (n+2)/2,

at our disposal and by Holder’s inequality and (2.10) we obtain

|F(@)| Ly (s:Lw)) < TY7PIF@) L, (a2 (0)) < CTY P Ina(@ — w*) | (5203 ().

where 1/r 4+ 1/ = 1 and 7/ > 0 is sufficiently large. Now, for an arbitrarily small & > 0, the
embedding
oW, (T Lyp(Q) — oH (T3 Lp(€2)) (2.12)

is valid (cf. TRIEBEL [44] or KALTON et al. [19]). Therefore, it holds that
m2(@0 = w) g (aimy)) < Clne(w = w) mg L, @) + V0@ = w)) w10, @)
< Ol @l — w*|W;+5(J;Lp(Q))
+ Cln2lpo (o) V(0 - W*)|W§+E(J;L,,(Q)) + CIVn2|r, @)W — w*|Wj+E(J;LOO(Q))7

where C' > 0 is independent of 7', since (@& — w*)|;=o = 0. By the mixed derivative theorem we
obtain the embeddings

- sie . 1 n+4

since we assume p > (n + 2)/2. Here € > 0 has to be sufficiently small. This yields
F(@)|z, it < CTY P = w1y < CTYVP(R A+ |07 21y + [ 2101
One more time we make use of (2.10) with § = 1/2 to obtain
IVE(@)|x(r) + [AF (@) x 1y < CTY" Pl (@ = w)| g (7,113
and then as before this implies the estimate
IVF(@)|x(1y + |AF (@) x (1) < CTY"P(R + |u*| 211y + [w*| 21(1))-

All together there exists a constant C' > 0 and a function x = x(T") with x(T) — 0 as T' — 0 such
that
|AG(0)|x(ry < &(T)(1+ R). (2.14)

Now we turn to the estimate for 9,G in Y1 (T'). Trace theory yields the embedding

Hy/2(J5 Ly(2)) N Ly (J; HY (Q)) = Yi(T).
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Hence, by the above calculations it suffices to estimate the term G(w + «*) in H;/Q(J; L,(2)) for
each w € Bg. Then we have again by Holder’s inequality

|G (w + u*)|Hll)/2(J;Lp(Q)) < mlro@lF () + ”*|H;/2(J;Lp(g))
< Iz (IF@) g1 @y + 10 2o )
< Clmlrae) (128 = ) g2 in oy + 107 220 o)
<Cmlr. (o (|772\Lx(9)|u~; - w*|H;/2(J;Lp(Q)) + ‘v*|H;/2(J;Lp(Q))> (2.15)

S C|7]1‘Lw(g) (Tl/r p|n2|Lw(Q)|w - w*|Hi;/>2(J;Lp(Q)) + |U*|H;17/2(J;LP(Q))>

1/7'p|~ * *
< (T Pl —w™[1 + |v |H;/2(J;LP(Q)))

<K(T)(1+R),

with a function k = k(T"), such that kK(T) — 0 as T — 0 and ' > 0 has to be sufficiently large.
Here we used the fact that

8,20, + A0 GHY2(J; Ly(Q) — oHY?(J; Ly (),

is a bounded linear operator and [v*| /2 — 0 as T — 0, since v* is a fixed function.
p

(J3Lp(9))
Combining (2.14) and (2.15) with (2.11) we obtain the self mapping property of 7, provided that
T is sufficiently small. For the contraction mapping property we use again maximal L,-regularity
to obtain

|Tw — T’LT}|1

B B (2.16)
<M (IAG(w +u") = G(w + ")) |x(r) + 10, (Glw + u*) = G(@ +u"))lyy(1)) -

Using the same methods as above and setting w; = w+u*, wy = w + u* we may estimate the first
term on the right side of the latter inequality in the following way.

IA(G(w +u*) — G(w +u"))|x(r) < [(F(w1) — F(w2))Am|x(7)
+ 2|V - V(F(wr) — F(w2))|x (1)
+ ImA(F(wy) — F(ws2))|x (1)

< CTl/T,p|wl — ’U)2|1 = CTl/T/p‘w — ’lI)|1.
Trace theory implies the estimate

9, (Glw +u") = G +u))lyicr) < [Gw+ ") = G@ + ) 17201 0y, )

The same computations which lead to (2.15) yield

|G(w + u*) — G(?I) + u*)|H,1,/2(J;Lp(Q)) < |771|LOO(Q)‘F(U]1) — F(w2)|H,1,/2(J;Lp(Q))

< CTl/r,p|’LU1 — ’LU2|1 = CTl/r/p|’u} — ’Lflll,

whence we see that there exists a function k = k(T") with x(T) — 0 as T'— 0 such that
|[Tw—Tw|; < k(T)|w—w|.

Choosing T' > 0 small enough we obtain the desired estimate. Finally the contraction mapping
principle yields a unique fixed point @ € Br of 7 or equivalently @+ u* € Z'(T) is the unique local
solution of (2.9). Then v € Z? defined by (2.8), with u replaced by 1, is the unique (local) solution
of (2.7), hence the pair (ii,v) € Z! x Z?2 solves (2.3). Due to the linearity of (2.3), the invariance
w.r.t time shifts and the property of maximal regularity the local solution exists globally in time.
We summarize these considerations in
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Theorem 2.2.1. Letn € N, p > (n+2)/2, p>2 and p # 3,5. Suppose Q C R™ is bounded open
with compact boundary T = 9Q € C* and let J = [0,T]. Assume that (2.4) holds and that there
ezists o > 0 such that ag(z) > o > 0 for all z € Q.

Then there exists a unique solution (u,v) of (2.3) such that

u € Hy(J; Ly(Q)) N Ly(J; Hy(Q)) = Z*
and
v € Hy(J; Ly(2)) N Ly (J; HY (Q)) = 22,
if and only if the data are subject to the following conditions.
(Z) fla.f? S Lp(J X Q) = X7
(ii) g1 € Wp/* TP (J5 L) 0 Ly (J; W, ~HP(1) = 1,
(iii) go € Wil* 74 (J; L(T)) N Ly (J; Wi /2 (1)) = Ya,
(iv) gs € Wp/> 7Y (T L)) N L,(J; W~ /P(T)) = Vs,
(v) uo € By, P(Q) = X}
(vi) vo € By /P () = X2,
(vii) O, Aug + 0y, (mvo) = g1le=0, if p > 5, Oyuo = gali=0, if p > 5/3,
(viii) O,vo = g3li=0, if p > 3.

2.3 Local Well-Posedness

In this section we will use the following setting. For T > 0, to be fixed later, and a given T' € (0, Tp)

we define

E, := ZY(T) x Z*(T), oE1 := {(u,v) € Ey : (u,v)]t=0 = 0}
and

Eqg:=X(T) x X(T) x Y1(T) x Y2(T) x Y5(T),

as well as

oEo := {(f1, f2, 91,92, 93) € Eo : g1li=0 = g2[t=0 = g3lt=0 = 0},
with canonical norms |- |; and |- |o, respectively. The aim of this section is to find a local solution
(¥,9) € Eq of the quasilinear system (2.2). Therefore we will again apply Banach’s fixed point
theorem. For this purpose let fi, fo € X(Ty), g; € Y;(Tv), j = 1,2, o € X; and ¥y € Xg be
given such that the compatibility conditions

0y Athg — 8, D" (o) + 00 (N (¥0)Y0) = —g1le=0, Outho = g2li=0 and 9,y = g3|i=0,

hold whenever p > 5, p > 5/3 and p > 3, respectively. We set ag(z) = 1/b'(99(x)), m(z) =
N (o(x)) and n2(z) = ag(x)n;(x) with the assumption

(H1) b € C%*(R) and there is a constant o > 0 such that &' (Jy(z)) > o > 0 for all x € Q.

Note that it follows from (2.6) that the conditions in (2.4) are satisfied, provided p > (n + 2)/2
and there exists o > 0 such that ag(xz) > o > 0 for all x € , by (H1). Thanks to Theorem 2.2.1
we may define a pair of functions (u*,v*) € E; as the solution of the problem
O + A%u* + A(mv*) = f1, teJ, zeQ,
O — agAv* + 0™ = agfe, te€J, x €,
Oy A" +0,(mv*) = —g1 — e Plgo, te, wed,
U =go, teJ, xedfd,
ot =gz, teJ, e,
u*(0) = o, v*(0) =Yy, t=0, z€Q,

(2.17)
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where B = —Ar is the Laplace-Beltrami operator on I'" and e~ Bt is the analytic semigroup which
is generated by —B2. Furthermore go = 0 if p < 5 and gg = —g1|t—0 — (0, Atbo + 0, (m o)) if p > 5.
In the sequel we will need the following regularity assumption on the nonlinearities A\ and ®.

(H2) The functions A, ® belong to C*4~(R).

Define a linear operator L : E; — Eq by

Oy + A2y 4+ m Av
0w — agAv + n20iu
L(u,v) = | OyAu+ 0y,(n1v)
d,u
o,v

Consider L as an operator from ¢E; to gEg. Then, by Theorem 2.2.1, the operator L : (E; — ¢Eg
is bounded and bijective, hence an isomorphism with bounded inverse L=!. For all (u,v) € E; we
set
G1(u,v) = (N (o) = XN (u))v + & (u),
G2(u,v) = (aoX (¥o) — a(v)N'(u))0yu — (a0 — a(v))Av — (ag — a(v)) fa,
where a(v(t,x)) = 1/0 (v(t,z)) and ag = a(¥p). Lastly we define a nonlinear mapping G : E; x
oE1 — oEo by
AGy(u+ u*, v+ v*)
Go(u + u*, v+ v*)
G((u*,v"); (u,v)) = |0,G1(u+u*,v+v*) —go| ,
0
0

where go =0 if p < 5 and gg = e‘th(’“),,Gl(l/Jo,ﬁo) if p > 5. Then it is easy to see that ¢ = u + u*
and ¥ = v + v* is a solution of (2.2) if and only if

L(u,v) = G((u*,v"); (u, v))

or equivalently
(u,v) = L7 G((u*,v*); (u,v)).

In order to apply the contraction mapping principle we consider a ball B = BL, xB% C (E;, where
R € (0,1]. Furthermore we define a mapping 7 : Bg — oE1 by 7 (u,v) = L71G((u*,v*); (u,v)).
We shall prove that 7Br C Br and that 7 defines a strict contraction on Br. Therefore we define
the shifted ball Bp(u*,v*) = BL(u*) x B%(v*) C E; by

Br(u®,v") = {(v,v) € E1 : (u,0) = (4,0) + (u",v"), (4,0) € Br}.

To ensure that the mapping G2 is well defined, we choose T > 0 and R > 0 sufficiently small.
This yields that all functions v € B%(v*) have only a small deviation from the initial value ¥Jy. To
see this, write

[9o(x) —v(t, 2)| < [Jo(x) —v™(t,2)| + [0*(t,2) — v(t,2)| < u(T) + R,
for all functions v € B%(v*), where p = u(T) is defined by

T = *t _/19 )
wT) (t,z)renﬁ}é]mw (t, ) = Do(z)|

Observe that u(T) — 0 as T — 0, by the continuity of v* and ¥J¢. This in turn implies that
V(v(t,x)) > /2 > 0 for sufficiently small Ty > 0, R > 0 and all v € B%(v*). Moreover, for all
v, € B%(v*) we obtain the estimates

la(do(2)) — a(v(t, x))| < Cldo(x) — v(t, )] (2.18)
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and

la(v(t, ) — alv(t, z))| < Clo(t, ) — v(t, )], (2.19)
valid for all (¢,2) € [0,7] x £, with some constant C' > 0, since b’ is locally Lipschitz continuous
by (HI).

The next proposition provides all the facts to show the desired properties of the operator 7.

Proposition 2.3.1. Letn € N and p > (n+ 2)/2, p > 2. Furthermore assume that (H1), (H2)
hold and let J = [0,T] C [0,Tp]. Then there exists a constant C > 0, independent of T, and
functions p; = pi(T) with p;(T) — 0 as T — 0, such that for all (u,v), (4,v) € Br(u*,v*) the
following statements hold.

(i) 1A% (u) — AV (@) x (1) < (1 (T) + )| (w,0) — (@, )],

(i1) [A(N (o) — N(w))v) — AN (o) — X (@)8) [ x (1) < Clua(T) + B)|(w,v) — (@ 9)]1,

(iid) [(aoX () — a()N (u))dyu— (aoX (o) — a(B)N (@)l x (1) < Clus(T) + B)|(w,v) — (@, B)]1,
(iv) |(a0 — a(v))Av — (a0 — a(8)) A0 x (1) < C(ua(T) + B)|(u,v) — (@91,

(v) 1(a(v) — a(®)) falxry < Cps(T)|(u,v) — (@, 7)1,

(v1) 0,9 (u) — B, (@)ly, 2y < (p6(T) + R)|(w, v) — (@, D)1,
(wid) 19, (N (o) — N (w))0) = 8,(X' (o) — N (@))9)]ys(ry < Clur(T) + R)|(,0) — (@, 9)]1.
The proof is given in the Appendix.

It is now easy to verify the self-mapping property of 7. Let (u,v) € Bg. By Proposition 2.3.1
there exists a function p = p(7T) with u(T) — 0 as T — 0 such that

T (u,0)[ = [L7G((u*,0%), (w,0))[1 < JLHIG((u,0%), (u,0))]o
< C(IG((u",v7), (u,v)) = G((u*,v"), (0,0))]o + |G((u",v"), (0,0))]o)
< CO(|Gi(u+u"v+0") = Gi(u",v") | x (1) + |Ge(u +u, v +0%) = Go(u”,v") | x (1)
+10,G1(u+u*, v +v*) = 0,G1(u",v")|y, (r) + |G((u*,v), (0,0))]o)
< O(u(T) + R)|(u,v)1 + |G((u*,v"), (0,0))o
< C(u(T) + R)R + |G((u",v"), (0,0))]o.

Hence we see that TBr C Bg if T and R are sufficiently small, since G((u*,v*),(0,0)) is a fixed
function. Furthermore for all (u,v), (4,7) € Br we have

1T (u,v) = T (@,0)|1 = [L7HG((u",v"), (u,0)) = G((u*,v%), (@, 0)))]x
< [L7HIG((w", v"), (u,0)) = G((u*,v"), (@, ))lo
< O(|Gr(u+u™, v +0v") = Gi(a +u*, 9+ v")|x(1)
+10,G1(u+u",v+v") = 0,G1(u + u™, v 4+ v")|y, (1)
+ G (u +u*, v +v") — Go(u + u”, v 4+ v")| x (1))
< CT) + R)|(u,v) — (@, ).

Thus 7 is a strict contraction on Bg, if T' and R are again small enough. Therefore we may apply
the contraction mapping principle to obtain a unique fixed point (@, ?) € Bg of 7. In other words
the functions (¢,9) = (@ + u*, 0 + v*) € E; are the unique local solutions of (2.2). We summarize
the preceding calculations in

Theorem 2.3.2. Letn € N, p > (n+2)/2, p>2, p# 3,5. Assume furthermore that (H1),(H2)
hold. Then there exists an interval J = [0,T] C [0,To] and a unique solution (¢,9) of (2.2) on J,
with

¥ € H)(J; Ly(Q)) N Ly(J; Hy () = Z(T)
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and

0 € Hy(J; Ly(Q)) N Ly (J; HY () = Z*(T),
provided the data are subject to the following conditions.
(Z) fl,fg S Lp(Jo X Q) = X,
(ii) gi € W/ "7/ *(Jo: Ly(T)) N Ly(Jos Wy~ /P (T)) = 1,
(iii) go € Wil * 74 (Jo; Lo(T)) N Ly(Jo; W~ Y/P(T)) = Ya,
(iv) gs € Wp/> Y (Jo; Ly(T)) N Ly(Jo; W~ Y/P(T)) = Y3,
(1) o € By, /P(Q) = X}
(vi) B € By, 7(Q) = X2,
(’UZZ) aquO - 3y¢/(¢0) + 31/()\/(7/10)190) = _gl|t:07 pr > 57
(’U”Z) al//l;/}() = ngtZO; pr > 5/37
(iz) 0,V = g3li=o, if p > 3.

The solution depends continuously on the given data and if the data are independent of t, the map
(0, %0) — (¢, 9) defines a local semiflow on the natural phase manifold

My == {(¥o, Vo) € X; X Xz 2tbg and Yo satisfy (vii) — (ix)}.

2.4 Global Well-Posedness

In this section we will investigate the global existence of the solution to the conserved Penrose-Fife
type system

O —Ap =0, p=-AY+0' ()N, t>0, xeQ,
O (b(9) + A(W)) — A9 =0, t>0, z€Q,

Oyu=0, t>0, ze€d,

o =0, t>0, x €N,

0,9=0, t>0, x €,

¥(0) = tho, V(0) =do, t=0, z€Q,

(2.20)

with respect to time if the spatial dimension is less or equal to 3. Note that the boundary conditions
are equivalent to 9,9 = 9,9 = 9,A¢Y = 0. Assuming that (H1) and (H2) hold, a successive
application of Theorem 2.3.2 yields a maximal interval of existence Jyax = [0, Timax) for the solution
(1,9) € Z' x Z? of (2.20). In the sequel we will make use of the following assumptions.

(H3) There exist some constants ¢; > 0, 7,y > 0 such that

D(s) > 7282 -,

@7 (s)] < c2(1+ |s]7),

for all s € R, where n < A\; with A\ being the smallest nontrivial eigenvalue of the negative
Laplacian on 2 with Neumann boundary conditions and v < 3 if n = 3.

(H4) There is a constant ¢ > 0 such that | X (s)| < (1 +s|) for all s € R and A, A" € Loo(R).
(H5) There is a constant k£ > 0 such that

b(0(t,z)) > k>0

for all (¢,2) € Jmax X Q and let ¥ € Loo(Jmax X Q).
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Remark: Condition (H3) is certainly fulfilled, if @ is a polynomial of degree 2m, m € N, m < 3.

We prove global well-posedness by contradiction. For this purpose, assume that T < co. We
multiply 0y = Ap by p and integrate by parts to the result

d (1
- <2|w|§+/ﬂ<1>(w) dx) +|vu|§—/QA’(w)198tw dz = 0. (2.21)

Next we multiply (2.20), by ¥ and integrate by parts. This yields
/ 9V (9)0,0 da + |VI|2 +/ N ()09, dzx = 0. (2.22)
Q Q

Set 3'(s) = sb/(s) and add (2.21) to (2.22) to obtain the equation

d /1
G (5IVeB + [ @) ot [ 5(w) de) + [Tl + VO =0, (2.23)
Q Q
Integrating (2.23) with respect to ¢, we obtain
E((t),9(t) + [Viul3 o + VI3 5 = E(to, Vo), (2.24)
for the functional

1
E(u,v) := §|Vu|§ +/

O(u) de+ | B(v) dx.
Q o

It follows from (H3) and the Poincaré-Wirtinger inequality that

E 2 X 175 2 X X
5 [V OF dos 255 [ Vet dos [ o) d

— )\ — A
= %/Q|V1/J(t)|2 dx+(15)21”|w(t)|§—clﬂl—2|é (/Qwo dx>,

since by equation 0;% = Au and the boundary condition d,u = 0, it holds that

/de(t,x) dx = /Qz/;o(x) dx.

Hence for a sufficiently small € > 0 we obtain the a priori estimates
(NS Loo(t]ma)d H21(Q)) and ‘V/félv |V19| S L2(Jmax; LQ(Q))a (2'25)

since B3(¥(t, x)) is uniformly bounded on Jy.x X 2, by (H5). However, things are more involved
for higher order estimates. Here we have the following result.

Proposition 2.4.1. Letn < 3, p > (n+2)/2, p > 2 and let (¢,9) be the mazimal continued
solution of (2.20) with initial value ¢y € X} and 9o € X2.

Then 1) € Loo(Jmax X Q) and ¥ € H (Jmax; L2(2)) N Loo (Jmax; Ha (Q)). Moreover, it holds that
Oy € L (Jmax X Q), where r := min{p,2(n + 4)/n}.

Proof. The proof is given in the Appendix.

Define the new function v = b(?). Then u satisfies the differential equation in divergence form
Opu — div(a(t,z)Vu) = f, (2.26)

subject to the boundary and initial conditions d,u = 0 and u(0) = b(Jy), where a(t,z) :=
1/ (9(t,x)) and f := =N (¢)0:p. The regularity of ¥ from Proposition 2.4.1 carries over to the
function w, by the uniform boundedness of b’ (¥}). This yields, that u is a weak solution of (2.26) in
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the sense of LIEBERMAN [26] or a generalized solution of (2.26) in the sense of LADYZHENSKAYA,
SOLONNIKOV & URALTSEVA [24] and u is bounded, by (H5).
Furthermore, by (H5), there exists some constant & € (0,1) such that

0<ik<a(tz) <= <oo,

B

for all (¢t,2) € Jmax X Q2. Now we are in a position to use the arguments, which were successfully
applied in [26, Theorem 6.44] to conclude that there exists a real number « € (0,1/2) such that
u € CU2((0, Trax) X ), provided f € L, (Jmax x ) and p > (n+2)/2. Here C*2%((0, Tyax) X Q)
is defined as

) = {’U c O(QTmax) . sup |’U(t,l‘) — ’U(S,y)l

Oa,Za(QT
(£2),(5,9) €y |t — 81 2 — y[>*

max

< 00}

and we have set Qp = (0,Tmax) X Q for the sake of readability. Actually, in [26, Theorem
6.44] the author assumes that f is bounded, but this assumption can be weaken to the condition,
that f € Ly(Jmax X ) with the restriction p > (n + 2)/2 (see [24, Chapter III]). By Proposition
2.4.1 it holds that f = =N ()00 € Ly (Jmax X Q), r := min{p, 2(n + 4)/n}. Consider the case

r =2(n+4)/n. Then it can be readily checked that

n+2 2(n+4)
<
2 n

=r

provided n < 5. The properties of the function b, namely (H5), then yield that ¥ = b~!(u) is
Holder continuous, too. Therefore we may extend ¢ continuously to the closure Jyax X €2. In a
next step we solve the initial-boundary value problem

oY —a(t,x)AY =g, t€ Jnax, x €,
0,9 =0, té€ Jpax, * € 09, (2.27)
’19(0):’[90, t=0, z €,
with g := —a(t,2)N (¥)04) € Ly (Jmax X Q) and r = 2(n+4)/n > (n+2)/2. By Theorem 1.4.3 we

obtain
9 € H (Jmax; Lr(Q)) N Ly (Jmax; H2()),

of (2.27), since
Yo € BZQ);Q/’”(Q) — BXYr(Q), p>r

At this point we use equation (2.54) from the proof of Proposition 2.4.1 and (H5) to conclude
O € Lg(Jmax X ), with s = min{p, ¢} where ¢ is restricted by

For the case r = 2(n 4 4)/n, this yields

n—4

1
q 7~ 2(n+4)

i.e. ¢ may be arbitrarily large in case n < 3 and we may set s = p. Now we solve (2.27) again, this
time with g € Ly(Jmax X §2), to obtain

0 € Hy (Jmaxi Lp(2)) N Ly (Jmax; H7 ()

and therefore 9(Tiax) € Brp 2/p (€2) is well defined. Next, consider the equation

Ot + A% = A (1)) — AN (¢)9),
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subject to the initial and boundary conditions ¥ (0) = ¥y and 9,% = 9, A = 0. By Theorem 1.4.3
there exists a constant M > 0 such that

U] 21 () < ML+ |AR ()| X (Jar) + AN ()] x (00r))- (2.28)

We will first estimate the term A®’(y)) = Ap®” (1) +|V)|2®" (). Using the Gagliardo-Nirenberg
inequality and (H3) we obtain

a+b 1 —a _
@7 () A, < Y15, 1Al < Clylh Oyl D aE, (2.29)

where ¢ will be chosen in such a way that Hj(Q2) — L, i.e. 7>5—land
n on n o on
a+ +1b(4+>2+ +2).
(a+(y+1)d) il PR

The second term ®"(1))|V1)|? will be treated in a similar way. The Gagliardo-Nirenberg inequality
and (H3) again yield

2a+b —2a _
12" ()| VeI?lp < |13, VoL, < Clplggs Il 20707, (2.30)
with 2 > 2 — 1 and
q

n on n n

(2a + b) (4— +> =2—-—+(v+2)-.

p g p q
It turns out that the condition v < 3 in case n = 3 ensures that either a + (v + 1)b < 1 and

2a +vb < 1 in (2.29) and (2.30), respectively. Integrating (2.29) and (2.30) with respect to ¢t and
using Holders inequality as well as (2.25) we obtain the estimate

|AD (1) |x < C(1+ |[¥|5),

for some & € (0,1). It is easily seen that the term A()\' (1)) may be estimated in a similar way, by
(H4) and since we have enough information of ¢, on Jyax % € (see also proof of Lemma 3.4.1).
Therefore we may conclude from (2.28) that there exists a constant M; > 0 such that

[V Z(Jma) < M1(1+ |1/J|621(J

max)

), 6 € (0,1).

This in turn implies that |4z

max

) is bounded, i.e.

¥ € Hp (Jmax; Lp(2)) N Ly (Jmax; Hi () < C(Jimax; By 7/7()).

Hence, also 1(Timax) € Bpp 4/p (Q) is well defined. Therefore we may continue the solution (1, )
beyond the point Ti,ax, which contradicts the assumption that T, < co. This in turn implies
that the solution exists globally in time. We summarize these considerations in

Theorem 2.4.2. Letn <3, p> (n+2)/2, p > 2, p# 3,5. Assume furthermore that (H1)-(H5)
hold. Then for each Ty > 0 there exists a unique solution (¥,9) of (2.2) on Jy = [0,Tp], with

¥ € Hy(Jo; Lp(2)) N Ly(Jo; Hy () = Z'(Ty)

and
0 € Hy(Jo; Ly () N Ly (Jo; H () = Z%(To),

provided the data are subject to the following conditions.
(i) o € By P (Q) = X
(ii) 9o € Bpp /P (Q) = X2;
(iii) O Ao =0, if p>5;
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(iv) Oytpo =0, if p>5/3;
(v) 9,90 =0, if p> 3.

The solution depends continuously on the given data and the map (g, o) — (¢, 9) defines a global
semiflow on the natural phase manifold

My, = {(tho, %o) € X, x Xp2 ttbg and Yo satisfy (iii) — (v)}.

Remark: We want to point out, that the function b(s) = —1/s for the classical Penrose-Fife model
does not fit in this setting. Instead, we have to assume that there exists x € (0,1) such that

0<k<Ita)<—<oo

BN

for all (t,2) € Jmax x Q and b € C%(R,), V'(s) > 0, s € R. Then the statement of Theorem 2.4.2
remains true.

2.5 Asymptotic Behavior

Let n < 3. In the following we will investigate the asymptotic behavior of global solutions of the
homogeneous system

O —Ap=0, p=-A¢Y+d' () -N)JI, t>0, xeQ,
O (b(¥) + A(W)) — A9 =0, t>0, z€Q,

Op=0, t>0, x€df,

o =0, t>0, x€d,

0,0=0, t>0, ze€d,

Y(0) =g, ¥(0) =19y, t=0, z €.

(2.31)

To this end let (¢, ¥9) € My, p > 2 and denote by (¢(t), ¥(t)) the unique global solution of (2.31).
In the sequel we will make use of the following assumptions.

(H6) There is a constant o > 0 such that
V((t,x)>0>0

for all (t,2) € Ry x 2 and ¥ € Lo (R4 x Q).
(H7) The functions ®, A and b are real analytic on R.
Note that the boundary conditions (2.31); 5 yield

/Q Wit @) do = /Q do(x) d,

/Q (Bt 2)) + A(t, 2))) dz = / (b)) + Ao (z))) de.

Q

and

Replacing 1 by 1~/~1 = 1 — ¢, where ¢ = ﬁ Jo%o(z) dx we see that [, Y dx = 0, if ®(s) and A(s)
are replaced by ®(s) = ®(s+ ¢) and A(s) = A(s + ¢), respectively. Similarly we can achieve that
[ 002+ Mw(t.)) do =0
Q

by another shift of A, to be precise A(s) := A(s) — d, where

1
d= g /Q (b(9(2)) + A(to(2))) de.



2.5. Asymptotic Behavior 29

With these modifications of the data we obtain the side conditions
Y(t,z) de =0 and B(O(t,x)) + A(@P(t, x))) dx = 0. (2.32)
Q Q

Recall from Section 2.4 the energy functional

Buv) = gl + [ o) do+ [ 5o) ao.

defined on the energy space V = V; x Va, where
Vi = {ueH;(Q):/udxo}, Vo = Hy (), r € (0,1).
Q

and V' is equipped with the canonical norm |(u,v)|v := |ug1(q) + |[v|my@)- It is convenient to
embed V into a Hilbert space H = H; X Hy where

Hy = {UELQ(Q):/Qude} and  Hy := Ly(9).

Proposition 2.5.1. Let (¢,9) € E; be a global solution of (2.31) and assume (H1)-(H6). Then
(Z) w € LOO(R-HH;ES(Q))’ s € [Oa 1)7 pe (1700)7 aﬂ/’ € LQ(R-F X Q)7

)
In particular the orbits (R and 9(Ry) are relatively compact in H3(Q) and H5(S)), respectively,
where 7 € [0,1).

Proof. Assertion (i) follows directly from (H6) and the proof of Proposition 2.4.1, which is given in
the Appendix. Indeed, one may replace the interval Jyax by Ry, since the operator —A? = —A%
with domain

D(A?) = {u € HA(Q) : dyu = 8,Au=0on I},

generates an exponentially stable, analytic semigroup e~ in the space

{uGLp(Q):/Qu dx = 0}.

Now we turn to (ii). We multiply (2.31), by 0y¥) and integrate by parts to the result

1d

/Q VWt 2)00 (@) do + 5

IVI(1)[3 = —/ N(W(t, 2)) 0 (t, 2)09(t, z) da.
Q
Making use of (H6) and Young’s inequality we obtain
1
LB + LI < Caaws +1), (2.39)

after integrating with respect to ¢. Then the claim follows from (i).
O

By Assumption (H6), there exists some bounded interval Jy C R with 9(¢,z) € Jy for all
t >0, x € Q. Therefore we may modify the nonlinearities b and § outside Jy in such a way that
b, 3 € C}(R).

Unfortunately the energy functional E is not the right one, since we have to include the nonlinear
side condition

/ﬂww +b(9)) di =0,



2.5. Asymptotic Behavior 30

into our considerations. The linear constraint fQ 1 dr = 0 is part of the definition of the space
H,. For the nonlinear side condition we use a functional of Lagrangian type which is given by

L(u7v) = E(u, v) — TF (u,v),

defined on V, where F(u,v) := [, (A( v)) dx. Here we used the notation w = \QI Jo w da for
a function w € Ly (). Concermng the dlfferentlabﬂlty of L we have the following result.

Proposition 2.5.2. The functional L is twice continuously Fréchet differentiable on V' and the
derivatives are given by

<L/<U" U)7 (h7 k)>V*,V = <E/(ua U)? (h’ k)>V*,V - EF(U, U) - E<F/(u’ U)? (hv k)>V*,V (234)
and

<L”(u7v)(h1, k1), (ha, ko))v v = <E”(u,v)(h1, k1), (ha, ko))v+ v
- F1<F/(uvv)7 (ha, k?))V*7V _F2<F/(u7 v), (hl,]ﬁ))V*,V (2.35)
—0(F"(u,v)(h1, k1), (h2, k2))v+ v,

where (h, k), (hj, k;) €V, 7=1,2, and

(E’(um),(h,k))v*y:/Vth dm—i—/ ' (u)h dx—i—/ B (v)k d,

Q Q Q

<Eu(uav)(hlakl)7(h2,/€2)>V*,V z/Vh1Vh2 dx—i—/ ‘I)H(U)hlhg dx+/ﬂ”(v)k:1k2 dZC,
Q Q Q

(F’(u,v),(h,k»‘/*y:/Q/\’(u)h dx+/Qb’(v)k de
and
(F”(u,v)(hl,kl),(hg,k2)>v*’v:/Q/\”(u)hlhg dx—l—/gb”(v)klkg d.

Proof. We only consider the first derivative, the second one is treated in a similar way. Since the
bilinear form

a(u,v) = /QVu(m)Vv(x) dx (2.36)

defined on V7 x V7 is bounded and symmetric, the first term in F is twice continuously Fréchet
differentiable. For the functional

Gi(u) = /Q<I>(u) dr, u €WV,
we argue as follows. With u, h € V7 it holds that
B(u(z) + h(z)) — (u(z)) — @' (u(x))h(x) = /O & Bufa) + th(a)) dr —/0 & (u())h(z) dt
1
= [ (@) + th(w) = @' (@) (o) at

/ / z) + sh(z))h(z) ds dt
/ / " (u(z) + sh(x))h(z)? ds dt

:/ " (u(x) + sh(x))h(z)*(1 — s) ds.

0
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From the growth condition (H3), Holder’s inequality and the Sobolev embedding theorem it follows
that

[ (@) + hie) - Bu(e) - #'(u(a)h@)) da
Q

< C/Q(l +lu(@)* + |h(@)[) (@) du

< C(1+ Julg + [RIg)I I
< CQ+ [uly, + [R[3,)IAIT,

This proves that G is Fréchet differentiable and also G} (u) = ®'(u) € Lg/5(2) — Vi*. The next
step is the proof of the continuity of G} : Vi — Vi*. We make again use of (H3), the Holder
inequality and the Sobolev embedding theorem to obtain

G0 - (@b <€ ([ 19/0u(0) - ¥l )

<C (/Q /01 D" (tu(x) + (1 — t)u(x))|5 |u(z) — u(z)|? dt dx>

< c(/ﬁ(u u(@)| 5 + Ja(z)| 7 ) u(z) — a(z)|? dx)

<o [0+l + ja ) ACE )é

< C(L+ luly, + laly,)lu — alv;.-

oo

ol

Actually this proves that G is even locally Lipschitz continuous on V. The Fréchet differentiability
of G| and the continuity of G can be proved in an analogue way. The fundamental theorem of
differential calculus and the Sobolev embedding theorem yield the estimate

V*<c<// 1" (u(x) + sh(z))|? |h(z)| % ds dm)g.

We apply Assumption (H3) and Holder’s inequality to the result

' (u+ ) — @ () — @ (u

18
5

vy <C </Q<1+ u(@)| 5 + [h(z)] %) |h(z)| ¥ d)

gC(/ﬁ(lHu( ) + [A(z) ) </|h |6dac>
= C(1+ Jufy, + ‘h|:x)’/1)‘h|vl-

Hence the Fréchet derivative is given by the multiplication operator G (u) defined by GY (u)v =
" (u)v for all v € V; and ®"(u) € L3/5(2). We will omit the proof of continuity of G7. The way
to show the C2-property of the functional

Ga(u) = /Q)\(u(:c)) dx, ue€V,

|®'(u+ h) — @' (u) — D" (u)h

is identical to the one above, by Assumption (H4). Concerning the C2-differentiability of the
functionals

/ﬂ )dr and Gy4(v):= /Qb(v(x)) dr, v € Va,

one may adopt the proof for G; and G. In fact, this time it is easier, since 8 and b are assumed to
be elements of the space Cl‘? (R) and so there is no need to apply Holder’s inequality. Nevertheless
the embedding H3 () — L4(Q), valid for a sufficiently large » € (0, 1), is crucial for the proof. We
will skip the details.
Finally the product rule of differentiation yields that L is twice continuously Fréchet differen-
tiable on V7 x V5.
O
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The corresponding stationary system to (2.31) will be of importance for the forthcoming calcula-
tions. Setting all time-derivatives in (2.31) equal to 0 yields

Ap=0 and AY =0,

subject to the boundary conditions 0, = 9,9 = 0. Thus we have u = s = const, 9 = o =
const and there remains the nonlinear elliptic problem of second order

{—Awm 0 (Yoo) = N (Yoo oo = fioo, T € K,

(2.37)
Do =0, x €09,

with the side conditions (2.32) for the unknowns 1, and ¥. The following proposition collects
some properties of the functional L and the w-limit set

w(th,9) :={(p,0) € V1 x Vo : 3 (tn) /00 s.t. (Y(tn),Htn)) — (p,0)}.
Proposition 2.5.3. Under Hypotheses (H1)-(H6) the following assertions are true.
(i) The w-limit set is nonempty, connected and compact.

(i) Each point (oo, Vo) € w(, 1) is a strong solution of the stationary problem (2.37), where
Voo, fhoo = const and (s, Vo) satisfies the constraints (2.32) for the unknowns Voo, foo -

(i1i) The functional L is constant on w(y,¥) and each point (Yoo, Vo) € w(¥,9) is a critical
point of L, i.e. L'(Woo,000) =0 in V*.

Proof. The fact that w(1, ) is nonempty, connected and compact follows from Proposition 2.5.1
and some well-known facts in the theory of dynamical systems.

Now we turn to (ii). Let (Yoo, Vo) € w(t),v). Then there exists a sequence (t,) / +oo such
that (¢(tn),V(tn)) — (Yoo, Vo) in V as n — oco. Since 0ptp, 0y € Lo(Ry x Q) it follows that
Yty + 8) = Yoo and (t, + 8) — Joo in La(Q) for all s € [0,1] and by relative compactness also
in V. This can be seen as follows.

[t + 5) — Wocls < [(tn + 5) — V(a2 + [9(tn) — ool
tn+s

< / 000(E)]2 dt + [ (t) — ol
t

n

1/2

tn+s
B (/t IOL: dt) T 10(t) — ool

Then, for ¢, — oo this yields ¥ (¢, + s) — 1 for all s € [0,1]. The proof for ¥ is the same.
Integrating (2.23) with f; = fo =0 from ¢, to t,, + 1 we obtain

1
E((ty +1),9(t, + 1)) — E(b(t,), (tn)) +/ / (IVatn + s,2)° + [VI(t, + s,2)|°) dx ds=0.
o Ja
Letting t,, — 400 yields
|v.u“(tn + )lv W(tn + )| —0 in LQ([O’ 1] X Q)a

by Lebesgue’s theorem of dominated convergence and (H6). This in turn yields a subsequence
(tn, ) such that Vu(t,, + s), VO(t,, + ) — 0in La(;R™) for a.e. s € [0,1]. Hence Vi = 0,
since the gradient is a closed operator in Lo(€2; R™). This in turn yields that ¥ is a constant.
Furthermore the Poincaré-Wirtinger inequality implies that

[(tny, + 87) = pltn, + 57)]2

< Gy (IVntn, +57) = Vit + 57+ [ 10l +5)) = ' (0lts, + )] do

+ / N (@(tn, + 57)0(tny +57) = N (@(tn, + 57)0(tn, + 57| do,
Q
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for some s* € [0,1]. Taking the limit k,! — oo we see that u(t,, + s*) is a Cauchy sequence in
Lo(Q), hence it admits a limit, which we denote by fioo. In the same manner as for 9., we therefore
obtain Ve = 0, hence i is a constant. Observe that the relation

poe = 1 ([ @ 00) = X)) )

is valid. Multiplying (2.31), by a function ¢ € H3(Q) and integrating by parts we obtain

(1tni+57),0)2 = (VY (tn, +57), V)2 + (2 (¥ (tn, +57)), @)2 = (N ((tn, +57)) I (tn, +57), ©)2.

As t,, — oo it follows that

(Hoor )2 = (Vihoo, V)2 + (' (Yoo), )2 — Voo (N (o0 ), )2 (2.38)

By the Lax-Milgram theorem the bounded, symmetric and elliptic form
a(u,v) = / VuVu dz,
Q

defined on the space Vi x V; induces a bounded operator A : V4 — V}* with nonempty resolvent,
such that

a(u,v) = (Au, v)vy vy,

for all (u,v) € V4 x V. It is well-known that the domain of the part A, of the operator A in

Xp::{ueLp(Q):/udxzo}
Q
is given by
D(Ap) ={ueX,:uc HE(Q), d,u =0}.

Going back to (2.38) we obtain from (H3) and (H4) that ¢, € D(A,), where ¢ = 6/(8+2). Since
g > 6/5 we may apply a bootstrap argument to conclude 1o, € D(Ag). Integrating (2.38) by parts,
assertion (iii) follows.

In order to prove (iii) we make use of (2.34) to obtain

<L/(’l/}0071900)a (hv k)>V*,V = <E/(woo,1900)7 (h7 k)>V*,V - ’1900<F/(1;Z10071900)3 (h7 k)>V*,V
_ / (= Atpog + ®(1000))h d +/ B (Doo)k da
Q Q

e /Q (N (o) + U (000)k) d

:/uoohdaczo,
Q

for all (h,k) € V, since o and ¥4 are constant. A continuity argument finally yields the last
statement of the proposition.
O

The following result is crucial for the proof of convergence.

Proposition 2.5.4 (Lojasiewicz-Simon inequality). Let (¥oo,V00) € w(, V) and assume (HI)-
(H7). Then there exist constants s € (0, %}, C,6 > 0 such that

|L(u,v) - L(woo71900)|178 S C|L,(uvv)

Vi,

whenever |(u,v) — (Yoo, Vo) |v < 0.
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Proof. We show first that dim N (L (t)e0, Vo)) < 0. By (2.35) we obtain
(L" (Yoo, Vo) (1, 1) (R k2) v
/ VhiVhs d17+/ @//(woo)hlhg dSC—F/ 6” klkz dx

T /Q (N (oo Yo + B (000)b)
T /Q (N (o) + B (D00) 1)

- @/ (X' (oo )hiha + V" (Vo0 )1 k2) da.
Q

Since (s) = b/(s) + sb”’(s) and Y = const we have
(L" (s Voo ) (P, 1), (h2, k2))ve v
= [ TITha o+ [ (@ ) — TN () = Do () B
Q Q

b [ 00ne) Oy = 280) = NG
Q
for all (h;,kj) € V. If (h1,k1) € N(L" (¥, V0)), it follows that
b (o0) (k1 — 2k1) = X (thoo)h1 = 0.
It is obvious that a solution ky to this equation must be constant, hence it is given by
ki = —(6' (Vo)) TN (Yo0) B, (2.39)

where we also made use of (H6). Concerning h; we have
(Ahy, ha)vs v, = / (1 X (o) + Do X" (th00 )bt — @ (1000) i Vs i, (2.40)
Q

since k1 is constant. By Proposition 2.5.3 it holds that ¥, € D(As) — Lo (f2), hence Ahy € Hy,
which means that hy € D(Az) and from (2.40) we obtain

A2h1 + P(@//(woo)hl - 1900)‘”(¢00)h1 - kl)‘l(woo» =0,

where P denotes the projection P : Hy — Hy, defined by Pu = v — u. It is an easy consequence
of the embedding D(As) — Lo () that the linear operator B : Hy — H; given by

Bhy = P(®"(s0)h1 — Voo X" (s0)h1 — k1N (¥ec))

is bounded. Here ki is given by (2.39). Furthermore the operator As defined in the proof of
Proposition 2.5.3 is invertible, hence A5 'B. H — D(Ay) is a compact operator by compact
embedding and this in turn yields that (I + A;'B) is a Fredholm operator. In particular it holds
that dim N (I + A5 'B) < oo, whence N (L” (100, Vo)) is finite dimensional. Note that

) X

N(L"(thso,¥o0)) € D(A2) X (H3(2) N Loo(2)) = Loo(2) X Loo ().

Furthermore, by Hypothesis (H7), the restriction of L’ to the space D(A3) x (H5(2) N Lo (R2)) is
analytic with values in Lo(€2) x L2(€2). For the definition of analyticity in Banach spaces we refer
to [9, Section 3]. Now the claim follows from [9, Corollary 3.11].

O

Remark: Tt is possible to consider the smaller space V = Vi x (H5 () N Lo (Q)), r < 1, instead
of V.= V) x V5. In this case we replace the norm of L'(u,v) on the right side of the Lojasiewicz-
Simon inequality by the stronger norm |L'(u,v)|vxm, (cf. also [17]). Then all results of this
section remain true, provided that ¥(Ry) is relatively compact in Lo (£2).

Let us now state the main result of this section.
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Theorem 2.5.5. Let (¢,19) be a global solution of (2.31) and suppose that (H1)-(H7) hold. Then
the limits

75lim Y(t) = Yoo, and tlim I(t) =: Voo = const
exist in H3 () and H5(Q), r € (0,1), respectively, and (Voo, Vo) is a solution of the stationary
problem (2.37).

Proof. Since by Proposition 2.5.3 the w-limit set is compact, we may cover it by a union of finitely
many balls with center (¢;,6;) € w(¢,d) and radius §; > 0,4 =1,...,N. Since L(u,v) = Lo on
w(¥,9) and each (p;, 6;) is a critical point of L, there are uniform constants s € (0, %], C > 0 and
an open set U D w(v, ), such that

|L(u,v) — Loo|* ™% < C|L' (u, v) |y~ (2.41)
for all (u,v) € U. After these preliminaries, we define H : R; — Ry by
H(t) := (L(4(t), 9(t)) — Loo)®.

The function H is nonincreasing and lim; ..o H(t) = 0. A well known result in the theory of
dynamical systems implies further that lim; o dist((¢(t),9(t)),w(,9)) = 0, i.e. there exists
t* > 0, such that (¢(t),9(¢)) € U, whenever ¢t > ¢*. Next, we compute and estimate the time
derivative of H. By (2.23) and Proposition 2.5.4 we obtain

D h) = s (—d Lw(t),ﬁ(t))) L), 0()) — Lo

Cdt dt
Vu@)3 +[VI®)[5
>C (2.42)
[ (9 (), 9()) v+
Now we have to estimate the term |L'(1)(t), ¥(¢))|y~. For convenience we will write ¢ = v (t) and

¥ = 9(t). From (2.34) we obtain

(L' (46, 0), (h, k))ve = /

Q

= /Q(,u—ﬁ)h dx—i—/g(ﬁ—ﬁ))\’(w)h d:c+/Q(19—19)b’(19)k: da

(— A + &' ())h d:v—&-/ﬂﬁb’(ﬁ)k dx—ﬁ/ﬂ(x(zp)mb'(ﬁ)k) dz

(2.43)
An application of the Holder and Poincaré inequality yields the estimates
| [0 = TN (@)h dol < N ()]0 = Tl < AT Il (2.44)
| [0~ DOk dal < (0)l0 ~ Tilbls < Vol (2.45)
and
| [ = mh del < Vol (2.46)

whence we obtain the estimate

L' (4 (t),9(t))

by taking the supremum over all functions (h, k) € V' with norm less than 1 in (2.43)-(2.46). This
in connection with (2.42) yields

ve S C(IVu)l2 + [VI(D)l2),

—%H(t) > C(IVpu(t)2 + [VI(t)]2),
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hence Vu, Vi € Lyi([t*,00),L2(2)). Using the equation Oy = Apu we see that Opp €
Ly ([t*,00), H3(Q)*), hence the limit
lim () = e

t—oo
exists in H3(Q) by Proposition 2.5.1.  From equation (2.31), it follows that die €
Ly ([t*,00); HA(Q)*), where e := b(¥) + A(2), i.e. the limit lim;_ ., e(t) exists in Ha(Q)*. This
in turn yields that the limit

tlirglo b(Y¥(t)) =: beo

exists in Hj(Q)* and by relative compactness (cf. Proposition 2.5.1) also in L2(Q). By the
monotonicity assumption (H6) we obtain 9(t) = b=1(b(9(¢))) and thus the limit of ¥(t) as t tends
to infinity exists in Lo(§2), again by (H6). From the relative compactness of the orbit J(R;) it
follows that the limit

lim 9(t) = Vos

t—o0
also exists in H3 (), r € [0,1). Finally Proposition 2.5.3 (ii) yields the last statement of the
theorem.
O

2.6 Appendix

Proof of Proposition 2.3.1

Let (u,v),(q,0) € Br(u*,v*). By (2.6) it holds that u,% and v,o are uniformly bounded in
C1(Q) and C(Q), respectively. Furthermore, we will use the following inequality, which has been
proven in [47, Lemma 6.2.3].

[f(w) = @)y, < p(T)(Jw = @[gzo,) + [0 = Dloo), 0<s<so<1, (2.47)

valid for every f € C?7(R) and all w,w € BL(u*) UB%(v*). Here u = u(T) denotes a function,
with the property pu(7) — 0 as T — 0.
(i) By Holders inequality it holds that

|AD' (u) — AV (@) | x (1) < [Aud” (u) — Aud” (@)|x (1) + || Vul*@" (u) — [Va|*®"" (@) | x (1)
< AU, rp | @7 (1) = ()| + | At = A]y | " (@) |17,
+ TP (|Vul% oo |®" (1) = " (@) 0,00 + [Vt = Vit]og 00 |8 (1) |o0,00)
< T/ (|Au|rpmp|q)”(“> — ®"(@)]o0,00 + [Au — Amf’p,rp‘q)ﬂ(ﬂ)kqw)
+ TP (|Vu|go’oo|(1)/”(u) - (I)m(a)‘m,oo + |Vu - vmoo’m‘q)m(ﬂ”oo’m) )
since u,u € C(J;CY(Q)). We have
Aw € HP/2(J; H21792)(Q)) — L, (J x Q), 62 € [0,1],
for every function w € Z!(T), since 7 > 1 may be chosen close to 1. Therefore we obtain
A (u) = AV (@) xry < pa(T) (R+ [u 1) u— s,

due to the assumption ® € C*~(R).
(ii) Here we will proceed in several steps. Firstly we consider the term (N (¢g) — N (u))Av —

(X (¥o) — N (u))Av.
[N (%0) = N'(u))Av — (N (o) — N(@)) Av|x (1)
< [N (o) = N (u)A(v = )| x (1) + [(N (1) = N(@))AD| x (1)
< o = Uloo,00|V = Ul z2(7) + |U — Ul 00,00 0] 22 (1)
< (Jtho = U™ foo,00 + |U" = Uloo,00) [V — 77|ZQ(T)
+ [u—ulz1(7) (|0 = 0| z2(1) + [v*] 22(7))
< C(pa(T) + R)|(u, v) — (@, 0)]1,
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since A € C*~(R). Next, we consider the term V(X () — N (u))Vv — V(N (1) — N (1)) Vo. We
obtain
V(N (1ho) = X' (u)) Vv = V(X (o) — N(@)) V0l x (1)
< VN (%0) = N ()loo V(0 = 0) | x () + [V(N (1) = XN (@)oo VO x (7).
Since
V(N (o) = N (u)) = Vibo (N (o) — A" () + X (u)(Vibo — Vu),
and the same for V() (u) — X (1)), we may argue as above, to conclude
V(N (tho) = X' (u))loo,00 |V (v = ) x (1) + [V(N (1) = N(@)) 50,00 VO] x (1)
< (u2(T) + R)|(u, v) — (@, 0)]1.
Finally, we estimate the remaining part of (ii) with Holder’s inequality to the result
[WA(N (o) = N (u)) = DA (¥o) — N (@))|x (1)
< [0 = Blog,00 [ AN (Y0) = N (W) x () + [0]rp,rrp AN (w) = N (@) rp,rps
(2.48)
where 1/r + 1/r' = 1. For the first part, we obtain

[AN (tho) = N (u))lx () < [A%0lp|A" (1h0) = A" ()]se .00 + [Atho — Aulp| A" (1)]sc,00
+ Vo io,oo|/\"'(¢o) = N (1) |oo,00 + X" ()] 00,00 Vb0 = V] oo, 00
< C(|vo — u|00,oo + Vo — vu|0<>,oo + |Avo — Au|pap)
< O(:U'Q(T) + R)v
since ¢o € HZ(Q) N C'(Q) and XA € C*~(R). For the second term in (2.48) we obtain

|A(/\'(u) - )‘/(a)”rp,rp < |Au‘rp7rp|/\”(u) - )‘N( )|oo oo T ‘)‘”( )‘oo ol Au — Au|rp rp
+ |vu|c2>o,oo|)\//l( ) — )\///( Moo,00 + ‘)\///( Moo,00 VU = V] o6 00
< Clu — |z (1),

since

u, i € C(J;CYQ)) and 7 > 1 can be chosen close enough to 1, due to the fact that v €
C(J;C(Q)).

Finally, we observe
0lprprrp SN0 =0 |eprp + [0 |y < p2(T) + R

This yields (ii).

(iii) For simplicity we set f(u,v) = agN (¢9) — a(v)X (u). Then we compute
| f(u,v)0pu — f(u,0)0:] x (1)
< 0 fa,0) — £(@8)) |y + (@ 5) (Oru — ) xr) (2.49)
< (10eu = Ou™[ x (1) + 100 [ x (7)) | f (u, v) = f (@, D) ]oo,00 + | f (U V) |oo,00|Opu — O] x (1)
< C(ps(T) + R)|f (u,v) = f(20)]oo,00 + |f (U 0)|oo,00Oru — Oyt x (1)

Next we estimate

|f(u,0) = f(@,0)]00,00 < la(v)(N (1) = N(@))|oo,00 + [N (@) (a(v) = a(0))]so0,00
< |a(U)‘oo,00|X(u) - )‘/(a”oo,oo + |\ () |o0,00|a(v) = a(D) o000
< CO(lu — tfoo,00 + [V = V]oo,00) < Cl(u,v) — (4, 0)]1.

Furthermore, we have

| £ (@, 9) 0,00 < 1a0]oo,00|A (%0) = N (@) |oc,00 + [A (@) |os,00]@0 — a(0)] 00,00
< C(W)O - ﬂ|oo,oo + |790 - 5|oo,<>0>
< C(ypo — U*|0<>,oo + |u* — a|007c>o + 9o — 'U*|00,oo + |v* — 17|00-,00)
< Clus(T) + R).
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The last two estimates together with (2.49) yield (iii).
(iv) The proof of this assertion follows the lines of (ii).
(v) We compute

[(a(v) — a() folx (1) < |a(v) — a(V)|oo,c0l fol x(T) < [V = Vool folx(T)
< ps(T)|v = 0| z2(1y < ps(T)|(u,v) — (%, 0)]1,

since fo € X(T) is a fixed function, hence |fa|x 7y — 0 as T'— 0.
(vi) By trace theory, we obtain

|0u(2" () = (W) ly; (1) < C1¥'(u) = D" @)] 17251 () + |2/ (W) = @)1, (11202

The second norm has already been estimated in (i), so it remains to estimate ®'(u) — ®'(@) in
H;/2(J; L,(9)). Here we will use (2.47), to obtain

() (@) 12y, < (TN~ gz, + 1~ )
< :U’G(T)C|u - a‘Zl(T) < NG(T)C|(u7U) - (77’7{))'17

since sg < 1.
(vii) We may apply (ii) and trace theory, to conclude that it suffices to estimate

(N (o) = N (uw)v — (N (¥0) = X (@))v = (X' (tho) — N'(w))(v = 0) = (X (u) = X' (a))v
in Hy?(J; Ly(Q)). This yields
[N (%0) = XN () (v = D) yrr2p, g <IN (W0) = N (W)l arz g )10 = Dlos .00 + [ ($0) = N (u)]os 000 = 0l sz,
< (Vo) = N (W)l ey + N (W) = XN (W)l gz ) =0l z2r)
+ (10 — U |os,00 + U™ — tfoo,00) [V = V] 22(1)
< (|X(¢o) =N @) s,y + TR A+ (ur(T) + R)) |v — 0| z2(7),

where p = p(T) is from (2.47). Clearly N (ihg) — N (u*) € oHp'?(J; Ly(2)), since ¢ does not
depend on t and since A € C*~(R). Therefore it holds that

/ )/ *
|>‘ (¢0) A (’LL )|H11,/2(Lp) —0
as T — 0. The second part (A (u) — X' (@))v can be treated as follows.
(V) = N (@)l a2 1, < IV () = X @172 Plocrse + X () = N (@)ool 172,
< C((T) + R+ pr(T))lu — tl 21 (1),

where we applied again (2.47). This completes the proof of the proposition.

Proof of Proposition 2.4.1
Let J2 . := [, Tmax] for some small § > 0. Setting A% = A% with domain

D(A?) ={u € Hy(Q) : Oyu = 8,Au=0 on 00},
the solution ¥ (t) of equation (2.20); may be represented by the variation of parameters formula
t
(t) = e g + / AW (N ((3))0(s) = @' (0(s))) ds, ¢ € Ty, (2.50)
0

where e=4”* denotes the analytic semigroup, generated by —A2 = —A2, in L, (). By (H3), (H4)
and (2.25) it holds that

D' () € Loo(Jmax; Lo () and  XN(¢) € Loo(Jmax; Le(£2)),
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with ¢o = 6/(v + 2). We then apply A", r € (0,1), to (2.50) and make use of semigroup theory to
obtain
¥ € Loo (i Hyy (), (2:51)

valid for all 7 € (0, 1), since go < 6. It follows from (2.51) that ¥ € Loo(JSax; Lp, () if 2r —3/q0 >

—3/p1, and

©'(¢) € Loo(Jaxi Ly (@) as well as - X' () € Loo(Jans Ly, (),
with ¢1 = p1 /(v + 2). Hence we have this time
) € Loo (S HIT(Q)), 7€ (0,1).
Iteratively we obtain a sequence (pn)nen, such that

27”*3>7 3 , neNg

dn Pn+1

with ¢, = pn/(71 + 2) and po = 6. Thus the sequence (p,)nen, may be recursively estimated by

1 > Y+2 2770’
Pn+1 DPn 3

for all n € Ny and r € (0, 1). From this definition it is not difficult to obtain the following estimate
for 1/pp41.

1 S (’y+2)”+1 2r

=z (7+2)
Pn+1 Do 3 P
(2t 2 ((7+2)”+1—1)
Do 3 v+ 1
1 2r 2r
= )yt [ — € Np. 2.52
ot (- ) i ey (2.52)

By the assumption (H3) on v we see that the term in brackets is negative if r € (0, 1) is sufficiently
close to 1 and therefore, after finitely many steps the entire right side of (2.52) is negative as well,
whence we may choose p, arbitrarily large or we may even set p, = oo for n > N and a certain
N € Ny. In other words this means that for those r € (0,1) we have

€ Loo(J3haxs HY'(Q)), (2.53)

for all p € [1,00]. It is important, that we can achieve this result in finitely many steps!

Next we will derive an estimate for dy¢. For all forthcoming calculations we will use the abbre-
viation 1) = ¢(¢) and ¥ = 9¥(t). Since we only have estimates on the interval JZ__, we will use the
following solution formula.

t—4

i) = ey [ A (V@) - @) (E - 8) s, tE i
0

where 15 := 1(9). Differentiating with respect to ¢, we obtain

t—6
oY(t) = A/ e A (N ()00 + N ()00 — @ (0)A)(t — 5) ds + F(t,5,95),  (2.54)
0
for all ¢t > ¢ and with

F(t, b5, 95) 1= Ae™ "0 (N (15)05 — @/ (1)) — A% 0705,
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Let us discuss the function F in detail. By trace theory we have 15 € Bpp 4/ (Q) and 95 €

B}%p_Q/p(Q). Since we assume p > (n + 2)/2, it holds that ¢s,9s € Loo(€2). Furthermore, the

semigroup e~ A% ig analytic. Therefore there exist some constants C' > 0 and w € R such that

1 1 wt
|F(t’¢57195)‘LP(Q) < C <(t—6)1/2 + t_5> €,
for all t > §. This in turn implies that
F(-,5,95) € Ly(Jia x Q)

for all p € (1,00), where 0 < 6§ < ¢’ < Tinax. We will now use equations (2.31), , to rewrite the
integrand in (2.54) in the following way.

N(@) ) NP

(000 = ()00 + X (1000 = (V' (0)0 — 2" () + 5 oo - T 1E
— div Kx’ww A ((‘g)) - @”(w)) w} + div [28?)) w]
(2.55)
_v (X’(w)ﬁ _ Ab/,(gg)) _ @"@p)) Y v;gf)) )

Thus we obtain a decomposition of the following form

(X' ()9 = @" (1)) 0t) + N ()09 = div(f, Vo + foVV) + g Vi + g9V + h, VIV + hy |V,

with
/ 2 l
fu = X G ), S )
g = — <>\///(¢)19 _ 2)\’('(1/;/)()1;/;(1/}) . q)//(’l/))> Vo, gy = — )l\)///((;/; Vb,
o b”(ﬁ))\/(l/i)Q - b ()N ()
= M) = =g he =

By Assumption (H5) and the first part of the proof it holds that f;,g;,h; € Loo(J3 % ) for
each j € {u, ¥} and this in turn yields that
Aiv(fuV e+ fo V) € Lo(Jppas H3 (2)7),
g Vi +go - VU € La(J],, % Q)
h, N -V + hg|VO|? € Ly(J2

max )
where we also made use of (2.25). Setting
—A%t  3: —A%t
T, = Ae wdiv(f, Vi + foV1), Tp = Ae % (gu - Vi + go - VU)
and )
= Ae % (h, VO - Vi + hy|VI|?),

we may rewrite (2.54) as
Op =Ty + Ty + T3 + F(t, 10, ).

Going back to (2.54) we obtain

Ty € Hy*(J?

de7

L3()) N Lo (S0 H () = La( 0 x Q),
Ty € Hy/* (S La(D) N Lo (T HE(Q)) = Lo(J x Q), and
( 1/)57195) € LQ(Jm'lx X Q)
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Observe that we do not have full regularity for T3 since A has no maximal regularity in L (), but
nevertheless we obtain

Ts € Hy'* (Ja L1 () N La (S HY~ (Q)).
Here we used the notation H;~ := H;~° and € > 0 is sufficiently small. An application of the
mixed derivative theorem then yields
1/2—
HY?™ (s (@) 0 Lt (Tt HY () = Lyt L2(Q),

if p € (1,8/7), whence
atw € LQ( max X Q) +L (Jrflax’ (Q))

for some 1 < p < 8/7. Now we go back to (2.55) where we replace this time only 9;¢ by the
differential equation (2.31), to obtain

(X090 = 8 (0)0cD + X ()00 = (X0 - 3(0) - XW) o

b (9)
[N (W) X’(w) X(%/f)b”( ) o2

= fOup + div [gVI] + h - VI + k|VI|*.
Rewrite (2.54) in the following way
Op = S1+ S2+ S5+ Sa + F(t, o, Vo), (2.56)
where the functions S; are defined in the same manner as T;. Since f,g,h € Loo(J2, % Q) it
follows again from regulamty theory that

S1 € Hy*(J5 1 Lo(9)) 1 La( s HE(Q)) + HY? (T8 La()) 1 Ly (T HE(Q)),

s, €H1/4(ngax’ (Q))QLQ(ngax, I(Q))a
S5 € Hy' (T L2()) N La( s H3 ()

and it can be readily checked that

H1/2<J6’

max’

Ly()) N Ly (T3,

max 7

H3(Q)) = Lo(J},

max Q)’
whenever p € [1,2]. Now we turn our attention to the term Sy = Ae= A%ty k| V9|2, First we observe
that by the mixed derivative theorem the embedding
FHT (D)) = Lo(Jax %

max

Zy = HY* (T

max )

Ly () N Ly (T3,

IIlaX’ Q)
is valid, provided that ¢ € (8/5,2]. Hence it holds that
|Sil2,2 < C[84lz, < ClEIVIP g1 < CIVII3, 5,

with some constant C' > 0. Taking the norm of 99 in Lo(J, &

max

x 1) we obtain from (2.56)
3
0]z, < C | Y120 + (VO30 + [F (-, 005, 05) |22
j=1
The Gagliardo-Nirenberg inequality in connection with (2.25) yields the estimate

V|2, 5 < o[ V2% VIR < o wRll
2q,2 00,2
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provided that a = 1/¢. Multiply (2.20), by 0,9 and integrate by parts to the result

/Qb’( (t,x))|0s9(t, x)|? dz+ 5 7

GIVIOE = = [ N((t.0)00(t0)019(0,3) e
Making use of (H5) and Young’s inequality we obtain

U3+ 3 IVIOE < ColDfE s + [V90). (257)
after integrating w.r.t. ¢. This in turn yields the estimate

V93,5 < VOIS < e(1+ 8035 ™).

In order to gain something from this inequality we require that 2(1 —a) < 1, i.e. ¢ is restricted by
1 < ¢ < 2. Finally, if we choose ¢ € (8/5,2) and use the uniform boundedness of the Ly norms of
S;, j €{1,2,3} we obtain

[0blzz < C(L+ |05 ™").

Since by construction 2(1 —a) < 1, it follows that the Lo-norm of 8¢ is bounded on J2 x Q. In
particular, this yields the statement for ¥ by equation (2.57).

Now we go back to (2.54) with 6 replaced by ¢’. By Assumption (H5), by the bounds 9;9, d;1) €
Lo(J2, s Ly(€)) and by the first part of the proof we obtain

max?

X' ()00 + N ()00 — @ (1)3) € La(Jax; L2(2)).
Since the operator A? = A? with domain
D(A?) = {u ¢ H;I(Q) s Opu = 0,Au = 0}
has the property of maximal L,-regularity (cf. Theorem 1.4.3), we obtain from (2.54)

O — F (-, by, V) € HY (TS

max’

(Q)) N L2(J31ax7 2<Q)) — Ly, (ngax, (Q))7

and the last embedding is valid for all » < 2(n + 4)/n. By the properties of the function F' it
follows

athL ( mdx7L (Q))7

for all » < 2(n 4+ 4)/n and some 0 < ¢” < Tipax. To obtain an estimate for the whole interval
Jmax, we use the fact that we already have a local strong solution, i.e. ;¢ € L,(0,8";L,(Q)),
p > (n+ 2)/2. The proof is complete.



Chapter 3

The Non-Isothermal Cahn-Hilliard

Equation with Dynamic Boundary
Conditions

3.1 Derivation of the Model

The derivation of the classical non-isothermal Cahn-Hilliard equation

atw_A/J’:O’ n= —AT/)+(I’/(T/J)_)‘/(¢)797 te Ja er7

3.1
B0 + N (W) — A9 =0, tel zeq, (3:1)

follows the lines of Chapter 2. This time we start with a free energy functional of the form

F.0) = [ (G908 + 8w) - A0 - 50 do

where we assume that the relative temperature ¢ varies in time and space. The chemical potential
1 and the internal energy e are given by the variational derivatives

_GF

H=55 = —Ay + @' (1) = N (¥)0,
and SF
e= 39 =394+ Av).

To incorporate dynamics into these stationary equations, we assume that the order parameter v
and the internal energy e are conserved quantities, subject to conservation laws. These read as
follows

Oy +divy =0, e+ divg=0,

with the boundary conditions (j|v) = (¢lv) = 0, where v is the outer unit normal on I' = 9.
Here ¢ is the heat flux, which in this paper is assumed to be given by Fourier’s law ¢ = —V4¢ and
j denotes the phase flux of the order parameter 1) which is assumed to be of the form j = —Vy,
a constitutive, but well accepted law. Since (j|v) = 0, we obtain 9, = 0. Concerning ¥ we will
use Robin boundary conditions, namely o) + 0,79 = 0, where o > 0 is a constant. Since (3.1), is
an equation of fourth order, we need another boundary condition for 1. Usually one uses further
classical boundary conditions, e.g. 0,1 = 0. Recently, to account for boundary effects, the authors
in [22] proposed a dynamic boundary condition of the form

O — osAry) + 70,0 + kip = 0, (3.2)

43
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which we will use in our model, where o4,7 > 0, K > 0. Hence, the system we investigate is

Db~ Ap=fi, p=—Ap+ (W) - NWW, ted ze,
O+ N )0 — A9 = fo, ted, xe,
opp=gy, ted, zel,

) — o Artp +yO, 0 + k) =go, tE€J, x €T, (3.3)
ad+0,9=gs, teld zel,
P(0) =1, t=0, z€Q,
9(0) =g, t=0, z €,

where Q C R” is open, bounded with compact boundary I' := 9Q € C* and f;,g;,%0,9 are given
functions in appropriate function spaces to be defined later. We are interested in solutions

Y e H;(JQLP(QD n LP(J§H3(Q)> = Zl7

9 € HY(J; Ly() N Ly (J; HA(Q) =: 22,

with
Ylr € Hy(J; Wy~ H/P (1) 0 Ly (J; W, VP () =: Zp.

Let us explain, where the basic space Wﬁ‘l/p(r) for v|r comes from. Taking the trace of ¢ on T,
this yields
Yl € Wy V(T3 Ly(T) N Ly (J; W, VP (T)).

We apply the Laplace-Beltrami operator Ar to v¥|r, to obtain
Ary|r € L, (J; W271/P(Q)).
If we treat the dynamical boundary condition as a heat equation on I', this will result in
Ylr € Hy(J; WP (1) 0 Ly (J; Wy~ H/P(T)),

since

0, € W/~ (T3 Ly (D)) N Ly (J; W VP(T)) = Ly (J; W~ HP()).

In the sequel we will use the notation

Z'nzi ={ue Z" :ulr € Z1}.

3.2 The Linear Problem

Before we deal with the linearized version of (3.3), we need some preliminaries. Firstly, we want
to set fs, g3, 99 = 0. For this we consider the system

ov—Av=fy, ted xe

av+ov=gs, teJ xzel, (3.4)
v(0) =10y, t=0, ze€.
By Theorem 1.4.3 there is a unique solution 91 € H)(.J; L,(Q)) N L,(J; H2(Q)) of (3.4), provided
fo € Ly(J x Q) = X, ¥y € BZ, /P(Q) =: X,

g3 € W27 (J; Ly(T)) N Ly (J; W, ~H/P(T)) =: Y,

and the compatibility condition ady+ d,%9 = gs|t—o is satisfied, whenever p > 3. Taking the latter
for granted, we may set fs, g3, %o = 0 in (3.3).
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Secondly we want to replace ¥ in (3.3); by a term only depending on ¢ and some given data.
Therefore we will solve the inhomogeneous heat equation

8 — A = —9A), 9(0) =0 (3.5)

with homogeneous Robin or Neumann boundary conditions. Suppose that we already know a
solution (¢, ) € (Z'NZL) x Z? of (3.3). Assuming that )’ is bounded we have d;A(¢)) € L, (J x Q).
Let Ax = —Ag, K = R, N, where R and N stand for Robin and Neumann boundary conditions,
respectively. By e=4%? we denote the bounded analytic semigroup, generated by —Ag in L,(9).
The solution ¥ to (3.5) may then be represented by the variation of parameters formula

I(t) = — / t e A= \(¢)(s)) ds.

0

Our aim is to split the derivative J; into 6t1 / 283 /2. But this is only possible if one applies 9; to

a function with vanishing trace at ¢t = 0. Since in general A(¢g) # 0, we insert a function, say
wo € ZY, with wy(0) = A(1p). For the existence of such a function wy we consider the initial
boundary value problem

dw+AN*w=0, tel ze,
OAw=gqg), ted zel,
ow=gsy, teJ xel,
w(0) = A(vo), t=0, €.

(3.6)

Let e~A% denote the analytic semigroup, generated by —AZ in Ly(T). Weset g1 = 0if p <5,
g1 = e 2O, AN(ho) if p> 5 and go = 0 if p < 5/3, go = e~ 2118, A(o) if p > 5/3.
The well-posedness of (3.6) is guaranteed by the following proposition.

Proposition 3.2.1. Let p > (n+4)/4, p # 5/3,5 and let ¢y € 32;4/17(9). Then there exists a
unique solution

wo € Hy(J; Lp(Q)) N Ly(J; H,, (2))
of (3.6).
Proof. We will use Theorem 1.4.3 for the proof of the assertion. To this end we have to show
(i) g1 € W/ Ly (D) 0 Ly (T3 Wy~ VP (D));
(i) g5 € W7V (; Ly(D)) N Ly (J; Wy~ /(D))
(i) A(vo) € Bpy */7(9);
(iv) OvAX(Wo) = g1le=o, if p > 5;
(v) 9, A(¥o) = gali=0, if p > 5/3.

By construction, the compatibility conditions (iv) and (v) are satisfied. We turn our attention to
the initial value A(1)). First observe that the embedding

B, P (Q) < O(Q),
is true, provided that p > (n + 4)/4. Furthermore we have
Yd
Ao(e) = Ao = | | GAGun(a) + (1 0)in(w) do
0

< o) — 1o()| / V(B0 (z) + (1 — 0)o(y))] db,
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for all 2,y € Q. Since 1y € C(Q) and N € Lo (R) we obtain the estimate

Ao () = At ()] < Mlgo(x) = Yo(y)l;

for some constant M > 0 which does not depend on x and y. Then (iii) follows from the definition
of the spaces B, via differences at least if 4 —4/p € (0,1). Consider the case 4 — 4/p € (1,2).

Then it suffices to show that V(i) € 33;4/1)((2) = W,‘?’_Mp(Q). By Holder’s inequality for these
spaces we obtain

IVAW@Wo)lypa-1re < [Vibolyya-ar| N (Vo) Lo + [N (t0)lyy3-4r0| Vibo

L,rpo

with 1/r + 1/r" = 1. The first term is finite, so we may concentrate on the second one. By the
arguments above there exists a constant M > 0 such that

|>\/(1/}0)|W7‘:5;4/P < M(l + |w0|W§;4/1’)'

Sobolev embedding implies
Yo € By, YP(Q) — WP (Q)

provided that n/r’" < p. Furthermore we have W§_4/p(f2) — Lpp(Q) if n/r" > 4 +n — 3p, hence
44 n — 3p < p or equivalently p > (n + 4)/4. This yields Assertion (iii) if 4 — 4/p € (1,2). The
arguments for larger values of p are similar. We omit the details.

Finally, by trace theory, we obtain

Oy M(wo) € BEP/P(T) and  89,AN(h) € BL*/?(I),

if p>5/3 and p > 5, respectively. It is well-known that the analytic semigroup e~APt has the
property of maximal L,-regularity and so (i) and (ii) are satisfied.

O
With the help of such a function wy we may write
t t
00 = = [ AR D0ug(s) ds [ e AIBO() - wols)) ds+ 010
0 0
= D(t) = 0,2 (3: + Ax) 1P (MW (1)) — wo()) + D1 (1), (3.7)
with Ja(t) := — fot e~ Ax(t=9)9wg(s) ds. As we will see in Section 3, the splitting of the time

derivative 9; yields a lower order term, compared to (9; + A?)y. Thus it remains to solve the
problem

O+ A% = AP () + AN () F(¥)) = AN ($)9*) + f, ted, ze,

&Y = 0,2 (1) + 0 (N (V)F () — 0 (N (¥)9") +9, teJ z €T,
O — o Arp +v0,0 + ko =h, tedJ xel, (3.8)

Y(0) =1y, t=0, z€Q,

with F(¢) := 8:/2(& + AK)’latl/Q()\(d)) —wp) and ¥* = ¥; +¥5 € Z2. The corresponding linear
problem to (3.8) reads as follows

du+ANu=f, telJ zeQ,

OAu=g, ted zel, (3.9)
ou —osAru+yo,u+ku=h, teJ xzel,
u(0) =ug, t=0, z e

Here is the main result on maximal L,, - regularity of (3.9).
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Theorem 3.2.2. Letn € N, 1 < p < 00, p # 3,5 and let 05,7y > 0 and k > 0 be constants.
Suppose Q0 C R™ is bounded open with compact boundary T = 92 € C* and let J = [0,T]. Then
there is a unique solution u of (3.9) such that

u € Hy(J; Ly(Q)) N Lp(J3 Hy(Q) = 27,

with
ulp € Hy(J; Wy~ P(1) N Ly (J; W~ /P (1) = 24,

if and only if the data are subject to the following conditions.
(i) feLy(JxQ) =X,
(ii) g € Wy L, (D) 0 Ly (J; W, P(D) = 1,
(iii) h € Ly(J; W, /P()) = Ya,
(iv) uo € {w € By, P(Q) s wlr € By, P(D)} = X1,
(v) 9,Aug = gli=o, if p > 5.

Proof. This theorem is a special case of [34, Theorem 2.1]. O

3.3 Local Well-Posedness

In this section we will apply the contraction mapping principle to overcome the nonlinearities in

Ou+ A%u=AGu)+f, telJ zeqQ,
O Au=0,G(u)+g, teldJ, zeT,

Opu — osAru+yo,u+Kku=h, teJ x€T, (3.10)
u(0) =1, t=0, z €,

where
G(u) = & (u) + N (u)F(u) — N (u)9*.

For that purpose let 99 € X, r, f € X, g € Y1 and h € Y5, as well as ¥y € X, be given, such that
the compatibility condition

9, Atho = (P’ (o) — N (¥0)V0) + gli=0, if p > 5,
is satisfied. We furthermore assume that A\, ® € C*~(R) and we will use the embeddings
HX(J; Ly(Q) N Ly(J; HE(Q)) — C(J; Bay /7(Q)) — C(J x Q), (3.11)
valid for p > n/4 + 1. For [0,T] C [0, Tp] we define
By :={w e ZYT) : wlr € ZL(T)}, and (E; :={w € E; : w|i—o = 0}

and
Eo:= X(T) x Y1(T) x Yo(T), and oEq:={(f,9,h) € Eg: glt=0 = 0}.
The spaces E; and Eq are endowed with canonical norms |-|; and |-|o, respectively. Let furthermore
A := —Ar. By Theorem 3.2.2 there exists a unique solution u* € E; of the linear system
du+ANu=f, tel zeq,
O, Au=g— e_Aztgo7 teJ zel,
owu —oAru+~yo0,u+ku=h, ted xel, (3.12)
u(0) =1, t=0, z €,
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where go = 0, if p < 5 and gg = glt=0 + O, Ay, if p > 5. We define a linear operator L : E; — Eg
by
Ow + A%w
Lw = 0, Aw
Oyw — o Arw + pd,w + Kw

Consider L as an operator from oE; to ¢Eg. Then by Theorem 3.2.2, L is bounded and bijective,
i.e. an isomorphism. Hence, by the open-mapping theorem, LL is invertible with bounded inverse.
Next define a nonlinear mapping G : E; x ¢Ey — ¢Eg by means of

) AG(u* + w)
G w)= |0,Gu*+w)—g1|,
0

where g7 = 0, if p < 5 and g1 = e’Azt&,G(u*)\t:o if p > 5. We will show in a subsequent
proposition that the range of G is indeed a subset of ¢Eq. For the moment, assume that this result
is already at our disposal. It is then obvious that u := u* 4+ w is a solution of (3.10) if and only if
Lw = G(u*,w) or equivalently w = L™'G(u*,w). Define a ball Bg C oE; by

BR = BR(O) = {w S ()El : |’LU|1 S R}, Re (07 1},

and an operator 7 : B — oE; by 7w = ]L’l(?(u*, w). In order to apply the contraction mapping
principle we have to ensure that 7 is a self-mapping, i.e. 7TBr C Br and that 7 defines a strict
contraction on B, i.e. there exists a number § < 1 with

|[Tw—Tw|; < Blw— |1, w, @€ Bg.

We need some preliminaries to prove these properties. First we observe that all functions belonging
to Br are uniformly bounded on J x Q. Indeed, by (3.11) it holds that

wloo < M|z < Mluly < MR < M,

with a constant M > 0, independent of T', since w|;=g = 0 for all w € Bg.
For all forthcoming considerations we define the shifted ball Bg(u*) C E; by means of

Br(u*) :={w ek :w=w+u", we€Bg}.

Note that all functions w € Br(u*) are uniformly bounded, too. In the sequel we will also make
use of the well known estimate

|fg

H3(L,) < C(|f|L0/1p(L,,./lp)‘g|Hglp(LT1p) + |9‘LUéP(LTép)|f|H§2P(LT2p))7 (3.13)

where 1/0; + 1/0} = 1/ri +1/r; =1, i = 1,2, s € [0,1]. Indeed, this is a consequence of the
definition of the spaces H via differences and Holders inequality (cf. also [44]). Next, by [47,
Lemma 6.2.3] there is a function u(T) > 0, with u(T) — 0 as T'— 0, such that

|fw) = )|z, < m(D)(u—vlgom,) +lu—vlx), 0<s<so<l, (3.14)

for every f € C?~(R) and all u,v € Bg(u*). Now we show that F(w), w € Br(u*), represents a
lower order term in (3.10), which is crucial to establish the desired properties of the operator 7.
By the mixed-derivative theorem we obtain

wy € Z" — HY/*(J; Hy(Q)) — Hy(J; Hy (9)),

for every s € (0,3/4). By (3.13) we see that AN(w) € Hj(J;H)()), s € (0,3/4), too. Thus
(Mw) —wo) € oH3(J; H(Q)), and for 1/2 < s < 3/4 and every n € oHj(J; H,(£2)) we obtain

(0 + Ar) 18P € GHITVA(I HNQ)) N oH V(T HA(Q)) — oHSH V(1 HE2(Q)),
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for each 6 € (0,1) and s € (1/2,3/4), where the latter embedding is due to the mixed-derivative
theorem. Finally it holds

0,20, + Ar) 107 L GHI(T HL(Q)) — oHSPOTN I HETP(Q), fe(1-s,1).  (3.15)
The following proposition shows that the Lipschitz property of A carries over to F'.

Proposition 3.3.1. Let p > n/4+1, A € C*~(R) and J = [0,T] C [0,Tp]. Then there exists a
function p(T) > 0, with u(T) — 0 as T — 0, such that for every s € [,3), and all u,v € Bg(u*)
the estimate

|F(u) — F(v) ) +|VF(u) —VF(U)|H;71/2(H}17)

+ |AF(u) — AF(U)|H;71/2(LP) < u(T)|u—v|;

|H;*1/2(H3

1s valid.

Proof. By (3.15) it suffices to show that
) = A(©) gy < (T — .

Obviously [M(u) = A(v)|ms (1) < C(IMw) = A()|as(r,) + [VuX' (u) = VoX (0)|gs(r,)) and

[VuX (u) = VoX (v)|ms(z,) < CIVu(N (u) = N(0)|ms(z,) + [N (0)(Vu = Vo)

H;(Lp))~
Now (3.13) yields
|VU(>\/(U) . )\/(’U))|H;(LP) < O(To) (|VU|LT/P(LT/p)‘A/(U) - )\/(’U)‘Hﬁp(LTP)
+ TN () = X () ol Vet 1. )
as well as

N (v)(Vu — Vo)

Hy(Ly)

< C(Ty) (1Y = Volo, z,,) IN(0)

Hsy(Lrp) + Tl/g’p|Vu — VU‘H;},(LUP))'

Again by (3.13) we see that ‘)\/(v”ng(Lw) < TYP'P | N (0)| g (L,,p)- Observe that the embedding

rpp
Z' — HE,(Lyp) holds, whenever s < 1/r. To meet this requirement we set r = 4/3, i.e. v/ = 4.
Hence for sufficiently small p > 1 and by (3.14) we obtain the desired estimate.

O

The next proposition collects all the facts we need to show the desired properties of the operator
T defined above.

Proposition 3.3.2. Let p > (n+4)/4, \,® € C*~(R) and J = [0,T] C [0,Tp]. Then there
ezists a constant C > 0, independent of T', and functions p; = p;(T) with pj(T) — 0 as T — 0,
j=1,...,4, such that for all u,v € Br(u*) the following statements hold.
(1) |A®'(u) = AD'(v)|x (1) < pa(T)|u —vl1 ,
(i) (AN (@) F(w) = AN F©)|xr) < pa(T)u = v,
(i) 10,8 (u) — 0,9/ (0) vy ry < ps(Tlu — vl
(iv) 10, (N () F (1)) — 0, (N (0)F0) i 2y < 1a(T)]u — ols.

For each fired n € H)(J; Ly(Q)) N Ly(J; H2 () we have
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(v) (AN (w)n) = AN (0)n)|x () < Clnlz2|u—vl,

(vi) (8 (N (u)n) = 0 (X' (V)0 vy (1) < Clnlz2|u — 1.
The proof is given in the Appendix.

Note that we have also shown that AG(w) € X(T') and 0,G(w) € Y1(T) for each w € Br(u*),
where G was defined in (3.10). Thus the operator 7 : B — oE; is well defined. With our previous
considerations, it is now easy to verify the self-mapping property as well as the strict contraction
property of 7. Let w € Bg. Then we obtain

Tw = LG, w)) < [L7H|G(u*,w)lo
< C(IG(u", w) = G(u",0)[o +|G(u", 0)[o)
< C(AG(u" +w) = AG(u")|x (1) + |0, (G(u” + w) — G(u7))ly; (1)
+AG W) |x (1) + 0.G(W) |y, (1) + |91]vi (1)

By Proposition 3.3.2 there exists a function (7", with u(T) — 0 as T'— 0, such that
[AG(u" + w) = AG(u") | x (1) + [0, (G(u" +w) = G(u"))lyy (1) < w(T)|wly < u(T)R,

since w + u* € Br(u*). Thus we see that |Tw|y < R, if T > 0 is sufficiently small. We remark
that g, and G(u*) are fixed functions, hence |g1 |y, (1), |AG(v*)|x (1), [0, G(w*)|y, (1) — 0 as T — 0.
This shows that 7B C Bgr. Furthermore for all w,w € Br we have
Tw - Tl = LG, w) - G, @) < LG, w) — G, m)o
< C(AG(" +w) = AG(u” + @) |x(1) +10,G(u” + w) — 9,G(u” + )|y, (1))-

It is a consequence of Proposition 3.3.2 that
IAG(u* +w) — AG(u™ + )| x (1) + [0,G(u* +w) — 0,G(u* + )|y, (1) < w(T)|w — wly,

hence 7 : Bg — Bg is a strict contraction, if 7' > 0 is sufficiently small. Thus the contraction-
mapping principle yields a unique fixed-point w* of 7, i.e. a solution ¥ € E; of (3.8), which
depends continuously on the given data f € X, g € Y1, h € Y5 and 99 € X, r. Since OA(¢) =
YN (1) € Lp(J x ), there is a unique solution ¥ € Z2(T) of

O —Av == AV)+ fo, teJ, ze€Q,
av+0ovw=ygs, teJ xel,
v(0) =%y, t=0, x €.

Finally we see that (1,9) € E; x Z?(T) is the unique solution of (3.3) on the interval [0,T]. We
summarize these considerations in

Theorem 3.3.3. Let p > (n+4)/4, p # 3,5 and let 05,7 > 0, a,k > 0 be constants. Assume
furthermore that A\, ® € C*~(R). Then there exists an interval J = [0,T] C [0,Ty] and a unique
solution (,9) of (3.3) on J, with

W € Hy(J5 Lyp(Q)) N Lyp(J; Hy () = ZN(T), 9 € Hy(J3Ly(Q) N Lyp(J: Hp(Q)) = Z*(T),

and
Ylr € HY(J; W2TVP(T) N Ly (J; Wy~ YP(T)) = ZL(T),

provided the data are subject to the following conditions.
(Z) fl,fg S Lp(J X Q) =X,
(ii) gr € Wp/* 714 (J: L(T)) N Ly(J; W~ /P(T)) = V4,
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(iii) g2 € Ly(J; Wy /P(D)) = Ya,

(iv) g3 € Wp/> 7Y (T, L)) N Ly(J; W~ /P (T)) = V3,
(v) Yo € {u € By “/P(Q) : ulr € By (D)} = X,
(vi) Yo € By /P (Q) = X,,

(vii) 0, Ao = 0, (P (o) — N (v0)V0) — g1lt=0, if p > 5,

(viii) ady + 0,99 = g3lt=0, if p > 3.

The solution depends continuously on the given data and if the data are independent of t, the map
(10, 00) — (¢, 9) defines a local semiflow on the natural phase manifold M, C X, r x X,, defined
by (vii) and (viii).

3.4 Global Well-Posedness

Throughout this section we assume that n < 3 and that the potential ® satisfies the growth

conditions

O(s) = —ng —co, >0, sER, (3.16)

where 17 < A1, with A; being the smallest nontrivial eigenvalue of the negative Laplacian on € with
Neumann boundary conditions,

|®'(5)] < (c1®(s) 4 cos® +¢3)?, for all s €R, (3.17)
with some constants ¢; > 0, 6 € (0,1) and
" (s)] < C(L+]s|”), s€R, (3.18)

with 8 < 3 in case n = 3. Furthermore let X', A", N € Lo (R).

Remark: (i) The conditions (3.16)-(3.18) are certainly fulfilled, if ® is a polynomial of degree
2m, m = 1,2. Then we may set § =1 — 1/2m in (3.17).
(ii) As we will see we may omit (3.17) if f; = g1 =0.

A successive application of Theorem 3.3.3 yields a maximal time interval of existence Jy,q, =
[0, Tnaz) C [0, Tp] for the solution ¥ € Eq of (3.10). If T},4. < Ty, this interval is characterized by
the following two equivalent conditions

, li%n ¥(t) does not exist in X, p
and
Y121 (Tae) + 10| 22 (@) = 00
First of all, we need some a priori estimates for 1. We multiply (3.3); by p and (3.3), by 9.
Integration by parts and the boundary conditions (3.3); , 5 lead to the energy-equation

1d

2 2, 9 2 K2
= Zs u 2 [ @
537 (1798 + 1908 + Vool + Z0e +2 [ o(w) da)

1
+[Vul3+ ;latw 51+ VI3 4+ aldfs ¢ (3.19)

1
- / (Fui+ f20) da + / (9104 9200+ gu0) T
Q I

The Poincaré-Wirtinger inequality as well as the embedding Ha (2) < Lo(T') imply

[ e < ClpfVale +| [ pdal) and [ gusdo < Clalar(Vake +| [ e da). (320
Q Q T Q
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By the definition of the chemical potential u, by the divergence theorem and by the dynamic
boundary condition (3.3), we have

/ !/ 1
/Qud:c:/ﬂ(fb(z/J)—)\(qp)ﬁ)—F;/F(atiﬁ-i-m/J—gz) dz,

hence using (3.17) and the Cauchy-Schwarz inequality

\/ podx] < C(|9]2 + |0¢bl2,r + []2,r + |g2]2,0) + / (1@ () + caltp|* + ¢3)” da.
Q Q

For simplicity, we set
1 1 1o, 1k
E(,9) := §|V¢|§ + §|79|§ + §7|VF'¢|§,F + 5;“/}@,1“ + /Q O(¢) d.

From (3.19), (3.20) and by Hélder’s inequality, Young’s inequality as well as by the Poincaré-
Wirtinger inequality we obtain the estimate

d
7 W, 9) + C(IVuls+10e3r + VI3 + aldfi r)
< CLE@W,0) + Co(|f1lg + 1 o3 + 9115 p + 9203 0 + 9330 + 1),

where ¢ := max{2, 115}. Observe that the functional E is bounded from below. Indeed, by (3.16)
we obtain

1 Al —
BW(0),9(6) = 3(V0B — i) — ol 2 S Ve —e2—e, e>0,  (321)
where we used again the Poincaré inequality, since
\/Qiﬁ(t) dz| < /Q [Yol dx + | filn,(rx0) + 91]L, (7x1)- (3.22)

Then Gronwall’s lemma yields the estimate

Tonas
E(,9)<C <E(¢0,190) +/ (IA115 + [ 212 + |g1]3 p + 192130 + [g3l50 +1) dt) ;
0

and by (3.22) we obtain among other things the a priori estimate 1) € Loo(Jmax; Ha(2)) again with
the help of the Poincaré-Wirtinger inequality. The following lemma is the key to obtain global
existence.

Lemma 3.4.1. Suppose p > 2, n < 3 and let ¢ € E; be the solution of (3.10). Then there exist
constants m,C > 0 and 6 € (0,1), independent of T > 0, such that

IAG(W)|x (1) + [00G(@W)]y, (1) < C(1+ |7/)‘(SZl(T)|w|?OQ(J;H21(Q)))'

The proof is given in the Appendix. Observe that by maximal L,-regularity the estimate

[Vlz1 (1) + W]z ) < M(JAGW)|x (1) + [0.G()]yy () + | flx +1glvi + [Rlyv, + [olx, 1),

for the solution 1 of (3.10) is valid, with a constant M = M (Tp) > 0. Then it follows from Lemma
3.4.1 that

1z + [l za ey < M+ 9151 01y),
hence [¢[z1(r) is bounded, since § < 1. This in turn yields the boundedness of [¢.|z1(r) and

therefore global existence of the solution (¢, ) of (3.3), since ¥ solves the heat-equation 99 — A =
—0:\(v), subject to Robin boundary and initial conditions. We summarize these considerations in
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Theorem 3.4.2. Letn < 3, p > 2, p # 3,5, 8 € (0,1) from (3.17), ¢ = max{2,ﬁ} and
Jo = [0,Tp). Assume furthermore that N, N, N" € Lo(R) and let ® satisfy (3.16)-(3.18). Then
there ezists a unique global solution (,9) of (3.3) on Jy, with

W € H(Jo; Ly(Q)) N Ly(Jos Hy(Q), 0 € HY(Jo; Lp()) N Ly (Jo; HZ(9)),
and
Ylr € Hy (Jos W2™P(I)) 1 Ly (Jo; Wi~ /7(I)),
if the data are subject to the following conditions.
(1) fi,f2 € Lp(Jo x Q), f1 € Lg(Jo; L2(2)),
(ii) gv € Wy "V (Jo; Ly(D)) N Ly(Jos Wy~ /(1)) N Ly (Jos La(T)),
(iii) g2 € Ly(Jo; Wy /P (D)),
(iv) g5 € W'/ (Jo; Ly(D)) N Ly (Jo; Wy~ /2(T),
(v) o € {u € By, “/P(Q)  ulr € By P(D)} = X,
(vi) Yo € By /P (Q) = X,,
(vii) 0, Avo = 0, (' (o) — N (Y0)Po) — g1lt=0, if p > 5,
(viii) odg + 8,90 = g3li—0, if p > 3.

The solution depends continuously on the given data and if the data are independent of t, the map
(10, 00) — (¢, 9) defines a global semiflow on the natural phase manifold M, C X, r x X, defined
by (vii) and (viii).

3.5 Asymptotic Behavior
In this section we study the asymptotic behavior of a global solution (1, 9) of the system

Oy —Au=0, p=-Ap+d()—N)I, t>0zeQ,
0+ NW)op — A9 =0, t>0, v€,
opu=0, t>0, z€l,
ad+0,9=0, t>0, ze€l, (3.23)
) — osArp + v, + k(Y —g) =0, t>0, z €T,
P(0) =40, t=0, z€Q,
9(0) =g, t=0, €,

where o > 0, 05,7 >0, k >0, g € R, (¢pg,99) € Ms. For the forthcoming considerations, we need
the following assumptions. Let X, A, A" € Lo (R) and let ® satisfy (3.16) as well as (3.18).

The main tool will be the Lojasiewicz-Simon inequality (see Proposition 3.5.4), which leads to
the convergence result. We define two functionals Fx (u,v) by means of

1 s
En(u,v) = 3 (/ Vil + [ |U|2+U/|vru|2+“/|u|2) -2 [wars [ o
Q Q 7 Jr 7Jr 7 Jr Q

and
En(u,v) = Er(u,v) — @/(A(u) +v) de =: Eg(u,v) — 0F (u,v),
Q
in case of Robin or Neumann boundary conditions, i.e. a > 0 or a = 0. Here we use the
abbreviation

w= |S12|/Qw(x)dx
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for the mean value of a function w € L;(2). The reason for the modification of the energy
functional in case of Neumann boundary conditions is that we have the additional side condition

/Q()\(w(t, z)) +9(t,z)) de = ¢* = const,

for all ¢ > 0. We will see below that w.l.o.g. we may assume ¢* = 0. A suitable energy space both
for En and Egr will be V = V; x Va, where

Vi = {u € Hy(Q) :ur € Hy(T), /

u()} and Va2 := Ly(Q).
Q

Note that the condition [, u = 0 is compatible with our system. This might be seen by integrating
(3.23), and invoking the boundary condition (3.23);. We obtain [, = [, 1. If we replace the
solution ¢ by 1) = ¢ — ¢, with ¢ = ﬁ Jo Yo, we see that 1 satisfies again (3.23) provided ®(s) and
A(s) are replaced by ®1(s) := ®(s+ ¢) and A1(s) := A(s + ¢), respectively and the constant g € R
has to be replaced by g — kc = const. In the sequel we will still denote this shifted constant by g.
In a similar way we can achieve that in case o = 0 we have [,(¢9 4+ A()) = 0. Indeed this follows

by a shift of X, i.e. A(s) := A(s) — d, where d = ﬁ Jo(@o + A(who)). Tt is suitable to embed V' into
a Hilbert space H = Hy x V5, with

H, ::{ueLQ(Q):/Qu:O}.

Proposition 3.5.1. The functionals Er and Ex are twice continuously Fréchet differentiable on
V' and the derivatives are given by

(ER(u,v), (hk))y- v = /Q(VthJr vk) dz
(3.24)

+E/vpuvph dr+f/(u—g)h dF+/ o' (u)h da,
Y Jr 7 Jr Q

<E;§(’u,?})(h1,k1), (hg,kg»v*’v = / (Vh1Vh2 + k‘lkg) dx
Q
+ &/VrhlthQ dl’ + E/hlhg dF—l—/ <I>”(u)h1h2 dx,
7 Jr 7 Jr Q
(3.25)
where (h, k), (hj, k;) €V, j=1,2, and

<E§V (uv U)v (hv k)>V*,V = <E}?(ua 1}), (h7 k)>V*,V - EF(“? ’U) - 6<F/(uv 'U)’ (h7 k)>V*,V7 (3'26)

(BN (u,0)(h1, k1), (ha, k2))ve v = (Eg(u, 0)(h, kv), (ha, k2))ve v

— k:T(F’(u, ’U), (hg, k2)>V*,V — E(F’(u, ’U), (hl, k’1>>v*,v
(3.27)

—0(F" (u,v)(h1, k1), (he, k2))v+v,

where
(F’(u,v),(h,k))v*,v:/X(u)h d:c—i—/ k do
Q Q
and

(F"(u,v)(h1, k1), (ha, k2))ve v :/Q/\”(U)hlhg de.
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Proof. Here we may follow the lines of the proof of Proposition 2.5.2. Indeed we set b(s) = s,
hence 3(s) = 3s? and we use the bilinear form

a((u17v1)7(u2,1)2)):/QVU1VU2 dz+/

V1V + Is / VruiVrug dI' + £ / uiug dI, (328)
Q 7 Jr Y

r

defined on the space V' x V', which is bounded, symmetric and elliptic, by the Poincaré inequality.
O

Next we compute the derivative of Ex (¢(+),9(:)), K € {N, R}, with respect to time to obtain

d

1
o Pr(¥(t),9(t)) = ~|Vul3 = [VII3 ~ ;\@d)l%,r —aldf3r. (3.29)

This is a consequence of (3.19) with go = kg = const. By (3.21) the functionals Ex (¢(-),9(-)) are
bounded from below. This can be seen as follows.

Er(¥(1),9()) = |V¢ )2+ ¢

()3 ¥
v o 1 /A (3.30)
C —IVHDl3 + %| V(OB + OB+ ZITrv(0

+ ;l?/}(t)lz,r - C(9),

o
[ + 013 + 7\Vr¢(t)|§,r

+

Y

where §,¢ > 0 are sufficiently small, such that § —J > 0 and (1 —€)A; —n > 0. Here we used
(3.21), the Poincaré inequality, Holder’s inequality, Young’s inequality and the estimate

-~ / Y(t) dU > =L p(t)1r > —Clb(t)|ar > —CIV(E)]2 > =8|V (t)[2 — C(5),
Y Jr Y

with the trace map Hj(2) < Lo(I'). The proof for Ey is the same, since by construction
F((t),9(t)) =0 for all ¢ > 0. Then (3.29) and (3.30) yield

€ Cp(Ry; V1) and 9 € Cp(Ry; Vo). (3.31)

Proposition 3.5.2. Let (1,9) € Ey x Z2 be a global solution of (3.23). Then (1(t),9(t)) has
relatively compact range in V.

Proof. We already know that a global solution is bounded in V. To prove the relative compactness
of the orbit (R ) we will proceed in two steps. First we consider the operator A, := A? in L, (),
with domain

D(A,) ={w € Hy(Q) : Aw =0 and d,w =0 on I'}.

By [10, Proof of Proposition 5.2 (b)] we have L,(2) = N(A,)®R(A4,) and the semigroup, generated
by A, is exponentially stable on R(A,). Let P be the corresponding projection onto N(A,) and
set @ = I — P. Consider the evolution equation

Ophr + Aptr = Q(®'(¥) = N (1)0), £ >0, ¥1(0) = ¢, (3.32)

where 119 denotes the solution of the elliptic problem

AwIOZwOa era _
; P10 = 0.
O10=0, z €. Q

Since g has mean 0, the compatibility condition is fulfilled. The solvability of (3.32) has already
been studied in [10] by applying the results from [11].
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Choosing p = 2 if 8 € (0,1 and p = 6/(8 + 2) if 8 > 1 and using the fact that
N € Lo (R), we obtain Q(®'(¢) + N (¥)9) € Cy(Ry;R(Ap)). Thus by semigroup-theory this
yields 1 € Cp(Ry; Hy(€2)), for each r < 4 and by compact embedding the orbit Ay (Ry) is
relatively compact in H3(Q). Next we split 1 by means of 1 = At + . From [10, Proof of
Proposition 5.2] it follows immediately that the orbit 12 (R}.) is relatively compact in V4. Therefore
the orbit of 1 is also relatively compact in V7, since the trace of A, on I' vanishes.

Now let e =9 + A(¢)). Then e solves the following system

Oe — Ae = —AXNY), t>0, z €Q,
ae+ e = aA(y) + L A(Y), t>0, x €T,
e(0)=ep, t=0, z€Q,
where e := 99+ A(10g). By (3.31) we see that —AM(z)) € Cy(Ry; Hi(2)*). The Laplacian generates

an exponentially stable analytic semigroup in H1(Q)*, if @ > 0. In case a = 0 the semigroup is
exponentially stable on H3(2)*, where

HNQ) = {w e HYQ) : /Qw _0).

Therefore semigroup-theory implies that e € Cy(Ry; H5(2)), for every r € (0,1). One more time
we use (3.31) to obtain
9= e~ A() € Cy(Ry; HJ(9)),

hence by compact embedding the orbit ¥(R, ) is relatively compact in Vs.

The next proposition collects some properties of the functionals Ex : V — R.

Proposition 3.5.3. Let (¢,9) be a global solution of (3.23) with h = Wll [ %o and suppose that
O satisfies (3.16) as well as (3.18). Let further K € {N, R}. Then the following statements hold.

(i) The functions Ex(¢¥(:),9(:)) are nonincreasing and the limits
T Eie(0(0),9(0) = BF

exist.

(i) The w-limit set
w(, ) :={(¢,0) €V : 3 (tn)nen /00, s.t. (V(tn),d(tn)) — (p,0) in V}

is nonempty, compact, connected and Ek is constant on w(y,9).

(iii) For every (oo, Vo) € w(t,¥) it holds that Yoo = const and (Yoo, Vo) 8 a strong solution
of the stationary problem

{_A%o + @' (Yoo) = N (Yoo )Voo = const, €, (3.33)

*JsAFr(/}oo + 'Yauwoo + H(woo - g) = Ov VS Fa

where Yoo = const, if « =0 and 90 =0, if a > 0.
(iv) Every (oo, Voo) € w(1, V) is a critical point of Ex, i.e. El(t)oo,P00) = 0.

Proof. By (3.29) the functions Ex(¢(-),9(:)) and Er((-),9(:)) are nonincreasing, hence the limits
lim 00 Ex (2(¢),9(t)) exist, since Ex(¢(-),9()) are bounded from below. This yields (i). By
Proposition 3.5.2, the solution (¢, ) has relatively compact range in V. Therefore, by well-known
results, the w-limit set is nonempty, compact and connected. The fact that Fy is constant on the
w-limit set, follows easily from continuity of Ex on V and (i).
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Now let (Yoo, Vo) € w(1h, ) and let (t,)nen 00, such that (Y(t,), 9(tn)) — (Yoo, Vo) in V,
as n — oo. This yields

V(tn) + AW(tn)) =: €(tn) = o 1= oo + A(¥eo) in Lo(1).

Since Vi, VI € La(Ry x Q;R") and 09| € La(Ry x T) it holds that 1 (¢, +s) — s in H3(Q)*,
Pty + 8)|Ir — Yoolr in La(T') and e(t,, + 8) — eoo in Hi(2)* for all s € [0,1]. We will prove this
exemplarily for ¢ in H3(Q)*. First of all, note that d;1) € Lo(R; H3(2)*), by equation (3.23),.
Therefore we obtain

[(tn +8) = Yool mp()r < Yt +8) — (ta)lmr () + [¥(tn) — Yool ()

tn+s
< / 10 eyt + [(En) — Vo113 2
t

n

1/2

tnts
< sl/? </t |6t1/1|§{21(9)* dt) + [Y(tn) — ¢°°|H21(Q)*'

n

Taking the limit as ¢, — oo, this yields the claim. By the relative compactness of ¥(R;) in V; it
follows that 1 (t, +$) — ¥ in V; for all s € [0, 1]. Hence, for all s € [0, 1], we have ¥(t,, +5) — J
first in H3(Q)* and then by relative compactness also in Ly(f2). Integrating (3.29) with respect to
t from t,, to t,, + 1 we obtain

Ex ((tn +1),0(tn +1)) = Ex (¢ (tn), 9(tn))
b [ (19 8-+ 19000+ 8-+ L1000+ )3+l + 9B ) ds =0
Letting t,, — oo yields
Vit 3 + V9t + )+ 1006(t + . + 019t + ) B — 0
in L5(0,1). This in turn yields a subsequence (t,, ) such that
[Viltn, + 8)[5 + [VO(tn, +5)5 + %latw(tnk +5)[5r + ald(tn, + )50 — 0
as k — oo for a.e. s € [0,1]. It follows that ¥ € H3(Q) and Vi, = 0, since the gradient is a

closed operator in Lo(2; R™), hence ¥, is constant. In particular, if & > 0 then J», = 0. The
Poincaré-Wirtinger inequality yields a constant C}, > 0 such that

|M(tnk + S*) - :u’(tm + S*>|2

< Gy (Wt +57) = Vit + 57N+ [ 10l +5)) = ' (ltn, + )] do
b [ V@l + )0, +57) = X, + 5700 +57)|
Q
b [ 100t + %) = 0t + 5 T+ [ [ty +57) = bt + 57)] T),
T r

for some s* € [0,1]. Taking the limit k,! — oo we see that u(t,, + s*) is a Cauchy sequence in
Lo(Q), hence it admits a limit, which we denote by pioo. In the same manner as for 9., we therefore
obtain Vs, = 0, hence i, is a constant. Observe that the relation

oo = 10 ( [ @) - X 0) o4 2 [0 -9) dr)
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is valid. Multiplying (3.23), by a function ¢ € H3(Q) N H3(T) and integrating by parts we obtain

(1t +57),0)2 = (Vip(tn, +57), V) + %(er(tnk +5%),Vry)ar + S(w(tnk +5%),¢)2,r

+ (' (Yt +57)),0)2 = (N (Wt +57))0(tn,, +57), )2 + %(M)(tnk +8%),¢)ar — g(g, @)2r,

where (-,-)2 and (-,-)2,r are the inner products in Lo(£2) and Lo(T'), respectively. As t,, — oo it
follows that

(ftoos )2 = (Vihoo, Vip)a + %(vrwm, Vr@)ar
+ gwm — 9, 0)ar + (@ (o), )2 — Voo (N (Pno), @)2-  (3.34)

By the Lax-Milgram theorem the bounded, symmetric and elliptic form
o K
a(u,v) := / VuVv dz + — / VruVro dl' 4+ — / uv dI,
Q 7 Jr 7Jr

defined on the space Vi x V; induces a bounded operator A : Vi — Vi* with nonempty resolvent
set, such that
a(u,v) = (Au,v)vs v,

for all (u,v) € Vi x V4. For k = 0, consider the part A, of the operator A in

X0 = {u € Ly(9) / w da = 0},

In case k > 0 we consider the part A, of the operator A in L,(€2). It has been shown in [10] that
the domain D(A4,) of A, in XY is given by

D(4,) ={ueX:ue HXQ), ulr € WS /P(I'), —osAru+70,u = 0}.
With the same methods it can be verified that the domain of A, in L, in case x > 0 is
D(Ap) ={u€ Ly(Q) :ue H2(Q), ulr € WSP(T), —o,Aru+~0,u + ru = 0}.

At this point we want to remark that the condition fQu dx = 0 is not needed to compute the
domain of the operator A, since in case k > 0 the kernel of the solution operator is trivial.

We go back to (3.34). If k = 0, we obtain from the growth condition (3.18) and the bound on
X that 1o € D(Aq), where ¢ = 6/(8 + 2), since fic and o, are constant. Since ¢ > 6/5 we may
apply a bootstrap argument to conclude ¥, € D(As). Integrating (3.34) by parts, assertion (iii)
follows. In case x > 0 we define the new function ¥}, = 1o — g. It follows that

O
(Hoo, ©)2 = (VLo V) + 7(VF¢<1>07 Vr)ar

+ gwéo, P)o.r + (¥ (W) 0)2 — Ioo (N (D), 0)2,  (3.35)

since g is constant, where ® and X are defined by

O(s) =D(s+g) and A(s):=A(s+g)

for all s € R. The same arguments as in case x = 0 yield that ¢! € D(Asz), hence (iii) follows
after integrating by parts. Finally, assertion (iv) follows from (iii) and integration by parts.
O

Assuming in addition that & is real analytic and that in case of Neumann boundary conditions
A is real analytic too, we obtain the following result.



3.5. Asymptotic Behavior 59

Proposition 3.5.4 (Lojasiewicz-Simon inequality). Let K € {N, R} and let (¢o0, Vo) € w(th,19).
Assume that ® is real analytic and in case K = N, X is real analytz'c too, and let (3.18) as well as
N, N, X" € Lo(R) hold. Then there exist constants s € (0,3],C,6 > 0 such that

| B (u,v) = Ex (Yo, Vo) '™ < C| B (u, v)

Vi,
whenever |(u, v) — (Yoo, Voo)|v < 0.

Proof. The proof follows the lines of the proof of Proposition 2.5.4. The only difference is that one
has to use the bilinear form, which is defined in (3.28). We skip the details.
O

Now we are in a position to state our main result concerning the asymptotic behavior of solutions
of the Cahn-Hilliard equation.

Theorem 3.5.5. Let (v,9) be a global solution of the Cahn-Hilliard equation (3.23) with h =
ﬁ Jo Yo and suppose that ® satisfies conditions (3.16) as well as (3.18) and let X', X', X" € Lo(R).

Assume that ® is real analytic, and that X is real analytic, if « = 0. Then the limits

lim ¢(t) =: Yoo, and tlim ¥(t) = Yoo = const

t—oo
exist in Vi and Vs, respectively, and (oo, Vo) s a solution of the stationary problem (3.33).

Proof. Proposition 3.5.4 yields, that for every (¢,6) € w(¢,?) there exist constants s € (0, 5],
C > 0 and 0 > 0 such that

|Exc(u,0) = B (,0)'™* < C|Ej (u,0)

Vi,

whenever |(u,v) — (¢, 0)|v < §. By Proposition 3.5.3 (iii) the w-limit set w(v, ¥) is compact, hence
we may cover it by a union of finitely many balls with center (¢;,6;) and radius 4;, 7 = 1,..., N.
Since Ex (u,v) = E¥ on w(v, V), there are uniform constants s € (0, 1], C > 0 and an open set
U D w,d), with

‘EK(uﬂ)) - Elo(oll_s < C\E}((u,vﬂv*, (3'36)

for all (u,v) € U. After these preliminaries, we define the function H : Ry — Ry by

H{(t) := (Ex ((1),9(t)) — EX)*.

By Proposition 3.5.3 the function H is nonincreasing and lim; o, H(t) = 0. A well known result
in the theory of dynamical systems implies further that lim;_ o dist((¢0(¢), 9(t)),w(,9)) = 0, i.e.
there exists t* > 0, such that (1(t),9(t)) € U, whenever ¢t > t*. Next, we compute and estimate
the time derivative of H. By (3.29) and (3.36) we obtain

d d
g 10 =5 (=5 Bx00).00)) [Exc (000 00) - 1
V33 + (V93 + 10013, + o3

>
- | B (1(1),9(t))
By Proposition 3.5.1, the Poincaré inequality and integration by parts we obtain
|<E§V(wv 7‘9)7(]7‘7 k)>V*,V‘
:|/(—A¢+<I> hdw+/19kdx—19/ P)h + k) x—f/[“)twhdﬂ
Q

:|/Q(u—ﬁ)hda:+/9(19—5)>\’(z/})h dm+/

Q
< |Vulz|hl2 + [VO|2(|kl2 + |R]2) + |0]2r|hl2r,

(3.37)

V*

(19—3)/{ d;v——/@twh dr|
Y Jr

(3.38)
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since X € Lo (R). For ERr we have

! _ 7 ! _1
(B (6, 9), (s k)| = | / (i —T)h+ / ESYODE / D]
< C(Vplalhla + (Bl + K2)(V9]2 + " 29]ar) + Oeblor hlar),  (3.39)

respectively, where 1 = ﬁ fQ 1. Here we made also use of a version of the Poincaré inequality,
namely
[wlz < C(IVwla + Jwlar), w € Hy(Q).

If we take the supremum in (3.38) and (3.39) over all (h, k) € V with norm less than 1 this results
in

B (), 9(0)) v+ < CUVa(D)|z + [VOE)]2 + o' 2[0(8) 20 + 10 (8)]2,r).
Hence from (3.37) it follows that

—% H(t) > C(IVu(t)lz + [VO(1)|2 + ' 2[0() |20 + [00(1)|2r)

and this in turn implies that |Vul,|VI| € Li([t*, 00), L2(2)), Oy € Lyi([t*, 00); L2(T")) and ¥ €
Ly ([t*,00); L2(T")), the latter in case of Robin boundary conditions. It follows from the equations
that 9y, Ope € Ly ([t*, 00), H3(Q)*), where as before we have set e := 9 + A(¢)). Hence the limits

tlim Y(t) = s and tlim e(t) =: e,
exist in H3(Q)*. By relative compactness of the orbit (R, ) the first limit exists in H3 (). Then,
by the conditions on A it holds that
O(t) = e(t) = A((t) = eco = AMthoo) =1 Voo,

in H}(Q)* and then in Lo(2), by relative compactness. The remaining part of the proof follows
from Proposition 3.5.3 (iii).
O

We close this section with a remark. In Theorems 3.4.2 and 3.5.5 we assumed that A € Ly (R).
This is not the case if one considers for example the function \(s) = s? + ¢, which is sometimes
used in the literature, instead of the linear function A(s) = s + co. However, at least for the
homogeneous system (3.23) it is possible to derive higher order a priori estimates for the local
solution 1 of Theorem 3.3.3 on the maximal interval of existence Jyax under the assumption

(N (s) <c(L+]s]), seR.

In particular one may adopt the technique used in Proposition 3.5.2 for the proof of relative
compactness of the orbits, in combination with the bootstrap argument of Proposition 2.4.1, given
in the Appendix of Chapter 2, to obtain ¥ € Lo (Jmax X ), hence N (¢) € Loo(Jmax X 2), which
is enough to ensure, that Theorems 3.4.2 and 3.5.5 are still valid. Actually this has already been
proven in the thesis of VERGARA [45] for classical boundary conditions. But this result remains
true for dynamic boundary conditions.

3.6 Appendix
(a) Proof of Proposition 3.5.2
(i) By Holders inequality it holds that
AP (1) — AV (1) < [ A0 () = Ao (1) + [[Vu20" (w) — [Vo]20" (1),
< [AUrp,rp| 7 (1) = 7 (V) 1rpp + [AU = AV]rp,1p| 7 (V) 1p,17p
+ |vu|ga'p,20'p|(1)”/(u) - (bl//(vﬂa’p,fr’p + HVU|2 - |VU‘2|GP’U;D|¢W(U)|tf’p,<7’p
< TP (| A, | D7 (1) = B (0) 0,00 + [AU = A]p 1 | D ()] 0,00
+ TV 7P (YUl 5p,20p| 9" (1) = @ (1) 00,00 + [[V2]* = V0 |p,0p| D" (0)]o0,00) »



3.6. Appendix 61

where we also used the fact that all functions belonging to Br(u*) are uniformly bounded. We
have
Vw € H¥/A(J; H3 =0 (Q)) — Ly, (J x Q), 61 € [0,1],

and
Aw € HP?(J; HU7)(Q) = Lyp(J x Q). 05 €[0,1],

for every function w € Bgr(u*), since r,o > 1 may be chosen close to 1. Therefore we have
A (u) = AR (0)[pp < pa(T) (R + [u"[1) [u — v,

due to the assumption ® € C*~(R). The function p; is given by p1(T) = max{T'/"'?, T'/7'P},
This yields (i).

(ii) Firstly we observe that

AN (w)F(w)) = (AwN'(w) + |[Vw 2N (w))F(w) + 2 (w)Vw - VF(w) + N (w)AF (w),

for all w € Br(u*). Secondly by (3.15), the embeddings

F(w) € oHP' "N (H3 %) — Lop(J x Q) and VF(w) € oHST (H2 %) & Ly, 5(J x Q),
with s € [%, %), 0 € [0,1], are valid, whenever

2
25+ 1

1 1 1
(G+5) ad p> (24

p= 2 8 "1

respectively. It is obvious, that these conditions are fulfilled for every s € [%, %), whenever p >

n/4+1. An easy computation shows that Vw € Lyp,(J x Q) and Aw € Lo, (J x Q),if p > n/4+1
(here we use strict embeddings). If 1/0 + 1/0’ = 1 and ¢ > 1 is sufficiently small, then Holder’s
inequality and Proposition 3.3.1 lead to the estimate

IV (u) AuF (u) — X' (0) AvF (0) ] < ClAUF (1) — AvE(0)]p + [N (1) = X (0)]o0,00 | AVE ()]
< TV27P (| Atlzop 20p | F (1) — F(0)]2p2p + |AU = Av]20p 205 F (0) | 29,29
IV (1) = N (0)]o0,00 | AV|20p,20p | F (0) | 29,20)
< (1) (1 + [ — vl

In a similar way we obtain

N () [Vl F () = X (0)[VoPF(0) ] < i2(T) (1 + 1) |u = o)1,

N () VuVF () — N'(0) VoV E(0)]p < pa(T)(1+ [u*|1)lu - ols,
as well as
N (W AF(u) = N (0)AF©)]pp < p2(T)(1 + [u 1) |u — ],

for all u,v € Br(u*). This proves (ii).
(iii) This is an easy consequence of (i) and (3.14), since by trace-theory (cf. [11]) we obtain

10,8/ (1) = 0, (), () < C (1 (1) = ' (V)] sz ) + 19/ () = @ (V)1 a13) ) -

(iv) In a similar way as in (iii) we obtain

10, (N () F(u)) — 0, (N (v) F(v))]y, (1)
<C (|)\’(u)F(u) — X(U)F(UNH;/Z’(L,,) + [N (u)F(u) — X(v)F(v)|Lp(Hg)) .
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The desired Lipschitz-estimate for the second term follows from (ii). The first term will be rewritten
in the usual way, i.e.

N (@) F () = X(0)E(©) g2,

< (IV () = X)) a2, ) + N @F) = F@)l gz, ) -
Applying (3.13) we obtain
[V () = N @) F ()| e,
< € (1N @) = N gz | F@ 0 + TN @) = N @)l F@)] a2, )

T o

as well as
X@EF @)~ Py,
< C (WO @ = FO)lz,y 2, + TN @l () = F@)l oo, )
1/2

Let w € Bg(u*). It is obvious that F(w) € Hosp (J; Lyp(£2)), since o > 1 may be chosen arbitrarily
close to 1. So it remains to check if X' (w) € Hrlf(J; L.,()) and F(w) € Lyp(J; Lrp(€2)). It holds

HY(J, Hy 0 =(Q)) — HY?(J;Lp(Q)) and  HIP7H(J HS729(Q)) < Loy (J; Livp(Q))

if p > %(% + 1) and p > m(g + 1), respectively. Thus we set v’ = r = 2. Now the claim

follows from (3.14) and Proposition 3.3.1.
(v) With the help of Holder’s inequality we compute

(AN () = AN (0))1lp,p
< 0l z2 (|AuX" () = AvA" (0)|2p.2p + [[VulX () = [VO]PA (0)[2p,2p),  (3.40)

for each n € Z2. Since A € C*~(R), it follows from the uniform boundedness of u,v € Br(u*) that

| AuX () — AvX"(0)]2p,2p < [N (1) = A (V) o0,00| At 2p,2p + [X (V) 0,00 | AU = Av]2p 25
< C+ [u*|1)|u— ;.

In a similar way the second term in (3.40) can be treated, obtaining
VPN (1) — [FoPA" (0)|apzp < O+ |u* |1 = ols.
Furthermore we have

[(VuX"(u) = VX" (0)Vlpp < [VNlap/3.ap/3 VUl (w) = VOX (V) ]4p,ap
< Inlz2 (N (u) = X' (0) oo Vtlap,4p + [N (0) oo [Vt = V0 ap,ap)
< Clnlzz(1+ |u™[1)lu — vy

and
[(N () = N (W) Anlpp < [N (w) = X (0)]oo,00| Anpp < Cll 22 |u — 1,

by Holder’s inequality and the Lipschitz-property of X', \”.
(vi) Finally we apply trace-theory to obtain

10, (N (w)n) = 0, (N (0)n)ly, (1) < C (I(/\’(U) =Nl s,y + 1N () = /\’(v))n|LP(H§)> :
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The estimate for the second term is clear by (v). Again we will use (3.13) to estimate the first
term. This yields

V(@) = Nl gsro s
< C(Tp) <|X(U) - X(U)|H;;2(Lrp)\77|Lr,p(Lr,p) + [N (u) — X('U)\LG/p(LG/p)|?7|H;;2(Lgp)> '
As in (iv), it follows that r = 2. Furthermore we have
HY(J; HYU0(Q)) = Lap(J; Lap(9)),
if p > % + 1. Last but not least we apply (3.14). The proof is complete.

(b) Proof of Lemma 3.4.1
Step 1. We start with A®’ () = Ap®” (1) +|V|>®" (). Using the Gagliardo-Nirenberg inequal-
ity and (3.18) we obtain

@7 () Al < [l505Y 1)l A0 |2y < ClOJSE T g7t 0D, (3.41)

where ¢ will be chosen in such a way that Hj () — L, i.e. 2 =>4 —1land
(a+ (B+1)b) (4—”+”> —o- 24 (ﬁ+2)
p g p

The second term ®"(1))|V1)|? will be treated in a similar way. The Gagliardo-Nirenberg inequality
and (3.18) again yield

19" () [Vl < [l | VIS, < Clol "l l3 20+ 0707, (3.42)

withgzg—land

n o n n n

(2a + fb) (4—+) =2-—+(B+2)=

p g p q
It turns out that the condition § < 3 in case n = 3 ensures that either a + (8 + 1)b < 1 and
2a + b < 1 in (3.41) and (3.42), respectively. Integrating (3.41) and (3.42) with respect to ¢

and using Holders inequality we obtain the desired estimate. Now we estimate 0, ®’(¢)) in Y7. By
trace-theory we obtain

0,8 ()], < CU (W) 172, ) + 1201, 1).

The estimate in Ly,(H?) follows from the considerations above. By the mean-value theorem and
(3.18) we obtain

|(I)( )|H1/2(L y = (Wf|ﬁ+2 |w|H1/2(L )+ |¢|B+1 (L "L/)‘Hl/Q(LTp))v (3'43)

L(g42)p(L(p+2)p)

where 1/04+ (8+1)/0’ =1/r+ (8+1)/r' = 1. This follows similarly to (3.13) from the character-
ization of H, via differences and Holders inequality. The Gagliardo-Nirenberg inequality implies

Uity < OB
ifae€0,1/0'] and a(3 —n/p+n/2) >n/2 —1—n/r'p. Therefore we set
a=1/0' = [/2— 1= nfr'pls /(3 — n/p+n/2)
and choose ' = (B+1)n/pifp <n, " =2(B+1)n/pif n < p < 2n and ' = 0o if p > 2n. Observe

that
7' — H)7Y(H)%) — H(Lyy),
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if s =1—n/4r'p. Hence complex interpolation yields
b 1-b
|w|H;{12(LT»p) <clplpn |,(/)|LTP(LTP)7

provided b = 1/2s and
1/o>b+(1-0b)/T. (3.44)

Finally we apply the Gagliardo-Nirenberg inequality one more time to obtain
]2y (L) < I 101y,
with d(3 —n/p+n/2) >n/2—1—n/rp and d € [0,1/7]. We set
d=1/7 = [n/2—1=n/rpl+ /(3 —n/p+n/2).
Suppose now that (3.44) holds. Then we have

1 1-b 11
(6+1)a+b+(1—b)d:ﬁ; +b+ - gﬁj + =1

Hence the desired estimate follows if the inequality (3.44) is strict. We have to distinguish three
cases, namely p < n, n < p < 2n and p > 2n. In the first case we have ' = (8 + 1)n/p,
s=(40+3)/(48+4) and b= (28 + 2)/(48 + 3). Since p > 2, (3.44) is equivalent to

68+ 3
48+3

—(B+DR/2-1/(B+1) = 1]+ 2 0.

We see that [n/2 —1/(+1) —1]4 =0, if either n = 1,2 or n = 3 and 8 < 1; then we are done.
Solet n =3 and 8 > 1. An easy calculation shows that

60+3 _ -1

43+3 2

for all 1 < 8 < 3. In the second case we have ' = 2(8 + 1)n/p, s = (86 + 7)/(86 + 8) and
b= (46+4)/(88 + 7), thus (3.44) is equivalent to

48 +3
88+ 7

43+ 3
P2
8B+ 7

B—n/p+n/2) = (B+1n/2-1/2(3+1) - 1] [n/2=1/2—=n/pl;.

Since p < 2n we see that this inequality is strict for n = 1,2. If n = 3 and due to p > n, the
inequality reduces to

45 +3
sgr7 2P

and we have again strict inequality, if 8 < 3. In the last case, we have ' = 0o, s =1 and b= 1/2.
Therefore (3.44) is equivalent to

(8= n/p+n/2) =208+ Dn/2— 14 > [0/2—n/p—1];.

Again for n = 1,2 we have [n/2 — 1]+ = [n/2 — n/p — 1] = 0, thus we set n = 3. Since p > 2n
this yields

4—(+1)>0,
hence strict inequality if 3 < 3. Note that the second term on the right hand side of (3.43) is

dominated by the third term. Furthermore the desired estimate for the first term is a simple
consequence of the Gagliardo-Nirenberg inequality as long as g > (8 + 1)n/4.

Step 2. Next we estimate the term A(N (¢¥)F(¢)) in X. Observe that

AN (W)F (1)) = FO) (AN () + [V (1)) + 2X" () VOV F (1) + N () AF ().
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As in section 2 we will solve the homogeneous heat equation (3.5). Obviously |F(¥)|r,,) <

C(A+¢¥[L,(z,)), for every 1 < p < oo, since [A(s)| < C(1+]s|). Applying the Gagliardo-Nirenberg
one more time we obtain

|>\N(1/})F(¢)Aw|[zp([lp) S O(|A¢|L3p/2(1’3p/2) + ‘Aw|L3P/2(L3P/2)|¢|L3p LSP))
a —(a+b
< Ol L + ISR ),

ifa(d—n/p+n/q) =2—-2n/3p+n/qand b(4—n/p+n/q) =n/q—n/3pand a € [1/2,1], b € [0, 1].
The two latter conditions are fulfilled if ¢ < 3p. We require furthermore a < 2/3 and b < 1/3.
This leads to the condition ¢ > n/2, which is true. Then we also have a + b < 1. In a similar way
we estimate N/ () F(1)|V1)]?, to obtain

N (D) EW)VOPI L, L, < COA 9] LayL5) VYT, (14,
< C(Z el ) + et G, (3.45)

whenever a(4 —n/p+n/q) =1+n/q—n/3p and b(4 —n/p+n/q) =n/q—n/3p and a € [1/4,1],
b € [0,1]. The two latter conditions are satisfied if ¢ < 3p. It is easy to verify that a < 1/3 and
b < 1/3, whenever g > 2n, i.e. ¢ = 6. Finally it holds 2a + b < 1.

Note that the representation of F(¢) implies

|VF(w)|L2p(L2p) < C(l + ‘V)\(w)lLQP(L2p)) < C(l + |Vw|L2p(L2p))7
hence by the inequalities of Holder and Gagliardo-Nirenberg we obtain
N (D)VF()VY L, L,y < IVFW) Loy (Lop) IV Loy (Lay)
<CO+ IV, (1) < CO+IZES D),

with
2
2a(4"+n> =2+ ae/an).
P q P

q

Since ¢ < 3p we see that a > 1/4. Furthermore we have 2a < 1, if n < 6. The estimate of
N (Y)AF () in L, is more involved. With the help of (3.15) with s =6 = 1/2, we obtain

INWAF@)IL,wz,) < CU+ W) g2y < CO+ [l gara g, ) + VEXN @) g2y, )

A similar estimate for ¢ in Hl/ (L,) has already been done in (3.43). For the term VA (1)) we
will use (3.13). This leads to

VON @) g2,y < Vg + IV [l ),

since X' € Lo (R). We will use the same strategy as in (3.43). First we observe that complex-
interpolation and the Gagliardo-Nirenberg inequality lead to the desired estimate for |V HY2 (L)

Secondly we make again use of the Gagliardo-Nirenberg inequality to obtain
VYlr,, (L.) < C|1/1|%1|7/)\};;a(H5),
where a = 1/0" = (n/2 —n/r'p)/(3 +n/2 — n/p). Complex interpolation yields
WUl s,y < b ) (3.46)
where b =1/2s, s =1 —n/4r'p and

1/o>b+(1—-0b)/T. (3.47)
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One more time the Gagliardo-Nirenberg inequality leads to the estimate
|w|L7‘P(LrP) < C|'¢|%1|w|2;d(H21)7 (3.48)

with d = 1/7 = [n/2 =1 —n/rp]+/(3 —n/p + n/2). Finally we have to check if (3.47) is valid
and if in this case the inequality is strict. We distinguish two cases. If p < n we set ' = 2n/p
and if p > n we set ' = 2 (then 7’ € [2,3]). In the first case we have s = 7/8, b = 4/7 and
[n/2—1/2—=n/p|;+ =0, n=1,2,3, since p > 2. Thus (3.47) is equivalent to the condition

6n
25 —4n ’

P

which is always fulfilled and strict inequality holds if n < 3. In the second case we have 7’ = 2,
thus s =1 —n/8p > 7/8. We set s = 7/8 and therefore b = 4/7. Then (3.47) is equivalent to

18 —4n+n/p>6[n/2 —1—n/2p];.

This inequality is obviously fulfilled and additionally strict, if n = 1,2. So let n = 3. Then
n/2—1-n/2p > 0 and we obtain 1+ 4/p > 0, which is certainly true.

The next estimate will be done for the term 9, (A (¢)F(¢)) in Y;. Again we use trace-theory to
obtain

0N (@) F @) < CUN W) F @) garz g,y + IV O F @)L, 2))-

The estimate of X' (¢)F(¢) in L,(H?) has already been done. Making use of (3.13) and (3.15),
with s = 1/2 and L, instead of H}, we obtain

|>\/(7/1)F(1/J)|H;/2(Lp) <C (1 + |w|H11,/2(Lp) +(1+ |1Z)|LU_IP(L7JP))(1 + |w|H;{)2(L7‘p))) )

since A, N’ € Lo (R). Therefore the estimate follows immediately from Step 1 .

Step 3. Last but not least we have to consider A(N(¢)n) in X and 9, (N (¢)n) in Y7, where
n € Z2 is a fixed function. We compute

AN (@)n) = (AN’ () + VPN (1) + 2X" () ViV + N (1) An.

Since p > 2 we have Z2? — L, (J x Q), hence the estimate for the first term follows from Step 2.
Moreover by (3.45) we obtain

VUYL (2 < IV 1) [V 2y a2y 0) < Iz 1L iy ey 0 < 1
since V7 is a fixed function and
Hy/?(J; Lp(2)) N Ly(J; Hy () = Lapya(J x Q).

Finally the last term X (1) An is dominated by the fixed function An € L,(JxQ), since A’ € Lo (R).
A last time we apply trace-theory to obtain

0N @)l < CUN (@Il gara g,y + 1N @)nlL, z)
and then (3.13) leads to
|>\/(1/})77|H;/2(Lp) < C(|77|H;/2(L,,) + |77|L0/p(Lr/p)‘QZJ‘H;{,Q(LTP)).

Since 1) € Loo(J; Hp(€2)) for all p > 2 we may choose ' € [2,3], i.e. 7 € [3/2,2] and ¢’ may be
arbitrarily large. Then the claim follows from (3.46) and (3.48). The proof is complete.



Chapter 4

A Generalized Cahn-Hilliard
Equation based on a Microforce
Balance

4.1 Derivation of the Model

We start again with the derivation of the classical Cahn-Hilliard equation. Consider the free energy
functional of the form

)= [ (Giver+aw) a. (4.1

where (2 is a bounded, open and connected subset of R" with boundary I' := 00 € C3. We assume
that the order parameter 9 is a conserved quantity. The according conservation law reads

O + div j = 0, (4.2)

where j is a vector field representing the phase flux of the order parameter. The next step is to
combine the two quantities j and p. Similar to Fourier’s law in the derivation of the heat equation
one typically assumes that j is given by

a postulated relation. Finally we have to derive an equation for u. The chemical potential p is
given by the wvariational derivative of F, i.e.

o0F ,
Mzwz—Alﬂ-&-‘I’(@-

If F is of the form (4.1) this yields the classical Cahn-Hilliard equation.
In the early nineties GURTIN [16] proposed a generalized Cahn-Hilliard equation, which is based
on the following objections:

e Fundamental physical laws should account for the work associated with each operative kine-
matical process;

e There is no clear separation of the balance law (4.2) and the constitutive equation (4.3);

e Forces that are associated with microscopic configurations of atoms are not considered in
the derivation of the classical Cahn-Hilliard equation.

According to Gurtin there should exist so called 'microforces” whose work accompanies changes
in the order parameter ¥. The microforce system is characterized by the microstress £ € R™ and

67
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scalar quantities m and y which represent internal and external microforces, respectively. The main
assumption in [16] is that &, 7 and ~ satisfy the (local) microforce balance

divé+nm+v=0, (4.4)

which can be motivated from a static point of view, see [16] for more details. In a next step we want
to derive constitutive equations, which relate the quantities j, the flux of the order parameter, £
and 7 to the fields ¢ and p. The technique used in [16] for this derivation is based on the balance
equation (4.4) and a (local) dissipation inequality, which is a direct consequence of the first and
the second law of thermodynamics, that is, the energy balance

g/ealac:—/ q~1/da+/rd:r+W(Q)+M(Q),
dt Jo o9 Q

d q r
— S dx > — =~ .vd —d
dt/Q xr > /(mouo—i—/ge x,

cf. [16, Appendix A]. The second law of thermodynamics is also known as the Clausius-Duhem
inequality. Here e is the internal energy, S is the entropy, 6 is the absolute temperature, ¢ is the
heat flux, r is the heat supply, W(Q) is the rate of working on Q of all forces exterior to Q and
M(Q) is the rate at which energy is added to € by mass transport. Let F' be the free energy
density, depending on the vector z = (1, Vo, u, Vi, 9410). Then the second law of thermodynamics
(in its mechanical version as considered by Gurtin [16]) reads

and

d

7 QF(z)d:vgf/

o0

uj(z)~1/d0+/

&-vo d0+/ wm d:ch/ YO dx,
o0 Q Q

with m being the external mass supply. Making use of Green’s formula, we obtain

d
%/QF(Z) dxg—/Q(Vu-j(z)—i-udivj) dx
+/Q(divgat¢+§-vat¢) dx—l—/gum dx+/ﬂ’y@tw dz.

in presence of external mass supply m, (4.2) will be modified to
oY +divyj =m. (4.5)
In view of (4.4) and (4.5) we obtain the dissipation inequality

d

d F@)mcs/Yu@w—j~vM—w&¢+g-vaw)Ma
dt Jo Q

This in turn yields the following local dissipation inequality
O F () < pdp — j - Vi — wdyb + € - Vs,
for all fields ¥ and u, this means, we have
(OpF +m — )t + (Ovy F = &) - Vip + 0, Ffi + 09, FV i+ 05 Fi) + V- j <0, (4.6)

where @ = dyu and ii = 9?u for a smooth function u. This local inequality needs to be satisfied for
all smooth fields v and p. Hence we have necessarily

F(z) = F(¥,VY¢) and (4, Vip) = Ovy F (4, Vi)
and there remains the inequality

(OupF +m— ) +Vu-j<0
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whose general solution is given by (cf. [16, Appendix BJ)
OpF +m—p= —61/}—C~Vu and j=—a) — BV,
with constitutive moduli 5(z) (scalar), a(z),c(z) (vectors), B(z) (matrix) and the constraint that
the tensor 5 o
A »

is positive semidefinite. We assume that ( is constant and a,c and B do only depend on x
instead of z, whence we deal with an approximation of the constitutive moduli §(z),a(z), B(z).
In particular, if the free energy density F is given by F(v, Vip) = 1|V#|?> + ®(¢)) we obtain the
following Cahn-Hilliard-Gurtin equations.

Oy — div(BVp) —div(adwp) = f, teJ, x €,
p—c-Vu+ A — B0 —d'(Yp)=g, ted zeQ, (4.8)

where 2 C R" is open, bounded with compact boundary I' = 9 € C3. In this chapter, we
are interested in solutions of (4.8) subject to the Neumann boundary conditions d,% = 0 and
BV - v =0, having optimal regularity in the sense

¢ € Hy(J; Hy () N Ly(J; Hy (),

and
p € Ly(J; Hp(2)).

We impose the following assumptions on the data a,c € C}, (Q;R") and B € C}, (Q;R™ ™).
diva(z) =dive(z) =0, forall z € Q, and a(z) - v(z) =c(z) -v(z) =0, forallzel, (4.9)
B(z)t(z)-v(z) =0, forallz €l and all 7(x) € T, T, (4.10)

where T, I" denotes the tangential space in a point z € I" on T'.
Finally we want to emphasize that for the special case B =1, a = ¢ =0 and § = 0, we obtain
the classical Cahn-Hilliard equation.

4.2 The Linear Cahn-Hilliard-Gurtin Problem in R"

In this section we will solve the full space problem

Owu — div(adeu) = div(BVu) + f, t>0, z € R",
p—c-Vu=p0u—Au+g, t>0, veR", (4.11)
u(0) =ug, t=0, ze€R",

where 5 € Ry, a,c € R” and B € R"*" is symmetric and positive definite. Set A = B — %(a ®

c+c®a), where a®c = (a;c;);' ;. In the sequel we assume the following condition on the matrix
A.

ere 1s a constant € > 0, such that >e€ or a S .
A) Th i 0 h th A&l £2f 11 &£ eR™”

Here is the main result on optimal L,-regularity of (4.11).

Theorem 4.2.1. Let 1 < p < oo and assume that (A) holds true. Then (4.11) admits a unique
solution
u € Hy(J; Hy(R") N Ly(J; Hy(R")) =: 7",

p € Ly(J; Hy(R™)) = 77,

if the data is subject to the following conditions.
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(i) f € Lp(J; Lp(R™)) = X1,
(ii) g € Ly(J; HA(R™) = X2,
(iii) uo € Bay /P(R") =: X,,.
Proof. We apply the operator (I — A)tl/Q to both equations in (4.11) and define the new functions
w=(I=A)"u = T-L)"p f=I-2)"12f g=(1I-A)"?gand wy = (I-A)"uy.
Then it holds that ~
feLy(JsHy(R")), g€ Ly(J; Hy(R™)),
wo € BA Y/P(R™)
and we are looking for a solution (w,n) of the system
wy — div(aw;) = div(BVn) + f7 t>0, reR",
n—c-Vp=pw,—Aw+g, t>0, zeR" (4.12)
w(0) =wy, t=0, x€R",

in the regularity class
w € Hy (J; Hy(R™)) 0 Ly(J; Hy (R™)),

ne Lp(J§ HS(Rn))

In a next step we want to eliminate the functions § and wg. To achieve this, let w* be the unique
solution of the problem

fw; — Aw* =—-g, t>0, ze€R",
w*(0) =wy, t=0, zeR"

with regularity
w* € Hy(J; Ly(R™)) N Ly(J; H (R™)),

if and only if § € L,(J x R™) and wy € Bf,;z/p(R”). Here J denotes the interval [0, T]. If we even
have g € L, (J; HZ(R™)) and wo € B;ff/p(]R") then by regularity theory we obtain

w* € Hy(J; HE(R™) N Ly(J; Hy(R™)).
The pair of functions (v, ) = (w — w*,n) should now solve the problem

0w — div(adv) = div(BVn) + F, t>0, z € R",
n—c-Vn=p0v—Av, t>0, xeR", (4.13)
v(0)=0, t=0, z€R",
where F' is defined by ~
F = f +w; — div(aw;) € Ly(J; H)(R")).

In order to solve (4.13) we take the Laplace transform in the time variable and the Fourier transform
in the spatial variable to obtain

A1 —i(al€))d = —(BEE)H + F,
(1 —i(cl&))n = (BA+ [€]*)9,

and (-|-) denotes the inner product in C™. This system of algebraic equations can be written in

matrix form . 5 ]
o R

M(X.€)
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where A € Xy, ¢ > /2 and £ € R” such that |A\| + |£| # 0. Hence the unique solution to this
equation is given by

-k [oriey | ceg0 11,

AT mE) LBA+IE?) A1 —i(al€

provided that
m(X, &) :=det M(\, &) # 0.

Let vo,v1 € oHy(J; HZ(R™)) N Ly(J; Hy(R™)) be the unique solutions of

O(I — A+ A*vg=F —c-VF, t>0, z€R",
UO(O) = 07
and
(I — Ay + A%y = (I - A)Y2E, t>0, z€R",
Ul(O) =0.
Therefore it holds that
0:(I — A + A% = T(0:(I — A) + A%y,

and
(I — APy =T(I - A)(B0, — A)vy,

where T is defined by its Fourier-Laplace symbol

AL+ €1 + 1]
m(A, §)
The assertion of the theorem follows if we can show that T is a bounded operator from

L,(J; Ly(R™)) to L,(J; L,(R™)). This will be a consequence of the classical Mikhlin multiplier
theorem and the Kalton-Weis Theorem 1.3.1. We recall the classical Mikhlin condition

T(A’ 5) =

(M) max|a\§[n/2]+1 SupgeR" §|‘a||a?T(A5§)‘ < 09,

where a € Nj is a multiindex and [s] denotes the largest integer not exceeding s € R. Firstly we
show that the symbol T'(\,§) is uniformly bounded for all A € £, and £ € R”, with |A| + [£] # 0.
Consider the function m(\, &) := m(A, &)/ given by

m(X,€) =1~ (al€)(cl§) + BIBEIE) — ia + clé) + BIBEE)IE]* /X = 21(€) + 22(A, ),
where 25 := B(BE|€)|€[?/N. Let ¢; = arg z;; then a short computation shows that

|21 + 22| > C(¢1, p2)(|21] + |22]),

provided that |¢1 — ¢2| < 7. Here

C(61,62) 1= —=min{1, (1 + cos(ér — #))/2}.

V2
From (A) and the Cauchy-Schwarz inequality we obtain
(a +cl§) ¢
<Cla+c]——— < Cla+c| < x,
T (@) + BBeg | = 1T g = et

hence |¢1] < o < 7/2 for all £ € R™. Since |¢2| = |arg A| < ¢ we have

|pr — P2l <o+ ¢ <,
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provided ¢ > m/2 is sufficiently close to 7/2 and this in turn yields together with (A)
(A €)] = |21+ 22| > Cllza + |z2]) > C(1+ €] + [€]*/I])

or equivalently

m(X,€)] = COAIL + [€]%) + [€1), (4.14)

hence |T'(\, €)| < C for all such A and ¢ from above.
In the next step we will verify (M) for |a| = 1, uniformly in A € ¥4. Observe that

m(A,§) (2085 + 4&51€1*) — (AL + [€1) + 1€]1) e, m(A, )
m(A, §)?

9, T(\, &) = . (4.15)

The derivative of m(\,§) is given by

O, (N €) = A(26(BEle;) — ila; + ) — a;(cle) — ¢;(al€) ) +26(& (BEIE) + (BeleyIel).

and this yields
|0, m(X,€)] < COA(L+ [€]) + [€).

Young’s inequality implies furthermore that
m(X, ) < C(IA(L +[€1*) + €]
and thus we obtain from (4.14) and (4.15) the estimate

AL+ 1€D) + 1€

e, T'(\ c
% T O1= O Tee) + e

whence we see that .
‘§||a§gT(/\7§)| <C < oo,

for all A € ¥4 and £ € R”, with [A| + |¢] # 0. Inductively it follows that (M) is fulfilled for
each multiindex o € N{j, uniformly in A € ¥4. The classical Mikhlin multiplier theorem then
implies that 7" is a Fourier multiplier in L,(R™) w.r.t the variable £ and this yields a holomorphic
uniformly bounded family {7'(\) }xes, C B(Ly(R™)), ¢ > m/2. By [15, Theorem 3.2] this family is
also R-bounded in L,(J x R™). Finally, since the operator 9, admits a bounded H*>-calculus with
angle 7/2 we obtain from Theorem 1.3.1 that T is bounded in L,(J; L,(R™)). For the functions
uw= (I —A)Y?wand u= (I — A)'/?7, this yields

we Hy(J; Hy(R") N Ly(J; H3(R™)),

and
€ Ly(J; Hy(R™)).

The proof is complete.
O

It is possible to extend Theorem 4.2.1 to the case of variable coefficients with a small deviation
from constant ones. To prove this result we write the coefficients in the form

a(x) =a® +a'(z), c(z)=c +c'(z) and B(x) = B + B'(x),

where |a'|,_ @n ) + |t L wrmn) + B L (e goxn) < w, with some constant w > 0 and a', ¢! €
WL(@R™R?), Bl € WL (R";R"*"). Furthermore we require diva'(z) = divel(z) = 0 for all
z € R" and we assume that (8,a°,c", B?) satisfy condition (A). Then also (3,a(z),c(x), B(x))
satisfy (A) with a possibly smaller constant £ > 0, provided w > 0 is sufficiently small. Note that
due to the uniform boundedness of the data, the norms of the solution operators are uniform as
well. Therefore we may cut the interval J = [0, T] into pieces J; = [id, id 4 d] for some small § > 0.
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We then solve the problem successively on J;. W.l.o.g. we may treat the first interval Jy. For
this purpose we define the spaces ZJ, X7, j = 1,2 as the restriction of the spaces Z7, X7 to the
interval Jy. Note that w.l.o.g. we may assume ug = 0

Let S denote the solution operator for the constant coefficient case from Theorem 4.2.1 and
denote by T that of the perturbed problem. Assume that we already know a solution to the
perturbed problem. Then it is easy to verify the identity

div(a'(x)0u) + div(Bl(x)Vu)} 7

)V (4.16)

T =S+ SBT, where Bm :{

and (u,p) € 0Z} x Z? is the solution of the perturbed problem. From the assumption on the
coefficients we obtain the following estimate

s

The task is to estimate the terms |dyu[r,(s,x0) and |M‘LP(JO;H;(Q)), since they are not of lower
order with respect to the variable t. To this end we consider the elliptic problem

p—(a+c)- Vu+div(a(c- Vi) — div(BBVp) = div(aAu) — Au+ f

< C(Ja selulzy + (1B + ')l z2
X3xX3 (4.17)

+ |8tU|Lp(J0><Q) + |.U|Lp(Jo;H;(Q))>'

which results, if we replace d;u in (4.11); by the second equation in (4.11),, where
f=8f+a-Vg—geL,(JxR")
is a fixed function. For this elliptic problem we obtain the following a priori estimate.

Proposition 4.2.2. There exists a constant M > 0 such that
1l gy ) + 100ty sy o)) < Ml (aosmzen)) + 11y sy @) + 1910, (2, ()-
Proof. First we show that the L,-realization Ay of the differential operator
Ao(D)w =c-Vw + a-Vw — div(a(c- Vw)) + div(8BVw)
with domain D(Ag) = Ly (Jo; H7(R™)) is dissipative. To this end, we compute

Re/ Agw w|wP~? da
=Re (/ (c+a) - Vw wjw[P~? dx Jr/ (div(BBVw) — div(a(c - Vw)))w|w|P~2 da:)
n RTI,
1
_ 7/ (c+a)V|wl? dz — Re/ (BBVw — a(c- V) - V(w]P~2) da
P Jgrn n
- _ p—4 P A T o2 p 5 ) o
= /n |wP~* Re (2(BVw V) w|® + (2 1) (BVw - Vw)w ) dzx
for each w € HZ(R"™), where B:= 3B— 3(a®c+c®a). Here we used integration by parts, and the
fact that diva(xz) = dive(z) = 0. To estimate the integral, we set Vw = u + iv and w = by + iba,
with u,v € R™ and b; € R. This yields
Pgvw v w2+ (2 1) (Bvw- 72
Re (2(BVw Vo) w|? + (2 1)(BVw - Vw)a?)
= L (Bulu) (8 +13) + 5 (Bofo) (b7 + 13) + (5 — 1)(Bulu) (5} - 13)
— (5 = D(Bulo)(b] = 13) +4(5 — 1)(Bulv)brbs
= (p — D)(Bulu)b} + (Bulu)b3 + (Bu|v)bi + (p — 1)(Bulv)bj + 2(p — 2)(Bulv)bibs
—(p-1) ((Bu|u)b§ + (Bolv)b? + 2(Bu|v)b1b2) + (Bulu)b? + (Bu|v)b? — 2(Bulv)bybs.
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Thanks to the Cauchy-Schwarz inequality, Young’s inequality and Assumption (A), it follows that
(Bu|u)b? + (Bv|v)b2 + 2(Bu|v)biby is nonnegative. To see this, we estimate as follows

|2(Bu|v)bybs| < 24/ (Bulu)y/ (Bo|v)|by||ba| < b?(Bulu) + b2(Buvl|v).

By the same arguments, the term (Bu|u)b? 4+ (Bv|v)b? — 2(Bu|v)bby is nonnegative too. This
yields

Ppve - va)w?+ (2 -1)(Bvw. 72
Re (Q(BVw Vo) w|? + (2 1)(BVw - Vw)a?)
> min{1, (p — 1)} [((Bulu) + (Bolv)) (53 + 83)]
> emin{L, (p — D}l + [0*) (07 + 03) = e min{1, (p — 1)} Vew[*[w|?,
by condition (A). This shows that Ay is dissipative. Next we split the operator Ay(D) = A¥ (D) +

Al (D), with
A# (D)yw = BB : V2w — (Vw)c - a,
and

Al (Dyw = BDiv B - Vw — VeVw - a + (a + ¢) - Va,

where we used again the property diva(z) = 0. Here Div A denotes the divergence of a matrix A,
defined by

n
DivA = Z 6]‘ (aij) € R".
i=1 i=1,...,n
Furthermore we use the notation B : V2w = >_i; bij0i0jw. By condition (A) it is easily seen that

the principal part AZ (D) of Ay(D) is parameter elliptic in the sense of [12, Definition 5.1]. Note
that the coefficients in the lower order terms are smooth. By [12, Theorem 5.7] there exists some
A > 0 such that A — Ap is R-sectorial, hence also sectorial. This in turn yields that Ag is the
generator of a contraction semigroup in L, (Jo; L,(R™)), by the Lumer-Phillips Theorem and the
dissipativity of Ag. In particular the operator (I — Ap) is invertible. Consider the equation

p1— Ao(Dypr = —Au+ f. (4.18)

By the above considerations the solution p1 € Ly(Jo; H2(R™)) of (4.18) is unique and satisfies the

estimate ‘,U/lILp(JO;Hg(]Rn)) < C’(|u|Lp(JO;H§(Rn)) + |f\LP(JO;Lp(Rn))) for some constant C' > 0. Then
the function py = p — pq solves the equation

p2 — Ao(D)pe = div(aAu). (4.19)

In a next step, we want to write ps = div ug + py for some suitable functions ug, p4. To this end,
we consider firstly the following equations

1 — Ao(D)ihy = ajAu, je{l,..,n}, (4.20)

where a; is the jt" component of the vector a. Each equation admits a unique solution ,ug €
Ly (Jo; HZ(R™)) and we have the estimate

3] L, sz @)y < Ol (o:m3@n))

for each j € {1,...,n} and some constant C > 0 at our disposal. Setting uz = [pd,...,u3]T and

applying the divergence operator to the system of equations (4.20), we obtain

div gz — Ao(D)(div pg) = div(aAu) — [Ao(D), div]us,
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where [Ao(D), div]us denotes the commutator of A4y(D) and div, i.e.
[Ao(D), div]ps := Ao (D)(div p3) — div(Ao(D)ps),
which is in fact an operator of second order. Let 114 denote the unique solution of
pa — Ao(D)pa = —[Ao(D), div]us,
with the estimate
palr, (1o;2®n)) < CllA(D), div]ps|r, (1oL, &) < Clulr, (7;m2@n)),

by the estimate for us. Finally, by the uniqueness of the solution us of (4.19) we may conclude
that po = div pug + pg. This in turn yields the desired estimate for u, since p = pq + div ps + 4.
To estimate Oyu in L,(J; L,(R™)), we make use of equation (4.11),. This completes the proof.

O

Now we go back to (4.17) to obtain the estimate
)
I

We use the mixed derivative theorem to obtain

< C(Ja"oclul z3 + (1B + ¢! 11 2

2
XixXE

+ [ulr, (o2 @) + 1L, (0iL, @) + |g|Lp(J0;H,1,(R")))‘

Zy = Hy(Jo; Hy(R™)) N Ly(Jo; Hy(R™)) — Hy/?(Jos Hp (R™)) = Loy (Jo; Hy (R™)).
This in turn yields
(|, (g2 @ny) < 8P |ul Ly, (gimz () < C3/PPlul 53
If we choose § > 0 and w > 0 small enough, we obtain from (4.16) the estimate
(1) 73z2 < MU f1x1 + gl + ol x, ),

for the solution of the perturbed problem. Therefore the operator L € B(Z} x Z}; X} x X} x X,,)
which is defined by the first lines of the left hand side of (4.11) is injective and has closed range,
i.e. it is a semi Fredholm operator. To show surjectivity of L we apply a continuation argument
for semi Fredholm operators, which is due to KATO [21]. Let L. be the corresponding operator to
(4.11) with data

(Br,ar ¢, Br) = (1 —1)(0, aO,CO,BO) +7(8,a,¢,B), T€][0,1].

By Theorem 4.2.1 the operator Lg is bijective, since the data (3,a°,c’, B?) satisfy Assumption
(A). Furthermore, the data (6;,ar,cr, B;) satisfy (A) too, by the smallness of w > 0. It is also
clear that a, and ¢, are divergence free vector fields and (ar,c;, B;) enjoy the same regularity
as (a,c, B). Hence each operator L, is injective and has closed range, by the above calculation.
Finally, the continuity property of the Fredholm index yields that the index of L, is zero for each
7 € [0,1]. This proves that Ly = L is also surjective. Therefore we have the following result.

Corollary 4.2.3. Let aj,c; € WL (R™;R") and By € WL (R™; R™") with div a1 (z) = div ey (z) =
0 for all x € R™. Then Theorem 4.2.1 remains valid in case of variable coefficients

a(x) =a® +a'(x), c(x)=c"+c'(x) and B(xz)= B°+ B(x),
provided that (3,a°, c°, B®) satisfy (A) and
la' | ®rrn) + € Lo @nirry + B Lo mejrexny < w,

with w > 0 being sufficiently small.
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4.3 The Linear Cahn-Hilliard-Gurtin Problem in R’

Set x = (2',y) € R"! x Ry and consider the half space problem
Opu — div(adyu) = div(BVp) + f, teJ, o' eR", 3 >0,
p—c-Vu=p0u—Au+g, telJ ' eR" y>0,
BVu-v="h, telJ, o eR" y=0, (4.21)
dyu=nhy, teJ 2’ eR" y=0,
u(0) =ug, t=0, 2’ €R"' 4 >0,
where J = [0,T], v is the outer unit normal at x € OR", ie. v = [0,...,0, —1]7, and the data

(8,a,c, B) are subject to Assumption (A). Due to the conditions (4.9) and (4.10) it holds that
a= (ap,0) e R"* xR, c=(cp,0) € R"! x R and

[By 0
-0 5

where By € R(*=1Dx(=1) js symmetric and B, € R. We assume that B is positive definite, hence
By > 0.
The main result on optimal regularity of (4.21) reads as follows.

Theorem 4.3.1. Let 1 < p < oo and assume that (A) and (4.9) and (4.10) hold true. Then (4.21)
admits a unique solution

u € H(J; HY(RY)) N Ly(J; HY(RL)) = 27,
p€ Lp(J; Hy(RY)) =: 27,
if and only if the data is subject to the following conditions.

(i) f € Ly(J; Lp(RY)) =: X,

(ii) g € Lp(J; Hy(R%)) =: X2,
(iii) hy € Ly(J; W, /P(R1)) = Y1,
(iv) ha € Wy /2 (J; Ly(R*1) N L (J; Wy~ VPR 1) = V2,

(v) ug € By /P(R) =: X,
(vi) Oyug = hale=o if p > 3/2.

Proof. The necessity part follows from the equations and trace theory, cf. Theorem 1.4.3, so we
can turn to the sufficiency part. We want to remark that due to the structure of the matrix B,
the boundary condition BV - v|,— becomes

BV - V|y:0 = B2ay.“|y:07

with By > 0 since B is assumed to be positive definite. Now we want to set hy = ho = ug = 0.
For this purpose we first solve the elliptic problem
(I—-Ay)n— 3577 =0, 2 eR" y>0,

o (4.22)
8yn:h1/Bg, r €R , y=0.

Define L = (I — Ay)Y/? in L,(R"1), with D(L) = H}(R""!) and let L denote the natural
extension of L to L,(J; L,(R*™ 1)), that is D(L) = L,(J; H)(R" 1)) and Lu = Lu for each
uw € D(L). Then the unique solution n of (4.22) is given by

n(y) ==L "e " (h1/By).
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Since Bj is constant, it holds that hi/B; € Ly(J; W;_l/p(R"’l)) = Dr(1 — 1/p,p), hence
e ™(h1/By) € D(L) and therefore € Ly(J; HZ(R™)), with Bydyn|y—o = hy. In order to re-
move ho and ug, we solve the initial boundary value problem

B — Agv = v =0, telJ o' eR" y>0,
O =hy, teJ, 2’ eR*" y=0, (4.23)
v(0) =up, t=0, 2 €R"! y>0.
To this end we extend ug € Bap 2/? (R) to a function @ € By, 2/P(R") and solve the heat equation
000 —Av=0,teJ, xeR" ©(0)=1day t=0, xz€R",
in Ly(J; H)(R™)). This yields a solution
o€ Hy(J; HY(R™)) N Ly(J; HY(R™)).

If v1 := P0 denotes the restriction of ¥ to the half space R}, the function vz := v —v; should solve
the initial boundary value problem

B0wa — Agrvg — 65112 =0, teJ, 2 eR" y>0,
Qyva =hy, teJ o' eR" y=0, (4.24)
v2(0) =0, t=0, 2/ €¢R" ! y>0,

where hy := hy — 9,v1|y—0. Set vz = (I — A,r)/?vy. Then v3 is a solution of

BOvs — Agrvg —02vs =0, teJ, o’ e R 4y >0,
Yy
ayv?) = h37 te ']7 ml € Rn_la Y= 0) (425)
v3(0) =0, t=0, 2’ €eR"' y>0.

with hy = (I — Ag)Y2hy € oW/> V2P (J; Ly(R™=1)) N Ly (J; W, /P(R"=1)). We define L =
(80, — Apr)/? with natural domain

D(L) = oH,/?(J; Ly(R" 1)) N Ly (J; Hy (REH)).
Then, the unique solution vz of (4.25) is given by
v3(y) = —L~'e Vhg,
and hz € Dr(1 —1/p,p). This yields
v € oH ) (J; Lp(R})) N Ly (J; HZ(RY)).
On the other hand, if we consider the function v4 := 0yv2 as the solution of

BOyvs — Aoy — Oovy =0, teJ, o’ eR"™' y>0,
vy=hy, teJ, & eR" y=0, (4.26)
v4(0) =0, t=0, 2’ €¢R" ' 4 >0,

we obtain vy (y) = e Yhy and hy € Dr(2 — 1/p,p). This yields
vy € oH)(J; Ly(R%)) N Ly(J; HY (RT)).
From the regularity of v3 and v4 we may conclude that

va € oH ) (Jy Hpy(R')) N Ly(J; HY(RY)).
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Now the functions u; := v — v and py := pu — 7, with v = v; + v, should solve the system

Owuy — div(adyur) = div(BVuy) + f1, teJ, @ eR"™ y >0,
p1 —c -V = B0y —Auy + g1, teJ, 2’ eR"H 4y >0,
BoOyur =0, teJ, o’ eR" y=0, (4.27)
ayulzoa tEJ, x/eRnilv y:(),
u1(0) =0, t=0, 2’ eR"! y>0,

with some modified data f; € X' and g; € X2. In a next step we extend the functions f; and g;
to J x R™ by even reflection, i.e. we set

t,z' ify >0 t,a' if y >0
bt y) = f1(7:c/,y), fy20 d ptay) = 91(,xl,y), ify=0
fl(tawv_y)a 1fy§0 gl(taxv_y)v lfygo

Thanks to Theorem 4.2.1 we can solve the full space problem

Oyug — div(adyug) = div(BVug) + fa, t€J, x € R™,
po —c- Vg = fOsus — Aug + g2, te€J, x € R", (4.28)
u(0) =0, ¢t=0, x € R",

since fo € Ly(J x R™) and gy € Ly,(J; Hy(R™)). This yields a unique solution
us € HA(J; HIR™) N Ly(J; HYR™)) and i € Ly(J; HA(R™),

by Theorem 4.2.1. At this point we emphasize that the equations (4.27), , are invariant w.r.t. even
reflection in the variable y, since a; = ¢; = 0 and B; = 0. This in turn implies that the solution
(ug, p2) is symmetric, w.r.t the variable y and this yields necessarily, Oyus|y—0 = Oypi2|y=0 = 0.
Denoting by P the restriction of the solution (uz, y12) to the half space R, it follows that (u1, 1) =
P(usg, p2) is the unique solution of (4.27) and therefore uw = v + u; and g = n + py is the unique
solution of (4.21). The proof is complete.

O

As in Section 4.2, we may extend Theorem 4.3.1 to the case of variable coefficients with a small
deviation from constant ones. The arguments are similar to those in the proof of Corollary 4.2.3.
Indeed it suffices to show that there is a version of Proposition 4.2.2 for the half space case. Assume
that we have given coefficients

a(zx) =a® +a'(z), c(z)=c +c'(z) and B(x) = B° + B'(x),

where |a1|LW(Ri;Rn) + |Cl|Lm(Ri;R") + |Bl\Lm(R17Ran) < w, with some constant w > 0 and a', c! €
WL(RY;RY), B € WL(RT;R™™). Furthermore we require diva'(z) = dive'(z) = 0 for all
z € RY,

(@’len) = (a'(2)len) = (len) = (c'(2)]en) =0
for all z € OR"}, and we assume that (5, a’, ¢, BY) satisfy condition (A). Here e, = [0,...,0, —1]T.
Finally, let BY satisfy (4.10). Extending the data to the whole of R® we may w.l.o.g. assume that
f =9 =wup=0. Then we have the following result.

Proposition 4.3.2. There exists a constant M > 0 such that
|1l Ly (s ) 106l Ly, (oL, )y < MUl (omz@n)) + 1l o wi=1/e @niy))-

Proof. Extending the data f, g and ug to the whole of R™ and solving the full space problem with
Corollary 4.2.3 we may assume that f = g = ug = 0. The corresponding elliptic boundary value
problem for u reads

pw—c-Vu—a-Vu+div(ia(e- Vu)) —div(BBVy) = div(aAu) — Au, BVp-Vv=h;. (4.29)
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It is not difficult to show that the Ly-realization Ag of the differential operator
Ao(D)w = ¢-Vw+ a-Vw — div(a(c - Vw)) + div(BBVw)

with domain
D(Ag) = {v € Ly(Jo; H}(R?)) : BVv - v =0},

is dissipative in L, (Jo; L,(R%)). In fact, we may exactly follow the lines of the proof of Proposition
4.2.2 since there appear no boundary terms. This is due to the boundary conditions BVv - v =
0, v € D(Ap), and (4.9). To prove invertibility of I — Ay we use following identity.

div(a(c-Vu)) =a-V(c-Vu) =a- (VeVu) +a- (Viuc)

=a-(VcVpu) + %(a@c—i—c@ )V

=a-(VeVp) — %[Div(a Qc+c®a)-Vu+ % div[(a® ¢+ c® a)Vy].
Owing to this identity, we may write Aq(D) = A1 (D) + AP*(D), with

A1(D)p = div(BVp),
and
Al (D) = %[Div(a ®c+ce®a)l-Vu—a-(VeVu) + (a+c) - V.
Here the matrix B is given by 8B — %(a ® ¢+ c¢®a). Observe that
BVu-v=Vu -Bv=Vu-Bv=DBVy v=h,

by the assumption (4.9) on the vector fields a, ¢ and since the matrices B and B are symmetric.
Consider the linear elliptic problem with a conormal boundary condition
w—div(BVw) = f, (z',y) e R" ™! xRy,

- , . (4.30)
BVw-v=yg, z€R" " y=0.

Elliptic problems of this type have been extensively studied in the literature and it is well-known
that (4.30) admits a unique solution w € HZ(R'}) if and only if (f,g) € L,(R7) x Wpl_l/p(R"’l).
In addition, there exists a constant M > 0 such that the estimate

|w|Lp(J0;HZ(]RQ‘_)) < M('fle(Jo;Lp(R;‘_)) + |g‘Lp(Jo;W;71/”(]R"'*1)))

holds, i.e. we have maximal regularity of type L, for (4.30). Then, by perturbation theory, there
exists Ag > 0 such that

(14 Xo)w — ALY (D)yw — div(BVw) = f, («/,y) e R" T xRy,

. T (4.31)
BVw-y:g, ' €R 7y:07

has a unique solution w € H2(R'}) if and only if (f,g) € L,(R") x Wplfl/p(R"_l). Setting g = 0,
this yields the invertibility of the operator I — Ag, since Ay is dissipative. Here we used the
canonical extension of the differential operators from the basic space L,(R"}) to Ly(Jo; Ly(RY)).

After these considerations we go back to (4.29). For hy € Lp(JO;Wz}fl/p(]R"_l)), let pq €
Ly (Jo; HZ(R')) be the unique solution of the boundary value problem

gy —div(BVp,) =0, o' € R"™L y >0,
BVui-v="hy, 2 eR" y=0,

with the estimate
lalL, (gosH2(rn)) < C|h1|LP(J0;W;71/p(R”71)),
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for some constant C' > 0. Then the function py := p — p; is the unique solution of

pa — Ao(D)pe = div(aAu) — Au— (I — Ag(D))p1, BVps-v=0.
Define the function us € L,(J; H2(R')) to be the unique solution of

s — Ag(D)pus = —Au— (I — Ag(D))u1, BVps-v=0,
subject to the estimate
s, (osmzen)) < Cllule, omz@ny) + 10l gowi-1/e@n-1y)s
for some constant C' > 0. Then the new function p4 := ps — pg solves
pa — Ao(D)py = div(aAu), BVpuy-v=0.
Define the boundary operator B(D) by
B(D)v = BVv - v.
Then we solve the system of equations
pl = Ao(D)ph = a;Au,  B(D)ub =0, (4.32)

for each j = 1,...,n to obtain solutions i € L, (Jo; HZ2(R")) with the estimate

|Ug|Lp(Jo;H§(]Ri)) < Cj|u\Lp(J0;Hg(R1))7

with some constants C; > 0. Applying the divergence operator to the system (4.32) yields
div ps — Ao(D)(div p5) = div(aAu) + [Ao(D), divlus,  B(D)(div pus) = [B(D), divlus,  (4.33)
where [Ag (D), div] and [B(D), div] denote the commutators of div and A(D) or B(D), respectively.
Observe that the estimates
[[Ao(D), div]ps| L, (gosz, 7)) < Culis|L, (1011 R7))
and
IBD), divlps |y, o sowi-1/e@n-1y, < Colis|L, (oimy@y)),

for some constants C7,Cy > 0 hold. Hence we may conclude that there exists a function ug €
L,(Jo; Hg (R%)) such that iy = div ps + pe and pe satisfies the estimate

161 Ly (Jos 27 )) < ClulL, (g0 m2(R7))-
This implies

lalr, (s )y < Clulp, (o;H2®7)),
with some constant C' > 0. Since pt = p1 + p3 + pa this yields a constant M > 0 such that

|1l L, osmpy) < M(|ulL, (imz@n)) + 1Bl gowa=10gn1y))-

The desired estimate for 0;u follows from (4.34),. The proof is complete.

The continuation argument in the proof of Corollary 4.2.3 yields the following result.

Corollary 4.3.3. Let ai,c; € WL (R?;R™) and By € WL (R R™™™) with div aq (z) = div ey (z) =
0 for all x € Ry, Then Theorem 4.3.1 remains valid in case of variable coefficients

a(z) =a® +a'(z), c(@)="+c(z) and B(x) =B’ + B'(x),
provided that (3,a°,c°, B®) satisfy (A), (4.10),
(@len) = (@} @len) = (len) = (@len) =0, = € IRT,

and
|a1|Lm(R1;R") + ‘cl\Lm(Ri%R") + |Bl|Lm(RiﬂR"X") <w,
with w > 0 being sufficiently small.
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4.4 Localization
In this section we prove the well-posedness of the system

Opu — div(adeu) = div(BVu) + f, t>0, z €9,
uw—c-Vu=p0u—Au+g, t>0, x€,
BVu-v=~hy, t>0,z€l, (4.34)
Oyu=nhy, t>0, zel,
u(0) =ug, t=0, z €,

where Q C R" is a domain, with compact boundary I' := 9Q € C? and v = v(z) is the outer unit
normal in a point x € I'. We assume that the data a,c and B enjoy the regularity a,c € Cib(ﬁ; R™)
and B € C}, (Q;R" ™). Suppose furthermore that the data (3,a(x),c(z), B(z)) are subject to
Assumption (A) for every z € Q and satisfy the conditions (4.9) and (4.10).

Let us recall some general properties of variable transformations. Suppose 2 C R™ is a domain
with compact C™-boundary I', m € N and let g € I'. Without loss of generality, we may assume
that zp = 0 and that v(zg) = [0,...,0,—1] € R™. This can always been achieved by a composition
of a translation and a rotation in R™. We remark that such affine mappings of R™ onto itself
leave invariant all function spaces under consideration. They also preserve ellipticity, i.e. (A) and
the conditions (4.9)-(4.10). By definition of a C™-boundary, there exists an open neighborhood
U=U; x Uy CR" of 2o with U; C R and U, C R as well as a function p € C™(U;) such that

rnU={x=(22,) €U :z, =pa')},
QNU ={z=(z',z,) €U : 2, > p(z)}.

Define g : U — R” by
ge(x) =a), ifk=1,...,n—1 and g,(z) =z, — p(a). (4.35)

Clearly, g € C™(U;R") is one-to-one and satisfies QN U = {z € U : gu(x) > 0} as well as
I'NU = {x €U: g,(x) =0}. By extending p to a function p € C™(R""!) with compact support
and defining ¢ by (4.35), with p replaced by p, we get a C™-diffeomorphism g of R™ onto itself,
extending g and satisfying g(z) = « for sufficiently large |z|. Also g is a C™-diffeomorphic mapping
from Qq := {x € R" : z,, > p(«’)} onto R’}. For the Jacobian Dg(x), one obtains

_ E,- 0 n
Dg(l") = |:_lep~(1x/) 1:| y L € R ’

which entails det Dg(x) = 1 for all x € R" and Dg(0) = E,,. Given a function v € H"(R"} ), we
define the pull back ©v on Qg by Ou(z) = v(g(x)). Since det Dg = 1 and the derivatives of § and
g~ ! up to order m are bounded, the transformation formula for the Lebesgue integral shows that
O induces isomorphisms ©®) : H;,“(R’_f_) — HE(Q) for each p € (1,00) and k € {0,...,m}.

We are going to prove the following

Theorem 4.4.1. Let 1 < p < oo, J =[0,T] and assume that (A), (4.9) and (4.10) hold. Suppose
furthermore that a,c € CL,(Q;R™) and B € C}, (Q;R" ™). Then (4.34) admits a unique solution

we Hy(J; Hy () N Ly(J; Hy () = 21, pe Ly(J; Hy(Q) = 22,
if and only if the data are subject to the following conditions.
(i) f € Lp(J; Ly(Q)) = X,
(i) g € Ly(J; Hy(Q)) = X2,

(iii) hy € Ly(J; W, /P(D) = Y1,



4.4. Localization 82

(iv) hy € Wy~ PP (J; Ly(D)) N Ly(J; Wy~ /P(1) = Y2,
(v) uo € By, 7P (Q) = X,,,
(UZ) 6V’U,0 = hg‘tzo pr > 3/2

Proof. Note that due to the uniform continuity of the data, the norms of the solution operators for
the full space or half space case are uniform as well. Therefore we may cut the interval J = [0, T
into pieces J; = [id,i6 4 0] for some small 6 > 0. We then solve the problem successively on J;.
W.lo.g. we may treat the first interval Jy. For this purpose we define the spaces Z}, Xj, Y/,
j = 1,2 as the restriction of the spaces Z7, X7 and Y7 to the interval Jy. Furthermore we may
assume that g = hy = ug = 0, by solving the linear heat equation

B0 — Au=—g, teJy, x €,
Oyu=ho, tedy, xe i,
w(0) =ug, t=0, z €.

We cover Q by finitely many open sets Uy, k = 1,..., N, which are subject to the following condi-
tions.

(i) Uy NT =0 and U, = B, (zg) for all k =1, ..., Ny;
(ii) Uy NT #Q for k=N, +1,...,N.

We choose next a partition of unity {¢x}i_, such that Zi\;l or=1onQ 0< pg(xr) <1 and
supp ¢r C U;. Note that (u, p) is a solution of (4.34) if and only if

Opug — div(adyuy) = div(BVug) + fi + Fe(u,p), t€[0,6], € QNUg, 1 <k <N,
pr — ¢ - Vg = B0uy, — Auy, + Gi(u, p), t€1[0,0], x€QNU;, 1<k<N
BVuy-v=hy+ (BVeg-v)u, t€]0,6], zeTNU; N1 +1<k<N (4.36)
Opur =udypp, te€10,0], zel’NU;, N1+1<k<N
up(0) =0, t=0, z€QNUy.

Here we have set up = upg, pr = por, fx = for and hiyp = hipg. The terms Fy(u, ) and
G (u, 1) are defined by

Fi(u, ) = —(a - Vp)du — (div B - Vr )y — 2BV gy, - Vi — (B : Vi),

and
Gr(u, ) = —(c- Vor)pu + 2VuVe, + ulpy.

In case k = 1, ..., N7 we have no boundary conditions, i.e. we only have to consider the first two
equations in (4.36). The aim is to derive an extension of the coefficients (a(z), c(z), B(z)) from
each ball Uy, = B, (x)) to the whole of R™ in order to treat these local problems with the help
of Corollary 4.2.3 for all k = 1,..., N;. To achieve this we have to find an extension such that
diva(x) = divé(z) =0, x € R™, for the extended coefficients @ and ¢.

We will now show how to construct such an extension. First of all note that w.l.o.g. we may
assume zp = 0, £k = 1,..., N7, after a translation in R™. We use the following ansatz for the
extension a of a.

a*(z) = (4.37)

{a(ac)27 z € By, (0),
a(%) -2(T)nga) €+ RS @ eR"\B,(0)

where r = |z|, £ = z/|z| and &;, a; denote the components of £ and a, respectively. The scalar
valued function R = R(r, &) will be defined later. We require diva”(z) = 0 for all # € R™. Clearly
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this condition is fulfilled for all z € B,., (0). So we have to compute diva*(z) for z € R* \ B,, (0).
First of all we have by the chain rule

oo ()] a1 () - o () (2 59
2 2 2
= % ((diVCL) (:gx) — 2£j§i(8jai) (T:;:)) (438)
2 2
= _2% ;fifjajai (7":233) :

since diva(z) = 0. Here we made use of sum convention for the sake of readability and J;; denotes
the Kronecker symbol. In a next step we compute div ((§;a;)§). For convenience we suppress the

argument (r’%—x) of a. This yields

r2

div ((€a,)6) = 0 (“43%)

Daxja; 222750,
_ (TL-|- )‘r]aj _ xz:ijaj +£i§jaiaj
T

r2
(n—1zxj;a; 5imr,% xixmri
- r2 — +£i£jamaj ’ r2 -2 r4
n—1)za; 12 (4.39)
= (r% + 7’; (&€;05a; — 2676m€0ma;)
n—1)za; 1}
= (r% + 77’; (§i&05a5 — 26m&0may)
n—1)¢a e
- ( T)gj L — Z?g(gzgjaza])
i=1
These calculations imply the identity
diva®(z) = _2(n i) zn:éa» + div(R¢)
P j g :
Finally we have to compute the divergence of R, where R = R(r,£). We obtain
. n &
-1
= SOR+ R
5im mSe -1
— & <£iarR+ 9 R- < RS >) Lrnolp (4.40)
r r r
1 1 -1
= 0.R+ -£0¢, R— —€26,0c, R+ ——R
r r r
-1
—9,R+—R

Since we require diva(z) = 0 for all x € R, it follows that R = R(r,&), r > ry must be a solution

of the ordinary differential equation
(n—1) (n—1)

r

(g'a)a TZT'k-

The compatibility condition @*(x) = a(x) for all z € R™ with |x| = 7 and (4.37) yield the initial
condition

R (€) := R(ry, §) = 2(§ - a(rig)), & = z/|z].
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The function R = R(r, ) can be explicitly computed to the result

R = B+ 20D [ e ayas, vz

Tk

rnfl

With the help of (4.37) we may extend the coefficients a and ¢ in each ball Uy = B, (zy), k =
1,...,N; to the whole of R", such that diva”*(z) = divéf(z) = 0 for all z € R™ and all k =
1,..., N7. At this point we want to emphasize that for an arbitrarily small number w > 0 we have

j@"(x) — a(zy)| + [ (z) - c(zr)| <w

provided rj > 0 is sufficiently small. For the coefficient matrix B(x) we use the extension method
from [12], i.e. we set

B*(z) = S E— (4.41)

B(x), x € By, (xr),
B (xk + rklj_’i‘) .z €R"\ B, ().
This yields again |B*(x) — B(x)| < w for an arbitrarily small w > 0 and each z € R™, provided ry, >
0 is sufficiently small. Hence for each chart Uy, k = 1,..., N7 we have coefficients, which fit into
the setting of Corollary 4.2.3. Therefore we obtain solution operators S} € B(X! x X?; (Z' x Z?%)

of (4.36) such that
ug| _ o | fr+ Fi(u, p)
] =t [P (42

foreach k=1,..., Ny.

For the remaining charts U, k = N1 +1,..., N we obtain problems in crooked half spaces with
inhomogeneous Neumann boundary conditions. For the further analysis we have to understand
how to treat (4.34) in such a setting. To this end we fix a point zo € 02 and a ball B, (x¢) with
radius g > 0 around zy. After a composition of a translation and a rotation in R", we may assume
that 29 = 0 and v(zg) = [0,...,0,—1] = e,. Consider a graph p € C3(R""!), having compact
support, such that

{(2',z) € Bry(mo) CR™ : 2, = p(z')} = QN B, (o).

Note that by decreasing the size of the charts we may assume that |V, p|s is as small as we like,
since V4 p(0) = 0. We set furthermore

G={(x,2,) e R" : 2, > p(z)}.

We want to achieve that diva(z) = dive(z) = 0 for all z € G in order to apply Corollary 4.3.3,
after a transformation of the crooked half space to R}. For the time being, we only know that
diva(z) = dive(x) =0 for all z € B,y (x0) N G. So we have to extend the coefficients a and ¢ in a
suitable way. To this end we transform the crooked boundary 9Q N By, (zo) to a straight line in
R™~1. This will be done with the help of a transformation, which was introduced at the beginning
of this section. Let u(z’, z,,) = v(g(z)) = v(2’, z, — p(')) and p(z) = n(g(x)) = n(2’, z, — p(z’)),
2’ € By, (7o) NR"™1. Then the differential operators a - Vu and ¢ - Vu transform as follows.

a(z) - Vu(z) = a(x) - (Dg(x) "Vo(g(x))) = (Dg(w)a(z)) - Vo(g(x)) = alg(z)) - Vo(g(z)),
and

c(x) - Vu(z) = c(z) - (Dg" ()Vn(g(x))) = (Dg(z)e(x)) - Vn(g(z)) = elg(x)) - V(g (),
with @(x) := Dg(z)a(g~1(x)) and &(x) = Dg(x)c(g~!(x)). Similarly we obtain

div(BVpu) = div(BVn),



4.4. Localization 85

where B(z) := Dg(x)B(g~'(x))Dg" (z) and the matrix Dg is given by

E,_ 0 n—
Dg(z) = [—Vm/p(lx’) 1] , @' € By (mo) NR™L,

where E,,_ is the identity matrix in R(*=1*(»=1) The Laplace operator is transformed as follows
Au = Av + |erp\28§v — 2V pV O, v — Ay pOyv,

and the normal v at JG is given by

1 v,
Vel pla') = s | V)
V14 [Vaep
Therefore /1 + [V p(z")[2(Dg")~tv = [0,...,0,—1]T = e,, hence the transformed boundary
conditions are BV7 - e, = /1 + |Vp(z/)|20~hy and
@71}12 Vr/p - Vv

VIFVepP 1+ [VapP

Here ©~! denotes the push forward operator, the inverse of the pull back operator.
Note that the set ©~1(B,,(z¢) N Q) NRY is not a hemisphere. Nevertheless we may choose a
radius 0 < r; < 79 such that

Vv-e, =

B, (z0) "R C ©7 (B, (z0) N ).

By construction, the transformed coefficients satisfy div a(z) = divé(z) = 0 for all z € B, (29) "R’}
and @ -e, = ¢-e, = 0 for all x € B, (w9) NR"~ L. Firstly we extend the coefficients @ and ¢ to
the whole ball B,, (z() by even reflection in the tangential coordinates and by odd reflection w.r.t.
the variable y, i.e. we set

Q. ! > 07
dm/(l'/,y): i]’I (xvy)7 yi
aw'(xl?_y)7 Yy S Oa

and (', y) = @, (2, ) if (&', y) € Br, (20) VR, ay(2',y) = —a, (a', —y) if (2',y) € By, (w0) BT
and in the same way for ¢. By the property @ - e, = ¢-e, = 0 for all x € B, (zo) NR"~! it holds
that a,é € WL (B, (7)) and diva(x) = divé(x) = 0 for all x € B, (z0). Now we are in a position
to use the extension (4.37) in order to extend @ and ¢ to the whole of R™, such that the divergence
condition diva(z) = divé(z) = 0 is preserved. It is furthermore clear by the structure of (4.37)
that a-e, = ¢-e, = 0 for all x € IR} = R™ 1. The coefficient matrix B can be extended to a
matrix B by the technique in [12, Proof of Theorem 8.2]. Then the condition B(zo)7(z) - e, holds
for all 7(xg) € T, R" 1. We reverse the transformation to the crooked half space. This yields the
following problem

Opu — div(adiu) = div(BVu) + f, t>0, z € G,
w—c-Vu=p0u—Au+g, t>0,x€q,
BVu-v=~hy, t>0,z€dG, (4.43)
Oyu=ho, t>0,x€dqG,
u(0)=0, t=0, z€dq.

The coefficients (3, a, ¢, B) satisfy (A) and have the properties diva(z) = dive(z) = 0 for all
x € G and a(x) - v(z) = ¢(z) - v(z) = 0 for all x € JG. Furthermore the matrix B satisfies
B(zg)71(x0) - v(x0) = 0 for 29 € OG. In order to solve (4.43) we transform it again to the half space
R’ by the procedure described above. Suppose that we already know a solution (u, ) € ¢Z Ly 72
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of (4.43). The transformation from G to R’ then yields

Oy — div(adyw) = div(BVn) +©71f, t>0, z € R,
n—¢é-Vn=pB0uv—Av+C(zr,Dv+0"tg, t>0 2ecR?,
BV7 e, =14 [Vep(@)20 thy, t>0, 2’ eR", y=0, (4.44)
o 'h
—0yv = 2

VIt Va2

v(0)=0, ¢t=0, x€RY,

+Co(2/,D)v, t>0, 2’ eR", y=0,

where the differential operators C1(z, D) and Ca(z’, D) are defined by
Ci(z,D)v = 7|Vm/p|28§v + 2V pVOyv + Ay pOyv,
and
. Vm/p . Vz/v
1+ |Vepl?'

From the extension method above it follows that

Ca(2', D)v =

() = a(20)| o (r7 skm) + |E(x) = c(@0)| Loy (R ) + | B(2) = B(20)| 1o 7 smxm) <

where we can choose w > 0 arbitrarily small, provided ro > 0 is sufficiently small. By Corollary
4.3.3 there exists a solution operator S € B(X} x X2 x Vit x oV?; 0Z} x Z2) of (4.44), i.e.

e-1f
w Ci(z, D)0 1y
H
{ ] =05 1+ [Vap(@)20 1hy . (4.45)
@71}7,2 / —1
vt +Cy(2’, D)0 tu
Since the solution operator is bounded and © is a C3-diffeomorphism, we obtain the estimate

|(w, 1)l z2zz < M| flxr + lglx2 + [halyy + [helyz + |ulp, (go;m2(6)) + [ Varploolul 21)-

We remind that the norm of the solution operator S does not depend on the length § > 0 of the
interval Jy, since we have time trace 0. This means we may again use the embeddings

0Zy = oH)(Jo; Hy(G)) N Ly(Jo; HY (G)) — OH;/Q(Jo;Hg(G)) — Lap(Jo; H(G)),
to obtain |ulr,(5;m2(c)) < (51/2p|u|Z§. Since |V, p|eo may be arbitrarily small, we obtain

|(w, )| 21522 < M(|flx2 + [9lx2 + |halyy + [hely2).
This means the operator L : OZ(% X Zg — X(} X Xg X Yé1 X Y:SQ defined by

Opu — div(adiu) — div(BV )
| op=(c-Vu) = Bou+ Au
L(u,p) = (BVy-v) )
Ovu

is injective and has closed range, i.e. it is a semi-Fredholm operator. To show surjectivity, we
apply again the homotopy argument to the set of data

(,G,G,T,C,HBT) = (]- - T)(ﬁaoaovEn) + T(ﬂvaa CvB)v TE [07 1]7
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where F, is the identity matrix in R™*"™. We claim that the corresponding operator Ly is bijective.
Then L, is surjective, since each operator L, is injective and has closed range, by the above
calculations. Therefore we have to consider the system

ou=Ap+f, tey, z€Gq,
w=p00u—Au+g, teddy, z€aq,
Oy =hy, tedy, z€IqG, (4.46)
Oyu=ho, teJdy, x€IG,
u(0)=0, t=0, z€G.

Multiply the first equation by (8 and substitute G0;u by the second equation. This yields the
elliptic problem

p—pBAp=pBf+g—Au, Oyp=hi.
This problem admits a unique solution p € Ly, (Jo; H}(G)) provided 3f + g — Au € Ly (Jo; Ly(G))
and hy € L,(Jo; I/V]g1 —1/p (0G)). Denoting by S the corresponding solution operator, we may write

p=—SAu+S(Bf +g,h1) = —SAu+ o,
with po € Ly (Jo; H2(G)). Now we go back to (4.46), to obtain the initial boundary value problem

Bou — Au=pyg—SAu—g, tedy, x€G,
Oyu = ho, te€Jy, x€IqG, (4.47)
u(0)=0, t=0, z€q,

for the function u. If u € ¢Z} is given, then
SAu € oH)/?(Jo; H2(G)) N Ly(Jo; H(G)).

This means that the term SAw is of lower order and a Neumann series argument yields a unique
solution u* € ¢Z! of (4.47). By Kato’s continuation argument it follows that the crooked half
space problem (4.43) admits a unique solution (u, ) € ¢Z* x Z? first on a small interval .Jy = [0, §]
and then also on the whole interval J = [0, 7] by a successive application of the above procedure.

We may use this result for the charts Uy, k = N1 + 1,..., N which intersect the boundary 9052,
to obtain solution operators S € B(X} x X2 x Y3t x oYZ; 0Z} x Z%) such that

fk + Fk (U, M)
Uk H Gk(ua :U’)
-9 4.48
Ltk] M 1 hik + (BVgr - v’ (4.48)
udy, P

for each k € {N7 +1,..., N}. Summing (4.42) and (4.48) over all charts Uy, k =1,..., N yields

Jr + Fr(u, 1)
4 Gr(u M) Pt k1 hu, + (BVog - v)u|’ '
- uau‘ﬁk

since {(pk}{c\[:l is a partition of unity. By the boundedness of the solution operators we obtain the
estimate

I(w, W)z xzz < M| flxz + halyy + [ulr, (o;m2(0)) + 100l L, (go;2,0)) + 11l L, (g0 (0))),  (4:50)

for some constant M > 0. The term [u|r,(s,;12()) may be estimated by 51/2PO|U|Z§ with some
constant C' > 0, while for the last two terms in (4.50) we need an estimate like that of Proposition
4.3.2 but here for the domain . The arguments for a general domain 2 C R™ are similar to those
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in the proof of Proposition 4.3.2. Indeed, it suffices to show that the L,-realization Ay of the
differential operator

Ao(D)w =c-Vw +a-Vw — div(a(c - Vw)) + div(8BVw)
with domain
D(Ag) ={ve Lp(Jo;Hi(Q)) : BVv-v =0 on 0Q},

is dissipative in L, (Jo; Lp(€2)). But due to the assumptions diva(z) = dive(z) = 0, = € ©, and
a(z) -v(z) =c(z)-v(z) =0, x € 99, this follows immediately from the proof of Proposition 4.2.2.
Hence, choosing § > 0 small enough we therefore obtain

[(w, )| z1xz2 < M(|flx2 + |9lx2 + [halyy + |Ralyz + [uolx,), (4.51)

for the solution (u,p) € Z} x ZZ of (4.34). Now we may again employ the continuation argument
of Kato to see that the solution operator to (4.34) is bijective. This can be done as in the case of
a crooked half space. The proof is complete

O

4.5 Local Well-Posedness

We are going to solve the semilinear problem

O — div(adip) = div(BVp) + f, t>0, z€Q,
H*CVM:53t¢*A¢+‘I)/(¢)+9, t>07I€Qa
BVu-v=nhy, t>0 zeTl, (4.52)
O =hy, t>0, zel,
Y(0) =1y, t=0, z€Q,
where the data (3, a, ¢, B) are subject to Assumption (A), (4.9) and (4.10) and let a, c € CL(Q;R™),
B € C}, (Q;R™ ™). To this end let f € X!, g € X% hj €Y;, j=1,2 and ¢y € X, be given such
that the compatibility condition 0,19 = ha|t—o if p > 3/2 is satisfied. Applying Theorem 4.4.1 we
may define a pair of functions (u*,v*) € Z! x Z? as the unique solution of
uy —div(euy) = div(BVo* )+ f, t>0, x € Q,
v —c- Vvt =puf —Aut+g, t>0, x€Q,
BVv*-v="hy, t>0, xel, (4.53)
ou* =hy, t>0, xel,
u*(0) =9, t=0, 2€Q.
We set
Ey = ZNT) x Z*(T), oE1 = {(u,v) € E; : ul—g = 0},
Eo = X'(T) x X*(T) x Yi(T) x Ya(T),  oEo = {(f, 9, h1,h2) € Eg : hali—o = 0}
and denote by |- |; and |- |o the canonical norms in E; and Eg, respectively. Following the lines of
Chapters 2 & 3 we define a linear operator L : E; — Eq by
Oyu — div(adyu) — div(BVv)
v—c-Vv—G0u+ Au

L(u,v) = BVv-v
Oyu
and a nonlinear function G : gE; x E; — ¢Eq by
0
G((uv). (ut,0)) = | P )

0
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Again we consider I as an operator from ¢E; to ¢Eg. Hence Theorem 4.4.1 yields that L is a
bounded isomorphism and by the open mapping theorem L is invertible with bounded inverse
L1, It is easily seen that (1, u) := (u + u*,v + v*) is a solution of (4.52) if and only if

L(u,v) = G((u,v), (u*,v*)) or equivalently (u,v) = L™ G((u,v), (u*,v*)).

Consider a ball Bg C E; where R € (0, 1] will be fixed later. To apply the contraction mapping
principle we furthermore define a nonlinear operator by 7 (u,v) := L71G((u,v), (u*,v*)). As in
Chapters 2 & 3 we have to show that 7Br C Bgr and that there exists a constant x < 1 such that
the contractive inequality

|7 (u,v) — T (a,0))1 < kl(u,v) — (4, 9)) (4.54)

holds for all (u,v), (a,v) € Bg. We first care about the contraction mapping property. By Hélder’s
inequality and with the assumption ® € C3~(R) we obtain

1T (u,0) = T(@0)s < LG ((w,0), (u,0%)) = G((@, ), (", 07)) o
< M@ (u+u") — (@ +u”)|x, (1)
< M(|<1>’(u Fut) — (T + U,
V(@ () — @ (@4 u7))p )

4.55
< (=l + 19+ 0 0) = V0

10 @+ gV = Vil )
< MTY P (i = @l + [Vt = Vil )
< /(T)[(u, v) = (@, )],

where k = k(T') is a function with the property that x(T') — 0 as T — 0. and a constant M > 0
which does not depend on T, since time traces are equal to 0 at ¢ = 0, whenever they exist. Here
we made use of the embedding

HY(J; HA () 1 Ly(J: HY () — C(J x ),

provided p > (n+2)/3. Furthermore, since in the above calculation we may chose r > 1 arbitrarily
close to 1, it holds that

Hy(J; Hy () 0 Ly (J5 Hy () = Lip(J5 HY ().

Thus, if T is sufficiently small we obtain (4.54). The self mapping property can be shown in a
similar way. The above computation yields
1T (u, )|y < |7 (u,v) =7(0,0)[r +17(0,0)]1
< K(T)|(u,v)l1 + M|G((0,0), (u*,v7))lo
< KD, 0)[1 + M2 (u”)|x, (1)
< &(T)R + M| (u")| x,(1)-

(4.56)

Since ®'(u*) is a fixed function in X5(T') it follows that |®'(u*)|x,) — 0 as T — 0, whence
TBgr C Bg, provided that T" > 0 is small enough. The contraction mapping principle yields a
unique fixed point (@, ) € ¢E; or equivalently (¢, p) := (@ + u*, 0 + v*) € E; is the unique local
solution of (4.52). Therefore we have the following result.

Theorem 4.5.1. Let 1 < p < oo and p > (n+2)/3. Assume furthermore that ® € C*~(R) and
let (A) as well as (4.9),(4.10) be satisfied. Suppose that a,c € CL,(Q;R™) and B € C},(Q; R ™).
Then there exists an interval J = [0,T) C [0,To] and a unique solution (1, 1) of (4.52) on J, with

W € Hy(J; Hy(Q) N Ly(J5 Hy(Q)) = Z(T)
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and

e Ly(J; Hy(Q) = Z(T),
provided that the data are subject to the following conditions.
(i) f € Ly(Jo; Lp(Q)) = X1,
(ii) g € Ly(Jo; HL(Q)) = X2,
(iii) hy € Ly(Jo; Wy H/P(1)) =Y,
(iv) ha € Wy~ V% (Jo; Ly(T)) N Ly (Jos Wy~ /P(D)) = v,
(v) o € By P(Q) = X,,
(vi) Oytho = hali—o if p > 3/2.

The solution depends continuously on the given data and if the data are independent of t, the map
Yo — ¥(t), t € Ry, defines a local semiflow on the natural phase manifold

M, = {pg € X, : ¢ satisfies (vi)}.

4.6 Global Well-Posedness

Throughout this section, we assume that p > 2 and n < 3. Furthermore, we will need the following
assumption.

(H) There exists a constant € > 0 such that
B3 + (a+ clz1)zo + (Baila1) > e(z5 + |a1?),

for all (z9,21) € R x R™,

This condition is crucial in order to obtain some energy estimates, which will be used in the
proof of global well-posedness. We will show in the Appendix, that (H) already implies (A).
Assume furthermore that the data (8, a,c, B) satisfy (4.9), (4.10) and let a,c € CL, (Q;R") and
B € CL (Q; R ™).

A successive application of Theorem 4.5.1 yields a maximal interval of existence Jyax = [0, Tinax)
for the solution (¢, 9) € Eq of (4.52). In order to prove the global existence of 1 on R, we have
to verify that [1)|z1(7) is uniformly bounded for all T' € I and all compact intervals I C R,. The
embedding

ZMT) < C((0,T); B2 2/7())

then yields that the limit lim; 7, |4 (t)|x, exists, which means that we can continue the solution

1) beyond T ax- Then it follows from the equations that p exists globally, too. In other words this
means that T = +oo. Let Jy = [0,7p] and let T' € Jy. The open mapping theorem yields the
estimate

[Vl 21y + |1l z2 (1) < M(TO)(|‘I’I(¢)|X2(T) +1flx1 () + 19l x2(10)
+hilyr(my) + [haly2 () + WO\XP) (4.57)
< M(Tp) (1 + |‘I’/(¢)\X2(T))

for the local solution (¢, 1) € Eq of (4.52). First of all we will derive an a priori estimate for .
To do so we multiply (4.52), by u, (4.52), by —0:¢ and integrate by parts to obtain

/Q (at¢u+(Bw|w)+(a|w)at¢) dz = /Q uf dz+ /F jihy dU (4.58)
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and

10 0
[ (= 0+ (Vw04 BlowP + 5 S 1V0+ S0(0)) do = [ oo v~ [ Bsg da. (459)
Q 20t ot r Q
Adding (4.58) and (4.59) yields the equation

d (1
G (3I70E+ [ 9) de) + 500 + (0 + dowTi: + (BVUT)
Q
= / wf dr+ / phy dU + / Oytphy dI’ —/ Opbg dz.  (4.60)
Q r r Q
From Assumption (H) with zp = 0y¢) and z; = Vp it follows that
BlOw[3 + (a+ cldVu)a + (BVuVi)2 = e(|0w ] + [V ul3).

For the first and the second integral in (4.60) we apply Holder’s inequality as well as the Poincaré-
Wirtinger inequality to obtain

[t s <ciste (19t | [ wdal) and [y ar < Clmlar (190241 [ ).
Q Q T Q

The integral fQ 1 dz can be computed in the following way. Assuming that dive = 0 in £ and
(c|lv) =0 as well as (a|lv) =0 on I we have

/(C|Vu) dox = /(c|u)u dr — / pdive dz =0,
Q r Q

hence it follows from (4.52),, (4.52), and the boundary conditions that

/Qud:v:ﬁ/ﬂatd}dx—F/Q(I)’(z/J)dx—f—/ﬂgdx
:/QCD’(Wdx—l—/ggdx—i—ﬁ(/ﬂfdw—f—/rhl dF).

With the additional assumption
|/ ()] < (c1®(s) 4 c25® + ¢3)?, for all s € R, (4.61)

with some constants ¢; > 0, 6 € (0,1), we obtain

\/Qu dz| < /Q(cl@(z/}) + co|* + ¢3)? dx + (gl + |hlir + [ f1)-

By the last estimate, Young’s inequality and the Poincaré inequality it holds that
[t ass [ ar < co) 1V + [ o00) doe 75+ nlf e+ 1o +1) + 01908, (102
Q r Q

where ¢ := max{2, .15} and § > 0 may be arbitrarily small. For the term [, d;¢g dz in (4.60) we
apply Young’s inequality one more time to obtain

/ Dby dx < 50012 + C(8)]gl2. (4.63)
Q

Integrating (4.60) with respect to ¢ and choosing 6 > 0 small enough, we obtain together with
(4.62) and (4.63) the estimate

SIVHOB+ [ B do+ Cr(0w+ Vi)
t
<Co( [ (V0B + 0@ dr+ 1112+ Inllor + o +1)

t
+ / / Oybhy dT dr.  (4.64)
0 I
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In order to treat the last double integral, we have to assume more regularity for the function hs.
To be precise, we assume that

hy € HY(J; Ly(T)) N Ly (J; W~ 1/2(T) = C(J; Ly(T)).

Due to this fact, we may integrate the last term in (4.64) by parts to the result

/Ot/raﬂﬁhz dl dr = /Fw(t)hg(t) dr—/Fwohzhzo dr—/ot/rwthg dr' dr, (4.65)

where we also made use of Fubini’s theorem. For the first term we use Young’s inequality, the
embedding H3 (2) — Lo(T) and the fact that

/Qz/z(t)dx:/ﬂz/)odx—k/ot/ﬂfdxdT—i—/ot/FhldFdT. (4.66)

/F B(O)ha(t) dD < 610(8) 43 0 + C(O)|a()3r
<nCIV(t)[5+ C(n) (|hal2 or + 1111 + 1l + [Yol1) -

This yields

Next, by Theorem 4.5.1 (vi) it holds that hali—o = 9,1 € Bay */P(T) — Ly(T), if p > 3/2 and by
trace theory, we obtain
By, ?P(9) = By P () < La(T).

These embeddings ensure that the integral fr ohz|t=o dT’ converges. Finally, concerning the last
term in (4.65) we use Young’s inequality one more time to the result

i 1t 1
/ /1/}8th2 dF dT S 7/ |w(7—)‘ip(g) dT+ *|ath2|§72_r
o Jr 2o 2 2 ’
t
S C/ |v¢(7)|% dr + C(T()?fa hl;achawO)a
0

where we used again (4.66). Set
1
E(u) = §|Vu|% +/ O(u) dr, u€ Hy(Q).
Q

Then by the above estimates there exist some constants C; > 0 such that

t
E(’(/J(t)) + Cl(‘at/w@ﬂ + ‘Vﬂg,g) < CQ / E(QZ)(T)) dr + CS(TO7 f797 h17 h27 8th27 ¢O)a
0
provided that § > 0 is sufficiently small. Assume that ® satisfies the additional condition

P(s 2—292—00, s € R, 4.67
2

where ¢g > 0 and 1 < A1, with A\; being the first nontrivial eigenvalue of the negative Neumann
Laplacian. With the help of (4.67) it follows that E(u) is bounded from below for all u € H2 (),
hence we may apply Gronwall’s lemma to the result that E(«(+)) is bounded on Jiyax = [0, Tinax)-
Applying (4.67) one more time and using the fact that | [, ¢ (t,z) dz| < C it holds that

€ Loo(Jmax; Hz (Q)).
Applying the same arguments as in the proof of Lemma 3.4.1, we obtain an inequality of the form

19" (¢) [ x2(r) < C(1+ |w|6Zl(T)|7/)‘?W(J;H21(Q)))7
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for some constants C' > 0, m > 0 and § € (0,1), provided that the potential ® € C3(R) satisfies
the growth condition
|®"(s)| < co(1+s]7), se€R, (4.68)

with v < 3 in case n = 3 and some constant co > 0. Hence it follows from (4.57) that ||z (1)
is bounded with respect to T € [0, Tp] and this means that we may continue the solution beyond
Tiax- Thus we obtain the following result on global well-posedness.

Theorem 4.6.1. Let p > 2, n < 3, ¢ = max{2, 115}, with  from (4.61), and let Hypotheses

(H) as well as (4.9),(4.10) hold. Suppose that a,c € C},(Q;R™) and B € C}, (Q;R™™™). Assume
furthermore that ® satisfies (4.61), (4.67) and (4.68). Then there exists a unique global solution
(¥, 1) of (4.52) on Jy = [0,Tp], with

b € Hy(Jos Hy(Q)) N Ly(Jo; Hy (2))
and
1 € Ly(Jo; Hp (),
provided that the data are subject to the following conditions.
(1) | € Lp(Jo; Lp($2)) N Lg(Jo; L2(92)),

(ii) g € Ly(Jo; Hy (),

(iii) by € Ly(Jo; Wy ™"/P(1)) 1 L (Jos La(T)),

(iv) ha € H}(Jo; Ly(T) 0 Ly(Jo; Wy ™/ (D)),

(v) o € By, /P (9),
(vi) Outpo = halt=0, if p > 3/2.

The solution depends continuously on the given data and if the data are independent of t, the map
o — Y(t), t € Ry, defines a global semiflow on the natural phase manifold M,,.

4.7 Asymptotic Behavior

In this last section we will give a qualitative analysis of global solutions of the Cahn-Hilliard-Gurtin
system
oy — div(adpp) = div(BVpu), t>0, z € Q,
p—c-Vu=PpB0p—Ap+ @), t>0, zeQ,
BVup-v=0, t>0, zeTl, (4.69)
oY=0, t>0,xzel,
¥(0) =1, t=0, z€.

To be more precise we will show that each trajectory converges to a stationary point, i.e. to a
solution of the corresponding stationary system. The so called Lojasiewicz-Simon inequality will
play an important role in the proof of this assertion. Assume that the data (3,a,c, B) satisfy
(4.9), (4.10) and (H). Suppose furthermore that a,c € Cl, (Q;R") and B € C}, (Q;R"*"). Let
1y € Mo and let (¢, u) be the unique global solution of (4.69). We recall from Section 4.6 the
energy functional

1
E(u) = §|Vu\§ +/Q<I>(u) dz,

defined on the energy space

V::{ueHé(Q):/Qudx:O}.
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Note that due to (4.69), and the boundary condition (4.69), we obtain [, ¢ da = [, ¢ dz, since
(alv) = 0 on T. If we perform a shift of ¢) by means of 1) = ¢ — ¢, where ¢ := [, 1o d, it follows
that ¢ is again a solution of (4.69), if we replace the physical potential ® by ®(s) = ®(s +¢) and
additionally it holds that [, ¢ dz = 0. It follows from (4.60) that in the homogeneous case E(v(-))
satisfies the equation

d

T B@ (1) + Blowp(#)[5 + (a + clo () Vi(t)2 + (BVu(B)|Vu(t))2 = 0,

for all t € R;. Making again use of Hypothesis (H) we obtain the inequality

SBW) += (000 + Vu(t)B) <0, (1.70)

which holds for all £ € Ry. Integrating with respect to ¢ and making use of (4.67) as well as of the
Poincaré inequality we obtain the a priori estimates

§ € Loo(Ry; Hy () and 9y, |Vpu| € Lo(Ry x Q).
Proposition 4.7.1. The orbit {1(t)}er, is relatively compact in V.

Proof. We rewrite equation (4.69), as follows
B0 = A+ = p = = ()| Vi) + i+ ¢ = D(¢),

where 1 = ﬁ fﬂ ®’(¢)) dx. By the energy estimates above and the Poincaré-Wirtinger inequality
it holds that
fim =it (eVa) € La(Ry; La(Q)).

Furthermore we have
g =T+Y -0 () € Loo(Ry; Le()),

where ¢ = 6/(y+2) is determined by the growth condition (4.68) on ®. The operator A := —A+1T
with domain
D(A)={uec H():0,u=0o0nT}

generates an exponentially stable, analytic Co-semigroup {T'(¢)}ier, in Ly,(£2). Therefore
T()* f € Hy(Ry; L2(2)) N La(Ry; H3 () — Co(Ry; Hy ().
For the function g we apply elementary semigroup theory to obtain
T() xg € Co(Ry; Hy (),

for each s € (0,2). The space H;(€2) embeds compactly into Hy (), if s is chosen close enough to
2. This completes the proof of relative compactness, since 1o € H2(S).
O

The following proposition provides some crucial properties of the w-limit set

wW)={eeV: I (t,) /o0, st. ¥(t,) — ¢ in V}.

Proposition 4.7.2. Suppose that (1, ) is a global solution of (4.69) and let ® satisfy Hypotheses
(4.67) and (4.68). Then the following statements hold.

(i) The mapping t — E(y(t)) is nonincreasing and the limit lim;_, o E(¢(t)) =: Ex € R exists.

(i) The w-limit set w(v) C V is nonempty, connected, compact and E is constant on w(1)).
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(iii) Bvery voo € w(¥) is a strong solution (in the sense of Lo ) of the stationary problem

_AQ;/}OO + (I)/(’IZJOO) = oo, T E Q,

4.71
81/1;[}00 =0, zel, ( )

where fioo = \ﬁll Jo @ (o) dx = const.

(iv) Each Yo € w(t)) is a critical point of E, i.e. E'(Yso) =0 in V*, where V* is the topological
dual space of V.

Proof. From the inequality (4.70) it follows that E(«(+)) is nonincreasing with respect to ¢. Fur-
thermore by (4.67) it follows that E(u) is bounded from below for all w € V. This proves (i).
Assertion (ii) follows easily from well-known facts in the theory of dynamical systems.

Let oo € w(vp). Then there exists a sequence (t,) / 400 such that ¥(t,) — ¥ in V as
n — oo. Since 0yp € La(Ry x Q) it follows that ¢ (¢, + $) — ¥ in La(2) for all s € [0,1] and
by relative compactness also in V. This can be seen as in Chapter 2. Integrating (4.70) from ¢,
to t,, + 1 we obtain

1

E((ta + 1)) = @) 42 [ [ (Fults + 5,00 + |000(tn + 5,0)) d ds <0

0 Ja
Letting t,, — 400 yields
‘vu(tn + )|7 atw(tn + ) —0 in L2([Oa 1] X Q)
This in turn yields a subsequence (t,, ) such that |Vu(t,, + s)|, 0:(tn, +s) — 0 in Lo(£2) for a.e.
s € [0,1]. We fix such an s, say s* € [0, 1]. The Poincaré-Wirtinger inequality implies that
|:u’(tnk + S*) - :U’(tm + S*)|2
<Gy (IVu(tnk +57) = Viultn, +57)]2 + /Q D' (Y (tn, +57)) — ' (W(tn, +57))| dﬂf) ;

since [,y dw = [, ®'(¥) dx. Letting k,I — co and making use of (4.68) it follows that u(ty, + s*)
is a Cauchy sequence in Ly (2), hence it admits a limit, which we denote by .. Since the gradient
is a closed operator in Ly(€Q;R™) it holds that jio, € H3(2) and Ve = 0. Thus 1o, = const. and
we have the identity poo = ﬁ Jo @' (ts0) dx. Finally we multiply (4.69), by a function ¢ € V' in
Lo(Q) to the result

(/’[’(tnk + S*)v 90)2 + (C ’ Vu(tnk + S*)> 50)2
= BO(tn, +57),9)2 — (Ab(tn, +57),0)2 + (P (Y(tn, +57)),0)2. (4.72)

Taking the limit ¢,,, — oo we obtain

a(¢(tnk + S*)7 ‘P) - (MOO - (b/(ﬂ}oo), 90)27

where a : V x V — R is the form defined in Section 2.5 and (-, )2 denotes the scalar product in
Ly(Q). Since ®'(Yoo) € Lg(2) with ¢ = 6/(6 + 2) it follows that 1o € D(Ay) = {u € HZ(Q) :
O0,u = 0}, where A, is the part of the operator A in L,(£2) which is induced by the form a(u,v).
Observe that ¢ > 6/5 by assumption, whence we may apply a bootstrap argument to conclude
Yoo € H2(Q) and 9,1 = 0 on I'. Going back to (4.72) we obtain for (¢,,) /" oo the identity

(Voo v90)2 + ((I)/(wOO)7 ©)2 = (Koo, )2,

for all functions ¢ € V. This yields (iii) after integration by parts. Assertion (iv) follows from (iii)
and again via integration by parts, since by Proposition 2.5.2 the first Fréchet derivative of F is
given by

(E' (), By = / Vuvh da:+/ ' (u)h da.
Q Q
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The next proposition is the key for the proof of the convergence of the orbit ¢ (t) towards a
stationary state as ¢ — oo.

Proposition 4.7.3 (Lojasiewicz-Simon inequality). Let ¢ € V' be a critical point of the functional
E. Assume in addition that ® is real analytic. Then there exist constants s € (0, } C,0 >0 such
that

|E(u) = E(p)|'~* < CIE(u)ly-,

whenever |u — @l < 0.

Proof. The proof follows the lines of the proof of Proposition 2.5.4. We skip the details.

Now we are in a position to state the main result of this section.

Theorem 4.7.4. Let O satisfy the conditions (4.67) and (4.68). Assume in addition that ® is real
analytic. Then the limit

lim 4(t) =: oo

t—o0
exists in 'V and Voo is a strong solution of the stationary problem (4.71).
Proof. Since each element ¢ € w(%) is a critical point of F, Proposition 4.7.3 implies that the

Lojasiewicz-Simon inequality is valid in some neighborhood of ¢ € w(v). By Proposition 4.7.2 (ii)
the w-limit set is compact, hence there exists NV € N such that

N

U Bs, () > w(®),

j=1

where Bs,(¢;) C V are open balls with center ¢; € w(¢) and radius §;. Additionally in each ball
the Lojasiewicz-Simon inequality is valid. It follows from Proposition 4.7.2 (i) and (ii) that the
energy functional E is constant on w(v), i.e. E(p ) = Fo, for all ¢ € w(v)). Thus there exists an
open set U D w(t) and uniform constants s € (0,1] C,§ > 0 with

|[E(u) — Ex|' ™" < C|E(w)]v-,

for all w € U. A well-known result in the theory of dynamical systems sates that the w-limit set is
an attractor for the orbit {¢(t)};cr . To be precise this means

tlg(r)lo dist(¢(t),w(¥)) =0 in V.

This implies that there exists some time t* > 0 such that (t) € U for all ¢ > ¢* and thus the
Lojasiewicz-Simon inequality holds for the solution (), i.e.

[B(1(t)) = Bso|'™* < C|E'(4(t))

Define a function H : Ry — Ry by H(t) = (E(¥(t) — Ex)®. Then with (4.70) and (4.73) it holds
that

ve, t>t" (4.73)

i d
~ 0 = (E0) - B (- 5 Bw)
S ([0 + 19
= EW0) -~ B
0 (1)]3 + [Vi(t)[3
BWO)-

Following the lines of Section 2.5 the first Frechét derivative of E in V reads

(4.74)

= C;

(E'(u),hyy~ v = / YVuVh dz+/ &' (u)h dx,
Q Q
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for all (u,h) € V x V. Setting v = ¢(¢t) and making use of (4.69), we obtain with the help of
Holder’s inequality, Poincaré’s inequality and integration by parts

(B (1)), hyvey = /Q (u(t) — () de — /Q ¢ Vu(t)h dz — B /Q Dp(t)h da

< C(IVult)|2 + [0ub(t)]2) Rz,

(4.75)

since dive(z) =0, z € Q and (c(z)|v(z)) = 0, x € 90. Taking the supremum in (4.75) over all
functions h € V with norm less than 1 it follows that

[E'(p(0)lv- < C(IVu®)l2 + |0:(t)]2)-

We insert this estimate into (4.74) to obtain

—%H(t) > C(|Vu(t)]2 + [0p(t)]2)-

Integrating this inequality from ¢* to oo it follows that |0y (-)|2, V()2 € L1(R4), since H(t) > 0.
This implies that the limit lim;_ . ¥(t) =: ¥ exists firstly in L2(Q) but by relative compactness
also in V. Finally, by Proposition 4.7.2 (iii) the limit 1), is a solution of the stationary problem
(4.71). The proof is complete.

O

4.8 Appendix
For (29, 21) € R x R™ Hypothesis (H) reads
B2 + (dlz1)20 + (Bzi|21) 2 e(z5 + |a1f?),

where d := a + c. Observe that the left side of this inequality can be rewritten as

(\/Bzo + 2\1/B(d21)>2 + ((B — %(d@ d)) 21’21) .

For a fixed z; € R™ we choose zp € R in such a way that the squared bracket is equal to 0. Thus
we obtain the estimate

1
(BBzi|z1) — 7 (d@ d)zr[21) 2 bz,
valid for all z; € R™. By the definition of d it holds that
dd=a®c+cRQa+aR®a+cRc,

hence we obtain the identity

1

4
1 1

=06B — Z(d@d)—i— i(a—c)@)(a—c).

ﬁB—l(a®c+c®a)=ﬂB—i(d®d)+

5 (a®a+c®c—a®@c—c®a)

Since the matrix (a — ¢) ® (a — ¢) is positive semi-definite we finally obtain the assertion.
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